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LISA is the proposed ESA-NASA space-based gravitational wave detector in
the 0.1 mHz-0.1 Hz band. LISA Pathfinder is the down-scaled version of a sin-
gle LISA arm. In this thesis it is shown that the arm — named Doppler link —
can be treated as a differential accelerometer, measuring the relative acceleration
between test masses. LISA Pathfinder — the in-flight test of the LISA instru-
mentation — is currently in the final implementation and planned to be launched
in 2014. It will set stringent constraints, with unprecedented pureness, on the
ability to put test masses in geodesic motion to within the required differential
acceleration of 3x 10~ ms 2Hz "/? and track their relative motion to within
the required differential displacement measurement noise of 9 x 102 m Hz "2,
at frequencies relevant for the detection of gravitational waves. Given the sci-
entific objectives, it will carry out — for the first time with such high accuracy
required for gravitational wave detection — the science of spacetime metrology, in
which the Doppler link between two free-falling test masses measures the space-
time curvature. This thesis contains a novel approach to the calculation of the
Doppler response to gravitational waves. It shows that the parallel transport of
4-vectors records the history of gravitational wave signals passing through pho-
tons exchanged between an emitter and a receiver. In practice, the Doppler link
is implemented with 4 bodies (two test masses and two spacecrafts) in LISA and
3 bodies (two test masses within a spacecraft) in LISA Pathfinder. Different

non-idealities may originate in the measurement process and noise sources couple
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the motion of the test masses with that of the spacecraft. To compensate for
such disturbances and stabilize the system a control logic is implemented during
the measurement. The complex closed-loop dynamics of LISA Pathfinder can be
condensed into operators acting on the physical coordinates describing the rel-
ative motion. The formalism can handle the couplings between the test masses
and the spacecraft, the sensing noise, as well as the cross-talk, and allows for the
system calibration. It suppresses the transients in the estimated residual acceler-
ation noise between the test masses. The scope of system identification is indeed
the calibration of the instrument and the compensation of different effects. After
introducing a model for LISA Pathfinder along the optical axis and an example of
cross-talk from other degrees of freedom to the optical axis, this thesis describes
some data analysis procedures applied to synthetic experiments and tested on a
realistic simulator provided by ESA. The same procedures will also be adopted
during the mission. Those identification experiments can also be optimized to
get an improvement in precision of the noise parameters that the performances
of the mission depend on. This thesis demonstrates the fundamental relevance
of system identification for the success of LISA Pathfinder in demonstrating the

principles of spacetime metrology needed for all future space-based missions.
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Introduction

40 years ago the binary pulsar 1913416 [1] opened up a long series of ob-
servations aimed at determining various relativistic effects — like the periastron
shift — that were confirmed to be in very good agreement with General Relativity
(GR). The discovery of the pulsar gave the first strong indication of the existence
of Gravitational Waves (GWs). Yet to date no direct detection has been made,
in spite of many efforts of disparate experiments still in progress. The detection
of GW signals requires the development of sophisticated devices capable in ac-
curately measuring very small accelerations between nominally free-falling test
particles subjected to different noise sources. The same measurement principle,
with slight modifications, is shared among the 1st, the 2nd and the 3rd generation

of ground-based detectors, as well as the planned spaced-based detectors.

1.1 LISA, a space-borne gravitational wave de-

tector

A passing GW would cause a change in the relative velocities between test
particles in nominal free fall. As a Michelson interferometer, a GW detector
measures such a physical quantity. Ground-based GW detectors have currently
reached almost their design sensitivities, and the 2nd generation, Adv. LIGO [2],
Adv. Virgo [3] and GEO-HF [4], promises an improvement in detection rates and
a wider horizon to be explored in the 10 Hz-10kHz band. The 3rd generation
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with the Einstein Telescope [5, 6] will provide further enhancements in both sensi-
tivity and frequency band, especially toward the low-frequency end that, at 1 Hz,
is limited by the Earth gravity noise. It’s not just by chance that the proposed
design for the Einstein Telescope is an underground 100 km-wide equilateral tri-
angular scheme of Michelson interferometers as the triangle can be considered
the optimal configuration in resolving both source polarization and position with
extremely high confidence. Years ago, the Laser Interferometer Space Antenna
(LISA) [7, 8] — a joint ESA [9] - NASA [10] mission — was discovered to offer the
possibility of exploring a much lower frequency band, 0.1 mHz—-0.1 Hz, expected
to be saturated by the huge population of GW binaries.

The key concept of LISA is the constellation flight of three SpaceCrafts (SCs)
— each hosting and protecting two Test Masses (TMs) in nominal free fall —in a
5x10% km sided equilateral triangle around the Sun at 1 AU as shown in Figure 1.1.
The arm length is approximately constant within a fractional tolerance of few
percent. The angles are allowed to vary over the year within ~ 1° at most.
No frequent orbit corrections are actually needed and the formation follows the
Earth with a trailing angle of ~ 20°, a compromise solution between gravitational
perturbations and communication/fuel constraints !.

In LISA the relative velocities between the TMs change as a GW passes
through the constellation. LISA is a combination of 3 quasi-independent Michel-
son interferometers and, as such, detects oscillating signals. Given the very low
frequency band compared to the ground-based, LISA will be sensitive to continu-

ous signals arising from inspiral, merger and ringdown of binaries. Among many

'Recently, due to funding cuts, the US side has withdrawn its participation in a GW
mission in the 2020-2025 timeframe. Meanwhile, the European has started a feasibility study of
a descoped version named eLISA/NGO [11, 12] fitting the cost of an ESA L-class mission and at
the same time maintaining most of the scientific objectives. Some of the modifications include
a shorter lifetime, shorter arm lengths (1x 10°km), a smaller trailing angle and the possible
suppression of two Doppler links. The adopted “mother-daughter” configuration would be the
first Michelson interferometer in space allowing for the detection of many continuous sources
with revolutionary scientific returns [13]. This mission is being evaluated by ESA at the time
of writing down this thesis. However, this thesis refers to LISA without any loss of generality,
while keeping in mind that all discussions and results are still valid for any variant of LISA
based on the same detection principle.
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sC, SC,

(a) (b)

Figure 1.1: Scheme of the LISA orbit (not in scale) around the Sun and details of
a single SC. (a) the triangular formation follows the Earth and maintains its arm length
approximately constant within few percents. (b) each SC contains two TMs and the relative
displacements to the faraway counterparts are detected by a laser-interferometric technique.
6 TMs constitute 6 Doppler links, two per LISA arm, tracking the local curvature variations

around the Sun and are sensitive to GW signals in the 0.1 mHz—0.1 Hz band.
astrophysical targets, the detection and characterization of the following objects
will be of fundamental importance during the nominal 5-year mission:

1. Super-Massive Black Holes (SMBHs) with very high Signal-to-Noise Ratio
(SNR), out to redshift z ~ 15, from the merging of galactic nuclei;

2. a dozen of galactic verification binaries for each of which an electromagnetic

counterpart is available;

3. hundreds (or even thousands) of galactic binaries, continuous or chirping,

that can be distinctively resolved;
4. unresolved galactic binaries appearing as noise foreground at low frequency;

5. Extreme Mass Ratio Inspirals (EMRIs) to study GR in highly curved space-

times;
6. stochastic cosmic background.

These scientific objectives make LISA a GW telescope with a potentially huge
impact in whole physics. Contrary to the ground-based detectors, LISA can
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be considered a signal-dominated detector where the interferometric outputs are
three correlated time-series containing the superposition of many signals in whole
sky: its conceptual and practical complexities make the extraction of such signals
sophisticated. A typical feature of LISA is its ability in resolving sources with
very high position accuracy. This is due to a double Doppler modulations induced
by the revolution around the Sun and the intrinsical rotation of the normal to
the constellation plane (Appendix A.1 shows an example of the LISA response
to a single galactic binary).

The LISA objectives in astrophysics requires that the TMs must be kept in
free fall with a residual acceleration noise as low as 3x107* ms~2 Hz~"/? around
1mHz — a goal achievable thanks to the sophisticated design and technology

employed onboard.

1.2 LISA Pathfinder: spacetime metrology and

verification of the detection principle

In the last decade LISA Pathfinder (LPF) [14] was proposed to fly as a targeted
ESA mission [15] to verify the detection principle of LISA. LPF is a down-scaled
version of a single LISA arm to the size of about 40 cm. The main scope of LPF
is to give an in-flight test of the LISA instrumentation and demonstrate that
parasitic forces are constrained such that the measured differential acceleration
between two TMs is below the level of 3x 10~ ms 2 Hz~"? around 1 mHz.

Currently in the final implementation and planned to be launched in 2014
[16], LPF will fly in a Lissajous orbit around the L; Lagrange point (1.5x10° km
away from the Earth toward the Sun). See Figure 1.2 for reference. Even though
such orbits are periodic, they are unstable and station-keeping forces must be
applied orthogonally to the orbit plane (and parallel to the axis joining the two
celestial bodies). The solar array, also working as a shield to the SC underneath,
will point the Sun to within a few degrees. A residual spin around the same axis
is kept lower than 3° per day for scientific requirements. An alternate possibility
has been also considered as backup option in case the propulsion module may

fail in transferring the payload from the low Earth orbit to the target. The SC
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may be injected in a highly eccentric orbit around the Earth with a period of

27 days. Even though this solution does not allow for continuous measurements

at the optimal sensitivity close to the perigee for 2-3 days, it is an interesting

test-bench for utilizing the Moon as a calibrator of the instrument [17].

T™

T™

SC

(b)

Figure 1.2: Scheme of the LPF orbit (not in scale) around L; and details of the SC. (a)

the SC is in a halo orbit and station-keeping forces must be applied orthogonally for its

stabilization. (b) the SC contains two TMs whose relative displacements are detected by

a laser-interferometric technique.

LPF is expected to provide an accurate noise model for LISA and put stringent

constraints, with unprecedented results, on [18]:

1. the ability to keep TMs in free fall — the so-called differential acceleration

noise requirement — to within the level of

S/, < 3x107M

0

f 2
1+ (f_> ] ms 2 Hz /% ; (1.1)

2. the ability to track relative displacements between the TMs with a laser

interferometer — the so-called differential displacement noise requirement —

to within the level of

S < 910712

n,0x ~

é 2
1+(f)

mHz 72

; (1.2)

where fo = 3mHz and over the 1-30 mHz band. The LPF requirements are re-

laxed by almost an order of magnitude to LISA. The high frequency regime is
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dominated by the displacement requirement of 9 pm Hz~"/2, whereas the accelera-
tion requirement of 30 fN Hz~"/? has much more importance to the low frequency
assessment of the LISA noise. Figure 1.3 compares the requirements in Power
Spectral Density (PSD) of the residual acceleration noise for LISA and LPF.
Even though LPF shares the same hardware design with LISA, a relaxation in

both acceleration noise level and frequency band is allowed for the first.

1071
51072
TN
jun]
T 413
é 10 LPF requirement
E
5
107" LISA requirement B
10 -15 L L
107 107 107 107"

Frequency [Hz]

Figure 1.3: Comparison between the residual acceleration noise requirement of LPF and
LISA. LPF is relaxed with respect to LISA by a factor ~ 7 in amplitude. The required
LISA band (0.1 mHz-0.1Hz) is extended toward the low frequency compared to the LPF
band (1-30 mHz). Obviously, during the mission a lower acceleration and a wider frequency
band will be easily reached.

1.3 LISA Technology Package

LPF and its main scientific payload, the LISA Technology Package (LTP)
[19], will give an in-flight test of the LISA hardware and effectively measure
the differential acceleration noise that pollutes the sensitivity of LISA below 3 X
107" ms 2Hz "? around 1mHz — the minimum performance level for LISA to
carry on its science program in astrophysics. As said, the observational horizon
of LISA will include thousands of GW sources. Among all, those with the highest
SNR will be surely the SMBHs. However, there are sources that are expected

to lay at the limit of the LISA sensitivity for which an accurate assessment of
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the instrumental noise is mandatory. The population of EMRIs [20] is the most
important example: they are a valuable instrument to test GR and curvature in
the strong gravity regime. Different EMRI search methods have been developed.
After having subtracted the highest signals (SMBHs and calibration binaries), in
order to extract the EMRI signatures, all methods strictly have to deal with the
instrumental noise level, for which the LPF mission has a crucial role. In fact,
a systematic error in the reconstructed noise shape would dramatically affect
the identification of such sources. This thesis shows the importance of LPF and
system identification for the correct assessment of the noise parameters and the
noise shape. A numerical example will be provided by Chapter 4.

During the 3 months of operations, the LTP experiment on board LPF will be
used in an extensive characterization campaign to measure all force disturbances
and systematics, like the TMs couplings, the various cross-talks, the TM charg-
ing due to cosmic particles and its interaction with the electrostatic environment,
the thermal and magnetic effects, etc. The impact of the effects on the differ-
ential acceleration noise can be inferred by simulations and through on-ground
measurements. In fact, two facilities (single-mass and 4-mass torsion pendulum)
have been employed during the last years to investigate the one-degree-of-freedom
behavior of a replica of the Au-Pt TM of 1.96 kg and its electrostatic housing,
including all sensing and actuation capacitive electrodes, entirely named Grav-
itational Reference Sensor (GRS) [21]. A comprehensive review of the current
status of the on-going measurement activities and their extrapolations to LISA
are given in [19] and references therein.

The LTP experiment comprises the following key subsystems shown in Fig-
ure 1.4: two GRSs, the Optical Metrology System (OMS) (InterFerOmeters (IFOs)
and the optical bench), Star-Trackers (STs), an on-board computer, the Drag-Free
and Attitude Control System (DFACS) and the Field Emission Electric Propul-
sion (FEEP) thrusters. The experiment is also equipped with magnetometers,
thermometers and a cosmic charge counter. The sensors with the relative sensed
motions are reported in Table 1.1. The noise requirements are reported in Ta-
ble 1.2.
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Wi ST/’*
FEEP W —

GRS, GRS,

ol | L o,

(I abufutatet DFACS

Figure 1.4: Scheme of the key subsystems of the LPF mission. The SC contains two
GRSs and an optical bench with four interferometers. The relative displacements and
attitudes between the TMs and the optical bench are read out by the interferometers and
the capacitive sensors. The interferometric, capacitive and star-tracker readouts (solid
lines) are fed into the DFACS that computes the forces that shall be actuated by the
FEEP thrusters and the capacitive actuators (dashed lines). In the main science mode the
reference TM is not actuated along the optical axis.

Table 1.1: LTP sensors and the relative sensed motions.

Sensor Motion

GRS  linear and angular motion of the TMs relative to
their housings

OMS  linear and angular motion of the reference TM rel-
ative to the optical bench
linear and angular motion of the second TM rela-
tive to the reference TM

ST absolute attitude of the SC
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Table 1.2: LTP key subsystems and the main noise requirements around 1 mHz.

Subsystem Requirement Note

GRS 1.8nm Hz~"/? displacement sensing
20 fN Hz "2 actuation

OMS 9pm Hz "/ displacement sensing
20 nrad Hz "2 attitude sensing

ST 32" Hz™'? -
&6 nm Hy— displacement control

DFACS (main science mode)
0.4-0.5 prad Hz 2 attitude control

(main science mode)
FEEP 0.1 uNHz"/> -

1.3.1 Gravitational reference sensor

Each GRS comprises an Au-Pt cubic TM of size 46 mm and a surrounding
electrostatic housing containing capacitive sensors and actuators in all 6 degrees of
freedom. Each GRS senses the relative displacement and attitude of the TM to its
housing and provides actuation along the same degrees of freedom. Gaps between
the TM and its housing are 3—4 mm, a compromise between noise minimization
and efficient sensing/actuation. The GRS vacuum chamber allows for a residual
gas pressure at the level of 10 uPa. UV light illumination is utilized to control the
accumulated charge with a discharging threshold of ~107e — the accumulated

charge in one day for an expected charging rate of ~10%2es 1.

The sensing
requirements of each GRS are 1.8 nm Hz~"? in displacement and 200 nrad Hz "2
in attitude. The actuation requirement is 20 fN Hz~"* with a maximum range of

2.5nN.

1.3.2 Optical metrology system

The OMS [22] comprises: a Zerodur® monolithic optical bench, 4 Mach-
Zehnder heterodyne 1.024 ym interferometers and redundant quadrant photodi-

odes. The first IFO, X, senses the relative displacement and attitude of one
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reference TM to the optical bench itself. The differential IFO, X5, senses the
relative displacement and attitude between the two TMs. Relative displacements
are measured by averaging among the four quadrants, whereas relative angles
are measured by taking the difference between opposite quadrants (differential
wavefront sensing). The “reference” IFO is subtracted from the previous ones
for compensating spurious fiber optical path length variations before the first
beam splitter. The “frequency” IFO is utilized for laser frequency stabiliza-
tion. The sensing requirements are 9 pm Hz~"? in displacement, as in (1.2), and
20nrad Hz="? in attitude with a maximum range of 100 um. A rotation around

the optical axis is not sensed, but can be provided by the GRS.

1.3.3 Star-trackers

The STs are small telescopes reading out the inertial attitude of the SC with
respect to the star field. The sensing requirement is 32” Hz =72 (160 urad Hz~"?).

1.3.4 Drag-free and attitude control system

The outputs of all sensors, GRSs, OMS and STs, are elaborated by the on-
board computer and fed into the DFACS [23]. The DFACS has the responsibility
of computing the control forces that shall be passed to capacitive and thruster
actuators in order to stabilize the system and meet the acceleration requirement
in (1.1).

There are different operational control modes for the LPF mission. To avoid
large transients in the data, the transition between two modes is implemented
with overlapping sub-modes. In the accelerometer mode LPF acts as a standard
accelerometer in which the TMs are both electrostatically actuated along the
optical axis and controlled to follow the SC motion. The resulting noise is much
higher than the requirement. In the main science mode, the DFACS is responsible
in maintaining a reference TM in free fall along the optical axis and forcing both
the second TM and the SC to follow it by capacitive and thruster actuation.

The need for the DFACS is explained not only by the scientific requirements,
but also by the fact that noise sources can destabilize the system on a time scale of

few minutes and the gaps between the TM and its housing are just 34 mm. One

10
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of the proposed activities, the free flight experiment [24], is aimed at obtaining
an improvement in differential acceleration noise at low frequency by turning off
the capacitive actuation also on the second TM which is left in “parabolic” free
fall and impulsively kicked every 200s.

In the main science mode the DFACS is conceptually divided into three control

loops [25] with the following priority:

1. drag-free control loop, controlling the relative displacement and attitude of

the SC with respect to the reference TM through thruster actuation;

2. electrostatic suspension control loop, controlling the relative displacement
and attitude between the TMs through capacitive actuation on the second

T™;

3

3. attitude control loop, controlling the inertial (absolute) attitude of the TMs

through capacitive actuation.

The drag-free requirement are 5-6 nm Hz~"? in displacement and 0.4-0.5 purad Hz "2

in attitude.

1.3.5 Thrusters

The FEEP is attained by an ensemble of 3 clusters, of 4 thrusters each, at-
tached to the SC. An electron flux keeps the SC neutral. The force requirement
is 0.1 uN Hz~"? with a maximum range of 100 uN. The FEEP thruster author-
ity is the only means by which the reference TM can be maintained in free-fall
along the optical axis, hence mitigating the SC jitter at low frequency. The SC
is also equipped with colloid thrusters provided by NASA for complementary
experiments.

Recently, ESA has considered the possibility to employ cold gas thrusters
in place of the FEEP. The new design is expected to perform to within the
requirements as well. However, the considerations and the results of this thesis

are still valid and are not appreciably affected by the possible change in design.

11
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1.4 Outline of the work

In LISA a total of 6 TMs, whose relative displacements !

are tracked by a
laser-interferometric technique, constitute 6 Doppler links, two per LISA arm,
tracking the local curvature variations around the Sun and sensing the small fluc-
tuations induced by GW signals in the 0.1 mHz—0.1 Hz band. LISA can be viewed
as a combination of three quasi-independent nominally equal-arm Michelson in-
terferometers with vertices at each SC. In the ground-based detectors the laser
frequency noise is common-mode between the two arms and can be subtracted
with very high accuracy. In LISA a relatively small difference between two arms
of order of a few percent makes such a subtraction impossible and a laser fre-
quency fluctuation noise as large as ~ 1073 Hz~"/? around 1mHz corrupts the
GW detection. The Time-Delay Interferometry (TDI) [26] provides for a solution
of the problem: the Doppler measurements are properly time-shifted, to take into
account on the photon flight times, and linearly combined, to get the suppression
of the laser frequency fluctuation noise by 7 orders of magnitudes. Scope of the
entire LPF mission is the accurate modeling of the unsuppressed part of the noise
(except for the relative motion between the SCs), the residual acceleration noise
affecting the geodesic motion of the TMs after the TDI compensation.

In LISA 6 TMs, whose frequency shifts are optically sensed along each arm
of the triangle, build up 6 Doppler links, two per single arm in both directions,
forth and back. The fundamental Doppler link can be described as a four-body
TM-SC-SC-TM sequence of measurements. Referring to Figure 1.5, the relative
velocity of one TM to the optical bench of its hosting SC is measured by a local

!Throughout this thesis an extensive use (and abuse) of terms like “relative displacement”,
“frequency shift”, “phase difference”, etc. will be made without any relevant distinction. The
explanation is that a relative displacement is proportional to a phase difference, ér ~ A d¢ (with
A the light wavelength), and a relative velocity is proportional to a frequency shift, dv ~ \ dw.
The two are obviously related by a time derivative. The fractional frequency shift is also useful,
as in the next chapter, and its relation to phase difference is dw/w = 5(;5/ w. The following table

shows the equivalence between the mentioned quantities:

Relative displacement Phase shift
Relative velocity Frequency shift
Relative acceleration  Frequency shift rate

12



1. INTRODUCTION

interferometer; at the same time, the laser signal is sent toward the second SC;
finally, a new local measurement is performed between the second TM and the
optical bench. Therefore, three measurements, TM to SC, SC to SC and TM
to SC, are combined to form the TM-to-TM Doppler link that carries the GW
signal. It is easy to recognize that the two local signals carry no GW information,
but they are affected by noise, mostly due to parasitic forces that couple the TMs
to the SC motion and interferometric sensing, which enter into the noise budget
of the Doppler link. The single LISA arm is efficiently reformulated in Chapter 2
as a time-delayed differential accelerometer whose input signals and noise sources
are effectively described as equivalent differential accelerations between the TMs.

The most important disturbances affecting the GW detection are due to:
1. real forces, relevant at low frequency, say below few mHz, with red spectrum:;

2. readout sensing coming from all noise sources in the interferometric readout,

except for the frequency fluctuation subtracted by TDI,

3. mixing of motion from degrees of freedom other than the axis joining the
TMs, named cross-talk from other degrees of freedom into the main optical

axis.

As the main aim is the measuring of the total equivalent differential acceler-
ations, for the rest, all disturbances above will be treated as equivalent accelera-
tions, inputs to a time-delayed differential accelerometer.

LPF aims at estimating the residual noise affecting the LISA link through
measurements performed in closed loop. One (any) arm of LISA is virtually
shrunk [27] to 38 cm and implemented in the LPF mission with some differences.
LPF is essentially a SC carrying two TMs in nominal free fall and employs a
three-body TM-SC-TM sequence of measurements. It measures the relative mo-
tion of a TM with respect to the SC and the relative motion between the TMs.
All TMs in LISA are controlled along the degrees of freedom orthogonal to the
measurement axes and the control is said off-axis. Instead, as the measurement
axis for LPF is within the SC, a TM must be controlled along the same degree
of freedom and the control is said on-axis. In this way it is not yet possible to

maintain both TMs in free fall along the optical axis: while a reference TM is

13



1. INTRODUCTION

Figure 1.5: LISA measurement scheme. The solid arrows show the local links measuring
the relative motion of the TMs to their hosting SCs. The dashed arrows show the links

measuring the relative motion between the SCs.

nominally in free fall, the second must be actuated in order for the differential
force disturbances can be compensated. As the control has a fundamental im-
portance in the system stabilization, applied forces must be taken into account
as inputs to the differential accelerometer and subtracted from the data.

The LISA arm viewed as a time-delayed differential accelerometer is prac-
tically implemented in LPF in a closed-loop differential measurement based on
three main concepts: dynamics, sensing and control. Chapter 3 will give an
extensive description of the equations governing the link, showing how known
couplings, cross-talks and control forces can be taken into account. In the ap-
proximation of small TM motion and weak force couplings, the system is linear
and the dynamical equations can be rewritten as linear operators acting on the
relevant coordinates. As will be demonstrated, the construction of a differential

operator then allows:
1. the conversion of the sensed motion into total equivalent acceleration;

2. the subtraction of the couplings, the control forces and the cross-talk from

14



1. INTRODUCTION

the data;

3. the suppression of the system transients, at least to within the accuracy to

which the system parameters have been measured.

The assessment of the final level of the total equivalent differential acceleration
noise — the key scientific target of LPF — is literally an iterative process, since the
quality of free fall achieved at a given stage of the mission depends on the results
of the previous experiments and the accuracy and precision to which the noise
parameters have been estimated. Examples of the adopted data analysis proce-
dures will be given in Chapter 4, showing the relevance of system identification to
achieve the free-fall level needed for LISA. A whole data analysis pipeline will be
described and applied to data generated with the model described in Chapter 3
and a realistic simulator provided by industry, hence putting constraints on the
accuracy to which the noise parameters can be estimated. The precision of those
extracted parameters can also be inferred and optimized as shown in Chapter 5.
All analysis has been performed under the framework of the LTP Data Analysis
(LTPDA) Toolbox [28], an objected-oriented extension of MATLAB® [29] that

will be extensively employed during the mission.

Chapter 2. The chapter discusses on the Doppler link between two TMs in free
fall and the GW perturbation of the link through the parallel transport
of the emitter 4-velocity. The chapter shows that the parallel transport
induces a time delay in the physical quantities. It presents a novel derivation
of the response of the Doppler link to the GW, an analogous result already
found in literature. The Doppler link can be reformulated as a time-delayed
differential accelerometer where all inputs (signals and noise) are equivalent
differential accelerations. In the end, it introduces the concept of cross-talk

from other degrees of freedom to the optical axis.

Chapter 3. The mathematical description achieved so far is translated into
equations governing dynamics, sensing, and control for LPF, i.e. the im-
plementation of a single down-scaled LISA arm. The chapter introduces an
operator formalism capable of managing the complex and coupled equations

in a compact form. The main advantage of such an abstract formalism is
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1. INTRODUCTION

that transfer matrices can be easily extracted, in particular the one repre-
senting the conversion from the sensed coordinates to the total equivalent
acceleration. The extent to which the suppression of system transients can
be achieved is also a novel result of this thesis. The cross-talk from other
degrees of freedom can be viewed as a first-order perturbation of the nomi-
nal dynamics and all relevant transfer matrices are derived for this case. A
model of LPF along the optical axis and an example of cross-talk are given

in the end of the chapter.

Chapter 4. System identification is the key method for the calibration of the sys-
tem modeled by transfer matrices, allowing for confident noise projections
and, most of all, the unbiased estimation of the total equivalent accelera-
tion noise. The chapter discusses examples of the data analysis pipelines
adopted for the LPF mission. The relevance of system identification for
non-standard scenarios, its impact to the estimation of the total equivalent
acceleration noise and the suppression of system transients are given in the

end of the chapter.

Chapter 5. Parameter accuracy is the main target of system identification,
whereas precision is the main target of the design of optimal experiments.
The chapter focuses on the search of optimal experiments for the LPF mis-
sion allowing for a more precise identification of the system parameters that

are crucial for the estimation of the total equivalent acceleration noise.
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2

Spacetime metrology

This chapter is devoted to discussing on the significance of the Doppler link
as a detector to track the spacetime curvature and show the road toward the
real detection of GWs. The Doppler link comprises two free-falling particles ex-
changing photons. As a GW passes through that region, the relative velocity
between the particles changes as well and produces a frequency shift in the de-
tected photon. The calculation of the natural physical observable discussed here
— the fractional frequency shift — is formally equivalent to the well-known integra-
tion of null geodesics found in literature. This thesis presents a novel derivation
by employing the fact that the underlying mathematical operation producing the
shift is the parallel transport of 4-vectors.

Subsequently, the chapter stresses that many problems may worsen the real
extraction of GW signals from Doppler measurements. In fact, (i) the particles
are nearly in free fall, which means that noise forces push the masses away from
the reference optimal geodesics; (ii) there are sensing inaccuracies; (iii) the TMs
are extended bodies; (iv) the SCs are extended body coupling with the motion
of the TMs. In realistic conditions like these, a useful concept is to describe the
Doppler link as a differential accelerometer whose inputs are equivalent accelera-
tions. Therefore, GW signals, real forces, sensing noise, pointing inaccuracies and
extended body dynamics can be all treated as equivalent input accelerations. One
more benefit is that performances of different gravitational experiments whose
measurement principle is based on free-falling TMs can be compared at the level

of equivalent differential acceleration noise.
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2. SPACETIME METROLOGY

2.1 Metrology without noise

The fundamental measurement scheme of LISA and LPF is the Doppler link
between two free-falling TMs embedded into a gravitational field. This section
introduces the physics of the Doppler link, viewed as the rod to track the space-
time curvature in a purely idealistic viewpoint where noise does not affect the
measurement and the TMs are in perfect free fall . An emitter sends a photon
to a faraway counterpart; the receiver measures the photon frequency and com-
pares it to a reference frequency of a locally emitted photon. The comparison
requires the emitter and receiver to have their clocks previously synchronized to
a common reference. As such possible error is a subject of TDI, the following
assumes a perfect synchronization.

Denoting with k# the photon wave 4-vector, the frequency of the photon
measured by any observer with 4-velocity v* is the scalar product w = k,v* [30].
The measured frequency shift of a photon produced by an emitter with velocity
vl at the event z¥ and detected by a receiver with velocity v¥ at the event x*,
both in free fall, is given by [27, 31]

OWeryr = Kk AUY (2.1)

e—r )

where all quantities are measured by the receiver and the operation Av#, im-

plements the difference between v¥ and v, parallel-transported from z# to x¥

Av*

b = vk (al) — ok (ag T ) (2.2)

e e r

where by definition v% is parallel-transported along the photon path if v% k% =0
and the photon path is defined by the null geodesic equation k* k% = 0. As usual
in GR, a semicolon is a covariant derivative, whereas a comma is an ordinary
derivative. In (2.2) an a-index is used for clearness, but it does not have relevance
for all tensor operations. A representative pictorial view of the operation being
performed is shown in Figure 2.1.

The formula (2.1) can be split into two terms that make the understanding

easier. In order to do that, it is necessary to integrate the equation governing the

'Otherwise, the TMs would have non-zero acceleration and even in this idealistic situation
theory needs some care. See Appendix A.2 for a discussion.
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2. SPACETIME METROLOGY

Figure 2.1: Pictorial view of the Doppler link. A free-falling emitter with 4-velocity
v¥ sends a photon at the event z#. The photon has wave vector k* and is detected by a
free-falling receiver with 4-velocity v¥ at the event x#. In order for the Doppler frequency
shift to be recorded, v&# must be parallel-transported from x# to x¥, in this way tracking

the spacetime curvature along the null geodesic 7.

parallel transport of v# in (2.2). Firstly, it is worth observing that k* = dz*/dA,
where A is an affine parameter and x* spans the photon geodesic. Therefore,

using the definition of the covariant derivative it holds

dz®
0=k k* = (v!, + TV 0f) =
Ue,oz (Ue,a+ aﬁve) dA
ovt 2.3)
Oz afe

= dvl =~ yu¢ dz”

where Fgﬁ are the Christoffel symbols for the underlying curved spacetime. Sub-

stituting the preceding in (2.2) the following expression turns out
Avl, = vl + / It v da’ (2.4)
gl

where v : ¥ — x¥  parameterized by A, is the photon geodesic from the emitter
to the receiver and vt , = vt (x®) — vk (x¢) is the difference in velocity without

the parallel-transport of v#. Finally, the total frequency shift measured by the

receiver reads
OWe—sr = 0w, + dwr (2.5)
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2. SPACETIME METROLOGY

where
dwy = kovl ., (2.6a)
Swr =k, / It od da? (2.6b)
v

which correspond to the following two contributions:

1. the relativistic Doppler shift just due to the relative velocity between the

emitter and the receiver, as if it was in absence of gravity;

2. the parallel transport term written as a global path integral on the light
beam and dominated by the spacetime curvature between the emitter and

the observer.

Inspecting (2.6b), since FZB goes like a space derivative of the metric, it can be
found that Fgﬂvg‘ goes like a time derivative of the metric itself. The consequence
is that the Doppler shift due to curvature can be seen as the space integral of the
first time derivative of the metric over the light beam. It is worth noting that
such operation of comparing far apart vectors is not local. Indeed, in GR locality
implies flatness and, if the operation was local, gravity would have no influence
on it: the global behavior of the parallel transport gives gravity a central role in

the Doppler link.

2.1.1 Weak field limit

To better understand the meaning of (2.5) and how curvature affects the
Doppler link through (2.6b), it is a good practice to take the weak field limit of
it. This is also of crucial importance since it shows how GWs can be effectively
detected.

The metric g,, can be expanded to first order like

Guv = N + h,uz/ ) (27)

with h,, a perturbation to the flat Minkowski metric 7,,. The proper expansion
of the Christoffel symbols to first order is

1
o =5 (Was + 1% 0 = hag™) (28)
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2. SPACETIME METROLOGY

and all indices are raised up by means of 7,,.

The aim is to estimate the contribution of the perturbation A, to the Doppler
shift dwr, now renamed dw;,. When the underlying spacetime metric is flat the
photon geodesic connecting emitter and receiver can be considered a straight
line: hence, the only effect that parallel transport can cause is a time delay on
the emitter 4-vectors. In this case, k" is constant all along the light path with

good approximation and (2.6b) becomes

dwy, = k,Ih ug da”
= k,h otk Chdr

«,

(2.9)

where C, = d\/dr is a constant for the linear transformation [30] that connects
the photon affine parameter to a reference proper time assumed here to be the

one measured by the receiver. Considering that

1
Chohuh” = 5 (W' 5+ 5 o = hog™) k"

1 (2.10)
— B
= §h“ﬁ oFuk”
since the first and third terms cancel out ', then (2.9) can be recast as
dn = 1, kK500 Cyd 2.11
wh - 5 B704 12 ve A T . ( : )

The GW theory usually assumes the well-known traceless-transverse (TT)

gauge

non | (2.12)

0 e 0
which further simplifies the computation of (2.11). Moreover, the so-called wave
coordinate system can be readily exploited. The z axis is the direction of the
incoming GW and z and y define the polarization plane. See Figure 2.2 for a

graphical definition.

'Indeed, the third term is h, 3"k, k® = hap (k*E® = h P k'ks which is exactly the first
term by considering that p and 3 are contracted indices and hqg is symmetric.
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2. SPACETIME METROLOGY

Figure 2.2: Definition of the instantaneous wave coordinate system. The GW propagates
along the direction z. x and y define the polarization plane. The 3-vector k is firstly
projected onto the polarization plane and then to each of two polarization axes. The
concept is better clarified in (2.20).

Therefore, in the T'T gauge and in the wave instantaneous coordinate system,

it holds (see Appendix A.3 for details)
W'y kuk” = H, | (2.13)
where H is the response to the GW
H=K.hy+ Kh,, (2.14)
and the coefficients K, and K are defined by

Ky =k -k, (2.15a)
Ky = 2k.k, . (2.15b)

The meaning of (2.14) is readily clarified: the photon wave vector is decomposed

along the two polarization states of the GW. To look for the response of the
Doppler link to the GW signal, (2.13) is substituted in (2.11) and the following
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2. SPACETIME METROLOGY

equation turns out

1
dwh = §H7QUSCA dr (216&)
1 0H dx®
T e 2.1
20x> dr Ondr (2.16b)
1
= §C’,\ dH . (2.16¢)

The preceding can be easily integrated between the instants at which the photon

is emitted and received, 7, and 7,. For instance, the right-end side is
0H =H(r,) — H(Te) , (2.17)
and the equation finally reads
1

The result obtained above shows that an incoming GW induces a Doppler fre-
quency shift on a photon exchanged between two geodesics. The effect is propor-
tional to the difference between the GW signal at the time of the receiver and
the one, time-delayed, at the time of the emitter, as a strict consequence of the
parallel transport.

The formula in (2.18) can even be put in a more explicit and physically inter-
pretable form. So far, the following facts have been considered: (i) weakness of
the gravitational field, such that the underlying metric is flat; (ii) calculation in
the TT gauge and in the wave coordinate system. The last reasonable assumption
is about the non-relativistic regime of the test particles. As a matter of fact, the
emitter and the receiver can be assumed to fall in the gravitational field at low
velocities compared to c. Hence, all 4-vector equations can be rewritten in terms
of 3-vectors. In this approximation, the definition of the photon wave vector im-
plies Cy = ¢/k !, where k is the module of k, the space part of k*. The GW

Indeed, from the definition of k* along the null geodesics it follows k*d\ = da* and
differentiating with respect to the proper time of the receiver implies k* d\/dr = dz#/dr. In
the non-relativistic regime dz#*/dr — ¢ and using the definition of C) the relation is finally
demonstrated.
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polarization responses are symmetric if the wave coordinate system is written in

spherical coordinates *

Ky (k,0,0) = k¢(0,9) (2.19a)

K (k,0,0) = k*¢(0,9) , (2.19b)
and

£.(0,¢) =sin?0cos2¢ , (2.20a)

£.(0,¢) = sin?fsin2¢ , (2.20Db)

are the directional sensitivities to each of the two GW polarizations. # is the pro-
jection angle, named declination, of k onto the GW polarization plane orthogonal
to the z axis defining the GW propagation direction. Notice in (2.20) that the
Doppler response is null, both in &, and &, for § = 0, i.e., when the photon wave
vector is parallel to z, whereas is maximum for @ = 7/2, i.e., when is orthogonal to
z. ¢ is the projection angle, named polarization, onto the two polarization states.
In fact, when ¢ = 0,7/2, then £, is maximum and £, = 0; when ¢ = 7/4,37/4,
then £, is maximum and £, = 0. See Figure 2.3 for a graphical interpretation.
Since the degeneracy around k, the right ascension is not measured with a single
photon, but it can be inferred from the modulation induced by the rotation of
the beam.

The polarization states can be viewed as two independent bases of the funda-

mental decomposition

h(t707¢) = §+(07 ¢)h+(t) +€><(97¢)h><(t) ) (221)

where h, and hy are the two GW polarization states, £, and &, the two direc-
tional sensitivities of the Doppler link and h the Doppler response. (2.18) can be

elaborated as

1
&uh = 50)\(5[‘[
lc
= —_k%5h 2.22
5T (2.22)
1
= §we<5h .

From the definitions, K, = k2 — k;g = k2sin®0 (0082 ¢ — sin? ¢) = k?sin? 0 cos2¢ and
Ky = 2k,k, = 2k?sin? 0 sin ¢ cos ¢ = k? sin? 0 sin 2¢.
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Figure 2.3: Graphical interpretation of the ¢ polarization angle (measured counter-
clockwise around z). When ¢ = 0,7/2, then £, is maximum and £x = 0 (dashed lines);
when ¢ = 7/4,37/4, then £, is maximum and &; = 0, as predicted by (2.20). Hence, any

GW signal can be decomposed into the + and x polarization states in the xy plane.

where w, is the frequency of the emitted photon and dh denotes the difference
between the signal evaluated at detection and emission. The final result is the

fractional frequency shift measured by the Doppler link

5wh

= %(m . (2.23)

We

Therefore, if dx is the separation between two geodesics, the fractional frequency
shift — the natural physical observable — is proportional to the difference between
the GW response evaluated at the instant of detection and the one time-delayed

to the instant of emission,
Oh(t) = h(t) — h(t — dx/c) . (2.24)

A particularly interesting discussion is about the long-wavelength limit, for
which the GW wavelength A > §z. By taking the limit for infinitely small dz/c,
i.e., assuming that the two geodesics are infinitely close each other or the photon
flight time is infinitely small, there is no parallel transport and §h becomes a time
derivative

sh~ %, (2.25)

C
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Analogously, in Fourier domain for w < ¢/dx it holds

Sh = (1 —e—i‘%”W) h

s (2.26)
:i—xwh .
1

Therefore, the time delay due to the parallel transport can be effectively ignored
at low frequency. For example, in LISA the long-wavelength limit applies below
60 mHz for a photon one-way trip. The fractional frequency shift becomes pro-
portional to the time derivative of the GW signal or, equivalently, the phase shift
becomes directly proportional to the GW signal, in fact

. s
O9n s —5—xh —
We ? 06 (2.27)
0Py, =~ —we—xh )

2 " c

This section has shown how the GW signal convolves with the Doppler link
and produces a frequency shift measured by the receiver. The results are well-
known in literature [32, 33], but the difference here is in the derivation. Instead
of integrating the null geodesic, the calculations have been performed employing

the parallel transport of 4-vectors, a very fundamental concept in GR.

2.2 Doppler link as differential accelerometer

This section reformulates the Doppler link as a differential time-delayed ac-
celerometer. The result is that the Doppler link measures the spacetime curvature
between emitter and receiver, corrupted by differential parasitic accelerations and
non-inertial forces due to the particular choice of the detector reference frame in
which the measurement is performed.

Consider the frequency shift in (2.5), induced by the classical Doppler contri-
bution in (2.6a) and the contribution due to the parallel transport in (2.6b). For

LISA, in the weak-field limit the metric can be decomposed as
g/ﬂ/ = Thtu + h;tu@ + hp,l/EB + h/u/ 9 (228)

where 7, is the flat Minkowski metric, |h,,q| ~2x107!% is the perturbation

due to the Sun gravity and |h,, | ~2 % 107 is the perturbation due to the
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Earth gravity. h,, is the perturbation due to GWs; since || ~ |huol?, it is
clearly smaller than the average local gravity of the Solar System. Expanding
the Christoffel symbols to second order for the local gravity and to first order for

the GW perturbation, it becomes

since the mixed products between h,,, and h,, o are negligible with respect to h,,.
Hence, the effect of the local gravity within the Solar System can be separated
from the effect of GWs. Moreover, these effects intervenes at typical frequencies
! below the LISA measurement band.

In the same way, for low velocities, i.e. small compared to ¢, all mixed products
between h,,, and velocity are second order. Analogously, the parallel transport of
the acceleration contributes to second order. To first order, k* is constant along
the light path and differentiating (2.5), with respect to the proper time of the

receiver 7, it holds

: dl%s o 5
OWesy = kydal . + ku/ R dz” | (2.30)

~

where the derivative commutes with the integral as the variation of the extremes
of integration contributes to second order. Hence, the differential time-delayed
accelerometer measures the effect of the parallel transport and differential para-
sitic accelerations between emitter and receiver. For the rest, I' Zﬁ describes only
the GW perturbation, bearing in mind that there the gravity of the Solar System
falls below the measurement band.

To first approximation, the frequency shift is now evaluated in a reference
frame in where emitter and receiver appear at rest. Since a net relative velocity
is a Doppler effect, this is eventually included in the first term and, in fact,
in LISA it must be considered in the calculation, even though it intervenes at
frequencies again lower than the measurement band. In such a reference frame,
v = (c,0,0,0), the z-axis is aligned to k* to have k* = k(1,1,0,0) and dz” =

e

(cdt,dz,0,0). In addition, d/dr = dt/drd/dt, where dt/dr = 1 is the Lorentz

LAround 3 x 10~8 Hz for the revolution about the Sun and around 4 x 10~7 Hz for the
revolution of the Moon about the Earth.
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factor and d/dt = 9/0t = ¢y for low relative velocities. From the definition,
dz? = kPd\, the second term in (2.30) becomes

dr
k:u/ d;‘_‘%g dz? = c2k2/80 (Too + 9y — Igp — Tgy) dA (2.31)
v Y

where a ¢ comes from the velocity and another one from dy. Using the expansion
of the Christoffel symbols in (2.8) it follows that

1
I+ T —Tgo— Ty = 5 (hooo + 2ho10 + o) - (2.32)
Applying the derivative, the integrand becomes

80 (Fgo + F81 — F(l)o — 1—\[1)1) = (h00700 + 2h01700 + h11700> . (233)

N | —

In these approximations, the only independent component of the Riemann tensor

that can be observed along the beam is Rg1o ! that, to first order, is given by

1
Ro10 = 3 (hoo,11 — 2ho1,01 + P11,00) - (2.34)

The integral can be recast as

dar#
k, / e da? =
, dar

1
Cz/f/ [Rono + 5 (hoo.0o + 2ho1,00 + 2ho1,01 — hoo11) | do .
N

(2.35)

Dividing by w, the result is the derivative of the fractional frequency shift; multi-

plying this by ¢ the result is the equivalent input acceleration in terms of curvature
(S(IR = 02/R0110 dz s (236)
v
The equivalent input acceleration in terms of the additional contribution is

1
6agauge = 502 / (hoo,(]() + 2]101,00 —+ 2]101’01 — h00711> dl‘ . (237)
Y

!The number of independent components of the Riemann tensor are 1/12n?(n? — 1), where
n is the number of dimensions. The particular choice of the reference frame is equivalent to

working within a 2-dimensional space.
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Solving the linearized Einstein equations in the (ct,z) coordinates, it follows
hooa1 = hi111 (see Appendix A.4); since this does not simplify the above formula,
the additional contribution is interpreted merely as a gauge effect depending on
the particular choice of the reference frame. The fixing of a proper gauge should

be able, in principle, to suppress those terms. A local gauge transformation in

hy is defined by
h;u = h/w - fu,u - 51/,“ ) (238)

where 1, is the transformed perturbation and ¢, are infinesimal shifts in the

coordinates

ot =t + &t (2.39)

As the above is a tranformation between two reference frames, the gauge terms
are interpreted as non-inertial forces.

The conclusion of the section is that the LISA arm can be viewed as a dif-
ferential time-delayed accelerometer measuring equivalent input acceleration. It
measures the spacetime curvature between emitter and receiver along the light
beam. The measurement is corrupted by: (i) parasitic differential forces affecting
the geodesic motion of the TMs; (ii) the curvature due to the Solar System at
frequencies below the measurement band; (iii) non-inertial forces mainly due to

the rotation of the arm.

2.3 Metrology with noise

This section presents a series of issues in the actual measurement of frequency
shifts by means of the Doppler link. The results of Section 2.1 can be summa-
rized in (2.5), (2.18) and subsequently in (2.23), but have been obtained in very
idealistic conditions.

There are many points where noise, non-idealities, etc., may enter into the
measurement. However, taking a look on (2.30), noise sources and disturbances
corrupt the GW detection at the level of differential accelerations. The emitter
and the receiver are faraway of being in free fall because of the presence of many

external non-gravitational forces. The environment can be chosen to be as quiet
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as possible, but in reality many disturbances can take the emitter and the receiver

away from the purely gravitational geodesic

Pzt da®da?  fH
dr? B dr dr  m’

(2.40)

where m is the particle mass and f* are the external non-gravitational noise forces
affecting the exact knowledge of z# and x¥. In this way the photon geodesic is
determined only to within a given uncertainty given by the noise in the coordi-
nates. Actually, emitter and receiver are not pointlike, but are extended bodies
introducing more degrees of freedom in the dynamics and an extra source of inde-
termination as it is discussed in the next section. In addition, the future position
of the receiver can not be determined a priori with absolute precision and there
are surely pointing misalignments affecting the measurement.

To defend the TM from the “polluted environment” in which it is embedded,
an isolating box, the SC, contains and protects it. This prevents the TM from
being disturbed by external non-gravitational forces, but introduces a series of
parasitic couplings to the SC, mostly electromagnetic and self-gravity, which must
be measured and compensated.

The classical Doppler shift is a deterministic signal that does contribute, but
at much lower frequencies and can be effectively subtracted from the data. In
LISA the Doppler effect is minimized in advance in the experimental design by
optimizing the SC orbits, so that the maximum allowed relative fluctuation of
the arm lengths is few percents.

Table 2.1 summarizes some types of disturbances, starting from the most rel-
evant ones, playing the role of imperfections for the detection of GWs through
the Doppler link in LISA.

The next subsections introduce in turn the three most relevant noise contribu-
tions in LISA: (i) the frequency noise due to laser instability and largely compen-
sated on-ground through TDI; (ii) the acceleration noise due to force couplings
between the TM and the SC; (iii) the readout noise due to the interferometric

sensing.
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Table 2.1: Sources of indetermination for the GW detection through the Doppler link
in LISA.

Disturbances Note

classical Doppler shift minimized in orbit design, but out of band

laser frequency fluctuation abated in post-processing by 7 orders of
magnitude with TDI

differential forces mostly coupling forces between the TM

and the SC, estimated and characterized

by LPF
displacement sensing between readout noise, pointing inaccuracies, esti-
the TM and the SC mated and characterized by LPF
displacement sensing between readout noise, pointing inaccuracies, pe-
two SCs culiarity of LISA
extended body dynamics dynamical, sensing and actuation cross-
talk, estimated and characterized by LPF
clock stability required by TDI

2.3.1 Laser frequency noise

The practical implementation of the Doppler link between two faraway TMs
in nominal free fall, like in LISA and all spaced-based missions, has a fundamental
problem. The laser interferometry on ground is based on equal arms and power
recycling: therefore it can not be of any help for the space-based detectors. In
fact, there are mostly two reasons for this. On one hand, it is impossible to put
two satellites in space with fixed and constant separation without taking into
account of the Keplerian evolution. On the other hand, there is a huge light
power dispersion among million of kilometers preventing the same signal of being
bounced back in order to do the usual interferometry.

In a LISA arm, the light signal is sent toward the other SC where it is com-
pared to a local reference signal. Therefore, a LISA arm, as shown in Figure 2.4,
is obtained by a combination of lower-level measurements between four bodies:
two TMs and two SCs. In the language of the preceding section the emitter

coincides nominally with TMy and the receiver coincides nominally with TMj;.

31



2. SPACETIME METROLOGY

Hence, the TM-to-TM link can be effectively depicted with three interferometric
measurements: TMs to its hosting SCy, SCs to SCy, and TM; to its hosting SC;.
The frequency shift between two faraway TMs for a light ray from TMs to TM;,

can be constructed as follows

dw 1.
cmeg k- (vTMz - UTMl)

We C
1A
= Ek . (’U,(I‘Sﬁg + Vscy, — 'Ur(rsﬁz — ’Uscl) (241)
1~
— Ek . <(5Usc + Ur(lwsl\(/fi - v(TSﬁ) ,

where dvgc is the measurement between the two SCs containing the time delay
due to the photon flight time (about 17 s for LISA); v(TSﬁj is the local measurement
between TM; and its hosting SC; v(Tsﬁi is the local measurement between TM,
and its hosting SC, but time-delayed by the photon flight time. Obviously, the
three measurements contain noise sources at different levels, but the GW signal

is masked within the first one.

Sy S3
| OPt | Opt. M, ) 9
Bench Bench SCl SC3 y
Sl
[ Je= HE
LA o N | 3
!

5 S S3

(a) (b)

Figure 2.4: Scheme of the LISA constellation. (a) the single arm is made of two TMs,
each contained in two faraway SCs; the Doppler link is obtained by three independent
measurements: two local measurements (TMs to their optical benches) and a faraway
measurement (SC to SC). (b) the constellation comprises 6 Doppler links, forth and back
for every arm.

When extended to whole LISA configuration with 6 TMs, 6 faraway links and
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6 local links, as shown in Figure 2.4, the adopted scheme contains an unavoid-
able large laser frequency fluctuation noise of ~ 107 Hz~"? due to arm length
imbalances of a few percent. Such disturbance can be mitigated by TDI [26, 34]
in data post-processing allowing for the compensation of arm length imbalances
and optical bench vibrations (1st generation TDI), as well as arm flexing (2nd
generation TDI).

A more abstract notation can be introduced for describing the problem. Re-
ferring to Figure 2.4 and assuming the standard naming convention of TDI, the
SCs are numbered clockwise with index k, each arm is labeled with the number
of the opposing SC, each TM is numbered as the hosting SC, but it is primed if
it is on the right side of the SC. The photodiode outputs corresponding to the
local measurements are named, s for the k-th TM and s}, for the k’-th TM. The
photodiode outputs corresponding to the faraway incoming link between the SCs
are named, Sy for the side of the k-th TM and S, for the side of the k’-th TM.
The result in (2.41) can be generalized to any incoming Doppler links on the left
and right sides of the k-th SC

q

B

—~
~+

~—
Il

Sk(t) + Sk(t) — S;;[k] (t — Tp2[k]> , (242&)
8;6 (t) + S]/C (t) — Sp2[k] (t — Tp[k]) , (2.42b)

Q
-
—~
~
SN—
Il

where p[k] is the cyclic permutation of (123) and p?[k] = p[p[k]]. T} is the time
delay in the k-th arm assumed constant within the 1st generation TDI. Notice
the symmetry of the preceding equations: an unprimed index goes to a primed
one (and vice-versa) and p[k] goes to p?[k] (and vice-versa).

The 1st generation TDI solution corresponding to an unequal-arm Michelson
interferometer with the k-th SC at its vertex is a linear combination of time-

shifted photodiode outputs given by

Xi(t) = 03,(t) + op2pg (t = Tppry) + 0kt — 2T k) + oppag (t — Ty — 2T i)

_ [O'k(t) + 01/7[’?] (t — sz[k]) -+ O';C(t — 2Tp2[k]) + Upz[k}(t — Tp[k] — 2Tp2[k])] ,
(2.43)

which contains the round-trip delay of oy in the p[k]-th arm and o}, in the p*[k]-

th arm. Such combinations are able to cancel out the frequency fluctuation
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noise of arm length imbalances and optical bench vibrations ' to ~ 10720 Hz~"2
corresponding to the differential acceleration requirement of 3x10~° ms—2 Hz~"/?

around 1 mHz 2.

2.3.2 Residual acceleration noise

The first remaining contribution after the TDI compensation of the frequency
fluctuation noise is the residual acceleration noise, also frequently named force
(per unit mass) noise, whose characterization is one of the main scientific targets
of the LPF mission.

Considering the low velocity regime of (2.5), whose GW signal is given by
(2.23), the Doppler link expressed as the time derivative of the fractional fre-

quency shift is _
5we—>r

1 1 1.

we
where the first two terms are accelerations, parallel and orthogonal to the line of
sight k defined by the light beam

(5(1” = 123 . 5ae_>r s (2.45&)

Say =k - 0vey: . (2.45D)

This shows that the Doppler link reads the GW signal, but also accelerations
longitudinal and transversal to the line of sight.

The deep meaning of (2.44) is that signals and all unwanted noise sources
effectively enter into the Doppler link as equivalent time-delayed accelerations

that can be modeled as )
OWesr

1
— 2 (Say + day) | 2.4
i C (6an + dap) (2.46)

analogous to the reformulation of the Doppler link as a differential accelerometer

in (2.30). In fact, the GW signal equivalent acceleration is

whzgw% (2.47)

IThe 2nd generation TDI solution can be derived considering that the photon flight times are
not constant and the time delays do not commute anymore. Such combinations can compensate

the arm flexing, but introduces much more complexity in the system.
2In fact, 3x 10~ ms 2 Hz~ /2 /[(2r x 1 mHz)? x 5x 106 km] = 1.5x 10720 Hz /2,
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which becomes proportional to the second time-derivative of the GW signal in

the long-wavelength limit (2.25)

Say, ~ %x}i : (2.48)

Spurious sources are overall contained in da, and expressed as equivalent
accelerations. They can all be categorized in two types of contributions following
the idea of (2.44): those along the light path — the most important contribution
due to real differential forces (per unit mass) 9//m acting between the TMs, with a
typical spectral shape ~w™, n ~1,2,4 — and those orthogonal — the cross-talk
from other degrees of freedom to the optical axis introduced with some examples

in Section 2.4.

2.3.3 Readout noise

The second noise contribution after the TDI compensation is the interfero-
metric sensing noise due to various unsuppressed frequency fluctuations. The
interferometric sensing is usually expressed in terms of displacement dx having
the typical spectral shape of (1.2), i.e., flat at high frequency and ~w™2 at low
frequency.

As already discussed for the GW signal, even the readout noise can be ex-
pressed in terms of equivalent acceleration as input to the differential accelerom-
eter, by multiplying the displacement spectrum by w?. In fact, if the noise PSD

in displacement is

S2 (w) = bz {1 + (@ﬂ , (2.49)

w

where dxg and wy are two scaling constants, the corresponding equivalent accel-

1+ <§0)2] , (2.50)

The equivalent acceleration to the readout noise can be summed up to the

eration is found to be

S/ (w) = dag

n,0aq

where dag = W dxg.

acceleration noise and assuming the two contributions are uncorrelated, the noise
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PSD of the total equivalent acceleration noise is
Snsa(W) = Snss/m(w) + WSy 50 (W) (2.51)

As a matter of fact, the total equivalent acceleration — the main focus of this
thesis, whose results can be easily extrapolated to LISA and all space-based
missions — is dominated by sensing at high frequency due to the w* factor and
differential forces at low frequency. The preceding shows again that the sensing
can be described as input equivalent acceleration to the LISA arm viewed as

differential accelerometer.

2.3.4 Summary

The Doppler link is a de facto differential time-delayed accelerometer: it mea-
sures relative time-delayed accelerations between nominal freely-falling particles,
where the accelerations come from direct forces at low frequency, sensing at high
frequency and the cross-talk from other degrees of freedom that couples with the
dynamics along the optical axis. This approach has two very practical and useful

consequences:

1. it puts signals, force noise, readout noise and whatever noise sources at
the same level, treating them as equivalent differential accelerations, and
provides for a benchmark to compare them all; even though the aim of
this thesis is not to give a comprehensive review of all noise sources and
systematics, nor a full noise projection, a general idea is given throughout

this work.

2. it is a means by which very disparate gravitational experiments, ground-
based and space-based missions, with different scientific targets and fre-
quency bands, can be really qualified within a unified viewpoint; for ex-
ample, see [18] (Figure 5 and references therein) for a comparison of the
experimental performances of few missions on gravitational physics, based

at some extent on the ability of putting test particles in geodesics motion.

36



2. SPACETIME METROLOGY

2.4 Dynamics of fiducial points

This section describes in more details two important effects that enter into
the Doppler measurement previously introduced: the body finite extension and
the pointing inaccuracies due to misalignments in the optical device. Both cases
can be traced back to the fact that the fiducial points in which light is reflected
do not coincide with the centers of mass.

A toy model is now introduced in order to give a first understanding of the
problem. Let x be the Doppler measurement axis and y and z the respective

orthogonal ones. Consider a single cubic TM of latus [, subjected to:
1. a small rotation d¢ due to an unsuppressed torque along z;
2. a small translation dy due to an unsuppressed force along y.

Conversely, both cases may correspond to small misalignments of the optical
bench performing the measurement along x. Figure 2.5 gives the proper geo-
metrical representation where the effects are purposely enlarged for the sake of

clarity.

actual

Figure 2.5: Geometrical representation of misalignments in the measurement axis. The
actual measurement 0,c4ua contains small imperfections due to unsuppressed TM trans-
lations and rotations to the optimal 0gptimal direction pointing the TM center of mass.

The fiducial points where light is reflected are highlighted as big dots. 0actua1 differs from
Ooptimal Dy 0z = dytand¢p — (écoslé(z) - é)
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The optimal measurement to the TM center of mass is named 0gptimal; the

actual misaligned measurement 0,¢t,a differs from this by a small amount oz,
Oactual = Ooptimal + 0T , (2.52)
and dx contains the cross-talk from both type of imperfections
dr = 0y + Oxy . (2.53)
With simple considerations (see Figure 2.5), to second order, it turns out

dxy >~ 6yde (2.54a)
STy —£6¢2 : (2.54b)

In fact, when the measurement is performed along the optimal axis, but the TM is
rotated, then only dx4 survives and the contribution is negative since it subtracts
displacement to Ogptimal- Instead, when the TM is not rotated dx, vanishes. In the
general situation when the TM is both translated and rotated dz, is intrinsically
coupled with the ¢ motion. The above will be referred as dynamical cross-talk.

This simple calculation suggests that any detector measuring the relative mo-
tion between two extended bodies reads out a fake signal due to an unavoidable
cross-talk from other degrees of freedom to the optical axis.

Figure 2.6 shows a scheme of a misalignment between a TM and its hosting
SC, affecting the local link within the LISA arm. As said, the local link is
corrupted by force noise coupling the SC motion with the TM. However, small
misalignments of the optical bench and the (linear and angular) motion of the
TM enter into the link. Among the things, the local link will be characterized by
the LPF mission.

Analogously, Figure 2.7 shows a scheme of a misalignment between two SCs,
affecting the faraway link within the LISA arm. Again, the (linear and angular)
motion between the SCs corrupts the link. Despite to LISA, in LPF there is only
one SC, so LPF will not characterize the link between the SCs.

It is worth to stress that the Doppler link implemented between two faraway
extended bodies measures an unavoidable acceleration coming from the differen-

tial (time-delayed) dynamics of fiducial points.
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Opt.
Bench

SC,

Figure 2.6: Scheme of a misalignment between a TM and its hosting SC in the LISA
arm. The (linear and angular) motion of the TM relative to its hosting SC couples with
the Doppler link.

| Opt.
Bench

SC,

Figure 2.7: Scheme of a misalignment between two SCs in the LISA arm. The (linear

and angular) motion of a SC relative to the other couples with the Doppler link.
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The LISA arm (4-body system) is a sensor measuring the relative motion of
the TMs with respect to the hosting SCs and the relative motion between the
two SCs. Instead, its down-scaled version to LPF (3-body system) is a sensor
measuring only the relative motion of the TMs with respect to the common
hosting SC. Such difference between LISA and LPF implies that the total number
of degrees of freedom is 24 for LISA and 18 for LPF. However, the linear motion
of the center of mass must be subtracted from this figure as it is common-mode.
Since the relative motion between the TMs is the scientific degree of freedom, the
spurious degrees of freedom are 20 for LISA and 14 for LPF. Table 2.2 shows each
contribution affecting the differential measurement. As expected, LPF reproduces
the LISA arm up to the two local measurements between the TMs and the SC,
but the differential motion between the SCs is a peculiarity of LISA.

Table 2.2: Spurious sources coming from the dynamics of other degrees of freedom and
affecting the main sensitive axis of LISA and LPF. The interferometric arm respectively
reads 20 and 14 spurious degrees of freedom in LISA and LPF. The main difference is that
in LPF the TMs fit a common SC.

o Degrees of freedom
Extra-contribution

LISA LPF
Linear motion between the SCs 2 -
Linear motion of the TMs 6 )
Angular motion of the SCs 6 3
Angular motion of the TMs 6 6
Total 20 14
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Controlled dynamics

As said in the Introduction, LPF is aimed at demonstrating the geodesic
motion of TMs within a single SC reproducing a down-scaled version of the LISA
arm. The previous chapter discussed the fundamental physics of the Doppler
link and the way external forces can be measured by frequency shifts of photons
exchanged between two TMs. The GW signal, non-gravitational disturbances and
all noise sources can be effectively viewed as input equivalent accelerations to a
differential time-delayed accelerometer. In a step by step discussion it was shown
that many effects may corrupt the measurement and, among all, there is the fact
that the link is actually implemented in a dynamical system of 3 extended bodies,
whose relative motions are optically tracked with inevitable pointing inaccuracies
and misalignments.

This chapter introduces a further concept: the control. In LISA the drag-free
controller acts as a shield for the external disturbances. In the adopted scheme,
the SCs are actuated to follow the free-falling TMs along the measurement axes,
whereas the TMs are actuated along the degrees of freedom orthogonal to those
axes. This concept is implemented and verified in LPF with a difference. In LISA
each SC contains two TMs belonging to different measurement axes, the links to
the faraway SCs. In LPF| as shown in Figure 3.1, there is only one measurement
axis, therefore the SC can not follow both TMs independently. While the SC
follows the reference TM, the other TM must be capacitively actuated to follow

the reference TM. This is the target configuration named science mode.
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FEEP
“lars, GRS,
™, | T,
SC

DFACS

Figure 3.1: Simplified scheme of Figure 1.4. In spite of LISA, in LPF there is only one
measurement axis. As the reference TM is in free fall and the SC is forced to follows it to

compensate for external disturbances, the second TM is forced to follow the reference TM.

Scope of this chapter is to step into the details of the measurement scheme of
LPF. A unified formalism is introduced to describe dynamics, sensing and control

as a whole in view of defining a fundamental operator that:

1. converts the sensed TM relative motion into total equivalent input relative

acceleration;

2. subtracts known force couplings, control forces and the cross-talk (sensing,

dynamical and actuation);
3. suppresses system transients.

Section 3.1 introduces the formalism describing the closed-loop implementation
of the LISA arm in LPF. Section 3.2 discusses on the suppression of system tran-
sients in the total reconstructed equivalent acceleration noise as a natural conse-
quence of the formalism. Section 3.3 discusses the first application: a dynamical
model of LPF along the optical axis. Section 3.4 presents the mathematical de-

scription of the cross-talk from nominally orthogonal degrees of freedom to the
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optical axis. Section 3.5 discusses the second application: an example of cross-
talk.

3.1 Closed-loop formalism

The formalism developed in this section is effective in mapping a complex
dynamics into a simple equation, treating different aspects of the system at the
same time as a whole, and allowing for the reconstruction of the total input
differential acceleration from the interferometrically-sensed motion.

Like every physical dynamical system, LPF can be described by three main

conceptual parts:
1. free dynamics;
2. sensing;
3. control and actuation.

The first one is the natural free evolution of the system. This gives the dynam-
ical evolution of the TMs as they were left alone in their flight. However, small
unwanted disturbances can take each TM away from the ideal geodesic, the refer-
ence trajectory. On-ground measurements and models predict that to first order
the TMs are electrostatically coupled with the SC through negative force gradi-
ents described by unstable oscillators. If the TMs were left to follow their free
evolution, the system would exponentially destabilize in a very small timescale.
Referring to Figure 3.1, in the main science mode the sensed motion between the
TM and the interferometer and the sensed relative motion between the TMs is fed
into the DFACS controller to command actuation on the SC and the second TM
to both follow the reference TM. In this way, one would say that the controller
utilizes the sensed relative motion to suppress the disturbances by “pushing” a
body toward the reference trajectory, i.e., by actuating it along specifical degrees
of freedom.

In turn, Section 3.1.1 lists the relevant coordinates in LPF, the sensors, the

control laws and the actuators for each degree of freedom; Section 3.1.2 provides
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for a general description of the control philosophy; Section 3.1.3 describes the

generalized equation of motion for LPF.

3.1.1 Coordinate definitions

As pointed out at the end of the previous chapter, LPF is a 3-body dynamical
system composed by a SC containing two TMs, whose relative motion is sensed
by an interferometer and the capacitive sensors, as described in the Introduction.
As LPF characterizes the relative motion between those bodies, the inertial accel-
eration of the SC is not sensed. Therefore, the degrees of freedom of the system

are:
1. the relative translations of the TM with respect to the SC, 3 + 3;
2. the relative attitudes of the TM with respect to the SC, 3 + 3;

3. additionally, the absolute (inertial) attitude of the SC with respect to the

celestial frame, 3.

The naming convention for the sensed coordinates in LPF in science mode can
be found in Figure 3.2. There are 15 control laws implemented by the DFACS,
12 for the TM relative motions and 3 for the SC absolute attitude. A coordinate
guiding the drag-free loop, i.e., a thruster actuation on the SC, is named drag-
free coordinate. Analogously, a coordinate guiding the electrostatic suspension
loop, i.e., a capacitive actuation on the TMs, is named electrostatic suspension
coordinate. Finally, a coordinate guiding the attitude loop, i.e., a capacitive
actuation on the TMs to maintain the inertial orientation, is named attitude
coordinate. The names of the control loops, the sensor readouts used as inputs
to the control laws and the actuators are reported in Table 3.1 for all controlled
degrees of freedom in the main science mode.

Basically, in the main science mode all optical readings are used whenever

possible and:

1. along z: guided by the optical zy, the SC is forced to follow the reference
TM through thruster actuation; guided by the optical x5 the second TM

is forced to follow the reference TM through capacitive actuation;
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Table 3.1: List of all controlled degrees of freedom for the LPF mission in the main
science mode. The drag-free, electrostatic suspension and attitude control loops, together
with the interferometer, capacitive and star-tracker sensors and the thruster and capacitive
actuators are reported for each coordinate. Interferometric sensing is used in place of the
capacitive whenever possible. Notice that the interferometer measures the relative linear
and angular motion between the TMs, i.e., 12 = xo — X1, 12 = 172 — 11 and P12 = P2 — 1.
The SC absolute position is not sensed.

Coordinate Control Sensor Actuator
) Drag-free 01 =IFO[z4] FEEP
o Drag-free o,, =GRS[ys]  FEEP
2 Drag-free 0., = GRS|z] FEEP
6, Drag-free 09, = GRS[0] FEEP
m Elect. suspension o, =IFO[n,] GRS
o Elect. suspension 04, =IFO|¢] GRS
T Elect. suspension 015 = [FO[z12] GRS
Y2 Drag-free 0y, = GRS[y,] FEEP
29 Drag-free 0., = GRS|z9] FEEP
0 Elect. suspension 09, = GRS|[6,] GRS
M2 Elect. suspension  0,,, = IFO[n;2] GRS
o Elect. suspension 04, = IFO[¢12] GRS
Osc Attitude 0. = ST [0sc] GRS
e Attitude Onse = ST nsc] GRS

dsc Attitude 045 = ST [dsc] GRS
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N

r&r —

P

Figure 3.2: Coordinate naming convention for the 3-body LPF system. The z-axis is the
laser sensitive translational degree of freedom, as well as the n and ¢ angles are optically
detected. The 6 angle is not interferometrically detectable. Other coordinates can be read

out by capacitive sensors, especially along y and z.

2. along orthogonal degrees of freedom: guided by the average linear motion
of the TMs read out by the capacitive sensors, the SC is forced to follow
both TMs through thruster actuation; guided by the star-tracker inertial

attitude the TMs are oriented through capacitive actuation;

3. along rotational degrees of freedom: guided by the differential linear motion
of the TMs read out by the capacitive sensors, the SC is forced to follow
both TMs through thruster actuation; guided by the optical TM attitudes

both TMs are oriented through capacitive actuation.

3.1.2 Controller

The controller is a dynamical system (see Figure 3.3), in general multidimen-
sional, taking the difference between the measured and the reference trajectories
as inputs and producing forces to be applied to the bodies as outputs. If o is the

sensed motion, the error signals for all controlled degrees of freedom are
e=0—o0;, (3.1)

where o; are named reference set-point signals or simply guidance signals.
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Figure 3.3: Block diagram of the controller. It takes the differences between the mea-
sured coordinates o and the reference coordinates o; and calculates control forces f. to be
applied to the SC and the TMs.

The DFACS is responsible of the minimization of the error signals. In this
way, it compensates for negative force gradients and makes the system stable. It
utilizes the sensed relative motion along different degrees of freedom, contained
in the error signal, to compute actuation forces f.. The discrete implementation
of the n-th value of the commanded force f.,, for a generic control law in LPF
[35] controlling a single degree of freedom, is a linear combination of the past
values of the force f.,_1, fcn—2,... and the present and past values of the error

signal (the innovations) e, e, 1,. ..
fc,n - § Qifc,n—i + E Pijn—j , (32)
i J

where i = 1,..., N, and N, is the order of the autoregressive filter; j =0,..., N,
and N, is the order of the moving average filter. The z-transform of the above

gives the well-known autoregressive moving average model of the discrete control

> piz
b Sy

The control design assures: (i) the compensation of negative force gradients;

law

(3.3)

(ii) the asymptotic stability; (iii) the mitigation of system resonances; (iii) the
minimal-cost performance, i.e., the control computes the minimum actuation
forces that allow the TMs to reach the reference signals to within the given
accuracy of 5nm Hz~"? around 1mHz (for the relative displacement control as
reported in Table 1.2), whose unsuppressed part contributes to the residual noise
budget. ASTRIUM [36] — the main industry contractor of LPF — has provided
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only the continuous representation of the controller as a rational function in the s-
domain (of maximum order 6), used for system modeling, simulation and analysis

shown in Chapter 4.

3.1.3 Equation of motion

This section describes the formalism on the basis of the modeling of the closed-
loop LPF system. The most important assumption concerns on the linearity of
the equations, i.e., that all physical quantities characterizing the motion enter

linearly into the equations. Here is a list of the involved limitations:

1. the force couplings between the TMs and the SC are mainly caused by
electrostatics and SC self-gravity: those forces decay as the inverse of the

distance at most; they are treated to first order as spring-like forces;

2. the interferometric sensing involves reflections and transmissions through
optical elements: even in geometric optics the equations must involve trigono-
metric expressions of the angles; it is assumed that trigonometric functions

confuses with angles, whenever applicable;

3. the angular motion of a rigid body is described by the Euler equations: they
are non-linear with respect to the angular velocities; if the angular motion

is small, non-linearities are second-order effect.

Since the controller forces the motion around the reference trajectories, it also
assures that the motion is small enough that all forces and non-linear terms can
be expanded to first order with good approximation. In this way, the coupling
forces are modeled as negative spring-like constants; the non-linearities due to op-
tics and the angular motion can be effectively ignored. In general, the linearized
equations of motion must contain terms to within the order of an imperfection
multiplied by a noise contribution. In fact, other combinations like a noise con-
tribution multiplied by another noise contribution are second-order effects and
must be neglected. The accuracy to which linearity is achieved depends on: (i)

the assumption that the controller does not itself introduce non-linearities in the
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system; (ii) the unsuppressed noisy motion in the error signals is to within the
requirement figure of the controller.

With these assumptions, LPF is viewed as a closed-loop Multi-Input-Multi-
Output (MIMO) linear time-invariant dynamical system described by vector
equations with operators modeling dynamics, sensing and control. The linearized
equations for LPF are [37], [38, 39] and more recently [40]

Dqg=g, (3.4a)
g=fuit+tAlfi—C(o—o0)] , (3.4b)
o=Sq+o,. (3.4¢)

The total forces (per unit mass) g produce the motion through the acting of the
dynamics operator D onto the physical coordinates q. The natural physical co-
ordinates for LPF are given by the TM relative linear and angular motion. D is a
differential operator containing time derivatives and the modeled coupling coeffi-
cients (the negative spring constants due to the linearization), and the dynamical
cross-talk from other degrees of freedom to the sensitive axis as well. Section 3.4
generalizes this concept by decoupling the dynamics along the measurement axis
(the nominal dynamics) from the dynamics along other degrees of freedom (the
first-order perturbation). The external forces can be split into pure noise sources
fo — mostly from the SC jitter and within the TM housings; applied biases f;
— directly on each TM and the SC; applied biases through o; — the controller
guidance signals already discussed in the preceding subsection. C' is the opera-
tor containing the control laws. By changing the controller guidance signals, net

forces on each body are commanded to the actuators
fo=-C(o—o), (3.5)

where o is the closed-loop measurement. Therefore, the application of biases in
the controller guidance signals is equivalent to the application of explicit forces
on the bodies. In this description, the application of the forces is modeled by
an actuation operator A. All force biases and control forces are fed into such an
operator, responsible of the force dispatching on all bodies. In the main science

mode, along the measurement axis, this implies a thruster actuation on the SC
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to follow the reference TM in free fall and a capacitive actuation on the second
TM to follow the reference TM. Finally, the physical coordinates q are converted
into the system readouts o (from interferometric and capacitive sensors) through
the sensing operator S, mostly diagonal, and corrupted by the readout noise o,.
S is nominally an identity operator, but in reality there is a sensing cross-talk
between different readout channels and miscalibrations as well. Figure 3.4 shows
the block diagram of the closed-loop dynamics for LPF where all operators act
on their own inputs and produce their outputs for the dynamical equations in

(3.4); deterministic and stochastic inputs are also distinguished for clearness.
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+
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Figure 3.4: Block diagram for the three main conceptual steps of LPF: dynamics, sensing
and control. There are two different noise sources, f, and o,, and biases to inject, f; and
0;. The open loops are defined by the transfers from forces to readouts. The forces produce
the motion in the q coordinates through the inverse of D. The coordinates are converted
into sensed coordinates o through S. The controller closes the loop in order to minimize
the error signals, through C' applied to the sensed coordinates. The calculated forces are

then converted into actuation forces through A.

The full equation of motion in vector form and expressed in terms of the sensed
relative coordinates, o, can be obtained by manipulating the three equations in
(3.4). The idea is to substitute (3.4c) and (3.4b) in (3.4a) and rearrange the

equation so that the deterministic and stochastic inputs are on the right-hand
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side. The result is the equation of motion in the sensed coordinates
Ao=f,+DS o, +A(fi+Co) , (3.6)

where four terms are clearly recognized: force noise, readout noise, force bias and
controller guidance bias, that all constitute the noise budget of LPF in terms
of total equivalent acceleration. The second-order differential operator on the
right-hand side is defined as

A=DS'+AC. (3.7)

The deep meaning of the operator is that it allows for the reconstruction of the
total equivalent input acceleration from the sensed relative motion and at the
same time isolating and subtracting dynamics, sensing, control and actuation.
Indeed, by looking at Figure 3.4, D S~! is the open loop from the sensed relative
motion to input forces (inverting the direction of an arrow the corresponding
operator must be inverted); whereas A C is the control loop consisting of all
control laws commanding the force actuation.

In (3.6) two transfer operators can be naturally identified

To—)f =A s (38&)
T, ..,=A'AC. (3.8b)

The second one solves the equation of motion for deterministic guidance signals

and substituted into (3.5) gives the following transfer operator
Ty =—C(To0— 1), (3.9)

converting the bias injections o; into the calculated control forces that the actu-
ators must apply in order to stabilize the motion toward the reference signal.
The first transfer operator T,,_, ; has fundamental relevance as it shows that the
differential operator allows for the estimation of the total out-of-loop equivalent
acceleration noise [41] on noisy interferometric data, i.e., when all explicit stimuli
are set to zero, whose modeling in terms of force noise and readout noise is
provided by the equation of motion (3.6). However, the evaluation requires the

calibration of the dynamics D, the sensing S and the actuation A operators
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overall depending on many system parameters. This critical procedure, named
system identification, which the performances of the LPF mission depend on, will
be outlined in Chapter 4. It mainly consists on calibrating the second transfer

operator Ty, _,, and estimating all system parameters in dedicated experiments.

3.2 Suppressing system transients

As the main target of LPF is the estimation of the total equivalent input ac-
celeration between the TMs;, the transfer operator (3.8a), once calibrated, allows
for the compensation of the force gradients, but also for any system transients.
Indeeed, the formalism of the previous section can be applied to understand in
what sense system transients can be suppressed and the extent to which the
suppression is effective.

In the approximation of small relative motion, the dynamical evolution of
the TMs in LPF can be described by a linear differential equation with constant
coefficients

Ao=f, (3.10)

where the external forces f produce the motion in the sensed coordinates o
through the acting of the second-order differential operator A. In LPF the oper-
ator also contains negative force gradients modeled as spring-like constants, the
control laws, the actuation and the sensing conversion between physical coordi-
nates and sensed coordinates. As it is shown in the next section this complex
structure can be further described with the introduction of targeted parameters
modeling the system. Those parameters may vary in time so that the equation
has no longer constant coefficients: in principle, such behavior could be observ-
able at very low frequency. Even in this case, there are theorems [42] ensuring the
existence and uniqueness of solutions, at least locally, for reasonable conditions
often met in practice.

The particular solution of (3.10) is provided to satisfy
Ao, =f, (3.11)

and gives the steady state of the system where the evolution is completely driven

by the external forces, noise in any form viewed as equivalent acceleration and
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any possible applied bias. The above equation is usually well-understood and
easily solved, for example, in frequency domain.

On the contrary, the homogeneous solution of (3.10) is provided to satisfy
Ao, =0, (3.12)

and gives the transient state of the system. The transient state is not influenced
by the steady state and vice-versa.

The operator kernel is defined by the set of all solutions satisfying (3.12). It
may be natural to question about the dimensionality of the kernel. There are two

possible alternatives [42]:

1. the kernel is trivial and the only possible homogeneous solution is the null

solution;
2. the kernel is non-trivial;

Excluding the trivial case, whenever the operator is linear it is proved that the
kernel itself is a vector space — that in case can be provided with a norm or an

inner dot — where any combination of basis functions ¢, in that space
Oy — ch ¢l~c s (313)
k

is still a solution of the homogeneous equation for k£ running through the dimen-
sion of the space. ¢; are some constants depending on the initial (or boundary)
conditions of the system.

So far, an extensive use of inversion operations — in particular of the A opera-
tor — has been made in all calculations concerning dynamics. In general, this may
not be completely allowed when the kernel is non-trivial. In this case the operator
is singular by definition and can not be inverted. Equivalently, transients exist
independently from the steady-state solution driven by the external forces.

The solution of the differential equation (3.10) exists and is unique for given
input forces f, initial conditions ¢; and suitable assumptions. The general solu-

tion is a sum of: (i) the steady state os proportional to the input forces; (ii) the
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transient state oy set by the initial conditions. Hence, by applying the differential

operator to both the steady state and the transient state, it holds
Ao=A(0s+ o)
k

=f.
where £ spans the kernel. Since A ¢, = 0 for any ¢ lying in the kernel, the

operator automatically suppresses any system transients, if present.

For example, suppose that a system is modeled by a mono-dimensional har-
monic oscillator, with A = d*/dt?> — w?, where w? is the spring constant. An
external force (per unit mass) f(t) produces the sensed motion o(t), from which
the external force must be estimated. It is well-known that the transient solution
is a combination of exponentials o(t) = ¢ exp(—t/7)+co exp(t/7), where ¢; and
¢y are constants depending on the initial conditions and 7 = 1/w3. By definition
Aoy(t) = 0 and Ao(t) provides an estimate of f(t).

The accuracy to which the suppression of system transients is effective depends
on the accuracy to which the system parameters have been previously calibrated.
If pest is the vector of parameter estimates approximating the “true” parameter
values pyue modeling the system up to the inaccuracies 0p, i.e., Pest = Pirue + 0D,
then to first order Aeg >~ Aguet+0A, where Aue = A(Pirue) and Aggp = A(Pest)-

Therefore, it follows

Aest o= (Atrue + 5A) (OS + Ot)
= Atrue o + Atrue O + 0A (Os + Ot) (315)
= ftrue _I_ 5.f )

where the first term gives the true forces, the second is identically zero by defini-

tion and the last one gives the systematic errors in the reconstructed forces
0f =0A (05 + 0y) . (3.16)
From the preceding equation, two cases can be distinguished:

1. oy < o, transients are negligible, but inaccuracies in the operator still

produce systematic errors in the estimated total equivalent acceleration

o4



3. CONTROLLED DYNAMICS

noise; a similar argument will be used in Section 4.5 to demonstrate that
biases in the estimated parameters may produce biases in the estimated

total equivalent acceleration noise;

2. oy > o, transients are important and inaccuracies in the operator makes
impossible their complete suppression; much more important, biases in the

estimated parameters may even amplify the transients.

Once more, the suppression of transients is assured to the level by which the
operator itself is calibrated. It is worth stressing the importance of the result. In
LPF the main scientific target is the estimation of the total out-of-loop equivalent
acceleration from the sensed relative motion. The damping is fundamentally gov-
erned by the controller design, i.e., the efficiency to which the controller responds
and stabilizes the system toward the zero-reference signal. As the controller is
designed to mostly compensate the expected force gradients that are roughly
|w?| ~1x107%s72, this figure gives a typical timescale of 7 ~6x 10%s (almost
2 hours) for the damping of initial transients. Since the mission operations are
very time-constrained, it is not possible to wait for the steady state and the
total equivalent acceleration noise must be estimated when the system is fully
dominated by transients. The considerations enlightened in this section, together
with the procedures of system identification described in Chapter 4, assure that in
the estimation of the total out-of-loop equivalent acceleration noise, even though
transients could almost certainly last for hours, they can be mitigated with good
and reasonable confidence if the A operator is calibrated on fiducial values of the

system parameters.

3.3 Dynamical model along x

In what follows a model for the LPF mission is elaborated in terms of the two
main degrees of freedom along the optical axis: the relative motion of the reference
TM to the optical bench and the differential motion between the TMs. In this
formulation the relative motion is sensed with the interferometer — the reference
measurement for scientific operations — while keeping in mind that the capacitive

sensors could even be used in place of the interferometer as a backup option, even
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though such a measurement would be two orders of magnitude worse, especially at
high frequency. However, along the other orthogonal axes the capacitive sensors
are the only means by which the TM relative motion can be measured.

By tracing back the equations to Section 3.1, the formalism developed so far
allows for a straightforward description of LPF as a doubly closed-loop dynam-
ical system in which the effect of the modeled couplings and control laws must
be isolated and subtracted from the data when estimating the total equivalent
acceleration noise. Figure 3.5 shows a sketch of a LPF model, in the main science

mode, along the optical axis that is discussed here in details.

2
£ |

Ly w fi,2
=1 TM, :.x_u, ™, [
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SC O %2
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Figure 3.5: Scheme of the LPF model along the optical axis in the main science mode.
The first TM is in free fall along x and its displacement to the optical bench (o01) is sensed
by the interferometer (IFO) and fed into the controller (Cy4s) to force the SC to follow
the TM through thruster actuation (drag-free loop). Analogously, the sensed differential
displacement between the two TMs (012) is fed into the controller (Cyys) to force the TM
to follow the reference one through capacitive actuation (suspension loop). The critical
system parameter are the TM spring-like couplings to the SC (w? and w3), the sensing
cross-talk (S21) and the actuation gains (Aqr and Agus). The system can be excited by
injecting signals as direct forces on the masses (fi1, fi,2 and figc) or controller guidance

signals (0,1 and 0;,12).

Referring to Figure 3.2 and Figure 3.5, x is the interferometric axis. xgc is
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the absolute SC position and x;, x5 are the relative TM positions with respect
to the SC; mge = 422.7kg and m; = my = 1.96kg are the respective masses;
My = 1o = 5x 1073 are the masses normalized to mgc; fi, fo and fsc are the
total forces (per unit mass) containing noise in any form and applied biases.

In the linear approximation (small motion, small forces, as already discussed)
the 3-body dynamics is described by a linear system of differential equations. In

frequency domain and assuming null initial conditions the equations of motion

are
s2x) + s wgc Fwiay + Ty (z0 — 1) = f1, (3.17a)
s* a9+ 2 wsc Fwimy — Ty (22 — 21) = fo — Cuus(s) 012, (3.17b)
s* x5c — My wi 11 — Mo ws Ty = fso + Car(s) 01
— iy fy — 1 fo (3.17¢)
+ Mg Caus(8) 012

where w} ~ w? ~ — 1x107%s72 are spring constants modeling oscillator-like

force couplings between the TMs and the SC, named parasitic stiffness. As the
dominating part of such force gradients is due to electrostatics, the oscillators are
unstable: that is the reason why a controller is employed. I', ~4x107%s72 is the
gravity gradient (per unit mass) between the TMs corresponding to a nominal
separation of ~ 38 cm. All terms containing normalized masses are back-reactions
that can be neglected to zeroth order.

In writing the dynamics the control in the science mode is implicitly assumed,
where the SC is forced to follow a reference TM in free fall along the optical
axis and the other TM is forced to follow the reference TM along the same axis.
As declared by Table 3.1, the interferometric readout o; (z; coordinate) is a
drag-free coordinate and is the input to the drag-free control law Cg¢(s) assuring
thruster actuation. The interferometric readout 015 (r12 = 9 — 7 coordinate)
is an electrostatic suspension coordinate and is the input to the electrostatic
suspension control law Cjs(s) assuring capacitive actuation on the second TM.

The first step is to rearrange the equations so that to eliminate the unmeasur-
able absolute position xgc and rewrite them in terms of the two main degrees of
freedom 7 and x15. In fact, by taking the difference between (3.17b) and (3.17a)
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the SC acceleration vanishes. Then, the SC acceleration in (3.17¢) is substituted
in (3.17a). The structure of the equations suggests to define the differential forces
fi2 = fo — f1 and the differential parasitic stiffness w?, = w? — w?. The equa-
tions can be finally condensed into the formalism of (3.4a), where the dynamics

operator has the following matrix representation

(3.18)

D= S2+ (1—}—7%1 +m2)w%+m2w%2 Fx‘i‘mQ (w%—i—w%)
B wi 2+ wi+wi —2T,) "

that acting on the system coordinates

q= (5112) : (3.19)

(1 + ml + ’fhg) fl + mQ f12 - fSC - Cdf(S) 01 — mQ Csus(s) 012 (3 20)
f12 - C(sus(S) 012 ’ .

produces the external forces

The preceding contains force noise sources and injected biases. Neglecting all
back-reactions it shows that the first degree of freedom x; is dominated by the
thruster noise and the drag-free actuation; the second degree of freedom x5 is
dominated by the differential force noise and the capacitive actuation on the

second TM. The identified control operator of (3.4b) is given by

€= () el | (3:21)

where the off-diagonal quantity is the back-reaction from the suspension to the
drag-free loop.

The dynamical equations shown above assume a perfect actuation. This im-
plies that A is an identity. Otherwise, actuation gains Ag and Ay, may be
conveniently introduced to model the efficiency to which commanded forces are
converted to actual applied forces by the corresponding loops.

The expression in (3.4c) gives the sensing conversion between the physical

coordinates g and the interferometric readouts

0= (()0112) : (3.22)
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being fed up into the controller. The perfect conversion is represented by an
identity matrix. The imperfect conversion is due to both miscalibrations (the
diagonal terms) or cross-talk contributions (the off-diagonal terms). The on-
ground characterization and the theoretical modeling of the interferometer [43, 44]
suggests that the most relevant is the cross-talk from o; to 015 that mixes the two

nominally independent degrees of freedom in the following way

S - (5121 (1)) . (3.23)

The cross-talk is explained by a tiny difference in the incidence angles with which
light reflects on the TM surface for the two readings. The photon phase ¢ is built
up by taking the difference between the averaged measurement of the 4 quadrants
of each photodiode and the reference phase used for common-mode rejection of
any residual optical path length variation. A generic displacement readout is

proportional to the measured phase

A

0=
47 cosd

(3.24)

where A = 1.064 pum is the laser wavelength and § ~ 4.5° is the nominal incidence

angle. The sensing cross-talk due to a small mismatch in incidence angles is

dg — 01
hn o

Sgl = (325)

Therefore, a measured difference of (d2 — d1) ~5"” produces a sensing cross-talk
as large as So; ~3x 1074

The model described in this section, with some slight improvements, has been
extensively used for simulations and analysis — and examples with references
will be discussed in details in the next chapter — to test the algorithms aimed at
estimating the TM couplings, the sensing cross-talk and other relevant parameters
needed for system calibration. Such calibration is also critical for the unbiased
estimation of the total equivalent acceleration noise. The same model is planned

to be employed during the identification experiments of the LPF mission.
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3.4 Cross-talk from degrees of freedom other

than the optical axis

Section 3.1 has introduced a general formalism — the three master equations
of (3.4) — capable in describing the evolution of LPF as a physical system contin-
uously subjected to a digital control. Subsequently, in Section 3.3 the formalism
has been applied in the derivation of a model of LPF along the two main optical
degrees of freedom. However, there are sources of non-idealities in this descrip-
tion. The knowledge of the operators D, A and S might lack because of a poor
calibration, misalignments, pointing inaccuracies as in Section 2.4, force gradients
and force noise along different axes. Such errors couple with the main interfero-
metric axis and manifest themselves as a cross-talk from other degrees of freedom.
Despite describing the system in its full complexity with all degrees of freedom at
once, in the hypothesis of small motion, the absence of strong non-linearities as-
sures that the contribution from other degrees of freedom is a small perturbation
to the nominal dynamics along the optical axis.

For the sake of clarity, the approach used here in describing such effects is
based on a first-order perturbation theory, where the zeroth-order dynamics,
named the nominal dynamics, is fully known. The readouts o can then be split
into a nominal response of the system to the z-dynamics, say oy, and a small per-
turbation coming from other degrees of freedom (y, z or some torsional angles),

say do, therefore

0~ 0y + o . (3.26)

The leading correcting terms can be embedded into the dynamics as imperfections
to the operators introduced in the previous section. For example, if Dy is the
nominal dynamics operator, D is the relative imperfection.

To first order the dynamics is a generalization of (3.4) [45]

(Do +0D)q=g , (3.27a)
g=fut+t (Ao +0A)[fi—Co(o—o0)] , (3.27b)
o= (S+0S)g+o, . (3.27¢)
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where the control laws in Cj are exactly known from the original design. Fig-
ure 3.6 shows a block diagram of the above set of equations, in where a dashed
arrow stands for a cross-talk contribution. Every time a physical quantity must
be passed throughout an operator, then the relative imperfection mixes it up

among many degrees of freedom.
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Figure 3.6: An update of the block diagram shown in Figure 3.4 where the cross-talks
(dynamics, sensing and actuation) are introduced as imperfections (dashed arrows) to the
nominal operators. For example, D ~ Dy + 0 D.

The nominal solution oy is provided by (3.6) in which all operators have
the proper subscript indicating a zeroth-order term. The differential operator
is obtained from the definition (3.7) by means of simple algebra and using the

inversion lemma !

A~ (Dy+0D)(Sy+0S)" + (Ay+5A) C,
~ (Do +6D) Sy' (1 - 68 Syt) + (Ag +0A) Cy (3.28)
~ (Dy Sy + Ay Cy) + (6D Sy — Dy Sy ' 68 Syt + A Cy)

1Sy +68) ' =85 — 8,168 (14 8;'68) " Syt~ 8y — 851688
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where the nominal operator and its imperfection are defined as

Ay=DyS;' +A4,Cy (3.29a)

SA =0D Syt —DyS;' 68 S, +5AC, . (3.29b)

There are two ways to obtain the evolution of the first-order correction do.
The first method involves a direct computation on (3.27) similar to the reason-
ing of Section 3.1. The idea is to combine the three equations, substitute back
the zeroth-order and keep only first-order terms. The second method is more

straightforward and is based on the elaboration of the equation of motion (3.6).

Following this idea, the expansion of (3.6) is
(Ao + dA) (0g + 00) ~ f,
+ (Do +6D) (Sy +68)"" o, (3.30)
+ (Ao +6A) (fi+Coho)
Now, to first order the equation becomes
Agoyg+ Agdo+ Aoy~ fu
+ (Do Sy +6Do Sy — Dy Sy' 65 5;1) 0, (3.31)
+ (Ao +64) (fi+ Cooi) ,
which is further simplified by assuming the knowledge of the nominal dynam-
ics. Indeed, Agog on the left-hand side is canceled out by f, + Dy S;' o, +
Aj (fi + Cyo;) on the right-hand side. Therefore, the first-order dynamics is
given by
Agdo~ —6A 05+ (6D Sy — Dy S;' 68 Sy') o,
+0A(fi+Coo) ,
where the operator in front of o, is exactly JA — §A Cy (it can be checked by

(3.32)

comparing to (3.29b)). The equation also shows that the first-order dynamics
is given in terms of the zeroth-order o0y. To write down an explicit form of the

above formula, it is necessary to substitute the expression of 0y in (3.6) and get
Agdo~ —6AAS" [fu+ Do Syt o, + Ay (fi 4+ Coo)]
+ (0A —5AC) o, +0A(fi+ Cyo)
= —0AA;" fo+ (A —-6AC,— A A; Dy S; ') o,
+ (6A - 0A A Ag) (fi + Coo) .

(3.33)
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The operator in front of f;, is the force noise cross-talk, whose transfer to total

equivalent acceleration is denoted with
6Ty, ;= —0A A" (3.34)

the operator in front of o, is the readout noise cross-talk and can be rewritten as

0T, s =6A —5ACy— 6A A;' Dy S5
= 6A —5AC) — A AT (Ag— Ay Cy)

. (3.35)
=0AA,; A Cy—IAC
the operator in front of f; is the force actuation cross-talk
(5Tf1_>f =0A + 5Tfn_)f Ap ; (336)
and the operator in front of o; is the bias actuation cross-talk
5Toiﬁf = ((SA -+ (5Tfnﬁ\f Ao) C,, (337)

that is exactly the readout noise cross-talk modulo a sign. As reasonable to
expect, the symmetry between the various cross-talk terms comes from the lin-
earization of the problem.

The equation of motion for the first-order cross-talk is finally given by
Agdo ~ (STanf fo+ (STon%f o, + 5Tfiﬂf fi+ (SToiﬁf o; , (338)

that enlightens the various contributions to the overall cross-talk from other de-
grees of freedom. On one side, in a pure noise measurement during the LPF
mission (no application of forces or biases) a noise cross-talk sums up to the
nominal dynamics along the main degrees of freedom. On the other side, what-
ever a bias is applied to the system, a perturbation is produced along the sensitive
axis. As it is clear, a non-negligible cross-talk at any level of the system (dynam-
ics, sensing and actuation) actually breaks the nominal orthogonality between

different degrees of freedom.
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3.5 Dynamical model for ry cross-talk

The application of the idea of the preceding section is a further development of
the model along the optical axis described in Section 3.3, i.e., the cross-talk from
other nominally orthogonal degrees of freedom to the optical axis. The example
discussed in this section is the cross-talk from the y degree of freedom to .

Referring to Figure 3.2 for the usual coordinate naming convention, the zy
cross-talk can be viewed as a first-order perturbation of the dynamics in the
xy plane to the zeroth-order dynamics along z. Obviously, the dynamics in xy
contains the rotation ¢ about the z axis.

The control design of the main science mode for this simplified model requires
a minimal number of drag-free, electrostatic suspension and attitude coordinates
as inputs to the same control loops. Table 3.2 presents a list of those coordinates

relevant for the xy cross-talk as taken from Table 3.1.

Table 3.2: List of the 7 controlled degrees of freedom for the zy cross-talk of the LPF
mission in the main science mode. Refer to Table 3.1 for a comprehensive description of
all coordinates. Notice that oy, = 04, + 04,, is used in the equations for clearness and

simplicity.
Coordinate Control Sensor Actuator
) Drag-free 01 =IFO[z4] FEEP
o Drag-free oy, = GRS[y:] FEEP
o1 Elect. suspension 04, =IFO|¢] GRS
T Elect. suspension 015 = [FO[z19] GRS
Y2 Drag-free 0y, = GRS[ys] FEEP
103 Elect. suspension 04, =IFO|[¢12] GRS
dsc Attitude 0ps. = ST [psc] GRS

The control is such that:

1. along z: guided by the optical z;, the SC is forced to follow the reference
TM through thruster actuation; guided by the optical x5, the second TM

is forced to follow the reference TM through capacitive actuation;
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2. along y: guided by the capacitive (y; + y2)/2, the SC is forced to follow
both TMs through thruster actuation; guided by the star-tracker ¢gc, the
TMs are oriented along ¢;

3. along ¢: guided by the capacitive (y; — y2)/2, the SC is forced to follow
both TMs through thruster actuation; guided by the optical ¢; and ¢,

both TMs are oriented along ¢ through capacitive actuation.

As already pointed out, the cross-talk can be described by a first-order per-
turbation of the nominal dynamics along x. Three different types of cross-talks
can be identified:

1. dynamical cross-talk;
2. actuation cross-talk;
3. sensing cross-talk.

All equations must be written to within linear terms of an imperfection or noise
contribution.

Concerning the dynamics along the = axis, in the approximation of small
motion, the stiffness constant has been introduced to model residual oscillator-like
couplings between the TMs and the SC. The generalization in three dimensions
is straightforward. Since there are electrodes all around the TMs and the most
important coupling is indeed due to electrostatics, in place of a single oscillator,
6 coupled harmonic oscillators along the translational and rotational degrees of
freedom must be considered. Therefore, the stiffness constant becomes a 6 x 6
quasi-diagonal matrix, the stiffness matriz. For the xy cross-talk, since it makes
sense to inspect the cross-stiffness from y to x or ¢ to x, the structure of the
matrix for the first TM is

my w%w 51,my my w%,y 51,z¢ ]1,2 Wi¢

K| = 0 my Wi, 0 : (3.39)
O 0 ILZ UJ%7¢

where m; = 1.96 kg is the TM mass, I; , = Ysm; [* ~7x10"*kgm? is the inertia

matrix about z and [ = 46 mm is the TM size. A J-coefficient, with the number
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of the TM and the names of two coordinates as subscripts, denotes a dynamical
cross-talk imperfection typically ~ 1x 1073, an assumption based on on-ground
measurements and theoretical models of the GRS.

The second type is the actuation cross-talk due to misalignments in the setup
of the thrusters and electrodes. The idea is that every time a force is actuated
along a nominally orthogonal degree of freedom it couples with z. A d-coefficient,
with the names of the actuation and the coordinate, denotes an actuation cross-
talk imperfection.

Finally, the third type is the sensing cross-talk due to miscalibrations and
misalignments in the sensors. For the capacitive sensing, misalignments in the
electrodes produces a mixing in the sensed coordinates. For the optical sens-
ing, misalignments in the optical elements produce an analogous result. As in
Section 3.3, the 7 physical coordinates

€y
T1o
Y
a=| v |, (3.40)
h1

®2
$sc

are converted into the sensed coordinates

o= 1o, |, (3.41)

Ogsc

with an inevitable mixing. Assuming a sensing operator which is nominally iden-

tity, the relative imperfection operator has the following matrix representation

! 1 L

0 06s,1y; 05,1y5 505,107 505,169 5 08,1650
1 1 L

S21 0 85,241 05,2y5 505,207 308,260 3 05,2650

0S = 00 O 0 0 0 0 3.42
00 0 0 0 0 0 ’ ( )
00 0 0 0 0 0
00 0 0 0 0 0
00 O 0 0 0 0

where [ = 46 mm is the TM size and L = 38 cm is the nominal separation between

the TM centers of mass. So; is the sensing cross-talk between 0, and o019, already
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discussed, and a generic d-coefficient denotes a sensing cross-talk imperfection
from an orthogonal degree of freedom to x. Since the target of the investigation
is the cross-talk to the two optical degrees of freedom, no cross-talk to other
coordinates is considered as this is second order.

In the derivation of the equations of motion the gravity/torque gradients be-
tween the TMs can be neglected without loss of generality, as well as the back-
reactions, since they are all second order effects. The first set of equations is along
the x degree of freedom. With the same considerations of Section 3.3, i.e., assum-
ing small motion, small forces and null initial conditions, the linear equations of

motion, per unit mass, in frequency domain are
2 2 2
571 + 8" Tsc + Wi, T1

[
+ 51,xy wiy Y1+ 61,1’(15 § wi¢ qbl = fl,x

+ dsus, 1 5 Cous, gsc (s) O¢sc

l
+ 5sus, b1 5 CSHS, 1 (S) O0¢1 »

2 2 2
5% Ty + 5% Tgc + Wy 4, T2

[
+ 52,363,/ w;y Yo + 52,x¢ 5 w%yqﬁ ¢2 = f2,x - Csus,x(s) 012

L (3.43b)
- 551157 Y2 E OSHS,¢SC (8) O¢sc

)
+ 5sus, 2 5 Osus, ¢2(S) O¢s >

s> rsc = fscw + Car 2(8) 01

1
+ dat, ysc B [Cdf, Y1 (s) oy, + Car, 92(8) Oyz]

1
- 5df7 Psc 5 [Cdf, Y1 (8) Oy; — Cdf, Y2 (3) 0y2] )
(3.43¢)

The second row of the left-hand side of the equations for the TMs contain the
dynamical cross-talk due to the stiffness matrix (imperfections 01 4y, 01,26, 924y
and 0y 4,). Instead, the last two rows of the right-hand side of the equations are
actuation cross-talk. Notice that for the TMs there is a cross-talk from the SC
inertial attitude control (dsus,,) and one from the TM attitude control (0gys ¢)-

For the SC there is a cross-talk from the y and ¢ drag-free actuation (dqs, .
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and dgr, ¢, ). Other relevant quantities have been already defined in the previous
section and are not further discussed here.
The second set of equations describes the dynamics along the nominally or-

thogonal y axis

L L

s% g1+ 87 ysc + Wi, Y1 — ) s* gsc = fiy + ) Cius, dsc: (8) Opcs s (3.44a)
L L

S Y2+ 5" yso + wh, Yo+ 58" 050 = fay = 5 Cous gsc () s (3.44b)

1
s° ysc = fscy + B [Odf,y1(8> Oy, + Odf,ya(s) Oyz] .
(3.44c)

The inertial attitude control is implemented as electrostatic suspension actuation
on the TMs along y (notice the opposite signs) through the Cyus o (s) control
law. Cug,y, (s) and Cyg, o, (s) are the two drag-free control laws along y. On the
left-end side of the equations the SC absolute angular acceleration s ¢gc also
appears as a strict consequence of the coupling between the ¢ motion with .
The third set of equations describes the dynamics along the nominally orthog-

onal ¢ angle

s2 1 + 52 sc + wiqb &1 =T12 — Caus, 61 (5) 04, (3.45a)

s% gy + 8% hgc + wid, 2 = Tor — Caus, 6 (5) 04 (3.45b)
1

s? sc = 7o,z + I [Cat,ys(8) 0y, = Cagy, (8) 0y, (3.45¢)

where 7 denotes a generic component of torque per unit of inertia Iy, ~ 7 X
10" kgm? and Isc,, ~ 1x10% kgm? [46]. On the left-end side, the angular stiffness
constants are evident. On the right-end side, there are the Cqys,4(s) electrostatic
suspension control law and the Cyt ,(s) drag-free control law. The SC attitude is
controlled by actuating along the differential TM positions along y.

As said, along y the SC follows the average y motion of the TMs sensed with
the capacitive o,, and o,,; the TMs are oriented following the star-tracker osg,.
Analogously, along ¢ the SC is oriented following the differential y motion of the
TMs sensed with the capacitive o,, and o,,; the TMs are oriented following the

optical o4, and og,.
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The SC absolute linear acceleration is not measurable, whereas the SC abso-
lute attitude is measured by the ST with respect to the celestial inertial frame.
Therefore, the system of 9 equations turns into 7 equations because the SC accel-
eration along = and y must be canceled out. By doing so in (3.43) and defining

the differential TM displacement, the dynamics along = becomes

s*ry + wix Ty
[
+ 51,3:y wiy U1 + 61,:c¢ 5 wi¢ le = fl,a: - fSC,a: - Odf,m(s) 01

L
+ 5sus, n 5 Csus, dsc (3) Ogsc

l
+ 55115, 1 5 CSUS,¢>1 (S) O¢,

1
— dat, ysc B [Cdf, Y1 (s) oy, + Car, yz(s) Oyz]

1
+ 5df, psc 5 [Cdf»yl (5) Oy, — Cdf, Y2 (5) 0y2] )

(3.46a)
s2 19 + w%}x To — wiz Ty
2 l 2
+ 02,2y Wy Y2 + 0226 5 Wa ®2
)
— 51,:):3/ Wiy Y1 — 61,:p¢ 5 w%,qﬁ ¢1 = f2,x - Csus,z(s) 012
L
— Osus, yo 9 Cius, dsc (5) 0 (3.46D)
{
+ 5sus, P2 5 Csus,¢2 (S) Oy
L
- 5suS, Y1 5 Csus, dsc (S) O¢sc
{

- 581157 1 5 CSUS,¢1 (8) O¢y -

Analogously, substituting the SC acceleration along y and ¢ into the dynamics
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along y
L L
52 N+ Wiy Y1 = fl,y - fSC,y + E sC,e T 5 Csus, ¢sc<5) O¢sc (3 473)
— Cat,y,(5) 0y,
L L
s Yo + w%’y Yo = foy — fscy — 980T o Osus,qﬁsc(s) O¢sc (3.47b)

- Cdf, Y2 (S) Oy, -

y1 and o are named drag-free coordinates as they guide a drag-free actuation;
¢sc is an electrostatic suspension coordinate as it guides a capacitive actuation.

At the same time the dynamics along ¢ is

32 ¢l + wi¢ ¢l = T1, — TSC,z — CVsus, ¢1(5) 0¢1

1 (3.484a)
- Z [Odf, Y2 (S) Oy, — Cdﬂ Y1 (5) Oyl] )
52 (bg + W§7¢ ¢2 = T2,z —TSC,z — Csus, ¢2(3) Og,
1 (3.48b)

I [Ca, Yo (s) 0y, — Cat, yl(s) 0y1] .

and the one for ¢sc which remains unchanged. ¢; and ¢y are electrostatic sus-
pension coordinates as they guide a capacitive actuation.

The equations of motion presented above can now be mapped to the formalism
of the previous section. Therefore, the 7 x 7 nominal dynamics operator has the

following matrix representation

52+ wi, 0 0 0 0 0 0
w%m s?+ wix + w%m 0 0 0 0 0
0 0 s?+wi, 0 0 0 0
D, = 0 0 0 s+wi, 0 0 0o, (3.49)
0 0 0 0 sS+wi, 0 0
0 0 0 0 0 s+uwi, 0
0 0 0 0 0 0 s

which is a natural generalization of the same operator (3.18) written for the model

along x. The first-order perturbation due to the dynamical cross-talk is given by

00 (517174 wiy 0 51,14) % wfd) 0 0
00 _(51,zy wiy (Sgyzy w%y _(51,z¢ é wi¢ 52,z¢ é w;¢ 0
0 0 0 0 0 0 0
0D=10 0 0 0 0 0 0 (3.50)
00 0 0 0 0 0
00 0 0 0 0 0
00 0 0 0 0 0
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Analogously, the control operator can be identified as

Cat.o(s) 0 0 0 0 0 0
0 Cousa(8) 0 0 0 0 0
0 0 Cat . (5) 0 0 0 —L Cuus, 50 (5)
Cy = 0 0 0 Clt, s (5) 0 0 % Casosc(5) |
0 0 —7 Caiy(5) 1 Catyy(5) Cans.0(5) 0 0
0 0 _% Cdf, Y1 (8) % Odf, Y2 (‘9) 0 Csus 02(8) 0
0 0 —i Cdﬁ m (S) i Cdf 7’,2(9 0 0 0

(3.51)
where possible actuation gains can be intended as multiplicative factor of each
single control law. The first-order perturbation due to the control actuation

cross-talk is given by

0 0 04 Cary, () 6:12' Cat,2(5) = 0sus, g1 | Csus, 6, (5) 0 —0sus, . L Csus, ggc (5)
00 0 0 Osus, 1 | Csus, g1 () —Osus, s | Cins, 4 (5) 0 L Cisus, 950 (5)
1100 0 0 0 0 0
0ACy;= =00 0 0 0 0 0
210 0 0 0 0 0 0
00 0 0 0 0 0
00 0 0 0 0 0
(3.52)

where d3p = (da,ysc — 0df, ésc)s Odr = (9ar,yse + ar, gsc) AN Oy = dsus, 1 + Osus,ya
are three new definitions of effective cross-talk coefficients.

The imperfection matrices 6D, dA Cy and 6.5, together with the nominal
matrices Dy, Cy and Sy = 1, allows for a simplification of the nominal differential

operator and its imperfection in (3.29)

AO = DO + CO s (353&)
SA =D — Dy6S +6AC, . (3.53b)

The second equation explains the fact that the imperfection to the differential
operator converting sensed coordinates into total equivalent acceleration is given
by three terms: the dynamical cross-talk, the sensing cross-talk and the control
actuation cross-talk. The application of the first matrix to the first-order correc-
tion to the sensed coordinates finally gives the various cross-talk contributions
in the equation of motion (3.38). Inverting Ay, and applying it to the various
cross-talk contributions of (3.38), it allows for a modeling of the response of the
system along the optical axis to noise sources affecting the nominally orthogonal

degrees of freedom.
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4

System identification

This chapter focuses on a topic that can be considered the core of the whole
LPF mission in view of characterizing the total equivalent acceleration noise af-
fecting each single LISA arm. In system identification LPF is modeled as a matrix
of parametric transfer functions. Targeted experiments where the system is stim-
ulated on each degree of freedom can be used to infer the values of the critical
parameters contained in those functions.

The preceding chapter described the closed-loop dynamics underlying LPF,
the methods to handle and subtract the applied control forces, the sensing and the
dynamical couplings between the TMs and the SC, the extent to which system
transients can be suppressed and the estimation of the equivalent out-of-loop
acceleration noise can be made possible.

This chapter shows an application of the ideas in a mission-like fashion with
numerical applications. It assumes a model for LPF along the optical axis, which
gives the description of the dynamics to first approximation. The aim is to simu-
late and analyze the data as they will be released during the mission. To simplify
the discussion, only two experiments are considered, allowing for a complete iden-
tification of the system along the optical axis. As the methods developed in this
chapter are general, they can also be applied to the study of more sophisticated
experiments. Examples are the cross-talk experiments from orthogonal degrees
of freedom to the optical axis: the modeled transfer functions are different, the
dimensionality of the system is different, but the approach is the same. In the

end, all experiments analyzed with the methods described in this chapter will
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hopefully provide a coherent understanding of the system, contributing to the
final success of the LPF mission.

In turn, this chapter discusses: the dynamical model assumed for simulations
and analysis; the noise characterization of the system; the simulated identification
experiments; the parameter estimation method, the validation and the robust-
ness to non-standard scenarios. Finally, it demonstrates the impact of system
identification on the estimation of the residual equivalent acceleration noise and

the suppression of transients in data produced by a simulator provided by ESA.

4.1 Dynamical model

Section 3.3 provided a model of LPF along z, the optical axis. In the main
science mode, the reference TM is in free fall along x. The other TM and the
SC are, respectively, forced by capacitive and thruster actuation to follow the
reference TM along the same axis. The interferometer keeps track of the relative
motion between the reference TM and the SC (0;) and between the two TMs
(012). The two readouts expressed in displacement are fed into the DFACS to
command force actuation, hence minimizing the relative motion.

Figure 4.1 and Figure 4.2 show the frequency dependence of the two control
laws converting the sensed displacements to commanded forces to the thrusters
(drag-free loop) and the electrostatic suspensions (electrostatic suspension loop),
respectively. At low frequency, the drag-free gain is very high due to the need for
suppressing the SC jitter that dominates o;. Instead, the electrostatic suspension
gain is designed to suppress the force couplings between the TMs and the SC that
dominate 015. The control laws used in this thesis are provided by ASTRIUM
[35] — the main industry contractor of LPF.

As described in Section 3.3, the system can be modeled by the operators D
(dynamics), S (sensing) and A (actuation) representing different non-idealities in
the practical implementation of the closed-loop LISA arm. The operators contain
all system parameters describing the dynamics along the optical axis. One last

source of indetermination introduced here is a delay in the application of the
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Figure 4.1: Frequency dependence of the drag-free loop controller per unit SC mass.
The very high gain at low frequency is explained by the need for removing the thruster
noise. Following (3.9), 1 um sensed displacement of the first TM relative to the SC produces

a thruster actuation of ~ 0.02 uN at 1 mHz.
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Figure 4.2: Frequency dependence of the electrostatic suspension loop controller per
unit TM mass. Here there is no such a huge variation in the order of magnitude as for the
drag-free controller in Figure 4.1. The control law is designed in particular to suppress the
force couplings between the TMs and the SC at low frequency. Following (3.9), 1 ym sensed
displacement of the second TM relative to the first one produces a capacitive actuation of

~ 0.1nN at 1 mHz.
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guidance signals

e—S At O
T ( ) e_m) | (4.1)
whose possible causes may be either due to the digitalization of the continuous
control laws or to bus delays, a possibility not considered in a previous model

[47]. With the introduction of the delays, the model (3.8b) becomes now
T, ..=ATACT, (4.2)

where the differential operator A, defined in (3.8a), converts the sensed motion
into total equivalent acceleration.

Figure 4.3 shows the transfer gains of the model Tj,_,,, whereas the dynamical
cross-talk from the differential channel to the first one is definitely negligible with
peak gain of about 4x107% at 30 mHz. The diagonal elements have respectively
peak gains of almost 3 at 0.1 Hz and about 2 at 0.8 mHz. The dynamical cross-
talk from the first channel to the differential one has peak gain of about 5x 1072
at 0.5 mHz. The above transfer matrix is used to both model the outputs of the

system subjected to bias injections and perform system identification.

-200 5 —r 3 = T 0
10 10 10 10 10 10
Frequency [Hz]

Figure 4.3: Frequency dependence of the transfer matrix T, ,, used for system identi-
fication. The transfer function T, 1, = T, , ., has peak gain of almost 3 at 0.1 Hz. The
transfer function Toziz_m = Ty, 1,01, has peak gain of about 2 at 0.8 mHz, then it quickly
decays. The dynamical cross-talk Toligo = To; 0., has peak gain of about 5x 1072 at
0.5mHz. The other dynamical cross-talk is negligible since has peak gain of about 4x10~6
at 30 mHz.
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Throughout this chapter bias injections at the level of controller guidance

I are considered and the transfer matrix in (4.2) models the response

signals o;
of the system to those signals. As the modeled system parameters appear in the
operators, T, _,, is parameter-dependent. The modeled system response is then
parameter-dependent. The parameters can be arranged in a vector that will be

abstractly referred to p

D= Aar ) (43)

where Table 4.1 provides a description of the above system parameter with ini-
tial plausible estimates coming from on-ground measurements and theoretical
modeling.

The aim of system identification, as thoroughly described in this chapter, is

the estimation of these system parameters with targeted experiments.

4.1.1 Anelasticity and damping

The parameters defined above are implicitly assumed to be independent from
frequency. For example, the parasitic stiffness constant may show a frequency
dependence due to anelasticity (an “internal” dissipation of the string constant)
or a damping effect.

For the sake of clarity, w? is the (negative) stiffness constant not to be confused
with the Fourier angular frequency w. An anelasticity can be modeled as a

frequency dependence in the imaginary part [48] of a complex stiffness constant
Fw) = w2 [1+iow)] | (1.4)

where ¢ is named the loss angle modeling the dissipation. Sources of dissipation

are the dielectric losses in the surface of the electrodes facing the TM that can

IFollowing (3.9), a bias in the guidance signals is equivalent to a commanded force bias
directly applied onto the SC through thruster actuation and the second TM through capacitive

actuation.
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Table 4.1: List of the modeled system parameters, introduced in Section 3.3, except for

Aty and Atsy, with descriptions and initial estimates. The parameters that are fitted to

2 2
data are wi, wig, S21, Adf, Asus, At1, Atg.

Parameter Description Note Estimate
w2, W2, parasitic stiffness constants must be estimated ~ —1x107¢s72
modeling residual oscillator-  from experiments
like couplings between the
SC and the reference TM
and between the two TMs
So1 sensing cross-talk between must be estimated ~1x107*
01 and o019 interferometric from experiments
readouts
Aas, Agus actuation gains for the ap- must be estimated ~1
plication of forces by the from experiments
thrusters and the electro-
static suspensions
Atq, Aty delays in the application of must be estimated < 1s
biases to the controller com- from experiments
puting the actuation
I, gravity gradient between could be estimated ~4x107%s72

my, Mg, MsC

the two TMs

masses of TMs and SC

from experiments
with different actu-
ation stiffness but
difficult, considered
fixed

considered fixed

1.96 kg, 422.7kg
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be modeled by a constant
¢e(w) = —0c , (4.5)

such that it produces a force proportional to displacement and in phase with
velocity *. The other source of dissipation is the residual gas damping that can

be modeled by a function proportional to frequency

Pg(w) = ) (4.6)

w
E
where 7 is the damping characteristic time. The above produces a force propor-
tional to velocity 2.

The loss angle function may show other interesting features beyond the ones
reported here. To first approximation, the following analysis assumes that all
parameters are independent from frequency, at least within the frequency band

of interest.

4.2 Noise characterization

One of the objectives of the LPF mission is to provide a full noise projection
of the total equivalent differential acceleration noise between the TMs. As this is
well beyond the scope of this thesis, the following presents a hint of the problem.
Moreover, a theoretical projection of the observed displacement noise is needed
in advance in order to identify the dominant effects in the noise and produce
the generating filters used for all simulations. The noise projections shown in
this section are given by plausible noise shapes implemented in the simulator
provided by ESA (that will be specifically introduced in the first paragraph of
Section 4.4.5).

Figure 4.4 shows a theoretical noise projection of the equivalent acceleration

noise affecting the x; degree of freedom. Evidently, the thruster actuation noise

!Thanks to the imaginary unit. The minus sign is due to the fact that the stiffness constant
is usually negative.

2In fact, the damped harmonic oscillator in frequency domain is (—w? + iyw + wd)z = f,
where v = 1/7 is the damping coefficient. Then, the complex stiffness constant is given by

2

0? = w2 +iyw = W3 + iw/T.
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dominates the total noise budget in the frequency band of interest. Other impor-
tant noise sources are the infrared thermal emission of the SC external surface

and the o; sensing noise.

thruster act. |

infrared em.

readout(z1)

107 1073 1072 107"
Frequency [Hz]

Figure 4.4: Theoretical noise projection of the residual equivalent acceleration noise of
the relative motion between the SC and the first TM for the nominal dynamics along . The
thruster actuation noise dominates the total noise budget (dashed line) in the frequency
band of interest. Other important noise sources are the infrared thermal emission of the
SC external surface and the o; sensing noise.

Figure 4.5 shows the second and most important projection of the equivalent
differential acceleration noise affecting the x5 degree of freedom. A turning point
around 6 mHz between two regimes is clearly evident. At high frequency, the o,
sensing noise dominates the total noise budget. At low frequency, 2/3 of the total
noise budget (in units of \/PS_D) is due to force couplings between the SC and
the TMs. Other important noise sources, intervening at low frequency, are the
capacitive actuation noise on the second TM, forces on the TMs coming from
outside the SC and the 015 and o; sensing noises.

The above acceleration noise projections are the equivalent acceleration inputs
to LPF coming from reasonable noise shapes, producing a characteristic output
in the interferometric readouts. Figure 4.6 and Figure 4.7 contain the relative
projections for the two interferometric readouts, 0, and o015 along x, produced with
a plausible transfer model. Analogously to the equivalent acceleration noise, for

01 the thruster actuation noise dominates the total noise budget in the frequency
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TM-SC force couplings ~

1075} readout(z:) capacitive act. 4
other TM forces

107 10° 107 107!
Frequency [Hz]

Figure 4.5: Theoretical noise projection of the residual equivalent acceleration noise of
the relative motion between the TMs for the nominal dynamics along x. At high frequency,
the 012 sensing noise dominates the total noise budget (dashed line). At low frequency, 2/3
of the total noise budget is due to force couplings between the SC and the TMs. Other
important noise sources are the capacitive actuation noise on the second TM, forces on the
TMs coming from outside the SC and the o015 and o0, sensing noises.

band of interest. As previously pointed out, for 015 there is a turning point around
6 mHz. At high frequency, the o; sensing noise dominates the total noise budget.
At low frequency, 2/3 of the total noise budget is due to force couplings between
the SC and the TMs. Secondary sources, intervening at low frequency, are the
capacitive actuation noise on the second TM, forces on the TMs coming from
outside the SC, the 015 and 07 sensing noises and the thruster actuation noise.
The noise shapes of the interferometric readouts (with their cross-correlation)
are also used for simulation purposes. From those models, noise shaping filters
are derived and integrated into a multi-channel cross-correlated noise generator
[49]. Figure 4.8 reports an example of a noise run lasting 12 hours and obtained
by coloring an input zero-mean J-correlated (white) Gaussian noise with those
filters. 015 shows a huge red component caused by the increase of the PSD at
low frequency, due to forces on the TMs, as predicted by Figure 4.7. While o, is
dominated by the thruster jitter, o1 becomes much less noisy at high frequency,
being dominated by readout noise only. The red noise shape of 015 is an expected

feature during the experiments of the LPF mission.
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thruster act. J

infrared em.

readout(zy)

107 107 1072 107"
Frequency [Hz|

Figure 4.6: Theoretical noise projection of the o; data channel sensing the relative
motion between the SC and the first TM for the nominal dynamics along x. The thruster
actuation noise dominates the total noise budget (dashed line) in the frequency band of
interest. Secondary sources are the infrared thermal emission of the SC external surface

and the oy sensing noise.

10
107+ , ]
TM-SC force couplings
3 10°® oo / capacitive act. R

~.

other TM forces i

readout(z12)

107"

Frequency [Hz]

Figure 4.7: Theoretical noise projection of the 012 data channel sensing the relative
motion between the TMs for the nominal dynamics along z. At high frequency, the 012
sensing noise dominates the total noise budget (dashed line). At low frequency, 2/3 of the
total noise budget is due to force couplings between the SC and the TMs. Secondary
sources are the capacitive actuation noise on the second TM, forces on the TMs coming
from outside the SC, the 012, 01 sensing noises and the thruster actuation noise.
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Figure 4.8: A simulated noise run of about 12 hours. o; and o015 are the two interfer-
ometer readings. Notice the behavior of 015 at low frequency — an expected feature during
the LPF mission — showing a huge red component caused by force couplings between the
TMs and the SC. At high frequency, 012 becomes much less noisy than oy, the former being
dominated by only interferometer readout noise and the latter by thruster noise.

4.3 Identification experiments

Among the series of experiments characterizing the LPF mission, a few of
capital importance will tackle system identification. This thesis considers two
identification experiments allowing for a complete identification of the 7 most
important system parameters introduced in Section 4.1. As said, considering
bias injections at the level of controller guidance signals is completely equivalent
to applying direct force stimuli through the equivalence given by (3.5). In the

nominal z-dynamics two experiments are defined:

1. an injection into the controller guidance of the o; channel, namely o,

producing forces on the SC through thruster actuation;

2. an injection into the controller guidance of the o012 channel, namely o; 2,

producing forces on the second TM through capacitive actuation.

To naively understand how the parameters can be determined from the above
experiments and the model described in Section 4.1, it is useful to make a pro-
jection of the differential operator, whose inverse enters into the transfer matrix
through (4.2).
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Figure 4.9 contains the projection of the differential operator from the first
channel to equivalent acceleration in terms of: (i) dynamics and sensing; (ii)
control. Clearly, the control dominates the transfer for almost the entire frequency
band, in order to attenuate the SC jitter. For this reason, injecting a signal into
the first controller guidance (i.e., applying a thruster actuation on the SC) allows
for the identification, in turn, of: the actuation gain, Ag¢, the first TM coupling

to the SC, w?, as well as a possible delay in the application of the same bias, At;.
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Figure 4.9: Frequency dependence of the differential operator for the transfer from o; to
equivalent acceleration. The control dominates the transfer for almost the entire frequency

band, in order to attenuate the SC jitter.

Analogously, Figure 4.10 contains the projection of the differential operator
from the differential channel to equivalent acceleration. Below 1 mHz, the control
dominates the transfer in order to compensate the differential force disturbances.
Above 1 mHz, dynamics and sensing dominate the transfer. For this reason, in-
jecting a signal into the second controller guidance (i.e., applying a capacitive
actuation on the second TM) allows for the identification, in turn, of: the ac-
tuation gain, Ay, the differential coupling between the TMs, w?,, as well as a
possible delay in the application of the same bias, At,. Given the cross-talk elu-
cidated in Figure 4.3 at low frequency, the sensing cross-talk, S5, can also be
determined.

To conclude the discussion on the projection of the differential operator, it is

worth noting that the off-diagonal terms contribute with a figure of 1x 1077 s72.
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Figure 4.10: Frequency dependence of the differential operator for the transfer from o012
to equivalent acceleration. The control dominates the transfer at low frequency, in order

to compensate the differential force disturbances.

In particular, even if not shown in any figures, the transfer from the first channel
to the equivalent differential acceleration is dominated by dynamics and sensing;
the other by control at low frequency and dynamics and sensing at high frequency.
As the SC motion is common-mode and the first and differential channel are cor-
related, the estimation of the differential acceleration noise can not be performed
independently of the first channel, which is the only means by which the SC jitter
can be measured and subtracted. The details of such an estimation will be given
in Section 4.5.

The next section is devoted to the estimation of the 7 system parameters
by means of a MIMO approach that maximizes the overall information. The
identification experiments defined at the beginning of this section are simulated
for a total duration of almost 3 hours each — a suitable timescale for the mission

— by injecting stimulating biases. The following facts are assumed:

1. the noise o, is generated as in Section 4.2, independently from the noise-
only run which is used for noise characterization, and is Gaussian and sta-

tionary;

2. the signals og are simulated in time domain with a MIMO approach by
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means of (3.8b), i.e., by anti-Fourier transforming ! with ¥~! the determin-

istic input signals

Os(taptrue) - ?_1 [Toi—m(waptrue) Oi(w)] (t> ) (47)

where pi e is the set of assumed true system parameter values to be es-
timated from the analysis and which the estimation of residual equivalent

acceleration noise depends on;

3. the superposition principle of signals and noise holds true in the hypothesis
of small motion and in absence of non-linearities in the system, so that the

“experimental” data are simulated by

Ocxp = Os + O, . (4.8)

The underlying idea in parameter estimation is to excite the system with
proper high SNR signals so that the modeled parameters can be measured. A typ-
ical injected bias is a series of sine waves of logarithmically increasing frequency,
with integer number of cycles, divided by gaps of 150s to allow for system re-
laxation. The sine stretches last 1200 s each. The amplitudes are conservatively
selected not to exceed 1% of the operating range of the interferometer, corre-
sponding to a maximum sensed displacement of 1 ym, and 10% of the maximum
allowed force authority, corresponding to 10 uN of thruster actuation and 0.25nN
of capacitive actuation. The biases are parameterized in Table 4.2 and referred
to the standard input signals used for the rest of the analysis. Instead, Chapter 5
will focus on the optimization of the same input signals.

Data are simulated at 10 Hz and decimated to 1 Hz to ease data processing.
During the mission, data will be collected at a sample rate between 1 and 10 Hz,
depending on the experiment and available down-link bandwidth. The simulation
of the first experiment, with injection of the o;; signal of Table 4.2, is shown in

Figure 4.11. The response of the system in o0, is approximately equal to o; 1, except

'The numerical implementation of the direct and inverse Fourier transform are the Fast
Fourier Transform (FFT) and Inverse FFT (IFFT). Being circular operations, the input time-
series needs to be zero-padded to avoid systematic errors caused by wrapped-around data [50].
A conservative default value of one data length is assumed.
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Table 4.2: Controller guidance signals injected as biases for system identification. The
sine stretches last 1200s each and are separated by gaps of 150s. The sine waves perform
an integer number of cycles, from 1 to 64. The amplitudes are selected to not exceed 1%

of the operating range of the interferometer and 10% of the maximum force authority.

o;1 for Exp. 1 0i12 for Exp.2
fiH  afem]  fimH  alem)]
0.83 1.0 0.83 0.80
1.7 1.0 1.7 0.48
3.3 1.0 3.3 0.19
6.6 1.0 6.6 0.088
13 0.59 13 0.096
27 0.28 27 0.18
53 0.14 53 0.46

at high frequency where there is a modest gain due to the particular shape of
the first diagonal element of the transfer function at that frequency. A residual
signal in 015 of absolute peak ~4x1078m is also visible and due to dynamical
cross-talk. As said before, the gaps allow for system relaxation, particularly at
high frequency.

The simulation of the second experiment, with injection of the o; ;2 signal of
Table 4.2, is shown in Figure 4.12. The response of the system in 015 is evidently
phase delayed to o; 12. At high frequency, the very low gain of the transfer function
almost suppresses the signal. Since the transfer from o; ;2 to o; is negligible, in
this experiment o; has signal contribution completely hidden by noise. For this
reason, during the mission the o; readout will serve as a useful sanity check for a

first understanding of the model.

4.4 Parameter estimation

During the mission, noise runs will be used to characterize the noise itself
and estimate the total equivalent input acceleration. The estimation of the total
equivalent acceleration is possible if LPF is properly modeled. For this in the

various experiments, signals will be injected along different degrees of freedom
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Figure 4.11: Exp. 1 synthetic data. An injection of sine-wave signals lasting for almost
3 hours into the first controller guidance o0;; produces a different response in the two
interferometer readings. The response in 07 is approximately equal to 0;1 (dashed line),
except at high frequency where there is a modest gain. A residual signal in 012 of absolute
peak ~ 4x1078m is due to dynamical cross-talk (see inset at the left bottom side). Gaps

between two cycles of injection allow for system relaxation (see inset at the right top side).

T
R
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4
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Figure 4.12: Exp. 2 synthetic data. An injection of sine-wave signals lasting for almost
3 hours into the second controller guidance o0; 12 produces a different response in the two
interferometer readings. The response in o013 is evidently phase delayed to o;12. At high
frequency, the very low gain of the transfer function almost suppresses the signal (see inset).

The o; data channel has negligible contribution hidden by the noise.
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to study the response of the system. Along x, LPF will be characterized giving,
as a first approximation, the nominal dynamics. Instead, along others degrees of
freedom, LPF will be characterized in terms of the many cross-talk contributions
arising from the dynamical couplings, the imperfections in the sensing conversion
and the imperfections in the actuation.

This section handles the general problem of estimating the LPF parameters
modeled as a MIMO dynamical system, where different inputs enters into the
system and produce a response in different outputs. For the sake of simplicity,
for the rest only the two experiments introduced above — the characterization of
the nominal dynamics along the optical axis — are considered, bearing in mind
that the method is general enough to handle more complex experiments. An
example would be the identification of the xy cross-talk, in where guidance or
force bias signals are injected, in turn, along w1, y2, @1, ¢2 and ¢sc to study the
response along the optical axis.

Finally, this section develops and validates the estimation procedures on the
two most important experiments described in the previous section. It also shows
the application to a couple of non-standard scenarios that may happen during

the real LPF mission.

4.4.1 Review of the problem

The experimental data (either simulated or from the mission) can be modeled

superimposing deterministic signals with noise
Ocxp = 05 + Oy (4.9)
where o, is the output noise with cross PSD matrix S, and
os(t,p) = T [Ty, 0(w, p) 0i(w)] (1) (4.10)

are the so-called template signals obtained by injecting bias guidance signals o;
into the system modeled by the transfer matrix 15, ,,.
It is useful to think that the experimental data depends on the true parameter

values

Oexp = Oexp(t>ptrue) ; (411)
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that need to be estimated from fitting procedures. In the case of simulated
experiments, the true values are exactly those used in data generation. In the
case of real mission experiments, the true values are actually those giving the best
possible description of the data, the one that perfectly subtracts the deterministic
signals, hence recovering the instrumental noise shapes.

In the same way, the observed noise (either simulated or from the mission)

depends on the parameter values

O, = On(taptrue) ; (412)

but can be considered constant with respect to the parameter values for the
timescale of an identification experiment where only high SNR signals will be
injected.

The scope of parameter estimation is to recover the best possible description
of the experimental data. If the residuals between the experimental data and the

modeled template signals are defined by
Oy = Oexp — Os , (4.13)
the best possible description of the experimental data is given by

Or(tapest) ~ On(taptrue) ) (414)

implying that the residuals evaluated at the estimated parameter values peg re-

cover the true instrumental noise.

4.4.2 Estimation method

LPF is a MIMO dynamical system for which each experiment has a unique
set of meaningful parameters. Hence, for two generic experiments two sets of
parameters can be independently determined. Sometimes a subset may be shared
between the two; sometimes there could be parameters that can be estimated by
only a particular experiment. Moreover, each experiment has multiple readouts
sensitive to different parameters. Section 4.3 has given an intuitive hint of such

an idea.
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The first approach is to build an information-weighted average [40, 47] of dif-
ferent parameter estimates coming from all readouts and experiments. If p;; are
the parameter estimates of the i-th experiment and j-th readout, the correspond-

ing Fisher information matrix [51]

Jij = /Vpogij)<wapest)* SI(lij)(w)_l Vpoyj)<w>pest) dw (4.15)
where S{?) is the noise PSD of i-th experiment and j-th readout, o{? is the cor-
responding vector of residuals, V,, is the gradient with respect to the parameters

and * is the conjugate transpose. The final combined parameter estimates are

given by
N, exp No

p = g—l Z Z gij Di; (416)

i=1 j=1
where Ne, is the number of experiments and N, the number of readouts per
experiment assumed the same across the experiments. The combined Fisher

information matrix is
Nexp No

I=>>3;. (4.17)

i=1 j=1
Notice that the estimates p;; may have different dimension depending of the i-th
experiment and j-th interferometric readout; the same happens for the corre-
sponding information matrices. The issue can be easily solved by inserting zeros
where there is no information.

An example can readily show that the definition of (4.16) is not robust. In fact,
suppose that the estimation of the system parameters is performed independently
on each readout and one of those parameters has a biased value for an inaccuracy
of the transfer matrix model. Therefore, the information matrix for that estimate
is biased and the combined one in (4.17) as well. The numerical inversion in (4.16)
inexorably amplifies that bias to the combined parameter estimates. To overcome
the problem, one could try removing the failing estimates (which is possible only
if one has good indication of what the real values are, for example, from ground
measurements or previous independent experiments), but in doing so information

and precision would definitely be lost.
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The only solution is to attack the problem by a complete MIMO approach
where the poor information coming from the biased model of a readout is con-
tinuously compensated by the others as the optimization goes on. One other
advantage is that a joint information can likely remove or, at least, reduce the
effect of parameter degeneracies.

The MIMO-Multi-Experiment joint log-likelihood of the system is a general-

ization of the standard definition [51] and is given by

() = / 0:(, P)" Su(w) ™ 04w, p) dw | (4.18)

where
Or(wap) - Oexp(w) - Toi—>0(w7p> Oi<w) ) (419)

are the residuals between the experimental data oc, and the modeled system
response. o; are the controller biases, T, ,, the transfer matrix depending on all
system parameters p (stiffness constants, sensing cross-talk, etc.), S, the cross
output noise PSD matrix assumed constant to the system parameters. For two
experiments and two interferometric readouts each, o; is a 4-vector, null in the
second and third element, since the injection is in o0;; (first experiment) and o0; 12
(second experiment); T5, ,, is a block diagonal 4 x 4-matrix replicating the same
2 X 2-matrix; S, is a 4 x 4-matrix of cross PSDs between different readouts and
experiments; Oeyp, is a 4-vector of all experimental readouts.

Assuming that all readouts are sampled at the same rate and last for the same
duration, the overall number v of degrees of freedom for the problem is defined

as

V= Nexp X No X Ngata — Ny (4.20)

where Ngyp, is the number of experiments; N, is the number of readouts per
experiment (assumed the same across the experiments); Ngag. is the number of
data points per readout; NV, is the dimension of the parameter space. For example,
v ~4x10* for two experiments, two readouts each, lasting for about 3 hours and
sampled at 1 Hz. For the rest, if not otherwise stated, the reduced log-likelihood
x%/v will be used in place of the standard definition, as its expectation value is
1.
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Notice that system identification may be also implemented in the domain of
equivalent acceleration. If the A operator is invertible, the two approaches —
identification in acceleration and displacement — are completely equivalent. In

fact,
X* = /(fexp — fuwa)” Sy} (Feoxp — Far) dw
_ / (Oexp — Oma))” A (A" STLA) A (Opp — Oat) dw (4.21)
— / (Oexp — Oma1)” S;i (Oexp — Omar) dw .

where frq1 and fex, are the modeled and experimental equivalent accelerations;
Onal and Oy, are the modeled and experimental displacement readouts. In the
preceding equation, A and A~! are used to transform the sensed relative motion
into equivalent acceleration (and vice-versa) and contain the dependence on the
modeled parameters. The main benefit of working with accelerations is the au-
tomatic subtraction of system transients as described in Section 3.2 and that is
numerically demonstrated at the end of this chapter. Despite the identification in
displacement where the parameters are explicit in the modeled template signal,
in the identification in acceleration the parameters are implicit in the estimated
acceleration. Even though there is no real experimental acceleration because
this must be estimated from the displacement readouts, system identification in
acceleration domain can be still carried out numerically with a non-standard ap-
proach based upon a closed-loop optimization over the estimated acceleration
data, whereas the modeled forces are the injected bias signals. For the rest,
the following discussion employs the estimation in the domain of displacement
readouts, as the other approach is currently under investigation.

The MIMO-Multi-Experiment Fisher information matrix for the parameter
estimates pes; is the local curvature of the log-likelihood surface around the min-

imum and is given by

J= /Oi(w)*vaoi—m(wapest)*Sn(w)_l VT, s0(W, Pest) 0i(w) dw ,  (4.22)

where V,, is the gradient with respect to all 7 system parameters. As above, if

T, is a 4 x 4-matrix, then VT, _,, is a 7 x 4 x 4-tensor and the information is a
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7 x 7-matrix as required. The very high SNR regime of the signals in Figure 4.11
and Figure 4.12 assures that the linear approximation of (4.22) holds true and
no corrective terms arise as pointed out by [52] and more recently by [53]. As
the inverse of the information matrix provides the estimated covariance matrix,
the validity of the linear approximation is checked a posteriori in Section 4.4.6 by

inspecting the statistics of a Monte Carlo simulation.

4.4.3 Whitening

The colored noise behavior of a typical LPF run makes mandatory to decor-
relate the data used for system identification in order for a generic statistical
estimator be unbiased. Consider for example a stationary noisy time-series o(t)
with noise PSD S, (w). The SNR of the signal [51] can be recast as

po [ 220,
(4.23)

which can be viewed as the acting of the whitening filter W (w) = 1/4/Sn(w) on

o(w) to produce the whitened series
ow(w) = W(w) o(w) . (4.24)

Here “whitened” is equivalent to saying that the noise PSD of the filtered series is
approximately frequency-independent. The discrete time-domain version of the
preceding involves the noise covariance matrix C|,
2 T -1
p =0 C o
Lo (4.25)
=o, A, oy,

which again can be viewed as the acting of the whitening filter W, an orthogonal
matrix satisfying C;! = WTA'W ! on o to produce the whitened unit-variance
series

o, =Wo. (4.26)

In fact, if C, = UTA,U where U is an orthogonal matrix and A, is the eigen-
decomposition of C,, then it turns out that U~! = WT.
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As above, “whitened” means that the process diagonalizes the covariance matrix,
so that A, effectively becomes an identity matrix.

For simulation and analysis purposes, whitening a time-series is formally the
inverse process of noise generation. Whitening filters are obtained by performing
a fit in the z-domain to the inverse of the estimated PSD !. Figure 4.13 reports
an example of whitening 2 a typical 28-hour run of interferometric noise. The
effect of the whitening filters, as required, is to flatten the noise shapes, i.e., to

decorrelate the time-series.

{107"

{1072

1072 ‘ ‘ ‘ 02
107 107 1072 107" 1030

Frequency [Hz]

Figure 4.13: Whitening of a simulated noise run. o; and 012 are the two interferometer
readings with PSD reported on the basis of the scale on the left end side. 01, and 012+
are the whitened counterparts with PSD reported on the basis of the scale at the right end
side. They show how the whitening filters can flatten the noise shapes. The convolution
with a low-pass filter of the data resampling from 10 to 1 Hz is the cause of the drop around
0.5Hz.

Despite the PSD shapes which seem reasonably good at first sight, a resid-
ual red component still persists. Table 4.3 reports two higher-order moments
(skewness and excess kurtosis) of the empirical distribution together with their

uncertainties [50]. By inspecting the values, it turns out that the sample mean

!Throughout this thesis, if not otherwise stated, it is assumed that a PSD is estimated by
means of the Welch (modified periodogram) method [54] using a 4-sample 92-dB Blackman-

Harris window [55], 16-segments averaged, 66% overlap and mean detrended.
2Data filtering can produce fake transients at the beginning of the filtered time-series. To

avoid this possibility, an initial segment of data is usually cut away.
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of the differential channel 05 is not compatible with zero, as one would expect.
Usually, a first or second order polynomial fit is necessary to subtract that resid-
ual component. The result is not surprising: the intrinsical difficulty is that the
whitening process is performed on a restricted frequency band (the one of the

estimated PSD) and low-frequency components may survive after the filtering.

Table 4.3: Sample mean pu, standard deviation o and higher moments, the sample
skewness v; and the excess kurtosis 7o, for the whitened data channels o7 and 015. As-
suming Gaussian-distributed data, the approximate standard deviations are o, >~ o/ VN,
0y ~0d/V2N, Oy M, Oy \/%, with N the number of data samples.

Data " o 95! Y2
Ol,w 0.008 +0.003  0.970+£0.002 (=5+£8)x1073 (0 £ 2)x1072
012w —0.254+£0.003  1.002=+0.002 (04£8)x1072  (342)x1072

The extent to which the idea of this section holds true depends on the assump-
tion of stationarity and Gaussianity. Even though for LPF the interferometric
noise is not explicitly dependent on the system parameters, it may depend im-
plicitly through the coupling between the external force noise and the system
response. Yet, as it will be discussed later in this chapter, the estimated equiva-
lent acceleration noise depends explicitly on the system parameters through the
transfer matrix given by the differential operator.

As a matter of fact, a non-stationarity in any of the system parameters implies
a non-stationarity in the noise. In fact, if o = o (¢, p(t)) is a generic interferometer
readout depending, for simplicity, on just one parameter fluctuating of p around
the nominal value pg, then to first order o ~ oy + o' dp, where oy = o(t, pg) and

o' = do(t,p)/do|, . For a zero-mean process the total variance is
Var[o] ~ Var[og] + Var'[oo] dp + Var[o'] 6p? , (4.27)

where the linear and quadratic terms come from the covariance between og and o’
and the variance of o' itself (see Appendix A.5 for details). Therefore, if any of the
system parameters fluctuates, noise is likely to become non-stationary. In LPF all
PSDs must be estimated piecewise along data segments approximately stationary

on a timescale given by the one of the fluctuating parameter. The converse, i.e., a
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non-stationarity in the noise implies a non-stationarity in any of the parameters is
not assured, since other effects, independent from those parameters, may still be
relevant. For example, Section 4.4.8 describes the possible existence of glitches,
a non-stationary behavior in the noise, and its impact to system identification.
Instead, Appendix A.6 introduces the time-frequency approach in the study of

non-stationarity noise.

4.4.4 Search algorithm

The joint log-likelihood (4.18) for two experiments, two readouts each, is
implemented in time domain by means of FFT/IFFT the whitened time-series.
The relevant iteration steps of the process taking to the final estimates of the

system parameters, in loop of increasing accuracy, are:
1. the whitening filters are estimated on a long noise run, as in Section 4.4.3;
2. the interferometric readouts of each experiments are whitened;

3. the templates are generated according to (4.10) for the current parameter

values;
4. the templates are whitened;

5. the log-likelihood is evaluated, i.e., “models fit the data”, for the current

parameter values;

6. the parameter values are updated according to the adopted optimization

scheme.

From the optimization viewpoint, the log-likelihood is named the merit function,
i.e., the one being minimized as the parameter values are updated. Figure 4.14
shows a sketch of the whole process of system identification. The data production
provides for the noise run and the experiments, with both interferometric readouts
and injected biases. Instead, the modeling provides for 