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Abstract

Traditional network models have revealed important properties of real-world systems,
including small-world and clustering organization. Yet, they often face limitations in
capturing the full complexity of real-world systems. Over the years, researchers have de-
voted a lot of attention to expanding the set of frameworks available to model complex
systems, incrementally encoding more features about the interactions, such as direction,
time and multiplexity. Mounting empirical evidence, from metabolic interactions to scien-
tific publishing, now suggests that real-world interactions tend to involve more than two
units simultaneously. Explicitly encoding such higher-order interactions in our network
modeling with hypergraphs or other tools seems a natural progression in network science

research, will this be the key to new insights hidden by traditional binary models?

In this Thesis, we introduce computational and methodological tools to analyze the struc-
tural organization of systems with higher-order interactions at multiple scales. At the mi-
croscale, we propose efficient algorithms for higher-order motif analysis in hypergraphs,
identifying overrepresented patterns of group interactions. At the mesoscale, we introduce
hyperlink communities, which naturally capture both the hierarchical organization of hy-
peredges and community overlap in higher-order networks. To study group interactions
with richer features, we introduce measures to analyze directed hypergraphs, including
reciprocity definitions and motif analysis, providing insights into systems like metabolic
networks and financial transactions. We also develop tools to study systems where nodes
participate in different types of group interactions simultaneously, such as scientific col-
laborations across fields. To facilitate the adoption of higher-order network analysis,
we develop Hypergraphx, an open-source Python library providing tools for hypergraph
construction, visualization, and analysis. We complement this with Hypergraph-data, a
curated repository of real-world datasets with rich metadata spanning different domains.
These contributions aim to lower the entry barrier for higher-order network analysis and

foster interdisciplinary collaboration.

With this Thesis, we aim to advance our ability to characterize and understand complex
systems beyond traditional network approaches, opening new perspectives for modeling

and analyzing group interactions in real-world systems.
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1 | Introduction

The study of complex systems requires sophisticated mathematical and computational
tools to understand how collective behaviors emerge from the shape of the interactions
among system components. This chapter introduces the fundamental concepts and frame-
works that form the foundation of this thesis. It highlights both the strengths and limi-
tations of traditional network approaches, motivates and formalizes higher-order network
representations and provides an overview of the thesis's structure and main contributions.

1.1 The backbone of complex systems

One of the most distinguishing features ofomplex systemss the intricate patterns of
interactions among their units. Rather than existing as isolated entities, the fundamental
components of such systems, including individuals in a social group, neurons in a brain,
species in an ecosystem, or web pages on the internet, are deeply and dynamically in-
terconnected. Such connections give rise to behaviors, properties and dependencies that
cannot be fully understood by examining individual units in isolation.

The conceptual and mathematical framework of network theory provides a powerful lens
through which these connectivity patterns can be examined, understood, and ultimately
leveraged to gain insight into the emergent phenomena of complex systems. In its most
general sense, aetwork consists of nodes representing the system's primary elements
and edges that characterize the interactions, relationships or dependencies between these
elements. Networks serve as abstract representations that can transcend disciplinary
boundaries: the same tools and concepts can be applied to uncover the universal properties
of seemingly disparate systems. For instance, the way neurons form synaptic connections
in the human brain resembles how people forge social ties in a community, how genes
regulate each other's expression in a cell, or how nancial institutions trade assets and
liabilities. In all these settings, networks provide a unifying language that captures both
the complexity of the local interactions and the broader, often counterintuitive, global
outcomes that arise [10, 11].
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This dual perspective, where micro-level structure shapes macro-level outcomes, reveals
the compelling nature of networks. The topology of a network can strongly in uence how
quickly information spreads, how robust the system is to failures or attacks, and how new
patterns of organization emerge. A tightly knit cluster of nodes might form a cohesive
community with dense internal connections, while sparser links between communities can
regulate the ow of resources, information, or inuence [12]. Likewise, certain nodes,
often referred to ashubs may assume disproportionately large roles in shaping global
dynamics [13], serving as bottlenecks or bridges in the ow of signals. By mapping such
architectures, we can begin to explain why certain networks are remarkably resilient to
random disruptions but vulnerable to targeted removals, or why some systems undergo
sudden transitions from stable to unstable regimes. In Fig. 1.1, we use a network to model
social encounters 0827students from9 classes in a High School, where nodes represent the
individual students and edges correspond to their face-to-face interactions across multiple
days [14]. We highlight the emergence of communities that tend to align with the classes
of the students, suggesting that students primarily interact within their own class groups
and re ecting the natural clustering of social ties based on shared environments.

From a historical perspective, the formal study of networks gained momentum as empirical
data became more accessible and computational tools more powerful. Early theoretical
work on random graphs[16, 17] by Erd®s and Rényi laid a foundational understanding of
how large-scale connectivity emerges from simple probabilistic rules. Later research in-
troduced more structured and realistic network models, such asall-world networks [18]
demonstrating high clustering and short path lengths andcale-free[13] networks empha-
sizing the importance of hubs. Today, a rich toolkit exists, encompassing graph theory,
statistical mechanics, dynamical systems, and data science, enabling researchers to char-
acterize network structure, model dynamic processes on networks, and identify principles
that apply across domains.

The study of networks thus becomes a cornerstone in the broader e ort to decode the com-
plexity of real-world systems. By employing network-based methods, we seek not only to
describe patterns of connectivity but also to understand how those patterns in uence the

collective behavior of the system. This understanding is crucial when we aim to manip-
ulate system properties such as controlling epidemic outbreaks, optimizing the resilience
of infrastructure, improving communication in distributed teams, or fostering innovation

in economic networks. Ultimately, networks are not merely convenient metaphors; they

are the structural backbone upon which complexity rests.



1| Introduction 3

Figure 1.1: Network of students' interactions in a high school across multiple days. Nodes
represent students, edges represent face-to-face encounters, and node colors indicate dis-
tinct communities identi ed using a modularity maximization algorithm [15].
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1.2 Limitations of traditional network models

Having established the fundamental idea of representing complex systems as networks of
interconnected entities, we must now acknowledge that the initial models we considered,
which consisted of static, undirected, unweighted binary edges, are only the simplest
manifestations of a far richer conceptual framework. While these traditional network
representations have signi cantly advanced our understanding of collective phenomena,
from social contagion to the robustness of infrastructure, they often remain too coarse to
capture the full complexity of real-world systems.

One key limitation lies in the assumption that all links are symmetrical and unchang-
ing. In many domains, interactions are inherentlydirected [19], as with citation networks

or communication ows, where information or in uence tends to travel along preferred
pathways rather than moving freely in both directions. Similarly, most systems do not
remain static over time. Instead, connections appear, disappear, or change in strength,
giving rise to temporal networks that evolve in response to external factors or internal dy-
namics [20]. Ignoring this temporal dimension can obscure early-warning signals, critical
transient states and patterns that only emerge when we view connectivity as an ongoing
process rather than a xed snapshot [20].

Additionally, real systems often involve multiple types of relationships that overlap and
interact [21]. A single pair of entities might be simultaneously connected by friendship,
economic exchange, and shared membership in an organization. Traditional models, which
typically consider only one type of link at a time, fail to re ect the interplay of these
parallel connections. Multilayer (or multiplex) networks address this shortcoming by
integrating several distinct interaction layers into a uni ed representation. This approach
reveals how di erent dimensions reinforce or counteract one another, producing behaviors
that single-layer analyses cannot anticipate [22].

In Fig. 1.2a, we present an example of a system consisting of two entities exchanging
messages across multiple communication channels. Modeling this system as a plain graph
results in a signi cant loss of information (Fig. 1.2b), such as the number of messages
exchanged, the source and destination of each message, their temporal sequence, and
the speci c communication channel used. To accurately capture the complexity of the
system, it is essential to use a more sophisticated mathematical model capable of encoding
all these interaction features, preserving the rich structure and dynamics of the observed
system (Fig. 1.2c).

At this point, we have introduced a wide array of tools to analyze real-world systems.
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Figure 1.2: lllustration of a system where two entities exchange messages across multi-
ple communication channels (a). Modeling the system as a plain graph (b) leads to a
signi cant loss of information, such as the number, direction, temporal order, and com-
munication channel of the messages. A more sophisticated mathematical model (c) is
required to preserve the rich structure and dynamics of the system.

These tools extend beyond simple networks, introducing a tricky trade-o between the
complexity of the model and its ability to capture the essential aspects of the systems
under study. It is therefore worth stressing that encoding every detail of the available
information is not always necessary or practical. The true strength of such advanced
network tools lies in their exibility, allowing researchers and practitioners to tailor the
level of complexity of the model to suit the speci ¢ needs of their analysis, ensuring that
critical information is preserved without overburdening the model.

1.3 Higher-order interactions in the real-world

Even as we incorporate direction, time, and multiple layers of connectivity, we remain
within the paradigm of pairwise relations. That is, each edge still connects precisely two
nodes. While these enriched frameworks bring us closer to reality, certain systems defy
such pairwise constraints. In fact, interactions in complex systems often occur among
groups of more than two entities at once [23, 24]. The next step in this conceptual
journey is to move beyond networks and consider mathematical representations allowing
higher-order connectivity.

In recent years, the interest in investigating the signi cance of higher-order interactions
in real-world systems has steadily grown. From social and biological to technological
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domains, evidence suggests that many collective phenomena emerge from simultaneous
interactions among multiple system units rather than just pairs. In social systems, for
instance, face-to-face interactions frequently occur in groups of varying sizes, from small
conversations to larger gatherings [25]. Similarly, in scienti ¢ collaboration networks, re-
search papers often result from the joint e ort of multiple authors working together as a
cohesive unit, rather than through a collection of independent binary collaborations [26].
In biological systems, higher-order interactions are fundamental to understanding system
behavior. Cellular networks exhibit complex metabolic reactions where multiple genes
or proteins interact simultaneously to produce speci c outcomes [27]. Brain networks
demonstrate coordinated ring patterns among groups of neurons that cannot be decom-
posed into simple pairwise relations [28]. In ecological systems, species interactions often
involve multiple participants, such as in food webs where predator-prey relationships can
involve multiple species competing for resources or collaborating in hunting [29]. Techno-
logical and communication systems also manifest higher-order patterns. Email communi-
cations frequently involve multiple recipients, creating group-level information exchange
patterns [30]. In nancial networks, transactions can involve multiple parties simulta-
neously, as seen in cryptocurrency systems where multiple wallets may participate in a
single transaction [31].

These examples underscore how higher-order interactions are not mere abstractions but
fundamental features of real-world systems that shape their function and dynamics.

1.4 Representing higher-order interactions

Traditional network models, while powerful in their simplicity, face fundamental limi-
tations when representing group interactions [23, 24]. In these models, edges can only
connect pairs of nodes, forcing any group interaction to be arti cially decomposed into
a collection of pairwise relationships. Consider, for instance, a scienti ¢ paper authored
by three researchers. A traditional network would represent this collaboration as three
separate edges forming a triangle, suggesting three independent pairwise collaborations
rather than a single cohesive group e ort. This representation not only fails to capture
the uni ed nature of the interaction but can also lead to misleading analyses. When
each group interaction is expanded into a cliqueclique-projection), the network becomes
arti cially dense with edges that do not represent real independent relationships. This
distortion can signi cantly impact various network measures, from local clustering co-

e cients to community structure, potentially leading to incorrect interpretations of the
system's organization and dynamics. To overcome these limitations, researchers have
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turned to higher-order network representations, such asypergraphsand simplicial com-
plexes These mathematical frameworks allow interactions to be modeled explicitly as
group-level entities, rather than being decomposed into pairwise edges.

In a hypergraph, nodes can be connected by hyperedges, where each hyperedge can in-
volve any number of nodes simultaneously. For example, a research paper authored by
three individuals can be represented as a single hyperedge connecting all three nodes,
preserving the integrity of the group interaction. Simplicial complexes o er another pow-
erful tool for capturing higher-order relationships. In these structures, interactions are
represented as simplices: a single node is a 0-simplex, a pairwise edge is a 1-simplex, and
a group of three nodes forms a 2-simplex (a triangular face), and so on. Importantly, in
simplicial complexes higher-order interactions build upon lower-order ones in a consistent
and mathematically grounded way, in fact, they impose a hierarchical organization on
interactions, where every higher-order interaction inherently includes all lower-order in-
teractions among its participating nodes. For example, a 2-simplex (triangle) implies the
existence of three 1-simplices (edges) between each pair of nodes.

While both hypergraphs and simplicial complexes capture higher-order interactions, they
di er in their representation and interpretation of these interactions. Hypergraphs are
more exible in de ning group interactions, as hyperedges can connect any arbitrary sub-
set of nodes without enforcing hierarchical constraints. This exibility makes hypergraphs
well-suited for representing systems with diverse and irregular group interactions, such
as collaborative projects or multi-agent communications. However, this generality comes
at the cost of reduced mathematical structure, limiting the availability of certain ana-
lytical tools. In contrast, the hierarchical nature of simplicial complexes enables using
powerful tools from algebraic topology (e.g., persistent homology) to analyze higher-order
structures but at the cost of less exibility for representing arbitrary group interactions.

Bipartite graphs are another popular framework for encoding higher-order interactions.
They consist of two distinct sets of nodes, with edges connecting only nodes from di erent
sets. One set typically represents system units, while the other represents interactions
within the system. An edge between two nodes indicates the participation of a unit in a
group interaction. Bipartite graphs are valuable for their simplicity and resemblance to
traditional graphs, and for historical reasons, they are particularly popular in elds like
ecology. Additionally, they allow for straightforwardly encoding features on edges, for
instance, temporal information to track a unit's entry and exit from a group interaction.
This makes bipartite graphs a useful data structure for representing higher-order networks
in software and simplifying algorithm design. However, the need to de ne two types
of nodes, i.e., system units and polyadic interactions, can complicate the expression of
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Figure 1.3: A toy example of a system with higher-order interactions, including a three-
way interaction, represented across various frameworks: (b) a clique-projection, where
group information is lost as the triangle can be interpreted as either a set of binary
interactions or a three-way interaction; (c) a hypergraph which represents interactions
without loss of information; (d) a simplicial complex which encodes both a three-way
interaction but also introduce binary interactions that are not observed in the original
system; (e) a bipartite graph which encodes the system without losing information but at
the cost of introducing nodes with two di erent meaning.

traditional network science problems, which focus on direct unit-to-unit interactions. This
iIs why hypergraphs have gained more attention in network science. Hypergraphs, in
certain cases, o er a more natural and e cient framework for algorithmic solutions. For
example, in Chapter 2, we explore motifs in higher-order networks, where hypergraphs
provide a natural way to de ne and interpret recurring patterns of group interactions
among a xed numberk of units. In contrast, in bipartite graphs the number of nodes is
not clearly de ned and not xed, leading to a more complicated analysis and interpretation
of the results. Moreover, a hypergraph formalization of the problem naturally leads to a
very e cient mining algorithm.

In Fig. 1.3, we present a toy example of a system with higher-order interactions, includ-
ing a three-way interaction, and demonstrate how the system can be represented using
di erent frameworks. The gure compares the representations of the system through
clique-projections, hypergraphs, simplicial complexes, and bipartite graphs, highlighting
the trade-o s between information preservation and the complexity of node interpreta-
tions in each framework. In particular, we show that the clique-projection cannot retain
information about group interactions, because for example the triangle can be interpreted
either as a set of binary interactions or as a three-way interaction. The simplicial complex
captures the three-way interaction but also introduces binary interactions that are not
observed in the original system. The hypergraph and the bipartite graph preserve all in-
formation from the system, but the bipartite graph introduces nodes with dual meanings.
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Table 1.1: Comparison of higher-order network representations.

Each framework has

unique advantages and limitations, making them suitable for di erent applications.
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All in all, there is not a clear winner among the available mathematical frameworks
for encoding higher-order structures. Hypergraphs, simplicial complexes, and bipartite
graphs each have their own strengths and limitations, making them more or less suitable
depending on the speci ¢ application. Finally, it is important to observe that while certain
problems may be more naturally described in one framework over another, also algorith-
mic solutions may favor a specic framework. For a more summarized and structured
comparison of the di erent mathematical representations of higher-order interactions, we
refer to Table 1.1.

In the following of this Thesis, we will mostly focus on hypergraphs.

1.5 Beyond the buzzword: when is higher-order
useful?

The adoption of higher-order frameworks for modeling complex systems comes at a consid-
erable cost, as it introduces signi cant computational challenges and requires the develop-
ment of entirely new analytical tools. Moreover, the added complexity in data collection,
storage, and processing raises legitimate questions: is this additional complexity justi ed
by meaningful insights that simpler models fail to capture?

Many-body interactions, as we have seen in the previous sections, are quite common in
nature. Therefore, we cannot run away from the fact that many real-world datasets are
naturally hypergraphs. Traditional approaches consider lower-order projections of such
datasets, where hyperedges are replaced by cliques, in order to get a network and apply
classic results in network science. Most of the works on higher-order networks build on the
intuition that this clique-expansion modeling can fail very brutally in some, not so rare,
circumstances. Consider for instance Fig. 1.4. If we slightly modify the hypergraph on
the left by adding a new large hyperedge, its clique-projection (on the right) gets heavily
a ected, as a large cligue is introduced in the system. From a modeling perspective,
adding this large clique destroys any structural organization and introduces arti cial edges
that are not independent of each other. From a computational perspective, it adds a
huge number of new edges to consider in the computation. Higher-order approaches, by
contrast, do not su er from such drawbacks.

Building on this potential modeling advance, recent works in the eld have begun to

address the challenges that the higher-order frameworks bring by developing new mathe-
matical and computational tools. First, fundamental network science concepts have been
generalized to accommodate group interactions. These generalizations include central-
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Figure 1.4: Drawbacks of lower-order approaches to higher-order data. If a
large hyperedge (the red one) is added to a hypergraph, it can signi cantly a ect its
cligue-projection, destroying the ability of low-order community detection tools to capture
any structural organization and introducing a large number of new edges to consider in
computation. These drawbacks are resolved when higher-order data are handled using a
higher-order approach.

ity measures [32, 33], directedness [34], clustering [30, 35] and assortativity [36], just
to mention a few. An explicit treatment of many-body interactions, including their in-
ference and reconstruction [37], is necessary to understand network formation mecha-
nisms [38 41], fully capture the real community structure of higher-order systems [42 44]
and extract their statistically validated higher-order backbone [45]. Taking into account
higher-order interactions revealed to be crucial to understand the emergent behavior of
complex systems, as they have been found to profoundly impact di usion [46, 47], syn-
chronization [48 52], social [53 55] and evolutionary [56] processes. Higher-order network
analysis allowed researchers to extract new insights into the properties and organiza-
tion of several real-world complex systems characterized by a prevalence of many-body
interactions, including collaboration networks [26], human face-to-face interactions [25],
folksonomies [57], species interactions within complex ecosystems [29], brain networks [28],
and cognitive associations [58].

Finally, in order to answer the question of this section, higher-order tools are useful when
they produce novel insights or faster algorithms that cannot be obtained by considering
lower-order projections of the data. It is important to acknowledge that not every system

Is interesting in this sense, as there are examples for which lower-order representations
can reasonably approximate the more general higher-order ones [59]. However, in general,
literature about the practical implications of higher-order modeling is steadily growing,
with higher-order frameworks establishing themselves as important tools in the toolbox of

a modern network scientist and new results in this area are contributing to the broader goal
of understanding how collective behaviors emerge from complex patterns of connectivity.
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1.6 Outline of the thesis

In this Thesis, we aim to contribute to expanding our current knowledge of systems with
higher-order interactions, investigating their structural properties at multiple scales, with
a particular focus on developing new computational tools and analytical frameworks for
hypergraphs.

The rest of this Thesis is organized as follows:

Chapter 2 introduces higher-order motifs, extending the traditional concept of network
motifs to hypergraphs. We develop e cient algorithms to extract recurrent patterns of
higher-order interactions and demonstrate their utility in characterizing the local structure
of real-world hypergraphs across di erent domains. Additionally, we introduce a sampling
method to perform motif analysis on large-scale hypergraphs, balancing accuracy and
running time.

Chapter 3 presents methods for analyzing hyperlink communities in hypergraphs, pro-
viding insights into the mesoscale organization of higher-order networks. This approach
reveals how group interactions are hierarchically organized and how individual nodes par-
ticipate in multiple communities simultaneously.

Chapter 4 explores properties of directed hypergraphs, introducing new measures to char-
acterize their microscale organization. We develop tools to analyze patterns of directed
higher-order interactions and investigate reciprocity in group-level relationships.

Chapter 5 extends our analysis to multiplex hypergraphs, introducing measures to charac-
terize systems where multiple types of higher-order interactions coexist. We demonstrate
how these tools reveal complex patterns of connectivity across di erent interaction layers.

Chapter 6 presents two contributions to expand the software and data ecosystem higher-
order network research. First, we introduce Hypergraphx (HGX), a comprehensive Python
library which implements the methods developed throughout this thesis alongside other
tools from the literature. Second, we present hypergraph-data, a curated repository of
datasets representing real-world systems with higher-order interactions from di erent do-
mains. This repository addresses the growing need for accessible and standardized higher-
order network data, facilitating reproducible research and benchmarking of new methods.

Finally, Chapter 7 summarizes our contributions and discusses future directions for re-
search in higher-order network science, including the development of more sophisticated
analytical tools and the application of our methods to emerging domains.
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2 | Higher-order motif analysis in
hypergraphs

Motifs are small, recurring subgraphs that appear in a network with a frequency signi -
cantly higher than expected in a random graph model [60]. These motifs are considered
as the building blocks of network structure, providing valuable insights into the functional
organization of complex systems. Over the years, the study of motifs has revealed charac-
teristic patterns of interactions crucial to understanding the behavior of many networks
across di erent domains [61], including the presence of functional circuits in gene regu-
latory networks [62], communication patterns in social networks [63, 64], and structural
patterns in neural networks [65].

In this Chapter, we extend the traditional concept of network motifs to hypergraphs. We
introduce e cient algorithms for extracting recurrent patterns of higher-order interactions
and demonstrate their e ectiveness in characterizing the local structure of real-world hy-
pergraphs across various domains, including biological and social networks. Furthermore,
we propose a novel sampling method designed to perform motif analysis on large-scale
hypergraphs, striking a balance between computational e ciency and the accuracy of the
extracted motifs.

2.1 The building blocks of complex networks

Networked systems may be di erentiated by their preferential patterns of connectivity at
the microscale, encoding a characteristic ngerprint often relevant for system functions.
This may be quanti ed by measuring network motifs, small connected subgraphs that
appear in an observed network at a frequency that is signi cantly higher than in a random-
graph null model [60]. The analysis of the motifs of a network revealed the emergence of
superfamilies of networks, i.e., clusters of networks which display similar local structure
(see Fig. 2.1). These clusters tend to group networks from similar domains or networks
that have evolved via similar evolutionary processes [61]. Motifs can be interpreted as
elementary computational circuits, with speci c functionalities that can be shared by



14 2| Higher-order motif analysis in hypergraphs

Figure 2.1: The analysis of motifs in real-world networks highlights the emergence of
distinct patterns shared by networks from similar domains, enabling the identi cation
of families of networks with similar local structures. Motifs are therefore interpreted
as elementary computational circuits encoding speci ¢ functionalities. Each plot groups
networks representing systems within the same domain. Tlzescore on they-axis of each
plot represents the abundance of each motif relative to a null model, with correlations
observed between systems within the same domain, highlighting shared patterns and
structural similarities. From [61]. Reprinted with permission from AAAS.

similar networks. For example, transportation networks are designed to simplify the tra c

ow, whereas gene regulation and neuron networks are often thought to have evolved to
process information. These functional di erences in such systems are re ected in the
emergence of dierent signi cant motifs in the networks that describe them. In this

regard, studying motifs can also give new insights into the dynamics and resilience of
classes of networks [61, 66]. To explicitly uncover the relation between the dynamical
processes that unfold on a network and its structural decomposition at the local scale,
recently a re ned notion of process motifs has been proposed [67], introducing a framework
to assess the contribution of each motif to the overall dynamical behavior of the system.

Network motifs have been used in a wide range of applications. In biology, motifs have
been extensively studied for the analysis of transcription regulation networks (i.e. net-
works that control gene expression). Studies show that diverse organisms from bacteria
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to humans exhibit common regulation patterns, each with its very own function in de-
termining gene expression [62, 68 71]. Similarly, motif analysis has been applied to show
how complex and exible neural functions emerge from the composition of fundamental
circuits in brain networks [65]. Moreover, motifs have also been used as a feature for
the identi cation of cancer [72]. Eventually, the need to analyze biological datasets of
ever-increasing size has been a strong motivation for the development of more e cient
algorithms [73]. Beside biology, motifs have also been applied to provide ngerprints of
the local structures of social networks [63, 64], for the early detection of crisis-leading
structural changes in nancial networks [74] and to study the networks of direct and
indirect interactions across species in ecology [75, 76].

The interest of the research community in extracting ngerprints at the network microscale
of real-world systems has led to considering richer frameworks for motif analysis [77],
including extensions to more general network models such as weighted [78], temporal [20]
and multilayer [22] networks. Weighted networks can be characterized in terms of the
intensity and coherence of the link weights of their subgraphs [79]. Temporal networks
can be studied at both topological and temporal micro- and mesoscale by considering time-
restricted patterns of interactions [80, 81]. Statistically over-expressed small multilayer
subgraphs [82] highlight the local structure of multilayer networks such as the human
brain [83]. Nevertheless, the methods, algorithms and tools proposed in literature so far
mostly consider only patterns of pairwise interactions, thus limiting our capabilities of
characterizing the local structure of systems that involve group interactions. Recently,
Lee et al. [84] made a rst contribution to close this gap: at di erence with traditional
motif analysis that focuses on patterns of interactions among small sets of nodes, they
investigated patterns associated with connected hyperedges, in particular tB6 possible
ways in which 3 connected hyperedges can overlap, allowing to extract information on
the design principles of hypergraphs. Instead, in this Chapter, we provide a general and
scalable methodology which naturally generalize to hypergraphs the seminal notion and
analysis of network motifs proposed by Milo et al. [60] for traditional graphs.

2.2 Foundations of motifs in hypergraphs

In order to systematically study the local structure of higher-order networks, we de ne
higher-order motifs straightforwardly by extending the traditional de nition from Milo

et al. [60]. Higher-order motifs are patterns of small connected sub-hypergraphs that
occur in an observed hypergraph at a frequency that is statistically signi cantly higher
with respect to a null model. We refer to the number of nodes involved in the pattern
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as the order of a higher-order motif. We will often use the word motifs to refer to all
the possible patterns of sub-hypergraphs involving a certain number of nodes rather than
only those over-expressed.

To perform a (higher-order) motif analysis of a system, we need to (i) count the frequency
of each query (higher-order) motif in a graph/hypergraph, (i) compare the frequency of
each query (higher-order) motif with that observed in a null model, and (iii) evaluate the
over- or under-expression of each higher-order motif.

In this Chapter, we are interested in di erent aspects related to motif analysis in hyper-
graphs. On a computational side, we study the combinatorial properties of the patterns
of subhypergraphs and devise e cient algorithms for motif discovery of size% 4 and 5.

In particular, extracting motifs of size 5 requires the careful design of a new sampling
algorithm. We provide a performance evaluation of the algorithms applied to real-world
datasets and an assessment of the accuracy of the approximated algorithm. From a net-
work science perspective, we apply such algorithms to characterize real-world hypergraphs
at their local scale and highlight the emergence of families of higher-order networks in a
way similar to Milo et al. [61].

2.3 Combinatorics of higher-order motifs

The number of possible patterns of pairwise undirected interactions involving three con-
nected nodes is only two, however, it grows to six when considering also higher-order
interactions (Fig. 2.2a).

Finding an analytical form encoding the dependence of the number of higher-order motifs
on the motif orderk is a challenging task due to the constraints related to the computation
of all possible combinations of higher-order interactions amorgnodes. However, we are
able to compute a upper and lower bounds for this number. We denote with the number

of all the possible non-isomorphic connected hypergraphskofertices (we recall that two
hypergraphs are isomorphic if they are identical modulo relabeling of the vertices). To
compute an upper bound omim, we can count the number of labelled hypergraphs ignoring
the constraint on being non-isomorphic and connected. There ar;ﬁ possible hyperedges
of sizei overk vertices. We are interested only in the hyperedges with cardinality at least

2, therefore there are :‘:2 k =2k Kk 1possible hyperedges. When creating a labelled

hypergraph we can either include each hyperedge or not, this yields a total number of
possible labelled hypergraphs equal t8% ¥ 1. To compute the lower bound ofm, we
construct connected hypergraphs ok vertices as follows. First, we pick any chain of

edges and put all the edges in the hypergraph. This usks 1 edges and makes sure
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Figure 2.2: Combinatorics of higher-order motifs. a) Enumeration of all the six pos-
sible patterns of higher-order interactions involving three nodes. Green shaded triangles
represent higher-order interactions, whereas black lines represent pairwise interactions.
b) Upper and lower bounds on the number of higher-order motifs as a function of the
order (gray shaded area). The black line represents the exact count for small orders.

the hypergraph is connected. There ar@< k 1) (k 1)=2% 2k potential edges
left over. Each of those edges can be added or not to the hypergraph, yielding at least
22 % connected hypergraphs. However, we have to count only non-isomorphic copies,
and have so far counted labelled graphs. For each unlabelled graph, there are at nidst
ways of labeling the vertices. So the number of non-isomorphic connected hypergraph is
at least zzkk—,Zk Fig. 2.2b shows the upper and lower bounds on the growth of the possible
higher-order motifs as a function of the order, as well as the exact count for small orders,
showing that this function has a super-exponential growth.

2.4 Mining higher-order motifs in hypergraphs

The enumeration of all the patterns of connected sub-hypergraphs of a given size is obvi-
ously the most expensive sub-task in motif analysis. The weight of this step is even more
impactful considering that it must be repeated in randomized networks as well. To solve
this problem exactly, in this section, we propose a baseline algorithm based on projecting
the hypergraph onto a graph and employing state-of-the-art motif analysis algorithms on
it. Additionally, we present a more e cient method that directly leverages higher-order
structures to construct sub-hypergraphs of a speci ed size.
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2.4.1 Basic de nitions

Before diving into the algorithmic aspects of the problem of motif discovery, we introduce
some tools that will be useful later on.

De nition 1 (Vertex-induced sub-hypergraph) The sub-hypergraptid [V 9 induced by the
subsetV® V is the pair (V& E9Y, whereE°= fe2 E:e VQ.

Now we can de ne more formally the notions related to thésomorphism problem, which
is the fundamental theoretical tool underlying network motif discovery.

De nition 2 (Hypergraph isomorphism) Two hypergraphdH = (V;E) andH%= (V% E?9
are isomorphic if they are identical modulo relabeling of the vertices. More formally,
if there exists a bijectionf : V ! VO%such thate = fuy;::;u,g 2 E if and only if
e’= ff (uy);:;f(uy)g 2 EC

This allows us to de ne the notion of occurrence, which is central to the problem of motif
discovery.

De nition 3  (Occurrence) Given a hypergraphH = (V; E) and a smaller query hyper-
graphQ = (V% EY, the occurrences of) in H are all the sub-hypergraphs ¢ isomorphic
to Q. We often refer to the number of occurrences @ in H as the frequencyof Q in
H.

All'in all, the problem of motif discovery involves nding and counting the occurrences of
all the possible patterns of subhypergraphs given a certain number of nodes.

2.4.2 Baseline

While traditional algorithms are not able to identify patterns of polyadic interactions, they
can be used as a routine for more sophisticated algorithms. In our baseline, we consider
the projected graph of a hypergraph. We recall that the projection of a hypergraph
H = (V;E) is a graphG = (V;E9, de ned on the same vertices oH and such that an
edge between two verticea; b2 V exists if and only ifa and b participate together in at
least a hyperedgee 2 E. In other words, every hyperedge 2 E is replaced inG with a
clique.

By running a classic algorithm (e.g., ESU [85]), we can e ciently enumerate connected
subgraphs of sizek in the projected graph. However, these subgraphs are ontandi-
date higher-order motifsfor two potential reasons: (i) they do not include higher-order
interactions; (ii) even if a subgraphs of sizek is connected in the projected graph, the
sub-hypergraph induced by the vertices is and the hyperedge€ may be not connected.
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Figure 2.3: a) Example of a hypergraphd in which the baseline fails. b) We highlight in
red a connected subgrapk of sizek = 3, one of the many possible outputs of a standard
motif discovery algorithm applied on the projection of the previous hypergraph. c) The
sub-hypergraph induced by the vertices of and the hyperedges oH is not connected.

We highlight these pitfalls in Figure 2.3.

In order to account for these issues, we construct the sub-hypergraph induced by the
nodes of the candidate motif (see Section 2.4.4) and check if this sub-hypergraph is con-
nected. Ifitis, then one can simply update the frequency hash map, otherwise, the output
is discarded. A more formal explanation of this method is reported in Algorithm 2.1. All

in all, the baseline inherits the complexity of ESU [85], which in the worst case &(N¥),
where N is the number of nodes in the network and is the size of the subgraphs.
However, in practical graphs (e.g., social and biological networks), the actual number of
connected subgraphs is typically much smaller, making ESU feasible for moderate values
of k. Additionally, there is the preprocessing cost of computing the clique projection of
the hypergraph, which isO(JEj k?), wherejEj is the number of hyperedges ankl denotes
the average hyperedge size.

Algorithm 2.1 Baseline: Counting higher-order motifs
Input: a hypergraphH = (V;E) and an integerk 2 f 3; 4g.
Output: distribution of the frequency of the motifs of orderk.
1: Let G = (V;EY be the projection ofH
2: Let M be the motifs frequency dictionary
3: S ESU(G;k)
4: for each subgraph=(V ;E )2 S do

5: candidate_motif sub-hypergraph (ofH) induced by V
6: if candidate_motif is connectedthen

7: Let G, be the isomorphism class aandidate_motif
8: MI[G]+= 1

9: end if

10: end for
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2.4.3 E cient algorithms

The most expensive step in the previous algorithm is obviously the ESU subroutine.
Moreover, the performance is widely impacted by the fact that hypergraph projections
can be very dense and that lots of subgraphs are discarded for not satisfying the require-
ment of the induced sub-hypergraphs of being connected. To solve these problems, we
work directly on hypergraphs, designing an e cient algorithm that exploits containment
properties of higher-order structures in real-world systems. We optimize separately the
two cases of3- and 4-node motifs.

3-node motifs  As shown in Figure 2.2, two of the motifs involving three nodes are
composed only by pairwise relations, while the others involve one hyperedge of order
3. To discover the latter, it is enough to iterate over all the hyperedges of orde&d
and then recover the nested pairwise links to build the motif ( Il in the hyperedges,
see Section 2.4.4); the sub-hypergraph is trivially connected since its nodes are part of
the same hyperedge. Then, we can ignore all the higher-order interactions and focus only
on the pairwise links, since we are interested in counting the frequency of the rst two
motifs of Figure 2.2. In this case, we can rely on ESU. This time, however, it will need to
handle a lot fewer edges. Every time ESU returns an output, the triplet of nodes could
have been counted already in the previous step (i.e., overlap between a pairwise motif
and a hyperlink of order3): in this case, the triplet is discarded. The rst step has a
complexity linear in the number of hyperedges of siz& while the second step inherits
the complexity of the ESU algorithm, resulting in a total complexity ofO(jE3j) + O(N¥),
wherejE3j is the number of hyperedges of size 3, ardis the size of the subgraphs.

A formal description of the algorithm for higher-order motifs of ordeB is reported in Al-
gorithm 2.2.

4-node motifs  The algorithm for motifs of order4 is similar, albeit there are some more
details to take into account. One can still iterate on all the hyperedges of orddr count
the motifs by considering also the rich nested structures (one can observe that this time
also hyperedges of ordeB can be nested), and discard all th&-hyperedges. However,
as a second step, one needs also to iterate over all Bvayperedges and consider all the
possible neighbours; in fact3-hyperedges de ne only a sub-hypergraph witt8 nodes,
while we are requestingt nodes. Neighbours can be listed by considering all the edges
that add only 1 new node since8 nodes are already xed. The last step is to consider
only pairwise interactions, and we rely again on ESU. Here, again, the rst step has a
complexity linear in the number of hyperedges of size The second step has a complexity
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Algorithm 2.2 E cient algorithm: Counting higher-order motifs of order 3
Input: a hypergraphH = (V;E).
Output: distribution of the frequency of the motifs of order3.
: Let M be the motifs frequency hash map
: for each hyperedgee of order3in E do
Vv vertices ofe
motif sub-hypergraph induced by
Let G, be the isomorphism class ahotif
MI[G]+=1
. end for
G Discard all hyperedges of orde8 from H
S ESU(G;3)
. for each subgraph=(V ;E )2 S do
if V not already visited then
Let G, be the isomorphism class asubgraph
13: MI[Gl+=1
14: end if
15: end for

©O NPT RN R
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guadratic in the total number of hyperedges, being linear in the number of hyperedges of
size3 and then linear for each hyperedge to explore its neighborhood. Finally, the last step
inherits the complexity of the ESU algorithm. Thus, the total computational complexity

is O(JE4j) + O(jEsj jE»j) + O(NX), wherejE,j is the number of hyperedges of size 4,
JE3j is the number of hyperedges of size 3, ardis the size of the subgraphs. A formal
description of the algorithm for higher-order motifs of orde# is reported in Algorithm 2.3.

2.4.4 Additional algorithm details

Counting higher-order motifs can be interpreted as the enumeration of all the possible
connected sub-hypergraphs of size assigning each of them to an isomorphism class. An
e cient way to assign an isomorphism class to a connected sub-hypergraph of skz€for
small values ofk) is relying on a hash map. One can generate and hash every possible
pattern of higher-order interactions involvingk nodes, with all the possible relabelings.
Relabelings are important because the same sub-hypergraphs can be stored with di erent
labels on the vertices. For example, we hav&di erent patterns of higher-order interac-
tions with 3 nodes, each with3! possible relabeling; eventually, the hash map will contain

6 3! = 36 entries. One can use the hash map as a counter since each observed sub-
hypergraph is a key. After having enumerated all the sub-hypergraphs, the nal count of
each motif is simply the sum of all the entries of the hash map that belong to the same
iIsomorphism class. We show a summary of this process in Figure 2.4. Considering the
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Algorithm 2.3 E cient algorithm: Counting higher-order motifs of order 4

Input: a hypergraphH = (V;E).
Output: distribution of the frequency of the motifs of order4.
1: Let M be the motifs frequency hash map

2: for each hyperedgee of order4in E do

3 motif sub-hypergraph induced bye

4 Let G, be the isomorphism class ahotif

5 M[G]+=1

6: Set vertices ofmotif as visited

7. end for
8: H Discard all hyperedges of orde4 from H
9: for each hyperedgee of order3in E do
10: Let E be the set of hyperedges adjacent te
11: for each hyperedgee in E do

12: if je[ ej =4 and e[ e not already visited then
13: motif sub-hypergraph induced bye[ ¢
14: Let G, be the isomorphism class ahotif

15: MI[G]+= 1

16: Set vertices ofmotif as visited

17: end if

18: end for

19: end for

20: H Discard all hyperedges of orde8 from H
21: S ESU(H;4)
22: for each subgraph=(V ;E )2 S do

23: if V not already visited then

24: Let G, be the isomorphism class afubgraph
25: M[G]+=1

26: SetV as visited

27: end if

28: end for
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sizes of the sub-hypergraphs involved, we can assume that this process incurs a constant
time cost.

Another important routine in our algorithms is the construction of vertex-induced sub-
hypergraphs. Given a set of vertice¥ °, we are interested in querying the set of all the
hyperedges to extract those who have all their endpoints M° This is what we referred to

as lling in a set of vertices in the previous sections. For our speci ¢ case, this problem
Is e ciently solvable relying again on hash maps as follows. We can hash every hyperedge
of a hypergraph: this ensures that we are able to check the existence of a hyperedge
in constant time. Since we are only interested in solving this problem for a query set of
vertices of size8 or 4, we can easily generate all the possib® or 2* subsets of vertices (we
can also ignore the empty set and the singletons) and check in constant time if each subset
is an existing hyperedge. We show a summary of this process in Figure 2.4. All in all,
given that we are interested in very small sets of vertices, we can construct vertex-induced
sub-hypergraphs in constant time.

2.4.5 Sampling method for motifs in large scale hypergraphs

Scalability is a persistent issue for exact motif discovery algorithms. Motif analysis has
a number of real-world applications that require handling vast datasets. However, exact
algorithms for motif discovery quickly become intractable for realistic inputs and motif
sizes. To address this complexity, we propose an approximated method based on hyper-
edge sampling.

Algorithm 2.4 samples with replacemens§S times a hyperedgee and enumerates all the
connected sub-hypergraphs with a given number of nodes and containegThe number
of samplesS controls the quality of the approximated results. However, directly sampling
hyperedges from the hypergraphs leads to unreliable results. The distribution of hyper-
edge sizes is non-uniform, causing the algorithm to often sample hyperedges of3izhile
seldom sampling those of siz& This skews the estimation of speci ¢ sub-hypergraph pat-
terns. To mitigate this, we employ strati ed sampling, segmenting the sampling process
to guarantee a balanced consideration of hyperedges across di erent sizes. $ebe the
number of samples assigned to hyperedges of dizesuch thatS = | S,. We estimate
appropriate values forSy for every k empirically, exhaustively searching among di er-
ent combinations of values and selecting those that maximize a de ned quality function
(see Appendix C.1).

The sampling algorithm proceeds in a way similar to the exact method (therefore we avoid
explicitly repeating some details in the pseudocode). If we target the discovery of motifs
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Figure 2.4: a) On the left, we show how to e ciently solve the problem of hypergraph
isomorphism for small hypergraphs. We generate and hash every possible pattern of
higher-order interactions involvingk nodes with all the corresponding relabelings. Every
observed sub-hypergraph will be equivalent to one and only one of the entries of the hash
map. The nal count of each motif is the sum of all the entries of the hash map that
belong to the same isomorphism class. b) On the right, we show how to construct vertex-
induced sub-hypergraphs e ciently. As a preprocessing step, we hash every hyperedge in
a hypergraph, allowing us to check for their existence in constant time. For a query set
of 3 or 4 vertices, we generate all the possib®® or 2* subsets of the query set and check
in constant time if each subset is an existing hyperedge. Every time a subset is found to
exist, we add it to the sub-hypergraph induced by the query set.
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of sizek, then for all the sampled hyperedges of sixewe have all the necessary vertices to
build a target sub-hypergraph. No exploration of the neighbourhood is further required
to add new nodes to the pattern. The complexity of this step is linear in the number of
samplesSi. Then, for all the sampled hyperedges of size less th&an some exploration
of possibly di erent levels of the neighbourhoods is required. The complexity of each of
these steps is linear in the number of sampl& multiplied, for each level of exploration,
by a factor linear in the number of hyperedges. Moreover, for each pattern, the previously
mentioned process of lling in the hyperedges is repeated to build vertex-induced sub-
hypergraphs and count the right instances of the motifs. Again, these routines take
constant time. Overall, the computational complexity remains the same as in the exact
case, but the number of edges considered is reduced, depending on the chosen sampling
parameter.

In order to estimate the exact count for each motif, the algorithm multiplies the ob-
served count by a correction factor given by the probability of sampling a certain motif,
as reported in the pseudocode. To simplify the computation of the correction factor, the
algorithm discards all sub-hypergraphs encountered during the exploration of the neigh-
bourhood of a hyperedge that contains at least one hyperedge with a higher cardinality
than e. In other words, a pattern of sub-hypergraph is only considered when the hy-
peredge of maximal cardinality is sampled. Given this approach, it is straightforward to
prove that the estimator is unbiased.

2.5 The microscale organization of real-world hyper-
graphs

For our motif analysis of real-world higher-order systems, we collected a number of freely
available networked datasets. The datasets [30, 86 102] come from a variety of domains:
sociology (proximity contacts, votes), technology (e-mails), biology (gene/disease, drugs)
and co-authorship. Each dataset has been manually tagged and associated with a speci c
domain. The description of each dataset is reported in Appendix A.1. In some datasets,
higher-order structures are naturally encoded as hyperedges (e.g. three authors collab-
orating on the same paper), in others, we infer higher-order structures from pairwise
interactions (e.g. for face-to-face interactions recorded over time, we promote cliques of
sizek to hyperedges of ordek if the corresponding three dyadic encounters happened at
the same time. We note that the choice of the speci c time-window for aggregation does
not a ect our results, as presented in Appendix B.1.1.
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Algorithm 2.4 Sampling algorithm: Counting higher-order motifs of orded

Input: a hypergraphH = (V; E), number of hyperedge to sampl&.

Out

1
2:
3:

© o N TR

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

put: approximated distribution of the frequency of the motifs of orded.
Let M be the motifs frequency hash map
Let Ex represent the set of hyperedges éf of sizek
Let S be the number of samples assigned to hyperedges of diz@ensure that the
sum of the S¢ for every possiblek is equal to S)
sampled_edges sampleS, hyperedges fronk,
sampled_edges sampled_edge$ sampleS; hyperedges fromEs
sampled_edges sampled_edge$ sampleS,; hyperedges fromE,
for each hyperedgee in sampled_edgesio
Let S be the set of connected sub-hypergraphs Bf containing e
for each sub-hypergraphn S do
if sub-hypergraphcontains a hyperedge of cardinality bigger thame then
continue
end if
Let G, be the isomorphism class adub-hypergraph
MI[G]+= 1
end for
end for
for each motif m with count cin M do
Let maxcard be the maximum size of the hyperedges im

Let countmax be the number of the hyperedges im of sizemaxcard
c C j E maxcard j
Smaxcard countmax

end for
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2.5.1 Abundance and signi cance pro le

The over- and under-expression measures of each higher-order motif (abundance with
respect to a null model) in a hypergraph are concatenated in a Signi cance Pro le that
constitutes a ngerprint of the local structure of the network.

The abundance ; of each motifi relative to random networks [61] is de ned as:

Nreal h Nrand;i

- Nreal + iNrand;i + (2.1)

Following [61], we set = 4. As a null model, we use the con guration model proposed
by Chodrow [39]. We sample from the con guration modeh = 100 times and compute
the frequencies of the higher-order motifs in each sample.

We de ne the Signi cance Pro le (SP) of a network as the vector of ; normalized to
length 1,

SP= pp— (2.2)

2.5.2 Motifs of order 3

We start our motif analysis of empirical hypergraphs by characterizing their local connec-
tivity at the smallest scale, with higher-order motifs of order3. After having computed

the SPs of all the datasets, the rst question one could ask is how hypergraphs from
di erent domains di er on average in their SPs. We compute the SPs of a domain by
grouping and averaging the SPs of all networks that belong to it (more information about
the disagreggated SPs can be found in Appendix B.1.3). The analysis of the higher-order
pro les of order 3 of each domain highlights the relative structural importance of certain
patterns of higher-order interactions (Fig. 2.5a). The pairwise triangle Il appears to be
a highly over-expressed motif in all the domains, whereas the greatest di erences across
domains emerge from motifs which involve 38-hyperedge and at least one dyadic edge. In
the social and technological domains, the motif VI made by a 3-hyperedge and a triangle
of dyadic edges is highly over-expressed, suggesting that entities interacting in groups also
tend to interact individually. In co-authorship networks, the most over-expressed motifs
are IV and V, which involve a3-hyperedge and one or two dyadic edges, indicating that
in these domains there might be a hierarchical structure that prevents all nodes from
interacting equally in pairs, as in the case of a research leader that co-authors papers
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Figure 2.5: A higher-order ngerprint for hypergraphs at the network mi-

croscale. a) Signi cance Pro les (SP) of hypergraphs from higher-order motifs of order

3 (labelled I to VI). is the abundance of each motif relative to random networks. Over-
expressed higher-order motifs are associated with speci ¢ functionalities of the system. To
simplify the plot, we averaged and grouped higher-order motif pro les of networks from
the same domain. For each domain, we represent the mean of the respective higher-order
motif pro les with a solid line and the standard error of the mean with a shaded ared)
Correlation matrix of the investigated datasets computed on the SPs. SPs of networks
from similar domains display a positive correlation. We identify two large higher-order
families of hypergraphs, characterized by distinct higher-order connectivity patterns at
the local scale. Each row of the correlation matrix is labeled with di erent colors depend-
ing on the domain of the respective dataset: red for the social domain, orange for e-mails,
purple for the co-authorship domain and blue for the biological domain. Moreover, we
show the clustering tree computed by applying a hierarchical clustering algorithm on the
signi cance pro les, considering correlation as a measure of similarity. The clustering tree
highlights the hierarchical organization of the emerged clusters. In the correlation matrix,
red squares represent high positive correlation while blue squares represent high negative
correlation.
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with students and postdocs while the latter do not co-authors papers without the former.
A similar motif is also found to be over-expressed in biological systems. Moreover, SPs
allow also to analyze anti-motifs, i.e. motifs that are highly under-expressed. An anti-
motif in the social and technological domains is Ill, the3-hyperedge without any dyadic
interaction, indicating that it is unlikely that an interaction in group is not followed or
preceded by any pairwise interaction. The biological and co-authorship domain do not
display any anti-motif.

Another interesting question is whether the domain categorization naturally emerges from
individually clustering the SPs of all the empirical hypergraphs. We perform a hierar-
chical cluster analysis considering the pairwise correlation between the distributions of
the occurrences of the higher-order motifs for each dataset as (the inverse of) a distance
(Fig. 2.5b). The analysis shows the emergence of two main clusters, i.e. families of higher-
order networks that share similar patterns of higher-order interactions at the microscale.
The clusters, here inferred in a purely data-driven manner, reproduce the partitions of
domains displayed in Fig. 2.5a (social and technological datasets in a cluster, biological
and co-authorship ones in the other), o ering a more nuanced view on the similarity across
datasets.

2.5.3 Motifs of order 4

In the previous section we have systematically investigated the smallest higher-order mo-
tifs. The number of possible patterns of higher-order interactions involving nodes is
signi cantly higher than the corresponding with 3 nodes, as it grows fron6 to 171 De-
spite the di culties associated to this increase, analysing higher-order motifs of order
provides more nuanced information about the local structure of networks compared to
3-motifs.

In Fig. 2.6a, we group together similar domains based on the analysis in the previous
section showing the average of their SPs with the higher-order motifs of ordér The
order of motifs along thex-axis maximizes the visual di erence in SPs across clusters. On
the left-end of the x-axis, we nd motifs that are highly over-expressed in the Bio/Co-
auth domain, while they are under-expressed in the Socio/Tech domain. Conversely,
on the right-end of the x-axis we nd motifs that are over-expressed in the Socio/Tech
domain, while not characteristic for the other domain. This observation suggests that
both the extremes of thex-axis carry information about the structural di erences among
the clusters.

The richer structural information captured by the higher-order motifs of orded compared
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Figure 2.6: Analyzing the local structure of hypergraphs via higher-order motifs

of order 4. a) Signicance Pro les (SP) of hypergraphs from higher-order motifs of
order 4. is the abundance of each motif relative to random networks. SPs are much
more complex due to the increase in the number of considered patterns of higher-order
interactions. We group and average the SPs of networks from the same higher-order family
(i.e. Socio/Tech and bio/Co-auth) and sort the motifs on thex-axis based on their ability

to discriminate the two higher-order families. Distinct characteristic higher-order motifs
of order 4 are associated to the two classes of networks. The shaded area represents the
standard error of the mean. If the shaded area is not visible, it is of the same size of
the line thickness.b) Correlation matrix of the investigated datasets computed on SPs of
order 4. The matrix provides richer information than its equivalent at order3 on the local
structure of networks: the two big clusters emerge again but are better separated, and
display a richer intra-cluster hierarchical structure. Each row of the correlation matrix

is labeled with di erent colors depending on the domain of the respective dataset: red
for the social domain, orange for e-mails, purple for the co-authorship domain and blue
for the biological domain. Moreover, we show the clustering tree computed by applying
a hierarchical clustering algorithm on the signi cance pro les, considering correlation as
a measure of similarity. With respect to the analysis with higher-order motifs of order
3, the clustering tree highlights a better separation between the two big clusters, as well
as a richer intra-cluster hierarchical organization. In the correlation matrix, red squares
represent a high correlation while blue squares represent a low correlatiot) The six
most representative higher-order motifs from the two clusters. Purple shaded triangles
and orange shaded squares represent respectively higher-order interactions of 3iaed

4, whereas black lines represent pairwise interactions.
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to their counterparts of order3 is highlighted in the clustering analysis (Fig. 2.6b). When
focusing on the two main clusters, the results are comparable with the previous cluster
analysis. However, a richer hierarchical intra-cluster organization naturally emerges, as
well as a better separation between the two clusters (See Appendix B.1.2).

Finally, we characterize the Socio/Tech and the Bio/Co-auth clusters by means of their
most over-expressed, and therefore most representative, higher-order motifs of order
(Fig. 2.6¢). The Socio/Tech domain shows an over-expression of structures involving more
lower-order nested relations (e.g. dyadic links), while the Bio/Co-auth domain displays a
preference towards less relations but of higher-order. This pattern might be caused by the
fact that people interacting in groups are likely to interact also in single pairs, therefore
it is plausible that group interactions in the Socio/Tech domain are supported by a large
number of lower-level interactions. On the other hand, people tend to write papers in
large groups and tend to maintain the same research group over time, with few additions
or removals. Therefore patterns involving only dyadic relations are penalized. For a more
in-depth description of the most over- and under-expressed higher-order motifs of order
4, we refer to Appendix B.1.4.

2.5.4 Motifs of order 5

Exact counting algorithms are suited only for the extraction of motifs of ordeB and 4.
Instead, the previously proposed approximated method not only speeds up motif analysis
for large datasets but also allows for the study of larger patterns of interactions. Here
we use such a method to characterize two real-world hypergraphs, namaigtory and
high school in terms of their higher-order motifs of order5. We use the same statistical
evaluation methods proposed before, i.e., we consider the relative abundance of each motif
with respect to a con guration model [39]. We run the approximated algorithm also on
the randomized instances. In Figure 2.7 we show the most over-expressed higher-order
motifs of order5 in both the real-world hypergraphs. We can notice how also at this scale
we still observe characteristic patterns of co-authorship data (low number of interactions
of large average size) and face-to-face data (high number of interactions of small average
size). This is in line with the previous results. In the following sections, we will provide

a more thoughtful evaluation of the accuracy of this sampling algorithm.

2.5.5 Nested organization of higher-order interactions

As motif analysis becomes highly computationally demanding when the order increases,
in the following we focus on characterizing the nested structures of large hyperedges.
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Figure 2.7: Over-expressed patterns of higher-order interactions highlight structural prin-
ciples of the di erent domains.

This means that, instead of counting the exact frequency of each pattern of higher-order
interactions, we settle for extracting statistics on the hierarchical structures of interactions
inside hyperedges of any size. We de ne the nested structure of a large hypereliges the
collection of hyperedges existing on a subset of the nodeshpfand extract statistics on
the nested structure of hyperedges of any size. The advantage of this approach is that it
still provides information about the local structure of sub-modules of a network, while its
computational complexity is only linear in the number of hyperedges in the hypergraph.

First, we consider the average number of edges in the nested structures of hyperedges of
di erent sizes (Fig. 2.8a). The networks are grouped according to their domain. While
biological and co-authorship networks do not display evident di erences in the number
of nested edges with the growth of the hyperedge size, social and technological networks
show a clear growing trend with a change of slope after orders 5 and 6.

In order to complement this information, we looked at how the mean size of the nested

edges changes with the growth of the size of the analyzed hyperedges (Fig. 2.8b). In this
case, all the domains show a growing trend, with biological and co-authorship networks

displaying a faster growth. Thus, while social and technological networks tend to have

more edges in the nested structure of their large hyperedges, they tend to be of small
size. Biological and co-authorship networks, instead, shows an opposite behavior. All
in all, this suggests that, in agreement with our previous ndings, also at higher scales

Socio/Tech network motifs are systematically more nested.
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Figure 2.8: Nested organization of group interactions. Di erent higher-order fami-

lies of hypergraphs can display very di erent hierarchical organization of their higher-order
interactions. a) Mean number of hyperedges in the nested structure of large hyperedges
as a function of their size. Biological and co-authorship networks display a static behav-
ior, while social and technological networks show a clear increasing richness of the nested
hierarchical structures of the hyperedgedh) Mean average size of the hyperedges in the
nested structure of large hyperedges as a function of their size. All the domains show a
linear growing trend, however biological and co-authorship networks grow faster. All in
all, Socio/Tech networks tend to have a lot of small-size edges in the nested structure of
their hyperedges. The Bio/Co-auth domain, instead, tend to prefer few large-size edges.
In both panels, the shaded area represents the standard deviation.
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2.5.6 Higher-order motifs and reinforcement

In order to understand if and how the occurrence of nested dyadic interactions a ects

the strength of group interactions, we investigate how much the weight of each hyperedge
(i.,e. the number of times each group interaction occurs) is correlated with the number

of nested pairwise links. We nd that a positive trend emerges, indicating the existence

of a correlation between a rich nested pairwise structure and the weight of a hyperedge
(Fig. 2.9a). We dubbed this phenomenon, similar to the one highlighted in Ref. [22] for

multilayer networks, as higher-order structural reinforcement.

Moreover, we used the metadata about personal relationships between students recorded
in the High School dataset from SocioPatterns to understand if a similar reinforcing behav-
lor is observed in the presence of friendship interactions between individuals. Friendship
data has been collected in two ways, from Facebook accounts and through a questionnaire.
In the rst case, two students are always reciprocally friends, while in the second case a
friendship can be unreciprocated. In Fig. 2.9b we analyze the relationship between the
average number of friends (both on Facebook and by questionnaire) and the topology of
the di erent motifs in the proximity hypergraph. Our results show that the higher the
number of pairwise interactions between students that interact in hyperedges of size three,
the higher will be the number of friends in the group, further suggesting the existence of
reinforcement mechanisms.

2.6 Performance evaluation of mining algorithms

In this section, we turn our attention to the computational aspects of the problem and
assess the improvement in the performance of the algorithms for higher-order motif dis-
covery when (i) exploiting higher-order structures instead of applying classic methods on
the hypergraph projection and (ii) approximating motif frequency. Besides the evalua-
tion of the performance, we also study the accuracy of the sampling algorithm and exploit
sampling methods to study higher-order motifs of ordes. All the experiments have been
carried out on a machine with an 8-core (2.2GHz) Intel Xeon CPU and 94GB of RAM,
running Ubuntu 20.04.4 LTS. The algorithms presented in this paper are implemented
in Python3. The code is publicly available [103]. Moreover, all the algorithms presented
in this work are included in the Python library Hypergraphx for higher-order network
analysis [3].
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Figure 2.9: Structural reinforcement. A rich supporting nested structure of pairwise
links makes group interactions stronger. In both panels, the stronger levels of connectivity
are observed when the number of dyadic interactions increases. Mean weight of each
group interaction (i.e. the number of times each group interaction occurs) as a function
of the number of its nested pairwise links.b) Mean number of friends (certied by a
Facebook friendship or by a questionnaire) in group interactions as a function of the
number of their nested pairwise links. In both panels, the shaded area represents the
standard error of the mean.

2.6.1 Datasets

For the performance evaluation, we collected a representative subset of the real-world
datasets used in the previous sections. In particular, we used datasets from di erent
domains, describing face-to-face interactions, co-authorship relations and e-mail commu-
nications. The summary statistics of the datasets are reported in Table A.1. The datasets,
as well as the preprocessing scripts, are publicly available [103].

2.6.2 Running time

In Table 2.2 we compare our exact algorithm for higher-order motif discovery against the
baseline algorithm in terms of their execution running time. We show that exploiting
directly higher-order structures speeds up the computations. The e cient algorithm out-
performs the baseline in every dataset. Moreover, it is worth mentioning that the analysis
with motifs of order 4 of dblp with the baseline algorithm was not feasible in a reasonable
amount of time. The larger gains are observed in co-authorship data. Co-authorship sys-
tems are proven to display a nested structure of hyperedges made up of a small humber
of hyperedges of large average size [104]. In fact, these kinds of systems are the ideal
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Table 2.1: Summary statistics of the datasets considered for our experiments. Each
higher-order network is described by the domain, the number of nodes, and the total
number of hyperedges of siz2 3, 4 and 5.

| Dataset  Domain N E, = E, Es |
hs proximity 327 5498 2091 222
ps proximity 242 7748 4600 347
EU e-mail 998 12753 4938 2294 1359
dblp co-auth 1924991 693363 667291 419434 205970
history co-auth 1014734 160885 47423 19120 8775
geology co-auth 1256385 275736 227950 159509 99140

Table 2.2: Comparison of the running time (s) of the exact algorithms with motifs of
order 3 and 4.

H Dataset Base-3 E-3 Base-4 E-4 H
hs 7 5 362 230
ps 25 18 1920 1339
EU 44 29 5286 2757
dblp 1185 134 > 24h 2885
history 42 19 4591 526
geology 207 36 32810 475
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scenario for our algorithm. We can notice that the gains are not as noticeable in social
datasets, which tend to be governed by dense patterns of lower-order interactions [104].

In Table 2.3 we show the execution running time in seconds of the sampling algorithm
on the dierent datasets with multiple values of S, i.e., the parameter that controls
the number of samples. The di erent size scales of the co-authorship and social datasets
require di erent sample sizes to achieve results of comparable quality. Since the analysis of
the motifs of order3 was already easily doable, we consider only the task of motif discovery
of order 4. We show that hyperedge sampling dramatically improves performance. As
expected, the parametef heavily a ects the running time. As always, there is a trade-o
between the accuracy of the results (higher values 8flead to more accurate estimates)
and the execution running time.

2.6.3 Accuracy of sampling method

Besides evaluating the running time of the sampling method, it is also important to
assess the output quality of the estimates compared to exact higher-order motif pro les.
We compute motif pro les [104] comparing the observed frequencies of the motifs with
those on a null model [39] to assess their statistical signi cance (we sample= 10 times
from the con guration model).

We evaluate the quality of the estimated motif pro les in terms of:

A

the Pearson's correlation coe cient between the estimated and the exact higher-
order motif pro les. The coe cient assigns values close tdl to pro les in strong
agreement and values close to1 to pro les in strong disagreement.

the Maximum Absolute Error (MaxAE) in estimating higher-order motif pro les.
the Mean Absolute Error (MAE) in estimating higher-order motif pro les.

In Table 2.3, we show that we obtain good results even with a small number of samples
with respect to the total size of the hypergraphs. The measures of output quality improve
with increases inS. A good trade-o between the output quality, S and the execution
running time will be critical for real-world applications. The measures of output quality
are averaged acros$0 repetitions for every value ofS.

A second evaluation metric is the correlation matrix of the motif signi cance pro les [60,
104] of the di erent real-world hypergraphs. In Figure 2.10, the correlation matrix shows
the emergence of two superfamilies of real-world hypergraphs, in a way similar to the
previous section. Clustering tends to separate social and co-authorship data. This further
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Table 2.3: Hyperedge sampling dramatically improves the performance with respect to
the exact algorithm. The execution running time of the approximated algorithm heavily
depends on the choice of the sample si& The correlation coe cient between the
estimated and the exact motif pro les, the maximum absolute error MaxAE and the
mean average error MAE improve with increases in the number of sampl8s Due to
their di erent size scale, co-authorship and social datasets require di erent sample sizes
to achieve comparable results. We obtain reasonable results even with a very limited
number of samples.

Dataset _=Xact Approx. MaxAE MAE
exec. time (s) exec. time (s)

100 3 914 151  .015
250 8 953 122  .011
hs 230 500 16 978  .096  .007
1K 29 987 065  .006
100 11 918 151 .017
250 30 950 135  .012
ps 1339 500 63 977 .093  .008
1K 118 986 071  .006
100 15 804 203 .026
250 34 887 159  .020
EU 2157 500 73 923 134  .016
1K 144 963 .098  .010
1K 32 495 .088  .055
2 5K 41 555 .088  .047
dblp 2685 5K 56 610 .089  .038
10K 85 696 087  .027
1K 5 679 176 .033
. 2 5K 7 804 169  .022
history 526 5K 11 867 170 016
10K 22 913 124  .012
1K 12 590 .107 _ .047
colo a7e 2 5K 15 661 107  .039
geology 5K 19 719 106  .032
10K 30 784 103 .024
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Figure 2.10: The correlation matrix of the signi cance pro les built with sampling meth-
ods (S = 1000 for co-authorship data andS = 100 for social data) highlights the emer-
gence of two clusters that separate social and co-authorship data.

proves that sampling methods are still able to capture and highlight patterns of higher-
order interactions that are probably linked to the functionalities of the networks.

2.7 Discussion

The framework of network motifs is widely recognized as a fundamental tool for the
analysis of complex networks. Able to highlight local structural characteristics of networks
and in uence their dynamics, motifs can be considered the fundamental building blocks
of networks, and have produced applications in a number of elds such as biology and
social network analysis.

Modeling complex systems by means of hypergraphs have recently emerged as a funda-
mental tool in Network Science, prompting the question of how to identify and assess
network motifs in the presence of higher-order interactions. With the aim of extract-
ing the local ngerprint of hypergraphs, in this Chapter, we introduced the notion of
higher-order network motifs, which are small, possibly overlapping patterns of higher-
order interactions that are statistically over-expressed with respect to a null model. We
proposed a combinatorial characterization of higher-order network motifs, as well as e -
cient algorithms to evaluate their statistical signi cance on empirical data. These tools
allowed us to extract ngerprints of a variety of real-world systems by focusing on their
characteristic patterns of higher-order interactions among small groups of nodes, show-
ing the emergence of families of hypergraphs characterized by similar local structures.
Moreover, we proposed a set of measures to study the nested structure of hyperedges
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and provided evidence of a structural reinforcement mechanism that associates stronger
weights of higher-order interactions to groups of nodes that interact more at the pairwise
level.

Similarly to the case of traditional pairwise network motifs, we believe that higher-order
network motifs can pave the way to applications in a number of domains, pushed by the
growing awareness of the relevance of the higher-order nature of interactions in many
real-world systems. All in all, our work highlights the informative power of higher-order
motifs, providing an initial approach to extract higher-order ngerprints in hypergraphs

at the network microscale.
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3 | Hyperlink communities in
higher-order networks

Many networks can be characterised by the presence of communities, where nodes within
the same community share many more links than nodes in di erent communities [105].
In real-world systems, community structure is often hierarchical [106 109], with nested
sub-units, and overlapping [110, 111], where nodes belong to multiple communities simul-
taneously. Link communities [112, 113] reconcile these properties by focusing on groups
of related interactions rather than nodes. Indeed, while nodes can simultaneously belong
to multiple groups (for instance, an individual might have a family, a circle of friends,
and a team of colleagues), interactions typically occur for a singular purpose, such as two
individuals connected by a shared interest or a family relation [113]. Recent work has
begun to explore the mesoscale organization of hypergraphs [42 44, 114 118], however,
this area remains relatively unexplored.

In this Chapter, we extend the concept of link communities to hypergraphs. This exten-
sion allows us to extract informative clusters of highly related hyperedges. We analyze
the dendrograms obtained by applying hierarchical clustering to distance matrices among
hyperedges across a variety of real-world data, showing that hyperlink communities nat-
urally highlight the hierarchical and multiscale structure of higher-order networks. This
approach also enables the extraction of overlapping node memberships and introduces
higher-order network cartography for classifying nodes based on their interaction pat-
terns and community participation, providing insights into individual roles across di erent
social systems.

3.1 Hyperlink communities

The notion of hyperlink communities extends to hypergraphs the idea of describing the

mesoscale structure of a system by grouping (higher-order) interactions instead of nodes.
While atypical, this approach can describe the hierarchical organization of hyperedges
(Fig. 3.1a) and node community overlap (Fig. 3.1b) as two aspects of the same phe-
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Figure 3.1: Hyperlink communities and their properties. Hyperlink communities
group interactions to describe the mesoscale structure of a hypergraph. This approach
is able to explain both the hierarchical organization of hyperedges and the overlap of
communities among nodesa) We perform hierarchical clustering on the hyperlinks of an
observed hypergraph, considering their Jaccard distance. The output of such clustering
is a dendrogram in which the leaves are the hyperlinks and the branches are the hyper-
link communities. The dendrogram can be cut at di erent thresholds, each threshold
potentially giving a meaningful community structure as output. b) After the cut, each
hyperlink is uniquely assigned to a speci c community. Nodes are then assigned to the
set of communities to which the hyperlinks in which they are active belong. As a result,
a single node may belong to multiple communities simultaneously.
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nomenon. In a way similar to the seminal work on link communities [113], we de ne a
distance measure between hyperlinks and perform hierarchical clustering on top of them
to obtain hyperlink communities (Fig. 3.1a). Being each hyperlink encoded as a set of
interacting nodes, a natural way to compute the distance between two hyperlinks and
B is to consider their Jaccard distance, de ned ag(A;B) = 1 22l To optimize
the computation of distances, we precompute and cache sets of hyperedges with at least

one common node. This strategy allows our distance algorithm to execute the more
time-consuming steps of set-union and set-intersection only when strictly necessary. It
Is also worth noting that this step can be easily parallelized or distributed in the case
of very large hypergraphs. We perform single-linkage hierarchical clustering on top of
the distance matrix of the hyperlinks. The clustering procedure follows a bottom-up
approach: it starts by assigning each hyperlink to its own cluster and then merges the
clusters of hyperlinks with the smallest average distance until all the hyperlinks are part
of a single cluster. The output of hierarchical clustering applied on such hyperlinks is a
dendrogram. The dendrogram is a graphical representation of the hierarchical structure
of the communities formed during the clustering process. In such a dendrogram, leaves
are hyperlinks from the observed hypergraph and branches are hyperlink communities.
Moreover, the height in the dendrogram of each branch provides additional information
about the strength of the merged communities. For a formal description of the process of
building the dendrogram, we refer to algorithm 3.1. The dendrogram can be cut at dif-
ferent heights, or thresholds, giving as output di erent meaningful community structures,
typically revealing distinct multiscale organization of hyperlink communities.

Algorithm 3.1 Hierarchical clustering on hyperlinks
Input: a hypergraphH = (V;E)
Output: the dendrogram of hyperlink communities
1: D matrix of pairwise distances of hyperlinks
2. clusters  each hyperlink is assigned to a singleton cluster . The leaves of the
dendrogram.
3: while number of clusters> 1 do
4: merge the clusters with the smallest distance The branches of the dendrogram.
The height of a branch is the distance between the two merged clusters.
5. end while

While after a cut each hyperlink is uniquely assigned to a community, nodes inherit the
community memberships of all the interactions they participate in. Nodes might partici-
pate simultaneously in several communities, although with di erent strengths. Therefore,
another property of hyperlink communities is the ability to naturally extract overlapping
communities of the nodes of a hypergraph (Fig. 3.1b).
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Dataset N | E| E2| Es| Es4| Es| Domain
Phys-soc 26800 15311| 3700| 4135| 2854 | 1613| Co-auth
NDC_classes 1161| 1088| 297 | 121| 125 94 | Bio
PACS3 33479| 16977| 2099| 2105| 2590| 1169| Co-auth
ENRON 143| 1512| 809| 317| 138| 63| E-mail
Primary school 242 | 12704| 7748 | 4600| 347 9 | Proximity
High school 327 | 7818| 5498| 2091 222 7 | Proximity
Hospital 75| 1825| 1108| 657 58 2 | Proximity
Baboons 13 231 78| 142 11 0 | Proximity

Table 3.1: Details of the real-world networked datasets considered for our experiments.
Real-world hypergraphs from di erent domains are described by their number of nodes,
total number of hyperedges and number of hyperedges of sZe3, 4 and 5.

In order to study real-world hypergraphs, we gathered a collection of freely available
datasets of systems with group interactions. The datasets come from a variety of domains,
including face-to-face proximity contacts in a primary school, in a high school, in a hospital
and in a group of baboons [14, 30, 92, 102, 119], e-mail exchange (Enron) [30], biology
(NDC classes, i.e., class labels applied to drugs) [30] and co-authorship in the physics
area (PACS3: Atomic and Molecular Physics, Arxiv physics and society) [87]. More
information about the datasets used in our experiments is reported in table 3.1.

The code of the experiments is freely available [120] and it is implemented as part of
hypergraphx [3], our open source python library for higher-order network analysis.

3.2 Multiscale properties of hyperlink communities

As previously mentioned, the output of the hierarchical clustering algorithm applied to
the distance matrix of the hyperlinks is a dendrogram in which the leaves are the hy-
perlinks, the branches are hyperlink communities, and the height of a branch encodes
information about the strength of a hyperlink community. By cutting the dendrogram

at di erent thresholds, we can obtain di erent community structures, each of which may
provide valuable insights into the organization of the hypergraph. This feature is useful
for performing analyses of a system at di erent scales. For example, in a time-varying
system, a student might interact more with students sitting nearby during a lecture, with
other students in the same class during a break, and with students from other classes
during lunch. When aggregated over time, such a variety of patterns might lead to a
complex multiscale organization of interactions. The shape of the hierarchical clustering
dendrogram depends on the patterns of overlap between hyperlinks. To illustrate how
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Figure 3.2: Hierarchical clustering of hyperlinks in real-world hypergraphs. We
provide two examples of dendrograms (and their corresponding distance matrix) of hy-
perlink communities from real-world hypergraphs: one representing proximity group in-
teractions among baboons, and the other representing a liations between drugs and class
labels applied to each drug. Hypergraphs can show very di erent hierarchies of hyper-
links, due to di erent statistics of their overlap distances. In particular, we identi ed two
broader classes of real-world hypergraphs, of which these two examples are representative.

hypergraphs can have very di erent hierarchies of hyperlinks, depending on the distribu-
tion of their overlap distances, in Fig. 3 we show two examples of dendrograms (and their
corresponding distance matrix) of hyperlink communities from real-world hypergraphs:
one representing proximity group interactions among baboons and the other representing
drugs and their associated class labels. In the following, we show that these two examples
are indeed representative of two broader classes of real-world hypergraphs.

To describe and build a pro le of the hierarchy of real-world hypergraphs, we can mea-
sure the number of hyperlink communities at di erent increasing thresholds. The specic
scaling of the number of hyperlink communities can be interpreted as a ngerprint of
the hierarchy of group interactions in real-world systems. In Fig. 3.4a, we show such
pro les for several datasets from di erent domains, highlighting the emergence of di er-
ent behaviours. Data on social proximity, such as contacts within hospitals and schools,
reveals distinct spikes at certain thresholds (red lines). These spikes correlate with a
prevalent recurrence of speci ¢ overlapping patterns among hyperlinks. This behaviour
indicates that the dendrograms are hierarchically organized in a few, important distinct
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topological levels. Instead, a liation and co-authorship data show a smoother decreasing
curve (blue lines). While such datasets approadh at di ering rates, they do not exhibit
signi cant spikes. This behaviour indicates that smoother hierarchical transitions are
associated with the di erent system scales. Our multiscale analysis highlights the emer-
gence of two families of real-world hypergraphs, distinguished by their scaling pro les.
This characterization of hypergraphs is in agreement with purely local methods, such as
motif analysis [1].

Statistics about the hyperlink communities obtained by cutting the dendrogram at dif-
ferent thresholds can vary signi cantly. Fig. 3.4b shows the distributions of the size
of hyperlink communities at three di erent signi cant cuts for a subset of the selected
datasets, with examples from the two identi ed classes of real-world hypergraphs. The
community structure can change signi cantly across di erent scales. This demonstrates
that not only do the dendrograms encode information about a hypergraph at multiple
scales, but it is also valuable to analyze each level since they can provide distinct insights
into the global organization of a system.

3.3 Overlapping communities at multiple scales

Previously we mentioned that by cutting at a certain threshold the dendrogram con-
structed by applying hierarchical clustering on the hyperlinks distance matrix, not only
does the algorithm uniquely assign a community to each hyperlink, but also assigns mul-
tiple (possibly overlapping) communities to nodes. By varying the dendrogram-cutting
threshold, we can extract overlapping communities across various scales. Having xed a
dendrogram-cutting threshold, for a noden, we can de ne the community membership
vector v, as:

vy, = fc(e): e2 E(n)g (3.1)

whereE (n) is the set of hyperlinks in whichn participates, and the functionc(e) assigns
a hyperlink to its community.

In the following, we study the community membership vectors of the nodes across datasets
and scales, to quantify node community overlap in real-world hypergraphs.

In Fig. 3.5, we analyze the distributions of node community sizes (i.e., the number of nodes
participating in a community) and node community memberships (i.e., the communities
a node simultaneously participates in) at di erent cuts of the dendrogram. We nd
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Figure 3.3: Multiscale properties of higher-order networks. Hierarchical clustering
dendrograms can be cut at several thresholds, allowing for the extraction and analysis
of hyperlink communities at multiple scales.a) The scaling of the number of hyperlink
communities can be interpreted as a ngerprint of the hierarchical organization of group
interactions in real-world systems. Due to the over-abundance of certain patterns of
overlap between small group interactions social proximity data (red lines) show clear spikes
in their curves. b) Evolution of the statistics of the hyperlink communities at di erent
thresholds. Hyperlink community structures can change signi cantly across scales.
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Figure 3.4: Statistics of overlapping communities at multiple scales. The distribu-

tion of node community sizes and node community memberships for several hypergraphs at
three di erent dendrogram thresholds reveals the multiscale overlapping structure of real-
world hypergraphs at their mesoscale. The hypergraphs show a wide range of community
sizes, generally exponentially distributed, throughout the dendrogram. The distributions
of community memberships per node show that nodes tend to participate simultaneously
in more communities. This behaviour is consistent across scales. Proximity data has a
more pervasive overlapping structure than the other datasets.
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real-world hypergraphs to exhibit a wide spectrum of node community sizes, generally
exponentially distributed. The distributions of community memberships per node at
di erent cuts of the dendrogram remain in line across cut heights and show that nodes tend
to consistently participate in more than one community at the same time. This suggests
that real-world hypergraphs present overlapping structures at multiple scales. Moreover,
the di erent shapes of the distributions highlight once again the di erent behaviour of
the two families of datasets, with proximity data having a more pervasive overlapping
structure.

In Fig. 3.6a, we provide a comparison between the overlapping communities extracted from
real-world hypergraphs and the associated metadata. For the hospital dataset, describing
proximity interactions among people inside a hospital, each node is characterized by
metadata about their role (e.g., nurse). For the high-school and primary-school datasets,
describing proximity interactions among students and teachers inside a primary school
and a high school, we have information about the class of each individual. For each
node n, we compute a binary community membership vector. In this vector, for a node
n, entry i is equal to1 if node n participates in the community i at the representative
cut, and equal to 0 otherwise. To identify nodes with similar connectivity patterns, we
compute pairwise similarities between binary vectors using the Jaccard similarity. For
each dataset, we create the role-to-role similarity matrisM in which M j is the average
similarity between the vectors of the units with rolei and the units with role j. In the
hospital dataset, we show that the average similarity of the vectors of nodes with the
same role is higher than that of nodes with di erent roles. This is particularly true for
medics and nurses. However, this is not true for speci c roles such as patients, who tend
not to overlap much neither with other roles or with other patients. In a similar way, we
notice that students from the same class in both high school and primary school datasets
tend to be more similar than students from di erent classes. Moreover, some additional
form of clustering emerges, probably due to the fact that classes that are more physically
close have students that interact more, leading to some communities overlapping among
those classes.

In Fig. 3.6b, we measure the average diversity of the community membership vectors for
each role or class. We measure this property by considering the entropy of the community
membership vector for each node, averaging nodes with the same role.

Let v; be the community membership vector for node, p; be the proportion of mem-
berships of node to community j (i.e., the number of distinct hyperlinks assigned to
community j containing nodei), and C be the set of communities node participates in.
The entropy H for nodei is:
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Figure 3.5: Comparing overlapping communities and node metadata. We select

a threshold for cutting the dendrogram and extracting overlapping communities, and
compare results with metadata from real-world hypergraphs (role or class). A binary
community membership vector is used to identify whether a node participates in a certain
community. a) We measure the pairwise similarity between the binary vectors (Jaccard
similarity) and build the role-to-role similarity matrices by aggregating similarities of
nodes based on their role. Nodes with similar roles or classes tend to share similar
community memberships. However, patients in the hospital dataset have low overlapping
memberships even with other patients. Moreover, clustering emerges among classes in
the primary and high-school datasets, probably because their proximity leads to mixing
interactions among di erent classesb) We measure the diversity (entropy) of community
membership vectors for each role or class averaging nodes with the same role. Certain
roles, such as nurses, have a more diverse and pervasive overlap, while patients have less
diversi ed interactions. In school datasets, some classes have more diverse community
memberships, possibly due to physical constraints or participation in more activities.
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Figure 3.6: Cartography of higher-order networks. We provide a cartography of
higher-order networks, where nodes are classi ed based both on their number of inter-
actions (hyperdegree) and mixed-membership to hypergraph communities (participation
coe cient). This classi cation yields nine structural roles (hub, non-hub, or peripheral on
the y-axis; generalist, non-generalist, or specialist on the x-axis), where complementary
information is provided by the two variables. We apply our method to three face-to-face
higher-order social systems, showing how it can be used to capture metadata information.
As an example, hospital patients tend to be peripherals but range from specialists to gen-
eralists. By contrast, in school data, each class has representatives of each structural role.

x
H(vi) = pi log(p;) (3.2)
j
Let N, be the number of nodes with role; to average the entropy for nodes of the same
role r we compute:

H = — H (vi) (3.3)

We show that, indeed, di erent roles can have a more diverse set of memberships than
others. For example, nurses share a more diverse and pervasive overlap than other roles,
while patients are more strict and less overlapping. In the school datasets, there are classes
that are more favoured than others in having multiple diverse community memberships,
possibly due to physical constraints or participation in more activities.

3.4 Cartography of higher-order networks

In the previous sections, we have mentioned that nodes can be characterized in terms of
their simultaneous participation in di erent communities. We have also highlighted that
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the community memberships of nodes can range from very heterogeneous (i.e., member-
ship vector with high entropy) to very homogeneous (i.e., membership vector with low
entropy). Community participation behaviour of nodes can be linked with their hyperde-
gree to classify nodes into di erent structural roles.

We measure the hyperdegree of each node by considering the number of interactions they
participate in. Community membership diversity is here computed by considering the
participation coe cient of the membership vectors, paying homage to the seminal work
by Guimera et al. on the cartography of complex networks [121] (analogous results are
obtained by considering entropy). Such a score of diversity ranges frodn(minimum
diversity) to 1 (maximum diversity) and has also been used to characterize heterogeneity
in di erent network structures such as multiplex networks [22]. In particular, having
xed a scale and computed overlapping communities, the participation coe cient of the
membership vector of node is de ned as

Pp= ——4 - 3 (3.4)

where C is the number of communitiesk; is the hyperdegree of node and ki[ l'is the
number of interactions of noda that are part of community

In Fig. 3.6, each node is represented as a point in the Cartesian plane with coordinates
equal to its hyperdegree and participation coe cient. The nodes are classi ed into dif-
ferent regions by subdividing both thex-axis and the y-axis into the 33rd and 66th
percentiles. On they-axis, a node in the top third is classi ed as hub, in the middle third
as non-hub and the bottom third as peripheral. On thec-axis, a node in the top third is
classi ed as a generalist, in the middle third as a non-generalist and in the bottom third
as a specialist. This classi cation gives a total number of nine structural roles, corre-
sponding to di erent regions in the plane. Our results highlight that network nodes with

di erent structural roles are indeed relevant for understanding real-world systems. Nodes
with a similar hyperdegree can have a very di erent participation coe cient, and vice
versa. Additionally, structural roles can be linked with metadata information. For exam-
ple, in hospital data, we observe that people with the same jobs or status can have very
di erent behaviours, e.g., patients tend to be peripherals but can range from specialists
to generalists. Finally, in school data, in the same class, we have multiple representatives
for each structural role.
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3.5 Discussion

The analysis of network communities is widely recognized as a fundamental tool for un-
derstanding the interplay between the structure and dynamics of complex systems, nding
applications in elds such as biology and social network analysis. Network communities
are often de ned as groups of nodes that are more densely connected to each other within
the community than they are to nodes outside of the community. Recently, the frame-
work of hypergraphs has established itself as a fundamental tool to model systems whose
interactions are not limited to pairs of nodes but may involve an arbitrary number of
them.

Using a dual approach to community detection, in this Chapter we have extended the
traditional notion of link communities to hypergraphs, extracting clusters of highly related
hyperedges. By de ning a measure to determine the distance between two hyperedges
and performing hierarchical clustering on top of the pairwise distance matrix of such
hyperedges, we studied the dendrogram obtained as the output of such a process on a
variety of real-world data. Hyperlink communities naturally highlight the hierarchical
and multiscale structure of a higher-order network, at the same time revealing overlaps
among node communities. Finally, we have introduced the notion of the cartography
of higher-order networks, and classi ed nodes in di erent structural roles, i.e., a small
number of system-independent roles that depend on the patterns of interactions of the
nodes and their scale-speci ¢ overlapping community participation. We showed that with
this classi cation we are able to capture information that the hyperdegree alone cannot
provide.

Given the interest in link communities in pairwise networks, we believe that hyperlink
community detection may serve as a relevant tool for analysing a variety of higher-order
data, helping unveil structural patterns which cannot be explored with traditional com-
munity detection approaches. In this direction, interesting venues for future research
include the evaluation of distance measures for hyperedges alternative to the Jaccard dis-
tance used here, and the development of methods to scale the computation of hyperlink
distances in very large real-world hypergraphs.
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4 | The microscale organization of
directed hypergraphs

So far, we focused on and proposed tools to study undirected hypergraphs, failing to
capture a potentially interesting feature of many real-world interactions: their directional
nature. For example, in a metabolic reaction, a set of reactants transforms into a set of
products [122]. Similarly, in a Bitcoin transaction, multiple source wallets may transfer
funds simultaneously to multiple target wallets [31]. Directed hypergraphs enhance model-
ing by distinguishing between source and target sets in each hyperedge [123] to accurately
encode directionality. Tools to study directed hypergraphs are largely underdeveloped,
with notable exceptions in areas such as null models [124], synchronization [125], overlap-
ping patterns between two hyperedges of limited size [126], and some early proposals to
de ne reciprocity [127, 128].

In this Chapter, we introduce measures and tools to characterize the microscale orga-
nization of real-world directed hypergraphs. We decompose interactions into four types
(one-to-one, one-to-many, many-to-one and many-to-many) and analyze their prevalence
in empirical data to highlight di erences in higher-order connectivity across domains. We
investigate the overlap among sources and targets to reveal recurring sets of co-sending
and co-receiving nodes. We also propose de nitions for exact, strong, and weak higher-
order reciprocity to capture patterns of bi-directionality and extend motif analysis to
include directed higher-order interactions.

4.1 Directed hypergraphs

Traditional graph models reduce directed group interactions into a collection of pairwise
links, often leading to a loss of important structural information about group organization
and dynamics. For instance, reducing a many-to-many interaction such &URCE =
fA;Bg and TARGET = fD;Eqgto a set of pairwise directed linksA! D, A! E,

B! DandB'! D) fails to capture the collective nature of the interaction, where pairs
of nodes are jointly involved in the source and target sets. Directed hypergraphs preserve
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Figure 4.1: Schematic of a directed hypergraph. Each interaction encodes a source
set of units acting towards a target set of units. We distinguish four types of directed
higher-order interactions: one-to-one (black), one-to-many (blue), many-to-one (red), and
many-to-many (green).

group-based structure, allowing for a more faithful representation of complex interactions.

In such a mathematical framework, hyperedge direction is encoded by distinguishing
between source and target node sets, which are non-empty and disjoint. In particular,
we distinguish four fundamental patterns of interactions encoded as directed hyperedges:
one-to-one, where a single source node connects to a single target; one-to-many, where
one source a ects multiple targets; many-to-one, where multiple sources act on a single
target; and many-to-many, the most general case, where multiple sources act on multiple
targets. In Figure 5.1, we show an example of a directed hypergraph, highlighting all
distinct hyperedge patterns.

To study the microscale organization of real-world systems with directed group inter-
actions, we collected datasets from multiple domains and mapped them into directed
hypergraphs. The datasets [128] includgna (nodes are users and forum posts are hyper-
edges)E-mail (nodes are users and emails are hyperedgeddifcoin (nodes are accounts
and nancial transactions are hyperedges)Metabolic  (nodes are genes and metabolic
reactions are hyperedges) an@itation (nodes are authors and hyperedges are paper
citations). Detailed descriptions and summary statistics of each dataset are available in
Appendix A.2.
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Figure 4.2: Hyperedge signature of directed hypergraphs. a) We characterize each
system with a signature hyperedge vector, encoding the abundance of a certain pattern of
directed hyperedge. Vectors are normalizedlSj indicates the cardinality of the respective
part of the vector. Statistics are computed for hyperedges of cardinality at mo<$i.
Systems within the same domain share the same color. b) Dendrogram resulting from
agglomerative clustering applied to the correlation matrix of hyperedge signature vectors
for each dataset. Correlation values are color-coded, with high positive correlations in red
and high negative correlations in blue.

4.2 Patterns of directed hyperedges

We characterize directed hypergraphs across domains by investigating the diversity in
their patterns of directed hyperedges. For each dataset, we constructhgperedge sig-
nature vector v, where each element represents the count of hyperedges with a specic
combination of source set size and target set sizet in the hypergraph. The vectorv
captures the distribution of hyperedges based on the sizes of their source and target sets.
Formally, we de ne the vectorv as follows:

where K represents the maximum hyperedge size considered, and eagh counts the
number of hyperedges with a speci c source sizeand target sizet. Such vectors pro-
vide a ngerprint for systems based on their higher-order connectivity patterns at the
microscale. Figure 4.2a shows the hyperedge signature vectors for each dataset, consid-
ering interactions up to size6. To emphasize the role of higher-order interactions in the
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analysis, we do not consider one-to-one interactions. In tHe-mail data we nd abun-
dance only in entries corresponding to one-to-many interactions, re ecting the typical
structure of email communications. Similarly, in thegna, many-to-one interactions are
prevalent, as these systems involve multiple individuals responding to a question by a
single user. In contrast,Metabolic and Citation  datasets show high abundances in
many-to-many relationships across a variety of source and target set sizes. Finabyt-
coin dataset exhibits more varied behavior, with abundant entries for both one-to-many
and many-to-many interactions, indicating di erent interaction types in the network.

To further explore structural diversity across di erent domains, we compute pairwise
correlations between hyperedge signature vectors (Pearson coe cient) and apply hier-
archical agglomerative clustering on their correlation matrix. A correlation value close
to 1 indicates similar hyperedge structures) suggests no relationship, and 1 indicates
the structures are inversely related. The clustering procedure applied to the systems'
correlation matrix results in a dendrogram that visually represents their hierarchical rela-
tionships, highlighting the presence of clusters of directed hypergraphs that share similar
connectivity patterns. In Figure 4.2b, we show the correlation matrix and the cluster-
ing dendrogram. By examining the correlation matrix, we observe a strong correlation
within systems from the same domain, indicating highly similar abundance in hyper-
edge structures. In contrast, systems from di erent domains exhibit varying degrees of
correlation. Speci cally, E-mail and gna datasets are inversely correlated, as they dis-
play non-overlapping and complementary connectivity patternse-mail is characterized
by one-to-many interactions, whereagina primarily involves many-to-one relationships.
The Metabolic  and Citation  datasets, which feature many-to-many interactions, are
positively correlated and form a distinct cluster. Interestingly, theBitcoin datasets
also display positive correlations with theMetabolic  and Citation  cluster due to a
high presence of many-to-many interaction patterns. However, they also exhibit a weaker
positive correlation with the E-mail datasets, re ecting the presence of one-to-many
interactions in Bitcoin

4.3 Source and target sets overlap

Nodes are frequently involved in multiple hyperedges, either as part of the source or the
target set. The degree to which hyperedges share elements provides valuable insights into
redundancy, hierarchical structures, and information ow within the system. To quantify
this, we introduce the concept oexcess overlapvhich measures for each node the overlap
among the source and target sets in which it participates compared to what would be
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Figure 4.3: Excess of overlap across domains. The top row shows the distribution of
target sets overlap, while the bottom row depicts the source sets overlap distribution. Red
indicates positive overlap values, meaning interactions are more structurally redundant.
Blue indicates negative overlap values, suggesting that interactions are less repetitive, im-
plying a tendency for diverse co-sender and co-receiver combinations compared to random
expectation.

expected under a null model. For each node, we quantify its hyperedge overlap separately
for its participation in target sets (in-hyperedges) and source sets (out-hyperedges). For
in-hyperedge overlap, consider all hyperedgesfor which the node is in the target set
t(e). Let E, be the collection of these hyperedges. We de ne the in-hyperedge overlap as

P .
e, 11(6)]

On= —°8 :
" Eni e, ()

wherejt(e)j denotes the number of nodes in the target set of hyperedge Similarly, for
out-hyperedge overlap, we consider only hyperedges which the node is a source (i.e.,
belongs tos(e)). Let E,;; denote this collection, and de ne
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with js(e)j being the size of the source set of hyperedge These metrics yield a value
of 1 when all corresponding hyperedges share an identical set of nodes (i.e., maximal
overlap), and decrease as the sets become more diverse. To assess statistical signi cance,
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we compare the observed overlaps to those computed on an ensemble of randomized
networks that preserve key structural properties (e.g., node degrees and hyperedge sizes).
For each node, the excess overlapO is de ned as the di erence between its observed
overlap and the average overlap derived from these null models:

O= Oobs h Orandi:

We compute this for both O;, and Oyy. When the observed overlap exceeds the ex-
pected overlap from a random model (excess overlap0), it indicates that nodes tend

to participate in structurally redundant interactions, where the same groups of nodes fre-
guently co-occur in source or target sets. In contrast, when the observed overlap is lower
than expected (excess overlag 0), it suggests that interactions are more diverse, with
hyperedges being more distinct and less likely to share members.

In Fig. 4.3, we show the distribution of the excess of overlap for source and target sets
across domains. All datasets generally exhibit a high degree of overlap, indicating that re-
current behaviors are a shared feature. Th@itation dataset displays signi cant overlap

for both source and target sets, showing that (i) an author tends to preferentially work
with known collaborators, and (ii) an author tends to be cited repeatedly alongside similar
sets of authors. TheMetabolic  dataset follows a similar trend, displaying signi cant
excess overlap for both source and target sets. This suggests that metabolic reactions tend
to involve recurring sets of substrates and products and highlights the modular nature of
metabolic networks. TheBitcoin dataset exhibits generally high excess overlap for both
source and target sets. However, the presence of nodes with overlap values lower than
zero implies that certain participants in the network engage in interactions that introduce
more novelty rather than reinforce existing hyperedges. In the-mail dataset, the excess
overlap can be computed only for the target sets, as the source sets always have cardi-
nality 1. The overlap is signi cantly larger than random, underscoring the hierarchical
and broadcast-like nature of email communicationgna data show a lower excess overlap
compared with the other systems, indicating that forum respondents are less likely to en-
gage repeatedly with the same set of co-responders. Since the target sets in this dataset
always have cardinalityl, the excess overlap can be computed only for source sets.

4.4 Higher-order reciprocity

Reciprocity is a fundamental property of systems with directed interactions, including
social networks [129]. It traditionally refers to the tendency of the system's units to mu-
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Figure 4.4: Reciprocity measures for directed hypergraphs. For exact reciprocity,

the direction of a hyperedge is fully reversed by a single hyperedge in which the source and
target sets are swapped. In strong reciprocity, multiple hyperedges collectively reverse the
interaction, with the source and target sets being fully reciprocated through a combination
of interactions. In weak reciprocity, at least one node from the target set reciprocates an
interaction with one node from the source set.

tually exchange information. In directecf graphs, reciprocity is de ned as = % l.e., the
ratio of the number of bidirectional links'(L ) to the total number of links (L). This mea-
sure has been widely used to describe real-world directed networks [19, 130]. Recognizing
its broad importance, recent works have extended reciprocity to hypergraphs, accounting
for the complexity of having multiple nodes in both the source and target sets of hyper-
edges. Among the recent approaches for hypergraph reciprocity, one method decomposes
hyperedges into pairwise links [127], losing information about group interactions. An
alternative approach de nes a more complex measure that diverges from the traditional
binary de nition of reciprocity at the level of single links [128]. While this approach can
capture di erent nuances, it is computationally expensive and less straightforward to in-
terpret, as it provides a continuous value instead of a simple yes-or-no answer to whether
an interaction is reciprocated.

Here, we introduce three simple and computationally e cient measures for higher-order
reciprocity in directed hypergraphs, capturing di erent aspects of mutual interactions:

" Exact reciprocity  occurs when an interaction represented by a hyperedge with
a source seth and a target sett is precisely mirrored by another interaction with
the source and target sets reversed. Formally, two hyperedges = (hy;t;) and
e = (hy;ty) are exactly reciprocated if and only ith; = t, andt; = h,. This is the
strictest form of reciprocity.

~ Strong reciprocity  relaxes the previous requirement and allows source and target
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Figure 4.5: Higher-order reciprocity in real-world hypergraphs. a) Ratio of recip-
rocated hyperedges across datasets and reciprocity de nitions. Each column corresponds
to a distinct notion of higher-order reciprocity, thereby inducing a ranking of the datasets
based on their reciprocity scores. Datasets are represented in unique colors. Red arrows
link the same dataset across di erent de nitions, with darker arrows indicating larger
shifts in scores and lighter arrows representing smaller changes. b) Number of recipro-
cated hyperedges for each di erent notion of reciprocity. Statistics are disaggregated by
hyperedge size. In blue, total hyperedges; in yellow, exactly reciprocated hyperedges; in
green, strongly reciprocated hyperedges; and in orange, weakly reciprocated hyperedges.
We use lines of the same colors to depict the ratio of reciprocated hyperedges with re-
spect to total hyperedges for each notion of reciprocity. To simplify the plot, we grouped
higher-order reciprocity of systems from the same domain.
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sets to be reversed through a combination of hyperedges, instead of requiring a
direct reversal with a single opposite one. Formally, a hyperedge = (h;t) is
strongly reciprocatedif there exists a set of hyperedgdse;; ;;:::; &g such that the

N

Weak reciprocity represents the most relaxed form of reciprocity and requires
only that at least one node from the target set of a hyperedge appears in the source
set of another, and vice versa. Formally, a hyperedge= ( h;t) is weakly reciprocated

if there exists another hyperedge®= (h%t9 such thath\ t°6 ; andt\ h°6& ;.

We summarize our de nitions of reciprocity for directed hypergraphs in Figure 4.4. More
information about the algorithmic aspects of such measures is available in Appendix C.2.

After introducing these de nitions, a natural rst question is which systems exhibit the
highest and lowest levels of reciprocity and how the ranking of systems based on reci-
procity changes across di erent de nitions. We address this in Figure 4.5a, which shows
the ratio of reciprocated hyperedges (reciprocity score) for each system across varying
notions of reciprocity. The reciprocity score for each de nition induces a ranking of the
systems, allowing us to observe which systems exhibit stronger tendencies toward mutual
exchange of information. By de nition, the score tends to increase for each system as we
move from stricter de nitions of reciprocity (exact) to more relaxed ones (weak). We ob-
serve that systems from the same domain tend to show similar levels of reciprocity across
de nitions, indicating that functional similarities within domains may drive comparable
reciprocity patterns. E-mail datasets exhibit the highest levels of reciprocity, whil8it-

coin datasets consistently show the lowest. Interestingly, while the ranking of systems
remains largely stable with varying de nitions, the relative distances between the datasets
change. For instance, exact reciprocity mostly characterizésmail datasets, which are
positioned far from the other datasets, clustering distinctly at the top of the scale. Strong
reciprocity induces three clear clusters of datasets based on their scofeamail datasets
rank the highest by a large margin, whileBitcoin datasets occupy the very low end. In
the case of weak reciprocity, the datasets begin to separate along domain lines, spanning
the entire spectrum of reciprocity scores. Notably, we observe a reduction in the distance
betweenE-mail and datasets from metabolic and citation domains, suggesting a conver-
gence in reciprocity levels as the de nition becomes more relaxed. Overall, these patterns
highlight how the choice of measure can in uence the perceived level of reciprocity within
di erent systems. By analyzing how the score evolves across de nitions, we gain a more
precise understanding of the extent of mutual exchange within each system, from the
high reciprocity observed inE-mail datasets, where high mutual exchange is clear, to the
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lower reciprocity in Bitcoin datasets, where reciprocal connections are minimal across
all de nitions, and to the metabolic datasets, which emerge with high reciprocity under
weaker de nitions.

A related question is how the size of hyperedges in uences the levels of reciprocity. We
explore this in Figure 4.5b, which presents statistics disaggregated by interaction size
and shows both the number and ratio of reciprocated hyperedges across systems and
reciprocity de nitions. Notably, exact reciprocity in the E-mail and gna datasets is
only possible for dyadic links because, for example, a single e-mail cannot have multiple
senders simultaneously. In general, exact reciprocity is prevalent in tiiemail datasets

but is concentrated only in dyadic interactions. We also observe exact reciprocity in the
gna datasets, but again, only for dyadic interactions. In theCitation dataset, exact
reciprocity is present across interactions of all sizes, albeit to a smaller degree. Overall,
exact reciprocity tends to decrease as hyperedge size increases. Strongly reciprocated
hyperedges are common across all systems, but their ratio declines with hyperedge size
at di erent domain-dependent rates. Weak reciprocity, however, is widespread across
systems and tends to increase with hyperedge size, indicating that larger interactions
tend to exhibit more mutual exchange when reciprocity is de ned more loosely. These
ndings suggest that weaker notions of reciprocity are valuable in providing insights into
the overall reciprocity of systems with larger interactions.

4.5 Motif analysis in directed hypergraphs

We recall that motif analysis involves counting the frequency of patterns of interactions
in connected subgraphs of a given number of nodes. This framework was rst introduced
by Milo et al. [60] to extract the fundamental functional units of complex systems [61]. In
Chapter 2, we have extended motif analysis to hypergraphs to capture patterns of inter-
actions with arbitrary size. Here, we extend such analysis to consider also the direction
of the hyperedges involved in the patterns.

First, it is interesting to study the combinatorics of the patterns of directed subhyper-
graphs. There is no simple closed-form formula for counting the number of possible
directed higher-order motifs as a function of their orden, i.e., the number of nodes in the
patterns. We can estimate the number of non-isomorphic connected directed hypergraphs
in a way similar to [1]. Given a set oh nodes, the number of possible directed hyperedges
is3" 2 ., v 1=3" 2 2"+1. This expression counts the ways to partition the

n nodes into three disjoint sets: source, target and empty set. We subtract the invalid
combinations with empty source or target sets. Given nodes, we ensure connectivity by
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Figure 4.6: Combinatorics of directed higher-order motifs. Upper (dashed lines)
and lower (solid lines) bounds on the number of higher-order motifs as a function of their
order. Blue lines refer to undirected motifs on hypergraphs, red lines refer to the directed

case.

Figure 4.7: Directed higher-order motifs in real-world hypergraphs. The three
most representative directed higher-order motifs of orders three and four from each system.
The color of a group interaction encodes its type: one-to-one (black), one-to-many (blue),
many-to-one (red), and many-to-many (green). We group statistics of systems within the

same domain.
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selecting a chain oin 1 hyperedges and including them in the hypergraph, leaving us
with 3" 2 2" n+2 remaining possible hyperedges. For each remaining hyperedge, we
decide whether to include it or not, resulting in2®" 22" "*2 total hypergraphs. Since we
are interested in non-isomorphic hypergraphs, we divide this number Iy, the number

of ways to label the vertices, providing the lower bounw. If we ignore the con-
straints of non-isomorphism and connectivity, we count the number of possible labeled
hypergraphs. Since each of th8" 2 2"+ 1 possible hyperedges can either be included
or excluded, the total number of labeled hypergraphs is at mog" 22", Figure 4.6
shows the upper and lower bounds on the growth of possible sub-hypergraph patterns as
a function of the number of nodes (order), for both the undirected and directed cases.
The estimated number of patterns grows super-exponentially, even in the undirected case.
In the directed case, the growth is even faster due to the need to consider all possible
subdivisions into source and target sets.

We propose an exact algorithm to count the frequency of all connected sub-hypergraph
patterns, following ideas from Chapter 2. An extensive presentation of the algorithms for
motif analysis in directed hypergraphs, including pseudocode and performance evaluation,
is available in Appendix C.3. To distinguish meaningful, non-random interaction patterns
from those that may occur by chance, we use a con guration model as a null model
to evaluate the statistical signi cance of the interaction patterns after computing their
frequency in our directed hypergraphs. The con guration model generates randomized
versions of the original hypergraph while preserving key properties, such as the in-degree
and out-degree sequences, as well as the source and target sizes of the hyperedges [124]. By
comparing the observed frequencies with those found in the randomized networks, we can
identify signi cantly over-represented motifs. In particular, each motifi is associated with
the abundance score ; relative to random networks proposed in [61]. This abundance
score is de ned as follows:

Nreal h Nrand;i

= _ 4.1
Nreal + hNrand;i + (4.1)

where Nreal is the frequency of motifi in the empirical hypergraph andhNrand;i is
the average frequency of motif across multiple realizations of the con guration model.
Following [1, 61], we set = 4. We sample 10 times from the con guration model.
Given the intractability of the problem for large sub-hypergraphs, we limit our study of
empirical data to patterns involving three and four nodes. Moreover, we focus on patterns
that include at least one group interaction.

In Figure 4.7, we show the most over-represented patterns of directed higher-order inter-
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actions with three and four nodes across di erent domains. Each domain reveals distinct
motifs, characterized by di erent directed hyperedge types, sizes, densities and patterns
of reciprocity. In terms of hyperedges types-mail and gna involve abundant patterns
with only many-to-one and one-to-many interactions. Other datasets display more di-
verse patterns, including combinations of one-to-many, many-to-one, and many-to-many
interactions (the latter is possible only in motifs with four nodes). Traditional one-to-
one interactions are commonly part of abundant patterns in all datasets. The number
of interactions in abundant sub-hypergraphs is small in th&itcoin , Metabolic  and
Citation  domains, often involving just one or two hyperedges. In contrast, thEe-mail

and gna domains tend to be richer in interactions. This observation is reversed when
considering the average size of interactions. The relation between the number and the
average size of interactions aligns with previous studies on undirected higher-order mo-
tifs [1]. A common pattern in many datasets is the coexistence of group interactions
alongside lower-order interactions within the same set of nodes. These interactions seem
to play a role in increasing the overall reciprocity of the patterns, suggesting the exis-
tence of a feedback mechanism. This is particularly evident iB-mail data. In addition

to reciprocity, the direction of lower-order interactions in abundant patterns suggests a
reinforcing mechanism where subsets of source and target nodes interact at multiple in-
teraction sizes. These observations are closely connected with the insights discussed in
the previous sections about frequent co-senders and co-receivers nodes and higher-order
reciprocity.

4.6 Discussion

Directed hypergraphs enhance our modelling abilities by accounting for directionality
in group interactions, distinguishing between source and target sets for each hyperedge.
This versatile framework can accurately model a range of diverse real-world systems and
interactions, including nancial transactions, email exchanges, and metabolic reactions.

In this Chapter, we proposed new measures and tools to analyze the structural organiza-
tion of directed hypergraphs at their microscale. First, we analyzed hyperedge signature
vectors to identify the abundance of each hyperedge structure across datasets and iden-
ti ed classes of systems sharing similar higher-order connectivity patterns. Second, we
analyzed the excess overlap among source and target sets for each node in each system.
The resulting distributions suggest that di erent domains may follow distinct organiza-
tional principles, ranging from redundant to more diverse interaction patterns. Then, we
introduced three distinct types of higher-order reciprocity measures: exact, strong, and
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weak reciprocity. Each de nition o ers a di erent perspective on how group interactions
can be reciprocated, ranging from strict to more relaxed forms of reciprocal in uence,
and can be computed e ciently, making it suitable also for the analysis of very large
systems. We showed that all systems exhibit reciprocity in broad terms, though di er-
ent domains are associated with speci c patterns and sensitivity to speci c reciprocity
measures. Lastly, we extended the notion of motifs to directed hypergraphs, capturing
recurring patterns of directed interactions. Motif analysis revealed frequent microscale
structures and highlighted common organizational principles playing a role in the func-
tion and behavior of systems, such as the existence of reinforcing or feedback mechanisms
among dyadic and non-dyadic interactions in groups.

Taken together, by considering the nuances related to the directionality of interactions in
directed hypergraphs, we provide a framework to understand higher-order connectivity in
directed complex systems, opening up a wide range of potential applications in diverse
elds such as social network analysis, biology, and nance. For instance, the study of
multi-party nancial transactions as directed higher-order structures may capture more
complex patterns of fraudulent activity than traditional graph-based models [131]. Simi-
larly, directed hypergraphs may enhance the accuracy of existing frameworks in identifying
and predicting important genes based on genomic expression relations [132]. As scalability
Is a pressing issue in hypergraph algorithms, future work may explore advanced techniques
for detecting motifs in large-scale directed hypergraphs, including sampling methods [2],
to expand our analysis beyond patterns of four nodes. Another interesting venue for
further studies is related to the study of reciprocity in weighted or time-evolving hyper-
graphs, where interactions are associated with di erent intensities or speci c moments in
time.
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Not all interactions in complex systems are alike: they may di er in nature, type, and
scope. This observation led researchers to introduce the concept of multilayer and mul-
tiplex networks [133, 134], where links are encoded into di erent interaction layers, each
representing a distinct type of relationship [21, 22]. Multilayer and multiplex networks can
successfully describe systems such as trade networks [135], transportations networks [136],
collaboration networks [137], and the brain [138]. Multiplex hypergraphs, where layers
encoding hyperedges of di erent type, could o er a robust tool for describing complex
systems that involve group interactions of varying types. Despite signi cant potential,
multiplex hypergraphs remain relatively unexplored, and a general set of tools for their
analysis is still missing.

In this Chapter, we introduce measures to characterize multiplex networks with higher-
order interactions across di erent scales, from node activity patterns to mesoscale organi-
zation. We validate these measures on three real-world systems revealing distinct patterns
of group interactions across di erent contexts and domains.

5.1 Multiplex hypergraphs

Multiplex hypergraphs model systems where interactions among unitg)(may belong to
multiple types and (ji ) are not necessarily dyadic, i.e. they may involve more than two
units. A multiplex hypergraphH is de ned as:

where eachlayer is a hypergraphH (V;E ). Each hypergraphH (V;E ) share the
same set of entitiesv. E P (V) is the set of all interactions of a specic type .
Moreover, we requirgej 2 for all e2 E for any . In other words, each layer in our
framework shares the same set of nodes and represents a distinct set of interactions of
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Figure 5.1: Multiplex hypergraphs represent systems of units that display interactions of
di erent orders and di erent types. Each type of interaction is encoded into a single layer
of the hypergraph. All the layers share the same set of nodes.

the same nature. In Fig. 5.1, we show a simple multiplex hypergraph with nodes and
hyperedges spread acrosslayers.

We remark that our proposed framework is di erent from a multiplex representation of
higher-order interactions where layers are de ned by interactions of di erent order [51,
139].

Here, we introduce a set of general tools to investigate multiplexity across di erent system
scales in networks with higher-order interactions. We validate our measures and discuss
relevant ndings for three distinct real-world datasets:

~

aps (Co-authorship network), where nodes are authors, and hyperedges represent
groups of authors who have co-authored a paper. Each layer collects papers from
the same sub eld of physics, identi ed by a PACS code (Physics and Astronomy
Classi cation Scheme) [87].

imdb (Co-starring network), where nodes represent actors, and hyperedges represent
the cast of a speci ¢ movie. Each layer corresponds to a movie genre.

high school (Social network), where nodes are students, and hyperedges represent
groups of students interacting face-to-face, with each layer grouping interactions
from the same day of the week [14].

Detailed and layer-disaggregated statistics about the datasets are provided in Table 5.1.
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aps imdb high school
Layer N E d Layer N E d | Layer N E d
AMPhys | 30375 12562 3.7 Anim 5545 864 9.5/ Mo | 312 2655 1.3
CM1 63919 27241 3.2 Comedy| 69303 9111 13.6 Tu | 310 3002 1.2
CM2 | 103075 58075 4.0 Doc 13357 2007 7.4 We |303 2543 1.2
EMag | 57056 30908 2.8 Drama | 103163 15384 12.6 Th | 295 2529 1.2
EPart 62997 26703 62.2 Family | 12968 1274 12.6 Fr | 299 2339 1.2
GAA 41535 10670 9.6 Fantasy | 14793 1136 15.
GasPhy | 16182 5120 5.3 Horror | 28254 2964 11.6
Gen 69074 35940 3.2 Thriller | 44188 4739 13.8
IntPhy | 48136 17382 3.0
NPhy 50142 20672 16.7
H 315421 219769 122 H 195377 37465 126 H 327 7818 1.3

Table 5.1: Statistics about three real-world multiplex hypergraphs. For each layer, we
report the number of active nodedN, the number of hyperedge& and their average order

d. In the case of multiple PACS codes or genres associated with a paper or movie, only
one code or genre is randomly selecteHl. is the layer-aggregated hypergraph.

5.2 Node properties

We begin by investigating multiplex properties at the node level. The rst basic measure
we consider isnode activity [140]. A nodei is active at layer if i participates in at
least one interaction at layer . Fig. 5.2 shows statistics on nodes' simultaneous activity
across multiple layers. Speci cally, they-axis plots the proportion of nodes (from the total
node count) active in at leastx layers. By de nition, these curves exhibit a decreasing
trend, with variations in the negative slopes re ecting the datasets' diversity. While it is
uncommon for scientists and actors to be active across more tharor 3 layers, students
tend to be active in all layers. In fact, the inactivity of a student in a speci c layer implies
their absence from school on that day.

So far, we have grouped all interactions together, regardless of their order. To obtain
more detailed insights about higher-order interactions, we can examine node activity for
each speci c interaction orderd. To this scope, we introduce a listA of node activity
matrices, one for each node:

8

<1 ifiis active at orderd in
Ai = fad g= .
0 otherwise

Similarly, one can de ne activity from a layer perspective and consider a lig of layer
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Figure 5.2: Proportion of nodes active in at leask layers across three di erent datasets.
Colored dashed lines indicate the number of layers in each respective dataset.

Figure 5.3: a) Each dataset is a graph in which vertices represent the layers of the mul-
tiplex hypergraphs and the thickness of an edgé; ) quanties the pairwise cosine
similarity of layer activity matrices B ;B associated with layers and . Vertex size is
proportional to the number of nodes active in that layer. b) MatrixL associated with each
dataset. Rows are normalized by the number of nodes active in each layer. Interaction
orders are binned exponentially.
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activity matrices, one for each layer :
8
<1 ifiis active at orderd in

- 0 otherwise

It can be useful to aggregate information about nodes and de ne aamggregated layer
activity matrix L as:

L = fl4 g= jf nodes active at orded in gj

In Fig. 5.3a, each dataset is represented as a graph where vertices are the layers of the
multiplex hypergraph and links measure the similarity in activity patterns of two layers

and , quanti ed as the cosine similarity of their node activity matricesB andB . The
thicker the link, the higher the similarity. This gure emphasizes layers that not only share
common active nodes, but also exhibit similar patterns of participation across di erent
hyperedge orders. Particularly, a consistent higher-order similarity is observed across
school days, re ecting recurring interaction patterns throughout the week. Other datasets
show more heterogeneous behaviour, with documentary casts di ering signi cantly from
other layers, while drama and comedy casts exhibit similar patterns.

Fig. 5.3b shows the aggregated layer activity matricds for the three datasets. To account
for variations in layer size, we normalize each row by the total number of active nodes in
the respective layer. Distinct collaboration patterns emerge across the sub elds of physics
and movie genres. For instance, scientists in General or Electromagnetic Physics usually
contribute to papers with a smaller number of co-authors, whereas co-author groups
in elds like Elementary Particles and Nuclear Physics exhibit more variation in size.
In movie collaborations, actor activity is concentrated in medium-size groups, typically
between ten and twenty members. However, documentaries often feature smaller casts,
while family and comedy movies tend to have larger ones. The gure once again highlights
how students at school maintain a consistent group size in their interactions throughout
the week.

Similar to node activity, node degree (de ned as the number of interactions in which a
node participates) is another property that can be used to measure the activity across the
di erent layers and interaction orders. We de ne a listK of node degree matricesone for
each node:

Ki = fkq g = jf hyperedges of orded

involving i at gj
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Figure 5.4: a) The heatmap shows the pairwise correlation between the degrees of nodes
across di erent layers. The color scale indicates the strength of the correlation, with blue
representing low correlation and red representing high correlation. b) A system unitis
represented as a point on a Cartesian plane, with the overlapping deg@eon the y-axis,

the participation coe cient P; on the x-axis, and the average order of the interactions in
which the unit is involved indicated by color intensity.
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We usek; to denote thetotal number of interactionsinvolving i in layer , irrespective

of their order:
Yo
ki = Kid ;
d=1

whereD is the order of the largest interaction in the dataset.

In Fig. 5.4a, we analyze the correlation of node degree across layers, exploring the extent to
which a node with a high or low degree in one layer similarly exhibits a high or low degree
in another layer. The correlation matrix for physics collaborations uncovers a hierarchical
structure, with strong correlations among speci ¢ sub elds sharing commonalities and
notable scientists, such as in Nuclear and Elementary Particles Physics. In contrast, the
degree correlations among actors are generally weak, though certain genres, like thriller
and horror, show similarities. A signi cant correlation in node degrees across consecutive
days in high school suggests stable and structured daily interaction patterns, implying
that individuals with numerous interactions on one day tend to maintain similar levels of
interactions on subsequent days, and vice versa.

We now de ne the overlapping degrees for a nodei as the total number of interactions
involving i, irrespective of both layers or orders:

It can be interesting to measure i() how the overlapping degree of a nodeis spread
across the layers, i.e., if the degree is concentrated in certain layers or if it is uniformly
distributed; (ii ) how interactions involving nodei are spread across orders. We measure
(i) by de ning the participation coe cient P; of a nodei of the degree with respect to

the layers: " #
My ooy 2

wherek; is the degree of node at layer , ¢ is the overlapping degree of node and
M is the total number of layers. We measureii() by considering the average order of the
interactions nodei participates in.

In Fig. 5.4b, we represent each unii of the dierent systems on a Cartesian plane,
characterizing them across three distinct dimensions: their overlapping degreeg(on the

y-axis), their participation coe cient P; (on the x-axis), and the average order of the in-
teractions in which they are involved (indicated by color intensity). In general, such three
dimensions provide di erent information about connectivity patterns and are only weakly
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Figure 5.5: Distribution of hyperedge orders disaggregated by layers in each dataset.
Colors distinguish between di erent layers, with interaction orders binned exponentially.

correlated, or even uncorrelated. Iraps, scientists are spread across the plane in terms

of degrees and average interaction order, displaying an overall tendency towards special-
ization in a selected number of physics sub elds, yet the behavior remains heterogeneous.
imdb displays isolated outliers with a very high degree, low dispersion around the average
interaction order, and a general tendency towards uniform participation across multiple

genres. high school shows students covering the entire spectrum of node degrees and
average group orders, with an expected tendency to interact uniformly across school days.

5.3 Hyperedge properties

We now turn our attention to the properties of the hyperedges encoding interactions in
the same three real-world systems.

We begin by considering the simplest measure for characterizing higher-order interactions,
namely, the order of the groups. In Fig. 5.5, we plot the hyperedge order distribution
disaggregated by layersaps andimdb reveal heterogeneity across layers, suggesting that
di erent physics sub elds and movie genres exhibit distinct patterns of collaboration in
terms of the number of people involved in a paper or a movie cast. For example, gen-
res such as documentaries and animated movies typically feature fewer actors compared
to other genres. Conversely, papers in Elementary Particles and Nuclear Physics often
include a larger number of authors compared to those in other areas of physics. The
distributions in high school are stable across layers, indicating that patterns of face-to-
face interactions tend not to change over the days, with a general preference for smaller
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groups over larger ones.

Another property frequently studied in the context of multiplex networks is edge overlap,
which measures the extent to which interactions among the same nodes tend to repeat
across multiple layers. We de nehyperedge overlamas the maximum number of layers

in which an interaction repeats exactly. In Fig. 5.6, we present the distribution of hy-
peredge overlap, including information about the order of the interactions. As expected,
aps displays a high degree of hyperedge overlap, indicating that the same set of scienti ¢
authors consistently interact across multiple areas of physics. Conversely, for actors, hy-
peredge overlap decays very rapidly. Small interactions typically exhibit a higher degree
of overlap than large interactions. Historically, edge overlap in multiplex networks with
higher-order interactions has often been investigated by projecting hyperedges at di erent
layers into cliques, frequently resulting in extremely high values of edge overlap. Our anal-
ysis suggests that patterns of hyperedge overlap are more complex and that projections
of hyperedges can account for the high amount of overlap previously observed [22].

Finally, we assign a scord®, to each hyperedgee, de ned in terms of the participation
coe cient of the nodes involved in the interaction:
1 X

P.= — P;
) 18 i2e |

Figure 5.6: Number of hyperedges as a function of their overlap, i.e., the maximal number
of layers in which an interaction repeats. Markers are scaled proportionally to the average
order of hyperedges. Colored dashed lines indicate the corresponding number of layers in
each dataset.
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Figure 5.7: Boxplots showing the distribution of hyperedge participation coe cientP,
across layers in each dataset.

where jg represents the number of nodes participating in hyperedge and P; is the
participation coe cient of node i, as de ned in the previous section.

This measure captures the tendency of hyperedges to connect nodes that either specialize
in a few layers or act as generalists across multiple layers. In Fig. 5.7, we use boxplots to
show distributions of P for hyperedges in various layers. It is noteworthy that layers can
display heterogeneous mean values for the participation coe cient of their hyperedges.
For example, casts in documentaries and co-authors in Nuclear and Elementary Particles
Physics tend to include specialists. On the other hand, family and thriller movies are more
likely to feature generalist actors. Inhigh school |, layers exhibit a consistent maximum
mean value for the participation coe cient of hyperedges, attributed to students' regular
attendance at school each day.

5.4 Mesoscale properties

We nally shift our focus towards mesoscale structures, examining the emergence of com-
munities and core-periphery structures within di erent layers of real-world hypergraphs.

Communities are groups of nodes that display a higher degree of connectivity among
themselves than with the rest of the nodes in the system. In hypergraphscammunity is

de ned as a subset of nodes that tend to form cohesive units by participating in common
hyperedges. When analyzing multiplex systems, it is typical to examine the similarities
in community structures observed across various layers. In this direction, we employ a
method for hard clustering, applied independently to each layer, which is an extension
of the well-established Infomap algorithm to the case of hypergraphs [43]. In general,
Infomap minimizes the map equation, which quanti es the description length required

to represent the random walker's movements on the network [141]. This optimization
e ectively partitions the network into communities that best capture the inherent modular
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Figure 5.8: a) Heatmaps illustrating the similarity of community structures across layers,
measured by Normalized Mutual Information (NMI), for the three datasets. In these
heatmaps, high NMI values are represented by light colors, while low NMI values are

represented by dark colors.
(b) Core-periphery scorec; across layers for each node in the datasets, visualized as
heatmaps. Rows are layers and columns represent nodes. Lighter colors are higher
coreness values. Nodes are consistently sorted across layers based on their coreness in
the aggregated hypergraphs, i.e., the hypergraph obtained by collapsing all layers into a
single layer.
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