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ARTICLE INFO ABSTRACT

Communicated by Enrico Valdinoci The goal of this paper is to study weak solutions of the Fokker-Planck equation. We first
discuss existence and uniqueness of weak solutions in an irregular context, providing a unified

1?\:?:(;2 treatment of the available literature along with some extensions. Then, we prove a regularity

35B65 result for distributional solutions under suitable integrability assumptions, relying on a new,

35K57 simple commutator estimate in the spirit of DiPerna-Lions’ theory of renormalized solutions for

35Q35 the transport equation. Our result is somehow transverse to Theorem 4.3 of Figally (2008):

35Q84 on the diffusion matrix we relax the assumption of Lipschitz regularity in time at the price of

X i assuming Sobolev regularity in space, and we prove the regularity (and hence the uniqueness)
eywords:
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1. Introduction
This paper deals with regularity and uniqueness issues for weak solutions to the Fokker-Planck equation

{a,u +div(bu) — 2 ¥, 9 (a ;) =0 in (0,T)xR?, (EP)

uly—g = g in R9,

where u : (0,T) xR? — R is the unknown, b : (0,T) xR? — R? is a given vector field, a = (¢;)); ;=14 : (0.T)xRY - R is a
given diffusion matrix and u, : RY — R is the initial datum. We are interested here in positive definite fixed diffusivity and not in
behaviors for small (or vanishing) diffusivities and we refer to [2,5,8,10,18,20,24] for some recent results with degenerate viscosity
coefficient. The Eq. (FP) arises frequently in fluid-dynamics models where u is a passive scalar which is simultaneously advected (by
the given velocity field b) and diffused by the second order operator associated with the matrix a, see [25,26]. The Fokker—Planck
equation is also intimately connected to the stochastic differential equation

{dX,,S(x) = b(s, X, ;(x) ds + o (s, X,’S(x)) dw, (SDE)

Xt,t(x) =X,
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where ¢ : (0,7)xRY — R¥* is a matrix function and W, is a d-dimensional Brownian motion on a probability space (£, F,P). For
sufficiently smooth b and o, by defining the matrix

a(t,x) = 6(t,x)o (1, x), (1.1)

one has that the law of X satisfies Eq. (FP) and the Feynman-Kac representation formula holds

u(t, x) 1= Efug(X, o(x))], (1.2)

where E denotes the expected value on the probability space (£2, F,P). Roughly speaking, the connection between (FP) and (SDE)
is reminiscent of the one between the linear transport equation and the flow of the vector field b (which can be recovered as
the end-point 6 = 0) — see however [12,18,19] and references therein for a more in-depth discussion of these connections.
Fokker-Planck equations are also relevant in Statistical Mechanics [13,28], Mean-Field Games theory [6,16,27], and Stochastic
Analysis [1,7,12,14,29].

In this paper we are interested in the case in which both the driving vector field and the diffusion matrix are irregular, i.e. we
will require only integrability and/or weak differentiability properties on b and a. Besides the purely theoretical interest, this is a
common situation in fluid dynamics models: we refer the reader to [18, Section 4] for an overview of modeling polymeric fluids
with SDEs and Fokker-Planck equations with irregular coefficients.

The well-posedness of the Cauchy problem in the smooth context is a classical result, see [15]. Out of the smooth setting the
main issue are uniqueness and regularity of solutions. Indeed, existence results can be obtained by a simple approximation argument:
under global L?-bounds on the vector field and the diffusion matrix, one easily establishes energy estimates which allow to apply
standard (weak) compactness results. The linearity of the equation ensures that the weak limit is a solution to (FP). At a closer
look, however, different a priori estimates are available for (FP) and this is reflected in the presence of various notions of solutions.
Understanding the relationships among different notions of solutions is one of the aims of the present work. We recall that this was
the subject of study in a recent survey for constant diffusion matrix, see [3].

1.1. Distributional and parabolic solutions
Letbe LI}, a € L!'LY, and let uy € LY for some 1 < p,q < oo such that 1/, + 1/4 < 1. With these assumptions it is possible

to introduce distributional solutions to (FP), i.e. functions u € L® L? solving the equation in the sense of distributions. Define the
vector field

- 1
bi=b- Y0 (1.3)
J
Note that, formally, Eq. (FP) is equivalent to
Ou + div(bu) — % Z 9;(a;;0;u) = 0, (FP-div)
ij

which is also known as the Fokker-Planck equation in divergence form. Then, we consider the following set of assumptions:

Assumptions

(A1) the diffusion matrix a is uniformly bounded, i.e.
a € L®((0,T); L*(R?; R™));

(A2) the diffusion matrix a satisfies
d
Y 0,a; € L*((0,T)xRY),  forallie{l,..d};
j=1

(A3) the vector field b satisfies

d —
. . 1 dy.
(divbh)~ = <d1vb— 3 i;} a,.ja,j> € L®((0,T) x RY);
(A4) the diffusion matrix is uniformly elliptic, i.e. there exists @ > 0 such that for every & € R¢ it holds

(& a(t,x)E) > alé]?,  for a.e.(t,x) € (0,T) x R?.

One a priori estimate for smooth solutions is the following

t
llute, 1%, < N, + (g = DIEVE) oo / luCs. 11, ds. 1.4)
0
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and a standard approximation argument provides the existence of a distributional solution to (FP). However, distributional solutions
are not, in general, unique, not even in the case of constant coefficient diffusion matrices, see [21-23]. This motivates the
introduction of another notion of solution. Exploiting the presence of the second order operator in the equation, one can show
another energy estimate for smooth solutions, namely

t t
[luct, .)||2L2 + a/ / |Vu(s, x)|>dxds < ||u0||iz —/ / divh(s, x)|u(s, x)|*dxds
0 JRd 0 R4

for every t € [0, T], which suggests that one should look for solutions possessing L? gradient, i.e. solutions that are H' in the space
variable. We therefore say that a distributional solution u € L® L! to (FP) is parabolic if it holds u € LtzH ;

Parabolic solutions carry the exact regularity needed to establish their uniqueness under suitable integrability assumptions on b
and a. In the setting of rough drift/diffusion coefficients, two uniqueness results for parabolic solutions are available under slightly
different assumptions:

+ in [12] it is shown that a parabolic solution « € L L2 n L2H is unique provided that u, € L2 and b € LS, satisfy (A1), (A2),
(A3) and (A4);
« in [18] it is proved that a parabolic solution u € L,°°(L)2( nNLY)N LIZH; is unique in the set

{ue LJH} : 6" Vue L] },

where o is defined accordingly to (1.1), provided that

uy € L2n L
272 ; ; b 1yl 17 .
beLiLy satisfy the growth assumption o € L, L +L/ LY
- the matrix oo’ is uniformly positive definite;
6 € L¥L> _satisfy the growth assumption —— € L2L% + 2L
x,loc T x tx

1+]x|
divb e L L.

The main difference between the two results lies in the L*® assumption: [12] assumes b,a € L;’";, while [18] assumes u, € LY.
Moreover, the proofs of these two results are based on different techniques: in [12, Theorem 4.3] the author uses a functional analytic
approach closer to the one commonly used for elliptic/parabolic equations which make use of a Lax-Milgram type argument; on the
other hand, the result in [18] is more “hyperbolic” in nature resorting to commutator estimates and on the theory of renormalized
solutions as done in [9] for the linear transport equation. In this regards, the L,2 Hx1 regularity of the solution allows to obtain a
better control on the so called commutator, which measures the error one commits when considering smooth approximations of the
solution. In particular, in [17,18] it is shown that the commutator for parabolic solutions converges strongly to 0 in Lt"x, but better
bounds can be established for parabolic solutions u € L>H! if b € L2L? (see Section 2 for a comprehensive list of old and new
commutator estimates).

Relying on these techniques, in Section 3 we provide a presentation of the available results on the well-posedness of (FP) together
with some technical extensions.

We make use of the new commutator estimates to prove the uniqueness of parabolic solutions of (FP) in a setting that incorporates

and generalizes those of [12,18], thus providing a unified treatment of the existing literature. Our theorem is the following.

Theorem 1.1. Let uy, € L?> n LI(RY) be a given initial datum and assume that

(i) be L2((0,T); L?(RY;RY) with 1/p+ 1/q=1/2;
(ii) b satisfies the growth condition

€ L0, 7); L'R4;RY)) + L1((0, T); L (R?; RY));

1+ |x|
(iii) a satisfies (A1), (A2) and (A4);
(iv) the vector field b defined in (1.3) satisfies
(divh)™ € L'((0,T); L*(R?)).
Then, there exists a unique parabolic solution u to (FP).

Note that if p = o0 and g = 2 we precisely recover the existence and uniqueness of parabolic solutions to (FP) in [12, Theorem
4.3], while when p = 2 and ¢ = oo we obtain essentially the corresponding result in [18] — see however Section 3.1.1 below for a
detailed comparison between the two results.

1.2. Regularity and uniqueness of distributional solutions
According to our definitions, parabolic solutions cannot always be defined, but if they can, then they are always distributional.

The converse implication is, in general, not true: in [21] it is shown that there exist infinitely many distributional solutions u € L{® Li
to (FP) with a divergence-free vector field b € L;’°L§ and a = Id, while the parabolic one is unique. This motivates the search for
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a condition that guarantees parabolic regularity of a distributional solution. In addition to the uniqueness of parabolic solutions,
in [12] it is proved that the condition

0,a;; € L¥((0,T) x RY)
fori,j =1,...,d, implies that every solution u € L2((0,T) x RY) to (FP) belongs to the space
Y :={u € L*(0,T); H'(RY)) : o,u € L*((0,T); H~'(RY))}.

The idea of the proof is simple: once the solutions in Y are proved to be unique, uniqueness in the functional space L%X follows
from a regularity argument which makes use of the condition d,a € L;5,. Our purpose is to investigate the role of the assumption on
the time derivative of a. In this regard, we show that if we replace d,a;; € L, with some Sobolev regularity in space, distributional
solutions are actually more regular. Our theorem reads as follows:

Theorem 1.2. Let p,q > 1 such that 1/p + /4 < 1/2. Assume that b € L*((0,T); L’(R?;R?)) and a € L*((0,T); WP(RY; R¥*?)) satisfy
(A2), (A4), and (divh)~ € L'((0,T); L*(R?)). Letu € L¥((0,T); LY([R?)) be a distributional solution to (FP), then u € L*(0,T); H. (R?)).

0C
The proof relies again on a new commutator estimate: we show that, in the current regime, the convergence to zero of the
commutators takes place in L,2 H;]‘OC and this, together with the energy estimate, implies the regularity of distributional solutions.
Moreover, in the particular case p = oo, g = 2 we obtain the uniqueness of distributional solutions in Lix - notice that here we need
the stronger assumption (A3) instead of the weaker L,1 LY control on (divh)~.

Theorem 1.3. Assume that b € L®((0,T); L*(R?)) and that (A1), (A2), (A3) and (A4) are fulfilled. Moreover, assume that Va €
L®((0,T) x RY). Then, any distributional solution u € L*((0,T) x R?) of (FP) belongs to Y and thus it is unique.

The theorem above is somehow transverse to [12, Theorem 4.8], i.e. we replace the assumption on the time derivative d,a € Ly
with an assumption on the spatial gradient Va € L[, Note that we need the L;® assumption on Va to compensate the L? assumption
on u.

Furthermore, the local regularity in space HI{)C provided by Theorem 1.2 suggests investigating whether uniqueness of solutions
to (FP) holds in this larger functional space. We will say that a distributional solution u € L® LY to (FP) is locally parabolic if it holds
u € L,ZH ;,loc' Assuming suitable growth conditions on b, a (similarly to [9,18]), we prove that distributional solutions are locally
parabolic and unique in the class L®((0,T); L4(R%)):

Theorem 1.4. Let uy € LI n L®(R?) be a given initial datum for some q > 2 and assume that b € L*((0,T); L’(R%)) and
a € L*((0,T); WhP(RY)) with 1/p + 1/q = 1/2 satisfy (A2) and (A4). Moreover, we assume the following growth conditions

b(t,x) 9;9;(t.X) a(t,x)

T+l T+ 11 P € LY((0.7); L'®RY)) + L'((0,T); L*(R?)). 1.5)
X

Then, there exists at most one distributional solution u € L*((0,T); LY(RY)) n L2((0, T); H} (R?)).

In the proof we use the assumptions on p,q and the Regularity Theorem 1.2 to show the existence of a solution in
L®((0,T); LIR))NL2((0,T); HllOC (R9)). Then we exploit the growth conditions on b and a to use a Gronwall type argument following
the same strategy of Theorem 1.1. Finally, we show how we can play with the integrability exponents in the growth conditions to
guarantee that a distributional solution is in L2((0, T); H'(R?)), obtaining the following result:

Theorem 1.5. Let u € L®((0,T);L* n Li(R?) be a distributional solution of (FP), and let b € L*((0,T); L’(R?)) and a €
L0, T); WP(RY)) with 1/p+ 1/q = 1/2 satisfy (A2) and (A4). Moreover, assume that 2 < q < % together with the following growth
conditions
b(t,x) 9;4;;(,X)  a(t,x)
L+Ix]” T+x|] 714 |x?

Then u € L*((0,T); H'(R)).

We conclude this introduction by observing that the well-posedness landscape of (FP) in the non-smooth regime is far from being
completely understood. Recently, several authors have devoted their attention to the construction of exotic non-unique distributional
solutions to Fokker—Planck type equations (and also for related PDEs in fluid-dynamics). These counterexamples are mainly provided
in the case of constant diffusion matrix — we refer the reader to our recent survey [3] for a thorough analysis of the problem and
for additional references. From the mathematical point of view, handling the PDE in the presence of irregular diffusions is even
more delicate. At the same time, anisotropic diffusions naturally appear in the physical models and therefore the study of (FP) in
this setting is of paramount importance.

1 175 md 1 . 7 oomd
€ L' ((0,T); L-2(R%)) + L ((0,T); L*(R)).

1.3. Structure of the paper

In Section 2 we collect the commutator estimates which will then be the heart of all the proofs that follow. In Section 3 we
recall the definitions of distributional and parabolic solutions of (FP) and we prove their existence together with the uniqueness
of parabolic solutions. These results are technical improvements of [12,18], providing a unified treatment. Finally, in Section 4 we
prove our Regularity Theorems 1.2 and 1.3. Moreover, we discuss the role of the growth conditions, proving Theorems 1.4 and 1.5.

In what follows, we will often omit the summation symbol and we will adopt the convention of summing over repeated indices.
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2. Commutator estimates

In this section we collect commutator estimates that will play a predominant role in the entire paper. First, we recall some known
results on the L! convergence of the commutator. We provide the proofs for completeness but they can be found in [9,18,19]. We
remark that the convergence of the commutators is the key tool to prove the renormalization property (and hence the uniqueness)
of distributional solutions of the linear transport equation, see [9]. To fix the notation, let p € CC""(R" ) be a smooth convolution
kernel such that

/ p(x)dx =1,
Rd

and for any & > 0 define p° as

Px) = 5idp(§) @1

2.1. Commutator estimates in L'
We start by proving some classical commutator estimates. The following lemma holds.

Lemma 2.1. Let b e L2((0,T); Lfoc(]Rd :RY)) be a vector field and let w € L*((0,T); LfOC(Rd )), where p, q are positive real numbers with
1/p+1/g < 1. Let (p%)5 be a family of smooth convolution kernels. Define the commutator of w and b as follows:
/= div(bw?) — div(bw) = p® = r‘ls + rg, (2.2)

where

r‘lg =b-V(w = p®)—(b- Vw) * p°, rg = w x pPdivh — (wdivh) = p°. (2.3)

Then we have the following:

« if Vw € L*(0,T); LY (R4;R?)), then r® converges to 0 in L'((0,T); L} (RY));
loc 1

loc

« if divb € L'((0,T); L®(RY)), then rg converges to 0 in L'((0,T); LY (RY)).

loc

Proof. We start by showing the convergence of r‘f. Observe that, for a.e. t € (0,T) and a.e. x € RY, we can explicitly write the

commutator r’lS in the following form:

#(t,x) = [b- V(w  p)I(t,x) = [(b - Vw) * p°1(t, x)

=b(t,x)- V / w(t,x — y)p°(»dy — / b(t,x — ) - Vw(t, x — »)p° (y)dy
]Rd ]Rd
= /R , P°(») (b(t, x) = b(t, x — ) - Vuw(t,x — y)dy

= / p(z) (b(t,x) — b(t,x — 6z)) - Vw(t,x — 5z)dz.
R

Let Q be any bounded subset of R?, we have that

// [73(2, x)|drdx = //
O.T)xQ0 0.T)xQ

T
< / p(z)/ / |b(t, x) — b(t,x — 62)||Vw(t, x — 6z)|dxdtdz. 2.4)
B, o Jo

/ p(z) (b(t,x) — b(t,x — 6z)) - Vw(t,x — 6z)dz| drdx
R

Since (1, x) — b(t,x) — b(t, x — 6z) converges to 0 in measure (for every fixed z), the conclusion follows by the Dominated Convergence
Theorem.

Now we consider the commutator rg: observe that w * p® — w strongly in L® Lfoc and similarly (wdivb) % p® — wdivb strongly
in L""L;’OC and this concludes the proof. [

Remark 2.2. It is worth observing that no assumption on the divergence of b is necessary for the convergence of r‘ls.

Lemma 2.3. Let w € L%((0,T); Wl];”(Rd )) and let a € L2((0, T);Wllf (RY; R¥*)) be a matrix-valued function, where p,q are positive
real numbers with 1/p+1/q4 < 1. Let (p°)s be a family of smooth convolution kernels defined as in (2.1). Define the commutator of w and a
as follows:

s° 1= Y [0y (a,w)]  ps = 0lay(w * p)l. (2.5)
i.j

Then s° converges to 0 in L'((0,T); L} (R%)).

loc
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Proof. We can rewrite the commutator s° as follows
s0 = z[aij(aijw)] * ps — aij[aij(w * pg)]
i.j
= Z[ai(aijajw)] * ps — a,-[a,-jaj(w * pg)] + Z[ai(ajaijw)] * ps — a,-[aja,-j(w * ps)]
iy ij
= s‘; + sg.
We start by analyzing s‘f: for a.e. (,x) € (0,T) x RY we can write
s8(t,x) = Y'10,(a,;0;10)] % ps(t, x) = 9;[a;;0;(w * ps)I(t,x)
ij

= Z /R[ 9;la;;(t, x — y)9;w(t, x — y)ps(y)dy — 9; <a,-j(t, x)0; /Rd w(t,x — y)pa(y)dy>
ij ¢

= Z /Rd 0;l(a;;(t,x — y) — a;;(t, x))0;w(t, x — y)lps(y)dy
i

a;(t,x —0z)—a;;(t,x)
=—2/ Y J ()jw(t,x—éz)aip(z)dz
i RrRd )

1
= Z/ / o;w(t,x — 6z)Va;;(t,x — s6z) - 20;p(z)dsdz,
ij JRJO
where in the fourth line we changed variables and integrated by parts. Then, for a.e. (¢, x) the commutator s‘f converges to
L8 _ -
;1_r>r(1) st x) = ,Z,: 9;w(t, x)Vay;(t, x) - /Rd 20;p(z)dz = — ,Z,: 9;w(t, x)d;a;;(t, x) /Rd p(z)dz. (2.6)

]

5 we have that

We now focus on s

$3(t.x) = z[ai(ajaijw)] # pg(t, x) = 0;[0a;;(w * ps)I(t, x)
i
2 /]Rd 9;19;a;;(t. x — y)w(t, x = y)lp;(y)dy — 9; <a/“fj(t, x) /]Rd w(t, x - Y)Pes(Y)dy>
i

= Z 6‘- [aj(aij(ts xX—y) - aij(ta xX)w(t, x — ,V)]ﬂ(s(Y)dy
iy JRI

0:a;;(t,x —6z) — d;a; (1, x)
==X / — L (e, x — 62)9,p(2)dz
i,j R4 o

a;;i(t,x —6z) —a;;(t,x) a;(t,x — 82) — a;(, %)
= Z/ ij ij 0;w(t,x — 62)0;p(z)dz + Z/ ij ij wlt, x - 520, p(2)dz
iy JR 6 7 JRe 1)

1 1
=— z /Rd /0 o;w(t,x — 6z)Va;;(t,x — 56z) - 20;p(z)dsdz — Z /Rd /0 w(t,x — 6z)Va;;(t,x — s6z) - 20;;p(z)dsdz .
ij ij

g Irs

Thus, one can check the following a.e. convergences

- -

lim 1°(1,.x) = ‘Z/: 9;w(t, x);a;,(t, X) /R o)z, 2.7)
and

;iil(l) I1%(1,x) = —w(t, x) ,z;' Va;;(t,x) - /Rd 20;;p(z)dsdz = 0. (2.8)

We have thus shown that s® — 0 for a.e. (t,x) € (0,T) x R?%. The convergence in L'((0, T);LIIOC(R")) follows from the dominated
convergence theorem. []

2.2. Commutator estimates on negative Sobolev norms

We now show some new commutator estimates which will allow us to prove the regularity of a distributional solution within
an appropriate integrability range.

Lemma 2.4. Let b e L%((0,T); Llpnc(]Rd ;R9)) be a vector field and let w € L™((0,T); LfOC(Rd )), where p, q are positive real numbers with
1/p+1/q < 1/2. Let (p°)5 be a family of smooth convolutions kernels and define r® as in (2.2). Then r® converges to 0 in L>((0,T); H~! (R?)).

loc
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Proof. We recall that the commutator r° is given by
= div[b(w * p®)] — [div(bw) = p°] = div[b(w * p°) — (bw) * p°],
in the sense of distributions on (0,T) x R¢. We can thus write

(1, x) = div, < / [b(t, x) — b(t, x — Y w(t, x — y)p‘s(y)dy>
]Rd

and, for a given bounded subset Q of RY we can estimate

// @t x)e(t, x)dtdx
0,7)xQ

// < / [b(1,x) — b(t, x — y)]w(t, x — y)pé(y)dy> - Vo(t, x)drdx
0,7)xQ

T
< sup / p(z)/ / |b(t, x) — b(t,x — 6z)||w(t, x — 6z)||Ve(t, x)|dxdrdz.
0 (4]

llell ;2 10,<1
2rlo

)
171 210y =
||¢||Lz,,1(Q)sn

II!ﬂIILzH (Q)SI

Notice now that, as in the proof of Lemma 2.1, the map (¢, x) — b(t, x) — b(t,x — 5z) converges to 0 in measure (for every fixed z).
Holder inequality on the product space (0, 7)xQ with exponents (p, q,2) (in space) and (2, o, 2) (in time) allows us to apply Lebesgue
Dominated Convergence Theorem and we can therefore conclude that * — 0 in Lz(Hl;C1 ). O

Remark 2.5. Notice that with global assumptions on b and w, in the case 1/p+ 1/q = 1/2 the commutator ° converges to 0 in
L2((0,T); H™'(R?)).

We now prove the analogous result on the diffusion matrix.

Lemma 2.6. Leta e L*(0,T); Wkl)’c" (RY; R¥*4)) be a matrix valued function and let w € L®((0,T); Lfoc(]R")) with p, q are positive real
numbers with 1/p + 1/q < 1/2. Let (p°); be a family of smooth convolutions kernels and define s° as in (2.5). Then s° converge to 0 in
L*((0,T); HLRY)).

Proof. Let Q be any bounded subset of R?. Then, for any ¢ € L*((0,T); H(; (0)) we compute

// s8(1, X)ep(t, x)dtdx = // <Z[du(a,jw)] * ps — 0;;la;;(w * P&)])q’(t x)dtdx
0.7)xQ 0.7)xQ
= Z // 9;j ( / a;; (t, )w(t, y)ps(x — y)dy — a;;(t, x) / w(t, y)ps(x — y)dy> @(t, x)drdx
0,7)xQ Rd R4
- Z // 0; < / a;;(t, Yw(t, y)ps(x — y)dy — a;;(t, x) / w(t, y)ps(x — y)dy> 0;¢p(t, x)dtdx
7 Horxo Rd Rd

T —_—
=— ’zj: /0 /]Rd /Qai(p(t, x)w(t, y)(sd%()jp (%) (a,»/-(t, ») —a;, x)) dxdydt
T
+ ) /0 /Q /R | Wt 2)p5(x = )0, x)(z d;a,(t, x))dydrdx,
i Jj

and by using a change of variables and Fubini to exchange integrals we finally get that

N T a;;(t,x —6z) —a;;(t,x)
5, x)ep(t, x)drdx = — / / /ai 1, L,x—6 <a~ < Y <l ))d dzdr
//(0 o et ian== 3 [ [ ot o z); 0(2) - xdz

T
+ 2 /O /Q /R | Wit x = 52)p(2)0,9t, x)<z 9;a;,(t. x))dzdtdx.
i J

Thus, by letting 6 — 0 we obtain

T
lim // 2 (1, X)ep(t, x)drdx = )’ / / / 9,0(t, x)w(t, x)9; p(2)Vay;(t,x) - zdxdzds
5-0 Jf 0. 1)x0 iy Jo JrRJo
T
+ w(t, x)p(z)0;¢(t, x)0;a;:(t, x)dzdtdx
2L L1 o099
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T
=—2/ / /diqo(r,x)w(t,x)p(z)Vaij(t,x)~ejdxdzdt
iy JO JRrRIJQ
T
+ 1, 9,0(t,x)0;a; (¢, x)dzdtdx = 0,
ZJ‘,/O /Q/Ww( X)p(2)0,(t, x)9;a;;(t, x)dzdrdx

where in the last step we have integrated by parts in the z-variable. This concludes the proof. []

We conclude this section with the following commutator estimate: it will be crucial to recover the uniqueness of parabolic
solutions in the setting of [12].

Lemma 2.7. Leta € L*((0,T); LY, (R?; R4%4)) be a matnx valued function and let Vw € L*((0,T); LlOL(Rd ). Let (p°); be a family of
smooth convolutions kernels and conslder the commutator s as follows

s'f :=20,<2a,j(3!w —(a; Jw)*p‘s>. (2.9)

i J

Then s converges to 0 in L*((0,T); H;! (R%)).

Proof. The proof is very similar to the one of Lemma 2.4 and relies on the divergence form of the commutator. Given a bounded

subset Q of R, we can estimate
// st )ep(t, x)drdx
0,7)%x0

)
Isill 210y =

|¢\|L2H1(Q)sn
= s // S Y a0, — (@yo,w) = p° ) 0,00, x)drdx
||<P\|L2H(%(Q)S1 (0.1)xQ 75 J

T
< sup / p(z)/ / la(t,x) — a(t,x — 62)||Vw(t, x — 62)||Ve(t, x)|dxdtdz.
0 o

llell ;2 10,1
2ul©

As in the proof of Lemma 2.1, the map (#,x) — a(t,x) — a(t,x — 6z) converges to 0 in measure (for every fixed z) and then by
Holder inequality on the product space (0,7) x Q with exponents (0, 2,2) we can apply Lebesgue Dominated Convergence Theorem
obtaining that s — 0in L3((0,T); HIOC(]R" ). O

Remark 2.8. It is worth to note that the commutator s‘f does not converge pointwise a.e. to 0, as shown in (2.6). However it
converges in the sense of the distributions and, by density, in the functional space L?Hl’0 i

3. Well-posedness of the Cauchy problem

In this section we collect some results on the Cauchy problem for the Fokker-Planck equation (FP). Our aim is to give a complete
presentation of the available results and to provide technical extensions. In this regard, we first analyze the Fokker-Planck equation
in divergence form, providing some technical improvements of the results in [18]. Then we move to the analysis of the Fokker—
Planck equation, proving existence and uniqueness in a slightly more general setting than the one considered in [12]. Theorem 3.13
somehow interpolates the results from [12,18] using the L? H];cl convergence of the commutators.

3.1. The equation in divergence form

In this section we study the initial value problem

R i d
{a u+ divibu) — 1 ¥, - 0(a;0,) =0 in (0,T) xRY, (FP-div)

ul=o = up in RY,
which is the Cauchy problem for the Fokker—Planck equation in divergence form. Requiring only integrability assumptions on b and

a we can give the following definition of solutions to (FP-div).

Definition 3.1. Assume that
be L'(0,T); L2(R%:RY)),  ae L*(O,T); LARY;R>)),  uy e LA2RY). 3.1

A function u € L*((0, T); L2(R?)) n L2((0, T); H'(R?)) is a parabolic solution to (FP-div) if for any ¢ € C*([0,T) X R?) the following
identity holds:

T
= 1
/0 /Rdu((),(p+b~V(p>—§Z a;; ju()(pdxdt+/ up@(0, -)dx =0

t
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The following theorem holds.

Theorem 3.2. Let p,q € [2, 0] be such that 1/p+ 1/q = 1/2. Assume that:

@i be L3(0,T); LP(RY;RY));

(i) b satisfies the growth condition —— := b, + b, with

T+x| | \
b, € L'((0,T); L'(RY; RY)), by € L'((0,T); L®(RY; RY)); (3.2)

@Gii) (divh)~ € L'((0,T); L*(RY));

(iv) a satisfies (A1) and (A4);

) uy € L* n LIRY).

Then, there exists a unique parabolic solution u to (FP-div).

Proof. Let (p®); be a standard family of mollifiers as in (2.1) and let us define B’ = b 0%, a® := a * p°, and ug = uy * p®. Then,
we consider the approximating problem

{6,145 + div(I~)5u5) - % i ,(a 0; ub) =

3.3
u%(0,) = ug. (3.3)

The Eq. (3.3) is classically well-posed, so we can consider for any fixed § > 0 its unique smooth solution u°. We multiply Eq. (3.3)
by u® and we integrate over R?, obtaining that

2 " / 181, ) dx + ~ / 18 (t, ) divh’ (1, x)dx + ~ Z/ al0;u’ou’ = 0. (3.4)
Thus, we use the uniform ellipticity of a’ to obtain the inequality

4 / [ (¢, )| dx + a/ IVl (1, %) dx < [1(dive’ (2, )Nl / | (£, x)| dx, (3.5)

dt R4 R4 Rd
and by using Gronwall’s lemma we obtain that

Ml oo 2 + 16Nl 21 < Cles 1CdiVB) I 11 poo)lutgll 2 (3.6
A standard compactness argument and the linearity of Eq. (FP-div) guarantee that

W Sue L®I2nL2H,

where u is a weak solution to (FP-div). We now move to the uniqueness: assume that u is a weak solution to (FP-div) with u, =0
and define u® :=u % p°. Then, u’ solves the equation

(10t

where % and s‘f are the commutators defined in (2.2) and (2.9). Consider a smooth function ¢ such that
>0, supppCB,, ¢@=1in B,

and define gz(x) = @ (x/R). Let B, : R —» R be an even function with the following properties:

* By € C?n L*(R) with ||ﬂ1’u lo < CM and ||ﬂ;(4 llo < C for some positive constant C independent on M;

* Bp(z) = 2% for |z| < M for some positive M;

+ 0 < fy(z) <2M? for every z € R;

* B (2) < 2% for every z € R;

* fu(2) =0 &< z=0;

* 16,,(2)| < Clzl.

We multiply Eq. (3.7) by g}, (u®)pg and integrating on (0,7) x RY we obtain the following: for the term involving the vector field
we have that

t t t
// div(imé)ﬂjw(u‘*)(pkdxds=—// uai)-Vﬁ;‘/{(u‘s)(dexds—// u’ B, ()b - Vo pdxds
0 R4
// 'Sﬂ” Wb - Vu (dexds—// 'Sﬂ (u®)b - Vo pdxds

= // i (W By )b - Vil @ +u B (uP)b - Vo) dxds
u|<M}

9
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- // (u‘gﬂ]’\fl(u‘s)i) Vibop + uﬁﬂ;w(u‘s)l; - Vop) dxds.
|ud|>M}
Now we use that f§,,(u®) = 8| for || < M, so
=—2// (u‘STJ- Vué(pR+ |u5|213- V(pR>dxds—// (u’sﬁxf(u‘s)i Vu’s(pR+u5ﬂ]’w(u5)I~J~V(pR)dxds
|ud | <M |ud|>M
=" / (i’ - VB WP)pg + 28 )b - V(PR) dxds — // (u‘sﬂ}/\/,[(u‘s)ﬁ Vil pp + u‘sﬁ;w(u‘s)ﬁ . V(pR) dxds
{lu?|<M} (1u?|>M)
= // b- VB u®)prdxds — // 2B ()b - Vppdxds
(0,1)xRd {luf|<M}
- // . (W2 B, @b - Vil +uP B, )b - Vo — b - VB (u4’)py) dxds.
|u®|>M
Finally, by integrating by parts we get that
= // (divbBy W)pg + far )b - V(pR)dxds—// 2B @®)b - Vppdxds
(0,)xRd {lud|<M}
- // (U2 By, @b - Vil +uP B, )b - Vor — b - VB (') pg) dxds
[uf]>M}
= // divi)ﬂM (u‘s)(dexds + // Pum @®)b - Vordxds — // Pum @®)b - Ve rdxds
(0,)xRA {lu?>M} {lu?|<M}

- // ; (u‘sﬁx[(ué)ﬂ . Vu‘s(pR + u‘sﬂ;\/!(u's)ls Vg — b- VﬁM(u‘S)(pR) dxds.
{lu®|>M}

On the other hand, for the term involving the diffusion we have

t
// B(auj’s)ﬂM(u‘s)(dexds— // aljdju‘sdu (u‘s)(dexds—// a,/()/u‘sﬂjw(u‘s)d,-(dexds
0

t
/ / a,jdjubau (14<5)(dexds—/0 /Rd aijajﬂM(u5)ai<dexds. (3.8)
Then, we use the uniform ellipticity of a, i.e.
Za// |Vu'5|2(dexds < // aija,-u‘;ajuéﬂ;‘;(ué)(p,(dxds (3.9)
(lu]<M}) (lub]<M}

to obtain the following inequality

/ ﬁM(u‘s)(dex+a// |Vu'5|2(dexds
Rd {lu| <M}
<- // divhpy, ()@ gdxds — // Brr@®)b - Vo pdxds + // Brr @b - Vo pdxds
(0,HxR4 {lub>M} {|ub|<M}
+ //| - (W By )b - Vil g + u® ), (uP)b - Voor — b+ VB (u)gg) dxds
u’|>
1
- 5// a0l B (u‘;)(dexds——/ / a;;0;8p (u°)0;p pdxds
{lu8|>M}

t
+ / / (° + 5°)8), (u®) @ gdxds.
0 JRd

Then, we exploit the fact that we need to account only for the negative part of the divergence in the term on the right, and using
trivial estimates we obtain that

/ Bay () dx < // (V) fyg (4 pdxds + // Bar (P)1B1| Vo gldxds
Rd ©.)xRA ©,)xRe

- . 1 2
+ //| ! (1BIIV? 118} @)1 + BIVAI1B) )] + 3 1al Va1 )] ) @pdxds
ul|>M}

o [l e 1 [ [ g e Vgiasas

|ud|>M}

+/ / (76+55)ﬁ;\4(ug)(deXdS. (3.10)
0 JRrd

Let us estimate by Young

- - 5 1 2
I sy, (BTN GO+ DIV AL G0 + S1all Ve PIg 1) @avds

<18l // WP BIIVid Jdxds + C // Bl Vi dxds + L lall 187 1 // Vi P dxds
{Jud]>M) {ud|>M ) 2 (Jud]>M)

10
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57 2 2
SC(IIﬂx,IIWIIallm)// (Ju®B|” + |Vl | )dxds.
{lud|>M}

By Chebishev’s inequality we can estimate the super-level as follows

12,
Lo T Nullz2)

Z({(t,x) € [0, TIXRY @ [u(1,x)| > M}) < < Yo

> (3.11)

M?

which is small in M uniformly in 6. Then, since the quantity (|u®b|* + |Vu®|*) € L}, uniformly in § by the assumptions, we use the
equi-integrability of the integrand to obtain the following estimate

. 5 - 5 1 2
// (WBIYU 1 O] + 1BV B) W)+ S 1all Vi 1B W) ) @ dxds < M), (3.12)
(lu®]>M}

for some function F, depending on ||ﬁx1 lloo> llall s llgll ;2. T, such that F(M) — 0 as M — co. On the other hand, for the third line
in (3.10) we proceed as follows: for the term involving the vector field we use Holder inequality and (3.11) to obtain the estimate

C(T. gl 2) _ ¢

. 1By lleo 55
6Bl B W)V pgldxds < ———[lubl| o ————— 1= —.
//(|u5|>M) M R R L M R

For the term involving the diffusion we use the definition of §,, to obtain

! Clla ! Clla
/ / lal| By, )V’ || Vo |dxds < Cllale / / Vi [|u’ |dxds < Clial Vel 22 llull peo 2 < E,
0 Rd R 0 Rd R R

where in the penultimate inequality we used Holder’s inequality, and the constant C depends on ||a||;«, llugll;2,T. Summarizing,
we rewrite (3.10) as follows

/ ﬂM(u5)¢Rdx+a// ) |Vu5|2(dexds§// (divi;)’ﬂM(u‘s)(dexds+// Bar@)|b||Veg|dxds
R4 (Jud| <M} 0,n)XR4 0,n)XR4
t
+F(M)+9+/ / (r° + s°)B, ()@ gdxds.
R o Jrd

Since g}, (u®)pg — f, (weg strongly in L2((0,T); H&(BZ r)), We can use Lemmas 2.4 and 2.7 and, by letting 5 — 0, we get that

sz = C
/ Py @@rdx < // (divb)™ fpr ()@ pdxds + // Py @)|b||Verldxds + =
Rd (0,1)xRd (0.1)xR4 R

t T
< / l(divh(s, ) |l / Brs (W@ pdxds + 2M? / / 1By (s, x)|dxds
0 Rd 1] |x|>R

T
+/ 1By (s, ~)||m/ lu(s, x)2dxds + F(M) + &
0 Ix|>R R

= /0 ll(divh(s, ) lleo /R Puerdxds + H(R, M) + F(M),

where b, and b, are as in (3.2), and the function H(R, M) goes to 0 as R — co for any fixed M > 0. Notice that in the last inequality
we used the definition of g, the growth assumption on b, and the properties of f,,. Finally, we apply Gronwall’s inequality

/Rd Bu(ut, )@ rdx < [H(R, M) + F(M)]exp ([I(divh) |l 1z ) »
and by letting R — oo, we obtain that

/]R B (lute, 0Ddx < F(M)exp (IivB) i) » (3.13)
for any M > 0. By Lebesgue’s dominated convergence Theorem

/ Brg (Jut, x)))dx — / lu(t, x)|*dx,
Rd Rd
as M — oo, and together with (3.13), this implies that u(t, x) = 0 for a.e. (t,x) € (0,T)xR4. []

Remark 3.3. An example of a function f,, satisfying the assumptions of Theorem 3.2 is given by a regularized version of the
following function:

2 if |2] < M,
Pu(2) =12 +aMz - M if M < |z <2M, (3.14)
Im? if |z > 2M.

2

3.1.1. Comparison with [18]
We now compare the uniqueness result of Theorem 3.2 with Proposition 4 of [18], which we report here for completeness.

11
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Proposition 3.4. Assume that the matrix a := 6o’ is uniformly positive definite and that

be L*((0,7); L} (RY;RY)), m € L'((0,T); L' + L®(R?; RY)),
divh € L'((0,T); L®(RY)), (3.15)

o € L®((0,T); L (RY; RI*dY), T € L2((0,T); L + L®(RY; R9*d)),

Then, for each initial condition in L' n L®(R9), Eq. (FP-div) has a unique solution in the space
{ue L®0,T); L' n L®(R?)), u e L>((0,T); H'(R?)), 6" Vu € L*((0,T); L2 (R%))}. (3.16)

Note that if we consider the assumptions of Theorem 3.2 with p = 2, = co LeBris-Lions’ result is not immediately recovered
because of local integrability assumptions. However, by making the following changes to the proof of Theorem 3.2, we can prove
a slightly different result.

Corollary 3.5. Assume that the matrix a := oo’ is uniformly positive definite and that

b e L2((0,T); L2(RY; RY)), Tu e L'((0,T); L' + L®(R4;R%)),
(divb)~ € L1((0, T); L*(R?)), (3.17)

o€ L2(0,T); LIOC(R" s Rdxdy), € L2((0,T); L2 4+ L™ (RY; R4xdY),

|+\

Then, for each initial condition in L' n L®(R9), Eq. (FP-div) has a unique solution in the space

{u€ L*(0,T); L' n L*®R?)), ue L*(0,T); H'([RY)), 67 Vu € L*((0,T); L*(R?))}. (3.18)

Proof. Since the argument is very similar to that of Theorem 3.2 we only sketch the proof. First, since we are dealing with bounded
solutions, we can consider the function f(z) = |z|* and all the integrals on the set {|u®| > M} are identically zero for M large enough.
This implies that we have to use a Gronwall type argument on the following estimate

/ B )¢Rdx+a// |V | o gdxds < — // divbp(u )q;Rdxds+/ / (r° + 5°)B' W®)p rdxds
[ub|<M} (0,)xRd

// ﬂ(u5)|b||quR|dxds+ / / a;; /ﬂ(u )0; gdxds. (3.19)
(0.H)xRA

The local integrability assumptions together with the bound on (divbh)~ are sufficient for the convergence of the commutators. On
the other hand, we use that the matrix a is representable as a;; = 6,0/, to estimate the last term in (3.19) as follows

// a;; ]ﬁ(u )o; (dexds—/ / ,kajkdu ﬂ(u5)6 @rdxds
/ / |0'/k0u | [0;prldxds + = / / |6,k| |5 (u‘s)l |0, g |dxds
2
§/ / |a,kaju5| dxds + C||uo||§o/ / lo} | dxds+/ ez (s, -)||°o/ |u®|”dxds,
0 JRY 0 JIx|>R 0 |x|>R

which goes to 0 as R — . The conclusion follows along the same lines as in the proof of Theorem 3.2. []

I/\

I/\

Notice that our corollary works under assumptions of global integrability on the vector field b, but we only assume that the
negative part of the divergence is bounded. Remarkably, we can use this weaker assumption thanks to the convergence of the
commutators in L?H'. Assuming a bound on the full divergence we would then be able to consider the case of locally integrable
vector fields, as done by LeBris-Lions, relying on the convergence in L! of the commutator ® (see Lemma 2.1) and finding the very
same proof.

3.2. The Fokker—Planck equation
We start by giving the following definition.

Definition 3.6 (Distributional Solution). Assume that
be L'((0,T); LP(RY)),  ae L'((0,T); LP(RY;R>)),  uy € LIRY) (3.20)

are given, with p,q satisfying 1/p + /¢ < 1. A function u € L*®((0,T); LY(R?)) is a distributional solution to (FP) if for any
@ € C*([0,T) x R?) the following identity holds:

T
1
dp+b-V +—§ ;:0;;¢p |dxdr + 0,-)dx =0
/O/Rdu< @ ¢ 24 “ '](p>x —/Rf’uow( o

12
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Notice that in the definition of distributional solutions the assumption that p, ¢ satisfy 1/p + 1/g < 1 is the minimum requirement
we need in order to have ub,ua € L' so that the definition makes sense.
We now recall the following definition.

Definition 3.7. Let 2 be an open subset of R?. We say that a bounded family {¢;};c; is equi-integrable if the following two
conditions hold:

(i) For any & > 0 there exists a borel set A ¢ Q with finite measure such that

/ l@;(x)|dx < €,
o\A

forany i€ I.
(ii) For any & > O there exists 6 > 0 such that, for any Borel set E Cc Q2 with Z?(E) < é, there holds

/WMWMS&
E

foranyiel.

Before to prove the existence of distributional solutions we recall the following characterization of equi-integrability, see [4] (or
alternatively [2] for a proof on the d-dimensional torus T¢).

Lemma 3.8. Consider a family {¢,};c; C L'(£2) which is bounded in L'(£2). Then this family satisfies condition (ii) of Definition 3.7 if
and only if for every € > 0, there exists a constant C, > 0 such that for every i € I we can write

@ =9 +9},
with
loilisig <& ol 2@ <C. foraliel. (3.21)

The proof of existence of distributional solutions immediately follows from a classical a priori estimate.

Proposition 3.9 (Existence of Distributional Solutions). Let b,a and u, be as in (3.20) with p,q such that 1/p+ 1/4 < 1 and let (A2) and
(A4) hold and assume that (divh)~ € L1((0, T); L®(R?)). Then there exists a distributional solution u € L*((0,T); LI(R?)) to (FP).

Proof. Let (p°); be a standard family of mollifiers as in (2.1) and let us define b° := b * p°, a® := a * p°, and ug = uy * p°. Then,

we consider the approximating problem

{a,uﬁ +div(bud) — 1 ¥, ; 0, (adu’) = 0,

3.22
u%0,) = ug. (3-22)

The existence of a unique solution of (3.22) follows from classical theory [11]. It is readily checked that the sequence u’ is
equi-bounded in L®((0,T); L4(T¢)). Indeed, from the smoothness of the objects in (3.22), we can rewrite it in divergence form

ou® + div(B’u’) — % Y 0@’ =0, (3.23)
i.j

and then we can multiply the equation by f’(«®), where §: R — R is a smooth, convex function: by an easy application of the chain
rule and by integrating in space we obtain (for fixed 1)

/ div(p’u®)p' (u®)dx = / W B (w®)divh’dx + / B - VAu®)dx
R4 R4 R4
:/ u‘sﬂ’(ué)divl;&dx+/ div(l;&ﬂ(u‘;))dx—/ divﬁﬁﬁ(u‘s)dx,
R4 R4 R4
and
/Rd 6,»(afjaju5)ﬂ'(u§)dx =- /Rd afj/z”(uﬁ)a/.uﬁajuédx.

By considering a sequence of smooth, convex functions, uniformly convergent to f(s) = |s|?, for 1 < ¢ < oo, the following uniform
bounds on the L9-norm of the solutions u’:

4, M, <—(g- 1)/ divi;é(t,x)|u5(t,x)|”dx—a/ Vil (8, %)) B (@ (¢, x))dx (3.24)
dr Rd R4

< (g = DIEIVE’ )~ )l 6. )14, (3.25)

where in (3.24) we have used that, by standard properties of mollifiers, a® is uniformly elliptic with the same constant « as in (A4).
Notice that ||(divl~;5)‘|| 111 is uniformly bounded (in §) by (A2). The conclusion now follows from an application of Gronwall’s

13
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lemma: we have that

C(q)|(divb)~
sup [lul(t, Mraray < Nugll Laraye @AV g, (3.26)
1€[0.T]

with C(g) = %. Thus, for ¢ > 1 by standard compactness arguments, we can extract a subsequence which converges weakly-* to
a function u € L*((0,T); LY(R?)) and it is immediate to deduce that u is a distributional solution of (FP) because of the linearity
of the equation. For ¢ = oo, the estimate (3.26) still holds for every § > 0: we send ¢ — oo in (3.26) and then we can conclude as
in the previous case. For the case ¢ = 1, the estimate is not sufficient to obtain weak compactness in L', as we need to show the
equi-integrability of the family (4°);. . We first discuss the equi-integrability on small sets: let u, € L'(R?) and define ug as above.
Since ug — u, strongly in L!(R?), it converges weakly and thus it is equi-integrable. Then, we apply Lemma 3.8 to the family ugz let
€ > 0 be fixed, there exists a constant C, > 0 such that

8
0

5

U 0.2°

_ 8
= ”o,l +u
with
5 5
llug Nl < &, llug,llz2 < C..

e define u® and u’ to be the solutions of (3. with initial datum, respectively, »°  and u«°.. Thus, the estimate in (3. wit]
We define «® and uj to be the sol f (3.22) with 1d ly, ub | and uf ,. Thus, th (3.26) with

g = 1,2 implies that
sup ”utls(t’ I @) < geC||(divb)7||L1 Lo (3.27)
1€[0,T]

sup 31, ) 2y < Coe N Mutie, (3.28)
1€[0,T]

The linearity of the equations implies that the function u® = u$ + u$ is the unique solution of (3.22) with initial datum u} and it

admits a decomposition as in (3.21). Then, we can infer that the sequence u°® satisfies (ii) of Definition 3.7.
We now verify the condition on the tails, i.e. (i) in Definition 3.7: let r, R > 0 such that 2r < R and consider a positive test
function yR such that

0 ifo<|x|<r,
1 if 2r < |x| <R, (3.29)
0 if |x| >R,

such that 0 < y R <1 and

C C
Vi< IV < (3.30)

Then consider a smooth convex function f, converging uniformly to f(s) = |s| (for example we can take f,(s) = Vs2 + €2 — ¢) and
multiply Eq. (3.23) by ﬁg’(lu‘s(t, x)))yR(x): integrating by parts we get that

% / Be(ul @, )y R (x) dx + / divb® (1, %) (u® (1, )BL(|u° (1, X)) = B (Ju’ (8, %)) w R (x) dx — / Be Pt x)b(t, x) - ViR (x) dx
R Rd Rd
+ % Z,: /Rd a;; (8, x)0,u (1, )08 (1, )P (1u® (1, x) Dy R (x) dx + % ,Z,: /Rd a;;(t, )0, B, (Ju’ (t, )N, R (x) dx = 0.

Then we estimate the fourth term above using the convexity of §, together with (A4), while we do a further integration by parts in
the last term to obtain that

4 /R ROy dx < /IR VB0 (1 0B D) = B 0D dx+ /R 188 6 )b VAl dx
#3200 oot 3 B [ 10,6006 60010,0 0l 0

Let t € (0,T) be fixed, we integrate on (0,¢) and by letting ¢ — 0 we have that
Wt )BL (1’ (1, %)) = B (Ju’ (1, X)) = O,

leading to the inequality

/ (1, My A ) dx < / GOy R (o) dx + / W, 0B DIy Ao dx+ L / 10;a5,0. )11 0, )10,y F (o) dx
R RrRd Rd 2 i Rd

1
) /]R a8 010,90 .
ij

Finally, we use the definition of yR and by letting R — co we obtain

1Bl + 25 11951l Yiillalle
/ |u5(z,x)|dx5/ |ug(x>|dx+c<+’”>/ [ (1, x)| dx + c%/ [ (£, x)| dx.
|x|>r |x|>r |x|>r r |x|>r

r

14
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Note that the constant C above does not depend on § and 7. The conclusion follows by using the equi-integrability of ug and the
uniform bound on ||u%||;«;1. So far we have shown that the sequence {u?}s,, C L'((0,T)xR?) is uniformly integrable. This implies
that there exists a function u € L'((0,T) x R) such that, up to a subsequence, the following convergence holds

w—=u in L'((0,T)xRY).

In order to conclude we need to check that u® A uin L®L'. Note that the sequence u’ satisfies the inequality (3.26) with ¢ =1,
which implies that

@S in L¥(0,T): M(RY)).

Then, for any y € CX([0,7)) and ¢ € Cy(R?) we have that

T T
/ y/(t)/ qb(x)du,(x)dt:/ y/(t)/ d(x)u(t, x)dxdr. (3.31)
0 Rd 0 Rd

We can conclude that for a.e. t € [0,T] we have that

/ d(x)du,(x) = / d(xX)u(t, x)dx, (3.32)
R4 R4
which implies that u, is absolutely continuous with respect to the Lebesgue measure and

[l 1l pg = et 1 for a.e. t € (0,T).

Note that is crucial that the space Cy(R?) is separable, because the set of zero measure where (3.32) does not hold may depend
on ¢. Finally, we can infer that u € L*((0,T); L'(R?)) and therefore together with the weak convergence in L'((0,T) x R?) we can
conclude that

WS u, i L(O.7) L' ®RY)),
and this concludes the proof. []

A special sub-class of distributional solutions is given by parabolic solutions, which are weakly differentiable in the space variable.
This notion of solution is natural for vector fields and diffusion matrices possessing enough integrability in the space variable.

Definition 3.10. Assume that
be L'(0.T); LXRY;RY),  ae L*(0,T); L2XRY;R™)),  uy e LARY). (3.33)

A function u € L*((0,T); L>(R?)) is a parabolic solution to (FP) if it is a distributional solution to (FP) and furthermore u €
L2((0,T); H'(R?)).
We refer to the space L2((0,T); H'(R?)) as the parabolic class. We recall that the Fokker-Planck equation (FP) can be formally

rewritten in divergence-form as

{"m +divibw) — 3 3, (@00 =0 in (0.7) xR, (FP-div)

ul,—o = ug in RY,

by defining the vector field b := b — % Y; 9;a;;. The following result holds.

Proposition 3.11. Assume that a satisfies (A2). Then, u is a parabolic solution of (FP) if and only if u is a parabolic solution of (FP-div)
with vector field b.

Proof. The proof is rather straightforward and relies on a simple integration by parts which makes use of the regularity assumption
u e L2((0,T); H'(R?)). In fact one can show that

T T
1 1
b-V = ;U0 @ |dxdt = b-Vo— - d;a;; 170;u)0;@ |dxdt
/0 /Rd (" o+3 L ’“”) ) /0 /]Rd<" @ =3 20yt a0 ,¢> i
T 5 1
= b-Vo— =Y a,0,u0,0 )dxds,
/O /Rd <u ¢=5 ZU a;;0;u ,co) x

where in the last line we used the definition of b, i.e. b=b— % ¥, 94, O

In some situations it is convenient to use the formulation (FP-div) since, roughly speaking, we have to take into account one
derivative less on g;;. We will return on this point below. Under our assumptions, there exists at least one solution in the parabolic
class: the result is the following.

Proposition 3.12 (Existence of Parabolic Solutions). Let a,b and u, be as in (3.33), let (A2), (A4) hold and assume that divh)~ €
LY((0,T); L*(RY)). Then there exists at least one parabolic solution to (FP).
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Proof. The proof follows from the same regularization procedure developed in Proposition 3.9: we consider the unique solution u®
of the regularized problem (3.22). Then, we define the function f(s) = s>/2 and integrating in time the inequality (3.24) we get

t t
1@ )2, +a Vb (s, x) dxds < lu |12, — divb? (s, )|u® (s, x)| dxds. (3.34)
L2 d 02 d
0o Jr o Jr
From Proposition 3.9 we know that
T - .
||u5(t, )||i2 < ||ug||ize/o I(divb)~ (s, )||°°d3’

and together with (3.34) we obtain that

T
/0 /R V0 dxdr < = (gl + IEVE el )
< = (2, + VBl 1 ol 2 16D ), (3.35)
Thus, we have obtained that
NPl o 2 + IVl 212 < Tt latgll 2 ivB) Il 1 o),

and, since the equation is linear, the conclusion follows from a standard compactness argument. []

We can now state the uniqueness theorem for solutions in the parabolic class. The proof easily follows from Theorem 3.2 and
Proposition 3.11, thus we omit the details.

Theorem 3.13 (Uniqueness of Parabolic Solutions). Let uy € L*> n L1(R?) be a given initial datum and assume that

(® be L3O, T); LPR:RY) with L+ 1 = 1;

(ii) b satisfies the growth condition
€ L'(0,7); L'®RY;RY) + L' ((0, T); L2(RY; RY));

1+ |x|

(iii) a satisfies (A1), (A2) and (A4);
(iv) (divh)~ € L'((0,T); L*(RY)).
Then, there exists a unique parabolic solution u to (FP).

Remark 3.14. Note that if p = co and g = 2 we recover the existence and uniqueness of parabolic solutions to (FP) in [12, Theorem
4.3].

3.3. Further comments and remarks

In this section we collect some observations concerning the uniqueness theorem, taking into account the different forms of the
equation that one can consider. We point out that in [18] there is a nice comparison of the different form of the equations, showing
how commutator estimates allow to transfer well-posed results from one equation to another.

« If we consider the Fokker—Planck equation in transport form, i.e.

du+b-Vu— % Y 9(a;;0,u) =0, (3.36)
ij

we can drop the assumption on the L? — L7 integrability of b and u in Theorem 3.2. This means that we can consider
b € L*((0,T); L*(RY;R?)) and u, € L*>(RY), then we use the convergence of the commutator r‘ls in Lemma 2.1 to prove the
uniqueness of parabolic solutions. The same observation holds true if instead we consider the Fokker-Planck equation (FP)
and we assume that divh € L' L*.

We can relax the assumption on 2}1:1 d;a;; € L*((0,T) x R?;R?) in Propositions 3.9 and 3.12. Note that in [12] the author
considers the case of (FP) with a bounded vector field b, thus he needs (A2) to use the formulation in divergence form with

a bounded vector field b. Indeed, the results in Section 3 hold true if one consider

i 1 2 L2 d. d
b .—b—zgaja[j € L*((0,T); L* n LP(R?; RY)),

and the growth condition
be L'(©0.7): L'R:RY) + L1((0,T): LR RY).
+ Another form of the equation that could be considered is the following

0,u + div(bu) — % Y a,;0,u=0. (3.37)

i
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Roughly speaking, if we test the equation with a test function ¢ € C*([0,T) X R?) and we integrate by parts we get that
/ / 0,p+b- V(p Z 09;(a;;@)0;udxdt + / ugp(0,-)dx = 0. (3.38)

Thus, we can define weak solutions as in Definition 3.1 requiring a, Y, ; d;a;; € Lix. Then, if one assumes (A1), (A2), (A4), and
(divh)~ € L'((0,T); L*(R?)) the existence and uniqueness of the weak solution to (3.37) can be proved similarly to Theorem 3.2.

4. The regularity theorems

In this section we present some regularity results on distributional solutions of the Fokker-Planck equation. These then will be
the key to achieving uniqueness in the class of distributional solutions in several contexts.

4.1. Local regularity theorem and uniqueness

Below we prove a regularity result which guarantees that distributional solutions of (FP) in the class L®((0,T); LI(R¢)) are
actually in L?((0,T); H]OC(R“’ )), provided that we have enough regularity on a and integrability b.

Theorem 4.1. Let p,q > 1 such that 1/p+1/q < 1/2. Assume that a € L*((0,T); W P(R?; R¥*4)) and b € L*((0, T); LP(R?; R?)) satisfy (A2)
and (A4) and (divh)~ € L'((0,T); L®(RY)). Let u € L*((0,T); LY(R)) be a distributional solution to (FP), then u € L*((0,T); H}_(R)).

Proof. To commence, we observe that !/, 4+ /g < 1/2 clearly implies that both p,q > 2 and then any u € L®((0,T); LI(RY))
belongs to L®((0, T);LIZOC(R" )). The strategy is to prove that Vu € L*((0,T); leoc(Rd ;R9)) and this will be achieved exhibiting an
approximating sequence (u%); enjoying uniform bounds on Vu?: in turn, this estimate will be obtained as a consequence of Lemma 2.4
and Lemma 2.6.

Let (p°); be a standard family of mollifiers, then we know that the function u® := u * p° solves Eq. (3.7) with b instead of b.
Consider a smooth function ¢ such that

>0, supppCB,, @=1in B,

and define @ g(x) = @ (x/R). We multiply the equation in (3.7) by u®py and we integrate over (0,7) x R. Then, integration by parts
together with (A4) gives that

' '
/luﬁ(t,x)|2qudx+a// |Vu‘$|2(dexds§/ |ug|2(dex+// |u‘$|21~).V(dexds
Rd o JRrd
// |u|d1vb(dexds+Z// 0au d(dexds

+2/ /Rd i aa(dedez/ / (r° + 5%)u’ g pdxds.

We now estimate separately the terms on the right hand side (the constant may change from line to line and is allowed to depend
on T, [l@lic2, IivB)~ll 11 peos Null oo pas Mgl zas 19a;1lc0):

2 a2
o | ) erdx < lugl3 llogll o < Cllugl3, R0 ;
RA La-2
« if s is such that 2/g+ 1/p+ 1/s = 1, then we have
T 2. ~
/0 /]R P B - Vo axdr < 168 1P 1o Bl 11 1 Vol

) .
S Cllullgeo o 1Ol L1 Lo IV @RI Ls

41y 12 z .
SCRs ™ lullgoo pq 1Bl L1 o3
« since @y is positive, we can use the bound on the negative part of divb to obtain that

T . T } )
—/ / [u?] divb(dexdsﬁ/ ||(divb)~ (s, ')||D°/ [ @rdxds
0 R4 0 Rd

B 5112
< NNivh) ™l L poo 141 70 14 ||¢R||Lq%

.

- 2 dq;.
S HdivD) ™ Nl L peo lltll oo g R 95

17
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« we use (A2) to obtain that

Z//aa,, a(dexds—Z/ /W<Zaa,j> B 5, ppdxds

5112
2oyl e VRl o,
J Lo

-2
2 di=—1,
<cC Zajaij ”u”LOOLqR a3
j Lo

« if s is such that 2/q+ 1/p+1/s =1, then we have

T 512
|u | don 1o
/ /da,»j 7 0;¢rdxdt < CR5 " |[ull oo pqlla;llpipo-
0 R

For the commutator terms, first of all notice that u’gy € HS(BZ r)- Then, we have that

+ the transport commutator
T
5.6 S )
/ /d rPu’rdxdt < ClIrll 2 -1,y 1° @RI 2 118, )
0 R -
< C||r5||LzH-1(32R) <||M5(PR||L°°L2(B2R) + ||V(“6(pR)”L2L2(BZR)) ;
« the diffusion commutator
T
6.6 ] )
/ /d su@pdxdt < ClIs°ll 2 -1, ) 10 @RI 12 11 (B, )
0 R

= ClIS 21y (10 RN 12000 + IV PR 121205 )
We now use Young inequality to obtain the bound
/ / (7 + S0 pdxdt < CulP Iy I )+ SR
Then, 0 < gy < 1 implies @2 < @, thus

T T T
5,2 2 2
”uﬁ(pRHZLZHl(B )S/ / [l (dexds+/ / [V (dexds+/ / I |V(pR|2dxds.
2R 0 JBp 0 JByp 0 JBy

The first and the last summand can be estimated similarly as above and gives respectively

! 5,2 2 a2
// 1 P pdxds < CllullZe o R 7 .
Byr

-2
// 1P|V Pdxds < Cllull2e, RYT .
Byr

All in all,

q

q-z i—l dL’z
//RJWu | (dexds<C< ¢ +Rs +R ¢ +C(||r ”LZH (Byg +||s ”LZH 1(sz))

+£/ / IVuﬁlchRdxds.
2Jo JBu

Passing to the supremum in 7 in the left hand side we obtain that

a r 2 a T 2

= Ve dxds < = |Vu®|” ¢ gdxds
R

2 Jo Jayg 2 Jo Jre

<c(R'T +RARTT ) 4 I
< +R: 4 +Cy(lIr® ”LZH (Byg +”S ”LZH’I(BzR)).

Finally, the commutators %, s% go to 0 in LzHl‘Oi by Lemmas 2.3 and 2.6, thus they are uniformly bounded for § small enough
(possibly depending on R), i.e.

512 512 S
W0 =1y 172 o1y < CORD-

18
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for some constant C(R) which may diverge as R — co. Therefore, we have
2

: =2 d =2 _ -
IV 2 g,y < € (Rd TR R 1) +C(R). @.1)

which is finite uniformly in 6 for any R > 0. This proves that Vu exists and belongs to L?((0,T); L*(Bg)). [

Remark 4.2. Notice that in the proof of Theorem 4.1 we do not use the bound
sup [lu(t, )l g < llugll Las (4.2)
1€(0,T)

since u is any given distributional solution and a priori we do not know if the energy bound (4.2) holds. However, a posteriori this is
true under the assumptions of Theorem 4.1: in fact, it can be easily proved using the regularity of the solution and the convergence

of the commutators r°, s to 0 in Ltlx loc*

Remark 4.3. In addition to regularity, Theorem 4.1 proves the existence of solutions in the class L?((0,T); HIL C(Rd )). It would be
interesting to prove the existence of solutions in this class with a more direct argument, instead of relying on regularity.

Combining Theorems 3.13 and 4.1, we obtain the result which is transverse to that of [12].

Theorem 4.4. Let b € L®((0,T); L°(R?;R%)) and a € L®((0,T); WL (R4, R¥*?)) satisfy (A2), (A3), and (A4). Then there exists at
most one distributional solution u € L*((0,T) x R9).

Proof. Note that if we consider a distributional solution u € L?((0,T); LY(R¢)), arguing as in Theorem 4.1 it is easy to show
that u € L®((0,7); LY(R?)) if one assume that b € L®L%, a € L;"’W;"”, and (divh)~ € LY, (the estimates depend on lull2,,).
Thus, under our assumptions, if we set p = 0, ¢ = 2, the solution u belongs to L®((0,T); L>(R?)). Then, it is enough to repeat the
proof of Theorem 4.1 noticing that the estimate (4.1) is now uniform in R. In fact, by Remark 2.5 the commutators converge in
L2((0,T); H~'(R?)), thus the constant C is uniformly bounded in R. Moreover, if we substitute g = 2 in the powers of R in (4.1), we
obtain that
lim sup ||Vu||Lsz(BR> < 0.
R—0

This implies the global information Vu € L?((0, T); L*(R?; R?)). Then, we can conclude that u € L*((0,T); L*R?)NL*((0,T); H'(RY))
and the uniqueness follows from Theorem 3.13. []

4.2. Extensions with suitable growth conditions

We now discuss the role of the growth assumptions on b,a to recover further uniqueness and regularity results for the
Fokker-Planck equation (FP). We show that under suitable growth assumption uniqueness holds in the local parabolic class
L*((0,T); HIIOC(R‘J )). In particular, weak solutions of (FP-div) are also unique in L2((0,T); HIIOC(R‘J )) as a consequence of Proposi-
tion 3.11. The theorem is the following.

Theorem 4.5. Let uy € LI n L®®R?) be a given initial datum with ¢ > 2 and assume that b € L*((0,T); LP(RY;R?)) and
a € L*(0,T); W'"P(RY; Ry with 1/p + 1/q = 1/2 satisfy (A2) and (A4), and (divh)~ € L'((0,T); L*(R%)). Moreover, we assume
the following growth conditions
b(1,x) 9;a;;(1,x)
L+]x|” ©1+]x]|
a(t, x)
1+ x|

€ L'(0,7); L'®R4; RY)) + L1((0, T); L*([RY; RY)),

€ L'((0,T); L' RY; R9)) + L'((0, T); L* (RY; R¥*4Y).

Then, there exists at most one distributional solution u € L*((0, T); L4(R%)).

Proof. The proof is similar to the one of Theorem 3.2 so we just sketch it. Let u € L®((0,T); LY(R?)) be a distributional solution
of (FP) whose existence is proved in Proposition 3.9. Let p® be a standard mollifier, we have that the function u® :=u * p° satisfies
the equation

{0tu5 + div(bu’) — % X 0i(a;0u’) =% + 2, “.3)

u(0,) = uy * ps.
Given our assumptions on p and g, Theorem 4.1 implies that the solution u belongs to the space L?((0,T); HIIOC(R" )). Thus, as a

consequence of Lemmas 2.4 and 2.6 we know that r%,s° — 0 in L2((0,T); H i (R%)). Consider a smooth function ¢ such that

>0, supppCB,, ¢@=1in B,
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and define gz(x) = @ (x/R). Let p : R — R be the function defined as
B(z) = |z|4.

The following argument can be made rigorous by considering a regularized version of the function g as we did in the proof of
Theorem 3.2. We skip this technical detail for simplicity of exposition. We multiply Eq. (4.3) by #'(u®)py and with computations
similar to those of the proof of Theorem 3.2 we get that

t t t
/ / div(5u5)ﬁ'(u5)¢Rdxds = —/ / uh - Vu‘sﬂ”(u‘s)(dexds - / / u5ﬁ’(u5)1~1 - Vo rdxds
0 Jre 0 Jre 0 Jrd
t t
=—(q- 1)/ / b- VAu®)prdxds — / / u® ' (u®)b - Vprdxds
o Jre 0 Jre
t t t
=(q — 1)/ / divEﬂ(ué)(dexds + (g — 1)/ / ﬁ(ué)ﬁ- Vrdxds — / / uéﬁ’(u‘s)iJ - Vo rdxds.
0 Jre 0 Jrd o Jre
On the other hand, for the term involving the diffusion we use the assumption on the divergence obtaining that
t t 1
/ / 0i(a,-j(3ju5)ﬂ'(u'5)(dexds = —/ / a,-jaju‘sa,-u‘sﬁ”(u‘s)(dexds - / / a,-jbjuﬁﬁ/(ué)a,-(dexds
0 Jrd 0 Jre 0 Jrd
t t
= _/ / a;;0,u° 0,8 " (u°)p pdxds — / / a;;0; p(®)0; @ gdxds
o Jre 0 Jrd

t t t
= —/ / a,-jajuéd,-u‘sﬂ”(u&)(dexds + / / ajaijﬂ(u5)6i¢Rdxds + / / aijﬁ(ué)ajai(dexds.
0 Jrd 0 Jrd 0 Jre
Then, we use the uniform ellipticity of a to obtain
T 5 . T . .
0< a/ / |Vl B W8)prdxds < / / a,-jal-u‘sdjuéﬂ”(ué)(dexds. 4.49)
0 R4 0 R4

We finally have the following inequality

' ' '
/ ﬂ(u‘s)(dex <—-(qg- 1)/ / divi)ﬂ(u‘s)(dexds + C/ / |I~7|ﬂ(u‘5)|V<pR|dxds +/ / a,-jﬁ(u‘s)d,-aj(dexds
Rd 0 JRd 0 JRd 0 JRd

t t
+ / / 9;0;; f(u)0,p gdxds + / / (r° + %) (u®)p rdxds.
0 Rd s 0 Rd

Since f'(u’)pr € H;(Byg) we can let 5 — 0 to obtain that

t t t
/ﬂ(u)(dexg—(q—l)// div(b)ﬂ(u)(dexds+C// ﬂ(u)lbllV(pRldxds+// P(w)a;;0,0;¢p gdxds
R4 0 Jrd 0 Jrd 0 Jrd
t
+// Bw)d;a;;0;pgdxds =1+ IT+ 111 +1V.
0 JRd

Then, we can estimate I and I as in the proof of Theorem 3.2, while we use the growth assumptions on a to estimate 11 and IV
as follows

t
IS/ ll(divh(s, ‘))_Ilm/ Bu)gp gdxds,
0 R4

T T
1T 5 lugll%, / / By (s, x)|dxds + / 1325, )l o / |u(s, x)|7dxds,
0 Ji|x|>R 0 |x|>R

T T
1115 Iluollf;/ / Ial(s,X)Idde+/ llay(s, ~)|Im/ [u(s, x)|7dxds,
0 JixI>R 0 |x|>R

T T
sl [ [ joaleoeas s [Cio@eol. [ o
0o Jixi>r 0 Ix|>R

where it is worth to point out that in the estimate for 111 we used that 9,0;¢g < % together with the growth assumption on a.
Moreover, all the implicit constants in the estimate depends on the C? norm of ¢ only. Thus, by defining F(R) := IT+ 111+ IV,
which vanishes as R — oo, we get the following

t
[ ponax < [ iivbis. ) N || pwrpgands + o),
R4 0 R4
and finally, we apply Gronwall’s inequality to obtain that

/R P < F(R exp (@B 1)

and by letting R — co we obtain that |u| = 0 for a.e. (t,x) € (0,T)xR?. []

If we assume slightly stronger growth conditions, there is a regime where the solution is parabolic instead of just locally parabolic.
The result is the following.
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Theorem 4.6. Let u € L®((0,T); L> n LY(R%)) be a distributional solution of (FP), and let b € L*((0,T); LP(R?;R%)) and a €
L2((0,T); W »(RY; RY%dY) with 1/p + 1/q = 1/2 satisfy (A2) and (A4), and (divh)~ € L'((0,T); L*(RY)). Moreover, assume that
2<g< dszZ together with the following growth conditions
b(t,x) 9;a;;(t,x)
L+ |x]7 14 ]x|
a(t, x)
1+ |x?

Then u € L2((0,T); H'(R?)).

€ LI((0,T); L7% (RY; RY) + L1(0, T); L™ (RY; RY)),

€ L0, T); L#3 R R ) 4 L1((0,T); L™(R?; R¥*%)),

Proof. We can proceed as in Theorem 4.1: we consider the equation for ¥* and we multiply it by 2u’@, where @y is defined as in
Theorem 4.5 and we obtain the estimate

t t 1
/|u5(t,x)|2(dex+a// |Vu‘s|2(dexds§/ |ug|2<dex+// |u5|213-V(dexds—// |u5|2divl~7(dexds
Rd 0 JRd Rd Rd
+Z// aa,j 6(dexds+ 2// a; (30(dede
+2/ / (r5+s5)u5(dexds.
0 Jrd

The difference with respect to the proof of Theorem 4.1 is in the estimates of the second, fourth and fifth term on the right hand
side above. For example, for the second term we use the growth assumption on b to get that

Tl sp ! 52 bl
/ / [u®]"b - Vepgrdxdt < C/ / |u®| dxdt
o Jre o JRr<xj<2R 1+ [x]
q-2

+ Cllugl? /T / <"’" >7d o
U, X
L ORLe o x>k \ 1+ [x]

():=f(R)
where f(R) - 0 as R — 0. Similarly, we can estimate the other two terms using the growth assumptions on a. Then, by using that
the commutators are uniformly bounded in 6, we proceed as in Theorem 4.1 and we obtain that

b,
1+ |x]

2
< Cllugll

=2
Vb ||L2L2(B )SC<1+F(R)+R 7 )

for some function F(R) which vanishes as R — . Thus we have obtained that ||Vu%|?
and this concludes the proof. []

1212(8p) is uniformly bounded (in § and R)

Combining Theorem 4.6 with the uniqueness result for parabolic solutions Theorem 3.13 we obtain the following:

Corollary 4.7. Assume that the hypothesis of Theorem 4.6 are fulfilled. In addition assume that a satisfies (A1). Then, any distributional
solution u € L®((0,T); L> n L4(R?)) of (FP) is parabolic and therefore unique.
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