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Abstract: Linear optical quantum computing (LOQC) offers a quantum computation paradigm

based on well-established and robust technology and flexible environmental conditions following

DiVincenzo’s criteria. Within this framework, integrated photonics can be utilized to achieve

gate-based quantum computing, defining qubits by path-encoding, quantum gates through the use

of Mach-Zehnder interferometers (MZIs), and measurements through single-photon detectors.

In particular, universal two-qubit gates can be achieved by suitable structures of MZIs together

with post-selection or heralding. The most resource-efficient choice is given by the post-selected

Controlled-Z (CZ) gate. However, this implementation is characterized by a design which has

a non-regular structure and cannot be cascaded. This limits the implementation of large-scale

LOQC. Starting from these issues, we suggest an approach to move toward a universal and

scalable LOQC on the integrated photonic platform. First of all, choosing the post-selected CZ as

a universal two-qubit gate, we extend the path-encoded dual-rail qubit to a triplet of waveguides,

composed of an auxiliary waveguide and the pair of waveguides corresponding to the qubit

basis states. Additionally, we introduce a swap photonic network that maps the regularly-labeled

structure of the new path-encoded qubits to the structure needed for the post-selected CZ. We also

discuss the optical swap gate that allows the connection of non-nearest neighbor path-encoded

qubits. In this way, we can deterministically exchange the locations of the qubits and execute

controlled quantum gates between any path-encoded qubits. Next, by truncating the auxiliary

waveguides after any post-selected CZ, we find that it is possible to cascade this optical gate

when it acts on different pairs that share only one qubit. Finally, we show the Bell state and the

Greenberger-Horne-Zeilinger (GHZ) state generation circuits implementing the regular structure,

the cascading procedure of post-selected CZ and the optical swap.

© 2024 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

In the last decades, quantum computing (QC) [1–3] has been established as a new computational

paradigm, whose logic and rules obey the quantum principles. Any quantum algorithm is

composed of the preparation, manipulation, and measurement stages. The requirements to

translate QC from high-level language to its concrete realization are given by DiVincenzo’s

criteria [4]. Thus, these conditions are used to select suitable platforms to build a scalable and

universal quantum computer.

Among different candidates, quantum photonics offers an integrated architecture that can

be scaled up and satisfies DiVincenzo’s criteria potentially at room temperature and without

strict environmental conditions. In quantum photonics, physical qubits are given by the photons,

or more explicitly by their degrees of freedom. To define photonic qubits, there are different

options: time-bin, path, polarization, angular momentum, etc [5,6]. For each choice, we need to
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operationally establish the fundamental building blocks for the preparation, manipulation, and

measurement stages, following DiVincenzo’s criteria. In integrated photonics, the spatial degree

of freedom is mostly used because of well-established and compact technology that allows the

manipulation of single-qubit states. Single-qubit operators in path encoding can be implemented

by a Mach-Zehnder interferometer (MZI), whose building blocks are beam splitters and phase

shifters [7,8]. Moreover, enlarging the number of paths for the photons makes it possible to

arrange d-dimensional qubits, or qudits, with the same resources. Indeed, the manipulation

of a qudit is given by a network of MZIs that executes a generic unitary transformation for a

d-dimensional vector. It is well-known that there are two universal schemes able to make such an

operation: Reck [9] and Clements [10] schemes. To realize a universal photonic two-qubit gate

[11,12], there are still limitations due to the lack of deterministic structures that operate differently

on two-photon states with respect to single-photon states. Of course, linear transformations do

not satisfy this request and, naively, one can think that two-photon gates strictly require some

non-linear action. An example is provided by a Kerr-nonlinearity that operates at the single

photon level [13]. However, the breakthrough arrived when it was understood that measurement,

post-selection or heralding introduce an effective non-linearity [14]. Thus, it is possible to

achieve multi-photon gates by looking at a restricted subset of events, selected by specific criteria.

The price for not using non-linear manipulation is given by a probabilistic gate with a success

probability lower than 100%. Many successful concepts were demonstrated through linear

manipulation of photons [15–20], such as Knill-Laflamme-Milburn (KLM) protocol [21,22] and

post-selection for Controlled-Z gate (CZ) [23,24]. These introductory results show that linear

optical quantum computing (LOQC) promises to implement quantum information processing

[25–28].

In the perspective of large-scale fault-tolerant quantum computing, for example, achieved

through surface codes [29,30], LOQC-based computers have to scale up the capability of

computation. Silicon photonics has demonstrated the potential to integrate large-scale computation

protocols [31,32], as well as gate-based quantum computing schemes based on simple optical

components [33–35]. However, the scalability condition requires a regular qubit structure and

the possibility of connecting all the qubits. Two-qubit gates like the post-selected CZ gate

[23] do not satisfy these requirements and therefore represent an obstacle to scalability. In

fact, even though the post-selected CZ gate demonstrates the correct two-qubit operation, the

currently implemented structure has trouble with connecting two qubits that are not located in

their nearest neighbors [3,36]. As we discuss here, these problems can be solved by tailored

photonic structures based on reconfigurable photonic networks which enable connecting qubits

and arranging a regular structure. In addition, we explain how to solve the issues related to the

connectivity and the cascading of post-selected CZ gates for two different pairs of qubits that

share only one qubit.

The paper is organized as follows. Section 2 reviews the linear optics for quantum computation.

We focus on the path encoding in quantum photonics to define the qubit starting from dual-rail

representation. Then, we define single-qubit quantum gates by using linear optical components. In

the same way, we also explain the photonic implementation of CZ gate, which is achieved through

post-selection and MZIs as fundamental ingredients. Based on these backgrounds, Section 3

describes our proposals for scalability in LOQC on the integrated photonic platform. Firstly, we

describe the regularly-labeled structure of waveguides. Secondly, we present the optical swap

gates, which allow the use of the regular structure or change the location of path-encoded qubits,

acting as a generic SWAP quantum gate. As applied examples, Section 4 shows the Bell state and

Greenberger-Horne-Zeilinger (GHZ) state generation circuits. Lastly, in Section 5 we summarize

the results and present perspectives and problems.
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2. LOQC system

In the following subsections, we define operationally the qubit in a photonic integrated circuit

(PIC) by employing the spatial degrees of freedom of the photons. After that, we show how to

describe the fundamental building blocks for a photonic quantum computation. In particular, we

present path-encoded single-qubit and two-qubit gates and their implementations.

2.1. Bosonic qubits and path encoding

A physical qubit is the fundamental unit of quantum information defined by two distinct discrete

states in any system showing quantum mechanical properties, like superposition.

In quantum photonics, a path-encoded qubit is a bosonic qubit, which is defined by the position

of one photon between two waveguides. In other words, this definition utilizes the position of a

photon for the two-level system needed for a qubit. For two waveguides, denoted by w0 and w1,

and one photon propagating in one of the two waveguides, we define the configurations for the

path-encoded or dual-rail computational basis

|0⟩ ≡ â
†
w0
|Ω⟩ = |1, 0⟩(w0,w1),

|1⟩ ≡ â
†
w1
|Ω⟩ = |0, 1⟩(w0,w1),

(1)

where â† are creation operators related to the photon in a particular waveguide, |Ω⟩ is the vacuum

state, and w0 and w1 indicate the upper and the lower waveguide, respectively. In the previous

equation and along the work, we denote with bold numbers (0, 1) the occupation numbers and

with sans serif numbers (0, 1) the computational basis in the considered set of waveguides. Then,

we express an arbitrary quantum state of one bosonic qubit as

|ψ⟩ =
(
α â

†
w0
+ β â

†
w1

)
|Ω⟩

≡ α |0⟩ + β |1⟩,
(2)

where the probability amplitudes α and β of |ψ⟩ satisfies the condition |α |2 + |β|2 = 1.

Since one qubit consists of one photon and two waveguides, n photonic path-encoded qubits are

given by 2n waveguides and n identical photons. Each photon is assigned to a pair of waveguides

and such collection of two-level systems determines the set of n qubits. This configuration with

one photon in every waveguides’ pair defines the qubit structure, that must be preserved during

the manipulation and at the measurement stage. Thus, post-selection is needed in order to select

the events that satisfy the qubit structure. The dual-rail structure is particularly powerful since

losses due to real devices do not preserve the qubit structure and can be easily taken into account

by post-selection through the detection stage [37].

The generic path-encoded n-qubits state reads

|Ψ⟩ =
n−1⊗
j=0

|ψ⟩j =
n−1∏
j=0

(
αj â

†
w

j

0

+ βj â
†
w

j

1

)
|Ω⟩

≡
n−1⊗
j=0

(
αj |0⟩j + βj |1⟩j

)
,

(3)

where the index j denotes the j-th pair of waveguides which is assigned to the the j-th path-encoded

qubit and it holds |αj |2 + |βj |2 = 1.

Any transformation of single path-encoded qubits can be simply achieved by one MZI (see next

subsection for details). The MZIs for single-qubit transformations connect the two waveguides

belonging to the same photonic qubit. Consequently, in the ideal case, they preserve the qubit
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structure since the MZI is a 2×2 optical component, i.e., it operates within the single waveguides’

pair. In the case of real devices, losses decrease the number of photons and therefore create

events outside the qubit structure that can be distinguished.

In addition to single-qubit operations, we need only one controlled two-qubit operation to

achieve a set of universal gates. In order to introduce two-qubit gates, the pairs of waveguides

need to interact and preserve the qubit structure. To achieve this, we can consider suitable

networks of MZIs: in this way, we can exploit the same reconfigurable resource used for

single-qubit operations. Given a generic set of m waveguides, the universal transformation can

be implemented by a m × m network of MZIs [9,10]. The term “universal” does not mean that

such a network can execute QC universal gates like CZ and Controlled-NOT (CNOT). It means

that any input single-photon state propagating in the m-modes circuit can be mapped to any

output single-photon state. More rigorously, the MZI network implements a generic unitary

transformation for m-dimensional complex vector, which represents the probability amplitudes

of the single photon propagating in m paths. For example, given a single photon inserted in the

j-th input, the transformation is

â
†
j
→

m∑
k=1

ujk â
†
k
=⇒ |

j−1⏟⏞⏞⏟
0 . . . 0 1, 0 . . . 0⟩(w1...wm) →

m∑
k=1

ujk |

k−1⏟⏞⏞⏟
0 . . . 0 1 0 . . . 0⟩(w1...wm) (4)

where â†s are the creation operator of the network modes (w1 . . .wm) and ujk are the matrix

elements that describe the action of the MZIs network. The previous equation tells us that the

input state with a photon in the j-th waveguide is transformed into a generic superposition state

of the photon in the set of m waveguides. When we insert more than one photon in a generic

network, even if the transformation is linear, the interference between indistinguishable outputs

produces not trivial results. Examples of non-triviality are given by the Hong-Ou-Mandel effect

[38] and Boson Sampler [39,40]. In the first case, two single photons are inserted in the inputs of

a balanced beam splitter producing an entangled path-encoded state [41,42], and in the second

case, the result is linked to the permanent [43] of the generic unitary transformation represented

by the MZI network.

The complexity of MZI networks suggests that multi-photon gates can be realized by suitable

choices of the MZIs’ phases and by post-selection operations to preserve the desired qubit

structure. Naively, one can think that a 4 × 4 MZI network connecting two pairs of waveguides

with two single photons could implement a universal two-qubit gate such as the CNOT and

CZ gates. Unfortunately, as we demonstrate in Appendix A, this does not occur. Larger MZI

matrices are needed to implement a controlled two-qubit gate. Noteworthy, from the point of

view of resources and within the gate-based approach, the post-selected CZ gate [24] is the most

efficient way to implement the CZ operation.

Therefore, we use this gate as a benchmark. The realization of the post-selected CZ gate

involves two additional waveguides which are denoted as auxiliary waveguides. Thus, six total

waveguides and two photons are required to implement such a CZ gate between two qubits. At

the end of the operation, it is also necessary to check that the qubit structure is preserved. This

post-selection operation makes probabilistic the correct execution of the gate. The configuration

with six waveguides for the CZ gate between two qubits suggests that an auxiliary waveguide

can be assigned to each pair of waveguides that defines one dual-rail qubit. In Fig. 1 we

report a graphical representation of the chosen photonic qubit. Therefore, the path-encoded

qubit is re-defined by one photon that propagates in three waveguides, denoted as (wA, w0, w1).
When we consider n qubits, we denote their triplet of waveguides as (wj

A
, w

j

0
, w

j

1
). The qubit

structure requires that only one photon is present in each doublet (wj

0
, w

j

1
), which represents the

path-encoded computational basis, and no photon in w
j

A
at the input and output of every gate.
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This is trivially satisfied by single-qubit gates that operate within every doublet (wj

0
, w

j

1
), but it

is not guaranteed by the post-selected CZ. As it is explained later more explicitly, even in the

ideal case with no losses, the post-selected CZ gives rise to events with photons in the auxiliary

waveguides and zero or two photons in the waveguides’ pair corresponding to the same qubit. In

the real case with losses, we have also to discard events with a decreased number of photons with

respect to the initial ones.

Fig. 1. Graphical representation of three waveguides that define the chosen photonic

path-encoded qubit. The upper waveguide wA is the auxiliary waveguide needed for CZ

gates, and the doublet (w0, w1) composes the computational basis states of the path-encoded

photonic qubit. We also report a box that connects the waveguides (w0, w1) and represents a

generic single-qubit gate implemented by a MZI.

To summarize, whenever the output is composed of at least one photon in any auxiliary

waveguide, by more than one photon in any doublet (wj

0
, w

j

1
) or by less than the number of input

photons due to losses, we discard the event. We note that it is possible to make the events that

involve losses and the presence of photons in the auxiliary waveguides equivalent by truncating,

or equivalently not connecting, the auxiliary waveguides at the output of every post-selected CZ

gate. In this way, the post-selection at the output is simplified since no photons are coming from

such waveguides by construction. We denote this procedure of interrupting or not connecting the

auxiliary waveguides after any post-selected CZ gate as the truncation trick. This recipe can be

straightforwardly implemented during the design and fabrication of a PIC. However, it must be

realized in such a way as to minimize the presence of back reflection. There are many examples

of reflection killer structures [44–46]: the back reflection’s rejection achieved is around 20-30

dB, and thus suitable with the low-power signals of single-photon states. We point out that the

truncation trick is crucial to extend the use of post-selected CZ gate for two or more qubits’ pairs

that pairwise share only one qubit: indeed, such cascading of this gate is not possible without

this technique.

Once the path-encoded qubit structure is set, we can easily define how to initialize and measure

the qubits. The initialization stage is straightforward since we can set the initial state simply

by injecting single-photon states in the relative waveguides. For example, if we want to start

with the state
⊗n−1

j=0 |0⟩, we prepare the initial configuration with one photon in each waveguide

w
j

0
. The measurement stage is implemented by 2n single-photon detectors at the output of every

waveguide corresponding to the qubits’ computational basis and the correct events are given

by the ones that satisfy the qubit structure. Thus, if we have n qubits, the events that must

be considered are only those where each of the n photons is measured between every pair of

waveguides (wj

0
, w

j

1
) with the corresponding assignment given in Eq. (1). In the case of losses,

the detectors register a number of coincident clicks smaller than the number of injected photons.

Concerning the manipulation stage, we exploit the tunability and versatility of MZI networks

by embedding the path-encoded qubits gates in the Reck [9] and Clements [10] schemes. In
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particular, since our choice maps n qubits in 3n waveguides, we consider a MZI network with 3n

modes to implement the desired operations on the qubits.

2.2. Single-qubit operators

This subsection describes single-qubit quantum gates in LOQC. To achieve this, we introduce the

fundamental building blocks, needed to linearly manipulate photon states inside a PIC.

The first building block is the 50:50 beam splitter (BS) [26]. This component has two

inputs and two outputs and can be realized by utilizing two optical phenomena: evanescent

wave or self-imaging. In the first case, we have directional couplers, while in the second case

multimode-interferometer-based devices (MMIs). The action of BS is well described by its name:

if light is injected in one of the two entries, the outputs’ intensities are half of the initial one.

Real BS is characterized by an unbalanced condition between the two outputs and insertion loss,

which is the amount of power that is lost in the photonic device. We can describe this situation as

BSgen(t, r) =
⎛⎜⎝

t i r

i r t

⎞⎟⎠
, (5)

where the label “gen” stands for generic and t and r are the amplitudes of the two outputs and

they are denoted as transmittance and reflectance. Unbalance means that |t| ≠ |r | and insertion

loss implies that |t|2 + |r |2<1. If the BS is ideal, the corresponding matrix is

BS =
1
√

2

⎛⎜⎝
1 ±i

±i 1

⎞⎟⎠
, (6)

modulo a global phase. The plus sign corresponds to the MMIs case, while the minus sign to the

directional coupler case. Along the article for simplicity, we decide to use the plus sign version

without loss of generality. It is interesting to note that the conditions to be balanced, lossless, and

unitary fixes all the relative phases of the device. The unbalance and insertion loss are connected

to the design and fabrication process of the integrated device.

The second component is given by the phase shifter (PS) [26]. This component is used to

change the relative phase of different spatial degrees of freedom belonging to the same dual-rail

qubit. When photons propagate in a waveguide for a distance L, they accumulate an overall phase

given by 2π L neff/λ. The effective index neff is a parameter that depends on all the characteristics

of the waveguide: in particular if all the waveguides are identical, no relative phase can be

induced. However, by changing external parameters like temperature, pressure, etc., we can

locally vary the effective index. Therefore, if we have a couple of waveguides and one photon,

PSs on each path introduce two different phases. This configuration involves two inputs and two

outputs and it can be described by the following matrix

PS(θ) = ⎛⎜⎝
eiθ1 0

0 eiθ2

⎞⎟⎠
, (7)

where θ = (θ1, θ2). Note that after this operation, we can measure only the relative phase θ1 − θ2,

if we look just at one pair of waveguides. Real PS are affected by propagation losses and spurious

phases due to fabrication imperfections. These two effects can be described by the previous

matrix by allowing an imaginary part to θ and an additional phase contribution, respectively.

These two optical linear components constitute the building blocks to manipulate photon

states through a MZI. As it is shown in Fig. 2, two BSs and two pairs of PSs constitute a MZI.
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Consequently, the unitary matrix for a MZI is

UMZI(θ, φ) ≡ BS · PS(θ) · BS · PS(φ)

= i ei(θ1+θ2+2φ2)/2 ⎛⎜⎝
ei(φ1−φ2) sin((θ1 − θ2)/2) cos((θ1 − θ2)/2)

ei(φ1−φ2) cos((θ1 − θ2)/2) − sin((θ1 − θ2)/2)
⎞⎟⎠

,
(8)

where θ = (θ1, θ2) and φ = (ϕ1, ϕ2). Note that Eq. (8) has the same representation as Eq. (5),

which describes a generic beam splitter. This means that the MZI is equivalent to a beam splitter

with tunable parameters.

MZI ( )

BS BS

Fig. 2. One Mach-Zehnder interferometer unit. This building block is composed of two

beam splitters (white square boxes labeled with BS) and four phase shifters (yellow square

boxes labeled with θs and ϕs), located at the inputs and in the internal arms. In all the

following images, we represent the MZI photonic unit with the light grey box.

Moreover, Eq. (8) implies that we can execute single-qubit gates. We list some commonly

used single-qubit gates in Table 1. Most of the quantum gates can be evaluated by the phases’

configuration depicted in Fig. 2. The rotation around the z-axis of the Bloch sphere Rz is achieved

by setting (θ1 − θ2, ϕ1 − ϕ2) = (π, π − δ). However, the other rotations Rx and Ry require an

additional pair of PSs at the output of the MZI. In this way, we have an extended version of the

MZI, whose matrix reads

Uext MZI ≡ PS(ϕ3, ϕ4) · UMZI(θ,φ) . (9)

Through this addition, Rx and Ry can be achieved by the phases configurations (θ1 − θ2, ϕ1 −
ϕ2, ϕ3 − ϕ4): (π − δ, π/2, π/2) and (π − δ, 0, π), respectively. The previous matrix representation

can be used following the recipe given in Appendix B. Therefore, to keep a compact notation, we

create a vector with all the creation operators associated with the inputs and simply multiply such

vector by the matrix that describes the desired device. In the case of a MZI, the transformation

can be written as

⎛⎜⎝
â
†
w0

â
†
w1

⎞⎟⎠
→ UMZI(θ,φ)−1 · ⎛⎜⎝

â
†
w0

â
†
w1

⎞⎟⎠
, (10)

and this can be generalized to a generic m mode network by creating a vector containing all the

creation operators.

The MZI structure can be easily embedded into the three-waveguide structure as illustrated

in Fig. 1. The auxiliary waveguide is left alone and the waveguides corresponding to the

computational basis are connected through the MZI. One can follow the procedure reported in

Appendix B to find the matrix corresponding to the single-qubit manipulation implemented by a

MZI for the three-waveguide structure.

In the case of real integrated devices, MZIs are described by non-unitary transformations

because of losses. The lossy behavior can be described by the factor 10−IL/10 in front of the

MZI matrix, where IL is the insertion loss in dB. Other non-ideal features are inherited from the
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Table 1. Collection of commonly used single qubit gates evaluated by specific phase values.
Through changing two parameters θ and φ in Eq. (8), quantum gates are determined, modulo a

global phase.

Quantum gates Matrix form MZI phases (θ1 − θ2,φ1 − φ2)

Identity
⎛⎜⎝
1 0

0 1

⎞⎟⎠
(π, π)

Pauli-X
⎛⎜⎝
0 1

1 0

⎞⎟⎠
(0, 0)

Pauli-Y
⎛⎜⎝
0 −i

i 0

⎞⎟⎠
(0, π)

Pauli-Z
⎛⎜⎝
1 0

0 −1

⎞⎟⎠
(π, 0)

Hadamard 1√
2

⎛⎜⎝
1 1

1 −1

⎞⎟⎠
(π/2, 0)

T
⎛⎜⎝
1 0

0 eiπ/4
⎞⎟⎠

(π,−π/4)

unbalance of the BS and the spurious phases of the PS. As it is done in [10], it is possible to

measure the fidelity of a m × m MZI network with the following formula

F =

���������
Tr

[
U†Uexp

]
√

mTr
[
U

†
expUexp

]
���������

2

, (11)

where U and Uexp are the desired and experimental transformations respectively. A global

loss does not affect the fidelity, but it decreases the success probability of the transformation.

Unbalanced losses among the MZIs in the network and imperfections in the MZIs produce lower

fidelity values [10]. The success probability is related to the operational time required for the

gate, while fidelity quantifies how correctly the actual result worked.

2.3. Two-qubit operators

Among the various CZ implementations in LOQC, we embrace the post-selected method,

implemented in previous studies [15,47,48]. The main idea of the post-selected CZ consists of

adding two auxiliary waveguides to the four waveguides belonging to the two dual-rail qubits.

Then, the post-selected CZ gate is implemented by a layer of three beam splitters with 1/3
transmittance, which we denote as 1/3-BS. Additionally, the CNOT gate can be realized by

inserting the 1/3-BS between two 50:50 BSs acting on the waveguides relative to the target qubit.

50:50 BS performs the analogous role as the H gate by the equality of gate decomposition [49,50].

Figure 3 graphically reports the structure of the post-selected CNOT, composed of post-selected

CZ and single-qubit gates with MZIs. Here, we detail the post-selected CZ and CNOT.
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(b)

(a)

HZH

HCZH

Fig. 3. CNOT implementation through MZI units for path-encoded photonic qubits. (a) Gate

decomposition of CNOT with the combination of H and CZ. (b) CNOT implementation with

MZIs. (w0
A

, w1
A
) are the ancillary waveguides, (w0

0
, w0

1
) and (w1

0
, w1

1
) indicate the waveguides

of the control and target qubits, respectively. Post-selected CZ is located in the center of the

MZI network, and Hadamard gates needed for CNOT are positioned on the left and right of

the post-selected CZ. The MZIs are set in such a way to have the transformation H, R1/3
and R′

1/3: the values for the phases can be found in Table 1, and in Eq. (13). The MZIs

represented with light grey boxes are set in the identity configuration.

First of all, we represent two-qubit states |q0⟩ and |q1⟩ in the computational basis {|0⟩ , |1⟩}
through the path-encoded correspondence given in Eq. (3). The basis states read as

|00⟩ ≡ â
†
w0

0

â
†
w1

0

|Ω⟩ = |1, 0, 1, 0⟩(w0
0
,w0

1
,w1

0
,w1

1),

|01⟩ ≡ â
†
w0

0

â
†
w1

1

|Ω⟩ = |1, 0, 0, 1⟩(w0
0
,w0

1
,w1

0
,w1

1),

|10⟩ ≡ â
†
w0

1

â
†
w1

0

|Ω⟩ = |0, 1, 1, 0⟩(w0
0
,w0

1
,w1

0
,w1

1),

|11⟩ ≡ â
†
w0

1

â
†
w1

1

|Ω⟩ = |0, 1, 0, 1⟩(w0
0
,w0

1
,w1

0
,w1

1),

(12)

where the two pairs of waveguides associated with the qubits are (w0
0
, w0

1
) and (w1

0
, w1

1
). These

two doublets are put between two auxiliary waveguides
(
w0

A
, w1

A

)
, as shown in the input and

output of scheme 3(b). Note that this structure is not regular.

Then, we introduce the operators R1/3 and R′
1/3 that describe the 1/3-BSs present in the

post-selected CZ. The values of θs and ϕs and the corresponding R1/3 and R′
1/3 reads as

{
ϕ1 − ϕ2 = π

θ1 − θ2 = 2 arcsin 1√
3

⎫⎪⎪⎬
⎪⎪⎭
⇒ R1/3 =

1
√

3

⎛⎜⎝
−1

√
2

−
√

2 −1

⎞⎟⎠
{
ϕ1 − ϕ2 = 0

θ1 − θ2 = −2 arcsin 1√
3

⎫⎪⎪⎬
⎪⎪⎭
⇒ R′

1/3 =
1
√

3

⎛⎜⎝
−1

√
2

√
2 1

⎞⎟⎠
(13)

modulo a global phase. The state evolution associated with the post-selected CZ can be written as

V2 → CZps · V2, (14)
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where

V
T

2 ≡
(
â
†
w0

A

, â
†
w0

0

, â
†
w0

1

, â
†
w1

0

, â
†
w1

1

, â
†
w1

A

)
,

CZps ≡
1
√

3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
√

2 0 0 0 0
√

2 1 0 0 0 0

0 0 −1 −
√

2 0 0

0 0
√

2 −1 0 0

0 0 0 0 −1 −
√

2

0 0 0 0
√

2 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(15)

the superscript “T” denotes the transpose and the bar is inserted as a reminder of the non-

regularly-labeled structure of the gate. Note also that CZps is the inverse matrix of the block

matrix composed by R1/3 and R′
1/3, following the procedure explained around Eq. (10) and in

Appendix B.

The elements corresponding to the auxiliary waveguides in V2 are prepared to have zero

probability, since there is no photon in the two ancillary waveguides
(
w0

A
, w1

A

)
. Indeed, the

generic initial state is

|Ψ⟩in = |q0⟩in ⊗ |q1⟩in,

|q0⟩in =
(
α0 â

†
w0

0

+β0 â
†
w0

1

)
|Ω⟩ ≡ α0 |0⟩0 + β0 |1⟩0,

|q1⟩in =
(
α1 â

†
w1

0

+β1 â
†
w1

1

)
|Ω⟩ ≡ α1 |0⟩1 + β1 |1⟩1,

(16)

where we follow the prescriptions given in Sec. 2.1 and the probability of finding a photon in the

auxiliary waveguides is zero.

We assign the control to the first qubit and the target to the second one, called |q0⟩ and |q1⟩ in

Fig. 3. Applying the linear transformation in Eq. (14), the state |Ψ⟩in evolves to |Ψ⟩out, which

reads modulo global phase as

|Ψ⟩out = −1

3

(
α0α1 â

†
w0

0

â
†
w1

0

+α0β1 â
†
w0

0

â
†
w1

1

+β0α1 â
†
w0

1

â
†
w1

0

−β0β1 â
†
w0

1

â
†
w1

1

)
|Ω⟩ + . . . (17)

where the dots contain all the terms that do not preserve the initial qubit structure. In particular,

among these terms we find events with

1. one photon in w0
A

and one photon in the doublet (w0
0
, w0

1
) or (w1

0
, w1

1
),

2. one photon in w1
A

and one photon in the doublet (w0
0
, w0

1
) or (w1

0
, w1

1
),

3. two photons in the auxiliary waveguides (w0
A
, w1

A
),

4. two photons in the doublet (w0
0
, w0

1
) or (w1

0
, w1

1
).

The post-selection discards these events. In the presence of losses, we also discard events with

one or no photon in the six waveguides set.

Finally, we can rewrite the Eq. (17) using the assignment with computational basis, given

Eq. (12):

|Ψ⟩out ∝ α0α1 |00⟩ + α0β1 |01⟩ + β0α1 |10⟩ − β0β1 |11⟩, (18)

where we neglect the contributions that are non-preserving the qubit structure.
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Apart from a global phase, the result shows the correct CZ operation on |Ψ⟩in: there is a sign

change when both qubits are in the state |1⟩. Once we have the CZ gate, the CNOT gate is simply

achieved by performing the H gate on the target qubit before and after the CZ. The H gate is

simply achieved by setting phase parameters denoted in Table 1 to a MZI under the 50:50 BS

configuration. The CNOT gate is shown in Fig. 3 and its action can be described as

CNOTps = (1 ⊗ H) · CZps · (1 ⊗ H) , (19)

where the transformation 1 ⊗ H represents the action of H gate on the second qubit.

If we denote by P̂ the operator that projects on the qubit structure and equivalently eliminates

the terms contained in the dots of Eq. (17), the success probability Psucc of P̂|Ψ⟩out is

Psucc = out⟨Ψ|P̂|Ψ⟩out =
1

9
, (20)

whose value is exactly the square of the coefficient in front of the part of |Ψ⟩out that preserves

the qubit structure. In the case of losses, this value decreases. In particular, if the losses are

homogeneous in the MZI network that implements the post-selected CZ, the success probability

is given by the result in Eq. (20) multiplied by 10−2IL/10, where IL is the insertion loss in dB. For

example, IL = 1dB changes the ideal 11% of success probability to 7%. On the other hand, if

there are non-homogeneous losses or unbalanced BS or spurious phases in the PS, the fidelity of

the gate, defined in Eq. (11), is also decreased.

It is well known that this implementation of the CZ cannot be cascaded: this means that

if this operation is applied twice to the same pair of qubits or to different pairs of qubits that

share only one qubit, the correct result cannot be achieved by the post-selection procedure. As

explained in Sec. 2.1, the truncation trick makes the events with at least one photon in the

auxiliary waveguides equivalent to the event where we lose at least one photon because of losses.

This is achieved by truncating the auxiliary waveguides at the output of the post-selected CZ.

The truncation trick can be described by the following non-unitary matrix for two path-encoded

qubits

P̂aux =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (21)

This form can be easily generalized to any number of qubits. The action of the previous

matrix consists of dropping all the terms with at least one photon in the auxiliary waveguides by

default. This operation does not include the post-selection procedure completely, since we still

have the events with two photons in the pair of waveguides that corresponds to one of the two

path-encoded qubits. These events can be distinguished by single-photon detectors, but they are

detrimental when two post-selected CZ are cascaded on the same pair of qubits, even if we use

the truncation trick. However, as shown in Appendix C, the truncation trick makes possible the

correct operation of two post-selected CZ gates applied to two pairs of qubits that share only one

qubit.

We conclude this subsection by considering Fig. 4(a), where we report the Clements [10]

and Reck [9] schemes. It is possible to note that the post-selected CZ can be embedded in five

different ways in the Clements scheme and only one way in the Reck scheme. Indeed, the essential

condition consists of a layer composed of three MZI. Therefore, a 6 × 6 universal scheme can be

set to execute the QC universal set of gates for two path-encoded qubits.
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(b)(a) 6 x 6 Clements scheme

6 x 6 Reck scheme

Fig. 4. (a) 6 × 6 Clements scheme, upper part, and Reck scheme, lower part, where we

embed the regularly-labeled structure of two path-encoded qubits. (b) A 3n × 3n scheme

together with the regular labeling of n path-encoded qubits.

2.4. Issues in large-scale photonic QC

The post-selected CZ gate, shown in Fig. 3(b), cannot be cascaded to two or more pairs of

qubits that pairwise share only one qubit without implementing the truncation trick. Thus, this

prescription represents a crucial element for large-scale LOQC based on the post-selected CZ

gate. Moreover, this implementation of CZ gate has the limitation that does not satisfy scalability,

since it involves a non-regularly-labeled structure. Indeed, its structure is composed of the two

pairs of waveguides (w0
0
, w0

1
) and (w1

0
, w1

1
) corresponding to the two qubits |q0⟩ and |q1⟩, that are

located between the auxiliary waveguides (w0
A
, w1

A
). The waveguides’ assignment is not regular

and it only permits an operation between nearest-neighbor qubits. This hinders the flexibility

of two-qubit operations. For instance, if we want to sequentially apply CNOT gates on the

pairs of qubits ( |q0⟩, |q1⟩ ), ( |q1⟩, |q2⟩ ), the current scheme cannot be applied due to the lack

of correspondence between the qubit structure, i.e the path assignment does not match among

different sequential post-selected CZ gates. Therefore, the irregular configuration of waveguides

in the post-selected CZ prevents satisfying the scalability property in MZI networks.

Large-scale QC requires quantum operations between non-adjacent qubits. Suppose that

we would operate two-qubit gates on three qubits, |q0⟩, |q1⟩, and |q2⟩, where ( |q0⟩, |q1⟩ ) and

( |q1⟩, |q2⟩ ) are adjacent. In this situation, we need to exchange the location of |q0⟩ or |q2⟩ with

|q1⟩ to connect |q0⟩ and |q2⟩. The SWAP gate performs this operation and it can be realized

by three successive CNOT gates on the same pair of qubits. However, the CZ implementation,

discussed in Sec. 2.3, does not allow cascading more CZ gates on two qubits, even if we use the

truncation trick. In integrated photonics, the swapping of spatial degrees of freedom is typically

done by waveguide crossings [36]. This optical component achieves the same operation that a

MZI performs in the cross configuration, but in a passive way and with a more compact footprint.

SWAP between qubits or waveguides given by the cross configuration, or equivalently Pauli-X

gate, is achieved without setting any relative phases in the MZI unit (see Table 1). This means

that also MZIs do not need external power to work in the cross configuration. Even though, in a

real MZI, spurious phases, coming from imperfections, must be compensated and external power

to set the correct configuration is needed, the advantage of using MZI networks to execute the

swapping of path degrees of freedom comes from their reconfigurability.
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The truncation trick, described in Sec. 2.1, represents an irreversible choice for a PIC.

Therefore, once the qubit structure is defined and the truncation is applied to the auxiliary

waveguides, the circuit can be used only within that specific choice of path-encoded qubits. The

truncation trick can be implemented also in a programmable way through an integrated optical

switch [51], given by a MZI. In this way, by truncating one of the outputs of such MZI and

connecting the other to the network, it is possible to control the application of the truncation

trick and to recover the programmable essence of MZI networks.

In the following section, we present the regularly-labeled structure and the optical swap gate to

solve the previously reported scalability issues.

3. Method for scalability

In a photonic network consisting of MZIs, we describe two criteria to improve the scalability

of LOQC: on the implementation level and on the quantum gate level. We demonstrate the

post-selected CZ gate on a regularly-labeled structure with one ancillary waveguide and one

dual-rail as data qubit, as shown in Fig. 1. We refer to recent work on bulk optics [52] to introduce

an optical SWAP gate, which maps the regular structure to the standard structure needed to

execute the post-selected CZ gate.

3.1. Primitives on implementation level

3.1.1. Regular labelling

Maintaining a regularly-labeled structure for the path-encoded qubits is a requirement to compute

massive quantum algorithms. The regularly-labeled universal scheme of a MZI network is

depicted in Fig. 4(b). The labeling sequentially allocates one ancillary waveguide and a pair

of waveguides for path-encoded computational state |0⟩, |1⟩ so that (w0
A
, w0

0
, w0

1
) corresponds to

qubit |q0⟩, (w1
A
, w1

1
, w1

1
) to |q1⟩ and so on. Thus, as described in Sec. 2.1, every path-encoded

qubit is composed of one photon and three waveguides. Once the qubits are initialized, there are

two universal schemes of reconfigurable MZI networks that perform quantum operations: the

Reck and Clements schemes. Figure 4(a) reports their 6 × 6 configuration.

Quantum gates in a regularly-labeled structure are equally implemented by MZIs. Single-qubit

gates can be trivially achieved through a MZI and their action is described by Eq. (8). This

operation connects two waveguides represented in the computational basis |0⟩, |1⟩ of a given

qubit and leaves untouched the ancillary waveguides. Two-qubit gates, like the post-selected CZ,

operate with a non-regular structure, where ancillary waveguides are located on both sides of the

two pairs of path-encoded qubit waveguides. Thus, we have to adapt the post-selected CZ to the

chosen regular structure. In the next subsection, we henceforth present an optical SWAP gate

that changes the pathways of photons to make compatible the use of post-selected CZ and the

regularly-labeled structure.

3.1.2. Optical SWAP by Pauli-X gate

The SWAP operation for a dual-rail qubit is achieved by utilizing a MZI with phases that

correspond to a Pauli-X matrix. Given the generic initial quantum state |Ψ⟩in, shown in Eq. (2),

we apply the Pauli-X gate

⎛⎜⎝
â
†
w0

â
†
w1

⎞⎟⎠
→ ⎛⎜⎝

0 1

1 0

⎞⎟⎠
· ⎛⎜⎝

â
†
w0

â
†
w1

⎞⎟⎠
, (22)

and we obtain the output state

|Ψ⟩out =

(
α â

†
w1
+ β â

†
w0

)
|Ω⟩ = β |0⟩ + α |1⟩ . (23)

We can see that the probability amplitudes of the states are swapped, as depicted in Fig. 5(a).
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(a) (c)

(b)

Fig. 5. (a) Basic optical SWAP operation on a pair of waveguides. (b) SWAP′
2

operation

which changes the position between two pairs of waveguides. (c) SWAPA
1

operation which

switches the order between one ancilla waveguide wA and the pair of waveguides (w0, w1).
The latter operation is needed to achieve a post-selected CZ gate with a regularly-labeled

structure.

Figure 5(b) shows a two-qubit SWAP gate realized with 4 MZIs, that are configured as Pauli-X

gates. The path-encoded qubits |q0⟩ and |q1⟩ are defined by the position of one photon in each

pair of waveguides (w0
0
, w0

1
) and (w1

0
, w1

1
) and, only in this case, we do not consider the auxiliary

waveguides. The transformation given by such a MZI network operates as

V̂′
2 → SWAP′

2 · V̂′
2, (24)

where (
V̂′

2

)T

≡
(
â
†
w0

0

, â
†
w0

1

, â
†
w1

0

, â
†
w1

1

)
,

SWAP′
2 ≡ X

(2,3)
4

· X
(1,2)
4

· X
(3,4)
4

· X
(2,3)
4
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

(25)

and X
(k,k−1)
m represents the single MZI Pauli-X action on the k-th and (k+1)-th waveguides

embedded in the m × m network. In Appendix B, embedding a 2 × 2 MZI in a generic m × m

structure is presented in more detail. Given the initial state as in Eq. (16), the output state reads

|Ψ⟩out =

(
α0 â

†
w1

0

+ β0 â
†
w1

1

) (
α1 â

†
w0

0

+ β1 â
†
w0

1

)
|Ω⟩ =

(
α1 â

†
w0

0

+ β1 â
†
w0

1

) (
α0 â

†
w1

0

+ β0 â
†
w1

1

)
|Ω⟩

= (α1 |0⟩0 + β1 |1⟩0) ⊗ (α0 |0⟩1 + β0 |1⟩1) .

(26)

In other words, the operation swaps the two qubits with respect to the computational basis. We

can note that the transformation is completed only by three layers of MZIs.

Finally, Fig. 5(c) shows the optical SWAP on one photonic qubit composed of the ancillary

waveguide and the two waveguides (w0, w1). This process shifts the position of the ancilla
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waveguide and the quantum states’ paths such that

V1 → SWAPA
1 · V1, (27)

where

VT
1 ≡

(
â
†
wA

, â
†
w0

, â
†
w1

)
,

SWAPA
1 ≡ X

(0,1)
3

· X
(A,0)
3
=

⎛⎜⎜⎜⎜⎝

0 1 0

0 0 1

1 0 0

⎞⎟⎟⎟⎟⎠
.

(28)

This operation is required to implement the post-selected CZ in a regularly-labeled structure

as we derive in the next subsection.

3.2. Requisites on quantum gate level

3.2.1. Qubit SWAP by optical SWAP gate

In this subsection, we perform not only the optical SWAP to switch the location of waveguides,

but also a general quantum SWAP operation, which extends this concept. Two SWAP operations

are described in Figs. 6 and 7, the former can be embedded in 6 × 6 Clements scheme with

regularly-labeled waveguides and the latter can be embedded in both 6 × 6 Clements and Reck

schemes.

Fig. 6. Qubit SWAP operation SWAPA
2

in a regularly-labeled structure. This gate exchanges

the positions of the ancillary waveguides, i.e. w0
A
↔ w1

A
, and the waveguides of the first

and second qubits, i.e. (w0
0
, w0

1
) ↔ (w1

0
, w1

1
). The state |A⟩ is used to denote the state

corresponding to one photon in the auxiliary waveguide, and it is outside the set of states that

defines the qubit structures. The MZIs represented by light grey boxes are set in the identity

configuration, while the others with darker grey and the letter “X” in the Pauli-X setting.

The Pauli-X network shown in Fig. 6 acts as

V2 → SWAPA
2 · V2, (29)
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(a)

(b)

Fig. 7. Qubit SWAP operation SWAP2 that leaves untouched the ancillary waveguides and

exchanges the positions of the waveguides of the first and second qubits, i.e., (w0
0
, w0

1
) ↔

(w1
0
, w1

1
), in a regularly-labeled structure. In particular, we report the embedding of this

SWAP gate (a) in 6 × 6 Clements scheme and (b) in 6 × 6 Reck scheme. The state |A⟩
denotes the state corresponding to one photon in the auxiliary waveguide, and it is outside

the states that define the qubit structures. The MZIs represented by light grey boxes are

set in the identity configuration, while the others with darker grey and the letter “X” in the

Pauli-X setting.

where

VT
2 ≡

(
â
†
w0

A

, â
†
w0

0

, â
†
w0

1

, â
†
w1

A

, â
†
w1

0

, â
†
w1

1

)
,

SWAPA
2 = X2 · X

(3,4)
6

· X2 · XA
1 · X2 · XA

1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

X
A
1 ≡ X

(1,2)
6

· X
(3,4)
6

· X
(5,6)
6

,

X2 ≡ X
(2,3)
6

· X
(4,5)
6

.

(30)

Given the generic initial state of two qubits as in Eq. (16), the action of this transformation

consists of the SWAP between qubits in a regularly-labeled structure. However, its action is

more general than the one reported in Eq. (24,25) and, since the MZI network shown in Fig. 6

performs also the swapping between the auxiliary waveguides, or equivalently (w0
A
↔ w1

A
). The

network of Fig. 6 is implemented by setting 13 MZIs in the Pauli-X configuration and 2 MZIs as

the Identity in the 6 × 6 Clements scheme. This network cannot be embedded in the 6 × 6 Reck

scheme, since two layers with 3 MZIs are required.

It is important to note that the swapping of auxiliary waveguides is not needed because the qubit

structure selects the events with no photons in the auxiliary waveguides. Indeed, post-selection
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implies that when a photon remains in any auxiliary waveguide after a two-qubit gate, we do not

count the corresponding event on the detectors.

Therefore, we can optimize the resources as in the Pauli-X network shown in Fig. 7, whose

action can be written as

V2 → SWAP2 · V2, (31)

where

SWAP2 = X1 · X2 · X1 · X2 · X1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

X1 ≡ X
(3,4)
6

· X
(5,6)
6

,

X2 ≡ X
(2,3)
6

· X
(4,5)
6

.

(32)

In this way, the action of this transformation involves the SWAP between qubits in a regularly-

labeled structure without affecting the auxiliary waveguides. This network is composed of 10

MZIs in the Pauli-X configuration and 5 as the Identity gate and it can be embedded in both the

6 × 6 Clements and Reck schemes as shown in Figs. 7(a) and (b).

For all the optical SWAP gates presented, the effect of non-idealities of the real devices has

two effects. A global loss changes the deterministic essence of the SWAP gates and the success

probability is given by 10−IL/10 for one qubit and 10−2IL/10 for two qubits, where IL is the

insertion loss in dB. Unbalanced losses in the network or defects of MZIs reduce also the fidelity

of the gate, defined in Eq. (11).

3.2.2. Two-qubit gate in regularly-labeled waveguides

In this subsection, we derive the regularly-labeled post-selected CZ by restoring the labeling of

waveguides using the optical SWAP proposed in the previous subsection.

Firstly, we consider the initial state of two qubits given in Eq. (16), and we apply the optical

SWAP to the target qubit. The state evolves through the transformation given in Eq. (27) as

|Ψ⟩in = |q0⟩in ⊗ |q1⟩in
→

(
1 ⊗ SWAPA

1

)
|q0⟩in ⊗ |q1⟩in .

(33)

The previous transformation maps the regularly-labeled pathway of photons into the positions

required by the post-selected CZ. Then, we act with the CZ, as it is explained in Sec. 2.3, and

lastly we again apply the optical SWAP symmetrically. The final state reads(
1 ⊗

(
SWAPA

1

)T
)
· CZps ·

(
1 ⊗ SWAPA

1

)
|q0⟩in ⊗ |q1⟩in

= −1

3

(
α0α1 â

†
w0

0

â
†
w1

0

+α0β1 â
†
w0

0

â
†
w1

1

+β0α1 â
†
w0

1

â
†
w1

0

−β0β1 â
†
w0

1

â
†
w1

1

)
|Ω⟩ + . . .

=⇒ α0α1 |00⟩ + α0β1 |01⟩ + β0α1 |10⟩ − β0β1 |11⟩ .

(34)

This result is exactly the one reported in Eqs. (17) and (18). This gate can be realized only in

the 6 × 6 Reck scheme as it is shown in Fig. 8(a).
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SWAP CZ SWAP(a)

(b)

Fig. 8. CZ gate implementation in a regularly-labeled structure. (a) Post-selected CZ

operation together with optical SWAP that changes the positions of waveguides to map the

regular structure to the structure needed for the standard post-selected CZ. Green contours

show the 6×6 Clements scheme and orange contours the 6×6 Reck scheme. (b) Compressed

CZ implementation in the regularly-labeled structure. The MZIs represented with light grey

boxes are set in the identity configuration, while the colored ones are set in the configurations

X, R1/3, R′
1/3 and R

†
1/3, marked with the corresponding label.

However, we can shrink the full depth of post-selected CZ. To do this, we note that the

bottom R
†
1/3 of the post-selected CZ is located between two Pauli-X MZI. Thus, we can do the

three operations simultaneously by introducing the new rotation operator R
†
1/3 to compress the

regularly-labeled CZ gate as depicted in Fig. 8(b). The operator can be derived by multiplying

Pauli-X on each side of R1/3

R
†
1/3 ≡ X · R1/3 · X =

1
√

3

⎛⎜⎝
−1 −

√
2

√
2 −1

⎞⎟⎠
, (35)

and it is achieved by setting θ1 − θ2 = −2 arcsin 1√
3

and ϕ1 − ϕ2 = 0. This new gate replaces

three MZIs, since no quantum gate is applied between CZ and optical SWAP.

Finally, we consider the generic state given in Eq. (27) and the action of the regularly-labeled

CZ, which reads

V2 → CZps · V2, (36)
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where

CZps ≡ X
(w1

A
,w1

0
)

6
· CZps · X

(w1
A
,w1

0
)

6
=

1
√

3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
√

2 0 0 0 0
√

2 1 0 0 0 0

0 0 −1 0 −
√

2 0

0 0 0 −1 0
√

2

0 0
√

2 0 −1 0

0 0 0 −
√

2 0 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (37)

It is straightforward to check that the transformation

|Ψ⟩in = |q0⟩in ⊗ |q1⟩in
→ CZps |q0⟩in ⊗ |q1⟩in

(38)

gives the same result of Eqs. (17), (18), and also (34). From Fig. 8(b), we can observe that the

structure of the new post-selected CZ, also called regularly-labeled post-selected CZ, can be

easily embedded in the 6 × 6 universal schemes. In particular, there is one way of embedding it

in the Reck scheme and two ways in the Clements one.

We conclude this section by showing that a regularly-labeled CNOT can be realized as

CNOTps = (1 ⊗ H) · CZps · (1 ⊗ H) , (39)

where the transformation 1 ⊗ H represents the action of H gate on the target qubit.

4. Bell state and GHZ state

This section shows examples of quantum circuits based on our proposed regularly-labeled

structure. We present the circuits to generate the Bell and the GHZ states. In both examples, all

the qubits are initially prepared in the |0⟩ state.

The Bell state generation is described in Fig. 9(a): the circuit is composed of one H gate that is

applied to the first qubit |q0⟩ and a CNOT gate bonding the pair (|q0⟩, |q1⟩), where the first qubit

acts as the control and the second as the target. We propose to implement this circuit by utilizing

the path-encoded qubits made of bundles of three waveguides and a 6 × 6 regularly-labeled MZI

network. Thus, we assign the qubits |q0⟩ and |q1⟩ to the triplets of waveguides (w0
A
, w0

0
, w0

1
) and

(w1
A
, w1

0
, w1

1
), respectively. Quantum gates are sequentially mapped into proper locations of MZI,

by using the notion of Sec. 2.2 for the single-qubit gates and the regularly-labeled compressed

post-selected CNOT, discussed in Sec. 3.2.2 and illustrated in Fig. 8. Figures 9(b),(c) show the

embedding of the Bell state generation circuit in 6 × 6 universal MZI networks. More explicitly,

given the initial state |00⟩, the scheme is described by the following transformation:

|00⟩ → CNOTps · (H ⊗ 1) |00⟩ = 1
√

2
(|00⟩ + |11⟩) , (40)

where we use the regularly-labeled compressed post-selected CNOT given in Eq. (39). We point

out that the post-selection is required and the success probability of this Bell state generation

circuit is 1/9.

Next, GHZ state generation circuits, whose gate-based circuit is shown in Fig. 10(a), are shown

as an example of computational scalability in photonic integrated circuits. We use the same

strategy as in the previous example, so we map the qubits |q0⟩, |q1⟩ and |q2⟩ to the three bundles

of waveguides, (w0
A
, w0

0
, w0

1
), (w1

A
, w1

0
, w1

1
), (w2

A
, w2

0
, w2

1
), respectively. Then, we consider 9 × 9
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H

(a) (b)

(c)

Fig. 9. Bell state generation in both quantum circuit representation and MZI network.

(a) Gate-based Bell state generation circuit. The corresponding embedding of Bell state

generation circuit (b) in the 6 × 6 Clements scheme and (c) in the 6 × 6 Reck scheme. The

MZIs represented with light grey boxes are set in the identity configuration, while the colored

ones are set in the configurations X, H and the different 1/3-BSs. The yellow contour

enclosing the MZI, which is set in the H configuration, corresponds to the H gate of the

gate-based Bell state generation circuit. Analogously, the green contour enclosing the MZI

network corresponds to the CNOT gate of the gate-based Bell state generation circuit.

universal MZI networks. The circuit involves an additional CNOT gate to the pairs (|q1⟩, |q2⟩)
or (|q0⟩, |q2⟩) compared to the previous case, as depicted in Fig. 10. The first case is shown in

Figs. 10(b),(c): we can note that it is possible to embed such GHZ state generation circuit in

9 × 9 universal MZI networks. The second case is illustrated in Fig. 11 and it shows an example

of SWAP operation between qubits, described in Eq. (32) and represented in Fig. 7. In this

case, applying the SWAP operation is needed because the physical implementation of CNOT

does not allow for operations between non-nearest-neighbor path-encoded qubits. In both cases,

the truncation trick is required since it allows cascading the post-selected CZ in the utilized

configurations.

Given the initial state |000⟩, the schemes in Figs. 10 and 11 are described by the following

transformations:

|000⟩ → UGHZ |000⟩ = 1
√

2
(|000⟩ + |111⟩) ,

UGHZ = P̂aux ·
(
1 ⊗ CNOT

(2,3)
ps

)
· P̂aux ·

(
CNOT

(1,2)
ps ⊗ 1

)
·(H ⊗ 1 ⊗ 1) ,

U
(swap)
GHZ

= P̂aux ·
(
CNOT

(1,2)
ps ⊗ 1

)
·
(
1 ⊗ SWAP

(2,3)
2

)
· P̂aux ·

(
CNOT

(1,2)
ps ⊗ 1

)
·(H ⊗ 1 ⊗ 1) ,

(41)

where P̂aux represents the action of the truncation trick and the upper indexes in parenthesis denote

the qubits involved in the operation. We utilize the regularly-labeled compressed post-selected

CNOT given in Eq. (39) and the optical SWAP given in Eq. (32). We point out that the

post-selection together with the truncation trick is required and the success probability of this

circuit is 1/81. Moreover, in the circuit reported in Figs. 10(b),(c) and 11(b) we note that the

truncation is necessary only on the waveguide w1
A

between the two CNOT gates. We insert all

the truncation after any two-qubit gate, since we follow the prescription of the truncation trick

and we allow the possibility of different compositions of CNOT gates between the three qubits.
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(a)

H

(b)

(c)

Fig. 10. GHZ state generation in a first example of quantum circuit representation and

corresponding MZI networks. (a) A first example of gate-based GHZ state generation circuit.

The corresponding GHZ state generation circuit embedded in universal 9 × 9 (b) Clements

and (c) Reck MZI networks. The MZIs represented with light grey boxes are set in the

identity configuration, while the colored ones are set in the configurations X, H and the

different 1/3-BSs. The red diagonal lines on auxiliary waveguides represent the truncation

trick: in such positions the waveguides are not connected. The yellow contour enclosing

the MZI, which is set in the H configuration, corresponds to the H gate of the gate-based

GHZ state generation circuit. Analogously, the green and blue contours enclosing the

MZI networks correspond to the first and second CNOT gates of the gate-based GHZ state

generation circuit.

A generic n-dimensional GHZ state,

1
√

2

⎛⎜⎝
n−1⊗
j=0

|0⟩j +
n−1⊗
j=0

|1⟩j
⎞⎟⎠

, (42)

can be obtained by iterating the previous circuits. Its success probability would be 91−n, for n

bigger than 2.

We conclude this section by emphasizing that the truncation trick, also shown in Fig. 10, is

compulsory in order to cascade the post-selected CZ between different pairs of qubits that share

only one qubit. Indeed, without this procedure, we do not achieve the correct result for the

GHZ state generation circuit, as shown in Appendix C. The truncation trick makes possible the

cascading of the post-selected CZ on the pairs of qubits that share only one qubit, but we cannot

cascade it on the same pair of qubits twice.
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(a)

H H

(b)

Fig. 11. GHZ state generation in a second example of quantum circuit representation and

corresponding MZI networks. (a) A second example of gate-based GHZ state generation

circuit, that involves the use of the SWAP gate. (b) The corresponding GHZ state generation

circuit, embedded in a MZI network. The MZIs represented with light grey boxes are set

in the identity configuration, while the colored ones are set in the configurations X, H

and the different 1/3-BSs. The red diagonal lines on auxiliary waveguides represent the

truncation trick: in such positions the waveguides are not connected. The yellow contour

enclosing the MZI, which is set in the H configuration, corresponds to the H gate of the

gate-based GHZ state generation circuit. Analogously, the green and blue contours enclosing

the MZI networks correspond to the first and second CNOT gates of the gate-based GHZ

state generation circuit. Finally, the grey contour stands for the SWAP gate implemented by

6 × 6 Clements scheme to connect non-nearest neighbor path-encoded qubits.

5. Conclusion

Our work presents a scalable possibility of integrated photonic circuits for LOQC. Regularly-

labeled structure for path-encoded qubits and optical SWAP operations are needed. Based on these

primitives, we demonstrate qubit SWAP gates to enable universal programming and post-selected

CZ gates. The compressed version of regularly-labeled post-selected CZ is also presented to

decrease the depth of the MZI network and to minimize quantum resource consumption. Finally,

we propose a new way of using the post-selected CZ: indeed, through the truncation trick, this

gate can be sequentially applied to two pairs of qubits that share only one qubit. Formally, we

present two exemplary quantum circuits: the Bell and the GHZ state generation circuits.

We demonstrate a gate-based quantum computing implementation based on standard optical

integrated devices. Thus, current photonic processors have the capabilities to execute our proposal

and move toward large-scale computation [31–35]. However, our approach is characterized

by some problems that must be solved or mitigated in order to reach fault-tolerant large-scale

quantum computing. Firstly, even in the ideal case, the success probability scales with multiples

of 1/9 every time a post-selected CZ is used. Secondly, our scheme cannot implement QC

circuits that involve the repetition of CZ gates on the same qubits’ pair, even if we apply the

truncation trick. This implies the impossibility of executing some quantum algorithms, like

the Grover algorithm [53]. From this perspective, the measurement-based approach [37,54,55]

through fusion gates has better performances on the integrated photonic platform. Therefore,

optimizing the cascading and the success probability is required for future developments of the

gate-based approach in quantum photonics.

The limitation in cascading multiple CZ on the same qubits’ pair can be solved by modifying

the high-level QC algorithms through additional ancillary qubits and gates in such a way as to
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avoid the cascading on the same pair of qubits. In this way, our scheme could be maintained

for a generic quantum algorithm. Another non-conservative possibility consists of adopting

another optical implementation of the CZ gate. For example, the KLM scheme or heralded CZ

[21] allows the cascading in any configuration at the price of more resources and lower success

probability. This choice would also imply the modification of the triplet structure in a new qubit

structure.

Finally, real integrated devices exhibit lower success probability and fidelity with respect

to the ideal case: this holds not only for the probabilistic post-selected CZ gate, but also for

deterministic gates like single-qubit and SWAP gates. To prevent or mitigate errors due to

imperfections, a hardware-level error correction, such as feed-forward control [56–58], can be

adopted. This correction method does not consider programmability, and so further research is

needed to achieve this condition. Future investigations can also address the complete analysis of

the performance and fidelity of the gates in the presence of real devices affected by non-idealities.

Appendix A: impossibility of CZ gate through a universal 4 × 4 MZI network

In this section we want to explore the possibility of achieving a CZ gate in path-encoding by

using a universal 4 × 4 MZI network.

As explained in the main text, we assign to every pair of waveguides the states of the

computational basis, Eq. (1). Then we consider the transformation of a universal 4 × 4 MZI

network, which is introduced in the previous section:

U4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

u11 u12 u13 u14

u21 u22 u23 u24

u31 u32 u33 u34

u41 u42 u43 u44

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (43)

As a first step we consider the generic initial state of two qubits

|Ψ2⟩in =
(
A0 â

†
0
+A1 â

†
1

) (
B0 b̂

†
0
+B1 b̂

†
1

)
|Ω⟩, (44)

we apply the transformation(
a
†
0
, a

†
1
, b

†
0
, b

†
1

)T

→ U−1
4 ·

(
a
†
0
, a

†
1
, b

†
0
, b

†
1

)T

, (45)

to the initial state |Ψ2⟩in and we require the following output

|Ψ2⟩out = c
(
A0B0 â

†
0
b̂
†
0
+A1B0 â

†
1
b̂
†
0
+A0B1 â

†
0
b̂
†
1
−A1B1 â

†
1
b̂
†
1

)
|Ω⟩ + . . . , (46)

where c is a constant and the dots stand for terms that do not satisfy the qubit structure. Note that

|c|2 is the success probability of the gate.

Solving the constraints coming from the desired output we have that

U−1
4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

γ11 0 0 0

0 −γ11 γ23 0

0 2c
γ23

c
γ11

0

0 0 0 c
γ11

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (47)

where γs parameters and c are free parameters.
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Finally we require the unitarity of U4, or equivalently U4 · U−1
4
= 1, which implies the

conservation of probability. From these conditions we find out that the previous matrix cannot be

unitary and there is an inconsistency between the unitary conditions and the requirements on the

desired output. Therefore, it is impossible to construct a post-selected CZ through a universal

4 × 4 MZI network.

The same result can be derived for a post-selected version of the CNOT gate in a universal

4 × 4 MZI network.

Appendix B: how to relate inputs and outputs of optical devices

A device with m inputs and m can be described by a m × m matrix,

U =

⎛⎜⎜⎜⎜⎝

u11 . . . u1m

...
. . .

...

um1 . . . umm

⎞⎟⎟⎟⎟⎠
(48)

where the components are complex number and | det(U)| = 1, if we have conservation of energy,

or probability.

Using the second quantization notation with creation and annihilation operators, we can define

the input vector as (a†
1
, . . . , a

†
m) and the output vectors as (b†

1
, . . . , b

†
m), where we choose to count

the modes from up position to down position.

The matrix U establishes the relations between the inputs and outputs

⎛⎜⎜⎜⎜⎝

b
†
1

...

b
†
m

⎞⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎝

u11 . . . u1m

...
. . .

...

um1 . . . umm

⎞⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎝

a
†
1

...

a
†
m

⎞⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎝

∑m
k=1 u1k a

†
k

...∑m
k=1 umk a

†
k

⎞⎟⎟⎟⎟⎠
. (49)

Inverting the matrix U, we can invert the previous equation and use the relation from a†s to

b†s to analyse the evolution of a given state.

Let’s make the example of 2 × 2 devices. In this case, we simply have

⎛⎜⎝
a
†
1

a
†
2

⎞⎟⎠
=

1

det(U)
⎛⎜⎝

u22 −u12

−u21 u11

⎞⎟⎠
⎛⎜⎝
b
†
1

b
†
2

⎞⎟⎠
=

1

det(U)
⎛⎜⎝

u22 b
†
1
−u12 b

†
2

−u21 b
†
1
+u11 b

†
2

⎞⎟⎠
. (50)

We conclude this subsection by constructing a generic matrix m × m from 2 × 2 sub-matrices.

Concretely, this is equivalent to creating a generic m×m device assembling 2×2 devices. In order

to do this we define a generic embedded 2 × 2 matrix U in m × m system. The transformation of

the k-th and (k + 1)-th inputs reads

U(k,k+1) ≡

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 . . . . . . . . . 0

0
. . .

...

... u11 u12

...

... u21 u22

...

...
. . . 0

0 . . . . . . . . . 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (51)

This transformation is leaving unaffected all inputs different from k and (k + 1) ones, which

are evolving accordingly to Eq. (50).
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The Reck and Clements [9,10] schemes give two prescriptions to obtain a generic unitary

operation, described by the transformation (Eq. 48), by assembling the MZIs, or equivalently the

transformations (Eq. 51). These procedures are used for m × m networks of MZI.

Appendix C: how to cascade post-selected CZ

Let’s consider six waveguides, where we assign the first qubit to the first three waveguides and

the second qubit to the latter waveguides. We can start by putting all the creation operators in a

vector as

V
T

2 ≡
(
a
†
A
, a

†
0
, a

†
1
, b

†
0
, b

†
1
, b

†
A

)
, (52)

where the position in the vector corresponds to the position in the ordered six waveguides. The

subscript “A” stands for auxiliary and the number stands for the basis state of the qubit.

Using the previous assignments, the matrix associated with post-selected CZ is

CZps =
1
√

3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
√

2 0 0 0 0
√

2 1 0 0 0 0

0 0 −1 −
√

2 0 0

0 0
√

2 −1 0 0

0 0 0 0 −1 −
√

2

0 0 0 0
√

2 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (53)

and the action of CZps is given by the following recipe

V2 → CZps · V2 . (54)

However, the assignment of the qubit states to the waveguides is not symmetric between the

first and the second qubit.

It is possible to have a symmetric configuration for the two qubits by changing the order of the

assignment and consequently changing the CZ operation.

Let’s define a new vector as

VT
2 ≡

(
a
†
A
, a

†
0
, a

†
1
, b

†
A
, b

†
0
, b

†
1

)
. (55)

This vector is related to the previous one by the following map

V2 =D · V2,

D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 1 0 0

0 0 0 0 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
(56)
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and the post-selected CZ is achieved in the following way

V2 → CZps · V2,

CZps = D · CZps · DT
=

1
√

3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
√

2 0 0 0 0
√

2 1 0 0 0 0

0 0 −1 0 −
√

2 0

0 0 0 −1 0
√

2

0 0
√

2 0 −1 0

0 0 0 −
√

2 0 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
(57)

where the matrix D is 1 ⊗ SWAPA
1 used in Eq. (27).

It is possible to verify that the generic initial state,

|Ψ2⟩in =
(
A0 â

†
0
+A1 â

†
1

) (
B0 b̂

†
0
+B1 b̂

†
1

)
|Ω⟩

|Ψ2⟩out = CZps |ψ0⟩ = −1

3

(
A0B0 â

†
0
b̂
†
0
+A0B1 â

†
1
b̂
†
0
+A0B1 â

†
0
b̂
†
1
−A1B1 â

†
1
b̂
†
1

)
|Ω⟩ + . . .

= −1

3

∑
j1=0,1

∑
j2=0,1

(−)j1 j2 Aj1Bj2 â
†
j1

b̂
†
j2
|Ω⟩ + . . .

(58)

where the dots contain all the terms that do not preserve the qubit structure. Note that if

A0 = A1 = B0 = B1 =
1√
2

(achieved by H gate applied to both qubits initialized to the zero state),

by applying H gate to the second qubit in the output state we get

(1 ⊗ H) |Ψ2⟩out = − 1

3
√

2

(
â
†
0
b̂
†
0
+ â

†
1
b̂
†
1

)
|Ω⟩ + . . . =⇒ 1

√
2
(|00⟩ + |11⟩) (59)

which is a Bell state.

Now let’s add a third qubit, or equivalently three waveguides. As before we arrange the

creation operators in a vector

VT
3 ≡

(
a
†
A
, a

†
0
, a

†
1
, b

†
A
, b

†
0
, b

†
1
, c

†
A
, c

†
0
, c

†
1

)
. (60)
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If we apply the post-selected CZ firstly between the first and second qubits and then between

the second and third qubits as

V3 → CZ
(2,3)
ps · CZ

(1,2)
ps · V3,

CZ
(1,2)
ps =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 1√
3

√
2
3

0 0 0 0 0 0 0√
2
3

1√
3

0 0 0 0 0 0 0

0 0 − 1√
3

0 −
√

2
3

0 0 0 0

0 0 0 − 1√
3

0

√
2
3

0 0 0

0 0

√
2
3

0 − 1√
3

0 0 0 0

0 0 0 −
√

2
3

0 − 1√
3

0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

CZ
(2,3)
ps =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 − 1√
3

√
2
3

0 0 0 0

0 0 0

√
2
3

1√
3

0 0 0 0

0 0 0 0 0 − 1√
3

0 −
√

2
3

0

0 0 0 0 0 0 − 1√
3

0

√
2
3

0 0 0 0 0

√
2
3

0 − 1√
3

0

0 0 0 0 0 0 −
√

2
3

0 − 1√
3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(61)

the result is not the expected one.

However, if we truncate the auxiliary waveguides between the two CZ operations and

equivalently we apply the following non-unitary operation

P̂aux =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (62)

This operation projects any state into a state with no photons in the auxiliary waveguides.
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So, we can achieve the desired output state as

V3 → CZ
(2,3)
ps · P̂aux · CZ

(1,2)
ps · V3 . (63)

It is possible to verify that the generic initial state,

|Ψ3⟩out =

(
A0 â

†
0
+A1 â

†
1

) (
B0 b̂

†
0
+B1 b̂

†
1

) (
C0 ĉ

†
0
+C1 ĉ

†
1

)
|Ω⟩

|Ψ3⟩out =CZ
(2,3)
ps · P̂aux · CZ

(1,2)
ps |Ψ3⟩ini

=

1

9

(
A0B0C0 â

†
0
b̂
†
0
ĉ
†
0
+A0B0C1 â

†
0
b̂
†
0
ĉ
†
1
+A0B1C0 â

†
0
b̂
†
1
ĉ
†
0
−A0B1C1 â

†
0
b̂
†
1
ĉ
†
1

+A1B0C0 â
†
1
b̂
†
0
ĉ
†
0
+A1B0C1 â

†
1
b̂
†
0
ĉ
†
1
−A1B1C0 â

†
1
b̂
†
1
ĉ
†
0
+A1B1C1 â

†
1
b̂
†
1
ĉ
†
1

)
|Ω⟩ + . . .

=

1

9

∑
j1=0,1

∑
j2=0,1

∑
j3=0,1

(−)j1 j2+j2 j3 Aj1Bj2Cj3 â
†
j1

b̂
†
j2

ĉ
†
j3
|Ω⟩ + . . .

(64)

where again the dots contain all the terms that do not preserve the qubit structure. Note that if

A0 = A1 = B0 = B1 = C0 = C1 =
1√
2

(achieved by H gate applied to all qubits initialized to the

zero state), by applying H gate to the second qubit before the second CZ and H gate to second

and third qubits after the second CZ

(1 ⊗ 1 ⊗ H) · CZ
(2,3)
ps · (1 ⊗ H ⊗ 1) · P̂aux · CZ

(1,2)
ps |ψ0⟩ =

1

9
√

2

(
â
†
0
b̂
†
0
ĉ
†
0
+ â

†
1
b̂
†
1
ĉ
†
1

)
|Ω⟩ + . . .

=⇒ 1
√

2
(|000⟩ + |111⟩)

(65)

which is the GHZ state for three qubits.
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