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Abstract

The mechanical and structural engineering community are increasingly
resorting to the use of periodic metamaterials and metastructures to miti-
gate high amplitude vibrations; and nonlinearities are also an active area
of research because they potentially provide different methods for con-
trolling elastic waves. While the theory of propagation of linear elastic
waves seems to be fairly complete and has led to remarkable discov-
eries in a variety of disciplines, there is still much to investigate about
nonlinear waves, both in terms of their dispersion analytical descrip-
tion and their numerical characterization. This thesis mainly relies on
the latter aspect and focuses on the analysis of nonlinear metamaterials
and metastructures for both the mitigation and control of elastic waves.
In particular, the thesis covers four main topics, each associated with a
different nonlinearity: i) dispersion curves and mechanical parameters
identification of a weakly nonlinear cubic 1D locally resonant meta-
material; ii) manipulation of surface acoustic waves (SAWs) through
a postbuckling-based switching mechanism; iii) seismic vibration mit-
igation of a multiple-degrees-of-freedom (MDoF) system, the so-called
metafoundation, by means of hysteretic nonlinear lattices; iv) seismic vi-
bration mitigation of a periodic coupled system pipeline-pipe rack (PPR),
by means of a vibro-impact system (VIS).

To identify the dispersion curves of a cubic nonlinear 1D locally res-
onant metamaterial, a simple experimentally-informed reference subsys-
tem (RS) which embodies the unit cell is employed. The system iden-
tification relies on the Floquet–Bloch (FB) periodic conditions applied
to the RS. Instead, the parametric identification is carried out with a re-
vised application of the subspace identification (SSI) method involving
harmonic, non-persistent excitation. It is remarkable that the proposed
methodology, despite the linearization caused by the FB boundary con-
ditions, is responsive to the amplitude of the excitation that affects the
dispersion curves. The FB theorem, in fact, is often adopted to reduce
the computational burden in calculating the dispersion curves of meta-
materials.
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In contrast, the experimental dispersion reconstruction requires mul-
tiple velocity measurements by means of laser Doppler vibrometers (LDVs),
as for the case of SAWs. To manipulate SAWs, a proof-of-concept ex-
periment was performed for a postbuckling-based mechanical switching
mechanism. Precompressed beams are periodically arranged on one face
of an elastic plate to manipulate the dispersion of the SAWs propagating
as edge waves. By compressing the columns over their Euler critical
load, in fact, it is possible to manipulate the surface wave dispersion: the
dispersion curve’s dispersive branches, originally caused by the beams
in the undeformed configuration, are cleared, and the original path of the
group velocity is restored. This concept is introduced analytically and
numerically in this thesis, and a novel device is proposed for controlling
the SAWs.

With regard to the mitigation of seismic waves, this thesis presents
the application of two nonlinear dissipative devices to periodic compo-
nents and structures of industrial facilities. Firstly, a finite locally res-
onant metafoundation of an MDoF fuel storage tank is equipped with
fully nonlinear hysteretic devices to mitigate absolute accelerations and
displacements in the low-frequency regime. Secondly, for mitigating the
vibrations in PPRs, spatial periodicity and internal damping are com-
bined to obtain an enhancement in the attenuation rate of the system.
At the same time, the seismic performance of the PPR is improved by
means of an external nonlinear VIS. These investigations show the char-
acterization of the structures’ responses due to the stochastic nature of
the input; and for the case of the VIS, a chaotic behavior is sometimes
observed and demonstrated.

In conclusion, this thesis investigates the nonlinear response of dif-
ferent periodic structures and their potential for wave control and mitiga-
tion in various applications. The results of this research contribute to the
understanding of the nonlinear behavior of these periodic structures and
provide insights into the design, the optimization, and the identification
of metamaterials and metastructures performance.
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1.0 Introduction

The term metamaterial was first used in a scientific paper by the Rus-
sian physicist Victor Veselago [1] who, in 1968, introduced the concept
of materials with negative refractive index for manipulating light and
electromagnetic radiation. Analogously, in the early 2000s, the first at-
tempts to apply the concepts of metamaterials to mechanics were de-
voted to the development of materials with negative Poisson’s ratio [2],
negative stiffness [3], negative mass density [4], and negative bulk mod-
ulus [5], which revealed a tremendous potential in manipulating acoustic
and elastic waves; in addition, phononic crystals suggested that the peri-
odic orientation of structures, and the phenomena of local resonance and
Bragg scattering, could be exploited to generate bandgaps. And from
the very first moment, it was clear that these phenomena could be ex-
tended to a broad range of frequencies [6], from the very-high frequency
range of ultrasounds to the very ultra-low frequency range of seismic
waves. Moreover, the potential of nonlinearities to enhance the control
of elastic waves has been gaining attention in recent years. It is believed
that incorporating nonlinearities into metamaterials can enhance their ef-
fectiveness, both in terms of analysis accuracy and harnessing nonlinear
phenomena such as amplitude-gaps [7, 8], solitons [9], multi-resonances
[10], bifurcations, and chaos.

1.1 Background and motivation

Within this thesis, a clear distinction can be made between two primary
areas of focus: i) the identification and manipulation of dispersion prop-
erties in nonlinear periodic structures in free oscillation, and ii) the at-
tenuation of seismic waves using nonlinear finite lattices and metastruc-
tures.

Dispersion curves or band structures define the relationship between
the temporal frequency of a wave and its spatial frequency, namely the
wavenumber. A nonlinearity can cause the dispersion curve to deviate
from the linear relationship; this deviation can result in the curve becom-
ing more complex or distorted, possibly exhibiting features which are
not present in materials with linear responses [11]. These complexities
have brought many researchers to develop analytical methods devoted to
the prediction of band structures. Among others, we recall those based
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on perturbation methods [12], on the homotopy method [13] and those
based on the factorization of the spatial and temporal parts of the solution
[14]. Some inconveniences of the existing identification procedures that
operate on finite lattices [15, 16, 17], like wave reflections or the need of
using perfectly-matched layers, etc., might be avoided with techniques
operating on the single unit cell. Obviously, all these methods are based
on some approximations, such as those in which the propagation of non-
linear waves is justified by the Floquet–Bloch (FB) condition [18, 19].
Another topic covered in this thesis is the control of elastic waves, with
particular regard to the surface acoustic waves (SAWs). SAW is a term
used to generally define a type of mechanical wave that propagates along
the surface of an elastic solid. Acoustic devices that control the propa-
gation of SAWs range over widely different length scales, from micro-
electromechanical systems (MEMS) microphones at the microscale, to
nanomechanical resonators at the nanoscale, to metabarriers and meta-
surfaces at the scale of geophysical phenomena such as earthquakes. In
many applications, phononic crystals and metamaterials were designed
to interact with SAWs [20, 21, 22]. One interesting and relatively recent
way to control SAWs is by tuning the medium response via external com-
pression [23, 24, 25, 26]. Truly fascinating, yet not sufficiently explored,
is the tunability by using external, noncontact, interaction forces [27].
In addition, the development of acoustic devices analogous to electronic
systems like switchers [28], transistors and rectifiers [29], suggests the
use of nonlinear phonons to control phonons. For example, Bilal and
Daraio [28] realized a phononic transistor-like device that can switch
and amplify vibrations with vibrations, i.e., operating in the phononic
domain. Geometric or material nonlinearities have been utilized to ex-
ploit phenomena such as localization [30], breathers [31], bifurcation,
and chaos [29]; the softening induced by buckling, and the consequent
amplitude reduction of the frequency response function, might represent
a valid alternative due to its ease of realization and versatility.

The second main strand of this thesis examines seismic wave attenu-
ation, which can be considered a branch of passive wave control. Specif-
ically, this thesis focuses on the use of finite lattices and metastructures
to reduce high-amplitude vibrations, which has gained significant atten-
tion over the last two decades. Early attempts were dedicated to devel-
oping novel seismic isolation systems [32] that could attenuate waves
from the foundations. Nowadays, a vast literature exists on the so-called
metafoundations, metabarriers, and metasurfaces. Metafoundations have
been studied for isolating nuclear power plants [33, 34] and high-risk
industrial structures [35, 36], including against vertical components of
ground motion [37]. Nonetheless, the engineering of metafoundations
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can be economically challenging and their installation beneath an exist-
ing structure is certainly not feasible. Some researchers investigated the
metabarriers [38, 39], which are analogously composed of resonating
arrays of unit cells, but are installed next to the foundation rather than
beneath it. More precisely, when the resonators are arranged along the
surface of an elastic medium, they are said to form a seismic metasur-
face [40, 41] that, however, is primarily designed to mitigate the effects
of surface waves. Although these systems have different applications,
they share the same basic principle: the resonant behavior of the masses,
and phenomena like mass and stiffness nagativity, or antiresonance, due
phase opposition, allow for strong dissipation of seismic energy in a lo-
calized area, which drastically reduces the transmission of waves on the
structure. In this sense, metafoundations, metasurfaces, and metabarriers
can be thought as novel isolation/dissipation systems. In metastructures,
on the other hand, the periodic arrangement of unit cells is designed to
achieve interference and scattering of incoming waves for specific fre-
quency ranges, known as bandgaps. For example, periodically supported
structures like bridges or pipelines can have wide bandgaps [42, 43].
Within these frequency regions, even undamped structures exhibit a sig-
nificant wave attenuation due to local resonances or Bragg scattering.
Nevertheless, conventional passive dissipation systems used for pipes,
such as tuned mass dampers (TMDs), are not always recommended for
vibration mitigation due to their low performance under certain condi-
tions caused by detuning effects [44]. Moreover, they may not be suffi-
cient to mitigate the abrupt flow-induced increases of velocity and may
have limitations in terms of their ability to suppress multiple frequen-
cies [45, 46], and as such, nonlinear systems have become the preferred
choice for this purpose.

1.2 Research objectives

Four applications involving nonlinearities are explored in this thesis, in-
cluding: i) the identification of dispersion characteristics and mechanical
properties of a weakly nonlinear cubic 1D locally resonant metamaterial;
ii) the control of surface acoustic waves (SAWs) through a postbuckling-
based switching mechanism; iii) the reduction of seismic vibrations in a
finite lattice metafoundation utilizing hysteretic nonlinear devices; and
iv) the application of a vibro-impact system (VIS) for seismic vibration
mitigation in a pipeline-pipe rack (PPR) system. All topics are treated
starting from the analytical definition of the dispersion properties and
the dispersion curves to the numerical validation of the different periodic
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systems investigated, with special regard toward the nonlinear effects; re-
garding the attenuation of seismic waves, finite lattices are utilized, and
their dispersion behavior is compared with periodic arrangements.

With regard to i), Chapter 2 shows that the application of FB to non-
linear metamaterials leads to a loss of information about the superhar-
monics, despite the vast use in literature of such analytical technique for
nonlinear systems. Therefore, the proposed identification procedure can-
not be performed for the frequencies of higher order, yet it maintains the
amplitude dependency of the first harmonic upon the amplitude of the
excitation. A simple experimentally-informed reference subsystem (RS)
which embodies the unit cell is proposed for applying the FB conditions
in displacements control, in order to obtain the numerical/experimen-
tal dispersion curve of the infinite periodic metamaterial. The proposed
procedure is validated both in the linear and the nonlinear regime; in the
latter condition, the wave transmission or FRF of the identified weakly
nonlinear cubic metamaterial is compared with the analytical predictions
provided by the first-order Lindstedt–Poincaré method. Moreover, the
identification of the imaginary part of the wavenumber permits the quan-
tification of the attenuation properties of the analyzed periodic system.

With respect to ii), Chapter 3 proposes a tunable platform made of
precompressed beams mounted on one face of an elastic plate to show-
case a novel postbuckling-based mechanical switching mechanism for
manipulating the dispersion of the SAWs. By compressing the beams
over their Euler critical load, in fact, it is possible to manipulate the sur-
face wave dispersion; the dispersion curve’s dispersive branches, origi-
nally caused by the beams in the prebuckling regime, are cleared, and the
original path of the group velocity is restored. This novel postbuckling-
based mechanism represents a promising alternative to control SAWs,
among other geometric nonlinearities, due to its ease of realization and
reversible nature. Shifting between prebuckling and postbuckling with-
out inducing plastic deformation allows for greater control and versatil-
ity.

Concerning iii), Chapter 4 treats the usage of nonlinear hysteretic
devices to enhance the attenuation capacity of an MDoF metafoundation
system. In this context, nonlinear features highlight the need for addi-
tional techniques to take into account the dependency of the metafounda-
tion’s dispersion characteristics upon the intensity of the seismic event.
A novel analytical dispersion analysis that considers the intensity of
the stochastic input is developed in combination with the stochastic lin-
earization technique: in the frequency domain, the records are modeled
with the power spectral density (PSD) S0 and modified with a Kanai–
Tajimi filter, and the dispersion relations of the relevant periodic metafoun-
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dation are dependent upon S0. A good comparison between the disper-
sion of the linearized periodic metafoundation and the FRF of the non-
linear finite lattice is also observed in terms of attenuation zones.

With respect to iv), a PPR is investigated in Chapter 5: it presents
large bandgaps due to local resonances and Bragg scattering and its atten-
uation rate is further increased through the use of internal material damp-
ing. Moreover, Chapter 5 investigates an alternative nonlinear impact-
based dissipation system called a VIS: two bumpers rigidly connected
to the ground constrain the amplitude displacement of the pipe. Chap-
ter 5 presents a new optimization procedure that maximizes the seismic
performance of the VIS and minimizes the seismic risk associated with
exceeding a certain number of impacts.

1.3 ITN-INSPIRE

The topics covered in this thesis have been developed within the frame-
work of the Marie Skłodowska-Curie ITN-INSPIRE research and inno-
vation program; this ambitious project aimed to foster a new generation
of researchers and engineers through an ensemble of research, training
and dissemination actions. As a whole, the research aimed to imple-
ment a holistic and novel soil-foundation-structure concept for the effi-
cient protection of structures from all ground-induced hazards, including
earthquakes and all other sources of low-frequency noise and vibration
excitations.

From a management point of view, the INSPIRE training program
has equipped researchers with innovative and creative skills and has im-
plemented a joint multidisciplinary research training program focused on
the growth of scientific and technological knowledge and professional
skills through research on individual and personalized projects. The
project also aimed to improve the European innovation capacity as each
one of the eleven participating companies had directly supported a spe-
cific high-impact technological application; we believe that in the near
future some of these applications can lead to new technological products
or patented design concepts for structure protection, tools and procedures
in a market the global size of which is expected to reach USD 11.72 tril-
lion by 2025. To date, we can certainly claim that INSPIRE has created
a legacy for the future generations of researchers, with training material
and relationships with companies that offered secondment opportunities
for further cohorts of students outside of the project. Furthermore, apart
from their research and development leadership in Europe, the Fellows
have maintained their connection to the program by developing parallel
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training for researchers in their organization and, in some cases, even
made this program part of the graduate training scheme for industrial
partners.

From the perspective of research, the key concept investigated in the
project is that of metamaterials: the project specifically targeted the pe-
culiarities of those artificial materials or structures generated by peri-
odically repeated unit blocks, to exhibit and exploit properties for in-
hibiting and controlling wave propagation in all spatial directions over
broad frequency bands. To reach these targets, three work packages
were dedicated to research: i) WP2 - “METASOIL”, Design and demon-
stration of novel metamaterial concepts for wave mitigation in soil; ii)
WP3 - ”METABASES”, Design and demonstration of novel structure
support and foundation concepts; iii) WP4 - “METASTRUCTURES”,
Design and demonstration of novel integrated design concepts for in-
novative high impact applications. Specifically, several investigations
have been carried out to develop novel anti-vibration protection con-
cepts, new techniques for the control of elastic waves, or wave condi-
tioning, and to envisage novel metastructures. Pile arrays and foundation
blocks were developed to trap low frequency waves and to have wide
bandgaps. Efthymiou and Vrettos [47] investigated the potential reduc-
tion of vibrations caused by moving loads in the vicinity of pile group
foundations for different layout geometries. They found out that the pile
group reduced the free-field vibrations mainly due to the redirection of
the energy toward greater depths and as a result of the wave diffraction
through the front pile rows. Instead, Kanellopoulos et al. [48] propose
resonant metamaterials, as a metabarrier, for mitigating the effect of ver-
tically propagating seismic shear waves in nonlinear soil.

A novel concept for redirecting elastic waves in the soil is that of
cloak. Chatzopoulos, Palermo and Marzani [49] are investigating cloak-
ing strategies for controlling Love waves; and in the same lab, Pu [41,
50, 51, 52] produced a remarkable number of useful analyses of meta-
materials for the seismic surface wave mitigation: interactions between
Rayleigh waves and metasurfaces in real site conditions have been an-
alytically defined [41]; in [51, 52], ad-hoc multiple scattering formula-
tions are adopted to this aim. Nevertheless, metasurfaces have been used
also for the purpose of sound isolation: Sabat and Pennec [53] employed
Helmholtz resonators to manipulate the sound at targeted frequencies
and demonstrated the coupling between sub-wavelength units. A class
of novel absorption and isolation concepts have been investigated, like
negative stiffness dampers [54, 55], directional inertial amplifiers [56],
micro-structured materials under buckling [57, 58] and Rocking-like mo-
tion [58]. Kalogerakou et al. [54] propose a vertical stiff dynamic ab-
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sorber combined with a quasi-zero stiffness design and introduce a de-
sign method based on a general objective function that is independent
on the specific excitation spectrum; instead, Mantakas and Antoniadis
[55] propose the use of a negative stiffness-based passive vibration ab-
sorber for seismic retrofitting purposes. To obtain an artificial increase of
the inertia which results in an amplification of the resonant properties of
locally resonant metamaterials, Kalderon et al. [56] investigated a sim-
ple dynamic directional amplification mechanism realized by imposing
kinematic constraints to the model’s degrees of freedom. All the works
produced in this framework [54, 55, 56] have confirmed an enhancement
in wave damping, but also an enlargement of the bandgaps, especially
for seismic and low-frequency acoustic applications. In this framework,
Chondrogiannis, Dertimanis and Chatzi [59] show the potential of a geo-
metrically nonlinear design for lowering of the low-frequency bandgaps.
With regard to micro-structured materials, Koutsogiannakis, Bigoni and
Dal Corso [57] propose an innovative structural system that is based on
tensile and compressive buckling of an elastic rod. This novel system can
be envisaged as a passive mechanical system encompassing multistable
behavior, with possible applications in the field of force-limiters and soft
mechanisms. In the same lab, and with purpose of vibration attenuation
and energy harvesting, Hima [58] investigated an elastic planar metain-
terface that showed strong similarities with the rocking motion of rigid
blocks.

There exist many ground-borne vibrations in the structures, and in a
very interesting review article Ouakka [60] reported on the ones coming
from the rail transit systems and described the different mitigation sys-
tems reported in the literature; but certainly seismic events have gained
more attention, and in the thread of seismic wave attenuation, the ITN-
INSPIRE has envisaged novel paradigms for the protection of structures,
like metafoundations for industrial facilities [61], or metapipes [62, 63]
for long distributed components. Aloschi and Bursi [61] employed hys-
teretic nonlinear resonant metamaterials at the base of MDoFs to mitigate
vibrations induced by stochastic loadings; and to mitigate vibrations in
pipelines and pipe-racks, Aloschi [62] investigated a vibro-impact sys-
tem (VIS) applied to the interface of an unburied pipe. Kontogeorgos
[63], instead, reported on preliminary studies about the concept of meta-
materials for the protection of buried gas transmission pipelines. Fi-
nally, Antoniou and Anastasopoulos [64] combined the actions of earth-
quakes and wind, and studied the performance of offshore wind turbines
founded on suction bucket jackets in clay.
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1.4 Thesis organization

The thesis is organized as follows.
Chapter 2 is dedicated to a novel identification procedure for deter-

mining the dispersion curves and mechanical parameters of a cubic non-
linear resonant metamaterial. The research was carried out in collabora-
tion with Antonio Palermo and Alessandro Marzani from the University
of Bologna within the ITN-INSPIRE project. Firstly, the model problem,
namely the RS, is introduced, and the premises of the identification pro-
cedure are elucidated. Then, the identification of the dispersion curves
for a linear undamped resonant metamaterial is discussed, with the aim
of describing the basic concepts of the identification procedure using a
simple undamped application. Damping and nonlinearity are then con-
sidered, and the related identification method is validated.

Chapter 3 is dedicated to the manipulation of SAWs. The concept of
postbuckling-based mechanical switching is introduced within the con-
text of the existing literature. The results of a computer simulation and
a wave-finite-element model (WFEM) are then discussed to validate the
proposed device. The device was conceived in collaboration with An-
tonio Palermo, Brian Kim, and Chiara Daraio, and partially tested at
Daraio’s LAB at the California Institute of Technology (CalTech), Pasadena.

Chapter 4 reports a publication for Scientific reports, titled Vibration
mitigation of an MDoF system subjected to stochastic loading by means
of hysteretic nonlinear locally resonant metamaterials, authored by Fab-
rizio Aloschi, Oreste S. Bursi, Francesco Basone, and Günter Fischbach.
After introducing the structural model of the nonlinear metafoundation
and the Bouc–Wen model for the nonlinear hysteretic devices, Chapter
4 elucidates the stochastic linearization technique applied to the nonlin-
ear differential equations of the Bouc–Wen model. The metafoundation
is then optimized to minimize the interstorey displacement and absolute
acceleration of the upper structure. The optimized system is verified
against natural seismic records by means of nonlinear transient time his-
tory analyses, and these numerical results are compared with the disper-
sion relations of the relevant periodic metafoundation.

Chapter 5 reports a further publication for Scientific reports, titled
Pipe vibration attenuation through internal damping and optimal de-
sign of vibro-impact systems. The work was carried out in collaboration
with Roberto Andreotti from the University of Trento and concerned an
industrial metapipe periodically supported by a pipe rack (PPR). Inter-
nal material damping and external viscous damping are introduced; the
former is applied to the analytical model of the metapipe to show an en-
hancement of the attenuation rate of the periodic system. A single span
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of the infinite periodic metapipe is then provided with a vibro-impact
device (VIS). A design optimization procedure is set to maximize the
dissipation energy and minimize the number of impacts of the VIS. All
optimization results, as well as a fragility assessment of the metapipe
performed through incremental dynamic analysis (IDA), are presented
and discussed.

Chapter 6 provides conclusions in terms of a discussion about the
results and critical issues, along with future perspectives.

Finally, this dissertation includes three appendices that provide sup-
plementary information for the work described in the preceding chapters.
Appendix A offers additional details about the identification procedure
presented in Chapter 2. Specifically, Appendix A.1 provides a detailed
explanation of the perturbation approach, while Appendix A.2 demon-
strates a simple example of identifying a linear damped metamaterial
and revises the subspace identification (SSI) technique for identifying
the nonlinear stiffness of a cubic nonlinear metamaterial. Appendix B
describes the calculation of the transfer function of the nonlinear hys-
teretic resonator for the metafoundation discussed in Chapter 4. Lastly,
Appendix C reports a few chaotic trajectories of the VIS investigated in
Chapter 5 to prove the existence of chaos with positive Lyapunov expo-
nents.
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2.0 Dispersion curves and mechanical parameters
identification of metamaterials based on a discrete
reference subsystem

This chapter contains the pre-print of:

Fabrizio Aloschi, Oreste S Bursi, Antonio Palermo, and Alessandro
Marzani. Procedure for the identification of dispersion curves in nonlin-
ear periodic structures; in preparation for Journal of Sound and Vibra-
tion,

as it will be submitted for the Journal Journal of Sound and Vibra-
tion, differing only in terms of layout and formatting.

A procedure for identifying the dispersion curves for linear and non-
linear one-dimensional locally resonant periodic systems is here pro-
posed. The procedure exploits the application of Floquet–Bloch (FB)
boundary conditions to a reference subsystem (RS) extracted from the
periodic structure. The dispersion curves (frequency vs. wavenumbers)
are estimated from the computation of the frequency response functions
(FRFs) of the subsystem for different wavenumbers in the input. The
proposed procedure is applied and validated on a mono-dimensional mass-
in-mass chain equipped with linear and nonlinear springs. In the latter
scenario, the identification procedure is responsive to the amplitude of
the excitation, which affects the dispersion curves. The proposed method
is particularly suitable for the experimental characterization of periodic
materials because it exploits a single measurement point to identify FRF
based dispersion curves. The identification procedure is completed with
an application of the subspace identification (SSI) method, reported as
supplementary material, to identify the nonlinear stiffness parameter.
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2.1 Introduction

In recent years, both mechanical and structural engineering communities
have proposed the use of periodic metamaterials or systems to mitigate
the effects of low-frequency vibrations [65, 39, 61]. Periodic and lo-
cally resonant structures support the propagation of waves with strong
dispersive features, namely with wave speeds; therefore, wavenumbers
that significantly change with the frequency of excitation eventually lead
to frequency band gaps [66, 67, 68]. Therefore, methods that allow for
the identification of wave dispersion and attenuation are critical for the
experimental characterization of these structures [69].

This need is more evident for nonlinear periodic media, which have
garnered the attention of researchers only in the last decade. For such
periodic structures, a number of approximate analytical methods have
been devoted to the prediction of band structures. Among others, we
recall those based on perturbation methods [12], the homotopy method
[13] and the factorization of the spatial and temporal parts of the solu-
tion [14]. The aforementioned methods are advantageous because they
provide analytical solutions that can be easily compared with numerical
predictions in the validity range of linearization.

Alternatively, the dispersion properties of nonlinear metamaterials
can be computed from the numerical responses of finite lattices. In par-
ticular, several methods employ the integration of the equations of mo-
tion (EoM) of sufficiently long finite chains, eventually employing ab-
sorbing boundaries to avoid wave reflection. Fang et al. [70] compared
the results of numerical simulations with predictions obtained from the
harmonic averaging approach and Lyapunov exponents. Additionally,
they computed a linearized estimation obtained by applying the Floquet–
Bloch (FB) theorem [71]. Indeed, the FB theorem is a classical tool for
computing dispersion curves in periodic 1D, 2D, and 3D periodic sys-
tems [72, 73]. The FB theorem was also used by Campana et al. [19] in
the context of nonlinear systems; they computed the dispersion relation-
ships of a linearized periodic structure using a first-order perturbation
approach.

In addition to the aforementioned methodologies (analytical and nu-
merical) for computing the dispersive properties of periodic structures,
only a few tools are available to identify wavevectors and dispersion
curves from experimental/numerical responses of linear finite lattices
[15, 16, 17]. For example, Junyi et al. [74] developed an inverse method
to calculate the band structure of 1D periodic structures. The method is
based on FB periodic conditions and employs the superposition of for-
ward and back waves. The solution of the wavevectors was obtained by
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solving a polynomial equation derived from the solution of a system of
EoMs. Similarly, Zhang et al. [75] used system identification to calibrate
an FE model of a periodic structure by exploiting free-wave characteris-
tics to solve a least-squares problem.

Thus, to the best of our knowledge, the identification of dispersion
curves for linear and nonlinear periodic systems deserves further study.
Hence, we propose a reliable numerical method based on FRF data pro-
vided by a reference subsystem (RS) to define the dispersion laws of pe-
riodic linear and nonlinear resonant metamaterials. In particular, we em-
ploy a reference subsystem extracted from a mass-in-mass spring chain
to represent the archetype of an experimentally informed model. In this
respect, the FB periodic conditions are applied to the relevant RS, and the
identification of the dispersion curves that include the imaginary part of
the wavenumber is accomplished using peculiar FRFs. Although the dis-
crete mass-in-mass system may appear simple, the generality of both the
FRF and FB techniques allows for a straightforward extension to more
complex periodic systems.

2.2 System identification strategy

The model under consideration is an infinite chain of mass-in-mass units
with an external mass m encasing a resonating mass mR connected by
means of a damper cR and spring kR, as shown in Fig. 2.1 (a). An
RS, consisting of a single mass-in-mass and connecting springs k and
dampers c, is highlighted in Fig. 2.1 (b). Both the linear k and nonlinear
kNL springs were considered. The elastic internal force F between the
two adjacent external masses is assumed as follows:

F (δi) = k δi + kNLδ
3
i (2.1)

where δi = un±1−un denotes the relative displacement between the two
masses. The un displacement of the nth external mass can be written as
[76]

un(t) = U(κ, ω) exp
[
i(nκd+ ωt)

]
, (2.2)

where ω is the circular frequency of the harmonic motion, κ is the wavenum-
ber, U is the amplitude of the wave motion at a specific wavenumber and
frequency, d represents the distance between the unit cells, and i is the
imaginary unit.
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Figure 2.1: (a) 1D mass-in-mass nonlinear monoatomic system, and (b) refer-
ence subsystem (RS) delimited by the dashed rectangle.

The exponential term defines the periodicity of the solution in space
and time, as |exp

[
i(nκd+ωt)

]
| ≤ 1 [71]. The real part of the wavenum-

ber describes the phase change as the wave propagates from one mass to
the next, whereas its imaginary part defines the amplitude decay of the
wave.

To replicate the dynamics of the infinite chain using an RS, we im-
pose FB boundary conditions on the left- and right-hand bounds of the
RS, namely, un−1 = uleft and un+1 = uright, as shown in Fig. 2.1 (b),
and monitor the displacement output of the reference mass un = u. In-
deed, when the cubic nonlinearity in (2.1) is significant, the application
of the FB conditions to the RS, as depicted in Fig. 2.1 (b) is roughly ac-
curate; however, its effects are much less severe than expected for large-
amplitude waves, as it will be shown in Section 2.4.

The identification of the 1D mass-in-mass dispersion curve is based
on the FRF of the RS excited by imposed displacements of the FB type.
According to (2.2), the output displacement u(t) should fulfill the fol-
lowing conditions:

u(t) = uleft(t) exp(iκd) = uright(t) exp(−iκd), (2.3)

From Eq.(2.3), we derive a system of equations.
FRFleft =

U

Uleft
= exp(iκrd) exp(−κid)

FRFright =
U

Uright
= exp(−iκrd) exp(κid)

(2.4)

where κr and κi are the real and imaginary part of the wavenumber,
respectively. Uleft and Uright are the amplitudes of the displacements
imposed on the left and right boundaries of the RS that satisfy (2.2).
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Consequently, the transmission ratios of (2.4) describe the output of a
one-dimensional infinite periodic chain.

In summary, we can identify the dispersion curves of an infinite 1D
mass-in-mass system with unknown parameters using a simple RS. As
shown in detail in Section 2.4, to identify a nonlinear system, we solve
the system of equations (2.4), which can be further simplified when a lin-
ear undamped system is identified, as shown in the following. Similarly,
the parametric identification of the linear system is a straightforward pro-
cess that only requires solving a linear system of four equations, while
identifying the parametric nonlinear stiffness requires a revised applica-
tion of the subspace identification technique (SSI), which is detailed in
Appendix A.2.

2.3 Case of linear undamped systems

This section reports on the application of the proposed method to linear
undamped 1D chains. The RS of interest is shown in Fig. 2.2.

Figure 2.2: Reference subsystem (RS) for a linear resonant undamped 1D chain.

The equations of motion (EoM) for the external mass and resonator
are as follows:{

mü+ k
(
2u− uleft − uright

)
+ kR

(
u− uR

)
= 0

mRüR + kR

(
uR − u

)
= 0

(2.5)

where u and uR denote the displacements of the external mass m and
resonator mR, respectively; k and kR are the stiffnesses; and the dot
indicates the derivative with respect to time. Based on the FB boundary
conditions, the imposed displacements uleft and uright are selected as
follows:

uleft = Uleft exp(iω̄t), (2.6)

uright = uleft exp(2iκ̄d), (2.7)

where Uleft is the amplitude of the imposed motion and κ̄ and ω̄ are the
input wavenumber and circular frequency, respectively; d is the distance
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between the unit cells. For an undamped periodic system, the wavenum-
ber is real in the passband, with no amplitude decay, and purely imag-
inary in the bandgap. Therefore, the identifying propagating waves re-
quires finding the frequency ω̄ for which the output satisfies the follow-
ing equations: {∣∣FRF ∣∣ = ∣∣ U

Uleft

∣∣ = ∣∣exp(iκ̄d)∣∣ = 1

∆ϕ = tan−1 ℑ(U/Uleft)
ℜ(U/Uleft)

= κ̄d
(2.8)

where U is the amplitude of the output and ∆ϕ the relative phase be-
tween the left input displacement and the output.

Thus, the dispersion curves can be identified according to the follow-
ing steps:

• Step I: the RS is excited in displacement control with (2.6) and
(2.7) for a fixed amplitude Uleft, a given κ̄ and a first trial fre-
quency ω̄, selected to be close to zero;

• Step II: the output amplitude U is evaluated in the steady state
regime, and the ratio | U

Uleft
| is then computed;

• Step III: Steps I and II are repeated for increasing values of ω̄ until
the first solution to (2.8) is found. This solution (κ̄, ω̄) lies on the
acoustic branch;

• Step IV: the input frequency ω̄ is further increased, and Step III is
repeated until a second solution that satisfies (2.8) is found. The
second solution (κ̄, ω̄) lies on the optical branch;

• Step V: Steps I–IV are repeated for the desired κ̄ in the range
0, π/d.

A short sampling value of ω̄ is recommended to avoid the accidental
passage of the acoustic or optical branch. Note that the two branches can
be discriminated by considering the relative phase between the external
mass and resonator; the two masses vibrate in-phase along the acoustic
branch and in the antiphase along the optical branch.

Once the dispersion curves are obtained, parameter identification of
the linear chain is straightforward. In particular, each point of the disper-
sion curve κ̄− ω̄ satisfies the following eigenproblem:

det(K(κ̄)− ω̄2M) = 0, (2.9)
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where K(κ̄) is the wavenumber-dependent stiffness matrix of the linear
infinite lattice and M is the mass matrix [66]. Therefore, it is possible to
identify the four unknown mechanical parameters of the system, namely,
m, mR, k, and kR, by solving a system of four equations (2.9):

det

([
2kID

(
1− cos (κ̄)

)
+ kID

R −kID
R

−kID
R kID

R

]
− ω̄2

[
mID 0
0 mID

R

])
= 0,

(2.10)
where the upper script, ID, denotes the parameters to be identified. Con-
sequently, we retrieved a system of four equations for the four unknowns
mID, mID

R , kID and kID
R .

2.3.1 Application

The mechanical properties of RS are shown in Fig. 2.2: m = 2450 kg,
k = 155 kN/m, mR = 3170 kg, kR = 1080 kN/m, d = 1m. These val-
ues describe the system investigated by Zivieri et al. [14] for an increase
in the masses. To compare the numerical results of the identification, the
FRF of the system of interest was obtained in closed form by combining
Eqs. (2.6) and (2.7) with the linear system of EoMs (2.5):

FRF =
k (1 + e2iκd)

−mω2 + 2k − k2R
kR−mRω2 + kR

. (2.11)

Analogously, the application of the FB theorem to the EoMs (2.5) and a
few manipulations leads to the well-known analytical dispersion relation
of a mass-in-mass periodic lattice [66].

The FRF values computed using (2.11) for κ̄ = 1 and κ̄ = 2 rad/m
are shown in Fig. 2.3 (a) and (b), respectively. In the same plot, the fre-
quency values ω̄ satisfying (2.8) are marked with circles. As expected,
the transmissions shown in Fig. 2.3 (a) and (b) decrease after each reso-
nance, with FRF → 0 for lim ω→∞. This may be considered as a
warning when the optical branch accidentally passes during the identifi-
cation process. Note also that the wavenumber is nonzero; therefore, the
transmission does not equal 1 for a zero frequency. On the other hand,
Eq. (2.11) confirms that U

Uleft
= 1 for ω = 0 and κ = 0.

The amplitudes of the transmissions | U
Uleft
| for those solutions that

satisfy (2.8) are compared with the analytical |FRF | of (2.11) in Fig. 2.4 (a);
the same set of solutions is plotted in Fig. 2.4 (b) in terms of relative
phase.
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(b)

(a)

(c)

Figure 2.3: Analytical |FRF | (2.11) for (a) a wavenumber κ = 1 rad/m and
(b) a wavenumber κ = 2 rad/m; (c) analytical dispersion curves of the linear
periodic undamped chain. The dotted curves in (a) and (b) indicate the range
where ℑ(U) < 0, whereas the solid lines are for ℑ(U) > 0. The black circles
represent the identified numerical solutions.

(b)

(a)

Figure 2.4: Comparison between the analytical and numerical solutions: (a)
absolute value of the transmissions, and (b) the relative phases ∆ϕ between the
output and the input. The gray areas highlight the bandgaps.18
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As predicted by (2.8), the transmission is equal to 1 outside the
bandgaps, namely where purely propagative waves exist.

Finally, identification of the four aforementioned mechanical param-
eters completes the linear application. We arbitrarily selected two wavenum-
bers and the corresponding two pairs of frequencies from the identified
dispersion curve; see, for example, the circles in Fig. 2.3 (c). Thus, the
inverse eigenproblem of Eq. (2.10) leads us to the identification of four
unknowns.

2.4 Case of nonlinear damped system

In this section, we describe the application of the proposed dispersion
curve identification procedure to the nonlinear system depicted in Fig. 2.1.
For the sake of conciseness, the parametric identification of the linear and
nonlinear stiffnesses is reported in Appendix A.2.

The spring nonlinearity is of the cubic-hardening type, as expressed
by (2.1), and the relevant RS is depicted in Fig. 2.5.

Figure 2.5: Reference subsystem (RS) for the 1D mass-in-mass nonlinear meta-
material.

The system of EoMs reads
mü+ c

(
2u̇− vleft − vright

)
+ k
(
2u− uleft − uright

)
+ cR

(
u̇− u̇R

)
+kR

(
u− uR

)
+ kNL(u− uleft)3 + kNL(u− uright)3 = 0

mRüR + cR
(
u̇R − u̇

)
+ kR

(
uR − u

)
= 0

(2.12)
where kNL denotes the nonlinear spring constant.

To characterize wave propagation in nonlinear periodic systems, the
FB theorem has often been applied to linearized systems [70, 19, 18] with
the aim of capturing the fundamental dependency of the dispersion laws
on the excitation amplitude [77]. To achieve this, we utilize a procedure
devoted to identifying the complex wavenumber κ̄ = κ̄r+ iκ̄i associated
with a set circular frequency ω̄ for waves propagating along the nonlinear
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chain. Specifically, the input was imposed using Eqs. (2.6) and (2.7) for
a given frequency ω̄ and amplitude Uleft. The dispersion law depends on
two unknowns, κ̄r and κ̄i. Using (2.4), we derive the following system.{

f1(κ̄r, κ̄i) = Φleft − exp(iκ̄rd) exp(−κ̄id)
f2(κ̄r, κ̄i) = Φright − exp(−iκ̄rd) exp(κ̄id)

(2.13)

where Φ is the numerical FRF computed as the ratio between the Fourier
transform (FT) of the output and input, the subscripts left and right
refer to the input, and d is the distance between the unit cells. The
Levenberg-Marquardt algorithm was employed to solve (2.13) as a least-
squares problem. This optimization algorithm minimizes both f1 and f2
by using a search direction that can be considered a combination of the
Gauss–Newton direction and the Cauchy steepest descent, and is quite
convenient because the Jacobian has full rank at each iteration [78]. The
pseudo-code in Fig. (2.6) describes the identification process.
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begin
1: input: ω̄, Uleft, first guess (κ̄r,0, κ̄i,0), max num of iter (N ), tolerance (tol)
2: for ω̄ = 0 to the maximum frequency of interest
3: n←1
4: while (n ⩽ N)

5:Φleft ←
FT
[
u(κ̄r,n−1, κ̄i,n−1)

]
FT
(
uleft

)
6:Φright ←

FT
[
u(κ̄r,n−1, κ̄i,n−1)

]
FT
(
uright

)
7: if (n = N)
8: j←1
9: κ̄i,j−1 = κ̄i,n

10: while (j ⩽ N)

11: |Φleft| ←
∣∣∣FT [u(κ̄r,N , κ̄i,j−1)

]
FT
(
uleft

) ∣∣∣
12: if

(
∥∇f1(κ̄r,N , κ̄i,j)∥∞

)
⩽ tol

13: m←1
14: κ̄r,m−1 = κ̄r,N

15: while (m ⩽ N)

16:Φleft ←
FT
[
u(κ̄r,m−1, κ̄i,j)

]
FT
(
uleft

)
17: if

(
∥∇f1(κ̄r,m, κ̄i,j)∥∞

)
⩽ tol

18: break
19: end if
20: end while

21: end if
22: end while

23: end if

24: if
(
∥∇f1(κ̄r,n, κ̄i,n)∥∞ & ∥∇f2(κ̄r,n, κ̄i,n)∥∞

)
⩽ tol

25: break
26: end if
27: end while
28: end for

Figure 2.6: Pseudo-code for the dispersion curves identification of a nonlinear
damped periodic system.

The first guess (κ̄r,0, κ̄i,0) is arbitrary. For the selected ω̄, the RS is
interrogated at each n iteration with inputs κ̄r,n, κ̄i,n. If the least-squares
problem (2.13) is not solved after n = N iterations, that is, if row 24 is
not satisfied for (κ̄r,N , κ̄i,N ), the last solution κ̄r,N is imposed, as known
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in a further least-squares problem (see row 10), where only the first of
the equations in (2.13) is employed in the only unknown κ̄i,j . Then, the
while loop in row 15, with the last solution κ̄i,j and an initial condition
κ̄r,N for the unknown κ̄r,m, completes the identification process.

2.4.1 Application

The aforementioned procedure was performed for the system examined
in Subsection 2.3.1, where a nonlinear stiffness kNL = 200MN/m3 was
added. Damping will be introduced later.

The RS is shown in Fig. 2.5. For the undamped case, with c = 0
and cR = 0, we compared the numerical results with the approximate
nonlinear dispersion relation proposed by Zivieri et al. [14]:

mmRω
4

−
[
kR(m+mR) + 2mRk

(
1− cos(κd)

)
+ 2mRU

2kNLG(κd)
]
ω2

+2kR

[
k
(
1− cos(κd)

)
+ kNLU

2G(κd)
]
= 0,

(2.14)

whereG(κd) = 1
3! [1−cos(3κd)+3cos(2κd)−3cos(κd)] is a wavenumber-

dependent series, U defines the amplitude, and the distance d between
the masses is equal to 1. A comparison between the identified and ap-
proximate solutions is shown in Fig. 2.7, for an amplitude Uleft = 10
mm, which can be interpreted to a certain extent as a medium-high am-
plitude [14].

Fig. 2.7 shows that the identification process has not been impaired
by the initial guesses; however, some outliers appear in the first pass-
band due to failures in the integration of (2.13) around the first natural
frequency of the unit cell of the RS. The solutions agree well with the
approximate relation (2.14) derived by Zivieri et al. [14]. We recognize
that the dependence of the dispersion curves on the amplitude is not evi-
dent in Fig. 2.7, and the nonlinear solutions seem to be pairing the linear
ones. To better highlight the dependency of the dispersive properties on
the input amplitude, we computed and reported in Fig. 2.8 the identified
nonlinear solutions κ̄, nondimensionalized over the linear solution κl, for
several amplitudes Uleft = [1.1, 1.2, 1.3, 1.4, 1.5] mm in the frequency
range ω̄ = [28− 29] rad/s . Here, the input amplitudes are intentionally
small for a better comparison with the linear solutions.

To further corroborate the results of our approach, we compared the
numerical values of the transmission function Φleft with an analytical

22



Fabrizio Aloschi - Analysis of nonlinear metamaterials and metastructures for
mitigation and control of elastic waves

(a) (b)

Figure 2.7: Identification of the undamped periodic system: (a) plot of the imag-
inary components κi and (b) plot of the real components κr of wavenumbers.
The identified solutions are compared to the approximate solution of (2.14)
whilst the red stars indicate the initial guess.

Figure 2.8: Ratio between the identified nonlinear solutions κ̄ and the linear
solutions κl, for several amplitudes of excitation.
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expression for the FRF. For this purpose, we consider a harmonic solu-
tion for the displacements u and uR in (2.12), and before linearization,
we apply the FB theorem. We obtain the expression for nonlinear trans-
mission as follows:

U
Uleft

= k (1+e2iκd)

−mω2+2k+kR−
k2
R

kR−ω2mR

− K(ejiκd) kNL e2iωt

Uleft

(
−mω2+2k+kR−

k2
R

kR−ω2mR

) ,
(2.15)

where i is the imaginary unit, and the function K(ejiκd) comprises
higher orders j of the wavenumber, as follows:

K(ejiκd) =− U3
left + 3UU2

lefte
iκd − 3U2Ulefte

2iκd + 2U3e3iκd

− 3U2Ulefte
4iκd + 3UU2

lefte
5iκd − U3

lefte
6iκd. (2.16)

The relationship (2.15) indicates that for a given frequency, the output of
the RS depends on the wavenumbers jκ, with j ≥ 2, which are naturally
associated with superharmonics. Similarly, the dependence on input am-
plitudeUleft is evident. Because the identification procedure proposed in
this work relies on (2.4), this implies that a single complex wavenumber
is associated with a given frequency; hence, (2.4) ignores the compo-
nents associated with higher-order wavenumbers jκ.

For this reason, we utilize a perturbation approach, based on the
Lindstedt–Poincaré technique, to understand the effects of the aforemen-
tioned approximation. Based on the asymptotic expansion reported in
Appendix A.1, we obtain

FRFp = FRF (0) + ϵ FRF (1) +O (ϵ2), (2.17)

where FRF (0) and FRF (1) read

FRF (0) =
k (1 + e2iκd)

−mω2
(0) + 2k + kR −

k2R
kR−mRω2

(0)

,

FRF (1) =(
8mR ω(0) ω(1)

(
kR

2mR +mkR
2 − 2mkRmR ω

2
(0) +mmR

2 ω4
(0)

)
3 kNLm

(
kR −mR ω2

(0)

)2
(1− e2iκd)2

∣∣Uleft

∣∣2
) 1

2

.

(2.18)

The order ϵ0 equation defines the FRF of the linear system and equates
the first term on the right-hand side of (2.15). The expansion of Eq. (2.17)
is instead arrested at order-ϵ1, and the relevant order-ϵ1 equation is an
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(a)

(b) (c)

Figure 2.9: Comparison between the numerical transmission and the analytical
|FRFp| of Eq. (2.17): in (a) the gray areas highlight the bandgaps, (b) zoom in
the range of frequencies in the first bandgap and (c) in the second bandgap.

expression that does not depend on the linear stiffness k. It also con-
tains high wavenumbers associated with the frequency ω = ω(0) + ϵ ω(1),
which was stopped at the first ϵ1 order. A comparison between the afore-
mentioned FRF and the transmission obtained as the outcome of the
identification process based on (2.4) is shown herein and indicates that
the involved approximation is favorable. The numerical values of Φleft

that satisfy the tolerance of the identification procedure described in the
pseudocode in Fig. 2.6 are plotted in Fig. 2.9; they correspond to the set
of solutions already presented in Fig. 2.7, for Uleft = 10 mm.

Fig. 2.9 (a) clearly shows that the numerical values of Φleft and the
approximate solutions of (2.18) are close. Precisely, we have estimated

errϵ3 = 4.75%,
errϵ5 = 5.05%,
errϵ8 = 5.43%,

(2.19)

where err is the mean error wrt the numerical Φleft for all frequencies.
As expected, outside the bandgap the absolute value of the transmission
is equal to 1.

We now consider the case of a damped chain with c = 929.83 N·s/m
and cR = 7.83·103 N·s/m. To measure the degree of approximation of the
proposed identification procedure, we derive an approximate expression
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(a) (b)

Figure 2.10: Numerical identification of the damped periodic system for (a) the
imaginary components κi and (b) the real components κr of wavenumbers. The
numerical results are compared to the analytical solution provided by (2.20);
the red stars indicate the initial guess.

for the dispersion law of a damped nonlinear chain, employing the same
assumptions as Zivieri et al. [14]:

mmR ω
4 +

[
−cR (m+mR) i+ 2 cmR σ i

]
ω3

+
[
2 kmR σ − 2G(κd) kNLmR U

2 − kR (m+mR) + 2 c cR σ
]
ω2

+
(
2 iG(κd) cR kNL U

2 − 2 c kR σ i− 2 cR k σ i
)
ω

−2 kR

(
k σ −G(κd)U2 kNL

)
= 0,

(2.20)

where σ = cos(κd)− 1. The relevant results obtained using the identifi-
cation procedure are shown in Fig. 2.10 for Uleft = 10mm and suitable
initial conditions.

Two branches of the undamped curve in Fig. 2.7 (b) here merge into
a single curve, Fig. 2.10 (b), that features the characteristic S-shape of
damped resonant metamaterials. This additional branch is characterized
by a backward slope determined by a negative group velocity [66]. From
Fig. 2.10 (b) it is evident that the analytical prediction (2.20) for the real
components of wavenumbers agrees with the identified curve, but tends
to lose accuracy in that range of negative group velocity; however, in
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Fig. 2.10 (a), the imaginary components adequately predict the spatial
attenuation exp (−κid) of the free wave.

2.5 Conclusions and future outlooks

In this study, we proposed a novel procedure for identifying dispersion
laws for both linear and nonlinear 1D periodic mass-in-mass discrete
systems. For this purpose, we employed the output of a reference sub-
system (RS), which includes the system unit cell and is subjected to con-
trolled displacements that meet the Floquet–Bloch (FB) periodic condi-
tions. In particular, with few tools, that is, the FB periodic conditions,
the frequency response functions (FRFs) of the RS, and the Levenberg–
Marquardt algorithm, we were able to identify the eigenvalues of linear
and nonlinear undamped and damped periodic systems.

The advantages of the proposed procedures are fourfold: i) the pro-
cedures do not operate on finite lattices and, therefore, numerical/ex-
perimental issues related to wave reflections, perfectly matched layers,
and so on are avoided; ii) the identification effort is reduced because
the procedure relies on a simple experimentally informed RS; iii) the
identification of the dispersion law also includes the imaginary part of
wavenumbers; iv) the identification procedure captures the dependency
of the nonlinear dispersion curves on the amplitude of excitation. Ac-
cordingly, we envision the application of this method to the experimental
outputs of the physical RS of a 1D linear and nonlinear periodic discrete
system excited under displacement control. Along this line, the physi-
cal realization of an RS with the control of parameters that accurately
govern nonlinear terms remains challenging and may become critical for
experimental systems that need to account for dissipation, hysteresis, and
disorder. Finally, we anticipate that the proposed dispersion law identifi-
cation procedure can be completed with parametric identification of the
unknown nonlinear mechanical characteristics by exploiting the identi-
fied eigenvalues of the dispersion curve.
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3.0 A novel postbuckling-based device for switch-
ing the propagation of SAWs

This chapter contains the pre-print of:

Fabrizio Aloschi, Antonio Palermo, and Chiara Daraio. Postbuckling-
based mechanical switching of surface acoustic waves; in preparation for
Applied Physics Letters,

as it will be submitted for the Journal Applied Physics Letters, dif-
fering only in terms of layout and formatting.

The use of periodic materials to control the flow of energy has been
a focus of intense study. Switchers, rectifiers, and transistors often rely
on magnetic fields and/or logic gates to activate their mechanisms. We
propose a novel device that enables the control of mechanical waves -
surface acoustic waves - through an ON-OFF mechanism. The device
utilizes outer beams as a tunable platform to switch the propagation of
the waves. The OFF configuration is achieved by having the beams in
their undeformed configuration resonate at specific frequency ranges, re-
sulting in the creation of bandgaps. Conversely, in the ON configura-
tion, the beams in postbuckling undergo softening, which cancels the
bandgaps and allows for the flow of energy. Analytical and numerical
results demonstrate the potential of this device for controlling the wave
propagation with nonlinear periodic materials. The switching mecha-
nism is achieved through the activation of the nonlinearity, eliminating
the need for external magnetic fields or logic gates.

3.1 Introduction

The control of energy flow through periodic materials has been success-
ful in various fields [79, 80], including the control of surface acoustic
waves (SAWs) [27, 20, 21, 22]. Material and geometric nonlineari-
ties have been utilized to exploit phenomena such as localization [30],
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breathers [31], bifurcation, and chaos [29]. Postbuckling is a promising
alternative among other geometric nonlinearities due to its ease of re-
alization and reversible nature. Shifting between prebuckling and post-
buckling without inducing plastic deformation allows for greater control
and versatility.

In this context, our approach proposes a novel strategy for manipu-
lating SAWs using elastic slender beams functioning as resonators. Our
device features an array of resonator beams placed along the edge of a
thin plate serving as a 2D model. FE simulations and analytical tools jus-
tify the compact setup that can be designed to experimentally switch the
edge waves. Two conceptual diagrams in Fig. 3.1 illustrate the proposed
switching mechanism.

OFF ON

passband

bandgap

passband

bandgap

passband

passband

passband

deactivated
bandgap

deactivated
bandgap

passband

(a) (b)

(c) (d)

Figure 3.1: 3D view of the device endowed with beams in (a) prebuckling, (b)
postbuckling. Conceptual diagrams of the switching mechanism for (c) OFF
configuration, (d) ON configuration.

The design of the beams aims to have their axial modes within the
frequency range of the SAWs. In a prebuckling configuration, when no
compression is applied, the beam’s resonances generate bandgaps in the
SAWs’ dispersion, which is the OFF configuration. The application of
external compression beyond the critical load leads to buckling and soft-
ening in the beams [81], causing a reduction in the amplitude vibration
response and lowering of the first normal modes. The buckled configura-
tion, which is the geometric nonlinearity, activates the ON configuration
of the switching mechanism, cancelling the bandgaps and allowing the
transmission of SAWs in those frequency ranges.

Although buckling has been a well-known phenomenon for centuries,
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it is typically simplified through special design modifications, yet it at-
tracts growing interest in the design of mechanical systems for smart
purposes [82]. The theory is replete with investigations about the stabil-
ity of buckled beams, with exact solutions for stability existing [83, 84],
and numerous nonlinear methods for model order reduction have been
developed [85]. However, the axial and transverse components of the
vibration in buckled beams are always decoupled, and, to the best of our
knowledge, all the existing investigations concern only the transverse vi-
bration [86]. Therefore, although the problem of determining the exact
axial modes remains unchallenged, discrete spring-mass models based
on experimental or numerical functions have been adopted to describe
the axial dynamics of buckled beams and justify the existence of solitons
[87, 88]. However, these models feature a quasi-static approximation of
the spring model that cannot be accepted in our case since it neglects
inertial effects. Thus, we employ a harmonic perturbation around the
postbuckling equilibrium of a 2D FEM of the single beam to show that
our external platform can cancel the bandgaps, or in other words, shift
the axial resonances of the buckled beams out of the range of interest of
the SAWs’ dispersion.

3.2 A device for the propagation of the SAWs

To showcase the switching mechanism we resort to numerical simula-
tions and present a novel device designed to manipulate surface acoustic
waves (SAWs), which is currently being manufactured in our lab for
experimental testing. The key element of the device is a thin PMMA
plate that serves as the substrate for the propagation of SAWs. Utiliz-
ing thin plates is a well-established practice in seismology [89], as two-
dimensional models offer ease of fabrication. This suitability of thin
plates is based on the similarity between Rayleigh waves and extensional
waves that propagate along the edge of a semi-infinite plate, sharing an
analogous dispersive relationship [90, 91]. Therefore, as in [27], we pro-
pose the compact device shown in Fig. 3.2 for our study.

A PMMA plate with dimensions of H = 563 mm, L = 900 mm,
and a thickness of t = 8.5 mm, is rigidly connected to an optical table at
the bottom edge, while the top edge is coupled to a periodic arrangement
of 41 polyester beams (PVC: Eb = 2e9 Pa, ρb = 1270 kg/m3) with
dimensions of lb = 66 mm, hb = 0.8 mm, and a thickness of t = 8.5
mm. The beams are slender, with lb > 50 ·hb, and they act as mechanical
resonators. To couple the beams to the plate, 41 laser cuts are made at
the top edge of the plate, and the beams are inserted into the cuts. This
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LDV

SOURCE
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Lm = 41 Li 
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Figure 3.2: (a) Schematic of the device. Detail of the external platform: (b)
beams in prebuckling, (c) in postbuckling.

creates a friction-based coupling. Similarly, the tips of the beams are
inserted into a smaller top plate, shown as a gray top slab in Fig. 3.2
(a). The slab has a dual function: it constrains the tips of the beams and
applies uniform compression when using the postbuckling configuration,
i.e., the ON configuration.

Surface waves can be generated using any mechanical transducer
placed at a distance Ls = 177 mm from the first beam. The interdis-
tance between the beams is Li = 15 mm. The waves are vertically
polarized and propagate as edge waves that can be shaped by a simple
signal generator. In our simulation, we use a wide-band Ricker wavelet
with a central frequency of fp = 10 kHz; the shortest wavelength that we
observe is equal to 15 mm, which is significantly larger than the beam
dimension hb. To reconstruct the dispersion curve of the edge waves,
we need to measure the vertical component of the velocity along the top
surface of the plate at multiple observation points (shown as small red
cylinders in Fig. 3.2). To accomplish this, at least one laser Doppler vi-
brometer (LDV) is required. Therefore, to obtain measurements at mul-
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tiple points, the LDV can be mounted on a horizontally motor-powered
linear stage and then connected to an oscilloscope to acquire the output.

3.3 Dynamics of the external platform

The switching mechanism relies on an external platform composed of a
periodic array of 41 mechanical resonators, namely the 41 slender beams
depicted in Fig. 3.2 (b) and (c). To investigate the dynamics of the exter-
nal platform, we begin by examining the vibration properties of a single
resonator-beam, with periodicity being introduced in the following sec-
tion.

Fig. 3.3 reports the buckling analysis of a doubly-clamped beam.

(a) (b)

Figure 3.3: Static behavior of an axially-loaded clamped beam: (a) load -
displacement diagrams; (b) picture of a beam under Instron test.

Fig. 3.3 (a) shows the axial load - displacement graph of a doubly-
clamped beam, where the displacement is measured at a distance s =
lb/4 from the bottom clamp. The elastica [92] provides an analytical
expression for the shape of the entire beam for the curvilinear coordinate
s in the range [0, lb], given by:

Y (s) = −s+ 2

p
{E [am(sp, χ), χ] }, (3.1)

X(s) =
2χ

p
[1− cn(sp)], (3.2)

where Y and X represent the longitudinal and transverse displacement,
respectively. E(−, χ) stands for the incomplete elliptic integral of the
second kind with modulus χ, while ’am’ and ’cn’ are the Jacobi ampli-
tude function and Jacobi cosine amplitude function, respectively. The
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applied load P is contained in p = P
EbI

. The value of χ is given by

χ = sin( θ̄2), where θ̄ is the rotation angle where the bending moment
becomes zero. The relation between the applied load P and the rotation
θ̄ associated with the odd (symmetric) mth buckling mode is given by:

P =
EbI

l2b
4(m+ 1)2[K(χ)]2 (3.3)

where K(χ) is the complete elliptic integral of the first kind.
Fig. 3.3 (a) shows the results of a buckling static test carried out us-

ing an Instron (ElectroPuls E3000) on a polyester (PVC) beam. A good
agreement is observed between the curves in Fig. 3.3 (a); however, some
discrepancies are seen in the prebuckling regime due to small imperfec-
tions [88]. The crosses indicate the average of eight tests conducted at a
rate of 3 min/mm. To avoid plastic deformations, the tests were stopped
at Y

lb
= 0.15. However, in Fig. 3.3 (a), we focus on the region around the

Euler critical load Pcr, and the plot is limited to Y
lb

= 0.012. We inves-
tigate the dynamics of the beam around its postbuckling configuration
P
Pcr

= 1.01, , Ylb = 0.0117.
Firstly, let us introduce the longitudinal vibration problem for the

linear regime that can be solved by looking at the theory of the longitu-
dinal waves in thin bars [93]. A clamped-clamped beam or bar with zero
displacements imposed at the boundaries has n integer multiple half-
wavelengths between the ends of the beam, resulting in a harmonic series
of normal mode frequencies fn:

fn = n
cB
2lb
, (3.4)

where cB is the phase speed that is easily retrieved from the wave equa-
tion, and reads:

cB = fλ =
ω

κ
=
√
Eb/ρb, (3.5)

where f is the frequency, λ is the wavelength, ω and κ are the circular
frequency and the wavenumber, respectively. This speed of longitudinal
wave propagation depends upon the ratio of the beam’s Young modulus
E to its mass density ρ: neither the area nor the cross-section influences
cB . For thin beams, this assumption is valid for those frequencies that are
sufficiently low, such that the wavelengths are significantly greater than
the cross-sectional dimensions. We will prove this assumption to be valid
for the beams of our platform, and will show that when the beams are in
the prebuckling regime, i.e., in the OFF configuration, the normal modes
of (3.4) cause local resonances that interact with the SAWs dispersion.
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The analytical problem of vibrations in buckled beams often only
considers the transverse component of displacement, while the axial com-
ponent is typically neglected [83, 84, 85, 86]. Intuitively, buckling soft-
ens the beam, as shown in Fig. 3.3 (a), and one would expect the first nor-
mal modes to shift to lower frequency regimes. To demonstrate this, we
perform a frequency analysis of a simple 2D FEM in COMSOL Multi-
physics. Specifically, a doubly clamped beam is buckled and compressed
up to P

Pcr
= 1.01, , Ylb = 0.0117, after which we apply a harmonic per-

turbation of amplitude displacement A0 around the buckled configura-
tion. The output amplitude displacement A is measured a few millime-
tres above the fixed base of the beam, and the resulting FRF is shown in
Fig. 3.4.

Figure 3.4: Longitudinal frequency analysis of a 2D FEM of the clamped-
clamped polyester beam.

The red curve in Fig.,3.4 reveals that in the postbuckling regime, the
amplitude of vibration A never attains the input amplitude A0, i.e., it
always remains FRF < 0. Furthermore, the first normal modes have
shifted below 500 Hz. In contrast, the FRF of the prebuckling regime
confirms the normal modes of (3.4), thus validating the thin bar assump-
tion.

3.4 Numerical simulation of the device and a WFE
model of the periodic system

Effective medium approaches can provide analytical dispersion relations
of uniformly distributed oscillators [94]. However, these models fail to
describe the discrete lattice effects that occur at short wavelengths where
the wave dispersion induced by local resonances is not negligible. There-
fore, to verify the switching mechanism of our device, we employ finite
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element simulations. Firstly, we simulate the complete experimental ma-
chinery of our device in COMSOL Multiphysics to reconstruct the ex-
perimental dispersion curve of the SAWs. Next, we use a wave-finite-
element model (WFEM) of the system’s unit cell to disclose the disper-
sive properties of an infinite arrangement of beam-resonators resting on
the elastic substrate. Both results are presented in Fig. 3.5.

fn,2

fn,1

(a) (b)

Figure 3.5: SAWs dispersion curves: (a) OFF configuration, beams in pre-
buckling; (b) ON configuration, beams in postbuckling. The background of the
figures is the 2D Fourier Transform (FT) of the transient analyses simulated via
COMSOL; the dotted red curves are deducted by the WFE model of the system’s
unit cell depicted in Fig. 3.6.

The beams in the undeformed configuration resonate according to
(3.4), where the first two axial modes fn,1 and fn,2 generate the bandgaps
observed in Fig. 3.5 (a) and determine the OFF state of the device. To
achieve the ON state, the beams are axially compressed up to P =
1.01Pcr, resulting in a noticeable reduction of the response vibration
amplitude, as already shown in Fig. 3.4, and in a sensible decrease in
frequency of the first normal modes, as seen in Fig. 3.5 (b). In the fre-
quency range of interest, 5 kHz to 23 kHz, the SAWs propagate undis-
turbed again.

The simulation is validated by the dotted red dispersion curves in
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Fig. 3.5, which are calculated using a WFEM of a single unit cell under
plane-stress conditions. A schematic of the unit cell is shown in Fig. 3.6.
The unit cell consists of a vertical beam and a strip of the plate represent-

F loquet–Bloch  (per iod ic )  
boundar y  condi t ions

(ρb,Eb)
ux=0

ux=0
uy=0
φ=0

Li 

Figure 3.6: Schematic representation of the WFEM employed for the system’s
unit cell.

ing the elastic substrate. To obtain the dispersion curves, Floquet–Bloch
boundary conditions are imposed on the vertical edges of the substrate
with a wavenumber ranging between 0 and 1/(2Li) = 33.3 1/m, and
the eigenfrequencies are solved for each wavenumber. To account for
buckling effects, a tangent material modulus Eb = 2.4e5 Pa is used,
corresponding to the postbuckling configuration with P

Pcr
= 1.01 and

Y
lb

= 0.0117. This allows for the eigenvalue problem of the WFEM to
be solved for a linear system. The width of the strip is equal to the inter-
distance Li of the beams, while its length is 4H to emphasize Rayleigh
wave effects and avoid non-zero frequency values with respect to zero
wavenumber. To restrict the analysis to vertically polarized waves, the
interfaces of the beam are imposed to move vertically only (ux = 0),
while the top of the beam and the bottom of the substrate are fixed
(ux = 0, uy = 0, ϕ = 0).

To further prove the proposed switching mechanism, we test its ef-
fectiveness against a system that presents bandgap widening. This widen-
ing effect is achieved through rainbow trapping [65, 95, 96] that requires
arrays of resonators with different characteristics. Therefore, we ar-
range 41 resonator beams with different Young modulus, such that each
beam distills a different frequency within the frequency range ∆fn =
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[13.5, 15.5] KHz. From Eq. (3.4) it follows:

∆Eb = ρb
2lb∆fn
n

= [4.03, 5.32] · 109 Pa (3.6)

where n = 1, ρb = 1270 kg/m3 and lb = 66 mm. Each beam is statically
tested, and the axial load - deformation diagram of the two beams with
the lowest and the highest Young modulus are plotted in Fig. 3.7 (a). The
curves of Fig. 3.7 (a) are calculated with the elastica (3.1). Despite the

(a)

(b)

Figure 3.7: (a) Axially-loaded clamped beams in rainbow configuration: load-
displacement graph calculated via Eq. (3.1); (b) FRF of the first and the last
beam of the random rainbow arrangement.

first and the last beam of the periodical arrangement have respectively the
lowest and the highest Young modulus (Beam 1 and Beam 41), all the
other beams are randomly arranged along the surface and not spatially
graded, to achieve a wider attenuation range [96]. The frequency analysis
of Beam 1 and Beam 41 are reported in Fig. 3.7 (b) and reveals a 2 KHz-
wide resonant zone of the new platform with the rainbow configuration.
Obviously, this resonant zone is relevant to the beams in the prebuckling
regime, whereas in the postbuckling regime the amplitude of the FRF is
drastically reduced.
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Bandgap 
enlargement for 

rainbow trapping

(a) (b) (c)

(d) (e)

Figure 3.8: Dispersion curves of the SAWs: (a) random rainbow OFF config-
uration, (b) uniform material beams OFF configuration, (c) random rainbow
ON configuration. A bandgap widening is shown wrt the case of uniform ma-
terial beams. Harmonic analysis of the device in rainbow configuration: (d)
the output is placed along the edge of the plate, (e) the output is placed a few
millimetres above the base of a single beam.

Fig. 3.8 reveals the potential of the postbuckling-based mechanical
switching for the device equipped with beams in a random rainbow ar-
rangement. The dispersion curves confirm the effectiveness of the switch-
ing mechanism: when the beams are in the prebuckling regime, Fig. 3.8
(a), the switching is inactive and a wide bandgap filters the SAWs in
the frequency range ∆fn of (3.6). In the postbuckling regime, Fig. 3.8
(c), the switching is activated and the SAWs are allowed to transmit.
Time harmonic analyses are performed for frequencies that are below,
inside, and above the bandgap. The output Ū is the vertical displace-
ment response u(t) normalised over the input amplitude U0 = 10 µm.
One can note that, while the transmission of the waves below and above
the bandgap is never disturbed, in the bandgap the beams configuration
(prebuckling or postbuckling) significantly affect the steady state of the
SAWs.

3.5 Conclusions and outlook

SAWs are often used to convert electrical signals into mechanical waves
and vice versa, which has led to their extensive use in various appli-
cations, such as sensors, resonators in microelectromechanical systems
(MEMS), filters, and so on. Researchers have developed various strate-
gies for controlling SAWs, such as using acoustic metamaterials, nonlin-
ear media, and micro/nanomechanical structures.
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Along this vein, we have presented a strategy for filtering surface
acoustic waves (SAWs) using a switching mechanism. Our approach in-
volves the use of elastic slender beams as resonators, which, when buck-
led, undergo a softening behavior that cancels bandgaps and allows for
the transmission of SAWs. This switching mechanism has the charm of
being activated by the nonlinearity of the system and surprisingly offers
ease of realization.

While our strategy offers a novel approach to further improve these
applications, it opens up the possibility of developing sensing devices
that can detect sudden changes in material properties by monitoring the
variation of the SAWs’ dispersion.
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4.0 Seismic waves attenuation in industrial struc-
tures through hysteretic nonlinear lattices

This chapter contains the post-print of:

Francesco Basone, Oreste S Bursi, Fabrizio Aloschi, and Günter Fis-
chbach. Vibration mitigation of an MDoF system subjected to stochastic
loading by means of hysteretic nonlinear locally resonant metamaterials.
Scientific reports, 11(1):1–15, 2021,

as published in the Journal Scientific reports, Nature Research, dif-
fering from the published paper only in terms of layout and formatting.

In this work, we intend to mitigate absolute accelerations and dis-
placements in the low-frequency regime of multiple-degrees-of-freedom
(MDoF) fuel storage tanks subjected to stochastic seismic excitations.
Therefore, we propose to optimize a finite locally resonant metafounda-
tion equipped with massive resonators and fully nonlinear hysteretic de-
vices. The optimization process takes into account the stochastic nature
of seismic records in the stationary frequency domain; the records are
modeled with the power spectral density (PSD) S0 and modified with
a Kanai–Tajimi filter. Moreover, the massive superstructure of a fuel
storage tank is also considered in the optimization procedure. To opti-
mize the nonlinear behavior of dampers, we use a Bouc–Wen hysteretic
model; the relevant nonlinear differential equations are reduced to a sys-
tem of linear equations through the stochastic equivalent linearization
technique. The optimized system is successively verified against natural
seismic records by means of nonlinear transient time history analyses.
Finally, we determine the dispersion relations for the relevant periodic
metafoundation.
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4.1 Introduction

Within linear metamaterials, a new category of applications of phononic
— or periodic — structures as alternatives to classic seismic isolators
for earthquake mitigation has received growing interest [97, 35, 33, 98].
The increasing popularity of these structures resides in the possibility
of exploiting the advantages of locally resonant acoustic metamaterials
(LRAMs) due to their ability to attenuate low-frequency waves by means
of unit cells much smaller than the seismic wavelength of the desired
frequency region. The most common isolation solutions use lead-rubber
bearings or spherical bearing devices, which are quite effective for the
horizontal components of earthquakes. Nonetheless, these solutions re-
quire two strong floors, exert a very high stiffness against the vertical
component of an earthquake, and are quite ineffective for large structures
subjected to rocking [99]. To reduce the seismic responses of superstruc-
tures, Casablanca et al. [33] and Cheng and Shi [98] studied periodic and
finite locally resonant foundations. Although good response reduction
results were obtained, neither of the proposed periodic systems were de-
signed for gravity and/or seismic load combinations. Furthermore, the
authors did not consider the feedback forces from the superstructures to
the metafoundations. To overcome these drawbacks, we proposed a fi-
nite lattice LRAM, the so-called metafoundation, for the seismic pro-
tection of multiple-degrees-of-freedom (MDoF) systems, i.e., storage
tanks [35, 36, 100]. The relevant coupled metafoundation-tank system
is depicted in Fig. 4.1 (a).

The foundation consists of flexible steel columns and concrete slabs
that define the primary load-bearing structure, while massive concrete
masses are considered resonators. The construction site is Priolo Gar-
gallo in Sicily, Italy. The site is characterized by a peak ground acceler-
ation (PGA) of 0.56g for a return period TR = 2475 years. Therefore, a
linear elastic design according to the Italian code [101] was carried out;
the resulting minimal column stiffnesses allow the metafoundation to re-
main undamaged following safe shutdown earthquakes (SSEs). As a re-
sult, the columns have a total height of 4 m with hollow cross-sectional
dimensions of 300x300 mm and a thickness of 30 mm. A 3D sketch
of the coupled metafoundation-tank system shows that the foundation
structure is composed of a finite number of 9-unit cells. Square hollow-
section steel columns support each concrete slab and provide the lateral
stiffness of the metafoundation. Each unit cell includes a massive con-
crete cube linked to the foundation, see Fig. 4.1 (b) and Fig. 4.1 (c) by
means of wire ropes, as depicted in Fig. 4.2.
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(b)(a)

(c)

Figure 4.1: Coupled foundation - tank system: (a) 3D view, (b) layout of the
unit cells and (c) cross section of the metafoundation. Dimensions are in m.

(a) (b)

Figure 4.2: (a) Configuration of a single unit cell equipped with steel wire
ropes; (b) details of a single wire rope. Dimensions are in cm.

Nonetheless, two basic issues remain unresolved: the optimization of
structural devices, i.e., springs and/or dampers, operating in the nonlin-
ear regime within finite lattices and the inclusion of the stochastic nature
of the seismic input characterized by a large random uncertainty.

With regard to the first issue, i.e., the selection of proper hysteretic
dampers, Basone et al. [36] suggested the use of wire ropes, which are
simple devices able to both effectively suspend the concrete resonators
inside the foundation and allow motion in all three main directions. There-
fore, the behavior of wire ropes is quite complex, and the characteriza-
tion of their nonlinear properties is difficult [102, 103]. More precisely,
the mechanical flexibility of wire ropes provides good isolation prop-
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erties, and the sliding friction between the intertwined cables results in
high dissipative capabilities. As a result, these devices can achieve equiv-
alent damping ratios of 15-20% with low production and maintenance
costs. Their hysteretic behavior can be reproduced with the well-known
Bouc–Wen model [102, 103, 104]. This model is quite popular because
it can describe the behavior of a nonlinear hysteretic system with a com-
pact first-order differential equation [105].

If we consider the aforementioned devices in periodic systems, the
analysis of nonlinear metamaterials is still very challenging [106, 14].
For instance, from a perturbation approach specifically applied to weakly
nonlinear periodic chains [107], the following topics emerge: i) the so-
lutions to the nonlinear wave equations are amplitude dependent; ii)
the wave amplitudes influence their own propagation characteristics, the
so-called self-action; and iii) the analysis methods in the presence of
self-action often do not trace all solutions when more than one domi-
nant component is involved. Nonetheless, several researchers have de-
voted considerable effort to improving our understanding of nonlinear
metamaterial-based systems. For instance, to reduce wave transmission
in both ultralow and ultrabroad bands with band gaps and chaotic bands,
Fang et al. [108] developed both a theoretical approach and an experi-
mental validation to conceive nonlinear acoustic metamaterials (NAMs).
Based on a new mechanism for wave mitigation and control consisting
of the nonlinear interaction between propagating and evanescent waves,
Zega et al. [109] recently presented experimental proof of the appear-
ance of a subharmonic transmission attenuation zone due to an energy
exchange induced by autoparametric resonance. In contrast, Gupta et
al. [110] explored a wide range of nonlinear mechanical behaviors that
can be generated from the same lattice material by changing the build-
ing block into a dome-shaped structure. In particular, they proposed a
novel hourglass-shaped lattice metastructure that takes advantage of the
combination of two oppositely oriented coaxial domes.

With regard to the second issue, i.e., the stochastic nature of the seis-
mic input and the subsequent stochastic response analysis of hysteretic
systems, an abundance of literature is available [105, 111, 112]. In this
respect, the equivalent (stochastic) linearization technique (ELT) [105,
111], based on a non-Gaussian probability density function, is viable
because it can be extended (in a relatively straightforward manner) to
MDoF systems. Socha and Pawleta [113] discussed the advantages and
disadvantages of this technique.

In summary, to achieve the best performance of a finite locally reso-
nant metafoundation, the following objectives are pursued hereinafter: i)
the optimization of the nonlinear behavior of wire ropes reproduced with
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hysteretic Bouc–Wen models and ii) the application of the ELT to fully
nonlinear devices taking into account the stochastic nature of the seismic
input in both the frequency domain and the time domain.

The superstructure is composed of a slender fuel storage tank and its
equivalent 2D lumped mass model [114], see Figs. 4.1 (a) and 4.3. More
precisely, the slender tank was part of an existing plant, i.e., tank #23
or #24 of Case Study #1, analysed in a European research project [35,
100]. Housner’s model [115] is adopted to simulate the hydrodynamic
response of liquid containers. This model allows us to associate the in-
ertial force of the liquid with two different masses: the impulsive mass
and the convective mass. The tank response is reduced to the contribu-
tions of the two main impulsive and convective modes, and the tank wall
thickness is taken into account. The tank’s liquid content exhibits axial
symmetry, which is sufficient to analyse the dynamics in one direction.
However, each resonator can vibrate in all three (X, Y and Z) directions.

With regard to the metafoundation, it is designed to remain undam-
aged for an active seismic site located in Priolo Gargallo, Italy. Consider-
ing a consistent seismic input for linear/nonlinear time history analyses,
a set of natural earthquakes that correspond to SSE events are selected
from Italian and European databases and fitted on average to the uniform
hazard spectrum (UHS) of Priolo Gargallo.

To take the stochastic nature of the seismic input into account, the
computations are carried out in the frequency domain, and because the
analysis of nonlinear periodic systems entails the aforementioned diffi-
culties [107], the ELT is adopted for the Bouc–Wen model. Therefore,
an average power spectral density (PSD) function of the accelerograms is
evaluated. The resulting PSD function is filtered with a Kanai–Tajimi fil-
ter [116] modified by Clough and Penzien [117] and subsequently adopted
in the optimization procedure. The resulting optimized metafoundation
is then verified through nonlinear time history analyses (THAs) of the
coupled system subjected to the aforementioned ground motions.

4.2 Methods

4.2.1 Nonlinear metafoundation system modelling

To address simpler coupled systems and to benefit from the optimization
considering different stiffness and damping values, the condensed mass
system (CMS) shown in Fig. 4.3 is considered. Through an exact dy-
namic condensation of both the masses and the stiffnesses along the X
and Y directions we can analyse the CMS as a 2D system. This dynamic
condensation does not lead to errors since all resonators in both the X
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Figure 4.3: Metafoundation-tank coupled system model: condensed mass sys-
tem (CMS).

and the Y directions are assumed to be endowed with the same mass and
stiffness, see Fig. 4.1 (b). The CMS is depicted in Fig. 4.3, in which the
dynamic characteristics of the system are reported as well. Herein, mi,
ci and ki represent the mass, stiffness and damping coefficients, respec-
tively, of the impulsive mass of the superstructure-tank system, while
mc, cc and kc represent the mass, stiffness and damping coefficients of
the relevant convective mass.

The following system of equations of motion (EOMs) describes the
dynamics of the aforementioned metafoundation-tank coupled system:

M ü(t) + C u̇(t) + K u(t) + uy K
NLz(t) = F (t), (4.1)

where M, C and K are the mass, damping and stiffness matrices, respec-
tively; KNL defines the component of the stiffness matrix that contains
the terms (1 - αn) kn introduced later; z(t) defines the vector that contains
the components zn(t) of the nth resonator modeled in the next subsection;
and uy sets the yielding displacement of the device. Therefore, Eq. 4.1
is a nonlinear system of EOMs due to the presence of uy KNL z(t). The
vector u(t) indicates the displacement vector, whilst single and double
dots represent single and double derivatives with respect to (wrt) time,
respectively. Furthermore, F(t) = -M τ üg(t) represents the forcing vec-
tor, where τ is the mass influence vector and üg(t) represents the ground
acceleration.

To evaluate the dynamic properties of the CMS, the system equiv-
alent reduction expansion procedure (SEREP) is adopted. This method
allows the modal vectors of the CMS to be reduced [118]; therefore, the
convective mode and the relevant DoFs of the tank can be eliminated
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from the full set of ‘n’ DoFs, while the effects on the lower ‘a’ modes
can be retained. More precisely, the SEREP technique is based on the
following transformation:

un = T ua, (4.2)

where T =Φn Φa
g is the transformation matrix,Φn is the modal matrix of

the original system, and Φag is the generalized inverse of the modal ma-
trix of the active/reduced system. More precisely, Φag can be evaluated
as

Φg
a =

(
ΦT

aΦa

)−1
ΦT

a , (4.3)

As a result, the system matrices of the reduced system are M̃ =
TTMT, K̃ = TTKT and C̃ = TTCT, while the forcing term becomes F̃
= -TTMτ üg. Since the optimization procedure requires an inversion of
the transmission matrix T for each frequency interval, the SEREP tech-
nique also contributes to the reduction in the run time of the optimization
algorithm.

4.2.2 Modelling of nonlinear devices

The nonlinear devices utilized in this work are steel wire ropes, schemat-
ically depicted in Fig. 4.2 (b). Steel wire ropes are a commonly used so-
lution in seismic engineering due to their dissipative behavior. Moreover,
they represent an inexpensive solution in terms of both production and
maintenance costs. Thus, many researchers have investigated the hys-
teretic characteristics of wire ropes when subjected to shear forces [102,
103, 104]. In this context, steel wire ropes have already been successfully
utilized in metafoundations. In some research works [36, 37], the goal
was the protection of tanks against both horizontal and vertical ground
accelerations by means of finite lattices equipped with nonlinear devices
endowed with significant flexibility and hysteretic damping. Further-
more, steel wire ropes allow effective motion of the resonators along the
X, Y and Z directions, which can be easily deduced by Fig. 4.1.

To model the nonlinear dissipative behavior of wire ropes, we em-
ploy the Bouc–Wen model. This model has been adopted to capture the
hysteretic behaviors of many other seismic devices [102, 103, 119].

For the sake of clarity, let us consider a single-degree-of-freedom
(SDoF) system:

mü(t) + cu̇(t) +R (t) = F (t), (4.4)

where R(t) defines the nonlinear restoring force:
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R (t) = α k u (t) + (1− α) k uy z (t) , (4.5)

where k represents the yielding stiffness and uy is the yielding displace-
ment. The z term is a dimensionless hysteretic component provided by
the solution of the following nonlinear differential equation that contains
three state variables:

ż (t) = uy
−1
[
Au̇ (t) − γ |u̇ (t)| |z (t)|n−1z (t)− βu̇ (t) |z (t)|n

]
,

(4.6)
The shape and smoothness of each hysteretic loop is controlled by the
parameters A, β, γ and n. Moreover, the term α = kp/k0 in Eq. (4.5)
defines the ratio of the postyielding stiffness to the preyielding stiffness,
with

k0 =

(
∂R (u, u̇, z)

∂u

)
z=0

= αk + (1− α) kA ,

kp =

(
∂R (u, u̇, z)

∂u

)
z=zmax

= αk0, (4.7)

and zmax = [A/(β + γ)]1/n.
Suitable values of A, β, γ and n govern the hardening or softening

nonlinearities in the Bouc–Wen model. For instance, with |γ| > |β|, γ <
0, a hardening behavior is obtained. Moreover, the elastoplastic hystere-
sis case is approached when n → ∞, where n modulates the sharpness
of the yield. A choice of n=1 entails a closed-form solution of Eq. 4.1
with simple exponential functions [119].

To identify the relevant mechanical characteristics, Paolacci and Gi-
annini carried out an ad hoc experimental campaign [102]. On that database,
we initialize the main parameters of the Bouc–Wen model. We select
wire rope WR36-400-08, whose geometric dimensions are described in
Tab. 4.1. In particular, k0 is the initial shear stiffness, and Rv represents
the vertical load-bearing capacity. The authors [101] found α = 0.254
and uy = 2.2 mm.

GEOMETRIC CHARACTERISTICS
H [mm] W [mm] L [mm] Φ [mm]

178 216 520.7 26.6
PARAMETERS OF THE Bouc–Wen MODEL

k0 [kN/mm] Ry [kN] uy [mm] n [-] A [-] α [-]
1.35 2.97 2.2 1.0 1.0 0.254

Table 4.1: Geometric and mechanical properties of the wire ropes
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(a) (b)

Figure 4.5: (a) Typical hysteretic loop of a Bouc–Wen model; (b) comparison
between experimental and numerical responses after Paolacci and Giannini.

For the sake of clarity, two coupled wire ropes can be observed in
the test rig of Fig. 4.4a; this arrangement allows cyclic simple shear tests
to be reproduced by means of a central plate [101]. The corresponding
hysteretic response is depicted in Fig. 4.4 (b).

(a) (b)

Figure 4.4: (a) Two wire ropes with a central plate subjected to simple shear;
(b) hysteretic response of the wire rope under cyclic shear loading after Pao-
lacci and Giannini.

A generic cycle of the Bouc–Wen model is shown in Fig. 4.5 (a) with
the main mechanical and kinematic parameters. A careful reader will
notice that this model is symmetric, as can be understood from Eq. (4.6);
nonetheless, this property does not limit its capability to properly trace
the experimental response depicted both in Fig. 4.4 (b) and Fig. 4.5 (b).

The data in Fig. 4.4 (b) and Fig. 4.5 (b) are obtained after Paolacci
and Giannini [102]. Note that after choosing steel wire rope, the Bouc–
Wen model parameters A and (β + γ) can be functionally selected to be
A = 1 and β + γ = 1. As shown by Constantinou and Adnane [120],
this choice leads to the collapse of the model to Ozdemir’s model, which
is a rate-dependent Maxwell model with a nonlinear dashpot. By setting
A = 1 in Eq. (4.6), indeed, the value of the initial stiffness k = Ry /uy =
k0 is retrieved; then, by setting β + γ = 1, the maximum strength factor
zmax in Eq. (4.7) becomes zmax = [A/(β+γ)]1/n = 1 with zϵ[-1, 1].
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4.2.3 Seismic input model

Given the epistemic and mainly aleatoric uncertainties of the seismic
input, it is not feasible to optimize a system endowed with nonlinear
devices on a conventional time basis. A more accurate probabilistic
(stochastic) approach is required in which both the excitation and the re-
sponse are described in terms of statistical parameters such as the mean
square and the variance of the vibration amplitudes. As a result, our
approach relies heavily on random vibrations treated in the frequency
domain, and stochastic linearization carried out in the next subsection.
Therefore, the input is assumed to be a weakly stationary Gaussian-
filtered white noise random process with zero mean and spectral inten-
sity S0. Consequently, the soil is approximately taken into account by
means of the Kanai–Tajimi filter [116], and to avoid unrealistically high
values of the excitation in the low-frequency range, we utilize an addi-
tional filter suggested by Clough and Penzien [117]. The result is the
so-called Kanai–Tajimi Clough–Penzien (KTCP) filter, and the resulting
PSD function is

Süg(ω) = S0
4ζ2gω

2
gω

2 + ω4
g

4ζ2gω
2
gω

2 +
(
ω2
g − ω2

)2 ω4

4ζ2fω
2
fω

2 +
(
ω2
f − ω2

)2 (4.8)

where ωg = 14 rad/s is the frequency associated with the ground and
ζg = 0.6 is the relevant damping ratio. The parameters ωf = 0.75
rad/s and ζf = 1.9 are assumed for the low pass filter [117], whilst the
PSD intensity S0 = 0.09 m2/s3 for safe shutdown earthquakes (SSEs)
corresponds to seismic activity with a return period of 2475 years. In the
time domain, the KTCP filter becomes

üg = ω2
gug + 2ζgωgu̇g − ω2

fuf − 2ζfωf u̇f , (4.9)
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where some variables can be treated in a state-space formulation:

üg = af
T uf ,

u̇f = Af uf +Vf f(t)uf =


uf
u̇f
ug
u̇g

 ,

af =


−ω2

f

−2ζfωf

ω2
g

−2ζgωg

 ,

Af =


0 1 0 0
−ω2

f −2ζfωf ω2
g 2ζgωg

0 0 0 1
0 0 −ω2

g −2ζgωg

 ,

Vf =


0
0
0
1

 , (4.10)

where f(t) denotes the bedrock Gaussian zero-mean white noise process.
Both the filter parameters and the PSD intensity S0 are chosen to fit
the stationary PSD spectra of 12 natural seismic records (see Tab. 4.2)
selected from Italian and European databases with a 2% probability of
exceedance in 50 years.

The corresponding elastic response spectra, their mean and their mean
plus one standard variation, together with the target uniform hazard spec-
trum (UHS) relevant to Priolo Gargallo, are plotted in Fig. 4.6. The
twelve records collected in Tab. 4.2 are selected as follows. Let s0 be
the target spectrum value vector, i.e., the mean or the mean plus one
standard deviation, let S be the spectra matrix of the na accelerograms,
and let α be the vector of the na × 1 selection coefficients αi. We seek
for the vector α that satisfies∥∥∥∥∥∥∥∥

1
na∑
i=1

αi

Sα− s0

∥∥∥∥∥∥∥∥
2

= min, (4.11)

where 0 ≤ αi ≤ 1, and
na∑
i=1

αi = n. Hence, the selection is performed

with all possible combinations of the n accelerograms among a set of
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EVENT COUNTRY R [Km] M
Victoria Mexico Mexico 13.8 6.33
Loma Prieta USA 3.85 6.93
Northridge-01 USA 20.11 6.69
Montenegro Montenegro 25.00 6.90
Erzincan Turkey 13.00 6.60
South Iceland Island 7.00 6.50
L’Aquila Mainshock Italy 4.87 6.30
Loma Prieta USA 11.03 6.93
Landers USA 11.03 7.28
South Iceland Island 11.00 6.40
L’Aquila Mainshock Italy 4.63 6.30
L’Aquila Mainshock Italy 4.39 6.30

Table 4.2: Selected natural accelerograms; R is the distance between the epi-
center of the seismic event, and M is its magnitude.

na records. Thus, we can easily take into account the dispersion of the
records about the mean spectrum. The discrepancy between the maxi-
mum peak of the two spectra, i.e. the UHS and the Mean Spectrum +
σ should entail limited effects on the responses of the nonlinear coupled
systems presented in the section Results.

Figure 4.6: Response spectra of the selected accelerograms for SSEs; the UHS
of Priolo Gargallo (Italy) is depicted in red.

52



Fabrizio Aloschi - Analysis of nonlinear metamaterials and metastructures for
mitigation and control of elastic waves

4.2.4 Equivalent linearization and optimization procedure

To model the wire ropes illustrated in Fig. 4.2 (b), which are not eas-
ily treated mathematically, we propose the stochastic linearization tech-
nique [113]. As a result, the treatment of the linearized metafoundation-
tank coupled system allows the optimization procedure to be performed
in the frequency domain and bypasses several difficulties related to the
determination of the dispersion properties of fully nonlinear periodic sys-
tems [107]. With regard to the parameters to be optimized, to maximize
antiresonance or negative effects, the masses of the resonators are set
as the largest masses compatible with unit cell dimensions. Moreover,
the other parameters are derived from construction or design constraints,
e.g., the design column size and slab thickness; therefore, mainly the
stiffness and damping of wire ropes, i.e., the relevant dissipated energy
controlled by the parameters of Eqs. (4.5) and (4.6), can be optimized.

Since the system of EOMs in Eq. 4.1 characterizes a coupled non-
linear system, classic linear random vibration theory is not applicable.
Therefore, to linearize the vector uyKNLz(t), we employ the ELT. For the
sake of clarity, for an SDoF system with N = 1, Eq. (4.6) becomes

ż + cequ̇+ keqz = 0, (4.12)

where ceq and keq are linearization coefficients that are “equivalent” in
a statistical sense [121, 122]. At this stage, it is useful to introduce a
state-space formulation of Eqs. (4.1) and (4.12):

d

dt
Y = GY +V f(t), (4.13)

with

Y =


u
u̇
z
uf

 ,

G =


0NxN INxN 0NxN 0Nxr

−M−1 KL −M−1 C −M−1 KNL −1 af
T

0NxN −ceq −keq 0Nxr
0rxN 0rxN 0rxN Af

 ,

V =


0Nx1
0Nx1
0Nx1
Vf

 , (4.14)
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where Y is the state-space vector, KL and KNL define the linear and
nonlinear components of the stiffness matrix, respectively, and keq and
ceq represent matrices including equivalent linear coefficients. More-
over, N defines the number of DoFs of the system, and r = 4 defines the
number of equations of the KTCP filter introduced in the previous sub-
section. Let the covariance matrix of Y be S with Sij = E[yi, yj ], and
assume that the seismic input is stationary. The solution of Eq. (4.13)
can be derived from the following Lyapunov system of equations:

G S+ S GT +B = 0, (4.15)

where B is a zero matrix except for the generic diagonal element corre-
sponding to the nonzero row of the forcing function vector, i.e., Bij =
2πS0. Eq. (4.15) is solved with the algorithm proposed by Bartels and
Steward [123]. As expected, keq and ceq are not known a priori; in this
regard, Maldonado et al. [121] suggested setting the initial values for an
iterative solution procedure ceq = 1 and keq = 0.05(β + γ) for faster
convergence. Further details about the whole procedure are available in
Maldonado et al. [121] and Spanos et al.. [124].

To operate in the frequency domain, we start from Eq. (4.4) for a
SDoF system and define the transfer function H(ω) of the coupled sys-
tem depicted in Fig. 4.3. However, Eq. (4.13) includes the KTCP filter,
and the derivation is more burdensome for an MDoF system. Therefore,
the relevant H(ω) becomes

H (ω) =

[
−ω2m+ iωc+ αk − iω

iω + keq
ceq (1− α) kuy

]−1

, (4.16)

where the details of the derivation can be found in the Appendix B. Its
generalization is expressed as

H (ω) =
[
−ω2M+ iω C+K + Keq]−1

, (4.17)

where contains zero terms except those in which the nth resonator is
physically connected. More precisely, the nonzero terms of matrix are

keqij = − iω

iω + keq
ceq (1− αn)uy kn, (4.18)

where αn and kn refer to the nth resonator of the metafoundation. Note
that for α = 1, the transmission matrix in Eq. (4.17) degenerates into a
linear transmission matrix.

To carry out the optimization, we minimize the interstorey displace-
ment and the absolute acceleration of the tank’s impulsive mode, where
the relevant variances σdr and σacc, respectively, are expressed as

54



Fabrizio Aloschi - Analysis of nonlinear metamaterials and metastructures for
mitigation and control of elastic waves

σ2dr =

+∞∫
0

|Himp (ω)− Hres (ω)|2Süg (ω) dω,

σ2acc =

+∞∫
0

∣∣1− ω2Himp (ω)
∣∣2Süg (ω) dω, (4.19)

where Himp(ω) defines the transfer function of the impulsive mass and
Hres(ω) is the transfer function of the resonator’s layer. The dimension-
less performance indices are defined as follows:

PIdr =
σ2dr

σ2dr,fixed
,

PIacc =
σ2acc

σ2acc,fixed
, (4.20)

where σ2dr,fixed and σ2acc,fixed represent the variances of the interstorey
drift and the absolute acceleration, respectively, wrt a clamped tank.

The optimization procedure relies on the design variables kk,n and
βk,n collected in the parameter vector XNL:

XNL = [k1,1, kk,n, A1,1, Ak,n, β1,1, βk,n, γ1,1, γk,n]
T. (4.21)

The statement of our optimization problem is as follows:

min
k,n

PIdr
(
XNL

)
or min

k,n
PIacc

(
XNL

)
(4.22)

where k = (1, . . . , nk) and n = (1, . . . , nr). The limits imposed on the
design variable βk,n are

0 < βk,n < 1. (4.23)

Further details about the bound of Eq. (4.23) were already provided in
the subsection Modelling of nonlinear devices.

4.2.5 Dispersion characteristics of the linearized periodic sys-
tem

Though the system is linearized by means of Eq. (4.11), the effects of
the nonlinear devices depicted in Fig. 4.2 on the band structure of the
relevant periodic system are of interest. On the one hand, we can observe
the effect of equivalent damping on the dispersion relationships; on the
other hand, we can appreciate the effects of the PSD S0.
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(a) (b)

Figure 4.7: Dynamic systems: (a) coupled finite lattice metafoundation-tank
system; (b) metafoundation modeled as a periodic system.

First, let us consider Fig. 4.7, which shows both the finite lattice 1-
layer structure, see Fig. 4.7 (a) and the relevant system of repetitive unit
cells depicted in Fig. 4.7 (b).

The 2-DoF system associated with the unit cell, i.e., slab and res-
onator of Fig. 4.7 (b), can be represented as follows:

mnün + cn(u̇n − u̇n−1) + cn(u̇n − u̇n+1) + kn(un − un−1)

+kn(un − un+1)− αk0(uR − un)− (1− α)k0uyz(t) = 0,

mRüR + αk0(uR − un) + (1− α)k0uyz(t) = 0,

where dots refer to time differentiation. We assume the following har-
monic solution for displacements:

un = ũne
iωt,

uR = ũRe
iωt, (4.24)

where ũn and ũR are displacement amplitudes. In addition, the FB theo-
rem can be applied as

un+1 = ũne
iµ,

un−1 = ũne
−iµ, (4.25)

where µ = κd defines the so-called propagation constant based on the
wavenumber κ and the unit cell length d. Thus, the application of the
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ELT by means of Eqs. (4.11) and (4.17) and the conditions of Eqs. (4.24)
- (4.25) to the system of Eq. (4.24) entails the following:

[
−ω2mn + 2kn + 2iωcn + αk0 − iω

iω+keq
ceq(1− α)k0uy

]
un

+
[
−αk0 + iω

iω+keq
ceq(1− α)k0uy

]
uR

−(kn + iωcn)(e
−iµ + eiµ)un = 0,

uR =
αk0− iω

iω+keq
ceq(1−α)k0uy

−ω2mn+αk0− iω
iω+keq

ceq(1−α)k0uy
un.

(4.26)
The substitution of uR into the first equation of Eq. (4.26) leads to the

following dispersion relation:

µ = Cos−1


−ω2mn+2kn+2iωcn+αk0− iω

iω+keq
ceq(1−α)k0uy+

[
−α2k20+2αk0

iω
iω+keq

ceq(1−α)k0uy−
(

iω
iω+keq

ceq(1−α)k0uy

)2
]

−ω2mR+αk0−
iω

iω+keq
ceq(1−α)k0uy

2(kn+iωcn)

 ,

(4.27)
in the (µ− ω) plane.

4.3 Results

4.3.1 Optimization and time-history analysis results

The optimization and time history analyses based on the methods dis-
cussed at length in the previous section are presented and discussed
herein. We set n, α and uy based on the properties described in Tab. 4.1,
and we search for the optimal values of k, β and γ with the constraints [120]
A = 1 and β + γ = 1. The results of the optimization process based
on the index PIdr introduced in Eq. (4.20) are depicted in Fig. 4.8 for
the CMS model. The minimum value of PIdr = 0.78, i.e., the red
point on the β − k0,opt plane, corresponds to k0,opt = 56.8 KN/mm
and βopt = 0.9. β and γ quantify the dissipation characteristics of wire
ropes, and with β+γ = 1, γopt = 0.1. Notably, k0,opt corresponds to the
horizontal stiffness of a single resonator of the metafoundation. Similar
values can be obtained by means of the index PIacc.

To test the performance of the metafoundation-tank coupled system,
THAs are carried out considering the hysteretic responses of the devices
in agreement with Eq. (4.5). Fig. 4.9 shows the hysteretic loops of a sin-
gle wire rope when the CMS model is subjected to one of the 12 ac-
celerograms listed in Tab. 4.2. The term ures represents the displacement
of the generic resonator wrt utl, i.e., the displacement of the top of the
metafoundation. Fig. 4.9a refers to the optimized system where 42 wire
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Figure 4.8: Optimal surface for the linearized CMS case.

(a) (b)

Figure 4.9: Hysteretic loops of the one-layer CMS hysteretic damper forA = 1,
β = 0.9 and γ = 0.1. The resonators are equipped with the (a) optimal and (b)
minimum numbers of wire ropes.

ropes per resonator are needed. Conversely, Fig. 4.9 (b) refers to the
system provided with the minimum number of wire ropes required to
support a resonator, i.e., 16 wire ropes.

To appreciate the performance of the optimized CMS finite lattice
metafoundation, Fig. 4.10 depicts both the maximum and the median pa-
rameter values of the nonlinear foundation-tank coupled system wrt the
fixed-base solution when subjected to the 12 seismic records listed in
Tab. 4.2. The maximum values of the base shear V , absolute acceleration
a and interstorey drift d of the impulsive mass are reported. Nonlinear
devices are characterized by β and γ equal to 0.9 and 0.1, respectively.
The favourable performance of the metafoundation, which achieves re-
ductions of approximately 21%, 10% and 19% in V , a, and d, respec-
tively, wrt the fixed-base case, is evident.
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(a) (b)

(c)

Figure 4.10: Maximum and median values of the (a) base shear, (b) absolute
acceleration and (c) interstorey drift of the optimized nonlinear CMS wrt the
fixed-base tank for each accelerogram listed in Table 2.

Finally, Fig. 4.11 shows the maximum and median values of the wire
rope displacements in the optimized nonlinear CMS model relevant to
each time history. The maximum displacements reach approximately 90
mm with a median equal to 50 mm. These demand values are compatible
with the capacities of standard wire ropes.

4.3.2 Dispersion curves of the linearized periodic system

For the sake of completeness, it is worthwhile to examine some wave
propagation properties of the decoupled metafoundation depicted in Fig.
7 and modeled as a periodic system in Fig. 4.7 (b). We rely on the ELT
applied to nonlinear devices so that we are able to trace the mode shape
families, i.e., the dispersion curves or band structures, defined by means
of wavelengths — inversely, wavenumbers — and frequencies. As the
linearized hysteretic system exhibits a significant amount of damping,
see Eqs. (4.15) and (4.16), the damped periodic materials can be charac-
terized by means of i) complex wavenumbers as a function of real fre-
quencies and ii) complex frequencies as a function of real wavenumbers.
We adopt the former methodology, where the dispersion relationships are
obtained with Eq. (4.27) in terms of µ(ω). This condition corresponds
to a harmonic wave motion where a driving frequency ω is prescribed.
The values of the propagation constant µ(ω) are all complex due to the
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Figure 4.11: Maximum and median values of wire ropes for the optimized non-
linear CMS for each time history.

presence of damping. The relevant dispersion relationships representa-
tive of the periodic metafoundation depicted in Fig. 4.7 (b) are shown in
Fig. 4.12. The relationships are expressed by real values of µ correspond-
ing to the propagative index of waves, while the imaginary components
of µ, often called the attenuation constant, define the spatial decay of the
amplitude as the wave progresses through the lattice.

Each dispersion curve shown in Fig. 4.12 is associated with a differ-
ent value of keq that, due to the linearization process, depends on the
input PSD S0. Standard ELT results [121, 122] show that an increase
in S0 from 0.03 to 0.36 m2/s3 entails an increase in keq — 83, 177,
273 and 410 — whilst ceq remains essentially unchanged and equal to
ceq = −269. As shown by Spanos and Giaralis [122], keq and ceq are
derived from a third-order ELT whose values do not correspond to any
particular mechanical system; hence, their physical significance is lim-
ited. Conversely, if we rely on a second-order statistical linearization
scheme [122] governed by the linearization parameters ζeq and ωeq, this
leads to a trend where an increase in S0 corresponds to a reduction in
ωeq, as understood from Fig. 4.12a. Note that for the highest value of
S0, i.e., almost an undamped-like structure, the curve tends to create a
bandgap. In that area, the µ values are higher for curves with less damp-
ing. Finally, with regard to waves travelling at frequencies that belong
to the passband of µR, higher damping values entail greater spatial wave
attenuation.

4.3.3 Numerical investigation of the periodic system

In contrast to the previous subsection, where we considered a linearized
periodic system, in this section we carry out numerical simulations on the
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(a) (b)

Figure 4.12: Periodic metafoundation dispersion curves: (a) imaginary com-
ponent of µ; (b) real component of µ.

metafoundation’s periodic configuration depicted in Fig. 4.7 (b); thus, we
do not make any assumptions about the nonlinearities involved. The sys-
tem is excited by a time-harmonic displacementA0 applied to the bottom
layer. The output response A is read from the top layer. The boundary
condition of the system of masses is free-free, and since the system is not
excited by a force, rigid-body motion is avoided. The frequency response
function (FRF) is then evaluated as

FRF = 20 log10
A

A0
, (4.28)

where A is the maximum amplitude of the steady-state response and A0

is the amplitude of the harmonic excitation. The resulting wave trans-
mittances are plotted in Fig. 4.13.

The FRFs of Fig. 4.13 are clearly amplitude dependent because the
system is nonlinear. However, the wave transmittances in Fig. 4.13 (a)
for low frequencies show that the modal resonances do not depend strongly
on the amplitude excitation. This is clearly confirmed by the linearized
band structure observed in Fig. 4.12, where the acoustic branch appears
to be identical for each S0. Nevertheless, the identification of an opti-
cal branch is simpler for high amplitudes, i.e., A0 = 25cm; in fact, the
presence of resonance points becomes evident.

We can also identify a strong attenuation zone comparable to the
band gap. The width of the band gap varies with the displacement ampli-
tude. A wide and deep band gap can be observed under small-amplitude
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(b)

(a)

Figure 4.13: Numerical FRFs of a periodic finite lattice: a) FRF for several
input amplitudes A0 for 27 layers; b) FRF for several layers for A0 = 6 cm.

excitations, whereas the width and depth of the band gap are reduced by
increasing the input amplitude. This leads to a worse wave attenuation
performance of the hysteretic system under high-amplitude vibrations.
The performance of the periodic hysteretic system can also be evaluated
by means of Fig. 4.13 (b) for A0 = 6 cm. It is clear that the perfor-
mance level increases in terms of the width and depth of the band gap as
the system is characterized by more layers. Moreover, it is worth noting
that both FRFs identify an attenuation zone accurately predicted by the
linearized dispersion curves of Fig. 4.12. In fact, the trend of the imagi-
nary components of µ is centred at the resonator’s linearized frequency
ωR = (αk0/mR)

1/2 = 16, 9 rad/s. Fig. 4.13 consistently shows that for
frequencies ranging from approximately 15 to 20 rad/sec, the FRF starts
to decrease. Finally, note that the stiffness αk0 corresponds to the slope
of the hardening branch of the Bouc–Wen model in Eq. (4.7).

4.4 Discussion

The objective of this work was to conceive a metafoundation bearing
oil storage tanks capable of inheriting the filter properties of finite lat-
tice phononic structures. More precisely, the vibrations in the frequency
regime induced by seismic records are attenuated by the favourable prop-
erties of coupled hysteretic devices and resonators embedded in the metafoun-
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dation. The metafoundation is composed of massive vibrating concrete
blocks that are coupled to the slabs by means of fully nonlinear hysteretic
devices. Moreover, to achieve cost savings, the foundation is constituted
by a single layer of resonators.

To identify the effective properties of nonlinear hysteretic devices
in terms of stiffness and equivalent damping, an optimization procedure
was carried out by minimizing two dimensionless performance indices
based on the variances of the interstorey displacement of the impulsive
mass and of the relevant absolute acceleration. Because the optimiza-
tion procedure has to be carried out in the frequency domain for linear
time-invariant systems subjected to stationary seismic records, we ap-
plied the stochastic linearization technique [111] to the nonlinear hys-
teretic devices embedded in the metafoundation. As a result, the opti-
mized metafoundation-tank coupled system performed well when sub-
jected to natural seismic records carried out in the time domain. In ad-
dition, we determined the dispersion relations for the periodic linearized
spring–mass chain, see Fig. 4.7 (b), which clearly depends on the PSD
S0 amplitude. As a result, the maximum attenuation rate depicted in
Fig. 4.12 increases with an increase in S0 and a decrease in the equiva-
lent damping ζeq in the resonators.

Furthermore, we investigated the nonlinear response of the periodic
metafoundation by means of numerical FRFs. The results confirm the re-
liability of the dispersion analysis subsequent to applying the equivalent
linearization technique. In fact, a strong attenuation zone in the FRF is
located in the frequency range where the dispersion curves indicate very
high values of the imaginary propagation constant µi.

The results achieved herein reveal a promising application of finite
lattice metafoundations to large systems subjected to strong seismic ex-
citations. However, in addition to a sound application of finite lattice
metafoundations for large systems subjected to strong seismic excita-
tions, this work paves some ways: i) the application of stochastic lin-
earization to a finite lattice allows the metafoundation-tank coupled non-
linear system to be optimized while capturing the variability of the seis-
mic input, and ii) the use of simple hysteretic devices such as wire ropes
permits the 3D motion of massive resonators and reflect the great effec-
tiveness and potential of these devices as vibration mitigation tools.

Ultimately, the validation of these results by means of the 3D physi-
cal characterization of hysteretic devices as well as the analysis of non-
linear wave mechanisms through nonlinear spatial analyses deserves fur-
ther study.
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5.0 Periodic damped pipeline attenuation zones and
optimal stochastic dynamic performance of a pipe-
rack equipped with an impact device

This chapter contains the post-print of:

Fabrizio Aloschi, Roberto Andreotti, and Oreste S. Bursi. Pipe vibra-
tion attenuation through internal damping and optimal design of vibro-
impact systems. Scientific Reports, 13(1):6510, 2023,

as published in the Journal Scientific reports, Nature Research, dif-
fering from the published paper only in terms of layout and formatting.

Pipelines periodically supported by rack structures (PPRs) are com-
mon in chemical and petrochemical plants, among others, and conven-
tional tools such as dampers and hysteretic absorbers are commonly used
to mitigate large vibrations in these systems. In this study, we explore
two alternative strategies: (i) enhancing the attenuation rate of PPR vi-
brations through structural internal damping, and (ii) using nonlinear
vibro-impact systems (VIS) to reduce seismic vibrations in a PPR. To
shed light on the first strategy, we develop analytical dispersion relations
for a PPR and show how damping can improve the mitigation capabilities
of the periodic system. As for the second strategy, we consider a 9-node
beam, i.e., a single span (SS) of a PPR equipped with a VIS, and com-
bine the central composite design (CCD) and Kriging metamodelling to
maximize dissipation energy and minimize the number of impacts. This
multi-objective optimization problem aims to find the most effective de-
sign solution for the VIS in terms of gap and coefficient of restitution
(COR). Additionally, we consider the stochastic nature of seismic input
and the possible chaotic behavior of the VIS. To account for the sensi-
tive variability of the number of impacts in seismic records, we perform
incremental dynamic analyses (IDA) and calculate fragility functions for
various engineering demand parameters (EDP), including the number of
impacts. We define a 3D surface for selecting the optimal gap-COR pair.
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When impacts occur, transient results can be chaotic, and we compute
the largest Lyapunov exponents of a few representative trajectories.

5.1 Introduction

Pipelines supported by rack structures (PPRs) are a crucial means of car-
rying liquefied gas in different types of plants, such as liquefied natu-
ral gas plants, thermal power plants, petroleum industries, and chemical
plants. These structures have demonstrated vulnerability to excessive
vibrations [125, 126, 127], such as ground-borne vibrations [128, 129,
130, 131, 132, 133] and flow-induced turbulence [134, 135, 136, 137].
To mitigate vibrations, researchers have exploited bandgaps and attenua-
tion zones exerted by periodically arranged structures. In some research
works, Bloch waves have been applied to long, distributed infrastruc-
tures, such as bridges [138, 42], and pipes [43, 139, 140]. The dispersion
analysis of Iqbal et al. [43] revealed the dynamic flexural behavior of
long supported pipes modeled as an infinite periodic structure. However,
none of these works took into account the supplemental dissipation that
damping [141, 142] may provide to continuous systems.

Researchers have also used linear and nonlinear external tools to at-
tenuate large vibrations, such as pounding tuned mass dampers (PTMD)
[143], pipe-in-pipe systems [144], multi-stage dampers [145], and Stock-
bridge dampers [146]. Song et al. [143] developed a numerical analy-
sis based on the Hertzian contact to model the pounding force and per-
formed experimental tests on a pipeline coupled with a PTMD. The pres-
ence of the PTMD increased the damping ratio and effectively induced
amplitude attenuation; nonetheless, this device is complicated to design
since it combines vibro-impact and TMD. In this work, we exploit the
impact phenomenon [147, 45, 46, 148, 149, 150, 151, 152, 153, 154,
155, 156, 157, 158, 159, 160] with a nonlinear device that constrains the
amplitude displacement of the pipe’s interface.

Conventional linear dampers, such as TMDs, are not always recom-
mended for vibration mitigation due to their low performance under cer-
tain conditions caused by detuning effects [44]. Moreover, they may not
be sufficient to mitigate the abrupt flow-induced increases of velocity. In
such cases, impact-based dissipation systems serve as a powerful alterna-
tive [147]. However, high-velocity impacts can cause large deformations
near the contact area, eventually leading to system design difficulties.
Therefore, the design optimization of dissipative vibro-impact systems
(VIS) needs further study. To the best of our knowledge, it is difficult to
estimate the frequency response function of a nonlinear VIS and com-
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pare it with that of a TMD system, as a VIS often exhibits non-periodic
motion. Additionally, TMDs have limitations in terms of their ability to
suppress a broader range of frequencies [45, 46], and as such, nonlinear
systems have become the preferred choice for this purpose. Hysteretic
quadratic nonlinearity devices [148], energy sinks [149, 150], nonlinear
vibration absorbers [151, 152], and other nonlinear systems have proven
to be effective in suppressing broader frequency ranges.

Within this framework, the mitigation of dynamic vibration in PPRs
is performed by means of two main strategies: i) the attenuation prop-
erties of PPR models by means of internal damping; ii) the optimized
performance of a VIS subjected to stochastic (seismic) loading. Fig. 5.1
schematically depicts the two strategies employed.

(b)

(a)

Figure 5.1: (a) Periodic damped pipeline on flexible supports and (b) single
span (SS) endowed with bumpers for impact-based energy dissipation.

In particular, Fig. 5.1 (a) shows a linear PPR; the attenuation zones
due to internal damping will be obtained by applying dispersion analy-
sis to a single cell. Fig. 5.1 (b) depicts, instead, a single span (SS) of a
pipeline equipped with the VIS. The relevant nonlinear dissipation sys-
tem is optimized in terms of maximum dissipation energy and minimum
number of impacts when subjected to stochastic excitations. To model
the impact phenomenon, a non-smooth approach is adopted with an algo-
rithm that combines instantaneous and finite duration contact [153, 154,
155]; pipes and bumpers are assumed to be rigid bodies, and the COR
is given by Newton’s impact law. To further streamline the computa-
tional effort, we adopt the CCD, along with the Kriging metamodel im-
plemented in UQLab [161]. Both Kriging metamodelling and response
surface methodologies (RSM) in general [162] provide the designer with
an overall perspective of the system’s response within the design domain,
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which in this paper are the gap and the COR. RSM is indeed a common
tool for design optimization problems [163, 164, 165, 166, 167], espe-
cially for those cases where the input is (seismic) stochastic, and the
system’s response is nonlinear. In this respect, among many interesting
features of the dynamics of impacts, bifurcation and chaos have gained
much attention over the last few decades. Two basic characteristics of
chaos as a dynamical state are commonly discussed [158, 159, 160]: i)
the chaos pertains to a pseudorandom behavior observed in a determin-
istic nonlinear dynamical system, i.e., the system’s output appears to be
statistically random despite having been produced by a deterministic and
repeatable process; ii) the chaos causes a sensitive dependence on initial
conditions, thus the initial states of close trajectories exponentially sepa-
rate; the rate of separation over time is identified by the Lyapunov expo-
nent. Shaw [158] experimentally tested an elastic beam with a one-sided
displacement constraint under periodic excitation and reported nonlin-
ear features of the beam, such as subharmonic resonances, period dou-
blings, and chaotic regimes. The results were validated with the analyti-
cal model of a single oscillator with periodic excitation and a piecewise
linear restoring force. Coexistent attractors and multi-stability appeared
in the impact oscillator of Costa et al. [160], and the existence of chaos
was proven with the 0-1 test and the Lyapunov exponents [168].

Nonetheless, the design problem of a chaotic deterministic system
under (seismic) stochastic loading, such as earthquakes, still needs to
be deepened. To handle this task, the design optimization procedure
of a pipe with vibro-impact is complemented with a fragility assess-
ment. Fragility functions usually derive from a variety of approaches
like static structural analyses, judgment, or field observations of damage.
In this work, we derive the so-called analytical fragility functions from
incremental dynamic analyses (IDA) [169, 170, 171]. Given the unpre-
dictability of the number of impacts due to chaos, the fragility function
will be defined by a surface [172] for a variety of damage states (DM).
Just to prove the existence of chaos in the SS depicted in Fig. 5.1 (b), a
few chaotic trajectories and the bifurcation diagrams are reported in the
Supplementary Information. They have been evaluated for certain ranges
of frequencies in the vicinity of the natural frequency of the SS, and the
largest Lyapunov exponents have been estimated. Due to the nonlinear
dependence of the dispersion features upon amplitude and frequency of
excitation, this last task has required periodic excitation with multiple
amplitudes.
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5.2 Methods

5.2.1 Internal and external damping models in periodic PPRs

We intend to improve the attenuation properties of the two periodic PPRs
depicted in Fig. 5.2.

(a)

(b)

(c) (d)

Figure 5.2: (a) PPRf: Periodic damped pipeline coupled with the flexible sup-
ports and the masses mpr of a pipe rack; (b) PPRr: periodic damped pipeline on
rigid supports; (c) internal or structural damping model for a continuous beam
and (d) external viscous damping model.

The supports of the pipelines depend on the flexural stiffness kv of
the pipe rack’s columns. In Fig. 5.2 (a), flexible springs support the peri-
odic pipeline, i.e., non-negligible displacements of the columns. Fig. 5.2
(b), instead, depicts the model of a pipeline supported by rigid supports.
Hereinafter, the models in Fig. 2 (a) and (b) are called PPRf and PPRr,
respectively. The damping models that we propose are linear and have
different sources, such as internal material damping, see Fig. 5.2 (c), and
external damping, see Fig. 5.2 (d). Since the length dz → 0, the damping
is continuously distributed along the pipe. Therefore, internal and exter-
nal damping forces can be represented by two different equations for the
Euler-Bernoulli beam.

For the PPRf and the internal damping model the Euler-Bernoulli
equation reads:

∂2

∂z2

[
EJ
∂2w(z,t)
∂z2

]
+

∂2

∂z2

[
Cı̇
∂2 ∂w(z,t)

∂t

∂z2

]
+ ρA

∂2w(z,t)
∂t2

= 0, (5.1)

where ρ, E, A and J are, respectively, the material density, the Young
modulus, the area and the inertia of the beam cross section. The term
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w(z,t) is the beam transversal displacement. Ci is the internal damping
coefficient. Instead, for an externally damped PPRf, the Euler-Bernoulli
equation reads:

∂2

∂z2

[
EJ
∂2w(z, t)

∂z2

]
+ Ce

∂w(z, t)

∂t
+ ρA

∂2w(z, t)

∂t2
= 0, (5.2)

where Ce is the external damping coefficient. In Eqs. (5.1) and (5.2), the
damping coefficients read:

Cı̇ =
2ζı̇EJ
ω

, (5.3)

Ce = 2ζeρAω, (5.4)

where ζ i/e is the modal damping ratio, i/e specifies internal or external
damping, and ω defines the modal frequency. Note that the two co-
efficients Ci/e have different physical meanings and are dimensionally
different. Ci comes from the assumption that structural internal damping
does not entail plastic deformations in the cross section of the pipe [141].
In this regard, Kimball et al. [142] showed that, for metals subjected to
cyclic stress, internal friction entails strains that remain below the elastic
limit. Ce in (5.4), instead, represents the common proportionality con-
stant of a viscous damping model.

The mass and the stiffness of the pipe are constant along its length.
Since the systems are periodic, we consider (5.1) and (5.2) and apply the
Floquet-Bloch theorem to the jth support, thus obtain:

ψi/ecosh
2(µi/e) + χi/e cosh(µi/e) + ηi/e = 0, (5.5)

where µi/e = iκL is the propagation constant, κ is the wavenumber and L
is the distance between the supports. Eq. (5.5) is the dispersion relation
wavenumber – frequency of a PPRf. Indeed, the terms ψi/e , χi/e and ηi/e

are functions of Ωi/e which reads:

Ωı̇ =
ρAω2

EJ + ı̇ω Cı̇
, (5.6)

Ωe =
ρAω2 + ı̇ω Ce

EJ
, (5.7)

where ω defines the circular frequency. Full derivation of Eq. (5.5) is
provided in Appendix C.1.

About the PPRr, a dispersion relation between µ and ω is available
in literature [42], and it reads,
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Figure 5.3: Single span (SS) discretized into 9 nodes that vibrate vertically and
rotate; f indicates the nodes that do not experience the impact, whereas g-5 has
a two-sided displacement constraint.

cosh(µi/e) = cosh(iκL) = −
cot(Ωi/eL) − coth(Ωi/eL)
csch(Ωi/eL)− csc(Ωi/eL)

. (5.8)

Two-dimensional FEMs of the PPRf and PPRr are modeled via An-
sys APDL 19.0 with Euler-Bernoulli beam elements. A time-harmonic
rotation ϕi/p ei2πft is imposed as input at the left-end of the pipe, and
the steady state response ϕo/p (f) is read as the output rotation at the
right-end. The system response in the frequency domain is evaluated as
follows,

FRF = 20log10

∣∣∣∣ϕo/p(f)
ϕi/p(f)

∣∣∣∣ , (5.9)

where FRF is the frequency response function expressed in dB. To foster
the dynamics of a finite periodic system, the FEM consists of a 40 spans
beam.

Optimization of the stochastic dynamic performance of the impact
device

To analyse the performance of the vibro-impact system (VIS), nonlinear
transient analyses were carried out on the equations of motion of a sin-
gle unit cell of the PPRf, i.e., a SS beam supported by flexible springs.
The aforementioned FEM was adopted to obtain the consistent mass ma-
trix M, the symmetric stiffness matrix K whereas the damping matrix C
was computed with the proportional Rayleigh damping model. The dis-
cretized model of the SS equipped with a VIS is depicted in Fig. 5.3.

The interface of the SS has a two-sided displacement constraint, such
that the node g-5 impacts two rigid bumpers. In this case, we directly
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model the VIS and let the system of equations of motion to remain fully
linear. The COR is defined according to Newton’s law [147]:

COR = − vr
+

vr−
, (5.10)

where vr is the relative velocity of two colliding bodies, and + and –
mean post-impact and pre-impact, respectively. Since the bumpers are
fixed to the ground, relative velocities coincide with absolute veloci-
ties. Note that (5.10) does not need further nonlinearities to be included.
However, to take into account the typical limitations of the aforemen-
tioned instantaneous model [147, 153, 154, 155], very small time steps
of the order of 10-5 have been used; thus, the simulations showed a lim-
ited dependence from time steps[155].

The equations of motion read:

Mẍ+Cẋ+Kx = −Mrug, (5.11)

where M, C and K are respectively the mass, damping and stiffness ma-
trices, r is the influence vector and ug is the ground displacement; the dot
represents the derivative wrt the time. When impact occurs, the g node
is subjected to the impact forces, and the f nodes vibrate according to
inertial and restoring forces. The equations of motion now read:

[
Mff Mfg

Mgf Mgg
]{ẍf

ẍg
} +[

Cff Cfg

Cgf Cgg
]{ẋf

ẋg
}+[

Kff Kfg

Kgf Kgg
]{xf

xg
}=

−[Mff Mfg

Mgf Mgg
]{rf
rg
}üg + {

0
Rg
}, (5.12)

where Rg is the impact force vector. We divide Eq. (5.12) in two different
equations, one for the non-impacting nodes f and one for the impacting
node g. Since the impact force is unknown, we consider the first equation
of the system in Eq. (5.12), as

Mff ẍf + Cff ẋf+Kffxf =

−([Mff Mfg]{
rf
rg
}üg +Mfgẍg+ Cfgẋg +Kfgxg). (5.13)

To obtain the structural response at the ith step of the algorithm,
Eq. (5.12) is employed when the pipe and the bumper are not in con-
tact. Conversely, if the contact occurs, (5.13) is used. A flowchart that
describes the algorithm implemented in MATLAB for the nonlinear im-
pact model is shown in Fig. 5.4.
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Figure 5.4: Flow chart for the implementation of the impact in the transient
analyses in MATLAB

At a certain instant td the energy dissipated by linear viscous damp-
ing is computed as follows:

Edam(td) =

t=td∑
t=0

{dx}tT.C.{ẋ}t, (5.14)

whilst the energy dissipated by the impacts reads,

Eimp(td)=
1

2

nd∑
i=0

({ẋ}+ TM{ẋ}+ −{ẋ}− TM{ẋ}− ), (5.15)

where nd is the number of impacts occurred up to td, and {ẋ}− and {ẋ}+
represent the velocity vector before and after impact, respectively. Once
the seismic event is extinguished, free decay oscillation occurs in the
structure up to a certain time tr at which the rest condition is fully re-
stored and the number of impacts is nim. The total input seismic energy
reads:

Etot(tr) = Edam(tr) + Eimp(tr). (5.16)

Therefore, at time instant tr, all the input seismic energy has been
dissipated by means of viscous damping and impacts. We seek for the
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Figure 5.5: Central composite design (CCD) points for three factors: gap,
COR, and Sa(T1).

design parameters COR and gap that optimize the seismic performance
of the impact system with a multi-objective optimization problem based
on two objective functions defined as follows,

O1(tr) =
Eimp

Etot
, (5.17)

O2(tr) = nim, (5.18)

where nim is the number of impacts, Eimp and Etot are defined by (5.15)
and (5.16), respectively. The purpose of installing bumpers next to the
pipe is to dissipate the largest amount of energy through impacts while
limiting the number of impacts, to prevent damage to the pipe. There-
fore, the objective function O1 must be maximized, or equivalently -O1

must be minimized, while O2 is to be minimized. To reduce the num-
ber of transient analyses, we combine CCD and Kriging modelling with
the explanatory variables COR, gap, and Sa (T1), and response variables
O1 and O2. The 15 yellow points in Fig. 5.5 indicate the computer-
experimental data set - sampling points - defined by the CCD. The ranges
of values of the explanatory variables are shown in Tab. 5.1.

Note that the IM, i.e., the spectral acceleration Sa(T1) at the first nat-
ural period T1 of the system, is included in the CCD. The system is non-
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Table 5.1: Bounds of the CCD variables.

linear and sometimes chaotic, see Appendix C, therefore a certain vari-
ability of the system response wrt the input is expected. As indicated in
Tab. 5.1, Sa (T1) is bounded by the mean minus/plus the standard devia-
tion of the selected records. Then, to evaluate O1 and O2 for the 15 points
selected within the CCD, seismic transient analyses are carried out. Each
ground motion, see Tab. 5.2, is scaled at the relevant value of Sa(T1) and
thus, O1 and O2 are calculated as the mean of the values obtained by em-
ploying all the seismic records described hereinafter. After running all
the 15x12 analyses needed for CCD, a Gaussian polynomial regression
between the 15 mean values by means of the Kriging metamodeling pro-
vided by UqLab [161] has been performed. It has been assumed that the
model output is a realization of a Gaussian process defined as the joint
distribution of the prediction and the true model response [161].

Then, the Pareto front is used to provide the optimal values of the
multi-objective optimization problem by seeking the nondominated so-
lutions among the O1 and O2 quantities of (5.17) and (5.18) evaluated
through the Kriging metamodel. To each nondominated solution of the
Pareto front will correspond an optimal triplet (Sa(T1), gap, COR).
Therefore, the optimal values of gap and COR are connected to a certain
value of Sa(T1); nonetheless Sa(T1) is not a true design parameter since
it characterizes a (seismic) stochastic process.

5.2.2 Seismic input, fragility assessment, and optimal design
parameters selection

For evaluating the performance of the SS depicted in Fig. 5.3, a set of
twelve natural records with a 2% probability of exceedance in 50 years,
are employed; that is, relevant to safe shutdown events (SSE). The se-
lection of the natural seismic records follows the principle sketched in
Fig. 5.6:
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Figure 5.6: Response spectrum, mean spectrum and mean + standard deviation
spectrum matching the UHS; in gray, each individual spectrum of Tab. 5.2.

Both the mean spectrum and the mean spectrum plus one standard
deviation of the selected accelerograms match with the uniform hazard
spectrum (UHS) of a specific site, Priolo Gargallo, Sicily in Italy, in a
least-square sense. More precisely, let us consider s0 the target spectrum
value vector, that is, the UHS; and evaluate S as the spectra matrix of the
na accelerograms. One can define a vector of na selection coefficients,
α, where each element can only take a binary value of 1 or 0, and the
sum of the elements is equal to ns, i.e., the number of accelerograms to
be selected. Thus, the vector α that satisfies:

min(

∥∥∥∥Sα

ns
− s0

∥∥∥∥2). (5.19)

is sought. The selection is performed with all possible combinations of
the ns accelerograms among a set of na records. This operation allows
to preserve full hazard consistency and minimize the record-to-record
variability yet considering the dispersion of the records about the mean
spectrum. Tab. 5.2 reports the set of accelerograms and their main char-
acteristics.

Event Country R [km] M

1. Victoria Mexico Mexico 13.8 6.33
2. Loma Prieta USA 3.85 6.93
3. Northridge-01* USA 20.11 6.69
4. Montenegro* Montenegro 25.00 6.90
5. Erzincan Turkey 13.00 6.60
6. South Iceland* Island 7.00 6.50
7. L’Aquila Mainshock* Italy 4.87 6.30
8. Loma Prieta USA 11.03 6.93
9. Landers* USA 11.03 7.28
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Event Country R [km] M

10. South Iceland* Island 11.00 6.40
11. L’Aquila Mainshock* Italy 4.63 6.30
12. L’Aquila Mainshock* Italy 4.39 6.30

Table 5.2: Main characteristics of the selected records; R is the distance from
the epicenter, and M is the magnitude of the relevant seismic event.

Note that in 5.2, the * indicates those records that are employed for
performing the IDA. The number of impacts, indeed, is related to the
maximum velocity exhibited by the system during the transient analysis,
and to observe a sufficient number of impacts, the duration of the strong
motion must exceed about 40 seconds.

Finally, we perform the fragility assessment of the SS. Along this
line, the fragility function FDM (IM) is defined as the probability that the
node g-5 of Fig. 5.3 reaches or exceeds some damage measure (DM) for
a given ground motion with IM = im. In particular, the DM is con-
nected to the number of impacts nim, i.e., the engineering demand pa-
rameters (EDP), that exceeds a certain threshold. Typically, FDM (IM)
is assumed to follow a lognormal distribution, and hence reads,

FDM(IM) ≡ P[EDP > edp | IM = im],

FDM(IM) = Φ(
ln(im/Xm)

β
), (5.20)

where Φ is the Gaussian cumulative distribution with a median Xm and a
logarithmic standard deviation β, calculated as:

Xm= exp(
1
M

M∑
i

ln(IMi)), (5.21)

β= (
1

M-1

M∑
i

[ln(IMi/Xm)]2)

1/2

, (5.22)

where M is the number of ground motions considered, and IMi is
the IM value associated with onset of DM for the ith ground motion.
The values of IMi are the results of the IDA performed on the SS. Com-
monly, the IDA involves scaling each ground motion in a suite until it
causes the exceedance of some DM [171]. However, for the purpose
of generality, FDM (IM) in Eq. (5.20) is calculated for all the feasible
nim = EDP corresponding to the Pareto front. In fact, the Pareto front
highlights the optimal design parameters gap and COR. Therefore, each
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optimal value of the Pareto front corresponds to a fragility surface (FDM

(IM), IM, EDP). The corresponding volume Vj under the jth surface is
computed as follows

Vj =

∫
IM

∫
EDP

FDM (IM) dIM dEDP, (5.23)

where j indicates the jth optimal solution of the Pareto front. According
to the law of total probability, (5.23) is proportional to the total probabil-
ity of exceedance of all the edps. Then, one should perform the fragility
assessment for all the j = {1, . . . , n} Pareto front solutions and select
the optimal couple gap - COR that minimizes (5.23). In this work, an
application of this procedure is shown for three optimal couples.

5.3 Results

5.3.1 Dispersion curves of the PPRs and enhancement of the
attenuation rate

The pipe cross section measures an outer and inner diameter of 0.2731
m and 0.2639 m, respectively, while the inertia J of the cross section is
3.4977e-5 m4. The span length L is 12 m, and the modulus of elasticity
E and the mass density ρ are respectively 200 GPa and 7800 kg/m3.
The stiffness kv of the pipe rack’s pillars is 17.9 MN/m and the mass
mpr of the repetitive unit of the coupled system PPR is equal to 22880
kg. Consequently, the first natural frequency of the PPRf reads ωpr,1 =
(kv/mpr)

0.5 = 4.45 Hz.
When the pillars’ stiffness is considerably higher than the pipe’s flex-

ural stiffness, the pillars act as rigid supports wrt the flexural behavior of
the pipe. Thus, the PPRr is modeled as a beam supported by simple
supports. The dispersion diagrams of the internally damped PPRr are
calculated via Eq. (5.8) and are depicted in Fig. 5.7.

Fig. 5.7 shows the dispersion diagrams (µ − f) for seven values of
material damping ζi of Eq. (5.3). The yellow bands in Fig. 5.7 (a) and
(b) highlight four bandgaps in the following frequency ranges: [0 - 5.25]
Hz, [11.94 - 21.01] Hz, [32.79 - 47.27] Hz and [64.30 - 84.03] Hz. The
dispersion diagrams of Fig. 5.7 reveal common properties of linear peri-
odic systems. The blue curve represents the undamped pipe and clearly
defines the bandgaps in the regions where ℜ(µ) ̸= 0 and, consequently,
ℑ(µ) = 0 or ℑ(µ) = π, unveiling the existence of pure evanescent
waves. Instead, for damped pipes with nonzero values of ζ, ℜ(µ) ̸= 0 in
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(a) (b) (c)

Figure 5.7: Dispersion curves for an internally damped PPRr as a) function of
real part of µi, b) function of the imaginary part of µi; c) numerical FRF of the
finite periodic (40 spans) FEM. The bandgaps are indicated in yellow.

the overall frequency domain, since attenuating oscillatory waves can al-
ways be observed for all frequencies. However, the damping is included
in the main structure, and clearly enlarges the attenuation rateℜ(µ). This
effect is more evident as the frequency range increases. Fig. 5.7 (c) shows
the FRF of Eq. (5.9), evaluated with the FEM. A good agreement is ob-
served between Fig. 5.7 (c) and the dispersion curves of Fig. 5.7 (a) and
(b), in terms of passbands, bandgaps and attenuation rates.

Let us now consider the PPRf, see Fig. 5.2 (a). The pipe rack is mod-
eled by a spring-mass oscillator that matches the first lateral mode of the
rack. Iqbal et al. [43] demonstrated the effectiveness of such approxi-
mation. The relevant dispersion curves are calculated via Eq. (5.5) and
plotted in Fig. 5.8.

Fig. 5.8 (a) and (b) show the dispersion relations of the PPRf, where
a local resonance is observed around the first natural frequency of the
pipe rack ωpr,1 = 4.45 Hz. The first bandgap, that initially ranged from
0 Hz to 5.25 Hz, is now divided into two different bandgaps. Gener-
ally, bandgaps can be tuned with local resonances, whereas the Bragg
scattering induces bandgaps that are constrained by the periodic system
dimensions. Nevertheless, in this paper the PPRf’s first natural frequency
belongs to the first bandgap frequency range, and therefore no additional
bandgaps appear. On the contrary, Fig. 5.8 (a) and (b) depict a zoom
on a narrow passband that opened due to the pipe rack’s resonance. Fi-
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(a) (b) (c)

Figure 5.8: Dispersion curves for an internally damped PPRf: a) real part of
µi, b) imaginary part of µi; c) the numerical FRF.

nally, one can notice a good agreement between the numerical FRF of
Fig. 5.8 (c) and the analytical dispersion diagrams of Fig. 5.8 (a) and (b).
Again, the damping induces an attenuation rate that increases with the
frequency.

The combination of Eq. (5.7) with (5.5) and (5.8) allows for plot-
ting the dispersion diagrams and the bandgaps relevant to the external
damping case. Also in that situation, favourable bandgap zones can be
obtained; for brevity, they are not shown or commented on.

5.3.2 Optimization results

As anticipated in a previous subsection, the Pareto front depicted in
Fig. 5.9 pinpoints the nondominated solutions among all the possible re-
alizations evaluated with the Kriging model.

The surrogate Kriging metamodel generates O1 and O2 as 3D-arrays
for the parameters gap, COR and Sa(T1). Therefore, the Pareto front
highlights the optimal triplets (Sa(T1), gap, COR), and the optimal values
of gap and COR correspond to a certain optimal value of Sa(T1).

Nonetheless, Sa(T1) is characterized by randomness and influences
the optimal solutions. For clarity, the three surfaces that depict the values
of O1 wrt three optimal Sa(T1), equal to 0.6 g, 1.3 g and 2 g, are depicted
in Fig. 5.10.

Note that the objective function O1 defined in (5.17), must be max-
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Figure 5.9: Plot of all the realizations of the Kriging metamodel and the Pareto
front; the circles indicate the three optimal solutions investigated in the Subsec-
tion 5.3.3.

Figure 5.10: O1 surfaces for (a) the optimal Sa(T1) equal to 0.6 g, (b) equal
to 1.3 g, and (c) 2 g.

imize. Nonetheless, we plot -O1 in Fig. 5.10 and seek for its minimum
values. The surfaces O2 of (5.18) refer to the optimal Sa(T1) equal to
0.6 g, 1.3 g, and 2 g in Fig. 5.11. The black circles in both Fig. 5.10 and
Fig. 5.11 represent the Pareto front of Fig. 5.9.

To underline the sensitivity of the optimization problem to the seis-
mic input Sa(T1), Fig. 5.12 shows the Pareto fronts corresponding to sev-
eral levels of Sa(T1).

It is clear that the optimal solutions differ significantly as the severity
level of the seismic input varies. For clarity, Fig. 5.13 depicts all the
Pareto fronts of Fig. 5.12 along with the relevant surfaces O1 and O2.

One can clearly note that the optimization is sensitive to the seismic
input Sa(T1); therefore, the inclusion of the IM in the CCD is justified.
A few more general considerations arise from the optimization results.
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Figure 5.11: O2 surfaces for (a) the optimal Sa(T1) equal to 0.6g, (b) 1.3g, and
(c) 2g.

Figure 5.12: Pareto fronts obtained for certain Sa(T1) levels.

Both the objective functions O1 and O2 depend more on the COR than
on the gap. In particular, optimal values of COR are found in the whole
range 0-1, whereas large gap values are optimal for strong earthquakes,
say Sa(T1) equal to 2 g, 2.7 g, and 3.4 g. For lower values of Sa(T1), the
optimal gaps cover the whole range 40-80 mm.

5.3.3 Fragility assessment and selection of the optimal solu-
tion

To perform the fragility assessment, three optimal solutions among those
of the Pareto front in Fig. 5.9 are randomly taken; and the IDA are cal-
culated for the eight ground motions indicated with the * in Tab. 5.2.
Fig. 5.14 reports the results of the IDA and the relevant 2D fragility func-
tions.

The impact phenomenon generates chaotic motion, as described in
Appendix C.2; hence the IDAs result in responses that are not unique
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Figure 5.13: On the left column, each single Pareto front of Fig. 5.12; on the
middle and the right column, the -O1 and O2 surfaces, respectively.

for a certain EDP = nim. Vamvatsikos et al. [171] described the occur-
rence of multiple capacity points, and recommended to handle this ambi-
guity by an ad hoc, specified procedure, i.e., by conservatively defining
the limit state point as the lowest IM. However, we preferred to filter the
numerical data of the IDA, see the circles in Fig. 5.14, with a moving av-
erage technique that resulted in the solid curves of Fig. 5.14. Indeed, the
IDA curves appear rather noisy because of the nonlinear and sometimes
chaotic behavior of the vibro-impact system.

Then, the fragility surfaces are calculated by Eq. (5.15) and are plot-
ted in Fig. 5.14 and Fig. 5.15.

We can compute the volumes underneath the surfaces of Fig. 5.15
(a), (b), and (c) with (5.23). The lower the surface, the lower the prob-
ability of exceedance of the edp, namely the number of impacts nim.
The volumes relevant to Fig. 5.15 (a), (b), and (c) read: V1 = 6698 g,
V2 = 7069 g, and V3 = 7270 g. Therefore, the Optimal solution #1 is
the one that minimizes the volume under the fragility surface.

Finally, and for the sake of completeness, the reader can appreciate
the speed of the algorithm sketched in Fig. 5.4 by using Optimal solution
#1. In this respect, Tab. 5.3 reports the CPU time required to simulate
the response of the optimal VIS to the records listed in Tab. 5.2 using
MATLAB. The simulations run on a processor with a clock speed of
3.00 GHz and 4 cores.
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(a)

(b)

(c)

Figure 5.14: IDA curves on the left side and 2D color plot of the fragility func-
tion on the right side for (a) the first optimal point with gap = 64 mm, COR =
0.49; (b) the second optimal point with gap = 58 mm, COR = 0.52; and (c) the
third optimal point with gap = 80 mm, COR = 0.39. These optimal points are
indicated by the circles in Fig. 5.9.

One can observe that the CPU time employed to solve the system of
equations (5.11) is effective in relation to the event duration.

5.3.4 Discussion and outlook

In this chapter, the enhanced attenuation properties of two periodic damped
pipelines coupled with pipe racks (PPRs) have been shown; and the rele-
vant results have been confirmed by the FE software Ansys on a 40-spans
PPR. Two damping models were proposed in view of vibration mitiga-
tion, i.e., internal material damping, and external viscous damping. A
local resonance was observed around the first natural frequency of the
PPR ωpr,1 = 4.45 Hz. The damping clearly enlarges the attenuation rate
ℜ(µ), and this effect is more evident as the frequency range increases.
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(a)

(b)

(c)

Figure 5.15: Fragility surfaces for (a) Optimal solution #1, (b) Optimal solution
#2, (c) Optimal solution #3, and relevant fragility curves for (d) nim = 900,
(e) nim = 1600, (f) nim = 2900; these values of nim = 900 were taken from
the values of O2 in Fig. 5.9.

Event 1 2 3 4 5 6
Event duration [s] 100 100 100 24.5 25 25

CPU time [s] 32.1 36.0 36.8 12.1 9.8 10.1
Event 7 8 9 10 11 12

Event duration [s] 44 40 48.2 72.5 55 21.3
CPU time [s] 16.8 16.0 18.8 26.6 19.2 9.2

Table 5.3: CPU time requested for solving the transient analyses for each seis-
mic record of Tab. 5.2.

As a result of the analyses, we have found a good agreement between the
frequency response function (FRF) of the FEMs and the analytical band
structures.

Then, a generic single span (SS) of the PPR equipped with a vibro-
impact system (VIS) was considered; and due to the nonlinearities, a de-
sign optimization procedure was conceived and carried out. The proce-
dure aims to maximize the dissipation energy and to minimize the num-
ber of impacts. Both objective functions resulted to be more sensitive
to the COR than to the gap; the response surface was generated by the
Kriging metamodel with a Gaussian 2nd order-polynomial regression. It
was found that the metamodels were endowed with sharp curvatures wrt
to COR. Optimal values of COR were found in the whole range 0-1;
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large gap values appear to be optimal for strong earthquakes, say Sa(T1)
equal to 2 g, 2.7 g, and 3.4 g, whereas optimal gaps are found in the
whole range 40-80 mm for lower values of Sa(T1). Moreover, we have
found that the optimal solution with gap = 64mm and COR = 0.49
is the one that minimizes the probability of exceeding the damage states
(DM) connected to the engineering demand parameter (EDP), that is, the
number of impacts. The incremental dynamic analysis (IDA) resulted in
curves that are not unique for a certain EDP, i.e., noisy, mainly due to
the chaotic behavior of the VIS. In addition, the IDA curves displayed
significant record-to-record variability: for example, in Fig. 5.14 (a), the
EDP nim = 3000 was reached for values of Sa(T1) equal to about 1 g,
1.6 g, 1.7 g, 2.4 g, 2.5 g, 5 g, 5.3 g and 7 g. This result, however, must
be imputed to the frequency content of the records and the nonlinear
response of the VIS that exhibits a strong dependency upon frequency
and amplitude of excitation, and sometimes chaos. To investigate this
last issue, we have excited the SS of Fig. 5.3 with periodic loadings for
a restricted range of frequencies in the vicinity of ωpr,1, and have re-
ported the relevant bifurcation diagrams in Appendix C.2. When impact
does not occur, the bifurcation diagram shows that the system is linear
and periodic. Conversely, the impact activates higher modes of vibra-
tions, and non-periodic solutions that can be found in the bifurcation
diagram. Therefore, three of these trajectories have been investigated,
and the largest Lyapunov exponents were found to be higher than zero,
thus indicating the presence of divergence and chaos.

In conclusion, we have shown how to evaluate the safest design so-
lution for a nonlinear dissipation system despite the (seismic) stochas-
tic nature of the loading. Nevertheless, some challenges remain undis-
closed. First, the dispersion curves define the linearly damped system
without impact-induced dissipation. Nonlinear waves, in fact, distort
as they propagate and change their original shape along the periodic
medium; this causes the impossibility to find periodic, harmonic so-
lutions, to define a unique frequency - wavenumber relation. In this
vein, numerical transient analyses of a multiple-span pipe rack may re-
veal periodic features of the impacting repetitive structure. Moreover,
in-depth investigation of chaos for systems under (seismic) stochastic
excitation may disclose the predictability of some paths for subharmonic
resonances, period doublings, grazing bifurcations, etc.
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6.0 Conclusions and outlook

6.1 Conclusions

Since the advent of metamaterials in mechanics, they have demonstrated
tremendous potential in controlling and mitigating elastic waves. The
literature is replete with studies that leverage the resonant properties of
metamaterials to confine wave transmission and energy dissipation in
non-critical areas of the structure, such as metafoundations, metabarriers,
or metasurfaces. In the case of finite lattices, metastructures have been
designed to take advantage of strong attenuation zones in the frequency
domain, known as bandgaps, which are generated by Bragg scattering or
local resonances. However, in recent years, there has been a growing be-
lief that nonlinearities could expand the methods of elastic wave control,
making metamaterials even more promising. This is not only in terms of
analysis accuracy but also in terms of exploiting typical nonlinear phe-
nomena, such as amplitude-gaps, solitons, multi-resonances, bifurcation,
chaos, and so on. Against this backdrop, this thesis develops analytical
and numerical analyses of nonlinear metamaterials and metastructures to
address two primary challenges: i) identifying and controlling dispersion
characteristics in nonlinear periodic structures in free oscillation, and ii)
mitigating seismic waves through nonlinear finite lattices.

In relation to i), Chapter 2 presents a dispersion curve identifica-
tion tool that can be used experimentally and numerically. The method
applies to all one-dimensional structures that consist of periodic spatial
repetitions of unit cells and is based on applying Floquet-Bloch (FB)
conditions to a reference subsystem (RS) modeled as a simple spring-
mass system. Latest investigations have proven that this method also
works on one-dimensional continuous systems in the linear regime; nev-
ertheless, these findings are not reported in this thesis. The proposed
procedure offers several advantages: a) it does not operate on finite lat-
tices, avoiding numerical/experimental issues related to wave reflections,
perfectly matched layers, and so on; b) it reduces the identification ef-
fort since the procedure relies on a simple experimentally informed RS;
c) the identification of the dispersion law includes the imaginary part of
wavenumbers; d) the identification procedure captures the dependency
of nonlinear dispersion curves on the amplitude of excitation. Regard-
ing this last consideration, Chapter 2 presents a perturbation approach to
analyze the frequency response function (FRF) of the weakly nonlinear
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metamaterial. It shows that although the application of the FB theorem
neglects superharmonics, the dispersion curve still maintains the ampli-
tude dependency of the first harmonic.

Continuing with i), Chapter 3 proposes a new apparatus for switch-
ing the propagation of surface acoustic waves (SAWs) using nonlinear
tools. The concept is based on the fact that the tunability of SAWs prop-
agating on the edge of an elastic plate can be achieved by compress-
ing external slender beams in the regime of large displacements. The
frequency analysis of a doubly clamped beam performed via harmonic
perturbation around the postbuckling configuration of the beam is pre-
sented. This analysis shows that the amplitude of the vibration response
of buckled beams decreases with respect to that of undeformed beams
and that the first normal modes disappear from the frequency range of
the SAWs. These effects result in the dispersion curve of the SAWs be-
ing undisturbed by the vibrations of the buckled beams. In particular,
by imposing postbuckling to the beams, it is shown that switching of
the SAWs for certain frequency ranges is possible. Chapter 3 presents
this concept both analytically and numerically and provides a detailed
description of a conceptual mock-up that we have designed and is cur-
rently in production.

Regarding point ii), Chapters 4 and 5 investigate the feasibility of
using a nonlinear metafoundation and a nonlinear metapipe for protect-
ing special-risk industrial structures, namely a fuel storage tank and a
pipeline-pipe rack coupled system (PPR), respectively. The metafounda-
tion is composed of massive vibrating concrete blocks that are coupled to
the slabs using fully nonlinear hysteretic devices. To identify the effec-
tive properties of the devices in terms of stiffness and equivalent damp-
ing, an optimization procedure is carried out by minimizing two dimen-
sionless performance indices based on the variances of the interstorey
displacement of the impulsive mass and the relevant absolute accelera-
tion. Regarding the metapipe, we modeled two periodic damped PPRs,
and two damping models were proposed, i.e., internal material damping
and external viscous damping. Chapter 5 presents a design optimization
procedure of a single span (SS) of the PPR provided with a vibro-impact
system (VIS), which was proven to be sometimes chaotic. The proce-
dure aims to maximize the dissipation energy and minimize the number
of impacts. Dispersion analyses of the periodic systems were performed
for both the metafoundation and the metapipe. A stochastic lineariza-
tion of the nonlinear hysteretic devices embedded in the metafoundation
was necessary for the dispersion analysis. In the case of the metapipe,
the bumpers that characterize the VIS are not physical characteristics of
the metapipe, and thus the modal frequencies of the metapipe are not
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affected by the external bumpers. The dispersion curves of both the
metafoundation and the metapipe are shown. In the former, the max-
imum attenuation rate increases with an increase in the power spectral
density (PSD) S0 used to model the ground motions. Conversely, in the
latter, the attenuation rate is increased by the structural damping. The
dispersion curves are validated by the nonlinear FRF obtained via non-
linear transient analyses. In the case of the metapipe, a comparison with
the numerical FRF of an FEM is also presented. Both systems have a
strong attenuation capacity against stochastic loading thanks to the pe-
riodic orientation of the structures. Also, the optimization procedures
played a central role in maximizing the seismic performance. For the
metafoundation, the optimization had to be carried out after linearization
because it pertained to a linear time-invariant system subjected to station-
ary seismic records, in the frequency domain. In the case of the metapipe,
the design parameters of the fully nonlinear and sometimes chaotic VIS
are optimized by employing response surfaces generated through Krig-
ing modeling with a Gaussian 2nd order-polynomial regression.

6.2 Outlook

To summarize, this thesis explores the potential of nonlinear metama-
terials and metastructures in controlling and mitigating elastic waves.
The validation of all the findings presented in this thesis through exper-
imentation is of utmost significance. Hence, it is essential to tackle the
challenges related to the accurate control of the nonlinearities involved,
to open up new avenues for engineering the nonlinear metamaterials dis-
cussed in this thesis.

For instance, the identification procedure is proposed to identify the
dispersion characteristics of, potentially, any periodic structure in which
FB is a valid solution of the free oscillations. In this sense, realizing a
linear reference substructure (RS) that includes the single unit cell ex-
cited at the boundaries with two simple actuators is conceptually trivial.
However, physically realizing an RS with accurate control of parameters
governing nonlinear terms remains a challenge, since it requires consid-
ering nonlinear behaviors such as hardening/softening in nonlinear oscil-
lations, multi-resonances, disorder, and others. A detailed characteriza-
tion of damping effects, although controlled by the imaginary wavenum-
ber, is also a challenge.

Despite the difficulties in identifying nonlinearities, we have demon-
strated their potential for controlling SAWs. In our novel proposed de-
vice, postbuckling is exploited to activate a switching mechanism that
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improves the propagation of the SAWs for certain frequency ranges.
However, wave reflection at the vertical edges of the PMMA plate and
advanced accuracy in the precompression of beams are critical aspects to
consider in further studies. Moreover, inducing precompression using a
rigid top plate may create coupling with the beams, thereby invalidating
the switching mechanism.

Overall, this thesis highlights the promising applications of metama-
terials and metastructures in the field of structural mechanics and en-
gineering, particularly with the potential use of finite lattice metafoun-
dations and metapipes for large distributed systems subject to seismic
excitation. Further investigations should validate these results through
3D physical characterization of hysteretic devices and analysis of non-
linear wave mechanisms through nonlinear spatial analyses. Numerical
transient analyses of multiple span PPRs could reveal periodic features
of nonlinear, impacting, finite lattices.
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A.0 Supplementary material to Chapter 2

In this Appendix, supplementary material to the work presented in Chap-
ter 2 is reported. Appendix A.1 supports the developments of Section
2.4 by providing an analytical expression for the FRF of Eq. (2.17). Ap-
pendix A.2 reports a revised application of the subspace identification
techniques (SSI) for identifying the linear and nonlinear stiffnesses of
the reference subsystem presented in Fig. 2.1. Finally, Appendix A.3 re-
ports on the parametric identification of the damping of a linear damped
periodic metamaterial.

A.1 Definition of FRF for the nonlinear periodic
system

We recall the system of EOMs relevant to the periodic 1D chain shown
in Fig. 2.1 (a):

mün + k
(
2un − un−1 − un+1

)
+ kR

(
un − uR

)
+kNL(un − un−1)

3 + kNL(un − un+1)
3 = 0,

mRüR + kR

(
uR − un

)
= 0.

(A.1)

Subsequently, following the Lindstedt–Poincaré method [173], we con-
sider the following asymptotic expansions:

uj = u
(0)
j + ϵ u

(1)
j +O (ϵ2),

uR = u
(0)
R + ϵ u

(1)
R +O (ϵ2),

ω = ω(0) + ϵ ω(1) +O (ϵ2),

(A.2)

where j = {n − 1, n, n + 1}. Then, we introduce (A.2) into (A.1) and
obtain

ϵ0 :

{
mω2

(0)u
(0)
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(0)
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(0)
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2
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(A.3)
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(1)
n − u(1)R )

+2mω(0)ω(1)u
(0)
n + kNL[(u

(0)
n − u(0)n−1)

3 + (u
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n ) + 2mRω(0)ω(1)u

(0)
R = 0.

(A.4)
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The system of equations (A.3) represents the order ϵ0 equations, whereas
(A.4) represents the order ϵ1 equations. Subsequently, we consider the
following harmonic wave solution:

u
(0)
j =

U (0)

2
exp(ijκd) exp(iωt) +

U (0)∗

2
exp(−ijκd) exp(−iωt),

u
(0)
R =

U
(0)
R

2
exp(inκd) exp(iωt) +

U
(0)∗
R

2
exp(−inκd) exp(−iωt),

(A.5)
where * denotes the complex conjugate, and j = {n−1, n, n+1}. Then,
we apply the harmonic solution to (A.4) and obtain
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2
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(0)u
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(A.6)
where the coefficients C1 and C3 are
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(A.7)

More precisely, we consider U (0) U (0)∗ =

∣∣∣∣U (0)

∣∣∣∣2 in (A.7). The

forcing terms on the right-hand side of the first equation in (A.6) are
secular; therefore, we determine that C1 is equal to 0. We then apply
the F–B boundary conditions on the left and right-hand bounds via con-
trolled displacements to the (n−1)th and (n+1)th masses, respectively.
Consequently, we can define the analytical expression of ω(1), which cor-
responds to FRF (1) in the form U

Uleft
. Finally, we obtain Eq. (2.17), i.e.

FRF (1) =
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.

(A.8)
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It is easy to verify that the linear term FRF (0) is obtained by substitut-
ing harmonic solutions (A.5) in the form of U(0)

Uleft
into (A.3).

A.2 Parametric identification based on subspace
identification techniques

A vast literature deals with subspace identification (SSI) methods. See,
among others, the late-’90s books by Van Overschee and De Moor [174]
and Ljung [175] that represent two milestones in the subject. Clearly,
they have also been used with success for nonlinear SI in structural dy-
namics [176, 177]; therefore, we decided to consider their application to
nonlinear periodic systems.

SSI methods exploit QR factorisation and/or Singular Value Decom-
position by means of oblique projections of the row space of matrices.
The unknowns of the method are both the model order and the state-
space matrices of a discrete time model in state-space, with s measure-
ments, as follows: {

xk+1 = Axk +Bvk +wk,

yk = Cxk +Dvk + zk,
(A.9)

where, x ϵRn, y ϵRl and v ϵRm are the state-space vector, the out-
put vector and the input vector, respectively; w and z are the process
and measurement vectors; A ϵRnxn and B ϵRnxm are the system and
the input matrices; C ϵRlxn and D ϵRlxm are the output and the direct
feedthrough matrix. The characters n, l and m symbolize the order of
the system, the number of outputs and the number of inputs, respec-
tively. The input and output data are collected in block Hankel matri-
ces. To identify the unknown state-space matrices, we implemented the
so-called “subid" algorithm developed by Van Overschee and De Moor
published in [174].

Once the state-space matrices A,B,C and D have been identified,
we need to transform the system from discrete to continuous. In this
respect, we adopted the zero-order hold time conversion method [178],
which assumes that the control inputs are piecewise constant over the
sampling period. The corresponding time-invariant continuous system is
described by the following state-space model,{

ẋ = Ac x+Bc v,

y = C x+Dv.
(A.10)

93



A.2. PARAMETRIC IDENTIFICATION BASED ON SUBSPACE
IDENTIFICATION TECHNIQUES

Once the state-space matrices Ac,Bc,C and D are found, the so-called
“extended" transfer function HE(ω) of the nonlinear system can be de-
fined as,

Y (ω) = HE(ω)V (ω) =
[
D +C(iωI −Ac)

−1Bc

]
V (ω), (A.11)

where Y (ω) and V (ω) are the Fourier transforms of the output and the
input, respectively.

A.2.1 Nonlinear parametric identification

According to Marchesiello and Gandino [177], we can derive the un-
known mechanical parameters, i.e., the linear stiffness k and the nonlin-
ear kNL, as follows. The system of EoM of a nonlinear system with h
degrees of freedom reads,

Mü(t) +Cu̇(t) +Ku(t) +

p∑
j=1

µjLnjgj(t) = f(t), (A.12)

where M ,C and K are the mass, damping and linear stiffness matrices,
respectively; u(t) is the absolute displacement vector and f(t) the linear
force vector. The nonlinear term is expressed as the sum of p compo-
nents, each of them depending on the scalar nonlinear function gj and on
the scalar nonlinear parameter µj through the vector Lnj ; it is composed
by only 1, 0 or −1, depending on the location of the nonlinear element.
The function gj defines the class of nonlinearity. As we deal with a cu-
bic restoring force, see Eq. (2.12), we can move the nonlinear term to the
right-hand side, and consider the nonlinear force as an internal feedback
force. The system parameters k and kNL to be identified are contained in
the invariant matrix HE(ω), as shown by (A.11). As a result, it is easy
to derive the parameters k and kNL from the estimated transfer function,
see [176], as follows:

HE(ω) =
[
H H µ1Ln1 ... H µpLnp

]
, (A.13)

where H is the linear transfer function. For zero frequency, the estimated
HE finally becomes,

HE(ω = 0) =
[
K−1 K−1 µ1Ln1 ... K−1 µpLnp

]
, (A.14)
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A.2.2 Application with a white noise input

Herein, we present the application of the SSI method applied to the RS
depicted in Fig. 2.5 when the input is a white noise (WN). The bound-
ary conditions are applied to the left- and right-side of the RS in the
form of a zero-mean Gaussian random input whose root mean squares
are Uleft = 20mm and Uright = 10mm, respectively, as reported in
Fig. A.1. Fig. A.1 (a) depicts input and output of the undamped case,

(a) (b)

Figure A.1: Gaussian white noise displacements applied to the boundaries of
the reference subsystem and relevant output: (a) undamped case, (b) damped
case.

while Fig. A.1 (b) refers to the damped case. For clarity, the output re-
sponse of the resonator is not shown, though it is included in the output
vector and, therefore, in the Hankel matrix. To evaluate the effects of
measurement noise, we added different levels of WN to the generated
output, before the SI of the RS. Fig. A.2 shows one relevant simulation;
in such instance, the output of the identified system agrees well with that
of the original output. The added noise amounts to a certain percentage
of the root mean square of the entire output. The errors associated to
the identified parameters k and kNL of the undamped RS after 100 sim-
ulations for each output noise level are collected in Tab. A.1. One may
conclude that the involved errors are small. Similarly, mean and standard
deviation of errors for the identification of the damped RS are listed in
Tab. A.2 for the damped case. One may argue that also in this case the
involved errors are small.

A.2.3 Application with Floquet-Bloch conditions

The identification of periodic nonlinear systems by means of the SSI
ideally requires both a rich frequency content of the input and of the
amplitude [179]. To meet these requirements while keeping a harmonic
excitation to guarantee the application of FB boundary conditions, we

95



A.2. PARAMETRIC IDENTIFICATION BASED ON SUBSPACE
IDENTIFICATION TECHNIQUES

(a) (b)

Figure A.2: Comparison between outputs of the identified model and of the
original output: (a) undamped case, (b) damped case.

considered a harmonic input corrupted with a Gaussian WN and shifted
to a non-zero mean value Uleft, i.e.,

uleft = Uleft + Uleft exp(iω̄t),

uright = Uleft + (uleft − Uleft) exp(2iκ̄d). (A.15)

An example is shown in Fig. A.3, for Uleft = 5mm and ω̄ = 10 rad/s.
A careful reader can notice that the power spectral densities (PSDs) of
both the original and modified signals remain essentially unchanged with
a favourable frequency enrichment. Furthermore, the zoom-box shows
that the addiction of the value Uleft to the original excitation causes the
PSD to increase at zero frequency due to the δ Dirac function.

Both results and relevant errors associated with the application of the
SSI method are reported in Tab. A.3 and Tab. A.4 for the undamped and
damped case, respectively. For these cases, we selected an amplitude
Uleft = 5mm and three circular frequencies of the identified dispersion
curves depicted in Fig. 2.7 and Fig. 2.10. The complex wavenumbers
were also taken from the identified dispersion curves. We can argue that
even in such instances identification errors are still limited. Clearly, the
amount of errors can be further limited by a careful reduction of the SNR
that characterizes the harmonic input and the added WN.

96



Fabrizio Aloschi - Analysis of nonlinear metamaterials and metastructures for
mitigation and control of elastic waves

Noise [%]
Mean err
(kID)[%]

Std err
(kID)[%]

Mean err
(kNL,ID)[%]

Std err
(kNL,ID)[%]

0.1 0.008 0.001 0.751 0.090
0.3 0.009 0.005 1.071 0.206
0.5 0.009 0.008 1.793 0.404
1 0.051 0.015 5.175 0.870
2 0.078 0.024 16.687 1.540
3 0.082 0.031 31.936 1.720

Table A.1: Error values wrt the parameters k and kNL after 100 simulations
for each noise level in the undamped case.

Noise [%]
Mean err
(kID)[%]

Std err
(kID)[%]

Mean err
(kNL,ID)[%]

Std err
(kNL,ID)[%]

0.1 0.004 0.0006 0.761 0.491
0.3 0.008 0.006 2.932 1.639
0.5 0.011 0.009 7.357 2.230
1 0.015 0.015 14.451 3.920
2 0.039 0.023 39.350 6.142
3 0.091 0.026 73.344 10.053

Table A.2: Error values wrt the parameters k and kNL after 100 simulations for
each noise level in the damped case.

A.3 Damping identification for the linear periodic
system

We assume in this case that the linear RS in Fig. 2.2 is damped, as de-
picted in Fig. A.4; only damping parameters c and cR are unknown: all
the mechanical characteristics of the relevant undamped periodic sys-
tem have already been identified, see Eq. (2.9). Moreover, for the sake
of generality, we consider both the case of non-classical damping and
Rayleigh’s proportional damping.

ω̄ [rad/s] κ̄ [rad/s] Err k [%] Err kNL [%]

6 1.3+0.005i 1.233 3.490
16 1.4+3.217i 0.992 2.357
30 2.2+0.225i 1.814 4.004

Table A.3: Error values wrt the parameters k and kNL for amplitudes Uleft =
5mm and SNR = 20 dB, in the undamped case.
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(a) (b)

(c) (d)

Figure A.3: Original input signals and modified signals to left and right of the
RS and relevant power spectral densities (PSDs): (a) Original inputs; (b) PSDs
of the original inputs; (c) Shifted inputs with WN; (d) PSDs of modified inputs.

ω̄ [rad/s] κ̄ [rad/s] Err k [%] Err kNL [%]

6 1.3+0.037i 1.151 3.040
16 1.9+3.111i 0.855 1.961
30 1.9+1.546i 0.670 2.004

Table A.4: Error values wrt the parameters k and kNL for amplitudes Uleft =
5mm and SNR = 20 dB, in the damped case.

Figure A.4: RS for a linear resonant 1D chain provided with non-classical
damping.

Fig. A.4 depicts the linear damped RS. The relevant system of EoM
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reads,
mü+ c

(
2u̇− vleft − vright

)
+ k
(
2u− uleft − uright

)
+

cR
(
u̇− u̇R

)
+ kR

(
u− uR

)
= 0,

mRüR + cR
(
u̇R − u̇

)
+ kR

(
uR − u

)
= 0.

(A.16)

where m and mR are masses, k and kR linear elastic constant stiffnesses,
u and uR absolute displacements and c and cR the damping parameters
to be identified. The dot represents the derivative with respect to time.
The FB boundary conditions (2.6) and (2.7) are applied on uleft and
uright. In the damped case, also vleft and vright are inputs involved. An
analytical expression of the FRF is obtained after a few manipulations
on (A.16), i.e.,

FRFd =
U

Uleft
=

(iωc+ k)(1 + e2iκd)

−mω2 + 2iωc+ 2k + iωcR −
−c2Rω2+2iωcRkR+k2

R

−mRω2+iωcR+kR
+ kR

,

(A.17)
where U and Uleft are the amplitudes of output and input, respectively,
and d is the distance between cells. For completeness, the corresponding
formula for the undamped FRF reads,

FRFu =
U

Uleft
=

k (1 + e2iκd)

−mω2 + 2k − k2
R

kR−mRω2 + kR

. (A.18)

The dispersion law of the discrete periodic system can be easily obtained
by means of the FB theorem applied to (A.16) and the condensation of
the resonator DoF. It reads,

κ = Cos−1

(
−mω2+2iωc+2k+iωcR−−c2Rω2+2iωcRkR+k2R

−mRω2+iωcR+kR
+kR

2k+2iωc

)/
d.

(A.19)
Then, from Eq. (2.3) one can define the FRF for a damped system,∣∣ U

Uleft

∣∣ = ∣∣exp(iκrd− κid)∣∣ < 1. (A.20)

Both (A.17) and (A.20) coincide when (A.17) is evaluated for the cou-
ples (κ, ω) that satisfy the dispersion law. Owing to the presence of κi,
(A.20) is less then 1. In such instance, the following flowchart summa-
rizes the main steps of the identification procedure.

A careful reader can note that the aforementioned SI procedure dif-
fers from the one presented in Section 2.4; nonetheless, the analytical
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Figure A.5: Flowchart of the identification procedure of a linear resonant
damped 1D discrete system.

expression (A.17) available for the linear case avoids any possible itera-
tion.

Let’s turn now to a numerical application. For clarity, the mechani-
cal properties of the experimentally-informed RS represented in Fig. A.4
are listed herein: m = 2450 kg, k = 0.155 MN/m, mR = 3170 kg,
kR = 1.08 MN/m. The damping parameters targets of the identification
process read c = 929.83 N·s/m and cR = 7.83 · 103 N·s/m, respectively.

In agreement with the Steps I,II and III of the flowchart in Fig. A.5,
the procedure requires two outputs from the RS. In this respect, as in-
put, we prescribe two identified modal pairs of the undamped system; in
this respect, see Fig. 2.3 (c) of Section 2.3. The numerical integration of
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(A.16) entails the following outputs∣∣FRF I
n,1

∣∣ = 0.998,∣∣FRF I
n,2

∣∣ = 0.242,
(A.21)

where FRF I
n,1 is a complex number that refers to the input κ̄r = 1

rad/m and ω̄1,1 = 4.9 rad/s, whereas FRF I
n,2 refers to ω̄1,2 = 28.6 rad/s.

Then, to set a system of two equations in the two unknowns c and cR
- Step V - we combine (A.17) with the two values of (A.21) - Step IV
-, which are identified without any error. Finally, we use the identified
physical parameters to update the dispersion law - Step VI - (A.19). The
entailed dispersion law for both imaginary and real components of the
wavenumber are plotted in Fig. A.6.

(a) (b)

Figure A.6: Updated dispersion curves of the linear periodic damped periodic
chain, (a) imaginary component of the wavenumber, (b) real component.

Nonetheless, note that the FRF s of (A.21) do not satisfy (A.20),
because the input frequencies and wavenumbers do not belong to the
dispersion curve. To run a test on the identified parameters and disper-
sion curve, the modal pairs (κr, ω) of Fig. A.6 (b) are employed, along
with the corresponding imaginary components κi of Fig. A.6 (a), as input
for a new simulation. We get,∣∣FRF II

n,1

∣∣ = exp(−κi,1d) = 0.983,∣∣FRF II
n,2

∣∣ = exp(−κi,2d) = 0.185,
(A.22)
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which now satisfy Eq. (A.20), as proved by the analytical FRF s de-
picted in Fig. A.7. Finally, a comparison between Fig. A.6 (b) and Fig. 2.3 (c)

(a)

(b)

Figure A.7: Analytical FRFs of the linear damped chain evaluated for κr =
1 rad/m and for: (a) κi,1 = 0.017, (b) κi,2 = 1.686.

reveals a common property of periodic systems: in the dispersion curve
of the damped system, just a slight change in the acoustic branch appears,
wrt to the curve of the undamped system. Instead, a clearer change in
the optical branch occurs.

As anticipated, also a SI procedure on a linear resonant metamaterial
endowed with Rayleigh damping is carried out. To this end, the propor-
tional Rayleigh damping matrix can be defined as,

Cpr = pM + qK = p

[
m 0
0 mR

]
+ q

[
2k + kR −kR

−kR kR

]
. (A.23)

At the very least, we need to identify the coefficients p and q. All
the other parameters belong to the RS of Fig. 2.2 and have been already
identified, as outlined in Section 2.3.1. The system of EoM reads,

M ü(t) +Cpru̇(t) +Ku(t) = f(t), (A.24)

where u(t) is the absolute displacement vector and the dot represents the
derivative in time. The force vector f(t) is a known term which con-
tains the complex displacement fields uleft and uright, and the velocities
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vleft and vright, respectively. A few manipulations of (A.24) lead to the
analytical expression:

FRFR = (iωq+1) k[1+exp(2iκd)]

−mω2+iωpm+2k+2iωqk+iωqkR+kR− (iωqkR+kR)2

−mRω2+iωpmR+iωqkR+kR

.

(A.25)
The parametric ID method follows the same procedure conceived

for the non-classical damping case, as described previously in this Ap-
pendix. The parameters to be identified read,

p = 0.0804,

q = 0.0048,
(A.26)

which corresponds to modal damping ratios ζ1 = 2% and ζ2 = 7%.
The modal pairs (κ − ω) of the undamped structure, see Section 2.3.1
and Fig. 2.3 (c), are adopted as input: κr = 1 rad/m, ω1,1 = 4.9 rad/s
and ω1,2 = 28.6 rad/s. The FRFs are then computed as ratios between
the amplitude U of the harmonic output and the amplitude Uleft of the
relevant input, i.e., ∣∣FRF I

nR,1

∣∣ = 0.998,∣∣FRF I
nR,2

∣∣ = 0.338,
(A.27)

where FRF I
nR,1 is a complex quantity that refers to the input κr = 1

rad/m and ω1,1 = 4.9 rad/s; FRF I
nR,2 refers instead to κR = 1 rad/m and

ω1,2 = 28.6 rad/s. Then, to deal with a system of two equations in the
two unknowns pID and qID, the analytical formula of FRFR expressed
in (A.25) is inverted. As a result, the values of FRF I

nR,1 and FRF I
nR,2

of Eq. (A.27) are employed, and both p and q are exactly identified.
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B.0 Supplementary material to Chapter 4

This Appendix supports the work reported in Chapter 4, specifically Sub-
section 4.2.2, and explains how the transmission matrixH(ω) is obtained
for the SDoF resonator linked to the concrete slab by means of wire ropes
depicted in Fig. 4.2 (b).

B.1 Calculation of the single resonator transmis-
sion matrix

In order to solve Eq. 4.12, we consider a Cauchy problem, whose solu-
tion reads,

z (t) = −ceqe−keqt

(∫
ekeqtu̇ (t) dt+ c

)
, (B.1)

where c defines the integration constant. The value c = 0 derives from
the initial conditions and . Then, if one replaces B.1 in both (4.4) and
(4.5) obtains,

mü (t) + cu̇ (t) + αku (t) + (1− α) kuy
[
−ceqe−keqt

∫
ekeqtu̇ (t) dt

]
= F (t).

(B.2)
The conditions u (t) = u0e

iωt and F (t) = F0e
iωt entail

−ω2u0e
iωtm+ iωu0e

iωtc+ αu0e
iωtk + (1− α) kuy

[
−ceqe−keqt

∫
iω u0e

keqteiωtdt
]
= F0e

iωt.
(B.3)

As a result, the integral term in (B.3) can be solved as∫
iω u0e

(iω+keq)tdt =
iω

iω + keq
u0e

(iω+keq)t, (B.4)

and, thus, (B.3) becomes,

−ω2u0e
iωtm+ iωu0e

iωt(d) + αu0e
iωtk − iω

iω+keq
ceq (1− α) kuyu0eiωt = F0e

iωt.
(B.5)

The transfer function H(ω) finally reads,

H (ω) =

[
−ω2m+ iωc+ αk − iω

iω + keq
ceq (1− α)uy k

]−1

. (B.6)
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C.0 Supplementary material to Chapter 5

In this Appendix, supplementary material to Chapter 5 is reported. Ap-
pendix C.1 provides details of the analytical treatment of PPRf disper-
sion curves depicted in Fig. 5.8; Appendix C.2 reports some comments
and results of a few nonlinear transient analyses performed on the SS
model depicted in Fig. 5.3.

C.1 Dispersion analysis of periodic damped PPRf

For the PPRf and internal damping model, see Fig. 5.2 (a) and (c), the
Euler-Bernoulli equation reads:

∂2

∂z2

[
EJ
∂2w(z,t)
∂z2

]
+

∂2

∂z2

[
Cı̇
∂2 ∂w(z,t)

∂t

∂z2

]
+ ρA

∂2w(z,t)
∂t2

= 0, (C.1)

where ρ,E,A and J are, respectively, the material density, the Young
modulus, the area and the inertia of the beam cross section. The term
w(z,t) is the beam transversal displacement. Ci is the internal damping
coefficient. Instead, for an externally damped PPRf, see Fig. 5.2 (a) and
(d), the Euler-Bernoulli equation reads:

∂2

∂z2

[
EJ
∂2w(z, t)

∂z2

]
+ Ce

∂w(z, t)

∂t
+ ρA

∂2w(z, t)

∂t2
= 0, (C.2)

where Ce is the external damping coefficient. In Eqs. (C.1) and (C.2),
the damping coefficients read:

Cı̇ =
2ζı̇EJ
ω

, (C.3)

Ce = 2ζeρAω, (C.4)

where ζi/e is the damping ratio, i/e specifies internal or external damping,
and ω is the circular frequency. The free wave oscillations of the jth

support are expressed as:

wj(z,t) = w0ejµeı̇ωt = w0,j(z)eı̇ωt, (C.5)

where µ is the propagation constant that is defined as

µ = ı̇κL, (C.6)
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where κ is the wavenumber, L is the distance between the supports and
i is the imaginary unit. From Eqs. (C.1) and (C.2) the following fourth-
order ordinary differential equation can be derived, respectively, for the
case of internal and external damping:

EI wIV(z) + ı̇ω Cı̇wIV(z) + ρAω2w(z) = 0, (C.7)

EI wIV(z) + ı̇ω Cew(z)− ρAω2w(z) = 0. (C.8)

Both the equations can be rewritten in a compact form:

wIV(z) = Ωı̇
4w(z), (C.9)

wIV(z) = Ωe
4w(z), (C.10)

where Ωi/e is differently defined for internal and external damping, as
follows:

Ωı̇ =
ρAω2

EI + ı̇ω Cı̇
, (C.11)

Ωe =
ρAω2 + ı̇ω Ce

EI
. (C.12)

The solution to Eqs. (C.7) and (C.8) is:

w(z) = A1 cos(Ωi/ez)+A2 sin (Ωi/ez) + A3 cosh(Ωi/ez)+A4 sinh(Ωi/ez).
(C.13)

Hence, Floquet-Bloch conditions in terms of transversal displace-
ment and rotation are applied to each side - l/r - of the jth support as,

wj+1 = wjeµ,

wj-1 = wje−µ,

ϕl
j+1 = ϕl

je
µ,

ϕl
j-1 = ϕl

je
−µ,

ϕr
j+1 = ϕr

je
µ,

ϕr
j-1 = ϕr

je
−µ,

(C.14)

where l and r mean left and right side, respectively. To compute the
constants in Eq. (C.13) we apply the kinematic compatibility and equi-
librium conditions at the jth support. Such conditions lead to a system
of linear homogeneous equations [180] in terms of transversal displace-
ment wj and rotation at the right side ϕrj of the support. After obtaining
the 2x2 matrix representing the system and setting its determinant to be
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non-zero, the dispersion relation of a periodic piping system supported
by flexible springs is obtained as,

ψi/ecosh
2(µi/e) + χi/e cosh(µi/e) + ηi/e = 0, (C.15)

in which ψi/e is defined as follows:

ψi/e = [ cosh(Ωi/el)− cos(Ωi/el) ]2 − sinh2(Ωi/el)− sin2(Ωi/el), (C.16)

and where χi/e and ηi/e are:

χi/e = [{sinh(Ωi/el) − sin(Ωi/e l)}{cosh(Ωi/el) sin(Ωi/el) + cos(Ωi/el) sinh(Ωi/e l)}

− {cosh(Ωi/el) sin(Ωi/e l) − cos(Ωi/e l) sinh(Ωi/el)}{sin(Ωi/el) + sinh(Ωi/el)}

+
12{sinh(Ωi/e l) − sin(Ωi/e l)}{1 − cos(Ωi/el) cosh(Ωi/e l)}Kv−mω2

(Ωi/el)3
] (C.17)

ηi/e = [
{
sin

2
(Ωi/el)cosh2

(Ωi/el) − cos
2
(Ωi/el)sinh2

(Ωi/e l)
}

−
{
cosh(Ωi/e l) − cos(Ωi/el)

}2

+
12 cosh(Ωi/e l) sin(Ωi/el) − cos(Ωi/el) sinh(Ωi/el)

{
1 − cos(Ωi/e l) cosh(Ωi/el)

}
Kv − mω2

(Ωi/el)3
].

(C.18)

C.2 Some considerations about the transient anal-
yses and the chaotic behavior

The transient analyses reported in this section were performed on the SS
model depicted in Fig. 5.3, with gap = 64 mm and COR = 0.49, that is,
Optimal solution 1. Fig. C.1 depicts the displacement responses, and the
relevant Fourier transforms for the 7th ground motion of Tab. 5.2.

(b)

(a)

(c)

Figure C.1: Displacement x(t) of (a) Node g-5 and f-3, and (b) Node g-5 and
f-1; (c) FRF of the three nodes. The black solid horizontal lines indicate the
gap, whereas the vertical dashed line indicates the first natural frequency ωpr,1

of the system, see Fig. 5.8. The input is the 7th ground motion of Tab. 5.2.
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Only the node g-5 experiences the nonlinear boundary conditions,
i.e., the amplitude constraints highlighted by solid black horizontal lines
of Fig. C.1 (a) and (b). As expected, the impacts activate higher modes,
see Fig. C.1 (c). However, these occurrences also affect the neighboring
nodes. The amplitude of the vibrations of Node f-3, in fact, exceeds the
gap, and the relevant FRF carries energy over the higher frequencies.

Fig. C.2 reports the results of further nonlinear transient analysis with
single harmonic excitations.

(b)

(a)

(c)

Figure C.2: From the left to the right-side, respectively: bifurcation diagrams,
closed orbits for fp = 3Hz, and phase portraits for fp = 4.8 Hz of (a) Node g-5,
(b) Node f-3, and (c) Node f-1. The stars in the closed orbits as well as the dots
in the phase portraits report the Poincaré sections. In the phase portraits, the
relevant largest Lyapunov exponents λ are reported.

In-depth characterization of the dynamics of the system requires sin-
gle harmonic excitations with multiple amplitudes, since the dispersion
features of a nonlinear system are amplitude and frequency dependent,
and the nonlinear dynamics of the SS is beyond the scope of this paper.
However, periodic forcing of the system has been considered for a lim-
ited range of frequencies, to test the existence of chaotic motion. The
input acceleration reads , where Ap = 3 m/s2 and fp ranges from 2 to
6 Hz, and i is the imaginary unit. The bifurcation diagrams in Fig. B2
report the stable values x* that are approached asymptotically. When
the impact does not occur, the system is linear and periodic, for example
for fp = 3 Hz; see Eqs. (5.12), (5.13) and (5.14). Whenever the im-
pact occurs, as for fp = 4.8 Hz, non-periodic solutions are found, and the
attractors are chaotic. The nodes f-1 and f-3, that are not constrained,
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also experience a chaotic response. We calculated the largest Lyapunov
exponent λ of the trajectories of Fig. C.2 (a), (b) and (c), as follows:

λi =
1

(Kmax −Kmin + 1)dt

Kmax∑
K=Kmin

Λi,K

K
, (C.19)

where Kmin and Kmax represent the range of expansion used to estimate
the local expansion rate and dt is the sampling time. Λi,K is the logarith-
mic convergence or divergence of each point in the expansion range, and
it reads:

Λi,K = ln
∥Yi,K − Yi∗,K∥
∥Yi − Yi∗∥

, (C.20)

where Y is the delayed reconstruction of the original signal, with an em-
bedding dimension equal to 4 and a time lag equal to 8. The i indicates
that the algorithm seeks for the nearest neighbor i* that minimizes the
denominator of Eq. (26) such that |i-i*| 1/fm, where fm is the mean fre-
quency of the signal. For detailed information about the algorithm, see
Rosenstein et al. [168]. We found the Lyapunov exponents λ for the
nodes g-5, f-3 and f-1 to be equal to 1.1168, 1.0988 and 0.5874, respec-
tively.
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C.2. SOME CONSIDERATIONS ABOUT THE TRANSIENT ANALYSES
AND THE CHAOTIC BEHAVIOR
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The mechanical and structural engineering community are increasingly resorting to the use of
periodic metamaterials and metastructures to mitigate high amplitude vibrations; and
nonlinearities are also an active area of research because they potentially provide different
methods for controlling elastic waves. While the theory of propagation of linear elastic waves
seems to be fairly complete and has led to remarkable discoveries in a variety of disciplines,
there is still much to investigate about nonlinear waves, both in terms of their dispersion
analytical description and their numerical characterization. This thesis mainly relies on the
latter aspect and focuses on the analysis of nonlinear metamaterials and metastructures for
both the mitigation and control of elastic waves. In particular, the thesis covers four main
topics, each associated with a different nonlinearity: i) dispersion curves and mechanical
parameters identification of a weakly nonlinear cubic 1D locally resonant metamaterial; ii)
manipulation of surface acoustic waves through a postbuckling-based switching mechanism;
iii) seismic vibration mitigation of a multiple-degrees-of-freedom system, the so-called
metafoundation, by means of hysteretic nonlinear lattices; iv) seismic vibration mitigation of
a periodic coupled system pipeline-pipe rack, by means of a vibro-impact system.
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