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Chapter 1

Introduction

Modern neural networks can often interpolate the training data while still gen-
eralizing well [74] [I0]. This strong performance in the interpolation regime
motivates the study of the expressivity of deep learning models, and encourages
the search for architectures with greater expressive power. A natural viewpoint
for studying expressivity is approximation theory, which asks how well a given
function class can approximate a prescribed target family. In particular, it
is important to understand how design choices and hyperparameters, such as
depth, intermediate representations, and symmetry constraints, affect expres-
sivity. The main goal of this thesis is to develop a mathematical account of these
architectural effects on approximation. We focus on equivariant architectures,
where modeling assumptions can be stated precisely in representation-theoretic
terms. This provides a principled framework to compare the expressivity of
architectures and to derive design rules by linking architectural choices to the
approximation properties of the resulting hypothesis spaces.

1.1 Statistical Learning

The above considerations can be clarified and formalized within a standard
statistical learning framework for excess risk minimization, which we briefly
review next; see [I11] and [19] for further details. In particular, in this thesis
we focus on supervised learning, in which we observe labeled data and aim to
learn a map from inputs to outputs. Concretely, we consider an input space X,
an output space ), and a data-generating distribution D on X x ). A predictor
is a measurable map f : X — ), and we evaluate predictions through a loss
function ¢ : Y x Y — R, where £(,y) quantifies the cost of predicting § when
the true label is y. The population risk of f is then

R(f) = ]E(w,y)ND [é(f(l‘), y)]7

and statistical learning can be viewed as the problem of finding a predictor
with small population risk. In practice, D, and hence R(f), are unknown.
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6 CHAPTER 1. INTRODUCTION

Accordingly, R(f) is typically estimated using the empirical risk
~ 1
Rs(f) == > _f (i) vi),
i=1

computed from a finite dataset S := {(z;,v;)}?, of i.i.d. samples from D. A
learning algorithm typically restricts attention to a hypothesis space

HC{f: X =V}

and seeks a predictor that minimizes, or approximately minimizes, empirical
risk within .

To connect these notions to an optimal target, let f* denote a minimizer of
the population risk, known as a Bayes predictor. That is, f* is any measurable
map satisfying

* .
f* € arg fg;glyR(f)ﬂ

Since f* may not belong to H, we introduce the best-in-class population mini-
mizer

fe arg?}elﬁR(f).

In the language of approximation theory, f is the best approximation of f*
available in H. However, as noted above, the population risk R(f) is unknown
and therefore cannot be minimized directly. In many classical machine learn-
ing scenarios, empirical risk minimization leads to a convex problem that is
amenable to exact optimization. By contrast, neural network training is typ-
ically non-convex, and is therefore carried out using gradient-based methods
that only approximately minimize the empirical risk. To account for this, we
let f denote the output of a specific training algorithm A given the hypothesis
space ‘H and the dataset S. This is the predictor actually produced in practice.
A classical narrative decomposes the resulting excess risk as

R(f)=R(f) = (Excess risk)
R(f) — R(f*) (Approximation error)
+ R(f) - R(f). (Learning error)

Here, the approximation error R(f) — R(f*) quantifies the mismatch between
the target and the hypothesis space. On the other hand, the learning error
captures the effect of finite samples together with the selection algorithmﬂ

In this thesis we focus on the first term, the approximation error. In particu-
lar, we study universality, namely the ability of a model class, under prescribed
inductive biases, to approximate any continuous target function with arbitrary

IFor the sake of simplicity, we assume from now on that all minimizers exist.

2This is not standard terminology; related quantities are often discussed under the names
estimation error and, more broadly, algorithm-dependent generalization terms. More details
in Chapter [§
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precision on compact sets in the uniform norm. This makes clear that a universal
model can drive the approximation error to zero, provided the target function
f*, which we assume to be a Bayes predictor, is continuous and compatible with
the prescribed inductive biases.

Universality is a sufficient condition for achieving arbitrarily small
approximation error, which in turn is a necessary condition for learning
with arbitrary precision.

In particular, universality provides a clean and widely used notion of expressiv-
ity, and it is often invoked to reason about the approximation component of the
excess risk. However, the statistical learning framework also highlights several
limitations of universality as a guiding principle. We highlight three aspects
that would motivate more adequate notions of expressivity and its effects.

e Universality is typically an asymptotic property, quantifying what a model
class can achieve in the limit of growing capacity. In deep learning prac-
tice, models have finite width and depth, and without approximation-rate
guarantees there is no reason to expect the approximation error to be
small. As a consequence, universality may hold while still being uninfor-
mative about whether a given architecture can approximate the relevant
targets at the scale imposed by the task and computational budget.

e Uniform approximation controls the worst-case error over the entire input
domain. In supervised learning, however, performance is typically eval-
uated through a risk R(f), which weights errors according to the data
distribution on X and the noise in Y. When observations are noisy or
when the input distribution concentrates on a low-measure subset of X,
requiring small error uniformly on a large compact set may be unneces-
sarily demanding and may not reflect the relevant notion of closeness for
learning. Moreover, the population risk R(f) depends on the choice of
loss function ¢. When ¢ is not induced by the uniform norm, as is the
case for the cross-entropy and mean squared error losses, proximity in the
uniform sense need not align with proximity as measured by the loss.

e Universality asks to approximate an entire function space, for instance all
continuous functions satisfying a prescribed inductive bias. Yet, in su-
pervised learning the targets of interest are typically Bayes predictors, or
functions that are close to them. Therefore, an alternative notion of uni-
versality could instead focus on approximating only these target families,
rather than the full class of continuous functions compatible with the bias.

Finally, it is not generally understood how achieving universality, or more
broadly improving approximation error, affects the estimation and optimiza-
tion errors. However, contrary to the classical intuition that more expressive
models should overfit, highly expressive neural networks often generalize well in
practice, further motivating the study of expressivity, since it appears to also
alleviate estimation and optimization errors.
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1.2 Inductive Biases in Machine Learning

A recurring lesson in deep learning practice is that performance improvements
rarely come from optimization alone; rather, they arise from guiding the learn-
ing pipeline toward inductive biases that reflect the task structure known a
priori. This has the effect of reducing the estimation error and, thus, improving
sample efficiency. However, inductive biases appear in several forms. Natural
sciences such as physics, chemistry, and biology often describe phenomena via
dynamical systems and differential equations [67, [96, [31]; this prior structure
can be leveraged as an inductive bias in machine learning models. This has
sparked a broad research area known as physics-informed machine learning [59].
As a result, this line of work has found applications ranging from turbulence
modeling [72] to materials design [92] and epidemic forecasting [97].

A second class of inductive biases encompass relational structures [5], lever-
aging the fact that data are naturally organized as entities and relations, as in
graph learning [104], 112 65] [33] and neuro-symbolic computing [30, 110} [I8], [75].
Lastly, the class of inductive biases of main interest in this thesis arises in
symmetry-preserving tasks. For example, such structures are exploited by clas-
sical convolutional networks for translation symmetry [70], as well as equivari-
ant architectures for sets [95] [124], graphs [78], and geometric data [57, 1211 24].
Such inductive biases are typically introduced via data augmentation, additional
penalty terms in the loss, or architectural design. Among these, the latter is
the only mechanism that directly restricts the hypothesis space, which makes it
a natural choice when one aims to enforce the assumed structure and improve
robustness and reliability. For this reason, this thesis focuses on architectural
inductive biases that encode symmetry. In particular, the next section discusses
how to encode symmetry as an architectural bias, and how this can introduce
undesired artifacts, which will be the leitmotif throughout this manuscript.

1.3 Symmetry as Inductive Bias

Equivariance formalizes the idea that transforming the input should produce a
predictable transformation of the output, and it provides a principled induc-
tive bias by restricting the hypothesis space to functions compatible with the
symmetries preserved by the task. The first efforts to develop machine learning
models that preserve symmetries predate modern deep learning. Early connec-
tions between equivariance and machine learning can be traced back at least to
the work of [57]. Within deep learning, a first systematic effort to formulate
equivariant neural networks and to analyze their structure already appears in
[121]. Only in recent years, with the rise of deep learning [69] as a main tool
to learn from data at scale in weakly structured and noisy tasks, has the need
for symmetry-preserving neural networks led to a large body of work on equiv-
ariant architectures [25] [64], now commonly placed under the umbrella name of
geometric deep learning [21].

Such ideas have been adapted to a range of data modalities, including point
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clouds [38], graphs [115], differential manifolds [60], and simplicial complexes [6].
As a result, equivariant models have studied across several symmetry-sensitive
domains, from high-energy physics [I7] and structural biology or drug discov-
ery [55] to robotics [53, B0, 49], calibration [I3], reinforcement learning [117],
and medical imaging [66]. To construct these models, some general-purpose
approaches rely on symmetrization operators which can cause the dimension of
intermediate representations to grow rapidly making them impractical for large
groups or high-resolution inputs [98]. Canonicalization can mitigate this cost in
some settings [93] (56, T3], but is not always applicable as shown by [29]. Other
approaches trade exactness for efficiency by enforcing approximate equivariance
[35, [89]. However, the dominant paradigm in geometric deep learning is to
build equivariant models by composing building blocks that are equivariant by
themselves, since equivariance is preserved under composition. This includes
architectures based on group convolutions and steerable layers [25] [64, [68] or
polynomial and tensor features [16] 114} 63, 1T9] 44 [116].

Despite its simplicity and empirical success, this construction paradigm can
introduce unintended artifacts and unexpected behaviors. More precisely, equiv-
ariance interacts non-trivially with standard design choices in deep learning,
namely the use of linear layers and pointwise nonlinearities. This standard
approach, equivariant linear maps composed with pointwise activations, is con-
venient and underlies many practical architectures [25] 21]. However, for a given
choice of representations, pointwise nonlinearities may fail to define non-trivial
equivariant nonlinear maps, thereby heavily constraining the design space. This
issue was already noted in early work that explicitly classified equivariant net-
works under pointwise activations [I2I]. At the same time, several practically
relevant nonlinear features are not point-wise, including norm nonlinearities,
squashing nonlinearities, tensor-product nonlinearities, and gated nonlinearities
[122] 100, [63, 119]. Despite the popularity of these methods, frameworks to
study the properties of such nonlinearities are still largely absent [I18].

The work presented in this thesis is dedicated to understanding these ar-
tifacts and their consequences. First, we study the interaction between point-
wise activations and equivariance; in particular, we characterize which pairs
of representations and pointwise activations induce non-trivial equivariant non-
linearities, thereby identifying when the resulting hypothesis spaces are non-
degenerate. Second, we study expressivity limitations that may arises in equiv-
ariant neural networks. Indeed, despite the appeal of equivariant models, their
expressivity is often limited by how well they can distinguish non-equivalent
inputs, a property known as separation power. In permutation-equivariant set-
tings, separation is commonly analyzed through the Weisfeiler-Leman (WL)
test, which provides a fundamental proxy for the separation power of graph
neural networks [105], [82] [7, [I5] and invariant graph networks [42, [77, 43]. More
recently, homomorphism counting has been studied as a more fine-grained ap-
proach to separation [125] 2, 37 [T4]. Beyond graph domains, [54] extends WL
test to to geometric graphs. In this thesis, we move beyond the graph setting to
a general equivariant framework in which WL-based approaches are inapplica-
ble. In particular, we study networks built from regular G-convolutions [25], a
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class that includes several widely used models such as IGNs [78], circular CNNs
[98], and icosahedral CNNs [26].

1.4 Contributions

The main contributions of this thesis are as follows.

e We characterize which pairs of pointwise activations and representations
induce equivariant nonlinearities, building on [83].

e We study the separation power of families of neural networks with a pre-
scribed architecture. In particular, we describe how changes in architec-
tural structure and hyperparameters may or may not affect separation
power, see [84].

e We study the role of depth in equivariant architectures, and show that
without sufficient depth or an appropriate readout, these families can-
not approximate all continuous functions compatible with the prescribed
separation constraint, see [80].

e We study universality for equivariant neural networks under a prescribed
separation constraint, and show that this form of universality can always
be achieved given sufficient depth or suitable readout layers, building on
[85].

1.5 Thesis Structure

We conclude this introduction with a brief road-map of the thesis. Chapter [2]
introduces the basic material needed throughout the thesis, including group the-
ory and a brief introduction to representation theory. We then turn to a key
architectural ingredient: Chapter [3|develops the theory of real activations, char-
acterizing which activations induce equivariant nonlinearities. With these tools
in place, Chapter [4introduces the notation and structures used in the rest of the
thesis, including neural spaces and universality classes, which provide a formal
language to encode neural network architectures and their associated hypothesis
spaces. We then study expressivity from an approximation-theoretic viewpoint.
Indeed, Chapter [b| develops instruments to assess the separation power of neural
spaces, a prerequisite for analyzing approximation capabilities. Building on this,
Chapter [0] characterizes universality classes for shallow invariant architectures
and shows that separation alone does not always suffice to describe the func-
tions that can be approximated under symmetry constraints. Finally, Chapter|7]
shows how this limitation can be removed by increasing depth, leading to uni-
versality for all continuous functions compatible with the prescribed separation
constraint. The thesis concludes with Chapter [§] which summarizes the main
findings and discusses limitations and future directions. Additional technical
material and proofs are deferred to the appendices.



Chapter 2

Preliminaries

We start by introducing the necessary preliminaries in group theory and repre-
sentation theory, which will be used throughout the rest of the manuscript.

2.1 Groups and Homomorphisms

Definition 2.1.1. A group is a pair (G,-) where Gisasetand - : G x G —» G
is a function satisfying the following axioms.

o Associativity: for each g, h,k € G we have(g-h)-k=g-(h-k).

o Identity: there exists an element e € G such that g-e =e- g = g for each
g € G.

o Inverse Element: for each element g € G, there exists an element g~ € G

such that g- g7 ! =g 1 -g=e.

A group is finite if it contains a finite number of elements. A group is abelian
or commutative if gh = hg for each g,h € G. If a group H is contained in a
group G, then H is called a subgroup of G, and we write H < G.

Example 2.1.2. Here we present some fundamental examples of groups.

e The sets Z, Q, R, C, and H are groups under addition and form a chain
of subgroups Z < Q < R < C < H.

e The sets Q*, R*, C*, and H" of invertible elements in Q, R, C, and H, re-
spectively, are groups under multiplication and form a chain of subgroups
as well. Note that Z* is not a group under multiplication, since its only
invertible elements are +1.

e Let X be a set and define the set of permutation of X as
Sx ={f:X — X | f is bijective}.

11
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With the composition operation form the symmetric group or the permu-
tation group of X. Particular attention is devoted to the case X = [n], we
write S, = Sx and it called symmetric group or the permutation group of
n elements.

e Let Z, be the group of integers modulo n with the addition operation,
they are called finite cyclic groups of order n.

e Given two groups G and H, the direct product G x H of them is still a
group. The set of the elements is the Cartesian product of G and H while
the sum is defined as

(91,h1) “axm (92, h2) = (91 G 92, h1 -1 ha).
Now, we introduce the notion of group homomorphism, a transformation
between groups which preserves the operation.

Definition 2.1.3. A group homomorphism is a map
¢:G—H
between G and H groups such that, for each g,h € G

¢(g-h) = o(g) - o(h).
A bijective group homomorphism is called isomorphism.

Example 2.1.4. Here we present some fundamental examples of group homo-
morphisms.

e The map ¢ : Q — Q defined by ¢(x) = 2x for each x € Q is an isomor-
phism of additive groups. Note that the restriction ¢,z is a homomorphism
on Z but it is not an isomorphism since it is not surjective.

e The map exp : R — Ry is an isomorphism between the additive group
(R,+) and the multiplicative group (Rxg,-).

Definition 2.1.5 (Cosets). Let G be a group and H be a subgroup of G.
The set of left cosets of G by H is the set G/H = {gH | g € G}, where
gH = {gh | h € H} are the left cosets of H. Similarly, we define the set of
right cosets as H\G = {Hg | g € G}. Let K be a second subgroup of G, we
define the double coset of H and K with respect to an element g € G as the set
HgK = {hgk | h € H,k € K}. The set of double cosets is denoted as H\G/K.

Example 2.1.6. Relevant examples of left cosets include the following:

1. Consider G = Z and the subgroup H = nZ of integers multiples of n.
The quotient G/H is a group and is isomorphic to the cyclic group of n
elements, Z,,.
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2. Consider G = S5, the symmetric group on three elements, and the sub-
group H = {(1),(12)}. The quotient G/H is a group and is isomorphic
to Sz, symmetric group on two elements.

3. Consider G = S,,, the symmetric group on n elements, and the subgroup
H = A, the alternating group on n elements. The quotient G/H is a
group and is isomorphic to Zs.

A result that will play a central role in Chapter [3]is the characterization of
closed multiplicative subgroups of R*, which we state and prove here.

Proposition 2.1.7. The closed multiplicative subgroups of R* are as follows:
e The trivial subgroup (1),
e The order-two subgroup (£1),
e Discrete positive subgroup (b) = {b" | n € Z} for some b > 1,
e Discrete subgroups (+b) = {£b" | n € Z} for some b > 1,
o The subgroup of all positive reals Rsq,
e The group R itself.

Proof. Multiplicative subgroups of R<( and additive subgroups of R are linked
by the exponential map which is an isomorphism. Additive subgroups of R are
divided into three different type: finite ({0)), unbounded and discrete (aZ for
each a € R () and dense. They map through into R+ as finite ((1)), unbounded
and discrete ({0" = €"*}pez = Z) and dense. We can get the multiplicative
subgroups of R* noticing that R* = Zy x R+. O

2.2 Group Actions and Equivariant Maps

Let G be a group and X be a set. An action of the group G on the set X is a
function
P:Gx X — X,

usually written as ¢,(z) = ®(g, ) for each g in G and z in X, such that:
e For the identity element e in G, the identity condition ¢. = idx holds.

e For all g, h € G, the compatibility condition ¢40 ¢p = ¢gn holds.

In this context, we often write g - & or simply gz instead of ¢4(z). A G-
set is a set X equipped with a group action of G. This means that there is a
well-defined action - : G x X — X satisfying the properties of a group action as
described above.

Example 2.2.1. We present some examples of group actions.
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(i) Any group (G,-) acts on itself by left multiplication. That is, for each
g € G, define ¢4 : G — G by ¢g4(x) = g -« for each z € G.

(ii) Let K be one of Z,Q, R, C, or H. The additive group (K, +) acts on K by
translations; explicitly, for each g € K define ¢4 : K — K by ¢4(z) =x+g
for all z € K. This defines a left action of K on itself.

(iii) Let K be one of Q,R,C, or H. The multiplicative group K* acts on K by
scaling; explicitly, for each g € K* define ¢4 : K — K by ¢4(z) = ga for
all x € K. This defines a left action of K* on K.

(iv) The symmetric group S, acts on [n] by o -i = o(i).
(v) The group GL,(K) acts on K" by A -z := Az.

(vi) If G acts on X, then G acts on the space R™ of real-valued functions on
X by

(9- @) = flg~"a).

Throughout the following sections, it will often be convenient to decompose
G-sets into a disjoint union of subsets, each minimal (in a sense specified in
Definition [2.2.2]) and equipped with a compatible G-action.

Definition 2.2.2. Let G be a group acting on a set X. An orbit in X is a
subset Y C X such that for each x € Y, we have Y = {g-2 | g € G}. The set X
can be decomposed into a disjoint union of orbits under the action of G. This
is called the orbit decomposition of X, and if X is finite, the decomposition can
be written as

X=X U UX,,

where X1, ..., X, are the distinct orbits of X. If an action presents only a single
orbit, we say that the action is transitive.

Example 2.2.3. Let R act on R by addition. This action is transitive. On the
other hand, if R* acts on R by multiplication, then the orbit decomposition is

R={0}UR".

Another fundamental concept for our treatment is that of a function be-
tween G-sets that preserves actions, which is more formally specified in Defini-

tion 2.2.4

Definition 2.2.4. Let X and Y be two G-sets, a map f : X — Y is G-
equivariant if

g-f(x)=[lg-=)

for each z in X.
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For each T < R* in Proposition acting on R by multiplication, we
characterize the set of T-equivariant continuous functions, namely

Fr={f €CR,R)| f(gx) =gf(x) forall g e T, z € R}.

To exhibit a wide variety of functions of this kind, we now state and prove
Proposition [2.2.5 which gives a complete characterization of T-equivariant con-
tinuous functions, including nonlinear examples.

Proposition 2.2.5. Let T < R”* be a closed multiplicative subgroup as in Propo-
sition[2.1.71 For each such T, the space Fr of T-equivariant continuous func-
tions is characterized as follows.

o IfT =(1), then Fr = C(R,R).
o [fT = (1), then Fpr = O(R), the space of odd continuous functions.

o If T = (b) = {b" | n € Z} for some b > 1, then Fr consists of all
continuous functions of the form

fm(x) x >O
fl@)=10 x=0. (2.1)
fnf(_fﬂ) z <0

Here ny € C([1,b],R) satisfy n+(b) = bns(1), and f,. : Rsg — R is
defined by

fas(@) =" (5]

where n is the unique integer such that 3 € [1,b), see Lemmafor

the well-definedness of this construction.

o If T = (—b) = {£b" | n € Z} for some b > 1, then Fr consists of all
functions as in the previous case, with the additional constraint ny = n_.

o IfT =Ry, then Fp consists of all two-sided linear functions, i.e., func-
tions of the form f(x) = arx for x >0 and f(x) = a_x for x <0.

e More generally, if T = R*, then Fr consists of all linear functions on R,
i.e., f(x) = ax.

The following Lemma [2.2.6] implies that for each z € R, there exist a
unique n € Z such that ;7 € [1,b). This observation ensures that Equation
is well-defined.

Lemma 2.2.6. Let b a real number, b > 1, and T = (b"),,cz. For each positive
real number x there exist a unique decomposition x = b"™y such that y € [1,)
andn € 7.
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Proof. Choose n such that x € [b",b""1), we have that + = b"y where we
define y = % € [1,b). Sets {[b",b" ')}, cz are a collection of disjoint intervals
covering R. Hence x belongs only to one of those, say = € [b™,b" "), we have
the uniqueness of the decomposition z = b™y such that y € [1,b). O

The following technical lemmas will be necessary to prove Proposition [2.2.5]

Lemma 2.2.7. Let b > 1 be a real number, and let T = (™) ez. A continuous
function f is T-equivariant if and only if there exist two continuous functions
Nt : [1,0] = R such that ny(b) = bny (1) and

f7I+(‘T) I>0
fl)y=40 z=0.
fo_(=z) <0

Proof. (=) Define 7+ = fj+1,44). Multiplicativity and continuity of f implies
all the required properties of 7.

(<) We only need to prove that f constructed in this way is continuous on R.
We will prove the continuity of f on R.y and R.g, and in 0. The two former
cases boil down to proving continuity of f,, respectively. As those proofs are
analogous, we only present the one for f,,. . Note that for each 2 € R \T', there
exists an interval z € I C Ry \7T and an integer n such that f, (z) = b"n(5%)
for each « € I. Hence f,, is continuous on R+ \7. Now see that

lim f,, (z)= lim b"n(z) = lim 6" 'n(z) = lm f,, (2)

z—bnt z—1+t T—b— T—b"—

because 74 (b) = bny(1). It remains to prove continuity of f in 0, i.e.,

lim z) = lim x).

i fy, (2) = lim f, (2)
Note that 74 is continuous and limited as it is defined on a compact subset of
R, hence we can define m = mingep 4 74 (z) and M = maxgeqp) 74 (), note
that fm'l[l,b] < for < fM.l[M] where INRARE the constant function with value
1 defined on [1,0]. It is easy to see that lim, ,o+ fr-1;,,; = Mg o+ faray, , =
0.

We now state Lemma whose proof will essentially contain the proof of
Proposition

Lemma 2.2.8. Fach T-equivariant continuous function is linear if and only if
T is dense in R.

Proof. Note that if f is T-equivariant, by definition, f(¢) = ¢f(1) for each t € T
As T is dense in R, f is linear on its entire domain R by continuous extension.
If T is dense in R, f(t) =tf(1) and f(—t) = ¢f(—1) for each ¢t > 0, hence f is
semilinear. On the other hand, if T is not dense, suppose T is (1) or (£1), then
Fr are C(R) and odd functions respectively, which contain non-linear functions.
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If T = (0")nez. Let us now proceed with the construction of a function that is
continuous, T-equivariant, and non-linear. Let ny : [1,0] — R be two continuous
bump function and let f be a continuous function as defined in Equation [2.1
this function is multiplicative and non-linear. This concludes the proof as we
have listed all the possible cases of T' presented in Proposition 2.1.7} O

Proof of Proposition[2.2.5 Thanks to Propositions and the pre-

sented proof of Lemma [2.2.8| gives a complete characterization of T-equivariant
functions with respect to multiplicative subgroups T' of R. O

2.3 Representation Theory

Definition 2.3.1. A representation of a group G on a vector space V' is a group
homomorphism

p:G— GL(V).
Equivalently, p is a left action of G on V such that p(g) is linear for each g € G.
Example 2.3.2. Consider G = S,,.

e dimV = 1 and p(g) = id for each g € S,,. This is called the trivial
representation of .S,.

e dimV =1 and p(g) = sgn(g) -id. This is called the sign representation of
Shn.

Definition 2.3.3. Let T < R* be a subgroup. We say that a representation
p: G — GL,(R) is

e Nonnegative if all entries of p(g) are nonnegative for every g € G.

e T-monomial if, for every g € G, each row and each column of p(g) has
exactly one nonzero entry, and that entry belongs to T. Such matrices
are called T-monomial matrices, and we denote by M(T) the set of T-
monomial matrices.

o A permutation representation if it is {1}-monomial, equivalently, if each
p(g) is a permutation matrix. We discuss this class of representations in
more detail in Section [£11

o A signed permutation representation if it is {£1}-monomial, equivalently,
if each p(g) is a signed permutation matrix.

Example 2.3.4. The following matrices P,S and M are respectively exam-
ples of permutation matrices, signed permutation matrices and (2)-monomial
matrices:
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In particular, we will be interested in the case of continuous representations.

Definition 2.3.5 (Representations of Topological Groups). Let G be a topo-
logical group and V' be real vector space. A continuous representation of G on
V is a continuous group homomorphism p : G — GL(V).

Example 2.3.6. Consider the general linear group GL(V') of invertible n x n
matrices, with the topology induced by the Euclidean norm on matrices. Let
V = R" be the standard Euclidean space. The map p : G — GL(V) defined
by p(A)(v) = Av is a continuous representation. Similarly, restricting this
representation to SO(n), we get a representation of SO(n).

The concept of equivariance can be adapted to the case of linear represen-
tations as follows.

Definition 2.3.7. A linear map ® : V — W is G-equivariant with respect to
the representations p; : G — GL(V) and ps2 : G — GL(W) if

pro® =>®op;.

We will denote the space of all G-equivariant maps between p; and ps by
Homg (p1, p2) or Homeg(V, W) when p; and ps will be clear from the context.

Definition 2.3.8. A representation p : G — GL(V) is irreducible if there exists
no non-trivial subspace W of V' such that p(g)(W) C W for each g € G.

The following fundamental result in representation theory of finite groups
states that there is always a decomposition into irreducible representations.

Theorem 2.3.9. Let G be a finite group and V a finite-dimensional represen-
tation of G. Then, there exists a decomposition

where each V; is irreducible for p. This decomposition is unique up to isomor-
phism and permutation of the factors.

We will also often employ the following fundamental result.

Lemma 2.3.10 (Schur’s Lemma). Let V' and W be non-isomorphic irreducible
representations, there is only one G-equivariant linear map between them and it
1s the trivial one.

Definition 2.3.11. The fixed set for a representation p : G — GL(V) is defined
as
VG = {v:gv =0}

Note that V& is a representation for G and the action is trivial.

Theorem 2.3.12. The following properties are true for representations of a
finite group G.
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o dim V% is the multiplicity of the trivial representation in V,
e dim Homg(V, W) = dim(V @ W)¢.

Remark 2.3.13. Let V ® W be a finite-dimensional G x H-representations and
Vi’s a complete list of irreducible G-representations and W;’s a complete list of
irreducible H-representations, then V; ® W; ’s is a complete list of irreducible
(G x H)-representations (See [10I] for proofs in case G and H are finite). If
m; is the multiplicity of V; in V' and n; is the multiplicity of W; in W then
the multiplicity of V; ® W, in V ® W is m;n;. This can be easily seen by
writing the irreducible decompositions of V' and W and use the distributive
property of tensor products and direct sums. Note that the same is true if
G and H are compact groups and the representations are continuous. If S is
an G-isotypic component of V' x W of type p then it is H-invariant and each
h € H acts as G-equivariant endomorphism of S. By Lemma[2:3.10] S = p® 0,
which is €D, p ® o;, where o; are irreducible H-representations. Iterating the
decomposition if necessary and by the finite dimension of V' and W, we conclude.

2.4 Affine Equivariant Maps
We will work with neural networks composed of affine layers, and we provide a
brief introduction to this setting here.

Definition 2.4.1. Let V and W be two K-vector spaces and define the trans-
lation of a vector w in W as a non-linear bijective map

Tw - V= U+ w.
Define the space of affine maps from V to W as
Af(V, W) = {1y o flw € W and f € Hom(V,W)}.

Note that is a more general definition with respect to the standard one,
where f is an isomorphism of a vector space V.

Theorem 2.4.2. The decomposition of an affine map ¢ € Aff(V,W) in trans-
lational part T, and f linear part is unique.

Proof.
Tw, © 1 = ¢ = Tw, © fa,
evaluating in 0 leads to
wi = ¢(0) = wa.
Write w = w; = ws, and note that
Tw © f1 = Tw o fo,

by the bijectivity of translations,
fi=f.
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Let V and W be G-representation. An affine map ¢ in Aff(V,W) is G-
equivariant if ¢ o g = g o ¢ for each g € G, write the set of G-equivariant affine
maps from V to W as Aff¢(V, W).

Theorem 2.4.3. A map ¢ = 1,0 f € Affg(V,W) if and if f € Homg(V,W)

and v s tnvariant.

Proof. Note that for each g € G,
goTyof=rTgwol(gof).

Observe that
pog=gog,
if and only if
Twofog:goTwof:quo(gof)

if and only if, by the previous proposition,
w = gw

and
fog=gof
for each g € G. O

We can define restrictions of maps 0g, A\g, and 7¢ as follows

“Homg(V,W) @ W — Aff(V, W)

Oc :
¢ (6,0) = o)
Affg(V,W) = Homg(V, W) nd CAffG (VW) = WE
@ f f=f(0) S e ),

Theorem implies that 64 is an isomorphism and a similar proof to the
one of Theorem shows that both Ag and 7¢ are linear, equivariant, and
surjective. When it will be clear we are working in the equivariant setting, we
will drop the subscript and just write €, A, and 7.

In the main text we will often use the following results.

Proposition 2.4.4. Let Vi, Vi, and V' be G-representations. Then,
Homg(Vl ® Vs, V) = Homg(Vl, V) (S¥) Homg(Vg, V)

and
Homg(V, V1 @ Va) = Homeg(V, V1) @ Homg(V, V2).

Proposition 2.4.5. Let V and W be G-representations, and let G act trivially
on R™ and R™. Then,

Homg(V @ R", W @ R™) =2 Homg(V, W) ® Hom(R",R™),
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and
(VoR")=2VYQR".

In other words, recalling that Affq(V,W) = Homg(V,W) @ W& and since
Hom(R"™,R™) = R™ ™ is the set of n x m matrices over R, understanding
the structure of Aff(V @ R", W @ R™) reduces to understanding the structure
of Affg(V,W).

2.5 Equivariant Neural Networks

We now define equivariant neural networks, which were first introduced by [121]
as Group Representation Networks and by [27] as G-Steerable Convolutional
Networks. The same model later appears in other papers such as [8] under the
name of equivariant neural networks, which is the notation we adopt in this
paper.

Given a group G and arbitrary G-representations V; for 1 < i < m, a G-
equivariant neural network is a composition

(D:¢7nof~7n—1O¢7n—1o"'o]?10¢07 (22)

where each activation f, . Vi — V; is a G-equivariant function, and ¢; €
Aff¢(V;, Viiq) is an affine G-equivariant map.

An activation f, : Vi = V; is point-wise if there exist a basis B; = {v1,...,v;m}
of V; and a real scalar function f such that

filarvr + - 4+ amom) = fila)vr + -+ filam)vm Y aq,...,am € R.

In this case, we say that f; induces fl on B. Note that we do not constrain
activations to be non-linear or non-affine but, from now on, we only consider
continuous functions C(R). This condition is not particularly restrictive as con-
tinuous functions constitute a wide class of function which includes all commonly
employed point-wise activations (such as ReLU, tanh,...), they are compatible
with backpropagation, and strictly encompasses activations dealt by [121].
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Chapter 3

Equivariant Activations

In this chapter, using tools from representation theory [39] and matrix group
theory [36], we present two general characterizations of pairs of representations
and real-valued functions that induce equivariant activations. In more details,
we consider classes F of activation functions and groups M of representation
matrices, and we investigate when they can be combined to obtain an equivari-
ant layer. We start by defining operations that map any F to a corresponding
maximal admissible group of matrices M(F), and vice-versa map M to a max-
imal admissible family of activations F(M). We highlight the dual nature of
those operations and how their composition stabilizes, leading to a finite fam-
ily of maximal classes. Finally, for these few maximal classes, we exhibit the
dual pairings (F, M), thereby obtaining a complete classification of admissible
activation—representation pairs, which includes the classification of [I2I] as a
special case. We also characterize the pairs (F, M) up to isomorphism of the
representations induced by M.

We then explore relevant implications these theorems. First, we consider
disentangled equivariant networks [27], and we show that they admit point-
wise activations if and only if the linear representations underlying their feature
spaces are trivial (Section . Second, we specialize our results to particular
cases of equivariant networks of practical relevance (Section . For rotation-
equivariant networks [I19], we show that all admissible networks are invariant,
and hence unable to learn many equivariant tasks such as segmentation or de-
tection. This proves a barrier for the use of equivariant networks with point-
wise activations in this kind of tasks. Instead, for Invariant Graph Networks
(IGNs) [78] and geometric IGNs [28, [34, [54], including the k-order invariant and
equivariant networks presented by [78], we show that the choice of admissible
representation layers compatible with point-wise activations is not only limited
to those described by [78], and in fact we highlight and fully characterize a
wider class of permutation equivariant networks in terms of subgroups of the
symmetric group.

23
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In brief, our contributions are summarized as follows:

e We provide a characterization theorem for equivariant neural net-
works with continuous point-wise activations, by showing the ex-
istence of a finite number of maximal sets of equivariant classes,
enumerating them, and providing an explicit dual pairing between
activations and representations,

e We use this result to give an exhaustive description of networks that
are equivariant with respect to finite groups, and to show a barrier
in the use of disentangled equivariant networks,

e We discuss implications of this theorem in practical and rele-
vant scenarios, namely highlighting a severe limitation of rotation-
equivariant networks.

3.1 Characterization Theorems

For our construction we will need also the following relations between activations
and representation matrices. Given a group GG and a representation

p:G— GL(V)
of G, we consider a point-wise activation
f:V—=V inducedby f:R—R

on a basis B of V. The image of p in GL(V) with respect to the basis B forms a
group of matrices which we denote M, and note that f is G-equivariant if and
only if it commutes with respect to the matrices in M, i.e., f(Mv) = Mf(v)
for each M € M and v € V, where both v and M are written on the basis B.

This paper proposes a simple procedure to recover the maximal group of rep-
resentation matrices M compatible with a given class F of activation functions,
and vice-versa the widest class of functions F given a group of representation
matrices M. The precise definition is as follows.

Definition 3.1.1. Given a family of activations F C C(R), we define the maz-
imal group M(F) admitted by F as the set of all matrices in GL,(R) which
commutes with each f : V — V induced by f € F. Conversely, given M C
GL,(R), the mazimal set F(M) admitted by M is the set of all functions f €
C(R) such that f induced by f commutes with each M € M.

Observe that M(F) has trivially a group structure with respect to ma-
trix product, since if M;, My € M(F) commute with f, then also their prod-
uct M7Ms does. Note that some groups of matrices or families of functions
are contained in each other. For example, permutation matrices are contained
signed permutation matrices, while (b?)-monomial matrices are contained into
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(b)-monomial matrices, but they are not maximal following Definition
Moreover, the following stabilization lemma (Lemma proves that the
maps to the maximal sets stabilize after two iterations for any initial choice
of M or F, proving the duality of the operators M(-) and F(-) on maximal
elements. See Section [D.1.2] for the proof.

Lemma 3.1.2. The group of matrices M' = M(F(M)) is the largest group in
GL,(R) for which F(M') = F(M), and F' = F(M(F)) is the largest family
of functions in C(R) for which M(F') = M(F).

Thanks to Lemma [3.1.2] it is sufficient to provide explicit pairings between
M and F(M) (or F and M(F)) just for maximal admissible groups M, and
similarly for maximal admissible families of functions F. Indeed, given any
other M (or F) which is not maximal, it is sufficient to find a superset M of
M which is a maximal group in the sense of Definition and this will give
a set of admissible functions F which are equivariant also for M.

We can now state our main result, which shows that, under mild assump-
tions, these maximal groups (or, equivalently, maximal function classes) are
only a very limited number. Moreover, for each of these we provide the exact
correspondence between M and F, thus providing an exhaustive classification
of all possible admissible pairs of M and F. Since the set F represents the
activation functions, we make the natural assumptions that it does not contain
only affine functions.

Theorem 3.1.3. Let F be a family of non-affine real functions. Maximal ad-
missible pairs (M, F) are of the type

(M(T), Fr)

for some closed multiplicative group T < R*, M(T) are T-monomial matrices,
and Fp are T-equivariant functions. Recall Deﬁnition and (2.2).

We classified groups of matrices and families of activation functions commut-
ing with each others, and this classification is exhaustive. However, for compact
groups GG we show that there is another tool to enlarge the set of possible ac-
tivation functions, namely moving to isomorphic representation which admit
a wider family of activation functions. Indeed, note that the representation
p: Zs — GLy(R) given by

o=y 1] em=[0

2

We have shown in Theorem that in fact the broader set of (2)-equivariant
functions is admissible. Despite (2)-equivariant functions being a large set,
they still do not include common activations such as tanh, sigmoid, or softplus.
However, by a basis change through the matrix B = diag(1/v/2, v/2), we obtain
the isomorphic representation

Bp(0)B~! = [(1) ﬂ , Bp(1)B~! = [(1) (1)] :
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which is the standard permutation representation of Zs, and thus commutes
with all continuous functions (see Theorem . This approach is generalized
to the case of arbitrary compact groups by the following theorem, showing
that in this case representations are always isomorphic to (signed) permutation
representations, which have the widest admissible family of activations. We
refer to Section [D.1.2] for its proof.

Theorem 3.1.4. Let G be a compact group and assume that F is not a set of
only affine functions. Then any representation of G admitted by F is isomorphic
to a subgroup of the (signed) permutation matrices. Thus, F can always be
chosen as the entire the set of (odd) continuous functions.

Next, we will delve into the practical implications of Theorems [3.1.3] and
B:1.4] focusing on non-odd non-affine activations, the most used activations in
practice. We further specialize these results to the case of finite groups, where
the only non-trivial admissible representations is induced by permutation rep-
resentations, which can be described with more precision. We explore the im-
plications of these results on neural networks designed for processing first-order
relational structures like sets and point clouds [95] [124]. These networks have
proven highly effective in practice, showcasing efficiency and accuracy when
dealing with such unordered data. Finally, in this setting, we show that ad-
missible disentangled representations coupled with point-wise activations are
trivial.

3.2 Finite Groups

As the majority of activations used in practice are induced by non-odd non-linear
functions, we present a corollary of Theorem that completely describes
representations for finite groups that can be used in these cases. We show that
admissible representations are only permutations representations up to positive-
scaling of the basis.

Corollary 3.2.1. Let G be a finite group, and let f : V — V be a non-odd non-
affine equivariant activation function on a G-representation V' defined on the

basis B. Then there exists a positive scaling of B and a collection of subgroups
H; < G such that V = RE/Hr s ... 5 RE/Hm,

Proof. We can consider V' to be a finite permutation representation thanks to
Theorem |3.1.4] as the only admissible bounded matrix groups are permutation
matrices, while signed permutation matrices are compatible only with odd func-
tions. A permutation representation has an underlying permutation set that can
be decomposed in the disjoint union of orbits. Recall that, for any X on which
G acts transitively, there exists a set bijection X = G/H for some subgroup H
of G. Hence, a permutation representation V' can be decomposed into the direct
sum V = RITG/H for o collection of finite index subgroups H; < G such that
there is a bijection between the orbits X; of G in X and the quotients G/H;. O
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Note that in general a permutation representation is given by the action of
a group G on a set X and then extended on R¥ such that, for each g € G and
z € X, an element e, of the canonical basis of R¥ transforms as ger = €gz.
But the action of G on X i.e., the computation of gz, is not explicit and easy
to convert in computational terms, while the action of G on one of its quotients
G/H provides an algebraic, hence computable, alternative. Furthermore, this
notion provides the complete list of possible sets admitting G-actions up to
isomorphism, which is in bijection with the set of all the quotients of G.

Let us now discuss how representation spaces of permutations equivariant
networks on sets [124] [95] reduce to a simple instance of the representation
space shown in Corollary [3.2.1] Indeed, the symmetric group of n elements, S,,,
is the set of permutations of [n], and then S,,-equivariant networks are able to
process sets of elements independently of their order. A complete treatment
of the representations of S,, can be found in [I0I]. Now we want to construct
group quotients able to define representations for S,,-equivariant networks used
in practice. Consider A = (A1,..., ;) to be a partition of n, i.e., a decreasingly
ordered tuple of positive integers whose sum is n. Define Sy = Sy, X --- x Sy,
as the subgroup of S,, where the ith factor permutes the elements form Z;;ll Aj

to 23:1 Aj. Now set A to be the partition (n — 1,1), elements of S,,/S(,—1,1)
will be represented by the identity element and all the permutations of [n]
that send 1 into an element i of {2,...,n} which we indicate with [(1¢)] (See
Definition for more information about quotients of groups). The action
of o € S, on [(17)] € S,/S(n—1,1) Will be [(10(i))] where we can identify [(11)]
with the identity element. The bijection [(17)] + i from S, /S,—1,1) to [n] is
compatible with the action of S,, on those sets, hence we have an equivariant
isomorphism between RS7/S-1.1) and R™ which is the standard representation
space for permutations equivariant networks on sets [124, 95]. Due to Corollary
R¥+/S¢-11) is one of the admissible representation spaces for S,, on the
family of non-odd non-affine continuous activations. In a similar way, in Section
B:4:2] we will see how to obtain representation spaces of IGNs and we will
highlight that many other admissible representation space could be possible. It
is relevant how it is possible to obtain efficient models through this procedure
and which however offers the possibility of building models starting from the
simple knowledge of the group of symmetries of the input.

3.3 Disentangled Representations

Disentangled representations [27] can be described as follows. An irreducible
representation of a G-representation V; is a minimal non-trivial G-invariant
subspace, and each representation V; can be decomposed into a direct sum of
irreducible spaces (Definition and Theorem . Composing irreducible
representations with each other allows us to construct arbitrary representation
spaces and control the number of parameters of each layer at will thanks to
Schur’s Lemma (Lemma . The easiest way to compose these representa-
tions with each other is by doing a direct sum. If then, to define activations, we
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choose a basis whose vectors are contained in a single irreducible component we
say that such a space is disentangled [27]. As a consequence of Theorem [3.1.3]
we obtain the following characterization of disentangle representations.

Corollary 3.3.1. For finite groups and activation functions f : V. — V induced
by non-odd non-affine continuous functions, the representation is disentangled
if and only if the representation V' is a sum of trivial representations.

Proof. The direct sum of trivial representations is clearly disentangled and ad-
missible for Theorem[3.1.3] To prove the inverse implication, thanks to Corollary
[B:2:1] we can consider V' to be a permutation representation. By disentangle-
ment, we can suppose V to be irreducible and with basis B = {vi,..., v}

defining f Given v € V, the subspace Span{zqecgv} is trivial, non-zero

because V is a permutations representation, and G-invariant. Hence, V =
Span {deG gv} is trivial. O

Even if composability and control of the number of parameters are particu-
larly good properties of disentangled network, being able to admit only trivial
irreducible representations is not achievable in most cases of practical use. Let us
consider again the example of representation spaces of permutation equivariant
networks on sets [124, [95]. The irreducible decomposition of the standard action
of S, on R" is the direct sum of a trivial component and a (n — 1)-dimensional
one. Hence, a linear layer between this input space and a disentangled admissi-
ble representation space will send the input contained in the (n— 1)-dimensional
component to 0 due to Schur’s Lemma (Lemma . For large n as custom-
ary, this eliminates the entire information inside the input in the forward pass
of the first layer of the network.

3.4 Practical Settings

In this section, we aim at understanding how Theorem [3.1.4]affects and limits the
design choices of networks in a relevant practical scenario such as geometric IGNs
[54], a broad family of models particularly proficient in processing geometric
data such as point-clouds or meshes. We achieve this objective in Section [3.4.3]
but beforehand, we need to decompose our task into two more manageable
subproblems. Specifically, in Section [3.4.1] we investigate rotation-equivariant
networks, a case of networks of that will be necessary to understand the following
analysis. In Section [3.4:2] we delve into higher-order IGN, widely employed in
practical applications. Finally, in Section [3:4-3] we merge the preceding results
to analyze geometric IGN comprehensively.

3.4.1 Connected and Compact Groups

Rotation-equivariant neural networks [34] have the ability to process geometrical
data tracking orientation and pose. We now discuss how our results affects the
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design of this kind of networks. The group of rotations around the origin of
R? is denoted as SO(3), it can be described as the group of real orthogonal
3 x 3 matrices with positive determinant. More generally, let G = SO(n) be
the group of real orthogonal n x n matrices with positive determinant. It acts
on R™ by left multiplication. Note that SO(n) is a connected and compact
topological group and the presented representation is irreducible and non-trivial
[39]. The following Corollary implies that rotation-equivariant networks
are invariant.

Corollary 3.4.1. Let G be compact group and let Gy be the connected compo-
nent containing the identity element. An admissible G-representation for non-
affine activation functions is Go-invariant. In particular, if G is connected, an
admissible G-representation is trivial.

Proof. First, suppose G to be connected. The image of a continuous representa-
tion of a compact and connected topological group is a compact and connected
matrix group. The only possible representations described by Theorem
are permutation representations and signed permutation representations whose
images are finite groups whose only compact and connected subgroup is the one
containing only the identity. Hence, the original representation is trivial. If G
is not connected, a G-representations induced a Gy-representations which will
be Go-invariant. O

This means that in general it will be possible to create neural networks
capable of performing invariant tasks such as classification but not more general
equivariant tasks such as segmentation or detection [95]. Further, as SO(3) is a
subgroup of Euclidean transformations of R?, this phenomenon afflicts networks
equivariant with respect to general Euclidean transformations, i.e., they will be
invariant to the rotational part of Euclidean transformations although possibly
sensitive to reflections and translations.

3.4.2 On Invariant Graph Networks

Let us now go back at the example proposed in Section [3.2] and generalize it
to high-order structures to obtain IGNs. Introduced by [78|, they are a class
of neural networks equivariant with respect to the symmetric group and their
expressiveness is intimately related to graph neural networks [77, 41]. They
are permutation equivariant models taking as input a relational structure such
as a set, a graph, or an higher-order structure such as simplicial complexes in
form of a tensor of the corresponding order. For example, a directed graph with
n nodes can be seen as a tensor in R” @ R™. Elements of this space can be
represented as linear combinations of e; ® e; for ¢,j € [n] and each o € S,, acts
on them permuting their indices simultaneously, o(e; @) = e,(;) ® eq(;). More
in general, a k-ary relational structure can be represented as a k-order tensor
in (R™)®* with S,, simultaneously acting on each R™ component. Regardless
of the order of the input tensor, intermediate representation spaces may be the
sum of tensors of arbitrary order, hence a linear layer of an IGN will be the
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direct sum of linear equivariant maps between spaces (R™)®* and (R")®" for
arbitrary k£ and h and they admit point-wise activations, hence, by Corollary
they should be able to be represented as RIL /#: for some subgroups
H; < S,. In Section we have seen how R™ = RS"/S¢-1.0 Following [12],
we get (R™)®* = @F_a, R5"/Stn-11%) where a,’s are positive integers.

This shows that representation spaces of IGNs are direct sum of R® n/Sn-tat)
for some t. But such (n — t,1%) are only but a fraction of the partitions of
n, therefore S(,_¢ 1+)’s are only but a fraction of the subgroups Sy which are
only few of the subgroups of S,, as they are not transitive on [n] for A\ # (n),
unlike other subgroups such as the alternating group, A,. Indeed, the module
RS»/4n will be a two-dimensional representation compatible with point-wise
activations. [77] and [43] prove lower and upper bounds on the expressiveness
of k-order IGNs. In the proofs of these bounds, they implicitly employ the
decomposition (R™)®% = @F_ a, RS/ Sti-11) as this equality is strongly related
to the decomposition in tensors of different partition type. This makes it natural
to ask what the expressiveness of models employing other types of admissible
spaces would be.

3.4.3 Geometric Graphs and Product Groups

Geometric graphs [54} [34], 9], [40] are utilized as a data structure for modeling sys-
tems in computational biology, computational chemistry, and computer graph-
ics. Those are graphs, or higher-order structures, embedded in the Euclidean
space and as such may transform according to the symmetries of the ambient
space, i.e., isometries of R?, E(3). Hence, it becomes relevant to develop neural
networks simultaneously equivariant to such ambient symmetries and node per-
mutations, and in algebraic terms this means that we need E(3) x Sy,-equivariant
networks able to process elements in R® ®(R")®*, where the first tensor factor
represent the geometrical features and the second the relational structure. We
synthesize the results concerning this case in the following corollary of Theorem

B.1.4

Corollary 3.4.2. Every SO(3) x S, -equivariant layer defined on R @(R™)®k
coupled with non-affine activations is null. Hence, E(3) x Sy, -equivariant net-
works are rotation invariant.



Chapter 4

Spaces of Neural Networks

The previous chapter showed that, for compact groups, only limited classes
of representations make point-wise activations equivariant. In particular, only
permutation representations admit the larger class of activations; for the rest of
this manuscript, we therefore focus on this class of representations.

This chapter presents the necessary background on permutation represen-
tations and then introduces the following concepts:

e Layer spaces, the spaces of affine maps associated with layers of
neural networks, together with further prescribed inductive biases,
e.g., filter width in the case of convolutional layers.

e Neural spaces, the spaces of functions realized by neural networks
with a prescribed architecture.

o Universality classes, the spaces of functions that can be approxi-
mated by neural networks with a prescribed architecture and vari-
able dimensions of invariant hidden features.

4.1 Permutation Representations

For completeness, we recall that permutation representations were already in-
troduced in Definition but we provide here an alternative definition. We
will show the equivalence between the two definitions in Remark

Definition 4.1.1 (Permutation Representations). Let X be a finite set and let
G be a finite group acting on X. The associated permutation representation of
G is the linear action of G on R¥ defined on the standard basis {ex}zex by

gley) =eq, forallge G, ze X.

We now make explicit how this fits the general notion of a representation.

31
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Proposition 4.1.2. Let X and G be as above and set V = RX. For each geG
there is a unique linear map

o(g): VoV
such that ¢(g)(ez) = €g.¢ for all x € X. Then the map
¢:G—=GL(V), g~ ¢(g)
is a representation of G on V.

Proof. Since {e,}zex is a basis of V = R, for each g € G there exists a unique
linear map ¢(g) : V' — V such that ¢(g)(e;) = €4, for all z € X. Moreover,

Sg™ ") (¢(9)(ex)) = (97 ") (ega) = €g-1.(gr) = €as

so ¢(g~1) is the inverse of ¢(g) and ¢(g) € GL(V).
For g,h € G and any z € X we have

(¢(9)o(h))(ex) = d(9)(ena) = €g.(h-a) = €(gn).a = P(gh)(€x),
hence ¢(g)p(h) = ¢p(gh) and ¢ : G — GL(V) is a group homomorphism. O

Remark 4.1.3. Moreover, after choosing an ordering X = {xi,...,2,} and
identifying V' = R", each ¢(g) is represented by a permutation matrix P, in
R™ "™ with entries

(Pg)ij =1 lfg c Ty = Ty, and (Pg)ij = 0 otherwise.

In particular, Py, = P3P, and P, = I,,, so g — P, is a group homomorphism
into GL,, (R).

Proposition 4.1.4. Let X and Y be two G-sets. We have the two following
G-representations isomorphisms

R*?Y 2 R¥@RY and R**Y 2R¥ @R,
where X LY indicate the disjoint union of the sets X and Y.

Example 4.1.5. Let S = [n] and let S, act on S in the standard way and
note that R® = R"™ as representations. From Proposition we obtain that
tensors of order 2 are R" @ R" = R¥*% = R™ ", Let A = {(i,i) | i € S} and
A ={(i,j) € S|i#j}, note that S x S = AUA and that S,, acts transitively
on both A and A. Therefore,

R" @R" = R5*S = RA g RA .

We say that a group G acts transitively on a set X if this action has only
one orbit, namely Gx = X for each x € X. If X = Xj U---U X, is the orbit
decomposition of X, then R¥ 2 R¥1 @ ... R¥".

As the bias terms of equivariant layers are vectors invariant under the action
of permutation representations, it is important to characterize the invariant part
of a permutation representation. Before proceeding, it is necessary to state the
following result.
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Proposition 4.1.6. If G is a finite group acting transitively on a finite set X,
then there exists a subgroup H < G and a G-set bijection between X and G/H.

Proposition m implies that we can restrict our study to representations
of the form REH for some subgroup H of G. With this result, we can now
proceed to prove Proposition [1.1.7] Let G be a group and X be a finite set with
action of G.

Thanks to Proposition equivariant affine maps Aff¢(V, W) can be
decomposed into a linear part in Homg(V, W) and a translational part in the
invariant subspace W, the set of G-invariant vectors of W. In our setting, the
symmetry group G is finite, and W is a permutation representation, with its
invariant part W characterized by the following result.

Proposition 4.1.7. Let R* be a permutation representation of G with orbit
decomposition X1 U --- U X, (see Definition , let Y C X. Define 1y =
Zer ey € RX. The invariant subspace of
RX :RXI @...@RX"’
consisting of vectors fized by the action of G, is generated by the basis
1x,,...,1x,.
Proof. The Reynolds operator
V— Ve

R: vHng

geG

projects each G-representation V on its invariant subspace V¢. In the case
V= RG/H, ery is an element of the canonical base of RG/H,

Rleww) = Y _gern = Y egen = H| Y eqn =|H|lg/m-

geG geG gHeG/H
The final observation follows from Proposition [1.1.4] O

Propositions [.1.4] and [2:4:4] together imply that characterizing equivariant
maps between permutation representations reduces to characterizing equivari-
ant maps between representations induced by transitive actions on finite sets,
or equivalently, left cosets by Proposition We address this in Proposi-
tion To prove this result, we first define the concept of right multipli-
cation in Definition [£.1.8 and then prove Proposition [£.1.9] which characterizes
equivariant maps between regular representations.

Definition 4.1.8. For each g € G define the right-multiplication
RY — RY

Ry :
€h > Epg—1.
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Proposition 4.1.9. Right actions are a basis for the space of equivariant en-
domorphisms of the regular representation. In other words, {Rg}qcc is a basis
for Homg(RY, RY).

Proof. Each linear application ¢ € Hom(lRG7 RG) is defined by the values ¢(e,)
for each g € G by linear extension. If ¢ is G-equivariant, it is defined just by
its value on e.. Indeed, ¢(ey) = ¢(gee) = gé(e.) for each g € G. Note that R,
is linear as the right action of g on RY is linear and Rylen) = epg-1 = eng L.
It is also equivariant, indeed Ry(hv) = hvg~" = hR,(v) for each v € RY and
h € G. Furthermore, R,-1(e.) = ¢4 for each g € G and therefore they generate
Homg (RY, RY).
Suppose that there exist values ay € R for each g € G such that

ZagRg:Q

geG

0= Z ag Rgylee) = Z ageg-1.

geG geG

then

Since elements e, are linearly independent, ay, = 0 for each g € G. Hence, R,
are linearly independent and form a basis for Homg (RG, RG). O

Now we would like to have a result similar to Proposition [{.1.9] but for
morphisms between G/K and G/H. To do this we need to define the following
injection

RE/H _ RC

lG/H 1
M g T e,
A
and projection
RC — RG/H
7TG/H :
€g > €gH-

For an arbitrary representation V', we define two surjective maps

o Homg (R, V) — Homg (R K| V)
/ ¢ = ¢) OlG/K>
and
Homg (V,RY) — Homg (V, RE/H)
¢ = TG HO P

We can now generalize the concept of right multiplication to the general case
of transitive actions, a concept necessary for stating Proposition[4.1.11] which we
will then prove by following the approach used in the proof of Proposition

7TG/H* :

Definition 4.1.10. Define Ry x = a'R, where the map o = mg /g OLE/K is
defined from Homg(RY, RY) to Home (RE/K RE/H).
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Proposition 4.1.11. The map Rk is well-defined and the set {Rygx } Hgxe\G/K
is a basis for Homg(RG/K,RG/H). Finally,

e ifsH CkKg 'H
R — ¢ IK] = ’
( HgK (ekK)) sH {0 otherwise.

Proof. To prove that R4 is well-defined, we need to prove that « Ry, = a Rpgk
for each h € H and k € K. Indeed,

TG/H Rigk t i (esk) = |K| > esr-rg-in-m =
teK
1
|Z€5tk e H S ‘Zestg g =7G/H Ryt (€sk),
teK teK

where the penultimate equality is true because h~'H = H and variable change
t+— tk~! in the sum.

By Proposition the set {R,},eq is a basis for Homg(RY, RY). By
the previous observation we have shown that the image of {R4}4eq under o
is {Rugr Yagrema k- As a is a surjection, {Rugk trgxem\a/k generates
Homg (RE/ K RE/H),

Proving linear independence is similar to the proof of linear independence
in Proposition Indeed, let apyi € R for each HgK € H\G/K such that

Z GHgK RHgK =0.
HgKeH\G/K

Hence,

0= Z apgk Rugr(ex) = Z Wl‘aHgK Z Ctg—1H-

HgKeH\G/K HgKeH\G/K teK

Note that sets {tg~'H };cx are pairwise disjoint with g varying between rep-
resentatives of HgK. This means that the respective vectors ), ;- €1 are
linearly independent, hence each aggx = 0. This proves that the maps Rygx
are linearly independent. Finally, observing that

Rugr (ekr) |K| E €ktg—1H>
teK

it is clear that

1

('R ( )) _ )R if sH CkKg 'H,
HoK\ChK sH )0 otherwise.
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Remark 4.1.12. In our case of interest, in which G is a finite group, the map
O RET)

is equivalent at convolving v by w. Proposition [.1.11]is just a restatement and
integration of Theorem 1 in [64] in the restricted case of homogeneous spaces of
finite groups.

4.2 Equivariant Neural Networks

Although we already presented the definition of equivariant neural networks in
(2.2), we now place it in a broader framework of spaces of neural networks, in
a way that allows us to discuss architecture while decoupling it from the choice
of parameterization.

We now recall the definition of pointwise-activations.

Definition 4.2.1 (Point-wise Activation). Let R¥ be a permutation represen-
tation of a group G, and let ¢ : R — R. We define the point-wise activa-
tion induced by ¢ as the function & : R* — R¥ such that (D pex Qls) =
Y sex 0(az)es. We will often abuse notation and refer to o as the activation
function as well.

As a first step toward defining spaces of neural networks, we introduce layer
spaces.

Definition 4.2.2 (Layer spaces). Let G be a finite group acting on a finite set
X, let R® be the permutation representation associated with this action, and
let V' be another permutation representation of G. A layer space is a subset
M C Aff¢(V,R™). We distinguish the following cases:

We say that M has complete bias if, via 0,
AMYer(M)=2 M and 7(M) = (1p)pep

for some partition P of X. In this case, we say that the bias of M is
subordinate to P.

e Otherwise, we say that M has incomplete bias.

e We say that M has full bias if it has complete bias subordinate to the
orbit partition of X.

e We say that M has null bias if 7(M) = 0. Equivalently, M is contained
in Homg(V,R™) and M = \(M).

Remark 4.2.3. A layer space M with complete bias is of the form

E
M = {U»—)Zzwi(v)—k Zyp]lp z1,...,25 €R, yp € R for allPEP},
i=1 PeP
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where ¢!, ..., ¢* generate a subspace of Homg(V, RX), and P is a partition of X
that may either combine several orbits from the orbit partition X = X;U---UX,
into larger subsets, or coincide with the orbit partition itself. Moreover,

]lXj = Z (2

reX;

for j =1,...,n, with {e, },ex the canonical basis of R¥X.

In the following, we will often abuse notation and consider layer spaces
to have complete bias, unless specified otherwise.

Note that each subspace M of Affg(V,RY) such that M = (M) & 7(M)
and 7(M) = 7(Affg(V,RY)) has complete bias. Indeed, in this case we have
P={Xy,...,X,}, the G-orbit decomposition of X and

T(M) = (Ix,)x,ep

as proven in Proposition
With this further characterization, we present detailed examples of equivari-

ant affine maps relevant to machine learning applications, showing how common
layers can be expressed within this formalism.

QOOOOOOO Q& H QOO
O OIOLOIONONOROEERO

(a) Affs, (R4, R) (b) C (c) Affs, (R, RY)  (d) Af(R®R)

Figure 4.1: Colored bipartite graphs illustrating the layer spaces used in
Examples and along with the graph corresponding to a standard
fully connected layer, following the convention of [99] where arrows of the
same color denote identical weights applied to different input values.

Example 4.2.4 (Linear Layer). Linear layers in standard neural networks are
given by elements of Aff(R™, R™). For the action of any group, we can define

L= Af(R,R),
whose relevance will become clearer later, for instance, in relation to (4.3]).

Example 4.2.5 (Invariant Layer). Let G be a finite group acting on a finite set
X, and let R¥ denote the associated permutation representation. We denote
by R the trivial real representation of G. The space of G-invariant affine maps
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from RY to R is denoted by I := Affg(R™,R). If X = X, U-- - X, is the orbit
decomposition of X, then we have the characterization

l
I := {UHZ;@HL~v+y|$1,---7$€ay€R}-

i=1

Example 4.2.6 (PointNet Layers). We focus on the layer spaces used in the
sum-pooling variant of PointNet architectures [95], which are designed to process
unordered collections, such as point clouds, by enforcing permutation equivari-
ance. An input configuration of n elements with f-dimensional features is rep-
resented by a tensor A € R™ /| where each row corresponds to the features of a
single object. Permuting the elements corresponds to permuting the rows of A,
i.e., the indices along its first axis. In our framework, the input tensor A is mod-
eled as an element of R¥ @ R/, where X = [n] and the symmetric group G = S,
acts on X via its standard action and trivially on R’. PointNet architectures
operate on such inputs using layers in the space Affg, (]RX QRS- , RX ®Rfi),
where each R'* corresponds to a space of S,-invariant hidden features. [124]
showed that understanding the structure of Affg (R* @ Rf—1 R* @ Rf?) re-
duces to understanding Affs (R™,R™). Identifying R™ with R, they estab-
lished that

P = Affg, (R",R") = {v — (21 1d + 29 ]I]IT)v +yl | T1,%2,Y € R} ,

where 1 = 1p,) = [1,..., 1]7T. Figure shows the colored bipartite graph
corresponding to the layer space Affg (R",R"™). In the invariant case,

Affg, (R"R) = {’UF—)I]].TU+y | x,yER},

which is consistent with the notation introduced in Example Figure
shows the colored bipartite graph corresponding to the layer space Affg (R",R).

Example 4.2.7 (Convolutional Neural Networks). Circular convolutional fil-
ters can be naturally formulated within the framework of permutation repre-
sentations. For simplicity, we focus on the one-dimensional case. Let X = [n]
and let G = Z,, act on X by modular shifts. Identifying R* with R", the space
Homy, (R™,R™) corresponds to circulant matrices A(z), each determined by a
generating vector z = (z1,...,z,) € R", as shown below.

Each map in Affz, (R™,R") consists of a linear part defined by a circulant
matrix and a bias term in R™:

Z1 Tn Tp—1 -+ X2
To T Ty - T3 1
— |z T T R _ _ .
A(z) = |*3 2 1 41 and ylx =yl =y |:
. . . . : )
Tn Tp—1 Tp—2 T Z1

Observe that any circulant matrix A(x) can be written as a linear combination
Aer),..., A(en), that is, A(z) = > | 2;A(e;) where {e1,...,e,} denotes the
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standard basis of R"™. Since limited-width convolutional filters are standard in
practice, we restrict attention to the following maps:

k
ok = {U — inA(ei)v + y]l[n]

=1

xl,...,mk,yeR}. (4.1)

This class can be seen as the one-dimensional analogue of the k£ x k convo-
lutional kernels widely used in 2-D computer vision applications. The corre-
sponding neural space is given by A, (C*1,... C¥¢) for a choice of filter sizes
1 < k1,...,kqg < n. One example of particular importance in the following
chapters is the case k = 1, corresponding to convolutional filters of width 1.
This layer space also generalizes to a subset of Affg(]RX ,RX) for an arbitrary
permutation representation R* with orbit decomposition X = X L---L Xy, in
which case we denote it by

¢
C .= {vr—>)\v+2ui]lxi

=1

A eR, ,ul,...,[LgGR}. (4.2)

The four examples defined above, namely,

e The space L of arbitrary univariate affine maps,
e The space [ of invariant affine layers,
e The space P of permutation-equivariant affine maps,

e The space C of convolutional filters of width 1,

will constitute the main prototype examples of layers employed through-
out the rest of the manuscript.

We now define the function space associated with a fixed neural architecture,
which we call a neural space, and which is also referred to in the literature as a
neuromanifold [22].

Definition 4.2.8 (Neural Networks and Neural Spaces). Let G be a group and
Vo, ..., V4 be permutation representations of G. For each i = 1,...,d, let M;
be a layer space in Aff¢(V;-1,V;). For d > 2, the neural space associated with
layers My, ..., My and activation o is defined by

No(My,...,Mg)={¢%0Go--0G0¢" |¢' € M; foreachi=1,...,d}.

Any n? € N, (Mj, ..., My) is called a neural network with layers in M, ..., My
and activation o.

Example 4.2.9. Using the examples of layer spaces introduced above, we can
define multiple architectures:
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e Equivariant PointNets: N, (P,..., P),
e Invariant PointNets: N, (P,...,P,I),

e Convolutional Neural Networks: N, (C*1,... CFa).

4.3 Special Constructions

In this section we introduce constructions to obtain new neural spaces by com-
bining and transforming other neural spaces. These constructions will be em-
ployed in proofs and serve as tools both to decompose complex architectures into
an interaction of simpler spaces, for instance via composition in Chapter [7] and,
conversely, to reduce a complex interaction between spaces to a single space, for
instance via twin spaces in Chapter [f] or sum spaces in Chapter [6}

4.3.1 Composition of Neural Networks

We start by studying compositions of neural spaces with compatible output and
input spaces.

Definition 4.3.1 (Composition). Let X and Y be topological spaces, given two
families of functions F in C(X,Y) and G in C(Y, Z) we define their composition
as

FoG={fogl|feF,geg}

Note that the concatenation of two layer spaces is not necessarily a layer
space but there is a useful exception:

Proposition 4.3.2. Let C be the layer space of associated to width-1 convolu-
tional filters in Affg(RY,R™) and My, ..., My layer spaces with M; with full
bias and contained in Affq(R™, W) then

No(My, ..., M;,CYSNG(Miy1,...,Mg) = Ny(My, ..., My).
Proof. The proof follows directly from
M;6C = M,;.
Indeed,

M;6C ={z— 1p¢(\x +v) | 7wd € My, NER, v e (R¥)
= {2 (A gl(2)) + d(v) | Twd € M;, XER, v e (RY)C)

= {2 Twip)?(®) | Twd € M;, v E (]RX)G}
= M,;.
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4.3.2 Twin Neural Networks

Here we introduce the concept of twin neural networks and their associated
neural spaces. They will be an important tool in Chapter |5} where we will reduce
the separation constraint of a neural space to the zero locus of an associated
twin space, see Proposition [5.2.1]

Definition 4.3.3 (Parallelization, Split and Twins). Let X and Y be topolog-
ical spaces. Define the parallelization map

CX,)Y) —- C(XxX,YxY)

Define the split map

C(X,Y) = C(X,Y xY)
foe @y = (f@), fw)]

Let V be a vector space and define the twin map

C(X, V) —» C(XxX,V)
foe (@)= f(z) - fy)].

We are interested in characterizing the images of these maps when restricted
to neural networks. The following definition is useful to better describe the
structure of the bias terms of layer spaces transformed by these maps.

Definition 4.3.4. Let X be a finite set, we define the duplicate set of X as
the set X LI X’ where X’ is a disjoint copy of X. Let P be a partition of X,
we define the duplicate partition of P as the partition P’ of the duplicate of X
such that P’ = {Y UY’ | Y € P}. For each y € Y, we will usually indicate the
respective element in Y’ as 4/, although when it will be clear from the context
we may abuse notation and call both y.

v

T:

With these definitions in place, restricting II, ¥, and T to neural networks
yields the following properties.

Proposition 4.3.5. For layer spaces My, ..., My, we have
(NG (M, ..., Ma)) = Ny (II(My), ..., TI(Ma)),
U(NG (M, ..., Mg)) = Ny (U(My), TI(Ma), ..., II(My)),

and
TN (M, ..., Mg)) = Ny (U(My),II(Ma), ..., II(Mg—1), T(My)).

Moreover, if M is a layer space and has complete bias subordinate to a partition
P, then TI(M) and ¥ (M) have complete bias subordinate to the duplicate par-
tition of P. In particular, if M has complete bias, then IL(M) and U(M) also
have complete bias. However, M having full bias does not imply that TI(M) and
U (M) have full bias. Note that for an arbitrary layer space M, the associated
twin layer space T(M) has null bias. Finally,

dim M = dimII(M) = dim ¥ (M).
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4.3.3 Sums of Neural Networks

Here we introduce the concept of neural spaces associated to sums of neural net-
works. They will be an important tool in what follows, culminating in Propo-
sition [£:3.10] which shows that relevant families of neural networks are vector
spaces, enabling us to employ functional analysis to study their approximation
capabilities.

Definition 4.3.6 (Diagonalization, Fork and Sum). Let X and Y be topological
spaces. Define the diagonalization map

C(X,Y)xC(X,Y) C(X,Y xY)

. —
A (Fg) = [z (F@).g@)].

Define the fork map

o CX,)Y)xC(X,)Y) — C(X,YxY)
' —

(f,9) [z = (f(x),9(x))].

Let V' be a vector space and define the sum map

CX,V)xC(X,V) — C(X,V)
(fr9) — [z f(@)+g(x)].

For a family of functions F, we will write A(F) := A(F,F). We will also adopt
a similar notation for ® and 3.

DI

Note that the definitions of A, ®, and ¥ are similar to those of II, ¥, and
T, respectively, but with significant differences. Indeed, the maps II, ¥, and
T associate a single map to a function of two variables, whereas A, ®, and X
associate a pair of maps to a function of a single variable. Restricting A, ® and
> to neural networks yields the following properties.

Proposition 4.3.7. For layer spaces My, ..., My, we have

A(Ng(Ml, .. .7Md)) = NU(A(Ml), ey A(Md)),

D(NG(My, ..., My)) = Ny (®(My), A(Ma), ..., A(My)),
and

E<NO'(M17 ceey Md))
:Na((I)(Ml)a A(MQ)a R A(Mdfl)a E(Md))
Note that if M is a layer space with full, complete, or null bias, then A(M),

O(M), and X(M) are also layer spaces with full, complete, or null bias, respec-
tively.
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4.3.4 Block Spaces

The final construction we introduce is needed as a surrogate for width, or the
dimension of invariant hidden features, in contexts where such quantities are
not defined. However, these quantities are necessary to discuss universality of
neural networks when those notions are otherwise undefined.

Definition 4.3.8 (Block Spaces). Let W be a vector space and let F C C(X, W)
be a family of functions. For each h, k € N, we define the associated h x k block
space as

k k
]_-kxh — (1'1,~~~a$l<:)'_> (Zj:l f1,j(%‘),~~,2j:1 fh,j(mj)> ' (4-3)
fijeF, i=1,...,h, j=1,...,k
Note that if F is a layer space M C Aff(V, W) for some G-representations

V and W, then
M**h C Affq(V @ R, W @ RM).

Here k can be interpreted as a surrogate width, or equivalently as the dimension
of the hidden invariant features of the input space, while h plays the analogous
role for the output space. In particular, if f € M**" then f can be written as

in (4.3)) as
k k
(@, m) = (Zfl,j(xj),...,th,j(xj))
j=1 j=1
for some f;; € M, which can be written as
fij(@) = Aijz + bij,

where A;; and b;; denote, respectively, the linear part and the translational part
of f;;. With this notation, the linear and translational parts of f can be written
respectively as

k
Ay A oo Agg Zi:l by
Agp A oo Ay > j=102;
. . . . and )
-
Apt Apo Ank > brj

In other words, the linear part of M**" is an h x k block matrix whose
blocks belong to the linear part of M.

Example 4.3.9. Recall that the definition of L = Aff(R,R), the layer space
L** is the set of all affine maps from R* to R", namely Aﬁ(Rk,Rh). Since
L = Aff¢(R,R) where G acts trivially on R, this layer space can be interpreted
as the space of affine G-equivariant maps between trivial representations. In
this sense, the multiplicities k£ and h correspond to the widths of intermediate
representations in the standard neural network setting.
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It is also interesting to note that

(M) C®(M)=M">2  A(M)C M*2  T(M), (M) C M***,
In particular, Proposition implies the following.
Proposition 4.3.10. For layer spaces My, ..., My and each

f)geNG'(M17"'aMd))

we have

f49 €N (MP2, MP2, o MPE, M.

In particular, the space of all neural networks with variable width in each layer,
namely,

1xh hixh ho X ha hg—axhg_1 hg_1x1
U N (M pafoha aapxts My , M) ),
heNd—1

18 a vector space.

4.4 Universality Classes

Proposition [£:3.10] suggests the possibility of studying the space of all neural
networks with a fixed architecture and variable surrogate width in each layer.
The main question of this thesis is to understand which functions can be ap-
proximated by this class.

We start by recasting known results in the language of neural spaces, in order
to better introduce the concept of universality class. The first example is shallow
multilayer perceptrons. Observe that the class of shallow neural networks with
variable width can be written as (J;, .y Ny (L' <", L"*1). We denote by U, (L, L)
the associated universality class, namely the set of continuous functions approx-
imable by such networks. Formally, U, (L, L) is defined as the closure of this
union in C(R), equipped with the topology of uniform convergence on compact
sets.

Theorem 4.4.1 ([90]). The universality class for shallow neural networks,
Us(L, L), coincides with C(R) if and only if the activation function o is not
polynomaal.

An analogous result in the equivariant setting was established by [98] for
neural networks with input and output representations V and W, respectively,
and regular hidden representations of the form R®. Define the layer spaces

M = Affg(V,RY) and N = Affig(R®, W).

We define the universality class U, (M, N) as the set of functions in C(V, W) that
can be approximated by elements of | J heNNg (M, N). Note that, in analogy with
classical networks, the role of width is played by the hyperparameter h, which
determines the dimension of the invariant hidden representation. The results of
[98] can then be stated as follows.
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Theorem 4.4.2 ([98]). The universality class Uy (M, N) coincides with the set
Ca(V,W) of all continuous G-equivariant functions from V to W, if and only
if the activation function o is not a polynomial.

The following definition of universality classes encompasses the notions in-
troduced in Theorem and Theorem [£.4.2] while being general enough to
cover a wider range of architectures, such as PointNets and CNNs with variable
filter size.

Definition 4.4.3 (Universality Classes). The universality class associated with
the layer spaces My, ..., M, is defined as

UU(Ml,...,Md) =

1xh hixh haXh hag—2xhg—1 ha—1x1
U J\C,(M1 M pphexhs o pphas M )
heNd—1

where the overline denotes closure in the topology of uniform convergence on
compact sets.

Intuitively, a universality class consists of all functions that can be
uniformly approximated on compact sets by neural networks of a given
architecture, with variable multiplicities of layer spaces.

Thanks to Proposiion we obtain the following.

Proposition 4.4.4. Let My, ..., My be layer spaces such that M; is contained
in Aft(V;_1,V;) for each i =1,...,d. The associated universality class

UU(MD XN Md) c C(VO7 Vd)
s a closed subspace.

The following chapters will be entirely dedicated to characterizing these
spaces.
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Chapter 5

Separation Constraints

The usual notion of universality is not directly applicable to neural networks
that incorporates invariances of the data [21], since they necessarily act by iden-
tifying pairs of inputs that are equivalent under the given set of transformations.
This feature creates a complex interaction between the network’s ability to dis-
criminate different input data, and the invariant or equivariant structure that
they are trying to preserve. Assessing expressivity thus requires first a fine-
grained analysis of the separation power of these families of neural networks,
namely their capacity of distinguishing distinct inputs, which is a necessary
condition for the universality of the models [54].

In the graph learning community, which is a paramount domain where in-
variant and equivariant models are studied [78, 94 [14], networks are required
to be invariant or equivariant under the group of permutations of the graph’s
nodes. In this domain, the primary methods for comparing separation power are
the Weisfeiler-Leman (WL) isomorphism test [I20] and homomorphism count-
ing [73]. Significant attention has been devoted to studying this property for
graph learning models such as Graph Neural Networks (GNNs) [105] [46] [61],
Invariant Graph Networks (IGNs) [78] [80], and subgraph GNNs [2] 14]. How-
ever, the WL test and homomorphism counting, along with their variants, have
severe limitations imposed by their combinatorial nature. In particular, recent
research [54] has highlighted the necessity of developing expressivity measures
applicable to models that process data beyond relational structures, such as
geometric graphs.

This chapter contribute to this effort by studying the separation power of
a more general class of equivariant neural networks. Specifically, we precisely
describe the set of input pairs identified by relevant families of neural networks.
In contrast, other approaches, limited to IGNs and graph processing, provide
only upper bounds on expressiveness [41] or lower bounds that require networks
with large hidden feature widths [77]. Additionally, we show how hyperparame-
ter and architectural choices impact the separation power of equivariant neural
network models, both in general settings and in specific cases of practical inter-
est.

47
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To study the separation power of relevant classes of equivariant networks,
we show that the set of identified points corresponds to the set of common zeros
of a modified set of networks (Section [5.2.1)). We characterize the set of input
pairs identified by these families of neural networks by introducing an explicit
formula which is recursive over the networks depth (Section . This result
provides important insights into how different hyperparameters and architec-
tural choices impact the design of practical equivariant neural network models.
In particular, we prove that any non-polynomial activation is equivalent in sep-
aration power, achieving the maximum separability for networks with a fixed
architecture (Section . We show that increasing depth enhances separa-
tion up to a certain depth, where separation power stabilizes (Section .
Furthermore, we prove that the multiplicity of the blocks in hidden represen-
tations or, equivalently, the width of invariant hidden features does not affect
the separation power of the networks (Section . We demonstrate that the
separation power of different block types forms a hierarchy, corresponding to
the partial ordering of sub-groups of the symmetry group with respect to which
the model is equivariant (Section|5.2.6)). We illustrate how these general results
apply to practical models (Section [5.3)). Specifically, we strengthen existing re-
sults by showing that a much broader class of IGNs matches the separation
power of WL (Section [5.3.1)). Then, we demonstrate that the separation power
of circular CNNs depends on the filter size (Section .

The contributions of this chapter can be summarized as follows:

o We address the separation power of equivariant neural networks by
fully characterizing the set of points identified by networks with a

fixed architecture (Proposition and Theorem [5.2.2]).

e We prove that any continuous, real, element-wise, non-polynomial
activation is equivalent in separation power, achieving the maximum
separability for networks with a fixed architecture (Theorem [5.2.5]).

e We show that increasing depth enhances separation power up to a
specific threshold, beyond which it stabilizes (Theorem [5.2.6)).

o We illustrate how block decomposition of layers influences separabil-
ity (Theorem and how separation power is independent of in-
variant hidden features (Remark. Notably, this result implies
that any k-IGN matches the separation power of k-WL, improving
upon previous results that required IGNs to have large hidden fea-
ture widths [77].

e Finally, we show that the minimal components from this decompo-
sition form a hierarchy in separation power (Theorem [5.2.11)).
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5.1 The Separation Constraint

We begin by introducing the notion of separation for families of real-valued
functions. Building on this definition, we then generalize to the general case.

Real Codomains: The universality property of neural networks enables them
to approximate any continuous function with arbitrary precision, meaning there
exists a sequence of networks that converges pointwise to each continuous func-
tion. Equivariant neural networks are designed to handle target functions with
specific structures, represented by transformations that recognize equivalent in-
puts. However, this characteristic necessitates a deeper examination of their
separation power. The separation power p(A) of a subset NV C C(X,Y) of
continuous functions between topological spaces X and Y is defined as follows.

Definition 5.1.1. A function f : X — Y is said to separate two points «, § € X
if f(a) # f(B). A family of functions N from X to Y separates o, € X if
there exists a function f € A that separates « and 3. If a function or a family
of functions fails to separate two points, we say that it identifies them. The set
of pairs of points that are identified by A/ define on an equivalence relation

p:=pWN)={(a,8) € X x X| f(a) = f(B) for each f € N'}. (5.1)

When working with spaces of neural space, their separation power transfers
to the class of functions they can approximate, as shown by the following fact.

Fact. Let (fn)nen be a sequence of functions in A that converges pointwise to
f- If a, 8 € X such that f,(a) = f,(B) for all n € N, then f(a) = f(5).

In particular, NV, cannot approximate with arbitrary precision functions be-
yond ones respecting p, namely,

Co(X,Y) :={f € C(X,Y) | f(a) = f(B) (e, B) € p(N)}.

Understanding however if the entire set C,(X,Y") can be approximated leads to
the study of separation-constrained universality.

Notably, [79] and [98] illustrate this phenomenon in the context of equivari-
ant neural networks, which are proven to approximate any continuous equivari-
ant function. However, their constructions involve intermediate representations
of impractically large dimensions. In contrast, [41] and [77] show that permuta-
tion equivariant networks commonly used in practice can approximate continu-
ous permutation equivariant functions whose separation power is equivalent to
the WL test.

In this chapter, we address the problem of characterizing p for relevant fam-
ilies of equivariant neural networks, as it is necessary, though not sufficient, to
understand separation-constrained universality. Specifically, we focus on how
hyperparameter and architecture choices influence separability, as we will dis-
cuss in Section B.11

We can now generalize the notion of separation to the general case.
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Arbitrary Codomain: Here, we study equivariant functions by reducing the
problem to the analysis of suitable invariant functions, thereby connecting our
setting to the results of Section The main tool for this reduction is the
projection onto output coordinates. More precisely, let G be a finite group
acting on the finite set X. For x € X consider the stabilizer of z, given by

G, = Stabg(z) :={9 € G | gz = =},

and the linear projection m, : R® — R onto the z-th coordinate. Then m,
induces the pushforward map

Tex: Ca(V,RY) — Cq, (V)
f o mpof.

Since the vector of projections satisfies (7, )zex = idgx, it follows that (7.4 )zex
acts as the identity on Co(V, RX). Thus, the study of universality for equivari-
ant maps reduces to the problem of synchronous universality of the invariant
projection maps. However, below Proposition shows that the interaction
between equivariance and the global separation p is non-trivial when projecting
functions onto different output entries.

Proposition 5.1.2. Let p = p(N) be the separation relation of a family of
equivariant neural networks N'. The restriction of . to

Ca,(V,RY) := Ca(V,R¥)NC,(V,RY)

is surjective onto Cq, ,(V'), the space of Gy-invariant functions with separation
relation p.

The proof for Proposition [5.1.2 and of all subsequent results may be found
in the Appendix [D.4.2]

Proposition shows that, after projection onto a single output coordi-
nate, the space of equivariant functions with separation p is constrained by
a stricter relation. This relation combines p with the G, -invariance relation,
which identifies elements within each G -orbit. However, the following example
shows that this stricter condition remains insufficient to correctly characterize
the universality classes associated with equivariant architectures.

Example 5.1.3 (Separation for CNNs). Let C' be the layer space of convolu-
tional filters with width 1 defined in Example For the purpose of this
example, it is sufficient to restrict C to go from R” to R™ with S,, acting in the
standard way on R". Hence, becomes

C:z{vHxid-v—&—y]l‘x,yeR}.

Consider the universality class for d > 2:

UNC) :=Uy(C,...,0).
N——

d times
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We can show (see Proposition |D.4.7) that

UF(C) = {(z1,...,20) = (f(21),..., f(2n)) | f €C(R)} C Cs, (R™,R"). (5.2)

Note that idgn € UZ(C). Then, p(UL(C)) is the trivial separation relation,
namely p(U(C)) = {(z,x) | * € R"}. Thus, the target space of separation-
constrained universality is Cg, ,(R",R") = Cg, (R",R"). However, shows
that U(C) € Cg, (R",R™) for each d > 2. Or equivalently, in this case
separation-constrained universality can never be attained, regardless of depth d.

Example shows that characterizing equivariant universality classes re-
quires a finer notion of separability, which we now define.

Definition 5.1.4 (Separation — Revised). Let G be a finite group acting on
a finite set X = {z1,...,2,}, and let R* denote the associated permutation
representation. Let V' be another permutation representation over G and N a
space of functions in Cq(V, RX). Let 7, : RX — R be the linear projection onto
the z-th component for each x € X. Define the family of separation relations

peN) ={(a,8) €V xV | f(a) =7, f(B) for all f € N}.

for each x € X. We define the separation constraint or separation relation of N
as the collection of relations

pN) = (P2, (N, pu, (V).

We define the set of continuous functions that respect p as
Co(ViRY) == {f € C(V,RY) | mo f(v1) = o f(v2) Y(v1,02) € pa(N), Vo € X}

If a universality class with separation p coincides with C,, we call it separation
universal.

As noted in Section [£4] the previous notion of separation is a necessary
condition for approximation, and now we see that this generalized version is
necessary as well but stronger. Note that in certain cases separation reduces
entirely to the standard separation relation, for instance in the invariant case
where GG acts trivially on R, or more simply when

prsN) =+ = pu, (V).

Yet, Example [5.1.3] shows that separation can, in fact, be strictly stronger than
standard separation. Indeed, on the one hand (5.2)) gives

mUS(C) = {(21,...,2n) = f(z1) | f € C(R) } S Cspans, (1)(R™, R),
while on the other hand, we have 71-U2(C) = C,, (R",R). If we decompose
R™ =R x R" ™!, here

p1:={((z1,7), (11.7)) € (Rx R 1) | 1=y }.

Analogous results hold for the other p;, with ¢ = 2,...,n. This proves the
following proposition and shows that the universality class in Example [5.1.3] can
be completely characterized by the revised notion of separation universality.

Proposition 5.1.5. Define p = p(U(C)). Then, UZ(C) = C,(R™,R").



52 CHAPTER 5. SEPARATION CONSTRAINTS

5.1.1 Elements Affecting the Separation Relation

From a practical viewpoint it is fundamental to understand the hyperparameters
and architecture choices that affect the separation or approximation power of
families of neural networks. For example, IGN’s separation and approximation
power are influenced by two hyperparameters (k,w), where k represents the
network’s relational order and w denotes the width of the readout multi-layer
perceptron. Informally, [79] showed that IGN = Uy ., k-IGN,, is universal for
continuous equivariant functions, while [4I] proved that k-IGN = U, k-IGN,,
is universal only within the class of equivariant functions in Cp.wr,(X,Y), the
set of continuous equivariant functions with the same separation power as k-
WL. This example highlights that, in a general equivariant setting, two types
of hyperparameters and architecture choices may exist:

e Those like k£, which regulate the separation power and, hence, have a huge
impact on approximation power, but also have a significant impact on the
required computational resources.

e Hyperparameters like w, which do not affect separability but may im-
pact separation-constrained approximation, often with a limited impact
on computational resources. In what follows we aim to identify which
hyperparameters and architecture choices control separation power, de-
termining which belong to the first category and which may fall into the
second.

5.2 Characterization Theorem

We begin by describing and formulating the twin network trick in Section [5.2.1]
which serves as the primary tool for converting a separation problem into a zero
locus problem, to be addressed informally in Section In the subsequent
sections, we will explore the implications of this result and how it can be applied
to effectively compare the separation power of different neural spaces.

5.2.1 From the Separation to Zero Loci

In this section, we introduce the twin network trick, which transforms a network
separation problem into a zero locus problem for neural networks. This allows
us to apply the recursive techniques for solving zero locus problems developed
in Section[5.2.2] Specifically, a zero locus problem involves identifying all points
that are mapped to zero by all networks within a given neural space.

More precisely, the separation equivalence relation in can be reformu-
lated as the following zero locus problem: (a,f8) € p(N, (M, ..., My)) if and
only if

n(a) =n(B) =0 Vn € Ny (M, ..., My). (5.3)
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We observe that (5.3]) reduces to a zero-locus problem involving twin networks,
see Definition The twin network associated with a network 7 is defined as

T(n)(a, B) = n(a) —n(B).

It is itself a neural network with the same depth as 7, but with a different
architecture. Recalling Proposition the space of twin networks associated
with a given neural space is again a neural space, namely,

T(No(My, ..., Mg)) = N (U(My), I(Mz), ..., TI(Mg—1),T(My)).  (5.4)

In summary, (5.3)) together with (5.4) can be synthesized into the following
proposition, which directly links the separation relation to a zero locus.

Proposition 5.2.1. For a family F of functions between a set V' and a vector
space W, let
V(F):={BeVIn(B)=0vneF}

be the zero locus of F. Then, for any neural space Ny(My, ..., Mg), we have
p(No (M. Ma)) = V(T(No (M., My))).

Our task, then, is to determine the zero locus corresponding to the neural
space of twin networks.

5.2.2 Characterization of the Zero Locus

In the previous sections, thanks to Proposition we have translated the
problem of computing the separation relation p(N, (Mj, ..., My)) into the prob-
lem of computing the zero locus V(T (NU (My, ..., Md))). More generally, this
zero locus can be determined using the recursive formula proposed in Theo-
rem [5.2.2)

We begin by recalling and defining the necessary notation to state Theo-
rem Let M; be vector subspaces of Affg(RX"*l,RX") fori=1,...,d.
Recall that A(M,) denotes the linear part of My, and let ¢%! ... ¢%%¢ be lin-
ear maps spanning A(My), and recall that 7(My) = (1p) pep for some partition
P of X4. Let @ be another partition of Xg; if Q is finer than P we indicate this
relationship as @ < P. Furthermore, for each h = 1,...,s4 and k € X, define
the family of partitions of Xy

U = {QSP 1> et =0,vP¢ Q}.
ieP

Let 7; : R¥4-1 — R denote the projection onto the i-th component of R¥d-1
for each ¢ in X4_1. For each i,j € X4_1, define the set

(Ma—1)ij ={¢" : = mp(x) — m;0(x) | p € M},
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which represents scalar-valued layers obtained as the differences between the
i-th and j-th part of the (d — 1)-th layer.

Proposition shows that we only need to solve zero locus problems for
networks with complete bias in the intermediate layers and null bias in the
final layer. We are now able to give the complete and formal statement the
characterization theorem.

Theorem 5.2.2. Let My,...,My_1 be layer spaces with complete bias and let
My be a layer space with null bias. Let %1, ... ¢%5¢ be a set of generators
of My in Affg(RXd7RXd+1), and let the bias of My_1 be subordinate to the
partition P. Furthermore, for each h =1,...,sq and each k € X411 define

@h,k={Q<P|Z¢Z;ﬁ=o,vpeQ}.

ieP
If o is a non-polynomial activation function, then we have the following recursive
formula with respect to network depth

V(Ng(Ml,...,Md)) :ﬂ U n V(Na(Mla~"3Md727(Md*1)ij))v

h,k Qe¥,  PeQ
i,jEP

(5.5)
where
(Ma—1)ij ={¢": 2 = mg(x) —m;¢(z) | ¢ € N(Ma-1)},

and m; : R — R is the projection on the i-th component of RX for each i in
X, and A(M4—1) is the linear part of Mg_1.
Proof. Denote Fg = {¢®!, ..., ¢%*1}. We can restrict to compute the smaller
space V(Ny (M, ..., Mq_1,F4)) since, by Lemma we know

V(NG (M, ..., Mg)) =VNy(My,...,Mq_1,Fq))-

Each d-layer neural network n®" in N, (M, ..., My_1,Fq) can be written,
for each input 3, as

n"(B) = oM (" (B) +y) (Vh=1,...,54q)
(5.6)
where

e The map ¢%" is the h-th element in F,4 and is linear since M, has null
bias.
e The the map 9! is (d — 1)-layer network belonging to
NO’(Mla I Md*Q; )‘<Md71))-

e The vector y is a bias term in the translational part of My_;, namely
the invariant sub-space of R*¢, and has complete bias subordinate to a
partition Q. Hence,

y=> yplp. (5.7)

PeQ
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In a similar fashion, define n?~%t in N, (M, ..., Mg_1,\(My_3)) for each t =
1,...,54—1 and some sq_1 > 1. Note that

Sd—1

= Z zmd bt (5.8)
t=1

for some x1,..., 25, , € R. Therefore, by substituting both (5.7) and (5.8) into

E9), we set
Sd—1
¢dh (Z T nd 1 t y> . (59)

Recall that ¢%" is a linear map from R¥¢ to R¥4+! defined by the elements
qﬁi’ih = (bi’h(ei) for each input entry ¢ € Xy and output entry k € Xg41.
With this notation, we can express (5.9)) in coordinates as follows

"B =2 ¢i%h0< ] @i “(6)+y1->. (5.10)

i€Xy t=1

For each i € Xy, let P be the unique element in Q containing i. Then y; = yp,
where y; is the coefficient defined in (5.10)), and yp is the one defined in ([5.7)).
Hence, we can write (5.10) as follows

"(B) = Z ¢Z;h0< - fftmd H(B) +yP>

PeQ t=1
ieP

for each output entry k in R¥e+,
Thus, an element 8 belongs to V(N (M, ..., My_1,Fq)) if and only if

> ol ( E ) +yp> =0 (5.11)

PeQ t=1
i€P

for each x4, yp, h, k, and nd— 1t
Assuming that o is non—polynomial and setting a; = qbz and b; = (n); d-1, (8))e,

the second part of Theorem implies that (1; d-1, t(ﬁ))l,t solves 1i for

specific h and k if and only if

e U N e e e o) = n ) = o}

QeV, , PEQ
1,JEP

Note that 3 satisfies (5.11)) for specific h and k if and only if (n?=1(8)),+
satisfies it. Hence,

se U N i e -n e =owy. (5.12)

Qevy, , PEQ
i,jEP
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By the definition of (My_1);, we get

VNG (My, ..., Ma_a, (Ma—1)i;)) = {8 | 5~ "*(8) — n~"*(8) = 0}.
Therefore, (8 satisfies (5.11)) for specific h and k if and only if

ge |J () YNy, ..., Mgz, (Ma-1)ij)).

Qe , PeQ
i,jEP
Since $ has to satisfy (5.11)) for each h and k, we finally get

V(NU(Ml,...,Md)):ﬂ U ﬂ V(N (M, ..., Mg_o,(Mg_1)ij)).
h,k QW) , PEQ
ijep
]

Remark 5.2.3. Theorem [5.2.2] could actually be stated with different activation
functions for each layer, as long as they are all non-polynomial. However, for
readability and simplicity, we have presented the results using a single activation
function.

Remark 5.2.4. Here, we demonstrate that the complete bias assumption is nec-
essary for all non-polynomial activations to achieve maximal separation power.
Specifically, let us examine the separation power of the set of shallow neural
networks where all representation spaces are one-dimensional and the hidden
layer has a null, and therefore incomplete, bias term. The main concern is the
separability of opposite inputs § and —(. This reduces to study the separation
equation
yo(Bx) = yo(—Pz)

for each x,y € R. Any even function o, including non-polynomial ones, solves
this equation but does not achieve maximal separation power, which could be
reached by adding a bias term, as shown in Theorem [5.2.5

The theorem shows that the zero locus of a neural space of depth d can
be recursively computed as a combination of unions and intersections of the
zero loci of neural spaces of depth d — 1. At depth 1, the neural space reduces
to a subspace of affine maps, and finding its zero locus corresponds to solving
a system of linear equations. Although the actual execution of Formula [5.5)
requires superpolynomial time, this recursive approach is particularly useful for
deriving key properties of the separation relation, such as the role of activations,
depth, and hidden features on the separation power, as detailed in the following
sections.

5.2.3 The Role of Activations

The following result shows that the choice of the activation function—and its
properties, such as injectivity or monotonicity—is irrelevant to separability, as
long as the activation is non-polynomial.
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Theorem 5.2.5. Let My, ..., My be layer spaces with full bias and let o and T
be continuous activation functions, where o is non-polynomial. Then

p(No(Mi,...,Mg)) € p(N-(My,..., My)).

If 7 is also non-polynomial, equality holds. Thus, non-polynomial activations not
only yield equivalent separability but also achieve mazximal separation power.

Proof. Thanks to Proposition [5.2.1) we can work with zero loci V rather than
with the separation relation p. We prove that non-polynomial activation func-
tions have equivalent separation power by induction on d. If d = 1 then
V(N,(M;y)) = V(M;) which does not depend on o. Now suppose that the
zero locus V(N, (M, ..., Mg_1)) does not depend on o for each sequence of
layer spaces Mi,...,Mgy_1. Then, observing

V(Na(leude)) :ﬂ U ﬂ V(NU(Mh“~aMd727(Md71)ij))a
hk PEV, PEP
i,jeP
we note that V(N (M, ..., My)) is independent of o as indices such as h, k
and 4, j are independent of o, as well as V(N, (M, ..., Mg_o, (Mq_1);j)) is by
inductive hypothesis.
Finally, the first part of Theorem [5.2.5] follows directly from the proof of
Theorem and the last part of Theorem O

While non-polynomiality is sufficient for maximal separation, some polyno-
mial activations may also achieve maximal separation power. Identifying these
polynomials—or simply some of their properties, such as their degree—remains
a complex mathematical problem. For more details, see [62].

5.2.4 The Role of Depth

Depth is a key hyperparameter influencing the separation power of neural spaces.
Theorem [5.2.6] shows that, while adding layers of the same type can initially
enhance separation power, this effect stabilizes after a finite number of layers.

Theorem 5.2.6. Let M; be a layer space with complete bias in Affg(Vi—1,V;)
for each i =1,...,d. Suppose that V,_1 =V}, for some integer 1 < h < d and
that idy, € My. If o is a continuous non-polynomial activation function, then
form <n,

p(NU(M17' .. 7Mh—1aMh7' . athMh—l-h s 7Md)) -
t".
- p(Ng(Ml, .. .7]\4'}171,]\4h7 .. .,M}“Mh+1, .. .,Md)),
—_———
m times

but there exists a repetition threshold R such that for all n,m > R the inclusion
becomes an equality.
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Proof. To prove the first part of the statement, by Lemma it suffices to
show that

Ny(My, ..., M;,...,Myg) C Ny(My, ..., Mi,..., M, ..., My). (5.13)
—_——

n-times

for each n > 1.

By recursion, it suffices to show the inclusion for n = 1 and m = 2. Moreover,
Theorem [5.2.5| implies that it is sufficient to prove this inclusion for a single non-
polynomial o. Therefore, let o be the ReLLU activation function, noting that in
this case 0 oo = o; equivalently

can be written as
@go---0001tdrx; 0G0---00F0 ¢

GNU(Ml,...,Mh,M}“...,Md).

which is an element of, thereby proving the inclusion (5.13)) by Lemma
The final step is to prove the stabilization property. This is achieved by
recalling that, by Proposition and Theorem [5.2.2
V(NG (U(M1),TI(Ms), ..., I(Myg_1), T(My))) =
N U ) YN(RO0), (M), . TI(My_1), T(My))). (5.14)

h,k PEV, ;, PEP
i,jEP

Define

Cp = V(NG (U(M:), TI(M), ..., TI(M;), ..., TI(M;), ..., TI(My_1), T(My)))

n times

for each n € N. Recursively applying (5.14]), both C,, and C,,, can be represented
as unions and intersections of elements in the finite set

C= {V(NU(W(M1)7 H(MQ)v ) H(Mi*1)> (H(M’i)hk?))}h,k:EXi‘
We can reformulate the descending sequence ([5.13) as follows
CC, CC1 S C Gy

which stabilizes due to Lemma [D.2.1] O
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The repetition threshold may vary depending on the model and representa-
tion. For example, k-IGNs, being equivalent to k-WL, have a repetition thresh-
old proportional to that of k-WL itself [77, 4I]. In contrast, the following
proposition shows an example of stabilization after just one repetition.

Proposition 5.2.7. When the hidden representation spaces are regular repre-
sentations, stabilization occurs after one layer repetition. Namely,

PNG(V,RY, .. R RIH)) = p(N(V,RY, RY/H)),

5.2.5 The Role of Intermediate Representations

In this section, we show that if a representation, V can be decomposed as
V'@ V" then the separation power of neural spaces with hidden representation
V reduces to the combined separation power of two distinct neural spaces with
hidden representations V’ and V”. In this section, we present Theorem|[5.2.8 an
additional application of Theorem which demonstrates that the separation
equivalence relation for neural spaces defined on V' is the intersection of those
for neural spaces defined on V' and V”. This implies that by decomposing
each hidden representation V into a sum of minimal factors, the study of the
separation power of general neural spaces can be reduced to analyzing those
defined on minimal representations, as will be explored in Section [5.2.6

For now, we focus on developing the notation necessary to state and prove
Theorem [£.2.8 The structure of our network of interest is as follows:

VWG L gy Sy gy P L Sy, Sy
with n € Ng(Ml, R Md).

To formulate the separation equivalence relation for these networks in terms
of the separation relations of simpler architectures with only V’ and V" as
intermediate representations, we define the projection and immersion maps as
follows.

VeV =V, and /:V =V @V’

Similarly, we can define 7’/ and .. Furthermore, for any G-representation

W, we define
, Affe(W, V' e V")

Affo(W, V)
T, f

%
— wof

and
- Afc(VVae V" W) — Affig(V',W)
' [ fod
Similarly, we define 7}/ and ./*. Let M be a subspace of Aff¢(W, V' @ V"), its
image 7}, (M) is a subspace of Aff (W, V") and
M =7l (M) + =/ (M).
Indeed, each f € M can be expressed as

f=nf+a"f=x.(f)+7!(f)
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identifying V' and V" as subspaces of V. Similarly, for M C Aff¢(V' & V", W),
M = L/*(M) + L//*(M)
Hence, we can write
No(M, .. My) =
No(My, ..., w (M) + ) (M), /* (M) + "™ (Miy1), ..., Mg),

and the problem informally stated above reduces to determining the separa-
tion power of the entire family N, (Mj, ..., My) by understanding the sepa-
ration power of the smaller families N, (My,..., 7" M;,J/*(M;11),...,My) and
No(My,...,7" M, *(M;t1), ..., Mg). This is achieved by the following theo-
rem.

Theorem 5.2.8. Let My, ..., My be layer space with complete bias. With the
notation defined above, we have

p(NO'(Mla . '7Md))
= p(Ng(Ml, ce 77T;(M1'), L/*(Mi+1), . .,Md)) N
p(No (My o (M), " (M), o, Ma) ).

Remark 5.2.9. Let M and N be complete layer spaces respectively in Aff(V, W)
and Aff¢(W,U). Recalling Definition of block spaces, we obtain

MY 2 = Affg(V,W e W) and N2 = Aff¢(W & W,U),
and then

T MY =g/M? =M and NP = /N> =N.
Thus, Theorem [5.2.8] implies

p(NG(My, ..., M2 MZXE, ..., My))
:p(Ng(Ml,...,w;(Milm),L'*(Mi%fll),...,Md)) N
p(Ng(Ml,...,w;’(M}“),L”*(ijf),...,Md))
:p(Na(Ml,...,Mi,MiH,...,Md)) N
p(NU(Ml,...,Mi,MiH,...,Md))

=,0<NG(M1,...,Md)). (5.15)

As a result, applying the above recursively, for arbitrary ki,...,kq_1 in Nsg,
we obtain

(N (I8 A xbs L gl )
p(NO'(Mla . '7Md))'
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Thus, the separability is independent of multiplicity and invariant features in
intermediate representations.

Remark implies the following result on the separation power of univer-
sality classes.

Corollary 5.2.10. For layer spaces My, ..., Mg with complete bias, the sepa-
ration relation of a neural space is the same of the associated universality class.
Namely,

PN, (M, ..., My)) = p(Uy (M, ..., My)).

5.2.6 The Role of Representation Type

Thanks to Theorem [5.2.8] we can focus on studying the separation power of
neural spaces defined on minimal representations. These minimal representa-
tions are of the form R¥, where the group G acts transitively on X. That
is, for any pair of points z,y € X, there exists an element g € G such that
gxr = y. Basic group theory [39] shows that a set with a transitive action is
in bijective correspondence with right cosets G/H for some subgroup H < G,
see Definition Informally, the following theorem allows us to compare
representations induced by transitive actions arising from certain subgroups.
To simplify notation, for the remainder of this manuscript we will often abuse
notation as follows. In the case where M; = Aff¢(V;_1,V;) foreachi=1,...,d,
we write

Ng(Vo,...,Vd) = NU(Ml,...,Md). (516)
Theorem 5.2.11. Let K < H < G be finite groups. We have
PN (V, .. REE W) C p(NL(V,... ,REMH . W).

Proof of Theorem[5.2.11 Write H/K = {h K, ..., hsK}, we have the following
injection
L 1< (5.17)
€gH > ; Zl €gh; K
and projection
e (5.18)
€gK = €gH -
Note that mt = idge/a, indeed,

S

1 1o
mi(egn) = > wlegnx) = 5 > egnn = eqn,
=1

i=1

as gh;H = gH foreachi=1,...,s.
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Consider the following diagram

nV_)i>RG/HU_H>RG/Hi>_>W
WiV — . Ly RO/K TH, ROIK Uy W

From the network n in NV, (V... ,RG/H, ..., W) composed by ¢, 1, and o we
want construct a new representation 7’ defined as follows. Let ¢/ = 1oq,
' =1om, and &’ = 105 om and note that )’ 06’ 0@/ =1pomoroFomoLogp =
1 0 & o ¢. Hence, substituting 1 o 5 o ¢ with 1)’ 05’ 0 ¢’ inside the definition of n
do not change the function, and embeds it into a parameter space with inter-
mediate representation RY/K instead of RE/# . But to prove that 7 is a neural
network, we need to prove that ¢’ is a point-wise activation function for some
real-valued function o”.

If 6 is a point-wise activation associated to o : R — R defined on RE/H we

have that
a( Z agHCgH) = Z o(agm)egn-
gHeG/H gHeEG/H

On the other hand, we have

a'( Z agregr) =10Gom( Z agKegr) =

gKeG/K gKeG/K

L05'( Z aghKegH) =1 Z 0( Z aghK)egH =

gHEG/H gHEG/H ghKegH/K
ghKegH/K

% Yool > agk) D egnk =

gHeG/H ghKegH/K hKcH/K

% Z 0’( Z aghK)egK.

gKeG/K hKeH/K
Note that the map

a E AgKEgK E AghKEgK

gKeG/K hKeH/K

is linear and G-equivariant. In particular, note that ¢’ = “52%, where we

denote the standard point-wise activation induced by o on RE/E a5 0K, to
distinguish it from &, the point-wise activation induced by o but defined on
RE/H Hence, substituting

Yogog

with ~
Ko
o

z//o&/o¢/:'(// O¢l7

S
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we obtain an immersion of  in N, (V... JRE/E W). Hence
NV, REH W) CNL(V,... . RYE W)

and

PN, (V... REE W) C p(N(V,...,REH W),
O

Theorem [5.2.11] implies that neural spaces with minimal representations in
one layer, namely {N, (V... JRG/H W)} r<q, form a separation power hi-
erarchy corresponding to the hierarchy of subgroups of G. In particular, if
H = G, the corresponding representation RS/¢ has minimal separation power.
Furthermore, notice that RG/¢ = R is the trivial representation, and this means
that invariant layers have the lowest separation power. On the other hand, if
H = {e} is the group containing only the identity element, the corresponding
representation R/{¢} has maximal separation power, since {e} is contained in
every subgroup of G. Since RG/{¢} = RE is the regular representation, this im-
plies that the regular representation achieves the maximum separation power. In
general, if K < H, then dim RYH < QimRE/ K, Hence, improving separability
requires working in a larger space, which, aside from ad-hoc optimizations, leads
to additional computational cost. In particular, by applying Theorem [5.2.2
we can prove the following proposition.

Proposition 5.2.12. The neural space N, (V, RY, RG/H) of equivariant shallow
networks with reqular hidden representations identifies inputs if and only if they
belong to the same H-orbit, i.e., (8,8') € p(No(V,RE, REHY)) if and only if
there exists some h € H such that h3 = /3.

This is consistent with the results in [99], which demonstrate that shallow
networks with hidden representation blocks isomorphic to RE are separation-
constrained universal with respect to maximal separation power, as stated in
Theorem 16 of [54].

5.3 Implications on Specific Models

5.3.1 Invariant Graph Networks

Theorem 1 in [77] and Theorem 2 in [41] together imply the following result for
the theory of IGNs. Employing again the convention introduced in (5.16)).

Proposition 5.3.1. There exist d > 0 and a large F' > 0 such that for hidden
feature dimensions f1,..., fq > F, the neural space

No((R®2 @ RP, (RM®F @R, ..., (R")®F @ R', R)

matches the separation power of k-WL.
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However, Remark shows that the dimension of hidden invariant fea-
tures does not affect separation power, strengthening Proposition in the
following corollary.

Corollary 5.3.2. There exist d > 0 such that for any hidden feature dimen-
stons fi,..., fqa > 0, the neural space

N ((RM)®2 @ R (RM)®F @ R, ..., (R™")®* @ R/, R)

matches the separation power of k-WL.

5.3.2 Convolutional Neural Networks

The separation power of circular CNNs is influenced by the width of the filter’s
support.

Proposition 5.3.3. Let C* be the layer space for circular convolutions with
filter size k, as defined in Example[[.2.7 Consider the neural space

k-CNN = N, (C* Aff;, (R™,R)).

This is the space associated with shallow convolutional networks, where the first
layer consists of one filter of size k followed by an output invariant layer. For
n > 2, we have:

p(n-CNN) C p(1-CNN), and  p(n-CNN) C --- C p(2-CNN) C p(1-CNN).



Chapter 6

Shallow Equivariant Networks

In Chapter [5] we presented tools to understand the separation power of equiv-
ariant neural networks. However, the role of equivariant layers in determining
approximation power remains underexplored. Typically, these are composed to
increase the model’s separation capacity, while a universal component—such
as a multilayer perceptron with adjustable width—is appended to approximate
functions within the separation-constrained class. As a result, universality is
achieved only relative to the distinctions introduced by the equivariant back-
bone. However, there is no general theory describing how equivariant layers
themselves contribute to approximation.

To address this gap, we examine the approximation capabilities of equivari-
ant neural networks beyond what is captured by separation constraints alone.
For this purpose, it suffices to focus on invariant architectures, as the core phe-
nomena extend to the equivariant setting. Indeed, projecting the output of
an equivariant model onto the trivial representation yields an invariant net-
work. Accordingly, our analysis of invariant networks provides insight into the
approximation limits of a broad class of equivariant architectures. We begin
by showing that invariant neural networks can be expressed as function that
vanishes on certain differential operators (Section [6.1). This formulation allows
us to derive sufficient conditions under which a shallow invariant network fails
to be universal within the class of separation-constrained continuous functions
(Section [6.1.1)).

Our theory and analysis leads to three key insights. First, remarkably, we
identify network families that possess identical separation power yet differ in
their approximation capabilities—demonstrating that separation alone does not
fully characterize expressivity. In particular, we show that shallow networks
composed of commonly used equivariant layers—such as PointNets and CNNs
with filter width 1—fail to be universal, despite matching the separation power
of permutation-invariant continuous functions (Section . Second, this im-
plies that the only two architectural choices that impact approximation power
are depth and the type of hidden representations, the latter being strongly
influenced by the structure of the symmetry group. Third, we show that a

65
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generalization of the results by [98] produces a broad family of shallow models
that are universal within the separation-constrained function class (Section|[6.3)).
However, these constructions fundamentally rely on the structure of the sym-
metry group. In particular, on the existence of normal subgroups of suitable
size, a condition that is not always met, as is the case for key symmetry groups
such as the permutation group.

We summarize the contributions of this chapter as follows:

e We characterize the universality classes of shallow invariant networks
(Theorem [6.1.2)).

o We establish general sufficient conditions under which universal-
ity fails, even within function classes exhibiting maximal separation

(Theorem and Theorem [6.1.4]).

e Leveraging these results, we construct explicit examples of invari-
ant models that attain maximal separation yet fail to be universal,
demonstrating that separation is not sufficient to guarantee univer-

sality (Proposition [6.2.2)).

o We generalize the results by [98] to a broader family of models (The-

orem °

6.1 Characterization of Universality Classes

In this section, we characterize the universality classes of invariant shallow neu-
ral networks and compare them in particular cases. To this end, we begin by
introducing the notion of a basis map.

Definition 6.1.1 (Basis maps). Let M be a subspace of Aff¢(V,RY), where V
is a permutation representation and Y is a finite G-set of cardinality ¢, which
we identify with [f]. Let ¢!,...,#™ be a basis for the linear part of M, and for
each ¢ € Y, define the linear maps

5 R¥ — R™ 6.1
o (9)(2), . 9 (). '
We refer to the maps ¢1, ..., ¢¢ as the basis maps associated with M or its basis

AN

We now state the central characterization theorem for universality classes in
terms of differential constraints on invariant functions.

Theorem 6.1.2. Let M and N be, respectively, layer spaces with complete
bias in Affg(V,W) and Affg(W,R). Let f be an invariant function, then f
belongs to U, (M, N) if and only if P(01,...,04)f = 0 for every polynomial P
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that vanishes on the spaces spanned by the rows ¢}, ..., ¢™ of each basis map
qsla v 7¢€7 see "
Here, we assume d = dimV, and let P(d1,...,04) denote the constant-

coefficient linear differential operator associated with the polynomial P. The
derivatives 9; on V are interpreted in the distributional sense; see [47] for details.

Although Theorem [6.1.2] provides a complete characterization of the univer-
sality classes for arbitrary families of neural spaces, this generality may come at
the cost of practicality. Indeed, computing the exact set of polynomials P can be
particularly challenging, due to the combinatorial complexity arising from the
intersections of the subspaces spanned by ¢}, ..., #™. Nonetheless, the theorem
is not merely of theoretical interest—it plays a central role in deriving sufficient
conditions for universality failure. These conditions enable a principled com-
parison of the approximation power of distinct model families, as we explore in
the following sections.

6.1.1 Sufficient Conditions for Universality Failure

In this section, we present two sufficient conditions for the failure of separation-
constrained universality. We begin with Theorem[6.1.3] which provides a general—
but more difficult to verify—criterion, followed by Theorem [6.1.4] a less general
version that is simpler to apply, despite its more convoluted appearance.

First, we introduce the notion of a directional derivative. For each vector
¢ = (c1,...,¢,) € R", the directional derivative is defined as the differential
operator D, =c¢1 01 + -+ ¢y, - Op.

Theorem 6.1.3. A continuous function f does not belong to the class Uy (M, N)
if
D¢, -+ De, f#0 (6.2)

for some choice of c,, in ker(¢l) for each basis map ¢1, ..., by

In the case of equivariant networks where each affine layer is allowed to be an
arbitrary equivariant affine map, Theorem [6.1.3] can be strengthened as follows.

Theorem 6.1.4. Let M = Affo(V,W) and N = Affo(W,R), where V and W
are permutation representations. Let ¢1, ..., Qe denote the basis maps associated
with M, see (6.1). Then, the universal class Uy,(M, N) fails to be separation-
constrained universal if, for some choice of:

e integers si,...,80 € {0,..., 0} satisfying s1+ -+ sp = ¢,

o integers ay > £ and a; + £ < a;y1 for eachi=1,...,¢,
e vectors ¢; € ker(¢,') for eachi=1,...,¢,
Let iy,...,i, be the indices such that s;; # 0. The following expression is
nonzero:
a;,! a!
D e (G Cas) ) (Colsi1)2 Co(sitan)2) * (Caems)e - Cet):

Si, ! s; !
oes, "1 tr
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We now apply the tools developed here to investigate the structure of uni-
versality classes and illustrate their heterogeneity. In Section we apply
Theorems and to exhibit concrete examples of failure. In contrast,
Section [6.3] presents Theorem [6.3.2] a generalization of Theorem [£.4:2] which
provides sufficient conditions for achieving separation-constrained universality—
highlighting the diversity of behaviors even within fixed symmetry classes.

6.2 Examples of Failure

In the following proposition, we identify three universality classes associated
with different architectures but with the same separation power.

Proposition 6.2.1. Let C be defined as in Example[].2.7, representing convo-
lutional filters of width 1, let I be the layer space defined as in Fxample
representing invariant circular layers, and let P be the layer space of equivari-
ant affine maps defined in Example . Let S, act on R™ = R™ wig the
standard permutation action, and on R°™ wvia the regular representation. Then
the following universality classes have the same separation power:

p(Us(C, 1)) = p(Us (P, 1)) = p(Us (R",R*", R)).
In the last term we use the notation introduced in ([5.16]).

However, the universality classes appearing in Proposition have the
same separation power but are different, as shown in Proposition [6.2.2

Proposition 6.2.2. As established in Proposition the following spaces
achieve the same separation power, yet differ in their approrimation capabilities
when n > 2:

U, (C,T) € Uy (P, T) S Uy(R", R R).

= =

We will prove the two strict inclusions of Proposition in the following
three paragraphs.

Failure for CNN with filter width 1: We now apply Theorem [6.1.3] to
show that CNNs with filter width 1 cannot approximate the function (x1 +-- -+
x,)" for n > 1, namely (x1+---+2,)" ¢ U,(C,I). Indeed, for any a = 1,...,n,
we have e,y1 € ker(r)) = Span{es,...,éq,...,en}, where a + 1 is modulo n.
Moreover, note that D, = 0q, thus 0y, ---01(x1 + -+ + x,)™ = n! # 0, which
violates in Theorem

Success for PointNet: We now show that shallow PointNets approximate
the polynomial function (z1+- - -+z,)". By Propositionin Appendix
fx1, 21+ +xp)+- -+ f(zn,x1 + - - +2,) belongs to U, (R™, R™, R) for any
f € C(R?). In particular, for f(z,y) := y™ € C(R?), we see that (z;+---+x,)" €
Us;(R™, R™ R). Together with the previous observation, this establishes the first
strict inclusion in Proposition namely U, (C,I) C U,(R",R", R).

Failure for PointNet: We now aim to show that shallow PointNets cannot
approximate the polynomial function x; - - - x,, which is S,,-invariant and there-
fore should, in principle, be approximable in a separation-constrained setting.



6.3. EXAMPLES OF SUCCESS 69

We distinguish two cases: n > 3 and n = 3. Note that for n = 2, the symmetric
group S, is abelian, and universality follows directly from Theorem

We start considering (n > 3). We again employ Theorem to show that
shallow invariant PointNets cannot approximate z; ---z,, and hence neither
CNNs with filter width 1. Indeed, note that the basis maps for Affg (R™,R™)
in this case are given by ¢ (z1,...,2,) = (Ta,21 + -+ + x,). In matrix form,
we write ¢, = [eq, 1]T. We define K, := ker ((bl—) = Span(e; — €;)i j=1,....a,....n-
Then, define the following direction vectors:

C1 ::egfenEKl, Co Z:€37€n€K2,
Cn—3 =€ 2—€y € K3, Ch—2:=€p1— €, € K o,
Cn_1:=¢€, —€y € K, 1, Ccp:=e1 —ey € K.

Explicit computation shows that D, -+ D¢, (x1 - x,) = 2, verifying .
The previous technique does not apply in the case n = 3, for which we must
instead resort to Theorem First, define ¢; :=eg—e3 € K1, co ;= e3—e1 €
Ko, and c3 :=e; — ez € K3. Note that ¢; ; = 0 for each i = 1,2,3. For s; = 2,
sg = 1, and s3 = 0, the polynomial becomes aj(a; — 1)ag - [c31 - c21 - €1,2] =
—ai(a; — 1)ag # 0 by choosing a1, as > 3.

In view of the universality results for PointNet with depth 3 and arbi-
trary widths in both hidden layers by [106], this example highlights how, in
the case of permutation equivariance, depth is crucial for achieving separation-
constrained universality. This contrasts with other settings where universality
can be achieved without relying on depth, as we will describe in the next section.

6.3 Examples of Success

We now present Theorem [6.3.2] a generalization of Theorem [£.4.2] which shows
that a specific class of hidden representations can achieve separation-constrained
universality. These representations arise from cosets of certain subgroups H of
G, which we define as follows:

Definition 6.3.1 (Normal subgroup). A subgroup H is normal if ghg= € H
for each h € H,g € G.

We state the next theorem, again employing the notation introduced in
(5.16)).

Theorem 6.3.2. Let V and Z be permutation representations of a finite group
G, and let H be a normal subgroup of G. Therefore, U, (V, ]RG/H, Z) is separation-
constrained universal.

The converse does not always hold: representations arising from non-normal
subgroups may nevertheless achieve separation-constrained universality, as il-
lustrated in the following remark.
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Remark 6.3.3. Let H be a non-normal subgroup of S,, contained in A,,. Then
Uy (RS /A0 RS0 R) = Uy (RS A0 RSP R) = C5, (RS/A).

All subgroups of an abelian group are normal, whereas S;, has only one non-
trivial normal subgroup, A,,, with |S,,/A,| = 2, yielding hidden representations
that are too small to be effective. We summarize by noting that intermediate
representations built from abelian groups, such as those in standard circular
CNNs, achieve separation-constrained universality. In contrast, architectures
based on permutation representations lack this guarantee, as shown in Propo-
sition



Chapter 7

Deep Equivariant Networks

Chapter [6] suggests a more nuanced landscape for the interaction between sepa-
ration and universality. Indeed, we presented examples of invariant shallow ar-
chitectures with the same separation power but different approximation power,
showing that although separation is a necessary condition for approximation,
it may fail to be a sufficient one. Nevertheless, [124], [95], and [I06] show that
adding fully connected readout layers or increasing the depth of this limited
class of architectures transforms them into universal models up to separation.
This suggests that depth and readout layers may play a crucial role in achieving
separation-constrained universality and, more generally, in efficiently enhancing
approximation power. In this chapter, we shed light on this phenomenon by
investigating the role of depth in separation-constrained universality, both in
the invariant and equivariant regimes, and offer a unified framework that goes
beyond earlier architecture-specific results. The first result presented here is
a separation-constrained universality theorem for invariant networks, showing
that models with fully connected readouts can approximate every continuous
function that is consistent with their separation relation (Section[7.1). We then
turn to the equivariant setting, where a simple example shows that standard
separability is too coarse to characterize universality. With this notion in place,
we prove two separation-constrained universality theorems. These results es-
tablish that deep equivariant networks achieve universality either when depth
is sufficient to stabilize separation or when specific output layers act, in the
equivariant setting, as surrogates of fully connected readouts in the invariant
case (Section . In summary, our results identify depth and readouts as key
factors for universality across broad classes of invariant and equivariant archi-
tectures. They clarify the role of separation in approximation and subsume
earlier results restricted to shallow or architecture-specific settings.
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‘We summarize our main contributions below:

e We establish a separation-constrained universality theorem for in-
variant networks (Theorem , showing that the addition of
a fully connected readout guarantees approximation within the
separation-constrained class.

e We prove two separation-constrained universality theorems for the
fully equivariant case, showing that equivariant networks achieve
universality either once the separation relations stabilize with depth

(Theorem [7.2.1)), or when equipped with specific readout layers
(Theorem [7.2.3))

7.1 Universality of Invariant Neural Networks

In this section, we establish a general result on separation-constrained universal-
ity for invariant neural networks, extending prior works on invariant universality.
In particular, we prove that pathological mismatches between separation power
and approximation power can always be resolved by adding a fully connected
readout layer.

Theorem 7.1.1. Let My,..., My be layer spaces with full bias as defined in
Definition [[.2-9 and let I be a layer space of invariant affine functions. Set

pzp(Z/{U(Ml,...,Md,I)).

Then

Uy (M, ...,Mg,I,L)=C,(V). (7.1)
Proof. Note that by Corollary [5.2.10] the relation p is preserved under the ex-
tension from the neural space N,(My,..., My, I, L) to the universality class

Uy (My, ..., Mg, I,L) and from N, (M, ..., My, T) to Uy(My,..., Mg, I), there-
fore
p=pWNo(My,...,Myg, 1)) = p(Ny(Mn,..., Mg, I,L)).

Hence we get Uy, (M, ..., Mg, I, L) C C,(V) and we only have to prove the oppo-
site inclusion. Given functions fi,..., fn € C(V,R), define their parallelization
as Fh = (fl?' . '7fh): V— Rh? Fh(l') = (fl(x)v . 'afh(‘r))v and set

Ayp, = {no Fnlne C(Rh)} , b= {nth |ne U Ng(Lth,LkX1)}.
kEN
(7.2)
Note that by the universal approximation theorem, A, = A, = Aijl From now
on we will take F = {f5}ren to be a family of functions such that p(F) = p.
We get via a result from the appendix that

CP(V) Lemm%m U Ay, = U A;L (73)

heN heN
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Define

Nuo= | No(MPFr o Myt Raexhy - for each h e N.
Eend+1

Then we can write

Up(My,..., Mg, I, L) = | ] No(MPFr o Myt Ee phaxk prt)
keNd+1

— U Na(Mkal, N .’Mgd—IXkd’Ikdxh)6Na(Lth7LkX1)
%ENdJﬂ

= U {nOf | f €Ny, nE UNU(thk’kal)}

heN keN
Equatlgon @ U .A;l Equatg)n CP(V)
heN

To prove the above inclusion, if fi,..., fn € No(My,..., My, I) then their par-
allelization (f1,..., fn) belongs to A}, by Proposition The last equality
holds because of Equation [7.3 and Corollary [D.4.3] since there exists a family
of networks F = { f, }nhen such that f, € Ny (My,..., My, I) for each h € N and
p(F) = p, and we can use this family to define Aj. O

7.2 Universality of Equivariant Neural Networks

In this section, we extend the previous results to the equivariant setting. We
now state universality results under the more general notion of separability for
arbitrary codomains, and we recall Definition [5.1.4]

Theorem 7.2.1. Let Vy, ...,V be permutation representations of a finite group
G. Let X be a finite G-set and R its associated permutation representation.
Let My, ..., My be layer spaces with full bias in Affq(Vi_1,V;) fori=1,..., f,
and let M be a layer space with full bias in Aff(;(RX, RX) containing the identity
map. Let d be such that

p = p(Z/{a(Ml, Mg, M, ,M)) = p(Z/{U(Ml, Mg, M, ,M)) (7.4)
— —
d times d+1 times
Then,
Uy(My,...,Ms M, ..., M) = C,(Vo, RY).
d+1 ti

In other words, repeating the output layer beyond the separation-stabilization
threshold ensures separation-constrained universality.
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Proof. For brevity, we will prove all subsequent results in terms of U, (M, ..., M)
———

d times
or similar forms. The same results, however, extend verbatim to the more

general setting U, (My,..., My, M, ..., M). Note that
————

d times
U, (M,...,M,C) CU,(M,..., M).
—— S——
d times d-+1 times
Therefore,
p(Us (M, ..., M)) C p(Us(M,...,M,C)) C p(Uy(M,..., M)).
d+1 times d times d times

By hypothesis,

and hence

as well. Then, by Theorem [7.2.3]
Us(M,...,M,C)=C,(V).
———
d times
Since functions realized by neural networks are continuous, it follows that
Uy (M, ..., M) CC,(V).
————
d+1 times

Finally, we observe that

d times d+1 times

which yields the claim. U

Since by Theorem [5.2.6] separation is known to stabilize after a certain
depth, we obtain the following corollary.

Corollary 7.2.2. Assume the notation of Theorem [7.2.1l There exists a nat-
ural number D for which Uy (My,...,M¢, M, ..., M) is separation-constrained
———

d times
universal for each d > D.

In a different direction, we can show that separation-constrained universality
can be achieved when the output layer is a convolutional filter of width 1, with-

out the requirement of sufficient depth as in Theorem [7.2.1] and Corollary
This is formalized as follows.
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Theorem 7.2.3. Let Vy, ...,V be permutation representations of a finite group
G. Let X be a finite G-set and R™ its associated permutation representation.
Let My, ..., My be layer spaces with full bias in Affq(Vi_1,V;) fori=1,..., f,
and let C be a layer space in Affg(RY,RY) of convolutional filters with width
1. Then Uy (M, ..., My, C) =C,(V), where p := p(Uy(My,..., My, C)).

Proof. Recall that
C C Affg(R™,RY).

Thanks to Proposition to prove Theorem [7.2.3] it suffices to show that,
for each x € X,
Ty U (M, ..., M;,C) = Cp, V),

where
Pz = p(”Tz* ucr(Mla .- ~7Mfac))'

Fix x € X, and define P, := 7,«C. Then
e Us (M1, ..., M¢,C) = mpe Us (M, ..., My, mg-C)
=U,(M,..., My, Py)
:Z/{U(Mh'"7Mf—137TI*Mf7L)'

For the second equality, note that

P, =mC
={vem(M+pl) | \peR}
={v—= A (v)+p| A peR}.

For the third equality, recall that the pointwise activation & is defined by

5( Z vmegc) = Z o(vg) eq,

zeX reX

and observe that, for each z € X, we have the commutation relation
OOy =T, 00.
Hence, at the final activation we have
{02 Ao () + 1 | A € R} = {5 Ao(mo(v)) + 4 | A p € R,

and note that, in this way, the final layer becomes the space of arbitrary affine
maps of the real line, namely L. Finally, note that My C Aff¢(V, RX) for some
permutation representation V. Thus, by Remark [D.4.6] we have

Wz*Mf - AHGI(WR),

and therefore m - My is a space of G -invariant affine functions. Thanks to
Theorem [7.1.1] we obtain

g Ug (M1, ..., M§,C) =Us(My,...,My_1,m-My, L) =C, (V),
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where
Px = p(ww* L{U(Ml, .. .,Mf,C)) == p(UU(Mh. .. ,Mffl,ﬂ'I*Mf,L)).
This concludes the proof. O

Note that when C is defined on a one-dimensional space, we have C = L,
and M9 becomes the invariant layer space I. In this case, Theorem [7.2.3]
which is formulated in the equivariant setting, specializes to Theorem [7.1.1}—
the corresponding result in the invariant setting.

At first sight, it may be tempting to compare Theorem [7.2.1] and Theo-
rem|[7.2.3]and conclude that Theorem [7.2.3]is a stronger statement. However, it
is important to note that adding the C layer space at the end does not change
the separation power of the model class, whereas adding a certain number of M
layers may increase it. Theorem explicitly accounts for this effect.

Theorem [7.2.1] and Corollary [7.2.2] may be particularly relevant for their
practical implications: they ensure that maximal expressivity is reached at
finite depth and rule out the possibility of unbounded improvement. Theo-
rem [7.2.3] on the other hand, is instrumental in recovering known results such
as [106]. It also shows that universality stabilization in Theorem[7.2.1]and Corol-
lary [7:2:2] can occur at the same depth as separation stabilization, revealing that
the threshold in Theorem [7.2.1] is not always optimal.

Remark 7.2.4. Thanks to Theorem [7.2.3] we can easily recover the universality
result of [I06]. Namely, U,(C, P,C) = U, (P, P,P) = Cg, (R",R"™). It remains
to verify that 7 N, (C, P,C) separates Stabg, (i)-orbits in R", which follows
directly from Lemma (Appendix .

Note that this shows that the depth threshold required for separation sta-
bility in Theorem [7.2.1] provides a sufficient, but not necessary, condition for
universality. Indeed, p(U,,(V, RG,RG,W)) = p(L{J(V, RG,W)), so separation
has not stabilized, yet separation-constrained universality is already achieved.
However, determining in general when separation stabilization takes place is
a difficult problem. Corollary [7.2.2] guarantees that maximal expressivity is
reached after a finite number of steps and then saturates. This result supports
the intuition that increasing depth enhances expressivity. Less intuitively, it also
shows that beyond a certain threshold, saturation occurs and further increases
in depth no longer affect the universality class.

Remark 7.2.5. Theorem [7.2.3] marks a significant difference between the equiv-
ariant and the invariant cases. Indeed, Proposition shows that

pUs(C, 1)) = p(Us (P, 1)) = p(Cs, (R",R)),
although the corresponding universality classes satisfy
U, (C, 1) CU, (P, I) C Cg, (R",R).

These strict inequalities are proved via a characterization through differential
operators. In the equivariant case, we have

U, (C,C) CU,(P,C) CCg, (R",R"),
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yvet as we showed here, both spaces can be characterized in terms of sepa-
ration, without resorting to the differential operator characterization. Note
that we expect this to be a phenomenon specific to networks with output lay-
ers in Affg(R¥,R¥). Output spaces in Affg(R*,R), or more generally in
Affo(R*,RY), may instead require a characterization in terms of differential
operators for arbitrary finite G-sets Y.
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Chapter 8

Conclusions

We developed a mathematical account of how architectural choices affect ap-
proximation in equivariant neural networks. We focused on permutation rep-
resentations and continuous point-wise activations, which provide a broad yet
tractable framework capturing many widely used models. First, we analyzed
the interaction between point-wise nonlinearities and equivariance, characteriz-
ing when such activations induce non-trivial equivariant nonlinear maps, and
identifying when the resulting hypothesis spaces are non-degenerate. Second,
we studied the separation power for families of equivariant architectures, and we
characterized how hyperparameters and architectural choices affect the ability
to distinguish non-equivalent inputs. Third, we studied universality constrained
by separation, and we showed that separation alone does not fully determine
the set of functions we can approximate. Finally, we establish separation-
constrained universality results for broad architecture families, and we identify
depth and suitable readouts as decisive mechanisms enabling universality within
the separation-constrained regime.

While the framework is broad, the presented work has two main limitations.

e Our analysis is restricted to permutation representations and point-wise
nonlinearities. This excludes large and practically important families
of equivariant models that rely on non-pointwise nonlinearities, such as
tensor-product and gated nonlinearities, norm nonlinearities, or other
equivariant nonlinear constructions [114] [63] 119, [TT8].

e The thesis primarily established universality results, which are asymp-
totic in nature. We do not provide approximation rates quantifying how
approximation error decreases with width, depth, or other architectural
choices. As a consequence, the results do not directly translate into ap-
proximation error bounds for hypothesis spaces used in practice which
have fixed width and depth.

e As anticipated in Section[l.1} universality in the uniform norm is stronger
than what is required to achieve arbitrarily small approximation error.

79
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Therefore, to better match supervised learning practice, the present frame-
work should be extended to the L? norm, or to approximation error mea-
sured by risk functionals induced by losses that are not norms, such as the
cross-entropy loss. A particularly interesting problem is to understand the
role of separation in these settings.

This research line also suggests several directions for advancing beyond approx-
imation theory and for developing frameworks more tightly descriptive of prac-
tices in equivariant deep learning. In particular, in Section we introduced
the following excess risk decomposition.

R(f)=R(f") = (Excess risk)
R(f) — R(f*) (Approximation error)
+ R(f) - R(f). (Learning error)

The learning error can be further decomposed as follows.

R()-R() = (Learning error)
= R(f) =R (Estimation error)
+ R =R (Optimization error)

where we define

ERMg(H) ::argminﬁg(f) and fE arg min ’R(f)
feHr fEERM;s(H)

With this definition, the estimation error corresponds to selecting the best pre-
dictor among the empirical risk minimizers in 7. In the noiseless setting, or
as the sample size tends to infinity, f may coincide with the best-in-class pre-
dictor f. Finally, the optimization error captures the mismatch between the
best predictor among the empirical risk minimizers and the model actually se-
lected by the training algorithm A, such as gradient descent or its stochastic
and adaptive counterparts. We recap below some open problems and future di-
rections to better understand the role that equivariance may play in estimation
and optimization error.

e Estimation Error: A natural next step is to develop a general theory
to shed light on the generalization properties of the models studied in
the presented framework and why those models, if matched with properly
biased data, generalize better. In particular, current efforts in equivari-
ant machine learning literature only involve sample complexity measures

INote that this definition is not the standard one, in which f is simply chosen as an element
of ERMg(H). However, in the interpolation regime, R(f) may depend on the particular choice
of f, so the estimation error R(f) — R(f) is not well-defined. To address this issue in a simple
way, we adopt this naive definition, selecting a population-risk minimizer among empirical risk
minimizers. Alternative approaches exist in the literature, often based on canonical selectors
on H, or by defining the estimation error to subsume the entire learning error, see [52, [103},[45].
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such as Rademacher complexity and VC dimension [8, [32], or worst-case
generalization gaps [102] [129] which are notoriously not adequate to de-
scribe the generalization phenomena of models in the interpolation regime
[126, [10].

e Optimization Error: The previous observations raise questions about
the optimization dynamics of neural networks and the presence of implicit
bias due to optimization. Current accounts of this problem form a land-
scape that remains incomplete and heterogeneous, even in the simple case
of fully connected neural networks. The optimization dynamics are only
understood in restricted cases such as deep linear networks [103}, 20], diag-
onal linear networks [88], the large-width regime [71], or the kernel regime
[51], which remain far from the models employed in practice [108] 107, T09].
Of particular interest, the presence of symmetries in weight space seems
to affect the learning dynamics and, in turn, training [128 [127], suggest-
ing that non-identifiability can be a benign feature of training [76]. Other
approaches to the study of optimization dynamics are model-agnostic and
focus solely on the dynamics [IT], B]. In addition, another part of the
literature highlights the importance of the loss landscape, showing that
implicit regularization occurs even when the optimization algorithm is not
gradient-based [23] [I, 87]. Regarding equivariant architectures, equivari-
ant versions of neural tangent kernels have been proposed [§1], but only for
networks with regular hidden representations, and hence without address-
ing the separation constraint. Interesting differences between standard
neural networks and some specific equivariant ones in the loss landscape
have been shown by [123]. In the deep linear case, [48] showed that the
implicit bias of gradient descent differs between standard convolutional
networks and fully connected networks.

This is only a small portion of what remains poorly understood regarding the
role of architectural choices in neural networks and their effect on performance.
The work presented in this manuscript is barely sufficient to scratch the surface
of this problem.
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Appendix A

Basic Notions on
Commutative Algebra

For a general introduction to commutative algebra, we refer to (author?) [4].
Here, we recall the notation necessary to prove Theorem [6.1.2] [6.1.3| and [6.1.4]
Let R[zy,...,x,] denote the set of polynomials in the variables x1,..., .

Definition A.0.1 (Ideal). An ideal T of R[xy,...,2,] is a subset such that, if
fel, thenp- felforevery p € Rlxy,...,z,]. If X CR", we define

I(X)={f €eR[z1,...,x,] | f(x) =0V2x € X}.

Definition A.0.2 (Product of Ideals). Let I, J C R[z1, ..., x,] be ideals. Their
product I - J, or simply IJ, is the ideal defined by

IJ:{kagk|fk€~779k€J7T€N}~

k=1

Definition A.0.3 (Generators of an Ideal). Let R = R[x1,...,z,] be the set
of polynomial and let fi,..., f,, € R. The ideal generated by fi,..., fmn is the

Set m
(fl,...7f7n) = {thfz | hi € R} .

i=1

We say that f1,..., fi, are generators of the ideal.

Proposition A.0.4. If X is a linear subspace of R"™ such that its orthogonal
complement X+ is spanned by vectors v, ..., vq, then

I(X)=(v] -x,...,v0) ).

Proof. Indeed,
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To prove the reverse inclusion, observe that—up to a change of coordinates—we
may assume v;-x = x; for i = 1,...,d. In this case, any polynomial f(z) € Z(X)
can be written as

fl@)=ai(x)zy + - + ag(x)zq + b(x),

where a;(z) € R[zy,...,z,] foreachi =1,...,d, and b(x) is a polynomial whose
monomials do not involve the variables x1, ..., zq4.

Now, since f vanisheson X = {z € R" : 1 = --- = x4 = 0}, it must be that
b(xz) = 0 identically. Therefore, f(z) lies in the ideal generated by x1,..., x4,
completing the proof. O

Remark A.0.5. The following are either standard results or direct consequences
of the observations above:

e The intersection and the product of ideals are themselves ideals.
e I(XjU---UXy) =Z(X)N---NI(Xy).

o If X, ..., X, are linear subspaces of R", then Z(X) - - - Z(X,) is generated
by polynomials of the form (v{ -x)--- (v, -z), where vy,. .., v, are vectors

respectively in Xi-, ... ,Xj-.



Appendix B

Basic Notions on Ridge
Functions

In this section, we present results on the theory of superpositions of generalized
ridge functions. A detailed exposition can be found in (author?) [91].

Definition B.0.1 (Superpositions of Generalized Ridge Functions). Given a
linear map ¢ : R — Rd, a generalized ridge functions is an element in

M(g)={feo|fec®)} co®).
Given Q) C Rdxn, a superposition of generalized ridge functions is an element in
M(Q) = Span{foqb | f €CRY), ¢ € Q}
If Q is finite, say Q = {; }ic1, we may write
M(Q) = M(¢i)ier = {33 =Y fiogi(x)| fi € C(Rd)} ;
iel
or simply write M(é1,...,¢;) when Q = {¢1,..., P}

To facilitate our exposition, we introduce the following auxiliary notation.
Let A € R¥™ be matrix, and write it as

ai
A=

where a;s are the rows of A. Define

L(A) :=Span{ay,...,aq} .
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Let Q C R¥™ be a finite set of matrices. Define
L) := | J L(A).
AeQ

In the following, we will use the following fundamental result (see [91], p.
65).

Theorem B.0.2. Let Q = {A;,..., A} € R¥™" be a finite set of matrices.
Then

M(Q) = ML) = M(L(A1) U~ UL(A,)).
We can characterize the previous sets using the following notions.

Definition B.0.3. Given 2 C R", define the ideal of polynomials vanishing on
Q as
Z(Q) ;== {p € Rlz1,..., 2] | p(x) = 0Vz € Q},

and then, define
C(Q):={peRlxy,....z,] | ¢(D)p=0Vq € Z(Q)}.

Theorem B.0.4 (Theorem 6.9 of [91]). In the topology of uniform convergence
on compact subsets

M(Q) = C(Q).

‘We can compare the closure of spaces of superposition thanks to the following
theorem.

Theorem B.0.5. Let Q and Q' be two subsets of R™ closed under scalar mul-
tiplication. If C(Q2) C C(§Y), then C(Q2) C C(€Y) in topology of uniform conver-
gence on compact sets.

Proof. It C(2) C C(§Y') then there exist p’ € C(€') and ¢ € Z(£2) such that
¢(D)-p' =0, Vg € ()

and

q(D)-p' #0
for each p € C(Q). Note that ¢(D) is a continuous operator in the space of
tempered distributions and C'(Q2) C ker ¢(D). Since ker ¢(D) is a closed subspace
by Lemma then C(Q2) C kerq(D) while p’ ¢ kerg(D), concluding the
proof. O

Lemma B.0.6. Let (pn)nen be a sequence of polynomials in d variables, each
of arbitrary degree, that converges uniformly on compact subsets to a polynomial
p. Let P(01,...,0q) be a linear differential operator with constant coefficients,
that is, P is a polynomial in d variables. If

P(d1,...,0q)pn =0 foralln €N,

then
P(al,...,ad)pzo.
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Proof. Define:
(f,9) = - f(x)g(x)da.

Let ¢ be a smooth function with support on a compact K. We know:

(P @) — (P, 9),

for n — oco. Let Q(d4,...,04) be the adjoint operator of P(d1,...,04). This
operator is still a linear differential operator when defined on smooth functions

with compact support. In particular, Q(1,...,04)¢ is still a smooth function
with support on K. Moreover,
<pn7 Q(ah ceey ad)¢> = _<P(al7 LR 6d)p’ﬂﬂ ¢> =0 (B1>

for each n. Due to convergence on compacts and knowing that the support of
Q(01,...,04)¢ is K, we obtain

<pnaQ(ala"'aad)¢> - <p7Q(617"'7ad)¢>3 (BQ)
for n — oo. Thanks to Eq. e we get:

(p,Q(01,...,0a)p) = 0.

Finally,
<P(817 cee 7ad)p, ¢> = _<p7 Q(al, e 7ad)¢)> =0.

Since ¢ is an arbitrary smooth function with compact support, we get

<P(ala"'aad)pa¢> =0

for each ¢ with compact support. For the fundamental theorem of calculus of
variations, P (01, ...,04)p is identically zero. O
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Appendix C

Basic Notions on Functional
Equations

In this section, we introduce key results from the theory of functional equations
that are necessary to prove Theorem A functional equation, by definition,
is an identity involving unknown functions as variables, and common examples
include differential and integral equations [58]. Here, we are particularly inter-
ested in the class of linear functional equations, which we explore in greater
detail in the following section.

C.1 Linear Functional Equations

Linear functions equations are functional equations which, for given a; € R and
b; € RY, are defined by

> aio(bix) =0 (vz € RY).
1=1

In particular, Theorem[C.1.1]is a fundamental tool in the proof of Theorem [3.1.3]
since it characterizes the set of parameters b1, ..., b, for which the specific case
of linear functional equation in is always satisfied for a non-polynomial o
and arbitrary ay,...,a, € R.

Theorem C.1.1. Let 0 : R — R be a non-polynomial continuous function and
ai,...,an € R. Let P be a partition of [n] and define

U={Q<P|) a;=0VYP € Q}.

ieP

The set B of elements b= (by,...,b,) € R™™ which satisfy

Z Zaia(bi ST+ yp> =0 (Vx €R"Vy = (yp)pep € RP> (C.1)

PePicP

89
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s

A 00) [b5, = = by Wi, i} € Q) (C.2)
Qev
Equivalently,
QeWv PeQ
i,jEP

For arbitrary continuous functions o, it is only true that the set defined in (C.2))
is contained in B.

To prove Theorem [C.1.1] we first need to prove some auxiliary results. The-
orem stated below, is a reformulation of Theorem 2.27 in [62] adapted
here to the context of continuous real functions for convenience. For further
discussion, refer to Appendix

Theorem C.1.2. Let aq,...,a, non-null real values, and let by,...,b, € R™
be distinct real vectors. Continuous solutions 0 : R — R of
Zaia(bi cx+ y) =0 (Vz € R™Vy € R) (C.3)

are polynomial.

Moreover, to prove Theorem [C.I.1] the following notions and auxiliary re-
sults are required.

Definition C.1.3. Let b= (by,...,b,) € R"™™ the identity pattern of b is the
coarser partition P of [n] such that b; = b, for each 4,5 € P and P € P.

Theorem C.1.4. Let o : R — R be a non-polynomial continuous function, and
ai,...,an € R. Then b= (by,...,b,) € R™™™ satisfies

zn:aia(bi “x+ y) =0 (Vz € R"Vy € R) (C.4)
i=1

if and only if Y, pa; = 0 for each P in the identity pattern of b.

Proof. Let Py, ..., P, bethe parts in the identity pattern of b such that Zz‘er a; # 0,
define a’; = ), p, @i then we can rewrite the equation in 1) as

j
q
Za}a(b} cx+ y) =0,
j=1

where, for each j = 1,...,q, the value of b;- is set to the value of the b;s for
¢ € P;, which are all equal to each other. Since the a; are non-null and b;- are

distinct, by Theorem o have to be polynomial which is impossible. To
prove the opposite implication, let P be the identity pattern of b and write

iaio(bi~x+y> = Z Zam(bi-x—l—y) = Z (ZaZ)U(bi-x—i—y),

PePicP PeP i€eP

where the last equality is possible because b; = b; for each i,j5 € P. O
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Remark C.1.5. Note that the second implication of Theorem holds for
any o, including polynomial functions.

This theorem gives the following corollary, which is the one actually needed
to prove Theorem [C.1.1]

Corollary C.1.6. Let o0 : R — R be a non-polynomial continuous function and
a,...,a, € R. Let P, be the set of all partition of [n] and define

®={PeP,|Y a;=0YPecP}

i€EP
The set B of elements b= (by,...,b,) € R"*™ satisfying (C.4) is
U A1, ) [bs, = - = by, W{in,.. ik} € P (C.5)

Pco
Or equivalently,

B=J () {r,....bn) | bi —b; = 0}.

Pe® PP
i,jEP

For arbitrary continuous functions o, it is only true that the set defined in (C.5|)

is contained in B.

Proof. Define

B = | J{(b1,....bn) | bi, = -~ =b;, Vir,... ir} € P}.
Pecd

By Theorem b satisfies (C.4)) if and only if )7, pa; = 0 for each P in
the identity pattern of b. Thus, B C B’. To prove the opposite inclusion, note

that if b = (by,...,b,) € B’ then there exist P € ® such that b has identity

pattern P, then, as ) ;. p a; = 0 for each P € P, (C.4) is verified. Finally, note
that this implication holds for any o by Remark [C.1.5] proving the last claim

in Corollary O
Proof of Theorem[C-1.1l Notice that the problem
S Zaio(bi x+ yp) =0 (\m € R™Vy = (yp)pep € RP) (C.6)
PePieP
is equivalent to
3 Zam(bi o+ yp +g) —0 (w cR™Vy c RPVj € R)
PePicP

through the change of variables yp — yp + ¢ for each P € P. This problem is
in turn equivalent to

- (b . 5 b)) = 7 m P\ .
;ala(bz x+y> 0 (v:ceR R vyeR) (C.7)
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due to the following change of variables

b — <b’) foriGP,andch( v >,
ep ypep

where {ep}pcp is the canonical base of R”. Corollary implies that the
solution to (C.7) is

U A, 00) [ by, =+ =bi, Vin,...,ix} € Q). (C.8)
Qed
Note that b;, = --- = b;, if and only if b;, = --- = b;, and {iy,...,ix} C P for
some P € P if and only if b;; =--- =b;, and {i1,...,ix} € Q for some Q < P.

Recall the definitions

?={QeP,|> a;=0YPecQland U={Q<P|> a;=0VP e Q}.

ieP ieP
Noting that ¥ = {Q € ® | @ < P}, equation (C.8) implies that the solutions of
(C.6]) are
U Ay, b0) [ b3, =+ = b, V{in,... ik} € Q).
Qev

The final claim follows directly from the concluding statement in Corol-

lary [C1.6] U
Remark C.1.7. In Theorem the union

U @1 b0) [0, =+ = by, Vin,...,ix} € Q) (C.9)

Qev
has redundancies. Indeed, {(b1,...,bs) | by = -+ = b, Vi1,... ik} € Q} is
contained in {(by1,...,by) | by = -+ = b;, Vi1,...,ix} € R} for each Q <R
finer partitions of P. Hence, the set defined by (C.9)) is the same as

U {1 b0) [ 3y = = by, V{in,... ik} € Q}

Qevw’

where U’ is the subset of ¥ containing only the minimal partitions with respect
to the refinement ordering.

C.2 Generalized Polynomials in the Continuous
Case

In Appendix [C:I} we employ Theorem [C.1.2] a reformulation of Theorem 2.27
in [62], adapted here for convenience to the context of continuous real functions.
In particular, the original version of this theorem proves that arbitrary complex
functions satisfying are generalized polynomials, defined as follows.
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Definition C.2.1. A function ¢ : C — C is a generalized monomial function if
there exist a symmetric function F : C" — C additive in each of its variables,
such that o(z) = F(z,...,z) for each € C. A function o : C — C is a gen-
eralized polynomial if it is a finite sum of generalized monomials, we say that a
generalized polynomial ¢ is real if o is real and there exists a symmetric function
F : C" — R additive in each of its variables, such that o(x) = F(z,...,z) for
each z € R.

Trivially, since complex functions satisfying are generalized polynomi-
als, any real solutions are real generalized polynomials.

To conclude the proof of Theorem it remains to show that continuous
real generalized polynomials are simply real polynomial functions, as shown by

Proposition [C.2.2]

Proposition C.2.2. A real continuous generalized polynomial is a real polyno-
mial function.

Proof. The proof of Theorem [C:2:2] will be analogous to the proof of the classical
proof that any continuous real additive function is linear, see Theorem 1.1 in
[58].

First, we show that real generalized monomials are monomial functions on
rational numbers.

Indeed, suppose first that f is a real generalized monomial and let F :
R™ — R be the symmetric function additive in each variable and such that
f(z) = F(x,...,x) for each z € R. Note that for each r € N,

F(ay,...,rxiy .. xp) = F(y, .. 2+ + Xy oy Ty) =

F(ay, ooy yxn) -+ Floy, .o miy oy xn) = 1F (X1, 00 Xy ooy X))

(C.10)
Note that F(z1,...,2;-1,0,211,...,2,) = 0, indeed
F(gjl?'"azi—lvoaxi-‘rla"'vxn) =
F(Z‘l,...,xi_1,0+0,£i+1,...,$n) = (C].].)

F(mlw"ami71707wi+17"'7xn) +F(xlw-~axi71707xi+17'~-7mn)

Eliminating a term F(z1,...,2;-1,0,2;41,. .., Z,) from both the sides of (C.11)),
we get the required result.

Furthermore, F(x1,...,x;,...,2p) = —F(x1,...,—%;,...,x,). Indeed,
F(zy,...,ziy . xn) + F(xr, o0y —x4y .o oyxn) = F(T1, ..o, 2 — X4y ooy xy) = 0.
(C.12)

Equations (C.10)) and (C.12)) yields
F(xy,...,rxiy ..y xn) = rF (1,00 Xy X)) (C.13)

for each r € Z. Note that by substituting rx; = y;, we obtain

1
F(wl,...7yi,...,xn):rF(gcl,...7;yi,...,xn)
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Equivalently,
1 1
F(xl,...,;yi,...,xn) = ;F(ml,...,yi,...,mn) (C.14)
Equations (C.13]) and (C.14) prove
F(z,...,rz,...,x) =7F(z,...,x) (C.15)

for each r € Q. Hence,
fre) = F(re,...,re) =r"F(x,...,z) = r" f(z).
for each r € Q. In particular set x =1 and f(1) = c € R,
F(r) = (1) = e,

Hence, a real generalized monomial is a monomial on Q.

Finally, we can prove the general case where f is a real generalized polyno-
mial. Recalling that real generalized polynomials are sums of real generalized
monomials, they are sums of real monomial functions on @@, namely polynomial
functions on Q.

We conclude by noting that, since f is continuous, it extends as a polynomial
function on R due to continuity. O



Appendix D

Proofs

D.1 Equivariant Activations
Thanks to these observations we can prove Corollary

Proof. Let us study SO(3) x S,-equivariant linear layers. Irreducible represen-
tations of SO(3) x S,, are the tensor products of irreducible representations of
SO(3) and S,, as shown above. The natural action of SO(3) on R? is an irre-
ducible representation and admissible irreducible representations are invariant,
i.e., the trivial action of SO(3) on R. Hence, the fist layer of an SO(3) x Sy-
equivariant network processing a geometric graph will be a linear layer from a
direct sum of R* @S> to a direct sum of R®@S#, where S* and S* indicate ir-
reducible representations for S,,. But, due to Schur’s Lemma, the only possible
linear layer would be the null one, i.e., a layer without trainable parameters. [J

D.1.1 Proof of the Stabilization Lemma

For convenience we restate Lemma |3.1.2

Lemma D.1.1. The group of matrices M’ = M(F(M)) is the largest group in
GL,(R) for which F(M') = F(M), and F' = F(M(F)) is the largest family
of functions in C(R) for which M(F') = M(F).

In what follows we state and prove some results necessary for the proof of
Lemma The proof of the next lemma is trivial.

Lemma D.1.2. The two following statements are true.

1. For each group of matrices M1, My C M(F(My)) and for each family
of functions F1, F1 C F(M(F1)),

2. For each inclusion My C Ms of groups of matrices, F(Mz) C F(My),
similarly, for families of activations F1 C Fa, M(F3) C M(F1).

95
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Lemma D.1.3. For each family of functions F1, M(F1) = M(F(M(F1))).
For each group of matrices My, F(My) = F(M(F(My))).

Proof. We prove the equality My, M(F;) = M(F(M(F))) first by proving
My, M(F1) € M(F(M(F1))), then we prove the opposite inclusion.

Substituting M; with M(F7) in the first point of Lemma we get
M(F1) € M(F(M(F1)))-

To prove the opposite inclusion, substitute Fo = F(M(F1)) in the sec-
ond point of Lemma we obtain M(F(M(F1))) € M(F1). Implying
M(F1) = M(F(M(F1))). In a similar way, we can prove the other equal-
ity. U

We are now ready to prove Lemma [3.1.2]

Proof. We only prove the first equality as the second have an analogous proof.
By Lemma we know that F(M') = F(M). Then, for each S C GL,(R)
such that F(S) = F(M), we know that S C M(F(S)) by Lemma
Moreover, S C M(F(S)) = M(F(M)) = M’'. Hence each S C GL,(R) such
that F(S) = F(M) we have S C M’, therefore M' = M(F(M)) is the largest
group in GL,,(R) such that F(M') = F(M). O

D.1.2 Proof of the Main Theorem

We can now state our main result, which shows that, under mild assumptions,
there are only a very limited number of maximal groups (or equivalently, of
maximal function classes). Moreover, for each of these we provide the exact
correspondence between M and F, thus providing an exhaustive classification
of all possible admissible pairs of M and F.

A class of functions fundamental for the understating of what follows will be
T-equivariant functions which we define as follows.

Definition D.1.4. Let T be a multiplicative subgroup of R. We say that
a continuous function f is T-equivariant if f(tz) = tf(z) for each t € T and
x € R. We write Fr to indicate the set of all continuous T-equivariant functions.

Note that if T = (b™) ez, the notion of T-equivariance reduces to the notion
of (b)-equivariance provided in Section Similarly, for T" = (+b"),ez and
(£b)-equivariance.

We are now ready to state Theorem one of the two key results fun-
damental to prove Theorem In particular, Theorem characterizes
admissible pairs indexing them as the multiplicative subgroups of R but does
not provide a constructive description of their families of activation functions,
this description is given by Proposition 2.2.5] In what follows we will write R,,
for the set of all unit row invertible matrices.

Theorem D.1.5. Mazimal admissible pairs for T = T (M) are
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o (M,Aff(R,R)) for each group of non-monomial matrices M in R, (R)
and (GL,(R),Hom(R,R)) if T is dense,

o (M, (T),Fr) otherwise.

Let us denote R* as the set of non-zero reals and note that it is a multiplica-
tive group. In the following, we will use the following characterization of the
multiplicative subgroups of R* that we need to prove Proposition m

To prove Theorem we need to state and prove the two following lem-
mas. The main ideas behind their proofs are primarily due to [121].

Lemma D.1.6. Define the multiplicative group T(M) = (3 ,csMij + S C
[n], M € M, € [n])\{0} and folz) = f(x)—f(O) Note that f is M-equivariant if
and only if fo is M-equivariant and fo(0) is a M-invariant vector. In particular,
if f is M-equivariant then fo is T (M)-equivariant and f(0) =0 or M CR,,.

Proof. Note that f(MJ;) = Mf(gp:) for each x € R™ if and only if fo(Mz) =
f(Mz) — f(M0) = Mf(x) — Mf(0) = M fo(x) for each z € R"™ if and only
if fo(Mz) = Mfo(z) for each € R™ and M fy(0) = fo(0). In particular,
Mf(0) = f(0) if and only if M1f(0) = 1f(0), where 1 is the vector with all
ones, if and only if f(0) =0 or M € R,,. For each S C [n] and each x € R
we have that fo(3_;cq Mrjx) = 3 ;c5 Myjfo(x) for each r € [n], hence fo is
T (M)-equivariant as fo(M;x) = M;fo(x) for each x € R and ¢ = 1,2 then
fo(MlMQJZ) = MlMQf()(]Z). ]

Lemma D.1.7. Let T = T(M) be a non-dense subset of R*. Then F(M)
contains non-affine functions if and only if matrices in M are T-monomial.

Proof. (=) For each f € F(M), fo = f — f(0) is T-equivariant and fy is M-
equivariant by Lemma[D.T.6] Suppose M contains a matrix M which fails to be
T-monomial, without loss of generality we may assume My; = t1 and My =t
not zero. Hence, fy is additive. Indeed, for each x1, x5 € R, we have that

folz1 +x9) = (fo(M(t7 z1er +t5  waen)), e1) =

(M fo(t; ' zrer + 5 ' waes), e1) = t1 fo(ty 'z1) + tafo(ty 'w2) = fo(z1) + fo(2)

Therefore f; is linear, being both additive and continuous, this implies f to be
affine which contradicts the hypothesis.

(<) If M contains only T-monomial matrices, it is easy to check that each T-
equivariant function induces an equivariant activation, which are not all affine

by Lemma [2:2.8] O

Now we are ready to present the proof of Theorem For convenience
in what follows we will write as P,,, the group of n X n permutation matrices.

Proof. We will study which are the groups of matrices M such that 7 (M) =
T as T varies between subgroups of R*. If T is a dense subgroup of R*,

Lemma and Lemma implies F(M) = AR(R,R) if M C R, or
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F(M) = Hom(R,R) otherwise. In those cases, M(Aff(R,R)) C R,(R) and
M(Hom(R,R)) = GL,(R). For dense T, Lemma implies that admissi-
ble maximal pairs are (M C R,,, Aff(R,R)) and (GL,(R), Hom(R,R)), whose
family of activations only contains affine functions.

If T is non-dense and non-trivial, by Lemma [D.I.7] we have two cases: if
F (M) only contains affine functions we reduce to the maximal admissible pairs
(M C R,(R), Aff(R,R)) and (GL,,(R), Hom(R,R)), otherwise, due to Lemma
M < M, (T) and F(M) = Fr by Lemma[D.1.6|and M(Fr) = M, (T)
because the inclusion M,,(T') € M(Fr) is obvious and if M(Fr) contains non-
monomial matrices, Lemma [D.1.7] would contradict Fr containing non-affine
functions.

Applying Lemma[3.1.2] we get the admissible maximal pairs (M,,(T), Fr).
Finally, if T is trivial, M = P,, hence we obtain the maximal admissible pair
(Pn,C(R)) as verifying F(P,) = C(R) is trivial and Lemma implies
M(C(R)) = My ({1}) = Pn. O

We are now ready to prove Theorem [3.1.3]

Proof. Theorem classifies admissible pairs whose relevant families of acti-
vations are Fp where T varies on the multiplicative subgroups of R. Thanks to
the complete classification of T-equivariant functions, Fr, provided by Proposi-
tion [2:2.5] we can substitute them with their concrete counterparts enumerated
in the statement. O

In what follows we restate Theorem [3.1.4) and prove it.

Theorem D.1.8. Let G be a compact group and let us restrict to families
of activations containing some non-affine functions. The only two mazimal
admissible pairs up to isomorphism of groups of matrices are

o Continuous functions and permutation matrices,

e Odd continuous functions and signed permutation matrices.

Proof. At first, we want to prove that each admissible representation of G is
isomorphic either to a permutation representation or to a sign-permutation rep-
resentation. We split the proof into two parts. In the first part, G is represented
by non-negative monomial matrices and, in the second, G is represented by ar-
bitrary monomial matrices. Thanks to Theorem [3.1.3] those two cases covers all
the admissible cases for families of activations containing at least one non-affine
function.

By [36], each bounded non-negative group of matrices is isomorphic to a per-
mutation group of matrices by a positive scaling of basis. Hence, the image of
a compact group in M, (T) with T C R< can be written as a group of permu-
tation matrices after a positive scaling of basis. Hence, all the considered group
of matrices are isomorphic to P, therefore reducing to the pair (P,,C(R)).

Now consider T' an arbitrary non-dense multiplicative subgroup of R. Each
monomial matrix can be written as the product SDP, where S is a diagonal
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matrix containing only +1, D a positive diagonal matrix, and P is a permuta-
tion matrix. Consider the map ¢ : SDP — DP. Note that ¢ is a continuous
group homomorphism and that its image is a compact group of non-negative
matrices. Indeed, ¢ is just the absolute value function defined on all the ele-
ments of the matrices, hence it is continuous. Then, let Sy D1 P, and Sy D5 P,
be two monomial matrices as before, where P, and P, are permutation ma-
trices respectively representing permutations ¢ and 7. Then their composition
S1D1PyS2Do Py = S10(S2)D1 P, Dy Py where o(S2) is the diagonal matrix ob-
tained by permuting the diagonal elements through o, i.e. o(S2) = PLSy Py,
which commutes with D; being both diagonal matrices. This proves that ¢ is
an homomorphism.

For what we proved at the beginning of the proof, there exists a positive
scaling, represented by a positive diagonal matrix B, such that BDPB~! = P/
is a permutation matrix for each DP in the image of ¢. Note that for each
SDP, after scaling by B, we obtain BSDPB~! = SBDPB~! = SP’ a signed
permutation matrix. This is true because S and B commute being both diagonal
matrices. Hence, all the considered groups of matrices are isomorphic to the
group of signed permutation matrices, therefore, therefore reducing to the pair
of odd continuous functions and signed permutation matrices.

Now that we have proven that there are only two isomorphism classes of
admissible representations for G, we want to show that there is only one rep-
resentation in each class with maximal family of activation functions. Let M
be the image of a positive monomial matrices representation of G. By Lemma
each admissible group of matrices M’ isomorphic to M commutes with
F(M'") = Fr for some T. The maximal family Fr is C(R) and it happens when
T = (1) and M’ are permutation matrices. Note that the isomorphism between
M and some group of permutation matrices is always possible as shown at the
beginning of this proof. An analogous argument applies to groups of arbitrary
monomial matrices.

We conclude by noticing that in general permutation representations and
signed-permutation representations are not isomorphic, e.g. the trivial repre-
sentation and the sign representation of .S,,. This proves that the two presented
pairs are in general disjoint. O

Note that compactness is a required condition. Indeed, given b > 1, consider
the following one-dimensional representation representation p : Z — GL1(R) =
R* such that p(n)z = b"x. The image p(Z) is not bounded and hence is not com-
pact. This means that p cannot be isomorphic to a permutation representation
whose image is compact.

D.2 Separation Constraints

D.2.1 The Role of Depth

Lemma D.2.1. Let C = {C4,...,Cq} be a finite collection of sets. The follow-
g statements are true:
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o Let Cy={CyyU---UC;, |1<i1,...,5 <d, r €N} be the collection of
unions of a finite number of sets in C. Then Cy, is finite.

o Let Coh={CyN---NC;, | 1<i1,...,5 <d, r €N} be the collection of
intersections of a finite number of sets in C. Then Cn is finite.

o Let C the smaller collection containing C which is closed by intersection
and union. Then C = (Cn)u = (Cu)n and, in particular, is finite.

In particular, ascending and descending sequences of inclusions in C stabilize.

Proof. To prove the first point, it is sufficient to note that duplicates in the
expression C;, U---UC;, can be removed. Therefore, the cardinality of Cy is
bounded by the number of possible tuples i, ...,4, which are 2¢. The proof of
the second point is analogous.

By the distributive property of intersections with respect to unions we obtain
that each element in C can be written as

(CZ-Mﬂ~~ﬂC¢1‘d1)U~'U(CZ- ﬂ~-~ﬂCiT’dr).

1

Hence, C = (Ch)u. Similarly, using the distributive property of unions with
respect to intersections, we get C = (Cy)n. In particular, C is finite as Cy and,
hence, (Cy)n are finite. O

The repetition threshold may vary depending on the model and representa-
tion. For example, k-IGNs, being equivalent to k-WL, have a repetition thresh-
old proportional to that of k-WL itself [77,41]. In contrast, the Proposition|[5.2.7]
demonstrates an example of stabilization after just one repetition.

Proof of Proposition[5.2.7. From previous observations, we know that
oM (VRS R RO/MY) C (N, (V.RE,RE/M)). (D)

Note that the family of equivariant continuous functions Cq(V,R/#) cannot
separate H-orbits in V. Indeed, for each f € Cq(V,RE/H), f(hv) = hf(v) =
f(v) for each h € H. Hence, Proposition implies that N (V, RG,RG/H)
has the finer separation power between families of functions in Cg(V, RE/H ).
This implies equality in , concluding the proof. O

D.2.2 The Role of Intermediate Representations

Proof of Theorem @ For space constraints, given a map ¢, we write its par-
allelization II(¢) as ¢. Note that

Yop=1pod.
Indeed, $0 & = (6,8) o (,¢) = (o1, 609) = dod, and &1/ = /5 and

on’ = «'&. Similarly, for 7”7 and /”.
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Furthermore, (v/ + ) o (7' + ) = (V' + (") o (7' + 7'") since

(V4" o (7 +7") = idyigyr = (idy: © Oy ) + (Oyr @ idy)
= (L’ o7r’) + (l,” o7r”) = (FOF) + (WOF)
=+ o (n'+7").

We now need to prove that

(W + ") 6 (') + 7)) = (Y + ") 6 (7' + 7). (D.2)
Indeed,
(¢Ll + ’L/)L")& (ﬂ./¢ + 7T"¢)) — EO (L’ 4 L”)&(T(’ 4 7.‘.//) o&
=Yoo+ ) +7")obp=1po(/ + ) +7")o5d
=Yoo (W + e +7")d =W/ + )& (n'p+1"9).

Hence, thanks to (D.2)),

No(My,...,Mq_1,M}) =
No(My, ..., (M) + (M), (Mig1) 4+ ™ (M), -, Mg—1, Mg) =
Ng(ﬂl, ce ,Wi(Mi) + Wi/(Mi), L/*(MiJrl) + L//*(Mi+1)7 e ,Mdfl, Mcll)

By Theorem [5.2.2] and the previous observations, we can limit to study spaces
of the type

No(My, .. wl (M) + m (M), (* (M) + ¢ (Mig1) )uw) =
NU(Mh ce 77r=/k (Mz) + Wi/(Mi)v (L/*(Mi+1))uv)+
No(My, ... wl(M;) 4w/ (M), (" (Mit1)),,)

thanks to the linearity of the map ¢ — (¢)y,. Note that

No(My, . ml (M) (M), (V% (Mig1))) = No (M, .., 7l (M), (0 (Mit1)),,,)

as ' ot = 0 and both projections and immersions commute with activations.

From Lemma we get

VNG (M, .. ml (M) + (M), (0 (Mig) + 0 (Mig1)Juo)) =
= V(N’U(Ml, ey 7'1'5K (Mi)7 (Ll*(Mi+1))uv) n V(NO-(Ml, N 77T>/.</(Mi)7 (I,N* (Mi""l))uv)'

Combining all the above results, we conclude the proof of the theorem. O

D.2.3 The Role of Representation Type

We are now going to develop the tools to prove Proposition [5.2.1
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Lemma D.2.2. Let M = Aff¢(V,RY), then
V(Mu,v) = V(Mv—lu,e) = V(Muv—l,e)'
Moreover, (B,5') € V(M) if and only if g8 = 3.

Proof. Let V.= Vi @ --- ® V, where V; = R®/%i for each i = 1,...,s. By
Proposition [4.1.11] and setting H = {e}, we know that

Homg (V,RY) = Homg (R RY) @ - .- @ (RY/ K RY)

is generated by functions Ry k, 7q/k, for each g;K; € G/K,; for each i =
1,...,s, and mg/ g, is the projection of V onto V; = RE/Ki | Moreover,

(RgiKi TG/K; (5))u = (Rgim 7rG/IQ( Z ﬁkKiekKi))u = uiii‘ﬂugif(i'

kK €G/K;
For each g € G, we have that
V(M) =
{881 (Rox 7)) = Ry, mey,(8) = 0¥ivgiki € G/K. ) =
{(B,8) | Bugir: = Brgire, = 0ViVg: Ki € G/K; } =
{(B,8) v up =5}

In particular, we have that V(M) = V(M,-1,..). Hence, (8,8") € V(M)

if and only if g8 = 5.
Finally, in a similar way, we are able to observe that V(M ) = V(M -1 .)-
U

Proof of Proposition[5.2.13 In what follows we have to consider G U G, to dis-
tinguish the two distinct copies of G, we denote G’ as the second copy of G and,
and when g is an element of G, we will indicate as g’ the analogous element in
G
Define
M = U(Aff¢(V,RY))

and
N = T(Aff¢(RS, RE/H)) C Homg (R @ RS, RE/H).

Proposition implies
p(NL(V,RY R)) = V(N,(M,N)).

Note that N = (Rpq — RH/9>Hg€H\G where functions Ry, are defined as

1 ifsckg 'H,
R p—
( Hg (ek)> sH {0 otherwise.
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An element Q in ¥y o5 is a partition of G U G’, where for each P € Q the
intersection PNsHglLisH’g have the same number of elements in sHg and sH'g.
Due to Remark we can just consider ¥/, g,si containing the partitions of
G U G’ whose only parts are P = {u,v} for u € sHg and v € sH'g, otherwise
P is a singleton not containing elements in sHg or sH'g.

Hence, by Theorem [5.2.2

YN, N)= (U (| V(M) (D.3)

Hg,sH Q€W {uv}€Q

If we prove that for each Hg and sH

U ﬂ V(My) = U V(Mp,e)- (D.4)

QE‘I’}{Q)SH {u,v}eQ heH

then we are done. Indeed, thanks to Lemma (B,8") € Upen V(Mp ) if
and only if there exists some h € H such that h5 = 3’. Moreover, does
not depend on Hg and sH then the outer intersection in is trivial.

Now to prove , we first show that

U N VM) € [ V(M)

Qe‘p}{g,sH {u,v}€Q heH
Note that if {u,v} € Q and u,v € sHg, then, by Lemma
V(MU,U) = V(Mshg,sh’g) = V(Mhh’—l,e)~

Therefore,

(| V(Muw) SV(Myy) C (| V(M)
{u,v}eQ heH

The right-hand side is independent of Q then the union on each Q in W4,
of sets on the left-hand side proves the searched inclusion.

To prove the opposite inclusion, for each h define Py, € ¥/, g.sH s the parti-
tion containing the sets {ghts, gts} for each t € H and the remaining singletons.
Then, note that, by Lemma [D-2.2]

ﬂ V(Mghts,gts) = V(Mh,e)'
{ghts,gts}EPy

Hence,
U V(Mh,e) = U ﬂ V(Mghts,gts) - U ﬂ V(Mu,v)
heH heH {ghts,gts}EPy, QG\I/’HQYSH {u,v}eQ

This concludes the proof.
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D.2.4 Implications on Specific Models

Lemma D.2.3. An element (o, ) € p(1-CNN) if and only if there exist a
permutation of o € Sy, such that a; = B, for each i =1,...,n.

Proof. Write [n] U [n]’ = {1,...,n,1’,...,n'}, and notice that Affz (R",R) =
(L) — 1j)r), hence ¥’ as defined in Remark is composed by partitions Q
of [n] U [n] such that

Q={{ij'}lienl,je}

Recall C' = (idga g o). Note that (a,8) € V(M} ;) = (idgn g o) if and only
if a; = B;. Moreover, for a given Q in W', we have (a,3) € [, ;o V(Cij) if
and only if, given the bijection o : [n] — [n]" associating i to j', a; = B,(;) for
eachi=1,...,n.

Notice that, by Theorem

(a, ) € p(N(C, Aflz, (R, R)) = | (1) V()

Qev i j'eQ

which is equivalent at saying that there exist a permutation of o € .S,, such that
a; = Py foreach i =1,...,n. O

Proof of Proposition[5.3.3 Note that p(1-CNN) can be characterized by apply-
ing Lemma as follows: (a, ) € p(1-CNN) if and only if there exists a
permutation o € S, such that a; = f,(;) for each i = 1,...,n. In contrast,
Proposition shows that (a,3) € p(N,(C™, Affz, (R",R))) if and only if
there exists an element g € Z,, such that a; = 8;1 ¢ (mod n) foreach i =1,... n.
Notice that for n > 1, Z,, < Sy, hence p(n-CNN) C p(1-CNN), as desired. The
proof of the chain of inclusions

p(n-CNN) C --- C p(2-CNN) C p(1-CNN)

is a direct consequence of Lemmal[D.2.4]since: 1-CNN C 2-CNN C --- C n-CNN.
O

D.2.5 Technical Lemmas

In what follows, let C, D and F be families of functions in C(X, V), where X is
a topological space and V a real vector space.

Lemma D.2.4. IfC C D, then p(D) C p(C).

Lemma D.2.5. Let C and D be two families of real-valued functions such
that each of them contains at least a constant function. The equivalence rela-
tions induced by their separation condition are linked by the following conditions

p(C+D) = p(CUD) = p(C) N p(D).
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Proof. Let us prove the first equality. Let ¢ be the constant function in D.
Hence p(C+ D) C p(C+c) = p(C) C p(C)Up(D). To prove the inverse inclusion,
suppose there exists a function f either in C or D separating = and y. Without
loss of generality, suppose f € C, f + ¢ € C+ D would be separating = and y.
This conclude the proof of the first equality. The proof of the second equality
follows from the definition of p. Indeed,

p(CUD) ={(z.y) € X x X | f(@) = f(y) ¥f € CUD}.
~{@yexxx |vrec f@) =1}
n{@ynexxx | veD, f@)= 1)}
= p(C) N p(D).
O

Remark D.2.6. Note that, with slight modifications to the proofs, analogous
results to all previous lemmas can be derived by substituting p with V.

Lemma D.2.7. If F; is a set spanning a null-bias space My, then
V(NG (M, ..., Mg)) = VN, (M, ...,My_1,Fa)).
Proof. Trivially,
Ny (M, ...,Myg_1,Faq)) SN, (M,...,My)).
For the zero-locus analogous of Lemma [D.2.4]
V(NG (M, ...,Mg)) C VN, (M, ...,My_1,Fa)).

To prove the opposite inclusion, write Fq = {¢1,...,ds} and note that each
neural network n? in N (M, ..., My) can be written as

77d = (x1¢1 +---+$s¢s)05°77d_1 = g:l(qbl o&ond_l) +"'+$s(¢s°50nd_l),

for some x1,...,2, € R and n9=1 € N (My,..., My ).
Moreover, note that

piogon?t e No(My,...,My_1,Faq),

foreachi=1,...,s.
If g e V(NU(ML .. -’Md—17fd))7 then

n?(B) = x1(prodon™ )+ +ay(ps050n") =0.

Thus,
V(NG'(Mla .. -7Md717]:d)) g V(NG'(Mlu .. '7Md))7

completing the proof. O
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D.3 Shallow Equivariant Networks

In this section we will concentrate on a particular subset of superpositions of
ridge functions, namely, the symmetric ones.

Definition D.3.1 (Symmetric Superpositions). Let ¢1,...,¢p : R" — R be
linear maps. We define symmetric superpositions of ridge functions as follows:

A1 100) = {a fodr(@) +--+ fose| f € CRYY.

Proposition D.3.2. The family of functions approzimated by Uy (M, N) coin-
cides with the class A(¢1, ..., ¢¢), where ¢1,. .., ¢ are the basis maps associate
to M.

Proof of Proposition[D.-3.2. In the general setting, write the linear parts of M
and N respectively as A(M) = Span {¢,...,¢™} and A\(N) = Span {z — 1" -z }.
Elements in M'*" can be represented as affine maps x — Bz + ¢ where B and
¢ have the following block representations

biad' 4+ 4 by md™ c 1l
B = : and c¢=| :
bh,1¢1 +-+ bh,77L¢m cp 1

While elements in N"*! can be represented as affine maps = — Ax + d where

de R and
al]lt

A= :
ap, ]lt
Denote by ¢/ the projection of the i-th component of the function ¢/. We can
write elements n € N, (Mh Nhx1) ag

n(x) = Ao(Bx +¢) = ZCLJZJ<ZZ)N¢ —|—c]>

=1 €Y t=1

for some a;, b+, c; € R. But note that

x) = Zaj 2.7 (ij o —i—cj) = (D.5)

j:l t=1
h
SN a0 (Zw +cj> S @), 67 (@) (D.6)
i€y j=1 i€y

where

h m
C(yh o 7yl) = ZCL]‘O' (Z bj,tyt + Cj)

j=1 t=1
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is a standard multilayer perceptron in Ng(Rl, Rh, R). Since, the the multilayer
perceptron is universal, thanks to (D.5)) we can approximate any superposition
in A(¢1,...,¢). Thus, we have

A((blv’ . ‘7¢l) - uo’(MvN)
On the other hand, by (D.5),
U No (M NP € A, ..., ).
heN
It follows that their closures coincide, which concludes the proof. O
Let M be a vector space of affine maps such that A\(M) = Span {qbl, A ¢m},
and let N be the set of invariant affine maps. Denote p = p(Ny(M, N)). We

denote by {{z1,...,2,}} the multiset of elements x1,...,x,. We have the
following proposition.

Proposition D.3.3. With the notation defined above, we have (z,y) € p(Ny(M,N)) =
p(U, (M, N)) if and only if

{{or(@), .. 0e(@)}} = {1 (v) -, De(¥)}},
where we identify Y with [€], which inherits its G-set structure from'Y , and the
maps ¢; are those defined in (6.1)).
Proof. By the combination of Proposition and Theorem 8 in [84], we have
PN, (M,N)) = p(U,(M,N) = p(A(¢1,...,¢¢)). Thus, it suffices to verify this
property for A(¢q,...,¢¢). Note that if  and y satisfy

{{or1(@), ... de(@)}} = {1 (v), - -, De(¥)}},
then, for each F' € A(¢y,...,d¢), we have

F(z)=fodi(z)+ -+ foge(x)=fodi(y)+ -+ fooely) = F(y).
On the other hand, if

{{o1(2),. -, Pe(@)}} # {{D1(y), -, De(y)}},

then we have two possibilities: either there exists an ¢ such that ¢;(x) # ¢;(y),
or there exists a value v such that the number of indices ¢ with ¢;(x) = v
(denoted s) differs from the number of indices i with ¢;(y) = v (denoted ¢). In
the first case, we can choose an interpolating function f that does not vanish
at ¢;(x) and is zero on the other values in consideration. In this case,

Fz)=fo¢i(x)+ -+ fodu(x) #0=fodi(y) + -+ fodely) = F(y).

In the other case, we can similarly chose a function f nonzero on v and zero on
all the other values in consideration. In this case,

F(z)=fo¢i(x) + -+ fodu(x)
=sf(y)#tf()
=fogi(y)+ -+ foduly) =F(y).
This concludes the proof. O



108 APPENDIX D. PROOEFS

Proposition follows directly from Proposition

Proof of Proposition[6.2.1 Note that, by Theorem[4.4.2] p(U,(C,I)) = Cs, (R")
and thus has maximal separation power in the context of permutation invari-
ance; that is, it separates two points if and only if they lie in the same .S,,-orbit.
Note that the basis maps associated to C are e ,...,e,}. Hence, by Proposi-

yn

tion (z,y) € p(U,(C,I)) if and only if {{z1,...,zn}} = {{y1,---,un}}
This holds if and only if z and y lie in the same Sy-orbit. Thus, U,(C,I) also

has maximal separation power, and hence
plUs (R",RE, R)) = pUy (C, ).

Since
U, (C,I) CU,(R",R",R) C U,(R",RY R),

it follows that
p(Us (R",RE, R)) C p(Uy (R",R", R)) C pUs(C", ).
Therefore, all inclusions must be equalities. O

Proof of Theorem[6.1.7} By Proposition [D:3.3] separation-constrained univer-
sality is equivalent to the ability to approximate any function of the form

F(¢1,...,0¢), where F is continuous and Sy-invariant.
Recall that the basis maps are defined as
$i = (07r-- > O")-

Let W = RY for some finite G-set Y. Since M = Aff¢(V,R"), we can, for
a suitable choice of basis, select elements «; € Y such that ¢} = e; for each
i=1,...,0

In particular, the function

F:z— G(el—lx, . .,e;r[x),

for some G : R® — R, is one that should be approximable under separation
constraints.
Specifically, we define G as the symmetrization of the monomial

M(zxq,...,x¢) =" -z},

that is,

G(Z‘l,...,xg) = Z M(l‘g(l),...,l’g(g)).
oeSy

Now, observe that if
Dcl o 'DCgM 7é 0)

then
D, ---D.,G#0
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for any choice of ¢; € ker¢; for some i = 1,...,¢. Therefore, F' cannot be
approximated by (J, o No (M1Xh, Nh>1),

This follows because the differential operator D, - - - D., reduces the degree
of each monomial in G by at most /. Thanks to the hypothesis a; + ¢ < a;41
for each ¢ = 1,...,¢, and a; > ¢, all resulting monomials in D, --- D.,G have
distinct multidegrees. In particular, D, - - - D, M, being one of these monomials
and being nonzero, implies that D., --- D,.,G is itself nontrivial.

This proves that if D, ---D., M # 0, then the function F' cannot be ap-
proximated by ey No (Mn,n N).

By direct computation, the coefficients of the monomials of multidegree (a; —
S1y.--,G¢ — 8¢) in D¢, -+- D¢, M are given by

ai,!  ag!
e =5 (Co1),1 7 Cosi) 1) (Colsit1),2 77 Cositsa),2) * (Coemsy)o Cop)-

Siq- S,
oESy
where s1,...,80€{0,...,4},s14+---+s,=~¢and iy,...,i. are the indices such
that s;; # 0.

If at least one of these coefficients is nonzero, then D, - -- D, F' is nontrivial

and thus cannot be approximated by ey No (Mp,n N). O

Proof of Theorem[6.3.9 Define V, W, and ¢ : V. — W as in Corollary [D.3.5
which states that

N, (V,REH @R 7) = 1* N,(W,RYH @R, Z)

for each h € N.

Since H is normal in G, the quotient G/H is a group and the action of
H on W is trivial, W is a G/H-representation, and we have the identification
CacW,Z) =Cq/ua(W, Z).

From [98], it is known that shallow equivariant neural networks with the
regular representation as input are universal approximators. In this case,

U No(W, R @ R", 2)
heN
is universal in Cq(W, Z) = Cq/u(W, Z).
Furthermore, the pullback map ¢* : C(V, Z) — C(W, Z) is a continuous linear
operator. Hence,

U N (VR @R, 2) = | ] v* No(W,RYH @ R", Z)
heN heN

— <U N,(W,REH g R, Z))

heN

L* (U N, (W, RE/H ®Rh,Z)>

heN
Lt (Cc;/H(VV, Z)) =" (Cg(VV, Z)) .
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Therefore, the left-hand side is equivariant-universal as well. Finally, observe
that *(Ce(W, Z)) is an algebra of functions containing the constants, so it is
separation-constrained universal by the Stone—Weierstrass theorem. O

Proof of Theorem[6.1.2 Note that

M((blw"?(bf) :M(¢17---7¢Z)

for basis maps ¢1,..., ¢y and 91,..., 1, such that

Span{¢1, LMY= Span{qpl7 VS

since
L(¢i) = L(1s)
for each : = 1,...,¢. In particular,
M(f1,. - 00) = M1, 9e) .
Thus, it suffices to restrict to a specific basis ¢', ..., ¢™ chosen as follows.

Consider the decomposition
Homg (R*,RY) 2 Homg(RY,R*) @ - - - @ Homg (R™,R"),

and construct a basis of A(M) by choosing, for each ¢ = 1,...,r, a basis of
Homg (RY,RY"), and embedding it in Homg(R™,RY) via the canonical inclu-
sion induced by the direct sum decomposition. In particular, there exists a
partition

yu---UZ. = [m]

such that '
Span{¢’} ez, = Homg(R™, RY)

for each i = 1,...,r, where each Homg(R™,RY?) is viewed as embedded in
Homg (R, RY). Equivalently, for each j € Z; there exists 1/ € Homg(R™,RY?)
such that 4 '
¢ (x)=(0,...,0, ¢/ (z) ,0,...,0). (D.7)
i-th block

With this notation in place, we now prove that

M1, 00 = A(¢r, ..., ).

Let R : C(R™) — C(R™)% be the Reynolds operator, namely

geG

For each F' € M(¢1,...,d¢), write F(z) = Zf;:l fro@r(x) for some continuous
fi, ..., fe. Moreover, since ¢',...,¢™ are G-equivariant, the induced G-action
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permutes the corresponding family of coordinate maps. More precisely, for each
g € G and each index k we have

Or(gr) = ¢g-1.5() for all .

Indeed, using equivariance of each ¢7,

(ok(g2), ..., 01 (92)) = (98" k(). - ... (90" k()
= (¢p14(@),. ., 001 4 (),

for each k =1,...,¢. Then

R(F)(x) |G|Z ZkaW% gx).

geG geGk 1
ED3) WRT
geG k=1
Next, group together indices belonging to the same block. For each ¢ =1,...,r,

let m; : R™ — R'%l be the coordinate projection induced by the partition
[m]=ZyU---UZ,. That is,

7T1‘(Zl, ey Zm) = (zj)jEIr

In particular, for each x we have

7Ti(¢;1z(x)a---7¢2n($)) = (¢{1<x))jeli = ( ;L(x))jel
Define
i: |G| ZfJOT(“ and H(yl,...,yT) IZZFi(yi)'
JEL; i=1

Then, using the block form in [D.7]

Zz.fko(bgk

gEGk 1

=D Fiou

i=1 jeI;

:iZHo@

i=1 j€T;

L
Jj=1
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The right-hand side is a sum of terms of the form Zle H o ¢;, hence it belongs
to A(é1,...,¢¢). Moreover, the preceding regrouping shows that R(F') can be
written in this form, so R(F') € A(¢1, ..., d¢). Therefore,

M1, 80)% CA(dr,..., ).

Conversely, since A(¢1, ..., ¢¢) is G-invariant by construction, we have

A1y, 00)% = Ab1,-. . b)) C M(1,. .., be).

Combining the two inclusions yields

M(1,...,00)% = A(b1, ..., b0).

Finally, if f is an invariant function, then by Theorem [B.0.4]and Theorem [D.3.2]
we have

feUs(M,N) <= [fe€Al¢r,..., ).
= feM(Pr,...,00) = [EC(d1,...,P).
> P(d,...,0,)f =0 foreach P €T (L(¢1)U---UL(¢p)).
This concludes the proof. O

Proof of Theorem[6.1.3 The final part of the proof of Theorem [6.1.2] implies
that if f € U, (M, N), then for any P € Z(L(¢1)U---UL(¢p¢)), P(O1,...,0.)f =
0. By Remark we know

Z(L(¢1) U--- U L(¢p)) = Z(L(¢1)) N -+ NI(L(e)) 2 T(L(1)) - - - Z(L (b))

For any a = 1,...,/ and arbitrary c, € ker ¢}, note that for

Cat € Z(L(da)).
Hence,
(e] @)~ (¢/ ) € T(L(¢1)) - - - T(L(0))-

Whose associated differential operator can be written as D, - -- D.,. Therefore,
D01 o 'DCef = 07

concluding the proof. O

Lemma D.3.4. Let H be normal subgroup of G and K an arbitrary subgroup
of G. Consider the standard immersion map

v RE/HK _ RO/E
as the standard injection induced by the subgroup inclusion K < KH. We define

the pullback map
C(RYX, Z) — C(RY/MK, 7)

f—=fou

T

for any G-representation Z.
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Proof. Note that .* Homg(RE/X RYH) C Homg(RE/HE RE/H) since o* is
linear and preserves equivariance. Moreover, since ¢ is injective, the induced
map ¢* is surjective.

Now, assume that H is normal. Then,

dim Homg (RS K R/H) = |H\G/K| = |H\G/HK| = dim Homg (RE/H#E RE/H),

This equality of dimensions, together with the inclusion and surjectivity above,
implies that ¢* is an isomorphism of vector spaces. In particular,

/* Homg (R RE/H) = Homg (RE/HE RE/H),
O

Corollary D.3.5. LetV = RE/ K1 ... @R Ka gpgd define W = RE/EH gy
RE/ Kl  Consider the standard immersion map ¢ : W — V as the standard in-
jection defined component by component and induced by the subgroup inclusion
K; < K;H fori=1,...,d. We define the pullback map

.V, 2) = (W, 2)
fr=fou

for any G-representation Z. Then
N, (V,REH @R Z) = 1* N, (W,RE/H @ R", 7),
for any G-representation Z.

Proof. By the properties of representation homomorphisms under direct sums,
we have

Homg(V,R%/# @ R") = Homg (RG/Kl @ .. @RE/Ke RG/H g Rh)
d
= @) Homg (RY/ 5 RO/ H &N,
=1
By the definition of ¢ and Lemma [D.3:4] it follows that
* Homg (V,R¥# @ R") = Home (W, R/ H o R")
for each h € N. Consequently,
Ao (V,REH @ R?) = Affq(W,RE/H @ R")

for every h € N as well.
Therefore, for any G-representation Z, we obtain

N, (V,REH @R Z) = 1* N, (W,REH @ R", 7)),

since ¢ is precomposed with the input in the first layer. O



114 APPENDIX D. PROOEFS

D.4 Deep Equivariant Networks

D.4.1 Universality in the Invariant Case

Definition D.4.1. Let My,..., My be layer spaces. Let B; be bases for the
layer space M;, and define
MIQ := Spang B;

for each ¢ = 1,...,d. Define rational neural spaces as follows:
NLO(My, .o, My) i= Ny (MY, ..., MD).
Note that NUQ(Ml, ..., My) depends on the choice of the bases By, ..., Bgy.

Lemma D.4.2. In the notation of Definition[D.].1]
PNy (My, ..., My)) = p(N,YUM,, ..., My)).
Therefore, p(/\/(,(Q*)(Ml7 ..., My)) does not depend on the choice of By, ..., Bq.

Proof of Lemma[D-Z.3 By the continuity of the parametrization map and the
density of M2 in M,. O

Lemma implies the following corollary.

Corollary D.4.3. Let My,..., My be layer spaces with complete bias. There
exists a countable family of F = {fn}tnen C Ny(My, ..., My) such that

p(]:) = p(Ng'(M17 ceey Md))

Lemma D.4.4. Let V. = R with its usual topology and let p be a closed
equivalence relation on V. For a family F = {fu}nen of continuous maps
fn 1 V= R™ such that p(F) = p. Then the set

A= {A(fl,...,fn)|K : Aec((Rm)",R)}

n>1

is dense in C,(V). Or equivalently, for every h € C,(V) there exist ny T oo and
Ap, € C((R™)™ R) such that An, (f1,--, fn,) = h.

Proof of Lemma[D4.4 For © € V set F(z) := (fn(z))nen. Fix a compact
K C V. Since each f,, is continuous, F (K) is compact in the product V. Note
that p = {(z,y) € V2 : F(z) = F(y)}, so that the map ¢ : K/p — F(K)
defined by ¢([z]) := F(z) is well defined. Furthermore ¢ is continuous and
bijective, and since K/p is compact Hausdorff and F(K) is Hausdorff, ¢ is a
homeomorphism. Hence every h € C,(K) factors uniquely as

h:Hoﬁ|K forauniqueHEC(ﬁ(K),R).
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Let 7, : (R™)N — (R™)" be the projection onto the first n coordinates.

Note that
A= U {Aown’ﬁ(K) : AeC((R™)™,R) }

n>1

Then A is a sub-algebra of C (I3 (K)) containing constants. We next prove that
A separates points. Indeed, if y,3’ € ﬁ(K) with y # 3/, then there exists
J with y; # y;-; define the continuous scalar function p : R™ — R such as
p(u) = (u, y; — y;), and note that p(y;) # p(y;) and choose A € C((R™)")
given by A(z1,...,%;,...) := p(z;). This function A lies in A and satisfies
(Aomj)(y) # (Aom;)(y') as desired. Now we may use the Stone-Weierstrass
theorem, which gives that A = C(F(K)) in the uniform norm, concluding the
proof. O

D.4.2 From Invariance to Equivariance

In this section, we study equivariant functions by reducing the problem to the
analysis of particular invariant functions, thereby extending the previous re-
sults. The tools used for this reduction are suitable projections onto output
coordinates, together with reconstruction maps that allow us to recover the en-
tire function from a single projection. For the sake of presentation, we begin
by considering the case where G acts transitively on X. Let z € X, and let G,
denote the stabilizer of . Let 7, : R* — R be the linear projection on the z-th
coordinate in R¥. We obtain the pushforward map of 7, defined as

Ca(V,RY) = Cq, (V)
[ mpof

Let ¢1,...,9: be a transversal for G/G,, that is, a choice of representatives
for classes in G/G,. We define the reconstruction map as

. Ca, (V) = Ca(V,RY)
e [v = 22:1 f(gflv)egiw} .

Proposition D.4.5. If the action of G on X is transitive, then reconstruction
map 0 is a well-defined, continuous linear operator such that

(i) o 003 =ideg, (v),
(’LZ) 9; O TMpx = idCG(V,RX)‘

Proof. Choosing a different representative for each g; means choosing an element
g; - h for an arbitrary h € G,. For f € Cg, (V), the G -invariance of f implies

f((gi-h)" ) = f(h™" - g7 ) = fg; ).

Then ey, ne = €g,o since h € G;. As a consequence, the choice of representatives
91 ---,g¢ does not affect 0%(f). Next, we prove that 6%(f) is G-equivariant:
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indeed, for g € G we have

t
05(£)(gv) = > (9 9v) €gia
i=1
t
= Z f(g;lv) €g-lgia
i=1
t
=g- Zf(gi_lv) €gix
i=
=g-0.(f)(v).
where in the second equality we use the fact that ¢~ 'g1,...,g g is another

transversal for G/G,. These observations prove that 0} is well-defined. It
is continuous and linear since it is the composition of continuous and linear
functions. We can choose g1 = e, in which case the a-th coefficient in 0%(f)(v)
is simply f(v), proving (i). To prove (ii), notice that for x € X, the set g1, ..., 9:
is a transversal of G/G,, if and only if g1z, ..., gz is the G-orbit of x. Thus for
cach f € C(V,R*) we can write

flv) = Zﬂgia:f(v)egiz- (D.8)

Now for f € Cq(V,RX), we can conclude (ii) as follows:
¢
Omes f(v) = Zﬂwf<gflv> €g;x
i=1
¢
= Zﬂ'x (gi_l : f(U)) Cgix
i=1

t
= Z ngmf(’l}) €gix
=1
Equati:on m f(’U) )

O

Proposition[D.4.5|says that 7, is a linear homeomorphism, hence, a function
class A is dense in C(V, RY) if and only if 7, (A) is. This means that we can
restrict ourselves to the study of function families of type 7.« (A'), which are
similar to the study conducted in Section [£.4]

Proof of Proposition[5.1.2 The claim follows directly from Proposition
applying 7, yields one inclusion, while the reconstruction map yields the other.
O
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Remark D.4.6 (Linear case). In particular, in the affine case we obtain,

Affg(V,RY) — Affg, (V,R)
fr—myof.

Note that characterizing Aff, (V,R) reduces to computing V&=, If V = R" for
a finite G-set Y, then we just need to compute the orbits of G, on Y.

The previous observations extend, with minor modifications, to the non-
transitive case, which we address next. Let X =Y; U--- U Y, be the decompo-
sition of X into G-orbits. For each i =1,...,s, denote by mpy; : RX — RY the
standard projection. Consider the maps

Ca(V,RY) = Co(V,RM) @ --- @ Ca(V,RY)

P : fe (mpyi fon .. TRva f),

and
Ca(V,R"M) @ @ Cq(V,RY*) = Cq(V,RY)

(fiy.o s fs)— [x»—) (fl(x),...,fs(x))].

Note that ® is a homeomorphism onto its image. Let x1,...,xs be points with
x; € Y;. Then, for each i =1,...,s, we have

A

Tor Ca(V,RY) = 140 Co(V,RY).
Moreover, for each i =1,...,s,
Co(V,RY) =03 m: Ca(V,RY) =Cq,, (V,R).

Therefore, understanding Ce(V,R™) reduces to understanding Ca,,(V,R) for
each i = 1,...,s, and then reconstructing Cg(V, RX) via 0y ,...,0; and V.
In particular, since we focus on closed linear subspaces U C Cq(V, RX ), it is

enough to study the subspaces m,:U for i = 1,..., s, namely universality classes
of invariant neural networks.

Proposition D.4.7. The following equality is true:

Us(C,..,C) ={(z1, ... mn) = (f21),. ., f2n)) | f € C(R)} C Cs, (R™,R™).

d times

(D.9)

Proof of Proposition[D.7.7 We start by considering the case d = 2 and then
study the more general neural space N, (C1h Ch*F).

Recall A\(C) = Span {z + idgx - x}. Elements in C*" can be represented as
affine maps x — Bz + ¢ where B and ¢ have the following block representations

by id c11
B = : and c= | :
bh id Ch]].
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While elements in C"* can be represented as affine maps = — Az + d where

d € R and
ar1 - idRX s ai.h idRX

ag.1 - ide e 2% ide

where A = [a; ;] € RF*",

Given i € X and s = 1,...,h, we can write elements § € N, (C*" ChF) as
h
0s.i(z) = Ao(Bx +¢) = Zasﬁja (bjx; +¢j)
j=1

for some a;, b, c; € R. But note that

h
0,.i(x) = Z as,;0 (bjzi + ¢) = E4(x) (D.10)

where

h
Es(y) = Zas,jo (bjy + Cj) :
j=1

That is, £ € N, (Rm,Rh,Rk). In other words, taking the limit as h — oo and
setting £ = 1, we obtain the proof of the theorem for the case d = 2. For d > 2,
it suffices to note that the composition of spaces of the type N, (C1" Ch*Fk)
again yields elements of the same type. This concludes the proof. O

D.4.3 Universality in the Equivariant Case

Lemma D.4.8. Let X,Y,Z be metric spaces, and let G C C(X,Y) and F C
C(Y,Z). The following identities hold.

p(GOF) =p(GoF)=p(GsF),
where the closure is taken with respect to uniform convergence on compact sets.
Proof. For convenience, recall the definition
GoF :={foglfeF, geg}
We start by proving the first equality. Since G F C G 6 F, we have
p(GSF) S p(GoF).

For the reverse inclusion, let (z,y) € p(G 6 F), that is,

fog(z)= fogly) for each f € F and g € G.
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Fix f € F and let ¢ € G. By definition of the closure, there exists a sequence
(9n)nen C G such that g, — g uniformly on compact sets. For each n € N,

f(gn(x)) = f(gn(y))a

and by continuity of f we obtain f(g(z)) = f(g(y)). Since f € F and g € G
were arbitrary,

ie.,
This proves the first equality. -
We now prove the second equality. Since G6F C Go6F, we have
p(G&F) C p(GoF).
For the reverse inclusion, let (z,y) € p(G 6 F), that is,

foglx)=fogly) for each f € Fand g € G.

Fix g € G and let f € F. By definition of the closure, there exists a sequence
(fn)nen € F such that f,, — f uniformly on compact sets. For each n € N,

fu(g(z)) = fnlg(y)),

hence taking limits yields f(g(z)) = f(g(y)). Since g € G and f € F were
arbitrary,

ie.,

This concludes the proof. O
Lemma D.4.9. Let M be a layer space. Then for each k,h € Ny we have
COkx1 5 plxh — pkxh
Proof. Let ¢ € C**'. Then ¢ can be written as
P(x1,. . wk) = dr(21) + - + dn(ak)

for some ¢q,...,¢r € C.
Let o) € P™". Then 1 can be written as

w(l‘) = (wl(l‘), .o ,’l/)h(x))

for some 1, ...,¢, € P.
The composition 1 o ¢ € C**1 6 M1*" can be written

k
pod(xy,...,x5) = (Z% O¢j(xj))i’j
j=1

where 1; o ¢; € M for each i and j since each ¢; is a scalar multiple of the
identity plus a translational part. O
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Lemma D.4.10. The projection U, (C, P,C) separates Stabg, (i)-orbits in
R™.

Proof. Without loss of generality, assume ¢ = 1, and note that
1 U (C, P,C) =U,(C, P, Py),
where P, := 7}C. By Lemma [D.4.8] we obtain

U N0(01Xk70kxl) 5 U NU(P1Xh,P1hX1) C U NU(01Xk,Pth,P{LX1).

keN heN k,heN

Then, by Lemma we have

P(Z/la(O, P, Pl)) = p( U NU(CIXk,Pth,P{LX1))

k,heN

C p((J Mok, 1) | No (PR PP
kEN heN
= p(z/{a(ov C) 6MU(Pa Pl))

Since functions in U, (C, P, P;) are Stabg, (1)-invariant, they can at most sep-
arate Stabg, (1)-orbits. Therefore, it suffices to show that U, (C,C) U, (P, Py)
separates these orbits. We know by Proposition [D.4.7] that

Un(C,C) = { @1, sma) = (Fl@1)s o flaa)) | £ € CRY .
We now characterize elements in U, (P, P;). Before proceeding, recall that
C={xz—=X x+upul|\ueR}
Then
P=7miC={z—mOz+upl) | puecR}={z—dejzr+pu|\pecR}.
Elements in U, (P, P;) are limits of functions of the form
n(z) = Ao o B(z),

where

bl,l id +b172 171

B: , A:[al.eir ah.eh}’

by id+bp 171

for arbitrary h > 1. Then, for z = (x1,...,%,),

h
77(33) = Zar U(br,]_xl + br,2($1 + -4 {L‘n)) = C(3717551 + a4 xn)7
r=1
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where ¢ € N, (L**" L"*1). Hence,

Uy (P, Py) = {(ml, B f(atl,xl + 4 mn) fe C(RQ)}.
Therefore,
Uu=uU,C,C)sU,(P,P) = {(xl, cxn) = f(g(x), g(@1) + -+ g(xn))
| £ ec®?), gecm)}.

Note that the family

{@1ma) o gla) + -+ glen) | g € CR)

separates © = (21,...,2,) and y = (y1,...,¥n) if and only if there exists a
permutation v € S,, such that z = vyy. Moreover, U separates x and y whenever
z1 # y1, for instance by choosing ¢ = id and f(u,v) = u. Thus, U separates x
and y if and only if there exists a permutation v € Stabg, (1) such that x = ~y.
This concludes the proof. O
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