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Abstract: We construct free boundary minimal disc stackings, with any number of strata, in the three-
dimensional Euclidean unit ball, and prove uniform, linear lower and upper bounds on the Morse index of
all such surfaces. Among other things, our work implies for any positive integer k the existence of k-tuples of
distinct, pairwise non-congruent, embedded free boundary minimal surfaces all having the same topological
type. In addition, since we prove that the equivariant Morse index of any such free boundary minimal stacking,
with respect to its maximal symmetry group, is bounded from below by (the integer part of) half the number
of layers, it follows that any possible realization of such surfaces via an equivariant min-max method would
need to employ sweepouts with an arbitrarily large number of parameters. This also shows that it is only for
N =2and N = 3layers that free boundary minimal disc stackings can be obtained by means of one-dimensional
mountain pass schemes.
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1 Introduction
We collect and summarize in the following statement the main results contained in the present article:
Theorem 1.1. Let N > 2. There exists m;, = my(N) such that for every integer m > m, there exist a (properly

embedded) free boundary minimal surface Xy, in B® having genus and number of boundary components respec-
tively equal to

%(m -1V -2) if N is even, 5 m if N is even,
y = =
%(m —1D)(N—1) ifNis odd, 1 ifNis odd.

and symmetry group

P, (the prismatic group of order 4m) if N is even,

A,, (the antiprismatic group of order 4m) if N is odd;
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as m— oo the sequence (Xy s, converges in the sense of varifolds with multiplicity N (and smoothly away
from the boundary circle) to the equatorial disc. Furthermore the G-equivariant Morse index and nullity of Xy ,,
satisfy the following two-sided bounds:
indg(Zy ) > [N/2]
and
2N —1 if N is even,

indg(Zy ) + nulg(Zy ) <
2N —2 if N is odd.

In particulay, if we consider the case when N (the number of layers) is even, this statement ensures the
solvability of the “realization problem” for infinitely many new topological types; in fact, it provides us with
plenty of new examples of free boundary minimal surfaces in B® with many boundary components and corre-
spondingly large genus, that is to say infinitely many “diagonal sequences” of solutions to the aforementioned
topological realization problem, the very first such instances to the best of our knowledge.

The previous theorem follows by combining Proposition 2.9 for the core existence result, Proposition 2.10 for
the embeddedness claim as well as for the determination a posteriori of the maximal symmetry group, Lemma 2.1
for the topological type, and the discussion in Section 3 (see in particular Proposition 3.6 and Proposition 3.10)
for the Morse index estimates; the reader is referred to these statements, especially the first one, for further
details and a more accurate description of the free boundary minimal surfaces we construct.

An additional, striking consequence of such a construction (together with the characterization of the max-
imal symmetry group) is given in the following statement:

Corollary 1.2 (Polymorphism). For any positive integer k there exists in the unit ball of the three-dimensional
Euclidean space a collection of at least k (connected, properly embedded) non-congruent free boundary minimal
surfaces all having the same topological type.

Proof. Given k a positive integer, let p; < p, < ... < p; be the first k odd primes and let m,(-) be as provided by
Theorem 1.1. There exists a positive integer g such that

k-1

i 14+ 2py).
qg pi> max my(1+2p)
That being said, we take y = qu.‘zl p;- Thanks to Theorem 1.1 we thus get a collection of exactly k free boundary
minimal surfaces Xy . ..., 2y _n in B3, all with genus y and connected boundary, that are indexed by taking
forie {1,...,k}

N =1+2p;, mi=1+q][]p;
J#

Such surfaces are pairwise non-congruent because each given pair can be distinguished by means of their
maximal symmetry group, since in particular such a group will contain, for X ,, , exactly 4m; elements. |

This result should be contrasted with the uniqueness theorem obtained in 1986 by Nitsche [1] (which is, in
this specific context, the only unconditional topological uniqueness theorem to date) and compared to the main
theorem obtained by the authors in [2], where we constructed infinitely many pairs (k = 2) of free boundary
minimal surfaces in B® each having same topology and symmetry group.

Our construction has PDE-theoretic character and, roughly speaking, consists of firstly designing (for any
given N and m) properly embedded surfaces in B® that meet the unit sphere orthogonally and are almost minimal
(that is to say: have mean curvature close to zero after appropriately rescaling) and then perturbing such objects
to exact minimality while preserving the other features, in particular the free boundary property. To confront
the cokernel one eventually encounters, such intial surfaces, which are then deformed to exact solutions to our
problem, actually come in finite-dimensional families; if we neglect, for expository convenience, the description
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of the actual degrees of freedom one needs to maintain (for which we refer the reader to the first part of Section 2)
any such initial surface consists of N parallel horizontal discs, with a certain number of thin half-catenoidal
ribbons joining, according to a certain symmetry pattern depending on the parity of N, pairs of adjacent discs.
Unsurprisingly, the second step above — that can be described as a perturbative deformation — turns out to be
feasible only when the parameter m is large enough (depending on N).

Constructions of this type have already been implemented, in the specific setting of B?, in the special case
N = 2 (often referred to as doubling) by work of Folha—Pacard—Zolotareva (see [3]) and then when N = 3 (often
referred to as tripling) by the third-named author and Kapouleas in [4], where the possibility of extending the
result to any positive N is also mentioned (cf. Remark 1.2 therein). Our methods here are certainly closer in
spirit and substance to the latter of such references, although — setting aside the predictable, yet significant
challenges imposed by handling the case of general N > 2 layers — they differ from it by some specific aspects,
as we now bhriefly describe. First, rather than constructing the initial surfaces in two stages (starting with so-
called pre-initial surfaces and then later arranging orthogonality of the intersection with the sphere) as in [[4],
Sections 3-4], we instead apply the map (2.5), as in [2], to enforce orthogonality at the boundary from the start.
We find this choice, although inessential, more convenient and direct for setting up the comparisons we make, in
the course of carrying out our index estimates, between regions of the surfaces we produce and various models.
Second, and more inevitably, the incorporation of arbitrarily many discs significantly complicates the balancing
analysis (that is the object of Appendix A, to be compared to [[4], Lemma 7.15]) needed to control some of the
obstructions encountered in solving the linearized problem. The latter study, concerning the balancing problem,
should also be compared to the stacking construction presented by the third-named author, in his earlier work
[5], for nearly-Clifford tori in the round three-dimensional sphere S°.

From another perspective, it is also to be recalled here that stacking constructions are, at least in principle,
also tractable by means of variational methods, i. e. by constructing unstable critical points of the area functional
in the category of relative cycles of the Euclidean unit ball through equivariant min-max schemes. As is well-
known, such methods necessarily (for compactness purposes) rely upon suitably weak notions of “surfaces”
and “convergence” and thus pose very serious problems in trying to fully control the topological type of the
critical points they produce. In the case when N = 2 an approach, along such lines, to construct free boundary
minimal surfaces having genus zero and an assigned number f of boundary components, and converging in
the sense of varifolds (with multiplicity two and smoothly away from the boundary) to the horizontal disc as
f — o0, has first been presented by Ketover in [6]; however, the methodology to properly control the topology
of the resulting surfaces has only very recently been developed by the second-named author and Franz (see [7]),
thus resulting — among other things — in Theorem 5.1 therein. Similarly, the case N = 3, i. e. the construction
of free boundary minimal surfaces with connected boundary and any pre-assigned genus, and converging in
the sense of varifolds (with multiplicity three and smoothly away from the boundary) to the horizontal disc,
had been obtained in earlier work by the first- and second-named author with Franz [8], thereby settling — in
particular — the long-standing question about the existence of genus-one free boundary minimal surfaces in B®
having connected boundary.

Concerning the (equivariant and absolute) Morse index bounds, our results here (as presented in the state-
ment of Theorem 1.1 and in Remark 1.4 below) crucially build on the methodology developed by the authors in
their most recent work [9], which in turn was inspired by the approach pioneered by Montiel and Ros in [10]
and by later work of the third-named author and Kapouleas [11]. Loosely speaking, the idea is that the sym-
metries we enforce throughout the gluing construction, as well as the corresponding building blocks, suggest
natural partitions of the free boundary minimal surfaces we construct into a certain number of pairwise con-
gruent domains, and the knowledge (or partial knowledge) of the index of the domains with interior Dirichlet or,
respectively, Neumann boundary conditions allows us to suitably bound from below or, respectively, from above
the actual Morse index of the surfaces, possibly in the presence of an underlying group action and a twisting
homomorphism. A point of novelty we wish to stress is the following one. We recall here that among the direct
applications of such methodology is the possibility of proving linear lower bounds for free boundary minimal
surfaces in B® having prismatic (or, more generally, pyramidal) symmetry group; the exact statement is recalled
below, see Proposition 3.7. Such a statement accounts for the order of the natural cyclic subgroup (of rotations)
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inside the symmetry group in question, but does not account for the number of layers of the surface. Our lower
bounds here, that are Proposition 3.9 (absolute) and Proposition 3.10 (maximally equivariant), do provide such
refinements, taking both factors into careful account.

That background information being provided, the following two remarks focus on additional key
dex estimates for minimal surfaces, and their variational (re)-construction.

Remark 1.3 (Implications for min-max stacking constructions). It follows, by simply combining the equivariant

index estimate stated above with the main (variational) index estimate in [12], that:

— itisonly for N = 2 (doubling) and N = 3 (tripling) that one can realize free boundary minimal stacking con-
structions in B® by employing 1-parameter sweepouts (which have indeed been successfully implemented
in [7] and earlier in [8], respectively);

— the (least) number k of parameters so that k-parameter sweepouts would generate a mountain pass scheme
that can, at least in principle (that is to say: modulo the delicate problem of controlling the topology of the
resulting surfaces), produce free boundary minimal stacking constructions in B® with N layers, albeit not
uniquely determined by the estimates above, shall grow exactly linearly in N; the family above seems to be
the first — in whichever setting — explicitly displaying this type of behavior.

Remark 1.4 (Index growth in terms of topological data). Our methods also allow us to get effective two-sided
bounds on the absolute Morse index and nullity of %, .. In particular, in Proposition 3.9 and Proposition 3.5 we
prove the following estimates:

ind(ZN,m) > max{(N —1),2}m,
ind(EN’m) + nul(ZN’m) <m(5N —3)+N.
Such bounds, when expressed in terms of the topological data y (N, m) and f(N, m), take the form:
ind(Zy ) > 2y(N,m) + f(N,m) + N —2=N — y(N,m)

where y(N, m) denotes the Euler characteristic of the surface in question, and

) 10y(N,m) +7p(N,m) + 6(N —1) — 4 if N is even,
md(ZN’m) + nul(ZN,m) <

10y(N,m) + BN, m) + 6(N — 1) +2m  if N is odd.

These result significantly improve the general index estimate obtained in [13], as well as the ineffective linear
upper bound in [14].

On yet another front, we also wish to add one more comment, of special interest from the “spectral analysis”
perspective, and to be considered in light of [15], [16], [17]. Indeed, we point out that, by a result [[18], Theorem 5.2]
of Kusner and McGrath, each Xy ,, has 1 as its first Steklov eigenvalue and in fact the span of the coordinate
functions as its corresponding eigenspace, which follows by observing that each symmetry group G and each
quotient Xy ,, /G indeed satisfy the description given in Section 6 therein.

Lastly, recalling the ample, well-established (albeit partial) parallel between the theory of closed minimal
surfaces in S® and that of free boundary minimal surfaces in B?, it would definitely be of interest to study the
analogous stacking problem for nearly equatorial spheres in S%. Such a construction appears - in its full gen-
erality — non-trivial already at the linear level, when it comes to determining the actual degrees of freedom
in placing the catenoidal tunnels connecting adjacent spheres; in the doubling case (N = 2) these aspects have
been thoroughly investigated by Kapouleas in [19] and then in later joint work with McGrath (see [20]).

The present work is meant to be a continuation of the earlier articles [2] and [9], as well as — to some extent
- of [8] by the first two authors with Franz, and for this reason, we have decided to privilege the analysis in B%. In
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retrospect, what emerges from the present work is perhaps not only, or primarily, the construction in itself, but
the first sketch of a comparative picture of variational vs. perturbative methods, which in turn crucially builds
on combined information coming from the fine analysis, in both contexts, of the (equivariant or absolute) Morse
index. A deeper understanding of such a landscape is a fascinating matter for future investigation.

2 Free boundary minimal stackings

Notation for symmetries

In order to define the symmetry groups we will work with, we need to consider two classes of generators:

- given a plane IT C R? through the origin, we write R; € O(3) for reflection through IT;

— givenadirected line ¢ C R3 through the origin and an angle # € R, we write Rg for rotation about £ through
angle « in the usual right-handed sense.

That said, given symmetries T, ..., T, € O(3), we write (T, ..., T;) for the subgroup they generate. The order-
2 groups generated by reflections through planes will figure repeatedly in the sequel, so for succinctness of
notation we agree that whenever the label of a given plane is marked in bold we mean instead the generated
group of reflections: for example, given a plane IT C R® through the origin, we set IT: = (BH>. We will employ
the apex + (respectively: —) to denote functions that are even (respectively: odd) with respect to the reflection
through II. In this article, we are particularly interested in four symmetry groups:

the cyclic group Zy:= <R?;’ i ’;=0}> of order k, 21
the pyramidal group Y= <R?;”i I;zo}, R {y=x tan £ > of order 2k, 2.2)
the prismatic group Pr:= <Ri;’ i I;=0}’ R [y=xtan 2 }> R {z=0}> of order 4k, 2.3

which is the maximal symmetry group of a right prism over a regular k-gon as visualized e. g. in Section 2 of [2],

2z [k

the antiprismatic group A;:= <R{X:y=0},

/2
Riymranz ) Riyopmy)  OF order k. 2.4)
which is the maximal symmetry group of a standard antiprism over a regular k-gon as visualized e. g.in Section 2
of [2].

Formal disc stackings and their topology
The surfaces we construct will be indexed by integers N > 2 and m > 1, the former indicating the number of
copies of B2 to be considered and the latter specifying the pyramidal group V,, to be imposed on the construction;
correspondingly the construction features (N — 1)m half-catenoidal ribbons, i. e. m ribbons between each pair
of adjacent discs. In this section we agree to employ the word “ribbon” to denote a compact surface that is
homeomorphic to [0,1] X [0,1]; further specifications, of geometric character, will be added in the sequel of
the article.

One also imposes reflectional symmetry through the plane {z = 0} in the case of even N and rather through
the line {y = z = 0} in the case of odd N, so that the full symmetry group imposed is correspondingly

P for N even,

m

G=6Gyp =

A for N odd,

m

as defined in (2.3)-(2.4). In particular, we stress that in either case the cyclic group Z,, of order m is a subgroup
of G, as also apparent from the equations above.

As anticipated in the introduction, the free boundary minimal surface corresponding to given data (N, m) is
produced in two stages. First an approximate free boundary minimal surface, called an initial surface, is assem-
bled by taking unions of the sets in (2.13) below for suitably chosen values of the parameters appearing there.
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Then the initial surface is perturbed to an exact free boundary minimal surface by solving the corresponding
nonlinear boundary value problem. Actually, in this last step, one encounters an obstruction space, at the lin-
ear level, of dimension N — 1. For this reason, corresponding to each pair of data (N, m) one constructs in the
first step not just a single initial surface but rather an (N — 1)-parameter family of initial surfaces. The N —1
parameters will be associated with the sizes and heights of the catenoidal waists.
It will be convenient to write n:= |[N/2| = max{k € Z: k < N/2} for the greatest integer no larger than

N/2, so that

n for N even,

N =
2n+1 for N odd.

Before proceeding to define the initial surfaces let us pause to discuss the topology of the disc stackings, as
combinatorially described above. In fact, we prove a more general result.

Lemma 2.1. Given 3 <m € N let Z,, be the cyclic group of order m as defined in (2.1). Let " C B® be a properly
embedded, Z,,-equivariant surface which is obtained by taking the union of N € N disjoint, parallel, horizontal
discs and connecting each adjacent pair through m ribbons. Let y denote the genus of I" and f the number of its
boundary components. Then

1

i(m -1V -2) if N iseven 5 m if N iseven
J/ — —
%(m -DIN-1) if N isodd 1 if N isodd

Proof. We determine the number f of boundary components by induction in N. For N = 1 we simply have one
disc (without any ribbons) which clearly has connected boundary. Then suppose I’ C R? is any embedded, Z,,,-
equivariant surface with connected boundary and let I’ be the embedded surface which we obtain from I’ by
Z,,-equivariantly attaching a horizontal disc D through m vertical half-neck ribbons riby, ... , rib,,. Then " has
exactly m pairwise isometric boundary components. Indeed, the k-th boundary component formally consists of
four segments (see Figure 1 left image):

- theright vertical boundary component of rib,,

—  the (short) segment on oI"" between the rib, and riby,,

— the left vertical boundary component of rib 4,

— the (short) segment on dD between the rib, and rib;. ;.

Conversely, suppose that I C R? is any embedded, Z,,-equivariant surface with m pairwise isometric bound-
ary components f, ... , f,, and let I’ be the embedded surface which we obtain from I’ by Z,,-equivariantly

attaching a horizontal disc D as above. Then oI"” is obtained from dD by taking the “connected sum” with
through the vertical boundary segments of the ribbon rib,; more precisely, index i =1, ..., k we remove two

I‘ibl I'ibz I'ibg I‘ibl I'ibz I‘ib3
oD dD

| | | I I I
v Y Y v Y Y
I} Jip) p3

Figure 1: The two cases for the structure of the boundary when attaching a horizontal disc D equivariantly through vertical half-neck
ribbons rib,.
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half-discs and attach a half cylinder (a ribbon) inbetween. In particular, OI"” is connected (see Figure 1 right
image).

It remains to compute the genus y. Given any Z,,-equivariant surface X, we call a closed subset Q C X fun-
damental domain of Zif ¥ = ez, ©(€2) and if the set ¢,(€2) N @,(£2) has no interior in X for any ¢;, ¢, € Z,,
with @, # @,. We claim that we can choose a connected fundamental domain Q of I" which is a topologi-
cal disc with piecewise smooth boundary. By assumption, I" contains a disjoint union of Z,,-equivariant discs
Dy, ..., Dy such that the closure of the complement I" \(D; U ... U D) has (N — 1)m connected components K;'.
forj=1,...,N—1andi=1,...,m,each of whichis homeomorphicto [0,1] X [0,1]. These ribbons are labelled
such that K; connects D; and D;; and such that Kjl. and K} ., are adjacent along a boundary segment of I'. There
clearly exists a connected fundamental domain D% of D, intersecting K% and a connected fundamental domain
D}V of Dy, intersecting K11\1—1' Since K} and KJl. ., are adjacent with disjoint Z,,-orbits, there also exists a connected
fundamental domain D}. of D; intersecting both K}l. and K} ., forany j € {2,...,N —1}. Note that all these sets
can be chosen to have piecewise smooth boundary. Hence, the set Q:= K! U... UKy _, UD] U ... UD; hasall
the desired properties, in particular, it is a topological disc being an acyclic concatenation of topological discs.
Two examples are visualized in Figure 2.

Given the disc-type fundamental domain  of ', the quotient I'': = I'/ Z,, can be constructed by identifying
certain pairs of consecutive segments in dQ (i. e. the ones in the interior of I') which means that I'/Z,,, is still
a topological disc. By assumption, I" intersects the singular locus of the corresponding group action (i. e. the
vertical axis of rotation), exactly N times: once for each horizontal disc. The Riemann-Hurwitz formula (see
e. g. [[21], Chapter IV.3] and [[8], Remark B.2]) implies

@) =myI’)—(m—1)N.
Substituting y(I') = 2 — 2y — f and y(I'") = 1we obtain 2 — 2y — f# = m — (m — 1N, or equivalently
2y=(m-DIN-1D-(f-1.

Since f = 1if Nis odd and f = mif N is even as shown above, the claim follows. O

Figure 2: A free boundary minimal disc stacking with N = 5 (left image) respectively N = 4 (right image) and m = 8. Highlighted is a
fundamental domain with respect to the Z,-action.
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Building blocks of the construction

Let us now turn to the accurate geometric description of the initial surfaces. Outside a neighborhood of $? each
initial surface will be a union of N exact horizontal discs. To construct the portions of the initial surfaces near
S? we find it convenient to work with a variant of standard spherical coordinates (which in particular make it
simple to enforce orthogonality of the initial surfaces to S?). Specifically, we define the map

1
O: 0,2 | xRx |-=, 2| > B®
[ ] [ 4" 4 (2.5)
(6,0,w) — (1—0)(cos O cos w, sin O cos w, sin ),

a covering of a (large) neighborhood of the equator, where we denote Cartesian coordinates in the domain by
(0,0, w) and in the target by (x, y, 2).

We will define the initial surfaces by first assembling certain surfaces with boundary in the domain of ®. It
will be clear later that by taking the datum m sufficiently large (in terms of other pieces of data, to be explained)
we ensure that these last surfaces are contained in the above box on which @ is injective with smooth inverse.
We then apply ® and extend the image surfaces in B® by further applying the symmetry group G. The initial
surfaces are then completed by attaching the N exact horizontal discs mentioned above. We turn to the details.

Given an integer m > 0, we define the domain

. _ 2. 1 Ea
Am._{(a,e)eR .05(;g3and|9|52m}. 2.6)

Given also 7 > 0 (later to represent the waist radius of an exact catenoid in the domain of ®), we in turn define
the two subdomains A+, AT~ C AT by

m,t°
_ T \?
A= Az\{az + (9 F %> < 12},
and given aswell 7, 7_ > 0, we set (see Figure 3, left pair)
(o] . ADH+ oy
N, o =N DA @

Next suppose we are given additionally h® € 1 —2/3,2/3[ to represent the height of the center of a disc layer
in the initial surface — frequently we will attach the label B to objects associated with disc layers (approximate

[\&]
3

Figure 3: The domains defined in (2.6)-(2.7) and the image of(ID(o, 0, wi hB(o-, 9)) defined on Ag”.
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copies of B?) and the label K to objects associated with catenoidal ribbons (images under @ of subsets of exact
catenoids). We define the function a)f;l o Aﬁ — Rby

B (c,0) = arcsin " 2.8)
@, (0 )._arcsml R (2.

whose graph has image under ® a neighborhood of a circumferential segment in the horizontal disc in B® at
height h® (see Figure 3, right image). Given also hX € R (to represent the height of the center of an exact catenoid
in the domain of ®) in the initial surface) and defining sgn: R — R by

1 if x>0
sgnx. =
-1 if x<0,
; K+ AP
we further define the two functions a)m’:hK’hB. Am’: - R by
2
< o’ + <9 F ﬁ)
x ._ K B _ 1K
wmyTthﬁhE(G,H).— R + sgn(h? — K) r arcosh - , (2.9)

whose graph is a subset of the exact catenoid (in the domain of ®) with center (0, +x/(2m), hX) and waist
radius 7.

With the aim of gluing together the preceding functions we fix a smooth function ¥: R — R that is constantly
1on {x <1} and constantly 0 on {x > 2}, and we introduce in turn the three cutoff functions y =, w2: A$ =R
given by

yi(o,0):.= ‘P(T‘H ¥ an‘), yo(o,0).=¥Y(mo) (2.10)
as shown in Figure 4. Given as well hf, h% € R we define the function wp, s ;. Aﬁ:; — R by
Oz, = W;lwntwi’!:+,h§!hﬂ +yl(l—y)hP+ (1- l//:l)a)f;l,hB (2.11)
and the function O 1 2, WK o bk Ai%t — R by
Ot e = YW@,y H W (L= =W I+ (=)ol
+yoy, a)ﬁ”;hyﬁ (2.12)
Wi

1
0 T

N4

S
W=

z_
2m

N
3
N
3
N
N
3

Figure 4: Profiles of the cutoff functions w*, y7: A;‘; — R defined in (2.10).
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Omh B,y WK 7o hE

D -

Figure 5: The graphs Fm’hg,%hﬁ (left) and Fm,h‘?,q,h'jr,r_,h’i (right). Roughly speaking, the red, green, respectively blue regions are shaped
by the first, second respectively third summand of (2.11) and (2.12); the yellow region is shaped by the fourth summand of (2.12).

as plotted in Figure 5. We denote the graphs of these last two functions by
. . @,
T e, s = { (0.0, @no.c, 1t (o, 9)) L (0.0) € ADT }
. . @
Cot et = { (040 0o i e 16 (0.0)) s (0,00 € AR}

Finally, we map these regions into B% using ®, extend them by applying the pyramidal symmetries of the
construction, and adjoin the discs

Bpp:= {(x,y,hB) Xy < % - (hB)z}
at height h® with radius (1 — 1/3) cos @’ ;(1/3,0) = (2/3)y/1— (3h"/2)* to obtain the sets

Dm,hB,T+,h£: = BhB U Ym(b(rm,hB,T+,h£ ),
(2.13)

Dy ps o, & o ks = Bpp U Vm‘b(rm,hﬂ,f+,h§,f_,h{ )

visualized in Figure 6. Note that all of the above regions are invariant under rotation through angle 2z /m about
the z-axis (in either direction) and that

_ pr/m
Dm,hB,rJr,h’i,L,hIf = sz\ Dm,h”,r,,hf,n,hﬁ’
where R*/™

L€ 0(3) is rotation about the positively directed z-axis through angle z/m in the conventional
positive sense.

Specifications of the initial surfaces
Each initial surface will be a union of N surfaces derived from (2.13), two of the first type (to form the top and
the bottom of the corresponding initial surface), and N — 2 of the second type (in between), suitably aligned and
with appropriately selected parameters. To make the definition we must specify N disc heights and N — 1 waist
heights

1<l <hf <hf<hf<.. <hl <h¥ <1,
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Figure 6: Thesets D, 15 .« (lefyand D, s . 4 . 4 (right) defined in (2.13) with the same choice of parameters as in Figure 5;
1By K 1By K o

appropriate heights h°, h’; and waist radii 7, still need to be chosen (cf. Figure 7).

aswellas N — 1waistradii0 < 74, 7,, ..., Ty_; < lassociated with the corresponding hf . Once all these quanti-
ties have been specified, each initial surface will be defined as the union of the N surfaces in (2.21); let us proceed
step by step towards that definition.

The symmetry group G we impose subjects these quantities to constraints that we express with the aid of
the following notation (which will be useful for related purposes throughout the construction). For any integer

d > 0 we define the linear subspaces R¢ o Ri— C R? by

R{,:={0€R®: v;= vy, foreachi=1,....d}.
For any S C R? (not necessarily a subspace) we in turn define the two sets S1=8nN R‘Ii+. Note that
inmd — omd — d _ pd
dimR{, = [d/2], dimR{_ = |d/2], RY=R{, ® IR‘Ii_.
In enforcing G-invariance of the initial surfaces we thus accordingly require
TB N HK N-1 2 N-1
wery, herl”, 7er]

where we have bundled the above heights and radii into vectors in the obvious way. Rather than prescribing
these quantities directly we will instead specify them in terms of data

Pl N-1 % N-1

CeRL, SeR

Each initial surface will then be uniquely determined by a choice of data (N, m, E , E ).
Conceptually the specification of (7, hX, hB) in terms of (N, m, {, & ) is made in stages, which we summarize
with the chain of dependence

(N, m) = Z, (m7,8) 7, (N,m, 7,8 ) » (R¥, ).
In more detail, we first take X = (x, ..., Xy_;) € R&V "' as in Lemma A.1and we then define 7 € IR{;" by

Xi Xpg—1 m
=T = —“texp|l —F=24——-—, 2.14
LiTLivm = p<1+N mod 2 2) .

where we understand x, = 0 (in case n = 1). We emphasize that x,,_; < 1, so that the argument of the exponential
is strictly negative. The above choice of 7 is made to ensure that the initial surface is approximately balanced
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in a certain sense (see Appendix A for full details); this geometric condition in turn implies, roughly speaking,
that a certain component of the projection of the initial mean curvature onto the cokernel is not too large.
Next, to help achieve finer control over the cokernel, we define 7 € IRIIV - 1 by

T = Ty md = L exp<§n gl) (2.15)

Thus variation of g: adjusts the waist radii. We pause to point out that for eachinteger N > 2,foreachi =1, ..., N,
foreach ¢ € RIIV - 1 and for each g > 0 we have, for some C(N) > 0,

lim % < C(N), lim miz; = 0. (2.16)
m—oo 11 m—oo
Finally, we specify the heights i, hE. Conceptually, the data (N, m, 7) determine heights EK and EB by matching
conditions (essentially by the requirement that the spacing between disc layers should agree with the vertical
extent of each intermediate catenoidal ribbon, which is set, via the definitions leading up to (2.13), by m and the
corresponding 7). To control the cokernel, however, it is necessary to be able to adjust the heights of the centers
of the catenoids via the 5 parameters, affecting also hE through modified matching conditions that average the
contributions on a given h® from neighboring catenoids. Since we will never need to refer to either h Kor h B
directly, we do not distinguish them explicitly in the following specification.
To be precise, we define the vector ShK € [RifiV " 1 whose entries

1
(6R); = (8h') .y, 7= 27; arcoshm—fi (2.17)
determine the vertical extent of the catenoidal ribbon at height hf ,and D = 51\1 mii € IRN by
0 forie {1,N}
D.=D.  --= (2.18)

t N, CLE .
pm g %(gi—g,._l)rn for1<i<N,

which we call the dislocation at disc layer i. For future convenience we define in R¢, for any integer d > 2, the
three subspaces
a00. — {7 d. ) — 0 — d,0,0 4,00 A pd
R = {5 eR?: v, =v, =0}, Ry, :=RYOINRE,.
N,0,0
T+
hk e Rfi"_‘l, h8 e IRJIV_ and the matching conditions

In particular we then have D € RY*°. Now R¥ and h® are uniquely determined by the symmetry constraints

hf—hf:%(éh")i+l)i (1<i <N-1),
; (2.19)
W =Rl =56 +Dp (2<i <N).

Indeed, the symmetry constraints force

Neven=hX=0, Nodd=h =

anchoring the configurations, and then (in both cases) the remaining hl’.‘ and hf’ are uniquely determined from
these anchors and the already specified (6h%); and D; via (2.19); the required symmetries then follow from those
already enforced for the latter quantities. Before continuing we observe, for repeated future use, that for each
integer N > 2, for each integeri =1, ...,N — 1, for each gz € RJIVJ:l, and for each E e IRII"_‘1 we have

h?| + |hY| + |h?
lim L+ T+ | < C(N) (2.20)
m—oo mTl
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Figure 7: Visualisation of the initial surface ENm ngor N=4,m=238, 5 =(0,0,0)and E: (0,0, 0) (leftimage) respectively

¢ =(-2,0,2) (right image). Highlighted are the regions K, K,, K5 defined in (2.24) and the regions D;, ... , D, defined in (2.21).

for some C(N) > 0, having made use of (2.14), (2.15), (2.16), (2.17), (2.18), and (2.19), and assuming m > |E | + |E |

Assembly of the initial surfaces
Referring to (2.13) and the specifications of the preceding subsection, we define the N regions

Dy =Dy g2 = Dot et s
— . _ pli-Dz/m . _
Di = Di;N,m,C,E' = R? Dm’h?’TiI(’th’Tijil’hL{{—l for 2 <i<N 1, (221)
_ _ pNz/m
Dy =Dyymzz =R Dtk ni

The initial surfaces are defined as the unions of the above regions as visualized in Figure 7:

N
=Xy iE= U1 Dinmee 2.22)
i=

We write gf2 for the induced metric on X, #* for its outward unit conormal on Oy, and AZ and H for the scalar
projections of, respectively, the vector-valued second fundamental form and mean curvature of 2 onto the unit
normal which points upward at the point {x =y =0} N D,.

Estimates of the initial geometry
Foreachi=1,...,N —1weset

a;: = arcosh 1
zmTl'
and define the map k; = k| = = by
T T
K [—ai, ai] X [_i’ E] —i= ZN,m,E,E

(2.23)
t,9) ~ <I>(rl- cosh t cos 9, (=112 + 7; cosh t sin 9, hX + rit),
2m t

whose image we denote by
Ki = K’;N,m,E,E: = Ki<[—ai, ai] X [—%, %:I) C 2

1
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as visualized in Figure 7; note that each «; is a diffeomorphism onto its image. Given 0 < R < ﬁ we further
define the regions

K(R) =K.

NmEE (R):= {ki(t,9): 7; cosh t <Rand |9| < z/2}, (2.24)

so we have in particular K; = K;(1/(2m)). We also define on each initial surface £ = zy f the function

m¢,

p: 2 —]0, oo

to be the unique G-invariant function on 2 whose restriction to each D; is as follows. Recalling from (2.5) the
domain of the map @, let

mb 1y fori=1
T 2
L:=1(0,0,w) €dom®: ¢ =0and ﬂee%+z for2<i<N-1¢, (2.25)
T
mo

M0 ccvlioz  fori=nN
T 2

let dXi: R3 > R be the distance-to-L; function, and let

Ploro({di<z/m}): =M
1 (2.26)
Q" plortpon{di<a/m} = gr; ° (Yomd") +m- (1-¥omd").

The function p is introduced for the purpose of defining on the initial surface the conformal metric p> g~ (whose
analogue in each of [4], [22] is called the y metric), which will be used to study the linearized problem. In
particular we have on each K;

ki p=1;"secht, d(kp) = —(xp) tanh t dt. (2.27)
while elsewhere

m
3 < Pla\y, Uk, <3m, ||P||Ck(W, e < C(k)m (2.28)

for each integer k > 0 and some corresponding constant C(k) > 0 independent of m.

Lemma 2.2 (Geometric estimates on the K; regions). Given data (N, 5 s E ) as above there exist C = C(N) > 0 and

my = my(N, |E [, |;£ |) > 0 such that for every integer m > m, the following items hold for eachK; C X = X,
@ Mo Mo ry < CRforall 7; <R < i,

(ii) ||;<i*p2gz —(de + d192)||c2(;«;1(Ki(R)), aragy < CRforallt; <R <

D) K] p2IAR I, — 2sech’tll ik, deeasty < CTo

(iv) ||P_1H2|Ki||cl(1<i, pgt) < (1.

,m,f,-f"

1
2m’

Proof. Ttem (i) is clear from (2.24) and (2.27). For the remaining items we can appeal to the computations in
Appendix B. Item (ii) follows from (B.3) and (B.5), recalling (2.16). Using (B.5) again but now in combination with
(B.4), we find

”Ti_lKi*AZ — (=) (de? — d’92)||c1(r<;1(Ki(R)), ae+ragy < CR,

whence follow, using also item (ii), items (iii) and (iv). O

Recalling that ¥: R — R is a fixed smooth cutoff function that is constantly 1 on {x <1} and constantly 0
on {x > 2}, we define y7: R* — R by

wpor=(2 (1= + 7))



770 = A Carlotto et al.: Disc stackings and their Morse index DE GRUYTER

Figure 8: Graph of the cutoff function r — ‘P(%a - r)).

(see Figure 8) and w™: R® - R2 X {0} b

w"(x,y,2): = (x..0)

X4y
X+y*+zt

w™(x,y,z) = (x,y,0) on { VX +y*<1-10m™! } (2.29)
@™ D(0,0,w)) = P(6,0,0) on <1>-1<{ VE+ Y >1- 5m‘1}>, (2.30)

@™|,=0) is the identity, and w™(B*) = B> = B* N {z = 0}. Next, for each region D; in (2.21) we define

—yn 06 Y) + (X, Y)

Note that

— - . 2
’(D’i = wi;N,m,f,E' = wmbi;N,m,E,E'Di;N,m,E,E — B (231)

Given0 <R < ﬁ, we further define the regions (see Figure 7)
D{R) =Dy, =z (R:= UK(R) (2.32)

where the overline indicates the closure in the initial surface Z; in particular we have D; = D;(0).

Because of obstructions we will confront to solving the linearized problem it is necessary to isolate a certain
component of the initial mean curvature. For this purpose (and later for expressing these obstructions) we define
for each D; a function w; € C*(X) with support contained in D; by

wi= p~wy | (02 + 02 )5 (2.33)

where D is the unique Y,,-invariant function on B? with support contained in {1/x> + y> > 1 —2/m} and satis-
fying

U(D(0,0,0) = w2 (vt —w,)(0,0) Y(o,0) €A, (2:34)
for which we recall the three cutoff functions w2, y from (2.10). We do not really need the functions w, and

wy;, but for purposes of notation it is somewhat convenient to have them defined. For any given V € R¥-00 we
write

=

-1

N
=Y Vo = Y Vi,

i=1

‘ell
T

Note that V € IRliv J,ro,o implies that V- wis G-equivariant.

Lemma 2.3 (Geometric estimates on the D, regions). Given data (N, E E) as above there exist C = C(N) > 0 and

my, = my(N, |C l, |§|) > 0 such that for every integer m > m,, the following items hold for eachD; C X = 2 miE
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(i) @, is adiffeomorphism onto its image,

(1) AZ'zn(l—%)mﬁ =0,

3/2
(i) 11g% = @ (@ + APl ez e, ) ST

(iv) ||®*g* —(do*+(1—06)? dez)”CZ(qu(Di(m*“))n{as%}, dot+do?) = 713/2’

#1422 3/
® [®7]A |g2”CI(CD’I(Di(m“*))n{as%}, dor+der) STy
i) [1p*g* = pPw(dX + AVl e, m, p2gm) < CMTY
. 2 3/2
i) 1A e, g < €77

Wil [1H® — 92Dl pcamy-1y, g% < CMPT,

where, we recall, H is the scalar projection of the vector-valued mean curvature of X onto the unit normal which
pointsupwardat D, N {x =y = 0}.

Proof. By construction (see in particular (2.13) and the prior supporting definitions) £ N (1 — %)B3 consists of N
horizontal Euclidean discs, verifying item (ii) and also the equality

g2|zn(1_é)Ba = d(x|y)* +d(ylx)* 2.35)

We will next check items (i) and (iii). The only point of item (i) that may not be obvious is the injectivity. In view
of (2.30) and the fact that near 0B? each D; (recall (2.21) and (2.13)) was constructed as a graph in the domain of
the map @, it suffices to check injectivity on £ N (1 — %)[Bi3 (where, for the purposes of comparing the values

of v/x* + y? and v/x* + y* + 72, we bear in mind the height estimate (2.20) and the comparison of m and 7, in
(2.16)). For this we will compare @, to orthogonal projection onto {z = 0}, which comparison will also establish
(iii), in light of (2.35).
Defining s;: R* — R by
2
! (18w (x, )

=1
5ix.y) x2+y2+(hf)2< X+ Y+ x2+y2+(hf)2>

B

we have
3

V(x,y,h?) € D;n <1 - E)Bg w;(x, ¥, h?) = si(x, y)(x,y,0)
and
2
IIs; — 1”C3(Bz,dxz+dyz) < Cm3(hf)

for some C > 0 (independent of N, m, Z? s E), which, recalling (2.20) and (2.16) and taking m sufficiently large in
terms of a universal constant, completes the proof of items (i) and (iii).

For the remainder of the proof we refer to calculations in Appendix B. Item (iv) follows by applying (B.9) in
(B.6), while (v) follows by applying (B.7) and (B.9) in (B.8) (and in both cases again appealing to (2.16)).

From item (iii) and conjoint application of item (iv), (2.30), and (B.1) we ensure

lig* — @ (dx* + dy")l ooy, g=) < Cm™"

(the error of order m~! arising from the comparison of the metrics do* + d6* and do? + (1 — ¢)2d6* on {o < % b,
while from items (ii) and (v), along with (B.1), we ensure

b 3/2
”|A Cl(Di(m“‘), gZ) S CTl 5

2
&

both by taking m sufficiently large in terms of N, E , E ,and with C > 0 a constant independent of m, 5 , E Using
(2.27), (2.28), and item (ii) of Lemma 2.2, the above two displayed estimates imply items (vi) and (vii).
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Finally, noting the choice of direction in defining the (scalar-valued) mean curvature at the end of the state-
ment of the lemma and referring to the definition (2.33) of w;, we obtain item (viii) from the estimates (B.10) and
(B.11) (and from item (ii)). In order to pass from the estimates with respect to mz(dg2 + sz) made in (B.10) and
(B.11) to the desired estimate with respect to p>g* we apply item (vi), (2.30), and (B.1). O

On the construction of free boundary minimal stackings of any order - linear theory
For any initial surface X, each integer k > 0, each a, f €10,1[, anyu € ck (%), and any f € Ck*(0%) we define

tlliqp:= M7 PP Ul s, g2,

I flliap: = 1M 0P fll cragos g2y
(2.36)

[ 2
”u”a,ﬂ' - ”u”O,a,ﬂ +m ”u”C"“(Zn{\/Wsl—lo/m}, ngz)’

G, P52 = 1l + 1 f
Now we can state our global estimate of the initial mean curvature.

Lemma 2.4 (Estimate of the initial mean curvature). For any integer N > 2, any parameters E € Rg’j and E €

IRJIV_‘{ and any reals a, § €]0,1[ there exist m; = m, (N, |E| + |§|> > 0andC = C(N, a, f) > 0 such that on every

initial surface ZN’m’ & with m > m, there holds

205 P
lp™H* = D- Wl , < Cr.

Proof. The estimate is a straightforward consequence of Lemma 2.2 (iv), Lemma 2.3 (ii), Lemma 2.3 (viii), and
the definition of the || - ||; 5 horm in (2.36). O

We shall also append the suffix G to the notation for a given function space over S € {X, 0X} to denote the
corresponding subspace of G-equivariant functions:

CE(S:={ue Ck($): VREG u=(sgn,:(R)NuoR™)} (Se{z,0%)),

where sgn =(R) = 1if the symmetry R preserves each global unit normal for %, while sgn =(R) = —1 if instead
R exchanges the two global unit normals. At this point we fix also, for each initial surface 2, R smooth
diffeomorphism

Pez =Py e I mid ~ ENmiE

such that P 5 is the identity, P & commutes with G, P Z Eregarded as amap into B® depends smoothly on (E , 5 ),
and moreover for anyintegers N > 2,k > 0 and anyrealsc > 0, a, f§ €10, 1] there exist m;, = my(c, k, a, f, N) > 0
and C = C(c, k, a, B, N) such that for every integer m > my, all { € [—c,c]¥ %, & € [—c, c]?’_‘l, and any functions

=+
K, . k. g
uec a(ZN,m,C,é)’ veC a(ZN,m,O,O)

1P - llcap < Clllliaps 1P 0l < Clllap: 2:37)
For each D; C X we define w; € C*(X) with support contained in D; to be the unique Y,,-invariant function

on D; with support contained in CD({% <o < %}) and satisfying

V(0,0 € A2 w(w(®(0,6,0)) = (—1)i_1‘{’<2m

o— 3‘) (2.38)
m
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St
o=t

Figure 9: Profile of the cutoff function ¥(2m|o — % |) employed in (2.38).

for which we recall that ¥: R — R is a fixed cutoff function that is constantly 1 on ] — oo, 1] and constantly 0 on
[2, oo (see Figure 9). For any given V € RN we write

N
i
=1

V.= Z Viw;.

Note that V € [R{Ii"_ implies that V- wis G-equivariant.
Before proceeding further; let us pause for introducing an important piece of notation: given an initial sur-
. . . 2
face X = ZN’m’ gz we let ] denote its Jacobi operator, i. e. we set Js := Ay + |AZ| ; furthermore, we define the
Robin operator n* — 1 where #*, we recall, is the outward unit conormal to £ C BS.

Proposition 2.5 (Global solution operator modulo cokernel). Let N > 2 be an integer, ¢ > 0, a, f €]0,1[. There

exist my, C > 0 such that on every initial surface X = ZN’m’ ZE with |C | + |§ | < ¢ and m > m, there is a linear
map

Ry: CoY(2) @ C(0%) » LU (2) @ RY. @R}’
such that for any (E, f) in its domain the corresponding image (u, i, ﬁ): = Ry (E, f) satisfies
P =EA Dm0 =fe il |+ ‘ﬁ’ < CIE I,

Furthermore, for any data as above, we have continuity of the map

0, 1, — — 2, N,0,0
Co" (Zym50) © Cg 0%y 55) @ [=e el @ =, el = C (B 55 @R GRS

where (u, i, 11): = Ry, P2E(E ).

Proof. Suppose (E, f) € C%"’(Z) &) Cé“(aE), and recall that ¥: R — R is a fixed smooth function that is con-
stantly1on {x <1} and 0 on {x > 2}. Set

\I’K:=\P087m, Ey:= W,E, foi= Yo f,

and, recalling Lemma C.2 that concerns the construction of the resolvent R on half-catenoids, define uy : X - R
(for1<i<N-Dandug:X - Rby

Ug:= K Ry (K Ex» K fic)s Ul = Priy
for each K. It follows easily that uy € Cé“(Z) with

uglly.ap < CICE, DI 5 (2.39)
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here and throughout the proof C > 0 is a constant whose value may vary from instance to instance but can be
chosen independently of m, £, &, and ¢, so that all asserted estimates hold.
Moreover, defining Ey: X — R and fy: 0% — R by

Eglg:= [p7*J5. Wi]ug, + Wy — 1E,
fW'KI: = [p_ls TK]”KI + (‘{’K - 1)f

(the first term in each case being the commutator of the two enclosed operators) and using items (i), (i), and (iii)
of Lemma 2.2 in order to control p2]s — Lgk} and k; p -1 - nAfo k', we also have

I(p~*Jstx — Ex — Ew, p7' (™ = Dug — fix — fi) ||:1,ﬂ <cm7(E, f)“:,’ﬁ»

IEg. Sl < CICE. DI, 5

(2.40)

Next set 2
Ep:=E — Eg — Ey, fii=F = F¢ = Fy, W=%o -
p

and define u;, € C>*(Z) by up| p:= (1 —¥p)w'y for each D;, with y; € C%*(B?) constructed as follows. First,
define E; € C**(B?) and f; € C-*(0B?) by

Ei=w; " (p’Ep). fir=w " (pfp),

with both functions extended to take the constant value zero outside the image of w;. Next, working with
standard Cartesian (x, y) and polar (r, §) coordinates on B?, let u; be the unique real such that

/(El- + o (pPw;)) dx dy = /fl- ao, (2.41)
§1

B?

and let %; € C>*(B?) be the unique solution to the Neumann problem

(6)2( + 0§>ﬂi =E + pw; " (p*w;) in B?

(2.42)
o,u; = f, on S!'=0B?
such that
~ T . T .

u;(cos —,sin— ) =0 i=1),

1( 2m Zm) ( )
ﬂi<cos l,sinl>+ﬂi(cosl,—sinl> =0 2<i<N-1, (2.43)

2m 2m 2m 2m

~ T N .- T .
Uy|(cos —, (-1 sm—):O i=N).
N( Zm( ) 2m ( )

Note, referring to (2.38), that m‘1| fﬂzwi‘l(pzwi” is a strictly positive constant independent of m and that con-
dition (2.41) is necessary and sufficient for the existence of a solution to (2.42); any two such solutions differ by
a free constant, so imposition of (2.43) uniquely determines #;. Moreover, we have the estimate

|| + 1%l coez) < CICE, I 5o (2.44)

for which we emphasize the presence of the second term in the definition of the || - norm in (2.36).

Defining G, W € R by

/
[

[BZ

[BZ
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note also that

5 IR’IV " for N even, i IRJIV_ for N even,
(S (S
IRJIV_ for N odd, IRJIV " for N odd,

whence ji € R’g_ for N of either parity. The definition of u; is finally concluded by taking

_ 0 forie {1,N}
/,[i: = - p e (2.45)
—u,(cos—,sin—) for2<i<N-1
2m 2m

and setting u;: = U; + ﬁi/_l;, recalling (2.34) for the definition of D. From the above observation that HE IRJIV_, the
G-equivariance assumed of (E, f), the G-invariance of X, and the definition (2.31) of w, it readily follows that
ue IRIIV J,ro,o (using also the middle condition in (2.43) for N odd) and u;, is G-equivariant.

Additionally, it is clear that (2.44) continues to hold with u; in place of ; and with an additional term of |3z,
added to its left-hand side. Using standard elliptic estimates, we then obtain

luslcseis + [ ]+ [ < CUE I, (246)

In fact we have the estimate
||uD||2,(x,(1+ﬂ)/2 < ClI(E, f)”:,,ﬂ, 2.47)

as we now explain. First, note that the construction of (Ej, f;) and the definitions (2.38) and (2.33) of the t; and
w; ensure that u; is harmonic on @,({ p > 8m}), an O(m=")-neighborhood of the points on S! = 9B? with angular

coordinate
T 27

— 4+ =7 ifi=1
2m m

0ei* + %7 if2<i<N-1
2Zm  m

PV E 27 =N
2Zm  m

Moreover, the choices of 7 and ﬁ in (2.43) and (2.45) were made to ensure that u; vanishes at the above points.
The estimate (2.47) then follows from standard estimates for harmonic functions on R2; in fact one has even
faster decay, but (2.47) suffices for the purposes of this proof.

Using the rapid decay (2.47), in particular to control the error induced by the cutoff factor in the definition
of up, and using (2.29) and item (ii) of Lemma 2.3 (corresponding, slightly oversimplifying, to the fact that 2 N
{V/x% + y? < 1—10m1} consists of N exactly horizontal discs) and also items (vi) and (vii) of this same lemma,
we conclude

-

(P attp = Ep = i+ @ = H- @, p70 = Dup = fy I, 5 < C(m™ + mPD2) I, P .
From this last estimate along with (2.40) we see that the maps
RC(D) @ CL1(0T) > CH () @ RY. @R}
(Ef) = (e +up. iy B,

LCE(D) @ RY. @R — L (D) @ € (9%)

W, ﬁ,, ﬁ/) . <p—2]Zu/ _ /7 Ry ﬁ/ . ﬁ’ p—l(’,lz _ 1)u/)

satisfy ||I — LR|| < Cm#~V/2, where I is the identity map on the domain of R and the norm is the operator
norm when the latter is endowed with the || - ||; 5 norm. Thus LR is invertible for m sufficiently large, and we
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conclude the proof by taking Ry: = R(LR)™. The claimed estimates and symmetry assertions are then clear from
the foregoing construction, while the continuity assertions follow from the smooth dependence of the initial
surfaces and the maps x;, wi‘l (as maps into B%) on the ¢, & parameters. O

Remark 2.6 (Global solution operator with homogeneous boundary data). In practice we will apply
Proposition 2.5 only with boundary data f = 0. For brevity we shall write RyE in place of Ry.(E, 0) wherever we
invoke Proposition 2.5 in the sequel.

On the construction of free boundary minimal stackings of any order - nonlinear theory
We fix on R3 a metric g,,, = Q*(dx* + dy* + dz*) which is everywhere conformal to the standard Euclidean
metric, with conformal factor

o 1 on {(x,y,z) €R?: |1—x2—y2—zz‘22/3}

O + y* +2)72 on {(x,y,z) €R?: |1 —xt =y - zz‘ <1/3}.

On each initial surface ¥ we pick the unit normal v* which points upward on the lowest disc. Given a function
u: X — R we then define 7, ¥ — R3 by

L(p)= expff“xu(p)vz(p),

where expf;‘“x: Tle3 — R3 is the exponential map of g, at p. If uis C* and sufficiently small in terms of %, then
1, is an immersion into B with well-defined (scalar-valued) mean curvature H,. (In particular H, = H*.) We set

Qu=0Qy%:=H,—Hy— Jsu. 2.48)

Lemma 2.7 (Nonlinear perturbation of the mean curvature). Let N > 2 be a given integer and Cy,c > 0 and
a, ﬂ €10,1[ glven reals. There exists my = my(N, Cy, c,a, f) > 0 such that for every integer m > m,, all C S

—c, V1 E e[, C]N_1 and any real-valued functionuon X = X with ||ully, 5 < Coty e have

-+ mZ.E

o751, , < 212
Proof. Throughout the proof we will make repeated use of the bound

3
|dp g + D]

which holds (with D ., the Levi-Civita connection under p*g) pointwise on X for some universal C > 0 (inde-

pendent of N, m, E ,and E) and follows from (2.27), (2.28), Lemma 2.2 (ii), and Lemma 2.3 (vi). In the remainder of
the proof the value of C > 0 may change from line to line and is allowed to depend on N, C,, a, f but can always
be chosen independently of m.

Now suppose p € £ and write B C X be the geodesic disc with center p and radius 1 with respect to the
metric p*(p)g=. Recalling the definition (2.26) of p, it is clear from the construction of the initial surfaces that
inside p(p)B each kth covariant derivative of the second fundamental form of p(p)Z is bounded by some constant
C(k) > 0. Furthermore, each kth covariant derivative of the Riemann curvature tensor of the metric p?(p) g, i
bounded by C(k)m=2 for some C(k) > 0. Since the mean curvature of 1, at p depends smoothly on the derivatives
of u at p up to order two, by scaling we obtain the bound

||P_1(P)Qu ”CO"’(sz(p)g ) < Cllp(p)u ||Cz,,(sz(p)g 5)

(since the mean curvature of 7, under ambient metric PPN + dy* + dz%) is p~H(p)H, » while the defining
function to represent 1, as a graph over X under the ambient metric p?(p)g,.x is not u but p(p)w).
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From the preceding displayed inequality we further estimate

157205 cooia sy < CoPNUIPsy 2 s < CHEIT2P (),

using (2.49) and for the final inequality also the assumed bound on u in the || - ||, , 5 norm, as defined in (2.36).
Recalling also the definition of the || - ||; 5 norm in (2.36) and using (2.49) again, we obtain in turn

107203 Il p < CmiP [mz -m =+ sup(m P pH/’)],

where for the first term in brackets, which arises from the second term in the definition of || - we have used

N .
a,p
(2.28). On the other hand, using also (2.27) (and (2.16)), we have the global bound pih < Crlﬂ '1, S0, continuing

the preceding displayed estimate,

IIp_zQ,f’éllfw < C<m3112 + m/’rlHﬁ) < Cezczfrﬂ/z(m%ll_ﬁ/z + mﬁrfﬂ),

having used (2.15) for the final inequality. The proof is now completed by invoking (2.16) and choosing m suffi-
ciently large in terms of the data N, ¢, f, and C,,. O

The next lemma will enable us to apply Lemma A.2 to control the mean curvature in the main existence
result (Proposition 2.9) below. We refer the reader to (A.3) for the definition of the vertical force F; on the region
D; of a given initial surface £ = ZN’m! ZE Given also u € C%(Z) sufficiently small that H, is well-defined, we
correspondingly define the perturbed force

Fiu = Frunmiin= | & (V5 0,l5)H, d#HE™Y). (2.50)

D,

i

Note that we are integrating the perturbed mean curvature over the initial surface with its unit normal rather
than over the perturbed surface with its own unit normal, so 7, is not exactly the vertical force through ¢,(D));
we work with this quantity because we find it slightly more convenient, compared to the exact vertical force, for
the purpose of monitoring the t component of the perturbed mean curvature. As we do for the 7; in Appendix A,
we bundle the 7, into a vector 7, = Funvmizn the obvious way.

Lemma 2.8 (Perturbed forces). Let N > 2 be a given integer and Cy,c > 0 and a, f €]0,1[ given reals. There

exist my = my(N, Cy, ¢, a, f) > 0 and C = C(N, C,) > 0 such that for every integer m > m,, all { € [—c, c]fi"j,

Eel-c, c]]i"_‘l, and any G-equivariant real-valued functionuon £ =% =z with ||ully,p < Co7; and n”u=u
we have
F

u,N,m,E,E E RI_ and |Fi;u - Fl| < CTl (1 S i S N).

-

Furthermore, 7_5},:1,:” depends continuously on (v, E L€
£.é

Proof. The symmetry and continuity assertions follow easily from the definitions and assumptions, so we focus
on the estimate. We define f: % — R by

fi=g% (v, 0,ly).

Obviously | f| < 1,and itis easy to see from the construction of X that we may assume area and perimeter bounds
for D; independent of m and the parameters ¢, &. Using the definition (2.48) of Q,, we write

H,=H* + Jsu+Q,.

Of course

D.

i
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(by applying the formula for the first variation of area to definition (A.3), since d, is Killing), and Lemma 2.7
delivers the necessary estimate for the integral associated to the Q, term:

[ racaoeie™) <c [lalarie+c [ o] arte)
D; D\K; K;
< szz?rﬂ/z + Cz?rﬂ/z/pz A" (g%)
K;
1+6/2
1

< C(mZ + m)zi‘*ﬂ/z < C(mZ + m)e(2+ﬂ)%

for some C > 0 independent of m, recalling the definition in (2.36) of the || - ||; norm (but not even taking

advantage of the built-in decay) and appealing to (2.28) to bound p on D; \ K; and to item (ii) of Lemma 2.2 and
(2.24) to estimate the K; integral; we thus ensure the term in question satisfies the asserted bound by recalling
(2.16) and taking m sufficiently large in terms of f, ¢, and the above C. For the remaining, linear term we integrate
by parts to get

/ fIsud(g™) = / ujsf dAHg™) + / (frPu—un f) A" (™),
D; D; oD;

with 7P the outward unit conormal on dD;.

Considering first the boundary integral, we make the decomposition dD; = (dD; N S?) U (0D;\S?), where
the first set is equivalently dD; N 0%, while the second set consists of 2m (for 2 < i< N) or m (for i € {1,N})
approximate catenoidal half waists. Using the bound and boundary condition assumed on u, we estimate

/ frPu dAN(g®)| = / fud A (g™)| < Cr AN (g )0%) < Cry.

oD;NS? oD,NS?
Since T meets S? orthogonally and 9, is parallel in R3, we have
e f = =A™, n*)zly,

S0, using also the bound |A2 | & <Cp (implied by the stronger estimates in Lemma 2.2 (iii) and Lemma 2.3 (vii)),

/ P f d(g™)| < Cry / |2l3|p (%) < Cmie} < 7,
oD;NS* 0%

having used (2.16) for the final inequality and (2.20), (2.28), (2.27), and item (ii) of Lemma 2.2 for the integral
estimate.
Turning to dD;\S?, we have 7" (g%’)(0D,\S?) < Cmr, and on D;\ S*

lul < CmﬂrlHﬁ, ‘anu| < Cm/’rlﬁ <c,
Ifl < Cm;f:lX(Tj + |h§‘)) < Cmz, ldf] < C’Az)gz <cr!

from the bound assumed on u and the fact that each component of dD;\$? is the image under the map @, as
defined in (2.5), of a half waist of a catenoid with vertical axis, having also used (2.20) and (2.16) for the final
bound on | f|. Consequently,

(frPu—un® f) ds#'(g™)| < Cm11<m71 + mﬁﬂﬁ) <Cm,

0D;\S?

once again using (2.16).
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Finally, for the bulk term, again exploiting the fact that d, is Killing and denoting its projection onto X by
d], we find
Z )

/ ufs f d*(g™)| = / (0] H*)u dA(g™)
D; D;
< / |ul p|dH| s d°(8%) < Crym” / Pl |dH) o dAH(E™).
D; D;
Using item (iv) of Lemma 2.2 and item (viii) of Lemma 2.3 to estimate dH, along with (2.27) and (2.28), we have
/l’l_ﬂldeZgE d%Z(gRS) = / 'Dl_ﬂldl—”ngZ d‘%/ﬂz(gks)
D; D\K;
+ /pl_ﬁld_Hlngz dA(g™)
K;
< Cm (7 + | DIl o)) - 4G HD\KD
+ CTI/pZ_ﬁ A4 g™)
K;
< CmPr(1+¢) + Cp'mlr,,
having recalled also the definitions (2.18) of D; and (2.33) of w; and having made use of item (ii) of Lemma 2.2 to

estimate the K; integral.
Feeding this last estimate into the one preceding it, we conclude

/ ujs f dHg™)| < C[A+ om* e + pmP 7|z,

D;

By invoking (2.16) and taking m sufficiently large in terms of ¢, #, and the final C above we confirm the asserted
bound and so complete the proof. O

On the construction of free boundary minimal stackings of any order - main results

We shall now exploit and combine the preliminary results above to prove our main existence result. The actual
embeddedness of the surfaces, and the characterization of their maximal symmetry group are postponed to a
separate statement.

Proposition 2.9 (Existence of free boundary minimal stackings). Let N > 2 be an integer and a, f €]0, 1[. There
existmy = my(N, a, f) > 0and C = C(N, a, ) > 0 such that for every integer m > m, there exist an initial surface

= ZN’m’ 2z and a function u: £ — R such that

7 Ml + |+ |E] <

(recalling the definition of 7, in (2.15)) and 1,: £ — B? is a free boundary minimal immersion.

Proof, Let N >2 be a given integer, and fix a,f €]0,1[. For any ¢ € R&Vj and & € Rfi"_‘l by virtue of

Proposition 2.5 and Lemma 2.4 we can take m large enough in terms of N and | E | + 'E | that

<u‘1), ﬁ(1)7ﬁ(1)>:= RZN‘m_zg<_p_2HZ +D. E)
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is well-defined and satisfies

4Vl + |7 + | < €2

for some C > 0 depending on just N. Next set

Bywi={ve e [Vl < 7402 .

Nm ) ¢ |
Then for any ¢ > 0 and for all m sufficiently large in terms of c and N we can define the map

Sxumet By X ([=c e X =, el 1) » €2°(2

N-1 N-1
- )x(l]%{I+ X R )

N,m,a,ﬁ -

as follows, where we use in particular the map £ identified in Lemma A.2 in Appendix A (and the reader can
consult the cross-references in the paragraph immediately following the below definition of Sy ,,, . for reminders
of the remaining notation employed):

e (08.6)):= <P7§5 w, (88)-7e” <F”‘”+Pgiw D+u" + ﬁ>>
NS

with
= = -20$.&
(uva Hys Mu)' - RZN.m.f,E <_p Qu(1’+P?§U>'
Y

Crucially, the estimates we have for Ry (Proposition 2.5), Q (Lemma 2.7), and the second component of the
value of Sy ,, . (Lemma A.2 and Lemma 2.8) do not depend on the choice of c. The estimates (2.37) we have
concerning P & do depend on ¢, but for any given ¢ > 0 we may choose m sufficiently large in terms of it and
(exploiting the definition of By ,, and the quadratic estimate Lemma 2.7) sacrifice an appropriately small power
of 7, to secure a bound on the image of Sy ,, . independent of ¢: in summary we obtain

+ < C(c)zfrﬂ/2 < zi”’ﬁ,

Hy

1P, ol + |

<c+erluV + 5, <,

‘<E’ E ) B 71_18_1 <7?u‘”+P}im D+u® + ﬁ”)
&

where C(c) > 0is a constant independent of m, while each instance of C is a positive real, whose value may vary
from instance to instance but in each can be chosen independently of m, ¢, {, £ and v. Consequently there exists
some value ¢ > 0 for which the image of the continuous map Sy ,,, - is contained in its domain. We can now apply

the Schauder fixed point theorem (as in [[23], Theorem 11.1] for instance) to verify the existence of some v, f R E
for which § (U, (E , E )) = <U, (E , E)) The proof will be concluded (for m sufficiently large) with initial surface

X = ZN’m’ & for this choice of ¢, £ (depending on m) and with defining function

w=u® +p .
(94
Indeed, starting with the definition (2.48) of Q_, we then have
Hu =HZ+JZu+Qu
—HE—HE+p’D-w+ i - o+ PPV - w + ]ZP;EU +Q,
=iV + ji,) - 0+ pH D+ 1 + 1) - w.

Here we have exploited just the first, functional component of the fixed-point equation, which shows that H,
lies in a finite-dimensional subspace. The second, parametric component of the fixed-point equation implies

- -

7, =0, D+ a0+ 7, =0, @.51)
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so that in fact

H,=p*(i® + ji,) - . (2.52)

In this way the fixed-point condition directly shows that the w component of H, vanishes, reflecting the trans-
parent influence that variation of & (via D) exerts on this component. On the other hand, using the definition
(2.50) of 77’“, for each 1 < i < N equation (2.52) and the first equation in (2.51) yield

0= 7:)i;u = (/’151) + (/’{v)i>/p2wi gR3 (VZ’ azIZ)a

D:

but, referring to the definition (2.38) of wy;, it is clear that the integrand has a sign, implying H, = 0.

That 1,(0X) C S? with radial conormal follows (cf. [[4], Section 5] or [[2], Section 5.1] for a detailed expla-
nation) from the fact that these same conditions hold for : in place of 1,, the fact that S? is totally geodesic in
(R3, g,.x), and the boundary condition enforced by Ry. Finally, the maximum principle (or alternatively the
bound on u) implies 1,(X) C B®. O

For each (I, m) as in Proposition 2.9 we take X and u as in the same proposition, and we define

Sy = 1 (2).

Proposition 2.10 (Embeddedness of X, and maximal symmetry group). Let N > 2. There exists my > 0 such
that for every integer m > my the surface Xy ,, is embedded. Moreover, the maximal symmetry group of Zy .,
equals the prismatic group P,, when N is even, and the antiprismatic group A, when N is odd.

Proof. The embeddedness follows from the bounds in Proposition 2.9 for the defining function and parameters
(using in particular the decay of the defining functions on the K; regions) and from the embeddedness and
specifications of the initial surfaces (using in particular the facts that each catenoid has waist radius of order 7,
and that the spacing between the discs is of order mz,).

Turning to the symmetries, by construction Xy, is invariant under G = Gy, so it remains only to verify
that Xy ,, has no extra symmetries. For this one could argue, somewhat as for the embeddedness, by using the
smallness of the defining function and the easily verified fact that the corresponding initial surface has maximal
symmetry group G, but we give instead a different proof that proceeds by counting umbilics (with multiplicity)
and depends very little on the construction.

Recall that in a tubular neighborhood of {x = y = 0} each initial surface is a union of exact horizontal discs
and g,,, agrees with the Euclidean metric. It is then immediate from the construction of Xy, as a g,,, graph
over an initial surface that X, , N {x =y = 0} consists of exactly N points. Moreover, since X ,, is invariant
under Y, each of these points is (by Lemma E.2) an interior umbilic of order at least m — 2.

Suppose now that Xy, had a symmetry outside G. Note that whenever N is odd, Xy, contains the origin
and has horizontal tangent plane there. Consequently, if our extra symmetry does not preserve {x =y = 0} as
a set, then N must be even and X ,, must contain at least (m + 1)N interior umbilics each of which has order at
least m — 2 due to Lemma E.2, so that by Proposition E.1

8y +4f — 8 > 2(m — 2)(m + DN. 2.53)

If instead our extra symmetry preserves the set {x = y = 0}, then each point {x =y = 0} N Zy ,, must in fact
have order at least 2m — 2. (Indeed, this claim follows from the explicit classification of the elements in O(3),
which allows — possibly by composing with suitable elements of G — to reduce to the case when the extra sym-
metry is a pure rotation around the z-axis, and then noting that since X ,, is not rotationally symmetric, such a
symmetry must rotate by an integer divisor of 27z /m; at that stage one simply appeals to Lemma E.2 with 2m in
lieu of k.) In turn Proposition E.1 implies

8y +4f —8>4(m—1)N. (2.54)
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On the other hand, Xy, has the same topological type as its corresponding initial surface, so by Lemma 2.1
8y +4f —8=4(m—1)N —4m

(independently of the parity of N). However, it is then readily seen that the preceding equation is incompatible
with (2.54), as it is in fact with (2.53) provided m > 3. O

By virtue of the embeddedness in Proposition 2.10 we can define the diffeomorphism
Wy m' ZNm = =

such that wy , o1, is the identity on X. That said, we wish to collect in the following statement some sharper
geometric estimates that — besides being informative in their own right — are auxiliary to the study we perform
in the next section and the resulting index estimates.

Corollary 2.11 (Geometric estimates for EN’m). Let N > 2. There exist  €]0,1[ and m > 0 such that for every
integer m > my, recalling the function p defined by (2.26) on the initial surface X: = wy ,,(Xy ), we have

—1x

2 ) 2,5
oy 8 m = p°8" ooz prgry < (mz,)’,

2
AZN,m

_ p—2|A2

2
=2 —1*
”p wN’m gszm gz ”CU(Z,ﬂng) S (m"[,'l)ﬂ.

Proof. This follows from the estimate for the defining function in Proposition 2.9 and from the estimates on the
second fundamental form of the initial surfaces in Lemma 2.2 and Lemma 2.3. O

3 Morse index and nullity bounds

We will partition each surface Xy ,, constructed above (cf. Proposition 2.9 and Proposition 2.10) into three type
of regions — still to be formally introduced - one category being that of “catenoid regions” and the other two
being those of the “disc regions” and finally the “intermediate regions” in between. We are going to apply the
Montiel-Ros type machinery, as developed in [9], so in the first part of this section we will collect some key
facts from there, also with the goal of introducing the (somewhat heavy but) convenient notation we shall later
employ. We will then proceed with the spectral estimates on such building blocks, and finally prove the global
index and nullity bounds on the free boundary minimal disc stackings.

General setup
We start by considering a Lipschitz domain € of a smooth, compact d-dimensional manifold M with (possibly
empty) boundary 0M; by this we mean a nonempty, open subset of M whose boundary is locally (around every
point) representable as the graph of a Lipschitz function, and note that we do not require €2 to be connected.
One wants to study the spectrum of a given Schrédinger operator A, + g on Q subject to Dirichlet, Neumann,
and Robin conditions on pairwise disjoint open subsets 0,2, d\ €2, 0x€2 respectively, assuming that the union
of their closures equals 0Q2. We assume the Riemannian metric g, the Schrédinger potential q: Q - R and the
Robin potential r: Q — R to be smooth @i. e., C*®) unless otherwise stated.

One can pose the problem by considering the Sobolev space H'(, g), with its standard inner product, then
its subspace

H'5 oQ,8):= {ue H(Q,8): ulyq =0}, G
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understood in the sense of traces, and the quadratic form T = T[Q, g, q,T,0p€2, 0y, 0x2] defined by

T: HldDQ(Q’ g) X HldDQ(Q’ g) - R
(W, 0) = / (8(V 1, V,0) — quv) d(g) — / ruv d#(g) 32)
Q

0pQ

that is symmetric, bounded, coercive, and can thus be diagonalized (see [[9], Section 2]). Listing the eigenvalues
as usual with repetitions in non-decreasing order, we denote the kth eigenvalue of T by 4,(T). Given t € R,
we let E</(T) respectively E=(T) denote the span in L*(Q, g) of all eigenfunctions of T with eigenvalue A < t
respectively A = t, and E<'(T) be their direct sum. The index and the nullity of X are then defined as

ind(T): = dim E<%(T), nul(T): = dim E=°(T).

Let G be a finite group of smooth diffeomorphisms of M, each restricting to a surjective isometry of Q, 2).
Given a group homomorphism ¢: G — O(1) = {—1,1} we define the action

(p,u) » o(P)uodp™) =c(p)p™u forallp €6, u:Q - R,

and we call a function (G, o)-invariant if it is invariant under this action. As defined in [[9], (2.11)], we denote
the orthogonal projection onto (G, o)-invariant functions by ¢ ,: LXQ, g) - LA, g), and define the subspaces
Eg' (T), E;! (T) (as well as their direct sum EZ'_ (7)) and in turn the integers

: e 0 . — dim F=0

indZ(T): = dim E§ (T), nul(T): = dim E;_ (7). (3.3

Of special utility, in our study, is the min-max characterization

297(T) = min{max{ ”Tuﬁﬁ”zi”” C0+we W} W C g, (HY0(Q. ). dimW = i}. (3.4)
Q.9 subspace

When |G| = 2, there are precisely two homomorphisms G — O(1). This leads to defining the G-even and G-
odd index (henceforth denoted indg and ind; respectively), and likewise for nullity; we always have (cf. [[9],
Example 2.3])

ind(T) = ind}(T) + ind(T), nul(T) = nul}(T) + nul (7). (3.5)

Adjoining interior boundary conditions and main statement
If Q, C Qis another Lipschitz domain of M we define the sets

0= 0Q, N Q, Dot = 09, \ 0,
Q= 0@ N UG, 0p" Q= 0 N 9, 6
Oy Qi = 0 @y N O Q, O™ = (0 N Oy U 91 |
Q= 0, Q1 N 02, O™ Qi = Oy N 02
and the associated bilinear forms
Tgil“‘: =T[Q, g.q,rT, agimgl’ agimgl’ agmgl]’ 37)

Ninl . le Ninl Nint
To™:= TIQy, 4,7, 0y Ry, 0y Ry, 021,

defined, respectively, on the Sobolev spaces H' o Ql(521, g)and H! o Ql(Ql, 2.
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Note that, if we further assume that each element of G maps €2, onto itself then it follows that each of the
sets in (3.6) is also invariant under the action of G.

Proposition 3.1 ([[9], Proposition 3.1]). In the setting above, suppose we have open G-invariant Lipschitz sub-
domains €, ..., Q, C Q which are pairwise disjoint and whose closures cover Q. We assume further that G
acts transitively on the connected components of  (which is automatically the case if Q is connected). Then the
following inequalities hold for any t € R:

0 dimES(T) > dim % (Tg™) + XL, dim E5L (To™),

() dimES (T) < dimES (Tg™) + X, dim E5L (Tg™).

The geometric scenario

For our purposes it is convenient to specialize the discussion above to the geometric case of interest, which
in particular warrants special notation. Accordingly, let B® as usual denote the 3-dimensional Euclidean unit
ball, and let £ C B® be a properly embdedded (compact) surface. In this setting, its Morse index and nullity
correspond to the Schrodinger operator determined by taking g to be the metric induced by the embedding in
B3, q = |A|? (the squared norm of the second fundamental form of ¥) and r = 1. Following the notation of [9],
we define the Jacobi quadratic form

Q*:H'(Z)XxHY(Z) - R

(u,v) ~ /Vu -Vou —|Aluv do#* — / uv d" 3.8)
z 0%

The (absolute) index and the nullity of ¥ are then (equivalently) defined as
ind(2): = dim E<°(Q*), nul(X): = dim E=°(Q%).

Among all possible group actions one can consider, one is especially important for our purposes. Recalling
that any properly embedded surface in B? is two-sided, let us pick a unit normal v on ¥ and thereby identify
— as usual — sections of the normal bundle of X with functions on X. For G again a subgroup of O(3) preserving
2 we have a natural action given by

(¢, w) — sgn,(P)uo ™) forallp € G, u:X - R,

where sgn, (¢): = h(¢h,. v, v) is a constant in O(1) = {1, —1}. We shall further assume that the action of G on
is faithful, meaning that only the identity element fixes ¥ pointwise; this assumption is always satisfied in our
applications. In this context recall we say that a function u: £ — R is G-invariantifu = uo ¢ for all ¢ € G, and
we say rather that u is G-equivariant if u = sgn (¢)uo ¢ for all ¢ € G (that is, noting the identity sgn, (¢) =
sgnv((ﬁ_l), provided u is invariant under the sgn,-twisted G action). The G-equivariant index and the nullity of
2 are then

indg(2) = ind(Q™): = indF " (Q%), nulg(E) = nuly(Q*): = nul™ (Q%); (3.9)

note that, in the special case when G is the trivial group, this notation is obviously consistent with what we
defined above and thus we agree to employ just the former and write ind(¥) and nul(¥) for the (standard,
non-equivariant) index and nullity of X. We will also employ this notation, with the obvious changes, for the
Jacobi operator of compact, connected, properly embedded minimal surfaces in a given regular subdomain of
R3, subject to suitable boundary conditions specified whenever ambiguity is likely to arise.



DE GRUYTER A. Carlotto et al.: Disc stackings and their Morse index === 785

Spectral estimates for the building blocks
To apply Proposition 3.1 we first need to prove bounds for the subdomains of Xy, of the three types previewed
at the beginning of this section. For the following statement, given one catenoidal ribbon

Ti= ) (K(m™)
(fori=1,...,N —1, recalling (2.24)), we set

QR = (@), oF = (@),

and, in addition,

the subgroup of the symmetry group of X, , stabilizing I'; as a set. In words, this group only consists of a reflec-
tion with respect to the vertical plane of symmetry of the ribbon if N is odd or if N is even and the ribbon in
question is entirely contained in the half-space {z > 0} or {z < 0}, and is larger (since it consists of two planar
symmetries) if instead N is even and the ribbon in question crosses the {z = 0} plane. Note that, in either case,
every element of every G, preserves the sides of X, in B® (that is: it preserves either choice of global unit
normal).

Lemma 3.2 (Index and nullity bounds on the catenoid regions). Let N > 2 be an integer. There exists m, > 0 such
that for every integer m > m, we have

ind(Q?l) > ind;,_ (QR_) >1, ind(Qyi) +nul(QY) <3, indg, (QII{_) +nul, (Qg) <2

for every catenoid regionI'; C Xy ,, and
indg_ (Q? > +nulg, (Q?‘ ) <1 for N even.

Proof. By the conformal invariance of the index and nullity in dimension two (as proven, for example, in [[9],
Proposition 3.11])

(a2 (s ()5,
ind(Q?[.) + nul(QR) = ind(Q?i, <w;{}’mp2)g21v,m> + nlﬂ(Qg, <W1T;’mﬂz)g2”v’">.

The claims now follow by applying Corollary 2.11 and items (ii) and (iii) of Lemma 2.2 (which ensure closeness,
through the appropriate diffeomorphisms, of the coefficients of Qr to those of Q A with the appropriate T),

Lemma D.1 (which compares the spectrum of the region in question with that of the correspondmg model), and
analysis from Lemma C.1 (which bounds the low spectrum of the model). In applying Lemma D.1 we make use
of Lemma C.3 to ensure (D.1) holds with Q = Ki‘l(wN,m(F,-)) uniformly in m for a single choice of Cg. Note in
particular that under the conformal transformation which we apply the natural Robin potential r = 1 becomes

-1
(w;’mp> , tending to zero as m — oo and so justifying the (homogeneous) Neumann condition we impose on
the model problem. O

We further define for each X ,, and each D; (as in (2.21)) on the corresponding initial surface
0=y (D(m™) N ®({o < 3/m})), Ap= @y (D(m™N\@({o < 3/m})),
Ninl [ m Ninl
Qgi:: (QZN"")@i ; Qii'— (Q™ )A,.

(recalling (2.32)). Observe that each A, is approximately a horizontal disc whose boundary avoids S$? but rather is
shared with one boundary component of the corresponding ®;, an approximately flat annulus whose remaining
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boundary component alternates between arcs on S? and arcs through catenoidal ribbons, along which ©; bor-
ders a component of some le“]-. In total we have N disc regions A;, N intermediate regions, ®;, and (N — 1)m
catenoid regions, the components of | J;Y,,I';. The preceding regions are pairwise disjoint and their closures
cover Xy .

Lemma 3.3 (Equivariant index and nullity upper bounds on the disc regions). Let N > 2 be an integer. There
exists my > 0 such that for every integer m > m, we have

i (01) o, (03) =)+ <

for every disc region A; C Zy ,, and
ind,, (QX ) +nul, (¥ )=0 forN odd.

Proof. Note that wy ,,(A)) is an exact planar disc. Since the Neumann Laplacian on a disc has index zero
and nullity one, coming from the constants, the claim follows by applying Lemma D.1 in conjunction with
Corollary 2.11. O

Lemma 3.4 (Index and nullity upper bounds on the intermediate regions). Let N > 2 be an integer. There exists
my, > 0 such that for every integer m > m, we have

indy,_ (Q&) +nuly, (Q&) <1

for every intermediate region ®; C Xy, and

ind,, (03 ) =nul, (05 )=0 for N odd

Furthermore we have
ind(Qgi) + nuI(Qgi) <2m.

Proof. Let us first recall the general “reduction principle” given in [[9], Lemma 3.5] and the related comments
presented in Example 3.7 therein: computing indy,_ (Qgi) and nuly (Q&) is equivalent to studying the index
and nullity for the Jacobi operator on a fundamental domain for the VY, -action, subject to adjoined Neumann
boundary conditions in the interior boundary. Since

ind,, (le_ ) + nuly, (Qgi ) = ind,_ ( 5 g ) +nul, (Qg L g5 )

the claim then follows by applying Lemmata C.4, C.5 and D.1, in view of Corollary 2.11 and items (iv) and (v) of
Lemma 2.3 (and, for the final two claimed equalities in the statement, the fact that the first eigenfunction of ng

has a sign). We point out again in particular that the geometric Robin potential r = 1is rescaled to m~1, justifying
the comparison with the Neumann problem on the model.
Let us turn to the final claim: if Q,, ..., €,,, denote the interiors of the connected components of

@i\{(x,y,z) 3djez y=x tan<2j2;:;1ﬂ> },

where we are cutting by the vertical planes of symmetry, the conclusion comes straight from employing the
preceding argument, which precisely gives

ind<<Qgi)Zh:> + nul((Q&)?) <1

J

for each €2; as input for applying Proposition 3.1 (ii). O
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Conclusions
We now have all necessary tools in place to prove the estimates on index and nullity claimed in Theorem 1.1 and
in Remark 1.4. Let us start with the upper bounds.

Proposition 3.5 (Index and nullity upper bounds for Xy ). Let N > 2. There exists m, > 0 such that for every
integer m > m,
ind(Zy ) + nul(Zy ;) <m(N —-3) + N.

Proof. We apply Proposition 3.1 (ii) (with trivial G), relying upon Lemma 3.2, Lemma 3.3, and Lemma 3.4. To
the resulting upper bound the catenoid regions make total contribution 3m(N — 1), the disc regions N, and the
intermediate regions 2mN. O

Proposition 3.6 (Equivariant index and nullity upper bounds for Xy ). Let N > 2 be an integer. There exists
m, > 0 such that for every integer m > m,

] 2N -1 for N even,
indg(Zy ) <

2N —2 for N odd.

Proof. We similarly apply Lemma 3.2, Lemma 3.3, Lemma 3.4, and Proposition 3.1 (ii), but now with G=G

(the maximal symmetry group of the surface); each €; of the Montiel-Ros partition we wish to employ is a

G-invariant set that is obtained starting with either a disc region or an intermediate region or a catenoid region.

We note that, modulo the symmetries, we have:

— for N even, exactly n such Q,; consisting of catenoidal components, n consisting of intermediate regions, and
n consisting of disc regions;

— for N odd, exactly n such €; consisting of catenoidal components, n + 1 consisting of intermediate regions,
and n + 1 consisting of disc regions.

Carefully accounting for the contribution of all such components, based on the aforementioned lemmata, gives
the desired result. O

We now switch gears and move to studying lower bounds on the Morse index of the free boundary minimal
disc stackings. To begin with, it is instructive to first recall from [9] the following index lower bounds in terms
of symmetries of the surface in question.

Proposition 3.7 (Index lower bounds under pyramidal and prismatic symmetry [[9], Prop. 4.2]). Let X be a con-
nected, embedded free boundary minimal surface in B%. Assume that X is not a disc or critical catenoid, that =
is invariant under reflection through a plane I1,, and that X is also invariant under rotation through an angle
a € [0,2x] about a line & C I1,. Then «a is a rational multiple of 2z, there is a largest integer k > 2 such that
rotation about & through angle 2z / k is also a symmetry of ¥, and
B ndE) >2k-1,
(ii) indﬁl(Z) >k-1
(i) ifX is additionally invariant under reflection through a plane I1, orthogonal to &, then in fact ind;“[l(E) >
2k —1.

Corollary 3.8 (Index lower bounds for Xy ,, from symmetries). Let Xy, be any embedded free boundary mini-
mal surface in B® with the topology and symmetry group given in Theorem 1.1. Then

for N even,
ind(Zy,,) >

2m—1 for N odd.
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Proof. For N odd we apply Proposition 3.7 (i) with I1; any vertical plane of symmetry, k =mandé = {x =y =
0}. For N even we similarly apply Proposition 3.7 (iii) for k = m, with I1, any vertical plane of symmetry and
& = {x =y =0}, and then Proposition 3.7 (ii) for kK = 2 with I, the horizontal plane {z=0} and £ = {y =
X tan(x /(2m))}. O

In the case N = 2, we expect the lower index bound stated in Corollary 3.8 to be sharp, as explained in [[2],
Conjecture 7.8 (iv)]. As anticipated in the introduction, we wish to refine our analysis so as to get a bound that
also accounts for the number of layers, as seems natural. Indeed, Lemma 3.2 allows us to derive the following
lower bound, an improvement to the former whenever N > 3.

Proposition 3.9 (Index lower bounds for Xy, depending on N). Let N > 2 be an integer. There exists my > 0
such that for every integer m > m,
ind(Zy ) > m(N - 1).

Proof. We apply Proposition 3.1 (i) (with trivial G) with a partition of X, into precisely m(N — 1) + 1 domains,
namely all (connected) catenoid regions, plus the complement of their disjoint union. Applying the local lower
bound given in Lemma 3.2, the proof is readily completed. O

We state also an equivariant counterpart.

Proposition 3.10 (Equivariant index lower bounds for Xy ). Let N > 2 be an integer. There exists m, > 0 such
that for every integer m > my
indg(Zy ) > n=[N/2].

Proof. Here we just reconsider the very same partition employed in the proof of Proposition 3.6, but this time
we apply Lemma 3.2 and Proposition 3.1 (i), with G = G. O
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A Vertical forces

This appendix contains the key estimates establishing that the cokernel of the construction can be controlled by
variation of the ¢, £ parameters. The treatment is similar to that in [[5], Section 3], but with symmetry constraints
and some simplifications. Most notably we appeal to the Perron—Frobenius theorem to streamline the proof
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of Lemma A.1 (in comparison to [[5], Lemma 3.18]), and we prove uniqueness there (whose analogue was not
asserted in [5]). The use of forces as proxies for components of the cokernel follows [22], while the introduction
of dislocations is motivated by the methodology of [24]. The same underlying ideas were applied in [4], but
Lemma A.1is trivial in that case and the proof of the corresponding special case of Lemma A.2 much simpler.

We begin with a lemma which is needed for the definition of the initial surfaces and for the remainder of
this appendix.

Lemma A.1 (Limiting waist ratios). Let N >2 be an integer and n= |[N/2|. There exists a vector X =
(s« s Xy_q) € [R{II";l such that
0<x < .. <Xy <X, =1, (A1)

and
a1 + N mod 2

X, .
Xiq+ Xy =2 T+ N mod 2 x; foreach1<i<N-1, (A.2)

understanding x, = xy = 0. Furthermore, X is the only vector in RN~! satisfying (A.2) and having x,, = 1 and all
entries strictly positive.

Proof. Let Bbe the (N —1) X (N — 1) matrix such that

1 ifli—jl=1
ij=
0 otherwise,

and let T be the (N —1) X (N —1) identity matrix. Then (I + B)V=2 is entrywise strictly positive, and by the
Perron-Frobenius theorem (see for example [25] or the special case treated in [26], which suffices for this appli-
cation) the maximum eigenvalue A of B is strictly positive and has eigenspace of dimension one (in other words
Ais a simple eigenvalue) which moreover includes a vector with all entries strictly positive. In particular there
exists a unique vector X € R¥~! such that x,, = 1 and BX = AX, and we then have also x; > 0 for all i. Since left
multiplication by B preserves each of the two summands in the decomposition R¥N=1 = R&V ) IRIIV_‘l, it follows

from the simplicity of A and the positivity of the entries that X € IRjiV " L
From BX = AX and the definition of B we have

Xi_q+ X =Ax; foreachl<i<N-1
In particular, by taking i = n and applying the choice x,, = 1 we find
Xn-1 + Xnt1 = /17

but since X € IRli" 1 one has in particular

Xp_q if Nmod2=0
Xnt1 =

x, =1 if N mod 2 =1,

and so we conclude
Xp_q + N mod 2

A= Nmod2
Consequently (A.2) is satisfied.
If y € R satisfies (A.2) (with y in place of x), then V is an eigenvector of B. If the corresponding eigenvalue
differs from A, then, by symmetry of B, y is orthogonal to X, so cannot have all entries strictly positive. If instead
the corresponding eigenvalue agrees with 4, then by the latter’s simplicity and the assumption y, =1 imply

y = X. Thus we have verified the uniqueness assertion.
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Finally, we observe that

SR N-2
XTBX 2
A= Ry =72X1'Xi+1<2,
i
where |-| is the Euclidean norm on R¥~! and the strict inequality follows from the Cauchy—Schwarz inequality

and the fact that x; = x_; > 0 (because of the known positivity of all entries, as mentioned above). Therefore
we have

= 71+N2m°d 2i-Nmod2<1=x,
and
Xi_g = AX; — X <X;+ (X; — Xq) foreach2<i<n-—1,
whence, by downward induction starting at i = n — 1, follows (A.1), completing the proof. O
Next, for each initial surface ¥ = ZN mE cJ;(as designed in the first half of Section 2) we define F=F Nm.Z.E €
IRIIV_ by
Pi = Fi;N,m,E,E: = </gIRS (ﬂDi,aZ|Z) d%l(gRs) (A3)

aD,

for each region D; C X as given in (2.21), with #” denoting the outward unit conormal. We will refer to the F;
as forces, since if D; is interpreted physically as an idealized film (not in equilibrium), then —F; represents the
z component of the net force that D; exerts, through surface tension, on dD;. (Integrals of type (A.3), also called
fluxes, provide a standard tool in the study of (exactly) minimal surfaces; see for example [[27], Chapter 1, §3.1].)

By the first variation formula and the fact 0, is Killing, F; is equivalently the integral over D; of the z compo-
nent of the (vector-valued) mean curvature of D;, which perspective motivates our interestin F: by manipulating
(via Lemma A.2) the components of the initial mean curvature that the F; represent we will obtain control (in
Proposition 2.9, with the aid of Lemma 2.8) over the subspace of the approximate cokernel (that is the span of
the w; and w; functions as defined in (2.38) and (2.33) respectively, and as applied in Proposition 2.5) spanned
by the w;. The span of the w; will instead be controlled, much more directly, by adjusting the dislocations D,
(introduced in (2.18)). We will see below that the assumptions of Lemma A.1 can be understood as enforcing
approximate balancing (that is vanishing of the 7;). Lemma A.2 represents finer control over the F;, as well as
the D;.

We proceed to estimate the ;. In doing so we will make repeated use of (2.16), without any further comment.
We will also apply, throughout this appendix, the notation a = b 4+ O(c) (and simply a = O(c) in case b = 0) as
follows. Here a,b € R and ¢ > 0 are real numbers which may depend on initial-surface data (N, m, E s E ). Then
we stipulate that a = b + O(c) if and only if

3my = mo(N. €] +[E)>0 3c=Cca>0 Vm>my @ <c
From the definitions (A.3) of F; and (2.21) of D; (using in particular the orthogonality of X to 0B%) we find

F = / zdA'g%) + / g% (n",0,15) dA" (&%)

oD;NS* oD,n®({w=h{})
+ / g% (17 0,15) A (g™,
opn®({@=h{, })

where we understand {& = h¥} = {w = hK} = @, so that the corresponding integrals terms fori = 1and i = N,
are omitted. With the aid of (B.1) and then (2.20) we estimate

_ 0<T]2. ; (hgf)z) = o(m2),

'(q)*g[R3 _ gdom (D)l

dDm{ax:hIJ‘} giom @
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Figure 10: Schematic visualization of dD; (for i & {1, N}, cf. Figure 7) and the curves I'f and I'?.
whence
F= / 2dANER) + mar, — mar,_ +0(m*cd), (A4)

oD;NS*

where we understand 7, = 7, = 0.

To estimate the remaining integral we will decompose its domain of integration into two (disconnected)
curves, Ff( and I“f, which, recalling (2.25), we specify in terms of the union LISZ: = O(L;) of meridians on S?
whose inverse images under @ are axes of catenoids employed in the assembly of D;. Thus Ll.SZ is a union of m
meridians when D; is outermost and otherwise a union of 2m meridians. Now let Ff.( be the intersection of dD;
with a tubular neighborhood in S? of LiSZ of (longitudinal) radius ﬁ and let Ff :=0dD;N SZ\F;K . See Figure 10.

For each j € {i—1,i} we fix a component yin of I'f such that yin has a boundary point on <I>({a) = hﬁ.( } ) ;

we understand y;') = y}é v = 9. We fix also a component yiB of Ff . In the estimates to follow we will make use of
parametrizations of the yin and yiB that can be read off by inspection of (2.21) (defining the D,) and the supporting

definitions, at the heart of which are the defining functions (2.11) and (2.12) near ®7'9% in the domain of ®.
Referring to (2.5) and again using both (B.1) and (2.20), we continue by estimating

+(@'z- ) = O(?) = O(m2?). (A5)

on ® &7(oD,nS?)

<|((D*gR3 _ gdom ) ]

Using this last estimate, the additional estimate (for the integral of the height function along a catenary arc)

arcosh ——
4mrj

/ (M= (=0"Jzjt) 7; cosh ¢ dt = ﬁ(hﬁf — (~1)I(8h5);/2) + 0(m™'7,)
0

(using in particular (2.17) and arcoshﬁ = arcoshmL + 0(1)), and (2.19), we in turn obtain (for yl.K]. £0)
j 7 5

/ zdA'(g"¥) = & (R + (=D"/D;) + 0(m™'7y). (A6)

K

Vi

We next observe (referring ultimately to the defining functions (2.11) and (2.12)) the estimate

dCO|cI>71(7,-B) — O(mzrl)
Blo)

and from here, again using (A.5) and (2.19), we obtain also

Zp+o(my) for2<i<N-1
3r7)[1 (A7)
%hf+0(m_111) fori e {1,N},

Do

/ zdA(g™) =

v



792 = A Carlotto et al.: Disc stackings and their Morse index DE GRUYTER

noting in particular that, to leading order, the contribution of D; to z is antisymmetric in 8 so integrates to zero.
Using (A.4), (A.6), and (A.7) (and recalling from (2.18) that D; = Dy, = 0), we conclude

Fi= 27rhf + mat; — mrt_y + 0(1y), (A.8)

noting in particular that the D; contributions from the components of FIK (as identified in (A.6)) cancel in pairs
(or vanish identically from the startin case i € {1, N}).

N-1

For the proof of Lemma A.2 below it is useful to introduce and examine Fe Ri 5

[R]IV J,ro,o from (2.18), we define by

which, recalling De

_ Fia = F) = 2D; + Dyyy)
T, '

(A.9)
From (A.8) and (2.18), and using (2.19) and (2.17) (after expressing arcosh therein in terms of log) to estimate
B B
hiJr1 - hl. , we find
Fi=al logi +mIH _om T 4Tt 4 o),

T, mr; T, T, T,

Applying the definition (2.15) of the 7; (and the supporting definition (2.14) of the zj) with xq, ..., xy_; as in
Lemma A.1 (and understanding x, = {;, = xy = {y = 0), we further estimate

~ i1=tn X, + N mod 2 =] Six1=6n
F.=m(x_e n =281 — —— Zxen +x,e n |—4x¢ +001
i < i—-1 14+ N mod 2 i i+1 ) 1Cn ( ) (A,lO)

= —=X;1(§; = icy) + X1 (Giq — &) — 4x:6, + O(1).

We are now ready to state and prove the following lemma, which, as anticipated above, plays an indis-
pensable role in managing certain apparent obstructions (that originate from the cokernel of the model linear
problem on the disc) in the proof of the existence (Proposition 2.9) of an exactly free boundary minimal graph
over each initial surface with m sufficiently large.

Lemma A.2 (Control of forces and dislocations). Let N > 2 be an integer. There exist C = C(N) > 0 and an invert-
ible linear map
— .N-1 N-1 N N,0,0
=&y R ORI > RY OR,

such that for every ¢ > 0 there exists m, = my(N, ¢) such that for every integer m > m, and for every (E , E ) E
[—c, C]]IV ;1 X [—c, c]li"_‘1 we have

-

N DN,m,Z,E) - &({,8)] <C,

IEN+1E7 + |7, (F
where || - || is the operator norm with the Euclidean norm on the corresponding domain and target.
Proof. We begin by defining some linear maps:

S:RV-00 _ pN-1 by (ST )i=v;+ Uy
T =T R - R by  (T0)i= vy — v

ifie{l,d+2),
TO,() — T(()fi0+2): [Rd+1 N [Rd+2,0,0 by TO,O(U)i: —

U — Ui if2<i<d+1,

F: RN_Z Ed RN_l by (FU)i: = —Xij—1Uj— + Xi+1Ui’
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where dis any nonnegative integer, X, ... , Xy, areasinLemmaA.1, and we understandx, = vy = Xy = Uy_; =0
in the definition of F. Then, T|ev = TW=V |,y is a bijection onto [R’i" ~1and
1- 1-

N-1 N,0,0 N-1 N-2 N,0,0 N-1 N-2 N-1
TM(Ri_ >g RO, T([Ra1+ )g RYZ, S(RH )g RV, F(R11 )g RN,

Thus we can define £ = &y: Ré";l ) Rli"_‘l - Rli"_ &) Rliv ;o,o’ by

& €)= (T@ (nFTE — 4m g X+ STy & ) iTME),

which is obviously (in view of the bounds in Lemma A.1) a bounded linear map. The asserted bound on
rn‘l( F,D)— E(¢, &) follows by the further observations
D= %TO,OE, nt,F =TF — 28D, F=FT{ —42,% + 01),
referring to the definition (2.18) of D for the first equality, to the definition (A.9) of F for the second equality,
and to estimate (A.10) for the final estimate.
Finally, to conclude the invertibility of & we use the easily verified facts that To’ol[Rsz:l is a bijection onto

RY-%0 that ker FT = RX, where FT is the transpose of F, and that the map

T+
RYT' S 0 (T0,0,) ERTOR
is bijective. For the bound on £~! we appeal again to the bounds in Lemma A.1. O

B Quantitative geometry of the initial surfaces

Here we collect some calculations which can be used to verify fundamental estimates used for both the con-
struction and the index estimate.

Method of computation
Let g be a Riemannian metric on R3, : S — R? a two-sided embedding of a compact smooth surface, and v: S —
R3 a nowhere vanishing normal field, not necessarily unit. We consider the corresponding scalar-valued second
fundamental form 1

A= 20" Ly 8,

where . denotes Lie differentiation, v: R® — R3 is a smooth vector field such that v = Vo ¢ but is otherwise
arbitrary, and |v]: = |V] g N this context the above equality can be written somewhat more concretely: for any
vector fields V, W on X

=2|VIA(V, W) = (vg) Ve, We) + gVe, Wv) + g(We, Vv),

where each of the vector fields v, V, W acts on the indicated argument (g, @, or v) by componentwise differen-
tiation, relative to the standard coordinates on R3, and of course we have also

(@*V, W) =(go@) Ve, We).

In the following applications we will have a global coordinate system (s, s*) on S, and we will construct v
as g cross product of the coordinate vector fields, rescaled as convenient. Moreover, we will have g = ®*(dx* +
dy* + dz%), with @ as in (2.5), so that

g =g%=0"dx*+dy* +dz*) = do* + (1 — 6)* cos® w df* + (1 — 6)* da?. (B.1)
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In particular we will take

0 _ 0
PLPs — P19 PP, — a?5

(1-(c0@))? cos’(wo @) * Tz (Gopp (B.2)

v= ((pﬁ(pfz - (pf’;(pfi) 9, +

up to arbitrary rescalings, which we will declare at due course.

K; regions in (t, 9) coordinates
In correspondence with each «; defined in (2.23) we define ¥; — having the same domain as «; but target instead
the domain of ® — by the same rule as for x; but without applying ®, so that k; = ® o k;. We compute

d,k; = (z; sinh t)(cos 9 9, + sin 9 9 + cscht 9,,),
0gk; = (7; cosh t)(—sin 9 d, + cos I dp).

Abbreviating
re=t;cosht, op=Kjo=t;coshtcosd, w;=Kiw=h +rt,

we find (using ;" g> = K7g®)
rrlki gt = df* + d9* — (2 — o))sech’ t di* (B.3)
- (01-(2 — 6;) cos’ w; + sin® coi) . (tanh2 t sin? 9 dt* + tanh ¢ sin 29 dt d9 + cos® 9 d&z),
and we take for (B.2) (after a rescaling)
ve = (1—oysech t cos 9 9, + (1 — o) 'sech t sec’ w; sin § dp — (1 - 6,)™" tanh t 9,

Then (recalling in particular that vz, £%® denotes the (o, 0, w)-componentwise normal derivative of the ambient
metric)

= \/1 + sech’ t tan® w; sin* 9 — 6,(2 — o;)sech® t cos? 9,

\/ﬂ

Vi, g% =2(1 - 6,) cos w,[tanh t sinw; — (1 — 6,)sech t cos w; cos I] dh*
—2(1—0;)*sech t cos 9 da?,
0yvz, = —tanh ¢ cos I[z; cos 9 + (1 — oy)sech t] 9,
+(1— o) 'sech t sec’ w; sin 9[r;,(1 - 6;)7" sinh t cos 9 — tanh ¢ + 27; tan ] d,
—(1—o0;) %sech t[ri sinh® t cos & — (1 — o;)sech t] 0,
dgvz, = sin I[z; cos 9 — (1—oy)sech t] 9, + 7,(1— 6;)* sinh ¢ sin 9 9,

+(1-0)7" sectw; [sech t cos 9 — 7;(1 — 6;)" sin 19] ;.
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We then obtain (recalling the choice of direction for A* declared below (2.22))

Vg

KFAT = (=1)7'|(1 - 6,) + 27; sinh ¢ tanh ¢ cos® 9 — 27,(1 — o) tan o, tanh ¢ sin® 9
i
+7,(1— ;) cos’ w; sinh ¢ tanh t sin® 9 cos & + 7;,(1 — 6;)* sech t cos &
— 71— 6;) sinw; cos w; sinh” ¢ tanh ¢ sin’ 19] dt*
+ [7i(1 — 6,)* cos® w; sinh t sin 29 cos 9 — 27; sinh ¢ sin 29 cos I (B4)
—7,(1—0;)tan wi<cosz w; sinh® ¢ + 1) sin 28] dt d9
+ [(ai —1) + 27; cosh ¢ sin* 9 cos 9 + 7,(1 — 6,)* cos® w; cosh t cos® I
— 7,(1 - 0;)sinw; cosw; sinh t cosh t cos* 9] d9*.
As aresult, by taking m sufficiently large in terms of N, | E |, and ‘E | we can ensure the existence of some C(N) > 0,

independent of m, £, and &, so that for any R € [0, 2m)~"]
ITill ey, de+asy + 10ill ey, aerasy < CINIR,
I sin @;ll 21 iy, de+asny < CNIMTy, (B.5)

V?i

~ Uleeramy, deraey < CONT,

where for the middle and final inequalities we have used (2.16) (2.20), and (2.24).

D; regions in (o, ) coordinates
Each D, as defined in (2.21), is constructed in such a way that ®~(D,) is a graph over a subset of the {w = 0}
plane. We set h;: = |15, an appropriately symmetric extension of a function from (2.11) and (2.12) with the
corresponding parameter values as set from the data for the construction. We therewith parametrize ®~'(D,)
by

@i(0.0)~ (0.0, hio.0)).

Then d, ¢; = 9, + hi, 9, and dy; = dy + h;y 9,,, we have the metric

(@0 )*(g%]p) = do* + (1 - o)* cos’ h; d6*

(B.6)
+(1 -0, do? +2hi, iy do dO + 1, dO°),
and we take
v, =(1—o)h,._ 0 LM 1-0)"109
(I =7te T (1-06)cos?hy 0 = @

Thus (recalling the ambient metric g% from (B.1) and the fact that Vo, g% denotes its (o, 8, w)-componentwise
normal derivative)
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2
Vo = \/1 + iy g — 22— ORE |+ B2y tan? R,
V8% = (1-0) [sm 2h; — 21— o) Ry, cos? hy| d6> — 21— ok, da,

dgv(pi =[1-0)hiss — hi,g] J,— (1 —g)'z 0,

oo

h; h; 2h; _h., tanh;
+ o S— ;,Q — io "0 ; i
(I-o)cos*h; (1—o) cos*h;  (1—o)cos*h;

0y, (B.7)

hi oo 2K, tanh;
0pv, =1 —0)h;yp 0 = —
oVo, = A= ige O+ 75y o2, T A= o) cost iy | O

and, recalling the direction chosen in defining AZ below (2.22),
[V | @0 00" A%y, = (1) |(@ = Dhygy +2hy, + (1 =0 PR, | do?
+ 2 I:(g - 1) hiyzg + (1 - 2)2 hlz,o' hi,Q - (1 - g)hi,g hLQ tan hi dg dQ
B 1 (B.3)
+ [(g ~Dhigy + (1= ) hy, costhy— (1 - g)sin 2h,
~ 20— 0)IZ, tanh, + (1 o) hy, hl{Q] do>.
Referring to (2.8) and (2.20), we can take m sufficiently large in terms of |E ) )5 | to ensure

llw?

m,hf”CS(Aﬁ, do*+dp*) < C(N)mrz

for some C(N) > 0, independent of m, E s E i. Similarly, now recalling (2.16) and (2.9), for each g > 1 and each
integer k > 0 we can take m large enough in terms of q, {, £ to ensure

K.+ max{kq,1}
oy we e leatn@o gt omo. do+agy < Clk, N)m N
i

for each j such that K jND;# @ and for some C(k, N) > 0, independent of m, g: s E, i. In turn, again recalling (2.11)

and (2.12) and taking m sufficiently large in terms of g, E , E, We ensure
[[h;ll C((® 0 )" (Dy(m™)), do?+d6?) < C(k, N)mk+max{kq,1} 1. (B.9)

Last we focus on the region

o -1 1 [ 2, 204_35
Q= (@og) <D,~(4 )ﬂ{ X +y >1 })
From (B.6), (B.7), (B.8) and (B.9) we find

(@ o p)*H> — (-1 (a; +0; ) hillow, meaor+ a?y < CMPTy, (B.10)

where we have also used (2.16) and we again assume m sufficiently large in terms of N, m, |E | |§ ‘ Recalling
(2.19) and referring again to (2.11), (2.12), (B.9), and (2.21) we conclude with the estimate

I (a; + 05 ) by = (=D (02 + 03 ) [wen (v = Wi llexann® mcaot+aory < COOMPT, (BAD)
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C Analysis of the Jacobi operator on the models

Catenoid
Given T € R U {0}, we identify in the (¢, 9)-plane the rectangle

Afr= {10 <T)n (191 < 7).
and we define thereon the differential operator
Ly:= 0% + 0% + 2sech’t,
(where secht = 1/cosh t). If we parametrize half of the standard (unit waist) catenoid by Afo via
(t,9) — (cosh t cos 9, cosh t sin 9, t),

then it has induced metric (cosht)(dt* 4+ d9%) and Jacobi operator equal to (sech?t)L. We also define the asso-
ciated bilinear form

i,((u, V)= /((dtu)(atv) + (0gu)(9yv) — 2uv sech2t> dt ds

K
AT

for u,v € H! AIT{ ,dt? + d&z) and, assuming T finite and recalling (3.1) concerning how we encode Dirichlet
boundary conditions, its restriction

H gy (AR08 )XHY gy (A ai+a9?)

Q/D\l]f: = QI/\I\K

T

Focusing, for instance, on the first quadratic form we say (consistently with the conventions stipulated in [[9],
Section 2]) that 4 € R is an eigenvalue of QiK with eigenfunction u € H! (AIT( ,de? + dSZ) if
T

N o) = A o) Yoe Hl(A’;, e + d&z),

which happens if and only if

Lyu=—iu  in AL,
Jdu=20 on {|t| =T},
Ogu =10 on {|9] = g}.

We write
{t=0}=((t,9) ~ (-t,9)),
{9=0}=(t,I)~ (t,-9)),
{t=9=0}=(t,9) » —(t,9)

for the order-2 groups of isometries of (AIT( ,de? + d192> generated by reflection through, respectively, {t = 0},
{9 = 0} and the origin.
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Lemma C.1 (Low spectrum of Ly). There exist ¢, T, > 0 such that for each finite T > T

Q) = H @ = A = NG - 0
iitZO}’Jr(QizT«) <0< j§t=0},+(0i¥)’ T2 < ﬂétZOH(Qi’;)’ (ii)

R (! I <A, D

AP < 0 < A0y, 72 < 270Q, W)
HEDH Q) <0 < AT Q). Tt < AT W

Proof. By Fourier decomposition in 9 we can reduce the problem (in both the Dirichlet and Neumann cases) to
the study of the eigenvalues of the 9-invariant eigenfunctions: more precisely, we will appeal to the fact that
each eigenfunction of QRK or Qi,( with eigenvalue A is a linear combination of (finitely many) functions of the

) T T
form u ,Ln(t)e”‘s, where i is the usual imaginary unit (rather than an integral index, as elsewhere in this article),

n € 7, and u, ,(t) is a d-invariant function satisfying
Lyuy, = (n* — Au

and the correspondingly Dirichlet or Neumann boundary conditions. Moreover, we can further split each J-
invariant eigenspace into its t-even and t-odd subspaces.
To proceed we write /1D’t’+(T) for the kth eigenvalue of QD restricted to d-invariant functions that are even

in t, and we similarly write AN “%(T) for the kth eigenvalue of QN restricted to d-invariant functions that are

either even in ¢, for the + choice in =+, or odd in ¢, for the — choice. 'We will show that for some ¢, Ty > 0andall
T>T,

Him P41 = —1, (o)

—2< AP < —1< 0 < APEH(D), 2
AT > 0, (C3)

A5H(T) > T2, (€4

Ay ET(T) > T (C5)

Provisionally assuming the claims (C.1)-(C.5), we now observe how they imply the lemma. First, item i follows
from (C.1), given that any first eigenfunction must be 9-invariant and ¢-even. Next, (C.2) and (C.3) imply (assuming
T > T,) that the sum of the eigenspaces of QN of nonpositive eigenvalue is spanned by uN “* and uN &+ sin 9,

N,t,+

where u;""" is the first t-even, d-invariant elgenfunctlon of QN (noting that uN“r cos 9 violates the homo-

geneous Neumann condition along {|d| = z/2}, while uN““e"“g’ has eigenvalue ANt *(T) + n* > 0 whenever
|n| > 2). Thisimplies the first part of ii and (iii), and, since sin 9 is 9-odd, also of iv and v. By additionally applying
(C.4) and (C.5) we obtain also the second part for each of claims ii—v.
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It remains to prove claims (C.1)-(C.5). The 9-invariant solutions of Lyu = y?u with y?> € R are spanned by

s

1—ttanht fory=0
sech t fory =1
u;(l’): =
y cosh yt — sinh yt tanh ¢ for y €]0,1[U]1, oo
Zicos%t—sinzit tanh t for y €10, oo,
. c.6)
tanh t fory=0
sinh ¢+ tsecht fory =1

u (6): =3
! y sinh yt — cosh yt tanh ¢ for y €]0,1[U]1, oo

Z. sin %t+ cos Zit tanh t for y €1]0, oo,

L

where i continues, in this proof, to denote the usual imaginary unit. Note that u'yi is a t-even/t-odd, Jd-invariant
eigenfunction of QRK or Qi,( whenever it satisfies, respectively, the homogeneous Dirichlet or Neumann bound-

ary condition on { |tT| = T},Twhich we proceed to impose.

Considering first y = 0 and y = 1, it is easy to see that for all T sufficiently large neither u;r nor u; satisfies
either the homogeneous Dirichlet or homogeneous Neumman condition, and so neither Lyu = 0 nor Lyu =
u has a nontrivial J-invariant solution satisfying either u(T) = u(—T) = 0 or (3,u)(T) = (0,u)(—T) = 0, and we
accordingly henceforth assume y & {0,1}.

Suppose now that y €]0, 1[U]1, co[. From (C.6) we find that

u;r(T) =0= u;f(—T) < tanh yT =y coth T, cn

u;(T) =0= uy‘(—T) < ytanh yT =tanh T. (C.8)

Condition (C.8) for u, holds only for the excluded value y = 1, while condition (C.7) for u;r is equivalent to
tanh s = sT~! coth T (with s = yT) and so, assuming T sufficiently large in terms of a universal constant, has
exactly one strictly positive solution, y = tanh T tanh yT < 1, which moreover converges to 1 as T — co. We
have in particular established (C.1).

Continuing to assume y €]0, 1[U]1, oo[, we next find from (C.6) that

(o)DM =0=(0u)(-T) & frn=0,
where
frr(r):=y*—y coth yT tanh T —sech’ T,
for(y):=y*—y tanh yT tanh T —sech’ T.
Since f, rlyq < 0, in order for f, (y) to vanish we must have y > 1, but

L’T(y) =2y —coth yT tanh T+ yT csch’yT tanh T>0 on]1, oo,

so f, r(y) has exactly one positive zero, y > 1, which must then moreover tend to 1 as T — oo. This establishes
(C.2). On the other hand, f_ ;(y) = 0 is equivalent to

2
stanh s tanh T = s? —Tsech®T, s=yT,

which has exactly one positive solution, but f_ ;(1) = 0 and y = 1has been excluded, yielding (C.3).
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Finally, now assuming y €]0, oo[, from (C.6) we also find

<6tu$)(T) —0= <0tu;;)(—T) & y247y cot yT tanh T + sech® T = 0, (C.9)

(atu;)(T) —0= (atu;)(—T) & y2—ytanyT tanh T+ sech® T = 0. (C.10)

Condition (C.9) for ulf; is equivalent to

2
—s cot s tanh T = s? +Tsech®T, s=yT,

whose smallest positive solution s tends to % the smallest positive zero of s cot s, as T — oo, establishing (C.4),
while condition (C.10) for u is equivalent to

2
stanstanh T = sf + Tsech’T, s= yT,

whose smallest positive solution tends to 0 as T — oo and whose next smallest positive solution must be at least
7, the least positive zero of s tan s. This completes the proof of (C.5). O

For each @, f €]0,1[, each integer k > 0, and any functions u: AX, » R, f:9AX — R we define

Null a5 = llusech Btlly g, N fllkap:=IIf sech ftlly,

and set
ChaP(AK )= {u e ch*(AK): u(t, 9) = u(t,—9) and fJully o 5 < 0 }

sym

Ck"”ﬂ(a/\’;): {f € M AL): f(t,9) = f(t,—9) and || fllj 05 < oo}.

sym

We also write nAfo for the outward unit conormal on 6Afo .

Lemma C.2 (Invertibility of Lg). Given a, f €10, 1[ there exists a bounded linear map

Ry: Coml (AK) @ Conl (0AK ) — Bl (AK)

sym sym sym

such that for all (E, f) in the domain of Ry

LyRy(E, f)=E  in AX

n<RJE f)=f on OAX.

Proof. By constructing v € C?;,‘fn(Afo ) with (990)|{ 9)=r/2; = f we reduce the problem to the case of homoge-

neous boundary data. Using separation of variables one can directly solve the problem and prove the C° estimate
with the required decay; all claims then follow by elliptic regularity cast in weighted spaces. Full details can be

found in the proof of [[4], Proposition 6.9]. O

Lemma C.3 (Partial trace inequality on AIT{). There exists a constant C > 0 (independent of T) such that for any
finite T > 0 and allu € H'( A, de* +d9? )

/ W dt < c/ (1ulldul 4o e + u*) dt @d.
{191=m/2}noAK AE

Proof. Apply the divergence theorem on AI; to the vector field u? sin 9 0. O
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Perforated rectangles

Given 0 < r < /2, we define the following rectangle and perforated rectangles in the (o, 6)-plane, as visualized
in Figure 11.

A:={0<o <3}n{-7/2<0 <7/2},
A= AM\{o? + (0 — /20 < 1*},
A= A\{? + (0 + /20 <1},

For Q any of the preceding three domains we denote by Qg the bilinear form

ol v):= / (00X, ) + 9y w0y ) ) dg do

Q
defined for u, v € HY(Q,do? + dQZ), corresponding to the Neumann Laplacian on € in the sense of (3.2).

Lemma C.4 (Low spectrum of Neumann Laplacian on Aﬁ/’ and Aﬁ”r). There exist c¢,r, > 0 such that for each 0 <
r <ryandeach Q € {AY, A }

ind(Q}) =0, nul(Q) =1, A (Qy) > ¢
In particular A, QY ) is the lowest positive eigenvalue of QN.
p 2 Q Q

Proof. The asserted values of the index and nullity hold for the Neumann Laplacian on any connected domain
with Lipschitz boundary. Then suppose the remaining claim failed, say on Aﬁ/’ (the proof for Alr",’r being essen-
tially the same). Then there would exist sequences of strictly positive reals r,,| 0, and A" 0and a sequence of
functions u,: Aﬁ/’ — R such that u, is an L*normalized eigenfunction of QﬁM with eigenvalue A”; in particular

™

each u, is L*-orthogonal to the constants on Aﬂ/[ .

Fix, independently of n, a smooth radial cutoff function y on the (o, @) plane that takes the constant value
1 on the closed disc of radius 102 and center (0, %) and the constant value 0 outside the open disc of radius
10~! and the same center. We take n large enough that r, < 10~2. By conformal inversion E, across the circle
containing the boundary of the perforation we extend each u, to u, on all of AM by

Wu)E(0,0)  for(c,0)#(0,7)

3
Uyl oy (0, 0): = 2
0 for (¢.0) = (0.7 ).

:
:

[SIE

A A AM

r ol

Q
Q
Q

[N
+
|
S
+
|
SIE
T

Figure 11: The open domains A", A" and AY .
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where yu, is defined on the entire plane, vanishing outside the support of y. Using the conformal invariance in
dimension two of the Dirichlet energy, it follows that ||u,, || My < \/5 Ity ll iy, @and so the u,, are bounded
in HY(AM), uniformly in n, by a constant depending on .

We may assume (by tacitly passing to a subsequence) that {u, } converges weakly in H' and strongly in L*
to a function u € HY(AM). Writing y, for the indicator function of AIrW , we in turn have

0= <unal>L2(Aﬁ4) = <){"a"’1>LZ(AM)E) <ﬁ’1>L2(AM)’

L= oy = s W) gty I
Q] 7 - I
A <u,,,  p >L2(Aﬂ”> - <Vu”’ (Vl >L 2AM = (Vi Vu)Lz(/\M oo IIVu”LZ(AM
Consequently u is nonconstant with vanishing weak gradient, which contradiction concludes the proof. O

Lemma C.5 (Partial trace inequality on AM and AM ). There exists C > 0 such that for anyr < r /2, for each Q €
{AY, AY}, and for allu € H\(Q, do® + d6”)

ut do < C/(|u||du|dc,z+d02 + ) dg do.
{c=0}n0Q Q

Proof. Apply the divergence theorem on €2 to the vector field uz(% —1) 9,, which is never inward (has nonneg-
ative inner product with the outward unit normal) along 0€2. O

D Bounds on spectral shift

Let (Q, 092, 052, 0x2) and (G, o) be as recalled at the beginning of Section 3 (see [9]), and in place of (g, q,T)
assume we are given two triples of data (g;, g;, r;), for i = 1, 2. Recalling (3.2), set

=TI, &, q;, 1> 0p€2, 0N 2, 02,

we shall always associate with T;, when speaking of its eigenvalues and eigenfunctions, the corresponding g;.
We assume further that Cg > 0 is a constant such that

/ ut d"N(g) < CY / (lulldul, +u*) d#'(g) Vue H\(Q, g). (D.1)
0, Q Q

Although such Cg exists for any Lipschitz domain €, in our applications it will be provided by either
Lemma C.3 or Lemma C.5. In fact each of these lemmata concerns a certain infinite family of domains and asserts
that a single constant can be chosen for which (C.3) holds over the entire family (in other words, Cg can be cho-
sen independently of Q in the family); since we will also have uniform control over the metrics and Schrédinger
and Robin potentials appearing in these applications, Lemma D.1 will thereby deliver uniform bounds on the
corresponding spectral shift. (We will also apply Lemma D.1 with (€2, g;) a Euclidean disc, but in this case we
will have 0;Q = @, so that (D.1) holds vacuously.)
For the statement of the following lemma we also introduce the abbreviations

=118 — &illeoag,)

E =Slqillceo) + 19 — Gl o)
= oL+ CH Il o)A + | ll o ))@E + NIz = Till oagy)-
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Lemma D.1. With notation and assumptions as in the preceding paragraph, there exist e(d), C(d) > 0 (depending
on just the dimension of ) such that for each integer k > 1

g<e = AT < ATT(T)+ Cq+T) + CATO(TYE +7).

Proof. Letk > 1be a given integer, and let {u,, ... ,u, } be an L*(, g,) orthonormal collection of eigenfunctions
of T, with respective eigenvalues /lf"’(Tl), cees Af"’(Tl). Thenthe span X ofuy, ..., u; is a k-dimensional subspace
of 7¢ , (H* 0,2(£2, £)), so by the min-max characterization of eigenvalues we have

and we will accordingly complete the proof by arranging a suitable upper bound for the right-hand side of this
last inequality. Throughout the proof C = C(d) and € = e(d) will denote constants whose value may change from
line to line but at each step (and so also after the finitely many steps of the proof) can be chosen in terms of d
alone to ensure the various asserted inequalities whenever g < e.

Now suppose we are given some 0 # u € X. We then have

2 2 F1112
- <
ulleqg,) — Nllaq )| < C8IUIIL g 4y

and so

T,(u, u) < T,(u,u)

2 = 2
Nl gy — 1l

(1+C9).

(For both inequalities one can use the fact that g; + t(g, — &) is a metric, whose volume form is moreover a
smooth function of ¢, say for all |¢| < 1and for €, so g, sufficiently small.)
Similarly,

2 2 > 2
—_ <

2
(@2t W20 = (@1t Wi )| < CTMIE g,

= 2
)(’”211, U>L2(aRg,g2) —(n, u)LZ(dRQ,gl)‘ < C@lIrlleocqy + NIy — rl”CO(BRQ))”u”Lz(aRQ,gl)’

and, using (D.1),

2 tr 2
ull 0.0 < Calltlling g

Finally, recalling again (3.2),
||u||§{1(g,g1) = Ty (U, W) + (Gl W) 2 g ) + (M1 Wizg0 )

G,0 2 2
<A (T1)||U||Lz(g’gl) Fllalicowliulig,,

T
+ CalIry oy ({10l ) g )+ il )

where in particular we have again applied (D.1). The proof is now concluded by applying the Cauchy-Schwarz
inequality (with an absorption factor, to the term with the trace inequality) in order to obtain a bound on

) in terms of ||ul|? ) and then combining the foregoing inequalities. |

2
ullsq, (9.,

E Umbilics of free boundary minimal surfaces in the ball

Following H. Hopf’s proof [28] (presented also in the lecture notes [[29], Chapter VI]) that every immersed topo-
logical sphere of constant mean curvature in R? is round, the Hopf differential (defined below in the setting of
the present article) has proved a valuable tool in the study of constant-mean-curvature surfaces in space forms.
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In the context of free boundary minimal surfaces in B" it has been exploited (see [1], [30]) to establish unique-
ness among solutions having the topological type of a disc. For surfaces in B* of higher topology it can be used
to count umbilics, as we briefly now explain; cf. [[31], Proposition 1.5] concerning the umbilics of closed surfaces
in the round 3-sphere. A careful and detailed treatment of umbilics of constant-mean-curvature surfaces with
boundary can be found in [32]. A generalization of Proposition E.1 can be found in [33].

Let ¢: X — B be a free boundary minimal immersion of a compact, connected surface with boundary. By
the regularity theory for such maps (we can appeal specifically to [34]) X then inherits (from @) the structure of
a bordered Riemann surface. We write y for the genus of 2 and f for the number of its boundary components.
Then the double X of X is a closed Riemann surface of genus 2y 4+ f — 1. (The notions of a bordered Riemann
surface and its double, sometimes called Schottky double, can be found in [[35], I1.3] and many other textbooks
treating Riemann surfaces.)

We define, as a section of (T*X ® C)®? (the symmetric product of T*X ® C with itself), the Hopf differential
O of @ by

1 1 1. 1.

where X and Y are sections of T ® C, | is the complex structure of Z, A is the second fundamental form of ¢
extended to be C-bilinear and the differential of ¢ is similarly understood extended by C-linearity. Equivalently,
if wis a local complex coordinate on X, then

By the Codazzi equation (and using the minimality of ¢ and the flatness of R* O B®) @ is holomorphic inside
3. Furthermore, the free boundary condition and the fact that 0B? is totally umbilic imply that 0% is a line of
curvature, whence it follows that ® is real along dX. Consequently @ extends (by complex reflection) uniquely
to a holomorphic quadratic differential @ on the double 2. The zeros of @ on X (including on its boundary) are
precisely the umbilics of @, and we define the order ord p of each umbilic p to be the multiplicity of the corre-
sponding zero of ®. (If @ vanishes identically, then every point of X is an umbilic of infinite order; otherwise,
by the holomorphicity of @, each umbilic is isolated and has finite order.)

Proposition E.1 (Count of umbilics; cf. [[33], Theorem 4.2]). Let : £ — B2 be a free boundary minimal immersion
of a compact, connected surface having genus y and f boundary components. If ¥ is not a disc, then the set Z of
umbilics of @ is finite and

Z ord p+2 Z ord p =8y +4p —8.
PEZNOZ pEZ\0X

Proof. We define X and @ as in the preceding paragraph. If ® vanished identically on %, then > would be totally
umbilic, hence totally geodesic by minimality, and so in particular a disc. Therefore @ is a nonzero holomorphic
quadratic differential on the closed Riemann surface 2. Consequently its zeros are isolated, so (by compactness
of ¥) constitute a finite set, and moreover (see for example [[21], Remark IV.13.5]) the sum of their multiplicities is
4y — 4, wherey = 2y 4+ f — 1is the genus of Z. The proof is now completed by the observation that the left-hand
side of the equation in the proposition is precisely the sum of the multiplicities of the zeros of [0F O

Naturally the symmetries of @ constrain its umbilics and their orders. In particular we have the following
result; here we will assume embeddedness, which is essential but serves merely to simplify its statement.

Lemma E.2 (Umbilics fixed by a nontrivial rotation). Let X be an embedded free boundary minimal surface in B,
let R € SO(3) be a rotation through angle 27z / k for some integer k > 3, and assume that RE = X. Then any point
of X fixed by R is an umbilic of order at least k — 2.
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Proof. Suppose p € X satisfies Rp = p. Note that p must be an interior point, since R is a symmetry of ~ and
k > 2. We may assume, without loss of generality, that R fixes the z-axis pointwise, and we can choose ¢ > 0 and a
complex coordinate w on a neighborhood of p such that w takes the component of {x* + y*> < €2} N X containing
p onto the open unit disc in C with w(p) = 0. (This can be done essentially by hand using the assumption of the
minimality of ¥ in R3, or one can appeal more generally to the existence of isothermal coordinates for surfaces
and to the Riemann mapping theorem.) Then woRo w™ is a conformal automorphism of the unit disc fixing
its center, so (by standard classification results) is a rotation; since its differential at 0 is rotation through angle
27 /k we conclude that in fact

woR = emilky, (ED

Now let @ be the Hopf differential of £. Working with respect to the above complex coordinate w, by the
holomorphicity of ® we have

D(w) = Z cw" dw?
n=0

for some coefficients {c,} C C. The assumption RX = X and the equality (E.1) imply ®(w) = P(woR) =
D(e27/ k), and so
Cnlemi/ke4iri/k =c,

for alln > 0, whence ¢, = 0 for all n < k — 2, completing the proof. O
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