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Abstract: We construct free boundary minimal disc stackings, with any number of strata, in the three-

dimensional Euclidean unit ball, and prove uniform, linear lower and upper bounds on the Morse index of

all such surfaces. Among other things, our work implies for any positive integer k the existence of k-tuples of

distinct, pairwise non-congruent, embedded free boundary minimal surfaces all having the same topological

type. In addition, since we prove that the equivariant Morse index of any such free boundary minimal stacking,

with respect to its maximal symmetry group, is bounded from below by (the integer part of) half the number

of layers, it follows that any possible realization of such surfaces via an equivariant min-max method would

need to employ sweepouts with an arbitrarily large number of parameters. This also shows that it is only for

N = 2 andN = 3 layers that free boundaryminimal disc stackings can be obtained bymeans of one-dimensional

mountain pass schemes.
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MSC: 53A10; 49Q05; 58E12

1 Introduction

We collect and summarize in the following statement the main results contained in the present article:

Theorem 1.1. Let N ≥ 2. There exists m0 = m0(N) such that for every integer m > m0 there exist a (properly

embedded) free boundary minimal surface ΣN,m in 𝔹3 having genus and number of boundary components respec-

tively equal to

𝛾 =
⎧⎪⎨⎪⎩
1

2
(m− 1)(N − 2) if N is even,

1

2
(m− 1)(N − 1) if N is odd,

𝛽 =
⎧⎪⎨⎪⎩
m if N is even,

1 if N is odd.

and symmetry group

𝔾 =
⎧⎪⎨⎪⎩
ℙm (the prismatic group of order 4m) if N is even,

𝔸m (the antiprismatic group of order 4m) if N is odd;
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as m→∞ the sequence (ΣN,m )m≥m0
converges in the sense of varifolds with multiplicity N (and smoothly away

from the boundary circle) to the equatorial disc. Furthermore the 𝔾-equivariant Morse index and nullity of ΣN,m

satisfy the following two-sided bounds:

ind𝔾(ΣN,m ) ≥ ⌊N∕2⌋
and

ind𝔾(ΣN,m )+ nul𝔾(ΣN,m ) ≤

⎧⎪⎨⎪⎩
2N − 1 if N is even,

2N − 2 if N is odd.

In particular, if we consider the case when N (the number of layers) is even, this statement ensures the

solvability of the “realization problem” for infinitely many new topological types; in fact, it provides us with

plenty of new examples of free boundary minimal surfaces in 𝔹3 with many boundary components and corre-

spondingly large genus, that is to say infinitely many “diagonal sequences” of solutions to the aforementioned

topological realization problem, the very first such instances to the best of our knowledge.

The previous theorem follows by combining Proposition 2.9 for the core existence result, Proposition 2.10 for

the embeddedness claimaswell as for the determinationaposterioriof themaximal symmetry group, Lemma2.1

for the topological type, and the discussion in Section 3 (see in particular Proposition 3.6 and Proposition 3.10)

for the Morse index estimates; the reader is referred to these statements, especially the first one, for further

details and a more accurate description of the free boundary minimal surfaces we construct.

An additional, striking consequence of such a construction (together with the characterization of the max-

imal symmetry group) is given in the following statement:

Corollary 1.2 (Polymorphism). For any positive integer k there exists in the unit ball of the three-dimensional

Euclidean space a collection of at least k (connected, properly embedded) non-congruent free boundary minimal

surfaces all having the same topological type.

Proof. Given k a positive integer, let p1 < p2 <… < pk be the first k odd primes and letm0(⋅) be as provided by
Theorem 1.1. There exists a positive integer q such that

q

k−1∏
i=1

pi > max
i=1,…,k

m0(1+ 2pi ).

That being said, we take 𝛾 = q
∏k

i=1 pi. Thanks to Theorem 1.1 we thus get a collection of exactly k free boundary

minimal surfaces ΣN1,m1
,… ,ΣNk ,mk

in 𝔹3, all with genus 𝛾 and connected boundary, that are indexed by taking

for i ∈ {1,… , k}
Ni = 1+ 2pi, mi = 1+ q

∏
j≠i

p j.

Such surfaces are pairwise non-congruent because each given pair can be distinguished by means of their

maximal symmetry group, since in particular such a group will contain, for ΣNi,mi
, exactly 4mi elements. □

This result should be contrasted with the uniqueness theorem obtained in 1986 by Nitsche [1] (which is, in

this specific context, the only unconditional topological uniqueness theorem to date) and compared to the main

theorem obtained by the authors in [2], where we constructed infinitely many pairs (k = 2) of free boundary

minimal surfaces in 𝔹3 each having same topology and symmetry group.

Our construction has PDE-theoretic character and, roughly speaking, consists of firstly designing (for any

givenN andm) properly embedded surfaces in𝔹3 thatmeet theunit sphere orthogonally andare almostminimal

(that is to say: havemean curvature close to zero after appropriately rescaling) and then perturbing such objects

to exact minimality while preserving the other features, in particular the free boundary property. To confront

the cokernel one eventually encounters, such intial surfaces, which are then deformed to exact solutions to our

problem, actually come in finite-dimensional families; if we neglect, for expository convenience, the description
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of the actual degrees of freedomoneneeds tomaintain (forwhichwe refer the reader to thefirst part of Section 2)

any such initial surface consists of N parallel horizontal discs, with a certain number of thin half-catenoidal

ribbons joining, according to a certain symmetry pattern depending on the parity of N , pairs of adjacent discs.

Unsurprisingly, the second step above – that can be described as a perturbative deformation – turns out to be

feasible only when the parameterm is large enough (depending on N).

Constructions of this type have already been implemented, in the specific setting of 𝔹3, in the special case

N = 2 (often referred to as doubling) by work of Folha–Pacard–Zolotareva (see [3]) and then when N = 3 (often

referred to as tripling) by the third-named author and Kapouleas in [4], where the possibility of extending the

result to any positive N is also mentioned (cf. Remark 1.2 therein). Our methods here are certainly closer in

spirit and substance to the latter of such references, although – setting aside the predictable, yet significant

challenges imposed by handling the case of general N ≥ 2 layers – they differ from it by some specific aspects,

as we now briefly describe. First, rather than constructing the initial surfaces in two stages (starting with so-

called pre-initial surfaces and then later arranging orthogonality of the intersection with the sphere) as in [[4],

Sections 3–4], we instead apply the map (2.5), as in [2], to enforce orthogonality at the boundary from the start.

We find this choice, although inessential, more convenient and direct for setting up the comparisonswemake, in

the course of carrying out our index estimates, between regions of the surfaces we produce and various models.

Second, andmore inevitably, the incorporation of arbitrarily many discs significantly complicates the balancing

analysis (that is the object of Appendix A, to be compared to [[4], Lemma 7.15]) needed to control some of the

obstructions encountered in solving the linearized problem. The latter study, concerning the balancing problem,

should also be compared to the stacking construction presented by the third-named author, in his earlier work

[5], for nearly-Clifford tori in the round three-dimensional sphere 𝕊3.

From another perspective, it is also to be recalled here that stacking constructions are, at least in principle,

also tractable bymeans of variationalmethods, i. e. by constructing unstable critical points of the area functional

in the category of relative cycles of the Euclidean unit ball through equivariant min-max schemes. As is well-

known, such methods necessarily (for compactness purposes) rely upon suitably weak notions of “surfaces”

and “convergence” and thus pose very serious problems in trying to fully control the topological type of the

critical points they produce. In the case when N = 2 an approach, along such lines, to construct free boundary

minimal surfaces having genus zero and an assigned number 𝛽 of boundary components, and converging in

the sense of varifolds (with multiplicity two and smoothly away from the boundary) to the horizontal disc as

𝛽 →∞, has first been presented by Ketover in [6]; however, the methodology to properly control the topology

of the resulting surfaces has only very recently been developed by the second-named author and Franz (see [7]),

thus resulting – among other things – in Theorem 5.1 therein. Similarly, the case N = 3, i. e. the construction

of free boundary minimal surfaces with connected boundary and any pre-assigned genus, and converging in

the sense of varifolds (with multiplicity three and smoothly away from the boundary) to the horizontal disc,

had been obtained in earlier work by the first- and second-named author with Franz [8], thereby settling – in

particular – the long-standing question about the existence of genus-one free boundary minimal surfaces in 𝔹3

having connected boundary.

Concerning the (equivariant and absolute) Morse index bounds, our results here (as presented in the state-

ment of Theorem 1.1 and in Remark 1.4 below) crucially build on the methodology developed by the authors in

their most recent work [9], which in turn was inspired by the approach pioneered by Montiel and Ros in [10]

and by later work of the third-named author and Kapouleas [11]. Loosely speaking, the idea is that the sym-

metries we enforce throughout the gluing construction, as well as the corresponding building blocks, suggest

natural partitions of the free boundary minimal surfaces we construct into a certain number of pairwise con-

gruent domains, and the knowledge (or partial knowledge) of the index of the domainswith interior Dirichlet or,

respectively, Neumann boundary conditions allows us to suitably bound frombelow or, respectively, from above

the actual Morse index of the surfaces, possibly in the presence of an underlying group action and a twisting

homomorphism. A point of novelty we wish to stress is the following one. We recall here that among the direct

applications of such methodology is the possibility of proving linear lower bounds for free boundary minimal

surfaces in 𝔹3 having prismatic (or, more generally, pyramidal) symmetry group; the exact statement is recalled

below, see Proposition 3.7. Such a statement accounts for the order of the natural cyclic subgroup (of rotations)
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inside the symmetry group in question, but does not account for the number of layers of the surface. Our lower

bounds here, that are Proposition 3.9 (absolute) and Proposition 3.10 (maximally equivariant), do provide such

refinements, taking both factors into careful account.

That background information being provided, the following two remarks focus on additional key

dex estimates for minimal surfaces, and their variational (re)-construction.

Remark 1.3 (Implications for min-max stacking constructions). It follows, by simply combining the equivariant

index estimate stated above with the main (variational) index estimate in [12], that:

– it is only forN = 2 (doubling) andN = 3 (tripling) that one can realize free boundaryminimal stacking con-

structions in 𝔹3 by employing 1-parameter sweepouts (which have indeed been successfully implemented

in [7] and earlier in [8], respectively);

– the (least) number k of parameters so that k-parameter sweepouts would generate amountain pass scheme

that can, at least in principle (that is to say: modulo the delicate problem of controlling the topology of the

resulting surfaces), produce free boundary minimal stacking constructions in 𝔹3 with N layers, albeit not

uniquely determined by the estimates above, shall grow exactly linearly in N; the family above seems to be

the first – in whichever setting – explicitly displaying this type of behavior.

Remark 1.4 (Index growth in terms of topological data). Our methods also allow us to get effective two-sided

bounds on the absolute Morse index and nullity of ΣN,m. In particular, in Proposition 3.9 and Proposition 3.5 we

prove the following estimates:

ind(ΣN,m ) ≥ max{(N − 1), 2}m,

ind(ΣN,m )+ nul(ΣN,m ) ≤ m(5N − 3)+ N .

Such bounds, when expressed in terms of the topological data 𝛾(N,m) and 𝛽(N,m), take the form:

ind(ΣN,m ) ≥ 2𝛾(N,m)+ 𝛽(N,m)+ N − 2 = N − 𝜒 (N,m)

where 𝜒 (N,m) denotes the Euler characteristic of the surface in question, and

ind(ΣN,m )+ nul(ΣN,m ) ≤

⎧⎪⎨⎪⎩
10𝛾(N,m)+ 7𝛽(N,m)+ 6(N − 1)− 4 if N is even,

10𝛾(N,m)+ 𝛽(N,m)+ 6(N − 1)+ 2m if N is odd.

These result significantly improve the general index estimate obtained in [13], as well as the ineffective linear

upper bound in [14].

On yet another front, we alsowish to add onemore comment, of special interest from the “spectral analysis”

perspective, and to be considered in light of [15], [16], [17]. Indeed,we point out that, by a result [[18], Theorem5.2]

of Kusner and McGrath, each ΣN,m has 1 as its first Steklov eigenvalue and in fact the span of the coordinate

functions as its corresponding eigenspace, which follows by observing that each symmetry group 𝔾 and each

quotient ΣN,m∕𝔾 indeed satisfy the description given in Section 6 therein.

Lastly, recalling the ample, well-established (albeit partial) parallel between the theory of closed minimal

surfaces in 𝕊3 and that of free boundary minimal surfaces in 𝔹3, it would definitely be of interest to study the

analogous stacking problem for nearly equatorial spheres in 𝕊3. Such a construction appears – in its full gen-

erality – non-trivial already at the linear level, when it comes to determining the actual degrees of freedom

in placing the catenoidal tunnels connecting adjacent spheres; in the doubling case (N = 2) these aspects have

been thoroughly investigated by Kapouleas in [19] and then in later joint work with McGrath (see [20]).

The present work is meant to be a continuation of the earlier articles [2] and [9], as well as – to some extent

– of [8] by the first two authorswith Franz, and for this reason, we have decided to privilege the analysis in𝔹3. In
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retrospect, what emerges from the present work is perhaps not only, or primarily, the construction in itself, but

the first sketch of a comparative picture of variational vs. perturbative methods, which in turn crucially builds

on combined information coming from the fine analysis, in both contexts, of the (equivariant or absolute) Morse

index. A deeper understanding of such a landscape is a fascinating matter for future investigation.

2 Free boundary minimal stackings

Notation for symmetries

In order to define the symmetry groups we will work with, we need to consider two classes of generators:

– given a planeΠ ⊂ ℝ3 through the origin, we write RΠ ∈ O(3) for reflection throughΠ;
– given a directed line 𝜉 ⊂ ℝ3 through the origin and an angle 𝜃 ∈ ℝ, wewrite R𝜃

𝜉
for rotation about 𝜉 through

angle 𝛼 in the usual right-handed sense.

That said, given symmetries T1,… , Tk ∈ O(3), we write ⟨T1,… , Tk⟩ for the subgroup they generate. The order-
2 groups generated by reflections through planes will figure repeatedly in the sequel, so for succinctness of

notation we agree that whenever the label of a given plane is marked in bold we mean instead the generated

group of reflections: for example, given a plane Π ⊂ ℝ3 through the origin, we set𝚷:=
⟨
RΠ
⟩
. We will employ

the apex + (respectively: −) to denote functions that are even (respectively: odd) with respect to the reflection
throughΠ. In this article, we are particularly interested in four symmetry groups:

the cyclic group ℤk :=
⟨
R
2𝜋∕k
{x=y=0}

⟩
of order k, (2.1)

the pyramidal group 𝕐k :=
⟨
R
2𝜋∕k
{x=y=0}, R{y=x tan

𝜋

2k}
⟩

of order 2k, (2.2)

the prismatic group ℙk :=
⟨
R
2𝜋∕k
{x=y=0}, R{y=x tan

𝜋

2k}, R{ z=0}
⟩

of order 4k, (2.3)

which is the maximal symmetry group of a right prism over a regular k-gon as visualized e. g. in Section 2 of [2],

the antiprismatic group 𝔸k :=
⟨
R
2𝜋∕k
{x=y=0}, R{y=x tan

𝜋

2k}, R
𝜋
{y=z=0}

⟩
of order 4k, (2.4)

which is themaximal symmetry group of a standard antiprismover a regular k-gon as visualized e. g. in Section 2

of [2].

Formal disc stackings and their topology

The surfaces we construct will be indexed by integers N ≥ 2 and m≫ 1, the former indicating the number of

copies of𝔹2 to be considered and the latter specifying the pyramidal group 𝕐m to be imposed on the construction;
correspondingly the construction features (N − 1)m half-catenoidal ribbons, i. e. m ribbons between each pair

of adjacent discs. In this section we agree to employ the word “ribbon” to denote a compact surface that is

homeomorphic to [0, 1] × [0, 1]; further specifications, of geometric character, will be added in the sequel of

the article.

One also imposes reflectional symmetry through the plane {z = 0} in the case of evenN and rather through

the line {y = z = 0} in the case of odd N , so that the full symmetry group imposed is correspondingly

𝔾 = 𝔾N,m:=
⎧⎪⎨⎪⎩
ℙm for N even,

𝔸m for N odd,

as defined in (2.3)–(2.4). In particular, we stress that in either case the cyclic group ℤm of orderm is a subgroup

of 𝔾, as also apparent from the equations above.

As anticipated in the introduction, the free boundaryminimal surface corresponding to given data (N,m) is

produced in two stages. First an approximate free boundary minimal surface, called an initial surface, is assem-

bled by taking unions of the sets in (2.13) below for suitably chosen values of the parameters appearing there.
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Then the initial surface is perturbed to an exact free boundary minimal surface by solving the corresponding

nonlinear boundary value problem. Actually, in this last step, one encounters an obstruction space, at the lin-

ear level, of dimension N − 1. For this reason, corresponding to each pair of data (N,m) one constructs in the

first step not just a single initial surface but rather an (N − 1)-parameter family of initial surfaces. The N − 1

parameters will be associated with the sizes and heights of the catenoidal waists.

It will be convenient to write n:= ⌊N∕2⌋ = max{k ∈ ℤ : k ≤ N∕2} for the greatest integer no larger than
N∕2, so that

N =
⎧⎪⎨⎪⎩
2n for N even,

2n+ 1 for N odd.

Before proceeding to define the initial surfaces let us pause to discuss the topology of the disc stackings, as

combinatorially described above. In fact, we prove a more general result.

Lemma 2.1. Given 3 ≤ m ∈ ℕ let ℤm be the cyclic group of order m as defined in (2.1). Let Γ ⊂ 𝔹3 be a properly

embedded, ℤm-equivariant surface which is obtained by taking the union of N ∈ ℕ disjoint, parallel, horizontal

discs and connecting each adjacent pair through m ribbons. Let 𝛾 denote the genus of Γ and 𝛽 the number of its

boundary components. Then

𝛾 =
⎧⎪⎨⎪⎩
1

2
(m− 1)(N − 2) if N is even

1

2
(m− 1)(N − 1) if N is odd

𝛽 =
⎧⎪⎨⎪⎩
m if N is even

1 if N is odd

Proof. We determine the number 𝛽 of boundary components by induction in N . For N = 1 we simply have one

disc (without any ribbons) which clearly has connected boundary. Then suppose Γ′ ⊂ ℝ3 is any embedded,ℤm-

equivariant surface with connected boundary and let Γ′′ be the embedded surface which we obtain from Γ′ by

ℤm-equivariantly attaching a horizontal disc D throughm vertical half-neck ribbons rib1,… , ribm. Then Γ′′ has

exactlym pairwise isometric boundary components. Indeed, the k-th boundary component formally consists of

four segments (see Figure 1 left image):

– the right vertical boundary component of ribk ,

– the (short) segment on 𝜕Γ′ between the ribk and ribk+1,

– the left vertical boundary component of ribk+1,

– the (short) segment on 𝜕D between the ribk and ribk+1.

Conversely, suppose that Γ′ ⊂ ℝ3 is any embedded, ℤm-equivariant surface with m pairwise isometric bound-

ary components 𝛽1,… , 𝛽m and let Γ′′ be the embedded surface which we obtain from Γ′ by ℤm-equivariantly

attaching a horizontal disc D as above. Then 𝜕Γ′′ is obtained from 𝜕D by taking the “connected sum” with 𝛽k
through the vertical boundary segments of the ribbon ribk ; more precisely, index i = 1,… , k we remove two

rib1 rib2 rib3
∂D

∂Γ′

β1

rib1

β2

rib2

β3

rib3∂D

Figure 1: The two cases for the structure of the boundary when attaching a horizontal disc D equivariantly through vertical half-neck

ribbons rib
k
.
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half-discs and attach a half cylinder (a ribbon) inbetween. In particular, 𝜕Γ′′ is connected (see Figure 1 right

image).

It remains to compute the genus 𝛾 . Given anyℤm-equivariant surface Σ, we call a closed subsetΩ ⊂ Σ fun-

damental domain of Σ if Σ = ⋃𝜑∈ℤm
𝜑(Ω) and if the set𝜑1(Ω) ∩ 𝜑2(Ω) has no interior in Σ for any𝜑1, 𝜑2 ∈ ℤm

with 𝜑1 ≠ 𝜑2. We claim that we can choose a connected fundamental domain Ω of Γ which is a topologi-

cal disc with piecewise smooth boundary. By assumption, Γ contains a disjoint union of ℤm-equivariant discs

D1,… ,DN such that the closure of the complement Γ ∖(D1 ∪…∪ DN ) has (N − 1)m connected components Ki
j

for j = 1,… ,N − 1 and i = 1,… ,m, each ofwhich is homeomorphic to [0, 1] × [0, 1]. These ribbons are labelled

such that Ki
j
connects Dj and Dj+1 and such that K

1
j
and K1

j+1 are adjacent along a boundary segment of Γ. There
clearly exists a connected fundamental domain D1

1
of D1 intersecting K

1
1
and a connected fundamental domain

D1
N
of DN intersecting K

1
N−1. Since K

1
j
and K1

j+1 are adjacent with disjointℤm-orbits, there also exists a connected

fundamental domain D1
j
of Dj intersecting both K

1
j
and K1

j+1 for any j ∈ {2,… ,N − 1}. Note that all these sets
can be chosen to have piecewise smooth boundary. Hence, the set Ω:= K1

1
∪…∪ K1

N−1 ∪ D1
1
∪…∪ D1

N
has all

the desired properties, in particular, it is a topological disc being an acyclic concatenation of topological discs.

Two examples are visualized in Figure 2.

Given the disc-type fundamental domainΩ ofΓ, the quotientΓ′:= Γ∕ℤm can be constructed by identifying

certain pairs of consecutive segments in 𝜕Ω (i. e. the ones in the interior of Γ) which means that Γ∕ℤm is still

a topological disc. By assumption, Γ intersects the singular locus of the corresponding group action (i. e. the

vertical axis of rotation), exactly N times: once for each horizontal disc. The Riemann–Hurwitz formula (see

e. g. [[21], Chapter IV.3] and [[8], Remark B.2]) implies

𝜒 (Γ) = m𝜒 (Γ′ )− (m− 1)N .

Substituting 𝜒 (Γ) = 2− 2𝛾 − 𝛽 and 𝜒 (Γ′) = 1 we obtain 2− 2𝛾 − 𝛽 = m− (m− 1)N , or equivalently

2𝛾 = (m− 1)(N − 1)− (𝛽 − 1).

Since 𝛽 = 1 if N is odd and 𝛽 = m if N is even as shown above, the claim follows. □

Figure 2: A free boundary minimal disc stacking with N = 5 (left image) respectively N = 4 (right image) andm = 8. Highlighted is a

fundamental domain with respect to the ℤ
m
-action.
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Building blocks of the construction

Let us now turn to the accurate geometric description of the initial surfaces. Outside a neighborhood of 𝕊2 each

initial surface will be a union of N exact horizontal discs. To construct the portions of the initial surfaces near

𝕊2 we find it convenient to work with a variant of standard spherical coordinates (which in particular make it

simple to enforce orthogonality of the initial surfaces to 𝕊2). Specifically, we define the map

Φ:
[
0,
1

3

]
×ℝ ×

[
−𝜋
4
,
𝜋

4

]
→ 𝔹3

(𝜎, 𝜃,𝜔) ↦ (1− 𝜎 )
(
cos 𝜃 cos 𝜔, sin 𝜃 cos 𝜔, sin 𝜔

)
,

(2.5)

a covering of a (large) neighborhood of the equator, where we denote Cartesian coordinates in the domain by

(𝜎, 𝜃,𝜔) and in the target by (x, y, z).

We will define the initial surfaces by first assembling certain surfaces with boundary in the domain ofΦ. It
will be clear later that by taking the datumm sufficiently large (in terms of other pieces of data, to be explained)

we ensure that these last surfaces are contained in the above box on whichΦ is injective with smooth inverse.

We then apply Φ and extend the image surfaces in 𝔹3 by further applying the symmetry group 𝔾. The initial
surfaces are then completed by attaching the N exact horizontal discs mentioned above. We turn to the details.

Given an integerm > 0, we define the domain

ΛΦ
m
:=
{
(𝜎, 𝜃 ) ∈ ℝ2 : 0 ≤ 𝜎 ≤

1

3
and |𝜃| ≤ 𝜋

2m

}
. (2.6)

Given also 𝜏 > 0 (later to represent the waist radius of an exact catenoid in the domain ofΦ), we in turn define
the two subdomainsΛΦ,+

m,𝜏
,ΛΦ,−

m,𝜏
⊂ ΛΦ

m
by

ΛΦ,±
m,𝜏

:= ΛΦ
m
∖
{
𝜎2 +

(
𝜃 ∓ 𝜋

2m

)2
< 𝜏2

}
,

and given as well 𝜏+, 𝜏− > 0, we set (see Figure 3, left pair)

ΛΦ
m,𝜏+,𝜏−

:= ΛΦ,+
m,𝜏+

∩ ΛΦ,−
m,𝜏−

. (2.7)

Next suppose we are given additionally hB ∈ ] −2∕3, 2∕3[ to represent the height of the center of a disc layer
in the initial surface – frequently we will attach the label B to objects associated with disc layers (approximate

σ

θ

0 1

3

π

ΛΦ
m

σ

θ

0 1

3

π
2m2m

ΛΦ
m,τ + ,τ−

τ+

τ−

hB

π
2m

Figure 3: The domains defined in (2.6)–(2.7) and the image ofΦ
(
𝜎, 𝜃,𝜔B

m,hB
(𝜎, 𝜃 )

)
defined onΛΦ

m
.
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copies of 𝔹2) and the label K to objects associated with catenoidal ribbons (images underΦ of subsets of exact

catenoids). We define the function 𝜔B

m,hB
:ΛΦ

m
→ ℝ by

𝜔B

m,hB
(𝜎, 𝜃 ):= arcsin

hB

1− 𝜎
, (2.8)

whose graph has image under Φ a neighborhood of a circumferential segment in the horizontal disc in 𝔹3 at

height hB (see Figure 3, right image). Given also hK ∈ ℝ (to represent the height of the center of an exact catenoid

in the domain ofΦ) in the initial surface) and defining sgn:ℝ→ ℝ by

sgn x:=
⎧⎪⎨⎪⎩

1 if x ≥ 0

−1 if x < 0,

we further define the two functions 𝜔K,±
m,𝜏,hK ,hB

:ΛΦ,±
m,𝜏

→ ℝ by

𝜔K,±
m,𝜏,hK ,hB

(𝜎, 𝜃 ):= hK + sgn(hB − hK ) 𝜏 arcosh

√
𝜎2 +

(
𝜃 ∓ 𝜋

2m

)2
𝜏

, (2.9)

whose graph is a subset of the exact catenoid (in the domain of Φ) with center
(
0,±𝜋∕(2m), hK

)
and waist

radius 𝜏 .

With the aimof gluing together the preceding functionswefix a smooth functionΨ:ℝ→ ℝ that is constantly

1 on {x ≤ 1} and constantly 0 on {x ≥ 2}, and we introduce in turn the three cutoff functions 𝜓±
m
, 𝜓𝜎

m
:ΛΦ

m
→ ℝ

given by

𝜓±
m
(𝜎, 𝜃 ):= Ψ

(
4m

𝜋

||||𝜃 ∓
𝜋

2m

||||
)
, 𝜓𝜎

m
(𝜎, 𝜃 ):= Ψ(m𝜎 ) (2.10)

as shown in Figure 4. Given as well hK+, h
K
− ∈ ℝ we define the function 𝜔m,hB,𝜏+,h

K
+
:ΛΦ,+

m,𝜏+
→ ℝ by

𝜔m,hB,𝜏+,h
K
+
:= 𝜓𝜎

m
𝜓+
m
𝜔K,+
m,𝜏+,h

K
+,h

B
+ 𝜓𝜎

m

(
1− 𝜓+

m

)
hB +

(
1− 𝜓𝜎

m

)
𝜔B

m,hB
(2.11)

and the function 𝜔m,hB,𝜏+,h
K
+,𝜏−,h

K
−
:ΛΦ

m,𝜏+,𝜏−
→ ℝ by

𝜔m,hB,𝜏+,h
K
+,𝜏−,h

K
−
:= 𝜓𝜎

m
𝜓+
m
𝜔K,+
m,𝜏+,h

K
+,h

B
+ 𝜓𝜎

m

(
1− 𝜓+

m
− 𝜓−

m

)
hB +

(
1− 𝜓𝜎

m

)
𝜔B

m,hB

+ 𝜓𝜎
m
𝜓−
m
𝜔K,−
m,𝜏−,hK−,h

B
(2.12)

θ
0

1

π
2m

π
4m

− π
2m

− π
4m

ψ−
m ψ+

m

σ

σ
0

1

1

m

2

m

1

3

ψσ
m

θ

Figure 4: Profiles of the cutoff functions 𝜓±
m
, 𝜓𝜎

m
:ΛΦ

m
→ℝ defined in (2.10).
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σθ

ω
m,h B ,τ+ ,hK

+

hB

hK+

τ+

ΛΦ,+
m,τ +

σθ

ω
m,h B ,τ+ ,hK

+
,τ− ,hK

−

hB

hK+

hK−

τ+

τ−

ΛΦ
m,τ + ,τ −

Figure 5: The graphs Γ
m,hB ,𝜏+ ,hK+

(left) and Γ
m,hB ,𝜏+ ,hK+ ,𝜏− ,h

K
−
(right). Roughly speaking, the red, green, respectively blue regions are shaped

by the first, second respectively third summand of (2.11) and (2.12); the yellow region is shaped by the fourth summand of (2.12).

as plotted in Figure 5. We denote the graphs of these last two functions by

Γm,hB,𝜏+,h
K
+
:=
{(

𝜎, 𝜃,𝜔m,hB,𝜏+,h
K
+
(𝜎, 𝜃 )

)
: (𝜎, 𝜃 ) ∈ ΛΦ,+

m,𝜏+

}
,

Γm,hB,𝜏+,h
K
+,𝜏−,h

K
−
:=
{(

𝜎, 𝜃,𝜔m,hB,𝜏+,h
K
+,𝜏−,h

K
−
(𝜎, 𝜃 )

)
: (𝜎, 𝜃 ) ∈ ΛΦ

m,𝜏+,𝜏−

}

Finally, we map these regions into 𝔹3 using Φ, extend them by applying the pyramidal symmetries of the

construction, and adjoin the discs

BhB :=
{
(x, y, hB ) : x2 + y2 ≤

4

9
− (hB )2

}

at height hB with radius (1− 1∕3) cos 𝜔B

m,hB
(1∕3, 0) = (2∕3)

√
1− (3hB∕2)2, to obtain the sets

Dm,hB,𝜏+,h
K
+
:= BhB ∪ 𝕐mΦ

(
Γm,hB,𝜏+,h

K
+

)
,

Dm,hB,𝜏+,h
K
+,𝜏−,h

K
−
:= BhB ∪ 𝕐mΦ

(
Γm,hB,𝜏+,h

K
+,𝜏−,h

K
−

) (2.13)

visualized in Figure 6. Note that all of the above regions are invariant under rotation through angle 2𝜋∕m about

the z-axis (in either direction) and that

Dm,hB,𝜏+,h
K
+,𝜏−,h

K
−
= R

𝜋∕m
ẑ

Dm,hB,𝜏−,h
K
−,𝜏+,h

K
+
,

where R
𝜋∕m
ẑ

∈ O(3) is rotation about the positively directed z-axis through angle 𝜋∕m in the conventional

positive sense.

Specifications of the initial surfaces

Each initial surface will be a union of N surfaces derived from (2.13), two of the first type (to form the top and

the bottom of the corresponding initial surface), andN − 2 of the second type (in between), suitably aligned and

with appropriately selected parameters. To make the definition we must specify N disc heights and N − 1 waist

heights

−1≪ hB
1
< hK

1
< hB

2
< hK

2
<… < hK

N−1 < hB
N
≪ 1,
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Figure 6: The sets D
m,hB ,𝜏+ ,hK+

(left) and D
m,hB ,𝜏+ ,hK+ ,𝜏− ,h

K
−
(right) defined in (2.13) with the same choice of parameters as in Figure 5;

appropriate heights h
B
, hK± and waist radii 𝜏± still need to be chosen (cf. Figure 7).

as well asN − 1 waist radii 0 < 𝜏1, 𝜏2,… , 𝜏N−1 ≪ 1 associatedwith the corresponding hK
i
. Once all these quanti-

ties have been specified, each initial surfacewill be defined as the union of theN surfaces in (2.21); let us proceed

step by step towards that definition.

The symmetry group 𝔾 we impose subjects these quantities to constraints that we express with the aid of

the following notation (which will be useful for related purposes throughout the construction). For any integer

d ≥ 0 we define the linear subspaces ℝd
↕+,ℝ

d
↕− ⊆ ℝd by

ℝd
↕±:=

{
𝑣 ∈ ℝd : 𝑣i = ±𝑣d+1−i for each i = 1,… , d

}
.

For any S ⊂ ℝd (not necessarily a subspace) we in turn define the two sets S↕±:= S ∩ℝd
↕±. Note that

dimℝd
↕+ = ⌈d∕2⌉, dimℝd

↕− = ⌊d∕2⌋, ℝd = ℝd
↕+ ⊕ℝd

↕−.

In enforcing 𝔾-invariance of the initial surfaces we thus accordingly require

h⃗B ∈ ℝN
↕−, h⃗K ∈ ℝN−1

↕− , 𝜏 ∈ ℝN−1
↕+ ,

where we have bundled the above heights and radii into vectors in the obvious way. Rather than prescribing

these quantities directly we will instead specify them in terms of data

𝜁 ∈ ℝN−1
↕+ , 𝜉 ∈ ℝN−1

↕− .

Each initial surface will then be uniquely determined by a choice of data (N,m, 𝜁 , 𝜉 ).

Conceptually the specification of (𝜏, h⃗K , h⃗B ) in terms of (N,m, 𝜁 , 𝜉 ) is made in stages, whichwe summarize

with the chain of dependence

(N,m) ⇝ 𝜏 , (m, 𝜏 , 𝜁 ) ⇝ 𝜏, (N,m, 𝜏, 𝜉 ) ⇝ ( h⃗K , h⃗B ).

In more detail, we first take x⃗ = (x1,… , xN−1 ) ∈ ℝN−1
↕+ as in Lemma A.1 and we then define 𝜏 ∈ ℝN−1

↕+ by

𝜏
i
= 𝜏

i;N,m = xi
m
exp

(
xn−1 − 1

1+ N mod 2
⋅
m

2

)
, (2.14)

whereweunderstand x0 = 0 (in case n = 1).We emphasize that xn−1 < 1, so that the argument of the exponential

is strictly negative. The above choice of 𝜏 is made to ensure that the initial surface is approximately balanced
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in a certain sense (see Appendix A for full details); this geometric condition in turn implies, roughly speaking,

that a certain component of the projection of the initial mean curvature onto the cokernel is not too large.

Next, to help achieve finer control over the cokernel, we define 𝜏 ∈ ℝN−1
↕+ by

𝜏i = 𝜏
i;N,m,𝜁 := 𝜏

i
exp

(
𝜁n +

𝜁i
m

)
. (2.15)

Thus variation of 𝜁 adjusts thewaist radii.Wepause to point out that for each integerN ≥ 2, for each i = 1,… ,N ,

for each 𝜁 ∈ ℝN−1
↕+ , and for each q > 0 we have, for some C(N) > 0,

lim
m→∞

𝜏i
𝜏1

≤ C(N ), lim
m→∞

mq𝜏1 = 0. (2.16)

Finally, we specify the heights h⃗K , h⃗B. Conceptually, the data (N,m, 𝜏) determine heights h⃗ K and h⃗ B bymatching

conditions (essentially by the requirement that the spacing between disc layers should agree with the vertical

extent of each intermediate catenoidal ribbon, which is set, via the definitions leading up to (2.13), bym and the

corresponding 𝜏). To control the cokernel, however, it is necessary to be able to adjust the heights of the centers

of the catenoids via the 𝜉 parameters, affecting also h⃗B through modified matching conditions that average the

contributions on a given hB from neighboring catenoids. Since we will never need to refer to either h⃗ K or h⃗ B

directly, we do not distinguish them explicitly in the following specification.

To be precise, we define the vector 𝛿hK ∈ ℝN−1
↕+ whose entries

(𝛿hK )i = (𝛿hK )
i;N,m,𝜁 := 2𝜏i arcosh

1

m𝜏i
(2.17)

determine the vertical extent of the catenoidal ribbon at height hK
i
, and ⃗ = ⃗

N,m,𝜁 ,𝜉
∈ ℝN

↕+ by

i = 
i;N,m,𝜁 ,𝜉 :=

⎧⎪⎨⎪⎩
0 for i ∈ {1,N}
1

2
(𝜉i − 𝜉i−1 )𝜏n for 1 < i < N,

(2.18)

which we call the dislocation at disc layer i. For future convenience we define in ℝd, for any integer d ≥ 2, the

three subspaces

ℝd,0,0:=
{
𝑣 ∈ ℝd : 𝑣1 = 𝑣d = 0

}
, ℝd,0,0

↕± := ℝd,0,0 ∩ℝd
↕±.

In particular we then have ⃗ ∈ ℝN,0,0

↕+ . Now h⃗K and h⃗B are uniquely determined by the symmetry constraints

h⃗K ∈ ℝN−1
↕− , h⃗B ∈ ℝN

↕− and the matching conditions

hK
i
− hB

i
= 1

2
(𝛿hK )i +i (1 ≤ i ≤ N − 1),

hB
i
− hK

i−1 =
1

2
(𝛿hK )i−1 +i (2 ≤ i ≤ N ).

(2.19)

Indeed, the symmetry constraints force

N even ⇒ hK
n
= 0, N odd ⇒ hB

n+1 = 0,

anchoring the configurations, and then (in both cases) the remaining hK
i
and hB

i
are uniquely determined from

these anchors and the already specified (𝛿hK )i andi via (2.19); the required symmetries then follow from those

already enforced for the latter quantities. Before continuing we observe, for repeated future use, that for each

integer N ≥ 2, for each integer i = 1,… ,N − 1, for each 𝜁 ∈ ℝN−1
↕+ , and for each 𝜉 ∈ ℝN−1

↕− we have

lim
m→∞

|hB
i
|+ |hK

i
|+ |hB

i+1|
m𝜏1

≤ C(N ) (2.20)
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K 1

K3

K2

D4

D3

D2

D1

Figure 7: Visualisation of the initial surface Σ
N,m, 𝜁 , 𝜉

for N = 4,m = 8, 𝜁 = (0, 0, 0) and 𝜉 = (0, 0, 0) (left image) respectively

𝜉 = (−2, 0, 2) (right image). Highlighted are the regions K 1, K2, K3 defined in (2.24) and the regions D1,… ,D4 defined in (2.21).

for some C(N) > 0, having made use of (2.14), (2.15), (2.16), (2.17), (2.18), and (2.19), and assumingm > |𝜁 |+ |𝜉|.
Assembly of the initial surfaces

Referring to (2.13) and the specifications of the preceding subsection, we define the N regions

D1 = D
1;N,m,𝜁 ,𝜉 := Dm,hB

1
,𝜏K
1
,hK
1
,

Di = D
i;N,m,𝜁 ,𝜉 := R

(i−1)𝜋∕m
ẑ

Dm,hB
i
,𝜏K
i
,hK
i
,𝜏K
i−1,h

K
i−1

for 2 ≤ i ≤ N − 1, (2.21)

DN = D
N;N,m,𝜁 ,𝜉 := R

N𝜋∕m
ẑ

Dm,hB
N
,𝜏K
N−1,h

K
N−1
.

The initial surfaces are defined as the unions of the above regions as visualized in Figure 7:

Σ = Σ
N,m,𝜁 ,𝜉

:=
N⋃
i=1

D
i;N,m,𝜁 ,𝜉 . (2.22)

We write gΣ for the induced metric on Σ, 𝜂Σ for its outward unit conormal on 𝜕Σ, and AΣ and HΣ for the scalar

projections of, respectively, the vector-valued second fundamental form and mean curvature of Σ onto the unit

normal which points upward at the point {x = y = 0} ∩ D1.

Estimates of the initial geometry

For each i = 1,… ,N − 1 we set

ai:= arcosh
1

2m𝜏i

and define the map 𝜅i = 𝜅
i;N,m,𝜁 ,𝜉 by

𝜅i:
[
−ai, ai

]
×
[
−𝜋
2
,
𝜋

2

]
→ Σ = Σ

N,m,𝜁 ,𝜉

(t, 𝜗) ↦ Φ
(
𝜏i cosh t cos 𝜗, (−1)i−1 𝜋

2m
+ 𝜏i cosh t sin 𝜗, hK

i
+ 𝜏it

)
,

(2.23)

whose image we denote by

Ki = K
i;N,m,𝜁 ,𝜉 := 𝜅i

(
[−ai, ai] ×

[
−𝜋
2
,
𝜋

2

])
⊂ Σ
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as visualized in Figure 7; note that each 𝜅 i is a diffeomorphism onto its image. Given 0 ≤ R ≤
1

2m
, we further

define the regions

Ki(R) = K
i;N,m,𝜁 ,𝜉 (R):= {𝜅i(t, 𝜗) : 𝜏i cosh t ≤ R and |𝜗| ≤ 𝜋∕2}, (2.24)

so we have in particular Ki = Ki
(
1∕(2m)

)
. We also define on each initial surface Σ = Σ

N,m,𝜁 ,𝜉
the function

𝜌:Σ→]0,∞[

to be the unique 𝔾-invariant function on Σ whose restriction to each Di is as follows. Recalling from (2.5) the

domain of the mapΦ, let

Li:=

⎧⎪⎪⎨⎪⎪⎩
(𝜎, 𝜃,𝜔) ∈ domΦ : 𝜎 = 0 and

⎧⎪⎪⎨⎪⎪⎩

m𝜃

𝜋
∈ 1

2
+ 2ℤ for i = 1

m𝜃

𝜋
∈ 1

2
+ ℤ for 2 ≤ i ≤ N − 1

m𝜃

𝜋
∈ (−1)N 1

2
+ 2ℤ for i = N

⎫⎪⎪⎬⎪⎪⎭
, (2.25)

let dLi :ℝ3 → ℝ be the distance-to-Li function, and let

𝜌|Di∖Φ({dLi<2∕m}):= m,

Φ∗𝜌|Φ−1(Di )∩{dLi<2∕m}:=
1

dLi
⋅
(
Ψ⚬mdLi

)
+m ⋅

(
1−Ψ⚬mdLi

)
.

(2.26)

The function 𝜌 is introduced for the purpose of defining on the initial surface the conformal metric 𝜌2gΣ (whose

analogue in each of [4], [22] is called the 𝜒 metric), which will be used to study the linearized problem. In

particular we have on each Ki

𝜅∗
i
𝜌 = 𝜏−1

i
sech t, d

(
𝜅∗
i
𝜌
)
= −
(
𝜅∗
i
𝜌
)
tanh t dt. (2.27)

while elsewhere
m

3
≤ 𝜌|Σ∖𝕐m⋃K j

≤ 3m, ‖𝜌‖
Ck
(
Σ∖𝕐m

⋃
Kj, 𝜌

2 gΣ
) ≤ C(k)m (2.28)

for each integer k ≥ 0 and some corresponding constant C(k) > 0 independent ofm.

Lemma 2.2 (Geometric estimates on the Ki regions). Given data (N, 𝜁 , 𝜉 ) as above there exist C = C(N) > 0 and

m0 = m0(N, |𝜁 |, |𝜉|) > 0 such that for every integerm > m0 the following items hold for each Ki ⊂ Σ = Σ
N,m,𝜁 ,𝜉

:

(i) ‖𝜌−1‖C0(Ki(R)) ≤ CR for all 𝜏i < R ≤
1

2m
,

(ii) ‖𝜅∗
i
𝜌2gΣ − (dt2 + d𝜗2 )‖C2(𝜅−1

i
(Ki(R)), dt

2+d𝜗2 ) ≤ CR for all 𝜏i < R ≤
1

2m
,

(iii) ‖𝜅∗
i
𝜌−2|AΣ|2

gΣ
− 2sech2t‖C1(𝜅−1

i
(Ki ), dt

2+d𝜗2 ) ≤ C𝜏1,

(iv) ‖𝜌−1HΣ|Ki‖C1(Ki, 𝜌2 gΣ) ≤ C𝜏1.

Proof. Item (i) is clear from (2.24) and (2.27). For the remaining items we can appeal to the computations in

Appendix B. Item (ii) follows from (B.3) and (B.5), recalling (2.16). Using (B.5) again but now in combination with

(B.4), we find ‖𝜏−1
i
𝜅∗
i
AΣ − (−1)i−1(dt2 − d𝜗2 )‖C1(𝜅−1

i
(Ki(R)), dt

2+d𝜗2 ) ≤ CR,

whence follow, using also item (ii), items (iii) and (iv). □

Recalling that Ψ:ℝ→ ℝ is a fixed smooth cutoff function that is constantly 1 on {x ≤ 1} and constantly 0
on {x ≥ 2}, we define 𝜓𝜛

m
:ℝ2 → ℝ by

𝜓𝜛
m
(x, y):= Ψ

(
m

5

(
1−
√
x2 + y2

))
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r

0

1

1

5

m

10

m

Figure 8: Graph of the cutoff function r ↦ Ψ
(

m

5
(1− r)

)
.

(see Figure 8) and𝜛m:ℝ3 → ℝ2 × {0} by

𝜛m(x, y, z):= (x, y, 0)

1− 𝜓𝜛
m (x, y)+ 𝜓𝜛

m (x, y)

√
x2+y2

x2+y2+z2

.

Note that

𝜛m(x, y, z) = (x, y, 0) on

{√
x2 + y2 ≤ 1− 10m−1

}
, (2.29)

𝜛m(Φ(𝜎, 𝜃,𝜔)) = Φ(𝜎, 𝜃, 0) on Φ−1
({√

x2 + y2 ≥ 1− 5m−1
})

, (2.30)

𝜛m|{z=0} is the identity, and𝜛m(𝔹3 ) = 𝔹2 = 𝔹3 ∩ {z = 0}. Next, for each region Di in (2.21) we define

𝜛i =𝜛
i;N,m,𝜁 ,𝜉 :=𝜛m|D

i;N,m, 𝜁 , 𝜉
:D

i;N,m,𝜁 ,𝜉 → 𝔹2. (2.31)

Given 0 ≤ R ≤
1

2m
, we further define the regions (see Figure 7)

Di(R) = D
i;N,m,𝜁 ,𝜉 (R):= Di∖𝕐m

⋃
j

Kj(R) (2.32)

where the overline indicates the closure in the initial surface Σ; in particular we have Di = Di(0).

Because of obstructions wewill confront to solving the linearized problem it is necessary to isolate a certain

component of the initialmean curvature. For this purpose (and later for expressing these obstructions)we define

for each Di a function𝑤i ∈ C∞(Σ) with support contained in Di by

𝑤i:= 𝜌−2𝜛∗
i

[(
𝜕2
x
+ 𝜕2

y

)
𝑣̂
]
, (2.33)

where 𝑣̂ is the unique 𝕐m-invariant function on 𝔹2 with support contained in {
√
x2 + y2 ≥ 1− 2∕m} and satis-

fying

𝑣̂(Φ(𝜎, 𝜃, 0)) = 𝜓𝜎
m

(
𝜓+
m
− 𝜓−

m

)
(𝜎, 𝜃 ) ∀(𝜎, 𝜃 ) ∈ ΛΦ

m
, (2.34)

for which we recall the three cutoff functions 𝜓𝜎
m
, 𝜓±

m
from (2.10). We do not really need the functions 𝑤1 and

𝑤N , but for purposes of notation it is somewhat convenient to have them defined. For any given V⃗ ∈ ℝN,0,0 we

write

V⃗ ⋅ 𝑤⃗:=
N∑
i=1

Vi𝑤i =
N−1∑
i=2

Vi𝑤i.

Note that V⃗ ∈ ℝN,0,0

↕+ implies that V⃗ ⋅ 𝑤⃗ is 𝔾-equivariant.

Lemma 2.3 (Geometric estimates on the Di regions). Given data (N, 𝜁 , 𝜉 ) as above there exist C = C(N) > 0 and

m0 = m0(N, |𝜁 |, |𝜉|) > 0 such that for every integerm > m0 the following items hold for eachDi ⊂ Σ = Σ
N,m,𝜁 ,𝜉

:
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(i) 𝜛 i is a diffeomorphism onto its image,

(ii) AΣ|Σ∩(1− 3

m
)𝔹3 = 0,

(iii) ‖gΣ −𝜛∗
i
(dx2 + dy2 )‖C2(Σ∩(1− 3

m
)𝔹3, gΣ ) ≤ 𝜏

3∕2
1

,

(iv) ‖Φ∗gΣ − (d𝜎2 + (1− 𝜎 )2 d𝜃2 )‖C2(Φ−1(Di(m
−4 ))∩{𝜎≤ 5

m
}, d𝜎2+d𝜃2 ) ≤ 𝜏

3∕2
1

,

(v) ‖Φ∗||AΣ||2gΣ‖C1(Φ−1(Di(m
−4 ))∩{𝜎≤ 5

m
}, d𝜎2+d𝜃2 ) ≤ 𝜏

3∕2
1

,

(vi) ‖𝜌2gΣ − 𝜌2𝜛∗
i
(dx2 + dy2 )‖C2(Di(m−4 ), 𝜌2 gΣ ) ≤ Cm−1,

(vii) ‖||AΣ||2gΣ‖C1(Di(m−4 ), 𝜌2 gΣ ) ≤ C𝜏
3∕2
1

,

(viii) ‖HΣ − 𝜌2i𝑤i‖C1(Di((4m)−1 ), 𝜌2 gΣ ) ≤ Cm2𝜏1,

where, we recall, HΣ is the scalar projection of the vector-valued mean curvature of Σ onto the unit normal which

points upward at D1 ∩ {x = y = 0}.

Proof. By construction (see in particular (2.13) and the prior supporting definitions) Σ ∩ (1− 3

m
)𝔹3 consists of N

horizontal Euclidean discs, verifying item (ii) and also the equality

gΣ|Σ∩(1− 3

m

)
𝔹3 = d(x|Σ )2 + d(y|Σ )2. (2.35)

We will next check items (i) and (iii). The only point of item (i) that may not be obvious is the injectivity. In view

of (2.30) and the fact that near 𝜕𝔹3 each Di (recall (2.21) and (2.13)) was constructed as a graph in the domain of

the map Φ, it suffices to check injectivity on Σ ∩ (1− 3

m
)𝔹3 (where, for the purposes of comparing the values

of
√
x2 + y2 and

√
x2 + y2 + z2, we bear in mind the height estimate (2.20) and the comparison of m and 𝜏1 in

(2.16)). For this we will compare𝜛 i to orthogonal projection onto {z = 0}, which comparison will also establish
(iii), in light of (2.35).

Defining si:ℝ2 → ℝ by

1

si(x, y)
:= 1−

(
hB
i

)2
𝜓𝜛
m
(x, y)√

x2 + y2 +
(
hB
i

)2(√
x2 + y2 +

√
x2 + y2 +

(
hB
i

)2) ,

we have

∀
(
x, y, hB

i

)
∈ Di ∩

(
1− 3

m

)
𝔹3 𝜛i

(
x, y, hB

i

)
= si(x, y)(x, y, 0)

and ‖si − 1‖C3(𝔹2,dx2+dy2 ) ≤ Cm3
(
hB
i

)2
for some C > 0 (independent of N,m, 𝜁 , 𝜉), which, recalling (2.20) and (2.16) and taking m sufficiently large in

terms of a universal constant, completes the proof of items (i) and (iii).

For the remainder of the proof we refer to calculations in Appendix B. Item (iv) follows by applying (B.9) in

(B.6), while (v) follows by applying (B.7) and (B.9) in (B.8) (and in both cases again appealing to (2.16)).

From item (iii) and conjoint application of item (iv), (2.30), and (B.1) we ensure

‖gΣ −𝜛∗
i
(dx2 + dy2 )‖C2(Di(m−4 ), gΣ ) ≤ Cm−1

(the error of orderm−1 arising from the comparison of themetrics d𝜎2 + d𝜃2 and d𝜎2 + (1− 𝜎)2d𝜃2 on {𝜎 ≤
5

m
}),

while from items (ii) and (v), along with (B.1), we ensure

‖‖‖‖
|||AΣ|||

2

gΣ

‖‖‖‖C1(Di(m−4 ), gΣ ) ≤ C𝜏
3∕2
1
,

both by takingm sufficiently large in terms ofN,
|||𝜁 |||, |||𝜉|||, andwith C > 0 a constant independent ofm, 𝜁 , 𝜉. Using

(2.27), (2.28), and item (ii) of Lemma 2.2, the above two displayed estimates imply items (vi) and (vii).
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Finally, noting the choice of direction in defining the (scalar-valued) mean curvature at the end of the state-

ment of the lemma and referring to the definition (2.33) of𝑤i, we obtain item (viii) from the estimates (B.10) and

(B.11) (and from item (ii)). In order to pass from the estimates with respect tom2(d𝜎 2 + d𝜃 2 ) made in (B.10) and

(B.11) to the desired estimate with respect to 𝜌2gΣ we apply item (vi), (2.30), and (B.1). □

On the construction of free boundary minimal stackings of any order – linear theory

For any initial surface Σ, each integer k ≥ 0, each 𝛼, 𝛽 ∈]0, 1[, any u ∈ Ck,𝛼(Σ), and any f ∈ Ck,𝛼(𝜕Σ) we define

‖u‖k,𝛼,𝛽 := ‖m−𝛽𝜌𝛽u‖Ck,𝛼 (Σ,𝜌2 gΣ ),
‖ f ‖k,𝛼,𝛽 := ‖m−𝛽𝜌𝛽 f ‖Ck,𝛼 (𝜕Σ,𝜌2 gΣ ),
‖u‖′

𝛼,𝛽
:= ‖u‖0,𝛼,𝛽 +m2‖u‖

C0,𝛼 (Σ∩{
√
x2+y2≤1−10∕m}, m2 gΣ )

,

‖(u, f )‖′
𝛼,𝛽
:= ‖u‖′

𝛼,𝛽
+ ‖ f ‖1,𝛼,𝛽 .

(2.36)

Now we can state our global estimate of the initial mean curvature.

Lemma 2.4 (Estimate of the initial mean curvature). For any integer N ≥ 2, any parameters 𝜁 ∈ ℝN−1
↕+ and 𝜉 ∈

ℝN−1
↕− , and any reals 𝛼, 𝛽 ∈]0, 1[ there exist m0 = m0

(
N,
|||𝜁 |||+ |||𝜉|||

)
> 0 and C = C(N, 𝛼, 𝛽) > 0 such that on every

initial surface Σ
N,m,𝜁 ,𝜉

with m > m0 there holds

‖𝜌−2HΣ − ⃗ ⋅ 𝑤⃗‖′
𝛼,𝛽

≤ C𝜏1.

Proof. The estimate is a straightforward consequence of Lemma 2.2 (iv), Lemma 2.3 (ii), Lemma 2.3 (viii), and

the definition of the ‖ ⋅ ‖′
𝛼,𝛽

norm in (2.36). □

We shall also append the suffix 𝔾 to the notation for a given function space over S ∈ {Σ, 𝜕Σ} to denote the
corresponding subspace of 𝔾-equivariant functions:

Ck,𝛼𝔾 (S):= {u ∈ Ck,𝛼(S) : ∀R ∈ 𝔾 u = (sgn𝜈Σ (R))(u⚬ R
−1 )} (S ∈ {Σ, 𝜕Σ}),

where sgn𝜈Σ (R) = 1 if the symmetry R preserves each global unit normal for Σ, while sgn𝜈Σ (R) = −1 if instead
R exchanges the two global unit normals. At this point we fix also, for each initial surface Σ

N,m,𝜁 ,𝜉
, a smooth

diffeomorphism

P
𝜁,𝜉

= P
N,m,𝜁 ,𝜉

:Σ
N,m, 0⃗, 0⃗

→ Σ
N,m,𝜁 ,𝜉

such that P
0⃗, 0⃗

is the identity, P
𝜁,𝜉

commutes with𝔾, P
𝜁,𝜉

regarded as amap into𝔹3 depends smoothly on (𝜁, 𝜉 ),

andmoreover for any integersN ≥ 2, k ≥ 0 andany reals c > 0,𝛼, 𝛽 ∈]0, 1[ there existm0 = m0(c, k, 𝛼, 𝛽,N) > 0

and C = C(c, k, 𝛼, 𝛽,N) such that for every integerm > m0, all 𝜁 ∈ [−c, c]N−1
↕+ , 𝜉 ∈ [−c, c]N−1

↕− , and any functions

u ∈ Ck,𝛼(Σ
N,m,𝜁 ,𝜉

), 𝑣 ∈ Ck,𝛼(Σ
N,m, 0⃗, 0⃗

)

‖P∗
𝜁,𝜉

u‖k,𝛼,𝛽 ≤ C‖u‖k,𝛼,𝛽 , ‖P−1∗
𝜁,𝜉
𝑣‖k,𝛼,𝛽 ≤ C‖𝑣‖k,𝛼,𝛽 . (2.37)

For each Di ⊂ Σwe define𝑤i ∈ C∞(Σ) with support contained in Di to be the unique 𝕐m-invariant function
on Di with support contained inΦ({ 2

m
≤ 𝜎 ≤

4

m
}) and satisfying

∀(𝜎, 𝜃 ) ∈ ΛΦ
m

𝑤i

(
𝜛−1

i
(Φ(𝜎, 𝜃, 0))

)
= (−1)i−1Ψ

(
2m
||||𝜎 − 3

m

||||
)
, (2.38)
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σ
0

1

4

m

3

m

2

m

1

3 Figure 9: Profile of the cutoff functionΨ(2m|𝜎 − 3

ms
|) employed in (2.38).

for which we recall thatΨ:ℝ→ ℝ is a fixed cutoff function that is constantly 1 on ]−∞, 1] and constantly 0 on

[2,∞[ (see Figure 9). For any given V⃗ ∈ ℝN we write

V⃗ ⋅ 𝑤⃗:=
N∑
i=1

Vi𝑤i.

Note that V⃗ ∈ ℝN
↕− implies that V⃗ ⋅ 𝑤⃗ is 𝔾-equivariant.

Before proceeding further, let us pause for introducing an important piece of notation: given an initial sur-

face Σ = Σ
N,m,𝜁 ,𝜉

we let JΣ denote its Jacobi operator, i. e. we set JΣ :=ΔΣ + ||AΣ||2; furthermore, we define the
Robin operator 𝜂Σ − 1 where 𝜂Σ, we recall, is the outward unit conormal to Σ ⊂ 𝔹3.

Proposition 2.5 (Global solution operator modulo cokernel). Let N ≥ 2 be an integer, c > 0, 𝛼, 𝛽 ∈]0, 1[. There
exist m0, C > 0 such that on every initial surface Σ = Σ

N,m,𝜁 ,𝜉
with

|||𝜁 |||+ |||𝜉||| < c and m > m0 there is a linear

map

RΣ: C
0,𝛼

𝔾 (Σ)⊕ C1,𝛼𝔾 (𝜕Σ)→ C2,𝛼𝔾 (Σ)⊕ℝN
↕− ⊕ℝN,0,0

↕+

such that for any (E, f ) in its domain the corresponding image (u, 𝜇, 𝜇⃗):= RΣ(E, f ) satisfies

𝜌−2 JΣu = E + 𝜇 ⋅ 𝑤⃗+ 𝜇⃗ ⋅ 𝑤⃗, 𝜌−1(𝜂Σu− u) = f , ‖u‖2,𝛼,𝛽 + |||𝜇|||+
||||𝜇⃗
|||| ≤ C‖(E, f )‖′

𝛼,𝛽
.

Furthermore, for any data as above, we have continuity of the map

C0,𝛼𝔾 (Σ
N,m, 0⃗, 0⃗

)⊕ C1,𝛼𝔾 (𝜕Σ
N,m, 0⃗, 0⃗

)⊕ [−c, c]N−1
↕+ ⊕ [−c, c]N−1

↕− → C2,𝛼𝔾 (Σ
N,m, 0⃗, 0⃗

)⊕ℝN
↕− ⊕ℝN,0,0

↕+(
E, f , 𝜁 , 𝜉

)
↦

(
P∗
𝜁,𝜉

u, 𝜇, 𝜇⃗

)
,

where (u, 𝜇, 𝜇⃗):= RΣ
𝜁, 𝜉
P−1∗
𝜁,𝜉

(E, f ).

Proof. Suppose (E, f ) ∈ C0,𝛼𝔾 (Σ)⊕ C1,𝛼𝔾 (𝜕Σ), and recall that Ψ:ℝ→ ℝ is a fixed smooth function that is con-

stantly 1 on {x ≤ 1} and 0 on {x ≥ 2}. Set

ΨK := Ψ⚬ 8m

𝜌
, EK := ΨKE, fK := ΨK f ,

and, recalling Lemma C.2 that concerns the construction of the resolvent RK on half-catenoids, define uKi :Σ→ ℝ
(for 1 ≤ i ≤ N − 1) and uK :Σ→ ℝ by

uKi := 𝜅−1∗
i

RK
(
𝜅∗
i
EK , 𝜅

∗
i
fK
)
, uK |Ki := ΨKuKi

for each Ki. It follows easily that uK ∈ C2,𝛼𝔾 (Σ) with

‖uK‖2,𝛼,𝛽 ≤ C‖(E, f )‖′
𝛼,𝛽

; (2.39)
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here and throughout the proof C > 0 is a constant whose value may vary from instance to instance but can be

chosen independently ofm, 𝜁 , 𝜉, and c, so that all asserted estimates hold.

Moreover, defining EΨ:Σ→ ℝ and fΨ: 𝜕Σ→ ℝ by

EΨ|Ki := [𝜌−2 JΣ,ΨK

]
uKi + (ΨK − 1)E,

fΨ|Ki := [𝜌−1,ΨK

]
uKi + (ΨK − 1) f

(the first term in each case being the commutator of the two enclosed operators) and using items (i), (ii), and (iii)

of Lemma 2.2 in order to control 𝜅∗
i
𝜌−2 JΣ − LK𝜅

∗
i
and 𝜅∗

i
𝜌−1(𝜂Σ − 1)− 𝜂Λ

K
∞𝜅∗

i
, we also have

‖(𝜌−2 JΣuK − EK − EΨ, 𝜌
−1(𝜂Σ − 1)uK − fK − fΨ

)‖′
𝛼,𝛽

≤ Cm−1‖(E, f )‖′
𝛼,𝛽
,

‖(EΨ, fΨ )‖′𝛼,𝛽 ≤ C‖(E, f )‖′
𝛼,𝛽
.

(2.40)

Next set

ED:= E − EK − EΨ, fD:= F − FK − FΨ, ΨD:= Ψ⚬ m2

𝜌

and define uD ∈ C2,𝛼(Σ) by uD|Di := (1−ΨD )𝜛
∗
i
ui for each Di, with ui ∈ C2,𝛼(𝔹2 ) constructed as follows. First,

define Ei ∈ C0,𝛼(𝔹2 ) and fi ∈ C1,𝛼(𝜕𝔹2 ) by

Ei:=𝜛−1∗
i

(
𝜌2ED

)
, fi:=𝜛−1∗

i
(𝜌 fD ),

with both functions extended to take the constant value zero outside the image of 𝜛 i. Next, working with

standard Cartesian (x, y) and polar (r, 𝜃) coordinates on 𝔹2, let 𝜇i be the unique real such that

∫
𝔹2

(
Ei + 𝜇i𝜛

−1∗
i

(
𝜌2𝑤i

))
dx dy =

∫
𝕊1

fi d𝜃, (2.41)

and let ũi ∈ C2,𝛼(𝔹2 ) be the unique solution to the Neumann problem

⎧⎪⎨⎪⎩

(
𝜕2
x
+ 𝜕2

y

)
ũi = Ei + 𝜇i𝜛

−1∗
i

(
𝜌2𝑤i

)
in 𝔹2

𝜕rũi = fi on 𝕊1 = 𝜕𝔹2

(2.42)

such that

ũ1

(
cos

𝜋

2m
, sin

𝜋

2m

)
= 0 (i = 1),

ũi

(
cos

𝜋

2m
, sin

𝜋

2m

)
+ ũi

(
cos

𝜋

2m
,− sin

𝜋

2m

)
= 0 (2 ≤ i ≤ N − 1),

ũN

(
cos

𝜋

2m
, (−1)N sin

𝜋

2m

)
= 0 (i = N ).

(2.43)

Note, referring to (2.38), that m−1|||∫𝔹2𝜛−1
i

(
𝜌2𝑤i

)||| is a strictly positive constant independent of m and that con-

dition (2.41) is necessary and sufficient for the existence of a solution to (2.42); any two such solutions differ by

a free constant, so imposition of (2.43) uniquely determines ũi. Moreover, we have the estimate

||𝜇i||+ ‖ũi‖C0(𝔹2 ) ≤ C‖(E, f )‖′
𝛼,𝛽
, (2.44)

for which we emphasize the presence of the second term in the definition of the ‖ ⋅ ‖′
𝛼,𝛽

norm in (2.36).

Defining G⃗, W⃗ ∈ ℝN by

Gi:= ∫
𝔹2

Ei dx dy, Wi:= ∫
𝔹2

𝜛−1∗
i

(
𝜌2𝑤i

)
dx dy,
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note also that

G⃗ ∈
⎧⎪⎨⎪⎩
ℝN

↕+ for N even,

ℝN
↕− for N odd,

W⃗ ∈
⎧⎪⎨⎪⎩
ℝN

↕− for N even,

ℝN
↕+ for N odd,

whence 𝜇 ∈ ℝN
↕− for N of either parity. The definition of ui is finally concluded by taking

𝜇i:=
⎧⎪⎨⎪⎩
0 for i ∈ {1,N}

−ũi
(
cos

𝜋

2m
, sin

𝜋

2m

)
for 2 ≤ i ≤ N − 1

(2.45)

and setting ui:= ũi + 𝜇i𝑣̂, recalling (2.34) for the definition of 𝑣̂. From the above observation that 𝜇 ∈ ℝN
↕−, the

𝔾-equivariance assumed of (E, f ), the 𝔾-invariance of Σ, and the definition (2.31) of 𝜛, it readily follows that

𝜇 ∈ ℝN,0,0

↕+ (using also the middle condition in (2.43) for N odd) and uD is 𝔾-equivariant.
Additionally, it is clear that (2.44) continues to hold with ui in place of ũi and with an additional term of ||𝜇i

||
added to its left-hand side. Using standard elliptic estimates, we then obtain

‖uD‖C2,𝛼 (Σ) + |||𝜇|||+
||||𝜇⃗
|||| ≤ C‖(E, f )‖′

𝛼,𝛽
. (2.46)

In fact we have the estimate ‖uD‖2,𝛼,(1+𝛽 )∕2 ≤ C‖(E, f )‖′
𝛼,𝛽
, (2.47)

as we now explain. First, note that the construction of (ED, fD) and the definitions (2.38) and (2.33) of the𝑤i and

𝑤i ensure that ui is harmonic on𝜛 i({𝜌 ≥ 8m}), anO(m−1)-neighborhood of the points on𝕊1 = 𝜕𝔹2 with angular

coordinate

𝜃 ∈

⎧⎪⎪⎨⎪⎪⎩

𝜋

2m
+ 2𝜋

m
ℤ if i = 1

𝜋

2m
+ 𝜋

m
ℤ if 2 ≤ i ≤ N − 1

(−1)N 𝜋

2m
+ 2𝜋

m
ℤ if i = N .

Moreover, the choices of 𝜇 and 𝜇⃗ in (2.43) and (2.45) were made to ensure that ui vanishes at the above points.

The estimate (2.47) then follows from standard estimates for harmonic functions on ℝ2; in fact one has even

faster decay, but (2.47) suffices for the purposes of this proof.

Using the rapid decay (2.47), in particular to control the error induced by the cutoff factor in the definition

of uD, and using (2.29) and item (ii) of Lemma 2.3 (corresponding, slightly oversimplifying, to the fact that Σ ∩
{
√
x2 + y2 < 1− 10m−1} consists of N exactly horizontal discs) and also items (vi) and (vii) of this same lemma,

we conclude

‖(𝜌−2 JΣuD − ED − 𝜇 ⋅ 𝑤⃗− 𝜇⃗ ⋅ 𝑤⃗, 𝜌−1(𝜂Σ − 1)uD − fD

)‖′
𝛼,𝛽

≤ C
(
m−1 +m(𝛽−1)∕2)‖(E, f )‖′

𝛼,𝛽
.

From this last estimate along with (2.40) we see that the maps

R̃: C0,𝛼𝔾 (Σ)⊕ C1,𝛼𝔾 (𝜕Σ)→ C2,𝛼𝔾 (Σ)⊕ℝN
↕− ⊕ℝN,0,0

↕+

(E, f ) ↦
(
uK + uD, 𝜇, 𝜇⃗

)
,

L: C2,𝛼𝔾 (Σ)⊕ℝN
↕− ⊕ℝN,0,0

↕+ → C0,𝛼𝔾 (Σ)⊕ C1,𝛼𝔾 (𝜕Σ)

(u′, 𝜇′, 𝜇⃗′ ) ↦
(
𝜌−2 JΣu

′ − 𝜇′ ⋅ 𝑤⃗− 𝜇⃗′ ⋅ 𝑤⃗, 𝜌−1(𝜂Σ − 1)u′
)

satisfy ‖I − LR̃‖ ≤ Cm(𝛽−1)∕2, where I is the identity map on the domain of R̃ and the norm is the operator

norm when the latter is endowed with the ‖ ⋅ ‖′
𝛼,𝛽

norm. Thus LR̃ is invertible for m sufficiently large, and we
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conclude the proof by taking RΣ:= R̃(LR̃)−1. The claimed estimates and symmetry assertions are then clear from

the foregoing construction, while the continuity assertions follow from the smooth dependence of the initial

surfaces and the maps 𝜅i,𝜛
−1
i

(as maps into 𝔹3) on the 𝜁, 𝜉 parameters. □

Remark 2.6 (Global solution operator with homogeneous boundary data). In practice we will apply

Proposition 2.5 only with boundary data f = 0. For brevity we shall write RΣE in place of RΣ(E, 0) wherever we

invoke Proposition 2.5 in the sequel.

On the construction of free boundary minimal stackings of any order – nonlinear theory

We fix on ℝ3 a metric gaux = Ω2
(dx2 + dy2 + dz2) which is everywhere conformal to the standard Euclidean

metric, with conformal factor

Ω:=
⎧⎪⎨⎪⎩
1 on {(x, y, z) ∈ ℝ3 :

|||1− x2 − y2 − z2
||| ≥ 2∕3}

(x2 + y2 + z2 )−
1

2 on {(x, y, z) ∈ ℝ3 :
|||1− x2 − y2 − z2

||| ≤ 1∕3}.

On each initial surface Σ we pick the unit normal 𝜈Σ which points upward on the lowest disc. Given a function

u:Σ→ ℝ we then define 𝜄u:Σ→ ℝ3 by

𝜄u( p):= exp
gaux
p u( p)𝜈Σ( p),

where exp
gaux
p : Tpℝ3 → ℝ3 is the exponential map of gaux at p. If u is C

2 and sufficiently small in terms of Σ, then
𝜄u is an immersion into𝔹3 with well-defined (scalar-valued) mean curvatureHu. (In particularH0 = HΣ.) We set

Qu = Q
𝜁,𝜉
u := Hu − H0 − JΣu. (2.48)

Lemma 2.7 (Nonlinear perturbation of the mean curvature). Let N ≥ 2 be a given integer and C0, c > 0 and

𝛼, 𝛽 ∈]0, 1[ given reals. There exists m0 = m0(N, C0, c, 𝛼, 𝛽) > 0 such that for every integer m ≥ m0, all 𝜁 ∈
[−c, c]N−1

↕+ , 𝜉 ∈ [−c, c]N−1
↕− , and any real-valued function u on Σ = Σ

N,m,𝜁 ,𝜉
with ‖u‖2,𝛼,𝛽 ≤ C0𝜏1 we have

‖𝜌−2Q𝜁,𝜉
u ‖′𝛼,𝛽 ≤ 𝜏

1+𝛽∕2
1

.

Proof. Throughout the proof we will make repeated use of the bound

|d𝜌|𝜌2 g + |||D2

𝜌2 g
𝜌
|||𝜌2 g + |||D3

𝜌2 g
𝜌
|||𝜌2 g ≤ C𝜌, (2.49)

which holds (with D𝜌2 g the Levi-Civita connection under 𝜌2g) pointwise on Σ for some universal C > 0 (inde-

pendent of N ,m, 𝜁 , and 𝜉) and follows from (2.27), (2.28), Lemma 2.2 (ii), and Lemma 2.3 (vi). In the remainder of

the proof the value of C > 0 may change from line to line and is allowed to depend on N, C0, 𝛼, 𝛽 but can always

be chosen independently ofm.

Now suppose p ∈ Σ and write B ⊂ Σ be the geodesic disc with center p and radius 1 with respect to the

metric 𝜌2(p)gΣ. Recalling the definition (2.26) of 𝜌, it is clear from the construction of the initial surfaces that

inside𝜌(p)B each kth covariant derivative of the second fundamental formof𝜌(p)Σ is bounded by some constant

C(k) > 0. Furthermore, each kth covariant derivative of the Riemann curvature tensor of the metric 𝜌2(p)gaux is

bounded by C(k)m−2 for some C(k) > 0. Since themean curvature of 𝜄u at p depends smoothly on the derivatives

of u at p up to order two, by scaling we obtain the bound

‖𝜌−1( p)Q𝜁,𝜉
u ‖C0,𝛼 (B,𝜌2( p)gΣ ) ≤ C‖𝜌( p)u‖2

C2,𝛼 (B,𝜌2( p)gΣ )

(since the mean curvature of 𝜄u under ambient metric 𝜌
2(p)(dx2 + dy2 + dz2) is 𝜌−1(p)Hu, while the defining

function to represent 𝜄u as a graph over Σ under the ambient metric 𝜌2(p)gaux is not u but 𝜌(p)u).
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From the preceding displayed inequality we further estimate

‖𝜌−2Q𝜁,𝜉
u ‖C0,𝛼 (B,𝜌2 gΣ ) ≤ C𝜌( p)‖u‖2

C2,𝛼 (B,𝜌2 gΣ )
≤ Cm2𝛽𝜏2

1
𝜌1−2𝛽 ( p),

using (2.49) and for the final inequality also the assumed bound on u in the ‖ ⋅ ‖2,𝛼,𝛽 norm, as defined in (2.36).
Recalling also the definition of the ‖ ⋅ ‖′

𝛼,𝛽
norm in (2.36) and using (2.49) again, we obtain in turn

‖𝜌−2Q𝜁,𝜉
u ‖′𝛼,𝛽 ≤ Cm2𝛽𝜏2

1

[
m2 ⋅m1−2𝛽 + sup

Σ
(m−𝛽𝜌𝛽 ⋅ 𝜌1−2𝛽 )

]
,

where for the first term in brackets, which arises from the second term in the definition of ‖ ⋅ ‖′
𝛼,𝛽
, we have used

(2.28). On the other hand, using also (2.27) (and (2.16)), we have the global bound 𝜌1−𝛽 ≤ C𝜏
𝛽−1
1

, so, continuing

the preceding displayed estimate,

‖𝜌−2Q𝜁,𝜉
u ‖′𝛼,𝛽 ≤ C

(
m3𝜏2

1
+m𝛽𝜏

1+𝛽
1

)
≤ Ce2c𝜏

1+𝛽∕2
1

(
m3𝜏

1−𝛽∕2
1

+m𝛽𝜏
𝛽∕2
1

)
,

having used (2.15) for the final inequality. The proof is now completed by invoking (2.16) and choosing m suffi-

ciently large in terms of the data N , c, 𝛽 , and C0. □

The next lemma will enable us to apply Lemma A.2 to control the mean curvature in the main existence

result (Proposition 2.9) below. We refer the reader to (A.3) for the definition of the vertical force i on the region

Di of a given initial surface Σ = Σ
N,m,𝜁 ,𝜉

. Given also u ∈ C2𝔾(Σ) sufficiently small that Hu is well-defined, we

correspondingly define the perturbed force

i;u = 
i;u,N,m,𝜁 ,𝜉,u:= ∫

Di

gℝ
3(
𝜈Σ, 𝜕z|Σ)Hu dH

2(gℝ
3

). (2.50)

Note that we are integrating the perturbed mean curvature over the initial surface with its unit normal rather

than over the perturbed surface with its own unit normal, so i;u is not exactly the vertical force through 𝜄u(Di);

we workwith this quantity because we find it slightly more convenient, compared to the exact vertical force, for

the purpose ofmonitoring the 𝑤⃗ component of the perturbedmean curvature. Aswe do for thei in Appendix A,

we bundle the i;u into a vector ⃗u = ⃗
u,N,m,𝜁 ,𝜉

in the obvious way.

Lemma 2.8 (Perturbed forces). Let N ≥ 2 be a given integer and C0, c > 0 and 𝛼, 𝛽 ∈]0, 1[ given reals. There

exist m0 = m0(N, C0, c, 𝛼, 𝛽) > 0 and C = C(N, C0) > 0 such that for every integer m ≥ m0, all 𝜁 ∈ [−c, c]N−1
↕+ ,

𝜉 ∈ [−c, c]N−1
↕− , and any 𝔾-equivariant real-valued function u on Σ = Σ

N,m,𝜁 ,𝜉
with ‖u‖2,𝛼,𝛽 ≤ C0𝜏1 and 𝜂

Σu = u

we have

⃗
u,N,m,𝜁 ,𝜉

∈ ℝN
↕− and ||i;u − i

|| < C𝜏1 (1 ≤ i ≤ N ).

Furthermore, ⃗P−1∗
𝜁, 𝜉
𝑣 depends continuously on (𝑣, 𝜁 , 𝜉 ).

Proof. The symmetry and continuity assertions follow easily from the definitions and assumptions, so we focus

on the estimate. We define f :Σ→ ℝ by

f := gℝ
3(
𝜈Σ, 𝜕z|Σ).

Obviously | f | ≤ 1, and it is easy to see from the construction ofΣ thatwemay assume area and perimeter bounds

for Di independent ofm and the parameters 𝜁, 𝜉. Using the definition (2.48) of Qu, we write

Hu = HΣ + JΣu+ Qu.

Of course

∫
Di

f HΣ dH 2(gℝ
3

) = i
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(by applying the formula for the first variation of area to definition (A.3), since 𝜕z is Killing), and Lemma 2.7

delivers the necessary estimate for the integral associated to the Qu term:

|||||||∫Di
f Qu dH

2(gℝ
3

)

|||||||
≤ C

∫
Di∖Ki

||Qu
|| dH 2(gℝ

3

)+ C
∫
Ki

||Qu
|| dH 2(gℝ

3

)

≤ Cm2𝜏
1+𝛽∕2
1

+ C𝜏
1+𝛽∕2
1 ∫

Ki

𝜌2 dH 2(gℝ
3

)

≤ C(m2 +m)𝜏
1+𝛽∕2
1

≤ C(m2 +m)e(2+𝛽 )c𝜏
1+𝛽∕2
1

for some C > 0 independent of m, recalling the definition in (2.36) of the ‖ ⋅ ‖′
𝛼,𝛽

norm (but not even taking

advantage of the built-in decay) and appealing to (2.28) to bound 𝜌 on Di ∖ Ki and to item (ii) of Lemma 2.2 and

(2.24) to estimate the Ki integral; we thus ensure the term in question satisfies the asserted bound by recalling

(2.16) and takingm sufficiently large in terms of 𝛽 , c, and the above C. For the remaining, linear termwe integrate

by parts to get

∫
Di

f JΣu dH
2(gℝ

3

) =
∫
Di

u JΣ f dH
2(gℝ

3

)+
∫
𝜕Di

(
f 𝜂Diu− u𝜂Di f

)
dH 1(gℝ

3

),

with 𝜂Di the outward unit conormal on 𝜕Di.

Considering first the boundary integral, we make the decomposition 𝜕Di =
(
𝜕Di ∩ 𝕊2

)
∪
(
𝜕Di∖𝕊2

)
, where

the first set is equivalently 𝜕Di ∩ 𝜕Σ, while the second set consists of 2m (for 2 ≤ i ≤ N) or m (for i ∈ {1,N})
approximate catenoidal half waists. Using the bound and boundary condition assumed on u, we estimate

|||||||| ∫
𝜕Di∩𝕊2

f𝜂Diu dH 1(gℝ
3

)

||||||||
=

|||||||| ∫
𝜕Di∩𝕊2

fu dH 1(gℝ
3

)

||||||||
≤ C𝜏1H

1(gℝ
3

)(𝜕Σ) ≤ C𝜏1.

Since Σmeets 𝕊2 orthogonally and 𝜕z is parallel in ℝ3, we have

𝜂Σ f = −AΣ(𝜂Σ, 𝜂Σ )z|Σ,
so, using also the bound ||AΣ||gΣ ≤ C𝜌 (implied by the stronger estimates in Lemma 2.2 (iii) and Lemma 2.3 (vii)),

|||||||| ∫
𝜕Di∩𝕊2

u𝜂Di f dH 1(gℝ
3

)

||||||||
≤ C𝜏1∫

𝜕Σ

||z|Σ||𝜌 dH 1(gℝ
3

) ≤ Cm2𝜏2
1
≤ 𝜏1,

having used (2.16) for the final inequality and (2.20), (2.28), (2.27), and item (ii) of Lemma 2.2 for the integral

estimate.

Turning to 𝜕Di∖𝕊2, we have H 1(gℝ
3
)
(
𝜕Di∖𝕊2

)
≤ Cm𝜏1 and on Di∖𝕊2:

|u| ≤ Cm𝛽𝜏
1+𝛽
1

,
|||𝜂Diu||| ≤ Cm𝛽𝜏

𝛽

1
≤ C,

| f | ≤ C max
j

(
𝜏 j +

|||hKj |||
)
≤ Cm𝜏1, |d f | ≤ C

|||AΣ|||gΣ ≤ C𝜏−1
1

from the bound assumed on u and the fact that each component of 𝜕Di∖𝕊2 is the image under the map Φ, as
defined in (2.5), of a half waist of a catenoid with vertical axis, having also used (2.20) and (2.16) for the final

bound on | f |. Consequently,
|||||||| ∫𝜕Di∖𝕊2

(
f 𝜂Diu− u𝜂Di f

)
dH 1(gℝ

3

)

||||||||
≤ Cm𝜏1

(
m𝜏1 +m𝛽𝜏

𝛽

1

)
≤ C𝜏1,

once again using (2.16).
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Finally, for the bulk term, again exploiting the fact that 𝜕z is Killing and denoting its projection onto Σ by

𝜕⊤
z
, we find

|||||||∫Di
u JΣ f dH

2(gℝ
3

)

|||||||
=
|||||||∫Di
(
𝜕⊤
z
HΣ)u dH 2(gℝ

3

)

|||||||
≤
∫
Di

|u| 𝜌 |dH|𝜌2 gΣ dH 2(gℝ
3

) ≤ C𝜏1m
𝛽

∫
Di

𝜌1−𝛽 |dH|𝜌2 gΣ dH 2(gℝ
3

).

Using item (iv) of Lemma 2.2 and item (viii) of Lemma 2.3 to estimate dH, along with (2.27) and (2.28), we have

∫
Di

𝜌1−𝛽 |dH|𝜌2 gΣ dH 2(gℝ
3

) =
∫
Di∖Ki

𝜌1−𝛽 |dH|𝜌2 gΣ dH 2(gℝ
3

)

+
∫
Ki

𝜌1−𝛽 |dH|𝜌2 gΣ dH 2(gℝ
3

)

≤ Cm2
(
𝜏1 + ||i

||‖𝑤i‖C1(𝜌2 gΣ )) ⋅ H 2(gℝ
3

)(Di∖Ki )

+ C𝜏1∫
Ki

𝜌2−𝛽 dH 2(gℝ
3

)

≤ Cm2𝜏1(1+ c)+ C𝛽−1m𝛽𝜏1,

having recalled also the definitions (2.18) ofi and (2.33) of𝑤i and having made use of item (ii) of Lemma 2.2 to

estimate the Ki integral.

Feeding this last estimate into the one preceding it, we conclude

|||||||∫Di
u JΣ f dH

2(gℝ
3

)

|||||||
≤ C
[
(1+ c)m2+𝛽𝜏1 + 𝛽−1m2𝛽𝜏1

]
𝜏1.

By invoking (2.16) and takingm sufficiently large in terms of c, 𝛽−1, and the final C abovewe confirm the asserted

bound and so complete the proof. □

On the construction of free boundary minimal stackings of any order – main results

We shall now exploit and combine the preliminary results above to prove our main existence result. The actual

embeddedness of the surfaces, and the characterization of their maximal symmetry group are postponed to a

separate statement.

Proposition 2.9 (Existence of free boundary minimal stackings). Let N ≥ 2 be an integer and 𝛼, 𝛽 ∈]0, 1[. There
existm0 = m0(N, 𝛼, 𝛽) > 0 and C = C(N, 𝛼, 𝛽) > 0 such that for every integerm > m0 there exist an initial surface

Σ = Σ
N,m,𝜁 ,𝜉

and a function u:Σ→ ℝ such that

𝜏−1
1
‖u‖2,𝛼,𝛽 + |||𝜁 |||+ |||𝜉||| ≤ C

(recalling the definition of 𝜏1 in (2.15)) and 𝜄u:Σ→ 𝔹3 is a free boundary minimal immersion.

Proof. Let N ≥ 2 be a given integer, and fix 𝛼, 𝛽 ∈]0, 1[. For any 𝜁 ∈ ℝN−1
↕+ and 𝜉 ∈ ℝN−1

↕− by virtue of

Proposition 2.5 and Lemma 2.4 we can takem large enough in terms of N and
|||𝜁 |||+ |||𝜉||| that(

u(1), 𝜇(1), 𝜇⃗(1)
)
:= RΣ

N,m, 𝜁 , 𝜉

(
−𝜌−2HΣ + ⃗ ⋅ 𝑤⃗

)
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is well-defined and satisfies ‖u(1)‖2,𝛼,𝛽 + |||𝜇(1)|||+
||||𝜇⃗(1)

|||| ≤ C𝜏1

for some C > 0 depending on just N . Next set

BN,m:=
{
𝑣 ∈ C

2,𝛼∕2
𝔾 (Σ

N,m, 0⃗, 0⃗
) : ‖𝑣‖2,𝛼,𝛽 ≤ 𝜏 1+𝛽∕3

}
.

Then for any c > 0 and for allm sufficiently large in terms of c and N we can define the map

SN,m,c:BN,m ×
(
[−c, c]N−1

↕+ × [−c, c]N−1
↕−

)
→ C2,𝛼𝔾 (Σ

N,m, 0⃗, 0⃗
) ×
(
ℝN−1

↕+ ×ℝN−1
↕−

)

as follows, where we use in particular the map  identified in Lemma A.2 in Appendix A (and the reader can

consult the cross-references in the paragraph immediately following the below definition of SN,m,c for reminders

of the remaining notation employed):

SN,m,c

(
𝑣, (𝜁, 𝜉 )

)
:=
(
P∗
𝜁,𝜉

u𝑣,
(
𝜁, 𝜉

)
− 𝜏−1

1
−1
(
⃗u(1 )+P−1∗

𝜁, 𝜉
𝑣, ⃗+ 𝜇⃗(1) + 𝜇⃗𝑣

))

with

(u𝑣, 𝜇𝑣, 𝜇⃗𝑣 ):= RΣ
N,m, 𝜁 , 𝜉

(
−𝜌−2Q𝜁,𝜉

u(1 )+P−1∗
𝜁, 𝜉
𝑣

)
.

Crucially, the estimates we have for RΣ (Proposition 2.5), Q (Lemma 2.7), and the second component of the

value of SN,m,c (Lemma A.2 and Lemma 2.8) do not depend on the choice of c. The estimates (2.37) we have

concerning P
𝜁,𝜉

do depend on c, but for any given c > 0 we may choose m sufficiently large in terms of it and

(exploiting the definition of BN,m and the quadratic estimate Lemma 2.7) sacrifice an appropriately small power

of 𝜏
1
to secure a bound on the image of SN,m,c independent of c: in summary we obtain

‖P∗
𝜁,𝜉
u𝑣‖2,𝛼,𝛽 + |||𝜇𝑣|||+

||||𝜇⃗𝑣
|||| ≤ C(c)𝜏

1+𝛽∕2
1

≤ 𝜏
1+𝛽∕3
1

,

|||||
(
𝜁, 𝜉

)
− 𝜏−1

1
−1
(
⃗u(1 )+P−1∗

𝜁, 𝜉
𝑣, ⃗+ 𝜇⃗(1) + 𝜇⃗𝑣

)||||| ≤ C + C𝜏−1
1

||||𝜇⃗(1) + 𝜇⃗𝑣
|||| ≤ C,

where C(c) > 0 is a constant independent ofm, while each instance of C is a positive real, whose value may vary

from instance to instance but in each can be chosen independently ofm, c, 𝜁 , 𝜉 and 𝑣. Consequently there exists

some value c > 0 for which the image of the continuousmap SN,m,c is contained in its domain.We can now apply

the Schauder fixed point theorem (as in [[23], Theorem 11.1] for instance) to verify the existence of some 𝑣, 𝜁 , 𝜉

for which S
(
𝑣, (𝜁, 𝜉 )

)
=
(
𝑣, (𝜁, 𝜉 )

)
. The proof will be concluded (form sufficiently large) with initial surface

Σ = Σ
N,m,𝜁 ,𝜉

for this choice of 𝜁, 𝜉 (depending onm) and with defining function

u:= u(1) + P−1∗
𝜁,𝜉
𝑣.

Indeed, starting with the definition (2.48) of Q⋅, we then have

Hu = HΣ + JΣu+ Qu

= HΣ − HΣ + 𝜌2 ⃗ ⋅ 𝑤⃗+ 𝜌2𝜇(1) ⋅ 𝑤⃗+ 𝜌2 𝜇⃗(1) ⋅ 𝑤⃗+ JΣP
−1∗
𝜁,𝜉
𝑣+ Qu

= 𝜌2(𝜇(1) + 𝜇𝑣 ) ⋅ 𝑤⃗+ 𝜌2( ⃗+ 𝜇⃗(1) + 𝜇⃗𝑣 ) ⋅ 𝑤⃗.

Here we have exploited just the first, functional component of the fixed-point equation, which shows that Hu

lies in a finite-dimensional subspace. The second, parametric component of the fixed-point equation implies

⃗u = 0⃗, ⃗+ 𝜇⃗(1) + 𝜇⃗𝑣 = 0, (2.51)
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so that in fact

Hu = 𝜌2(𝜇(1) + 𝜇𝑣 ) ⋅ 𝑤⃗. (2.52)

In this way the fixed-point condition directly shows that the 𝑤⃗ component of Hu vanishes, reflecting the trans-

parent influence that variation of 𝜉 (via ⃗) exerts on this component. On the other hand, using the definition

(2.50) of ⃗u, for each 1 ≤ i ≤ N equation (2.52) and the first equation in (2.51) yield

0 = i;u =
(
𝜇(1)

i
+ (𝜇𝑣 )i

)
∫
Di

𝜌2𝑤i g
ℝ3(

𝜈Σ, 𝜕z|Σ),

but, referring to the definition (2.38) of𝑤i, it is clear that the integrand has a sign, implying Hu = 0.

That 𝜄u(𝜕Σ) ⊆ 𝕊2 with radial conormal follows (cf. [[4], Section 5] or [[2], Section 5.1] for a detailed expla-

nation) from the fact that these same conditions hold for 𝜄 in place of 𝜄u, the fact that 𝕊2 is totally geodesic in

(ℝ3, gaux ), and the boundary condition enforced by RΣ. Finally, the maximum principle (or alternatively the

bound on u) implies 𝜄u(Σ) ⊂ 𝔹3. □

For each (N,m) as in Proposition 2.9 we take Σ and u as in the same proposition, and we define

ΣN,m:= 𝜄u(Σ).

Proposition 2.10 (Embeddedness of ΣN,m and maximal symmetry group). Let N ≥ 2. There exists m0 > 0 such

that for every integer m > m0 the surface ΣN,m is embedded. Moreover, the maximal symmetry group of ΣN,m

equals the prismatic group ℙm when N is even, and the antiprismatic group 𝔸m when N is odd.

Proof. The embeddedness follows from the bounds in Proposition 2.9 for the defining function and parameters

(using in particular the decay of the defining functions on the Ki regions) and from the embeddedness and

specifications of the initial surfaces (using in particular the facts that each catenoid has waist radius of order 𝜏1
and that the spacing between the discs is of orderm𝜏1).

Turning to the symmetries, by construction ΣN,m is invariant under 𝔾 = 𝔾N,m, so it remains only to verify

that ΣN,m has no extra symmetries. For this one could argue, somewhat as for the embeddedness, by using the

smallness of the defining function and the easily verified fact that the corresponding initial surface hasmaximal

symmetry group 𝔾, but we give instead a different proof that proceeds by counting umbilics (with multiplicity)
and depends very little on the construction.

Recall that in a tubular neighborhood of {x = y = 0} each initial surface is a union of exact horizontal discs
and gaux agrees with the Euclidean metric. It is then immediate from the construction of ΣN,m as a gaux graph

over an initial surface that ΣN,m ∩ {x = y = 0} consists of exactly N points. Moreover, since ΣN,m is invariant

under 𝕐m, each of these points is (by Lemma E.2) an interior umbilic of order at leastm− 2.

Suppose now that ΣN,m had a symmetry outside 𝔾. Note that whenever N is odd, ΣN,m contains the origin

and has horizontal tangent plane there. Consequently, if our extra symmetry does not preserve {x = y = 0} as
a set, then N must be even and ΣN,m must contain at least (m+ 1)N interior umbilics each of which has order at

leastm− 2 due to Lemma E.2, so that by Proposition E.1

8𝛾 + 4𝛽 − 8 ≥ 2(m− 2)(m+ 1)N . (2.53)

If instead our extra symmetry preserves the set {x = y = 0}, then each point {x = y = 0} ∩ ΣN,m must in fact

have order at least 2m− 2. (Indeed, this claim follows from the explicit classification of the elements in O(3),

which allows – possibly by composing with suitable elements of 𝔾 – to reduce to the case when the extra sym-

metry is a pure rotation around the z-axis, and then noting that since ΣN,m is not rotationally symmetric, such a

symmetry must rotate by an integer divisor of 2𝜋∕m; at that stage one simply appeals to Lemma E.2 with 2m in

lieu of k.) In turn Proposition E.1 implies

8𝛾 + 4𝛽 − 8 ≥ 4(m− 1)N . (2.54)
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On the other hand, ΣN,m has the same topological type as its corresponding initial surface, so by Lemma 2.1

8𝛾 + 4𝛽 − 8 = 4(m− 1)N − 4m

(independently of the parity of N). However, it is then readily seen that the preceding equation is incompatible

with (2.54), as it is in fact with (2.53) providedm ≥ 3. □

By virtue of the embeddedness in Proposition 2.10 we can define the diffeomorphism

𝜛N,m:ΣN,m → Σ

such that𝜛N,m ⚬ 𝜄u is the identity on Σ. That said, we wish to collect in the following statement some sharper
geometric estimates that – besides being informative in their own right – are auxiliary to the study we perform

in the next section and the resulting index estimates.

Corollary 2.11 (Geometric estimates for ΣN,m). Let N ≥ 2. There exist 𝛽 ∈]0, 1[ and m > 0 such that for every

integer m > m0, recalling the function 𝜌 defined by (2.26) on the initial surface Σ:=𝜛N,m(ΣN,m), we have

‖𝜌2𝜛−1∗
N,m

gΣN,m − 𝜌2gΣ‖C0(Σ,𝜌2 gΣ ) ≤ (m𝜏1 )
𝛽 ,

‖𝜌−2𝜛−1∗
N,m

|||AΣN,m
|||
2

gΣN,m
− 𝜌−2

|||AΣ|||
2

gΣ
‖C0(Σ,𝜌2 gΣ ) ≤ (m𝜏1 )

𝛽 .

Proof. This follows from the estimate for the defining function in Proposition 2.9 and from the estimates on the

second fundamental form of the initial surfaces in Lemma 2.2 and Lemma 2.3. □

3 Morse index and nullity bounds

We will partition each surface ΣN,m constructed above (cf. Proposition 2.9 and Proposition 2.10) into three type

of regions – still to be formally introduced – one category being that of “catenoid regions” and the other two

being those of the “disc regions” and finally the “intermediate regions” in between. We are going to apply the

Montiel–Ros type machinery, as developed in [9], so in the first part of this section we will collect some key

facts from there, also with the goal of introducing the (somewhat heavy but) convenient notation we shall later

employ. We will then proceed with the spectral estimates on such building blocks, and finally prove the global

index and nullity bounds on the free boundary minimal disc stackings.

General setup

We start by considering a Lipschitz domain Ω of a smooth, compact d-dimensional manifold M with (possibly

empty) boundary 𝜕M; by this we mean a nonempty, open subset ofM whose boundary is locally (around every

point) representable as the graph of a Lipschitz function, and note that we do not require Ω to be connected.

One wants to study the spectrum of a given Schrödinger operator Δg + q on Ω subject to Dirichlet, Neumann,

and Robin conditions on pairwise disjoint open subsets 𝜕DΩ, 𝜕NΩ, 𝜕RΩ respectively, assuming that the union

of their closures equals 𝜕Ω. We assume the Riemannian metric g, the Schrödinger potential q:Ω→ ℝ and the

Robin potential r:Ω→ ℝ to be smooth (i. e., C∞) unless otherwise stated.

One can pose the problem by considering the Sobolev spaceH1(Ω, g), with its standard inner product, then
its subspace

H1
𝜕DΩ(Ω, g ):= {u ∈ H1(Ω, g ) : u|𝜕DΩ = 0}, (3.1)
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understood in the sense of traces, and the quadratic form T = T[Ω, g, q, r, 𝜕DΩ, 𝜕NΩ, 𝜕RΩ] defined by

T:H1
𝜕DΩ(Ω, g ) × H1

𝜕DΩ(Ω, g )→ ℝ

(u, 𝑣) ↦
∫
Ω

(
g(∇gu,∇g𝑣)− qu𝑣

)
dH d(g )−

∫
𝜕RΩ

ru𝑣 dH d−1(g )
(3.2)

that is symmetric, bounded, coercive, and can thus be diagonalized (see [[9], Section 2]). Listing the eigenvalues

as usual with repetitions in non-decreasing order, we denote the kth eigenvalue of T by 𝜆k(T). Given t ∈ ℝ,
we let E<t(T) respectively E=t(T) denote the span in L2(Ω, g) of all eigenfunctions of T with eigenvalue 𝜆 < t

respectively 𝜆 = t, and E≤t(T) be their direct sum. The index and the nullity of Σ are then defined as

ind(T ):= dim E<0(T ), nul(T ):= dim E=0(T ).

Let G be a finite group of smooth diffeomorphisms ofM, each restricting to a surjective isometry of (Ω, g ).
Given a group homomorphism 𝜎:G→ O(1) = {−1, 1}we define the action

(𝜙, u) ↦ 𝜎(𝜙)(u⚬𝜙−1 ) = 𝜎(𝜙)𝜙−1∗u for all 𝜙 ∈ G, u:Ω→ ℝ,

and we call a function (G, 𝜎)-invariant if it is invariant under this action. As defined in [[9], (2.11)], we denote

the orthogonal projection onto (G, 𝜎)-invariant functions by 𝜋G,𝜎 : L
2(Ω, g)→ L2(Ω, g), and define the subspaces

E<t
G,𝜎

(T ), E=t
G,𝜎

(T ) (as well as their direct sum E≤t
G,𝜎

(T )) and in turn the integers

ind𝜎
G
(T ):= dim E<0

G,𝜎
(T ), nul𝜎

G
(T ):= dim E=0

G,𝜎
(T ). (3.3)

Of special utility, in our study, is the min-max characterization

𝜆G,𝜎
i

(T ) = min

{
max

{
T(𝑤,𝑤)‖𝑤‖2

L2(Ω,g )
: 0 ≠ 𝑤 ∈ W

}
: W ⊂

subspace
𝜋G,𝜎
(
H1

𝜕DΩ(Ω, g )
)
, dimW = i

}
. (3.4)

When |G| = 2, there are precisely two homomorphisms G→ O(1). This leads to defining the G-even and G-

odd index (henceforth denoted ind+
G
and ind−

G
respectively), and likewise for nullity; we always have (cf. [[9],

Example 2.3])

ind(T ) = ind+
G
(T )+ ind−

G
(T ), nul(T ) = nul+

G
(T )+ nul−

G
(T ). (3.5)

Adjoining interior boundary conditions and main statement

IfΩ1 ⊂ Ω is another Lipschitz domain ofM we define the sets

𝜕intΩ1:= 𝜕Ω1 ∩Ω, 𝜕extΩ1:= 𝜕Ω1∖𝜕intΩ1,

𝜕
Dint
D

Ω1:= (𝜕extΩ1 ∩ 𝜕DΩ) ∪ 𝜕intΩ1, 𝜕
Nint

D
Ω1:= 𝜕extΩ1 ∩ 𝜕DΩ,

𝜕
Dint
N

Ω1:= 𝜕extΩ1 ∩ 𝜕NΩ, 𝜕
Nint

N
Ω1:= (𝜕extΩ1 ∩ 𝜕NΩ) ∪ 𝜕intΩ1,

𝜕
Dint
R

Ω1:= 𝜕extΩ1 ∩ 𝜕RΩ, 𝜕
Nint

R
Ω1:= 𝜕extΩ1 ∩ 𝜕RΩ.

(3.6)

and the associated bilinear forms

T
Dint
Ω1

:= T[Ω1, g, q, r, 𝜕
Dint
D

Ω1, 𝜕
Dint
N

Ω1, 𝜕
Dint
R

Ω1],

T
Nint

Ω1

:= T[Ω1, g, q, r, 𝜕
Nint

D
Ω1, 𝜕

Nint

N
Ω1, 𝜕

Nint

R
Ω1],

(3.7)

defined, respectively, on the Sobolev spaces H1
𝜕
Dint
D

Ω1

(Ω1, g ) and H
1
𝜕
Nint
D

Ω1

(Ω1, g ).
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Note that, if we further assume that each element of G maps Ω1 onto itself then it follows that each of the

sets in (3.6) is also invariant under the action of G.

Proposition 3.1 ([[9], Proposition 3.1]). In the setting above, suppose we have open G-invariant Lipschitz sub-

domains Ω1,… , Ωn ⊂ Ω which are pairwise disjoint and whose closures cover Ω. We assume further that G

acts transitively on the connected components of Ω (which is automatically the case if Ω is connected). Then the

following inequalities hold for any t ∈ ℝ:
(i) dim E<t

G,𝜎
(T ) ≥ dim E<t

G,𝜎
(T

Dint
Ω1

)+∑n

i=2 dim E≤t
G,𝜎

(T
Dint
Ωi

),

(ii) dim E≤t
G,𝜎

(T ) ≤ dim E≤t
G,𝜎

(T
Nint

Ω1

)+∑n

i=2 dim E<t
G,𝜎

(T
Nint

Ωi

).

The geometric scenario

For our purposes it is convenient to specialize the discussion above to the geometric case of interest, which

in particular warrants special notation. Accordingly, let 𝔹3 as usual denote the 3-dimensional Euclidean unit

ball, and let Σ ⊂ 𝔹3 be a properly embdedded (compact) surface. In this setting, its Morse index and nullity

correspond to the Schrödinger operator determined by taking g to be the metric induced by the embedding in

𝔹3, q = |A|2 (the squared norm of the second fundamental form of Σ) and r = 1. Following the notation of [9],

we define the Jacobi quadratic form

QΣ:H1(Σ) × H1(Σ)→ ℝ

(u, 𝑣) ↦
∫
Σ

∇u ⋅∇𝑣− |A|2u𝑣 dH 2 −
∫
𝜕Σ

u𝑣 dH 1.
(3.8)

The (absolute) index and the nullity of Σ are then (equivalently) defined as

ind(Σ):= dim E<0(QΣ ), nul(Σ):= dim E=0(QΣ ).

Among all possible group actions one can consider, one is especially important for our purposes. Recalling

that any properly embedded surface in 𝔹3 is two-sided, let us pick a unit normal 𝜈 on Σ and thereby identify

– as usual – sections of the normal bundle of Σ with functions on Σ. For G again a subgroup of O(3) preserving

Σ we have a natural action given by

(𝜙, u) ↦ sgn𝜈(𝜙)(u⚬𝜙
−1 ) for all 𝜙 ∈ G, u:Σ→ ℝ,

where sgn𝜈 (𝜙):= h(𝜙
∗
𝜈, 𝜈) is a constant in O(1) = {1,−1}. We shall further assume that the action of G on Σ

is faithful, meaning that only the identity element fixes Σ pointwise; this assumption is always satisfied in our

applications. In this context recall we say that a function u:Σ→ ℝ is G-invariant if u = u⚬𝜙 for all 𝜙 ∈ G, and

we say rather that u is G-equivariant if u = sgn𝜈 (𝜙)u⚬𝜙 for all 𝜙 ∈ G (that is, noting the identity sgn𝜈 (𝜙) =
sgn𝜈 (𝜙

−1), provided u is invariant under the sgn𝜈 -twisted G action). The G-equivariant index and the nullity of

Σ are then

indG(Σ) = indG(Q
Σ ):= ind

sgn𝜈
G

(QΣ ), nulG(Σ) = nulG(Q
Σ ):= nul

sgn𝜈
G

(QΣ ); (3.9)

note that, in the special case when G is the trivial group, this notation is obviously consistent with what we

defined above and thus we agree to employ just the former and write ind(Σ) and nul(Σ) for the (standard,
non-equivariant) index and nullity of Σ. We will also employ this notation, with the obvious changes, for the

Jacobi operator of compact, connected, properly embedded minimal surfaces in a given regular subdomain of

ℝ3, subject to suitable boundary conditions specified whenever ambiguity is likely to arise.
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Spectral estimates for the building blocks

To apply Proposition 3.1 we first need to prove bounds for the subdomains of ΣN,m of the three types previewed

at the beginning of this section. For the following statement, given one catenoidal ribbon

Γi:=𝜛−1
N,m

(
Ki(m

−4 )
)

(for i = 1,… ,N − 1, recalling (2.24)), we set

QD
Γi
=
(
QΣN,m

)Dint
Γi
, QN

Γi
=
(
QΣN,m

)Nint

Γi
,

and, in addition,

𝔾Γi := {T ∈ 𝔾 : TΓi = Γi},

the subgroup of the symmetry group of ΣN,m stabilizing Γi as a set. In words, this group only consists of a reflec-

tion with respect to the vertical plane of symmetry of the ribbon if N is odd or if N is even and the ribbon in

question is entirely contained in the half-space {z > 0} or {z < 0}, and is larger (since it consists of two planar
symmetries) if instead N is even and the ribbon in question crosses the {z = 0} plane. Note that, in either case,
every element of every 𝔾Γi preserves the sides of ΣN,m in 𝔹3 (that is: it preserves either choice of global unit

normal).

Lemma 3.2 (Index and nullity bounds on the catenoid regions).LetN ≥ 2 be an integer. There existsm0 > 0 such

that for every integer m > m0 we have

ind
(
QD
Γi

)
≥ ind𝔾Γi

(
QD
Γi

)
≥ 1, ind

(
QN
Γi

)
+ nul(QN

Γi
) ≤ 3, ind𝔾Γi

(
QN
Γi

)
+ nul𝔾Γi

(
QN
Γi

)
≤ 2

for every catenoid region Γi ⊂ ΣN,m and

ind𝔾Γn

(
QN
Γn

)
+ nul𝔾Γn

(
QN
Γn

)
≤ 1 for N even.

Proof. By the conformal invariance of the index and nullity in dimension two (as proven, for example, in [[9],

Proposition 3.11])

ind
(
QD
Γi

)
= ind

(
QD
Γi
,
(
𝜛∗

N,m
𝜌2
)
gΣN,m

)
,

ind
(
QN
Γi

)
+ nul

(
QN
Γi

)
= ind

(
QN
Γi
,
(
𝜛∗

N,m
𝜌2
)
gΣN,m

)
+ nul

(
QN
Γi
,
(
𝜛∗

N,m
𝜌2
)
gΣN,m

)
.

The claims now follow by applying Corollary 2.11 and items (ii) and (iii) of Lemma 2.2 (which ensure closeness,

through the appropriate diffeomorphisms, of the coefficients of Q ⋅
Γi
to those of Q ⋅

ΛK
T

, with the appropriate T),

Lemma D.1 (which compares the spectrum of the region in question with that of the corresponding model), and

analysis from Lemma C.1 (which bounds the low spectrum of the model). In applying Lemma D.1 we make use

of Lemma C.3 to ensure (D.1) holds with Ω = 𝜅−1
i
(𝜛N,m(Γi )) uniformly in m for a single choice of CtrΩ. Note in

particular that under the conformal transformation which we apply the natural Robin potential r ≡ 1 becomes(
𝜛∗

N,m
𝜌
)−1

, tending to zero asm→∞ and so justifying the (homogeneous) Neumann condition we impose on

the model problem. □

We further define for each ΣN,m and each Di (as in (2.21)) on the corresponding initial surface

Θi:=𝜛−1
N,m

(
Di(m

−4 ) ∩Φ({𝜎 < 3∕m})
)
, Δi:=𝜛−1

N,m

(
Di(m

−4 )∖Φ({𝜎 ≤ 3∕m})
)
,

QN
Θi
:=
(
QΣN,m

)Nint

Θi
, QN

Δi
:=
(
QΣN,m

)Nint

Δi

(recalling (2.32)). Observe that eachΔi is approximately a horizontal discwhose boundary avoids𝕊2 but rather is

sharedwith one boundary component of the correspondingΘi, an approximately flat annuluswhose remaining
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boundary component alternates between arcs on 𝕊2 and arcs through catenoidal ribbons, along which Θi bor-

ders a component of some 𝕐mΓ j. In total we have N disc regions Δi, N intermediate regions, Θi, and (N − 1)m

catenoid regions, the components of
⋃

i𝕐mΓi. The preceding regions are pairwise disjoint and their closures

cover ΣN,m.

Lemma 3.3 (Equivariant index and nullity upper bounds on the disc regions). Let N ≥ 2 be an integer. There

exists m0 > 0 such that for every integer m > m0 we have

ind𝕐m

(
QN
Δi

)
+ nul𝕐m

(
QN
Δi

)
= ind

(
QN
Δi

)
+ nul(QN

Δi
) ≤ 1

for every disc regionΔi ⊂ ΣN,m and

ind𝔸m

(
QN
Δn+1

)
+ nul𝔸m

(
QN
Δn+1

)
= 0 for N odd.

Proof. Note that 𝜛N,m(Δi) is an exact planar disc. Since the Neumann Laplacian on a disc has index zero

and nullity one, coming from the constants, the claim follows by applying Lemma D.1 in conjunction with

Corollary 2.11. □

Lemma 3.4 (Index and nullity upper bounds on the intermediate regions). Let N ≥ 2 be an integer. There exists

m0 > 0 such that for every integer m > m0 we have

ind𝕐m

(
QN
Θi

)
+ nul𝕐m

(
QN
Θi

)
≤ 1

for every intermediate regionΘi ⊂ ΣN,m and

ind𝔸m

(
QN
Θn+1

)
= nul𝔸m

(
QN
Θn+1

)
= 0 for N odd.

Furthermore we have

ind
(
QN
Θi

)
+ nul

(
QN
Θi

)
≤ 2m.

Proof. Let us first recall the general “reduction principle” given in [[9], Lemma 3.5] and the related comments

presented in Example 3.7 therein: computing ind𝕐m

(
QN
Θi

)
and nul𝕐m

(
QN
Θi

)
is equivalent to studying the index

and nullity for the Jacobi operator on a fundamental domain for the 𝕐m-action, subject to adjoined Neumann
boundary conditions in the interior boundary. Since

ind𝕐m

(
QN
Θi

)
+ nul𝕐m

(
QN
Θi

)
= ind𝕐m

(
QN
Θi
,m2gΣN,m

)
+ nul𝕐m

(
QN
Θi
,m2gΣN,m

)
,

the claim then follows by applying Lemmata C.4, C.5 and D.1, in view of Corollary 2.11 and items (iv) and (v) of

Lemma 2.3 (and, for the final two claimed equalities in the statement, the fact that the first eigenfunction of QN
Θi

has a sign). We point out again in particular that the geometric Robin potential r ≡ 1 is rescaled tom−1, justifying

the comparison with the Neumann problem on the model.

Let us turn to the final claim: ifΩ1,… , Ω2m denote the interiors of the connected components of

Θi∖
{
(x, y, z) : ∃ j ∈ ℤ y = x tan

(
2 j + 1

2m
𝜋

)}
,

where we are cutting by the vertical planes of symmetry, the conclusion comes straight from employing the

preceding argument, which precisely gives

ind

((
QN
Θi

)Nint

Ω j

)
+ nul

((
QN
Θi

)Nint

Ω j

)
≤ 1

for eachΩ j as input for applying Proposition 3.1 (ii). □
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Conclusions

We now have all necessary tools in place to prove the estimates on index and nullity claimed in Theorem 1.1 and

in Remark 1.4. Let us start with the upper bounds.

Proposition 3.5 (Index and nullity upper bounds for ΣN,m). Let N ≥ 2. There exists m0 > 0 such that for every

integer m > m0

ind(ΣN,m )+ nul(ΣN,m ) ≤ m(5N − 3)+ N .

Proof. We apply Proposition 3.1 (ii) (with trivial G), relying upon Lemma 3.2, Lemma 3.3, and Lemma 3.4. To

the resulting upper bound the catenoid regions make total contribution 3m(N − 1), the disc regions N , and the

intermediate regions 2mN . □

Proposition 3.6 (Equivariant index and nullity upper bounds for ΣN,m). Let N ≥ 2 be an integer. There exists

m0 > 0 such that for every integer m > m0

ind𝔾(ΣN,m ) ≤

⎧⎪⎨⎪⎩
2N − 1 for N even,

2N − 2 for N odd.

Proof. We similarly apply Lemma 3.2, Lemma 3.3, Lemma 3.4, and Proposition 3.1 (ii), but now with G = 𝔾
(the maximal symmetry group of the surface); each Ωi of the Montiel–Ros partition we wish to employ is a

𝔾-invariant set that is obtained starting with either a disc region or an intermediate region or a catenoid region.
We note that, modulo the symmetries, we have:

– forN even, exactly n suchΩi consisting of catenoidal components, n consisting of intermediate regions, and

n consisting of disc regions;

– for N odd, exactly n suchΩi consisting of catenoidal components, n+ 1 consisting of intermediate regions,

and n+ 1 consisting of disc regions.

Carefully accounting for the contribution of all such components, based on the aforementioned lemmata, gives

the desired result. □

We now switch gears andmove to studying lower bounds on the Morse index of the free boundaryminimal

disc stackings. To begin with, it is instructive to first recall from [9] the following index lower bounds in terms

of symmetries of the surface in question.

Proposition 3.7 (Index lower bounds under pyramidal and prismatic symmetry [[9], Prop. 4.2]). Let Σ be a con-

nected, embedded free boundary minimal surface in 𝔹3. Assume that Σ is not a disc or critical catenoid, that Σ
is invariant under reflection through a plane Π1, and that Σ is also invariant under rotation through an angle

𝛼 ∈ [0, 2𝜋] about a line 𝜉 ⊂ Π1. Then 𝛼 is a rational multiple of 2𝜋, there is a largest integer k ≥ 2 such that

rotation about 𝜉 through angle 2𝜋∕k is also a symmetry of Σ, and
(i) ind(Σ) ≥ 2k − 1,

(ii) ind−𝚷
1

(Σ) ≥ k − 1,

(iii) if Σ is additionally invariant under reflection through a planeΠ⊥ orthogonal to 𝜉, then in fact ind
+
𝚷⊥
(Σ) ≥

2k − 1.

Corollary 3.8 (Index lower bounds for ΣN,m from symmetries). Let ΣN,m be any embedded free boundary mini-

mal surface in 𝔹3 with the topology and symmetry group given in Theorem 1.1. Then

ind(ΣN,m ) ≥

⎧⎪⎨⎪⎩
2m for N even,

2m− 1 for N odd.
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Proof. For N odd we apply Proposition 3.7 (i) withΠ1 any vertical plane of symmetry, k = m and 𝜉 = {x = y =
0}. For N even we similarly apply Proposition 3.7 (iii) for k = m, with Π1 any vertical plane of symmetry and

𝜉 = {x = y = 0}, and then Proposition 3.7 (ii) for k = 2 with Π1 the horizontal plane {z = 0} and 𝜉 = {y =
x tan(𝜋∕(2m))}. □

In the case N = 2, we expect the lower index bound stated in Corollary 3.8 to be sharp, as explained in [[2],

Conjecture 7.8 (iv)]. As anticipated in the introduction, we wish to refine our analysis so as to get a bound that

also accounts for the number of layers, as seems natural. Indeed, Lemma 3.2 allows us to derive the following

lower bound, an improvement to the former whenever N ≥ 3.

Proposition 3.9 (Index lower bounds for ΣN,m depending on N). Let N ≥ 2 be an integer. There exists m0 > 0

such that for every integer m > m0

ind(ΣN,m ) ≥ m(N − 1).

Proof. We apply Proposition 3.1 (i) (with trivial G) with a partition of ΣN,m into preciselym(N − 1)+ 1 domains,

namely all (connected) catenoid regions, plus the complement of their disjoint union. Applying the local lower

bound given in Lemma 3.2, the proof is readily completed. □

We state also an equivariant counterpart.

Proposition 3.10 (Equivariant index lower bounds for ΣN,m). Let N ≥ 2 be an integer. There exists m0 > 0 such

that for every integer m > m0

ind𝔾(ΣN,m ) ≥ n = ⌊N∕2⌋.
Proof. Here we just reconsider the very same partition employed in the proof of Proposition 3.6, but this time

we apply Lemma 3.2 and Proposition 3.1 (i), with G = 𝔾. □
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A Vertical forces

This appendix contains the key estimates establishing that the cokernel of the construction can be controlled by

variation of the 𝜁, 𝜉 parameters. The treatment is similar to that in [[5], Section 3], butwith symmetry constraints

and some simplifications. Most notably we appeal to the Perron–Frobenius theorem to streamline the proof
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of Lemma A.1 (in comparison to [[5], Lemma 3.18]), and we prove uniqueness there (whose analogue was not

asserted in [5]). The use of forces as proxies for components of the cokernel follows [22], while the introduction

of dislocations is motivated by the methodology of [24]. The same underlying ideas were applied in [4], but

Lemma A.1 is trivial in that case and the proof of the corresponding special case of Lemma A.2 much simpler.

We begin with a lemma which is needed for the definition of the initial surfaces and for the remainder of

this appendix.

Lemma A.1 (Limiting waist ratios). Let N ≥ 2 be an integer and n = ⌊N∕2⌋. There exists a vector x⃗ =
(x1,… , xN−1 ) ∈ ℝN−1

↕+ such that

0 < x1 <… < xn−1 < xn = 1, (A.1)

and

xi−1 + xi+1 = 2
xn−1 + N mod 2

1+ N mod 2
xi for each 1 ≤ i ≤ N − 1, (A.2)

understanding x0 = xN = 0. Furthermore, x⃗ is the only vector in ℝN−1 satisfying (A.2) and having xn = 1 and all

entries strictly positive.

Proof. Let B be the (N − 1) × (N − 1) matrix such that

Bi j =
⎧⎪⎨⎪⎩
1 if |i− j| = 1

0 otherwise,

and let I be the (N − 1) × (N − 1) identity matrix. Then (I + B)N−2 is entrywise strictly positive, and by the

Perron–Frobenius theorem (see for example [25] or the special case treated in [26], which suffices for this appli-

cation) the maximum eigenvalue 𝜆 of B is strictly positive and has eigenspace of dimension one (in other words

𝜆 is a simple eigenvalue) which moreover includes a vector with all entries strictly positive. In particular there

exists a unique vector x⃗ ∈ ℝN−1 such that xn = 1 and Bx⃗ = 𝜆x⃗, and we then have also xi > 0 for all i. Since left

multiplication by B preserves each of the two summands in the decomposition ℝN−1 = ℝN−1
↕+ ⊕ℝN−1

↕− , it follows

from the simplicity of 𝜆 and the positivity of the entries that x⃗ ∈ ℝN−1
↕+ .

From Bx⃗ = 𝜆x⃗ and the definition of B we have

xi−1 + xi+1 = 𝜆xi for each 1 ≤ i ≤ N − 1.

In particular, by taking i = n and applying the choice xn = 1 we find

xn−1 + xn+1 = 𝜆,

but since x⃗ ∈ ℝN−1
↕+ one has in particular

xn+1 =
⎧⎪⎨⎪⎩
xn−1 if N mod 2 = 0

xn = 1 if N mod 2 = 1,

and so we conclude

𝜆 = 2
xn−1 + N mod 2

1+ N mod 2
.

Consequently (A.2) is satisfied.

If y⃗ ∈ ℝN−1 satisfies (A.2) (with y in place of x), then y⃗ is an eigenvector of B. If the corresponding eigenvalue

differs from 𝜆, then, by symmetry of B, y⃗ is orthogonal to x⃗, so cannot have all entries strictly positive. If instead

the corresponding eigenvalue agrees with 𝜆, then by the latter’s simplicity and the assumption yn = 1 imply

y⃗ = x⃗. Thus we have verified the uniqueness assertion.
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Finally, we observe that

𝜆 = x⃗⊺Bx⃗|||x⃗|||
2
= 2|||x⃗|||

2

N−2∑
i=1

xixi+1 < 2,

where |⋅| is the Euclidean norm on ℝN−1 and the strict inequality follows from the Cauchy–Schwarz inequality

and the fact that x1 = xN−1 > 0 (because of the known positivity of all entries, as mentioned above). Therefore

we have

xn−1 =
1+ N mod 2

2
𝜆− N mod 2 < 1 = xn

and

xi−1 = 𝜆xi − xi+1 < xi + (xi − xi+1 ) for each 2 ≤ i ≤ n− 1,

whence, by downward induction starting at i = n− 1, follows (A.1), completing the proof. □

Next, for each initial surfaceΣ = Σ
N,m,𝜁 ,𝜉

(as designed in thefirst half of Section 2)wedefine ⃗ = ⃗
N,m,𝜁 ,𝜉

∈
ℝN

↕− by

i = 
i;N,m,𝜁 ,𝜉 := ∫

𝜕Di

gℝ
3(
𝜂Di , 𝜕z|Σ) dH 1(gℝ

3

) (A.3)

for each region Di ⊂ Σ as given in (2.21), with 𝜂Di denoting the outward unit conormal. We will refer to the i

as forces, since if Di is interpreted physically as an idealized film (not in equilibrium), then −i represents the

z component of the net force that Di exerts, through surface tension, on 𝜕Di. (Integrals of type (A.3), also called

fluxes, provide a standard tool in the study of (exactly) minimal surfaces; see for example [[27], Chapter 1, §3.1].)

By the first variation formula and the fact 𝜕z is Killing,i is equivalently the integral over Di of the z compo-

nent of the (vector-valued)mean curvature ofDi, which perspectivemotivates our interest in ⃗ : bymanipulating

(via Lemma A.2) the components of the initial mean curvature that the i represent we will obtain control (in

Proposition 2.9, with the aid of Lemma 2.8) over the subspace of the approximate cokernel (that is the span of

the 𝑤i and 𝑤i functions as defined in (2.38) and (2.33) respectively, and as applied in Proposition 2.5) spanned

by the 𝑤i. The span of the 𝑤i will instead be controlled, much more directly, by adjusting the dislocations i

(introduced in (2.18)). We will see below that the assumptions of Lemma A.1 can be understood as enforcing

approximate balancing (that is vanishing of the i). Lemma A.2 represents finer control over the i, as well as

thei.

We proceed to estimate thei. In doing sowewillmake repeated use of (2.16), without any further comment.

We will also apply, throughout this appendix, the notation a = b+ O(c) (and simply a = O(c) in case b = 0) as

follows. Here a, b ∈ ℝ and c > 0 are real numbers which may depend on initial-surface data (N,m, 𝜁 , 𝜉 ). Then

we stipulate that a = b+ O(c) if and only if

∃m0 = m0(N,
|||𝜁 |||+ |||𝜉|||) > 0 ∃C = C(N ) > 0 ∀m ≥ m0:

|a− b|
c

≤ C.

From the definitions (A.3) of i and (2.21) of Di (using in particular the orthogonality of Σ to 𝜕𝔹3) we find

i = ∫
𝜕Di∩𝕊2

z dH 1(gℝ
3

)+
∫

𝜕Di∩Φ
({𝜔=hKi })

gℝ
3(
𝜂Di , 𝜕z|Σ) dH 1(gℝ

3

)

+
∫

𝜕Di∩Φ
({𝜔=hKi−1})

gℝ
3(
𝜂Di , 𝜕z|Σ) dH 1(gℝ

3

),

whereweunderstand
{
𝜔 = hK

0

}
=
{
𝜔 = hK

N

}
= ∅, so that the corresponding integrals terms for i = 1 and i = N ,

are omitted. With the aid of (B.1) and then (2.20) we estimate

||||(Φ∗gℝ
3 − gdom Φ )|

𝜕Di∩
{
𝜔=hK

j

}||||gdom Φ
= O

(
𝜏2
j
+
(
hK
j

)2)
= O
(
m2𝜏2

1

)
,
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L𝕊2

i L𝕊2

i L𝕊2

i L𝕊2

i

π
4m

ΓB
iΓK

i

∂Di∩Φ({ω=hK
i− 1

})

∂Di∩Φ({ω=hK
i
})

Figure 10: Schematic visualization of 𝜕D
i
(for i ∉ {1,N}, cf. Figure 7) and the curves ΓK

i
and ΓB

i
.

whence

i = ∫
𝜕Di∩𝕊2

z dH 1(gℝ
3

)+m𝜋𝜏i −m𝜋𝜏i−1 + O
(
m3𝜏3

1

)
, (A.4)

where we understand 𝜏0 = 𝜏N = 0.

To estimate the remaining integral we will decompose its domain of integration into two (disconnected)

curves, ΓK
i
and ΓB

i
, which, recalling (2.25), we specify in terms of the union L𝕊

2

i
:= Φ(Li ) of meridians on 𝕊2

whose inverse images under Φ are axes of catenoids employed in the assembly of Di. Thus L
𝕊2

i
is a union of m

meridians when Di is outermost and otherwise a union of 2mmeridians. Now let ΓK
i
be the intersection of 𝜕Di

with a tubular neighborhood in 𝕊2 of L𝕊
2

i
of (longitudinal) radius 𝜋

4m
, and let ΓB

i
:= 𝜕Di ∩ 𝕊2∖ΓK

i
. See Figure 10.

For each j ∈ {i− 1, i} we fix a component 𝛾K
i, j
of ΓK

i
such that 𝛾K

i, j
has a boundary point onΦ

({
𝜔 = hK

j

})
;

we understand 𝛾K
1,0

= 𝛾K
N,N

= ∅. We fix also a component 𝛾B
i
of ΓB

i
. In the estimates to follow we will make use of

parametrizations of the 𝛾K
i, j
and 𝛾B

i
that can be read off by inspection of (2.21) (defining theDi) and the supporting

definitions, at the heart of which are the defining functions (2.11) and (2.12) nearΦ−1𝜕Σ in the domain ofΦ.
Referring to (2.5) and again using both (B.1) and (2.20), we continue by estimating

(|||(Φ∗gℝ
3 − gdom Φ )

|||gdom Φ + (Φ∗z−𝜔)
)||||Φ−1(𝜕Di∩𝕊2)

= O(𝜔2 ) = O
(
m2𝜏2

1

)
. (A.5)

Using this last estimate, the additional estimate (for the integral of the height function along a catenary arc)

arcosh
𝜋

4m𝜏 j

∫
0

(
hK
j
− (−1)i− j𝜏 jt

)
𝜏 j cosh t dt = 𝜋

4m

(
hK
j
− (−1)i− j(𝛿hK ) j∕2

)
+ O
(
m−1𝜏1

)

(using in particular (2.17) and arcosh
𝜋

4m𝜏 j
= arcosh

1

m𝜏 j
+ O(1)), and (2.19), we in turn obtain (for 𝛾K

i, j
≠ ∅)

∫
𝛾K
i, j

z dH 1(gℝ
3

) = 𝜋

4m

(
hB
i
+ (−1)i− ji

)
+ O
(
m−1𝜏1

)
. (A.6)

We next observe (referring ultimately to the defining functions (2.11) and (2.12)) the estimate

d𝜔|Φ−1(𝛾B
i

)
d𝜃|Φ−1(𝛾B

i

) = O
(
m2𝜏1

)

and from here, again using (A.5) and (2.19), we obtain also

∫
𝛾B
i

z dH 1(gℝ
3

) =
⎧⎪⎨⎪⎩
𝜋

2m
hB
i
+ O
(
m−1𝜏1

)
for 2 ≤ i ≤ N − 1

3𝜋

2m
hB
i
+ O
(
m−1𝜏1

)
for i ∈ {1,N},

(A.7)



792 — A. Carlotto et al.: Disc stackings and their Morse index

noting in particular that, to leading order, the contribution ofi to z is antisymmetric in 𝜃 so integrates to zero.

Using (A.4), (A.6), and (A.7) (and recalling from (2.18) that1 = N = 0), we conclude

i = 2𝜋hB
i
+m𝜋𝜏i −m𝜋𝜏i−1 + O(𝜏1 ), (A.8)

noting in particular that thei contributions from the components of ΓK
i
(as identified in (A.6)) cancel in pairs

(or vanish identically from the start in case i ∈ {1,N}).
For the proof of Lemma A.2 below it is useful to introduce and examine

⃗̃
 ∈ ℝN−1

↕+ , which, recalling ⃗ ∈
ℝN,0,0

↕+ from (2.18), we define by

̃ i:=
(i+1 − i )− 2(i +i+1 )

𝜋𝜏n
. (A.9)

From (A.8) and (2.18), and using (2.19) and (2.17) (after expressing arcosh therein in terms of log) to estimate

hB
i+1 − hB

i
, we find

̃ i = 4
𝜏i
𝜏n

log
1

m𝜏i
+m

𝜏i+1
𝜏n

− 2m
𝜏i
𝜏n

+m
𝜏i−1
𝜏n

+ O(1).

Applying the definition (2.15) of the 𝜏 j (and the supporting definition (2.14) of the 𝜏
j
) with x1,… , xN−1 as in

Lemma A.1 (and understanding x0 = 𝜁 0 = xN = 𝜁N = 0), we further estimate

̃ i = m

(
xi−1e

𝜁i−1−𝜁n
m − 2

xn−1 + N mod 2

1+ N mod 2
xie

𝜁i−𝜁n
m + xi+1e

𝜁i+1−𝜁n
m

)
− 4xi𝜁n + O(1)

= −xi−1(𝜁i − 𝜁i−1 )+ xi+1(𝜁i+1 − 𝜁i )− 4xi𝜁n + O(1).

(A.10)

We are now ready to state and prove the following lemma, which, as anticipated above, plays an indis-

pensable role in managing certain apparent obstructions (that originate from the cokernel of the model linear

problem on the disc) in the proof of the existence (Proposition 2.9) of an exactly free boundary minimal graph

over each initial surface withm sufficiently large.

Lemma A.2 (Control of forces and dislocations). Let N ≥ 2 be an integer. There exist C = C(N) > 0 and an invert-

ible linear map

 = N :ℝN−1
↕+ ⊕ℝN−1

↕− → ℝN
↕− ⊕ℝN,0,0

↕+ ,

such that for every c > 0 there exists m0 = m0(N, c) such that for every integer m > m0 and for every (𝜁, 𝜉 ) ∈
[−c, c]N−1

↕+ × [−c, c]N−1
↕− we have

‖‖+ ‖−1‖+ |||𝜏−1n
( ⃗

N,m,𝜁 ,𝜉
, ⃗

N,m,𝜁 ,𝜉
)− (𝜁, 𝜉 )

||| ≤ C,

where ‖ ⋅ ‖ is the operator norm with the Euclidean norm on the corresponding domain and target.

Proof. We begin by defining some linear maps:

S:ℝN,0,0 → ℝN−1 by (S𝑣 )i:= 𝑣i + 𝑣i+1,

T = T (d):ℝd+1 → ℝd by (T𝑣 )i:= 𝑣i+1 − 𝑣i,

T0,0 = T (d+2)
0,0

:ℝd+1 → ℝd+2,0,0 by T0,0(𝑣)i:=
⎧⎪⎨⎪⎩
0 if i ∈ {1, d + 2},

𝑣i − 𝑣i−1 if 2 ≤ i ≤ d + 1,

F:ℝN−2 → ℝN−1 by (F𝑣)i:= −xi−1𝑣i−1 + xi+1𝑣i,
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where d is anynonnegative integer, x1,… , xN1
are as in LemmaA.1, andweunderstand x0 = 𝑣0 = xN = 𝑣N−1 = 0

in the definition of F. Then, T|ℝN
↕−
= T (N−1)|ℝN

↕−
is a bijection onto ℝN−1

↕+ and

T0,0

(
ℝN−1

↕−

)
⊆ ℝN,0,0

↕+ , T
(
ℝN−1

↕+

)
⊆ ℝN−2

↕− , S
(
ℝN,0,0

↕+

)
⊆ ℝN−1

↕+ , F
(
ℝN−2

↕±

)
⊆ ℝN−1

↕∓ .

Thus we can define  = N :ℝN−1
↕+ ⊕ℝN−1

↕− → ℝN
↕− ⊕ℝN,0,0

↕+ , by

(𝜁, 𝜉 ):=
(
T|−1ℝN

↕−

(
𝜋FT𝜁 − 4𝜋𝜁n x⃗ + ST0,0𝜉

)
,
1

2
T0,0𝜉

)
,

which is obviously (in view of the bounds in Lemma A.1) a bounded linear map. The asserted bound on

𝜏−1
n
( ⃗ , ⃗)− (𝜁, 𝜉 ) follows by the further observations

⃗ = 𝜏n
2
T0,0𝜉, 𝜋𝜏n

⃗̃
 = T ⃗ − 2S⃗,

⃗̃
 = FT𝜁 − 4𝜁n x⃗ + O(1),

referring to the definition (2.18) of ⃗ for the first equality, to the definition (A.9) of
⃗̃
 for the second equality,

and to estimate (A.10) for the final estimate.

Finally, to conclude the invertibility of  we use the easily verified facts that T0,0|ℝN−1
↕−

is a bijection onto

ℝN,0,0

↕+ , that ker F⊺ = ℝx⃗, where F⊺ is the transpose of F, and that the map

ℝN−1
↕+ ∋ 𝑣 ↦ (T𝑣, 𝑣n ) ∈ ℝN−2

↕− ⊕ℝ

is bijective. For the bound on −1 we appeal again to the bounds in Lemma A.1. □

B Quantitative geometry of the initial surfaces

Here we collect some calculations which can be used to verify fundamental estimates used for both the con-

struction and the index estimate.

Method of computation

Let g be a Riemannian metric onℝ3,𝜑: S→ ℝ3 a two-sided embedding of a compact smooth surface, and 𝜈: S→

ℝ3 a nowhere vanishing normal field, not necessarily unit. We consider the corresponding scalar-valued second

fundamental form

A = − 1

2
𝜑∗L 𝜈∕|𝜈|g,

where L denotes Lie differentiation, 𝜈:ℝ3 → ℝ3 is a smooth vector field such that 𝜈 = 𝜈 ⚬𝜑 but is otherwise

arbitrary, and ||𝜈||:= ||𝜈||g . In this context the above equality can be written somewhat more concretely: for any
vector fields V ,W on Σ

−2|𝜈|A(V ,W ) = (𝜈g )(V𝜑,W𝜑)+ g(V𝜑,W𝜈 )+ g(W𝜑,V𝜈 ),

where each of the vector fields 𝜈,V ,W acts on the indicated argument (g, 𝜑, or 𝜈) by componentwise differen-

tiation, relative to the standard coordinates on ℝ3, and of course we have also

(𝜑∗g )(V ,W ) = (g ⚬𝜑)(V𝜑,W𝜑).

In the following applications we will have a global coordinate system (s1, s2) on S, and we will construct 𝜈

as g cross product of the coordinate vector fields, rescaled as convenient. Moreover, we will have g = Φ∗(dx2 +
dy2 + dz2), withΦ as in (2.5), so that

g = gΦ:= Φ∗(dx2 + dy2 + dz2 ) = d𝜎2 + (1− 𝜎 )2 cos2 𝜔 d𝜃2 + (1− 𝜎 )2 d𝜔2. (B.1)



794 — A. Carlotto et al.: Disc stackings and their Morse index

In particular we will take

𝜈 =
(
𝜑𝜃
,1
𝜑𝜔
,2
− 𝜑𝜃

,2
𝜑𝜔
,1

)
𝜕𝜎 +

𝜑𝜔
,1
𝜑𝜎
,2
− 𝜑𝜎

,1
𝜑𝜔
,2

(1− (𝜎 ⚬𝜑))2 cos2(𝜔⚬𝜑)
𝜕𝜃 +

𝜑𝜎
,1
𝜑𝜃
,2
− 𝜑𝜃

,1
𝜑𝜎
,2

(1− (𝜎 ⚬𝜑))2
𝜕𝜔 (B.2)

up to arbitrary rescalings, which we will declare at due course.

Ki regions in (t, 𝝑) coordinates

In correspondence with each 𝜅 i defined in (2.23) we define 𝜅 i – having the same domain as 𝜅 i but target instead

the domain ofΦ – by the same rule as for 𝜅 i but without applyingΦ, so that 𝜅i = Φ⚬𝜅 i. We compute

𝜕t𝜅 i = (𝜏i sinh t)(cos 𝜗 𝜕𝜎 + sin 𝜗 𝜕𝜃 + cscht 𝜕𝜔 ),

𝜕𝜗𝜅 i = (𝜏i cosh t)(− sin 𝜗 𝜕𝜎 + cos 𝜗 𝜕𝜃 ).

Abbreviating

ri:= 𝜏i cosh t, 𝜎i:= 𝜅∗
i
𝜎 = 𝜏i cosh t cos 𝜗, 𝜔i:= 𝜅∗

i
𝜔 = hK

i
+ 𝜏it,

we find (using 𝜅∗
i
gΣ = 𝜅∗

i
gΦ)

r−2
i
𝜅∗
i
gΣ = dt2 + d𝜗2 − 𝜎i(2− 𝜎i )sech

2 t dt2 (B.3)

−
(
𝜎i(2− 𝜎i ) cos

2𝜔i + sin2𝜔i

)
⋅
(
tanh2 t sin2 𝜗 dt2 + tanh t sin 2𝜗 dt d𝜗+ cos2 𝜗 d𝜗2

)
,

and we take for (B.2) (after a rescaling)

𝜈𝜅i = (1− 𝜎i )sech t cos 𝜗 𝜕𝜎 + (1− 𝜎i )
−1sech t sec2𝜔i sin 𝜗 𝜕𝜃 − (1− 𝜎i )

−1 tanh t 𝜕𝜔.

Then (recalling in particular that 𝜈𝜅 i g
Φ denotes the (𝜎, 𝜃,𝜔)-componentwise normal derivative of the ambient

metric)

|||𝜈𝜅 i ||| =
√
1+ sech2 t tan2𝜔i sin

2 𝜗− 𝜎i(2− 𝜎i )sech
2 t cos2 𝜗,

𝜈𝜅 i g
Φ = 2(1− 𝜎i ) cos𝜔i[tanh t sin𝜔i − (1− 𝜎i )sech t cos𝜔i cos 𝜗] d𝜃

2

− 2(1− 𝜎i )
2sech t cos 𝜗 d𝜔2,

𝜕t𝜈𝜅 i = − tanh t cos 𝜗[𝜏i cos 𝜗+ (1− 𝜎i )sech t] 𝜕𝜎

+ (1− 𝜎i )
−1sech t sec2𝜔i sin 𝜗

[
𝜏i(1− 𝜎i )

−1 sinh t cos 𝜗− tanh t + 2𝜏i tan𝜔i

]
𝜕𝜃

− (1− 𝜎i )
−2sech t

[
𝜏i sinh

2 t cos 𝜗− (1− 𝜎i )sech t
]
𝜕𝜔,

𝜕𝜗𝜈𝜅 i = sin 𝜗[𝜏i cos 𝜗− (1− 𝜎i )sech t] 𝜕𝜎 + 𝜏i(1− 𝜎i )
−2 sinh t sin 𝜗 𝜕𝜔

+ (1− 𝜎i )
−1 sec2𝜔i

[
sech t cos 𝜗− 𝜏i(1− 𝜎i )

−1 sin2 𝜗
]
𝜕𝜃 .
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We then obtain (recalling the choice of direction for AΣ declared below (2.22))

|||𝜈𝜅 i |||
𝜏i

𝜅∗
i
AΣ = (−1)i−1

[
(1− 𝜎i )+ 2𝜏i sinh t tanh t cos3 𝜗− 2𝜏i(1− 𝜎i ) tan𝜔i tanh t sin2 𝜗

+ 𝜏i(1− 𝜎i )
2 cos2𝜔i sinh t tanh t sin2 𝜗 cos 𝜗+ 𝜏i(1− 𝜎i )

2 sech t cos 𝜗

− 𝜏i(1− 𝜎i ) sin𝜔i cos𝜔i sinh
2 t tanh t sin2 𝜗

]
dt2

+
[
𝜏i(1− 𝜎i )

2 cos2𝜔i sinh t sin 2𝜗 cos 𝜗− 2𝜏i sinh t sin 2𝜗 cos 𝜗

− 𝜏i(1− 𝜎i ) tan𝜔i

(
cos2𝜔i sinh

2 t + 1
)
sin 2𝜗

]
dt d𝜗

+
[
(𝜎i − 1)+ 2𝜏i cosh t sin2 𝜗 cos 𝜗+ 𝜏i(1− 𝜎i )

2 cos2𝜔i cosh t cos3 𝜗

− 𝜏i(1− 𝜎i ) sin𝜔i cos𝜔i sinh t cosh t cos2 𝜗
]
d𝜗2.

(B.4)

As a result, by takingm sufficiently large in terms ofN ,
|||𝜁 |||, and |||𝜉|||we can ensure the existence of someC(N) > 0,

independent ofm, 𝜁 , and 𝜉, so that for any R ∈ [0, (2m)−1]

‖ri‖C2(𝜅−1
i
(Ki(R)), dt

2+d𝜗2 ) + ‖𝜎i‖C2(𝜅−1
i
(Ki(R)), dt

2+d𝜗2 ) ≤ C(N )R,

‖ sin𝜔i‖C2(𝜅−1
i
(Ki(R)), dt

2+d𝜗2 ) ≤ C(N )m𝜏1,

‖|||𝜈𝜅 i |||− 1‖C1(𝜅−1
i
(Ki(R)), dt

2+d𝜗2 ) ≤ C(N )𝜏1,

(B.5)

where for the middle and final inequalities we have used (2.16) (2.20), and (2.24).

Di regions in (𝝈, 𝜽 ) coordinates

Each Di, as defined in (2.21), is constructed in such a way that Φ−1(Di) is a graph over a subset of the {𝜔 = 0}
plane. We set hi:= 𝜔|Φ−1(Di )

, an appropriately symmetric extension of a function from (2.11) and (2.12) with the

corresponding parameter values as set from the data for the construction. We therewith parametrize Φ−1(Di)

by

𝜑i: (𝜎, 𝜃 ) ↦
(
𝜎, 𝜃, hi(𝜎, 𝜃 )

)
.

Then 𝜕𝜎𝜑i = 𝜕𝜎 + hi,𝜎 𝜕𝜔 and 𝜕𝜃𝜑i = 𝜕𝜃 + hi,𝜃 𝜕𝜔, we have the metric

(Φ⚬𝜑i )
∗(gΣ|Di ) = d𝜎 2 + (1− 𝜎 )2 cos2 hi d𝜃

2

+ (1− 𝜎 )2
(
h2
i,𝜎

d𝜎 2 + 2hi,𝜎 hi,𝜃 d𝜎 d𝜃 + h2
i,𝜃

d𝜃 2
)
,

(B.6)

and we take

𝜈𝜑i
= (1− 𝜎 )hi,𝜎 𝜕𝜎 +

hi,𝜃

(1− 𝜎 ) cos2 hi
𝜕𝜃(1− 𝜎 )−1 𝜕𝜔.

Thus (recalling the ambient metric gΦ from (B.1) and the fact that 𝜈𝜑i
gΦ denotes its (𝜎, 𝜃,𝜔)-componentwise

normal derivative)
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|||𝜈𝜑i

||| =
√
1+ ||dhi||2d𝜎 2+d𝜃 2

− 𝜎 (2− 𝜎 )h2
i,𝜎

+ h2
i,𝜃

tan2 hi,

𝜈𝜑i
gΦ = (1− 𝜎 )

[
sin 2hi − 2(1− 𝜎 )hi,𝜎 cos2 hi

]
d𝜃2 − 2(1− 𝜎 )2hi,𝜎 d𝜔2,

𝜕𝜎 𝜈𝜑i
= [(1− 𝜎 )hi,𝜎𝜎 − hi,𝜎 ] 𝜕𝜎 − (1− 𝜎 )−2 𝜕𝜔

+
[

hi,𝜎𝜃

(1− 𝜎 ) cos2 hi
+

hi,𝜃

(1− 𝜎 )2 cos2 hi
+
2hi,𝜎 hi,𝜃 tan hi

(1− 𝜎 ) cos2 hi

]
𝜕𝜃, (B.7)

𝜕𝜃𝜈𝜑i
= (1− 𝜎 )hi,𝜎𝜃 𝜕𝜎 +

[
hi,𝜃𝜃

(1− 𝜎 ) cos2 hi
+

2h2
i,𝜃

tan hi

(1− 𝜎 ) cos2 hi

]
𝜕𝜃,

and, recalling the direction chosen in defining AΣ below (2.22),

|||𝜈𝜑i

|||(Φ⚬𝜑i )
∗AΣ|Di = (−1)i

[
(𝜎 − 1)hi,𝜎𝜎 + 2hi,𝜎 + (1− 𝜎 )2h3

i,𝜎

]
d𝜎 2

+ 2
[
(𝜎 − 1)hi,𝜎𝜃 + (1− 𝜎 )2h2

i,𝜎
hi,𝜃 − (1− 𝜎 )hi,𝜎 hi,𝜃 tan hi

]
d𝜎 d𝜃

+
[
(𝜎 − 1)hi,𝜃𝜃 + (1− 𝜎 )2hi,𝜎 cos2 hi −

1

2
(1− 𝜎 ) sin 2hi

− 2(1− 𝜎 )h2
i,𝜃

tan hi + (1− 𝜎 )2hi,𝜎 h
2
i,𝜃

]
d𝜃 2.

(B.8)

Referring to (2.8) and (2.20), we can takem sufficiently large in terms of
|||𝜁 |||, |||𝜉||| to ensure

‖𝜔B

m,hB
i

‖
C3
(
ΛΦ
m
, d𝜎 2+d𝜃 2

) ≤ C(N )m𝜏1

for some C(N) > 0, independent of m, 𝜁 , 𝜉, i. Similarly, now recalling (2.16) and (2.9), for each q > 1 and each

integer k ≥ 0 we can takem large enough in terms of q, 𝜁 , 𝜉 to ensure

‖𝜔K,±
m,𝜏 j,h

K
j
,hB
i

‖Ck (ΛΦ
m
∩(Φ⚬𝜑i )

−1(Di(m
−q )), d𝜎 2+d𝜃 2 ) ≤ C(k,N )mmax{kq,1}𝜏1

for each j such that K j ∩ Di ≠ ∅ and for some C(k,N) > 0, independent ofm, 𝜁 , 𝜉, i. In turn, again recalling (2.11)

and (2.12) and takingm sufficiently large in terms of q, 𝜁 , 𝜉, we ensure

‖hi‖Ck ((Φ⚬𝜑i )
−1(Di(m

−q )), d𝜎 2+d𝜃 2 ) ≤ C(k,N )mk+max{kq,1}𝜏1. (B.9)

Last we focus on the region

Ωi:= (Φ⚬𝜑i )
−1
(
Di(

1

4m
) ∩
{√

x2 + y2 ≥ 1− 5

m

})
.

From (B.6), (B.7), (B.8) and (B.9) we find

‖(Φ⚬𝜑i )
∗HΣ − (−1)i−1

(
𝜕2
𝜎
+ 𝜕2

𝜃

)
hi‖C1(Ωi, m

2(d𝜎 2+d𝜃 2 )) ≤ Cm2𝜏1, (B.10)

where we have also used (2.16) and we again assume m sufficiently large in terms of N,m,
|||𝜁 |||, |||𝜉|||. Recalling

(2.19) and referring again to (2.11), (2.12), (B.9), and (2.21) we conclude with the estimate

‖(𝜕2
𝜎
+ 𝜕2

𝜃

)
hi − (−1)i−1i

(
𝜕2
𝜎
+ 𝜕2

𝜃

)[
𝜓𝜎
m

(
𝜓+
m
− 𝜓−

m

)]‖C1(Ωi∩ΛΦ
m
,m2(d𝜎 2+d𝜃 2 )) ≤ C(N )m2𝜏1. (B.11)
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C Analysis of the Jacobi operator on the models

Catenoid

Given T ∈ ℝ ∪ {∞}, we identify in the (t, 𝜗)-plane the rectangle

ΛK
T
:= {|t| < T} ∩ {|𝜗| < 𝜋

2
},

and we define thereon the differential operator

LK := 𝜕2
t
+ 𝜕2

𝜗
+ 2sech2 t,

(where secht = 1∕cosh t). If we parametrize half of the standard (unit waist) catenoid byΛK
∞ via

(t, 𝜗) ↦ (cosh t cos 𝜗, cosh t sin 𝜗, t),

then it has induced metric (cosh2t)(dt2 + d𝜗2) and Jacobi operator equal to (sech2t)LK . We also define the asso-

ciated bilinear form

QN

ΛK
T

(u, 𝑣):=
∫

ΛK
T

(
(𝜕tu)(𝜕t𝑣)+ (𝜕𝜗u)(𝜕𝜗𝑣)− 2u𝑣 sech2t

)
dt d𝜗

for u, 𝑣 ∈ H1
(
ΛK
T
, dt2 + d𝜗2

)
and, assuming T finite and recalling (3.1) concerning how we encode Dirichlet

boundary conditions, its restriction

QD

ΛK
T

:= QN

ΛK
T

||||H1
{|t|=T}

(
ΛK
T
,dt2+d𝜗2

)
×H1

{|t|=T}
(
ΛK
T
,dt2+d𝜗2

).

Focusing, for instance, on the first quadratic form we say (consistently with the conventions stipulated in [[9],

Section 2]) that 𝜆 ∈ ℝ is an eigenvalue of QN

ΛK
T

with eigenfunction u ∈ H1
(
ΛK
T
, dt2 + d𝜗2

)
if

QN

ΛK
T

(u, 𝑣) = 𝜆⟨u, 𝑣⟩L2 ∀𝑣 ∈ H1
(
ΛK
T
, dt2 + d𝜗2

)
,

which happens if and only if ⎧⎪⎪⎨⎪⎪⎩

LKu = −𝜆u in ΛK
T
,

𝜕tu = 0 on {|t| = T},

𝜕𝜗u = 0 on {|𝜗| = 𝜋

2
}.

We write

{t = 0} = ⟨(t, 𝜗) ↦ (−t, 𝜗)⟩,
{𝝑 = 0} = ⟨(t, 𝜗) ↦ (t,−𝜗)⟩,

{t = 𝝑 = 0} = ⟨(t, 𝜗) ↦ −(t, 𝜗)⟩
for the order-2 groups of isometries of

(
ΛK
T
, dt2 + d𝜗2

)
generated by reflection through, respectively, {t = 0},

{𝜗 = 0} and the origin.
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Lemma C.1 (Low spectrum of LK ). There exist c, T0 > 0 such that for each finite T > T0

𝜆1(Q
D

ΛK
T

) = 𝜆
{t=0},+
1

(QD

ΛK
T

) = 𝜆
{𝝑=0},+
1

(QD

ΛK
T

) = 𝜆
{t=𝝑=0},+
1

(QD

ΛK
T

) ←←←←←←←←←←←←←←←←←←←←←←←←→
T→∞

− 1 (i)

𝜆
{t=0},+
2

(QN

ΛK
T

) < 0 < 𝜆
{t=0},+
3

(QN

ΛK
T

), cT−2 < 𝜆
{t=0},+
3

(QN

ΛK
T

), (ii)

0 < 𝜆
{t=0},−
1

(QN

ΛK
T

), cT−2 < 𝜆
{t=0},−
2

(QN

ΛK
T

), (iii)

𝜆
{𝝑=0},+
1

(QN

ΛK
T

) < 0 < 𝜆
{𝝑=0},+
2

(QN

ΛK
T

), cT−2 < 𝜆
{𝝑=0},+
3

(QN

ΛK
T

), (iv)

𝜆
{t=𝝑=0},+
1

(QN

ΛK
T

) < 0 < 𝜆
{t=𝝑=0},+
2

(QN

ΛK
T

), cT−2 < 𝜆
{t=𝝑=0},+
2

(QN

ΛK
T

). (v)

Proof. By Fourier decomposition in 𝜗 we can reduce the problem (in both the Dirichlet and Neumann cases) to

the study of the eigenvalues of the 𝜗-invariant eigenfunctions: more precisely, we will appeal to the fact that

each eigenfunction of QD

ΛK
T

or QN

ΛK
T

with eigenvalue 𝜆 is a linear combination of (finitely many) functions of the

form u𝜆,n(t)e
in𝜗, where i is the usual imaginary unit (rather than an integral index, as elsewhere in this article),

n ∈ ℤ, and u𝜆,n(t) is a 𝜗-invariant function satisfying

LKu𝜆,n = (n2 − 𝜆)u

and the correspondingly Dirichlet or Neumann boundary conditions. Moreover, we can further split each 𝜗-

invariant eigenspace into its t-even and t-odd subspaces.

To proceed wewrite 𝜆D,t,+
k

(T ) for the kth eigenvalue ofQD

ΛK
T

restricted to 𝜗-invariant functions that are even

in t, and we similarly write 𝜆N,t,±
k

(T ) for the kth eigenvalue of QN

ΛK
T

restricted to 𝜗-invariant functions that are

either even in t, for the+ choice in±, or odd in t, for the− choice. We will show that for some c, T0 > 0 and all

T > T0
lim
T→∞

𝜆D,t,+
1

(T ) = −1, (C.1)

− 2 < 𝜆N,t,+
1

(T ) < −1 < 0 < 𝜆N,t,+
2

(T ), (C.2)

𝜆N,t,−
1

(T ) > 0, (C.3)

𝜆N,t,+
2

(T ) > cT−2, (C.4)

𝜆N,t,−
2

(T ) > cT−2. (C.5)

Provisionally assuming the claims (C.1)–(C.5), we now observe how they imply the lemma. First, item i follows

from (C.1), given that anyfirst eigenfunctionmust be𝜗-invariant and t-even. Next, (C.2) and (C.3) imply (assuming

T > T0) that the sum of the eigenspaces of QN

ΛK
T

of nonpositive eigenvalue is spanned by uN,t,+
1

and uN,t,+
1

sin 𝜗,

where uN,t,+
1

is the first t-even, 𝜗-invariant eigenfunction of QN

ΛK
T

(noting that uN,t,+
1

cos 𝜗 violates the homo-

geneous Neumann condition along {|𝜗| = 𝜋∕2}, while uN,t,+
1

ein𝜗 has eigenvalue 𝜆N,t,+
1

(T )+ n2 > 0 whenever

|n| ≥ 2). This implies the first part of ii and (iii), and, since sin 𝜗 is𝜗-odd, also of iv and v. By additionally applying

(C.4) and (C.5) we obtain also the second part for each of claims ii–v.
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It remains to prove claims (C.1)–(C.5). The 𝜗-invariant solutions of LKu = 𝛾2u with 𝛾2 ∈ ℝ are spanned by

u+
𝛾
(t):=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1− t tanh t for 𝛾 = 0

sech t for 𝛾 = 1

𝛾 cosh 𝛾t − sinh 𝛾t tanh t for 𝛾 ∈]0, 1[∪]1,∞[

𝛾

i
cos

𝛾

i
t − sin

𝛾

i
t tanh t for 𝛾 ∈ i]0,∞[,

u−
𝛾
(t):=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

tanh t for 𝛾 = 0

sinh t + t sech t for 𝛾 = 1

𝛾 sinh 𝛾t − cosh 𝛾t tanh t for 𝛾 ∈]0, 1[∪]1,∞[

𝛾

i
sin

𝛾

i
t + cos

𝛾

i
t tanh t for 𝛾 ∈ i]0,∞[,

(C.6)

where i continues, in this proof, to denote the usual imaginary unit. Note that u±
𝛾
is a t-even/t-odd, 𝜗-invariant

eigenfunction of QD

ΛK
T

or QN

ΛK
T

whenever it satisfies, respectively, the homogeneous Dirichlet or Neumann bound-

ary condition on {|t| = T}, which we proceed to impose.
Considering first 𝛾 = 0 and 𝛾 = 1, it is easy to see that for all T sufficiently large neither u+

𝛾
nor u−

𝛾
satisfies

either the homogeneous Dirichlet or homogeneous Neumman condition, and so neither LKu = 0 nor LKu =
u has a nontrivial 𝜗-invariant solution satisfying either u(T) = u(−T) = 0 or (𝜕tu)(T) = (𝜕tu)(−T) = 0, and we

accordingly henceforth assume 𝛾 ∉ {0, 1}.
Suppose now that 𝛾 ∈]0, 1[∪]1,∞[. From (C.6) we find that

u+
𝛾
(T ) = 0 = u+

𝛾
(−T ) ⇔ tanh 𝛾T = 𝛾 coth T, (C.7)

u−
𝛾
(T ) = 0 = u−

𝛾
(−T ) ⇔ 𝛾 tanh 𝛾T = tanh T . (C.8)

Condition (C.8) for u−
𝛾
holds only for the excluded value 𝛾 = 1, while condition (C.7) for u+

𝛾
is equivalent to

tanh s = sT−1 coth T (with s = 𝛾T) and so, assuming T sufficiently large in terms of a universal constant, has

exactly one strictly positive solution, 𝛾 = tanh T tanh 𝛾T < 1, which moreover converges to 1 as T →∞. We

have in particular established (C.1).

Continuing to assume 𝛾 ∈]0, 1[∪]1,∞[, we next find from (C.6) that

(
𝜕tu

±
𝛾

)
(T ) = 0 =

(
𝜕tu

±
𝛾

)
(−T ) ⇔ f±,T (𝛾 ) = 0,

where

f+,T (𝛾 ):= 𝛾2 − 𝛾 coth 𝛾T tanh T − sech2 T,

f−,T (𝛾 ):= 𝛾2 − 𝛾 tanh 𝛾T tanh T − sech2 T .

Since f+,T |]0,1[ < 0, in order for f+,T (𝛾) to vanish we must have 𝛾 > 1, but

f ′+,T (𝛾 ) = 2𝛾 − coth 𝛾T tanh T + 𝛾T csch2𝛾T tanh T > 0 on ]1,∞[,

so f+,T (𝛾) has exactly one positive zero, 𝛾 > 1, which must then moreover tend to 1 as T →∞. This establishes

(C.2). On the other hand, f−,T (𝛾) = 0 is equivalent to

s tanh s tanh T = s2

T
− T sech2 T, s = 𝛾T,

which has exactly one positive solution, but f−,T (1) = 0 and 𝛾 = 1 has been excluded, yielding (C.3).
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Finally, now assuming 𝛾 ∈]0,∞[, from (C.6) we also find(
𝜕tu

+
i𝛾

)
(T ) = 0 =

(
𝜕tu

+
i𝛾

)
(−T ) ⇔ 𝛾2 + 𝛾 cot 𝛾T tanh T + sech2 T = 0, (C.9)

(
𝜕tu

−
i𝛾

)
(T ) = 0 =

(
𝜕tu

−
i𝛾

)
(−T ) ⇔ 𝛾2 − 𝛾 tan 𝛾T tanh T + sech2 T = 0. (C.10)

Condition (C.9) for u+
i𝛾
is equivalent to

−s cot s tanh T = s2

T
+ T sech2 T, s = 𝛾T,

whose smallest positive solution s tends to
𝜋

2
, the smallest positive zero of s cot s, as T →∞, establishing (C.4),

while condition (C.10) for u−
i𝛾
is equivalent to

s tan s tanh T = s2

T
+ Tsech2 T, s = 𝛾T,

whose smallest positive solution tends to 0 as T →∞ and whose next smallest positive solution must be at least

𝜋, the least positive zero of s tan s. This completes the proof of (C.5). □

For each 𝛼, 𝛽 ∈]0, 1[, each integer k ≥ 0, and any functions u:ΛK
∞ → ℝ, f : 𝜕ΛK

∞ → ℝ we define

‖u‖k,𝛼,𝛽 := ‖u sech 𝛽t‖k,𝛼, ‖ f ‖k,𝛼,𝛽 := ‖ f sech 𝛽t‖k,𝛼
and set

C
k,𝛼,𝛽
sym (ΛK

∞ ):=
{
u ∈ Ck,𝛼(ΛK

∞ ) : u(t, 𝜗) ≡ u(t,−𝜗) and ‖u‖k,𝛼,𝛽 <∞
}
,

C
k,𝛼,𝛽
sym (𝜕ΛK

∞ ):=
{
f ∈ Ck,𝛼(𝜕ΛK

∞ ) : f (t, 𝜗) ≡ f (t,−𝜗) and ‖ f ‖k,𝛼,𝛽 <∞
}
.

We also write 𝜂Λ
K
∞ for the outward unit conormal on 𝜕ΛK

∞.

Lemma C.2 (Invertibility of LK ). Given 𝛼, 𝛽 ∈]0, 1[ there exists a bounded linear map

RK : C
0,𝛼,𝛽
sym (ΛK

∞ )⊕ C
1,𝛼,𝛽
sym (𝜕ΛK

∞ )→ C
2,𝛼,𝛽
sym (ΛK

∞ )

such that for all (E, f ) in the domain of RK

⎧⎪⎨⎪⎩
LKRK (E, f ) = E in ΛK

∞

𝜂Λ
K
∞RK (E, f ) = f on 𝜕ΛK

∞.

Proof. By constructing 𝑣 ∈ C2,𝛼sym(ΛK
∞ ) with (𝜕𝜗𝑣)|{|𝜗|=𝜋∕2} = f we reduce the problem to the case of homoge-

neous boundary data. Using separation of variables one can directly solve the problemand prove the C0 estimate

with the required decay; all claims then follow by elliptic regularity cast in weighted spaces. Full details can be

found in the proof of [[4], Proposition 6.9]. □

Lemma C.3 (Partial trace inequality onΛK
T
). There exists a constant C > 0 (independent of T) such that for any

finite T > 0 and all u ∈ H1
(
ΛK
T
, dt2 + d𝜗2

)

∫

{|𝜗|=𝜋∕2}∩𝜕ΛK
T

u2 dt ≤ C
∫

ΛK
T

(|u||du|dt2+d𝜗2 + u2
)
dt d𝜗.

Proof. Apply the divergence theorem onΛK
T
to the vector field u2 sin 𝜗 𝜕𝜗. □
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Perforated rectangles

Given 0 < r < 𝜋∕2, we define the following rectangle and perforated rectangles in the (𝜎, 𝜃 )-plane, as visualized
in Figure 11.

ΛM := {0 < 𝜎 < 3} ∩ {−𝜋∕2 < 𝜃 < 𝜋∕2},

ΛM
r
:= ΛM∖{𝜎 2 + (𝜃 − 𝜋∕2)2 ≤ r2},

ΛM
r,r
:= ΛM

r
∖{𝜎 2 + (𝜃 + 𝜋∕2)2 ≤ r2}.

ForΩ any of the preceding three domains we denote by QN
Ω the bilinear form

QN
Ω(u, 𝑣):= ∫

Ω

(
(𝜕𝜎 u)(𝜕𝜎 𝑣)+ (𝜕𝜃 u)(𝜕𝜃 𝑣)

)
d𝜎 d𝜃

defined for u, 𝑣 ∈ H1(Ω, d𝜎 2 + d𝜃 2 ), corresponding to the Neumann Laplacian onΩ in the sense of (3.2).

Lemma C.4 (Low spectrum of Neumann Laplacian onΛM
r
andΛM

r,r
). There exist c, r0 > 0 such that for each 0 <

r < r0 and eachΩ ∈ {ΛM
r
,ΛM

r,r
}

ind
(
QN
Ω
)
= 0, nul(QN

Ω ) = 1, 𝜆2
(
QN
Ω
)
> c.

In particular 𝜆2

(
QN
Ω

)
is the lowest positive eigenvalue of QN

Ω.

Proof. The asserted values of the index and nullity hold for the Neumann Laplacian on any connected domain

with Lipschitz boundary. Then suppose the remaining claim failed, say on ΛM
r
(the proof for ΛM

r,r
being essen-

tially the same). Then there would exist sequences of strictly positive reals rn↓ 0, and 𝜆
(n)↓ 0 and a sequence of

functions un:ΛM
rn
→ ℝ such that un is an L

2-normalized eigenfunction of QN

ΛM
rn

with eigenvalue 𝜆(n); in particular

each un is L
2-orthogonal to the constants onΛM

rn
.

Fix, independently of n, a smooth radial cutoff function 𝜓 on the (𝜎, 𝜃 ) plane that takes the constant value

1 on the closed disc of radius 10−2 and center (0, 𝜋
2
) and the constant value 0 outside the open disc of radius

10−1 and the same center. We take n large enough that rn < 10−2. By conformal inversion En across the circle

containing the boundary of the perforation we extend each un to un on all ofΛM by

un|ΛM∖ΛM
rn

(𝜎, 𝜃 ):=
⎧⎪⎨⎪⎩
(𝜓un )(En(𝜎, 𝜃 )) for (𝜎, 𝜃 ) ≠

(
0,
𝜋

2

)
0 for (𝜎, 𝜃 ) =

(
0,
𝜋

2

)
,

σ

θ

0 3

π
2

− π
2

ΛM

σ

θ

0 3

π
2

− π
2

ΛM
r

r

σ

θ

0 3

π
2

− π
2

ΛM
r,r

r

r

Figure 11: The open domainsΛM
,ΛM

r
andΛM

r,r
.



802 — A. Carlotto et al.: Disc stackings and their Morse index

where𝜓un is defined on the entire plane, vanishing outside the support of𝜓 . Using the conformal invariance in

dimension two of the Dirichlet energy, it follows that ‖un‖H1(ΛM ) ≤
√
2‖𝜓un‖H1(ΛM

rn
), and so the un are bounded

in H1(ΛM ), uniformly in n, by a constant depending on 𝜓 .

We may assume (by tacitly passing to a subsequence) that {un} converges weakly in H1 and strongly in L2

to a function u ∈ H1(ΛM ). Writing 𝜒n for the indicator function ofΛM
rn
, we in turn have

0 = ⟨un, 1⟩L2(ΛM
rn
) =
⟨
𝜒nun, 1

⟩
L2(ΛM )

←←←←←←←←←←←←←←←←←←←←←←←→
n→∞

⟨
u, 1
⟩
L2(ΛM )

,

1 = ‖un‖2L2(ΛM
rn
)
=
⟨
𝜒nun, un

⟩
L2(ΛM )

←←←←←←←←←←←←←←←←←←←←←←←→
n→∞

‖u‖2
L2(ΛM )

,

𝜆(n)
⟨
un, u|ΛM

rn

⟩
L2(ΛM

rn
)
=
⟨
∇un, (∇u)|ΛM

rn

⟩
L2(ΛM

rn
)
=
⟨
𝜒n∇un,∇u

⟩
L2(ΛM )

←←←←←←←←←←←←←←←←←←←←←←←→
n→∞

‖∇u‖2
L2(ΛM )

.

Consequently u is nonconstant with vanishing weak gradient, which contradiction concludes the proof. □

Lemma C.5 (Partial trace inequality onΛM
r
andΛM

r,r
). There exists C > 0 such that for any r < 𝜋∕2, for eachΩ ∈

{ΛM
r
,ΛM

r,r
}, and for all u ∈ H1(Ω, d𝜎 2 + d𝜃 2 )

∫
{𝜎=0}∩𝜕Ω

u2 d𝜃 ≤ C
∫
Ω

(|u||du|d𝜎 2+d𝜃 2 + u2
)
d𝜎 d𝜃 .

Proof. Apply the divergence theorem onΩ to the vector field u2(
𝜎

3
− 1) 𝜕𝜎 , which is never inward (has nonneg-

ative inner product with the outward unit normal) along 𝜕Ω. □

D Bounds on spectral shift

Let (Ω, 𝜕DΩ, 𝜕NΩ, 𝜕RΩ) and (G, 𝜎) be as recalled at the beginning of Section 3 (see [9]), and in place of (g, q, r)
assume we are given two triples of data (gi, qi, ri), for i = 1, 2. Recalling (3.2), set

Ti = T[Ω, gi, qi, ri, 𝜕DΩ, 𝜕NΩ, 𝜕RΩ];

we shall always associate with Ti, when speaking of its eigenvalues and eigenfunctions, the corresponding gi.

We assume further that CtrΩ > 0 is a constant such that

∫
𝜕RΩ

u2 dH d−1(g1 ) ≤ CtrΩ∫
Ω

(|u||du|g1 + u2
)
dH d(g1 ) ∀u ∈ H1(Ω, g1 ). (D.1)

Although such CtrΩ exists for any Lipschitz domain Ω, in our applications it will be provided by either

Lemma C.3 or Lemma C.5. In fact each of these lemmata concerns a certain infinite family of domains and asserts

that a single constant can be chosen for which (C.3) holds over the entire family (in other words, CtrΩ can be cho-

sen independently ofΩ in the family); since wewill also have uniform control over themetrics and Schrödinger

and Robin potentials appearing in these applications, Lemma D.1 will thereby deliver uniform bounds on the

corresponding spectral shift. (We will also apply Lemma D.1 with (Ω, g1) a Euclidean disc, but in this case we

will have 𝜕RΩ = ∅, so that (D.1) holds vacuously.)
For the statement of the following lemma we also introduce the abbreviations

g̃:= ‖g2 − g1‖C0(Ω,g1 ),
q̃:= g̃‖q1‖C0(Ω) + ‖q2 − q1‖C0(Ω),

r̃:= CtrΩ(1+ CtrΩ‖r1‖C0(Ω) )(1+ ‖q1‖C0(Ω) )(g̃ + ‖r2 − r1‖C0(𝜕Ω) ).
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Lemma D.1. With notation and assumptions as in the preceding paragraph, there exist 𝜖(d), C(d) > 0 (depending

on just the dimension ofΩ) such that for each integer k ≥ 1

g̃ < 𝜖 ⇒ 𝜆G,𝜎
k

(T2 ) ≤ 𝜆G,𝜎
k

(T1 )+ C(q̃+ r̃)+ C𝜆G,𝜎
k

(T1 )(g̃ + r̃).

Proof. Let k ≥ 1 be a given integer, and let {u1,… , uk} be an L2(Ω, g1) orthonormal collection of eigenfunctions
of T1 with respective eigenvalues𝜆

G,𝜎

1
(T1 ),… , 𝜆G,𝜎

k
(T1 ). Then the spanX of u1,… , uk is a k-dimensional subspace

of 𝜋G,𝜎(H
1
𝜕DΩ(Ω, g2 )), so by the min-max characterization of eigenvalues we have

𝜆G,𝜎
k

(T2 ) ≤ max
0≠u∈X

T2(u, u)‖u‖2
L2(Ω,g2 )

,

and we will accordingly complete the proof by arranging a suitable upper bound for the right-hand side of this

last inequality. Throughout the proof C = C(d) and 𝜖 = 𝜖(d) will denote constants whose valuemay change from

line to line but at each step (and so also after the finitely many steps of the proof) can be chosen in terms of d

alone to ensure the various asserted inequalities whenever g̃ < 𝜖.

Now suppose we are given some 0 ≠ u ∈ X. We then have

|||‖u‖2L2(Ω,g2 ) − ‖u‖2L2(Ω,g1 )||| ≤ Cg̃‖u‖2
L2(Ω,g1 )

,

and so
T2(u, u)‖u‖2

L2(Ω,g2 )
≤

T2(u, u)‖u‖2
L2(Ω,g1 )

(1+ Cg̃ ).

(For both inequalities one can use the fact that g1 + t(g2 − g1) is a metric, whose volume form is moreover a

smooth function of t, say for all |t| < 1 and for 𝜖, so g̃, sufficiently small.)

Similarly,

|||‖du‖2L2(Ω,g2 ) − ‖du‖2L2(Ω,g1 )||| ≤ Cg̃‖u‖2
H1(Ω,g1 )

,

|||⟨q2u, u⟩L2(Ω,g2 ) − ⟨q1u, u⟩L2(Ω,g1 )||| ≤ Cq̃‖u‖2
L2(Ω,g1 )

,

|||⟨r2u, u⟩L2(𝜕RΩ,g2 ) − ⟨r1u, u⟩L2(𝜕RΩ,g1 )||| ≤ C(g̃‖r1‖C0(Ω) + ‖r2 − r1‖C0(𝜕RΩ) )‖u‖2L2(𝜕RΩ,g1 ),
and, using (D.1), ‖u‖2

L2(𝜕RΩ,g1 )
≤ CtrΩ‖u‖2H1(Ω,g1 )

.

Finally, recalling again (3.2),

‖u‖2
H1(Ω,g1 )

= T1(u, u)+ ⟨q1u, u⟩L2(Ω,g1 ) + ⟨r1u, u⟩L2(𝜕RΩ,g1 )
≤ 𝜆G,𝜎

k
(T1 )‖u‖2L2(Ω,g1 ) + ‖q1‖C0(Ω)‖u‖2L2(Ω,g1 )

+ CtrΩ‖r1‖C0(𝜕RΩ)

(⟨
u, |du|g1⟩L2(Ω,g1 ) + ‖u‖L2(Ω,g1 )2

)
,

where in particular we have again applied (D.1). The proof is now concluded by applying the Cauchy–Schwarz

inequality (with an absorption factor, to the term with the trace inequality) in order to obtain a bound on‖u‖2
H1(Ω,g1 )

in terms of ‖u‖2
L2(Ω,g1 )

and then combining the foregoing inequalities. □

E Umbilics of free boundary minimal surfaces in the ball

Following H. Hopf’s proof [28] (presented also in the lecture notes [[29], Chapter VI]) that every immersed topo-

logical sphere of constant mean curvature in ℝ3 is round, the Hopf differential (defined below in the setting of

the present article) has proved a valuable tool in the study of constant-mean-curvature surfaces in space forms.
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In the context of free boundary minimal surfaces in 𝔹n it has been exploited (see [1], [30]) to establish unique-

ness among solutions having the topological type of a disc. For surfaces in 𝔹3 of higher topology it can be used

to count umbilics, as we briefly now explain; cf. [[31], Proposition 1.5] concerning the umbilics of closed surfaces

in the round 3-sphere. A careful and detailed treatment of umbilics of constant-mean-curvature surfaces with

boundary can be found in [32]. A generalization of Proposition E.1 can be found in [33].

Let 𝜑:Σ→ 𝔹3 be a free boundary minimal immersion of a compact, connected surface with boundary. By

the regularity theory for such maps (we can appeal specifically to [34]) Σ then inherits (from𝜑) the structure of

a bordered Riemann surface. We write 𝛾 for the genus of Σ and 𝛽 for the number of its boundary components.

Then the double Σ of Σ is a closed Riemann surface of genus 2𝛾 + 𝛽 − 1. (The notions of a bordered Riemann

surface and its double, sometimes called Schottky double, can be found in [[35], II.3] and many other textbooks

treating Riemann surfaces.)

We define, as a section of (T∗Σ⊗ ℂ)⊙2 (the symmetric product of T∗Σ⊗ ℂwith itself), the Hopf differential

Φ of 𝜑 by

Φ(X, Y ) = 1

4
A(𝜑∗X, 𝜑∗Y )−

1

4
A(𝜑∗ JX, 𝜑∗ JY )−

1

4
iA(𝜑∗ JX, 𝜑∗Y )−

1

4
iA(𝜑∗X, 𝜑∗ JY ),

where X and Y are sections of TΣ⊗ ℂ, J is the complex structure of Σ, A is the second fundamental form of 𝜑

extended to beℂ-bilinear and the differential of𝜑 is similarly understood extended byℂ-linearity. Equivalently,
if𝑤 is a local complex coordinate on Σ, then

Φ = A
(
𝜑∗(𝜕𝑤 ), 𝜑∗(𝜕𝑤 )

)
d𝑤2.

By the Codazzi equation (and using the minimality of 𝜑 and the flatness of ℝ3 ⊃ 𝔹3) Φ is holomorphic inside

Σ. Furthermore, the free boundary condition and the fact that 𝜕𝔹3 is totally umbilic imply that 𝜕Σ is a line of

curvature, whence it follows thatΦ is real along 𝜕Σ. ConsequentlyΦ extends (by complex reflection) uniquely

to a holomorphic quadratic differentialΦ on the double Σ. The zeros ofΦ on Σ (including on its boundary) are

precisely the umbilics of 𝜑, and we define the order ord p of each umbilic p to be the multiplicity of the corre-

sponding zero of Φ. (If Φ vanishes identically, then every point of Σ is an umbilic of infinite order; otherwise,

by the holomorphicity ofΦ, each umbilic is isolated and has finite order.)

Proposition E.1 (Count of umbilics; cf. [[33], Theorem 4.2]). Let𝜑:Σ→ 𝔹3 be a free boundaryminimal immersion

of a compact, connected surface having genus 𝛾 and 𝛽 boundary components. If Σ is not a disc, then the set Z of

umbilics of 𝜑 is finite and ∑
p∈Z∩𝜕Σ

ord p+ 2
∑

p∈Z∖𝜕Σ
ord p = 8𝛾 + 4𝛽 − 8.

Proof. WedefineΣ andΦ as in the preceding paragraph. IfΦ vanished identically onΣ, thenΣwould be totally

umbilic, hence totally geodesic byminimality, and so in particular a disc. ThereforeΦ is a nonzero holomorphic

quadratic differential on the closed Riemann surface Σ. Consequently its zeros are isolated, so (by compactness
ofΣ) constitute a finite set, andmoreover (see for example [[21], Remark IV.13.5]) the sum of theirmultiplicities is

4𝛾 − 4, where 𝛾 = 2𝛾 + 𝛽 − 1 is the genus ofΣ. The proof is now completed by the observation that the left-hand

side of the equation in the proposition is precisely the sum of the multiplicities of the zeros ofΦ. □

Naturally the symmetries of 𝜑 constrain its umbilics and their orders. In particular we have the following

result; here we will assume embeddedness, which is essential but serves merely to simplify its statement.

Lemma E.2 (Umbilics fixed by a nontrivial rotation). LetΣ be an embedded free boundary minimal surface in𝔹3,

let R ∈ SO(3) be a rotation through angle 2𝜋∕k for some integer k ≥ 3, and assume that RΣ = Σ. Then any point
of Σ fixed by R is an umbilic of order at least k − 2.
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Proof. Suppose p ∈ Σ satisfies Rp = p. Note that p must be an interior point, since R is a symmetry of Σ and

k > 2.Wemay assume,without loss of generality, that Rfixes the z-axis pointwise, andwe can choose 𝜖 > 0 and a

complex coordinate𝑤 onaneighborhoodof p such that𝑤 takes the component of{x2 + y2 < 𝜖2} ∩ Σ containing
p onto the open unit disc in ℂwith𝑤(p) = 0. (This can be done essentially by hand using the assumption of the

minimality of Σ inℝ3, or one can appeal more generally to the existence of isothermal coordinates for surfaces

and to the Riemann mapping theorem.) Then 𝑤⚬ R⚬𝑤−1 is a conformal automorphism of the unit disc fixing

its center, so (by standard classification results) is a rotation; since its differential at 0 is rotation through angle

2𝜋∕k we conclude that in fact
𝑤⚬ R = e2𝜋i∕k𝑤. (E.1)

Now let Φ be the Hopf differential of Σ. Working with respect to the above complex coordinate 𝑤, by the

holomorphicity ofΦ we have

Φ(𝑤) =
∞∑
n=0

cn𝑤
n d𝑤2

for some coefficients {cn} ⊂ ℂ. The assumption RΣ = Σ and the equality (E.1) imply Φ(𝑤) = Φ(𝑤⚬ R) =
Φ(e2𝜋i∕k𝑤), and so

cne
2n𝜋i∕ke4𝜋i∕k = cn

for all n ≥ 0, whence cn = 0 for all n < k − 2, completing the proof. □
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