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On the strong local optimality for state-constrained
control-affine problems.

F. C. Chittaro∗ and L. Poggiolini

Abstract. In this article we establish first and second order sufficient
optimality conditions for a class of single-input control-affine problems,
in presence of a scalar state constraint. We consider strong-local opti-
mality (that is, the C0 topology in the state space). The minimum-time
and the Mayer problem are addressed. We restrict our analysis to ex-
tremals containing a bang arc, a single boundary arc, followed by a finite
number of bang arcs.

The sufficient conditions are expressed as a strengthened version of
the necessary ones, plus the coerciveness of a suitable finite-dimensional
quadratic form. The sufficiency of the given conditions is proven via
Hamiltonian methods.
Mathematics Subject Classification (2010). 49K15, 49K30.
Keywords. Optimal control, sufficient optimality conditions, pure state
constraints, Pontryagin maximum principle.

1. Introduction

State-constrained optimal control problems are ubiquitous in many applica-
tions fields, for instance: optimization of running [19, 24] and driving [11]
strategies, aerospace dynamics [8, 12, 28], mechanics [34], model predictive
control [14], optimization of medical treatments [13]. For this class of prob-
lems, suitable extensions of Pontryagin Maximum Principle provide the main
necessary conditions for the optimality of admissible trajectories (for a sur-
vey, see for instance [15]). In general, such extensions are quite technical:
in particular, the multiplier associated with each inequality state constraint
is given by a measure, explicitly appearing in the adjoint equation; among
the consequences, we may have discontinuities of the adjoint covector when
the trajectory saturates the constraint. However, it is well known that, for
autonomous systems and under some conditions on the constraint and the
control associated with the candidate trajectory, the multiplier measure is
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absolutely continuous with respect to the Lebesgue measure; additional con-
ditions may also ensure the continuity of the adjoint covector [8, 15].

Among all control systems, control-affine ones play a major role in appli-
cations, being sufficiently general to cover a large amount of practical cases.
In this paper, we consider autonomous optimal control problems, defined on
a smooth manifold M , in presence of a scalar state constraint (i.e., we assume
that some function c must be non-positive along each admissible trajectory)
and subject to single-input control-affine dynamics with bounded control.

We deal with the Mayer and the minimum-time problems, with fixed ini-
tial point, and constraining the final one to belong to some smooth manifold
Nf of the state space. We assume that we are given a Pontryagin extremal
having a special structure; namely, we assume that the extremal trajectory
is composed by the concatenation of an internal bang arc (that is, an arc
along which the constraint is not saturated, while the control is), a boundary
arc (i.e., saturating the constraint), followed by the concatenation of several
internal bang arcs. We also assume that, along the boundary arc, the control
takes its values in the interior of the set of admissible control values. Our pur-
pose is to provide sufficient conditions assuring that the candidate extremal
is a strong local minimizer, according to the following definition.

Definition 1.1 (Strong local optimality). Let ξ̂ be an admissible trajectory of
an optimal control problem. We say that ξ̂ is a strong local minimizer of such
problem if there exists a neighbourhood O of its graph in R×M such that ξ̂
is a minimizer among all admissible trajectories whose graphs are contained
in O, independently of the values of the associated control function. We say
that ξ̂ is a strict strong local minimizer if it is the only minimizing trajectory
whose graph is in O.

We recall that, in literature, other notions of local optimality, involving
topologies in the space of (trajectory,control)-pairs, are studied; we mention,
for instance, the weak local optimality and the so-called Pontryagin optimal-
ity (see [6, 7]). Sufficient conditions for Pontryagin optimality in this class of
problems have been provided in [6], where concatenations of a finite number of
bang, boundary and singular arcs are considered, and in [7]. We also mention
[27], where it is shown that strengthened versions of the necessary conditions
for optimality guarantee the local embedding of the reference trajectory into
a local field of extremals.

Our approach is based on Hamiltonian methods. These methods, in-
spired by the technique of fields of extremals in Calculus of Variations, rely
on the following steps (see [3, Chapter 17]). Assume that we want to prove
strong-local optimality of some admissible trajectory ξ̂ : [0, T ] →M ; then

i) find a Lagrangian submanifold Λρ of the cotangent bundle, containing
the extremal associated with ξ̂ at t = 0 and such that, at each time t ∈
[0, T ], its image under the flow generated by the maximized Hamiltonian
projects injectively onto a neighborhood of the reference trajectory; in
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this case, we say then that the maximized Hamiltonian flow is locally
invertible;

ii) thanks to the local invertibility of this flow, lift all admissible trajecto-
ries, with graph belonging to some neighborhood of the graph of ξ̂, to
Λρ; we say that we cover a neighborhood of the graph of the reference
trajectory with a field of state extremals ;

iii) estimate the cost associated with every trajectory, by means of a line
integral along the lifts of the state extremals in Λρ.

This scheme applies for quite regular situations, namely: when the maximized
Hamiltonian is at least C2 and its flow is well defined on a neighborhood of the
extremal associated with the reference trajectory. In particular, bang-bang
extremals or singular extremals (often encountered in Mayer or minimum-
time problem, for control-affine systems) do not fit in this frame. Yet, even
in regular cases, the scheme does not suggest under which conditions such a
manifold Λρ exists.

For bang-bang extremals, some regularity conditions ensure that the
maximized Hamiltonian is well defined and piecewise smooth in a tubular
neighborhood of the extremal of interest; it is worth noticing that, usually,
these regularity conditions are just the strengthened version of some necessary
optimality conditions already contained in the PMP. In addition, as shown in
[5] and [25] (dealing with bang-bang extremals in the Mayer and minimum-
time problem, respectively), the invertibility of the maximized Hamiltonian
flow is guaranteed if a suitably defined (finite dimensional) quadratic form
(the second variation) is coercive.

Singular arcs jeopardize this scheme: in fact, the Hamiltonian vector
field associated with the maximized Hamiltonian, in each tubular neighbor-
hood of the singular arc, is well defined only as a multivalued function. As
observed for the first time in [30], the problem can be solved by substituting
the maximized Hamiltonian with an overmaximized one, with some particu-
lar features. The “natural” second variation associated with singular arcs is
completely degenerate, but it is often possible to extend it (by means of the
so-called Goh transformation) in order to obtain a non-degenerate functional;
the coercivity of such functional can then be used to guarantee the existence
of a manifold Λρ with the required properties ([29, 30]).

As already said, here we consider a trajectory composed by the con-
catenation of internal bang arcs and a boundary arc. Under the assumption
that, along the boundary arc, the control is internal, the associated extremal
shares some properties with singular arcs, so that we choose to treat boundary
arcs as singular ones; this means that we must construct an overmaximized
Hamiltonian, and that the natural second variation associated with the prob-
lem is infinite-dimensional. Nevertheless, differently from the singular case,
we are able to prove our result by studying the coercivity of the restriction
of the extended second variation to a finite dimensional space of variations.
Also, differently from the case of singular non-constrained extremals, we can-
not construct an overmaximised Hamiltonian on a full neighborhood of the
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boundary arc of the extremal, but only on the lift of admissible arcs, i.e. arcs
that satisfy the state constraints.

We provide sufficient condition for strong local optimality of an ex-
tremal; these sufficient conditions consist in

· a bunch of regularity conditions on the boundary arc (Assumptions 1-2);
· a set of regularity conditions on the extremal, that boil down to a

strengthening of the necessary ones (Assumptions 3-4-5);
· the coercivity of a suitably defined finite-dimensional quadratic form

(Assumption 6).

Up to the authors’ knowledge, this paper is the first attempt to apply
Hamiltonian methods, as first developed in [2], to state-constrained optimal
control problems.

In the next section, we will state the problem, introduce Pontryagin
Maximum Principle and declare the assumptions; in Section 3, we construct
the overmaximized flow and in Section 4 we construct the second variation,
both for the minimum-time and the Mayer problem; in Section 5, we prove
that the maximized Hamiltonian flow is locally invertible.

In Sections 6 and 7 we prove our main results, the sufficient optimality
conditions, for the minimum-time and the Mayer problem, respectively. The
results are illustrated by some examples. We conclude the paper with an
insight on perspective work.

2. Statement of the problem

Let M be a smooth n-dimensional manifold. We denote with TM and with
T ∗M the tangent bundle and the cotangent bundle to M , respectively. π
denotes the canonical projection of T ∗M on M ; the elements of T ∗M are
denoted with ℓ.

In the following, small letters f, g, k denote vector fields on the manifold
M , and the corresponding capital letters are used to denote the corresponding
Hamiltonian lift, i.e. F (ℓ) = ⟨ℓ, f(πℓ)⟩. Given a vector field f on M , the Lie
derivative of a smooth function φ : M → R with respect to f , evaluated
at the point q ∈ M , is denoted with Lfφ(q) = ⟨dφ(q), f(q)⟩; analogously,
L2
fφ(q) = Lf

(
Lfφ

)
(q). The Lie bracket of two vector fields f, g is denoted as

commonly with [f, g].
The symbol ς denotes the Poincaré-Cartan invariant on T ∗M , defined

as ςℓ = ℓ ◦ π∗ ∀ℓ ∈ T ∗M . The symbol σℓ = dςℓ denotes the canonical sym-
plectic form on T ∗M . With each Hamiltonian function F we associate the
Hamiltonian vector field F⃗ on T ∗M defined by

⟨dF (ℓ) , ·⟩ = σℓ(·, F⃗ (ℓ)).
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Let x0 ∈M be a fixed point and let Nf ⊂M be a smooth submanifold
of positive codimension, with x0 /∈ Nf . We consider the following state-
constrained control system

ξ̇(t) = f0(ξ(t)) + u(t)f1(ξ(t)) a.e. t ∈ [0, T ], (2.1a)
ξ(0) = x0, ξ(T ) ∈ Nf , (2.1b)
c(ξ(t)) ≤ 0 ∀t ∈ [0, T ], (2.1c)
|u(t)| ≤ 1 a.e. t ∈ [0, T ], (2.1d)

where the function c : M → R defining the state constraint is assumed to be
smooth on a neighborhood of its zero-level set; f0, f1 are smooth vector fields
on M . We denote the boundary of the admissible region as

C = {x ∈M : c(x) = 0}.
We associate with the problem (2.1) a cost J to be minimized, that can

be either in Mayer form or the minimum time to reach Nf . More precisely,
we deal either with the problem

minimize ψ(ξ(T )), T > 0 fixed, (M)

where ψ : M → R is a smooth function, or with the problem

minimize T, T > 0 free. (T)

If we consider problem (2.1)-(M), we assume we are given a candidate tra-
jectory-control pair (ξ̂, û) where the reference trajectory ξ̂ is a concatenation
of an internal arc, a boundary arc and another internal arc, i.e. there exist
0 < t̂1 < t̂2 < T such that

c(ξ̂(t)) < 0 ∀t ∈ [0, t̂1) ∪ (t̂2, T ],

c(ξ̂(t)) = 0 ∀t ∈ [t̂1, t̂2].
(2.2)

In particular, we say that the constraint c is saturated for t ∈ [t1, t2]. The
time t̂1 is called an entry time, while the time t̂2 is called an exit time; taken
together, they are called junction times. The intervals [0, t̂1) and (t̂2, T ] are
called internal intervals and the interval [t̂1, t̂2] is called a boundary interval.

We assume that the first internal arc is bang, while the second internal
arc is given by the concatenation of several bang arcs; more precisely, we
assume that there exist t̂i, i = 3, . . . , N such that t̂2 < t̂3 < . . . < t̂N <
t̂N+1 = T and such that the control û has the following structure:

û(t) =


u1 t ∈ [0, t̂1),

ûs(t) t ∈ [t̂1, t̂2],

ui t ∈ (ti−1, ti), i = 3, . . . , N + 1,

(2.3)

where |ui| = 1 and uiui+1 = −1. We also introduce the following notations

x̂i = ξ̂(t̂i), i = 1, . . . , N, x̂f = ξ̂(T ).

In particular, x̂1 and x̂2 are called entry and exit points, respectively, and
the points x̂i, i ≥ 3 are called switching points.
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Analogously, when considering the problem (2.1)-(T), we assume we are
given a candidate triple (T̂ , ξ̂, û), where ξ̂ and û are defined on [0, T̂ ], and
satisfy (2.2)-(2.3), with t̂N+1 = T̂ .

We start by making some assumptions on the reference pair (ξ̂, û) along
the boundary arc. As anticipated, these assumptions allows us to simplify the
statement of the Pontryagin Maximum Principle.

Assumption 1 (internal control). We assume that ess sup
t∈[t̂1,t̂2]

|ûs(t)| < 1.

Assumption 1 says that û is discontinuous at the junction points.

Assumption 2 (Order of the constraint). The boundary constraint is of first
order, that is

Lf1c(ξ̂(t)) ̸= 0 ∀t ∈ [t̂1, t̂2].

We notice that Assumptions 1-2 imply that the entry and exit points
are regular, that is

lim
t→t̂−1

Lf0+û(t)f1c(ξ̂(t)) ̸= 0, lim
t→t̂+2

Lf0+û(t)f1c(ξ̂(t)) ̸= 0.

Equivalently

Lf0+u1f1c(x̂1) > 0, Lf0+u3f1c(x̂2) < 0,

which imply that

u1Lf1c(ξ̂(t)) > 0, u3Lf1c(ξ̂(t)) < 0 ∀t ∈ [t̂1, t̂2],

so that u1u3 = −1.

Remark 2.1. By continuity, if Assumption 2 holds true, then there exists a
neighborhood UC in M of ξ̂([t̂1, t̂2]) such that f1(x) ̸= 0 and Lf1c(x) ̸= 0
for any x ∈ UC . Moreover, the level set C ∩ UC is a codimension one smooth
submanifold of M , and, for every x ∈ C ∩ UC , the tangent space TxM splits
as the direct sum TxC ⊕ Rf1(x).

Remark 2.2. Thanks to Assumption 2, we can recover the value of ûs as a
feedback control. Indeed, from c(ξ̂(t)) = 0 ∀t ∈ [t̂1, t̂2], we get that

ûs(t) = −Lf0c(ξ̂(t))

Lf1c(ξ̂(t))
∀t ∈ [t̂1, t̂2]. (2.4)

In particular, we obtain that ûs(·) is continuous and, by induction, that both
ξ̂ and ûs are C∞ on [t̂1, t̂2].

In view of the preceding remark, we define the following feedback control

υs(x) = −Lf0c(x)

Lf1c(x)
, x ∈ UC ,
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and the piecewise time-dependent vector field:

f̂t =


h1 = f0 + u1f1 t ∈ [0, t̂1),

h2 = f0 + υsf1 t ∈ (t̂1, t̂2),

hi = f0 + uif1 t ∈ (t̂i−1, ti), i = 3, . . . , N,

hN+1 = f0 + uN+1f1 t ∈ (t̂N , T ].

Notice that c is constant along any integral line of h2.
In this paper, a special role is played by the exit time t̂2 (see Re-

mark 5.4); in particular, we denote with Ŝt the flow of the vector field f̂t
starting from time t̂2, evolving backwards in time up to time t = 0, or for-
ward in time up to time t = T ; equivalently, Ŝt(q) denotes the solution at
time t of the Cauchy problem{

ξ̇(t) = f̂t ◦ ξ(t),
ξ(t̂2) = q.

Analogously, F̂t denotes the Hamiltonian flow associated with the Hamilton-
ian F̂t(ℓ) = ⟨ℓ , f̂t(πℓ)⟩, from time t̂2 to time t. Finally, we denote

ĉt(x) := c ◦ Ŝt(x).

As already discussed in the introduction, for generic state-constrained
optimal control problems, Pontryagin Maximum Principle involves the exis-
tence of a non-negative regular measure µ 1, supported only on the boundary
interval [t̂1, t̂2], which plays the role of the multiplier of the state constraint
(see [15] for a survey). The measure µ appears in the adjoint equation for the
covector. However, since the problem is autonomous and Assumptions 1-2
hold true, then the measure µ is absolutely continuous with respect to the
Lebesgue measure; as a consequence, one can show that the adjoint covector
is absolutely continuous and, in the Maximum Principle, we can deal directly
with the density −η of the measure µ (see [15, Proposition 4.1, Proposi-
tion 4.2] and [8, 21, 22]).

In order to state the PMP for the problem under concern, let us first
define the pre-Hamiltonian associated with the optimal control problem

h(ℓ, η, u) = F0(ℓ) + uF1(ℓ) + ηc(πℓ), ℓ ∈ T ∗M, η ∈ R, u ∈ [−1, 1]

and the maximized Hamiltonian

Hmax(ℓ, η) = max
u∈[−1,1]

(
F0(ℓ) + uF1(ℓ) + ηc(πℓ)

)
, ℓ ∈ T ∗M, η ∈ R.

Theorem 2.3 (PMP). Assume that (ξ̂, û) is an optimal pair for (2.1)-(M), that
(2.2)-(2.3) hold true and that Assumptions 1-2 are satisfied by the pair. Then,

1see, e.g., Chapter 1 in [10] for the regularity of measures defined via monotone right-
continuous functions
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there exist an absolutely continuous curve λ̂ : [0, T ] → T ∗M , a continuous
curve η̂ : [0, T ] → (−∞, 0] and a constant p0 ∈ {0, 1} such that

(λ̂(t), η̂(t), p0) ̸= 0 ∀t ∈ [0, T ], (2.5a)

πλ̂(t) = ξ̂(t) ∀t ∈ [0, T ], (2.5b)
d

dt
λ̂(t) = h⃗(λ̂(t), η̂(t), û(t)) a.e. t ∈ [0, T ], (2.5c)

h(λ̂(t), η̂(t), û(t)) = Hmax(λ̂(t), η̂(t)) a.e. t ∈ [0, T ], (2.5d)

η̂(t)c(ξ̂(t)) = 0 ∀t ∈ [0, T ], (2.5e)

and the following transversality condition holds true

λ̂(T )|T
ξ̂(T )

Nf
= −p0 dψ(ξ̂(T )).

Let (T̂ , ξ̂, û) be an optimal triple for (2.1)-(T) such (2.2)-(2.3) and As-
sumptions 1-2 hold true. Then there exist an absolutely continuous curve
λ̂ : [0, T̂ ] → T ∗M , a continuous curve η̂ : [0, T̂ ] → (−∞, 0] and a constant
p0 ∈ {0, 1} such that equations (2.5) hold on [0, T̂ ] and moreover

λ̂(T̂ ) ∈ T⊥
ξ̂(T̂ )

Nf , (2.6)

h(λ̂(t), η̂(t), û(t)) ≡ p0 ∀t ∈ [0, T̂ ].

A curve λ satisfying equations (2.5) is called an extremal; if p0 = 1, then
it is a normal extremal, otherwise it is said to be abnormal.

In the following, we assume that λ̂ is an extremal associated with the
reference pair (ξ̂, û) (triple (T̂ , ξ̂, û)). In analogy with the notations for the
entry/exit and switching points, we define

ℓ̂0 = λ̂(0), ℓ̂i = λ̂(t̂i), i = 1, . . . , N, ℓ̂T = λ̂(T ).

PMP, in particular equation (2.5d), imposes that û(t)F1(λ̂(t)) ≥ 0 for
a.e. t. Together with Assumption 1, this gives F1(λ̂(t)) ≡ 0 for t ∈ [t̂1, t̂2].
Differentiating this equality with respect to time, we also obtain that

F01(λ̂(t))− η̂(t)Lf1c(ξ̂(t)) = 0 ∀t ∈ (t̂1, t̂2),

where F01(ℓ) := ⟨ℓ , [f0, f1](πℓ)⟩ is the Hamiltonian associated with the field
[f0, f1]; thanks to Assumption 2, we can recover the expression of η̂(t):

η̂(t) =
F01(λ̂(t))

Lf1c(ξ̂(t))
∀t ∈ (t̂1, t̂2). (2.7)

PMP also states that, on each interval (t̂i−1, t̂i), i = 1, 3, . . . , N +1, the
Hamiltonian

Hi := F0 + uiF1

coincides with Hmax along the reference extremal. As a consequence, at each
t̂i, i = 1, 3, . . . , N , we have d

dt (Hi+1 −Hi)(λ̂(t)) ≥ 0.
Our next assumptions are in fact a strengthened version of the weak

inequalities implied by PMP. The first one implies that, on each interval
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(t̂i−1, t̂i), i = 1, 3, . . . , N + 1, ui is the only value of the control maximizing
the pre-Hamiltonian.

Assumption 3 (Regularity of the bang arcs).

u1F1(λ̂(t)) > 0 t ∈ [0, t̂1),

uiF1(λ̂(t)) > 0 t ∈ (t̂i−1, t̂i), i = 3, . . . , N,

uN+1F1(λ̂(t)) > 0 t ∈ (t̂N , T ].

The following assumption assures that, at each switching time, the ref-
erence extremal crosses transversely the zero-level set of the Hamiltonian F1.
As this property is stable for perturbations of the crossing point, it will be
crucial for the construction of the maximized flow.

Assumption 4 (Regularity of the switching points).
d

dt
(Hi+1 −Hi)(λ̂(t))|t=t̂i

> 0, i = 3, . . . , N.

Equivalently, σℓ̂i

(
H⃗i, H⃗i+1

)
= (ûi+1 − ûi)F01(ℓ̂i) > 0 for i = 3, . . . , N .

Finally, recalling that η̂ is non-positive and supported on [t̂1, t̂2], we
impose the following regularity assumption on η̂.

Assumption 5 (regularity of η̂). We assume that sup
t∈(t̂1,t̂2)

η̂(t) < 0.

We remark that, under the last assumption, η̂ is discontinuous at the
junction times t̂1, t̂2. Moreover, as a consequence of Assumptions 2-5 and
equation (2.7) we get the following

Proposition 2.4. There exists a neighborhood V of λ̂([t̂1, t̂2]) in T ∗M such
that

u1F01(ℓ) < 0, u3F01(ℓ) > 0 ∀ℓ ∈ V .

3. Over-maximized Hamiltonian
For classical regular cases (e.g., when the maximized Hamiltonian is C2),
Hamiltonian methods provide sufficient optimality conditions by directly es-
timating the difference between the cost associated with the reference trajec-
tory and the one associated with any other admissible trajectory, by means of
the integral of a one-form depending on the maximized Hamiltonian (see [3,
Chapter 17]).

With some wariness, this approach can be extended to the regular bang-
bang case (see [5, 25]). Indeed, since the internal arcs are regular bang-bang,
the maximized Hamiltonian is piecewise smooth in a neighborhood of the
range of the restriction λ̂|[0,t̂1−ϵ)∪(t̂2+ϵ,T ], in the following sense: fix ϵ > 0,
and consider a neighborhood O1 of λ̂([0, t̂1 − ϵ)) and a neighborhood O2 of
λ̂((t̂2 + ϵ, T ]); as Hmax = F0 + u1F1 along the first bang arc, we can always
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choose O1 such that the two Hamiltonians coincide on O1, and conclude that
Hmax|O1 is smooth. Analogously, it is always possible to choose O2 such that
Hmax is smooth on the set {ℓ ∈ O2 : F1(ℓ) ̸= 0}, i.e., Hmax is continuous in
O2 and it is not differentiable only at the points where F1 vanishes.

By contrast, along boundary arcs, the maximized Hamiltonian coincides
with F0, but it is not associated with a unique value of the control, as all
Hamiltonians of the form F0 + vF1, v ∈ [−1, 1], coincide and realize the
maximum of h(ℓ, η, u) over the admissible values of the control. Anyway, no
selection of the associated multi-valued Hamiltonian vector field is suitable
to construct the field of state-extremals used to compare the costs associated
with the candidate trajectories (see for instance [26] for an explanation of the
phenomenon, in the case of unconstrained singular arcs; this fact is indeed
typical of singular arcs, in both constrained and unconstrained control prob-
lems). In [30], the author overcame this issue by substituting the maximized
Hamiltonian with a smooth overmaximized one, (locally) satisfying some cru-
cial properties: its flow must be tangent to the zero-level set of F1 and the
reference extremal must be an integral curve of its. Due to analogies between
boundary and singular arcs, we get inspiration from the methods used for
the latter ones to treat our case.

First of all, let us define the set

Σ = {ℓ ∈ T ∗M : F1(ℓ) = 0}.

By Assumption 2 and Remark 2.1, the set U := Σ∩π−1(UC) is a codimension
1 embedded submanifold of T ∗M .

We are now going to construct a new Hamiltonian K2 whose flow has
nice invariant and over-maximality properties. Although the construction
may look similar to the one in [30], here the result is quite different, as
we will point out in Remark 3.4.

Lemma 3.1. Possibly shrinking UC , there exists a smooth function τ : UC → R
such that τ(x) = 0 if and only if c(x) = 0, and

c(exp(τ(x)u1f1)(x)) = 0 ∀x ∈ UC .

Moreover,
c(x) < 0 ⇐⇒ τ(x) > 0,

and

dτ(x) = −dc(y) exp(τ(x)u1f1)∗
u1Lf1c(y)

, where y := exp(τ(x)u1f1)(x). (3.1)

Proof. Notice that
∂

∂s
c (exp(su1f1)(x))

∣∣
s=0

= u1Lf1c(x) > 0 ∀x ∈ UC ,

by Assumption 2. The thesis follows from the implicit function theorem. □

Define the Hamiltonian functions H0, K2 : U → R as

H0(ℓ) := F0 ◦ exp(τ(πℓ)u1F⃗1)(ℓ) K2(ℓ) := H0(ℓ) + υs(πℓ)F1(ℓ).
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Proposition 3.2. Possibly shrinking U , the following properties hold:

1. H0(ℓ) ≥ F0(ℓ) for every ℓ ∈ U such that c(πℓ) ≤ 0. H0(ℓ) = F0(ℓ) if
and only if c(πℓ) = 0.

2. Let c⃗ denote the Hamiltonian vector field associated with c ◦ π. Then

H⃗0(ℓ) = exp(−su1F⃗1)∗

(
F⃗0 +

F01

Lf1c ◦ π
c⃗
)
◦ exp(su1F⃗1)|s=τ(πℓ)(ℓ).

3. U is invariant under the Hamiltonian flow of H0 and K2.
4. Σ0 := {ℓ ∈ U : c(πℓ) = 0} = {ℓ ∈ T ∗M : F1(ℓ) = 0, c(πℓ) = 0, πℓ ∈ UC}

is a submanifold of Σ and it is invariant under the flow associated with
the Hamiltonian K2.

5. d
dt λ̂(t) = K⃗2(λ̂(t)) for every t ∈ [t̂1, t̂2].

Proof. Claim 1. By definition, H0(ℓ) = F0(ℓ) whenever c(πℓ) = 0.
Pick some ℓ ∈ U such that c(πℓ) = 0. Then

⟨d(H0 − F0)(ℓ) , δℓ⟩ = −u1F01(ℓ)⟨dτ(πℓ) , π∗δℓ⟩ = u1F01(ℓ)
⟨dc(πℓ) , π∗δℓ⟩
u1Lf1c(πℓ)

.

Thanks to the fact that u1Lf1c(ξ̂(t)) > 0 for t ∈ [t̂1, t̂2], to Proposition 2.4
and to Lemma 3.1, we get the claim.

Claim 2. Let ℓ ∈ U and set ℓ′ := exp(τ(πℓ)u1F⃗1)(ℓ). Then, for every
X ∈ TℓΣ, we get

σℓ(X, H⃗0) = ⟨dH0(ℓ) , X⟩

= ⟨dF0(ℓ
′) exp(su1F⃗1)∗ , X⟩+ ⟨dF0(ℓ

′) , u1F⃗1(ℓ
′)⟩⟨dτ(πℓ)π∗ , X⟩

= σℓ′
(
exp(su1F⃗1)∗X, F⃗0

)
+ u1F01(ℓ

′)
σℓ′
(
exp(su1F⃗1)∗X, c⃗

)
u1Lf1c(πℓ

′)
=

= σℓ

(
X, exp(−su1F⃗1)∗

(
F⃗0 +

F01 c⃗

Lf1c ◦ π

)
◦ exp(su1F⃗1)

)
, s = τ(πℓ),

where here above we used equation (3.1).
Claim 3. We prove the invariance of Σ with respect to the flow of H⃗0.

The second part of the claim then follows trivially. Let ℓ ∈ Σ set, as above,
ℓ′ := exp(τ(πℓ)u1F⃗1)(ℓ). We get

d

ds
F1 ◦ exp(sH⃗0)(ℓ)

∣∣
s=0

= σℓ

(
H⃗0, F⃗1

)
= σℓ

((
exp(−τ(πℓ)u1F⃗1)∗

(
F⃗0 +

F01

Lf1(c ◦ π)
c⃗
)
, F⃗1

)
= σℓ′

((
F⃗0 +

F01

Lf1(c ◦ π)
c⃗
)
, F⃗1

)
= F01(ℓ

′) +
F01(ℓ

′)

Lf1c(πℓ
′)
(−Lf1c(πℓ

′)) = 0.

Claim 4. Let ℓ ∈ Σ0. Then F⃗1(ℓ) is tangent to Σ but, by Assumption 2,
it is not tangent to {ℓ ∈ U : c(πℓ) = 0}. This proves that Σ0 is a codimension-
one submanifold of Σ.
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Moreover, for any ℓ ∈ Σ0 we have
d

ds
c(π ◦ exp(sK⃗2)(ℓ))|s=0 = ⟨dc(πℓ) , π∗

(
F⃗0 +

F01

Lf1(c ◦ π)
c⃗+ (υs ◦ π)F⃗1

)
(ℓ)⟩

= ⟨dc(πℓ) , f0(πℓ) + υs(πℓ)f1(πℓ)⟩ = 0.

Claim 5. We finally notice that, thanks to (2.4) and (2.7) and the fact that
λ̂(t) ∈ Σ0, for every t ∈ [t̂1, t̂2] we have that

K⃗2(λ̂(t)) = F⃗0(λ̂(t)) +
F01(λ̂(t))

Lf1c(ξ̂(t))
c⃗(λ̂(t)) + υs(ξ̂(t))F⃗1(λ̂(t))

= F⃗0(λ̂(t)) + η̂(t)(−dc(ξ̂(t)), 0) + ûs(t)F⃗1(λ̂(t)) = h⃗(λ̂(t), η̂(t), û(t)).

□

Remark 3.3. Notice that the projections

π∗H⃗0(ℓ) = exp(−τ(πℓ)u1f1)∗f0 ◦ exp(τ(πℓ)u1f1)(πℓ),

π∗K⃗2(ℓ) = exp(−τ(πℓ)u1f1)∗f0 ◦ exp(τ(πℓ)u1f1)(πℓ) + υs(πℓ)f1(πℓ)

are well defined vector fields on M . Thus, in the following, we set

h0(x) := exp(−τ(x)u1f1)∗f0 ◦ exp(τ(x)u1f1)(x),
k2(x) := h0(x) + υs(x)f1(x),

so that H0(ℓ) = ⟨ℓ , h0(πℓ)⟩ and K2(ℓ) = ⟨ℓ , k2(πℓ)⟩.

Remark 3.4 (On the difference between constrained and unconstrained singu-
lar arcs). We already remarked that, if Assumption 1 holds, then the boundary
arc resembles a singular arc of an unconstrained problem: indeed, Assump-
tion 1 together with equation (2.5d) forces the Hamiltonian F1 to vanish along
the boundary arc. However, the two kinds of arc have an intrinsically differ-
ent nature: on the one hand, for boundary arcs of the first order, the control
function can be recovered as a true feedback control, that is, it is a function of
ξ̂(t) only; on the other hand, for unconstrained singular extremals, the con-
trol may be recovered as a feedback of the whole extremal λ̂(t) (under some
regularity conditions).

Another notable difference concerns the value of the Hamiltonian F01

along the arc. In fact, PMP imposes F01 to be null along any unconstrained
singular arc; this fact is crucial in order to define an overmaximized Hamil-
tonian in a neighbourhood of the singular arc (see [30]). For boundary arcs of
the first order, equation (2.7) just imposes that F01 must not change sign; if,
in addition, Assumption 5 is satisfied, then F01 cannot vanish along the arc.

This fact, in particular, implies that there is no overmaximized Hamil-
tonian in a full neighbourhood of the arc. Assume indeed, by contradiction,
that there exists some Hamiltonian function H+ ≥ F0, defined in neighbor-
hood of the range of the boundary arc, such that

· H+ = F0 on Σ ∩ π−1(C),
· the Hamiltonian flow associated with H+ preserves Σ, σ(F⃗1, H⃗+) ≡ 0.
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Let ℓ ∈ Σ∩π−1(C) and consider the curve γ(s) = exp(u1sF⃗1)(ℓ), s ∈ (−ϵ, ϵ).
By Assumption 2, the projection of γ on M is transversal to C. Moreover,

d

ds
(H+ − F0)(γ(s))|s=0 = σℓ

(
u1F⃗1, H⃗+ − F⃗0

)
= u1F01(ℓ) < 0,

which contradicts the fact that H+ ≥ F0 in a neighborhood of ℓ.
Anyway, this fact does not constitute an issue for our construction: in-

deed, as all admissible trajectories do satisfy the state constraint, we just need
the overmaximized Hamiltonian to be defined on a “half tubular neighbour-
hood” of the boundary arc.

To construct a well-defined over-maximized Hamiltonian flow, we must
wisely concatenate the flow of Hmax (around the bang arcs) with the one
of K2 (in a “half neighborhood” of the boundary arc). The following lemma
states that the junction can be done with no particular issues.

Lemma 3.5. Let ϵ > 0. Possibly shrinking UC , for every ℓ ∈ U the following
inequalities hold:

u1F1 ◦ exp((t− t̂1)H⃗1)(ℓ) > 0 ∀t ∈ (−ϵ, t̂1),

u3F1 ◦ exp((t− t̂2)H⃗3)(ℓ) > 0 ∀t ∈ (t̂2, t̂3 − ϵ).

Proof. A Taylor expansion gives

u1F1 ◦ exp((t− t̂1)H⃗1)(ℓ) = u1F1(ℓ) + (t− t̂1)u1F01(ℓ) +O((t− t̂1)
2).

Recalling that ℓ ∈ Σ, Proposition 2.4 yields the claim in a left-hand neighbor-
hood (t̂1 − δ, t̂1) of t̂1. For t ∈ (−ϵ, t̂1 − δ), the claim holds true by continuity
(possibly shrinking the neighborhood U).
The proof on the other bang interval is analogous. □

We still have to define the overmaximised flow for t ≥ t̂3. As already
pointed out, the maximized Hamiltonian is well defined, continuous, and
piecewise smooth in a neighborhood O2 of {λ̂(t) : t ∈ [t̂2 + ϵ, T ]}, but its
associated Hamiltonian vector field is not well defined on the switching sur-
faces (that is, on the set {ℓ : F1(ℓ) = 0}). Nevertheless, here below we are
proving that the flow associated with Hmax is well defined, at least in O2

(eventually shrunk). Indeed, we can define, locally around ℓ̂2, some smooth
functions tk, k = 3, . . . , N , that describe the times when the maximized flow
hits a switching surface.

Lemma 3.6. There exist a neighborhood U2 of ℓ̂2, U2 ⊂ U , and a smooth
function t3 : U2 → R such that(

H4 −H3

)
◦ exp((t3(ℓ)− t̂2)H⃗3)(ℓ) = 0, t3(ℓ̂2) = t̂3.

Moreover, for every δℓ ∈ Tℓ̂2(T
∗M) it holds

⟨dt3(ℓ̂2) , δℓ⟩ = −
σ
(
exp((t̂3 − t̂2)H⃗3)∗δℓ, H⃗4 − H⃗3

)
(ℓ̂3)

σ
(
H⃗3, H⃗4

)
(ℓ̂3)

.
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The proof is a straightforward application of the implicit function the-
orem, and relies on Assumption 4.

Analogously, we can define tk for k ≥ 4. First of all, we set

ϕ3(ℓ) = exp((t3(ℓ)− t̂2)H⃗3)(ℓ),

and, for k = 4, . . . , N and ℓ ∈ U2 we recursively define

ψk(t, ℓ) = (Hk+1 −Hk) ◦ exp((t− tk−1(ℓ))H⃗k) ◦ ϕk−1(ℓ)

tk(ℓ) = min
t>tk−1(ℓ)

{t : ψk(t, ℓ) = 0}

ϕk(ℓ) = exp((tk(ℓ)− tk−1(ℓ))H⃗k) ◦ ϕk−1(ℓ).

The existence and smoothness of the functions tk are granted by the implicit
function theorem and Assumptions 3-4. Finally, we set tN+1 ≡ T .

Given ϵ > 0 small enough, we define the flow

H : (t, ℓ) ∈ (−ϵ, T + ϵ)× U2 7→ Ht(ℓ) ∈ T ∗M

as

Ht(ℓ) =



exp(t− t̂1)H⃗1 ◦ exp(t̂1 − t̂2)K⃗2(ℓ) if t ∈ (−ϵ, t̂1],
exp(t− t̂2)K⃗2(ℓ) if t ∈ [t̂1, t̂2],

exp(t− t̂2)H⃗3(ℓ) if t ∈ (t̂2, t3(ℓ)],

exp(t− tk−1)H⃗k ◦ ϕk−1(ℓ)
if t ∈ (tk−1(ℓ), tk(ℓ)],

k = 4, . . . , N + 1.

(3.2)

Ht(ℓ) is the Hamiltonian flow associated with the piecewise time-dependent
Hamiltonian

H(t, ℓ) =


Hmax(ℓ) if t ∈ (−ϵ, t̂1),
K2(ℓ) if t ∈ [t̂1, t̂2],

Hmax(ℓ) if t ∈ (t̂2, T ],

defined in a neighborhood of the graph of the reference extremal. To lighten
the notation, sometimes we write Ht(·) = H(t, ·).

We finally introduce the function u : [t̂2, T ] × U2 → {−1, 1}, assigning
to (t, ℓ) the value of the maximizing control, as follows:

u(t, ℓ) = ûj if t ∈ [tj−1(ℓ), tj(ℓ)), j = 3, . . . , N + 1.

Lemma 3.7. Let ϵ > 0. For every ℓ ∈ U2 the following inequalities hold:

u(t, ℓ)F1 ◦Ht(ℓ) > 0 ∀t ∈ (tj−1(ℓ), tj(ℓ)), j = 3, . . . , N + 1.

The proof is a straightforward consequence of Assumptions 3-4 and the
definition of the times tj ’s.
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4. The second variation
We start by computing the second variation for the problem (2.1)-(T). First
of all, we recast it in the following Mayer problem in R×M on the fixed time
interval [0, T̂ ]: 

ξ̇0(t) = u0(t),

ξ̇(t) = u0(t)(f0 + u(t)f1) ◦ ξ(t),
ξ0(0) = 0, ξ(0) = x̂0,

ξ0(T̂ ) ∈ R, ξ(T̂ ) ∈ Nf ,

u0(t) > 0, |u(t)| ≤ 1 a.e. t ∈ [0, T̂ ].

(4.1)

We set ξ(t) =

(
ξ0(t)
ξ(t)

)
, and we notice that ξ̂(t) =

(
t

ξ̂(t)

)
satisfies the PMP

with adjoint covector µ̂(t) = (−p̂0, µ̂(t)).
Following [4], we associate with the control system (4.1) the penalized

cost

J(ξ) = α(ξ(0))− p0ξ
0(0) + β(ξ(T̂ )) + p0ξ

0(T̂ )−
∫ t̂2

t̂1

η̂(s)c(ξ(s))ds,

where α is a smooth function defined in a neighborhood of x̂0, such that
dα(x̂0) = ℓ̂0, and β is a smooth function defined in a neighborhood of x̂T ,
such that dβ(x̂T ) = −ℓ̂T .

Let us stress that the “true” intrinsic extension of the cost, as defined
in [4] and typically used to compute the intrinsic second variation, would be
just α(ξ(0)) − p0ξ

0(0) + β(ξ(T )) + p0ξ
0(T ). Though, from what follows, it

will be clear that the first variation of such functional is not zero, so that, its
second variation is not well-defined.

We consider a sub-problem of (4.1) by allowing only control functions
of the following form:

u0(t) ≡ 1, t ∈ [0, t̂2), and
∫ T̂

t̂2

u0(s)ds = T̂ − t̂2, (4.2)

u(t) ≡ û(t), t /∈ [t̂1, t̂2]. (4.3)

This is equivalent to considering variations of the control u(t) along the
boundary arc only, and variations of the switching times tk, k = 3, . . . N ,
without allowing for variations of the final cost ξ0(T̂ ) of the reference triple(
T̂ , ξ̂, û

)
. Let ξ(t) be any solution of (4.1)-(4.2)-(4.3) and set

zt :=

(
z0
t

zt

)
= Ŝt

−1
(ξ(t)).

For the sake of conciseness, we introduce the following pull-backs (to the exit
time t̂2):

N̂f := Ŝ−1
T (Nf ), kt := Ŝ−1

t∗ f1 ◦ Ŝt, gj := Ŝ−1

t̂j∗
hj ◦ Ŝt̂j

, j = 3, . . . , N +1.
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We point out that, for j = 3, . . . , N+1, gj = Ŝ−1
t∗ hj◦Ŝt for every t ∈ [t̂j−1, t̂j ].

It is easy to check that z satisfies the following system
ż0
t = u0(t)− 1,

żt = (u0(t)− 1)Ŝ−1
t∗ f̂t ◦ Ŝt(zt) + u0(t)(u(t)− û(t))kt(zt),

z0
0 = t̂2, z0 = x̂2,

z0
T̂
∈ R, zT̂ ∈ N̂f .

(4.4)

We also introduce the pullbacks of the extended costs α and β, i.e. we
define α̂ = α ◦ Ŝ0 and β̂ = β ◦ ŜT̂ . Then, the cost functional J can be written
in terms of the pull-back trajectory z as

J(z) = p0

(
z0
T̂
+

∫ T̂

t̂2

u0(s)ds
)
− p0

(
z0
0 +

∫ t̂2

0

u0(s)ds
)

+ α̂(z0) + β̂(zT̂ )−
∫ t̂2

t̂1

η̂(s)ĉs(zs)ds

= p0
(
z0
T̂
− z0

0 + T̂ − 2 t̂2
)
+ α̂(z0) + β̂(zT̂ )−

∫ t̂2

t̂1

η̂(s)ĉs(zs)ds. (4.5)

We remark that, as z is completely determined by its initial condition and
the controls (u0, u), then J is actually a function of z0

0,z0, u0, u. We point
out that, although in (4.4) z0 is fixed, for the sake of future computations,
we treat z0 as a free point in M . On the other hand, it would be pointless to
consider the whole z0 as a free point in R×M : indeed, as z0 appears only
linearly in J , we could not obtain a coercive second variation with respect to(
z0,z, u0, u

)
. Hence, we fix z0

0 = t̂2 and allow only for variations of z0 and
for variations of the controls satisfying (4.2)-(4.3). In Appendix A we show
how PMP grants that the first variation dJ at (x̂2, u0 ≡ 1, û) is null.

Let us now compute the second variation of the cost. First of all we
simplify the notations, by introducing

A(t, x) := α̂(x)−
∫ t

t̂1

η̂(s)ĉs(x)ds.

We notice that, thanks to PMP, Lf1A(t̂2, x̂2) = 0. As explained in [4], the
second variation does not depend on the particular choice of α, provided that
dα(x̂0) = ℓ̂0; therefore, we can choose α in such a way that Lf1A(t̂2, x) = 0
for every x in a neighborhood of x̂2. Introducing the control variations

δu(t) = u(t)− û(t), t ∈ [t̂1, t̂2], δu0(t) = u0(t)− 1, t ∈ [t̂2, T̂ ],

and setting

δk =

∫ t̂k

t̂k−1

δu0(s)ds, k = 3, . . . , N + 1, (4.6)
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the linearization of system (4.4) for zt reads

˙δzt =


0 t ∈ [0, t̂1),

δu(t)kt(x̂2) t ∈ [t̂1, t̂2),

δu0(t)gk(x̂2) t ∈ [t̂k−1, t̂k), k = 3, . . . , N + 1,

(4.7)

together with the boundary conditions

δzt̂1
= 0, δzT̂ = δy ∈ Tx̂2

N̂f , (4.8)

and the control constraint
N+1∑
k=3

δk =

∫ T̂

t̂2

δu0(t)dt = 0, (4.9)

so that

δzT̂ = δzt̂2
+

N+1∑
k=3

δkgk(x̂2).

The system (4.7)-(4.8) and the control constraint (4.9) define the space of
admissible variations

W =
{
(δy, δu, δ) ∈ Tx̂2

N̂f × L2([t̂1, t̂2])× RN−2 :

N+1∑
k=3

δk = 0,

and system (4.7) − (4.8) is satisfied
}
.

After some computations (see Appendix A), we are able to provide the
expression of the second variation associated with the cost J along λ̂ :

J ′′[δy, δu, δ]2 =
1

2
D2
(
A(t̂2, ·) + β̂

)
(x̂2)[δzt̂2

]2

+ Lδzt̂2
L∑N+1

i=3 δigi
β̂(x̂2) +

1

2
L2∑N+1

i=3 δigi
β̂(x̂2)

+
1

2

∑
3≤i<j≤N+1

δiδjL[gi,gj ]β̂(x̂2)

−
∫ t̂2

t̂1

δu(r)Lδzt̂2
LkrA(r, x̂2)dr

+

∫ t̂2

t̂1

(∫ r

t̂1

δu(r)δu(s)Lkr
Lks

A(s, x̂2)ds
)
dr.

(4.10)

We apply to J ′′ a standard procedure called Goh’s transformation, that is,
we set

w(t) = −
∫ t

t̂1

δu(s)ds, ε2 = w(t̂2),

and we consider the state

ζ(t) = δzt + w(t)kt(x̂2)− ε2f1(x̂2), t ∈ [t̂1, t̂2].
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It is immediate to check that ζ solves the following boundary value problem{
ζ̇(t) = w(t)k̇t(x̂2),

ζ(t̂1) = −ε2f1(x̂2), ζ(t̂2) = δx,
(4.11)

where we set δx := δzt̂2
. The extended second variation thus reads

J ′′
ext[δx, w, ε2, δ]

2 =
1

2
D2
(
A(t̂2, ·) + β̂

)
(x̂2)[δx]

2

+ LδxL∑N+1
i=3 δigi

β̂(x̂2) +
1

2
L2∑N+1

i=3 δigi
β̂(x̂2)

+
1

2

∑
3≤i<j≤N+1

δiδjL[gi,gj ]β̂(x̂2)

− ε2Lf1

∫ t̂2

t̂1

w(s)
(
Lk̇s

A(s, x̂2) + Lks
Ȧ(s, x̂2)

)
ds

−
∫ t̂2

t̂1

w(s)Lζ(s)

(
Lk̇s

A(s, x̂2) + LksȦ(s, x̂2)
)
ds

+
1

2

∫ t̂2

t̂1

w(s)2
(
L[ks,k̇s]

A(s, x̂2) + L2
ks
Ȧ(s, x̂2)

)
ds,

(4.12)

and is defined over the set of variations

W̃ =
{
(δx, w, ε2, δ) ∈ Tx̂2

M × L2([t̂1, t̂2])× RN−1 :

N+1∑
k=3

δk = 0,

δx+

N+1∑
k=3

δkgk(x̂2) ∈ Tx̂2
N̂f and the system (4.11) is satisfied

}
.

Remark 4.1. The “true” extension of W would be the set

{
(δy, w, ε2, δ) ∈ Tx̂2

N̂f × L2([t̂1, t̂2])× RN−1 :

N+1∑
k=3

δk = 0,

δx = δy −
N+1∑
k=3

δkgk(x̂2) and the system (4.11) is satisfied
}
.

As δy does not appear explicitly in (4.10), nor in (4.12), we prefer to choose
δx in the pool of variations.

Let us write the extended second variation as

Φ(δx, w, ε2, δ) +
1

2

∫ t̂2

t̂1

w(s)2
(
L[ks,k̇s]

A(s, x̂2) + L2
ks
Ȧ(s, x̂2)

)
ds,
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and notice that Φ(δx, w, ε2, δ) is weakly continuous 2. Then, [17, Theorem 4.3]
states that J ′′

ext is weakly lower-semicontinuous on W̃ if and only if the co-
efficient of w(s)2 in the integral is non-negative. A reasonable assumption
for the well-posedness of the LQ problem (4.11)-(4.12) would be to ask the
expression

L[kt,k̇s]
A(t, x̂2) + L2

kt
Ȧ(t, x̂2) = F101(λ̂(t))− η̂(t)L2

f1c(ξ̂(t))

to be positive for every t ∈ [t̂1, t̂2]; however, this does not seem justified by
PMP and seems to be artificial. Nonetheless, it is common, in the literature
on optimality conditions for state-constrained problems (see e.g. [6]), not to
consider control variations along the boundary arc. For these reasons, we
reduce ourselves to the variations (δx, w, ε2, δ) in W̃ such that w ≡ 0, i.e. we
make the following assumption

Assumption 6. Let

W0 =
{
(δx, δ) ∈ Tx̂2

M × RN−2 : δx+

N+1∑
k=3

δkgk(x̂2) ∈ Tx̂2
N̂f ,

N+1∑
k=3

δk = 0, δx ∈ Rf1(x̂2)
}
.

We assume that the quadratic form

J′′[(δx, δ)]2 =
1

2
D2
(
A(t̂2, ·) + β̂

)
(x̂2)[δx]

2 + LδxL∑N+1
i=3 δigi

β̂(x̂2)

+
1

2
L2∑N+1

i=3 δigi
β̂(x̂2) +

1

2

∑
3≤i<j≤N+1

δiδjL[gi,gj ]β̂(x̂2)

is coercive on W0.

Remark 4.2. The procedure of considering control variations along the bound-
ary arc, extend them through the Goh transformation, and finally setting their
infinite-dimensional part to zero, could appear unjustified and useless. It is
however a standard procedure to compute, at a first attempt, the second vari-
ation on a very large set (on which, usually, the quadratic form cannot be
coercive), and then to reduce it in a suitable way. The aim is indeed to have
enough variations, in order to ensure the invertibility of the flow, but not too
many as to prevent coercivity. The particular choice of the space W0 will be
discussed in Remark 5.3.

W0 is a subspace of the linear space

W =
{
(δx, δ) ∈ Tx̂2

M × RN−2 : δx+

N+1∑
k=3

δkgk(x̂2) ∈ Tx̂2
N̂f ,

N+1∑
k=3

δk = 0
}
.

2this is a consequence of the fact that weak convergence of the controls implies strong
convergence of the trajectories, see [20].



20 F. C. Chittaro∗ and L. Poggiolini

Indeed, consider the projection ΠC : Tx̂2
M → Tx̂2

C with kerΠC = Rf1(x̂2):
we notice that W0 =

{
(δx, δ) : (δx, δ) ∈ W , ΠCδx = 0

}
. We define on W

the following quadratic form

K[(δx, δ)]2 = ∥ΠCδx∥2.

Since kerK = W0, and under Assumption 6, we can apply [17, Theorem
13.2] to J′′ and K on W and get that there exists ρ > 0 large enough such
that the quadratic form J′′

ρ = J′′ + ρK is coercive on W .
We can always construct a coordinate chart {z1, . . . , zn} around x̂2 such

that f1 ≡ ∂
∂z1

and C = {z1 = 0}. Defining, in these coordinates, the function
K(z1, . . . , zn) =

1
2

∑n
i=2 z

2
i , we obtain that K is the Hessian of K at x̂2. Then,

setting Aρ(x) := A(t̂2, x) + ρK(x), we can write

J′′
ρ [(δx, δ)]2 =

1

2
D2(Aρ + β̂)(x̂2)[δx]

2 + LδxL∑N+1
i=3 δigi

β̂(x̂2)

+
1

2
L2∑N+1

i=3 δigi
β̂(x̂2) +

1

2

∑
3≤i<j≤N+1

δiδjL[gi,gj ]β̂(x̂2).

We have proved the following proposition.

Proposition 4.3. The quadratic form J′′
ρ is coercive on W .

We end this section by providing an alternative expression for the qua-
dratic form J′′

ρ [(δx, δ)]2. First of all, we recall that

σ
(
G⃗j , G⃗k

)
(ℓ̂2) = ⟨ℓ̂2, [gj , gk](x̂2)⟩ = −L[gj ,gk]β̂(x̂2), i, j = 3, . . . , N + 1.

Then, we notice that

σ
(
dAρ∗δx, G⃗i

)
= D2

(
Aρ + β̂

)
(x̂2)[δx, gi]− LδxLgi β̂(x̂2), i = 3, . . . , N + 1.

Finally, we can provide the following equivalent expressions for J′′
ρ :

J′′
ρ [(δx, δ)]2 =

1

2
D2
(
Aρ + β̂

)
(x̂2)

[
δx, δx+

N+1∑
i=3

δigi

]
+

1

2
Lδx+

∑N+1
i=3 δigi

L∑N+1
j=3 δjgj

β̂(x̂2)

+
1

2

N+1∑
i=3

σ
(
δiG⃗i,dAρ∗δx+

∑
3≤j<i

δjG⃗j

)
(ℓ̂2)

=
1

2
σ
(
dAρ∗δx+

N+1∑
i=3

δiG⃗i,d(−β̂)∗
(
δx+

N+1∑
i=3

δigi
))
(ℓ̂2)

+
1

2

N+1∑
i=3

σ
(
δiG⃗i,dAρ∗δx+

∑
3≤j<i

δjG⃗j

)
(ℓ̂2).

(4.13)
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4.1. The second variation of the cost (M)
The second variation for the problem (2.1)-(M) can be computed following
the same procedure, with some minor changes. As the problem is already in
Mayer form, we do not need to extend the control system; though, in order
to take into account the variations of the switching times, we still perform a
time reparameterization, by introducing the control u0. The problem (2.1)-
(M) thus becomes

ξ̇(t) = u0(t)(f0 + u(t)f1) ◦ ξ(t),
ξ(0) = x̂0, ξ(T ) ∈ Nf ,

u0(t) > 0, |u(t)| ≤ 1, a.e. t ∈ [0, T ].

(4.14)

We can associate to (4.14) the penalized cost

J(ξ) = α(ξ(0)) + β(ξ(T ))−
∫ t̂2

t̂1

η̂(s)c(ξ(s))ds,

where α is a smooth function defined in a neighborhood of x̂0 such that
dα(x̂0) = ℓ̂0 and β is a smooth function defined in a neighborhood of x̂T
such that

β|Nf
≡ p0ψ and dβ(x̂T ) = −ℓ̂T .

We allow for control functions satisfying the constraints (4.2)-(4.3) and we
repeat the same procedure carried above. The extended second variation and
the subspace W0 have the same expression as in the previous section, and
Assumption 6 assumes the same form.

5. Invertibility of the flow

Let Ux̂2
be a sufficiently small neighborhood of x̂2 in M . We define the

Lagrangian submanifold

Λρ =
{
dAρ(x) : x ∈ Ux̂2

}
.

By definition, ℓ̂2 ∈ Λρ, Λρ is contained in Σ and π : Λρ → Ux̂2
is surjective.

We have moreover the following fact.

Proposition 5.1. Let ϵ > 0. Possibly shrinking Ux̂2
, there exists a tubular

neighborhood V of the graph of ξ̂ in (−ϵ, t̂2 + ϵ)×M such that the map

id× πH : (t, ℓ) ∈ (−ϵ, t̂2 + ϵ)× Λρ 7→ (t, πHt(ℓ)) ∈ V

is a diffeomorphism.

Proof. It suffices to show that, for every t ∈ (−ϵ, t̂2 + ϵ), the linear map
(πHt)∗ : Tℓ̂2Λρ → Tξ̂(t)M has maximal rank. This is indeed true because, for
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any fixed t, this map is just the linearisation of the flow, at time t, of a vector
field in M . More precisely

(πHt)∗δℓ =


exp

(
(t− t̂1)h1

)
∗ exp

(
t̂1 − t̂2)k2

)
∗π∗δℓ if t ∈ (−ϵ, t̂1),

exp
(
(t− t̂2)k2)∗π∗δℓ if t ∈ [t̂1, t̂2],

exp
(
(t− t̂2)h3

)
∗π∗δℓ if t ∈ (t̂2, t̂2 + ϵ).

The result follows from the uniqueness of the solutions of ODEs. □

We stress that, on (−ϵ, t̂2 + ϵ) × Λρ, the invertibility of id × πH does
not require Assumption 6 to hold, as it relies on the properties of the flow
Ht only. Instead, to prove its invertibility on the whole (−ϵ, T + ϵ)× Λρ, we
need Assumption 6, as the following Proposition shows.

Proposition 5.2. The map

id× πH : (t, ℓ) ∈ (−ϵ, T + ϵ)× Λρ 7→ (t, πHt(ℓ)) ∈ V

is a diffeomorphism.

Proof. As a matter of fact, we just need to prove the invertibility of id× πH
at the points (t, ℓ) = (tk(ℓ), ℓ); indeed, the map is invertible at ℓ̂2 for every
t < t̂3, since it coincides with the flow of the field h3. In contrast, at time
t = t̂3 a folding phenomenon could occur, due to fact that the switching time
t3(ℓ) depends on the costate too; once the invertibility at t = t̂3 is proved,
then we can conclude that the map is invertible up to t < t̂4. We then repeat
the same argument at every t̂k, k ≥ 4.

Let us then start with the third switching time. First of all, we notice
that the flow πHt̂3

has different analytic expressions, depending on the sign
of t3(ℓ)− t̂3:

πHt̂3
(ℓ) =

{
exp((t̂3 − t̂2)h3)(πℓ) if t3(ℓ) ≥ t̂3,

exp((t̂3 − t3(ℓ))h4) ◦ exp((t3(ℓ)− t̂2)h3)(πℓ) if t3(ℓ) ≤ t̂3.

To verify the invertibility at t = t̂3, we compute the generalized Clarke’s
Jacobian of πHt̂3

at ℓ̂2

∂
(
πHt̂3

)
(ℓ̂2) = co

{
exp((t̂3 − t̂2)h3)∗π∗(·),

exp((t̂3 − t̂2)h3)∗π∗(·) + ⟨dt3(ℓ̂2) , (·)⟩(h3 − h4)(x̂2)
}
.

Thus, in order to apply Clarke’s Inverse Function Theorem (see [9]), we only
need to prove that there is no a ∈ [0, 1] and no nontrivial δℓ ∈ Tℓ̂2Λρ such
that

exp((t̂3 − t̂2)h3)∗π∗δℓ+ a⟨dt3(ℓ̂2) , δℓ⟩(h3 − h4)(x̂3) = 0,

or, equivalently,

π∗δℓ+ a⟨dt3(ℓ̂2) , δℓ⟩(g3 − g4)(x̂2) = 0. (5.1)
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We prove this fact by means of a contradiction argument: assume that we
can find a ∈ [0, 1] and a nontrivial δℓ ∈ Tℓ̂2Λρ that verify (5.1). Then it is
easy to check that

(δx, δ) = (π∗δℓ, δ) such that
δ3 = −δ4 = a⟨dt3(ℓ̂2) , δℓ⟩,
δj = 0 ∀j = 5, . . . N + 1

is a nontrivial admissible variation in W . We evaluate J′′
ρ on it. We obtain

J′′
ρ [(δx, δ)]2 =

1

2
σ
(
δ3G⃗3,dAρ∗δx

)
=

1

2
a⟨dt3(ℓ̂2) , δℓ⟩

(
σ
(
G⃗3, δℓ

)
(ℓ̂2)

− σ
(
G⃗4, δℓ+ a⟨dt3(ℓ̂2) , δℓ⟩G⃗3

)
(ℓ̂2)

)
=

1

2
a(1− a)⟨dt3(ℓ̂2) , δℓ⟩2σ

(
G⃗4, G⃗3

)
(ℓ̂2),

which is negative, by Assumption 4. We got a contradiction with Proposi-
tion 4.3. Then, πHt is invertible at t = t̂3.

A similar argument proves the invertibility at the other switching times.
First of all, we notice that, for every ℓ ∈ U and k = 4, . . . , N + 1, we have

πHt̂k
(ℓ) =


exp((t̂k − t̂k−1)hk) ◦ πHt̂k−1

(ℓ) if tk(ℓ) ≥ t̂k,

exp((t̂k − tk(ℓ))hk+1)◦
◦ exp((tk(ℓ)− t̂k−1)hk) ◦ πHt̂k−1

(ℓ)
if tk(ℓ) ≤ t̂k.

In order to apply Clarke’s inverse function theorem at time t̂k, we assume, by
contradiction, that we can find a ∈ [0, 1] and a non trivial δℓ ∈ Tx̂2

Λρ such
that

π∗δℓ+

k−1∑
j=3

⟨dtj(ℓ̂2) , δℓ⟩(gj −gj+1)(x̂2)+a⟨dtk(ℓ̂2) , δℓ⟩(gk−gk+1)(x̂2) = 0.

In this case, setting

δx = π∗δℓ, δ3 = ⟨dt3(ℓ̂2) , δℓ⟩,

δj = ⟨dtj(ℓ̂2) , δℓ⟩ − ⟨dtj−1(ℓ̂2) , δℓ⟩, j = 4, . . . , k − 1,

δk = a⟨dtk(ℓ̂2) , δℓ⟩ − ⟨dtk−1(ℓ̂2) , δℓ⟩,

δk+1 = −a⟨dtk(ℓ̂2) , δℓ⟩,
δi = 0 i = k + 1, . . . , N + 1,

we have that (δx, δ) is a non trivial element of W .
First of all, by computations we can prove that

⟨dtk(ℓ̂2) , δℓ⟩ = −
σ
(
δℓ−

∑k−1
j=3 ⟨dtj(ℓ̂2) , δℓ⟩

(
G⃗j+1−G⃗j

)
, G⃗k+1−G⃗k

)
(ℓ̂2)

σ
(
G⃗k, G⃗k+1

)
(ℓ̂2)
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for any k = 4, . . . , N + 1. Evaluating J′′
ρ at (δx, δ), we obtain

J′′
ρ [(δx, δ)]2 =

1

2

N+1∑
i=3

σ
(
δiG⃗i,dAρ∗δx+

∑
3≤j<i

δjG⃗j

)
(ℓ̂2)

=
1

2
a(1− a)⟨dtk(ℓ̂2) , δℓ⟩2σ

(
G⃗k+1, G⃗k

)
(ℓ̂2).

By Assumption 4, this quantity is non-positive, which contradicts Proposi-
tion 4.3. □

Remark 5.3 (On the choice of control variations). Hamiltonian methods work
under the assumption that the submanifold Λρ is Lagrangian and projects
injectively in M , which is equivalent to say that it is, at least locally, the graph
of some scalar function A. The coercivity of the second variation is usually
exploited to guarantee the existence of such a submanifold Λρ, in the following
way: one interprets the second variation as the cost of a linear-quadratic
optimal control problem (the control system given by the linearization of the
pullback system, as (4.11)); standard LQ theory (see, for instance, [18, 31])
indeed relates the coercivity of the quadratic cost with the invertibility of the
Hamiltonian flow (associated with the LQ problem) emanating from some n-
dimensional linear space, constructed in the following way: it is the direct sum
of the graph of the cost at the initial point of admissible trajectories, and the
orthogonal complement to the space of the constraints on the initial point of
admissible trajectories. If the problem has no constraints at the initial time,
then this space is the graph of the cost at the initial point.

In particular, in the presence of constraints at the initial time, such space
does not project injectively; to address this issue, we extend again the second
variation (as we did by adding the quadratic form ρK), in order to obtain a
LQ problem with no constraints at the initial point, still paying attention that
the functional is coercive on the (new) space of admissible variations.

In this paper, we must moreover ensure that Λρ is contained in Σ, which
imposes that f1(x̂2) must be contained in kerK. In other words, the direction
Rf1(x̂2) cannot be added in a second time, but must be already contained in
W̃ 3. Considering the control variation δu and then performing Goh trans-
formation is a way to “generate” this direction in the space of admissible
ones. The infinite-dimensional part w is not necessary to our aims, and can
therefore be set to zero.
Remark 5.4 (On the choice of the starting time). When Hamiltonian methods
were first developed (see for instance [1, 3, 4, 31]), the Lagrangian subman-
ifold Λρ was defined in a neighbourhood of the initial point of the reference
trajectory, and the second variation was expressed as an LQ optimal control
problem, defined on the tangent space to M at the same point; as a conse-
quence, all flows were considered to evolve forward in time from time 0. We
stress however that this choice is made only to simplify notations and, in

3With a little abuse of language, when we say that Rf1(x̂2) is contained in W̃ we mean
that f1(x̂2) is an admissible value of ζ(t̂1)
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general, any point of the reference trajectory could be chosen as the privileged
one. In this paper, our choice concerns a neighborhood of the point x̂2 for the
following reasons: first of all, defining the submanifold Λρ as the graph of a
function defined in a neighborhood of x̂2 makes the constraint Λρ ⊂ Σ easier
to write in terms of the function itself; then, computing the second variation
as an LQ problem on Tx̂2

M permits to neglect variations along the first bang
arc.

6. Minimum-Time problem: optimality
We are now ready to state and prove one of our main results.

Theorem 6.1. Let (T̂ , ξ̂, û) be an admissible triple for the minimum-time prob-
lem (2.1)-(T), satisfying PMP with associate multipliers λ̂, η̂ and p0 = 1 (nor-
mal extremal). Let Assumptions 1–6 be satisfied. Then (T̂ , ξ̂, û) is a (time,
state)-local minimizer.

If Nf = {x̂f}, the minimum is strict.
Proof. The proof follows the same lines of [3, Theorem 17.1] (see also [33]),
thus we are just recalling the main arguments.

We define on R×T ∗M the one-form ω = H∗
t ς−Ht◦Htdt. Notice that ω

is discontinuous through t = t̂1 and t = t̂2. Nevertheless, as the hypotheses of
[33, Lemma 3.3] are met, one can prove that ω is exact4 on (−ϵ, T̂ + ϵ)×Λρ.

Let O be a tubular neighborhood of the graph of ξ̂, such that (πH)−1

is well defined in O and let (T, ξ, v) be an admissible triple for the control
system (2.1a)-(2.1b) with graph contained in O.

Assume, by contradiction, that T < T̂ . Let y : [T, T̂ ] → Nf be any curve
such that

y(T ) = ξ(T ), y(T̂ ) = ξ̂(T̂ ).

We define the path γ : [0, 2T̂ ] → [0, T̂ ]× Λρ as

γ(t) =


(t, ℓ(t)) = (id× πH)−1(t, ξ(t)) t ∈ [0, T ],

(id× πH)−1(t,y(t)) t ∈ [T, T̂ ],

(2T̂ − t, ℓ̂2) t ∈ [T̂ , 2T̂ ].

We recall that indeed ℓ̂2 = (πHt)
−1(ξ̂(t)), for every t ∈ [0, T̂ ].

Since γ is a closed path contained in [0, T̂ ]× Λρ, then
∮
γ
ω = 0, that is

0 =

∮
γ

H∗
t ς −Ht ◦Ht dt =

∫ T

0

⟨Ht(ℓ(t)), ξ̇(t)⟩ −Ht ◦Ht(ℓ(t)) dt (6.1)

+

∫ T̂

T

⟨Ht(πHt)
−1(y(t)), ẏ(t)⟩ −Ht ◦Ht(πHt)

−1(y(t)) dt (6.2)

−
∫ T̂

0

⟨Ht(ℓ̂2),
˙̂
ξ(t)⟩ −Ht ◦Ht(ℓ̂2) dt.

4in the sense of Withney flat forms, as defined in [16].
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First of all, we notice that∫ T̂

0

⟨Ht(ℓ̂2),
˙̂
ξ(t)⟩ −Ht ◦Ht(ℓ̂2) dt

=

∫ T̂

0

⟨λ̂(t), ˙̂ξ(t)⟩ − (F0(λ̂(t)) + û(t)F1(λ̂(t))) dt = 0,

as Ht coincides with Hmax along the reference extremal.
The term on the right hand side of (6.1) may be split into the three

addenda∫ T

0

⟨Ht(ℓ(t)), ξ̇(t)⟩ −Ht ◦Ht(ℓ(t)) dt =

=

∫ t̂1

0

(
F0 + v(t)F1

)
(Ht(ℓ(t)))−Hmax(Ht(ℓ(t))) dt (6.3)

+

∫ t̂2

t̂1

(
F0 + v(t)F1

)
(Ht(ℓ(t)))−

(
H0 + (υs ◦ π)F1

)
(Ht(ℓ(t))) dt (6.4)

+

∫ T

t̂2

(
F0 + v(t)F1

)
(Ht(ℓ(t)))−Hmax(Ht(ℓ(t))) dt. (6.5)

Lemmas 3.5 and 3.7 assure that the integrands in (6.3) and (6.5) are non-
positive. Moreover, since πHt(ℓ(t)) = ξ(t) and c(ξ(t)) ≤ 0, Claim 1 in Propo-
sition 3.2 implies that also (6.4) is non-positive. Hence,∫ T

0

⟨Ht(ℓ(t)), ξ̇(t)⟩ −Ht ◦Ht(ℓ(t)) dt ≤ 0,

so that the term (6.2) must be non-negative. On the other hand,∫ T̂

T

⟨Ht(πHt)
−1(y(t)), ẏ(t)⟩ −Ht ◦Ht(πHt)

−1(y(t)) dt =

=

∫ T̂

T

−p0 +O(t− T̂ ) dt = −p̂0(T̂ − T ) + o(T̂ − T ),

since HT̂ ◦HT̂ (πHT̂ )
−1(y(T̂ )) = HT̂ (λ̂(T̂ )) = p0 and

⟨HT̂ (πHT̂ )
−1(y(T̂ )), ẏ(T̂ )⟩ = ⟨λ̂(T̂ ), ẏ(T̂ )⟩ = 0

by equation (2.6). Summing up, we obtain

0 ≤ −p0(T̂ − T ) + o(T̂ − T ) = T − T̂ + o(T̂ − T ),

which contradicts the hypothesis T < T̂ .
Assume now that Nf is just a point and that T = T̂ . Then the curve γ

can be replaced by the path γ : [0, 2T̂ ] → [0, T̂ ]× Λρ defined as

γ(t) =

{
(t, ℓ(t)) t ∈ [0, T̂ ],

(2T̂ − t, ℓ̂2) t ∈ [T̂ , 2T̂ ].
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Thus
∮
γ
ω = 0 implies that∫ T

0

⟨Ht(ℓ(t)), ξ̇(t)⟩ −Ht ◦Ht(ℓ(t)) dt = 0.

By Lemma 3.5, we have that v(t) ≡ u1 for t ∈ [0, t̂1), so that, in this interval,
ξ(t) = ξ̂(t). It shall also hold F0(Ht(ℓ(t))) = H0

(
Ht(ℓ(t))) for every t ∈

(t̂1, t̂2); by Claim 1 in Proposition 3.2, c(ξ(t)) = 0 on the same interval, so
that v(t) = υs(ξ(t)), for every t ∈ (t̂1, t̂2), then ξ(t) agrees with ξ̂(t) up to
t̂2. Finally, by Lemma 3.7, we obtain that v(t) = û(t) for t ∈ (t̂2, T ). Then
ξ ≡ ξ̂. □

We recall that the coercivity of the second variation is used only to
prove the invertibility of the projected flow πHt at the switching points t̂k,
k ≥ 3; indeed, Proposition 5.1 already guarantees its invertibility along the
first three arcs. Therefore, if the reference trajectory is made by the concate-
nation of a bang, a boundary and another bang arc, Theorem 6.1 requires
Assumptions 1-2-3-5 only.

We point out that, in this case, sufficient optimality conditions are of
first order only.

6.1. An example
This example is inspired from [34], which models the minimum-time path
planning of a drone. The constrained control system is given by

ẋ(t) = y(t),

ẏ(t) =Mu(t)− 1
2ky

2(t),

x(0) = 0, y(0) = 1,

x(T ) = 20, y(T ) = 4,

|y(t)| ≤ V,

|u(t)| ≤ 1,

where M = V = 10 and k = 0.05. This is indeed a problem of the form (2.1)-
(T) on R2, with

f0 = y
∂

∂x
− 1

2
ky2

∂

∂y
, f1 =M

∂

∂y
, c(x, y) = |y| − V.

As in the cited paper, we consider the admissible trajectory associated with
the control

u(t) =


1 t ∈ [0, t̂1),
1
4 t ∈ (t̂1, t̂2),

−1 t ∈ (t̂2, T ],

where

t̂1 = ln
19

7
, t̂2 = t̂1 + 2 + 2 ln

416

665
, T = t̂2 + 2arctan

1

2
− 2 arctan

1

5
.

By easy but tedious computations, we can show that the trajectory
satisfies the PMP with adjoint covector satisfying px(t) ≡ 1

10 and py(0) = 12
133 .
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In particular, y(t) = 10 for every t ∈ [t̂1, t̂2], so that [t̂1, t̂2] is a boundary arc;
on this interval, the associated density is η ≡ − 1

10 .
Assumptions 1 and 5 are visibly satisfied. As Lf1c ≡ 10, also Assump-

tion 2 holds true.
Finally, F1(px, py, x, y) = 10py; again by computations, we can prove

that p2(t) > 0 for t ∈ [0, t̂1) and p2(t) < 0 for t ∈ (t̂2, T ], so that also
Assumption 3 holds true. Then the trajectory is a strict strong-local time
minimizer.

7. The Mayer problem: optimality
In this Section, we consider the Mayer problem (2.1)-(M), and we prove the
following result.

Theorem 7.1. Let (ξ̂, û) be an admissible trajectory-control pair for problem
(2.1)-(M) with associate multipliers λ̂, η̂ . Let Assumptions 1–6 be satisfied.

If the extremal is normal, then (ξ̂, û) is a strict strong-local minimizer
for problem (2.1). If the extremal is abnormal, then (ξ̂, û) is isolated in the
C0 topology among all admissible trajectories.

For the proof of Theorem 7.1, we rely on the construction done in the
previous sections; in particular, we recall Proposition 5.2, that assures that
the map id × πH is invertible from [0, T ] × Λρ onto a neighbourhood O of
the graph of ξ̂, and [33, Lemma 3.3], that guarantees that the one form H∗

tω,
where

ω := ς −Ht dt,

is exact on [0, T ]× Λρ.
Let us consider the function

θ(t, ℓ) = θt(ℓ) := Aρ(πℓ) +

∫
H·(ℓ)|[0,t]

ς −Hs ds

= Aρ(πℓ) +

∫ t

0

(
⟨Hs(ℓ) , π∗H⃗s ◦Hs(ℓ)⟩ −Hs ◦Hs(ℓ)

)
ds

Following the same lines of [33, Section 3], we get the following result.

Proposition 7.2. The following expressions are true

dθt(ℓ) = H∗
t ς,

∂

∂t
θ(t, ℓ) = ⟨Ht(ℓ) , π∗H⃗t(Ht(ℓ))⟩ −Ht(Ht(ℓ)).

In particular
dθ(t, ℓ) = H∗ω

and
d
(
θt ◦ (πHt)

−1
)
= Ht ◦ (πHt)

−1 on πHt(Λρ). (7.1)

Remark 7.3. With a small abuse of notation, we denote with dθt(ℓ) the differ-
ential of θ(t, ·) and with dθ(t, ℓ) the differential with respect to both variables.
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Proof of Theorem 7.1. The proof is similar to the one of Theorem 6.1: first of
all, we consider an admissible pair (ξ, v) for the control system (2.1a)-(2.1b)
with graph contained in the neighborhood O of the graph of ξ̂, and we choose
a curve y : [0, 1] → Nf such that

y(0) = ξ(T ), y(1) = x̂f .

We define the closed path γ : [0, 2T + 1] → [0, T ]× Λ as

γ(t) =


(t, ℓ(t)) = (id× π ◦Ht)

−1(ξ(t)) t ∈ [0, T ],

(T, (πHT )
−1y(t− T )) t ∈ [T, T + 1],

(2T + 1− t, ℓ̂2) t ∈ [T + 1, 2T + 1].

As above,
∮
γ
ω = 0 implies that

0 =

∮
γ

H∗
t ς −Ht ◦Ht dt (7.2)

=

∫ T

0

⟨Ht(ℓ(t)), ξ̇(t)⟩ −Ht ◦Ht(ℓ(t)) dt (7.3)

+

∫ 1

0

⟨HT (πHT )
−1(y(t)), ẏ(t)⟩dt−

∫ T

0

⟨Ht(ℓ̂2),
˙̂
ξ(t)⟩ −Ht ◦Ht(ℓ̂2) dt.

The addendum
∫ T

0
⟨Ht(ℓ̂2),

˙̂
ξ(t)⟩ −Ht ◦Ht(ℓ̂2) dt is null by PMP, as already

seen in the proof of Theorem 6.1. Analogously, the integrand at line (7.3)
is non-positive. Therefore the integral along y cannot be negative. Hence,
thanks to (7.1), we obtain

0 ≤
∫ 1

0

⟨HT (πHT )
−1(y(t)), ẏ(t)⟩dt =

∫ 1

0

⟨d
(
θT ◦ (πHT )

−1
)
(y(t)), ẏ(t)⟩dt

= θT ◦ (πHT )
−1(y(1))− θT ◦ (πHT )

−1(y(0)),

i.e.
θT ◦ (πHT )

−1(ξ(T ))− θT ◦ (πHT )
−1(x̂f ) ≤ 0,

thus

p0ψ(ξ(T ))− p0ψ(x̂f )

≥
(
β + θT ◦ (πHT )

−1
)
(ξ(T ))−

(
β + θT ◦ (πHT )

−1
)
(x̂f ). (7.4)

We notice that d
(
β + θT ◦ (πHT )

−1
)
(x̂f ) = 0, thanks to equation (7.1)

and the choice of β, so that, if p0 = 1, and provided that

D2
(
β + θT ◦ (πHT )

−1
)
(x̂f )[δy]

2 > 0, ∀δy ∈ Tx̂f
Nf , (7.5)

then ψ(ξ(T )) ≥ ψ(x̂f ) and ξ̂ is a strong-local minimum for problem (2.1)-(M).
In order to prove inequality (7.5), we start by noticing that

D2
(
β + θT ◦ (πHT )

−1
)
(x̂f )[δy]

2 = σ
(
d
(
θT ◦ (πHT )

−1
)
∗δy,d(−β)∗δy

)
(ℓ̂T )
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= σ
(
HT∗(πHT )

−1
∗ δy,d(−β)∗δy

)
(ℓ̂T ). (7.6)

Setting δℓ = (πHT )
−1
∗ δy, we notice that δℓ ∈ Tx̂2

Λρ, so that δℓ = dAρ∗δx
for some δx ∈ Tx̂2

M . Differentiating equation (3.2), we obtain that

HT∗(πHT )
−1
∗ δy = HT∗δℓ

= F̂T∗δℓ+

N∑
j=3

⟨dtj(ℓ̂2) , δℓ⟩F̂T∗F̂
−1

t̂j∗

(
H⃗j − H⃗j+1

)
(ℓ̂j)

= F̂T∗
(
δℓ+

N∑
j=3

⟨dtj(ℓ̂2) , δℓ⟩
(
G⃗j − G⃗j+1

)
(ℓ̂2)

)
.

(7.7)

Substituting this expression into (7.6), we get

D2
(
β + θT ◦ (πHT )

−1
)
(x̂f )[δy]

2

= σ
(
F̂T∗

(
δℓ+

N∑
j=3

⟨dtj(ℓ̂2) , δℓ⟩
(
G⃗j − G⃗j+1

)
(ℓ̂2)

)
,d(−β)∗δy

)
(ℓ̂T )

= σ
(
δℓ+

N∑
j=3

⟨dtj(ℓ̂2) , δℓ⟩
(
G⃗j − G⃗j+1

)
(ℓ̂2),d(−β̂)∗Ŝ−1

T∗ δy
)
(ℓ̂2)

= σ
(
δℓ+

N∑
j=3

⟨dtj(ℓ̂2) , δℓ⟩
(
G⃗j − G⃗j+1

)
(ℓ̂2),

d(−β̂)∗
(
π∗δℓ+

N∑
j=3

⟨dtj(ℓ̂2) , δℓ⟩
(
gj − gj+1

)
(x̂2)

)
(ℓ̂2),

where, to compute Ŝ−1
T∗ δy, we used the definition of δℓ, equation (7.7) and

the fact that π∗F̂T∗ = ŜT∗.
Using the expression (4.13), it is easy to check that the above quantity

is twice J′′
ρ evaluated at the following admissible variation:

δx = π∗δℓ, δ3 = ⟨dt3(ℓ̂2) , δℓ⟩,

δj = ⟨dtj(ℓ̂2) , δℓ⟩ − ⟨dtj−1(ℓ̂2) , δℓ⟩, j = 4, . . . , N

δN+1 = −⟨dtN (ℓ̂2) , δℓ⟩.
Proposition 4.3 yields the claim.

From inequality (7.5), the equality p0ψ(ξ(T )) = p0ψ(x̂f ) can hold only
if ξ(T ) = x̂f . Using the same arguments of Theorem 6.1, we can conclude
that ξ ≡ ξ̂, that is, ξ̂ is strictly optimal.

Assume instead that λ̂ is an abnormal extremal, that is, p0 = 0. Inequal-
ity (7.4), together with d

(
β + θT ◦ (πHT )

−1
)
(x̂f ) = 0 and inequality (7.5),

imply that ξ(T ) = x̂f for every admissible trajectory with graph in O.
Using the same arguments as in the proof of Theorem 6.1, based on

regularity conditions, we obtain that every integral in (7.2) is zero. This
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in particular implies that any admissible trajectory is associated with the
same controls as the reference one. Thus ξ̂ is isolated among all admissible
trajectories. □

We end this section by remarking that, differently from the minimum-
time problem, for the Mayer problem the coercivity of the second variation
is needed also if N = 2, that is, when the boundary arc is followed by only
one internal (bang) arc.

However, the problem is simple. We can distinguish two cases. If f1(x̂2) /∈
Tx̂2

N̂f , then W0 is trivial, so that the second variation is, by definition, co-
ercive, and the reference trajectory is optimal.

If instead f1(x̂2) ∈ Tx̂2
N̂f , then Assumption 6 boils down to just one

inequality:
L2
f1

(
A(t̂2, ·) + β̂

)
(x̂2) > 0.

7.1. An example
We consider the problem of minimizing the functional

J =

∫ 4

0

−(x(t)− 2)2 dt

over all the solutions of the constrained control problem
ẋ(t) = u(t),

x(0) = x(4) = 1,

x(t) ≥ 0,

u(t) ∈ [−1, 1] a.e. t ∈ [0, 4].

The problem here above can be written equivalently as a problem of the
form (2.1)-(M) in R2, setting

f0 = −(x− 2)2
∂

∂y
, f1 =

∂

∂x
, c(x, y) = −x, ψ(x, y) = y,

ξ(0) =

(
1
0

)
, Nf =

{
(x, y) ∈ R2 : x = 1

}
.

Intuition suggests to consider the admissible trajectory ξ̂ associated with
the control

û(t) =


−1 t ∈ [0, 1),

0 t ∈ (1, 3),

1 t ∈ (3, 4].

We claim that it is a local minimum. Assumptions 1-2 are trivially satisfied.
Moreover, the PMP holds in normal form with λ̂ = (p̂x, p̂y, ξ̂), where

p̂x(t) =


−4 + (t+ 1)2 t ∈ [0, 1],

0 t ∈ [1, 3],

4− (t− 5)2 t ∈ [3, 4],

p̂y(t) ≡ −1, η ≡ −4,
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which implies the validity of Assumption 5. As F1(px, py, x, y) = px, also
Assumption 3 is satisfied.

It is easy to check that N̂f = {(x, y) ∈ R2 : x = 0}, so that f1 is nowhere
tangent to N̂f . Thus W0 is the null subspace of R2, so that Assumption 6 is
trivially met. Hence all the assumptions are satisfied.

8. Conclusions

The problem studied in this paper deals with extremals with one initial (bang)
internal arc and a finite number of (bang) internal arcs after the boundary
one. Nonetheless, in the literature (for instance in [23]), extremals involving
several bang internal arcs before and after the boundary one can be found.
We believe that the result presented in this paper can be generalized to these
more involved cases, with just minor efforts.

Other cases are more challenging. As already pointed out in [32], for
problems with free time, it is possible to define two notions of strong local
optimality: the one given in Definition 1.1 (called (x, tf )-local optimality, or
(time, state)-local optimality), and a stronger one, in which a neighborhood
of the range of the reference trajectory is considered (this is called x-local
optimality, or state-local optimality). Hamiltonian methods have already pro-
vided sufficient optimality conditions for state-local optimality in single-input
minimum time problems (see [25, 26]). It would be interesting to use this ap-
proach to find state-optimality conditions in presence of state constraints.

Further developments may include: higher order boundary arcs, in which
the costate may be discontinuous at the junction points (such jumps have
never been treated with Hamiltonian methods); extremals containing also
singular internal arcs; the multi-input case.

Appendix A. On the computation of first and second variation

In this section, we provide more details on the constructions of the first
and second variations of the functional J . As in Section 4, we focus on the
minimum-time problem.

We start by recalling the coordinate expression of the reference extremal.
Choosing any (local) coordinate chart on T ∗M and setting λ̂(t) =

(
µ̂(t), ξ̂(t)

)
,

equation (2.5c) implies that µ̂(t) is a solution to the following linear ODE

µ̇(t) = −µ(t)Df̂t(ξ̂(t))− η̂(t) dc(ξ̂(t)).

Then, for every t ∈ [0, T ], we have

µ̂(t) =
(
µ̂(t̂2)−

∫ t

t̂2

η̂(s) dĉs(x̂2) ds
)
Ŝ−1
t ∗ , (A.1)

where we recall that η̂ is supported on [t̂1, t̂2].
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Let us now prove that the first variation, with respect to z0, u0 and u,
of the cost (4.5) is null. Using (A.1), we can see that

dα̂(x̂2) = ℓ̂2 +

∫ t̂2

t̂1

η̂(s) dĉs(x̂2) ds, dβ̂(x̂2) = −ℓ̂T ŜT∗ = −ℓ̂2,

Then we have that

∂J

∂z0
(x̂2, 1, û) = dα̂(x̂2) + dβ̂(x̂2)−

∫ t̂2

t̂1

η̂(s) dĉs(x̂1) ds = 0.

Thanks to (4.3), the first variation of J with respect to u boils down to

∂J

∂u
(x̂2, 1, û) = dα̂(x̂2)

∂z0

∂u
−
∫ t̂2

t̂1

η̂(s) dĉs(x̂1)
∂zs

∂u
ds

= ⟨dα̂(x̂2),
∫ t̂1

t̂2

ks(x̂2)ds⟩ −
∫ t̂2

t̂1

η̂(s)⟨dĉs(x̂1),
∫ s

t2

kr(x̂2)dr⟩ds

=

∫ t̂1

t̂2

⟨dα̂(x̂2)−
∫ s

t̂1

η̂(r)dĉr(x̂1)dr, ks(x̂2)⟩ds

=

∫ t̂1

t̂2

⟨λ̂(s), f1(ξ̂(s))ds,

which is null by PMP. Finally

⟨ ∂J
∂u0

(x̂2, 1, û) , δu0⟩ = p0⟨
∂z0T
∂u0

, δu0⟩+ ⟨dβ̂(x̂2) ,
∂zT

∂u0
δu0⟩

=

∫ T̂

t̂2

δu0(t)dt+ ⟨dβ̂(x̂2) ,
∫ T

t̂2

δu0(t)Ŝ
−1
t∗ f̂t ◦ Ŝt(x̂2)dt⟩

= p0

∫ T̂

t̂2

δu0(t)dt− ⟨ℓ̂2 ,
N+1∑
k=3

δkgk(x̂2)⟩

= p0

∫ T̂

t̂2

δu0(t)dt−
N+1∑
k=3

δkF0(ℓ̂k),

where we recall that the δk are defined in equation (4.6). The first addendum
is null because of the constraint (4.9), and the second addendum is null since
F0(ℓ̂k) = p0 for any k, so that

N+1∑
k=3

δkF0(ℓ̂k) = p0

N+1∑
k=3

δk = 0.

Differentiating twice the cost J with respect to z0, u0 and u, we ob-
tain an expression which depends on δu0 only by means of the quantities
δ3, . . . , δN+1, i.e. we get

J ′′[δy,δu, δ]2 =
1

2
D2
(
A(t̂2, ·) + β̂

)
(x̂2)[δzt̂2

]2
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+ Lδzt̂2
L∑N+1

i=3 δigi
β̂(x̂2)

+
1

2
L2∑N+1

i=3 δigi
β̂(x̂2) +

1

2

∑
3≤i<j≤N+1

δiδjL[gi,gj ]β̂(x̂2)

− Lδzt̂2

(∫ t̂2

t̂1

(
δu(s)Lks α̂− η̂(s)

∫ t̂2

s

δu(r)Lkr ĉsdr
)
ds
)
(x̂2) (A.2)

+

∫ t̂2

t̂1

∫ t̂2

t̂1

δu(r)δu(s)Lkr
Lks

α̂(x̂2)drds (A.3)

+

∫ t̂2

t̂1

∫ t̂2

s

δu(s)δu(r)L[kr,ks]α̂(x̂2)drds (A.4)

−
∫ t̂2

t̂1

η̂(s)

∫ t̂2

s

(∫ t̂2

s

δu(r)δu(τ)LkrLkτ ĉs(x̂2)dτ
)
drds (A.5)

−
∫ t̂2

t̂1

η̂(s)

∫ t̂2

s

(∫ t̂2

r

δu(r)δu(τ)L[kτ ,kr]ĉs(x̂2)dτ
)
drds, (A.6)

with (δy, δu, δ) ∈W .
Exchanging the order of integration and relabeling the variables, we

remark that∫ t̂2

t̂1

(
δu(s)Lks

α̂(x)−η̂(s)
∫ t̂2

s

δu(r)Lkr
ĉs(x)dr

)
ds =

∫ t̂2

t̂1

δu(s)Lks
A(s, x)ds,

so (A.2) can be written as

−Lδx

∫ t̂2

t̂1

δu(s)Lks
A(s, x)ds.

Also, we have that

(A.5) =
∫ t̂2

t̂1

(∫ r

t̂1

(∫ t̂2

s

η̂(s)δu(r)δu(τ)LkrLkτ ĉs(x̂2)dτ
)
ds

)
dr

=

∫ t̂2

t̂1

(∫ t̂2

t̂1

(∫ τ

t̂1

η̂(s)δu(r)δu(τ)Lkr
Lkτ

ĉs(x̂2)ds
)
dτ

−
∫ t̂2

r

(∫ τ

r

η̂(s)δu(r)δu(τ)Lkr
Lkτ

ĉs(x̂2)ds
)
dτ

)
dr;

noticing that
∫ τ

r

η̂(s)ĉs(x̂2)ds = A(τ, x̂2)−A(r, x̂2), we obtain that

(A.3) − (A.5) =
∫ t̂2

t̂1

(∫ t̂2

t̂1

δu(r)δu(τ)LkrLkτA(τ, x̂2)dτ

)
dr

+

∫ t̂2

t̂1

(∫ t̂2

r

δu(r)δu(τ)Lkr
Lkτ

(A(r, x̂2)−A(τ, x̂2))dτ

)
dr
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=

∫ t̂2

t̂1

(∫ r

t̂1

δu(r)δu(τ)LkrLkτA(τ, x̂2)dτ

)
dr

+

∫ t̂2

t̂1

(∫ t̂2

r

δu(r)δu(τ)Lkr
Lkτ

(A(τ, x̂2) +A(r, x̂2)−A(τ, x̂2))dτ

)
dr

=

∫ t̂2

t̂1

(∫ r

t̂1

δu(r)δu(τ)
(
Lkr

Lkτ
+ Lkτ

Lkr

)
A(τ, x̂2)dτ

)
dr.

Analogous computations show that

(A.4) − (A.6) =
∫ t̂2

t̂1

(∫ t̂2

r

δu(r)δu(τ)L[kr,kτ ]A(r, x̂2)dτ
)
dr.

Summing up the addenda, we obtain the expression (4.10).
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