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Abstract

The search for quantum algorithms to tackle classical combinatorial optimization problems has
long been one of the most attractive yet challenging research topics in quantum computing. In this
context, variational quantum algorithms (VQAs) are a promising family of hybrid
quantum-—classical methods tailored to cope with the limited capability of near-term quantum
hardware. However, their effectiveness is hampered by the complexity of the classical parameter
optimization which is prone to getting stuck either in local minima or in flat regions of the
cost-function landscape. The clever design of efficient optimization methods is therefore of
fundamental importance for fully leveraging the potential of VQAs. In this work, we approach
parameter optimization as a sequential decision-making problem and tackle it with an adaptation
of Monte Carlo Tree Search, a powerful artificial intelligence technique designed for efficiently
exploring complex decision graphs. We show that leveraging regular parameter patterns deeply
affects the decision-tree structure and allows for a flexible and noise-resilient optimization strategy
suitable for near-term quantum devices. Our results shed further light on the interplay between
artificial intelligence and quantum information and provide a valuable addition to the toolkit of
variational quantum circuits.

1. Introduction

Overcoming the limitations of classical computing for problems hard to solve on classical machines, typically
those requiring exponentially large resources, has been one of the main drives behind the development of
quantum computation since the first pioneering works on quantum algorithms. Indeed, some celebrated
examples, such as Grover’s algorithm for unstructured search [1], its generalization to more complex
problems such as amplitude estimation [2] and minimum finding [3], and Shor’s algorithm for

factorization [4] display significant speedup over classical methods, motivating further research in the quest
for quantum advantage. However, the realization of fault-tolerant quantum computers, a prerequisite for
fully exploiting this potential, remains a formidable challenge. In the interim, leveraging available technology
necessitates exploring alternative strategies, such as variational quantum algorithms [5-8] (VQAs), to
harness the computational power of current quantum devices.

VQAs employ a hybrid approach, combining classical optimization loops with (shallow) parameterized
quantum circuits, offering a practical means of quantum computation with existing hardware. In the last
years, they have been at the center of intense research activities and their proposals range from quantum
optimization [6, 9] and ground state preparation [10-12] to quantum compiling [13, 14] and quantum
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machine learning [15-17]. Designing efficient methods capable of dealing with hardware noise, for the
classical optimization of the variational parameters, is crucial for their success. In this work, we propose a
framework inspired by artificial intelligence techniques displaying remarkable resilience against noise.

One of the most used algorithms in the VQA family is the quantum approximate optimization
algorithm [11, 18-24] (QAOA), which aims at finding an (approximate) solution to a classical combinatorial
optimization problem mapped onto a cost Hamiltonian H¢, diagonal in the computational basis. To find its
ground state, which minimizes the energy and thus also the classical cost function, QAOA starts from the
ground state of an auxiliary mixing Hamiltonian Hy,. Typically, one chooses Hy; = ), o7, as its ground state
|+)®" is easy to prepare and has a uniform weight on each state in the computational basis. Then, QAOA
prepares the variational state

P
‘77ﬁ> — He—i,@iHMe—i’y;Hc‘_;'_>®n , (1)

i=1

where P sets the circuit depth and (-, 3) is the array of variational parameters. Their optimal value is found
by minimizing Fp(7,3) = (v, 8|Hc|v,8). QAOA has been applied to a wide range of problems, both
classical and quantum, and many approaches have been proposed to improve its original formulation [23].
Examples include several heuristics to improve the parameter optimization [21, 25-28],
reinforcement-learning guided exploration of the energy landscape [29, 30], and addition of further unitary
operations to make the ansatz more expressive [31-34].

Despite the flexibility and popularity of VQAs, one of their main weaknesses appears in the classical
optimization loop [35], which may suffer from hardware and measurement noise or the presence of flat
regions in the cost function, known as barren plateaus [36]. Indeed, both effects either slow down the
exploration of parameter space or prevent it from escaping local minima, in particular when the classical
optimization algorithm relies on the gradient of the cost function. To tame these issues, gradient-free
approaches have been suggested as appealing alternatives for the practical implementation of VQAs.
However, even local minimization methods based on finite differences (also known as pseudo-gradient
methods) suffer from the exponential scaling of resources when facing barren plateaus [37]. True
gradient-free global optimizers are promising candidates to overcome such difficulties. Among these,
reinforcement-learning [38] inspired approaches emerged as intriguing choices, both for the parameter
optimization [29, 30, 39] and circuit design [32, 40].

In this context, Monte Carlo Tree Search [41] (MCTS) appears as a compelling gradient-free and robust
optimization method for VQAs in the presence of noise. Being the backbone of many recent achievements in
machine learning of complex combinatorial games, most notably chess and Go [42], MCTS has gained
substantial fame and has been widely used for many different tasks across many different fields [43, 44]. As
such, MCTS has already been successfully applied in the context of quantum annealing schedule
optimization [39, 45], control problems [46] and circuit design [40]. Its problem-agnostic nature, the ease
with which it can be integrated into deep learning frameworks, and, fundamentally, the different approach to
the optimization task compared to more traditional algorithms, make it a promising candidate for enhancing
the performance of VQAs with complex parameter landscapes, such as QAOA.

In this work, we investigate the potential of MCTS in identifying optimal strategies for QAOA applied to
instances of the optimization versions of 3-satisfiability (3-SAT) and MaxCut, both NP-hard classical
optimization problems [47]. We show that a suitably modified version of MCTS offers a compelling practical
route to design robust optimal QAOA schedules, with exceptional resilience against noise in the cost
function. The crucial modification to MCTS aims at exploiting the parameter concentration and regularity
inherent in many optimal QAOA schedules [27, 48-50]. This version, which we denote as iterative
search-space restricted MCTS (SSR-MCTY), progressively builds the solutions at each depth P from the
previous optima, inspired by iterative methods presented in [11, 21]. On the opposite, we find that a vanilla
version of MCTS spectacularly fails in navigating the QAOA energy landscape already at a small circuit
depth. This happens because of the particular fractal-like structure of the leaf nodes, the endpoints of the
decision tree, where good strategies for QAOA are uniformly and sparsely distributed among bad ones.
Iterative SSR-MCTS drastically simplifies the leaf-node structure of the QAOA decision tree, allowing MCTS
to reliably find optimal schedules for different choices of the system size, circuit depth, or problem instance.
The combination of noise resilience, gradient-free optimization and good scalability in the quantum circuit
volume makes our results well-suited for applications in current quantum hardware.

Our work showcases the emergence of optimization complexity in VQAs from the unusual perspective of
sequential decision processes. Understanding the connection with other complexity estimators for the energy
landscapes of QAOA can further unravel the interplay between artificial intelligence methods and quantum
optimization, clarifying when the former provides valuable resources for NISQ devices.
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The rest of the paper is organized as follows. In section 2 we recap the general structure of MCTS
algorithms (section 2.1), describe the MCTS approach for QAOA (section 2.2) and explain the SSR variant
and its iterative version (section 2.3). In sections 3 and 4 we present our results on instances of 3-SAT and
unweighted MaxCut on 3-regular graphs, respectively. We draw our conclusion and present future outlooks
in section 5. Further results and analysis are presented in the appendices: in appendix A we briefly discuss a
combination of MCTS and gradient descent to construct a global optimization algorithm, in appendix B we
look at an example MCTS decision tree for QAOA, in appendix C we test the performance of various iterative
SSR-MCTS variants on noisy cost landscapes, and in appendix D we study the resource cost of our algorithm.

2. MCTS-guided QAOA optimization

In this section, we first give a brief introduction to the main concepts behind MCTS and its core elements.
Then, we frame QAOA as a decision process and investigate the peculiar structure that makes it unsuitable
for standard MCTS exploration. With this motivation, we describe in detail the modification needed to
simplify the tree structure and optimize the policy for tackling QAOA. A reader already familiar with MCTS
can skip directly to section 2.2.

2.1. Monte Carlo Tree Search

2.1.1. General concepts

A decision tree is a structure that represents the possible paths originating from a sequential set of discrete
action choices. Each branching point (node) of the tree represents a set of decisions taken insofar, while the
children of that node are the possible choices stemming from it. We denote the starting point of the tree as
the root node and the terminal states as leaf nodes. Each leaf node has an associated reward depending on the
success of that particular strategy. As decision trees grow exponentially with their depth, clever algorithms
are necessary to navigate such structures.

MCTS explores a given tree domain via random samples guided by some specified selection and playout
policies, to find a path down the decision tree that maximizes a reward associated with the task at hand [41,
43]. Starting from the root node, it incrementally builds an asymmetric replica of the parts of the tree
(branches) it deems most promising. The algorithm repeatedly runs a four-stage cycle, learning about the tree
by growing the part stored in memory. At the same time, it keeps track and continuously updates the
cumulative score w; of each stored node i and the number of times it has been visited by the algorithm ;.
The cycles stop when the allotted computational budget is exceeded, at which point the algorithm makes a
decision and suggests a strategy to follow. This usually corresponds either to the child node with the
maximum average score w;/n;, or the one with the highest visit counts #;. The larger the number of cycles,
the more complete the reconstruction of the tree will be, leading to more accurate statistics of the nodes and
improving the quality of the final choice. If the number of cycles is unbounded, MCTS is eventually
equivalent to a brute force search and the policy converges to the optimal strategy [44].

2.1.2. The MCTS cycle
The four stages of an MCTS cycle are (i) selection, (ii) expansion, (iii) rollout, and (iv) backpropagation.

i. In the selection stage, starting from the root, the algorithm travels the part of the tree stored in memory
by selecting for each node its child that maximizes a specified selection policy. The most common choice
is the Upper Confidence Bounds applied to Trees (UCT) policy [41, 43], which selects node a* among
the children of node i, A(7), such that

21nn;
a*:argmax{wa—&—C nn}, (2)

acA(i) | Ny n,

where 1; is the number of times the agent has visited the parent node i. The first term in (2) rewards the
exploitation of well-scoring paths, while the second one encourages the exploration of less-known
branches. The constant C balances the two terms. The selection stage runs until a node with a child not
yet added to the stored tree is selected.

ii. In the expansion stage, one unexpanded child of the node reached in the selection stage is expanded,
i.e. added to the tree in memory with a score and a visit count of zero, and the algorithm travels to the
newly expanded node.

iii. In the rollout stage, random moves are played from the newly expanded node, without expanding them,
until a leaf node of the original tree is reached. The reward associated with that leaf node is evaluated in
this stage.



10P Publishing

New J. Phys. 27 (2025) 043014 A Agirre et al

iv. In the backpropagation stage, the scores and visits are updated with the result from the rollout. The
algorithm travels back to the root node increasing the visit counts of the nodes along the path by one and
appropriately adding the reward obtained in the rollout to their cumulative scores.

The first two stages define the tree policy. They can be readily modified by changing the strategy of
selection used in (i), and the way or the number of children that are expanded in (i) [39, 51, 52]. The
remaining two stages, where the leaf nodes are sampled and the expected rewards of different branches are
updated, define the default policy of the algorithm. This policy can be modified by changing how the rollouts
are carried out, such as by making the playouts follow some task-specific heuristics [52—54]. Overall, MCTS
is independent of the specific problem it is facing, and can often be successfully used with very little
knowledge of the corresponding action space. In cases where the standard version fails, the loose definition
of its policies makes the algorithm highly flexible when developing problem-specific modifications [43, 44].

2.2. MCTS for quantum optimization

Using MCTS for QAOA parameter optimization requires formulating the task as a sequential decision
problem. A straightforward way to achieve this is to build a decision tree of depth 2P and branching factor b.
At each depth i € [1,2P] the algorithm must choose a value for the parameter 6;, where

0 = {,B1,...,7p, Bp}, out of b discrete options, 6; € {951), ey 91@ }, and the range of the parameters
depends on the spectrum and the symmetries of the Hamiltonians generating the parameterized unitary
operators. As we consider Hamiltonians with an integer spectrum, the variational parameters belong to the
compact interval [0,27). Moreover, since the cost function is real, it satisfies Fp(—~, —3) = Fp(v,3),
meaning that, if the different Gfk) are evenly spaced, for every path 6 there is an equivalent one where

Hi(k) — 27 — 91-(]{). Hence, we can restrict the domain of the first parameter to [0, 7], effectively halving the
size of the tree to a total of Ebzp W leaf nodes, without changing the discretization step.

This approach transforms a continuous optimization problem into a discrete one; however, we do not
expect it to affect QAOA performances significantly. Indeed, the algorithm’s efficiency is limited by the
complexity of the energy landscape and the structure of the decision tree, not by the impossibility of exactly
pinpointing the target minimum because it does not fall on the discrete grid. Yet, pathological cases might
exist where extremely thin minima (22, 55] and wide flat regions require more clever discretization schemes
than the regular ones.

Alternative formulations of the decision tree can also be devised, where the leaf nodes correspond to
coefficients of a discrete basis for continuous functions with a compact domain. These can parameterize both
smooth annealing schedules [39] or QAOA strategies [21]. Modulo minor differences depending on the
specific parameterization of the schedule, the tree size will grow exponentially in the number of variational
parameters. This is not a limitation for MCTS, as, in many cases, it is known to handle exponentially growing
domains exceptionally well [43].

As we rely on the variational principle for the optimization, the reward collected at each leaf node must
be related to the energy associated with the corresponding choice of parameters Fp(+y, 3). In this work, we
chose a nonlinear mapping 7(0) = e~*"*(9) for the rewards, with v/ chosen such that the reward starts rising
when energies at or below the typical ranges are considered, and the algorithm can properly gauge the
goodness of the parameters in the context of the problem at hand’.

In MCTS language, optimizing the QAOA parameters is a single-player game, meaning that no opposing
agent is trying to reach a different goal. This has some consequences for the optimal strategy choice: in a
two-player game, a meaningful strategy is based on the assumption that the opponent is trying to win as well,
and high-scoring paths based on counterproductive choices of the other agent are usually not worth
exploring [44]. This is not true in a single-player game, where the goal is maximizing the score considering
all eligible strategies. In view of this, we implement some changes to MCTS proposed in [57]. We first modify
the criterion with which MCTS decides the final move to play, by choosing the child that leads to the path of
the random simulation that obtained the highest reward. Second, we expand the highest-scoring path of each
turn all the way to the leaf node in between turns, thus ensuring that MCTS memorizes such good paths in
their entirety. The search still follows the UCT selection policy in (2) for the selection stage, which can under
or overestimate the potential of exploration of certain regions of the search domain. But with these changes,
we have the certainty that the final parameters MCTS chooses will be at least as good as those in the best
memorized sequence. In the following, we will denote this modified variant as MCTS-SP (single-player).

7 To ensure the theoretical bounds on the regret of the playing agent [56], the UCT selection policy with C = v/2 requires the rewards to
lie in [0,1], although this is not strictly necessary for MCTS to perform well, and should be studied on a case-by-case basis [52].
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In the following sections, however, we will still consider the standard version of MCTS. First, it is
interesting to see how it compares to the single-player variant and, second, we expect the single-player
modifications to no longer be beneficial in some particularly relevant cases, such as when considering a noisy
cost landscape (see appendix C). In this noisy situation, the task loses its deterministic nature, and the
memorized parameter sequences will likely contain inaccurate expected rewards, making the standard final
choice criteria more appropriate, and rendering path memorization irrelevant.

2.3. Iterative search-space restricted MCTS

MCTS has been proven to work well for optimizing annealing schedules [39], although gradient-descent
algorithms perform slightly better in idealized settings (noiseless and smooth cost functions), thanks also to
the continuous parameter spaces [45]%. However, in our study, we found that standard MCTS is unsuited for
QAOA as soon as P > 1. The modified single-player version obtains improved results but quickly fails to
learn good strategies too, even in shallow circuits, as we will discuss later on in section 3. Therefore, MCTS
needs to be adapted further to perform well in QAOA parameter optimization, leveraging on the structure of
its energy landscape.

In this section, we describe how to modify the standard MCTS algorithm to successfully tackle QAOA.
The core idea is not to modify the MCTS algorithm per se, but to progressively modify the space of eligible
strategies. We call this method iterative search-space restriction (SSR). It consists of constraining the action
space of the decision tree nodes as the circuit depth P increases, according to the knowledge of previous
solutions for P — 1. Indeed, QAOA optima often display regular structures and patterns in the optimal
parameters [11, 21, 30, 49], look ahead to figure 4(b) for an example. This property stems from the presence
of optimal discretized quantum annealing schedules, which are typically robust with respect to small
parameter changes in the Hamiltonian, system size, and number of time steps. These regular patterns appear
as a monotonic increase (decrease) of the y; (5;) with the discrete-time index i, approaching a continuous
function as P — co. Hence, when increasing the number of layers, the new optimal parameters typically
resemble a finer interpolation of the optimal schedule for the previous circuit depth.

For problem types/instances that exhibit these properties, we can implement an SSR-MCTS step in the
following way: suppose that, for a depth P, the optimal parameters 8™ = {~{,57,...,7p, 55 } are known. We
then let MCTS search for the optimal P + 1 parameters 6 = {35, 6%,... VPt B};H} in a mesh of b discrete
values per parameter within

i€ [y (1 =3ps1) 7 (14 0p10)]
B; € (B (1= 0p11), B (1+ 6p1)] (3)

where i € [0, P + 1]. The values for 55, 75, 85, and vp_, can generally be heuristically chosen values that
limit the range of the new parameters, and dp; is a softening constant that specifies how much MCTS is
allowed to search beyond the bounds of the restricted regions of parameter space for depth P+ 1. An
example of a P =3 to P =4 search-space restricted search, with d, = 0, is depicted in figure 1.

This method can be employed to look for the optimal QAOA angles one layer deeper when we know the
optima for the previous depth, and its iterative application starting from P = 1 allows for a systematic
restriction of the action space by gradually increasing the number of parameters, without any prior
knowledge of the optimal schedule. In this way, the parameters suggested by SSR-MCTS at depth P are used
to determine how the P + 1 search is restricted. The different dp for each step can be adjusted to relax the
restriction and help the algorithm correct its potential inaccuracies in previous circuit depths’. In this
iterative case, the boundaries of the first and last parameters (i=0and i = P+ 1) do not need to be specified
and can generally be unrestricted, i.e. set by the bounds of the original P = 1 action space'?. This procedure is
independent of the particular Hamiltonian instance H¢ one is facing: as the number of QAOA layers
increases, it progressively generates a restricted action space tailored to the problem at hand, learning the
structure of the parameter space from previous iterations.

As we will see in subsequent sections, SSR-MCTS makes the energy landscape seen by the MCTS agent
easier to navigate, as regions of the parameter space that are uninteresting or even hindering the optimization

8 We expect the real potential of MCTS as an optimizer to lie in robust handling of noisy or complex cost-landscapes where gradient-
descent optimizers are prone to get stuck in local minima.

9 To make the method fully adaptive, one might introduce automatic ways to control the softening constants during the restriction pro-
cedure, which within the present implementation have to be set manually.

10 In cases where their optimal values vary slowly with P and high circuit depths are considered, the restricted regions of the first and last
parameters would shrink much slower relative to the others, potentially causing them to lose the required resolution to select a value close
to the optimal one. This could be easily circumvented by increasing (decreasing) the first (last) boundary values for the edge parameters
to lie at most a fixed distance away from the previous optima, e.g. v, | would become 5, | — (75, — 75 ), for some e < 1.
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Figure 1. Example of a search space restriction step (with §4 =0 and b= 21) when the depth is increased from P=3 to P=4.
Each point in the plot represents a pair of parameters (-y;, 3;) and the arrows indicate the direction of increasing i for the
parameter pairs. The SSR-MCTS algorithm only searches for the P = 4 optimal parameters (orange) within the grid points of the
highlighted green rectangles, which are generated from the P =3 optima (blue). In this example with §4 =0, all of the space
outside of the green rectangles is not seen by SSR-MCTS.

task are gradually discarded. The complexity reduction of both the decision tree and the associated energy
landscape is particularly evident when P is large. Indeed, the regularity regions become smaller as P
increases, while the branching factor remains unchanged, making the discretization of the parameters finer
at each step. Pictorially, it can be seen as zooming in the region around the target minimum with greater
resolution at each iteration. For this reason, and despite this progressive simplification of the decision tree,
SSR does not affect its exponential scaling with P; in fact, after the first run, the restriction generally breaks
inversion symmetry, effectively doubling the number of leaf nodes, with our formulation of the problem.

To keep the overall computational cost under control, we will consider MCTS with a number of function
evaluations growing linearly with the circuit depth, leading to an overall quadratic scaling for iterative
SSR-MCTS starting from an unrestricted P =1 search.

3. Results—3-SAT

3.1. The 3-SAT problem

As a first benchmark for the MCTS-guided quantum optimization, we consider instances of boolean 3-SAT
problems. 3-SAT is one of the most well-known NP-complete problems [58] and a standard benchmark for
quantum optimization algorithms [39, 59]. Given a set of n classical binary variables x; € {0, 1}, it consists in
finding whether a particular assignment x* exists such that a boolean expression consisting of a logical
conjunction of m clauses

is satisfied. In 3-SAT each clause is a disjunction of three literals C, = I, VV I, V I,,, with l; being x; or its
negation —ux;, where i = a; is the index of the jth bit entering clause C,. The hardness of the satisfiability
problem depends on the density of clauses o = m/n. It is in the vicinity of o, ~ 4.3, where 3-SAT has a
well-known phase transition from satisfiable to unsatisfiable instances [60], that a backbone of strongly
constrained variables emerges and one finds the hardest problem instances, with which existing 3-SAT
solvers struggle the most [61].
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A given instance ¢ can be encoded into a quantum Hamiltonian as

m

1
HC - Zg (]l +ga10';1) (]l +g”20-22) (]1 +gﬂ3023)’ (5)

a=1

where the sum runs over all clause indices, o7 represents the Pauli operator corresponding to the jth bit in
clause a, and with g, taking the value +1 if the corresponding variable enters the problem statement (4) as
the negation —x,,, or —1 if it enters as x,, instead. Equation (5) generates long-range interactions with up to
three-body terms, which require careful embedding to be encoded in present-day quantum hardware [62].
Typically, they can be mapped with polynomial cost onto effective Ising Hamiltonians with equivalent
low-lying states [63].

The expectation value of the cost Hamiltonian equation (5) gives the average number of unsatisfied
clauses in the state under consideration. Finding the ground state of said Hamiltonian is thus equivalent to
solving the NP-hard optimization version of the corresponding 3-SAT problem, also known as
MAX-3-SAT [58], where the (harder) task is finding the bitstring that violates the minimum number of
clauses. Clearly, this also solves 3-SAT, as the problem is satisfiable if and only if the ground state energy is
zero. The phase transition of MAX-3-SAT happens for similar clause densities to «, although it affects the
hardness of the problem differently''. Even though we are technically solving MAX-3-SAT, in the following
we will refer to the problem instances as 3-SAT instances) as it is customary for the sake of convenience.

In this work, we work with a set of 3-SAT instances with o = 3, each with a unique bit-string satisfying
equation (4). Despite this density of clauses being lower than the threshold for the complexity phase
transition in the thermodynamic limit [60], having a non-degenerate ground state makes the optimization
hardness comparable to random problem instances in the critical regions [39, 64]. From a quantum
annealing perspective, this is reflected in the quantum Hamiltonian having an energy gap that decreases
exponentially with the qubit number, making annealing unfeasible for large systems. 3-SAT is known to be a
formidable problem for QAOA, requiring large circuit depths to reach the ground state with high fidelity
(P 2 45 for 0.95 fidelity on 6 qubits [65]). However, as long as the projection over the ground state is large
enough, an approximate optimization is sufficient to sample it with a finite probability. As deep variational
circuits are unfeasible for current hardware, we will limit the number of layers to P < 10. As a mixer
Hamiltonian for QAOA we use a transverse field

Hy=>) o7, (6)

which we adopt throughout this paper. The code was developed using the open-source QuTip library [66,
67] and is available in [68]. The data supporting our findings are available in [69].

3.2. Unrestricted MCTS vs SSR-MCTS

Let us now test MCTS’s ability to select good QAOA strategies for 3-SAT problems. Based on the discussion
presented in section 2, we have four optimizer variants: vanilla MCTS, MCTS-SP, iterative SSR-MCTS, and
iterative SSR-MCTS-SP. In figure 2, we report their performance, measured with the variational energy at the
end of the optimization, as a function of the number of QAOA layers. The data refer to an example 3-SAT
instance with n =7 qubits. The most striking feature is that vanilla MCTS fails spectacularly as soon as P > 1.
The single-player variant mildly improves the performance, but again fails already for a modest circuit depth
P =4. On the other hand, iterative SSR completely changes the algorithm’s effectiveness, making the ground
state approximation more and more accurate as P increases, and the single-player modifications now further
improve the overall performance of iterative SSR-MCTS. This behavior appears consistently across all tested
instances and problem sizes.

The dramatic effect of SSR already at P =2 is due to its impact on the leaf-node structure. To appreciate
it, in figure 3 we compare the energy distribution among the leaf nodes for a depth P =2 when MCTS has the
unrestricted [0,27)%" space to search in (a), with SSR generated from the P = 1 optima in (b). Each leaf node
can be identified by a tuple composed by its energy difference to the optimal choice Fp(8) — Fp(0™), the
corresponding tree distance d(60,0™) (a measure of the deviation from the path of the optimal leaf, defined

11 The hardness of MAX-3-SAT also depends on the clause density «, and one expects a phase transition to occur for some a < a,
as MAX-3-SAT subsumes the complexity of 3-SAT. As v increases past o, and the problem instances become more and more over-
constrained, the hardness of MAX-3-SAT, unlike that of 3-SAT, never decreases. Such high clause densities make it easy to find that
problem instances are unsatisfiable, but very hard to find their optimal bitstrings. We have gone from an easy-hard-easy type of transition
for 3-SAT to an easy-hard one for MAX-3-SAT [61].
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Figure 2. Comparison of the performance of different versions of MCTS on a n = 7 example 3-SAT instance. Energies of the final
states are shown as a function of circuit depth for vanilla MCTS (blue), MCTS with single-player modifications (orange), iterative
SSR-MCTS (green), and iterative SSR-MCTS with single-player modifications (red). The number of MCTS cycles increases
linearly with P.
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Figure 3. Distribution of all leaf nodes in the tree representing all possible combinations of parameters MCTS can choose for a
circuit depth of P=2 and a branching factor b = 30, in an example 3-SAT instance. (a) Leaf nodes from the full parameter space
(up to inversion symmetry), (b) leaf nodes within the restricted parameter space defined according to the P =1 optimal angles.
Each leaf node is represented according to its difference in energy and tree distance (defined in appendix B.1) from the optimal
node (F»(0) — F,(6*),d(0,0)), and the color of each leaf node represents the sum of the corresponding QAOA parameters
(run time). The nodes corresponding to the best possible sets of parameters are the ones on (0,0), the bottom-left corners of the
figures. For each of the two cases, we also show the five leaf nodes selected by both standard MCTS (blue crosses) and MCTS-SP
(orange diamonds) after five runs, each with different numbers of MCTS cycles per turn. The symbols in the squares correspond
to the results with the fewest number of cycles, and the lines connect the leaf nodes in order of increasing cycle numbers in the set
{200,600, 1000, 1800, 3500}
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in appendix B.1), and the effective run time 7 = ) _,(|7i| +|/3i|). Figure 3 shows the relation between these
quantities.

Comparing the two panels, the effect of SSR emerges strikingly, as it deeply modifies the correlation
between energy and distance from the optimal strategy. In panel (a) there are many leafs with high energy
but a small distance from the absolute minimum, meaning many low-energy nodes can be effectively hidden
among siblings with undesirable energies. This makes gauging the quality of different moves very challenging
for MCTS. Furthermore, in the case of the standard variant, even when the algorithm eventually finds a path
leading to some optimal leaf node, its contribution to the exploration of the tree in future cycles and to the
final chosen move is almost inconsequential: the optimal leaf node was most likely sampled very late in the
search to modify the nodes’ average scores (and subsequent search paths) significantly. Indeed, this feature is
exactly one of the main factors that make MCTS struggle in single-agent contexts [43], suggesting that its
performance might benefit from tailored policy modifications'”.

If we look at SSR in panel (b), instead, a large energy difference also corresponds to a node far from the
optimum. This means that good paths down the tree are more concentrated in particular branches and can
be reached via similar parameter choices in the early turns of the game, making MCTS able to discover and
learn strategies to navigate the cost landscape adeptly. The energy interval spanned by the possible QAOA
schedules is also reduced, notice the difference between the scales on the x-axis. SSR gets rid of all terminal
nodes corresponding to excessively large run times and highly excited states, thus focusing on the parameter
region where fast-running and low-energy minima reside. More details on the leaf node structure are given
in appendix B.

The difficulties of vanilla MCTS persist if one tries to improve its performance by increasing the number
of cycles. An example is provided by the set of blue crosses in both panels of figure 3. Starting from 200
MCTS cycles per turn (boxed cross) we increase this number to {600, 1000, 1800,3500}. The links connect
MCTS results with a growing number of cycles. When MCTS has to search through the whole parameter
landscape, panel (a), it typically gets stuck on leaf nodes far away from the optimal one. On the contrary, it
consistently finds well-scoring nodes near the optimal one for the SSR case.

Single-player modifications (orange diamonds) can partially cure this problem, or enhance the
performance of SSR-MCTS. In the problem represented in figure 3, MCTS-SP approaches the optimal leaf
node as the number of cycles is increased both with and without SSR. This modified version, however, relies
on finding the optimal leaf nodes within the rollout stages, which we expect to become exponentially harder
in the non-SSR case, as the number of leaf nodes and local minima increases with circuit depth. This makes
this single-player modified version only usable in practice to find the minima for low-depth QAOA unless
iterative SSR is employed to find regular parameters; indeed, its performance plummets with increasing
depth, and it fails already for P =4 (see figure 2) unless we allow the number of cycles to grow exponentially
in P.

3.3. 3-SAT with iterative SSR-MCTS
Now that we had a glimpse into the importance of search-space restriction for transforming the QAOA
decision tree into one that MCTS can efficiently find optimal strategies in, let us delve into more details of
the iterative SSR-MCTS protocol we use. In each run, the algorithm performs 1000 initial cycles plus 800
more per turn, excluding the final one, while selecting the parameters. The last parameter to choose does not
require further stochastic rollouts since the best move can be selected straightforwardly. Hence, even though
the search space scales exponentially with P, the number evaluations of Fp(+y, 3) only increases linearly with
growing circuit depth, ng, = 1000 + 800(2P — 1), as two new turns are added at each subsequent P.
See appendix D for an analysis of the performance dependence on the number of training cycles. We set
C = /2 in the selection policy and v = 1/2 for the exponential mapping between energy and reward
discussed in 2.2. At each depth P, the range of the parameters is bounded according to the parameters
proposed for the previous depth, and a branching factor of b = 30 is used to build the tree within the
restricted space. The boundaries are softened with the values 6 = {0,0,0.1,0.05,0.04,0.03,0.02,0.01,0.01},
where Jp indicates how much the search is allowed to search outside of the regular regions at depth P,
according to (3). We fix §; = 0 since we are already considering the entire space at the shallowest depth, and
0, = 0 because we expect the algorithm to find the P =1 optimal parameters in every case. We set a nonlinear
decrease of §p with the circuit depth when P > 2.

Figure 4(a) reports the results for QAOA with iterative SSR-MCTS for different 3-SAT instances of
varying problem sizes n = 7, 9, 11 and m = 3 clauses. Each data point is the average over 15 problem
instances, while the shaded areas indicate their standard deviation. The algorithm performs reliably as n

12 There are also cases in which the standard algorithm performs well in single-player domains, look at [41, 70-72], but unrestricted
QAOA parameter optimization, as a hard deterministic single-player game, happens to not be one of those games.
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Figure 4. (a) Average energies obtained with the iterative SSR-MCTS algorithm for different problem sizes for 3-SAT as a function
of the circuit depth. The energies for each n are averaged over 15 problem instances, each with a clause to variable ratio &« =3 and
one unique satisfying ground state. The algorithm performs 1000 + 800(2P — 1) cycles at depth P. (b) Example QAOA angles
chosen by iterative SSR-MCTS to approximate the ground state of an example n =9 3-SAT instance at different circuit depths. The
parameters from P =1 to P =5 are shown on the top panel, and the P=9 to P = 10 ones on the bottom panel. The visualization
of the parameters is similar to that of figure 1, with the parameter indices increasing from bottom-right corners to top-left ones.

increases, as shown by the monotonic decrease of the cost function Fp(+y,3) as a function of the depth P. The
energy remains high, centered around the lowest excitation, because of the known reachability deficit for
QAOA applied to satisfiability problems [65].

The effect of SSR on the QAOA schedule can be appreciated from figure 4(b), where we show an example
set of parameters chosen by iterative SSR-MCTS for different depths on a 3-SAT instance with n=7. Each
dataset is a sequence (/3;,;) with the first pair corresponding to the point closer to the lower-right corner of
the plot. As P increases, the optimal parameters clearly approach a regular behavior, linked to optimal
digitized-quantum-annealing schedules and known to be associated with optimal minima strategies robust
with respect to small parameter and size variations [11, 21, 30]. While iterative SSR is the analog of other
iterative optimization methods of QAOA parameters [11, 21] in the context of MCTS, it is remarkable that it
completely changes standard MCTS performance already at P = 2. While the regularity at large circuit depth
is expected, its appearance is noteworthy when the search space is only moderately restricted.

3.4. Noisy rewards

A key aspect of any optimization strategy is its capacity to handle noisy energy landscapes. This is particularly
relevant in practical implementations of VQAs, where expectation values are derived from measurements
with stochastic outcomes. Additional qubit errors in the quantum circuit further complicate the search for
optimal parameters. In this work, we focus solely on measurement noise and defer a more comprehensive
analysis to future research. As monitoring uncertainty can be mitigated by increasing the number of shots, in
the following, we explore the robustness of SSR-MCTS under varying levels of measurement noise.

We model the measurement uncertainty by introducing a random Gaussian variable to the rewards
during the rollout phase of each MCTS cycle. Consequently, the algorithm must select variational parameters
based on noisy data accumulated in the statistics of the decision tree. Specifically, we use random variables
N (0,n,) with zero mean and a standard deviation determined by the noise level n;. This addition modifies
the reward function as Fp(8) — Fp(0) + N (0, ;). For evaluation purposes, the final assessment does not
include this random noise. MCTS generally handles noisy rewards well though its effectiveness can vary based
on factors like noise intensity, problem structure, and algorithm implementation [44]. The relevant energy
scale for comparing noise strength is the typical energy gap A between eigenvalues. As long as 1, < A,
MCTS should effectively distinguish between leaf nodes leading to states close to different eigenstates, as the
node scores are already subjected to uncertainty due to stochastic sampling. However, if the noise strength
approaches the gap n; ~ A, it can, in principle, significantly affect the estimation of optimal actions, making

10
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Figure 5. Energies given by the parameters chosen by SSR-MCTS for a hard instance of the n =7 3-SAT problem with a noisy cost
function. Results from three different steps are shown, P=1to P=2 (blue), P =3 to P =4 (orange), P =7 to P = 8 (green), each
with varying noise strength ;. 15 SSR-MCTS runs were performed for each noise configuration. The mean (circles with solid
lines), the standard deviation (shaded areas), and the best game (crosses with dashed lines) are shown for each. The horizontal
dot—dashed lines represent the optimal energy obtained at each step for n; = 0 and the vertical line marks n, = A.

it difficult to differentiate between strategies. In our 3-SAT formulation (see equation (5)), the energy units
correspond to the number of violated clauses, with the minimum relevant energy gap being A = 1.

To test the protocol’s robustness against noise, we focus on the hardest 3-SAT instance (smallest energy
gap in a QA setting) with n =7 and repeat 15 SSR-MCTS runs, without the single-player modifications
(see appendix C for a comparison with other variants and COBYLA [73]), for 3 different jumps on P
between 1 and 8, and n, € [0,1.5]. Remarkably, MCTS has no issues finding the optimal parameters as it is
able to average out the noise over different cycles even for large noise strengths 1, 2> A, as we show in
figure 5. As the noise strength is increased, the average performance gets mildly worse (full circles with solid
lines) but it is often able to find very good parameters in one of the runs. Indeed, the best results out of the 15
repetitions (crosses with dashed lines) drift away even more slowly than the average from the noise-free
QAOA energy, as 1, increases. This remarkable robustness makes iterative SSR-MCTS well-suited for
applications in noisy quantum devices, as it does not rely on gradient estimations and the uncertainty on the
reward estimate can be easily taken into account when designing how the leaf nodes are sampled.

4. Results—unweighted MaxCut

To confirm that our results are not unique to 3-SAT, we repeat the performance analysis on unweighted
MaxCut instances. MaxCut is another prototypical NP-hard optimization problem, extensively studied in
QAOA contexts [18, 21, 76-78]. It consists in classifying the vertices V of a graph G(V, E) into two sets such
that the number of edges in E joining vertices between the different sets is maximal. The problem
Hamiltonian for MaxCut can be expressed as an antiferromagnetic Ising model on G,

1
He= Z 5 (]l —|—Uizajz> , (7)
<i,j>€E

with each ferromagnetic edge carrying an energetic penalty of 1 unit. The size of the cut for a configuration
|o) with energy £ = (o'|Hc|or) on a graph with Ng edges will be given in this representation by

C(€) = N — £. The ground state energy &, thus gives the maximum cut Cyox = C(&)). A common figure of
merit for MaxCut is the approximation ratio r, which for an energy £ is defined as

r(€)=—-— (8)
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Figure 6. Energy differences from ground states (dashed blue curves) and the average approximation ratio 7 (orange curve)
obtained with iterative SSR-MCTS vs the circuit depth P for MaxCut problems on unweighted 3-regular graphs with n =10
vertices. The data was obtained using the 19 possible non-isomorphic connected 3-regular graphs with 10 vertices. The dotted
horizontal line represents the performance guarantee of the Goemans—Williamson algorithm for 3-regular graphs, r* ~ 0.9326
[74,75].

such that r =1 if the optimal cut is found. In figure 6 we show the results of iterative SSR-MCTS for 19
MaxCut problem instances on # = 10 unweighted 3-regular graphs. We plot both the energy for each
individual instance (blue crosses) and the average approximation ratio over all instances (orange circles). The
latter is compared to the performance guarantee of the Goemans—Williamson (GW) algorithm [74, 75],
which is a standard classical reference for MaxCut problems. The convergence to the ground state is smooth
with increasing values of P, similar to what we observed for 3-SAT problems.

The accuracy of iterative SSR-MCTS is qualitatively similar to the results obtained with warm-start
gradient descent approaches [21]. At P =4, both optimization strategies of QAOA schedules beat, on
average, the GW algorithm. At larger values of P, when E — 0, the discretization of the parameter space
marginally limits the performance of our method, preventing the algorithm from reaching the exact ground
state (r = 1) even if reachable by the variational QAOA ansatz. For instance, at # =10 and P = 10, we find
1 —r~0.01, one order of magnitude larger than [21]. A larger branching factor in the decision tree would
result in a finer resolution of the parameters, which mitigates this limitation at very small residual energies, at
the cost of making the tree exploration more resource-expensive. Furthermore, improved search-space
restriction schemes for the edge parameters, such as searching a limited distance from the previous optima as
suggested in section 2.3 or making the discretization non-uniform (finer closer to the previous optima),
could be another step in fully optimizing the performance of iterative SSR-MCTS for deep circuits. In
general, however, we can not expect MCTS to outperform gradient-based algorithms in ideal simulations
where the cost-function is noiseless and the energy landscape have only a few smooth minima, such as the
regular MaxCut instances tested here. In experiments, instead, it can be advantageous because of its resilience
against unavoidable noise. Furthermore, with single-shot measurements, sampling the ground state with
high probability does not require perfect fidelity with the final variational state.

5. Conclusions and outlook

In this paper, we analyzed the performance of MCTS as a gradient-free optimizer for QAOA variational
parameters. Despite its success in designing optimal schedules for quantum annealing [39], vanilla MCTS
fails when faced with the complex energy landscape of QAOA. This complexity emerges as fractal-like
decision trees, characterized by the close proximity of low- and high-energy leaf nodes, where it is impossible
to discriminate between good and bad branches in polynomial time reliably. We overcame these difficulties
by restricting the search space of QAOA parameters based on the knowledge of optimal parameters obtained
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for shallower circuits and leveraging the well-known presence of regular schedules in QAOA [11, 21, 27, 30,
49, 50]. By testing it on 3-SAT and MaxCut instances, we showed that iterative SSR-MCTS provides a
systematic way to optimize QAOA parameters within the MCTS framework. Preliminary numerical results
indicate its performance is comparable with other heuristic optimization methods while offering at the same
time great resilience against noise, suggesting it effectively accommodates both the potentiality and
limitations of NISQ applications.

Moreover, the flexibility of MCTS suggests further possible development. First, further modifications to
the tree policy can be envisioned to improve the performance and tailor it to specific VQA applications. For
instance, the algorithm would likely benefit from changes to the selection criterion itself [51], such as using a
different kind of policy entirely [79, 80] or modifying the UCT to favor the exploration of nodes with a large
reward variance [52, 81]. MCTS can also be efficiently integrated with neural networks [39, 42] to speed up
the nodes’ score evaluations and improve the transferability between different problem instances or sizes.
This will likely make the algorithm more robust at the price of a greater computational cost in the training
phase. Finally, we expect MCTS to be paired well with many modifications of QAOA as well as other VQAs.
Being problem agnostic and relying only on a well-defined reward (cost) function, which is a key ingredient
of VQAs, iterative SSR-MCTS represents a reliable workhorse to add to the toolkit of hybrid
quantum-—classical algorithms.

Optimizing VQA parameters is generally a challenging task due to features such as barren plateaus [36,
37] and the proliferation of local minima [28], which hinder efficient exploration of the energy landscape.
Warm initialization of variational parameters has been shown to mitigate these difficulties [82—84], and
iterative SSR-MCTS essentially follows a similar philosophy. Despite this common ground, standard
variational optimization and MCTS approach the problem from fundamentally different perspectives: The
former treats QAOA as a function optimization problem over a high-dimensional manifold, while the latter
frames it as a sequential decision-making process.

This distinction motivates further studies to investigate how the structural properties of the decision tree
in MCTS relate to the geometry of the energy landscape itself. In particular, could the observed
‘fractalization’ of the decision tree be indicative of the roughness or flatness of the energy landscape [55]?
Understanding such connections could offer deeper insights into the intrinsic difficulty of variational
optimization, as well as reveal new ways to exploit decision-tree structures to navigate complex landscapes
more effectively. Indeed, one might argue that the hardness of QAOA optimization is an inherent property of
the algorithm rather than a consequence of the optimization method used. However, reinforcement learning
approaches have been shown to uncover regular patterns in QAOA parameters that remain elusive to
traditional warm-started optimizations [30]. Given that MCTS can be viewed as a crude form of
reinforcement learning, it is possible that it could outperform direct energy landscape minimization in
certain cases where conventional optimizers struggle the most.

Furthermore, alternative strategies such as Bayesian optimization [85] and surrogate methods [86, 87]
have recently gained traction as powerful and robust tools for the classical loops of VQAs [88-90]. A detailed
comparison of their respective strengths and limitations, as well as an investigation of possible fruitful
combinations of these methods, would be instrumental in developing a more comprehensive toolkit for
hybrid quantum-—classical algorithms, enabling the selection of the most effective optimization method for a
given problem.

Another crucial aspect in the development of quantum algorithms for NISQ devices is their resilience
against errors and decoherence. These, indeed, typically degrade the performance of VQAs when the circuit
depth increases, even if the optimization loop is entirely done on classical machines [91]. For more realistic
applications, it is therefore important to understand whether iterative SSR-MCTS can cope with hardware
noise and still suggest meaningful strategies.

Addressing these issues will advance our understanding of the mutual enhancement between quantum
computing and artificial intelligence, and foster the development of quantum technologies.
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Appendix A. MCTS and gradient-descent: on possible hybrid optimizer variants

MCTS is an extremely versatile algorithm. The very loose definition of its selection and playout policies make
it very convenient to modify to suit the problem at hand or develop new alternative algorithms [43, 44]. In
this appendix, we showcase two of the many promising avenues opened by this approach for developing
MCTS-based optimizers to find optimal QAQOA strategies. The core idea is to use MCTS to survey at a coarser
resolution the QAOA energy landscape while a gradient-based local minimization, for instance the BFGS
algorithm [92], is tasked with finding the local minima. We look at two possible implementations.

In the first, as proposed in [39], MCTS simply suggests initial parameters for a subsequent
gradient-descent search, even when the schedule chosen by MCTS gives rise to a high energy. Indeed,
providing ways to efficiently initialize local (gradient-based) optimization is very valuable in the context of
the complex cost landscapes of QAOA, as it is well-established that randomly initialized QAOA tends to
converge to undesirable local minima [27]. We present a benchmark of this approach in figure A1, which
shows the results of MCTS-initialized gradient-descent searches using the standard BFGS [92] algorithm on
10 different instances of n = 7 3-SAT. For each instance, we consider the best result out of 10 runs of
MCTS-initialized QAOA. The MCTS-initialization improves the results considerably from standard MCTS,
showing that the parameters suggested by unmodified MCTS can, in fact, sometimes be on the slope leading
to a good minimum, and not necessarily stuck in a local minimum like the high energy seems to suggest.
This approach relies exactly on what makes MCTS fail in the first place, i.e. the ‘fractalization’ of the leaf
nodes. While it is hard for MCTS to identify an optimal strategy, it could potentially identify something that
is close enough in the parameter space to easily find it with a local minimization with continuous parameters
initialized at that point. The combined resources for the MCTS initialization and the subsequent BFGS
gradient descent, however, make this approach’s computational cost scaling unfavorable for large parameter
spaces.

The second alternative hybrid algorithm can be devised by modifying the rollout stage of MCTS. In this
version of MCTS, the reward of a leaf node corresponding to a set of QAOA angles, is instead extracted from
the energy given by the parameters obtained via a BFGS search starting from the parameters of the original
leaf node. Consequently, this version of MCTS sees the cost landscape as a collection of ‘flat’ surfaces, each
with a cost corresponding to its particular minimum, and extending to the whole basin of attraction of said
minimum. This is somewhat reminiscent of the basin-hopping algorithm for multi-variable optimization
[93], with the difference that the hopping dynamics occur naturally with MCTS.

We show the results obtained with this second algorithm in figure A2, comparing it to the iterative
SSR-MCTS for 10 n =7 problem instances. We find MCTS does not struggle within such landscapes for the
depths under consideration, at least with the problem size we are considering. The good performance
obtained by MCTS in these types of basin-based landscapes can be attributed to the fact that MCTS tackles
the exploration of the energy landscape in a different way than most local optimizers. Indeed, the latter start
from a random point in the parameter space and then update all variational parameters (or a batch of them)
by looking at the surrounding landscape. MCTS, on the other hand, sees the sequence (v, 3) as a particular
strategy on a decision tree, where at each layer the next move is chosen to maximize the probable future
reward and is less prone to get stuck in flat regions, as it samples other areas of the landscape and focuses on
the more promising regions. This variant also especially benefits from the single-player modifications
outlined in section 2.2. Concretely, sampling the lowest energy plateaus just once already implies that the
optimal set of parameters will be found by the algorithm.

However, running MCTS in this manner greatly increases the number of required function evaluations
for the same number of MCTS cycles, as each rollout requires a gradient-descent run. Nevertheless, the
simplified landscape also seems to reduce the number of cycles required for MCTS to choose good strategies,
although this does not make up for the vast increase in function evaluations given by the gradient-descent
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Figure Al. Average energies obtained with MCTS-initialized BFGS searches on 10 n =7 3-SAT instances (blue). 10 games of
standard (non-SSR) MCTS were run per instance, and the parameters suggested by MCTS were used as initial parameters of a
BFGS search. Only the best result out of the ten games of each instance contributes to the average. For one example instance, the
initial energies given by the MCTS search are shown (green ‘4’ markers), suggesting that parameters chosen by MCTS with large
residual energies can still be on the slope to a minimum with much smaller energy (green ‘<’ markers) in many cases.

1.6 1 —— Iter. SSR-MCTS (vanilla)

MCTS + BFGS reward evaluations
1.4 A
121 ‘

FP(77ﬂ)

0.8 A I
0.6 ‘

0.4 -

2 4 6 8 10
P

Figure A2. Energies of MCTS with BFGS reward evaluations (orange) and standard MCTS with iterative SSR (blue) averaged over
10 n =7 3-SAT instances. For this BFGS variant, a gradient descent search was run at each leaf node reached during the rollout
stages of MCTS. In this way, the algorithm sees a landscape made up of different flat plateaus with the values of all the minima,
which correspond to the regions from where the gradient points to that particular minimum. MCTS ran for just 100 cycles per
turn for each instance.

runs. With 100 MCTS cycles per turn, this algorithm is able to match the performance of iterative
SSR-MCTS for n =7 3-SAT, as seen in figure A2. This algorithm is, in a sense, similar in concept to the one
used in [32], where MCTS is used to propose Hamiltonian sequences for creating generalized QAOA ansitze,
and the goodness of a sequence is gauged by the energy of the final state obtained with the parameters
outputted by a gradient-based method for the given sequence; except, in our case, the sequence is fixed (we
use the standard QAOA one) and we employ this method which utilizes gradient-descent runs during the
rollout stages to optimize the parameters for that fixed sequence.

Both of these hybrid proposed methods have the advantage that the QAOA parameters they suggest are
no longer discretized and that they are not bound by any problem-dependent heuristic considerations.
However, the MCTS algorithm loses its main advantages, such as its gradient-free nature and remarkable
resistance against noise.
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Figure B1. (Top) All of the leaf nodes and their energy for P =2 with an unrestricted decision tree (b = 30) for an example 3-SAT
instance of n = 7 variables. The nodes are arranged as explained in section 2.2. The choice of the first parameter constrains MCTS
to one of the regions surrounded by the first-move boundaries (dotted vertical lines). The energy of the initial (|4-)"=7) state (red
dashed line) and the energy of the best leaf (green dashed line) are also shown. (Bottom) The leafs close to the optimal leaf node
and their corresponding energies. Here the second-to-last move boundaries are shown (dotted vertical lines), and the region with
leaf nodes with the optimal variational parameters up to the second-to-last one is highlighted in yellow. If the algorithm plays the
move that takes it to the highlighted leaf nodes, it will have the option of choosing the optimal set of parameters by making the
correct last choice for the remaining parameter within the highlighted region. The fact that the best-scoring leaf nodes are to the
left of each second-to-last move sector (corresponding to small 3,), agrees with what we would expect from such a structure that

benefits from an SSR, which sets an upper bound on ;.

Appendix B. Why standard MCTS struggles: structure of the decision tree with and
without SSR

In this appendix, we extend the analysis of the P =2 cost landscape that was discussed in section 3.2. As we
found out, SSR is a requirement for standard MCTS to perform well in the task of QAOA parameter
optimization. We expect this vast difference in performance between the two versions to manifest as clearly
distinct decision tree structures. We now look at the MCTS trees directly for the case of the example n =7
3-SAT instance that we considered in figure 3 in order to study how the action spaces themselves differ in the
unrestricted and SSR cases.
Figure B1 shows the energy difference from the optimal set of parameters for all of the 4.05 x 10°

available leaf nodes (possible combinations of the variational parameters) for the unrestricted case. In

figure B2 we represent the same feature for the §; = 0 SSR, with the restriction implemented according to the
previous depth’s optimal parameters. Notice that there are twice as many (8.1 x 10°) possible outcomes in
the SSR case since inversion symmetry can no longer be straightforwardly exploited. For both cases, we show
the energies of all leaf nodes and represent the corresponding first-move boundaries, which enclose the
regions that MCTS must choose between in the first turn, i.e. sets of leaf nodes sharing the same value of the
first parameter (v in our case). In addition, we also present a zoomed-in version of both figures, showing
the leafs close to the terminal node corresponding to the best approximation of the ground state within the
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Figure B2. (Top) Energy difference from the optimal leaf node for all leaf nodes of the SSR P = 2 decision tree (b =30) for an
example 3-SAT instance with n = 7 variables. The regions with fixed -y are enclosed by the first-move boundaries (vertical dotted
lines), and the energy of the optimal reference leaf (green dashed line) and the energy of the initial superposition state (red dashed
line) are also shown. (Bottom) Energy of the terminal nodes around the optimal leaf. The second-to-last-move boundaries
(dotted vertical lines) represent the regions where every parameter except the last one has been fixed, and it shows the energies
obtained with each of the b= 30 values of the remaining parameter. The optimal second-to-last move, which contains the optimal

leaf node is highlighted in yellow.

variational manifold. In these zoomed-in figures, we also show the second-to-last move boundaries, the

regions where all but the last parameter (3, in this case) have been fixed'”.
Visually, the two cases are vastly different. The unrestricted case shows a very complex and unpredictable

distribution of leaf nodes, where good strategies are likely hard to find. The best nodes are hidden in regions
where very badly scoring ones also exist, and the averaging of the UCT strategy makes standard MCTS blind
to these features in favor of paths that lead to mediocre leafs more consistently. The improvements due to
SSR can be argued qualitatively already from the structure of the energies in figure B1. There is one key
observation: to restrict this P =2 search space, we make use of the optimal parameters (5%, 3%) for the same
instance at P= 1. As such, 97 sets an upper bound on 7;, which means that the entire right part of the leafs
(those with ; > 7) in figure B1 will be discarded. Indeed, we see that these turn out to all be undesirable
leaf nodes. Furthermore, 3% sets a lower bound for (3, which in turn, means that the left part within each
first-move sector is filtered out, and, again, we see that it is the parts with high ; that house the best
minima. This qualitative argument can be extended all the way to the choice of the last parameter.
In the SSR case of figure B2, in contrast, visual inspection suffices to see that the leaf node structure
becomes much easier for MCTS to navigate: the first moves” quality is straightforward to estimate, with the
behavior of the leafs in each sector being consistent and more regular, compared to figure B1. In particular,

there are no hidden good minima among leaf nodes scoring worse on average. Notice also that the parameter
restriction already preselects a region of the variational manifold where the energy is always smaller than the

13 The different second-to-last boundaries in figures B1(bottom) and B2(bottom), correspond to cutaway sections with constant y, of
the remaining 2D cost landscape when all but the last two parameters have been specified. This gives rise to an almost self-similar-looking

structure, which slowly varies between different sectors.
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initial one, marked by the dashed red line. As we saw, standard MCTS can learn to very efficiently navigate
such spaces.

As a closing remark, it is important to note that a high difference in the index of two leaf nodes of these
figures need not necessarily indicate that the parameters of the two leaf nodes are far away from each other in
Euclidean distance in the space of the variational parameters. For this purpose, representing the leaf nodes as
we did in figure 3 is more appropriate. Below we give more details on the definition of the tree distance
employed in section 3.2.

B.1. Definition of tree distance
We end this appendix with the formal definition of the tree distance used to generate figure 3. For a depth i,
there are b possible values to choose for the corresponding variational parameter 6;,

0, {9}‘),...,95“}. (B.1)
A leaf node is defined by a set of 2P such choices, the indices of which we represent with ¢; € [1,],
0— {955079;@), 0 } (B.2)

We define the tree distance d between two leaf nodes given by configurations 6, 8" as the euclidean distance
on the indices ¢;, ¢/ of their defining parameters,

2P

(0,6 =" (c—d)". (B.3)

i
This is related to the (non-periodic'*) distance of the two points in 2P dimensional parameter space.

Appendix C. MCTS variants in the midst of noise

In the main text, we utilized standard SSR-MCTS (i.e. without the single-player modifications) to optimize
noisy cost functions (section 3.4). In this appendix, we briefly look at how other versions of our algorithm
fare within noisy landscapes. Apart from the standard MCTS algorithm (the one which makes the final
decision by choosing the child with maximum w; /n;, also known as max child), we also test the standard
algorithm with another widespread final move selection criterion known as robust child [44, 94, 95], which
chooses the child with the highest visit count n;, as well as the single-player variant introduced in section 2.2.
We also compare the different MCTS approaches with COBYLA [73], a gradient-free optimizer widely used
in VQAs and as a standard baseline comparison to other optimizers [90, 96, 97], despite not being
particularly optimized for noisy landscapes [90, 98]. We do not provide an explicit comparison with BEGS, a
standard gradient-based benchmark algorithm for noiseless optimization, as we found it unable to converge
even at the smallest noise setting that we considered.

Figure C1 shows how each of the three tested variants of MCTS and COBYLA perform in finding the
optimal parameters for search-space restricted P =2 QAOQOA on a single instance of 3-SAT with n =7 qubits
and increasing noise strength. For the MCTS variants, we report both the average performance with the
associated variance (continuous lines with solid marks and shaded areas) and the best result obtained out of
15 repetitions (dashed lines with crosses). For COBYLA we only report the best result out of 20 runs (dotted
black lines with crosses). In the noiseless case, the single-player variant performs best out of the MCTS-based
variants as expected, as it is able to reliably store paths that lead to well-scoring sets of parameters. It also
matches the quality of the COBYLA optimization, even though the latter explores a continuous energy
landscape. However, their performance quickly falls off as the noise strength is increased past 0.2A: the
memorized paths of MCTS-SP are no longer a reliable criterion for choosing moves, and COBYLA becomes
extremely unstable. Indeed, The single-player variant of MCTS is designed for deterministic action spaces, a
quality that is lost as soon as we add noise or errors into the reward evaluation. Interestingly, for strong noise,
the single-player variant converges to the energy of the P = 1 optimal parameters. We do not report data for
COBYLA beyond 1, = 0.4 as some points fall far outside the shown y-axis range.

The other two variants perform similarly, with a decisive improvement over the single-player variant and
COBYLA at strong noise. In the n; = 0 case, robust child seems to consistently choose worse schedules than

14 The periodic version of the tree distance can also be considered, although slightly harder to implement in the SSR case. For our analysis,
both the periodic and non-periodic versions gave qualitatively similar results.
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Figure C1. Comparison of the performance of different MCTS variants with varying noise strength. Average energy obtained with
the standard max child (blue circles), robust child (orange diamonds) and single-player variant (green squares), where the child
leading to the highest obtained reward is chosen. The crosses of each color represent the best game for each noise setting for the
corresponding variant. We also show the lowest energy obtained by COBYLA (black crosses) among 20 runs for each noise
strength (shown only up to 0.4). The SSR-MCTS results are averaged over 15 games for each noise configuration. The results
correspond to an example 3-SAT instance with n = 7. The horizontal red and green lines indicate the optimal energy given by the
P =1and P =2 optimal angles, respectively.

the other variants. In principle, robust child does not directly take the scores of the nodes into consideration
for the final move selection. This is a potential advantage in noisy environments as the nodes’ scores are
affected by noise directly, which might suggest it might be more stable than max child. However, the scores
also do affect how the nodes are chosen in the selection stage, which, in turn, influences the visit counts. The
worse performance of robust-child in the noiseless case might also indicate that the algorithm could benefit,
at least in this example case, from alternative energy-reward mappings or different C parameter values, to
increase the reward difference between different leaf nodes to make the search greedier and less horizontal,
and visit counts across sibling-nodes more varied.

Appendix D. Resource cost analysis

When designing optimization strategies for VQAs, the number of required queries to the quantum hardware
is an important figure of merit for assessing their performance. This also limits the circuit depths that are
realistically achievable, as a larger number of variational parameters also results in a larger required number
of function evaluations.

As an anytime algorithm [44], the number of times the cost function is evaluated ny., can be very easily
controlled with MCTS. The number of calls matches the number of MCTS cycles performed during the
game, times the number of shots needed for the desired accuracy, and they can be stopped at any point to
make the algorithm suggest a strategy. The minimum number of cycles that we can run without leaving out
any options are 2Pb (the depth of the tree times the branching factor), where the selected move at each turn
will be the child node which gave the highest score after running one random simulation from each of the b
children. Evidently, the results from such MCTS runs are bound to be very inaccurate. We also know that, as
the number of cycles grows to infinity, the algorithm eventually finds the optimal leaf node [44]. In general,
the training of machine-learning and AI methods is resource expensive and we expect MCTS to be no
exception. In the main text, we used a heuristically chosen scaling ¢, = 1000 + 800(2P — 1). Here we
elucidate the performance dependence on #¢.y, which can be used to balance between the algorithm’s cost
and its accuracy. Importantly, the ng., cycles do not need to be evenly distributed among the 2P choices that
constitute the final strategy. Indeed, we find that spending more time at the beginning of the process is
beneficial, as the first moves are critical for designing a successful schedule. Instead, optimizing the
parameters ‘deeper’ in the ansatz requires less exploration of the remaining part of the tree.

Figure D1 shows the performance of iterative SSR-MCTS with varying number of total MCTS cycles and
system sizes. The results in figure D1(a) are obtained with § =0 on a graph with n = 6 vertices (shown below
the main plot), while the softening is § = 0.02 in figure D1(b), where we run the algorithm with P =7 layers
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Figure D1. Average approximation ratio for MaxCut vs the total number of function evaluations during the optimization process
for the MaxCut problem on two unweighted 3-regular graphs: one with n = 6 vertices tackled with a QAOA ansatz of depth P=2
(a), and another with n =10 and P =7 (b). The data are averaged over 30 runs for each cycle number, the shaded regions show
the standard deviation and the crosses indicate the best approximation ratio obtained out of the 30 games. The approximation
ratios are calculated from the expectation values of Hc with (8). Below each of the two plots the corresponding unweighted
3-regular graph is shown. These were generated using [99].

on a graph with n = 10 (also shown below the plot). The branching factor is set to b= 30 in both cases. The
sizes of the trees in the two cases thus amount to 8.1 x 10° and 2.2 x 101 leaf nodes, respectively, out of
which the algorithm samples only #¢., (not necessarily unique) nodes. The two panels display an improving
performance as ¢, increases, both in the average and in the best-found approximation ratio. However, the
range in which r varies is rather limited, below 2%, and it would be significantly overshadowed by the
presence of noise. Hence, a few hundred cycles are enough to reach good approximations of the target state,
as the search-space restriction already limits the variational ansatz in a region close to the global minimum.
In particular, notice that in figure D1(b) SSR-MCTS already reaches r >> 0.95 for the minimum number of
cycles considered ng., = 420. Our results suggest that iterative SSR-MCTS is competitive against other
state-of-the-art algorithms, such as the Bayesian Optimization in [88]. The performance can be compared on
the same Max-Cut instance (n = 10 and P = 7), where SSR-MCTS obtains a better approximation ratio. A
comparison of the respective resource costs, however, is less straightforward as our algorithm leverages the
knowledge of optimal schedules on shallower circuits and, therefore, it depends on the details of the
implementation of the iterative procedure.

A resource-savvy implementation will invest more time in the optimization of low-depth ansitze and
progressively reduce the number of cycles per layer as P increases up to the desired accuracy or until the
energy no longer decreases. In cases where the number of function evaluations is an important limiting
factor of a particular experimental implementation of QAOA, the branching factor could also be reduced to
make the algorithm converge with fewer calls at the cost of the reachability of the SSR-MCTS algorithm.
These coarser results could also be used as good initial parameters for gradient-based runs (see appendix A).
Additionally, integrating MCTS with neural networks, as done in [39] for annealing schedules, will likely
greatly enhance our strategy. Indeed, the neural networks allow for adapting existing trained MCTS agents
on new problem instances or circuit depths without having to learn the decision tree structure from scratch.
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A separate discussion concerns the number of shots needed for any function evaluation. To estimate the
reward with an accuracy e, typically one needs Nypois = O(1/€?) single-shot measurements. Here, SSR-MCTS
has two nice features that contribute towards reducing this overhead. First, the robustness against
measurement noise suggests that rough estimates of the reward are sufficient for obtaining good
approximations in the ground states, in particular in the early training stage of the MCTS agent. Second, The
prefactor in the proportionality relation between Ngpos and € 2 will likely decrease as P increases. Indeed,
SSR already severely restricts the energy window spanned by the QAOA ansatz, as clearly shown by figure 3.
Their energy variance is reduced accordingly. Finally, one can train the MCTS algorithm directly with
single-shot measurements and update the value of the tree nodes using the energy of the sampled classical
configuration. This might greatly reduce the resource requirements but further investigations are needed to
gauge its efficacy and possible advantage over the approach presented here.
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