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Introduction

Since its early days, pioneers like P. Jordan, J. von Neumann and E. P. Wigner seemingly per-
ceived the suitability of an algebraic formulation of quantum mechanics ([1]). Such an intent
was triggered by the will of finding, on the one hand, a more phenomenological justification to
some of the tools already in use and, on the other hand, of disregarding physically unjustified
statements as well as mathematically untenable formalisms. Initial efforts had very little impact
on the formal developments rapidly taking place, however, from the sixties, algebraic quantum
mechanics started drawing attention of part of the mathematical physicists community, due
to the R. Haag and D. Kastler’s researches ([2]). A complete review of algebraic quantum
mechanics goes beyond the scopes of this thesis, nevertheless, it is worth recalling the following
axiom.

Axiom I (Algebra of Observables) ([3]): A physical system1 S gets singled out by a pair(
A,S (A)

)
, where A is a unital C∗−algebra, S (A) the set of all positive and normalized linear

functionals ω on A. (Bounded) observables of S are to be found within the self-adjoint subset
of A, while ω (a), should a ∈ A be an observable, represents the expectation value of a in the
state ω. □

Such an axiom does not distinguish between classical and quantum systems, the difference
lying in the commutativity of the algebra: non-commutative algebras take care of quantum
mechanical modeling ([4]). Of course, assigning to a given physical system S the correspond-
ing C∗−algebra of observables is an open problem. One of the first historical attempts was the
Weyl algebra CCR (X, σ)2: widely spread and useful in different contexts, shortcomings about
its capability of covering interesting physical phenomenology exist. As a matter of fact, the
following proposition holds.

Proposition ([5]): Let
(
Hλ = H0 + λV, DHλ

)
be a self-adjoint Hamiltonian on L2 (R), where

H0 is the free Hamiltonian. If V ∈ L1 (R) ∩ L∞ (R), ∀λ ∈ R \ {0}, t ∈ R, the automorphism
αλ
t (·) = eitHλ (·) e−itHλ of B

(
L2 (R)

)
is not an automorphism of CCR

(
R2, σ

)
unless V = 0. ■

Furthermore, in regular representations, natural observables, as bounded functions of Hamil-
tonians, do not belong to CCR (X, σ); these drawbacks3 led D. Buchholz and H. Grundling to
introduce a novel C∗−algebra, the resolvent algebra ([6]), as candidate for canonical quantum
mechanical modeling. Such an algebra has proved capable of accommodating various interest-
ing dynamics, for both the finite and the infinite dimensional case ([7], [8]). This thesis aims at
taking a step in that direction: dealing with point-like interactions within the resolvent algebra
setting.

1Physical system should be understood as mathematical-physical model.
2(X,σ) is the symplectic vector space whose corresponding Weyl algebra is CCR (X,σ).
3Consult [6] for further insight.
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The interest for Dirac delta potentials lies in their ubiquity in applications, as they represent
good candidates to approximate unknown, short-scaled interactions. For example, the Gross-
Pitaevskii equation results from a two-body delta interaction model within a Hartree-Fock
description of a Bose gas; moreover, certain field theories ([9]) produce point-like potential
models in the non-relativistic limit. An extensive mathematical literature has been dedicated
to these singular potentials: [10] is a very well-known reference as well as the vast production
authored by Gianfausto dell’Antonio and colleagues ([11], [12] to mention few).

Structure of the Thesis

Chapter 1 - 4

These are review chapters, in which main structural results about the resolvent algebra are
recalled. The sources consulted are [6] and [13].

Chapter 5

This chapter contains the first original result about point interactions: given a quantum non-
relativistic spinless particle moving on the real line and undergoing one up to countably many
different fixed-center delta interactions, it is proved that

[
eitHπS (a) e

−itH
]
∈ πS

[
R
(
R2, σ

)]
for all a ∈ R

(
R2, σ

)
and (H − iλ1)−1 ∈ πS

[
R
(
R2, σ

)]
, for all λ ∈ R \ {0}, where πS is the

Schrödinger representation of the resolvent algebra R
(
R2, σ

)
of the case and H is alternatively

given by
• − d2

dx2 + αδ (x− x0), α ∈ R \ {0}, x0 ∈ R,

• − d2

dx2 +
∑N

i=1 αiδ (x− xi), αi ∈ R \ {0}, xi ∈ R : xi ̸= xj, i, j ∈ {1, . . . , N},

• − d2

dx2 +
∑∞

i=1 αiδ (x− xi), {αi}i ∈ l1 (N) \ {0}, xi ∈ R : xi ̸= xj, i, j ∈ N.
The claimed results are proved by showing that

∥∥e−itH − e−itHϵ
∥∥ −→

ϵ↓0
0, where {Hϵ}ϵ is a proper

family of self-adjoint Hamiltonians on L2 (R), whose corresponding unitary time propagator
belongs to R

(
R2, σ

)
, for all t ∈ R and ϵ > 0. Finally, a C∗−dynamical system has also been

singled out.

Chapter 6

This chapter addresses the problem of a one-dimensional n-body system, made up of distin-
guishable non-relativistic spinless particles interacting via a two-body delta potential. The
affiliation to the resolvent algebra of the case R

(
R2n, σ

)
of the Hamiltonian corresponding to

such a system is proved: given

H = −
n∑

i=1

1

2mi

∂2

∂x2i
− g

∑
1≤i<j≤n

δ
(
xi − xj

)
≡ H0 − g

∑
1≤i<j≤n

δ
(
xi − xj

)
it is shown that (H − iλ1)−1 ∈ πS

[
R
(
R2n, σ

)]
for all λ ∈ R \ {0} (see Corollary 6.8.1). An

approximation procedure has been invoked in this case too:
∥∥∥(H − iλ1)−1 − (Hϵ − iλ1)−1

∥∥∥ −→
ϵ↓0

0 for all λ ∈ R \ {0}, where {Hϵ}ϵ is a proper family of self-adjoint Hamiltonians on L2 (Rn)
such that (Hϵ − iλ1)−1 ∈ R

(
R2n, σ

)
for all λ ∈ R \ {0} and ϵ > 0.



Part I

The Resolvent Algebra
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Chapter 1

Introduction and First Results

Definition 1.1. Let (X, σ) be a symplectic vector space. Given the set of symbols G .
={

R (λ, f) | λ ∈ R \ {0} , f ∈ X
}
, let R̃0 (X, σ) be the corresponding freely generated algebra.

Let, then, L be the following list of relations.

1. R (λ, 0) = − i
λ
1,

2. R (λ, f)∗ = R (−λ, f),

3. νR (νλ, νf) = R (λ, f),

4. R (λ, f)−R (µ, f) = i (µ− λ)R (λ, f)R (µ, f),

5.
[
R (λ, f) , R (µ, g)

]
= iσ (f, g)R (λ, f)R (µ, g)2R (λ, f),

6. R (λ, f)R (µ, g) = R (λ+ µ, f + g)
[
R (λ, f) +R (µ, g) + iσ (f, g)R (λ, f)2R (µ, g)

]
,

where f, g ∈ X, λ, µ ∈ R \ {0} and, in 6., λ + µ ̸= 0. Denoted by IL the corresponding ideal
generated in R̃0 (X, σ), the quotient R0 (X, σ)

.
= R̃0 (X, σ) /IL is a unital ∗− algebra called

pre-resolvent algebra over (X, σ). □

Remark 1.1. 1. R0 (X, σ) is non-trivial, since non-trivial representations exist: if π is
the Fock representation of CCR (X, σ) and

(
ϕπ (f) ,Dϕπ(f)

)
is the corresponding self-

adjoint bosonic field, a representation of R0 (X, σ) can be constructed from π
[
R (λ, f)

]
=[

ϕπ (f)− iλ1
]−1, for all λ ∈ R \ {0} and f ∈ X.

2. To build a C∗− algebra out of R0 (X, σ), a C∗−norm is required. The following proposition
serves the purpose.

□

Proposition 1.1. Let (X, σ) be a symplectic vector space and let R0 (X, σ) be the corresponding
pre-resolvent algebra.

1. If H0 is a Hilbert space and π0 : R0 (X, σ) −→ B (H0) is a bounded representation of
R0 (X, σ), for all R (λ, f), ∥∥∥π0 [R (λ, f)

]∥∥∥ ≤ 1

|λ|
.

In other terms, ∀a ∈ R0 (X, σ) , ∃ ca > 0 such that
∥∥π (a)∥∥ ≤ ca, for all the bounded

representations π of R0 (X, σ).

9



10 CHAPTER 1. INTRODUCTION AND FIRST RESULTS

2. If ω is a positive, linear functional on R0 (X, σ), the corresponding GNS-representation
is bounded.

Proof. 1. B (H) is a C∗−algebra with respect to the operator norm, therefore ∥bb∗∥ =
∥b∥2 , ∀b ∈ B (H). Then, given λ ∈ R \ {0}

2|λ|
∥∥∥π0 [R (λ, f)

]∥∥∥2 = 2|λ|
∥∥∥π0 [R (λ, f)

]
π0
[
R (λ, f)

]∗∥∥∥ =
∥∥∥π0 [2λR (λ, f)R (λ, f)∗

]∥∥∥ =

=
∥∥∥π0 [R (λ, f)−R (λ, f)∗

]∥∥∥ =
∥∥∥π0 [R (λ, f)

]
− π0

[
R (λ, f)

]∗∥∥∥ ≤

≤ 2
∥∥∥π0 [R (λ, f)

]∥∥∥ =⇒ |λ|
∥∥∥π0 [R (λ, f)

]∥∥∥ < 1.

The estimate is independent on the particular representation considered, therefore |λ|−1

may, at most, depend on R (λ, f); in other words, ∀a ∈ R0 (X, σ) , ∃ ca ∈ R+ such that∥∥π (a)∥∥ ≤ ca for all the bounded representations π.

2. Given ψ ∈ R0(X,σ)/Nω with Nω =
{
a ∈ R0 (X, σ) | ω (aa∗) = 0

}
, then∥∥∥πω [R (λ, f)

]
ψ
∥∥∥2 = 〈πω [R (λ, f)

]
ψ, πω

[
R (λ, f)

]
ψ
〉
=
〈
ψ, πω

[
R (λ, f)

]∗
πω
[
R (λ, f)

]
ψ
〉
=

=
〈
ψ, πω

[
R (λ, f)∗R (λ, f)

]
ψ
〉
.

The first resolvent formula R (λ, f)∗R (λ, f) = (2iλ)−1 [R (λ, f)∗ −R (λ, f)
]

allows for

∥∥∥πω [R (λ, f)
]
ψ
∥∥∥2 = ∣∣∣∣∣ 1

2iλ

〈
ψ,
{
πω
[
R (λ, f)

]∗ − πω
[
R (λ, f)

]}
ψ

〉∣∣∣∣∣ =
=

1

2|λ|

∣∣∣∣〈ψ, πω [R (λ, f)
]∗
ψ
〉
−
〈
ψ, πω

[
R (λ, f)

]
ψ
〉∣∣∣∣ ≤

≤ 1

|λ|

∥∥∥πω [R (λ, f)
]
ψ
∥∥∥ ·∥ψ∥ ,

i.e. the representation is bounded.
■

Lemma 1.2. Let (X, σ) be a symplectic vector space and let R0 (X, σ) be the corresponding
pre-resolvent algebra. Denoted by S the set of all positive and normalized states on R0 (X, σ),
the map

˜∥·∥ : a ∈ R0 (X, σ) 7−→ ˜∥a∥ .
= sup

ω∈S

∥∥πω (a)∥∥ ∈ R+
0

is a C∗−seminorm on R0 (X, σ). ■

Definition 1.2. Let (X, σ) be a symplectic vector space. The corresponding resolvent alge-
bra is R (X, σ) = R0(X,σ)/ker ˜∥·∥. □

Remark 1.2. Once ker ˜∥·∥ is factored out, ˜∥·∥ becomes a norm; it will be denoted by ∥·∥ in the
following. □

Proposition 1.3. Let (X, σ) be a symplectic vector space. For all λ, µ ∈ R \ {0} , f, g ∈ X

1.
[
R (λ, f) , R (µ, f)

]
= 0, implying that R (λ, f) is normal in R (X, σ);



11

2. R (λ, f)R (µ, g)2R (λ, f) = R (µ, g)R (λ, f)2R (µ, g);

3.
∥∥R (λ, f)

∥∥ = |λ|−1;

4. R (λ, f) is analytic in λ, i.e. the Neumann series

R (λ, f) =
∞∑
n=0

(λ0 − λ)n inR (λ0, f)
n+1

absolutely converges whenever 0 < |λ0 − λ| < |λ0| and λ0 ∈ R \ {0};

5. if T ∈ Sp (X, σ) is a symplectic transformation, then R (λ, Tf) ≡ α
[
R (λ, f)

]
extends to

an automorphism of R (X, σ).

Proof. 1. σ (f, f) = 0, ∀f ∈ X immediately gives
[
R (λ, f) , R (µ, f)

]
= 0. Then, R (−λ, f) =

R (λ, f)∗ implies R (λ, f)R (λ, f)∗ = R (λ, f)∗R (λ, f), i.e. R (λ, f) is normal in R (X, σ),
for all λ ∈ R \ {0} and f ∈ X.

2. Definition 1.1 gives[
R (λ, f) , R (µ, g)

]
= iσ (f, g)R (λ, f)R (µ, g)2R (λ, f)[

R (µ, g) , R (λ, f)
]
= iσ (g, f)R (µ, g)R (λ, f)2R (µ, g) .

By summing both expressions, the anti-commutativity of the commutator map provides
the result.

3. The foregoing proposition already gives
∥∥R (λ, f)

∥∥ ≤ |λ|−1; concerning the reverse in-

equality, since
∥∥R (λ, f)

∥∥ = sup
ω∈S

∥∥∥πω [R (λ, f)
]∥∥∥, denoted by π the Fock representation of

R (X, σ),

∥∥R (λ, f)
∥∥ ≥

∥∥∥π [R (λ, f)
]∥∥∥ =

∥∥∥[ϕπ (f)− iλ
]−1
∥∥∥ = sup

t∈σ(ϕπ(f))=R

∣∣∣∣ 1

t− iλ

∣∣∣∣ = ∣∣∣∣1λ
∣∣∣∣ .

4. Given λ, λ0 ∈ R \ {0} such that λ ̸= λ0,

R (λ, f)−R (λ0, f) = i (λ0 − λ)R (λ, f)R (λ0, f) =⇒

=⇒ R (λ, f) = R (λ0, f)
[
1− i (λ0 − λ)R (λ0, f)

]−1
.

If
∥∥∥[1− i (λ0 − λ)R (λ0, f)

]−1
∥∥∥ < 1,

[
1− i (λ0 − λ)R (λ0, f)

]−1 would be the sum of a

geometric series and, since
∥∥R (λ0, f)

∥∥ = |λ0|−1, this is the case whenever |λ0 − λ| < |λ0|,
therefore

R (λ, f) = R (λ0, f)
∞∑
n=0

in (λ0 − λ)nR (λ0, f)
n .

5. The rule α
[
R (λ, f)

] .
= R (λ, Tf) automorphically maps generating elements of R0 (X, σ)

into themselves. Moreover, since T is symplectic, the ideal resulting from the defining
relations gets unchanged, hence such an α extends to an automorphism of R0 (X, σ).
Finally, S is invariant under α, therefore the C∗−norm is preserved.

■
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Remark 1.3. As a matter of fact the foregoing Neumann series absolutely converges ∀λ ∈ C
such that |λ− λ0| < |λ0|, as long as λ is not purely imaginary. Infact, R (λ, f) can be analytically
continued to C \ iR and R (X, σ) can be defined as the enveloping C∗− algebra of the unital ∗−
algebra R0 (X, σ), constructed out of

{
R (z, f) | z ∈ C \ iR, f ∈ X

}
and

1. R (z, 0) = − i
z
1;

2. R (z, f)∗ = R (−z̄, f);

3. νR (νz, νf) = R (ν, f) , ∀ν ∈ R \ {0};

4. R (z1, f)−R (z2, g) = i (z2 − z1)R (z1, f)R (z2, g);

5.
[
R (z1, f) , R (z2, g)

]
= iσ (f, g)R (z1, f)R (z2, g);

6. R (z1, f)R (z2, g) = R (z1 + z2, f + g)
[
R (z1, f) +R (z2, g) + iσ (f, g)R (z1, f)

2R
(
zg, g

)]
with z1, z2, z ∈ C \ iR and, in 6., z1 + z2 /∈ iR, as in definition 1.1. □

Proposition 1.4. Let (X, σ) be a symplectic vector space and let R (X, σ) be the corresponding
resolvent algebra. ∀λ ∈ R \ {0} , ∀f ∈ X \ {0},[

R (λ, f)R (X, σ)
]
=
[
R (X, σ)R (λ, f)

]
=
[
R (X, σ)R (λ, f)R (X, σ)

]
is a proper two-sided closed ideal ( [· · · ] denotes the topological closure of the linear span of the
argument). Moreover, given λ1, . . . , λn ∈ R \ {0} and f1, . . . , fn ∈ X \ {0},

n⋂
i=1

[
R (λi, fi)R (X, σ)

]
=
[
R (λ1, f1) · · ·R (λn, fn)R (X, σ)

]
.

Proof. The equality
[
R (λ, f)R (X, σ)

]
=
[
R (X, σ)R (λ, f)

]
is first proved by showing the

double inclusion. The linear span of
{∏k

i=1R (λi, fi)
∣∣λi ∈ R \ {0}, fi ∈ X, k ∈ N

}
is dense in

R (X, σ), hence the same holds true for ⟨
{
R (λ, f)

∏k
i=1R (λi, fi)

∣∣λi ∈ R \ {0}, fi ∈ X, k ∈ N
}
⟩

in
[
R (λ, f)R (X, σ)

]
. However,

R (λ, f)R (µ, g) =
[
R (µ, g) + iσ (f, g)R (λ, f)R (µ, g)2

]
R (λ, f) ,

therefore, moving R (λ, f) to the right of each R (λ, f)
∏k

i=1R (λi, fi) implies that the linear span
of
{
R (λ, f)

∏k
i=1R (λi, fi)

∣∣λi ∈ R \ {0}, fi ∈ X \ {0}, k ∈ N
}

is dense in
[
R (X, σ)R (λ, f)

]
too, i.e.

[
R (λ, f)R (X, σ)

]
⊆
[
R (X, σ)R (λ, f)

]
. The inverse inclusion is proved analogously.

Finally, to prove that such an ideal is proper, reductio ad absurdum is referred to. Let e ∈[
R (X, σ)R (λ, f)

]
be; there exists a sequence {an}n ∈ R (X, σ) such that anR (λ, f) converges

to e. Given the Fock representation π, let ϕπ (f) = i1 + π
[
R (1, f)

]−1 be the associated self-
adjoint field operator, with spectral measure P . ∀ψk ∈ P

(
[k, k + 1]

)
Hπ of unit norm, k ∈ Z,∥∥∥π [R (λ, f)

]
ψk

∥∥∥ ≤ sup
t∈[k,k+1]

∣∣∣∣ 1

iλ− t

∣∣∣∣ = 1√
λ2 + k2

.
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Since π
[
anR (λ, f)

]
−→
n
1 in B (Hπ), ∀ϵ ∈ (0, 1), there exists N ∈ N such that, if n > N ,

1− ϵ ≤
∥∥∥π [anR (λ, f)

]
ψk

∥∥∥ =
∥∥∥π (an) π [R (λ, f)

]
ψk

∥∥∥ ≤

≤
∥∥π (an)∥∥ 1√

λ2 + k2
, ∀k.

This would imply (1− ϵ)
√
λ2 + k2 ≤

∥∥π (an)∥∥ , ∀k, contradicting π (an) ∈ B (H).
Finally, let λ1, λ2 ∈ R \ {0}, f1, f2 ∈ X \ {0} be arbitrary.[

R (λ1, f1)R (λ2, f2)R (X, σ)
]
⊆
[
R (λ1, f1)R (X, σ)

]
∩
[
R (λ2, f2)R (X, σ)

]
is trivial, hence interest is focused on the inverse inclusion. Let a ∈

[
R (λ1, f1)R (X, σ)

]
∩[

R (λ2, f2)R (X, σ)
]
; there exists {bn}n in R (X, σ) such that R (λ1, f1) bn −→

n
a and a N ∈ N

such that
R (λ1, f1) bn ∈

[
R (λ2, f2)R (X, σ)

]
, ∀n > N.

Let {ei} be an approximate identity for
[
R (λ2, f2)R (X, σ)

]
; it is possible to construct a se-

quence {ein} such that
{
R (λ1, f1) bnein

}
n

converges to a. Since ein ∈
[
R (λ2, f2)R (X, σ)

]
,

for all n, there exists a fn ∈ R (X, σ) such that
∥∥fnR (λ2, f2)− ein

∥∥ is arbitrarily small.
Consequently, the sequence {bnfn}n shows up and R (λ1, f1) bnfnR (λ2, f2) −→

n
a, i.e. a ∈[

R (λ1, f1)R (λ2, f2)R (X, σ)
]
. ■





Chapter 2

(Regular) Representation Theory

Proposition 2.1. Let (X, σ) be a symplectic vector space and let λ ∈ R \ {0} , f ∈ X \ {0} be.

1. Given a representation π of R (X, σ) such that ker
{
π
[
R (λ, f)

]}
̸= {O}, ker

{
π
[
R (λ, f)

]}
reduces π

[
R (X, σ)

]
. Consequently, there exists a unique orthogonal decomposition π =

π1 ⊕ π2 such that π1
[
R (λ, f)

]
= O and π2

[
R (λ, f)

]
is invertible.

2. If π is a non-degenerate representation of R (X, σ), then

Pf = s− lim
λ→∞

iλπ
[
R (λ, f)

]
exists and defines a central projection of

{
π
[
R (X, σ)

]}′′
; in particular, it is the range

projection of π
[
R (λ, f)

]
and of the ideal π

([
R (X, σ)R (λ, f)

])
as well.

3. If π is a factorial representation of R (X, σ), Pf is either O or 1.

4. There exists ω ∈ S
(
R (X, σ)

)
such that R (λ, f) ∈ kerω; vice versa, if ω is such that

R (λ, f) ∈ ker ω, R (λ, f) ∈ ker πω.

Proof. 1. Set K = ker
{
π
[
R (λ, f)

]}
, by observing that

π
[
R (λ, f)R (µ, g)

]
= π

[
R (µ, g)R (λ, f) + iσ (f, g)R (λ, f)R (µ, g)2R (λ, f)

]
=

= π
[
R (µ, g) + iσ (f, g)R (λ, f)R (µ, g)2

]
π
[
R (λ, f)

]
,

π
[
R (λ, f)R (µ, g)

]
K = {O} =⇒ π

[
R (µ, g)

]
K ⊆ K, ∀µ ∈ R \ {0} and g ∈ X. Since

R (µ, g)∗ = R (−µ, g), K reduces π
[
R (X, σ)

]
. By setting π1 = π|K and π2 = π|

K⊥ , the
result follows.

2. According to 1., π = π1 ⊕ π2, where π1
[
R (λ, f)

]
= O and ker

{
π2
[
R (λ, f)

]}
= {O},

therefore, by 2. of proposition 2.2,

s− lim
λ→∞

iλπ
[
R (λ, f)

]
= 1K⊥ ≡ Pf ,

trivially a projection of
{
π
[
R (X, σ)

]}′′
. Pf ∈

{
π
[
R (X, σ)

]}′′′
≡
{
π
[
R (X, σ)

]}′
im-

plies it is a central projection. Moreover, since ker
{
π2
[
R (X, σ)

]}
= {O}, π2

[
R (X, σ)

]
15
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is a bijection onto its image, this last being obligatorily dense. Denoted its closure by
K⊥, it is Pf ≡ PK⊥ , therefore

π
([
R (λ, f)R (X, σ)

])
H = π2

([
R (λ, f)R (X, σ)

])
K⊥

and this manifold is dense.

3. If π is factorial, its centre is trivial.

4. It has already been established that
[
R (λ, f)R (X, σ)

]
is a two-sided closed ideal of

R (X, σ). Any state ω of R (X, σ) /
[
R (λ, f)R (X, σ)

]
can then be lifted to a state

of R (X, σ) with R (λ, f) ∈
[
R (λ, f)R (X, σ)

]
in its kernel. Vice versa, if ω is such

that R (λ, f) ∈ ker ω, R (λ, f)∗ ∈ ker ω too, hence, the first resolvent formula gives
R (λ, f)R (λ, f)∗ ∈ ker ω, i.e. R (λ, f) ∈ Nω ≡

{
a ∈ R (X, σ)

∣∣ω(aa∗) = 0
}

. Since Nω

is an ideal,
[
R (λ, f)R (X, σ)

]
⊂ kerω and, as

[
R (λ, f)R (X, σ)

]
is two-sided, it is con-

tained in kerπω.
■

Proposition 2.2. Let (X, σ) be a symplectic vector space. Given f, h ∈ X, let π be a repre-
sentation of R (X, σ) such that ker

{
π
[
R (1, f)

]}
= {O} = ker

{
π
[
R (1, h)

]}
.

1.
(
ϕπ (f)

.
=
{
π
[
R (1, f)

]}−1

+ i1,Dϕπ(f)

)
is self-adjoint and π

[
R (λ, f)

]
Dϕπ(h) ⊆ Dϕπ(h).

2. Denoted by Hπ the representation Hilbert space, lim
λ→∞

iλπ
[
R (λ, f)

]
ψ = ψ, ∀ψ ∈ Hπ.

3. lim
µ→0

iπ
[
R (1, µf)

]
ψ = ψ, ∀ψ ∈ Hπ.

4. D = π
[
R (1, f)R (1, h)

]
Hπ is a joint dense domain for

(
ϕπ (f) ,Dϕπ(f)

)
and

(
ϕπ (h) ,Dϕπ(h)

)
;

moreover,
[
ϕπ (f) , ϕπ (h)

]
= iσ (f, h)1 on D.

5. ker
{
π
[
R (1, νf + h)

]}
= {O} for all ν ∈ R.

(
ϕπ (νf + h) ,Dϕπ(νf+h)

)
is then well-defined

and essentially self-adjoint on D; moreover, ϕπ (νf + h) = νϕπ (f) + ϕπ (h) on D.

6. ϕπ (f) π
[
R (λ, f)

]
= π

[
R (λ, f)

]
ϕπ (f) = iλπ

[
R (λ, f)

]
+ 1 on Dϕπ(f).

7.
[
ϕπ (f) , π

[
R (λ, h)

]]
= iσ (f, h) π

[
R (λ, h)2

]
on Dϕπ(f).

8. Set W (f) = exp
[
iϕπ (f)

]
, then

W (f)W (h) = e−
i
2
σ(f,h)W (f + h)

W (f) π
[
R (λ, h)

]
W (f)−1 = π

[
R
(
λ+ iσ (h, f) , h

)]
.

Moreover, W (sf)D ⊆ D and W (th)D ⊆ D for s, t ∈ R.
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Proof. 1. It can be shown that ker
{
π
[
R (1, f)

]}
= {O} implies that π

[
R (λ, f)

]
is the

resolvent of ϕπ (f), for all λ ∈ R \ {0}, i.e. ϕπ (f) =
{
π
[
R (λ, f)

]}−1

+ iλ1, for all
λ ∈ R \ {0}. Moreover

ϕπ (µf) = i1+
{
π
[
R (1, µf)

]}−1

= i1+

π
[
1

µ
R

(
1

µ
, f

)]
−1

≡

= i1+ µ

π
[
R

(
1

µ
, f

)]
−1

= µ

i 1µ1+

π
[
R

(
1

µ
, f

)]
−1
 =

= µϕπ (f) .

Further

ϕπ (f)
∗ =

[
i1+

{
π
[
R (1, f)

]}−1
]∗

⊇ −i1+

[{
π
[
R (1, f)

]}−1
]∗

=

= −i1+

[{
π
[
R (1, f)

]}∗
]−1

= −i1+
{
π
[
R (−1, f)

]}−1

=

= −i1−
{
π
[
R (1,−f)

]}−1

= −ϕπ (−f) = ϕπ (f) ,

i.e. ϕπ (f) ⊆
[
ϕπ (f)

]∗, meaning that ϕπ (f) is symmetric. However, by observing that

Ran
[
ϕπ (f)± i1

]
= Ran

{
π
[
R (±1, f)

]−1
}
= Dπ[R(±1,f)] ≡ Hπ,

self-adjointness is ensured. Eventually

π
[
R (λ, f)

]
Dϕπ(f) = π

[
R (λ, f)

]
π
[
R (1, h)

]
Hπ =

= π
[
R (1, h)R (λ, f) + iσ (f, h)R (λ, f)R (1, h)2R (λ, f)

]
Hπ ⊆

⊆ π
[
R (1, h)

]
Hπ ≡ Dϕπ(h).

2.
(
ϕπ (f) ,Dϕπ(f)

)
is self-adjoint, hence it admits a spectral decomposition. Consequently

iλπ
[
R (λ, f)

]
=

∫
R

iλ

µ− iλ
dP (µ) .

∣∣∣ iλ
iλ−µ

∣∣∣ < 1 guarantees the applicability of the dominated convergence theorem.

3. Analogously to point 2.,

iπ
[
R (1, µf)

]
=

∫
R

i

µλ− i
dP (λ) −→

µ→0
1.

4. Let D = π
[
R (1, f)R (1, h)

]
Hπ be.

π
[
R (1, f)R (1, h)

]
Hπ = π

[
R (1, f)

] {
π
[
R (1, h)

]
Hπ

}
,
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immediately gives D ⊆ Ran
(
π
[
R (1, f)

])
≡ Dϕπ(f). Then, the commutation relations

allows for

π
[
R (1, f)R (1, h)

]
= π

{
R (1, h)

[
R (1, f) + iσ (f, h)R (1, f)2R (1, h)

]}
=

= π
[
R (1, h)

]
π
[
R (1, f) + iσ (f, h)R (1, f)2R (1, h)

]
,

i.e. D ⊆ Ran
(
π
[
R (1, h)

])
≡ Dϕπ(h), implying that D is a joint domain for both(

ϕπ (f) ,Dϕπ(f)

)
and

(
ϕπ (h) ,Dϕπ(h)

)
. To prove its density, given ψ ∈ Hπ arbitrary,

lim
µ→0

lim
ν→0

π
[
R (1, µf)R (1, νh)

]
ψ = lim

µ→0

(
π
[
R (1, µf)

]{
lim
ν→0

π
[
R (1, νh)

]
ψ

})
=

= −i
{
lim
µ→0

π
[
R (1, µf)

]
ψ

}
= −ψ

i.e. every ψ ∈ Hπ admits a converging family of vectors from D. Eventually, given
ψ
.
= π

[
R (1, f)R (1, h)

]
ϕ, ϕ ∈ Hπ,

π
[
R (1, h)R (1, f)

] [
ϕπ (f) , ϕπ (h)

]
ψ =

π
[
R (1, h)R (1, f)

] [{
π
[
R (1, f)

]}−1

,
{
π
[
R (1, h)

]}−1
]
ψ = . . . =

π
[
R (1, h)R (1, f)−R (1, f)R (1, h)

]
ϕ = π

[
R (1, h)R (1, f)

]
iσ (f, g)ψ.

Since ker
{
π
[
R (1, h)R (1, f)

]}
= {O}1,

[
ϕπ (f) , ϕπ (h)

]
= iσ (f, g)1 holds on D.

5. First,

π
[
R (ν, f)

]
=
[
ϕπ (f)− iν1

]−1
=

1

ν
π

[
R

(
1,

1

ν
f

)]
=

1

ν

[
ϕπ

(
1

ν
f

)
− i1

]−1

,

i.e. ϕπ (λf) = λϕπ (f) , ∀λ ∈ R \ {0} and the statement holds for h = 0. Then, it is first
observed that

π
[
R (λ, f)R (µ, h)

]
= π

{
R (λ+ µ, f + g)

[
R (λ, f) +R (µ, h) + iσ (f, h)R (λ, f)2R (µ, h)

]}
;

SinceK = ker
{
π
[
R (1, f + h)

]}
is reducing for π

[
R (X, σ)

]
,K = ker π

[
R (λ, f)R (µ, h)

]
.

However, π
[
R (λ, f)R (µ, h)

]
is invertible, hence K = {O} and the right hand side

square brackets term is invertible too. Quite obviously D = Ran π
[
R (λ, f)R (µ, h)

]
⊂

1Attention has been focused on representations π such that ker
{
π
[
R (λ, f)

]}
= {O}, ∀λ ∈ R\{0} , ∀f ∈ X.

Given an arbitrary ψ in ker
{
π
[
R (λ, h)R (µ, f)

]}
,

π
[
R (λ, h)R (µ, f)

]
ψ = 0 = π

[
R (λ, h)

] {
π
[
R (µ, f)

]
ψ
}
,

i.e. π
[
R (µ, f)

]
ψ ∈ ker

{
π
[
R (λ, h)

]}
≡ {O}, i.e. ψ = 0H . Arbitrariness of ψ leads to

ker
{
π
[
R (λ, h)R (µ, f)

]}
= {O}, ∀λ, µ ∈ R \ {0}.
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Dϕπ(f+h) is a core for
(
ϕπ (f + h) ,Dϕπ(f+h)

)
. By left multiplying both members by[

ϕπ (f + h)− i (λ+ µ)1
]
, it results

[
ϕπ (f + h)− i (λ+ µ)1

]
π
[
R (λ, f)R (µ, h)

]
= π

[
R (λ, f) +R (µ, h) + iσ (f, h)R (λ, f)

2
R (µ, h)

]
.

By applying what obtained to
[
ϕπ (h)− iµ1

] [
ϕπ (f)− iλ1

]
ψ, ψ ∈ D, one gets[

ϕπ (f + h)− i (λ+ µ)1
]
ψ =

{[
ϕπ (h)− iµ1

]
+
[
ϕπ (f)− iλ1

]}
ψ

for all ψ ∈ D. The additivity of ϕπ on D is this way shown.

6. The spectral resolution of ϕπ (f) allows for

ϕπ (f) π
[
R (λ, f)

]
=

∫
R

µ

µ− iλ
dP (µ) = π

[
R (λ, f)

]
ϕπ (f) =

=

∫
R

(
iλ− iλ+ µ

µ− iλ

)
dP (µ) = iλπ

[
R (λ, f)

]
+ 1.

7. Let ψ ∈ Dϕπ(f) = Ran
{
π
[
R (λ, f)

]}
, i.e. ψ = π

[
R (λ, f)

]
Φ for some Φ ∈ Hπ. Then

π
[
R (λ, f)

] [
ϕπ (f) , π

[
R (λ, h)

]]
ψ = π

([
R (λ, f) , R (λ, h)

])
Φ =

= π
[
R (λ, f)

]{
iσ (f, h) π

[
R (λ, h)2

]
ψ

}
.

ker
{
π
[
R (λ, f)

]}
= {O} implies[

ϕπ (f) , π
[
R (λ, h)

]]
= iσ (f, h) π

[
R (λ, h)2

]
on Dϕπ(f).

8. The second inequality is proved first. Let ψ,Φ ∈ D̃ .
= span

{
χ[−a,a]

[
ϕπ (f)

]
Hπ | a ∈ R+

}
.

Since
∥∥∥∥[ϕπ (f)

n]
|χ[−a,a][ϕπ(f)]Hπ

∥∥∥∥ ≤ an, n ∈ N,

W (f)ψ
.
= exp

[
iϕπ (f)

]
ψ ≡

∞∑
n=0

[
iϕπ (f)

]n
n!

ψ, ψ ∈ D̃

makes sense. Furthermore〈
Φ,W (f) π

[
R (λ, h)

]
W (f)−1 ψ

〉
=

∞∑
n=0

1

n!

〈
Φ,
[
iϕπ (f)

]n
π
[
R (λ, h)

] {[
iϕπ (f)

]∗}n

ψ

〉

for all Φ, ψ ∈ D̃. By repeatedly using 7., whenever
∣∣tσ (h, f)∣∣ < |λ|,〈

Φ,W (tf) π
[
R (λ, h)

]
W (tf)−1 ψ

〉
=

〈
Φ, π

[
R
(
λ+ itσ (h, f) , h

)]
ψ

〉
, ∀Φ, ψ ∈ D̃, t ∈ R.
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The operators involved are bounded and D̃ is dense, hence

W (tf) π
[
R (λ, h)

]
W (tf)−1 = π

[
R
(
λ+ itσ (h, f) , h

)]
.

Particularly, W (f)π
[
R (λ, h)

]
W (f)−1 = π

[
R
(
λ+ iσ (h, f) , h

)]
. To prove the Weyl

relation, by

lim
n

(
1 +

it

n

)−n

= eit, ∀t ∈ R and sup
t∈R

∣∣∣∣∣
(
1 +

it

n

)−n
∣∣∣∣∣ = 1,

one has (check [14], thm. VIII.5(d))

W (h) = eiϕπ(h) = lim
n

[
1 +

iϕπ (h)

n

]−n

= lim
n

−π

[
iR

(
1,
h

n

)]
n

in the strong operator sense. Therefore

W (f)W (h)W (f)−1 = s− lim
n

−π

iR(1 + iσ

(
h

n
, f

)
,
h

n

)
n

=

= s− lim
n

{
1+

(
i

n

)[
σ (h, f)1+ ϕπ (h)

]}−n

=

= e−iσ(f,h)W (h) .

Further

W (f + h) = s− lim
n

[
W

(
1

n
f

)
W

(
e

n
h

)]n
=

= s− lim
n
e

i
2(1−

1
n)σ(f,h)W (f)W (h) =

= e
i
2
σ(f,h)W (f)W (h) .

Eventually, by observing that

W (sf)D ≡ W (sf) π
[
R (λ, f)R (µ, h)

]
Hπ = π

[
R (λ, f)R

(
µ+ iσ (h, sf) , h

)]
Hπ ⊂ D

[14] theorem VIII.11 ensures D is a core for
(
ϕπ (f) ,Dϕπ(f)

)
.

■

Definition 2.1. Let (X, σ) be a symplectic vector space. Fixed a Hilbert space H, a represen-
tation π : R (X, σ) −→ B (H) is said regular on S ⊂ X if and only if

ker π
[
R (1, f)

]
= {0} , ∀f ∈ S.

Analogously, a state ω of R (X, σ) is regular on S if and only if the associated GNS-representation
πω is regular on S. A representation (state) is simply called regular if and only if it is regular
on X. The set of all (non-degenerate) regular representations of R (X, σ) on H is denoted by
Reg

(
R (X, σ) ,H

)
, while the set of all regular states by Sr

(
R (X, σ)

)
. □
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Remark 2.1. Regular representations, apart from being mathematically interesting, are of phys-
ical importance: the set of all regular representations of R (X, σ) is surely non-void, the Fock
representation, repeatedly considered, being one of them. This emphasized, point 8. of theorem
2.2 establishes a link between the resolvent algebra regular representations and the Weyl algebra
regular representations on a given Hilbert space. □

Corollary 2.2.1. Given π ∈ Reg
(
R (X, σ) ,H

)
, the map

π̃ : δf ∈ CCR (X, σ) 7−→ π̃
(
δf
) .
= exp

[
iϕπ (f)

]
∈ B (H)

defines a regular H representation of CCR (X, σ).

G : π ∈ Reg
(
R (X, σ) ,H

)
7−→ G (π)

.
= π̃ ∈ Reg

(
CCR (X, σ) ,H

)
is a bijection preserving irreducibility and direct sums; its inverse G−1 : π̃ 7−→ G−1 (π̃)

.
= π is

such that

π : R (λ, f) ∈ R (X, σ) 7−→ π
[
R (λ, f)

]
= −i

∫ σ∞

0

e−λtπ̃
(
δ−tf

)
dt ∈ B (H) , σ = signλ,

where the integral is defined in the strong operator topology. ■

Remark 2.2. G allows for the Stone-von Neumann theorem to keep on holding for the resolvent
algebra too, i.e., as long as X is finite dimensional, all the irreducible, regular representations
of R (X, σ) on a given Hilbert space H are unitarily equivalent. □

Proposition 2.3. Let (X, σ) be a symplectic vector space.

1. If a representation π of R (X, σ) is faithful and factorial, it is regular.

2. If a representation π is regular,
∥∥∥π [R (λ, f)

]∥∥∥ =
∥∥R (λ, f)

∥∥ = |λ|−1, for all λ ∈ R \
{0} , f ∈ X.

3. A state ω of R (X, σ) is regular ⇐⇒ ω (a) = lim
λ→∞

iλω
[
R (λ, f) a

]
, ∀a ∈ R (X, σ) and

f ∈ X.

Proof. 1. Given arbitrarily f ∈ X \ {0}, proposition 2.1 gives either Pf = 1 or Pf = O.
Pf = O means that f ∈ X \{0} is such that π

[
R (λ, f)

]
= O for all λ, contradicting that

π is faithful. Therefore, Pf has to be equal to 1. Since Pf is the orthogonal projection

onto
{
kerπ

[
R (λ, f)

]}⊥
, kerπ

[
R (λ, f)

]
= {O}. The arbitrariness of f ∈ X \ {0} proves

the regularity of π.

2. A generalization of proposition 1.3, point 3..

3. ( ⇐= ) Given a ∈ R (X, σ), denoted by πω the GNS-representation induced by ω,

lim
λ→∞

iλω
[
R (λ, f) a

]
=

〈
Ωω, s− lim

λ→∞
iλπω

[
R (λ, f) a

]
Ωω

〉
=
〈
Ωω, Pfπω [a] Ωω

〉
.

Since Pf is a central projection in
{
π
[
R (X, σ)

]}′′
, for all b, c ∈ R (X, σ),〈

πω (b) Ωω, πω (a) Ωω

〉
≡ ω (b∗a) = lim

λ→∞
iλω

(
R (λ, f) b∗a

)
=

=
〈
πω (b) Ωω, Pfπω (a) Ωω

〉
=⇒

=⇒ Pf = 1.
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This, in turn, implies πω
[
R (λ, f)

]
is invertible (Pf ≡ PK⊥ and K = ker π

[
R (λ, f)

]
)

hence the regularity of πω follows from the arbitrariness of f ∈ X \ {0}.
( =⇒ ) Trivially from what above.

■



Chapter 3

Further Structure

Further structural results about resolvent algebras1 are exposed.

Proposition 3.1. Let (X, σ) be a symplectic vector space and let R (X, σ) be the corresponding
resolvent algebra.

1. If S ⊂ X is a non-trivial symplectic subspace, then

R (S, σ)⊗R
(
S⊥, σ

)
⊂ R (X, σ) ,

the tensor product being referred to the spatial tensor norm.

2. Given {q1, . . . , qk} ⊂ X such that σ
(
qi, qj

)
= 0, ∀i, j, for all F ∈ C0

(
Rk
)
, there ex-

ists a unique RF ∈ R (X, σ) such that, in any regular representation π, π (RF ) =
F
(
ϕπ (q1) , . . . , ϕπ (qk)

)
.

■

Proposition 3.2. Let (X, σ) be a symplectic vector space and f, h ∈ X \{0} such that f /∈ Rh.
Then

1. R (1, f) /∈
[
R (X, σ)R (1, h)

]
.

2.
∥∥R (1, f)−R (1, h)

∥∥ ≥ 1, the equality holding for σ (f, h) = 0 only.

3. R (X, σ) is non-separable.

Proof. 1. The σ (f, h) ̸= 0 case is first considered. Set C = {f}, since σ (C,C) = 0,
SD ̸= ∅ holds, hence there exists ω such that ω

[
R (1, f)

]
= −i. Moreover, σ (f, h) ̸= 0

allows for ω
[
R (λ, h)

]
= 0, ∀λ ∈ R \ {0}, i.e. ω

[
R (1, h)

]
= 0. Proposition 2.1 implies

R (1, h) ∈ ker πω, hence πω
([

R (X, σ)R (1, h)
])

= O; however, since πω
[
R (1, f)

]
̸= O,

R (1, f) /∈
[
R (X, σ)R (1, h)

]
.

Regarding the σ (f, h) = 0 case, by augmenting f, h to a symplectic basis of S ⊂ X,
i.e. S =

〈{
f, pf ;h, ph

}〉
, it would be X = S ⊕ S⊥ and, analogously, S = S1 ⊕ S2 with

S1 =
〈{
f, pf

}〉
, S2 =

〈
{h, ph}

〉
. Consequently

R (S1, σ)⊗R (S2, σ)⊗R
(
S⊥, σ

)
⊂ R (X, σ) .

1Left out details can be found in [6].
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It is now possible to choose a product state ω = ω1 ⊗ ω2 ⊗ ω3 ∈ R (S1, σ) ⊗R (S2, σ) ⊗
R
(
S⊥, σ

)
such that ω1 is a Fock state of R (S1, σ), ω2

[
R (1, h)

]
= 0 and ω3 is regular

on R
(
S⊥, σ

)
. By the Hanh-Banach theorem, ω is extendable to R (X, σ), preserving

ω
[
R (1, h)

]
= 0 and ω

[
R (1, f)

]
̸= 0. The proof then proceeds as above.

2. If σ (f, h) ̸= 0, SD ̸= ∅ and, given a state ω as in point 1.,∥∥R (1, f)−R (1, h)
∥∥ ≥

∣∣∣ω [R (1, f)−R (1, h)
]∣∣∣ = |−i| = 1.

On the other hand, if σ (f, h) = 0, {f, h} is again augmented to a symplectic basis
such that S =

〈{
f, pf ;h, ph

}〉
. Given the Schrödinger representation πS of R (S, σ) ⊂

R (X, σ), because of the regularity,

∥∥R (1, f)−R (1, h)
∥∥ =

∥∥∥πS [R (1, f)−R (1, h)
]∥∥∥ = sup

ρ,σ∈R

∣∣∣∣ 1

i− ρ
− 1

i− σ

∣∣∣∣ = 1.

3. Let fξ = ξf + (1− ξ)h be, with ξ ∈ [0, 1]. Particularly, if ξ ̸= ζ, fξ ̸= fζ and∥∥∥R (1, fξ)−R
(
1, fζ

)∥∥∥ ≥ 1. By centering an open unit ball around each R
(
1, fξ

)
, ξ ∈

[0, 1], a non-countable family of disjoint sets results, therefore, if S is a dense subset of
R (X, σ), there would exist an element of its in each of these balls. Such an argument
proves that S is non-countable.

■

Remark 3.1. Proposition 3.2 allows to state that the resolvent algebra as a whole cannot be
part of a C∗−dynamical system. □

Proposition 3.3. Let (X, σ) , H, π0 : R (X, σ) −→ B (H) be, respectively, a finite-dimensional
symplectic vector space, with symplectic basis {q1, p1; . . . ; qn, pn}, a fixed Hilbert space and an
irreducible regular representation of R (X, σ) on H.

1. π0
{[
R (λ1, p1)R (µ1, q1)

]
· · ·
[
R (λn, pn)R (µn, qn)

]}
is a Hilbert-Schmidt operator for all

λi, µi ∈ R \ {0}.

2. There exists a unique closed two-sided ideal K of R (X, σ) isomorphic to B∞ (H) ⊂ B (H)
through π0.

Proof. 1. Since all the regular irreducible representations of R (X, σ) are unitarily equiva-
lent, it does not affect generality letting π0 ≡ πS be the Schrödinger representation on
L2 (Rn). By taking advantage of the resolvents commutation relations, straightforward
computations lead to

πS

{[
R (λ1, p1)R (µ1, q1)

]
· · ·
[
R (λn, pn)R (µn, qn)

]}
=

n∏
j=1

(
iλj −Qj

)−1·
n∏

k=1

(iµk − Pk)
−1 ,

where Qj = ϕπS

(
pj
)
, Pk = ϕπS

(qk) are the usual position and momentum operators on
L2 (Rn). Now, if f and g are continuous, bounded, square integrable functions on Rn,
f (Q1 · · ·Qn) g (P1 · · ·Pn) is a Hilbert-Schmidt2 operator.

2[15], thm. XI.20.
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2. It is a well known fact that, if a C∗− algebra acting irreducibly on a Hilbert space contains
a non-trivial compact operator, then, it contains all the compact operators ([16], thm.
2.4.9). Consequently by point 1., B∞ (H) ⊂ πS

[
R (X, σ)

]
. Since πS is faithful, R (X, σ)

will contain a closed, two-sided ideal K isomorphic to B∞ (H), whose uniqueness follows
from the up to unitary equivalence uniqueness of πS.

■





Chapter 4

Outlines of Dynamics

This section will only give a taste of finite dimensional possibilities the resolvent algebra offers
for quantum dynamical descriptions. Particularly, as anticipated, the Stone-von Neumann
theorem holds in this regime, therefore it does not affect generality proceeding as follows.

Definition 4.1. Given N ∈ N, let
(
R2N , σ

)
be the canonical symplectic vector space. A self-

adjoint Hamiltonian (H,DH) on L2
(
RN
)

induces a dynamics on R
(
R2N , σ

)
if and only

if
eitHπS (a) e

−itH ∈ πS

[
R
(
R2N , σ

)]
for all a ∈ R

(
R2N , σ

)
. □

Remark 4.1. A direct consequence of definition 4.1 is

αt : a ∈ R
(
R2N , σ

)
7−→ αt (a)

.
= π−1

S

[
eitHπS (a) e

−itH
]
∈ R

(
R2N , σ

)
resulting in a resolvent algebra automorphism, for all t ∈ R. □

Proposition 4.1. Let V ∈ C0 (R) be a non-trivial real function. The self-adjoint Hamiltonian
(H = H0 + V, DH) on L2 (R) induces a dynamics on R

(
R2, σ

)
.

Proof. Since H0 is quadratic in the momentum variable,

α
(0)
t : a ∈ R

(
R2, σ

)
7−→ α

(0)
t (a)

.
= π−1

S

{
eitH0πS (a) e

−itH0

}
∈ R

(
R2, σ

)
is well-defined and equivalent to a symplectic transformation on R

(
R2, σ

)
, i.e. an automor-

phism by proposition 1.3. Then, within the interaction picture framework,

e−itH ≡ e−itH0 ΓV (t)

with

ΓV (t) ≡ 1+
∑
n∈N

(−i)n
∫ t

0

dtn · · ·
∫ t2

0

dt1 V (t1) · · ·V (tn) (4.1)

for all t ∈ R, the integrals are defined in the strong operator topology of B
(
L2 (R)

)
and the

sum converges uniformly. Consequently(
e−itH

)∗
πS (a) e

−itH = ΓV (t)∗
[
eitH0πS (a) e

−itH0

]
ΓV (t)

27
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allows to state that checking whether H induces a dynamics on R
(
R2, σ

)
or not amounts in

showing that
ΓV (t)∗ πS (a) ΓV (t) ∈ πS

[
R
(
R2, σ

)]
(4.2)

for all a ∈ R
(
R2, σ

)
, t ∈ R. First, given V1, V2 ∈ C0 (R) , t ∈ R arbitrary,

∥∥ΓV1 (t)− ΓV2 (t)
∥∥ ≤

∑
n∈N

∫ t

0

dtn · · ·
∫ t2

0

dt1
∥∥V1 (t1) · · ·V1 (tn)− V2 (t1) · · ·V2 (tn)

∥∥ .
By observing that[
V1 (t1) · · ·V1 (tn)− V2 (t1) · · ·V2 (tn)

]
=
[
V1 (t1)− V2 (t1)

]
V2 (t2) · · ·V2 (tn)+

+ V1 (t1)
[
V1 (t2)− V1 (t2)

]
V2 (t3) · · ·V2 (tn)+

+ V1 (t1)V1 (t2)
[
V1 (t3)− V1 (t3)

]
V2 (t4) · · ·V2 (tn)+

+ · · · +
+ V1 (t1)V1 (t2) · · ·V1 (tn−2)

[
V1 (tn−1)− V2 (tn−1)

]
V2 (tn)+

+ V1 (t1) · · ·V1 (tn−1)
[
V1 (tn)− V2 (tn)

]
,

it results ∥∥V1 (t1) · · ·V1 (tn)− V2 (t1) · · ·V2 (tn)
∥∥ ≤

≤∥V1 − V2∥
[
∥V1∥n−1 +∥V1∥∥V2∥n−2 + · · ·+∥V1∥n−2∥V2∥+∥V2∥n−1

]
≤∥V1 − V2∥

[
∥V1∥+∥V2∥

]n−1 ≡ ∥V1 − V2∥
∥V1∥+∥V2∥

·
[
∥V1∥+∥V2∥

]n
.

Consequently

∥∥ΓV1 (t)− ΓV2 (t)
∥∥ ≤

∑
n∈N

∫ t

0

dtn · · ·
∫ t2

0

dt1
∥∥V1 (t1) · · ·V1 (tn)− V2 (t1) · · ·V2 (tn)

∥∥ ≤ (4.3)

≤ ∥V1 − V2∥
∥V1∥+∥V2∥

∑
n∈N

|t|n

n!

[
∥V1∥+∥V2∥

]n ≡

e|t|[∥V1∥+∥V2∥] − 1

∥V1∥+∥V2∥

∥V1 − V2∥ ≡ C ∥V1 − V2∥∞

(4.4)

proving that
Γ(·) (t) : V ∈

(
C0 (R) , ∥·∥∞

)
7−→ ΓV (t) ∈

(
B
(
L2 (R)

)
, ∥·∥

)
is a continuous function, for all t ∈ R. Let then S ≡

{
f ∈ S (R)

∣∣ ∫ f = 0
}

be1 and let W ∈ S

be arbitrarily non-trivial.
∫ t

0
ds
[
exp (isH0)W exp (−isH0)

]
≡
∫ t

0
dsW (s) is a Hilbert-Schmidt

operator on L2 (R): its Fourier-transformed integral kernelF

[∫ t

0

dsW (s)

]
F−1

 (p, q) =
i√
2π

· 1− eit(p
2−q2)

p2 − q2
· W̃ (p− q) , p, q ∈ R

1S is dense in
(
C0 (R) ,∥·∥∞

)
.
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is such that

∫
R2

dpdq

∣∣∣∣∣∣ i√
2π

· 1− eit(p
2−q2)

p2 − q2
· W̃ (p− q)

∣∣∣∣∣∣
2

= |t|

(∫
R
dy

sin2 (y)

y2

)∫
R
dz

∣∣∣W̃ (z)
∣∣∣2

|z|

 <∞,

W̃ being the Fourier transform of W . The map

(t2, . . . , tn) ∈ Rn−1 7−→

[∫ t2

0

dt1W (t1)

]
W (t2) · · ·W (tn) ∈ B2

(
L2 (R)

)
is strongly continuous and such that∥∥∥∥∥∥

[∫ t2

0

dt1W (t1)

]
W (t2) · · ·W (tn)

∥∥∥∥∥∥
2

2

≤ |t2|
2

∫
R
dz

∣∣∣W̃ (z)
∣∣∣2

|z|

∥W∥2n−2

is uniformly bounded on compact subsets of Rn−1. Its integral is then again a Hilbert-Schmidt
operator2, allowing to assess that each term of the Dyson expansion, apart from the zeroth
order, is compact. (4.2) is then proved for all W ∈ S, while a density argument give it for
C0 (R). ■

Lemma 4.2. Let H be a separable Hilbert space and let F : t ∈ Rm 7−→ F (t) ∈ B2 (H) be
a strongly continuous function such that

∥∥F (t)
∥∥
2
, t ∈ Rm is uniformly bounded on compact

subsets of Rm. Given K ⊂ Rm compact,

F̂
.
=

[∫
K

dt F (t)

]
∈ B2 (H) .

Proof. Let {en}n be a whatever orthonormal basis of H.∥∥∥F̂∥∥∥2
2
=

∣∣∣∣∣∑
n

∫
K×K

dtds ⟨F (s) en, F (t) en⟩

∣∣∣∣∣ ≤∑
n

∫
K×K

dsdt
∣∣⟨F (s) en, F (t) en⟩

∣∣
≤
∫
K×K

dtds

(∑
n

∥∥F (s) en
∥∥∥∥F (t) en

∥∥) ≤
∫
K×K

dtds

(∑
n

∥∥F (s) en
∥∥2)1/2(∑

n

∥∥F (t) en
∥∥2)1/2

≤
∫
K×K

dtds
∥∥F (s)

∥∥
2

∥∥F (t)
∥∥
2
≤ (uniform boundedness hypothesis) ≤

[
λ(m) (K)

]2
C2 <∞,

λ(m) denoting the m-dimensional Lebesgue measure on Rm and C > 0 representing the uniform
bound. ■

Proposition 4.3. Let V ∈ C0 (R) be arbitrary. The self-adjoint Hamiltonian (H = H0 + V,DH)
is affiliated to R

(
R2, σ

)
.

Proof. As already known, (P − iλ1)−1 ∈ πS
[
R (X, σ)

]
, ∀λ ∈ R \ {0}. Proposition 3.1 then

gives the free Hamiltonian affiliation; in the end, since

(H − iλ1)−1 = (H0 − iλ1)−1 + (H − iλ1)−1 V (H0 − iλ1)−1

for all λ ∈ R\{0}, the result follows from V (H0 − iλ1)−1 being compact for all λ ∈ R\{0}. ■
2See Lemma 4.2.
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Proposition 4.4. Given n ∈ N : n ≥ 2 and V ∈ C0 (R), let the self-adjoint operator(
HV ,DHV

)
on L2 (Rn), where

HV =
n∑

i=1

P 2
i

2mi

+
∑

1≤i<j≤n

V
(
Qi −Qj

)
be. It is affiliated to R

(
R2n, σ

)
.

Proof. Let Xk ⊂ X be a bi-dimensional sub-manifold generated by the symplectic pair (fk, gk),
k = 1, . . . , n; denoting by σk the restriction of σ to Xk ×Xk, the symplectic subspace (Xk, σk)
results. The corresponding resolvent algebra is R (Xk, σk); let then πk be its unique (up to
unitary equivalence) regular and irreducible representation on Hk. Consequently, π0

.
= π1⊗· · ·⊗

πn singles out a regular irreducible representation of R (X1, σ1)⊗ · · ·R (Xn, σn) on H0
.
= H1 ⊗

· · ·⊗Hn. Such representation extends to a regular irreducible representation of CCR (X1, σ1)⊗
· · · ⊗CCR (Xn, σn) ≃ CCR (X, σ), hence to a regular irreducible representation of R (X, σ) on
H0 because of corollary 2.2.1. For all k = 1, . . . , n, the commutative C∗−algebra generated by
(Pk − iλ1)−1 coincides with C0 (Pk), hence3, since

(
P 2
k/2mk − iλ1

)−1 ∈ C0 (Pk), (H0k − iλ1)−1 ∈
πk
[
R (Xk, σk)

]
. Recalling that C0

(
Rn

+

)
= C0 (R+)⊗ · · ·⊗︸ ︷︷ ︸

n−times

C0 (R+), together with the fact

that f : (x1, . . . , xn) ∈ Rn
+ 7−→ (x1 + · · ·+ xn − iλ)−1 ∈ C belongs to C0

(
Rn

+

)
, since the

commutative C∗−algebra generated by the positive self-adjoint operator H0k is C0 (H0k),

(H0 − iλ1)−1 ≡ (H01 + · · ·+H0n − iλ1)−1 ∈ C0 (H01)⊗ · · · ⊗ C0 (H0n) ⊂ π0
[
R (X, σ)

]
for all λ ∈ R \ {0}. Analogously, for all k, l ∈ {1, . . . , n} : k < l, the commutative C∗−algebra
generated by

[
(Qk −Ql)− iλ1

]−1 is C0 (Qk −Ql), hence
∑

k<l V (Qk −Ql) ∈ π0
[
R (X, σ)

]
.

Consequently, set W ≡
∑

k<l V (Qk −Ql),
[
1+ (H0 − iλ1)−1W

]
∈ π0

[
R (X, σ)

]
; as well

known, if
∥∥∥(H0 − iλ1)−1W

∥∥∥ < 1,
[
1+ (H0 − iλ1)−1W

]
∈ π0

[
R (X, σ)

]
is invertible and this

is the case as long as λ ∈ R \ {0} is such that ∥W∥ < |λ|.

(H − iλ1)−1 = (H0 − iλ1+W )−1 =

{
(H0 − iλ1)

[
1+ (H0 − iλ1)−1W

]}−1

=

=
[
1+ (H0 − iλ1)−1W

]−1

(H0 − iλ1)−1 ∈ π0
[
R (X, σ)

]
,

meaning that, if λ ∈ R \ {0} : ∥W∥ < |λ|, H is affiliated to R
(
R2n, σ

)
. The Neumann series

expansion allows then to extend the statement to all λ ∈ R \ {0}. ■

3[6], prop. 5.1.
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Chapter 5

Fixed Centers

Proposition 4.1 guarantees that, for one-dimensional quantum mechanical systems, Schrödinger
Hamiltonians with C0 (R) potentials do induce dynamics on R

(
R2, σ

)
. This section, on the

other hand, addresses the stability problem of R
(
R2, σ

)
under the action of symbolic Hamil-

tonians1 as

H = − d2

dx2
+

N∑
i=1

αiδ (x− xi) , (5.1)

with N ∈ N ∪ {∞}, xi ∈ R : xi ̸= xj, ∀ i, j, αi ∈ R \ {0}, ∀i, clearly not of Schrödinger type.
Definition 4.1 requires showing

eitHπS (a) e
−itH ∈ πS

[
R
(
R2, σ

)]
, ∀a ∈ R

(
R2, σ

)
, ∀t ∈ R, (5.2)

hence the first issue to be dealt with is the explicit construction of e−itH , t ∈ R given H as in
(5.1). [17] is extremely useful for the announced purpose; concretely, by observing that

ΓV (t) = 1+
∑
n∈N

(−i)n
∫ t

0

dtn · · ·
∫ t2

0

dt1 V (t1) · · ·V (tn)

= 1+
∑
n∈N

(−i)n
∫ t

0

dtn · · ·


∫ t3

0

dt2

[∫ t2

0

dt1V (t1)

]
V (t2) · · ·

V (tn)

= 1+
∑
n∈N

(−i)n
∫ t

0

dtn ΓV, (n−1) (tn)V (tn) ≡ 1+
∑
n∈N

(−i)n ΓV, (n) (t) ,

for all t ∈ R, i.e. by considering

ΓV, (n) (t) =

∫ t

0

dtn ΓV, (n−1) (tn)V (tn) , t ∈ R, n ∈ N (5.3)

with ΓV, (0) (t) = 1 for all t ∈ R, ΓV (t) can be explicitly built out of the Fourier domain
counterparts of ΓV, (n) (t), in turn defined by the integral kernels

Kt, (1) (p, q) =
[
FΓV, (1) (t)F

−1
]
(p, q) =

eit(p2−q2) − 1

i (p2 − q2)

 Ṽ (p− q)√
2π

(5.4)

Kt, (n) (p, q) =
[
FΓV, (n) (t)F

−1
]
(p, q) =

∫ t

0

dtn

∫
R
dzn−1Ktn, (n−1) (p, zn−1) e

itn(z2n−1−q2) Ṽ (zn−1 − q)√
2π

,

(5.5)

1In this chapter, H0 = − d2

dx2 is assumed.
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t, p, q ∈ R, n ∈ N : n ≥ 2, where F is the Fourier-Plancherel operator. V is then allowed
to be a distribution over R whose Fourier transform Ṽ is a L∞ function such that Ṽ (p) =
Ṽ (−p) , p ∈ R. Further, [17] ensures that each Kt, (n) is a bounded operator on L2 (R) for
all t ∈ R and that the Dyson series

∑
n∈N Kt, (n) converges in the uniform norm topology; set,

then, K (t) = 1+
∑

n∈N Kt, (n),

U (t) = e−itH0
[
F−1K (t)F

]
, t ∈ R

gives the rigorous unitary time evolution operator of a system governed by the symbolic Hamil-
tonian H = H0 + V . □

5.1 One Fixed-Center Point Interaction
One spinless particle undergoing a unique point interaction placed in a fixed location of the
real line is considered. Its formal Hamiltonian is

H = − d2

dx2
+ αδ(x− x0), x0 ∈ R, (5.6)

where α ∈ R\{0} is the coupling constant and x0 ∈ R is the δ−location. Given V = αδ (· − x0),
one has

• Ṽ (p) = α

(
√
2π)
e−ipx0 , p ∈ R =⇒ Ṽ ∈ L∞ (R),

• Ṽ (p) = α

(
√
2π)
e−ipx0 ≡ α

(
√
2π)
e−i(−p)x0 ≡ Ṽ (−p) , p ∈ R.

Consequently,

K
(α)
t, (1) (p, q) =

α

2π

eit(p2−q2) − 1

i (p2 − q2)

 e−i(p−q)x0 (5.7)

K
(α)
t, (n) (p, q) =

α

2π

∫ t

0

dtn

∫
R
dzn−1 K

(α)
tn, (n−1) (p− zn−1) e

itn(z2n−1−q2)e−i(zn−1−q)x0 , n ∈ N (5.8)

allow to build ΓV (t) ≡ Γα(t) as described, hence the unitary time evolution operator Uα (t) =
e−itH0Γα(t) corresponding to (5.6), for all t ∈ R. □

Remark 5.1. Endowed with the unitary time evolution operator, the resolvent algebra R
(
R2, σ

)
stability remains to be proved; the following strategy is adopted: given a non-negative smooth
function of compact support W 2, by introducing Wϵ as

Wϵ : x ∈ R 7−→ Wϵ (x)
.
=

1

ϵ
W

(
x

ϵ

)
∈ R, ϵ > 0,

along with the Schrödinger Hamiltonian (Hϵ = H0 + αWϵ, DH0), Proposition 4.1 allows to claim
that exp (−itHϵ) ∈ πS

[
R
(
R2, σ

)]
for all t ∈ R. Therefore, should∥∥∥Uα (t)− e−itHϵ

∥∥∥ −→
ϵ↓0

0 (5.9)

2It does not harm generality assuming
∫
RW = 1
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hold, the stability of R
(
R2, σ

)
would easily follow; infact, for all a ∈ R

(
R2, σ

)
, t ∈ R,∥∥∥Uα (t)

∗ πS (a)Uα (t)− eitHϵπS (a) e
−itHϵ

∥∥∥ =

=
∥∥∥Uα (t)

∗ πS (a)Uα (t)− eitHϵπS (a)Uα (t) + eitHϵπS (a)Uα (t)− eitHϵπS (a) e
−itHϵ

∥∥∥ ≤

≤
∥∥∥Uα (t)

∗ − eitHϵ

∥∥∥∥∥πS (a)∥∥+∥∥πS (a)∥∥∥∥∥Uα (t)− e−itHϵ

∥∥∥ −→
ϵ↓0

0.

□

Remark 5.2. 1. {Wϵ}ϵ>0 converges to δ in D ′(R) as ϵ→ 0; infact, given a whatever com-
pactly supported real smooth function f on R,

lim
ϵ↓0

∫
R

[
1

ϵ
W

(
x− x0
ϵ

)]
f (x) dx =

∫
R
W (x)

[
lim
ϵ↓0
f (ϵx+ x0)

]
dx =

(∫
R
W

)
f (x0) ≡

≡
∫
R

[
δ (x− x0)

]
f (x) dx,

by using the Lebesgue dominated convergence theorem and
∫
RW = 1.

2.
{
F
[
Wϵ (· − x0)

]}
ϵ

3 is point-wise convergent to
[(√

2π
)−1

e−i(·)x0

]
as ϵ ↓ 0 for all x0 ∈ R

and there exists M ∈ R+ such that
∣∣∣W̃ϵ (p)

∣∣∣ ≤M , for all ϵ and p: straightforwardly,

lim
ϵ↓0

F
[
Wϵ (· − x0)

]
(p) ≡ lim

ϵ↓0
W̃ϵ (p) = lim

ϵ↓0

e−ipx0

√
2π

∫
R
W (x) e−i(ϵp)xdx =

e−ipx0

√
2π

, ∀p ∈ R,

by the Lebesgue dominated convergence theorem. Clearly∣∣∣W̃ϵ(p)
∣∣∣ ≤ 1√

2π
≡M.

□

Proposition 5.1. Let α ∈ R \ {0} be and W ∈ C∞
c (R) as in Remark 5.1. For all t ∈ R,∥∥∥Uα (t)− e−itHϵ

∥∥∥ −→
ϵ↓0

0.

holds.

Proof. Set

K
(ϵ)
t, (1) (p, q) =

α√
2π

eit(p2−q2) − 1

i (p2 − q2)

 W̃ϵ (p− q) (5.10)

K
(ϵ)
t, (n) (p, q) =

α√
2π

∫ t

0

dtn

∫
R
dzn−1K

(ϵ)
tn, (n−1) (p, zn−1) e

itn(z2n−1−q2)W̃ϵ (zn−1 − q) , n ∈ N

(5.11)

3F denotes the L1-Fourier transform operator.
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it results ∥∥∥Uα (t)− e−itHϵ

∥∥∥ =

=

∥∥∥∥∥∥e−itH0

1+
∑
n∈N

inF−1K
(α)
t, (n)F

− e−itH0

1+
∑
n∈N

inF−1K
(ϵ)
t, (n)F

∥∥∥∥∥∥ ≤
∑
n∈N

∥∥∥K(α)
t, (n) −K

(ϵ)
t, (n)

∥∥∥ ,
meaning that proving the claim amounts in showing∥∥∥K(α)

t, (n) −K
(ϵ)
t, (n)

∥∥∥ −→
ϵ↓0

0, ∀n ∈ N, ∀t ∈ R.

[17] thm. 3.4 allows for

∥∥∥K(α)
t, (n) −K

(ϵ)
t, (n)

∥∥∥ ≤


(
sup
p∈R

∫
R

∣∣∣K(α)
t, (n) (p, q)−K

(ϵ)
t, (n) (p, q)

∣∣∣ dq)
(
sup
p∈R

∫
R

∣∣∣K(α)∗
t, (n) (p, q)−K

(ϵ)∗
t, (n) (p, q)

∣∣∣ dq)


1
2

<∞, n ∈ N

hence the induction principle is going to be used.

k = 1

lim
ϵ↓0

∫
R

∣∣∣K(α)
t, (1) (p, q)−K

(ϵ)
t, (1) (p, q)

∣∣∣ dq = |α|√
2π

lim
ϵ↓0

∫
R

∣∣∣∣∣∣e
it(p2−q2) − 1

p2 − q2

∣∣∣∣∣∣
∣∣∣∣∣e−i(p−q)x0

√
2π

− W̃ϵ (p− q)

∣∣∣∣∣ dq
is intended to be studied. By observing that

|α|√
2π

∫
R

∣∣∣∣∣∣e
it(p2−q2) − 1

p2 − q2

∣∣∣∣∣∣
∣∣∣∣∣e−i(p−q)x0

√
2π

− W̃ϵ (p− q)

∣∣∣∣∣ dq ≤
√

2

π
|α|M

∫
R

∣∣∣∣∣∣e
it(p2−q2) − 1

p2 − q2

∣∣∣∣∣∣ dq <∞

because of [17] thm. 2.3, remark 5.2 and the dominated convergence theorem allow for

∫
R

∣∣∣∣∣∣e
it(p2−q2) − 1

p2 − q2

∣∣∣∣∣∣
lim

ϵ↓0

∣∣∣∣∣e−i(p−q)x0

√
2π

− W̃ϵ (p− q)

∣∣∣∣∣
 dq = 0

Since Kt, (1) = K∗
t, (1),

lim
ϵ↓0

∫
R

∣∣∣K∗(α)
t, (1) (p, q)−K

∗(ϵ)
t, (1) (p, q)

∣∣∣ dq = 0

holds all the same.
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k = n It is assumed the statement holds for k ≤ n− 1.

K
(α)
t, (n) (p, q)−K

(ϵ)
t, (n) (p, q) = (5.12)

=
α√
2π

∫ t

0
dtn

∫
R
dzn−1e

itn(z2n−1−q2)K
(α)
tn, (n−1) (p, zn−1)

[
e−i(zn−1−q)x0

√
2π

− W̃ϵ (zn−1 − q)

]
+ (5.13)

+
α√
2π

∫ t

0
dtn

∫
R
dzn−1e

itn(z2n−1−q2)
[
K

(α)
tn, (n−1) (p, zn−1)−K

(ϵ)
tn, (n−1) (p, zn−1)

]
W̃ϵ (zn−1 − q) . (5.14)

A priori, the foregoing integrals are double integrals; to use them as iterated, Fubini theorem
hypotheses have to be ascertained.∫ t

0

∫
R

∣∣∣K(α)
tn, (n−1) (p, zn−1)

∣∣∣∣∣∣∣∣e−i(zn−1−q)x0

√
2π

− W̃ϵ (zn−1 − q)

∣∣∣∣∣ dzn−1dtn ≤

≤ 2M

∫ t

0

∫
R

∣∣∣K(α)
tn, (n−1) (p, zn−1)

∣∣∣ dzn−1dtn <∞

by the fact that K(α)
t, (n) ∈ B

(
L2 (R)

)
, ∀n ∈ N, ∀t ∈ R. Fubini also holds for both (5.14) and

the adjoint case, as can be readily verified. Then, to compute

lim
ϵ↓0

∫
R

∣∣∣K(α)
t, (n) (p, q)−K

(ϵ)
t, (n) (p, q)

∣∣∣ dq,
the dominated convergence theorem hypotheses need to be checked out. Therefore∣∣∣∣∣∣

∫ t

0

∫
R
K

(α)
tn, (n−1) (p, zn−1)

[
e−i(zn−1−q)x0

√
2π

− W̃ϵ (zn−1 − q)

]
eitn(z

2
n−1−q2)dzn−1dtn

∣∣∣∣∣∣ ≤
≤

∣∣∣∣∣∣
∫
R

[
e−i(zn−1−q)x0

√
2π

− W̃ϵ (zn−1 − q)

]∫ t

0

K
(α)
tn, (n−1) (p, zn−1) e

itn(z2n−1−q2)dtndzn−1

∣∣∣∣∣∣ ≤
≤ 2M

∫
R

∣∣∣∣∣
∫ t

0

K
(α)
tn, (n−1) (p, zn−1) e

itn(z2n−1−q2)dtn

∣∣∣∣∣ dzn−1 ≡

≡ (2M) K̃
(α)
t, (n) (p, q) ,

i.e.

∫
R

∣∣∣∣∣∣
∫ t

0

∫
R
K

(α)
tn, (n−1) (p, zn−1)

[
e−i(zn−1−q)x0

√
2π

− W̃ϵ (zn−1 − q)

]
eitn(z

2
n−1−q2)dzn−1dtn

∣∣∣∣∣∣ dq ≤
≤ 2M

∫
R
K̃

(α)
t, (n) (p, q) dq ≤ 2M

[
sup
p∈R

∫
R
K̃

(α)
t, (n) (p, q) dq

]
<∞,

the estimate holding because of [17] thm. 3.4. Hence, concerning (5.13),

lim
ϵ↓0

∫
R

∣∣∣∣∣∣
∫ t

0

∫
R
K

(α)
tn, (n−1) (p, zn−1)

[
e−i(zn−1−q)x0

√
2π

− W̃ϵ (zn−1 − q)

]
eitn(z

2
n−1−q2)dzn−1dtn

∣∣∣∣∣∣ dq ≤
≤
∫
R

∫ t

0

∫
R

∣∣∣K(α)
tn, (n−1) (p, zn−1)

∣∣∣
lim

ϵ↓0

∣∣∣∣∣e−i(zn−1−q)x0

√
2π

− W̃ϵ (zn−1 − q)

∣∣∣∣∣
 dzn−1dtndq = 0.
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On the other hand, regarding (5.14), the inductive hypothesis gives

lim
ϵ↓0

∫
R

∣∣∣∣∣
∫ t

0

∫
R

[
Ktn, (n−1) (p, zn−1)−K

(ϵ)
tn, (n−1) (p, zn−1)

]
W̃ϵ (zn−1 − q) eitn(z

2
n−1−q2)dzn−1dtn

∣∣∣∣∣ dq ≤
≤M

∫
R

∫ t

0

{
lim
ϵ↓0

∫
R

∣∣∣Ktn, (n−1) (p, zn−1)−K
(ϵ)
tn, (n−1) (p, zn−1)

∣∣∣ dq} dtndzn−1 = 0.

By proceeding analogously for the adjoint relations, the Schur test gives∥∥∥K(α)
t, (n) −K

(ϵ)
t, (n)

∥∥∥ −→
ϵ↓0

0, ∀t ∈ R, ∀n ∈ N.

■

Proposition 5.2. What follows holds.

1. U∗
α (t) πS (a)Uα (t) ∈ πS

[
R
(
R2, σ

)]
for all a ∈ R

(
R2, σ

)
;

2. Denoted by (Hα,DHα) the self-adjoint operator on L2 (R) generating the one parameter
family of strongly continuous unitary operators

{
Uα (t)

}
t∈R, (Hα,DHα) is affiliated to

R
(
R2, σ

)
;

3. The map αt : a ∈ R(R2, σ) 7−→ αt (a) ∈ R(R2, σ), with

αt (a)
.
= π−1

S

[
eitHαπS(a)e

−itHα

]
,

results in an automorphism of R(R2, σ) for all t ∈ R.

Proof. 1. Directly from Proposition 5.1 and remark 5.1.

2. It is a very well known fact that norm dynamical convergence4 implies5 norm resolvent
convergence, therefore∥∥∥Uα (t)− e−itHϵ

∥∥∥ −→
ϵ↓0

0, ∀t ∈ R =⇒
∥∥∥(Hα − iλ1)−1 − (Hϵ − iλ1)−1

∥∥∥ −→
ϵ↓0

0, ∀λ ∈ R\{0}.

Proposition 4.3 states that (Hϵ − iλ1)−1 ∈ πS

[
R
(
R2, σ

)]
for all λ ∈ R \ {0} and ϵ > 0.

Since πS
[
R
(
R2, σ

)]
is closed with respect to the uniform norm topology, the affiliation

of (Hα,DHα) results.

3. Given t ∈ R, the map

a ∈ πS

[
R
(
R2, σ

)]
7−→ eitHαae−itHα ∈ πS

[
R
(
R2, σ

)]
(5.15)

4

Definition 5.1. Let H be a complex Hilbert space. Given self-adjoint operators (An,DAn
) , (A,DA), An is

norm dynamically convergent to A if and only if, for all t ∈ R,
{
eitAn

}
n

converges to eitA with respect to
the B (H) norm.

□
5See [18], thm. 10.1.16.
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is surely injective, by being isometric. On the other hand, given b ∈ πS

[
R
(
R2, σ

)]
,

because of proposition 5.1, e−itHα b eitHα ≡ d ∈ πS

[
R
(
R2, σ

)]
, hence

eitHα d e−itHα = b,

allowing to conclude that (5.15) is surjective. The same map is obviously a homomor-
phism; finally, since πS : R

(
R2, σ

)
−→ πS

[
R
(
R2, σ

)]
is an isomorphism, the result

follows.
■

5.1.1 Many Fixed-Centers Point Interactions

5.1.1.1 Finitely Many Fixed-Centers Point Interactions

Focus is set on the symbolic Hamiltonian

H = H0 +
N∑
i=1

αi δ (x− xi) , (5.16)

with N ∈ N, coupling constants αi ∈ R \ {0} and fixed-centers location xi ∈ R : xi ̸= xj. By
setting (α) ≡ (α1, . . . , αN) ∈ RN and V =

∑N
i=1 αiδ (· − xi),

1.

Ṽ (p) =

∫
R

 N∑
m=1

αmδ(x− xm)

 e−ipx dx√
2π

=
N∑

m=1

αm√
2π
e−ipxm ,

i.e. Ṽ ∈ L∞(R) and

2.

Ṽ (p) =
N∑

m=1

αm√
2π
e−ipxm =

N∑
m=1

αm√
2π
ei(−p)xm =

N∑
m=1

αm√
2π
e−i(−p)xm = Ṽ (−p),

for all p ∈ R.

Consequently, one legitimately relies on

K
(α)
t, (1)(p, q) =

[
eit(p

2−q2) − 1

i(p2 − q2)

] N∑
m=1

αm√
2π
e−i(p−q)xm

 ≡
N∑

m=1

K
(α),m
t, (1) (p, q), (5.17)

K
(α)
t, (n)(p, q) =

∫ t

0

∫
R
K

(α)
tn, (n−1)(p, zn−1)

 N∑
m=1

αm√
2π
e−i(zn−1−q)xm

 eitn(z2n−1−q2)dzn−1dtn = (5.18)

≡
N∑

m=1

K
(α),m
t, (n) (p, q), (5.19)

for all t, p, q ∈ R, to build Γ(α) (t) up, hence the unitary time evolution operator U(α) (t) , t ∈ R.
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Proposition 5.3. Given N ∈ N, let α1, . . . , αN ∈ R \ {0} and non-negative smooth functions
of compact support W1, . . . ,WN ∈ C∞

c (R) such that
∫
R Wi = 1 be. Considered the Schrödinger

Hamiltonians

Hϵ = H0 +
N∑
i=1

αiWϵ,i ≡ H0 +Wϵ, ϵ > 0,

where Wϵ,i (x) = ϵ−1Wi

(
x/ϵ
)
, x ∈ R, i ∈ {1, . . . , N}, for all t ∈ R,∥∥∥U(α) (t)− e−itHϵ

∥∥∥ −→
ϵ↓0

0.

Proof. By using

K
(ϵ)
t, (1)(p, q) =

[
eit(p

2−q2) − 1

i(p2 − q2)

]
W̃ϵ(p− q)√

2π
≡

N∑
m=1

K
(ϵ),m
t, (1) (p, q) (5.20)

K
(ϵ)
t, (n)(p, q) =

∫ t

0

∫
R
K

(ϵ)
tn, (n−1)(p, zn−1)

W̃ϵ(zn−1 − q)√
2π

eitn(z
2
n−1−q2) dzn−1dtn =

N∑
m=1

K
(ϵ),m
t, (n) (p, q)

(5.21)

for all t, p, q ∈ R, to build exp (−itHϵ) up, t ∈ R, one then has∥∥∥U(α) (t)− e−itHϵ

∥∥∥ ≤
∑
n∈N

∥∥∥K(α)
n,t,s −K

(ϵ)
n,t,s

∥∥∥ ≤ (by Schur test)

≤
∑
n∈N


[
sup
p

∫
R

∣∣∣K(α)
t, (n)(p, q)−K

(ϵ)
t, (n)(p, q)

∣∣∣ dq][sup
p

∫
R

∣∣∣K(α),∗
t, (n) (p, q)−K

(ϵ),∗
t, (n)(p, q)

∣∣∣ dq]


1
2

.

Therefore, by observing that

∫
R

∣∣∣K(α)
t, (n)(p, q)−K

(ϵ)
t, (n)(p, q)

∣∣∣ dq = ∫
R

∣∣∣∣∣∣
N∑

m=1

[
K

(α),m
t, (n) (p, q)−K

(ϵ),m
t, (n) (p, q)

]∣∣∣∣∣∣ dq ≤ (5.22)

≤
N∑

m=1

∫
R

∣∣∣K(α),m
t, (n) (p, q)−K

(ϵ),m
t, (n) (p, q)

∣∣∣ dq, (5.23)

the result is proved as in Proposition 5.1. ■

Proposition 5.4. What follows holds.

1. U∗
(α) (t) πS (a)U(α) (t) ∈ πS

[
R
(
R2, σ

)]
for all a ∈ R

(
R2, σ

)
;

2. Denoted by
(
H(α),DH(α)

)
the self-adjoint operator on L2 (R) generating the one parameter

family of strongly continuous unitary operators
{
U(α) (t)

}
t∈R,

(
H(α),DH(α)

)
is affiliated

to R
(
R2, σ

)
;

3. The map αt : a ∈ R(R2, σ) 7−→ αt (a) ∈ R(R2, σ), with

αt (a)
.
= π−1

S

[
eitH(α)πS(a)e

−itH(α)

]
,

results in an automorphism of R(R2, σ) for all t ∈ R.

Proof. The proof closely mimics that of Proposition 3.2. ■
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5.1.1.2 Countably Many Fixed-Centers Point Interactions

Given {αi}i∈N ∈ l1 (N) \ {0} the symbolic Hamiltonian

H = − d2

dx2
+

∞∑
i=1

αiδ (x− xi) ,

with {xi}i∈N ⊂ R such that xi ̸= xj, for all i ̸= j, is finally considered. Set V =
∑∞

i=1 αiδ (· − xi),

1. Ṽ (p) = 1√
2π

∑
m∈N αme

−ipxm = 1√
2π

∑
m∈N αmeipxm = Ṽ (−p), ∀p ∈ R and

2. Ṽ ∈ L∞ (R),

therefore Γ{αi} (t) can be obtained via (5.4), (5.5).

Proposition 5.5. What follows holds.

1. For all t ∈ R, the unitary time evolution operator U{αi} (t)
.
= e−itH0Γ{αi} (t) belongs to

πS

[
R
(
R2, σ

)]
. Moreover, denoted by

(
H{αi},DH{αi}

)
the self-adjoint operator on L2 (R)

generating the one parameter family of unitary operators
{
U{αi} (t)

}
t∈R, it is affiliated to

R
(
R2, σ

)
.

2. U{αi} (t)
∗ πS (a)U{αi} (t) ∈ πS

[
R
(
R2, σ

)]
for all a ∈ R

(
R2, σ

)
, t ∈ R.

3. The map

αt : a ∈ R
(
R2, σ

)
7−→ αt (a) = π−1

S

[
U{αi} (t)

∗ πS(a)U{αi} (t)
]
∈ R

(
R2, σ

)
is an automorphism of R

(
R2, σ

)
.

Proof. Concerning 1., the result follows from [19] prop. 2, Proposition 5.3 and the fact that
norm dynamical convergence implies norm resolvent convergence. 2. and 3. are proved as in
Proposition 3.2. ■

Remark 5.3. The resolvent algebra non-trivial ideal structure has already proved to be funda-
mental for the possibility of accommodating non-trivial quantum dynamics. The same feature
is also of primary importance for the following final result to hold. □

Proposition 5.6. Let K0 be the C∗−subalgebra of πS
[
R
(
R2, σ

)]
generated by B∞

(
L2 (R)

)
and the identity operator.

(
K0 ≡ π−1

S (K0) , R, β
)
, where

β : t ∈ R 7−→ βt ∈ Aut (K0)

and
βt : a ∈ K0 7−→ βt (a)

.
= π−1

S

[
U(t)∗ πS (a) U(t)

]
∈ K0,

U(t) ∈ B
(
L2 (R)

)
propagating fixed point interactions, is a C∗−dynamical system.
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Proof. First of all, it is observed that Proposition 3.3 allows for B∞
(
L2 (R)

)
to be contained in

πS

[
R
(
R2, σ

)]
; then, for all t0 ∈ R,

∥∥U(t)∗U(t)− U(t0)
∗U(t0)

∥∥ = 0. On the other hand, given
ψ, φ ∈ L2 (R), let the finite rank operator T = ⟨ψ, ·⟩φ be. Fixed again t0 ∈ R,∥∥U (t)∗ T − U (t0)

∗ T
∥∥ ≤∥ψ∥

∥∥U (t)∗ φ− U (t0)
∗ φ
∥∥ −→

t→t0
0.

Analogously, ∥∥TU (t)− TU (t0)
∥∥ ≤∥φ∥

∥∥U (t)∗ ψ − U (t0)
∗ ψ
∥∥ −→

t→t0
0,

therefore∥∥U (t)∗ TU (t)− U (t0)
∗ TU (t0)

∥∥ ≤
∥∥U (t)∗ T − U (t0)

∗ T
∥∥+∥∥TU (t)− TU (t0)

∥∥ −→
t→t0

0.

Linearity, density and continuity arguments prove the statement. ■



Chapter 6

Two-Body Delta Potential

The second system investigated is made up of n ∈ N : n ≥ 2 distinguishable particles, inter-
acting via a two-body delta potential in one spatial dimension. The symbolic Hamiltonian of
the case is

H = −
n∑

i=1

1

2mi

∂2

∂x2i
− g

∑
1≤i<j≤n

δ
(
xi − xj

)
≡ H0 − g

∑
1≤i<j≤n

δ
(
xi − xj

)
, (6.1)

where g ∈ R \ {0} is the coupling constant and (H0,DH0) the free Hamiltonian. Purpose of
the chapter is showing that (6.1) is affiliated to R

(
R2n, σ

)
. The adopted strategy is briefly

sketched: given a positive, even, smooth function of compact support v1, by introducing V .
= v2

and
Vϵ : x ∈ R 7−→ Vϵ (x)

.
=

1

ϵ
V

(
x

ϵ

)
∈ R, ϵ > 0

one refers to the Schrödinger Hamiltonians

Hϵ = −
n∑

i=1

1

2mi

∂2

∂x2i
− g

∑
1≤i<j≤n

Vϵ
(
xi − xj

)
≡ H0 − g

∑
1≤i<j≤n

V (ij)
ϵ , ϵ > 0, (6.2)

self-adjoint on DH0 . Because of proposition 4.4, RHϵ (z) ∈ πS

[
R
(
R2n, σ

)]
for all ϵ > 0, z ∈

iR \ {0}; the result then follows from Hϵ converging to H in the norm resolvent sense. □

6.1 Preliminaries
Remark 6.1. Given i, j ∈ {1, . . . , n} : i < j generic, let the following coordinate transforma-
tion be. 

R(ij) =
mixi+mjxj

mi+mj

r(ij) = xi − xj

yk = xk, k ̸= i, j

⇐⇒


xi = R(ij) +

(
mj

mi+mj

)
r(ij)

xj = R(ij) −
(

mi

mi+mj

)
r(ij)

xk = yk, k ̸= i, j

(6.3)

The corresponding jacobian is identically equal to 1, as can be easily verified. □

Definition 6.1. Given (6.3), by introducing the Hilbert space

χ(ij)
.
= L2

(
Rn, dr(ij)dR(ij)dy1 . . . d̂yi . . . d̂yj . . . dyn

)
,

1It does not harm generality assuming
∫
R v

2 = 1.

43
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(hats represent omission) the (unitary) operator implementing (6.3) is

U(ij) : L
2
(
Rn, dx1 . . . dxi . . . dxj . . . dxn

)
−→ χ(ij). (6.4)

□

Definition 6.2. Given i, j ∈ {1, . . . , n} : i < j, ϵ > 0, denoted
(
R(ij), y1, . . . , ŷi, . . . , ŷj, . . . , yn

)
∈

Rn−1 by Y (ij), the scaling operator

U (ij)
ϵ : ψ̃ ∈ χ(ij) 7−→ U (ij)

ϵ ψ̃ ∈ χ(ij)

is introduced, where, should ψ̃ be continuous,
(
U

(ij)
ϵ ψ̃

)(
r(ij), Y (ij)

)
.
=

√
ϵψ̃
(
ϵr(ij), Y (ij)

)
. □

Remark 6.2. By introducing the Hilbert space

χ
(red)
(ij)

.
= L2

(
Rn−1, dR(ij)dy1 . . . d̂yi . . . d̂yj . . . dyn

)
,

on the one hand, χ(ij) = L2
(
R, dr(ij)

)
⊗ χ

(red)
(ij) , on the other hand, U (ij)

ϵ ≡ u
(ij)
ϵ ⊗ 1, where

u(ij)ϵ : φ ∈ L2
(
R, dr(ij)

)
7−→ u(ij)ϵ φ ∈ L2

(
R, dr(ij)

)
(6.5)

and
(
u
(ij)
ϵ φ

) (
r(ij)

)
=

√
ϵφ
(
ϵr(ij)

)
, should φ be a continuous function. u(ij)ϵ is well-defined and

unitary because of∫
R

∣∣∣∣(u(ij)ϵ φ
) (
r(ij)

)∣∣∣∣2 dr(ij) ≡ ∫
R
ϵ
∣∣∣φ (ϵr(ij))∣∣∣2 dr(ij) = (r̃(ij) = ϵr(ij)

)
=

∫
R

∣∣∣φ (r̃(ij))∣∣∣2 dr̃(ij) ≡∥φ∥22 .

□

Definition 6.3. Let v ∈ C∞
0 (R) be even, positive and such that

∫
R v

2 = 12. For all i, j ∈
{1, . . . , n} : i < j, ϵ > 0, the bounded linear operator

a(ij)ϵ
.
= (v ⊗ 1) U

(ij)
ϵ√
ϵ
U(ij) ≡

(
vu

(ij)
ϵ√
ϵ

⊗ 1

)
U(ij) : L

2 (Rn, dx1 . . . dxn) −→ χ(ij),

is introduced. □

Remark 6.3. • For all i, j ∈ {1, . . . , n} : i < j, V (ij)
ϵ = a

(ij) ∗
ϵ a

(ij)
ϵ and, for all ϵ > 0,

Hϵ = H0 − g
∑

1≤i<j≤n

V (ij)
ϵ ≡ H0 − g

∑
1≤i<j≤n

a(ij) ∗ϵ a(ij)ϵ . (6.6)

• From now on, an interacting pair (ij) will be denoted by a greek index σ, ν, . . ., varying

in I, with |I| =

(
n
2

)
= number of interacting pairs.

□

2The same letter will be used to denote the corresponding multiplication operator on L2
(
R, dr(ij)

)
.
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Definition 6.4. Let the Hilbert space χ =
⊕
σ

χσ be. Given ϵ > 0, the bounded operator

Aϵ : L
2 (Rn, dx1 . . . dxn) −→ χ

is defined, where

Aϵψ
.
=
(√

|g|aσ1
ϵ ψ, . . . ,

√
|g|aσ|I|

ϵ ψ
)
≡
(
Aσ1

ϵ ψ, . . . , A
σ|I|
ϵ ψ

)
for all ψ ∈ L2 (Rn, dx1 . . . dxn). It is further introduced the bounded operator J on χ via the
position

J (ψσ)
|I|
σ=1

.
=
(
(sgn g)ψσ

)|I|
σ=1

for all (ψσ)σ ∈ χ, to eventually define Bϵ = JAϵ : L
2 (Rn, dx1 . . . dxn) −→ χ. □

Remark 6.4. The foregoing definition allows to conclude that g
∑

σ V
σ
ϵ = A∗

ϵBϵ, for all ϵ > 0,
hence Hϵ = H0 − A∗

ϵBϵ. The Konno-Kuroda formula can then be used (see App. 1) and

(Hϵ − z1)−1 ≡ RHϵ (z) = RH0 (z) +
∑
σ,ν

[
Aσ

ϵRH0 (z)
]∗ [

Λϵ (z)
−1
]
σν

[
Bν

ϵRH0 (z)
]
, (6.7)

for all z ∈ ρ (Hϵ) ∩ ρ (H0) , ϵ > 0, where
[
Λϵ (z)

]
σν

= δσν − Bσ
ϵ RH0 (z)A

ν ∗
ϵ ∈ B (χσ, χν),

σ, ν ∈ I. The entire analysis is based on the ϵ ↓ 0 behaviour of (6.7). □

6.2 The Limit of aσϵRH0 (z) , z < 0

Remark 6.5. Given Uσ as in (6.4), UσH0 = Hσ
0Uσ on DH0, where

Hσ
0 = − 1

2µσ

∂2

∂r2σ
− 1

2Mσ

∂2

∂R2
σ

−
n∑

k=1
k ̸=i,j

1

2mk

∂2

∂x2k
,

hence
Uσ (H0 − z1)−1 = (Hσ

0 − z1)−1 Uσ, z ∈ ρ (H0) ≡ ρ (Hσ
0 ) ,

and

aσϵ (H0 − z1)−1 = (v ⊗ 1) U
σ
ϵ√
ϵ
Uσ (H0 − z1)−1 = (v ⊗ 1) U

σ
ϵ√
ϵ
(Hσ

0 − z1)−1 Uσ =

= T σ
ϵ (z)Uσ

collecting both the z and ϵ dependence. Moreover, since aσϵRH0 (z) ∈ B
(
L2 (Rn) , χσ

)
, one has

T σ
ϵ (z) ∈ B (χσ), for all z ∈ ρ (H0). □

Definition 6.5. Denoted by FY σ
the Fourier operator on χ(red)

σ , the bounded operator(
1⊗ FY σ

)
T σ
ϵ (z)

(
1⊗ F−1

Y σ

)
.
= T σ

ϵ, Pσ
(z) : L2 (R, drσ)⊗ χ̃(red)

σ → L2 (R, drσ)⊗ χ̃(red)
σ

is introduced, where χ̃(red)
σ = FY σ

χ
(red)
σ . □
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Remark 6.6. By definition,

T σ
ϵ, Pσ

(z) ≡
(
vuσϵ√
ϵ
⊗ 1

)(
1⊗ FY σ

)
(Hσ

0 − z1)−1
(
1⊗ F−1

Y σ

)
≡

≡ (2µσ)

(
vuσϵ√
ϵ
⊗ 1

)[
− ∂2

∂r2σ
− (2µσ) (z −Qσ)1

]−1

,

where Qσ = P 2
σ

2Mσ
+
∑n

k=1
k ̸=i,j

p2k
2mk

. In particular, for all ψ ∈ L2 (R, drσ)⊗ χ̃
(red)
σ , it is[

T σ
ϵ, Pσ

(z)ψ
]
(rσ, P σ) = (2µσ)v(rσ)

∫
R
G

(1)
(2µσ)(z−Qσ)

(
ϵrσ − r′σ

)
ψ
(
r′σ, P σ

)
dr′σ,

i.e. on χ̃(red)
σ , T σ

ϵ, Pσ
(z) behaves as a multiplication operator, while, on L2 (R, drσ), as an integral

operator whose kernel is
(2µσ) v (rσ)G

(1)
(2µσ)(z−Qσ)

(
ϵrσ − r′σ

)
. (6.8)

Definition 6.6. Given σ ∈ I, z < 0, let T σ
0,Pσ

(z) : ψ ∈ L2 (R, drσ) ⊗ χ̃
(red)
σ 7−→ T σ

0,Pσ
(z)ψ ∈

L2 (R, drσ)⊗ χ̃
(red)
σ be such that[

T σ
0, Pσ

(z)ψ
]
(rσ, P σ)

.
= (2µσ)v(rσ)

∫
R
G

(1)
(2µσ)(z−Qσ)

(
−r′σ

)
ψ
(
r′σ, P σ

)
dr′σ,

with Qσ as above. Correspondingly(
1⊗ F−1

Y σ

)
T σ
0,Pσ

(z)
(
1⊗ FY σ

) .
= T σ

0 (z) : L2 (R, drσ)⊗ χ(red)
σ −→ L2 (R, drσ)⊗ χ(red)

σ (6.9)

is introduced. □

Lemma 6.1. Let σ ∈ I, z < 0 be. Then

lim
ϵ↓0

∥∥T σ
ϵ (z)− T σ

0 (z)
∥∥
B(χσ)

= 0.

Proof. Directly from [20], Lemma 3.1 and Proposition 3.2. ■

Remark 6.7. Direct consequence of Lemma 6.1, for all σ ∈ I, z < 0, is

lim
ϵ↓0

aσϵ (H0 − z1)−1 = lim
ϵ↓0

T σ
ϵ (z)Uσ = T σ

0 (z)Uσ
.
= Sσ (z) ,

with Sσ (z) ∈ B
(
L2 (Rn, dx1 · · · dxn) , χσ

)
. □

6.3 Λϵ (z)-related analysis
Remark 6.8. Given z ∈ ρ (H0) , σ, ν ∈ I, one starts observing that[

Λϵ (z)
]
σν

= δσν −Bσ
ϵ RH0 (z)A

ν∗
ϵ =

= δσν −Bσ
ϵ RH0 (z)A

ν∗
ϵ + δσνB

σ
ϵ RH0 (z)A

ν∗
ϵ − δσνB

σ
ϵ RH0 (z)A

ν∗
ϵ =

=
[
1−Bσ

ϵ RH0 (z)A
ν∗
ϵ

]
δσν + (δσν − 1)Bσ

ϵ RH0 (z)A
ν∗
ϵ ≡

≡
[
Λϵ (z)diag

]
σν

+
[
Λϵ (z)off

]
σν
.

Where it all makes sense,[
Λϵ (z)

]−1
=

{
1+

[
Λϵ (z)diag

]−1 [
Λϵ (z)off

]}−1 [
Λϵ (z)diag

]−1

, (6.10)

therefore, purpose of the section is finding a range of values for z ∈ ρ (H0) such that (6.10)
holds. □
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6.3.1 Λϵ (z)diag

Remark 6.9. Let σ ∈ I, ϵ > 0 be. Set ϕσ
ϵ (z) = Bσ

ϵ RH0 (z)A
σ∗
ϵ ∈ B (χσ), z ∈ ρ (H0),

ϕσ
ϵ (z) = g (v ⊗ 1) U

σ
ϵ√
ϵ
Uσ (H0 − z1)−1

[
(v ⊗ 1) U

σ
ϵ√
ϵ
Uσ

]∗
=

= g (v ⊗ 1) U
σ
ϵ√
ϵ
(Hσ

0 − z1)−1 U
σ ∗
ϵ√
ϵ
(v ⊗ 1) .

Moreover [
− 1

2µσ

∂2

∂r2σ
− (z −Qσ)1

]−1

=
(
1⊗ FY σ

)
(Hσ

0 − z1)−1
(
1⊗ F−1

Y σ

)
,

allows for

ϕσ
ϵ (z) =

g

ϵ

(vuσϵ ⊗ 1)
(
1⊗ F−1

Y σ

)[
− 1

2µσ

∂2

∂r2σ
− (z −Qσ)1

]−1 (
1⊗ FY σ

)
(uσ∗ϵ v ⊗ 1)

 =

=
(
1⊗ F−1

Y σ

)g (v ⊗ 1) Uσ
ϵ√
ϵ

[
− 1

2µσ

∂2

∂r2σ
− (z −Qσ)1

]−1
Uσ∗
ϵ√
ϵ
(v ⊗ 1)

(1⊗ FY σ

)
.

□

Definition 6.7. Fixed σ ∈ I, ϵ > 0, z ∈ ρ (H0), the linear bounded operator ϕσ
ϵ, Pσ

(z) on
L2 (R, drσ)⊗ χ̃

(red)
σ , where

ϕσ
ϵ, Pσ

(z)
.
= g (v ⊗ 1) U

σ
ϵ√
ϵ

[
− 1

2µσ

∂2

∂r2σ
− (z −Qσ)1

]−1
Uσ∗
ϵ√
ϵ
(v ⊗ 1)

and Qσ as above, is introduced. □

Remark 6.10. By observing that, for all ψ, φ ∈ L2 (R, drσ) , ϵ > 0,

⟨φ, uσϵψ⟩ =
∫
R
φ (x) (uσϵψ) (x) dx =

∫
R
φ (x)

√
ϵψ (ϵx) dx =

∫
R

[
1√
ϵ
φ

(
x′

ϵ

)]
ψ
(
x′
)
dx′ =

= ⟨uσ∗ϵ φ, ψ⟩,

for all z < 0, φ ∈ L2 (R, drσ)⊗ χ̃
(red)
σ , it results

[
− ∂2

∂r2σ
− (2µσ) (z −Qσ)1

]−1
uσ∗ϵ√
ϵ
φ

 (rσ, P σ) =

∫
R
G

(1)

[(2µσ)(z−Qσ)]

(
rσ, r

′
σ

) 1
ϵ
φ

(
r′σ
ϵ
, P σ

)
dr′σ =

=

∫
R
G

(1)

[(2µσ)(z−Qσ)]

(
rσ, ϵr

′
σ

)
φ
(
r′σ, P σ

)
dr′σ.
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Consequently
 Uϵ√

ϵ

[
− ∂2

∂r2σ
− (2µσ) (z −Qσ)1

]−1
U∗
ϵ√
ϵ

φ

 (rσ, P σ) =

∫
R
G

(1)

[(2µσ)(z−Qσ)]

(
ϵrσ, ϵr

′
σ

)
φ
(
r′σ, P σ

)
dr′σ =

=

∫
R

∫ ∞

0

e−
|ϵrσ−ϵr′σ|2

4t
+(2µσ)(z−Qσ)t

√
4πt

dt

φ (r′σ, P σ

)
dr′σ = ϵ

∫
R
G

(1)

[ϵ2(2µσ)(z−Qσ)]

(
rσ, r

′
σ

)
φ
(
r′σ, P σ

)
dr′σ =

= ϵ


[
− ∂2

∂r2σ
− ϵ2 (2µσ) (z −Qσ)1

]−1

φ

 (rσ, P σ) ,

i.e.
Uσ
ϵ√
ϵ

[
− ∂2

∂r2σ
− (2µσ) (z −Qσ)1

]−1
Uσ∗
ϵ√
ϵ
= ϵ

[
− ∂2

∂r2σ
− ϵ2 (2µσ) (z −Qσ)1

]−1

,

allowing to state that

ϕσ
ϵ,Pσ

(z) = g (v ⊗ 1) U
σ
ϵ√
ϵ
(2µσ)

[
− ∂2

∂r2σ
− (2µσ) (z −Qσ)1

]−1
Uσ∗
ϵ√
ϵ
(v ⊗ 1) ≡

≡ (v ⊗ 1)

(2µσ) gϵ

[
− ∂2

∂r2σ
− ϵ2 (2µσ) (z −Qσ)1

]−1
 (v ⊗ 1) .

□

Proposition 6.2. For all σ ∈ I, ϵ > 0, z < 0,
∥∥∥ϕσ

ϵ, Pσ
(z)
∥∥∥
B(χσ)

≤ C|g|√
|z|

, where C =

√(
max

σ

µσ

2

)
.

Proof. Given η ∈ L2 (R, drσ) , ξ ∈ χ̃
(red)
σ arbitrary, what follows holds.

∥∥∥ϕσϵ, Pσ
(z) η ⊗ ξ

∥∥∥2
2
=

∫
Rn

∣∣∣∣∣∣
(
g

√
µσ
2

)
ξ (P σ)√
|z −Qσ|

v (rσ)

∫
R
e−ϵ

√
(2µσ)|z−Qσ ||rσ−r′σ|v

(
r′σ
)
η
(
r′σ
)
dr′σ

∣∣∣∣∣∣
2

drσdP σ ≤

≤ g2µσ
2

∫
Rn

∣∣ξ (P σ)
∣∣2

|z −Qσ|
v (rσ)

2

[∫
R
e−ϵ

√
(2µσ)|z−Qσ ||rσ−r′σ|v

(
r′σ
)∣∣∣η (r′σ)∣∣∣ dr′σ]2 drσdP σ ≤

≤ g2µσ
2

∫
Rn

∣∣ξ (P σ)
∣∣2

|z −Qσ|
v (rσ)

2

[∫
R
e−2ϵ

√
(2µσ)|z−Qσ ||rσ−r′σ|v

(
r′σ
)2
dr′σ

] [∫
R

∣∣∣η (r′σ)∣∣∣2 dr′σ] drσdP σ ≤

≤ g2µσ
2

∫
Rn−1

∣∣ξ (P σ)
∣∣2

|z −Qσ|
dP σ

[∫
R

∣∣∣η (r′σ)∣∣∣2 dr′σ] [∫
R2

v (rσ)
2 v
(
r′σ
)2
e−2ϵ

√
(2µσ)|z−Qσ ||rσ−r′σ|drσdr′σ

]
≤

≤ g2µσ
2|z|

∥η ⊗ ξ∥22 ≤
(
max
σ

µσ

)
g2

2|z|
∥η ⊗ ξ∥22 ,

by using Hölder inequality in passing from the second to the third line. As a consequence∥∥∥ϕσ
ϵ, Pσ

(z)
∥∥∥
B(χσ)

≤

√(
max

σ

µσ

2

)
g2

|z|
≡ C|g|√

|z|
.

■
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Corollary 6.2.1. For all σ ∈ I, ϵ > 0, if z ∈ R− : z < −C2g2, Λϵ (z)diag is invertible on χσ.

Proof. By definition [
Λϵ (z)diag

]
σσ

= 1− ϕσ
ϵ (z) ,

hence
∥∥ϕσ

ϵ (z)
∥∥
B(χσ)

< 1 guarantees the invertibility of 1− ϕσ
ϵ (z) on χσ.

z < −C2g2 =⇒ C|g|√
|z|

< 1 =⇒
∥∥ϕσ

ϵ (z)
∥∥
B(χσ)

< 1.

■

Remark 6.11. Given σ ∈ I and z < −C2g2, what above allows to state that

[(
Λϵ (z)diag

)−1
]
σσ

=
[
1− ϕσ

ϵ (z)
]−1

=
∑
n∈N0

[
ϕσ
ϵ (z)

]n
,

hence∥∥∥∥∥
[(

Λϵ (z)diag

)−1
]
σσ

∥∥∥∥∥
B(χσ)

≤
∑
n∈N0

∥∥ϕσ
ϵ (z)

∥∥n
B(χσ)

=
1

1−
∥∥ϕσ

ϵ (z)
∥∥
B(χσ)

≤

[
1− C|g|√

|z|

]−1

.

□

6.3.2 Investigating Λϵ (z)diag as ϵ→ 0+

Definition 6.8. Given σ ∈ I and z < 0, the linear operator

ϕσ
0, Pσ

(z) : φ ∈ D ⊆ L2 (R, drσ)⊗ χ̃(red)
σ 7−→ ϕσ

0, Pσ
(z)φ ∈ L2 (R, drσ)⊗ χ̃(red)

σ ,

where

[
ϕσ

0, Pσ
(z)φ

]
(rσ, P σ)

.
=

(
g

√
µσ

2

)
v (rσ)

∫
R

φ (r′σ, P σ)√
|z −Qσ|

v
(
r′σ
)
dr′σ, φ ∈ D,

is introduced. □

Lemma 6.3. For arbitrary σ ∈ I, z < 0, D ≡ L2 (R, drσ)⊗ χ̃
(red)
σ , ϕσ

0, Pσ
(z) is bounded and

∥∥∥ϕσ
ϵ, Pσ

(z)− ϕσ
0, Pσ

(z)
∥∥∥
B(χσ)

−→
ϵ↓0

0.
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Proof. Let whatever η ∈ L2 (R, drσ) , ξ ∈ χ̃
(red)
σ be.∥∥∥∥[ϕσ0, Pσ

(z)− ϕσϵ, Pσ
(z)
]
η ⊗ ξ

∥∥∥∥2
2

≡
∫
Rn

∣∣∣∣∣
{[
ϕσ0, Pσ

(z)− ϕσϵ, Pσ
(z)
]
η ⊗ ξ

}
(rσ, P σ)

∣∣∣∣∣
2

drσdP σ =

=

∫
Rn

∣∣∣∣∣∣
(
g

√
µσ
2

)
ξ (P σ)√
|z −Qσ|

∫
R
v (rσ)

[
e−ϵ

√
(2µσ)|z−Qσ ||rσ−r′σ| − 1

]
v
(
r′σ
)
η
(
r′σ
)
dr′σ

∣∣∣∣∣∣
2

drσdP σ ≤

≤ g2
(
µσ
2

)∫
Rn

∣∣ξ (P σ)
∣∣2

|z −Qσ|

[∫
R

∣∣∣∣e−ϵ
√

(2µσ)|z−Qσ ||rσ−r′σ| − 1

∣∣∣∣ v (rσ) v (r′σ)∣∣∣η (r′σ)∣∣∣ dr′σ]2 drσdP σ ≤

≤

(
g2µσ
2

)∫
Rn

∣∣ξ (P σ)
∣∣2

|z −Qσ|


[∫

R

∣∣∣∣e−ϵ
√

(2µσ)|z−Qσ ||rσ−r′σ| − 1

∣∣∣∣2 v (rσ)2 v (r′σ)2 dr′σ
][∫

R

∣∣∣η (r′σ)∣∣∣2 dr′σ]
 ≤

≤

(
g2µσ
2

)(∫
R

∣∣∣η (r′σ)∣∣∣2 dr′σ)∫
Rn−1


∣∣ξ (P σ)

∣∣2
|z −Qσ|

[∫
R2

∣∣∣ϵ√(2µσ)|z −Qσ|
∣∣rσ − r′σ

∣∣∣∣∣2 v (rσ)2 v (r′σ)2 drσdr′σ] dP σ


≤ ϵ2

(
g2µ2σ

)[
2

∫
R2

v (rσ)
2 v
(
r′σ
)2 (

r2σ + r′ 2σ

)
drσdr

′
σ

]
∥η ⊗ ξ∥22 ,

by using Hölder inequality in passing from the third to the fourth line. Since

2

∫
R2

v (rσ)
2 v
(
r′σ
)2 (

r2σ + r′ 2σ
)
drσdr

′
σ < 4∥V ∥21

(
sup

suppV
r2σ

)
<∞,

it results ∥∥∥ϕσ
0, Pσ

(z)− ϕσ
ϵ, Pσ

(z)
∥∥∥
B(χσ)

≤ Kϵ,

for some constant K > 0. ■

Lemma 6.4. Given z < 0 and ϕσ
0 (z)

.
=
(
1⊗ F−1

Y σ

)
ϕσ

0, Pσ
(z)
(
1⊗ FY σ

)
, if z < −C2g2, 1 −

ϕσ
0 (z) is invertible and

lim
ϵ↓0

[
1− ϕσ

ϵ (z)
]−1

=
[
1− ϕσ

0 (z)
]−1

.

Proof. Let η ∈ L2 (R, drσ) , ξ ∈ χ̃
(red)
σ be arbitrary.∥∥∥ϕσ

0, Pσ
η ⊗ ξ

∥∥∥2
2
=

∫
Rn

∣∣∣∣∣∣
(
g

√
µσ

2

)
v (rσ)√
|z −Qσ|

ξ (P σ)

∫
R
v
(
r′σ
)
η
(
r′σ
)
dr′σ

∣∣∣∣∣∣
2

drσdP σ ≤

≤
(
g2
µσ

2

)∫
Rn

∣∣ξ (P σ)
∣∣2

|z −Qσ|
v2 (rσ)

[∫
R

∣∣∣η (r′σ)∣∣∣ v (r′σ) dr′σ]2 drσdP σ ≤
(
g2
µσ

2|z|

)
∥η ⊗ ξ∥22 .

As a consequence ∥∥ϕσ
0 (z)

∥∥
B(χσ)

≡
∥∥∥ϕσ

0, Pσ
(z)
∥∥∥
B(χσ)

≤ C|g|√
|z|
.

■

Remark 6.12. Important and direct consequence of what above is that, as z < −C2g2,

lim
ϵ↓0

[(
Λϵ (z)diag

)
σσ

]−1

= lim
ϵ↓0

[
1− ϕσ

ϵ (z)
]−1

=
[
1− ϕσ

0 (z)
]−1

= (6.11)

=

[(
Λ0 (z)diag

)
σσ

]−1

=

[(
Λ0 (z)diag

)−1
]
σσ

. (6.12)

□
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6.3.3
{
1+

[
Λϵ (z)diag

]−1

Λϵ (z)off

}−1

-related investigations

Proposition 6.5. Let ϵ > 0, z < 0 be arbitrary. (6.14) and (6.15) hold.

Proof. First of all, let σ, ν ∈ I : σ ̸= ν be. Then

[
Λϵ (z)off

]
σν

= −Bσ
ϵ RH0 (z)A

ν ∗
ϵ = − (v ⊗ 1) U

σ
ϵ√
ϵ
UσRH0 (z)

[
(v ⊗ 1) U

ν
ϵ√
ϵ
Uν

]∗
=

= − (v ⊗ 1) U
σ
ϵ√
ϵ
UσRH0 (z)U

∗
ν

Uν ∗
ϵ√
ϵ
(v ⊗ 1) : χν −→ χσ.

To simplify the notation, without harming generality, σ = (12) is assumed; for all ψ ∈ χν ,[
Λϵ (z)off

]
σν
ψ ∈ χσ, hence

([
Λϵ (z)off

]
σν
ψ
)
(rσ, Rσ, x3, . . . , xn) =

=

{
−
[
(v ⊗ 1) U

σ
ϵ√
ϵ
UσRH0 (z)U

∗
ν

Uν ∗
ϵ√
ϵ
(v ⊗ 1)

]
ψ

}
(rσ, Rσ, x3, . . . , xn)

= −v (rσ)

{[
UσRH0 (z)U

∗
ν

Uν ∗
ϵ√
ϵ
(v ⊗ 1)

]
ψ

}
(ϵrσ, Rσ, x3, . . . , xn) .

It is recalled that

U(12) : Ψ ∈ L2 (Rn, dx1 . . . dxn) 7−→ U(12)Ψ ∈ L2
(
Rn, dr(12)dR(12)dx3 . . . dxn

)

with

(
U(12)Ψ

) (
r(12), R(12), x3, . . . , xn

)
≡ Ψ

(
R(12) −

m2

m1 +m2

r(12), R(12) +
m1

m1 +m2

r(12), x3, . . . , xn

)
,

therefore
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([
Λϵ (z)off

]
σν
ψ
)
(rσ, Rσ, x3, . . . , xn) =

= −v (rσ)
[
RH0 (z)U

∗
ν

Uν ∗
ϵ√
ϵ
(v ⊗ 1)ψ

](
Rσ − m2

m1 +m2
ϵrσ, Rσ +

m1

m1 +m2
ϵrσ, x3, . . . , xn

)
= −v (rσ)

∫
Rn

{[
RH0 (z)

](
Rσ − ϵm2

m1 +m2
rσ, Rσ +

ϵm1

m1 +m2
rσ, x3, . . . , xn, x

′
1, . . . , x

′
n

)
·

·
[
U∗
ν

Uν ∗
ϵ√
ϵ
(v ⊗ 1)ψ

] (
x′1, . . . , x

′
n

)}
dx′1 · · · dx′n

= −v (rσ)
∫
Rn

{[
RH0 (z)

](
Rσ − ϵm2

m1 +m2
rσ, Rσ +

ϵm1

m1 +m2
rσ, x3, . . . , xn, x

′
1, . . . , x

′
n

)
·

·
[
Uν ∗
ϵ√
ϵ
(v ⊗ 1)ψ

](
x′1, . . . , x

′
ν1 − x′ν2 , . . . ,

mν1x
′
ν1 +mν2x

′
ν2

mν1 +mν2

, . . . , x′n

) dx′1 · · · dx′n

= −v (rσ)
∫
Rn

[RH0 (z)
](

Rσ − ϵm2

m1 +m2
rσ, Rσ +

ϵm1

m1 +m2
rσ, x3, . . . , xn, x

′
1, . . . , x

′
n

)
1

ϵ
v

(
x′ν1 − x′ν2

ϵ

)
·

·ψ

(
x′ν1 − x′ν2

ϵ
,
mν1x

′
ν1 +mν2x

′
ν2

mν1 +mν2

, x′1, . . . , x̂
′
ν1 , . . . , x̂

′
ν2 , . . . , x

′
n

) dx′1 · · · dx′n

= −v (rσ)
∫
Rn

[RH0 (z)
](

Rσ − ϵm2

m1 +m2
rσ, Rσ +

ϵm1

m1 +m2
rσ, x3, . . . , xn, x

′
1, . . . , x

′
n

)
1

ϵ
v

(
x′ν1 − x′ν2

ϵ

)
·

·ψ

(
x′ν1 − x′ν2

ϵ
, x′ν1 −

ϵmν2

mν1 +mν2

x′ν1 − x′ν2
ϵ

, x′1, . . . , x̂
′
ν1 , . . . , x̂

′
ν2 , . . . , x

′
n

) dx′1 · · · dx′n

= −v (rσ)
∫
Rn+1

{[
RH0 (z)

](
Rσ − ϵm2

m1 +m2
rσ, Rσ +

ϵm1

m1 +m2
rσ, x3, . . . , xn, x

′
1, . . . , x

′
n

)
1

ϵ
v
(
r′ν
)
·

· ψ
(
r′ν , x

′
ν1 −

ϵmν2

mν1 +mν2

r′ν , x
′
1, . . . , x̂

′
ν1 , . . . , x̂

′
ν2 , . . . , x

′
n

)
·

· δ

(
r′ν −

x′ν1 − x′ν2
ϵ

) dx′1 · · · dx′ndr′ν

≡

1

ϵ
δ

(
r′ν −

x′ν1 − x′ν2
ϵ

)
≡ δ

(
ϵr′ν −

(
x′ν1 − x′ν2

))
≡ δ

(
x′ν1 − x′ν2 − ϵr′ν

)
≡

≡ δ

((
x′ν1 −

ϵmν2

mν1 +mν2

r′ν

)
−
(
x′ν2 +

ϵmν1

mν1 +mν2

r′ν

)) ≡

≡
∫
Rn+2

{
−v (rσ)

[
RH0 (z)

](
Rσ − ϵm2

m1 +m2
rσ, Rσ +

ϵm1

m1 +m2
rσ, x3, . . . , xn, x

′
1, . . . , x

′
n

)
v
(
r′ν
)

δ

(
R′

ν − x′ν1 +
ϵmν2

mν1 +mν2

r′ν

)
δ

(
R′

ν − x′ν2 −
ϵmν1

mν1 +mν2

r′ν

)}
·

· ψ
(
r′ν , R

′
ν , x

′
1, . . . , x̂

′
ν1 , . . . , x̂

′
ν2 , . . . , x

′
n

)
dr′νdR

′
νdx

′
1 · · · dx′n.
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Now, it is observed that σ ̸= ν may nonetheless imply νi ∈ {1, 2} , i = 1, 2, hence the following
cases are discussed.

σ = (12), ν = (1ν2), ν2 ≥ 3

[(
Λϵ (z)off

)
σν
ψ
]
(rσ, Rσ, x3, . . . , xn) =

≡
∫
Rn

{
−v (rσ)

[
RH0 (z)

](
Rσ − ϵm2

m1 +m2
rσ, Rσ +

ϵm1

m1 +m2
rσ, x3, . . . , xn, x

′
1, . . . , x

′
n

)
v
(
r′ν
)

δ

(
R′

ν − x′1 +
ϵmν2

m1 +mν2

r′ν

)
δ

(
R′

ν − x′ν2 −
ϵm1

m1 +mν2

r′ν

)}
·

· ψ
(
r′ν , R

′
ν , x̂

′
1, x

′
2, . . . , x̂

′
ν2 , . . . , x

′
n

)
dr′νdR

′
νdx

′
1 · · · dx′n ≡

≡
(
by integrating with respect to x′1, x

′
ν2

)
≡

≡
∫
Rn

{
−v (rσ)

[
RH0 (z)

](
Rσ − ϵm2

m1 +m2
rσ −R′

ν −
ϵmν2

m1 +mν2

r′ν , Rσ +
ϵm1

m1 +m2
rσ − x′2, x3 − x′3, . . . ,

xν2 −R′
ν +

ϵm1

m1 +mν2

rν , . . . , xn − x′n

)
v
(
r′ν
)}

·

· ψ
(
r′ν , R

′
ν , x̂

′
1, x

′
2, . . . , x̂

′
ν2 , . . . , x

′
n

)
dr′νdR

′
νdx

′
2 · · · dx̂′ν2 · · · dx

′
n.

It is clearly seen that, with respect to the tuple of variables Y ν ≡ (x3, . . . , x̂ν2 , . . . , xn) ∈ Rn−3,(
Λϵ (z)off

)
σν

behaves as a convolution operator; set χ−
ν ≡ L2

(
Rn−3, dx3 · · · dx̂ν2 · · · dxn

)
and

denoted by FY ν
the Fourier operator on χ−

ν , the operator

(
1⊗ FY ν

) (
Λϵ (z)off

)
σν

(
1⊗ F−1

Y ν

)
.
=
[
Λϵ, P ν

(z)off

]
σν

(6.13)

will be multiplicative with respect to the conjugate tuple P (1ν2)
≡ (p3, . . . , p̂ν2 , . . . , pn); con-

cerning the remaining variables, it behaves as an integral operator whose kernel is

−2
3
2
√
m1m2mν2 v (rσ)G

(3)
z−Qν

(
Xσν,ϵ

)
v
(
r′ν
)
≡ C(m1,m2,mν2) v (rσ)G

(3)
z−Qν

(
Xσν,ϵ

)
v
(
r′ν
)
,

and

Xσν, ϵ =



√
2m1

[
Rσ −R′

ν − ϵ
(

m2

m1+m2
rσ −

mν2

m1+mν2
r′ν

)]
√
2m2

[
Rσ − x′2 + ϵ

(
m1

m1+m2

)
rσ

]
√
2mν2

[
xν2 −R′

ν + ϵ
(

m1

m1+mν2

)
r′ν

]


, Qν =

n∑
k=3
k ̸=ν2

p2k
2mk

.

Given η ∈ L2
(
R3, drνdRνdx2

)
, ξ ∈ χ̃−

ν ≡ FY ν
χ−
ν arbitrarily,
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∥∥∥∥[Λϵ, P ν
(z)off

]
σν
η ⊗ ξ

∥∥∥∥2
2

= C2

∫
Rn

dP νdrσdRσdxν2

∣∣∣∣∫
R3

dr′νdR
′
νdx

′
ν2
v (rσ) v

(
r′ν
)
G

(3)
z−Qν

(
Xσν,ϵ

)
η
(
r′ν , R

′
ν , x

′
2

)
ξ (P ν)

∣∣∣∣2
= C2

∫
Rn

dP νdrσdRσdxν2

∣∣∣∣∣
∫
R
dr′ν

{
v (rσ) v

(
r′ν
) ∫

R2

dR′
νdx

′
2

[
G

(3)
z−Qν

(
Xσν,ϵ

)
η
(
r′ν , R

′
ν , x

′
2

)
ξ (P ν)

]}∣∣∣∣∣
2

≤ C2

∫
Rn

dP νdrσdRσdxν2

∫
R
dr′ν

{
v (rσ) v

(
r′ν
)∣∣∣∣∫

R2

dR′
νdx

′
2 G

(3)
z−Qν

(
Xσν,ϵ

)
η
(
r′ν , R

′
ν , x

′
2

)
ξ (P ν)

∣∣∣∣
}2

≤ C2

∫
Rn

dP νdrσdRσdxν2


[∫

R
dr′ν V (rσ)V

(
r′ν
)] [∫

R
dr′ν

∣∣∣∣∫
R2

G
(3)
z−Qν

(
Xσν,ϵ

)
η
(
r′ν , R

′
ν , x

′
2

)
ξ (P ν)

∣∣∣∣
]2

≤ C2

{
sup
rσ∈R

∫
Rn

dP νdRσdxν2
dr′ν

[∫
R2

dR′
νdx

′
2 G

(3)
z−Qν

(
Xσν,ϵ

)∣∣∣η (r′ν , R′
ν , x

′
2

)∣∣∣∣∣ξ (P ν)
∣∣]2} .

By considering the coordinate transformation
R

′
ν = R′

ν + ϵ
(

m2

Mσ
rσ −

mν2

Mν
r′ν

)
x′2 = x′2 − ϵ

(
m1

Mσ

)
rσ

xν2 = xν2 + ϵ
(

m2

Mσ
rσ − r′ν

) ,

what follows holds3.

sup
rσ∈R

∫
Rn

dP νdRσdxν2dr
′
ν

[∫
R2

dR′
νdx

′
2 G

(3)
z−Qν

(
Xσν,ϵ

)∣∣∣η (r′ν , R′
ν , x

′
2

)∣∣∣∣∣ξ (P ν)
∣∣]2 ≡

≡ sup
rσ∈R

∫
Rn

dP νdRσdxν2dr
′
ν

[∫
R2

dR
′
νdx

′
2 G

(3)
z−Qν

(√
2m1

(
Rσ −R

′
ν

)
,
√
2m2

(
Rσ − x′2

)
,
√

2mν2

(
xν2 −R

′
ν

))
∣∣∣∣∣∣η
(
r′ν , R

′
ν − ϵ

(
m2

Mσ
rσ − mν2

Mν
r′ν

)
, x′2 + ϵ

(
m1

Mσ

)
rσ

)∣∣∣∣∣∣∣∣ξ (P ν)
∣∣2

≤ sup
rσ∈R

∫
Rn

dP νdRσdxν2dr
′
ν

[∫
R2

dR
′
νdx

′
2 G

(3)
z

(√
2m1

(
Rσ −R

′
ν

)
,
√
2m2

(
Rσ − x′2

)
,
√

2mν2

(
xν2 −R

′
ν

))
∣∣∣∣∣∣η
(
r′ν , R

′
ν − ϵ

(
m2

Mσ
rσ − mν2

Mν
r′ν

)
, x′2 + ϵ

(
m1

Mσ

)
rσ

)∣∣∣∣∣∣∣∣ξ (P ν)
∣∣2

≤

 sup
rσ∈R

∫
R3

dRσdxν2dr
′
ν

[∫
R2

dR
′
νdx

′
2 G

(3)
z

(√
2m1

(
Rσ −R

′
ν

)
,
√
2m2

(
Rσ − x′2

)
,
√

2mν2

(
xν2 −R

′
ν

))
∣∣∣∣∣∣η
(
r′ν , R

′
ν − ϵ

(
m2

Mσ
rσ − mν2

Mν
r′ν

)
, x′2 + ϵ

(
m1

Mσ

)
rσ

)∣∣∣∣∣∣
2
 ·

·
(∫

Rn−3

dP ν

∣∣ξ (P ν)
∣∣2) ≤∥F∥2∥η ⊗ ξ∥2 .

Eventually, ∥∥∥[Λϵ (z)off

]
σν

∥∥∥
B(χσ ,χν)

≤|C|∥F∥ ≤ |C|
2
√

2|z|
≤
(
max

i
m

3
2
i

)
1√
|z|
, (6.14)

3Appendix 4 enters the argument.
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with σ = (12), ν = (1ν2), ν2 ≥ 3 and independently of ϵ > 0. An analogous argument holds for
σ = (12), ν = (2ν2), ν2 ≥ 3.

σ = (12), ν = (ν1ν2), 3 ≤ ν1 < ν2 ≤ n

{[
Λϵ (z)off

]
σν
ψ
}
(rσ, Rσ, x3, . . . , xn) =

=

∫
Rn+2

{
−v (rσ)

[
RH0 (z)

](
Rσ − ϵm2

m1 +m2
rσ, Rσ +

ϵm1

m1 +m2
rσ, x3, . . . , xn, x

′
1, . . . , x

′
n

)
v
(
r′ν
)

δ

(
R′

ν − x′ν1 +
ϵmν2

mν1 +mν2

r′ν

)
δ

(
R′

ν − x′ν2 −
ϵmν1

mν1 +mν2

r′ν

)}
·

· ψ
(
r′ν , R

′
ν , x

′
1, . . . , x̂

′
ν1 , . . . , x̂

′
ν2 , . . . , x

′
n

)
dr′νdR

′
νdx

′
1 · · · dx′n

=

∫
Rn

{
−v (rσ) ·

·
[
RH0 (z)

](
Rσ − ϵm2

m1 +m2
rσ − x′1, Rσ +

ϵm1

m1 +m2
rσ − x′2, x3 − x′3, . . . , xν1 −R′

ν −
ϵmν2

mν1 +mν2

r′ν ,

. . . , xν2 −R′
ν +

ϵmν1

mν1 +mν2

r′ν , . . . , xn − x′n

)
·

· ψ
(
r′ν , R

′
ν , x

′
1, . . . , x̂

′
ν1 , . . . , x̂

′
ν2 , . . . , x

′
n

)}
dr′νdR

′
νdx

′
1 · · · dx̂′ν1 · · · dx̂

′
ν2 · · · dxn.

Concerning the variables Y ν = (x3, . . . , x̂ν1 , . . . , x̂ν2 , . . . , xn),
[
Λϵ (z)off

]
σν

behaves as a convolu-
tion operator, therefore, by introducing

χ−
ν
.
= L2

(
Rn−4, dx3 . . . dx̂ν1 . . . dx̂ν2 . . . dxn

)
and the corresponding Fourier operator on it FY ν

,

[
Λϵ, P ν

(z)off

]
σν

.
=
(
1⊗ FY ν

) [
Λϵ (z)off

]
σν

(
1⊗ F−1

Y ν

)
would be multiplicative in the conjugate variables P ν = (p3, . . . , p̂ν1 , . . . , p̂ν2 , . . . , pn); on the
other hand, on L2

(
R4, drνdRνdx1dx2

)
,
[
Λϵ, P ν

(z)off

]
σν

is a integral operator, with kernel

−4
√
m1m2mν1mν2 v (rσ)G

(4)
z−Qν

(
Xσν,ϵ

)
v
(
r′ν
)
≡ C (m1,m2,mν1 ,mν2) v (rσ)G

(4)
z−Qν

(
Xσν,ϵ

)
v
(
r′ν
)
,

where

Xσν,ϵ =



√
2m1

(
Rσ − ϵm2

m1+m2
rσ − x′1

)
√
2m2

(
Rσ +

ϵm1

m1+m2
rσ − x′2

)
√
2mν1

(
xν1 −R′

ν −
ϵmν2

mν1+mν2
r′ν

)
√
2mν2

(
xν2 −R′

ν +
ϵmν1

mν1+mν2
r′ν

)

 , Qν =
n∑

k=3
k ̸=ν1, ν2

p2k
2mk

.

Therefore, concerning boundedness, given arbitrarily η ∈ L2
(
R4, drνdRνdx1dx2

)
, ξ ∈ χ̃−

ν , it is
as follows.
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∥∥∥∥[Λϵ,P ν
(z)off

]
σν
η ⊗ ξ

∥∥∥∥2
2

=

= C2

∫
Rn

dP νdrσdRσdxν1dxν2

∣∣∣∣∫
R4

dr′νdR
′
νdx

′
1dx

′
2 v (rσ)G

(4)
z−Qν

(
Xσν,ϵ

)
v
(
r′ν
)
η
(
r′ν , R

′
ν , x

′
1, x

′
2

)
ξ (P ν)

∣∣∣∣2
≤ C2

∫
Rn

dP νdrσdRσdxν1dxν2

{∫
R
dr′νv (rσ) v

(
r′ν
)∣∣∣∣∫

R3

dR′
νdx

′
1dx

′
2G

(4)
z−Qν

(
Xσν,ϵ

)
η
(
r′ν , R

′
ν , x

′
1, x

′
2

)
ξ (P ν)

∣∣∣∣}2

≤
(

by using Hölder inequality together with the fact that
∫
R
V = 1

)
≤ C2 sup

rσ∈R

∫
Rn−1

dP νdRσdxν1dxν2

∫
R
dr′ν

∣∣∣∣∫
R3

dR′
νdx

′
1dx

′
2G

(4)
z−Qν

(
Xσν,ϵ

)
η
(
r′ν , R

′
ν , x

′
1, x

′
2

)
ξ (P ν)

∣∣∣∣2 .
The coordinate transformation

R
′
ν = R′

ν + ϵ
(

m1

m1+m2
rσ −

mν1

mν1+mν2
r′ν

)
xν1 = xν1 + ϵ

(
m1

m1+m2
rσ − r′ν

)
xν2 = xν2 + ϵ m1

m1+m2
rσ

x′1 = x′1 + ϵ m2

m1+m2
rσ

x′2 = x′2 − ϵ m1

m1+m2
rσ

allows for

sup
rσ∈R

∫
Rn−1

dP νdRσdxν1dxν2

∫
R
dr′ν

∣∣∣∣∫
R3

dR′
νdx

′
1dx

′
2G

(4)
z−Qν

(
Xσν,ϵ

)
η
(
r′ν , R

′
ν , x

′
1, x

′
2

)
ξ (P ν)

∣∣∣∣2 ≡
≡ sup

rσ∈R

∫
Rn

dP νdRσdxν1dxν2dr
′
ν

∣∣∣∣ ∫
R3

dR
′
νdx

′
1dx

′
2 [ η̃

(
r′ν , R

′
ν , x

′
1, x

′
2

)
ξ (P ν)

G
(4)
z−Qν

(√
2m1

(
Rσ − x′1

)
,
√
2m2

(
Rσ − x′2

)
,
√

2mν1

(
xν1 −R

′
ν

)
,
√

2mν2

(
xν2 −R

′
ν

))] ∣∣∣∣2
≤ sup

rσ∈R

∫
Rn

dP νdRσdxν1dxν2dr
′
ν

[∫
R3

dR
′
νdx

′
1dx

′
2

∣∣∣∣η̃ (r′ν , R′
ν , x

′
1, x

′
2

)
ξ (P ν)

∣∣∣∣
G(4)

z

(√
2m1

(
Rσ − x′1

)
,
√
2m2

(
Rσ − x′2

)
,
√
2mν1

(
xν1 −R

′
ν

)
,
√
2mν2

(
xν2 −R

′
ν

))]2
≤ (by using Hölder inequality)

≤
(∫

Rn−4

dP ν

∣∣ξ (P ν)
∣∣2) · sup

rσ∈R

∫
R
dr′ν

∫
R3

dRσdxν1dxν2

[∫
R3

dR
′
νdx

′
1dx

′
2

∣∣∣∣η̃ (r′ν , R′
ν , x

′
1, x

′
2

)∣∣∣∣ ·
·G(4)

z

(√
2m1

(
Rσ − x′1

)
,
√
2m2

(
Rσ − x′2

)
,
√

2mν1

(
xν1 −R

′
ν

)
,
√

2mν2

(
xν2 −R

′
ν

))]2
,

where

η̃
(
r′ν , R

′
ν , x

′
1, x

′
2

)
= η

(
r′ν , R

′
ν − ϵ

(
m1

m1 +m2
rσ − mν1

mν1 +mν2

r′ν

)
, x′1 − ϵ

m2

m1 +m2
rσ, x

′
2 + ϵ

m1

m1 +m2
rσ

)
.

Consequently, by Appendix 4, independently of ϵ > 0, it results∥∥∥[Λϵ (z)off

]
σν

∥∥∥
B(χσ ,χν)

≤
(
max

i
m2

i

)
1√
|z|
. (6.15)

■
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Remark 6.13. A summary of what obtained up to this point is in order: by setting K
.
=

max

[(
max

i
m

3
2
i , max

i
m2

i

)]
,

∥∥∥∥[Λϵ (z)off

]
σν

∥∥∥∥
B(χσ ,χν)

≤ K√
|z|
,

for all ϵ > 0, z < 0, σ ̸= ν, hence

max
σ, ν

∥∥∥∥[Λϵ (z)off

]
σν

∥∥∥∥
B(χσ ,χν)

≤ K√
|z|
.

By taking into account the diagonal contribution too and denoting by ∥·∥⊕ the operator norm of
B (χ), ∥∥∥∥[Λϵ (z)diag

]−1 [
Λϵ (z)off

]∥∥∥∥
⊕
≤
∥∥∥∥[Λϵ (z)diag

]−1
∥∥∥∥
⊕

∥∥∥∥[Λϵ (z)off

]∥∥∥∥
⊕
≤

≤ n (n− 1)

2
·

[
1− C|g|√

|z|

]−1

· K√
|z|
,

allowing to state that, as long as z < −
[
n(n−1)

2
K + C|g|

]2 .
= z0,

∥∥∥∥[Λϵ (z)diag

]−1 [
Λϵ (z)off

]∥∥∥∥
⊕
< 1

and
{
1+

[
Λϵ (z)diag

]−1 [
Λϵ (z)off

]}
is invertible in B (χ), for all ϵ > 0. □

6.3.4 Computing Λϵ (z)off as ϵ ↓ 0

σ = (12), ν = (1ν2), 3 ≤ ν2 ≤ n

Proposition 6.6. For all z < 0, given[
Λ0, P ν

(z)off

]
σν

: L2
(
R3, drνdRνdx2

)
⊗ χ̃−

ν −→ L2
(
R3, drσdRσdxν2

)
⊗ χ̃−

ν

defined by([
Λ0, P ν

(z)off

]
σν
ψ

)
(rσ, Rσ, xν2 , P ν)

.
= Cv (rσ)

∫
R3

dr′νdR
′
νdx

′
2 G

(3)
z−Qν

(
Xσν, 0

)
v
(
r′ν
)
ψ
(
r′ν , R

′
ν , x

′
2, P ν

)
,

for all ψ ∈ L2
(
R3, drνdRνdx2

)
⊗ χ̃−

ν , where

Xσν, 0 =


√
2m1 (Rσ −R′

ν)√
2m2 (Rσ − x′2)√
2mν2 (xν2 −R′

ν)

 , Qν =
n∑

k=3
k ̸=ν2

p2k
2mk

, C = − (2)
3
2
√
m1m2mν2 ,

it results

lim
ϵ↓0

∥∥∥∥[Λϵ,P ν
(z)off

]
σν

−
[
Λ0, P ν

(z)off

]
σν

∥∥∥∥
B(χσ ,χν)

= 0.
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Proof. Let η ∈ L2
(
R3, drνdRνx2

)
, ξ ∈ χ̃−

ν be arbitrary.

1

C2

∥∥∥∥[Λϵ,P ν
(z)off

]
σν

−
[
Λ0, P ν

(z)off

]
σν
η ⊗ ξ

∥∥∥∥2
2

=

=

∫
Rn

dP νdrσdRσdx2

∣∣∣∣∫
R3

dr′νdR
′
νdx

′
2 v (rσ)

[
G

(3)
z−Qν

(
Xσν,ϵ

)
−G

(3)
z−Qν

(
Xσν, 0

)]
v
(
r′ν
)
η
(
r′ν , R

′
ν , x

′
2

)
ξ (P ν)

∣∣∣∣2 ≡
=

∫
Rn

dP νdrσdRσdx2 V (rσ)

∣∣∣∣ ∫
R
dr′ν v

(
r′ν
)
·

·
∫
R2

dR′
νdx

′
2

[
G

(3)
z−Qν

(
Xσν,ϵ

)
−G

(3)
z−Qν

(
Xσν, 0

)]
η
(
r′ν , R

′
ν , x

′
2

)
ξ (P ν)

∣∣∣∣2 ≤
≤
∫
Rn

dP νdrσdRσdx2 V (rσ)


∫
R
dr′ν v

(
r′ν
) 1 +∣∣r′ν∣∣ 12
1 +|r′ν |

1
2∣∣∣∣∫

R2

dR′
νdx

′
2

[
G

(3)
z−Qν

(
Xσν,ϵ

)
−G

(3)
z−Qν

(
Xσν, 0

)]
η
(
r′ν , R

′
ν , x

′
2

)
ξ (P ν)

∣∣∣∣}2

≤

≤ 2

∫
Rn

dP νdrσdRσdx2 V (rσ)

[∫
R
dr′ν

(
1 +
∣∣r′ν∣∣)V (r′ν)]

·
∫
R
dr′ν

1

1 +|r′ν |

∣∣∣∣∫
R2

dR′
νdx

′
2

[
G

(3)
z−Qν

(
Xσν,ϵ

)
−G

(3)
z−Qν

(
Xσν, 0

)]
η
(
r′ν , R

′
ν , x

′
2

)
ξ (P ν)

∣∣∣∣2 ≤
≡ I

(
V,

1

2

)∫
Rn

dP νdRσdx2

∫
R2

drσdr
′
ν

[
V (rσ)

1 +|r′ν |

]
·[∫

R2

dR′
νdx

′
2

∣∣∣G(3)
z−Qν

(
Xσν,ϵ

)
−G

(3)
z−Qν

(
Xσ,ν, 0

)∣∣∣∣∣∣η (r′ν , R′
ν , x

′
2

)
ξ (P ν)

∣∣∣]2 ≤
≤ I

(
V,

1

2

)∫
Rn

dP νdRσdx2

∫
R2

drσdr
′
ν

[
V (rσ)

1 +|r′ν |

]
·[∫

R2

dR′
νdx

′
2

∣∣∣G(3)
z

(
Xσν,ϵ

)
−G(3)

z

(
Xσ,ν, 0

)∣∣∣∣∣∣η (r′ν , R′
ν , x

′
2

)
ξ (P ν)

∣∣∣]2 ≤
≡ I

(
V,

1

2

)[∫
Rn−3

dP ν

∣∣ξ (P ν)
∣∣2]{∫

R2

drσdr
′
ν

[
V (rσ)

1 +|r′ν |

]
·

·
∫
R2

dRσdx2

[∫
R2

dR′
νdx

′
2

∣∣∣G(3)
z

(
Xσν,ϵ

)
−G(3)

z

(
Xσν, 0

)∣∣∣∣∣∣η (r′ν , R′
ν , x

′
2

)∣∣∣]2}

by introducing

I

(
V,

1

2

)
= 2

∫
R
dr
(
1 +|r|

)
V (r) <∞.

Let then Frσ ,r′ν ,ϵ
: L2

(
R2, dRνdx2

)
−→ L2

(
R2, dRσdxν2

)
be defined by

[
Frσ ,r′ν ,ϵφ

]
(Rσ, xν2)

.
=

∫
R2

dR′
νdx

′
2

[
G(3)

z

(
Xσν, ϵ

)
−G(3)

z

(
Xσν, 0

)]
φ
(
R′

ν , x
′
2

)
.

The Schur test is going to be used the ascertain whether it is bounded or not. By introducing

X̃σν,ϵ =


√
2m1

[
Rσ −R′

ν − ϵ
(

m2

m1+m2
rσ −

mν2

mν1+mν2
r′ν

)]
√
2m2 (Rσ − x′2)√
2mν2 (xν2 −R′

ν)

 ,
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the following procedure is adopted.

∫
R2

dR′
νdx

′
2

∣∣∣G(3)
z

(
Xσν,ϵ

)
−G(3)

z

(
Xσν, 0

)∣∣∣ ≤ ∫
R2

dR′
νdx

′
2

∣∣∣∣G(3)
z

(
Xσν,ϵ

)
−G(3)

z

(
X̃σν,ϵ

)∣∣∣∣+
+

∫
R2

dR′
νdx

′
2

∣∣∣∣G(3)
z

(
X̃σν,ϵ

)
−G(3)

z

(
Xσν, 0

)∣∣∣∣ ≡ A + B .

By observing that

∣∣∣∣G(3)
z

(
Xσν,ϵ

)
−G(3)

z

(
X̃σν,ϵ

)∣∣∣∣ =
∣∣∣∣ ∫ ∞

0

e
−

√
2m1

[
Rσ−R′

ν−ϵ

(
m2

m1+m2
rσ−

mν2
mν1+mν2

r′ν

)]
2

+

{√
2m2

(
Rσ−x′2+ϵ

m1
m1+m2

rσ

)}2

+

√
2mν2

[
xν2−R′

ν+ϵ

(
mν1

mν1+mν2

)
r′ν

]
2

4t
+zt

−e−

√
2m1

[
Rσ−R′

ν−ϵ

(
m2

m1+m2
rσ−

mν2
mν1+mν2

r′ν

)]
2

+

{√
2m2(Rσ−x′2)

}2
+

{√
2mν2(xν2−R′

ν)
}2

4t
+zt


dt

(4πt)
3
2

∣∣∣∣ ≤

≤
∣∣∣∣ ∫ ∞

0

e−
[√

2m2

(
Rσ−x′2+ϵ

m1
m1+m2

rσ

)]2
+

√
2mν2

[
xν2−R′

ν+ϵ

(
mν1

mν1+mν2

)
r′ν

]
2

4t
+zt+

−e−
[√

2m2(Rσ−x′2)
]2

+

[√
2mν2(xν2−R′

ν)
]2

4t
+zt

 dt

(4πt)
3
2

∣∣∣∣ ≤
≤
∣∣∣∣G(3)

z

0,
√
2m2

[
Rσ − x′2 + ϵ

(
m1

m1 +m2

)
rσ

]
,
√

2mν2

(
xν2 −R′

ν

)+

−G(3)
z

(
0,

√
2m2

(
Rσ − x′2

)
,
√

2mν2

(
xν2 −R′

ν

)) ∣∣∣∣,

regarding A , one has
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∫
R2

dR′
νdx

′
2

∣∣∣∣G(3)
z

(
Xσν,ϵ

)
−G(3)

z

(
X̃σν,ϵ

)∣∣∣∣ ≤
≤
∫
R2

dR′
νdx

′
2

∣∣∣∣G(3)
z

0,
√
2m2

[
Rσ − x′2 + ϵ

(
m1

m1 +m2

)
rσ

]
,
√
2mν2

(
xν2 −R′

ν

)+

−G(3)
z

(
0,

√
2m2

(
Rσ − x′2

)
,
√

2mν2

(
xν2 −R′

ν

)) ∣∣∣∣,

≤
∫
R2

dR′
νdx

′
2

∣∣∣∣ ∫ ∞

0

e−
[√

2m2

(
Rσ−x′2+ϵ

m1
m1+m2

rσ

)]2
+

√
2mν2

[
xν2−R′

ν+ϵ

(
mν1

mν1+mν2

)
r′ν

]
2

4t
+zt+

−e−
[√

2m2(Rσ−x′2)
]2

+

[√
2mν2(xν2−R′

ν)
]2

4t
+zt

 dt

(4πt)
3
2

∣∣∣∣.
By using {

x′2 =
√
2m2 x

′
2

R
′
ν =

√
2mν2 R

′
ν

one obtains

A ≤
∫
R2

dx′2dR
′
ν√

2m2

√
2mν2

∣∣∣∣ ∫ ∞

0

e−
[
x′2−

√
2m2

(
Rσ+ϵ

m1
m1+m2

rσ

)]2
+

[
R
′
ν−

√
2mν2

(
xν2+ϵ

mν1
mν1+mν2

r′ν

)]2
4t

+zt+

−e−
(x′2−

√
2m2Rσ)

2
+(R′

ν−
√

2mν2xν2)
2

4t
+zt

}
dt

(4πt)
3
2

∣∣∣∣ ≡
≡

{x′2 = x′2 −
√
2m2Rσ

R′
ν = R

′
ν −

√
2mν2xν2


≡
∫
R2

dx′2dR
′
ν

2
√
m2mν2

∣∣∣∣G(3)
z

(
0, x′2 −

√
2m2

(
ϵm1

m1 +m2

)
rσ, R

′
ν −

√
2mν2

(
ϵmν1

mν1 +mν2

)
r′ν

)
+

−G(3)
z

(
0, x′2, R

′
ν

) ∣∣∣∣.
What obtained structurally coincides with what reported in [20], Proposition 4.5; since similar
arguments hold true for B all the same, Frσ ,r′ν ,ϵ is a bounded operator and

lim
ϵ↓0

∥∥∥[Λϵ,P ν
(z)off

]
σν

−
[
Λ0, P ν

(z)off

]
σν

∥∥∥
B(χσ ,χν)

= 0.

■

Remark 6.14. An analogously proven result holds for σ = (12), ν = (2ν2), ν2 ≥ 3. □
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σ = (12), ν = (ν1ν2), 3 ≤ ν1 < ν2 ≤ n

Proposition 6.7. For all z < 0, given[
Λ0,P ν

(z)off

]
σν

: L2
(
R4, dx1dx2dRνdrν

)
⊗ χ̃−

ν −→ L2
(
R4, drσdRσdxν1dxν2

)
⊗ χ̃−

ν

defined by([
Λ0,P ν

(z)off

]
σν
ψ

)(
rσ, Rσ, xν1 , xν2

) .
= Cv (rσ)

∫
R4

dr′νdR
′
νdx

′
1dx

′
2G

(4)
z−Qν

(
Xσν,0

)
v
(
r′ν
)
ψ
(
r′ν , R

′
ν , x

′
1, x

′
2

)
,

with ψ ∈ L2
(
R4, dx1dx2dRνdrν

)
⊗ χ̃−

ν , where

Xσν,0 =


√
2m1 (Rσ − x′1)√
2m2 (Rσ − x′2)√
2mν1 (xν1 −R′

ν)√
2mν2 (xν2 −R′

ν)

 , Qν =
n∑

k=3
k ̸=ν1,ν2

p2k
2mk

, C = −4
√
m1m2mν1mν2 ,

one has
lim
ϵ↓0

∥∥∥∥[Λϵ,P ν
(z)off

]
σν

−
[
Λ0, P ν

(z)off

]
σν

∥∥∥∥
B(χσ ,χν)

= 0.

Proof. Let η ∈ L2
(
R4, dx1dx2drνdRν

)
, ξ ∈ χ̃−

ν be arbitrary.

∥∥∥∥∥
{[

Λϵ,P ν
(z)off

]
σν

−
[
Λ0, P ν

(z)off

]
σν

}
η ⊗ ξ

∥∥∥∥∥
2

2

=

=

∫
Rn

dP νdrσdRσdxν1dxν2

∣∣∣∣C ∫
R4

dx′1dx
′
2dr

′
νdR

′
ν

{
v (rσ) v

(
r′ν
) [
G

(4)
z−Qν

(
Xσν,ϵ

)
−G

(4)
z−Qν

(
Xσν, 0

)]
η
(
x′1, x

′
2, r

′
ν , R

′
ν

)
ξ (P ν)

} ∣∣∣∣2
= C2

∫
Rn

dP νdrσdRσdxν1dxν2 V (rσ)

∣∣∣∣ ∫
R4

dx′1dx
′
2dr

′
νdR

′
ν

{
v
(
r′ν
) [
G

(4)
z−Qν

(
Xσν,ϵ

)
−G

(4)
z−Qν

(
Xσν, 0

)]
η
(
x′1, x

′
2, r

′
ν , R

′
ν

)
ξ (P ν)

} ∣∣∣∣2
≤ C2

∫
Rn

dP νdrσdRσdxν1dxν2 V (rσ)


∫
R
dr′νv

(
r′ν
) 1 +∣∣r′ν∣∣ 12
1 +|r′ν |

1
2∣∣∣∣ ∫

R3

dR′
νdx

′
2dx

′
1

[
G

(4)
z−Qν

(
Xσν,ϵ

)
−G

(4)
z−Qν

(
Xσν, 0

)]
η
(
x′1, x

′
2, r

′
ν , R

′
ν

)
ξ (P ν)

∣∣∣∣}2

≤ C2I

(
V,

1

2

)∫
Rn−1

dP νdRσdxν1dxν2

{∫
R2

dr′νdrσ
V (rσ)

1 +|r′ν |
·

·
∣∣∣∣ ∫

R3

dR′
νdx

′
1dx

′
2

[
G

(4)
z−Qν

(
Xσν,ϵ

)
−G

(4)
z−Qν

(
Xσν, 0

)]
η
(
x′1, x

′
2, r

′
ν , R

′
ν

)
ξ (P ν)

∣∣∣∣2
}

≤ C2I

(
V,

1

2

)(∫
Rn−4

dP ν

∣∣ξ (P ν)
∣∣2) {∫

R2

dr′νdrσ
V (rσ)

1 +|r′ν |
·

·
∫
R3

dRσdxν1dxν2

∣∣∣∣ ∫
R3

dR′
νdx

′
1dx

′
2

[
G(4)

z

(
Xσν,ϵ

)
−G(4)

z

(
Xσν, 0

)]
η
(
x′1, x

′
2, r

′
ν , R

′
ν

) ∣∣∣∣2
}
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It is then considered the linear mapK : ψ ∈ L2
(
R3, dx1dx2dRν

)
7−→ Kψ ∈ L2

(
R3, dxν1dxν2dRσ

)
defined by

(Kψ) (xν1 , xν2 , Rσ) =

∫
R3

dR′
νdx

′
1dx

′
2

[
G

(4)
z−Qν

(
Xσν,ϵ

)
−G

(4)
z−Qν

(
Xσν, 0

)]
ψ
(
x′1, x

′
2, R

′
ν

)
.

By introducing the point

X̃σν,ϵ =


√
2m1 (x

′
1 −Rσ)√

2m2 (x
′
2 −Rσ)√

2mν1 (R
′
ν − xν1)

√
2mν2

[
R′

ν − xν2 − ϵ
(

mν1

mν1+mν2

)
r′ν

]
 ,

to check whether K is bounded or not, the Schur test is referred to again.

∫
R3

dR′
νdx

′
1dx

′
2

∣∣∣G(4)
z−Qν

(
Xσν,ϵ

)
−G

(4)
z−Qν

(
Xσν, 0

)∣∣∣ ≤ ∫
R3

dR′
νdx

′
1dx

′
2

∣∣∣G(4)
z

(
Xσν,ϵ

)
−G(4)

z

(
Xσν, 0

)∣∣∣ ≡
=

∫
R3

dR′
νdx

′
1dx

′
2

∣∣∣∣G(4)
z

(
Xσν,ϵ

)
−G(4)

z

(
X̃σν,ϵ

)
+G(4)

z

(
X̃σν,ϵ

)
−G(4)

z

(
Xσν, 0

)∣∣∣∣ ≤
≤
∫
R3

dR′
νdx

′
1dx

′
2

∣∣∣∣G(4)
z

(
Xσν,ϵ

)
−G(4)

z

(
X̃σν,ϵ

)∣∣∣∣+ ∫
R3

dR′
νdx

′
1dx

′
2

∣∣∣∣G(4)
z

(
X̃σν,ϵ

)
−G(4)

z

(
Xσν, 0

)∣∣∣∣ ≡
≡ A + B .

Then

A =

∫
R3

dR′
νdx

′
1dx

′
2

∣∣∣∣G(4)
z

(
Xσν,ϵ

)
−G(4)

z

(
X̃σν,ϵ

)∣∣∣∣ ≤
≤
∫
R3

dx′1dx
′
2dR

′
ν√

6m1m2mν1

∣∣∣∣G(4)
z

x′1 + ϵ

(√
2m1m2

m1 +m2

)
rσ, x

′
2 − ϵ

(√
2m2m1

m1 +m2

)
rσ, R

′
ν + ϵ

(√
2mν1mν2

mν1 +mν2

)
r′ν , 0

+

−G(4)
z

(
x′1, x

′
2, R

′
ν , 0
) ∣∣∣∣,

by having respectively used the coordinate transformations
x′1 =

√
2m1x

′
1

x′2 =
√
2m2x

′
2

R
′
ν =

√
2mν1R

′
ν

and


x′1 = x′1 −

√
2m1Rσ

x′2 = x′2 −
√
2m2Rσ

R′
ν = R

′
ν −

√
2mν1xν1

.

From this point on, it is possible to proceed as in [20], Proposition 4.8, to eventually state that
K is a bounded operator and

lim
ϵ↓0

∥∥∥[Λϵ,P ν
(z)off

]
σν

−
[
Λ0, P ν

(z)off

]
σν

∥∥∥
B(χσ ,χν)

= 0

holds, since analogous arguments apply to B too. ■
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Corollary 6.7.1. For all z < z0
.
= −

[
n(n−1)

2
K + C |g|

]2
, set Λ0 (z)

.
= Λ0 (z)diag + Λ0 (z)off,

lim
ϵ↓0

Λϵ (z)
−1 = Λ0 (z)

−1 ≡
{
1+

[
Λ0 (z)diag

]−1

Λ0 (z)off

}−1 [
Λ0 (z)diag

]−1

in B (χ). Consequently

lim
ϵ↓0

(Hϵ − z1)−1 = RH0 (z) +
∑
σ,ν∈I

[
S(σ) (z)

]∗ [
Λ0 (z)

−1
]
σν

[
J (ν)S(ν) (z)

]
.
= R(z).

■

Remark 6.15. By recalling the self-adjoint operator (H,DH) introduced in Appendix 3, [20],
Appendix C allows to state that Hϵ converges to H in the strong resolvent sense, as ϵ ↓ 0.
Consequently, as long as z < z0, RH (z) = (H − z1)−1 = R(z), i.e. if z < z0,∥∥RH (z)−RHϵ (z)

∥∥ −→
ϵ↓0

0.

□

Proposition 6.8. Hϵ −→
ϵ↓0

H in the norm resolvent sense.

Proof. Let z ∈ (−∞, z0) be arbitrary and δ > 0 such that δ < |z|. Let then ω±
.
= z ± iδ be;

Hϵ, H are self-adjoint operators, for all ϵ > 0, hence ω± ∈ ρ (Hϵ) ∩ ρ (H) for all ϵ > 0 and
RHϵ (ω±)−RH (ω±) makes sense. Eventually, the Neumann series expansion allows for

∥∥RHϵ (ω±)−RH (ω±)
∥∥ ≤

∥∥∥∥∥∥
∑
n∈N0

(ω± − z)nRHϵ (z)
n+1 −

∑
n∈N0

(ω± − z)nRH (z)n+1

∥∥∥∥∥∥ ≤

≤
∑
n∈N0

δn
∥∥∥RHϵ (z)

n+1 −RH (z)n+1
∥∥∥ −→

ϵ↓0
0,

because of the nth-power function continuity. Repeating the process, the result holds for all
z ∈ C \ R. ■

Corollary 6.8.1. The self-adjoint operator (H,DH) is affiliated to R
(
R2n, σ

)
.

Proof. By Proposition 6.8,
∥∥RHϵ (z)−RH (z)

∥∥ −→
ϵ↓0

0 for all z ∈ iR \ {0}, i.e., because of

proposition 4.4, (H − iλ1)−1 ∈ πS

[
R
(
R2n, σ

)]
for all λ ∈ R \ {0}. ■
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1 - The Konno-Kuroda Formula

Proposition 6.9. Let H,K be complex Hilbert spaces. Let (H0,DH0) be self-adjoint oper-
ator on H and let A : H −→ K be a bounded operator. Given the self-adjoint operator(
Hg

.
= H0 − gA∗A,DH0

)
on H, g ∈ R \ {0}, for all z ∈ ρ (H0) ∩ ρ

(
Hg

)
,

1.
[
1K − ϕ (z)

]−1
= 1K +M (z), with ϕ (z) = gARH0 (z)A

∗ and M (z) = gARHg (z)A
∗,

2. RHg (z) = RH0 (z) + gRH0 (z)A
∗ [1K − ϕ (z)

]−1
ARH0 (z).

Proof. It is first observed that A∗A is a bounded self-adjoint operator on H, hence the same
holds for V ≡ gA∗A. Particularly, for all x ∈ DH0 ,

∥V x∥ ≤∥V ∥∥X∥ ≤ ϵ∥H0x∥+∥V ∥∥x∥

for all ϵ ∈ R+
0 ; consequently,

(
Hg,DH0

)
is self-adjoint by the Kato-Rellich theorem. Let then

z ∈ ρ (H0) ∩ ρ
(
Hg

)
be arbitrary.

1. By direct inspection, the second resolvent formula allows for[
1K + ϕ (z)

] [
1K +M (z)

]
= 1K =

[
1K +M (z)

] [
1K + ϕ (z)

]
.

2.

RHg (z) = RH0 (z) +
[
RHg (z)−RH0 (z)

]
= (by the second resolvent formula)

= RH0 (z) + gRH0 (z)A
∗ARHg (z) + gRH0 (z)A

∗ARH0 (z)− gRH0 (z)A
∗ARH0 (z) =

= RH0 (z) + gRH0 (z)A
∗ARH0 (z) + gRH0 (z)A

∗A
[
RHg (z)−RH0 (z)

]
=

= (by the second resolvent formula again) =
= RH0 (z) + gRH0 (z)A

∗ARH0 (z) + g2RH0 (z)A
∗ARHg (z)A

∗ARH0 (z) =

= RH0 (z) + gRH0 (z)A
∗ [1K +M (z)

]
ARH0 (z) ≡

= RH0 (z) + gRH0 (z)A
∗ [1K − ϕ (z)

]−1
ARH0 (z) .

Such an expression allows to compute the resolvent of
(
Hg,DH0

)
at z ∈ ρ (H0) ∩ ρ

(
Hg

)
only in terms of RH0 (z), A and A∗.

■

Corollary 6.9.1. Given n ∈ N, let H,Ki, i = 1, . . . , n be complex Hilbert spaces. Let (H0,DH0)
be a self-adjoint operator on H and let Ai : H −→ Ki, i = 1, . . . , n, be bounded operators. Given
g ∈ R \ {0} and considered the self-adjoint operator

(
Hg = H0 − g

∑n
i=1A

∗
iAi,DH0

)
on H, for

all z ∈ ρ (H0) ∩
(
Hg

)
,

RHg (z) = RH0 (z) + g

n∑
i,j=1

RH0 (z)A
∗
j

[
Λ (z)−1

]
ji
AiRH0 (z) (6.16)

where Λ (z)ji
.
= δji − gAjRH0 (z)A

∗
i : Ki −→ Kj.
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Proof. By introducing the Hilbert space K .
=
⊕
i

Ki, let A : H −→ K be the bounded operator

such that Aψ .
= (Aiψ)

n
i=1, for all ψ ∈ H. For all ψ ∈ DH0 ,

Hgψ = H0ψ − g
n∑

i=1

A∗
iAiψ ≡ H0ψ − gA∗Aψ,

and Proposition 6.9 can be applied. Straightforward computations allow to get formula (6.16).
■



2 - A Trace Operator

Lemma 6.10. Let ψ ∈ C∞
c

(
Rn+1 ≃ R× Rn

)
be a real function. For all x ∈ R, ψx ∈ C∞

c (Rn),
where

ψx : y ∈ Rn 7−→ ψx (y)
.
= ψ (x, y) ∈ R.

Proof. Let K ≡ suppψ be and let πRn (K) be the Rn projection of K; by definition of product
topology, πRn (K) is compact in Rn. If y ∈ Rn : y /∈ πRn (K), (x,y) /∈ K, i.e. ψx (y) = 0.
Given whatever y ∈ Rn, let {yn}n ⊂ Rn be such that yn −→

n
y; ψx is continuous at y if and

only if lim
n
ψx (yn) = ψx (y). However, (x,yn) −→

n
(x,y), hence the continuity of ψ implies

ψx (yn) ≡ ψ (x,y) −→
n

ψ (x,y) ≡ ψx (y); in other words, ψx is at least a continuous function of
compact support.
Let then y ∈ Rn be arbitrary; for all j = 1, . . . , n, what follows holds.

ψx

(
y + tej

)
− ψx (y)

t
=
ψ
(
x,y + tej

)
− ψ (x,y)

t
−→
t→0

(
∂ψ

∂fj+1

)
(x,y)

i.e. (
∂ψx

∂ej

)
(y) =

(
∂ψ

∂fj+1

)
(x,y) ,

where

ej =

0, . . . , 1︸︷︷︸
j−th

, 0, . . . , 0︸ ︷︷ ︸
n

 , fj+1 =
(
0, ej

)
.

The continuity of
(
∂jψx

)
is proved as above, hence induction gives ψx ∈ C∞

c (Rn). ■

Remark 6.16. Given ψx as above, ψx ∈ C∞
c (Rn) implies ψx ∈ L2 (Rn), hence

φ : x ∈ R 7−→ φ (x)
.
=

∫
Rn

∣∣ψx (y)
∣∣2 dλ(n) (y) ≡ ∫

Rn

ψ (x, y)2 dλ(n) (y) ∈ R+
0 (6.17)

is well-defined. Particularly, set K ′ = πRn (K),

φ : x ∈ R 7−→ φ (x) ≡
∫
K′
ψ2
x (y) dλ

(n) (y) .

□

Lemma 6.11. Let ψ ∈ C∞
c

(
Rn+1 ≃ R× Rn

)
be a real function and φ as in (6.17), φ ∈ C∞

c (R).
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Proof. Let πR (K) be the compact projection of K ≡ suppψ on the real line; if x /∈ πR (K),
(x,y) /∈ K for all y ∈ Rn, hence ψ2

x (y) = 0 and, correspondingly, φ (x) = 0.
Given arbitrarily x ∈ R, let {xn}n ⊂ R be such that it converges to x. Since ψ2 is continuous
of compact support, there exists C > 0 such that

∣∣∣ψ2
x(m)(y)

∣∣∣ ≤ C for all y ∈ Rn, m ∈ N. The
dominated convergence theorem then implies

lim
m
φ (xm) = lim

m

∫
K′
ψ2
xm

(y) dλ(n) (y) =
∫
K′

lim
m

[
ψ2
xm

(y)
]
dλ(n) (y) =

=

∫
K′
ψ2
x (y) dλ

(n) (y) = φ(x),

i.e., the arbitrarity of x ∈ R gives that φ is a continuous function of compact support.(
∂ψ2

x

)
∈ C∞

c (R1+n), hence uniformly bounded over K, giving

φ′ (x) =

∫
K′

(
∂ψ2

∂x

)
(x,y) dλ(n) (y) , ∀x ∈ R.

By repeating the process, φ′ is a continuous function of compact support; inductively, φ ∈
C∞

0 (R). ■

Lemma 6.12. Let ψ ∈ C∞
c

(
R1+n

)
be a complex function.

sup
r∈R

∫
Rn

∣∣ψ (r, x)
∣∣2 dλ(n) (x) ≤∥ψ∥2

H1(Rn+1)

holds.

Proof. Let r ∈ R be. Trivially,∫
Rn

∣∣ψ (r,x)
∣∣2 dλ(n) (x) = ∫

Rn

ψ2
R (r,x) dλ(n) (x) +

∫
Rn

ψ2
I (r,x) dλ

(n) (x) ,

where ψR ≡ ℜψ and ψI ≡ ℑψ. Then∫
Rn

ψ2
i (r,x) dλ

(n) (x) ≡ φ (r) =

∫ r

−∞
φ′ (s) dλ(1)(s) ≤

∫
R

∣∣φ′(s)
∣∣ dλ(1)(s) ≡

≡
∫
R

∣∣∣∣∣
[
d

dr

∫
Rn

ψ2
i (r,x) dλ

(n) (x)
]
(s)

∣∣∣∣∣ dλ(1)(s) ≤
≤ 2

∫
Rn+1

∣∣ψi (y) (∂rψi) (y)
∣∣ dλ(n+1)(y) ≤ (by using Hölder inequality) ≤ 2∥ψi∥2∥∂rψi∥2 ≤

≤∥ψi∥22 +
∥∥(∂rψ)i∥∥22

with i = R, I, therefore∫
Rn

∣∣ψ (r,x)
∣∣2 dλ(n)(x) ≤ (∥ψR∥22 +∥ψI∥22

)
+
(∥∥(∂rψ)R∥∥22 +∥∥(∂rψ)I∥∥22) ≡

≡∥ψ∥22 +∥∂rψ∥22 ≤∥ψ∥22 +
∥∥∥∇ψ∥∥∥2

2
≡∥ψ∥2

H1(Rn+1) .

The left hand side of the foregoing inequality is independent of r ∈ R, hence

sup
r

∫
Rn

∣∣ψ (r,x)
∣∣2 dλ(n)(x) ≤∥ψ∥2

H1(Rn+1) .

■
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Proposition 6.13. The map τ̃0 : ψ ∈ C∞
c

(
R1+n

)
7−→ τ̃0ψ ∈ L2 (Rn), with (τ̃0ψ) (x) = ψ(0, x),

for all x ∈ Rn, results in a linear, densely defined bounded operator from H1
(
Rn+1

)
to L2 (Rn).

Proof. τ̃0 is clearly well-defined, linear and densely defined. Concerning boundedness, one has

∥τ̃0ψ∥2L2(Rn) =

∫
Rn

∣∣(τ̃0ψ) (x)∣∣2 dλ(n) (x) = ∫
Rn

∣∣ψ (0,x)
∣∣2 dλ(n)(x) ≤

≤ sup
r∈R

∫
Rn

∣∣ψ (r,x)
∣∣2 dλ(n)(x) ≤∥ψ∥2

H1(Rn+1) .

■

Remark 6.17. The foregoing proposition allows for a bounded, norm-preserving extension τ0
of τ̃0 to all H1

(
Rn+1

)
. □

Definition 6.9. Given n ∈ N and i, j ∈ {1, . . . , n} : i < j, by considering U(ij) as in (6.4),
τ(ij)

.
= τ0U(ij) denotes the corresponding trace operator. □





3 - Two-body Delta Interactions -
Quadratic Form Investigation

Proposition 6.14. Given n ∈ N : n ≥ 2, let m1, . . . ,mn ∈ R+ be and correspondingly aj =
(2mj)

−1, j = 1, . . . , n. Consider, further, g ∈ R \ {0}; the map (t,Dt), such that Dt = H1 (Rn)
and t : (φ, ψ) ∈ Dt ×Dt 7−→ t(φ, ψ) ∈ C with

t (φ,ψ) =

n∑
i=1

aj

∫
Rn

[
∂φ (x)
∂xj

∂ψ (x)
∂xj

]
dλ(n) (x)−g

∑
1≤i<j≤n

∫
Rn−1

[(
τ(ij)φ

)
(x)
(
τ(ij)ψ

)
(x)
]
dλ(n−1)(x)

results in a sesquilinear, densely defined, hermitian, lower semi-bounded, closed form on
L2 (Rn).

Proof. Clearly H1 (Rn) is dense in
(
L2 (Rn) , ∥·∥L2(Rn)

)
. Now, given φ, ψ ∈ H1 (Rn),

t(φ, ψ) =
n∑

i=1

aj

∫
Rn

(
∂jφ
) (
∂jψ
)
− g

∑
i<j

∫
Rn−1

(
τ(ij)φ

) (
τ(ij)ψ

)
=

=
n∑

i=1

aj

∫
Rn

(
∂jψ
) (
∂jφ
)
− g

∑
i<j

∫
Rn−1

(
τ(ij)ψ

) (
τ(ij)φ

)
= t(ψ, φ),

i.e. t is hermitian. To prove it is lower semi-bounded, let ψ ∈ H1 (Rn) be.

qt(ψ) =
n∑

j=1

aj

∫
Rn

∣∣∂jψ∣∣2 − g
∑
i<j

∫
Rn−1

∣∣τ(ij)ψ∣∣2 ≥ (a ≡ min {a1, . . . , an}
)

≥ a

∫
Rn

∥∇ψ∥2 − g
∑
i<j

∥∥τ(ij)ψ∥∥2L2(Rn−1) .

If g < 0, then

qt(ψ) ≥ a

∫
Rn

∥∇ψ∥2 +|g|
∑
i<j

∥∥τ(ij)ψ∥∥2L2(Rn−1) ≥ 0 = 0 ∥ψ∥2H1(Rn) .

On the other hand, if g > 0, one starts observing that, given µ > 0, there exists Cµ > 0 such
that

∥∥τ(ij)ψ∥∥ ≤ µ
∥∥∥∇ψ∥∥∥+ Cµ∥ψ∥ for all i, j ∈ {1, . . . , n} : i < j. Consequently

g
∑
i<j

∥∥τ(ij)ψ∥∥2 ≤ gn(n− 1)
[
µ2
∥∥∥∇ψ∥∥∥2 + C2

µ∥ψ∥
2
H1(Rn)

]
and

qt(ψ) ≥
[
a− gn(n− 1)µ2

]∥∥∥∇ψ∥∥∥2 − gn(n− 1)C2
µ∥ψ∥

2
H1(Rn) .
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Therefore, by choosing µ =
√
a
[
gn(n− 1)

]−1, one obtains

qt(ψ) ≥
[
−gn(n− 1)C2

µ

]
∥ψ∥2H1 ≡ m(g, n, a)∥ψ∥2H1 ,

allowing to state that, for all g ∈ R \ {0}, t is lower semi-bounded. Eventually, given ψ ∈
H1 (Rn), what follows holds.

• g < 0

qt(ψ) =
n∑

i=1

aj
∥∥∂jψ∥∥2L2(Rn)

+|g|
∑
i<j

∥∥τ(ij)ψ∥∥2L2(Rn−1) ≤
(
A ≡ max

j
aj, K = max

(ij)

∥∥τ(ij)∥∥2)

≤ A
n∑

j=1

∥∥∂jψ∥∥2L2(Rn)
+
|g|n(n− 1)K

2
∥ψ∥2H1(Rn) ≤

(
B ≡ max

{
A,

|g|n(n− 1)K

2

})
≤ (2B) ∥ψ∥2H1(Rn) .

However, by recalling that a = min
j
aj, one has

∥ψ∥2H1(Rn) =∥ψ∥2L2(Rn) +
n∑

i=1

∥∂iψ∥2L2(Rn) ≤∥ψ∥2L2(Rn) +
1

a

 n∑
i=1

ai∥∂iψ∥2L2(Rn)

 ≤

≤∥ψ∥2L2(Rn) +
1

a

 n∑
i=1

ai∥∂iψ∥2L2(Rn) − g
∑
i<j

∥∥τ(ij)ψ∥∥2L2(Rn−1)

 ≤

≤∥ψ∥2L2(Rn) +
1

a
qt (ψ) .

• g > 0

qt(ψ) =
n∑

j=1

aj
∥∥∂jψ∥∥2L2(Rn)

− g
∑
i<j

∥∥τ(ij)ψ∥∥2L2(Rn−1) ≤

≤
n∑

j=1

aj
∥∥∂jψ∥∥2L2(Rn)

≤ A ∥ψ∥2H1(Rn) ,

Then,

∥ψ∥2H1(Rn) =∥ψ∥2L2(Rn) +
n∑

j=1

∥∥∂jψ∥∥2L2(Rn)
≤∥ψ∥2L2(Rn) +

1

a

n∑
j=1

aj
∥∥∂jψ∥∥2L2(Rn)

≡

≡∥ψ∥2L2(Rn) +
1

a

qt (ψ) + g
∑
i<j

∥∥τ(ij)ψ∥∥2L2(Rn−1)

 ≤

≤∥ψ∥2L2(Rn) +
1

a
qt (ψ) +

n(n− 1)K

2a
∥ψ∥2H1(Rn)

leading to
[
1− Kn(n−1)

2a

]
∥ψ∥2H1(Rn) ≤∥ψ∥2

L2((Rn)) +
1
a
qt(ψ).

■

Remark 6.18. The foregoing proposition guarantees the existence of a unique self-adjoint op-
erator (H,DH) on L2 (Rn), to be understood as the Hamiltonian associated to the system con-
sidered in chapter 6, whose corresponding sesquilinear form is (t,Dt). □



4 - Boundedness Results

Proposition 6.15. Let F : ψ ∈ L2
(
R2, dRνdx2

)
7−→ Fψ ∈ L2

(
R2, dRσdxν2

)
be the linear

operator defined via the position

[Fψ] (Rσ, xν2) ≡
∫
R2

dR
′
νdx

′
2

[
G(3)

z

(√
2m1

(
Rσ −R

′
ν ,
)
,
√
2m2

(
Rσ − x′2

)
,
√
2mν2

(
xν2 −R

′
ν

))
ψ
(
R

′
ν , x

′
2

)]
with z < 0. Then, F is bounded.

Proof. The Schur test will be employed.

G(3)
z

(√
2m1

(
Rσ −R

′
ν ,
)
,
√
2m2

(
Rσ − x′2

)
,
√

2mν2

(
xν2 −R

′
ν

))
=

=

∫ ∞

0

e−
2m1(Rσ−R

′
ν)

2
+2m2(Rσ−x′2)

2
+2mν2(xν2−R

′
ν)

2

4t
+zt dt

(4πt)
3
2

≤
(
m ≡ min (m1,m2,mν2)

)
≤

≤
∫ ∞

0

e−
2m(Rσ−R

′
ν)

2
+2m(Rσ−x′2)

2
+2m(xν2−R

′
ν)

2

4t
+zt dt

(4πt)
3
2

≡

≡
∫ ∞

0

e−
(x−x′)

2
+(x−y′)

2
+(y−x′)

2

4t
+zt dt

(4πt)
3
2

≡ K
(
x, y;x′, y′

)
,

by having set 
x =

√
2mRσ

x′ =
√
2mR

′
ν

y′ =
√
2mx′2

y =
√
2mxν2

.

Trivially, K (x, y; x′, y′) = K (x′, y′; x, y). On the other hand∫
R2

K
(
x, y; x′, y′

)
dx′dy′ =

∫
R2

e−α
√

(x−x′)2+(y−x′)2+(x−y′)2

4π
√

(x− x′)2 + (y − x′)2 + (x− y′)2
dx′dy′,

i.e. it does not exist whenever x = y = x′ = y′. Since
{
(x, y) ∈ R2|x = y

}
is a set of

λ(2)−measure zero, let x ̸= y and α ≡
√
|z| be. The coordinate transformation{

x′ = x′ − x+y
2

y′ = y′−x√
2

⇐⇒

{
x′ = x′ + x+y

2

y′ =
√
2y′ + x

,
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that gives dx′dy′ =
√
2dx′dy′ and

√
(x− x′)2 + (y − x′)2 + (x− y′)2 =

√
2
[
x′ 2 + y′ 2 + (y−x)2

4

]
,

allows for

∫
R2

∣∣∣K (x, y;x′, y′)∣∣∣ dx′dy′ = ∫
R2

e−
√
2α

√
x′ 2+y′ 2+ (y−x)2

4√
x′ 2 + y′ 2 + (y−x)2

4

dx′dy′

4π
= (by integrating in polar coordinates) =

=
1

4π

∫ ∞

0

∫ 2π

0

e−α
√
2

√
ρ2+

(y−x)2

4√
ρ2 + (y−x)2

4

ρdρdθ ≡ 1

2

∫ ∞

0

e−α
√
2

√
ρ2+

(y−x)2

4√
ρ2 + (y−x)2

4

ρdρ <

<
1

2

∫ ∞

0

e−α
√
2ρdρ =

1

2
√
2|z|

.

In the end,∥F∥ ≤ 1

2
√

2|z|
, by the independence on (x, y) ∈ R2 : x ̸= y of the right hand side. ■

Proposition 6.16. Let B : φ ∈ L2
(
R3, dRνdx1dx2

)
7−→ Bφ ∈ L2

(
R3, dRσdxν1dxν2

)
be the

linear operator defined by

[Bφ]
(
Rσ, xν1 , xν2

)
=

=

∫
R3

dR
′
νdx

′
1dx

′
2

[
G(4)

z

(√
2m1

(
Rσ − x′1

)
,
√
2m2

(
Rσ − x′2

)
,
√

2mν1

(
xν1 −R

′
ν

)
,
√
2mν2

(
xν2 −R

′
ν

))
φ
(
R

′
ν , x

′
1, x

′
2

)]
for all z < 0. B is a bounded operator.

Proof. By proceeding as in proposition 6.15, it does not harm generality focusing on

K
(
x, y, w; x′, y′, w′) = G(4)

z

(
x− x′, y − x′, w − y′, w − w′) .

Then∫
R3

dx′dy′dw′
∣∣∣G(4)

z

(
x− x′, y − x′, w − y′, w − w′)∣∣∣ =

=

∫
R3

dx′dy′dw′
∫ ∞

0

dt

(4πt)2
exp

{
−(x− x′)2 + (y − x′)2 + (w − y′)2 + (w − w′)2

4t
+ zt

}
.

The following coordinate transformation is considered
x′ = x′ − x+y

2

y′ = y′−w√
2

w′ = w′−w√
2

⇐⇒


x′ = x′ + x+y

2

y′ =
√
2y′ + w

w′ =
√
2w′ + w

.

On the one hand, dx′dy′dw′ = 2dx′dy′dw′ and

(
x− x′

)2
+
(
y − x′

)2
+
(
w − y′

)2
+
(
w − w′)2 = 2

[
x′ 2 + y′ 2 + w′ 2 +

(y − x)2

4

]
,
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on the other hand

∫
R3

dx′dy′dw′
∫ ∞

0

dt

(4πt)2
exp

−
(
x− x′

)2
+
(
y − x′

)2
+
(
w − y′

)2
+
(
w − w′)2

4t
+ zt

 =

=

∫
R3

dx′dy′dw′
∫ ∞

0

dt

8π2t2
exp

−
x′ 2 + y′ 2 + w′ 2 + (y−x)2

4

2t
+ zt

 =

=

∫ ∞

0
ρ2dρ

∫ π

0
sin θdθ

∫ 2π

0
dϕ

∫ ∞

0

dt

8π2t2
exp

{
−ρ

2

2t

}
exp

{
−(y − x)2

8t

}
exp {zt} ≤

≤
∫ ∞

0

dt

2πt2
ezt

∫ ∞

0
dρ ρ2 exp

{
−ρ

2

2t

} =

√
π

4

∫ ∞

0

dt

2π

ezt

t2
(2t)

3
2 =

1

2
√
2|z|

<∞

holds. The Schur test then states that ∥B∥ ≤
(
2
√
2|z|
)−1

. ■
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