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Abstract

Given an axially-symmetric, (n + 1)-dimensional convex cone 2 C R"*!, we study the
stability of the free-boundary minimal surface ¥ obtained by intersecting €2 with a n-plane
that contains the axis of Q. In the case n = 2, ¥ is always unstable, as a special case
of the vertex-skipping property that we recently proved in another article. Conversely, as
soon as n > 3 and 2 has a sufficiently large aperture (depending on the dimension n),
we show that X is strictly stable. For our stability analysis, we introduce a Lipschitz flow
%[ f] of deformations of ¥ associated with a compactly-supported, scalar deformation field
f, which satisfies the key property 0%;[ f] C 92 for all r € R. Then, we compute the
lower-right second variation of the area of ¥ along the flow, and ultimately show that it is
positive by exploiting its connection with a functional inequality studied in the context of
reaction-diffusion problems.

Mathematics Subject Classification Primary: 49Q05 - Secondary: 49Q10

1 Introduction

One of the most intriguing aspects of the theory of free-boundary minimal surfaces, and
more generally of capillary surfaces, is their behaviour near the boundary of their container.
A well-established regularity theory is known to hold when the free boundary of a minimal
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surface ¥ meets a regular point of the boundary of its container €2, see [4, 8]; in this case
the 90-degree contact-angle law holds true in a classical sense. More generally, Young’s law
for capillary surfaces [4, 20] holds. Conversely, the behaviour of ¥ near a generic point of
dX N 0%, where 3°2 denotes the set of singular points of 92, is much less known. Few
exceptions are represented by the studies on free-boundary minimal surfaces in 3-dimensional
wedge domains, mainly due to Hildebrandt-Sauvigny [10-13], and by the analogous studies
pursued in the context of capillary surfaces, see e.g. [6, 14] and the references therein.

A few years ago, Edelen-Li [5] extended the existing regularity theory by proving a
very general e-regularity theorem for free-boundary integral varifolds with bounded mean
curvature in locally-almost-polyhedral domains. Subsequently, with the aim of pushing the
regularity theory forward and beyond the locally almost-polyhedral class, in a couple of
recent works we have shown some sort of complementary results in the framework of sets
of finite perimeter. The first result is a free-boundary monotonicity formula for perimeter
almost-minimizers in a non-smooth domain which satisfies a so-called visibility condition
[15]. The second is a vertex-skipping property for almost-minimal boundaries in convex sets
[16], which can be coupled with [5] and leads to a full, free-boundary regularity result for
2-dimensional integral varifolds with bounded mean curvature in locally almost-polyhedral
3d-domains.

Blow-up techniques are among the main tools used to retrieve information on the boundary
properties of X, such as local structure, density properties, and ultimately regularity. Relying
on boundary monotonicity formulas (see, e.g., [15]), one can blow-up an almost-minimal
surface at one of its free-boundary points, obtaining free-boundary cones inside conical
domains. This represents the free-boundary counterpart of classical monotonicity and blow-
up results that hold at interior points [7, 17]. By relying on such results, we have shown in [16]
that the internal boundary ¥ of a perimeter almost-minimizer in a convex set & C R? avoids
all vertices of 0€2. Here, by vertex we mean a point x € 9S2 such that the tangent cone to 2
at x does not contain full lines. It is then natural to ask whether this vertex-skipping property
is a special feature of the 3-dimensional setting, or if instead it holds in any dimension.
We remark that, in dimension 2, the property is trivially satisfied and, for this reason, this
elementary case will not be discussed.

Here, we consider a n-plane in R p > 2, containing the axis of a convex circular
(n 4+ 1)-cone, and study the stability of the free-boundary minimal surface obtained by
intersecting the plane with the cone. More precisely, we take 0 < A < oo, then we let
x' = (x1,...,x,—1) and set

R™ 2 x> o (¢, X))

Q,\ = {(x’,xn, xn_H) S
n+1
of the cone, while the angle «; € (0, ) such that 1 = cot(«y /2) will be referred to as the
aperture of the cone. Then, we define

where wy (X', x,41) = A/ |x/|> + x2 . For future reference, we call A the aperture parameter

¥ ={x€Q: xp41 =0}.

Section 3 contains the main results of the paper. Specifically, Theorem 3.4 shows that, when
n = 2, ¥ is unstable in 2, for every 0 < A < oo. We highlight that this is exactly the
behaviour one should expect according to the vertex-skipping property proved in [16]. More
interestingly, Theorem 3.5 establishes that, when n > 3, there exists a threshold aperture
parameter 0 < A* < oo depending on the dimension n, such that, for all 0 < A < A* (i.e,
for all apertures o € [a*, 7)), the n-plane X is a strictly stable free-boundary minimal
surface in €2, . The proof of this theorem relies on two main tools. The first is the construction
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of a suitable Lipschitz flow of deformations that preserves the free-boundary condition and
allows a direct writing of first and second variation (in)equalities, see Section 2. The second
is a variational inequality, called Kato’s inequality, which is the key to show stability under
appropriate conditions on the dimension n and the aperture of €2;, see Lemma 3.6. We
point out that such inequality emerges in fairly different contexts, from spectral theory [9] to
reaction-diffusion problems [3].

The stability versus instability properties of X exhibit a close relationship with analogous
properties of minimal surfaces within cones. In particular, a result of Morgan [18] implies that
the free-boundary 0 X is an area-minimizing (n — 1)-surface in 92 as soonasn > 4 and A is
small enough. Similar results are also available for free-boundary problems of Alt-Caffarelli
type [1], where the dimension n = 3 is critical for the free-boundary to contain the vertex of
€2, again when A is small enough.

Going back to [18], we note that its main result is based on a calibration argument that
holds precisely when n > 4. For this reason, we expect that our strict stability result can
be improved to a full area-minimizing result at least when n > 4. However, the same kind
of analysis in the case n = 3 seems a harder open problem, as it is not fully clear whether
0 X is unstable, or at least not area-minimizing, in d€2;. Our Theorem 3.5 seems to support
the conjecture that X is locally area-minimizing also when n = 3. The issue of the area-
minimization property when n > 3 will be addressed in a forthcoming work.

2 Notations and basic constructions

Let n > 2 be a given integer. Given x € R” and r € R, we define x = (x,7) € R+
and x’ € R"! guch that x = (x’, x,,), with a slight abuse of notation. We identify x with
(x,0) € R* and x’ with (x’, 0, 0) € R"t!, whenever this does not create confusion. We
denote by B, (x) the open ball of radius r > 0 centered at X, and we set B, := B, (0). Given
a differentiable function f : R"t! — R, we denote the partial derivative of f with respect
tox; as 0; f.

Forany 1 < i < n + 1, we denote by p; the hyperplane of R"*! of equation x; = 0,
and use the same notation for the orthogonal projection of R”*! onto this hyperplane with a
slight abuse of notation.

2.1 Foliating a Lipschitz epigraph

Given a Lipschitz function w = w(x’, t) : R" — R, we consider the Lipschitz epigraph
Q={F=" xR x, >0 0. 2.1)

Wealsolet ¥ := QN p,o1 andset 3% = X NIQ. Given x = (x’, x,) € X, we define the
parametric curve I’y : R — R"*+! as

Iy :=0x+ol, 1) —wix0),1) 2.2)

and, with a slight abuse of notation, we identify "y with ", (R). -
The next lemma collects some key properties of the family {I'y : x € X}.

Lemma 2.1 The family of parametric curves {T'y : x € X} defines a foliation of Q. More
precisely, the following properties hold:
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(i) Tx(0) =xand Ty C Q, forallx € %;

(ii) ifx #y € T then T, NTy = §;
(iii) T'x(t) € 02 for some t € R if and only if T, C 9%2.
(iv) the map (x,t) > 'y () is Lipschitz.

Proof Property (i) directly follows from the definition of I'y and by observing that x € ©
implies x,, > w(x’, 0), hence

Xpn+ox' ) —wx,0)>wx t).

Then, concerning property (i), if I'y () = I'y (1) for some x, y € ¥ and some ¢, u € R, by
definition we must have t = u, x’ = y/, and

X+ (@G 1) =&, 0) =y + (@0, 1) — o, 0),

which implies x, = y, and hence x = y, which proves (ii). The less obvious implication of
(iii) is the only if part: if I', (#) € 92 for some ¢ € R, then

X +oix,t) -, 0)=wx1),
i.e., x, = w(x’, 0). Consequently,
M) =@, 0,0+, u) —oix,0),u) =G o', u),u) e dQ
for all u € R. Finally, the proof of (iv) easily follows from the estimate

[T (1) — Fy(”)l = |x/ - yll + X0 — yul + |a)(x/’ t) — w(y/’ u)|
+ o', 0) + oy, 0)| + |t —ul
< (1 +2Lip(@))(Ix" — y'| 4 X0 — yul + [t — ul).

2.2 A flow of compact deformations for Z.

Letnow f : ¥ — R be a Lipschitz function whose support spt( f) is compact in X. We
define the flow associated to f as

PLAICx, 1) =T (2f (x)) (2.3)

forall (x,1) €  x R. The map & f] satisfies @[ f](x, t) = x and, thanks to Lemma 2.1, it
is Lipschitz and one-to-one. When ®[ f](-, ¢) is differentiable at x (which is true for almost
all x € X¥), we denote by

DO[f1(x, 1) = (hPLf1(x, 1), ..., 9 PLf1(x, 1))
the Jacobian matrix of ®[ f](-, t) at x, and by DP[ f](x, T its transpose. We also define
S[f1Cx, 1) := DO[f1(x, )" - DO[f1(x, 1)

and
JIf1(x, 1) == y/det(S[f1(x, 1)),

and note for future reference that

JIflx,00=1 Vxe 3. 2.4)
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Then, we define

il f1=2lfI(ZE, D)

and

ALfI(0) == HY(PLI(E Nspt(f), 1) = f JIf1x, ) dx, (2.5
spt(f)
where the second identity follows from the Area Formula (see, e.g., [2, Theorem 2.91]). The
function A[ f](¢) represents the area of the compact portion of the hyperplane ¥ deformed via
the flow map @[ f](-, #). The minimality/stability of X is related to the asymptotic properties
of A[f](t) when t — 0. In general, we cannot expect that A[ f](¢) is (twice) differentiable
at t = 0, hence it will not be possible to compute the first and second variations of the area
in a classical sense. However, we can test the local minimality of ¥ by taking lower right
variations, i.e.,
A[f1() — A[F1(0)
t

3 A[f1(07) := lim inf
- t—0t

and, assuming 9, A[ f1(0") =0,

ALf1@) — A[£1(0)

B2A[f1(01) == 21itm(i)rlf "
- —

Therefore, a first-order necessary condition for local minimality is
HALF10H) 20, Ve (®), (2.6)

with strict inequality only if the local minimality is strict. Then, a second-order necessary
condition is

JALF10T) =0 = 3 A[f10%) =0, 2.7)

forall f € COL(T).

3 Stability of 2 in Q)

We recall that 2, is the (n 4+ 1)-dimensional circular cone defined as the epigraph of the

function
o (0 1) = Ay IR A2

with A > 0 a fixed parameter defining the aperture of the cone. In this case, for all f €
C? 1 (X), the one-parameter flow associated with f is given by

DLf1(x, 1) i= (¥, o (', 1f (X)) + 20 — 02 (x", 0), 1 f(x))

= (x’, MJIX 2+ 12 (x)2 + x, — AX], tf(x)) .

It is immediate to check that ®[ f](x, ¢) is differentiable on the set
Ay :={x espt(f) : x #0, f isdifferentiable at x} U (X \ spt(f)) .
In particular, since f is Lipschitz, we infer that

H' (S\Ap) =0.
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For almostall x € Ay andfor 1 <i <n — 1, we have

i @LF10x, 1) = e + [18; f (x) Bp105 (&, 1f (X)) + B0 (X', £f (x)) — Dy (x', 0)] en

+10; f(X)en+1
2f(x) 8 f(x) x; x;
=e+h + - T n +t0; n
<\/IX’|2 +22f(0)?2 P4 2f(x)? |x|> ¢ Fx)ent
3.1
while, if i = n,
I @Lf1Cx, 1) = (t O f (x) Bn+1wx(x’, tf(x)) + 1) en + 10, f(x)en+
12 £ (x) 9 f (x)
===ttt f@en. 3.2
( 2+ 2 f(x)2 )e f(Xent1 (3.2)
We introduce the following notations:
2 ) ' A
o (LA i S fi=1, -1
v ] WP WP+ R f?
B R (O U I .
S R TR ifi =n,
[x/|2 4+ 12 f (x)?
3.3)
ﬂi(xvt) ::taif(x), Vl:L,n (34)
We thus have
GPLfI(x, 1) =€ +ai(x, ) en + Bi(x, ) ent1, Vi=1,..,n. (3.5)

In the next lemma we compute the Jacobian J[ f](x, t) of the flow map.

Lemma 3.1 Given f € CE’I (%), forall t € R, we have

220 f(x) 0 f(x)

J =142 v 2y
L1 ' (| L Y sy Trer

>+R[f](x,t), (3.6)

where R[ f1(x, t) is such that

R[f1(x, 1)
2

R
SPURLFIE. ) Cspt(f).  lim ‘%

<C,

=0, ae.inX,
3.7

where C > 0 is a constant depending on Lip(f) only.

Proof By Lemma 3.2 below, we have

n—1 n—1 n—1
TP =1+ ) (1 + Zﬁ?) + B, (1 + Za3> —2(+a)py ) _aifi. (3.8)
i=1 i=1 i=1

where «;, B; are defined in (3.3) and (3.4). We observe that, forevery 1 <i <n — 1,

lim «;(t) =0 for x # 0. 3.9)
t—0t
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In addition,

lim “"[f](’) =0 forx #0,  lim g[f1(1) =0 forallx, (3.10)
t—

t—0
and

llen [ £ Lo (x) 1B:i [fI I Lo (x)
t t

< Mon fllLe(s) <10i fllLe(sy.  (3.11)

Let us define
n—1

RIf]:= o> (1+Zﬂ)+2anZﬂ +ﬂ,,Za —2(1+an)ﬂnza,ﬂl.

i=1

By the definition of «;, B; provided in (3.3), it is evident that ; and B; vanish as f vanishes,
and this implies that spt(R[ f](, -)) C spt(f). Owing to (3.9), (3.10), we infer that
R[f1(x,1)

lim —— =0, ae.in X,
t—0 1

while (3.11) yields

RLf1(x. 1)

2 <C, C constant depending on Lip(f).

This proves the validity of (3.7). On the other hand

JUP=RIf] = 1420, + Y B = 1+1° (IV.f(x)|2+

i=1

22 f(x) 80 f(x)
VIV A+ 2 f(x)?
that is precisely what we claimed. O

Before proving our technical Lemma 3.2, we introduce some convenient notation. We let
= (i1, ..., ur) beamulti-index with up € {1, ..., n+1},thenwesete, = e, A---Aey,
and, giveni € {l,...,k}and j € {1,...,n + 1}, we define
J
i =Cu NNy NeFNCp g N Ny
We have the following

Lemma 3.2 Assume that 9; ®[ f] are given by (3.5), for 1 <i < n. Then J[ f1? is expressed
by formula (3.8).

Proof For 1 < i < n, let v; := 0;®[f]. Well-known results of multi-linear algebra [19,
Chapter 2] guarantee that

TP =i A Avl?, (3.12)
where |-| denotes the standard Euclidean norm for multivectors. Letussetu = (1,2, ...,n—
1). By the definition of v, and the fact that el'i’i Aeptl = —eZﬁl A en, we get

VIALAYy = 4a)e Aey+ Buey Aepyr +
n—1
+ﬂnzat M;/\en+l+(1+an)2ﬂz n+ N ép (3.13)
i=1 i=1
n—1

=(+an) ey Aen+Puep Aenyt+ Y [Buei — (1 +an) Bil € Aenir .
i=1
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By the orthonormality of the multivectors e, A ey, e, A e,11, and eﬁ’i A epqr fori =
1,...,n— 1, we obtain

n—1 n—1 n—1
LA e Avpl? = (1 + ap)? (1 + Zﬂ,?) + 2 (1 + Za?) —2(1+a)pn Y i
i=1 i=1 i=1

Then (3.8) immediately follows from (3.12). ]

We observe that (3.6) explicitly depends on 2. This implies the vanishing of the first
(lower) variation of the area, 3; A[ f 1(0T) = 0, and the fact that the second variation can be

computed as the first variation of the area with respect to the parameter s = 2. To this end,

given s > 0 we conveniently set A[ £1(s) = A[f]1(/s) and T[f1(x,s) = J[f](x, +/5). The
following theorem holds.

Theorem 3.3 The following identity holds:

/ I\2
AALFIOT) = - (/ V£GP dx — de/) L Vfedl ).
- 2 \Us R x|
(3.14)
Proof Owing to (2.4), we have J[f](0) = 1, hence
% ALF1(0) =liminf/ sTHIL 1, 8) — TLF1(x, 0))dx
s=0% Jspt(f)
= liminf/ sTHILf1x,5) — 1) dx . (3.15)
s=0F Jspt(s)

Now, (3.6) guarantees that

T8 = 145G where G im (|vf(x)|2+ 20 @) ) R[f](x,\/f)) |

VX2 4 sf(x)? §

Thus by (3.15) we infer
[ st - nax =2} + 2,
spt(f)

where

1 G G
7} ::f/ «/1+sG—<1+s—>dx, If::/ —dx.
s Jspus) 2 spt(f) 2

An elementary computation yields

G —s2G?/4
V1+SG—<1+SE)= 767/ N
«/1+sG+<1+sE>

consequently

1 G?
|23|54f : S
spt(f) ‘«/l-i-sG—i- (l-i-sz)
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Now it is immediate to observe that G = 0 whenever x ¢ spt(f), and, as s — 0T,
JsG— 0 ae.inX, |sG|<C forsomeC > 0depending on Lip(f) only.
By Dominated Convergence, we get

lim Il =0.

s—0t

Let us now study the limit as s — 0T of

12:/ (;'Vf(x)lhr 2T 0T +1R[f](x’*/§))d
z

’ VIKP+sf(x)? 2 s

By (3.7) and Dominated Convergence, we have

/ RUAC, V5) dx — 0, ass— 0T,
b

s
On the other hand, denoting by g(x”) := f(x’, A|x’|)?, an integration by parts yields

A f(x) 0 f(x) dx:& s f(x) 0, f(x)
x| + sf (x)? s s X2+ sf(x)?

A
= f/ B/ I/ + sf (x)2 dx
S Jx
A +00
== / (/ O/ x| + sf(x)zdxn> dx
§ JRn-1 Alx|
A
= 7/ lx'| — /|22 + sg(x") dx’
S JRn—1

= —)\./ g(X/) /
Ro=1 x| 4+ /X% 4+ sg(x")

Now, the integrand
g(x")
x| + V|7 + sg(x")

is positive and monotonically non-increasing in s, for any x’ # 0. Then, by Beppo Levi’s
Theorem, we obtain

/ g(x") Y 1 / g’
lim —dx
s=0% Jro—1 |x/| 4+ /|x/]2 + sg(x)) "2 Jo ]

This implies that

A

hm 2 = |Vf(x)| dx — = g(x)dx’,
/
2 Rn—1 |.X|

and the proof is concluded. O

Theorem 3.3 allows us to test in which cases X is stable. Indeed, by (3.14), the first
variation of the area vanishes, hence the stability condition can be stated in terms of the
lower-right second variation:

87 ALF1(0F) = 20, A[f1(0%) = 0,
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which is equivalent to the functional inequality

/ I\2
/Z|Vf(x)|2dx zA/RH de’. (3.16)

3.1 Thecasedim2 = 2
In this case, we see that X is always unstable (we proved a more general version of this result
in [16]).

Theorem 3.4 Let n = 2. Then, for all f € Cg’l(f) with the property that f(0) # 0, we
have

AALF10F) <0.

In particular, this shows that X is unstable.

Proof When n = 2 the inequality (3.16) becomes

F(x1, Alxi])?

dxy . (3.17)
||

f VP dx = 2
M) R

We now observe that, for all f € C?. o1 (%), the left-hand side of (3.17) is alwaysimite while
the right-hand side is finite only if f(0) = 0. Thus (3.17) fails for all f € C? (X)) such that

f(0) #0. a

3.2 ThecasedimZX > 3

In this case, the aperture of the cone €2, plays a role. Indeed, we can prove that there exists
a threshold aperture parameter 1* > 0, such that for larger apertures (i.e., for 0 < A < 1%),
the hyperplane ¥ becomes strictly stable.

Theorem 3.5 Let n > 3. Then there exists A* = A*(n) > 0 such that, if 0 < L < A*, we
have

BALF1O0T) >0 forall f e CON(T) (3.18)

and the inequality is strict whenever f is not identically zero, which means that % is strictly
stable.

To prove Theorem 3.5, we need the following result.

Lemma3.6 Letn > 3. Then

2 Kn / FE D |
LIVf(x)I dx > T+ 02 e ] dx", forall f € H(X), (3.19)

where K, = 21"2(n/4)f"2((n —2)/4) and T (u) is Euler’s Gamma function.

Inequality (3.19) is known as Kato’s Inequality. A proof of a stronger version of (3.19), valid
when X is a half-space (i.e. for A = 0), is provided in [3, Theorem 1.4]. Although our domain
¥ is not a half-space, our version directly follows from inequality (9) in the same work. We
also mention that a former proof of Kato’s Inequality was given by Herbst in [9].
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Proof of Lemma 3.6 Let us denote by R’} the half-space of points x € R" with x,, > 0.
Inequality (9) of [3] states that

/70 2
/ IVg(x)|?dx > K, f %dx/, forall g € H'(R). (3.20)
Rl Rr—1 X

Given f € H'(Z), let us set
T(x) =& 0+ A1), g) = f(TK)).
We have g € HI(JR”+). Since g(x’, 0) = f(x', A|x']), we get

I 2 / 2
/ de/ — f de’. (3.21)
Rn—l Rn—l

x| x|

‘We observe that

x/
Vg(x) = V(T (x)) + A8, f(T(x)) (I)T’I 0) ,
and thus
IVe)I* < L+ 22V F(T))I. (3.22)
Combining (3.20), (3.21) and (3.22), and noting that det DT = 1, by the change of variable

formula we get

(1 +2)? / IV £ Pdx = (14 1) / IV £ (T () Pdx
> R
> / Ve()Pdx
R
/ IIN2
anf D
et 1]

and conclude the proof. O

Proof of Theorem 3.5 By Lemma 3.6, the validity of (3.16), forall f € C CO /1 (X), is guaranteed
by the condition

Koy

0<i<—" .
(1+2)2

(3.23)

Since the function A — A(1 + A)? is monotonically increasing from 0 to 4-00, there exists a
unique A* > 0 such that

A 4292 =K,
and, consequently, (3.23) is satisfied if and only if 0 < A < A*, as wanted. O
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