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Introduction

State of the art & open problems

The algebrization problem: state of the art. The description of geometric
objects in the simplest possible terms is one of the goals of geometry, particularly
real algebraic geometry. Indeed, the need to simplify the description of smooth
manifolds and even topological spaces with singularities, and to find increasingly
rich structures on them, has contributed significantly to the development of real
algebraic geometry.

In 1936, Whitney [Whi36] proved that every smooth manifold M of dimension d
can be smoothly embedded in R??*! and every smooth embedding 1 : M — R2d+1
can be approximated by an arbitrarily close smooth embedding ¢ : M — R24+!
whose image M’ := ¢(M) is a real analytic submanifold of R?¢*1. It follows that
M can be described both globally and locally by means of real analytic equations
in some Euclidean space. Indeed, one first identifies M with M’ C R24*! via ¢ and
then observes that M’ is the set of solutions of finitely many global real analytic
equations defined on the whole R?**1 (by Cartan’s Theorem B) and, locally at each
of its points, M’ is the set of solutions of good real analytic equations, where “good”
means “with linearly independent gradients”. In particular, M has a real analytic
structure. At this point it is natural to ask whether M admits a real algebraic
structure obtained by requiring that the previous real analytic equations describing
M’ are polynomial equations with coefficients in R.

In his groundbreaking paper [Nas52] published in 1952, Nash proved that the
answer is affirmative in the sense that, if the smooth manifold M is compact, then
we can assume that the real analytic submanifold M’ C R24+! approximating (M)
is actually a union of nonsingular connected components of a real algebraic sub-
set of R?*1. Nash conjectured that A’ can be chosen to be a whole nonsingular
real algebraic subset of R24*1 a so-called algebraic model of M. In 1957, Wallace
[Wal57] tried to verify Nash conjecture but his proof was not correct, so his main
improvement was is that M’ C R™ can be chosen algebraic if M is the boundary
of a compact € °° manifold with boundary. However, his attempt was very impor-
tant: for the first time cobordism theory came into play. Finally, in 1973, Tognoli
[Tog73] proved this conjecture to be true by improving Nash approximation tech-
niques and deeply applying cobordism theory, in particular nonsingular algebraic
representatives of cobordism classes found by Milnor [Mil65]. Quoting from page 4
of [BCROS|:

“A systematic study of real algebraic varieties started seriously only in 1973
after Tognoli’s surprising discovery (based on earlier work of John Nash) that every
compact smooth manifold is diffeomorphic to a nonsingular real algebraic set.”
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The latter assertion is the so-called Nash-Tognoli theorem. For a detailed proof,
we refer the reader to [BCR98, Section 14.1]. See also the surveys [DL19, Section 1]
and [Koll7, Section 1] on Nash’s work, recently written by De Lellis and Kollar, for
other fine presentations of this crucial result.

There is a wide literature devoted to improvements and extensions of Nash-
Tognoli theorem. A remarkable result is a relative version with respect to a finite
set of smooth submanifolds in general position proved by Akbulut and King [AKS81a].
For this topic, we refer the reader to the books [AK92, Chapter II], [BCR98, Chapter
14], [Manl4, §6], the survey [Koll7, Section 2], the recent papers [Ben22; GT17,;
Kucl1] and the numerous references therein.

The problem of making topological spaces algebraic has also been studied in the
singular case.

In 1981, Akbulut and King [AK81b] obtained a complete description of the
topology of real algebraic sets with isolated singularities. Their idea is to consider the
class T of compact topological spaces V' that admits a topological desingularization
in the following sense: there exist a closed smooth manifold M, a finite family M =
{My, ..., My} of pairwise disjoint subsets of M and a finite set S = {p1, ..., pm} with
m > £ such that each M; is a finite union of smooth hypersurfaces of M in general
position and the quotient topological space obtained from M LIS by blowing down
each M; to p; is homeomorphic to V. The topological data (M, M;S) represents a
topological desingularization of V. By Hironaka’s desingularization theorem [Hir64]
(see also [BM97; Vil89; Kol07]), the class T includes all the compact real algebraic
sets with isolated singularities. Now, the strategy of Akbulut and King is first
to make algebraic the topological data (M, M;S), obtaining real algebraic data
(M', M’; S) by mean of algebraic approximation techniques a 1& Nash-Tognoli, and
then to blow down these algebraic data obtaining a real algebraic set homeomorphic
to V. As Alexandrov’s compactification of a real algebraic set can be made algebraic,
it follows that a (not necessarily compact) topological space V' is homeomorphic to
a real algebraic set with isolated singularities if and only if it can be obtained from
topological data (M, M;S) such as the above by considering M LIS, blowing down
some of the M; to points of S and removing the remaining M; (see [AK81b, Section
4]). As a consequence, a noncompact smooth manifold admits an algebraic model
if and only if it is diffeomorphic to the interior of a compact smooth manifold with
non-empty boundary (see [AK81b, Corollary 4.3]).

In addition to the case of isolated singularities, singular topological spaces ad-
mitting algebraic models have been deeply studied in small dimension, that is, in
dimension < 3. In 1981, Benedetti and Dedd [BD81] completely characterized those
triangulable compact topological spaces of dimension 2 admitting algebraic mod-
els by means of a unique condition on a local invariant: the evenness of the Euler
characteristic of the link. Later on, in 1992, Akbulut and King [AK92] charac-
terized those triangulable compact topological spaces of dimension 3 admitting an
algebraic model by means of five independent local topological invariants at each
point, one of those is the evenness of the Euler characteristic of the link. For this
very remarkable characterization, the construction previously developed for the case
of isolated singularities in [AK81b] is deeply improved by the so-called “Resolution
Tower technique”. As one may expect, the study of triangulable compact topologi-
cal spaces becomes more and more difficult as the dimension increases and already
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in dimension 4 a complete characterization seems unreachable. Indeed, in 2000,
McCrory and Parusiniski [MPO0] proved that there are at least 2*3 — 43 local in-
dependent characteristic numbers which vanish for algebraic sets of dimension 4.
Last result then directed the research on the characterization of those triangulable
topological spaces admitting an algebraic structure on the subclass of compact Nash
sets. In 2017, Ghiloni and Tancredi [GT17] proved that a compact Nash set is semi-
algebraically homeomorphic to an algebraic set if and only if it is asymmetrically
cobordant to a point, last condition is then conjectured by the authors to be always
satisfied.

Another classical topic of study is the algebrization of germs of analytic sets.
In 1986 Kucharz [Kuc86] proved that if (V,0) C (R™,0) is the germ of a coherent
analytic set with an isolated singularity at 0, then (V,0) is analytically equivalent to
an algebraic set germ (V',0) C (R™,0). However, it is well known since [Whi65] that
in general germs of analytic sets are not even diffeomorphic to germs of algebraic
sets. Nevertheless, by decreasing the expected regularity on the homeomorphism,
the situation is different. In 1984 Mostowski [Mos84] proved that every analytic set
germ (V,0) C (R™,0) is homeomorphic to an algebraic set germ (V’,0) C (R™,0).
In the same year Bochnak and Kucharz [BK84] proved that the algebraic set germ
(V',0) € (R™,0) can be chosen with m = n. A remarkable result used in the
proof of latter theorem, which is an improvement of Artin-Mazur theorem [AM65;
BCR98, Theorem 8.4.4], ensures that every Nash set germ (V,0) C (R",0) is Nash
diffeomorphic to an algebraic set germ (V/,0) C (R™,0).

How to simplify the equations of algebraic sets? Results & open
problems. Now it is natural to ask whether the description of a geometric object
admitting a real algebraic structure can be further simplified by requiring that the
coefficients of the describing polynomial equations belong to the smallest possible
subfield K of R. Here the final goal is K = Q, the field of rational numbers which
is the smallest subfield of R.

The answer is affirmative if K is the field Q" of real algebraic numbers, the
smallest real closed field. This is due to three of the most important results in
semialgebraic and Nash geometry. Let V' be a real algebraic subset of R™. For short
we often omit the adjective “real”, saying that V is an algebraic subset of R™ or
V C R” is an algebraic set. Choose a description of V:

V:{l‘GRn3f1(aax):"-:f€(avl'):0}

for some polynomials f; € Z[y1,...,Ym,T1,...,2y,], where a = (a1,...,a,) € R™.
Note that a € R™ is the vector of all coefficients (ordered in some way) that appear
in a fixed polynomial system f; = 0,..., fy = 0 in R™ whose set of solutions is V.
Define
X = {(b,x) € (@)™ : fi(b,z) = ... = fo(b,x) = 0}

and denote by m : X — (Q")™ the projection (b,x) — b. By Hardt’s trivializa-
tion theorem [Har80], there exists a finite semialgebraic partition {M;}?_, of (@ )™
and, for each i € {1,...,p}, an algebraic subset F; of (Q")™ and a semialgebraic
homeomorphism h; : M; x F; — X N W’I(Mi) compatible with w. By the Tarski-
Seidenberg principle [BCR98, Chapter 5|, we can extend coefficients from Q" to
R, obtaining a semialgebraic partition {(M;)r},_; of R™ and semialgebraic home-
omorphisms (h;)g : (M;)r x (Fj)g — Xg N7y ((M;)r) compatible with 7, where
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R : R™T™ — R™ is the projection (b, z) — b. It follows that a belongs to (M;)r for
a unique j € {1,...,p}, and hence V is semialgebraically homeomorphic to (F})g.
Note that (Fj)r is an algebraic subset of R™ that admits a global description as
the set of solutions of finitely many polynomial equations with coefficients in Q.
In [CS92, Theorem A] Coste and Shiota proved a version of Hardt’s trivialization
theorem for Nash manifolds. As a consequence, if the algebraic set V' C R" is non-
singular, we can assume that the algebraic set F; C (@T)” is nonsingular and V is
Nash diffeomorphic to (Fj)r. Now (Fj)r is a nonsingular algebraic subset of R”
that, in addition to the above global description, admits local descriptions as the
sets of solutions of good polynomial equations with coefficients in Q.

Observe that in previous paragraph R can be safely substituted with any real
closed field R. This means that we always have a transfer principle, both for algebraic
sets and Nash manifolds, from any real closed field R to Q', the smallest one which
is contained in any other real closed field.

An alternative positive answer in the case K is the field Q' is given by Parusinski
and Rond [PR20] by means of Zariski equisingularity, that is, they construct a

Zariski equisingular deformation a/ = (d},...,dl,) € (Q')™ of the coefficients a =
(a1,...,am) € R™ in the same strata M; given by Hardt’s trivialization theorem

as above. As a consequence, they are able to find a subanalytic and arc-analytic
homeomorphism A : R™ — R” such that h(V) =V’ :={z e R": fi(d,z) = ... =
fe(d',x) = 0}. In addition, Zariski equisingularity allows the authors to prove an
analogous result in the case of algebraic sets V' C C" with respect to the subfield
K = Q of algebraic numbers.

As Q is not a real closed field, none of the above results by Hardt, Tarski-
Seidenberg, Coste-Shiota and Parusinski-Rond are available in general in the case
K = Q. A partial answer is given by Parusiniski and Rond in [PR20, Theorem 11 &
Remark 13], indeed they prove that if the field extension of Q obtained by adding
the coefficients aq,...,a,, is purely transcendental, the above algebraic set V' C
R™, produced by a Zariski deformation of the coefficients a = (ay,...,ay) € R™,

can be found in such a way that ' = (a},...,a),) € Q™. The reason why this

’r'm
approach does not provide a complete solution of the case K = Q is that the above
Zariski equisingular deformation of the coefficients a = (ay,...,a;) preserves the
polynomial relations over Q satisfied by a1, ..., a,. In general, we have the following

open problem.

OPEN PROBLEM 1 ([Par21l, Open problem 1, p.199]). Is every real algebraic set
homeomorphic to a real algebraic set defined by polynomial equations with rational
coefficients?

Let us focus on the case of analytic set germs (V,0) C (R™,0). By [Par21, The-
orem 4.4.5], which is a direct consequence of [BK84; Mos84], we may assume that
(V,0) is an algebraic set germ. As in the case of algebraic sets, both Hardt’s trivi-
alization theorem and Zariski equisingularity led to positive answers with K = Q' .
In [Ronl8], Rond constructs a Zariski equisingular deformation o’ = (a},...,a.,) €
(Q")™ of the coefficients a = (a1, ..., am) € R™ in such a way that the Q" -algebraic
set germ (V/,0) C (R™,0) is homeomorphic to the starting algebraic set germ
(V,0) C (R™,0), as above. In particular, the homeomorphism can be found subana-

lytic and arc-analytic. As in the case of Zarisky deformations of algebraic sets, Rond
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proves an analogous theorem also for complex analytic singularities (V,0) C (C",0)
with respect to the subfield K = Q. A remarkable example by Teissier [Tei90] proves
that there are germs of algebraic singularities (V,0) C (C",0) (in his example de-
fined over Q(+/5)) which are not Whitney equisingular to any algebraic singularity
(V',0) C (C™,0) defined by polynomial equations with coefficients in Q. The ob-
struction on existence of such algebraic singularities described by equations over
Q comes from the property of Whitney equisingularity to preserve the angles. In
general, we have the following open problem.

OPEN PROBLEM 2 ([Par2l, Open problem 2, p.200]). Is every real analytic set
germ homeomorphic to a set germ defined by polynomial equations with rational
coefficients?

Since Zariski equisingularity preserves algebraic relations over Q on coefficients,
it seems to be too rigid to give general answers to [Par21, Open problems 1 & 2], thus
our starting idea was to go back to the algebraic approximation techniques developed
by Nash, Tognoli and Akbulut-King in order to adapt them to get algebraic sets
described by polynomial equations with rational coefficients. The implementation
of this starting idea is not an easy task for several reasons. First, we have to decide
what meaning to give to the concept of real algebraic set “defined over Q”. Indeed,
unlike the complex case, this concept is rather subtle and lends itself to several
natural interpretations.

Main results

Algebraic geometry over subfields. Previous ambiguity on defining alge-
braic sets over subfields is deeply investigated in recent work [FG] by Fernando and
Ghiloni. Here we specify some of their results in order to present the main theorems

of [GS23; Sav23|.

Let R be a real closed field. Fix n € N\ {0}. For short we denote the rings of
polynomials Q[z1, ..., z,] and R[z1,...,x,] as Q[x] and R[z], respectively. Consider
Q[z] as a subset of R[x]. Let V be a subset of R™. As in [FG], we say that V is a
Q-algebraic subset of R™, or V. .C R™ is a Q-algebraic set, if there exist polynomials
Pi,-..,pe € Qlz] such that

V={xeR":pi(x)=...=pe(zx) =0}.

If V C R™is a Q-algebraic set then it is also a (real) algebraic set, so we can speak
about the dimension dim(V') of V, the set Reg(V') of regular points of V' and the set
Sing(V') = V' \ Reg(V) of singular points of V. Moreover, as with all algebraic sets,
V C R" is said to be nonsingular if Reg(V) = V. Our standard reference for real
algebraic, semialgebraic and Nash geometry is [BCR98]. In particular, the reader
can find details on the dimension, regular points and singular points of algebraic
sets in [BCRY8, Sections 2.8 & 3.3].

Observe that there are algebraic sets that are not Q-algebraic, as shown by
V:={V2} CR.

Pick a point a = (ai,...,a,) € R™ and consider again the set V. C R". We
denote by n, the maximal ideal (z1 — a1, ..., 2, —a,)R[z]| of R[z] and by Zg(V') the
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vanishing ideal of V' in Qlz], that is,
Io(V) :={p e Qlz] : p(z) =0, Vx € V}.

The following notion of R|Q-regular point was defined in [FG] and corresponds
to Definition 1.5.1 below with the following substitutions “L”=“E":= R and “K”=

Q.
DEFINITION 1. Let V' C R™ be a Q-algebraic set and let a € V. We define the
R|Q-local ring R‘I;';Q of V at a as

Ry2 .= Rlala, /(Zo(V)Rlzl,).

We say that a is a R|Q-regular point of V' if R‘R;";@ is a regular local ring of dimension
dim(V). We denote by Reg®®(V/) the set of all R|Q-regular points of V.

As was shown in [FG], the set RegR|Q(V) is a non-empty Zariski open subset of
Reg(V). Moreover, the following R|Q-Jacobian criterion holds true: a point a of the
Q-algebraic set V' C R™ is R|Q-nonsingular if and only if there exist an Euclidean
open neighborhood U of a in R™ and polynomials pi,...,pp—q € Zg(V), where
d := dim(V), such that VNU = {z € U : pi(z) = ... = pp_q(x) = 0} and the
gradients Vpi(a),...,Vp,—_4(a) are linearly independent.

It may happen that Reg®@(V) is strictly contained in Reg(V'). For instance,
the Q-algebraic line V := {21 + V/2x2 = 0} = {23 + 223 = 0} C R? is nonsingular
(as an algebraic set), but (0,0) is not R|Q-nonsingular.

Let us introduce the concepts of Q-determined and Q-nonsingular Q-algebraic
sets that are the protagonists of the main results in [GS23; Sav23]. Next definition
corresponds to Definition 1.6.1 below with the following substitution “K”= Q.

DEFINITION 2. Let V' C R"™ be a Q-algebraic set. We say that V' is Q-determined
if Reg™Q(V) = Reg(V). If in addition V is nonsingular, that is, RegflQ(V) =
Reg(V) =V, then we say that V' is Q-nonsingular.

Nash-Tognoli theorem ‘over Q°. Here fix R, the field of real numbers, as the
ground real closed field. Equip each real vector space R” with the usual Euclidean
topology, and each subset of R™ with the corresponding relative topology. Let N
be a subset of R™. Denote by €Y(N,R™) the set €°(NN,R™) of all continuous maps
from N to R™, equipped with the usual compact-open topology (also called weak
%" topology). Suppose now that N is a Nash submanifold of R”. Let €*°(N,R™)
be the set of all € maps from N to R™, and let N(N,R™) be the subset of
€ (N,R™) consisting of all Nash maps from N to R™. Denote by €5°(M,R™) the
set €°°(M,R™) equipped with the usual weak € topology, see [Hir94, §2, Section
1]. Equip N(M,R™) with the relative topology induced by €5°(M,R™), and denote
by Ny (M,R™) the corresponding topological space.

Recall that the nonsingular locus Reg(V') of an algebraic set V' C R™ is a Nash

submanifold of R™, and V' C R" is said to have isolated singularities if Sing(V') is
finite.

Given a subset T' of R™, we define T'(Q) as the intersection TN Q™. If m > n,
we identify R™ with the real vector subspace R™ x {0} of R™ x R™~" = R™. Thus,
we can write R™ C R™ and a subset of R™ is also a subset of R™.
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We gave a first answer to [Par21, Open problem 1, p. 199] in [GS23] in the case
of compact smooth manifolds, so in particular of compact nonsingular algebraic
sets, with the following version of Nash-Tognoli theorem. Next result corresponds
to a simplified version of Theorem 3.2.2 below after the application of Lemma 2.1.8
below.

THEOREM 3 (Nash-Tognoli theorem ‘over Q’). Let M be a compact €>° subman-
ifold of R™ of dimension d. Set m := max{n,2d+ 1}. Then, for every neighborhood
V of the inclusion map M — R™ in €°(M,R™), there exists a €°° embedding
Y M — R™ such that ¥ € V and (M) is a Q-nonsingular Q-algebraic subset of
R™.

A previous version of Theorem 3 can be found in [BT92, Theorem 0.1].

Relative Nash-Tognoli theorem ‘over Q’. A natural question is whether
relative versions of Theorem 3 and [Par21, Open problem 1, p. 199] hold for compact
smooth manifolds and nonsingular algebraic sets, respectively. Let us clarify what
we mean by ‘a relative version of [Par21, Open problem 1, p.199]'.

RELATIVE NONSINGULAR (QQ-ALGEBRIZATION PROBLEM: Is every nonsingular real
algebraic set V, with nonsingular algebraic subsets {Vi}f:l, i general position,
homeomorphic to a nonsingular algebraic set V', with nonsingular algebraic sub-
sets {Vi’}le, in general position, all defined by polynomial equations with rational
coefficients such that the homeomorphism sends each V; to V/?

Next result corresponds to the main Q-algebrization theorem of [Sav23] in the
compact case (see Theorem 4.1.4 below).

THEOREM 4 (Relative Nash-Tognoli theorem ‘over Q’). Let M be a compact €
submanifold of R™ of dimension d and let {Mi}le be a finite family of €>° subman-
ifolds of M in general position. Set m := max{n,2d+1}. Then, for every neighbor-
hood U of the inclusion map ¢ : M — R™ in €2 (M,R™) and for every neighborhood
U; of the inclusion map |y, © My — R™ in €0 (M;, R™), fori € {1,...,¢}, there
exist a Q-nonsingular Q-algebraic set M' C R™, a family {Mi'}f:1 of Q-nonsingular
Q-algebraic subsets of M' in general position and a €>° diffeomorphism h : M — M’
which simultaneously takes each M; to M] such that, if j : M’ — R™ denotes the
inclusion map, then joh € U and jo hly, € U; fori e {1,...,0}.

If in addition M and each M; are compact Nash manifolds, then we can assume

h: M — M’ is a Nash diffeomorphism and h extends to a semialgebraic homeomor-
phism from R™ to R™.

A deep preparatory result used in the proof of Theorem 4 is the complete de-
scription ‘over Q’ of the Z/2Z-homology of real embedded Grasmannians obtained
by an explicit desingularization technique in [Sav23] inspired by Zelevinski paper
[Zel83] (see Theorems 2.3.4 & 2.4.10 below). In addition, by algebraic compactifi-
cation, resolution of singularities and our Akbulut-King blowing down lemma ‘over
Q’ (see Lemma 3.3.3 below) we have the following general answer to the RELA-
TIVE NONSINGULAR QQ-ALGEBRIZATION PROBLEM originally proved in [Sav23] (see
Theorem 4.1.6 below).

THEOREM 5. Let V' be a nonsingular algebraic subset of R™ of dimension d and
let {Vi}f:l be a finite family of nonsingular algebraic subsets of V' in general position.
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Setm := n+2d+3. Then, for every neighborhoodU of the inclusion map ¢ : V — R™
in Ny (V,R™) and for every neighborhood U; of the inclusion map |y, : V; — R™ in
Nw (Vi, R™) fori € {1,...,4}, there exist a Q-nonsingular Q-algebraic set V' C R™,
a family {V/}i_, of Q-nonsingular Q-algebraic subsets of V' in general position and
a Nash diffeomorphism h : V. — V' which simultaneously takes each V; to V/ such
that, if 3 : V' < R™ denotes the inclusion map, then yoh € U and jo h|y, € U; for
i€ {l,...,4}. Moreover, h extends to a semialgebraic homeomorphism from R™ to
R™.

Q-Algebrization of Nash manifolds over real closed fields. We provide
an answer to [Par21, Open problem 1, p. 199] also in case the ground field is any real
closed field R. Namely, we prove the following result (see Theorem 4.2.2 below).

THEOREM 6. Let M C R™ be a Nash manifold of dimension d. Then, there exists
a Q-nonsingular Q-algebraic set M' C R™ and a Nash diffeomorphism h : M — M’,

for some m € N with m > n. In particular, M’ C R™ can be chosen in such a way
that dim(Zclpm (M'(Q))) > d — 1.

Last result suggests that also other Q-algebrization results we proved over R in
[GS23; Sav23] may be extended to Nash manifolds and real algebraic sets over any
real closed field. This will be one of the topics of future investigations by the author
beyond this thesis.

Q-Algebrization of isolated singularities. Next theorem is the main result
of [GS23] (see Theorem 4.3.6 below). In the compact case (see Theorem 4.3.4 below),
there is an improvement on the estimate of m, indeed we may set m = n + 2d + 3.

THEOREM 7. Let V C R" be an algebraic set with isolated singularities. Then
there exist an algebraic set V' C R™ with isolated singularities and a semialgebraic
homeomorphism ¢ : V. — V' with the following properties:

(i) V! C R™ is a Q-determined Q-algebraic set.
(ii) ¢(Reg(V)) = Reg(V’) and ¢| : Reg(V) — Reg(V’) is a Nash diffeomor-
phism. In particular, V' is Q-nonsingular if V is nonsingular.

More precisely, the following is true. Denote by d the dimension of V and
set m :=n + 2d + 4. Choose a neighborhood U of the inclusion map V — R™ in
€2(V,R™), and a neighborhood V of the inclusion map Reg(V) < R™ in Ny (Reg(V),
R™). Then there exist an algebraic set V' C R™ with isolated singularities and a
semialgebraic homeomorphism ¢ : V. — V' that have both the preceding properties
(i) and (ii) and the following:

(iil) The Zariski closure of V'(Q) in R™ has dimension at least d — 1.

(iv) ¢ extends to a semialgebraic homeomorphism from R™ to R™.

(v) ¢ fizes Sing(V) N Q", that is, ¢(x) = x for all x € Sing(V) N Q". In
particular, V'(Q) contains Sing(V)) N Q™.

(vi) Ify: V! < R™ denotes the inclusion map, then jo¢ € U and (30 P)|geg(v) €
V.

If we are willing to lose properties (v) & (vi), we can find a Q-determined Q-
algebraic model V' of V' with an improvement on the estimate of m, namely, we can
choose m = 2d + 4.
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THEOREM 8. Let V' C R" be an algebraic set with isolated singularities of dimen-
sion d. Set m := 2d + 4. Then there exist an algebraic set V' C R™ with isolated
singularities and a semialgebraic homeomorphism ¢ : V. — V' having properties
(i)-(iv) of Theorem 7.

As above, if V is compact, the estimate of m in Theorem 8 can be further
improved to m = 2d + 3.

Another consequence of Theorem 7 is the following Q-algebrization result of
germs of algebraic isolated singularities (see Theorem 4.4.1 below).

THEOREM 9. Let (V,0) C (R",0) be the germ of an isolated algebraic singular-
ity. Then there exist a germ of an isolated algebraic singularity (V',0) C (R™,0),
semialgebraic nieghborhoods U of 0 in R™ and U’ of 0 in R™ and a semialgebraic
homeomorphism ¢ : V. NU — V' N U’, with the following properties:

(i) V! C R™ is a Q-determined Q-algebraic set.
(ii) ¢(Reg(V)NU) = Reg(V')NU" and ¢| : Reg(V)NU — Reg(V')NU' is a
Nash diffeomorphism.

Observe that Theorem 9 constitutes a general answer of [Par21, Open problem
2., p.200] in the case of algebraic sets germs with an isolated singularity.

On the degree of global smoothing mappings. In 2018, Bierstone and
Parusinski [BP18] proved that every subanalytic set can be globally smoothed, both
in an embedded and a non-embedded way (see [BP18, Thms. 1.1 and 1.2]). In
Appendix B we introduce a evenness criterion for non-embedded global smoothings
of closed subanalytic sets only depending on the global topology of the set. The
criterion (see Theorem B.2.3 below) reads as follows:

THEOREM 10 ([Sav22, Theorem 4]). Let X be a closed subanalytic subset of R™,
letT := (X', ¢,U) be a global smoothing section of X C R™ and let W be a connected
component of U. If W has a nonbounding equator in X then the degree of I' over
W is even.

As a consequence, we have new examples of subanalytic sets (actually, semial-
gebraic sets) only admitting even-to-one global smoothing sections (see Examples
B.2.6 below).

Structure of the thesis

Here we briefly summarize the structure of the thesis. We recall that at the
beginning of each chapter and appendix the reader will find an abstract in which we
present the technical content section by section.

Chapter 1: Algebraic geometry over subfields. In this first chapter we
review the recent paper [FG] of Fernando and Ghiloni. We present the results in
full generality, as stated and proved in their work, both for sake of clarity with re-
spect to the reference and because we need in some particular points field extensions
other than R|Q, which is the main case of study of this thesis. Here we introduce
the general notions and properties we use in next chapters: we define K-algebraic
sets of C™ and R", where C' denotes an algebraically closed field of characteristic
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zero, R a real closed field and K a subfield of C' or R, respectively, and we study
the global algebraic and geometric properties via Galois theory and commutative
algebra. It is evident from Fernando and Ghiloni’s results that the really interesting
case of algebraic geometry over subfields is the one in which the ground field R is
closed real and K is not. Then we introduce and study new notions of regularity
for K-algebraic sets with respect to a subfield K of a real closed field R developed
by Fernando and Ghiloni. This notion leads to the definitions of K-determined and
K-nonsingular K-algebraic sets, which are the main characters of next chapters.
Latter notion of K-nonsingular K-algebraic set is in turn the right notion to ob-
tain K-generic projection results and to separate ‘K-algebraically’ the irreducible
components of K-nonsingular K-algebraic sets. Another fundamental result of [FG]
is the equivalence between their new notion of R|K-regularity with a K-version of
the Jacobian criterion. Up to Section 1.6 the author’s contribution reduces to or-
ganize those notions and results originally introduced in [FG] that are necessary to
next chapters and to add clarifying examples or remarks. In Section 1.6, the author
characterizes Q-determined QQ-algebraic sets via Galois theory and introduces a new
class of QQ-algebraic sets which is called “defined over Q in R(R™)”, where R(R")
denotes the ring of regular functions of R™, and studies the relations of this notion
with previous ones in full generality. Then, the author characterized the notion of
algebraic set defined over Q in R(R"™) in the case of nonsingular algebraic sets and
in the case of hypersurfaces. A general complete characterization via Galois theory
is still unknown but above particular cases suggest a possible answer to be verified
with further investigations beyond this thesis.

Chapter 2: Q-Nonsingular Q-algebraic sets. In this chapter we restrict to
the field extension R|Q and we study many properties described by Q-nonsingular Q-
algebraic sets. We extend classical notions as regular maps and projective closure of
real algebraic sets ‘over Q’ and we derive similar properties with respect to classical
ones. Then, we present fundamental examples of Q-nonsingular Q-algebraic sets,
as real embedded Grassmannians G, , C R(™+7)? and some classical bundles over
Grassmannians. The example of G, ,, is particularly interesting since, via an explicit
desingularization of embedded Schubert varieties, we are able to generate the Z/27Z-
homology group of G,,,. The main consequence of these examples is that the
cobordism group of compact smooth manifolds is generated by Q-nonsingular Q-
algebraic sets. Then, we prove a variant ‘over Q’ of a the well known equivalence
between algebraic homology classes and algebraic bordism classes. Then, these
results exploit their role in constructing relative bordisms over Q & la Akbulut-King
that become crucial in the proof of above Theorem 4. The results of this chapter
are originally proved in [GS23; Sav23].

Chapter 3: Q-algebraic approximations a la Akbulut-King. In this chap-
ter we extend approximation techniques introduced by Nash, Tognoli and then
further improved by Akbulut and King. We introduce the notion of Q-nice and
Q-approximable pairs (P, L), with L C P, that are the most general classes of Q-
algebraic sets L C R™ for which we can approximate smooth functions vanishing on
P by polynomial ones with rational coefficients vanishing on L. Latter result is the
so-called relative Weierstrass approximation theorem that we specify ‘over Q’. We
introduce fundamental examples of (Q-nice Q-algebraic sets that play their role in
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our main results in Chapter 4. We further improve relative Weierstrass approxima-
tion theorem with Q-regular functions by controlling also the behaviour at infinity.
Then, the main Q-algebrization results of this chapter are versions ‘over Q’ of the
Nash-Tognoli theorem and a relative Nash-Tognoli theorem with respect to a finite
set of hypersurfaces in general position. Lastly, we develop a new version ‘over Q’
with approximation of the Akbulut-King blowing down lemma, that is, if we have
a Q-regular map p : A — Y between Q-algebraic sets A, X C R” and Y C R™,
with A C X, then the topological adjunction space X U, Y is homeomorphic to a
Q-algebraic set. We can also preserve R|Q-regular points of X \ A. The results of
this chapters are originally proved in [GS23; Sav23].

Chapter 4: Q-Algebrization results. This chapter collects all the Q-algebri-
zation theorems already mentioned in section Main Results of this Introduction. We
present a version from the smooth category to the Nash one of Baro-Fernando-Ruiz
approximation results in [BFR14]. These theorems apply in the approximation of
relative diffeomorphisms between Nash manifolds with Nash submanifolds in general
position with Nash diffeomorphisms. Again, latter result applies as well in each of
the proof of main results in this chapter. We deeply discuss our answers of [Par21,
Open problems 1 & 2, pp. 199-200] originally proved in [GS23; Sav23]. We highlight
that our Q-determined and Q-nonsingular models can be produced with some control
on their rational points, indeed we prove that we can always find an “hypersurface
of rational points” contained in the nonsingular locus. One of the main future
challenges will be to extend our results in small dimension, that is, in dimension
< 3, by finding Q-algebraic models with dense rational points.

Appendices A & B. In Appendix A we provide explicit proves of our versions
of Baro-Fernando-Ruiz approximation results introduced in Section 4.1 and origi-
nally proved in [GS23]. Appendix B corresponds integrally to [Sav22] in which we
prove an evenness criterion for the degree of global smoothings of subanalytic sets
only depending on the global topology of the set, as already mentioned in section
Main Results.






CHAPTER 1

Algebraic geometry over subfields

ABSTRACT. In this chapter we develop the algebraic geometry over subfields, in
particular over subfiends of algebraically closed fields of characteristic zero and
real closed fields. Let L|K be a field extension. In section 1.1 we introduce and
study in general the notion of K-algebraic subset of L™. In Sections 1.2 and 1.3
we study the geometry of K-algebraic subsets of L™ via Galois theory when L
is algebraically closed or real closed, respectively. In the remaining part of the
chapter, R is assumed to be a real closed field. In Section 1.4 we introduce and
characterize algebraic subsets of R" defined over K: they are those K-algebraic
sets of R"™ behaving like K-algebraic subsets of L™, with L algebraically closed. In
Section 1.5 we introduce and characterize the notions of E|K-regular and E|K-
singular points of a K-algebraic subset of R", with respect to a field extension
R|E|K. In Section 1.6 we define and study the main class of K-algebraic subsets
of R™ that will appear in next chapters, that is, K-determined K-algebraic sets.
We investigate the relations between above notions for an algebraic subset of R™
to be ‘defined over K.

The main reference for this chapter is [FG], whereas Section 1.6 is a general-
ization of results originally proved in [GS23, Section 1].

1.1. K-Algebraic sets

Throughout this section L|K denotes a field extension.

Here we develop the basic notions of algebraic geometry in L™ defined by poly-
nomial equations whose coefficients lie in K. We will specify later on interesting
cases of extensions of fields.

Let us fix some notation. Let n € N* := N\ {0} and let L|K be a field extension.
Denote by L[z] := L[z1,...,z,] and K|z| := K[x1,...,z,] the polynomial rings in
n variables with coefficients in L and K, respectively. Consider K[z] C L[z]| and
K" C L". Fix F C K[z] and S C L™, define:

ZrL(F):={x e L"| f(x)=0,VYf € F},
I (S) :={f € K[z]| f(x) =0, Vz € S}.

Observe that Zr(F) is an algebraic subset of L™ and Zx(S) is an ideal of K|[z]
since it coincides with Zr,(S) N K [z], where Z1,(S) := {f € L[z]| f(z) =0, Vx € S}
denotes the usual vanishing ideal of S in L[z]. To shorten the notations, if F' =
{f1,..., fs} C Liz] for some s € N, we write Z1(F) := Zr(f1,..., fs)-

Let us introduce the main notion of this subsection.

13
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DEFINITION 1.1.1. Let X be a subset of L™. We say that X is a K-algebraic
subset of L™, or equivalently X C L™ is a K -algebraic set, if X = Zp(F') for some
FCKlz]. m

Observe that, when K = L, the family of K-algebraic subsets of L™ coincides
with the family of algebraic subsets of L. More in general, for every extension L|K,
the family of all K-algebraic subsets of L™ constitutes a topology strictly coarser
than the usual Zariski topology of L"™. We will refer to this topology as the K-
Zariski topology of L™. Being coarser that the Zariski topology of L™, the K-Zariski
topology of L™ is Noetherian as well.

REMARK 1.1.2. (i) Let X C L™ be a K-algebraic set. By Noetherian-
ity of the K-Zariski topology of L™ there are finitely many polynomials
fi,..-, fs € K[z] such that X = Z1(f1,..., fs). If in addition the field L
is (formally) real, then X = Z(f2 + -+ + f2).

(ii) Consider the extension of fields L|H|K. Then, the K-Zariski topology of
H™ coincides with the relative topology of H™ induced by the K-Zariski
topology of L™. m

K-irreducibility and K-dimension. Let us introduce the notions of K-irredu-
cibility and of K-irreducible components of a K-algebraic set.

DEFINITION 1.1.3. Let X C L™ be a K-algebraic set. We say that X C L" is
K -reducible if it is reducible with respect the K-Zariski topology of L™, that is, if
there exist K-algebraic sets X1, Xo C L™ such that X1, Xy € X and X; U Xe = X.
We say that X C L™ is K-irreducible if it is not K-reducible. m

We collect some fundamental properties of K-irreducibility miming classical ones
of the usual Zariski topology.

LEMMA 1.1.4. Let X C L™ be a K-algebraic set. The following properties hold:

(i) X is K-irreducible if and only if T (X) is a prime ideal of K|x].

(ii) Let Y1,...,Y, C L™ be K-algebraic sets such that X C \J,_,Y;. If X is
K -irreducible, then X CY; for some j € {1,...,r}.

(iii) There are finitely many K-irreducible K-algebraic subsets Xi,...,X, of
L™, uniquely determined by X, such that X; ¢ Uj:{17_”7r}\{i} X, for every
ie{l,....,r} and X = J,_; Xi. The X;’s are called the K-irreducible
components of X.

Proor. Standard arguments work.

(i) Suppose X is K-reducible, that is, there are K-algebraic sets X7, Xo C L"
such that X = X; U X9 and X; € X for each ¢ € {1,2}. Then, there are f; €
T (X)) \ Ik (X) for i € {1,2}, so that Zx(X) is not prime since fi fo € Zg(X). On
the other hand, suppose Zx (X) is not prime, that is: there are fi, fo € K[z] such
that f; ¢ T (X) for i € {1,2}, but fifs € Zg(X). Consider X; = X N Z(f;) for
i€ {1,2}, then X; C X and X = X; U X5,

(ii) Suppose X ¢ Y; for every j = {1,...,r}, in particular » > 2. Let s €
{1,...,r} be the maximum j such that X ¢ (}_;Y;, thus X C Ufill Y;. Hence,
define X7 := X N (Y;_,Ys) and Xy := X N Y1, Observe that X;, Xy C X, and
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X=Xn (Ufill Vi) = (XN (UL, Vi) U (X NYe1) = X1 U Xo, which is impossible
since X is K-irreducible.

(iii) Since the K-Zariski topology of L™ is Noetherian, we directly get the result
by [Har77, Proposition 1.5]. O

If K = L, then K-irreducibility of a K-algebraic set X coincides with the usual
notion of irreducibility of X as an algebraic set. In the same way, if K = L, K-
irreducible components of a K-algebraic set X coincide with the usual irreducible
components of X.

DEFINITION 1.1.5. Let S € L™ We denote by Zcl%, (S) the K-Zariski closure
of S (in L™), that is the closure of S with respect to the K-Zariski topology of L™.
If K = L, we write Zclzn(S) instead of Zcl¥, (S). m

Usual properties of classical Zariski closure extend to K-Zariski closure, for in-
stance Zcl¥, (S) = Z1(Zx(S)). Hence, I (S) C T (S) implies Zclzn (S) C Zelk. (9).
Thus, Zcl, (Zelp (S)) = Zclf. (S) and Zg (S) = T (Zelp(S)) = T (ZclX.(S)). As
above, if K = L, then Zclyn(S) is the usual Zariski closure of S in L™.

Let us introduce the notion of (algebraic) K-dimension of a subset S of L".

DEFINITION 1.1.6. Let S C L™. We define the K-dimension dimg(S) of S (in
L") as the Krull dimension of the ring K[z|/Zk(S). m

Observe that dimg(S) = dimg(Zcl¥.(S)) and, if K = L, then dimg(S) is
exactly the usual dimension of Zclz»(S) in L™. Let us collect some other important
properties of K-dimension of K-algebraic sets.

LEMMA 1.1.7. Let X,Y C L" be K-algebraic sets. Suppose that Y C X and X
is K-irreducible, then dimg (YY) < dimg (X).

PRrROOF. A standard argument works. Suppose Y C X, X is K-irreducible and
dimg (V) = dimg (X), let us prove that X =Y. Let p be a prime ideal such that
ht(Zg (X)) = ht(Zx(Y)) = ht(p). Since X is K-irreducible, Zx (X) is prime, thus
Ik (X) =Ik(Y) =p, that is X = Z1(Tx (X)) = Z(ZIk(Y)) =Y. O

In what follows, L|H|K denotes an extension of fields.

LEMMA 1.1.8. Let Y C L™ be a H-algebraic set and let X := chfn(Y) be the
K-Zariski closure of X in L™. If Y is H-irreducible, then X is K-irreducible.

PROOF. Observe that Zx (X) =Zg(Y) =Zy(Y) N K|z] is prime since Zy (Y') is
so. Thus, the thesis follows by Lemma 1.1.4(i). O

REMARK 1.1.9. The converse implication in Lemma 1.1.8 is false in general.
Consider the extension R|Q, where R denotes any real closed field. Let L = H = R
and K = Q. Consider the Q-algebraic subset X =Y := {—v/2,1/2} of R. Observe
that X is Q-irreducible, on the contrary, X is reducible as an algebraic subset of R.
]

LEMMA 1.1.10. Let Y C L™ be a H-algebraic set and let Y1,...,Y, be its H-
irreducible components. Let X = Zcl&,(Y) and X; = Zcl¥.(Y;) for every i €
{1,...,r}. Then:
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(i) There exist a subset {i1,...,is} of {1,...,r} such that X;,,...,X;, are the
K -irreducible components of X .

(ii) If dimg (X;) = dimg(X;) for every i,j € {1,...,r}, then there exists a
surjective map n : {1,...,7} = {i1,...,is} such that X; = X, ;) for every
ie{l,...,r}.

PROOF. As X = Zcl¥. (U_, Vi) = U_; Zcl£. (Vi) = U, X;, there exists a sub-
set {i1,...,4s} of {1,...,r} of minimal cardinality such that J;_, Xi; = X. Thus,
Lemmas 1.1.4(iii) & 1.1.8 ensure that X;,, ..., X;, are the K-irreducible components
of X.

Suppose that dimg (X;) = dimg (X;) for every 4,5 € {1,...,7}. An application
of Lemmas 1.1.4(ii) & 1.1.7 ensures that for every i € {1,...,7} there exists j €
{1,...,s} such that X; = X;,. If X; = X;, for some h € {1,...,s}\ {j}, then
Xi; = Xj,, which is impossible by minimality of {1,..., s} such that X = J;_; Xi,.
Then, define the map n : {1,...,r} — {i1,...,is} such that n(7) is the (unique)
ij € {i1,...,1s} such that X; = X; . Observe that n(i;) = i; for every j € {1,..., s},
thus 7 is surjective. O

REMARK 1.1.11. The assumption ‘dimg (X;) = dimg (X;) for every i,5 € {1,...,
r} in Lemma 1.1.10(ii) can not be omitted. Indeed, we can produce a counterex-
ample as follows. Let L = H = R be any real closed field and K = Q. Consider
the algebraic set Y = Y] UYy C R?, where Y1 := {(—v/2,0)} and Y3 := {(z1,22) €
R?|z; = v/2}. Observe that Y} and Y3 are irreducible algebraic subsets of R2. Let
X = ch%n(Yl) ={(-v2,0),(v/2,0)} and Xy = ZCI%n(Y2> = {(w1,72) € R?| 2% =
2}, thus X := ch%n (Y) = X7 U X = Xj. Thus, X is Q-irreducible but X; C Xo. m

Field extension and extension of coefficients. Let L|K be a field extension
and let B := {u;};cs be a basis of L as a K-vector space. Let X C L™ be an algebraic
set, not necessarily K-algebraic. We call X (K) := X N K" the K-locus of X. Now
we will focus on the relation between the K-locus X (K) of X as an algebraic subset
of K™ and the algebraic subset X of L™. An interesting case of study will be when
X C L™ is K-algebraic.

LEMMA 1.1.12. Let X C L™ be an algebraic set. Then, X(K) C K" is an
algebraic set.

Proor. Let fi,...,f, € L[z] be such that X = Zp(f1,...,fr) € L". By
[FG, Lemma 2.2.1], each f; can be uniquely written as f; = ZjEJ uj fij, where
B := {u;}jes is the chosen basis of L as a K-vector space, f;; € K[z] for every j € J
and f;; is non-null only for finitely many j € J. Observe that z € X (K) if and only
if 0= fi(z) = ey ujfij(x) for every i € {1,...,r}. Thus, X(K) := XN K" =
Zr({fij}iequ,..r},jes) is an algebraic subset of K™. O

COROLLARY 1.1.13. Let S C K™. Then, Zclgn(S) C Zclpn(S) and Zclin(S) =
ZCan(ZCIKn(S)).

PrROOF. Let X := Zclzn(S). By Lemma 1.1.12, X(K) = X N K" is a K-
algebraic set, thus Zclgn(S) C X(K) C X and X := Zclpn(S) C Zelpn (Zelgn (S)) C
Zelpn(X) = X. O



1.1. K-ALGEBRAIC SETS 17

Let X C L™ be a K-algebraic set. We focus on the comparison between dim g (X)
and dimp, (X).

LEMMA 1.1.14. Let X C L™ be a K -algebraic set such that Zr(X) = I (X)L[x].

PRrOOF. If Tg(X) = (0), then X = L" and dimg(X) = n = dimz(X). Sup-
pose I (X) # (0) and let r := ht(Zx(X)) > 1. Noether’s normalization theo-
rem (see [GP08, Theorem 3.4.1]) ensures the existence of monic polynomials f; €
Klzit1, ..., xn)[zi] NIk (X) C Llzit1, ..., xn)[z) N Zr(X) for every ¢ € {1,...,7}
and Zr(X) N K[xpy1,...,2p) = (0). Thus, Zp(X)L[zr41,...,2,] = (0) by [FG,
Lemma 2.2.5]. As a consequence, we have two finite injective homomorphisms:

Klzri1, ..., 20 — Kz]/Ir(X),
Lixyy1,...,xp) = L[z]/ZIr(X).
Hence, by [Eis95, Axiom D3, p.219], the following holds:
dimg (X) :=dim(K|[z|/Zrx (X)) = dim(K[zp41,...,25]) =n—1r
=dim(L[z41,...,2,)) = dim(L[z]/Z; (X)) =: dimp (X).

PROPOSITION 1.1.15. Let Y C K™ be an algebraic set and let X := Zclin(Y) C
L™. The following properties are satisfied:

(i) Zo(X) = Ix (Y)L[z] and Ik (X) = Ik (Y).

(il) X(K) =Y.

(i) Let Yi,...,Ys be the irreducible components of Y C K™ and let X; :=
Zclpn(Y;) for every i € {1,...,s}. Then, X1,...,Xs are the irreducible
components of X C L™. In particular, X C L™ is irreducible if and only if
Y is so.

(iv) dimp(X) = dimg(X) = dimg (V).

PrOOF. Let g1,...,9r € Zg(X) such that Zg(X) = (g1,...,9r). Since X =
Zclin (Y) we get that Zg (Y)L[z] = (91,...,9-)L[x] C Zp(X). Let us prove the
converse inclusion. Let f € Zp(X) and let B := {u;}jes a basis of L as a K-
vector space. By [FG, Lemma 2.2.1|, there are unique {f;};cs C KJz] such that
f= ZjeJ ujfj and f; is nonzero only for finitely many j € J. Since ¥ C X,
the polynomial f € Zp(Y). In particular, 0 = f(z) = > ,c;u;f;j(z) for every
x €Y, thus f; € Ig(Y) for every j € J. This proves that Zp(X) C Zg(Y)L[z].
Since Y C X := Zclpa(Y) C Zcl¥.(Y) we get that Zclf, (X) = Zclga(Y), thus
I (X) =ZIg(Y). This proves (i).

Clearly, Y C X (K), let us prove the converse inclusion. Since Y C X (K) C X,
we have T (X) C I (X (K)) C Zx(Y). By (i), we also have that T (Y) = Zx (X).
This proves that X (K) = Zx(Zg(X(K))) = Zx(Zx(Y)) =Y. This proves (ii).

Assume at first that Y is irreducible, let us prove that X is irreducible as well.
Suppose this is not the case, so there are algebraic sets Z1,Zy C L™ such that
71,7y C X and X = Z1UZy. By (i), Y = XNK" = (Z1NK")U(ZyNK")
and by Lemma 1.1.12 Z; N K™ and Zs N K™ are algebraic subsets of K™. Observe
that Zy N K™, Zo N K™ C Y, otherwise, if say Z; N K" = Y, then Zclpn(Z1 N
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K") = Zclpn(Y) =: X, which is not the case since Z;,Z> C X. This leads to the
contradiction that Y is reducible. Let us complete the proof of (iii). Let Y3,...,Y;s
be the irreducible components of Y and let X; := Zclpa(Y;) for every i € {1,...,s}.
We proved that X; is irreducible since Y; is so, for every i € {1,...,s}. Observe that

S
X =Zdpn(Y) = Zd (| JYi) = Uzcan UX
i=1
and X; ¢ U;; X since Y; ¢ U, Y, for every i € {1,...,3}. Indeed, if X; C
U;jz Xj for some i € {1,... s}, then V; = X; N K™ C (U; X;) N K™ = ,(X; N
K™) =, Y; by (ii), which is a contradiction.

By (i), an application of Lemma 1.1.14 gives exactly the equality in (iv). O
COROLLARY 1.1.16. Let X C L™ be an algebraic set. Then:

(i) dimg (X (K)) < dimg (X).
(ii) If X C L™ is irreducible and dimg (X (K)) = dimz(X), then X(K) C K"
is wrreducible and X = Zclpn (X (K)).

ProoFr. As X(K) C X, then Zclpn(X(K)) C X and
dimg (X (K)) = dimp(Zelpn (X (K))) < dimp (X).

By Proposition 1.1.15(iv), if dimg (X (K)) = dimz(X) we get that dimz(X) =
dimyz,(Zclpn (X (K))), thus X = Zelpn (X (K)) since X C L™ is irreducible. O

REMARK 1.1.17. In the statement of Corollary 1.1.16(i) the inequality can be
strict. Consider K to be a real closed field and L := K[i] be its algebraic closure,
then X := {22 +.-- + 22 +1 =0} C L™ is an hypersurface but X(K) = @. =

Here we restrict to the case in which both L and K are either real closed fields
or algebraically closed fields in order to derive interactions between previous notions
and extension of coefficients. The reason why we restrict to those cases is the
property of the theories of real closed fields and algebraically closed fields to be model
complete. For more details about extension of coefficients and model theoretical
properties of those theories we refer to [BCR98, §5] and [Mar02, §3] for real closed
fields and algebrically closed fields, respectively.

DEFINITION 1.1.18. Suppose that both L and K are either real closed fields or
algebraically closed fields. Let Y C K™ be an algebraic set and let fi,..., f, € K|z]
such that Y = Zg(f1,...,fr). We say that Y, := Zp(f1,...,fr) C L™ is the
extension of coefficients of Y to L. m

Observe that, by model completeness of the theory of real closed fields and
algebraically closed fields, the algebraic set Y7, in Definition 1.1.18 only depends on
Y, so the definition is well posed.

ProrosITION 1.1.19. Suppose that both L and K are either real closed fields or
algebraically closed fields. Let Y C K™ be an algebraic set and let Y, C L™ be the
extension of coefficients of Y to L. The following properties are satisfied:

(i) Y = Zclpa (V) = Zclf (V).
(i) Zp(Yy) = Ik (Y)L[z], T (Y1) = Z(Y) and YL (K) ==Y, N K* =Y.
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(iii) The family of irreducible components of Y, C L™ coincides with the family
of K-irreducible components of Yr,. In particular, Y, C L™ is irreducible if
and only if Y1, is K-irreducible, or equivalently if Y C K™ is irreducible.

(iV) dlmL(YL) = dlmK(YL) = dlmK(Y)

PrOOF. Let X = Zclin(Y) and let ¢1,...,9, € Klz] such that Zx(Y) =
(91,---,9r). By Proposition 1.1.15(i), Zr.(X) = (91,-..,9r)L[z], hence we have
X=Z21(91,---,9r) = (Zx(91,---,9r)) L = Y. Moreover,

Yy = X = Zclpa(Y) C ZdF (V) = Z0(Zg (V) = (Zr(Zx(Y)))L = Y.
Thus, Yz, = Zclpa (Y) = Zcl¥, (Y), and (i) is proved.
Observe that (ii) & (iv) directly derive from (i) and Proposition 1.1.15(i)(ii)(iv).

Let Y1,...,Y; be the irreducible components of Y C K™ and let X; := Zclpn(Y;),
for every ¢ € {1,...,s}. By (i) and Proposition 1.1.15(iii) Xy, ...,
X are the irreducible components of Y, = Zclyn(Y) C L™ Recall that X; :=
Zcln (Vi) = (Vi) by (i), for every i € {1,...,s}. Hence, by Lemma 1.1.10(i), up
to reordering, there is ¢t € {1,...,s} such that Xi,...,X; are the K-irreducible
components of Yz. Since Y7 (K) =Y =J;_, Y; and Y; = (V;).(K) = X,(K) by (ii),
we get that t = s, as desired. O

COROLLARY 1.1.20. Suppose that both L and K are either real closed fields
or algebraically closed fields. Let X C L™ be a K-algebraic set and recall that
X(K) := XN K". The following properties are satisfied:

(1) X = Zelpn(X(K)) = Zel¥ (X (K)).

(i) Z0(X) = Zx (X (K)) Ll Zxc(X) = I (X(K)) and X = (X(K))y.

(i) Let X1,..., Xy be the irreducible components of X C L™. Then X1,..., X,
are the K-irreducible components of X and X1(K),..., Xs(K) are the ir-
reducible components of X(K) C K™. In particular, X C L™ is irreducible
if and only if X C L™ is K-irreducible, or equivalently if X(K) C K™ is
wrreducible.

(iv) dimp(X) = dimg (X) = dimg (X (K)).

ProoOF. Since X C L" is K-algebraic it suffices to apply Proposition 1.1.19 to
Y = X(K). O

REMARK 1.1.21. We saw that the assumption of both K and L to be real closed
fields or algebraically closed fields was crucial to define (uniquely) the extension Y7,
of an algebraic set Y C K™. However, even though we do not require this definition
to be unique, so to depend on the choice of the equations defining Y, we see that
previous Corollary 1.1.20 is false in general. Suppose L is any real closed field and
K = Q, then Fermat’s Last Theorem implies that the Q-algebraic curve Fj, C L?
described by the polynomial equation x%k —i—:x%k = 2% has no rational points for k > 3,
whereas F}, is a curve in L2. In other words, F(Q) = @ but Zcl;2(Fy(Q)) = @ ¢ Fy,
for k£ > 3, contradicting every item of Corollary 1.1.20. =



20 CHAPTER 1. ALGEBRAIC GEOMETRY OVER SUBFIELDS
1.2. Galois completion & complex K-algebraic sets

Along this section C|K|K denotes an extension of fields in which C is alge-
braically closed, K is the algebraic closure of K (in C) and G denotes the Galois
group G(C : K). Observe that, as K is the algebraic closure of K, the full Galois
group G(K : K) of K is isomorphic to G(C : K)/G(C : K).

Complex Galois completion. Here we study the K-Zariski closure of an al-
gebraic set X C C™. Next lemma highlights that X should be (at least) K-algebraic
to obtain meaningful results on its K-Zariski closure.

LEMMA 1.2.1. Let X C C™ be an irreducible algebraic set and let T' := ZclB. (X).
If X is not a K-algebraic subset of C™, then dim¢(T) < dimg(X).

PROOF. Let Z := Zcl&,(X). Since X is not K-algebraic, we have that X ¢
Z C T. Observe that T(Z) = I(X) = Zo(X) N K|z], thus Zz=(Z) is prime since
Zo(X) is so. This proves that Z C C™ is a K-irreducible K-algebraic set. By
Corollary 1.1.20(iii), Z C C™ is also irreducible and, by Lemma 1.1.7, we have that
dime(X) < dime(Z) < dime(T'), as desired. O

From now on we focus on the K-Zariski closure of K-algebraic subsets of C™.
More in detail, we characterize the K-Zariski closure of a K-algebraic set X C C™
by means of the Galois group G and we provide an algorithm to compute them
involving precise (finite) Galois subextensions of K|K.

Let us fix some notation. Let ¢ : C — C be an automorphism of fields. Denote
by ¥, : C™ — C™ the isomorphism of (Q-vector spaces) and ¢ : C[z] — Clz] the
isomorphism of rings defined by

Un (21,00 2n) = (V(21), ..., ¥(20)),
@(Z a,x’) = Zw(a,,)x”.

DEFINITION 1.2.2. Let S C C". We say that ;. ¥n(S) C C" is the Galois
completion of S C C™ (with respect to the field extension C|K ). m

ALGORITHM 1.2.3. The algorithm works as follows:

(0) Input: Fiz a K -algebraic set X C C™.

(1) Choose g1, ...,gr € K[z] such that X = Zc(g1,- .-, 9r)-

(2) Choose any finite Galois subextension E|K of K|K such that E contains
all the coefficients of the polynomials g1,...,g,. Set G' := G(E : K).

(3) Foreveryo € G', let , : C — C be an automorphism of fields extending o,
that is ®,|g = 0. Define g7 = D, (g;) € Elz] and Z° := Zc(g7,...,¢7) C
cn.

(4) Output: Consider the K -algebraic set T :=J, ccn Z°.

REMARK 1.2.4. In Algorithm 1.2.3(3), an extension 9, of o always exists, for
every 0 € G', by [FG, Lemma 2.2.15]. Observe that the choices in Algorithm
1.2.3(1)(2)(3) imply that, in principle, the K-algebraic set T C C™ obtained as the
output of the algorithm is not uniquely determined by X. m
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Next result shows that the output 1" := |J,cq Z7 of Algorithm 1.2.3 is actually
the K-Zariski closure of the K-algebraic set X C C™ chosen as the input. Further-
more, it provides a procedure to compute generators of Zx (T') from a finite set of
polynomials in K [x] whose common solution set is X.

THEOREM 1.2.5 (Galois completion & K-Zariski closure). Let X C C™ be a K-
algebraic set and let T C C™ be a K-algebraic set obtained as an output of Algorithm
1.2.8. The following properties hold:

() ¥n(X) = Zc(@(g1), -, P(gr) and Lo(n(X)) = (Lo (X)), for every ¢ €
G. In particular, Z° = ®,,(X) and Ic(Z7) = @5(Zc(X)), for every
o€ G, where 5, = (Py)n-

(i) {(9:) € Ela]|¢ € G} = {Do(g:) € Ela]| 0 € G'} for every i € {1,...,7}
and T = U,cqr Pon(X) = Upeq ¥n(X) is a K -algebraic subset of C™. In
particular, T is the Galois completion of X C C™.

(iii) Let $ C (g1,...,9-)K|[x] be the set of all products of the form HUGG/ he,

where hy € {g7,...,92} for every o € G'. Then, T = Zc(9) and 1/)( ) =
9, for every ¥ € G.
(iv) Denote by d the order of G'. For every h € 9, define

(=17 qn;t*™7 € Ela]lt],

'M&

Pot):= [Jt-n")=t"+

TG’ J

for some qn; € Elx], for every j € {1,...,d}. Then, B := {qn; € Efz]|h €

9,7 € {1,...,d}} C K[z] and T = Z¢(B). In particular, T is a K-
algebraic set.

1

(v) T = Zeln(X) =Zc((91,..-,gr)?[ ] Kla]).
(Vi) IK(T) :IK(X) = \/%K[a;}, IC K X) [ ] and

(
dime(X) = dime(T) = dlmK(T) = dimg (X).

PROOF. (i) Observe that v (g;(z)) = J(gl)(wn(x)) for every x € C™ and i €

{1,...,7}. Thus ¢, (z) € Zc(zz(gl), .. ,@(gr)) if and only if x € Zo(g1,...,9r) =
X. In addition, by Hilbert’s Nullstellensatz,

To(6n(X)) = To(Zo(@(ar),- - Bon) =\ (Blar). - .. $(g:))Clal

~

=4/ (91,---,9,)Ca]) = ¥(Zc(Zo(gr, - 90)) = P(To(X)),

since 1 : C[z] — C[z] is an automorphism. Second part of (i) follows by substituting
 with .

(ii) Since E|K is a Galois extension, each automorphism ¢ € G restricts to
an automorphism o := |g € G’, conversely, by [FG, Lemma 2.2.15], each o €
G’ extends to an automorphism 1, € G such that ¥,|g = o. This proves that
{(g9i) € Elz] | € G} = {P,(g:) € E[z] |0 € G'} ={¢7 € E[z]|o € G'}, for every
i € {1,...,r}. Observe that {1, (X) C C"|¢Y € G} = {Psn(X) C C"|o € G'}
is a finite set by (i), thus T' = U,eq 27 = Uyeq Pon(X) = Uyeg ¥n(X) is a
K-algebraic subset of C™.
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(iii) Since Z° = Z¢(99,...,92) = Zc((¢5, - - ., 92 )K|[z]), we have
T=J 7= | 2e((f . o)) = Zo( [[ (65 - 00 Ela]).

oeG’ oceG’ oeG’

Observe that $ generates the ideal [[, ¢ (97, .- -, 97)K|x] of K|[z], thus T = Z¢($).
Let us prove that ¥($)) = $ for every ¥ € G. Let e € G’ be the identity automor-
phism of E, thus g¢ = g; for every i € {1,...,r} and [[,ccw bo € (91, 9,)K|z].
Moreover, by the considerations of (ii), we observe that for every ) € G and o € G’
there is some 7 := (¢ 0 ®,)|p € G’ such that zZ(gf) = (¢ 0 ®,)(g;) = g7 for every
i € {1,...,r}. This proves that 12(.6) = § fir every ¢ € G.

(iv) Fix o0 € G'. Denote by ¢* the unique automorphism of Elz,t] extending o
satisfying o*(t) =t and o*(z;) = x; for every i € {1,...,n}.

Let us prove that o*(P) = Py, for every h € §. Since the composition by o
produces an automorphism of G’, that is the map 7 — o o 7, we have that

o'(Py) = [[t-o"(h7) = [[ ¢ —27") = P.
req €G!
As a consequence, P, = [[,co(t — A7) € K[z][t], for every h € .

Observe that the coefficients of P, with respect to the terms t¥~7 belongs to
the ideal HK[z], with j € {1,...,d}, thus the (finite) set B C HK[z] N K[z] C
(91,...,9-)K[r] 0 K[z]. In addition, since Pj(h) = 0, we get that h? € BK][z], for
every h € ). Thus, we conclude that T = Z¢(9) = Zo(B) C C™ is a K-algebraic
set.

(v) First we prove that T' = Zcl&, (X). Observe that we only have to prove T' C
chgn (X), indeed the converse inclusion follows by observing that X is contained in
the K-algebraic set T. Let fi,..., fs € K[x] such that Zcl&. (X) = Zo(f1,. .., fs).
If z € X, then 0 = ¢(f;(x)) = fj(¢¥n(x)), for every ¢» € G and j € {1,...,s}. Thus,
T = Uypeq ¥(X) C Zeln(X).

Let us prove that T = Z¢((g1,...,9-)K[z] N K[z]). Since g1,...,9, € Tx(X)
and B C (g1,...,9-)K[z] N K[z], we deduce that

T = Zelgn(X) = Z0(Ix (X)) = Zo(Tx(X) N K2])
=Zc((g1,-- - 9r)K[z] N K[z]) C Z0(B) =T,
as desired.

(vi) By (v) we have that T = Zcl&, (X), thus Zg(T) = Zg(X). Define a :=
VBK]|z]. By [Bou03, §V, Section 15, Proposition 5| and Hilbert’s Nullstellensatz,
since T' = Z¢(B) = Z¢(a), we have that Zo(T') = aC[z]. By [FG, Corollary 2.2.2],
we have that

Ix(T)=Zc(T)NK[z] = aClz] N K[z] =
As a consequence,
Zo(T) = aClx] = I (T)Clx] = Ik (X)C|x].

Thus, by (i), (ii) and Lemma 1.1.14, we obtain that dim¢(X) = dime(T) =
dimg (7T') = dimg (X), as required. O
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_ Let us collect some direct consequences of Theorem 1.2.5. Let X C C™ be a
K-algebraic set. We say that X is G-invariant if 1, (X) = X, for every ¢ € G.

COROLLARY 1.2.6. Let X C C™ be a K-algebraic set. Then, X is K -algebraic
if and only if X is G-invariant.

COROLLARY 1.2.7. Let X C C"™ be af—algibmz'c set. Apply Algorithm 1.2.8 with
input X and denote by {Z% }sccr a family of K-algebraic subsets of C™ obtained in
Algorithm 1.2.3(3). Then, for every o € G', the following properties are satisfied:

(i) dime(Z9) = dime(X).
(il) Z7 C C™ is irreducible if and only if X C C™ is so.

PROOF. Since Zp(Z7) = &DO(IC(X)), by Theorem1.2.5(i), and ®, is an isomor-
phism of rings, we deduce that C[z]/Zc(Z7) and C[z]/®,(Zo(X)) are isomorphic
and Z¢(Z7) is prime if and only if Z¢(X) is so. Thus, both (i) & (ii) follow. O

COROLLARY 1.2.8. Let X C C™ be a K-algebraic set. Then, dimg(X) =
dimz(X) = dimg (X).

PRrOOF. Apply Corollary 1.1.20(iv) and Theorem 1.2.5(vi). O

COROLLARY 1.2.9. Let L|H be an algebraic extension of fields and let X C L™
be an algebraic set. Then, dimg(X) = dimy(X).

PROOF. Since L|H be an algebraic extension, we have that H = L. Let Z :=
Zclgn (X) = Zclgn (X). By Proposition 1.1.15(iv), we have that dimz (X) = dim#(2).
As Z C H" is H-algebraic, Corollary 1.2.8 ensures that dim(Z) = dimp(Z). Since
Iy(Z) = Ig(X), also dimg(Z) = dimg(X), thus we conclude that dimp(X) =
dimz(Z) = dimp(Z) = dimp (X), as desired. O

Simultaneous Galois completion. Observe that, if needed, Algorithm 1.2.3
can be applied also for finite families of K-algebraic sets. Let us write down the
explicit algorithm.

ALGORITHM 1.2.10. The algorithm for finite families works as follows:

nput: Fiz a finite family of K-algebraic subsets 1o s O . Let
(0) Input: Fiz a finite family of K -algeb bsets X1,..., X, of C™. L

X = Uf:l XZ o
(1) Choose gi1, ..., gir, € K[z]| such that Z; = Zc(gi, - - -, gir;), for every i €
{1,...,s}.

(2) Choose any finite Galois subextension E|K of K|K such that E contains
all the coefficients of the polynomials g;1,. .., gir, for everyi € {1,... s}.
Set G’ :=G(F : K).

(3) For every o € G, let ®, : C — C be an automorphism of fields ex-
tending o, that is ®;|p = o. Define gf; := ig(gij) € Elz] and Z7 :=
Zc(gdys -5 95.) C O™ for everyi € {1,...,s} and j € {1,...,7:}.

(4) Output: Consider the finite family of K-algebraic (actually K -algebraic by
Theorem 1.2.5(iv) ) subsets Ty, ..., T of C™ defined as T; := \J,cqv Zf . Let
T:=Ui-, Ti-
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REMARK 1.2.11. Observe that an output 7' = [ J;_; 7; C C™ of Algorithm 1.2.10
with input X, ..., X coincides with an output of Algorithm 1.2.3 with input X =
Ui_, X;. If, in particular, X1, ..., X, are the K-irreducible components of X C C™
and T; ¢ T; for every i,j5 € {1,...,s} with ¢ < j, then T1,...,Ts are the K-
irreducible components of T'. m

Galois presentation of a ‘complex’ K-algebraic set. Let X C C" be a K-
algebraic set. Our aim is to detect a minimal algebraic set Y C C™ whose K-closure
is X. Such algebraic subset Y of X generating a Galois presentation of X is, in
general, non unique, as explained below.

LEMMA 1.2.12. Let X C C™ be a K-irreducible K-algebraic set and let Y C C™
be an irreducible component of X. Then:

(i) Y c C" is a K-irreducible component of X .

(i1) Let G' be a finite Galois group and let {Z%}scqr be a family of algebraic
subsets of C™ such that T := \J,ccv Z7 is an output of Algorithm 1.2.3 with
mmput Y C C™. Then, X =T.

(iii) The family {Z°}ocqr coincides with the family of irreducible components
of X. In particular, all the irreducible components of X have the same
dimension.

PROOF. As X C C" is a K-algebraic set, in particular X C C™ is a K-algebraic
set, thus Corollary 1.1.20(iii) ensures that Y C C™ is a K-irreducible K-algebraic
set. This proves (i). Let Y7 C C™ be an irreducible component of X of dimension
d := dim¢(X). By (i), Y1 C C" is a K-algebraic set, thus let G} be a finite
Galois group and let {Z¢ }oeGll be a family of algebraic subsets of C™ such that
T := UaeG’l Z{ is an output of Algorithm 1.2.3 with input Y7 C C™. Recall that,
by Theorem 1.2.5(iv)(vi), 71 C C"™ is K-algebraic and dim¢(71) = dimg(7T1) =
dimg (Y1) = dimg(Y7) = d. Moreover, X C C" is a K-irreducible K-algebraic set of
dimension dimg (X) = dimg(X) = d, by Corollary 1.2.8. As Y7 C X, by Theorem
1.2.5(v), Ty C X, that is X = T37. This implies that there exists ¢ € G such that
Y = Z7, thus, by Corollary 1.2.7(i), we get that Y C C™ has dimension d and we
can apply again Algorithm 1.2.3 with input Y. This proves both (ii) & (iii). d

Preceding lemma allows us to introduce the definition of a Galois presentation
of a K-algebraic subset of C™.

DEFINITION 1.2.13. Let X C C™ be a K-algebraic set. Let (Xi,...,Xs) be
the K-irreducible components of X listed in some order. Let Y; C C™ be an
irreducible component of X; for every i € {1,...,s}. Let G’ be a finite Ga-
lois group and {Z?},cc be a family of algebraic subsets of C™ such that X; =
Usear 27, -+ Xs = Upeer 27 and let X = [J;_; X; are outputs of Algorithm 1.2.10
with input Y7,...,Ys C C™. We call the tuple

(Yh ooy Y G/; {Zf}O'EG’v SR {Zg}O'EG’)
a Galois presentation of X C C™ and (Y1,...,Ys) the start of the presentation. To
shorten the notation we will refer to X = (J;_; U, e Z7 as a Galois presentation of

X C C™ with start (Y1,...,Ys) := (Z¢,...,Z¢), where e € G’ denotes the identity.
|
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Complexification. Throughout this subsection, R is a real closed field, i :=
V=1 and C := R]i] is the algebraic closure of R. Observe that the extension C|R is
algebraic of degree 2, thus the Galois group G(C : R) has order 2 and is generated
by the conjugation involution ¢ which fixes R pointwise and maps ¢ to —i. That is,
¢ : C — C is defined as p(z + iy) := x — iy. As above, define ¢,, : C" — C™ such
that

n(@1 + Y1, Tn +iyn) == (0(@1 + Y1), -, 0(Tn + 1Y)
= (L1 = Y1, -+, Tn — iYn).
Now we see that the application of Algorithm 1.2.3, specialized to the field extension
C|R, concides with the usual complexification of algebraic subsets of R".

LEMMA 1.2.14. If a is an ideal of C[x], then
Zo(an Rlz]) = Zc(a) U pn(Z2c(a)), (1.2.1)
Zr(aN R[z]) = Zc(a) N R". (1.2.2)

Proor. Equality (1.2.1) derives from Theorem 1.2.5(ii)(v). In addition, apply-
ing (1.2.1) we get
Zr(aNR[z]) = Zc(aNR[z]) NR" = (Z¢(a) U, (Zc(a))) N R =
= (Zo(a) NR") U (¢n(Zc(a) N R")) = Zc(a) N R”,
as required in (1.2.2). O

Let S C R™ be an algebraic set. The Zariski closure Zclgn(S) of S in C™ is
called the complexification of S. Let T C C™ be an algebraic set. Recall that, as
a consequence of Lemma 1.1.12, T(R) := T'N R™ is an algebraic subset of R". In
addition, by Proposition 1.1.15(ii), we have that (Zclgn(S))(R) := Zclgn (S) N R™ =
S for every algebraic set S C R".

PROPOSITION 1.2.15. Let T C C™ be an algebraic set and let S := T(R) C R".
The following are equivalent:

(i) T is the complexification of S.
(i) Zo(T) = Tn(S)Cla].
(il) Zr(T) = Zr(S).
(iv) Zr(T) is a real ideal of R|x].

Moreover, if T C C™ is irreducible, preceding conditions are equivalent to the follow-
mg one:

(V) dimc(T) = dimR(S).

ProoF. Implications (i) = (ii) and (ii) == (iii) follow by Proposition 1.1.15(i)
and [FG, Corollary 2.2.2], respectively.

(iii) <= (iv) Since T' C C™ is algebraic and Zr(T') = Z¢(T) N R[z], then equation
(1.2.1) ensures that Zr(Zr(T")) = S. Thus, by the Real Nullstellensatz (see [BCR9S,
Theorem 4.1.4]), the ideal Zr(T) is real if and only if it coincides with Zg(.5).

(iv) = (ii) Assume that Zr(T") is real, that is assume that Zp(7T") = Zr(S). Let
gi,.-.,gr € C[z] such that (g1,...,9,) = Zo(T). Write uniquely each polynomial
as gj = aj + ibj, with a;,b; € R[z] and define the polynomial g; := a; — ibj,
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for every j € {1,...,7}. Observe that g;g, = a? + b? € Zc(T) N Rlz] = Zr(T)
for every j € {1,...,r}, so aj,b; € Zgr(T) for every j € {1,...,r}, since Zg(T)
is real. Thus, (a1,bi,...,ar,b,)Clx] = Zco(T) and Zo(T) C Zr(S)C[z]. On the
other hand, Zr(S) = Zr(T') C Zc(T), thus Zr(S)C[z] C Zc(T). This proves that
T(8)Cle] = To(T).

(ii) = (i) By Proposition 1.1.15(i), we have that Zclen(S) = Z¢(Zr(S)). By
assumption, Zo(T') = Zr(S)C|x], thus T' = Zc(Zc(T)) = Zc(Zr(S)) = Zclen (S).

(i)=> (v) This follows directly from Proposition 1.1.15(iv), even when 7" C C"
is reducible.

(v) = (i) Assume in addition that T C C™ is irreducible. By assumption
dim¢(T') = dimpg(S). Let Z := Zclgn (S), then Z C T because S C T. Observe that
Proposition 1.1.15(iv) ensures that dim¢(Z) = dimpg(S), so dimg(T) = dime(Z).
As T is supposed to be irreducible, Z C T and dim¢(7) = dime(Z) imply that
Z =T, as desired. O

COROLLARY 1.2.16. Let T C C™ be an algebraic set and let S := T(R) C R".
Then:

(i) Zr(Zr(T)) = Zr(Ir(S)) = S.
(ii) If the ideal Zr(T) of R[x] is real, then Ir(T) = Zr(S) and dimpg(S) =
dime(T).
(iii) If the ideal Zr(T) of R[x] is non-real, then Zr(T) € Zr(S). If in addition
T C C" is irreducible, then dimpg(S) < dimc (7).

PrOOF. Since Zr(T) = Zo(T) N R[z], T C C™ is an algebraic set and S =
T(R) C R" is an algebraic set, (i) follows directly from equation (1.2.2) of Lemma
1.2.14. Observe that equivalence (iii) <= (iv) of Proposition 1.2.15 ensures that,
if the ideal Zr(T) of R[x] is real, then Zr(T) = Zgr(S) and, on the contrary, if
Zr(T) of R[z] is non-real, then Zr(T) C Zgr(S). If Zr(T) = Zr(S), then T is
the complexification of S and dim¢ (7)) = dimpg(S) by equivalences of Proposition
1.2.15. If T'C C™ is irreducible and Zr(T) € Zg(S), then Corollary 1.1.16(i) and
equivalence (iv) <= (v) of Proposition 1.2.15 ensure that dimg(S) < dim¢(7), as
required. O

1.3. Galois completions & real K-algebraic sets

Throughout this section R denotes a real closed field, i = v/—1 and C = R][i]
the algebraic closure of R. Let R|K be an extension of fields and endow K with the
order < induced by R. Denote by K the algebraic closure of K, thus C|K|K is an
extension of fields. Denote by K' := K NR the real closure of K, thus R|FT\K s an
extension of fields as well. The crucial case of study for next chapters is K = Q. In
that case Q denotes the field of algebraic numbers and Q' the field of real algebraic
numbers.

By Definition 1.1.1, Y C R" is a K-algebraic set if Y = Zg(F) for some F C
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Dimension and subfields. Let Y C R™ be a K-algebraic set, here we prove
that dimp(Y) = dimg(Y). Thus, when the ground field is real closed, the subfield
K does not play any role in our notions of dimension of ¥ C R™. Recall that
we already proved a similar result when the ground field is algebraically closed in
Corollary 1.2.8.

THEOREM 1.3.1. Let Y C R" be a K-algebraic set. Then, dimgr(Y) = dimg (Y').

ProOOF. By Corollary 1.1.20(iv), we have

=T

dimp(Y) = dimg (YY) = dimgr (Y (K)).

> =T

By Corollary 1.2.9, we also have that dimz (Y (K )) = dimg (Y (K" )). In addition,
T (Y) = Iger (Y(K")), by Corollary 1.1.20(ii). Thus:

Ik (Y) = I (V) N K2] = Ter (V(K7)) N K 2] = I (Y (K)),
that is, dimg (Y) = dimg (Y (K")). Thus, we conclude that
dimp(Y) = dimzr (V) = dimgr (Y(K)) = dimg (V(K')) = dimg (Y),
as desired. 0

NoTATION 1.3.2. Let Y C R"™ be a K-algebraic set. By Theorem 1.3.1, we
have that dimg(Y') = dimg (Y), thus in this section we will denote by dim(Y) :=
dimg(Y) = dimg(Y). =»

Real and complex Galois completions. Let Y C R" be a Fr—algebraic set
and let Z := Zclen(Y) C C™ be its complexification. By Corollary 1.1.20(ii) and
Proposition 1.2.15(ii), we have that Zg(Y") = Ty (Y)R[z] and Z¢(Z) = Ir(Y)Clz] =
(Zi (Y)R[z])Clx] = I3 (Y)C[z]. Thus,

Ic(Z) :I?r(Y)C’[x], (1.3.1)

Z C C™ is K-algebraic and we can consider the Galois completion of Z as in Defi-
nition 1.2.2.

DEFINITION 1.3.3. Let Y C R” be a K -algebraic set and let Z := Zclgn (Y) C
C" be its complexification. Denote by T C C™ the Galois completion of Z and
T(R) :=TNR" Wecall T C C" the complex Galois completion of Y C R"™ and
T(R) C R™ the real Galois completion of Y C R™ (with respect to the field extension
C|K) m

In next theorem we deduce, as for the complex case (see Theorem 1.2.5), the
relations between Galois completions, both real and complex, and K-Zariski closures
of Y C R™ and Z C C™, respectively. Here we apply Algorithm 1.2.3 to X = Z and
we refer to previous notations of Section 1.2. Let G := G(C' : K).

THEOREM 1.3.4 (Galois completions & K-Zariski closures). Let Y C R" be a
K" -algebraic set and let Z := Zclgn(Y) C C™ be the Zariski closure of Y in C™. Let
T C C" and T(R) C R™ be the complex and real Galois completions of Y C R",
respectively. Let E|K be a finite Galois extension that contains all the coefficients
of polynomials g1,...,9, € K[x] such that Z = Zc(g1,...,g-). Observe that we
can actually choose g1,...,g» € K [z] such that (g1,...,g,) = T (Y) by (1.3.1).
Denote by G' := G(E : K). Then:
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() T = Uyee¥n(2), Te(Wn(2)) = $(Zc(2)), T(R) = Uyec(tn(Z)NR") and
dim(¢,(Z) N R") < dimg (¢, (Z)) = dime(Z) = dim(Y)

for every ¥ € G. R

(i) T = Uyee 27, To(2%) = Bo(Te(2)), T(R) = Uyeq 2°(R) and

dim(Z°(R)) < dim¢(Z7) = dime(Z) = dim(Y)

for every o € G'. Let e € G' denote the identity automorphism. Since
Z¢ =7 and Z°(R) = Z(R ) Y, then dime(7T) = dimg(Z) = dim(Y') =
dim(T'(R)).

(iii) Let $ C (g1,--.,9,)K[z] be the set of all products of the form [],ccr hos

where hy € {g7,...,92} for every o € G'. Denote by d the order of G'.
For every h € 9, define

d
Po(t):= [ (¢t = 17) =1+ (~1)qn;t* € Efz][t]
TeG’ j=1

for some qn; € Elx], for every j € {1,...,d}. Then, B := {qn; € Ez]|h €
9,7€{l,...,s}} C K[z] and T = Zc(*B).

(iv) T = Zcl&.(Y) and T(R) = Zcli.(Y). In particular, T € C™ and T(R) C
R" are K-algebraic sets.

(v) I (T) = Ik(T(R)) = Ig(Y) = V/BKlz]|, Zc(T) = Ix(Y)C[z] and
Ir(T(R)) = /I (Y)R[z].

(vi) Zclgn(T(R)) € T and Zr(T) = Zx(T(R))R[x] = Zr(T(R)) N'b, where b
denotes the intersection of all the non-real ideals Tr(Z°) of R[z| such that
o € G" and dim(Z?(R)) < dim¢(Z7). In particular, b is a radical ideal of
Rlz], Zr(b) C T(R) and dim(Zg(b)) < dim(T(R)) = dim(Y").

PROOF. (i)&(ii) By Definition 1.2.2 and Theorem 1.2.5(i), we directly obtain
that ' = Uyeq ¥n(2) and Ze(¢n(2)) = ¢(Zc(Z)) for every ¢ € G. In particular,
T(R) :=TNR" = Uyea(¥n(Z) N R"). By Proposition 1.1.15(iv) and Corollary
1.1.16(i), we have that dim(Y) = dim¢(Z) and dim(¢,(Z2) N R™) < dime (¢, (2))
for every ¢ € G. In addition, by Theorem 1.2.5(i), we have that dim¢(Z) =
dime (1, (Z)) for every ¢ € G. Hence:

dim (¢, (Z N R")) < dim¢(¢n(2)) = dime(Z) = dim(Y).
Since every automorphism o € G’ extends to an automorphism ®, € G, by [FG,
Lemma 2.2.15], we have that T' = {J, .o 27, Zc(Z27) = ®o(Zc(Z)) for every 0 € G,
T(R) = Upeq 2°(R) and dim(Z7(R)) < dimc(Z27) = dime(Z) = dim(Y). Let
e € G’ be the identity automorphism. By Proposition 1.1.15(ii), we have that
Z°(R) = Z(R) =Y. Hence,
dime(T) = max{dimc(ZU)} = dim¢(Z) = dim(Y)
oeG

= max{dime(Z7(R)} = dim(T(R)).

(iii) Follows directly from Theorem 1.2.5(iii)(iv).
(iv) By Theorem 1.2.5(v), we obtain that
T = 7c18.(2) = 7B, (Zclgn (V) = Zcl5. ().
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In addition, since T' = Z¢(Zk(Y)), then:
T(R):=TNR"=Zc(Ix(Y))NR" = Zr(Zk(Y)) = Zelfn (Y).

(v) Since T = ZclB.(Z) = Zcl&.(Y), we have Zg (T) = Zg(Z) = T (Y). Since
T(R) = Zclk.(Y), then T (T(R)) = Zx(Y). By Theorem 1.2.5(vi), we have that
Zo(T) = Ik (Z)Clz] = Ik (Y )Clz]. In addition, since T(R) = Zr(Zx(Y)), the Real
Nullstellensatz ensures that Zr(T(R)) = /I (Y)R[z].

(vi) As T'(R) C T, we have Zclgn (T(R)) C Zclen(T') = T. In addition, by (v)
and [FG, Corollary 2.2.2], we have

Ir(T) = Io(T) N Rlz] = (Ix (Y)Clz]) N Rlz] = (Zx (V) Rlz|Cla]) N Rlz]
= Ix(Y)R[z] = I (T(R)) R[x].

Denote by G := {0 € G'|dim(Z°(R)) < dimc(Z?) = dime(T)} and b :=
Noyec~ Ir(Z7) it G # @, or b = Rz] if G = @. The ideal b of R[z] is

radical since Zp(Z%) is so for every o € G', indeed Vb = /N, con Zr(Z2°) =
Noccr VIR(Z7) = Nyeq Zr(Z%) = b. By Corollary 1.2.16, the ideal Zg(Z7) is

non real, Zp(Z?) G Zr(Z°(R)), for every o € G'™*, and IR(Z") = Ir(Z°(R)) for
every o € G’ \ G™*. Then:

ZR(b):ZR( N IR(Z")> = |J 2r(@r(2°(R)))

oceG"™* oeG’*

U z2m)ycrpycr
oeG'*
Thus, dim(Zg(b)) = maxseq-{dim(Z7(R))} < dimc(T) = dim(T'(R)), so
Zg(b) & T(R), and

Tr(T(R))nb=bnTx( | ) 2°(R) —bm(ﬂzR (Z°(R )
oceG’ oceqG’
= () Za(2%) ( N Zr(z°(R)N () IR(Z"(R))>
oceG’* oceG’* ceG'\G"™*
= (N zez)n ) Zaz7RY) O () Ta(2°(R))
oeG’* oeG’* oceG'\G"*
= () Zr(2)n () Zr(Z°)
oceG’* ceG'\G"*
-N IR(Z"):IR( U Z") -7
oceG’ oceG’
as required. .

Observe that the inclusion Zclgn (T7) C T of Theorem 1.3.4(iv) may be a strict
inclusion, as explained by next example.

ExAMPLE 1.3.5. Consider the field K := Q. Let Y C R be the Q' -algebraic
set /2. Consider the finite Galois extension E := Q(i,v/2) of Q, observe that
deg(E : Q) = deg(Q(v2) : Q)-deg(Q(i) : Q) = 4-2 = 8. Observe that G := G(E : Q)
is completely determined by all the possible choices of permutations of the (complex)
roots of z% — 2 which are compatible with the field operations of E. Then, an
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application of Algorithm 1.2.3 with input Z := Zclen(Y') gives the Q-algebraic set
T = {V2,—v2,iv2,—iv2} = {x € C|z* —2 = 0} C C as an output. Then,
T(R)={zx € Clz* -2 =0}NR={V2,-V2} = {r € R|2> — 2 = 0} and
Zelon(T(R)) ={z € C|2> —V2=0} =T(R) ¢ T. =

Simultaneous Galois completion. Let (Yi,...,Y;) such that Y; C R" is
a K -algebraic set for every i € {1,...,s}. We associate to (Y1,...,Ys) the s-
tuple (Z1,...,Zs) such that Z; C C"™ is the Zariski closure of Y; in C™ for ev-
ery ¢ € {1,...,s}. Observe that each Z; is a K -algebraic subset of C™, thus
in particular it is a K-algebraic subset of C™. For every i € {1,...,s}, choose
il -+, Gir; € K[z] such that Z; = Zc(gi,-.-,gir;)- Observe that, by Propo-
sitions 1.1.19(ii) & 1.2.15(ii), we can actually choose g1,...,gir, € K [x] such
that Z; = Zc(gi1s-- -, gir;)- Choose any finite Galois subextension E|K of K|K
such that E contains all the coefficients of the polynomials g1, ..., gir, for every
i €{l,...,8}. Set G’ := G(F : K). Then, an application of Algorithm 1.2.10
with input (Z1,..., Zs) gives an output (71,...,T%), here T; C C™ is the K-Zariski
closure of Z; in C". Since Z; := Zclen(Y;), we have that T; € C™ is the complex
Galois completion of Y; C R" for every i € {1,...,s}. Let T;(R) := T, N R” C R"
be the real Galois completion of Y; C R" for every i € {1,...,s}. Consider the
s-tuples (T1,...,Ts) and (T1(R),...,Ts(R)). We call (11,...,Ts) the complex Ga-
lois completion of (Y1,...,Ys) and (T1(R),...,Ts(R)) the real Galois completion of
(Y1,...,Ys) (with respect to the field extension C|K ).

Galois presentation of a ‘real’ K-algebraic set and bad points. Let
X C R™ be a K-algebraic set. As in Section 1.2, our aim is to detect a minimal
algebraic set Y C R"™ whose K-closure is X C R”. Such algebraic subset Y of X
generating a Galois presentation of X is, in general, non unique, as explained below.
With respect to the complex case, the possible lack of dimension of the irreducible
components of the K-Zariski closure Zcl%,(X) € C™ of X C R™ when intersected
with R™ (see Theorem 1.3.4) forces us to develop a more sophisticated description.

LEMMA 1.3.6. Let X C R"™ be a K-irreducible K-algebraic set of dimension d
and let Y C R™ be an irreducible component of X of dimension d. Then:

(1) Y € R" is a K -irreducible component of X .

(ii) Let Z C C™ be the complexification of Y. Let G’ be a finite Galois group
and let {Z%}y,eqr be a family of algebraic subsets of C™ such that T :=
Useqr Z7 is an output of Algorithm 1.2.3 with input Z C C™. Thus, T and
T(R) are the complex and real Galois completion of Y, respectively. Then:
T(R) = Uyeer Z°(R) = Zn (V) = X and T =, e Z° = Zel&n (X).

(iii) The family {Z° }yeqr coincides with the family of all irreducible components
of T = chgn (X). In particular, all the irreducible components of T have
dimension d.

(iv) Z% C C" is a K-algebraic set and Z°(R) C R" is a K -algebraic set, for
every o € G'.

PrROOF. (i) As X C R" is a K-algebraic set and Y is one of its irreducible
components, Corollary 1.1.20(iii) ensures that Y C R"™ is a K-irreducible K-algebraic
set.
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(ii) By Theorem 1.3.4(ii)(iv), we have T(R) = Zcl%.(Y) € X and dim(T(R)) =
dim(Y) = d. Thus, Theorem 1.3.1 ensures that dimg(7T(R)) = dim(T(R)) =
d = dim(X) = dimg(X) and T(R) = X by Lemma 1.1.7. Again, by Theorem
1.3.4(ii)(iv) we have that T = (J,cq 27 = Zcl. (V). In addition, Zcl&,. (V) =
7B, (Zclgn (V) = ZelB. (X)), thus T = Zcl&. (X).

(iii) Since Y is irreducible, then Z := Zclgn (Y) is irreducible as well by Propo-
sition 1.1.15(iii). Since T' = J, ¢ Z7, Corollary 1.2.7(ii) ensures that {Z7},eq is
the family of the irreducible components of 7.

(iv) Let 0 € G := G(E : K). By Theorem 1.3.4(ii), Z7 is a K-algebraic subset
of C™. By Corollary 1.1.13, Z?(R) := Z° N R™ is an algebraic subset of R". Let
us check that it is actually a K -algebraic subset of R™. Let hy,...,hs € K [z] such
that Zo(hi,...,hs) = Z°. Write h; := a; + ibj, for some a;,b; € Fr[:c], for every
je{l,...,s}. Then Z°(R) = Zg(a1,b1,...,as,bs), as desired. O

Preceding lemma allows us to introduce the definition of a Galois presentation
of a K-algebraic subset of R".

DEFINITION 1.3.7. Let X C R™ be a K-algebraic set. Let (Xi,...,Xs) be the
K-irreducible components of X listed in some order and let d; := dim(X;) for every
i€{l,...,s}. Let ¥; C R"™ be an irreducible component of X; of dimension d; and
denote by Z; C C™ the complexification of Y; C R", for every i € {1,...,s}. Let
G’ be a finite Galois group and let {Z7},cq be a family of algebraic subsets of
R™ such that X1 = U, 275+, Xs = Upeer 27 and X = [J;_; X; are outputs of
Algorithm 1.2.10 with input Z1,...,Zs; C C™. We call the tuple

(Vi Y G5 {2 Yaecr o 12 Yaecr)
a Galois presentation of X C R™ and (Y1,...,Y5) the start of the presentation. To
shorten the notation we will refer to X = (J;_; U,cqr Z7 (R) as a Galois presentation
of X C R™ with start (Y1,...,Y5) := (Z{(R),..., Z5(R)), where e € G’ denotes the
identity. m

Let us introduce the notion of K-bad point of a K-algebraic set X C R™. This
concept will be useful in Section 1.5 in order to characterize what we will call ‘R|K-
regular and R|K-singular points’ of X C R™.

DEFINITION 1.3.8. Let X C R"™ be a K-algebraic set of dimension d and let
X1,...,Xs be the K-irreducible components of X. Denote by d; := dim(Xj;), T; :=
chgn(Xi), {Ti1,...,Tis;} the family of irreducible components of 7; C C™ and
Ji={j€{1,...,s}| dim(T;;(R)) < d;}, for every i = 1,...,s. Define:

S S
Bi(X;) == | Tj(R) and Bg(X):=|JBx(X:) =] | T;(R).
jedi i=1 i=1j€eJ;
We say that a point © € By (X;) is a K-bad point of X; and Bg(X;) is the K-bad
set of X;. Analogously, we say that a point © € Bg(X) is a K-bad point of X and
Bg(X) is the K-bad set of X. =

REMARK 1.3.9. Suppose K is a real closed field, X C R"™ be a K-algebraic set of
dimension d and X1, ..., X are the K-irreducible components of X. Since K is real
closed, by Corollary 1.1.20(ii), we have Zr(X;) = Zx (X;)R[z] = (fi1, .-, fis;) R[]
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for some fi1,..., fis, € Klx] and for every i € {1,...,s}. Observe that K :=
KJi] is a finite extension of K containing all the coefficients of the polynomials
{fijtieq1,...s}, jef1,....s;}» thus we can fix G := {e,o}, where e is the identity auto-
morphism and ¢ : K — K denotes the conjugation o(a + ib) := a — ib, for every
r =a+ib € K := K[i]. Denote by ®, : C — C an automoprhism extending o.
Let f € K[z], then there are a,b € K[z] such that f = a + ib, then ®,(f) = a — ib.
Hence:

ZZ(R) = Zo(Po(fi1), - ., ®o(fis,)) N R = Za(fir, . .., fis;) N R"
= Zr(fi1, .-, fis;) = Xi

for every i € {1,...,s} and j € {1,...,s;}. Then, dim(Z7(R)) = dim(X;) for every
i=A{1,...,s}, Bx(X;) =@ foreveryi e {1,...,s} and Bg(X) =2. =

1.4. Algebraic sets defined over K

Let R be a real closed field, let K be a (formally) real field and denote by < its
ordering. Denote by C' := RJ[i| the algebraic closure of R. We say that R contains
K if R|K is an extension of fields and the ordering of R extends <.

The aim of this section is to study and characterize those K-algebraic subsets of
R™ that behave as K-algebraic subsets of C". Recall that, by [Bou03, §V, Section
15, Proposition 5] and Hilbert’s Nullstellensatz, for every radical ideal a of K[z] the
following zero property in C™ is satisfied:
Zo(Zc(a)) = aClz].

In particular, if X C C™ is a K-algebraic set, then Zx(X) is radical, so it has the
zero property in C™. On the contrary, if X C R" is a K-algebraic set, it is non
always guaranteed that Zgr(Zr(Zx (X))) = Zr (X)R[z].

EXAMPLE 1.4.1. Consider K = Q, R be any real closed field and X := {+/2} C
R. Observe that X is a Q-algebraic set, indeed X = {V/2} = {2® = 2}. However,
Zo(X) = (23—2), since x3—2 it is the minimal polynomial of v/2, Zr(X) = (z—/2),
by [BCR98, Theorem 4.5.1], but Zg(X)R[z] = (23 - 2)R[z] & (z — V/2) = Zp(X). =

In order to characterize those ideals a of K[z]| having the zero property in R",

that is satisfying Zr(Zr(a)) = aR]x], we start by introducing the concept of reliable
family of polynomials in K[z]. Observe that

DEFINITION 1.4.2. Let {f1,..., fr} C K[z]. We say that the family of polyno-
mials {f1,..., fr} in K[z] is K-reliable if

IR(ZR(fla .. 'afr)) = (fla cee 7f’f')R[‘T]

for every real closed field R containing K. If K = Q and {fi,..., fr} in Q[z] is
Q-reliable, we will say for short that {fi,..., fr} is reliable. m

LEMMA 1.4.3. Let {f1,..., fr} C K[z]. The following conditions are equivalent:

(i) The family {f1,..., fr} is K-reliable.
(ii) There exists a real closed field R containing K such that:

IR(ZR(fL e 7f7’)) = (fl, ey fr)R[x]
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(iii) For each real closed field R containing K the ideal (fi,..., fr)R[z] is real.
(iv) There exists a real closed field R containing K such that (f1,..., fr)R[x] is
a real ideal of Rx].

PROOF. Recall that an ideal a C R[x] is real if and only if Zp(Zgr(a)) = a
by Real Nullstellensatz [BCR98, Theorem 4.1.4], thus equivalences (i) <= (iii) and
(ii) <= (iv) are clear. Also implication (i) = (ii) is clear, let us prove the converse
implication.

(ii) = (i) As K is contained in R, we deduce that R|K |K is an extension of
fields. We first show that

T (Zgr (froe - f)) = (fro oo f) K [2]. (1.4.1)
Since the inclusion ‘O’ is always satisfied, we are only left to verify the converse
inclusion ‘C’. Let f € Zwr(Z%r (f1,-.., fr)), that is Zr(f1,..., fr) C Z%(f). By
extending the coefficients to R we get that
ZR(fb sy fr) = (ZFT(fla SRR fT))R C (Zfr(f))R = ZR(f)?

that is, f € Zr(Zr(f1,-.., fr)) = (f1,-.., fr)R[z], by (ii). Thus, by [FG, Corollary
2.2.2], we have that f € (f1,..., fx)K [z]. This concludes the proof of (1.4.1).

Let Ry be a real closed field that contains K. Let us check that

IRl(ZR1(f1a .- ~7fr)) = (f17 ce afr)R1[$]- (1.4.2)

Denote by O := R;[i] the algebraic closure of R;. Observe that C|K|K is a field
extension, thus Corollary 1.1.13 and (1.4.1) ensure that

Zelen (Zgr (f1y - fr) = Zelop (Zelgn (25 (f1, -+, £r))
= Zclep (Z%(frs- - fr)
= (Zg(f1,-- - f))ay
=Zo,(f1y- s fr)- (1.4.3)
In addition, we have
Loy (Z(fro-- o o)) = (f1o- - fr)Cala]. (1.4.4)
Indeed, by (1.4.1), (f1,..., f-)K [x]is a radical ideal of K [z], so [Bou03, §V, Section
15, Proposition 5|, Hilbert’s Nullstellensatz and (1.4.2) ensure that
Iey (2 (fiy oo £0) = Zoy (Boy (fry oo £0)) = (f1, oo fr) K [2]Ch[2]
= (f1,---, fr)Chlz].
Let f € Zr,(Z2r,(f1,---, fr)), then
Zer(fiy-on fr) CCgr(fis oo )R = 2R (f15- - fr)
C Zn(f) € Za,(f).
Hence, (1.4.3) ensures that Z¢, (f1,..., fr) C Z¢,(f), that is,
feZe(Ze(fr,- -, [r)
By (1.4.4) and Hilbert’s Nullstellensatz, the ideal (f1, ..., f;)Ci[x] of Ci[x] is radical

and f € \/(f1,..., fr)Cilz] = (f1,..., fr)Ci[z]. Hence, by [FG, Corollary 2.2.2], we
deduce that f € (fi1,..., fr)Ri[z], that is,

IRl(ZR1(f1a . -vfr)) = (flv cee 7f7")R1[$]'
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This proves that the family {fi,..., f} of K[z] is K-reliable. O

Let us introduce the notion of real algebraic sets defined over K.

DEFINITION 1.4.4. Let R be a real closed field that contains K and let X C R"
be an algebraic set. We say that X is defined over K if there are polynomials

fioevs fr € K[z] such that Zp(X) = (f1, ..., f,)Rlz]. =

REMARK 1.4.5. Let X C R" be an algebraic set defined over K, that is there are
polynomials fi,..., fr € K|z| such that Zr(X) = (f1,..., fr)R[x], so in particular
X is K-algebraic since X = Zr(f1,..., fr). On the other hand, Example 1.4.1 shows
that K-algebraic subsets of R™ are not defined over K in general. m

Next result characterizes algebraic subsets X of R™ which are defined over K.

THEOREM 1.4.6. Let R be a real closed field that contains K and let X C R™ be
a K-algebraic set. The following conditions are equivalent:

(i) X C R" is defined over K.
(i) Tn(X) = Tic(X)Rla].
(iii) The complex Galois completion T of X C R™ coincides with the complexi-
fization of X C R", that is ZclB8.(X) = Zclgn (X).
(iv) Zr(X) =Zgr(T).
(v) There exists a K-reliable family { f1,..., fr} C K[z] such that X = Zgr(f1,

).
(vi) X(K") c (K")" is defined over K.

PROOF. (i) <= (ii) Imphcatlon (ii) = (i) follows by choosing f1,..., f, € K[x]
such that (fi1,...,fr) = Zx(X). Let us prove the converse implication (i) = (ii).
Let {fi,...,fr} C Klz] be a such that Zr(X) = (f1,..., fr)R[z], then Tg(X) =

(f1,.--, fr)R[z] N K[z] = (f1,..., fr), thus (ii) follows.

(i) <= (iii) <= (iv) Let T'(R) := T'N R™ be the real Galois completion of X C
R™. By Theorem 1.3.4(iv)(vi) we have that T'(R) = Zcl5.(X) = X and Zp(T) =
Ik (T(R))R[x] = Zx(X)R[z]. By Proposition 1.2.15, T' is the complexification of
T(R) if and only if Zr(X) = Zr(T). Thus, Zr(X) = Ix(X)R[z] if and only if
Ir(X) = Zg(T), or equivalently if and only if T' = Zclen (X).

(i) <= (v) Implication (i)==(v) follows directly from (iv)=(i) of Lemma
1.4.3. Let us prove the converse implication (v) = (i). Assume X = Zg(f1,..., fr)
for some K-reliable family {fi,..., f;} C K|z], then Zr(X) = Zr(Zr(f1,..., fr)) =
(f1,..., fr)R[z], that is, X is defined over K.

(ii) = (vi) Assume that Zp(X) = Zx(X)R|[z]. By Proposition 1.1.19(i), we
have that X = Zclgn (X (K')) = Zcl& (X (K")), thus

X = Zelpn (X(K")) € Zelhn (X (K)) € Zl (X () = X.

=T

Hence, we get X = chRn (X(K")). By Proposition 1.1.19(ii) we also have that
T U

T (X) = T (X (K)), thus T (X(K ) = T (X(K'))NK[2] = T (X)N K[z] =

Ik (X). By [FG, Corollary 2.2.2], we have

-

T (X(K")) = T (X) = Ir(X) N K [z] = T (X)R[2] N K [2]

=T

— T (X)K o] = T (X (K") K [a],
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so, by (ii) = (i) applied to R := K, we get that X(K') c (K )" is defined over
K.

(vi) = (i) Assume that X(K') c (K')" is defined over K, that is, there are
{fi,..., fr} C K[z] such that T (X(K')) = (f1,...,fr)K [z]. By Proposition
1.1.19 (ii), we have that

IR(X) = I (X (K ) R[] = ((f1,-- -, [)K [2)R[z] = (fi,..., fr)Rlz],
as desired. 0

COROLLARY 1.4.7. Let {fi,..., fr} C K[z] be a K-reliable family and let R be
a real closed field that contains K. Then,

Zo(fiy. s fr) = Zelon(ZR(f1s - - o fr) = 2B (ZR(f1s ..o\ fr))

PROOF. Since {f1,..., fr} C K[z] is a K-reliable family, Propositions 1.1.15(i)
& 1.2.15(ii) ensure that:

Ik(Zr(f1,-- -, [r))Clz] = Lo (Zelon (ZR(f1, - - -, fr)))
=Zr(Zr(f1,..., fr))Clz]
= ((f1,-- -, fr)R[2]))Clz] = (f1,..., [)Clz].
Hence the thesis follows. O

Real K-algebraic sets vs real algebraic sets defined over K. The aim
of this subsection is to produce a way of determining whether a K-algebraic set
X C R" is actually defined over K. Next result produces some equivalences for a
K-irreducible K-algebraic set X C R" to be defined over K.

THEOREM 1.4.8. Let X C R" be a K -irreducible K -algebraic set of dimension d
and let X = J e Z°(R) be a Galois presentation of X (see Definition 1.3.7). The
following conditions are equivalent:

(i) X C R" is defined over K.

(ii) Zr(Z°9) is a real ideal of R[x] for every o € G'.
(iii) Z7 C C™ is the complexification of Z°(R) for every o € G'.
(iv) dim(Z°(R)) = d for every o € G'.

PROOF. Let Y be the start of the Galois presentation X = (J, .o Z7(R) of X,
let T := {J,eqr Z° be the complex Galois completion for Y C R™ and let T'(R) be
the real Galois completion of Y C R"™. Recall that, by Lemma 1.3.6, we have that
T = 7ZclE.(X) and T(R) = X.

(i) = (ii) Assume that X C R" is defined over K. Theorem 1.4.6 ensures that
Tr(X) = Zr(T) and T C C™ is the complexification of X, that is T = Zcl&, (X) =
Zclen(X). Since Y C R™ is irreducible, its complexification Z = Zclen(Y) C C"
is irreducible as well by Proposition 1.2.15(iii), that is, the ideal Z¢(Z) of C[z] is
prime. As a consequence, by Theorem 1.3.4(ii), we have that Z¢(Z7) is prime for
every o € G, thus Zr(Z7) = Zc(Z7) N R[z] is a prime ideal of R[z] for every o € G'.
Since T := U, e 27 and Ig(X) = Zr(T), we have that Zc(T) = N e Zo(Z7)
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and

Ir(X) = Ir(T) = ([ Ze(27)) N Rla]
ocG’
= () @e(Z2°) N Rlz)) = () Zr(Z°). (1.4.5)
oeG’ oeG’
Thus, (1.4.5) and [AMG69, Proposition 1.11], the minimal prime ideas of Zr(X) in
Rz] is a subfamily of {Zr(Z7)},ecqr- As Ir(X) is a real ideal of R[z|, each minimal
prime ideal associated to Zr(X) is real as well by [BCR98, Lemma 4.1.5]. Define

Fy:= {0 € G'|Ir(Z7)is a real ideal of R[z]}

and choose a subset F' of Fy such that {Zr(Z7)}ser = {Zr(Z%)}ser, but Zr(Z7) #
Ir(Z7) for every o,7 € F with o # 7. In particular,

Tr(X) = () Zr(2°).
oeF
Now we prove that Fy = G’. Suppose that there is some 7 € G’ \ Fp, that is,
there is some 7 € G’ such that Zr(Z7) is not a real ideal of R[z]. Then, a fortiori,
Tr(Z7) is not a minimal prime ideal of Zr(X) and (,crZr(Z7) C Zr(Z"). By
[AM69, Proposition 1.11], there exists o € F such that Zr(Z?) C Zr(Z7). Thus,
Proposition 1.2.15 ensures that

Zc(27) = Ir(2°)Clz] C Ir(Z27)Clx] C Ia(Z7),

so Z7 C Z°. By Theorem 1.2.5(i) we have that dimc(Z7) = d = dim¢(Z7), that
is, Z° = Z7, since Z° C C™ is irreducible. This leads to the contradiction that
Ir(Z7) =ZIgr(Z7) is a real ideal of R[z]|. This proves that Fy = G’, as desired.

(ii) <= (iii) <= (iv) Since Z7 is irreducible and dim¢(Z7) = d for every o € G,
previous equivalences follow directly from equivalences of Proposition 1.2.15 and
Corollary 1.2.16(ii)(iii).

(iv)=> (i) Assume that dim(Z°(R)) = d = dimc(Z7) for every o € G'. By
Proposition 1.2.15, we have that Zg(Z°(R)) = Zr(Z7), for every o € G'. Since
X =T(R) = Uyeer Z°(R), we have that

Tr(X) = Ir(T(R)) = Ir( | J 2°(R))

oceG’
= () Zr(Z°(R)) = () Zr(Z°) = Zx(T).
oceG’ oeG’

Hence, Theorem 1.2.5(vi) ensures that Zr(T) = Zx(T(R))R[z] = Zx(X)R[z], so
we get that Zp(X) = Zx(X)R[z]. By equivalence (i) <= (ii) of Theorem 1.4.6 we
conclude that X is defined over K. g

Next result reduces the problem of understanding whether a K-algebraic set
X C R" is defined over K by looking at its K-irreducible components.

THEOREM 1.4.9. Let X C R"™ be a K-algebraic set and let X1,...,Xs be the
K-irreducible components of X. Then, X C R" is defined over K if and only if
X; C R"™ is defined over K for everyi € {1,...,s}.
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PROOF. Suppose that X; C R" is defined over K for every i € {1,...,s}.
By Theorem 1.4.6 we have that Zr(X;) = Zr(X;)R[z] = Zx(X;) ®k R for every
i€ {l,...,s}, then

Tr(X) = () Za(X)R[z] = () (Zx(X:) @k R) =
oeG’ oeG’

= ( ﬂ (IK(XI)) QO R= IK(X) Qr R = IK(X)R[‘T]
oeG’!

Let us prove the converse implication. Here we adapt the technique adopted
in the proof of implication (i) == (ii) of Theorem 1.4.8 to the K-reducible setting.
Assume that X C R" is defined over K, that is, Zr(X) = Zx(X)R[z]. Let Y; be an
irreducible component of X; of dimension dim(X;) and let Z; := Zclgn (Y;), for every
ie{l,...,s}. Let X = J;_; U,cr Z°(R) be a Galois presentation of X C R™ with
start (Y7,...,Ys) (see Definition 1.3.7). By Theorem 1.3.4 for every o € G’ there is
a ring automorphism ®, : C[z] — C[z] such that ®,(Zc(Z;)) = Zc(Z7) for every
i € {1,...,s}. In particular, if 7" and T'(R) denotes the complex and real Galois
completions of |J;_, ¥; C R", respectively, then

T:chgn(OY Uch UT OUZ;’,

i=10c€eG’

) = Zclk, UY Uch UT OXi:X,
=1

where T; and T;(R) denote the complex and real Ga101s completions of Y; C R",
respectively, for every i € {1,...,s}. By Theorem 1.3.4(vi), we have that Ir(T) =

If(TT)R[x] = I (X)R|[x]. In addition, Zr(X) = Zr(T) since Zr(X) = I (X)R[z],
thus
= ﬂ ﬂ Ir(Z7).
1=1o0eG’

Since Y; C R" is irreducible, Z7 C C" is irreducible as well, that is, Zc(Z7)
is a prime ideal of Clz], thus Zr(Z7) = Zc(Z7) N R[z] is prime as well, for every
i€{l,...,s} and 0 € G'. Since Zp(X) is a real ideal of R[z], each minimal prime
ideal associated to Zp(X) is a real ideal of R[z]. Define

Fo:={(i,o) € {1,...,s} x G'|Ir(Z7)is a real ideal of R[z]}

and choose a subset F' of Fy such that {Zr(Z{)}i0er = {ZrR(Z7)}(i0)er, and
Ir(Z7) # Ir(Z]), for every (i,0),(j,7) € F with (i,0) # (j,7). In particular,

() Zn(Z7).

(i,0)€F

Here we prove that Fy = {1,...,s} xG’. Suppose that there is (j,7) € {1,...,s} xG’
such that ZTr(Z7) is not a real ideal of R[z], then it is not a minimal ideal of Zg(X)
and
N Zn(20) C Tn(Z)).
(i,0)€F
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Thus, there is some (i,0) € F such that Tr(Z) C Zr(Z]) and Proposition 1.2.15
ensures that
Ic(Z)) = Ir(Z7)Clx] C Ir(Z])Clz] C Zo(Z]).
Observe that ¢ # j. Otherwise, since Z] C Z7, Z7 is irreducible and dim¢(Z7) =
dim(X;) = dimg(Z]), we get that Z] = Z7, but this leads to a contradiction since
Zr(Z7) is a real ideal of R[z], whereas Zp(Z]) is not. So, assume ¢ # j. Set
v:i=7"loo €, then
Io(Z)) = D1 (Ze(2])) C 1 (Ze(Z])) = Te(Z)),

so Z; C Z¥ and Y; = Z;(R) C Z/(R) C T;(R) = X,. Thus, by Lemma 1.3.6, we
have that X; = Zcl Rn( ) C X, which is impossible.

This completes the proof that Fyy = {1,...,s} x G', that is, Zr(Z7) is a prime
ideal of R[z] for every (i,0) € {1,...,s} x G'. Hence, implication (ii)= (i) of
Theorem 1.4.8 ensures that X; C R" is defined over K for every i € {1,...,s}. O

Latter two theorems have the following direct consequence.

COROLLARY 1.4.10. Let X C R™ be a K-algebraic set, let Xq,...,Xs be the K-
irreducible components of X and let X = J;_y U ecr Z7(R) be a Galois presentation
of X C R™. The following conditions are equivalent:

(i) X C R" is defined over K.

(il) Zr(Z7) is a real ideal of R[z] for everyi € {1,...,s} and o € G'.

(iii) Z7 is the complezification of Z7(R) for everyi € {1,...,s} and o € G'.
(iv) dim(Z7(R)) = dim(X;) for every i € {1,...,s} and o € G'.

In particular, if X C R™ is defined over K, then Bg(X) = @.

1.5. Regular and singular points of K-algebraic sets

Throughout this section, L|E|K denotes a ﬁeld extension in which L is either
real closed or algebraically closed. Denote by E° the algebraic closure of E in L,
thus if L is algebraically closed, then E° = E, otherwise if L is real closed, then
E* =E". We will frequently use Corollary 1.2.8 and Theorem 1.5.1 without explicit
mentions.

Let a := (ai,...,an) € L™, let ev, : Elx] — L defined as evq(f) := f(a) be
the evaluation homomorphism and let ng o := {f € Efz]| f(a) = 0} be the kernel
of evy. Then, ngq is a prime ideal of E[z] and ng, = (0) if and only if a1,...,a,
are algebraically independent over F. In addition, ng, is maximal if and only if
Elay,...,an] = evq(E[z])/ng, has dimension 0. By [Mat80, (14G) Corollary 1
p. 91], we have that the latter condition is equivalent to the fact that aq,...,a, are
algebraic over F, that is:

g, is a maximal ideal of E[z] if and only if a € (E*)™.

Latter condition shows that a definition of local dimension of a K-algebraic set of
X C L™ at a € X with respect to the field extension E|K will be defined only at a
point a € X(E*) :== X N (E")".

Let us introduce the fundamental definition of E|K-regular points.
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DEFINITION 1.5.1 (E|K-regular points). Let X C L™ be a K-algebraic set and
let a € X(E"). We define the E|K -local ring Rf(‘f of X at a as

RYK = Bltlu,., /(T (X)Eleluy,),

where ng, := {f € E[z]|f(a) = 0} denotes the maximal ideal of polynomials
in E[z] vanishing at a € (E*)". We say that a is a E|K-reqular point of X of
dimension e if Rf('f is a regular local ring of dimension e. If a is a F|K-regular
point of X of dimension d := dimg (X), we say that a is a E|K-regular point of
X. We denote by Reg”¥ (X, e) the set of E|K-regular point of X of dimension e
and by Reg?/®(X) := RegP/¥ (X, d) the set of E|K-regular point of X. We define
Sing”K(X) := X(E®) \ RegPI®(X) and we say that a € Sing®/®(X) is an E|K-
singular point of X.
If E = K, we simplify the notations by omitting ‘E’, that is:
R0 = RY) = Ky /T (X) K ],

is the K-local ring of X at a, a K-regular point of X (of dimension e) is a K|K-
regular point of X (of dimension e), Reg® (X, e) := ReghK (X, e), Reg®(X) :=
Reg®% (X)), Sing®(X) := Sing®¥(X) and a K-singular point of X is a K|K-
singular point of X. m

REMARK 1.5.2. Let X C L™ be a K-algebraic set of dimension d.

(i) If L = E = K, the notions of Definition 1.5.1 reduces to the classical
ones. Indeed, for every a € (E*)* = L™, we have that R?a = R%a =
Rx q, thus a L-regular point of X (of dimension e) is a regular point of
X (of dimension e), a L-singular point of X is a L-singular point of X,
Regh(X,e) = Reg(X,e), Regl(X) = Reg(X) and Sing®(X) = Sing(X)
are the usual sets of regular and singular points of an algebraic set X C L™.
For explicit definitions of those classical objects we refer to [BCR98, Section
3.3].

(ii) Observe that, for every field extension L|E|K, we have the usual inclusion
of regular points of X C L™ of dimension e < d := dimg (X) in the set of
singular ones, that is, Reg?/® (X, ) C Sing”/¥ (X) for every e < d. m

An important case of study is £ = K. Localizations of the ring K [x], completion
of the residue field K[z]y, , and a K-Jacobian criterion are useful tools developed
in [FG, Sections 4.1&4.2] in order to study properties of K-regular points of a
K-algebraic set X C L™ and their relations with global properties of X C L™.
An important result which clarifies the relation between K-regular points and K-
irreducible components of a K-algebraic set X C L™ is [FG, Corollary 4.2.2]. In
Section 1.6 we prove a similar statement in the case E = L which will be crucial in
next chapters.

Regular and R|K-regular points. Let X C L™ be a K-algebraic set. The
question we are going to answer is whether the polynomial ring K [z]/Zx (X) provides
enough information to understand the properties of X also as a L-algebraic set. If
L is algebraically closed we know that Zr(X) = Zx(X)L[x], thus the ideal Zr (X)
provides full information about regular and singular points of X. On the other hand,
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if L is real closed, we saw that equality Z,(X) = Zx (X )L[z] holds true if and only
if X is defined over K (see Theorem 1.4.6), thus we can not expect in general that
the ideal Zx (X) provides full information about regular and singular points of X.
The aim of this section is to study the set of those regular points of X C L" that are
described by the ideal Zx (X). Thus, throughout this section L = R is a real closed
field containing K and C := R|[i] denotes the algebraic closure of R.

Let us specify some notations introduced in Definition 1.5.1 to the case L = F =
R. For every a = (a1, ...,a,) € R" := (E")" denote by
ng:=ngpe=1{f € Rz]|fla) =0} =(z—ai,...,z—ap).
Observe that the latter equality holds since L = R = E. Then, as explained in
Remark 1.5.2, we denote by:
Rx.a =R 4 = Rlt]n, /Ir(X)Rl]n,,

Reg(X) := Reg"(X),

Sing(X) := Sing®(X) = X \ Reg(X).
In addition, let us shorten the notation of R|K-local ring, R|K-regular and R|K-

singular points as follows:

Ria = RYN = Rltln, /T (X) R[z]n,,

Reg*(X) := Reg" (X),
Sing*(X) := Sing® (X) = X \ Reg*(X).

Let X1,...,X, be the K-irreducible components of X and let Xy,...,X, be
those K-irreducible components of X of maximal dimension, that is dim(X;) =
dim(X), for every i € {1,...,r}, and dim(X;) < dim(X), for every i € r+1,...,s.
Since regular rings are in particular integral domains and the dimensions of local-
izations of a Noetherian ring is smaller than or equal to the dimension of the ring,
we get that:

s

smg(X):Usmgm)u( U (mej))u U x. (1.5.1)
=1

i,7€{1,..;r},i#] j=r+1

T S
Sing*(X) = | J Sing* (X;) U ( U @in Xj)) v U x, (52
=1 1,7€{1,...,m}, 157 j=r+1
where (J7_,,, X; = @ if r = s. Thus, to compare Sing(X) and Sing"(X) we can
assume that X is K-irreducible. In next result we see how the set of bad points
Br(X) (see Definition 1.3.8) comes into play.

THEOREM 1.5.3. Let X C R" be a K-irreducible K-algebraic set of dimension
d. Then:

(i) Reg*(X) is a non-empty Zariski open subset of X, Reg*(X) C Reg(X) and
Reg™(X) = {a € X |RX, is a regular local ring}.

(ii) Sing*(X) is an algebraic subset of R™ of dimension < d. In addition,
Sing*(X) = Sing(X) U Bx(X) and both Sing*(X) and Bg(X) are K -
algebraic subsets of R™.
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Proor. We divide the proof into several steps for sake of clarity.

STEP 1. Galois presentation of X. Let X = J,co Z°(R) be a Galois presenta-
tion of X C R" with start Y C R". Denote by T":= |J, ¢ Z2° C C" and T(R) C R"
the complex and the real Galois completions of Y, respectively. By Lemma 1.3.6(ii),
we have that X = T'(R).

STEP II. Construction of the set S of ‘all bad points’. Choose a subset F of G’
such that {Z7},er = {Z}secr and Z°7 # Z7 for every o,7 € F with o # 7. By
Theorem 1.3.4(iv)(v)(vi), we know that Zr(T') = Zx (T(R))R[x] = Zx (X)R[z], thus

Ik (X)R[z] = ()| Zr(2°), (1.5.3)
ocEF

Ir(X) = () Zr(Z°(R)). (1.5.4)
ceF

Recall that, by Lemma 1.3.6(iii)(iv), Z7 C C™ is an irreducible K-algebraic set and
Z7(R) C R" is K -algebraic for every o € G'. In particular, the complexification
Z = Zclen(Y) = Z¢ of Y is irreducible, where e € G’ denotes the identity, and
Zc(Z7) is a prime ideal of C[z] for every o € G’. Hence, the ideal Zr(Z7) =
Zc(Z7) N R[x] of R[z] is prime as well for every o € G'.

Define F* := {0 € F'| dim(Z°(R)) < dim¢(Z?)(= dim(X))}. Then, Zr(Z?) &
Ir(Z°(R)), for every o € F*. On the other hand, if 0 € F'\ F"*, then

dim(Z°(R)) = dim¢(Z7) = dime(Z) = dim(Y) = d,

thus, Corollary 1.1.16 and Proposition 1.2.15 ensure that Z?(R) C R" is an irre-
ducible algebraic set of dimension d such that Z7 = Zclg(Z7(R)) and Zr(Z7) =
Zr(Z°(R)). In particular, Z?(R) # Z7(R) for every o,7 € F'\ F* with ¢ # 7.
As X = U eer Z°(R) and dim(Z7(R)) < dim(Z?) = d for every o € F*, Lemmas
1.1.4(ii) & 1.1.7 ensure that {Z?(R)}scp\ p+ is the set of all irreducible components
of X C R" of dimension d.

Define:
So = Br(X)= | Z°(R),
oeF*
S = U @ nz)®),
o,TEF\F*, 0#T

S = SyUSi.
Observe that Sy, S1,S C R™ are K -algebraic sets.

STEP III. The local rings R;@a and Rx q are not reqular for every a € Si. Let
a € S' and let 0,7 € F\ F*, with 0 # 7, be such that a € (Z° N Z7)(R) =
Z°(R) N Z"(R). Choose f € R[x] so that Zg(f) = Z°(R). We construct g €
(UgeF\{g}IR(Zg)) \Zr(Z7). Let z € Z7°(R) \ Ugep (o) Z&(R). By Corollary
1.2.16(i), for every & € F \ {o} there is g¢ € Zr(Z*°) such that g¢(z) # 0. De-
fine g := ngF\{U} e

Since Z°(R) = Zg(f) and Z7 are distinct irreducible components of X of the
same dimension d and Z7(R) C Zr(g), we deduce that f ¢ Zr(Z7(R)) = Zr(Z7)
and g ¢ Tr(Z°(R)) = Ir(Z°%). Thus, f,g ¢ Zr(X) and f,g9 ¢ Zx(X)R[x]. Then,
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(1.5.3) & (1.5.4) ensure that {,% ¢ Tr(X)R|[z]n, and {,% ¢ T (X)R[z]n,. However,
fg € Ir(X)R[z]n, and fg € Tk (X)R[z]s,, thus both Rx , and R , are not integral
domains, hence, a fortiori, they are not regular local rings.

As a consequence, S7 C Sing(X) N Sing™(X).

STEP IV. The local ring R , is not regular for every a € Sy = Br(X). Let
a = (a,...,a,) € Sy and suppose that R, 1s a regular local ring. Let o € F* so
that a € Z7(R). Since dim(Z°(R)) < dim¢(Z7), Proposition 1.2.15 ensures that
the ideal Zr(Z%) C n, of R[x] is non-real, so the prime ideal Zr(Z?)R[x]s, of R[z]a,
is non-real as well. As RY , := R[z]n,/Zk(X)R[z]s, is a regular local ring, R, is
in particular an integral domain, thus the ideal Zx (X )R[x]y, of R[x]n, is prime. As
a consequence, there is a unique prime ideal p of R[x] associated to Zx (X)R|x] that
is contained in n,, thus

I (X)R[x]n, = pR[z]n, -

Let q1,...,9s C R[z] be the minimal prime ideals associated to {/p. By [BCR9S,
Lemma 4.1.5], q, is a real ideal of R[] for every k € {1,...,s}, /p is a radical ideal
and {/p = ();_1 9%- Up to reorder the ideals qi,...,qs C Rlz], let t € {1,...,s}
such that exactly qi,...,q; C n, and ht(_, qx) = ht(q1). Then, the prime ideal
qrR[2]n, is real and ht(,_, qxR[x]n,) = ht(qy) for every k € {1,...,t}. Moreover,
BRIz, = iy GeRaly, and h(yPpRlz),) — ht(qiRlaln,) = hi(q). In partiow
lar, the Zariski open neighborhood U := R" \ U;_, .| Zr(qx) of a in R™ satisfies

t
Zr(yP)NU = Zr(()ar) NU. (1.5.5)

k=1
Since R}}a is a regular local ring, [ZS75, Theorem 26, p. 303] ensures that there

is a system of generators { f1, ..., fe} of Zg (X)R[z]n, in R[z],, whose classes modulo
n2 are linearly independent and ¢ = ht(Zx (X)R[z]s,) = ht(pR[z]s,). We may also

ofi (

assume that
a
Ox; )i,je{l,...,é}

so the K-polynomial map R™ — R"™ defined by

det ( # 0,

€T = (1.17 o 7'%'71) = (fl(x)7 ey ff(x)7xf+1 —Qp415-- -, T — an)
defines, by the inverse function theorem [BCR98, Proposition 2.9.7], a Nash dif-
feomorphism ¢ : V' — U’ between semialgebraic open neighborhoods V' C R"™ and
U’ C R™ of the origin of R"™ and of a in R", respectively. Up to shrink V and U’ if
necessary, we may suppose that U’ C U,

P(({0} x RN V) = Zg(f1,..., f) N U = Zr(y/p) NU'
and n — £ = dim(Zg(f1,..., fr) NU’) = dim(Zgr(y/p) N U’). In addition, (1.5.5)
implies that
n —ht(pR[z]s,) =n — £ = dim(Zr(y/p) NU’) < dim(Zg(y/p) NU)
t

= dim(Zx([) a) N V) = dim(Zr([") ax))
k=1 k=1
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¢

=n —ht([) ar) = n — ht(q1) = n — ht(q1 R[z]a,)

k=1

=n —ht(VpR[zl,) < n —ht(pR[z]n,),
that is, ht(pR[z]|n,) = ht(q1R[z]s,) and Zx(X)R[x]n, = pR[x]n, = qiR[z]n, is a
prime ideal of R[z]n,. As (,cpZr(Z7)R[z]n, = Zx(X)R[z]s,, there exists 19 €
F\ {o} so that Zr(Z™)R[z]|n, = Zrx (X)R[z]s,. In addition, since Zr(Z?)R|x]y, is a
non-real ideal of R[x],,, we get that Zr(Z™)R[z]|n, & Zr(Z7)R]x]n,, so in particular
Ir(Z™) G Ir(Z%). Recall that Zr(Z™) is a prime ideal of R[x], thus Proposition
1.2.15 ensures that

Zc(Z27) =1r(Z7)Clx] C Ir(Z27)Clz] C Zc(Z7),
that is, Z% C Z™. Recall that, by Lemma 1.2.12(iii), dim¢(Z7) = d = dim¢(Z™),
thus, being Z7 irreducible, we deduce that Z? = Z7. This leads into a contradiction

since Tr(Z™) is a real ideal of R[z], whereas Tr(Z7) is not. We conclude that R ,
is not regular.

STEP V. The local rings R},a and Rx , coincide and are reqular of dimension d
for everya € X\ S. Let a € X \S. By definition of Sy, S1 and S := SyUS7, we have
that a € X\ So C Uyep\ p+ Z7(R) and a € X'\ 51, thus there is a unique o € F'\ F*
such that a € Z7(R) \ S. In particular, Zr(Z?) = Zr(Z°(R)). Let 7 € F \ {o}.
As a ¢ Z7(R), there exists a polynomial h € Zo(Z7) such that h(a) # 0. Let
hi,ho € R[z] so that h = hy + ihg and consider h' := hy — ihy € Clz]. As a € R",
also h/(a) # 0, thus hh/(a) # 0 and hh' € Zr(Z7). Latter properties prove that
Ir(Z7) ¢ n,. As a consequence, also Zr(Z7(R)) ¢ ng, for every 7 € F'\ {c}. In
addition, by (1.5.3) & (1.5.4) we have that

Ik (X)R[z]n, = IR(Z°)Rlz]n, = Ir(Z°(R))Rlz]n, = Zr(X)R[z]n,,
that is, R;{,a =Rxa-

Since 0 € F \ F*, we have that Z?(R) C R" is an irreducible algebraic set of
dimension d, thus the ideal Zr(Z°(R))R[x]|n, = Zr(Z°)R[x]n, of R|x]s, is prime.
Thus, by [AM69, Corollary 3.13], we have ht(Zr(Z°(R))) = ht(Zr(Z°(R)))R|x]n,
and

d = dim(Z7(R)) = dim(R[z]/Zr(Z° (R))) = n — ht(Zr(Z°(R)))
=n—ht(Zr(Z°(R))R[z]n,) = n — Wt (Zr(X)R[z]n,) = dim(R x,q4)-

STEP VI. Proof of statements (i) & (ii). Evidently, we have
Reg*(X) C {a € X | R, is a regular local ring}

and, by STEP V, also X \ S C Reg"(X). Let a € X so that R% , is a regular
local ring. By STEPS III & IV, a € X \ S, and then by STEP V ;Lgain the ring
R%, has dimension d, that is, a € Reg"(X) if and only if a € Reg(X). This
proves that Reg*(X) = {a € X [R% , is a regular local ring} = Reg(X)\ S = X'\ S.
As a consequence, Sing™(X) = Sing(X) U S and, since S; C Sing(X), we have that
Sing*(X) = Sing(X)U Sy = Sing(X)U Bk (X). Observe that X C R" is K-algebraic
set thus, Proposition 1.1.19 ensures that Zgp(X) = Zr (X)R[z]. As a consequence,
Sing(X) C R"is a K -algebraic set by [BCR9S8, Proposition 3.3.10]. Recall that, by
STEP II, S C R" is a K -algebraic set, thus also Sing*(X) C R" is a K -algebraic
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set. We are only lefL to prove that Reg*(X) is non-empty. This follows since both
S and Sing(X) are K -algebraic subsets of R" of dimension < d. O

Last theorem is sharp, that is, there are K-algebraic subsets X of R™ such that
Sing(X) & Sing*(X), as explained by next example.

ExXAMPLE 1.5.4. Consider the field extension R|Q, where R is any real closed
field. Denote by C := R][i] the algebraic closure of R. Let X C R? be the nonsingular
Q-algebraic set defined as X := {(x1,72) € R%|z3 — 223 = 0}. Observe that
Tr(X) = (z2 — V/271), by [BCRI8, Theorem 4.5.1], thus X C R? is irreducible and
in particular it is also Q-irreducible. Let Z := Zclgn(X) C C?. By Proposition
1.1.19, we have that Zc(Z) = Zr(X)C[z] = (22 — V/221)C[z], thus Z = {(21,22) €
C? | zo — V2x = 0}. Let E be a finite Galois extension of Q containing /2. For
instance, fix F := Q(+/2,w), where w € C'\ R is a solution of the polynomial 2% = 1.
Observe that deg(Q(/2,w)|Q) = deg(Q(¥2,w)|Q(¥2)) - deg(Q(¥2)|Q) =23 = 6
and G’ := G(Q(V/2,w)|Q) coincides with the symmetric group S3 of order 6.

Then, an application of Algorithm 1.2.3 with input Z C C? gives as an output
the complex and real Galois completions of X, respectively:

2
7= J{(@,y) € C?|ly = V2uh = 0} = {(z,) € C*|y* — 20° = 0},
k=0

2
T(R) = | J{(z,y) € R*|y — V2w" = 0} = X U{(0,0)} U{(0,0)}
k=0
Observe that in above definitions of 7" and T'(R) we omitted the repetitions occurring
by the action of G’. This proves that Bg(X) = {(0,0)}, thus by Theorem 1.5.3(ii),
we have that

Sing(X) = @ & {(0,0)} = Bx(X) = Bg(X) USing(X) = Sing*(X).

1.6. K-Determined K-algebraic sets

Throughout this section R|K denotes a field extension in which R is a real closed
field containing K. In this section we study those K-algebraic subsets X C R" such
that Reg*(X) = Reg(X) or, equivalently, Sing*(X) = Sing(X). Those K-algebraic
sets are particularly interesting when considering the field extension R|Q in next
chapters.

DEFINITION 1.6.1. Let X C R"™ be a K-algebraic set. We say that X is K-
determined if Reg*(X) = Reg(X) or, equivalently, Sing*(X) = Sing(X). If in
addition X is nonsingular, that is, Reg*(X) = Reg(X) = X, then we say that X is
K-nonsingular. m

REMARK 1.6.2. Let X C R"™ be a K-algebraic set. By Theorem 1.5.3(ii), we
have that Sing*(X) = Sing(X) U Bi(X), thus X C R" is K-determined if and only
if Bi(X) C Sing(X). In particular, by Corollary 1.4.10, if X C R" is defined over
K, then X is K-determined. In particular, if K is real closed, Remark 1.3.9 enures
that X C R" is also K-determined. m
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First we relate the property of a K-algebraic set X C R™ to be K-determined
with properties of its irreducible components. As we will see, K-determinacy of
X C R™ does not reduce to K-determinacy of its K-irreducible components.

LEMMA 1.6.3. Let X C R"™ be a K-algebraic set of dimension d. Let Xi,..., X,
be the K-irreducible components of X. Let Xy,...,X, be the K-irreducible compo-
nents of X of dimension d. Then the following are equivalent:

(i) X is K-determined;
(i) Reg(X) C U;_; Reg*(X;).

PRrROOF. By equations (1.5.1) & (1.5.2), we have that Sing*(X) = Sing(X) if
and only if

S
Slng*(XZ) C Slng(Xz) U ( U (Xz N XJ)) U U Xj
Je{1,...,r 1\ {7} j=r+1
for every ¢ € {1,...,r}. In addition, the latter inclusion is equivalent to the follow-
ing:

Reg'(X) SReg(X)\ (U (xinxpu |J X))
je{1,...,r\{:} j=r+1
~ Reg(X;) \ Sing(X)
for every i € {1,...,7}. By (1.5.1) & (1.5.2), latter inclusion satisfied for every
i€ {l,...,r} is equivalent to

Reg(X ( LiJ ) ) \ Sing(X)

U Reg(X;) \ Sing(X U Reg*(X.

as required. O

Previous lemma is sharp, in the sense that there are K-reducible K-determined
K-algebraic sets X C R"™ having some K-irreducible components which are not
K-determined.

EXAMPLE 1.6.4. Consider the field extension R|Q, in which R is a real closed
field. Let X = X; U Xy C R? be the Q-algebraic set defined as the union of the
Q-irreducible Q-algebraic sets X := {(z1,72) € R?|z1 = 0} and X5 := {(x1,22) €
R?|x3 + 223 = 0}. Observe that X; C R? is defined over Q, indeed Zp(X;) =
(z1)R[z], thus is Q-determined by Remark 1.6.2. Recall that, by Example 1.5.4,
X5 C R? is not Q-determined. However,

Sing*(X) = Sing*(X1) U Sing*(X2) U (X1 N X2) = @ U {(0,0)} U {(0,0)}
={(0,0)} = Sing(X),

that is, X is Q-determined, whereas X5 is not. m
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1.6.1. Nash manifold structure of K-determined algebraic sets. Here
we give some equivalent descriptions of the concept of K-determined K-algebraic
set X C R™ we introduced in Definition 1.6.1.

Let U be a Zariski open subset of R™ and let S be a subset of U. Denote by
R(U) the ring of regular functions on U and by Zj;(S) the ideal of regular functions
on U vanishing on S. Next results establish some conditions equivalent of being
K-determined via a R|K-jacobian criterion.

THEOREM 1.6.5. Let X C R"™ be a K-algebraic set of dimension d and let
X1,...,X; be the K-irreducible components of X. Let U be a Zariski open neighbor-
hood of Reg(X) in R™ such that Reg(X) = X NU (for instance U = R™\ Sing(V') ).
The following assertions are equivalent:

(i) X is K-determined.

(ii) Bx(X) C Sing(X), that is, if Y; C R"™ is an irreducible component of
X; C R"™ of dimension dim(X;), for every i € {1,...,s}, E is a finite
Galois extension of K containing all the coefficients of the equations of each
Y;, G’ :=GE|K) and X = J;_; U,eer Z7 (R) is a Galois presentation of
X C R™ with start (Y1,...,Ys), then

Zj (R) C Sing(X),

for every o € G' and i € {1,...,s} such that dim(Z7) < dim(Xj,).

(iii) For every a € Reg(X), there exist an Fuclidean open neighborhood 2 of
a in R™ and polynomials fi,..., fn—q € Zx(X) such that the gradients
Vfi(a),...,Vfan_q(a) are linearly independent over R and

XﬁQ:ZR(fla"'afn—d)mQ'

(iv) For every a € Reg(X) there are fi,..., fn—q € Zx(X) and a Zariski open
neighborhood U, of a in R™ such that

Ilrfa (Reg(X) N Ua) = (f17 cee 7fnfd),R(Ua)'
(v) Z;(Reg(X)) = Zg (X)R(U).

PROOF. (i) <= (ii) Follows from Remark 1.6.2 and by definition of Bx(X) :=
Uiz1 Ugey, Z7 (R), where J; := {0 € G'| dim(Z{(R)) < dim(X;)}.

(2
(i) = (iii). We follow the proof of implication (i) = (ii) in [FG, Theorem
4.1.10]. Assume that Reg(X) = Reg*(X), that is: for every a € Reg(X) the local
ring R , = R[z|s, /Zx (X)R[z]n, is regular of dimension d. By [ZS75, Theorem 26,
p. 303], there exists a system of generators fi, ..., fy of Zx (X)R[z]y, in R[z],, whose
classes modulo nZ are linearly independent and ht(Zx (X)R[z]s,) = ¢. In particular,
we may assume that fi,..., f, € Zx(X) and

)
Ox; ij=1,..,0
so the polynomial map R — R" defined by

x = (21, .. xn) = (1), .., fo(@), Tor1 — apy, o T — ap)

provides a Nash diffeomorphism ¢ : Uy — U, between an open semialgebraic neigh-
borhood Uy C R™ of the origin and an open semialgebraic neighborhood U, C R"
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of a, by the inverse function theorem [BCR98, Proposition 2.9.7]. Shrinking Uy and
U, if necessary, we can assume that

P(({0} x R"™) N Vo) = Zr(fr.- - fo) U
Hence, we deduce that £ =n — d. Set Q2 := U, and we are done.

(iii) = (i). We follow the proof of implication (ii') = (i) in [FG, Theorem
4.1.10]. Let a € Reg(X) and fi,..., fn—a € Zx(X) satisfying (iii). Since a €
Reg(X), the local ring Ry, coincides with R[z]n,/((f1,-.., fu—d)R[Z]s,), so it is
regular of dimension d. In addition, by [ZS75, Theorem 26, p.303], the local ring
Rix]n,/((f1,-- -, fa—d)R[x]s,) is regular of dimension d. Thus, since (fi, ..., fn—a) C
Ik(X) C Zr(X), we deduce that R , is regular of dimension d as well by [ZST75,
Theorem 26, p.303]. As previous property holds for every a € Reg(X), we conclude
that X C R" is K-determined.

(iii) <= (iv) Assertion (iv) = (iii) is evident. The converse implication (iii) =
(iv) follows directly by [AK92, Proposition 2.2.11], indeed in the proof of mentioned
result any transcendental argument is applied, so [AK92, Proposition 2.2.11] holds
true for every real closed field R.

(iv) <= (v) Assertion (v) = (iv) is evident by [AK92, Proposition 2.2.11].
Let us prove implication (iv) = (v). Since X is K-algebraic and R contains K,
there is f € Zx(X) such that Zx(f) = X. By (iv), for each a € Reg(X), there
are polynomials fo1,..., fan—a € Ix(X) and a Zariski open neighborhood U, of
a in U such that Zj; (Reg(X) NUa) = (fa1,-- -, fan—d)R(Ua). The set Reg(X)
is compact with respect to the Zariski topology, so there is k¥ € N and there are
ai,...,ar € Reg(X) such that Reg(X) C Ué?:l Ua,- Let g be an arbitrary element
of Zj;(Reg(X)). There exist a, 3 € R[z] such that g = § on U and Zg(8) = R"\U.
Define the polynomials ag, 30 € R[z] by ag := aBf and By := B2f2. Notice that
Bo>0on R", Zr(Bo) = XU(R™\U) and Bog = apf on U. For each j € {1,...,k},
there exist polynomials a;j1,...,®;jn—q,3; € R[z] such that g = Z?:_ld C;j]l fji on
Uj and Zg(B;) = R" \ Uj, where f;; := fu,; and U; := U,,. Replacing each
aj; with «;;6; and §; with ﬂ?, we can also assume that 3; > 0 on R". Since
Bog = oo f and Bjg = E?:_ld a;ifji on the whole U for all j € {1,...,k}, it follows
that (Z?:o Bi)g = aof + Z?:l Z?;ld ;i fji on the whole U. On the other hand,
the polynomial 8 := Y%_; 8; > 0 on R" and Zg(8) = }_y Zr(8;) = (X U (R™\
U))\ U?:l Uz, = (X\ U§:1 Ug;) U(R"\U) = R"\ U. As a consequence, f3 is
invertible in R(U). Thus Zj;(Reg(X) NU) C Ig(X)R(U), as desired. O

As an immediate consequence, we have:

COROLLARY 1.6.6. Let X C R"™ be a nonsingular K-algebraic set of dimension
d. The following assertions are equivalent:

(i) X is K-determined.

(ii) Bx(X) = @, that is, if Y; C R™ is an irreducible component of X; C R",
for everyi € {1,...,s}, E is a finite Galois extension of K containing all
the coefficients of the equations of each Y; and X =\J;_; U,cer Z7 (R) is a
Galois presentation of X C R™ with start (Y1,...,Ys), then

Z7(R) =@
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for every o € G' and i € {1,...,s} such that dim(Z7) < dim(Xj;).

(iii) For every a € X, there exist an Euclidean open neighborhood Q2 of a in R"
and fi,..., fn—d € Zx(X) such that the gradients V f1(a), ...,V fr—q(a) are
linearly independent over R and

XﬂQ:ZR(flv"'vfn—d)ﬂQ'

(iv) For every a € X there are f1,..., fn—a € Zx(X) and a Zariski open neigh-
borhood U, of a in R™ such that

T5 (XN U) = (f1r-- - foa)R(Ua).
(V) Thn(X) = I (X)R(E™).

Algebraic sets defined over K in R(R"). Corollary 1.6.6(v) suggests another
variant of the concept of algebraic set X C R"™ to be ‘defined over K’. In this
subsection we introduce and study properties of algebraic sets X C R"™ ‘defined over
K in R(R™)’.

DEFINITION 1.6.7. Let X C R"™ be an algebraic set. We say that X C R" is
defined over K in R(R") if Zpn(X) = Ig(X)R(R"). »

REMARK 1.6.8. Every algebraic set X C R" defined over K in R(R") is K-
algebraic, indeed if Zg(X) = (fi1,..., fs), the equality Z;,(X) = Zx(X)R(R")
ensures that X = Zr(3°7_, f2). =

Observe that Corollary 1.6.6(v) ensures that a nonsingular K-algebraic set X C
R™ is defined over K in R(R") if and only if it is K-nonsingular. Let us further
investigate in general the relations of Definition 1.6.7 with other properties we have
already introduced.

LEMMA 1.6.9. Let X C R™ be an algebraic set. Then the following assertions
hold:

(i) If X C R™ is defined over K, then X C R"™ is defined over K in R(R"™).
(ii) If X C R™ is defined over K in R(R"), then X C R" is a K-determined
K -algebraic set.

PrOOF. If Tr(X) = Zg(X)R[z], then a fortiori Tj.(X) = Zr(X)R(R") =
(Zr (X)R[z])R(R"™) = Zx(X)R(R™). This proves (i). Assume X is defined over
K in R(R™), then Remark 1.6.2 ensures that X is K-algebraic. In addition, since
Tpn(X) = Ig(X)R(R"™), for every a € Reg(X) there are fi,..., fn—a € Zx(X)
satisfying Theorem 1.6.5(iii), that is X is K-determined. This proves (ii). O

Observe that, in general, implications of Lemma 1.6.9 can not be reversed.

EXAMPLE 1.6.10. Consider the field extension R|Q in which R is a real closed
field. Denote by C := R]i] the algebraic closure of R.

(i) Let X := {V/2} = {z € R|2® —2 = 0} C R. Observe that Z}(X) =
Zr(X)R(R) = (z — V2)R(R) and Zp(X) = (z° — 2)Q[z]. As 2® -2 =
(z — V/2) (22 + V/2z + V/4) and Zg(2? + V22 + V/4) = @, we also have that
I5(X) = (23 — 2)R(R). Thus, Th(X) = Zg(X)R(R), so X is defined over
Q in R(R). On the other hand, x — v/2 € Zp(X) \ Zo(X)R[z], so X is not
defined over Q.
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(i) Let X := {x € R?|2§— 229 = 0} C R? with x = (21, 22). Let f(z) := 23 —
V223 € R[z] and g(z) := 2§ — 227 € Q[z]. As X = Zg(f), f is irreducible
in R[z] and changes sign, by [BCR98, Theorem 4.5.1], Zr(X) = (f)R[z],
50 Ty (X) = (f)R(R?) and Sing(X) = {z € X : Vf(z) = 0} = {(0,0)}.
Observe that

X = Zp(f) U Zp(z3 — V2wa?) U Zp(z3 4+ V2wa?)
= X U{(0,0)} U{(0,0)}

is a real Galois presentation of X with start X =Y := Zg(f), where w €
C\ R denotes a solution of the polynomial 2% — 1. So Bg(X) = {(0,0)} =
Sing(X), hence Theorem 1.6.5 ensures that X C R? is a Q-determined Q-
algebraic set. In addition, by Theorem 1.3.4(iv), we have that Zg(X) =
To(Zelgn (X)) = To(Ze(9) = Zo(Ze(9)) N Q] = (9)Cla] N Qla] = (g).
Define f/(x) := x5 + V22223 + V42§ € R[z]. As g(x) = f(x)f'(x) and
Zr(f") = {(0,0)} C X, we have that f & (9)R(R?) = Zp(X)R(R?) so
[ € I7o(X) \ Zo(X)R(R?). This proves that X is not defined over Q in
R(R?). m

Two complete characterizations via real Galois completion. The aim of
this subsection is to develop two special cases in which we can provide a complete
characterization of a K-algebraic set X C R" to be K-determined or defined over K
in R(R™) or defined over K via properties of the real Galois completion of X C R"™.
Those special cases are nonsingular K-algebraic sets and K-algebraic hypersurfaces
X C R™

Nonsingular K-algebraic sets. As a direct consequence of Theorem 1.4.8 and
Corollary 1.6.6 we get the following result. Recall that a nonsingular K-determined
K-algebraic set X C R" is called K-nonsingular.

COROLLARY 1.6.11. Let X C R" be a nonsingular K-algebraic set of dimension
d, let X1,...,Xs C R™ be the K-irreducible components of X and let Y; be an
irreducible component of X;, for every i € {1,...,s}. Let X = J;_; Uyeer Z7 (R)
be a Galois presentation of X C R™ with start (Y1,...,Ys). Then:

(i) X C R"™ is K-nonsingular if and only if X C R"™ is defined over K in
R(R"™). In particular, X C R" is K-nonsingular if and only if Z7(R) C
Sing(X) = @ for every o € G' and i € {1,...,s} such that dim(Z7(R)) <
d.

(ii) X C R" is defined over K if and only if dim(Z7(R)) = d for every o € G’
andie€{l,...,s}.

K -geometric hypersurfaces. The case of K-geometric hypersurfaces X C R" is
very interesting, indeed K-determined K-geometric hypersurfaces, K-geometric hy-
persurfaces defined over K in R(R") and K-geometric hypersurfaces defined over K
are distinct concepts that can be characterized by means of the real Galois comple-
tion of X C R"™. Let us start by recalling the notion of K-geometric hypersurface
originally introduced in [FG, Definition 3.1.8].

DEFINITION 1.6.12. Let f € Klz|. We say that f is K-geometric in R™ if
Ik (Zr(f)) = (f)K[z]. If a polynomial f € R[z]| is R-geometric in R™ we say for
short that f is geometric in R™.
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A set X C R™is a K-geometric (algebraic) hypersurface of R™ if X = Zg(f) for
some K-geometric polynomial f in R™. If a set X C R" is a R-geometric hypersur-
face of R™ we say for short that X C R" is a geometric (algebraic) hypersurface of
R". m

As every ideal of zeros is radical, we get that, if f € K[z] is K-geometric in
R"™, then f is square-free. In addition, a K-geometric hypersurface X C R" is K-
irreducible if and only if there is a K-geometric polynomial f € K[z] in R™ such
that f is irreducible in K[z] and Zg(f) = X. As a consequence, if g € Klz] is
K-geometric in R"™ and Zr(f) = Zr(g), then f and g are associated. For more
details about K-geometric polynomials in R and K-geometric hypersurfaces of R"
we refer to [FG, Sections 3 & 4.

Following result is our characterization of different notions of being ‘defined over
K’ for a K-geometric hypersurface X C R™ by means of real Galois completion.

THEOREM 1.6.13. Let X C R"™ be a K-geometric hypersurface, let X1,...,Xs C
R™ be the K-irreducible components of X and let Y; be an irreducible component of
X for everyi € {1,...,s}. Let X = U;_y U,er Z7 (R) be a Galois presentation of
X C R™ with start (Y1,...,Ys). Then:

(i) X C R™ is K-determined if and only if ZZ(R) C Sing(X) for every o € G’
and i € {1,...,s} such that dim(Z?(R)) < n — 1.
(ii) X C R™ is defined over K in R(R") if and only if Z7(R) = @ for every
o€ G andie{l,...,s} such that dim(Z7(R)) <n — 1.
(iii) X C R™ is defined over K if and only if dim(Z7(R)) = n — 1 for every
ceG andie{l,...,s}.

PROOF. Observe that (i) & (iii) derive directly from Theorems 1.6.5 & 1.4.8 and
[FG, Proposition 3.1.10].

Let us prove (ii). Let f € K[x] be a K-geometric polynomial in R™ such that
X = Zg(f) and let f = fi...fs € K[z] be its factorization in Klz]. By [FG,
Proposition 3.1.10], we have that f is K-geometric in R" if and only if f; is so for
every i € {1,...,s}. Then, since Tx(X) = (f)K[z] = ;_,(fi)K[z] and I}, (X) =
iy Zpn(Zr(fi)), we may reduce to the case s = 1 with f a K-irreducible K-
geometric polynomial in R™ such that X = Zg(f).

So, assume f is a K-irreducible K-geometric polynomial in R"™ such that X =
Zr(f) and let X = (J, e Z7(R) be a Galois presentation of X C R". We prove
that X C R" is defined over K in R(R") if and only if Z7(R) = & for every o € G’
such that dim(Z7(R)) <n — 1.

Let f = f1...fs be the irreducible decomposition of f in R[z| (actually in
K'[x]). Observe that f; is not associated to any f; for every i, € {1,...,r} with
i # j. Indeed, assume there is f; which is associated to f; for some ¢,j € {1,...,7}
and ¢ # j. Then, Vf(xz) = 0 for every x € Zr(f;) = Zr(f;), that is, Zr(fi) C
Sing*(X) by Theorem 1.6.5 since Zx (X) = (f)K|[z]. This leads to a contradiction
because f; is K-geometric, thus dim(Zg(f;)) = n—1 by [FG, Proposition 3.1.10], but
dim(Sing* (X)) < dim(X) = n — 1 by Theorem 1.5.3(ii). On the other hand, [FG,
Proposition 3.1.10], we also have that dim(Zg(f;)) < n—1foreveryi € {r+1,...,s}.
This means that, if we choose Y = Zg(f1) as the start of above Galois presentation
of X € R™ we have that Z¢(R) = Zgr(f1), dim(Z?(R)) = n — 1 if and only if
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Z°(R) = Zg(f;) fir some i € {1,...,r} and dim(Z°(R)) < n — 1 if and only if
Z°(R) C Zr(f;) for some i € {r+1,...,s}. Let us prove above implications.

Assume Z°(R) = @ for every o € G’ such that dim(Z7(R)) < n — 1, that is,
Zr(f;) = @ for every j € {r+1,...,s}. Then, we have fi---f, = f- m €
R(R™). Since each f; with i € {1,...,r} is geometric, we also have Zr(X) =
(fl t fr)R[x]v thus

Ipn(X) = Zr(X)R[z)R(R") = ((f1--- fr)RIz])R(R") = (f1--- fr)R(R")
= (/)R(R") = Ix (X)R(R").

On the other hand, assume X is defined over K in R(R"), that is, Zp.(X) =
I (X)R(R") = (f)R(R™). Let X1,..., X, with £ < s be the irreducible components
of X, we prove that X is an algebraic hypersurface of R". Let ¢ € {1,...,¢} and
X; be of dimension e < n — 1. Let a € Reg(X;) \ (Uke{l,...l}\{i} Xj;) and let
hi,..., hpn—e € Zr(X;) be such that Vhy(a),...,Vh,_.(a) are linearly independent
over R. Observe that, up to multiply each h; by a polynomial h € R[x] such that
Zr(h) = Uke{l,...,ﬁ}\{i} X}, we may suppose that above polynomials hq,...,h,_ ¢ €
Zr(X). Being Zpn (X) = Zg (X)R(R"), we deduce that each Vh;(a) is a multiple of
Vf(a), that is, e = n—1 and Xj is an algebraic hipersurface for every i € {1,...,¢}.
Let g1,...,9¢ € R|x] be irreducible polynomials such that Zr(X;) = (g;)R[x] for
every i € {1,..., 4}, then Zr(X) = (g1 --- ge)R[z] and I}, (X) = (g1 - - g¢0)R(R") =
(f)R(R™). Then, there are h,k € R[z] such that Zr(k) = @ and f = fi1--- fs =
g1 ge- %, that is, fi--- fs-k=g1---ge-h. Since Zr(k) = &, we have that any of
the g1, ..., g¢ divides k, thus up to the order, we get that ¢ < r and g; is associated
to f; in R[x] for every i € {1,...,¢}. On the other way round, we also have that
there are b/, k' € R[x] such that Zr(k') = @ and % - fi---fs = g1---ge, that is,
fifs W =g1---go- K. Since Zg(k') = @ and f; is associated with g; for every
i€{1,..., £}, we have that h” fo 1 --- fs = k' for some h” € R[z]. Since Zg(k) = &,
any of the foi1,..., f, divides k¥, thus we get that £ = r and f; is invertible in R(R")
for every i € {r +1,...,s}, that is, Zr(f;) = @ for every i € {r+1,...,s}. As
explained above, last condition is equivalent to the property that Z7(R) = @ for
every o € G’ such that dim(Z?(R)) <n — 1. O

K-Nonsingular K-algebraic sets & K-irreducible components. We con-
clude this section with a consequence of Corollary 1.6.6 that will prove of crucial
importance later on in the proof of Nash-Tognoli theorem and its relative version
‘over Q" in Sections 3.2 & 4.1, respectively. We outline that next result is a version
with respect to the notion of R|K-nonsingularity of [FG, Corollary 4.2.2].

LEMMA 1.6.14. Let X C R"™ and Z C R" be two K -nonsingular K -algebraic sets
of the same dimension d such that Z & X. Then X \ Z C R"™ is a K-nonsingular
K-algebraic set of dimension d as well.

PRrROOF. If Z = &, then X \ Z = X. Suppose Z # &. Let Xi,..., X, be the
K-irreducible components of X. Denote by Z; the K-algebraic set Z N X; for every
i€ {l,...,s}, and denote by I the set of indices i such that Z; # @. Let i € I. We
have to show that Z; = X;. Since Z C X = Reg*(X), the local ring R, 1s regular,
so it is an integral domain. It follows that Z;NX; = @ forall j € {1,...,s}\{¢}, and
Zi =7\ Uje{l,...,s}\{i} X;. By Corollary 1.6.6, Z; is a K-nonsingular K-algebraic
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set of dimension d. As dimg(Z;) = d = dimg(X;) and X; C R™ is K-irreducible,
Lemma 1.1.4(i) ensures that Z; = X;, as required. g



CHAPTER 2

Q-Nonsingular (Q-algebraic sets

ABSTRACT. In this chapter we study Q-nonsingular Q-algebraic subsets of R™.
In Section 2.1 we extend classical properties of algebraic sets and regular maps
to the case of Q-algebraic subsets of R™ and Q-regular maps. The remaining
part of the chapter is devoted to study Q-nonsingular Q-algebraic representa-
tives of particular €°° manifolds and algebraic sets. In Section 2.2 we study
(real) Grassmannians, classical algebraic bundles over Grasmannians and unori-
ented cobordism classes of compact ¥°° manifolds. In Section 2.3 we provide
an explicit desingularization procedure for real Schubert varieties, thus we rep-
resent every Z/2Z-homology class of each Grassmannian as the pushforward of
the fundamental class of a compact Q-nonsingular QQ-algebraic set. In section 2.4
we study the relations between Q-algebraic homology and unoriented Q-bordism
classes. Finally, in Section 2.5 we provide relative Q-bordisms of smooth maps
with respect to €°° submanifolds in general position.
The main references for this chapter are [GS23] and [Sav23].

In this chapter we specialize notions and results of Chapter 1 to the case of the
field extension R|Q.

2.1. Q-Regular maps & projectively Q-closure

The aim of this section is to extend some classical properties of algebraic subsets
of R” and regular maps between algebraic sets to Q-nonsingular algebraic subsets
of R™ and the subclass of regular maps between Q-algebraic sets that we will call
‘Q-regular maps’.

2.1.1. Q-regular maps. Let us start by introducing the notion of Q-regular
map we have already mentioned.

DEFINITION 2.1.1. Let S C R™ be a set and let f : S — R be a function. We say
that f is Q-regular if there exist p, ¢ € Q[z] such that Zr(¢)NS = @ and f(z) = %

for all z € S. We denote by RY(S) the set of Q-regular functions on S, equipped
with the ring structure induced by the usual pointwise addition and multiplication.

Let T € R" be a set ad let g : S — T be a map. We say that ¢ is Q-regular
if there exist g1,..., g, € RE(S) such that g(z) = (g1(x),...,gn(x)) for all z € S.
We denote by R(S,T) the set of Q-regular maps from S to 7. We say that the
map g : S — T is a Q-bireqular isomorphism if g is bijective and both ¢ and ¢!
are Q-regular. If there exists such a Q-biregular isomorphism, we say that S is
Q-biregularly isomorphic to T. m

53
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The notion of Q-regular function is local in the sense specified by next result.

LEMMA 2.1.2. Let S be a subset of R™ and let f : S — R be a function. The
following assertions are equivalent:

(i) f e RYS).
(ii) For each a € S, there exist pa,qqs € Q[z] such that gq(a) # 0 and f(z) =
% forallx € S\ Zr(qa).
PROOF. A standard argument works. Implication (i) = (ii) is evident. Let us
prove the converse implication (ii) = (i). Suppose (ii) is satisfied. Let X be the
family of all subsets T" of R™ with the following property: S ¢ T and there exist

pr.qr € Qlz] such that Zg(gr) = T and f(z) = 242 for all o € S\ T. By (i),

we have SN (\pey T = @. Let us show that ¥ is stable under finite intersections.
Let 7,7’ € ¥ and let pp, gr, pr» and g be polynomials in Q[z] with the above
property. Define p,q € Q[z] by p := prqr + prqr and q := ¢ + ¢%,. Note that
S¢TNT = Zr(q) and f(z) = % forall z € (S\T)U(S\T) =S\ (T nT).
This proves the mentioned stability of 3. By noetherianity, ;o5 7' € X and we are
done. O

The next lemma collects some basic properties of Q-nonsingular (Q-algebraic sets
and Q-regular maps.

LEMMA 2.1.3. Let V C R™ and V' C R"™ be Q-nonsingular Q-algebraic sets of
the same dimension d such that VN V' = @, let W C R* be a Q-algebraic set and
let f € RYV,W) and f' € RY(V',W). The following assertions hold.

(i) There exists F € Re(R™ R¥) such that F(x) = f(z) for allx € V.

(ii) VUV’ is a Q-nonsingular Q-algebraic subset of R™.

(i) The map fU f: VUV — W, defined as (fU f')(x) := f(z) if x € V and
(fU ) (x):= fl(x) if x € V', is Q-regular.

(iv) The graph T'y = {(z,y) € V. x Wy = f(x)} of f is a Q-nonsingular
Q-algebraic subset of R™F = R™ x RF,

(v) If T C R" is a set and g € RY(W,T), then go f € RYV,T).

(vi) If V and W are Q-nonsingular, then V- x W C R™* is Q-nonsingular.

PROOF. Let p,p1,...,0k, ¢, 0, P} D), ¢ € Qlz] such that Zr(p) =V, Zr(g)N
V=0, flz) = (22 2O for all z € V, Zp(p)) = V', Zr(¢) NV’ = & and

q(z) 7777 q(z)
fl(z) = (Z}((;ﬁ)) e I;’f((z))) for all z € V'. The regular map F : R” — R”, defined by
— (_pi(z)q(x) p(z)q(x)
F(@) = (5yrar - e +i@r)
for all € R™, proves (i). Consequently, we can assume that the preceding poly-
nomials ¢ and ¢’ never vanish on R™. Define the polynomials uq,...,ux,v € Q[z]
by
ui(x) = pi(x)p'(2)?¢ (x) + pi()p(e)?q(x),

) = p;
v(x) == (p(x)* + p'(2)*)q(2)q (x),

forevery i € {1,...,k}. Asv never vanishes on R” and (fUf")(x) = (uvl(%), ey uv’“(%))
for all x € V.U V', (iii) is proved.
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The zero set of the polynomial pp’ € Q[z] is VU V'. Let d = dim(V U V') =
max(dim(V'), dim(V")) and a € Reg(V U V') = Reg(V) U Reg(V’). We can assume
that a € Reg(V). Since R%} . is a regular local ring by assumption and VNV’ = &
we deduce that Ry, . , = Ry, is a regular local ring of dimension d as well. This
proves (ii).

Let us prove (iv). The graph I'y of f is the zero set in R™+% of the polynomial
p(z)?+ Zle(q(a:)yi —pi(2))? € Qz,v1,. - ., Ykl, SO I't is Q-algebraic. The Q-regular
function g € RY(V,T;) defined by g(z) := (z, f(z)) is a Q-biregular isomorphism,
so I'y is Q-nonsingular.

Let &, .. .,§h+1 € Q[yl,...,yk] be such that ZR(fh—H) NW = @ and g(y) =

(éfi(ly()y)”ﬁfigg)) for all y € W. For each a € {1,...,h + 1}, write &, as
follows: &, = Z§i0 a,j, Where ¢, is the degree of ¢, and each ,; is a ho-
mogeneous polynomial of degree j. Let ¢ := max{cj,...,cp41} and, for each

a € {l,...,h+ 1}, let & € Q[z] be the polynomial &} (z) := q(z)%(f(z)) =
>0 q(x) ¢ j(p1(2), ..., pu(x)). By construction, we have Zg(&i, )NV = @

and (go f)(z) = ( STCRAC) ) for all z € V. Thus, go f € RY(V,T). Item

@ G @

(v) is proved.
Item (vi) follows immediately from Corollary 1.6.6. O

REMARK 2.1.4. Preceding proof ensures that Lemma 2.1.3(i)(iii)(v) continue to
hold when V' C R™ and V' C R"™ are Q-algebraic sets. m

The next result deals with transversality of Q-regular maps.

LEMMA 2.1.5. Let V C R®, W C R¥ and Z C R* be Q-nonsingular Q-algebraic
sets with Z C W, and let f € RY(V,W) be a Q-regular map transverse to Z in W.
Then, f~1(Z) C R" is a Q-nonsingular Q-algebraic set such that

dim(f~1(2)) = dim(V) — (dim(W) — dim(Z)). (2.1.1)

PROOF. By classical results about transversality, f~'(Z) is a nonsingular Q-
algebraic subset of R” satisfying (2.1.1). We are left to prove that f~1(Z) =
Reg*(f~%(Z)). Let a € f~Y(Z) and b = f(a) € Z. Let s1,...,8,t € Q[z] such
that Zg(t) NV = @ and f(z) = (3&,...,%E)) for all 2 € V. Since W and
Z are QQ-nonsingular, by Corollary 1.6.6 there exist an Euclidean open U, of b in
R¥ and p1, ..., pr—m, € Q[y] such that Vpi(b),..., Vpr_m, (b) are linearly indepen-
dent in R¥, Uy N W = Uy N Zr(P1, -+ Phomy) and UyNZ = Uy N Z(P1, -+ - Py,
with m; = dim(Z) and my = dim(W). Again, since V' is Q-nonsingular, by
Corollary 1.6.6 there exist an euclidean open neighborhood U, of a in R™ and
Q15 - Gn—dim(v) € Q[z] such that Vqi(a),...,Vg,_gim)(a) are linearly indepen-
dent in R” and U,NV = U, NZR(q1; - - - » Gn—dim(v))- Define the polynomials r;(z) :=
t(x)de8Promyridp, o (f(x)) € Q[z] for every i € {1,...,dim(W) — dim(Z) =
mg —my}, and the polynomial map P : R? — Rn—dim(V)+dim(W)—dim(Z) 54

P = (q1, s Gndim(V)s T1s - -  » Tdim(W)—dim(Z)) -
Transversality of f to W in Z implies that
rk(Jp(a)) =n — dim(V) + dim(W) — dim(Z2).
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Consequently, an application of Corollary 1.6.6 gives that a € Reg*(f~1(2)), as
desired. ]

Let us recall the definitions of overt polynomial and projectively closed real
algebraic set, introduced in [AK81b, p.427]. Let p € R[z| be a nonconstant poly-
nomial. Write p as follows: p = Zg:o pi, where d is the degree of p and each
polynomial p; is homogeneous of degree i. The polynomial p € R|z] is said to
be overt if Zr(pg) = {0}. An algebraic set V' C R" is called projectively closed
if there exists an overt polynomial p € R|z] such that V = Zg(p). This notion
has a simple geometric interpretation. Let 6 : R" — P"(R) be the affine chart
O(z1,...,zp) :== [1,21,...,2,). By elementary considerations concerning homoge-
nization of polynomials, it is immediate to verify that the algebraic set V' C R is
projectively closed if and only if (V') is Zariski closed in P™(R). As a consequence,
if V' is projectively closed, then it is compact in R™.

Note that a nonconstant overt polynomial function p : R” — R is proper. Indeed,
if we write p = Zfzo p; as above, then there exists a real constant C' > 0 such that
Ipa(z)] > 2C|z|¢ for all z € R™. Thus, |p(x)] > C|z|¢ for all z € R" with |z],
sufficiently large.

2.1.2. Projectively Q-closure. Let us specialize ‘over QQ’ the notion of pro-
jectively closed (real) algebraic set as follows.

DEFINITION 2.1.6. We say that a Q-algebraic set V' C R” is projectively Q-closed
if there exists an overt polynomial p € Q[z] such that V' = Zr(p).

Some basic properties of projectively Q-closed Q-algebraic sets are as follows.

LEMMA 2.1.7. Let V C R™ be a projectively Q-closed Q-algebraic set. Then it
hold:

(i) If V! C R™ is another projectively Q-closed Q-algebraic set, VUV’ C R™ is
also a projectively Q-closed Q-algebraic set.

(ii) If Z C R™ is a Q-algebraic set, VN Z C R™ is a projectively Q-closed
Q-algebraic set.

(i) Given any v € Q", the translated set V +v:={z+veR": 2 € V} CR"
1s projectively Q-closed Q-algebraic.

(iv) If W C RF is a projectively Q-closed Q-algebraic set, then the product
VxW C R"* s also a projectively Q-closed Q-algebraic set. In particular,
for each m € N with m > n, the set V. x {0} € R* x R™™" = R™ s
projectively Q-closed Q-algebraic.

PROOF. Let p,p’ € Q[z] and s € Q[y] be overt polynomials such that V = Zg(p),
V' = Zgr(p') and W = Zg(s). Let d,e € N* be the degrees of p and s, respectively.
Then pp’ € Q[z] and p?® + s*¢ € Q[z,y] are overt polynomials, whose zero sets
are VUV’ and V x W, respectively. If m € N with m > n, then {0} C R™™" is
projectively Q-closed Q-algebraic. Thus, V' x {0} C R™ is also projectively Q-closed
Q-algebraic. Let ¢ € Q[x] be such that Z = Zg(q) and let ¢ be the degree of ¢. It
follows that p**2 + ¢ € Q[x] is overt and its zero set is V N Z. Given any v € Q",
the polynomial p(z —v) € Q[x] is overt and its zero set is V + v. O



2.2. Q-ALGEBRAIC EMBEDDINGS OF SOME SPECIAL MANIFOLDS 57

2.1.3. R|Q-Generic projection. We also have the following variant ‘over Q’
of a classical generic projection lemma by preserving the R|Q-regularity at any point.
Here we only remind the result and we refer to [FG] for a complete proof.

THEOREM 2.1.8. Let V' C R"™ be a projectively Q-closed Q-nonsingular Q-algebra-
ic set of dimension d. If n > 2d + 1, then V is Q-biregularly isomorphic to a
projectively Q-closed Q-nonsingular Q-algebraic set V! C R*4+1

2.2. (Q-algebraic embeddings of some special manifolds

Throughout this section, m and n denote two fixed positive natural numbers. The
elements © of R™™ are considered as column vectors. Thus, if x1,...,Tmin are the
entries of x, we write x = (x1,. .. ,a;m+n)T, where the superscript * T’ denotes the
transpose operator.

Let Gy, denote the (real) Grassmannian manifold of m-dimensional vector
subspaces of R™_ Identify R(™+™)* with the set of (m-+n) x (m+n) real matrices.
It is well known, see [BCR98, Theorem 3.4.4], that Grassmannians are biregular
isomorphic to the following algebraic subsets of R(m+n)?,

Gmpn={X € ROV xT = X, X2 = X, tr(X) = m}. (2.2.1)

The biregular map assigns to each point p of the Grassmannian, corresponding to
a m-dimensional vector subspace V, of R™" the matrix X, € R(M+1)? of the
orthogonal projection of R™*" onto V,, with respect to the canonical basis of R™*™.

LEMMA 2.2.1. Fach Grassmannian Gy, , C R(M+)? 45 ¢ projectively Q-closed
Q-nonsingular Q-algebraic set.

PROOF. Let ¢ : R(m+m)? 5 Rm+1)* 5 Rm+1)* 1o the polynomial map ¢(X) :=
(XT — X, X% — X). We prove that the polynomial tr(X) — m and the polynomial
components of ¢ suffice to describe nonsingular points of G,, , in R(m+)? yia the
Q-jacobian criterion of Theorem 1.6.5. Since these polynomials have coefficients in
Q and their common zero set is Gy, 5, bearing in mind that G,,, has dimension
mn, it suffices to show that, for each A € G,, ,, the rank of the jacobian matrix
J4(A) of ¢ at A is greater than or equal to (and hence equal to) (m+n)? —mn, i.e.
rnk Jy(A) > (m +n)? —mn for all A € Gy p.

First, we prove that rnk J,(Dy,) > (m +n)? —mn if D,, is the diagonal matrix
in R(m+n)? having 1 in the first m diagonal positions and 0 otherwise. For each
i,j € {1,...,m + n}, define the polynomial functions f;; : R(M+1)? 5 R and gij
RM+1)* 5 R by

fiy(X) =g —ay and (X)) == (0" wiwe) — ay
for all X = (x47);,; € R, Hence, ¢(X) = ((fi;(X))ij. (9:5(X))i,)- Define:
Syo={(,5) € {1,...,m+n}?|i < j},
Sy :={(i,5) € {1,...,m+n}?|i <j<m},
Sy :={(i,5) € {1,...,m+n}?|m <i<j}.
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Notice that the sum of the cardinalities of S1, So and S3 is equal to
(m+n—-—1)(m+n) mm+1) nn+1)
- -
2 2 2

By a direct computation, we see that
Vfij(Dm) = Eij — Ej; if (i,5) € S1,
Vgij(Dm) = Eij if (i,7) € Sa,
Vgij(Dm) = —Eij if (i,7) € Ss,

= (m+n)? —mn.

where Fj; is the matrix in R whose (7, j)-coefficient is equal to 1 and 0 oth-
erwise. Consequently, we have that rnk J,(D,,) > (m + n)? —mn. Let A € G,
and let G € O(m + n) be such that D,, = GT'AG. Define the linear automor-
phism ¢ : Rm™?* _ R+ by (X)) := GTXG. Since ¥(A) = D, and
(1 x ) o¢p = ¢ o), we have that Jyxy(@(A))Jp(A) = Jy(Dm)Jy(A). Bear-
ing in mind that both matrices Jyxy(4(A)) and Jy(A) are invertible, it follows
that mk J;(A) = rnkJy(Dy) > (m + n)? — mn, as desired. Finally, we note
that tr(AAT) equals the squared Euclidean norm of A in R+ and it holds
tr(AAT) = tr(GTAATG) = tr(D,, DY) = tr(D,,) = m. Since Gy, C RMT g

the zero set of the polynomial |¢(X) ?m+n)2 + (tr(X) — m)? € Q[(w45)i;] and G p,

is contained in the projectively Q-closed sphere {tr(XX7T) —m = 0} of R(m+m)?,

(m-+n)?

Lemma 2.1.7(ii) ensures that G, , is projectively Q-closed in R as well. O

Consider the special case m = 1, thus Gy 5, C RMHD? ig 5 Q-algebraic embedding

of the projective space P*(R). Given a vector x = (z1,...,2,41)7 € R*1\ {0}, we
denote by [z] = [z1,..., %y +1] the corresponding element of P (R). We indicate by
fn : P"(R) — Gy, the €°° diffeomorphism given by

pn([a]) = wal|a| ™ = (ziagle| )i ;. (2.2.2)

Note that, given any = € R**!\ {0}, zz”|x|~2 is the matrix associated to the
orthogonal projection of R"*! onto the vector line generated by = w.r.t. the canonical
vector basis of R™H1,

Let n’ € N* with n < n. Given z = (z1,...,7,41)7 € R and y =
W1, Yws1)T € RYFL we define (z,y) = Z?:Jrll z;y;. Denote by H, , the non-
singular (real) algebraic hypersurface of P*(R) x P (R) defined by

o = {([2], [y)) € P"(R) x P (R) | 2, ) = 0} (2:23)
and the ¢"°° hypersurface H,, ,, of Gy, X Gy, by
Hn,n’ = (,Um X Mn/)(Hn,n/)' (2.2.4)

LEMMA 2.2.2. Each H,, ,» C ROAD*+('+D? i 4 projectively Q-closed Q-nonsin-
gular Q-algebraic set.
PRrROOF. For every k € {1,...,n + 1}, define the sets U, j and Q, ; by
Uni :==A{[x1,..., 2n41] € P"(R) |z} # 0},
Qu = 1{X € G| zpr # 0},
and the map &, : 0, x — Up i by

Eni(X) = [T1ks- o Tng1 k)
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It is immediate to verify that
tn(Ung) = Q. and ' (X) = & x(X) for all X € Q. (2.2.5)

Since 1] Upx = P*(R), the family {Qn )71 is a Zariski open cover of Gy .
As a consequence, the family {€, j, x Qn’,h}ke{l ..... nt1},he{l,...n/+1} 18 @ Zariski open
cover of Gy, X Gy .
Let ke {1,...,n+1}, he{l,...,n' + 1} and pi, € Q[X,Y] be the polynomial
defined by
Pen(X,Y) == Sz
Let us show that

Hn,n’ N (Qn,kz X Qn/,h) = Z]R(pk,h) N (ka X Qn/ﬁ). (2.2.6)

Indeed, given (X,Y) = ((xij)ij, Wij)ij) € Qi X Qu p, by (2.2.5), we have
that (X,Y) € H,, if, and only if, (§,x(X),&wn(Y)) € H, . Since &, 1 (X) =
[Tk, -, T k) and & p(Y) = [Yih, - -+, Y418}, by definition (2.2.3) of H,,,, the
latter condition is in turn equivalent to assert that py(X,Y) = 0. This proves
(2.2.6). We claim that

Hn,n’ = Z:—'—ll Zi% Z]R(Pk,h) N (Gl,n X Gl,n’)- (227)

We can prove this equality as follows. Let (X,Y) € ﬂzljll Nt Zr(pren) N (G x
Gy 4y). Since (X,Y) € Q1 xQyy p forsome k € {1,...,n+1}and h € {1,...,n'+1},
it follows that (X,Y) € Zr(prn) N (Qmp X Q). By (2.2.6), we deduce that
(X,Y) € Hyp N (g X Q) € Hy, . Consider now (X,Y) € Hy, . Let 2 € R™H!
and y € R"*! be such that ([z], [y]) € Hpw, X = 22T |z|~2 and Y = yy”|y|~2. For
every k € {1,...,n+ 1} and h € {1,...,n' + 1}, we have:

Prn(X,Y) = S (@i |2 72) (yiynly| ~2) = akynlz] 2y~ (z, y) = 0.
This proves equality (2.2.7). By Lemmas 2.1.3(v) and 2.2.1, we know that Gy, x
G1 v is a Q-nonsingular Q-algebraic subset of R+ +1)? - R(n+D? o R/+1)%
Since H,, ,» is a € hypersurface of Gy, x Gy,/, in order to prove that H, , is
a Q-nonsingular Q-algebraic set it suffices to show that, for each (Xo,Yp) € Hy, v,
there exist k € {1,...,n+1} and h € {1,...,n" + 1} such that Vpy (X0, Yo) is not
orthogonal to the tangent space of G, x Gy, at (Xo,Yp) in R(+D? x ROVAD? o

Vrn(X0,Y0) € Tixo.ve) (G x Gir) ™. (2.2.8)

Fix (Xo,Yy) € H,, s Choose k € {1,...,n+1}and h € {1,...,n'+1} in such a way
that (Xo,Yo) € Qpk X Qr j,. Consider the coordinates «’ = (z1,...,Tk—1, Tpt1,-- -,
Tpt1) MR and ¢y’ = (Y1, -, Yh—1,Yht1y- -+ » Yn'+1) I R™. Set 2/ = (X1, T—1, 1,
Tht1s-- -, xn+1) € R™ and y// = (yb ooy Yn—1, L Ynta, - - 7yn/+1) € Rn/+1' Define
the > diffeomorphism ;5 : R" x R" — U, x Uy p, and the > embedding
fien : Unip X Uty — ROTD? 5 ROVED?

Xen(@'y) = ([2"][y"])  and  pen((a], [y]) = (unw((2]), o ([91),
and the regular function g : R x R™ — R by

@k (2 y') = (Prp © piegn © Xiep) (2, y) = (L+ 12/ P) 7L + [/ 12) 1", y").
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Let (xf,y)) be the unique point in R™ x R such that (Xo,Yp) = (upn o
Xk,h) (20, Y0)- Since dgr oy (fk,n © Xk,n) maps isomorphically Ti,r 0 (R™ x R™) onto
T(x0,v)(G1,n X Gy ), condition (2.2.8) is equivalent to the following:

Var,n (o, yo) # 0- (2.2.9)

Notice that g, = rs, where r(z',y') := (1 +[2/|?) "1 (1 + [¢/|*) 7! and s(2’,¢/) :=
(", y"). Since qin(z(,yy) = 0, r(z(,yp) # 0 and Vi, = sVr +rVs, we deduce
that s(xp,y)) = 0 and Vg p(x), yy) = r(zh, yo) Vs(xg, yy). Hence we have to prove
that Vs(z(,y)) # 0. It holds:

0 0 0 0 0 0 0
VS($6,y6) = (ylv""yk—byk—i-l? o Yn+ T T Ty n+1)

: 0 0 0 20 -
with x{)—(:vl,.. R RPN n+1) yo—(yl, ..,yh 1,th,...,ynH) xy
1 and yh := 1. If k # h, then one of the components of Vs(z{,y[) is :ck 1,

/

Vs(xp, yi) # 0. Suppose that k& = h. In this case, Vs(a/,y’) = 0 implies that x
and y' = 0. Consequently, s(z’,y’) = (z/,y') + 1 = 1. Since s(xp, y;) = 0, it follows
that Vs(z(,y() # 0. This proves (2.2.9).

By Lemmas 2.1.7(iv) and 2.2.1, we have that Gy, X G,/ is projectively Q-closed
in RHD* (0 +1)?, By (2.2.7), we have that H,, v = Zr(p) N (G1, x Gy ), where
pi=>p 1 LS g2 » € Q[X,Y]. Lemma 2.1.7(ii) ensures that H,, , is projectively
@—closed in RO +('+1)? - Thig completes the proof. O

Let E,, , denote the (total space of the) universal vector bundle over G, , as
the following algebraic subsets of R(m+n)*+m+n — R(m+n)? o gm+n,

B = {(X,y) € G x R™" 1 Xy =yl

It is well-known that E,, , is a connected ¢*° submanifold of R(m+n)?+man of qi_
mension m(n + 1).

LEMMA 2.2.3. Each universal vector bundle By, C RmA+)*+man o0 G is
a Q-nonsingular projectively Q-closed algebraic set.

PROOF. Let ¢ : Rntn)? x Rmtn _y Rm+n)* y R(m4n)? y Rm+n he the polynomial

map defined by
o(X,y) = (XT - X, X? - X, Xy —y).

We prove that the polynomial tr(X) — m and the polynomial components of ¢ do
suffice to describe nonsingular points of E,, ,, C R™H7* 5 R™H1 via the Q-jacobian
criterion of Theorem 1.6.5. As in the proof of Lemma 2.2.1, it suffices to show that
rk Jy(A,b) > (m+n)?+m+n—m(n+1) = (m+n)?—mn+n for all (4,b) € Ey, .

First, we prove that rnk Jy(Dp,v) > (m +n)? — mn + n if Dy, is the diagonal
matrix in R(m+n)? having 1 in the first m diagonal positions and 0 otherwise, and
v = (V1,...,Vmn)’ is a vector of R™™ such that (D,,,v) € E,,n. For each

¢e{l,...,m+ n}, define the polynomial functions hy : R(m+n)? « R(m+n) _y R by
he(X,y) == (74" weyy;) — ve

for all X = (24)i; € R and y = (y1,...,Ymsn)’ € R Thus, with
the same notation used in the proof of Lemma 2.2.1, it follows that ¢(X,y) =
((fi5(X))i g, (9i5(X))ij, (he(X,y))¢). Thanks to the proof of the mentioned Lemma
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2.2.1, we already know that the rank of the jacobian matrix at (D,,,v) of the map
X = ((£ij(X))ij, (9i(X))ij) is > (m + n)? — mn. Thus, we only have to look at
the components (h¢(X,y))s. By a direct computation we see that

th(Dm, ’U) = (Z?:l Ungj, —eg) S R(m+n)2 X Rm—&-n’

if ¢ e {m+1,...,m+n},where Ey; is the matrix in R whose (¢, j)-coefficient
is equal to 1 and 0 otherwise, and {ei,...,€emntn} is the canonical vector basis of
R™". Consequently, we obtain that rnk Jy(Dp,v) > (m + n)? — mn + n for every
v € R™*" such that (D, v) € Eppy .

Let us complete the proof. Let (A,b) € Ep, 5, let G € O(m + n) be such that
D, = GTAG and let v := GTb. Note that D,,v = GTAGGTd = GTAb = GTb = v,
ie., (Dm,v) € Ep, . Define the linear automorphisms 1 : R(m+n)? _y R(m+n)* anq
7 R™ 5 R™" by (X)) = GTXG and 7(y) = GTy. Since (¢ x 7)(4,b) =
(Dpm,v) and (¥ x ¢ x 7)o = ¢po (¢ x 7), we have that Jyxpxr(P(A,b))Js(A,b) =
Jo(Dm,v)Jyxr(A,b). Bearing in mind that both matrices Jyxyxr(¢(A4,0)) and
Jyxr(A,b) are invertible, it follows that rnk Jy(A, b) = rnk Ju(Dp,, d) > (m +n)? —
mn + n, as desired. Finally, we note that E,,, C R(m+1)? is the zero set of the
polynomial |¢(X,y) ?m+n)2 + (tr(X) —m)? € Q[(x45)i, (yx)x], thus we deduce that

Epn C R+7)? ig Q-algebraic. O

Let Ej, ,, denote the (total space of the) universal sphere bundle over G, as
the following real algebraic subset of R(m+n)*+min+tl . Rimtn)? o min o R

E;kn,n = {(X7y7t) € Gm,n X Rern X R|Xy =Y, |y‘% +t2 = t}

It is well-known that Ey, , is a connected "> submanifold of R(mHn)? 5 Rmtn o R
of dimension m(n + 1).

LEMMA 2.2.4. Each universal sphere bundle E;, , C R(mtn)*tmantl o g pro-
jectively Q-closed Q-nonsingular Q-algebraic set.

PROOF. Let ¢ : RMH1)* 5 RmFn R —y R(m+n)? o R(min)? o Rmin « R he the

polynomial map defined by
O(X,y 1) = (X" = X, X* = X, Xy —y, |yln 1 + 2 ).

We prove that the polynomial tr(X) — m and the polynomial components of ¢ do
suffice to describe nonsingular points of Ey, , C R(M+1)? » RM+7 % R via the Q-
jacobian criterion of Theorem 1.6.5. As in the proof of Lemma 2.2.1, it suffices to
show that rnk J,(A,b,¢) > (m+n)>+m+n+1—m(n+1)—1= (m+n)>—mn+n
for all (A,b,c) € E}, ..

First, we prove that rnk Jy(Dy,,v,¢) > (m +n)? —mn + n if D is the diagonal
matrix in R(m+n)* having 1 in the first m diagonal positions and 0 otherwise, v =
(U1, .-+, Um4n)? is a vector of R™*™ and ¢ € R such that (D, v, ¢) € E};, .. For each

¢ € {1,...,m+n+1}, define the polynomial functions hy : R x R(m+n) R —5 R
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m+n
he(X,y,t) := ( Z xgjyj> —ye fl#+Fm+n+1
j=1
hm+n+1(X7y7t) = |y|3n+n + t2 - t7

for all X = (z4)i; € ROy — (y1,... ymin) € R™™ and t € R. Thus,
with the same notation of the proof of Lemma 2.2.3, it follows that ¢(X,y,t) =
((fi5(X))i g, (9i5(X))ij, (he(X,y,t))¢). Thanks to the proof of mentioned Lemma
2.2.3, we already know that the rank of the jacobian matrix at (D,,, v, c) of the map

<X7 Y, t) = ((f’t] (X))”L}j? (gij (X))i,jv (hﬁ(Xv Y, t))ﬁ)

is > (m +n)? — mn +n. Thus, we only have to look at the components (h¢(X,y))e
in order to prove that hp,4pn41 always produces an additional independent gradient
with respect to the gradients of (h¢(X,¥))rtm+nt1. By a direct computation we see
that

m+n

Vh¢(Dp,,v,c) = ( Z vjEyj, —eg,O) ifte{m+1,..., m+n},
j=1
Vhimint1(Dm,v,c) = (0,2v,2¢ — 1)

where Ey; is the matrix in RM+1)? whose (4, 7)-coefficient is equal to 1 and 0
otherwise, and {ei,...,emin} is the canonical vector basis of R™*".  Observe
that VAmnt1(Dm, v, c) is linearly independent with respect to (Vhe(X,y))etm+n+1
when ¢ # 1/2, otherwise, if ¢ = 1/2, then

th+n+1(Dm7 v, C) = (0, 21}, O),

so it is contained in the m-plane satisfying D,,v = v, hence it is linearly indepen-
dent with respect to (Vhe(X,y))rtmin+1 as well. Consequently, we obtain that
rnk Jy(Dp,v,¢) > (m 4+ n)> — mn +n for every v € R" and ¢ € R such that
(D, v,c) € Eyn-

Let us complete the proof. Let (A,b,c) € E}, ,, let G € O(m + n) be such that

D, = GTAG and let v := GTb. By the choice of G we see that [v]2, |, = |GTv|2,,,, =
|b|2, 1, hence c satisfies [v[2, |, +¢? —c = 0 as well. Note that D,,v = GTAGGTb =
GTAb = GTb = v, ie., (Dn,v,c) € K, - Define the linear automorphisms ¢ :
RM+m)?* 5 Rm+n)? and 7 : R™ 5 R™H by (X)) := GTXG and 7(y) = GTy.
Since (¢ x 7 xidRr)(A, b, ¢) = (D, v,¢) and (¢ X x 7 X idg)op = ¢po (¢ X 7 xidR), we
have that Jysxpxrxidg (9(A, b, ¢))Jp(A,b) = Jg(Dm, v, ¢) Jyxrxids (4, b, ¢). Bearing in
mind that both matrices Jyxyxrxidg (P(A, b, ¢)) and Jyxrxidg (4,0, ¢) are invertible,
it follows that rnk J4(A, b, ¢) = 1k J4(Dim,v,¢) > (m+n)> —mn-+n+1, as desired.

Let S™t" ¢ R™*"+1 be the standard unit sphere. Since Eyn C R(m+n)?
R™*" x R is the zero set of |¢p(X,y,t) ?ern)Q + (tr(X) — m)? € Q[(wij)i> (Yk)k, 1]

and K7, ) C Gy X S™mtn - which is a projectively Q-closed Q-algebraic subset of
R(m+n)? 5 RmAn R by Lemmas 2.2.1 & 2.1.7(iv), we have that E;, , is projectively
Q-closed in R¥ x R™*" x R as well by Lemma 2.1.7(ii). O
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In Section 2.5 and later on in Chapter 3 we will also need the following refinement
of a well known result.

LEMMA 2.2.5. Let V. C R¥ be a Q-nonsingular Q-algebraic set of dimension d,
and let B:V — Gi_q,q be the normal bundle map of V in R* (also called the Gauss
mapping of V in R¥). Then 8 € RV, Gy_qx)-

PRrROOF. By Lemma 2.1.2, it suffices to show that, for each a € V, there exist
polynomials p; ; € Q[z] for every 4,5 € {1,...,k} and ¢ € Q[z] such that g(a) # 0
and f(z) = I;((;)) for all z € V' \ Zg(q), where P : R¥ — R* is defined by P(z) :=
(pij(z))i ;. In order to prove this, we follow the argument used in the proof of [AK92,
Proposition 2.4.3]. Let a € V. By Corollary 1.6.6, there are p1,...,pr—q € Zg(V)
whose gradients at a are linearly independent in R¥. Let A : RF — RF(k—d) apnd
M : RF — R*=d* he the polynomial maps defined as follows: given z € R¥,
A(z) is the k x (k — d)-matrix whose columns are the gradients of p1,...,px_q at =
and M(z) is the (k — d) x (k — d)-matrix defined by M(x) := A(z)T A(z). Define
q(z) = det(M(z)) € Q[z]. Note that A(z) and M (z) have the same rank for
all z € RF. Thus, g(x) # 0 if and only if the rank of A(z) is k — d. It follows
that g(a) # 0. By elementary considerations from linear algebra, we have that
B(x) = A(x)M(x)"LA(z)T for all x € V \ Zgr(q). Since all the entries of M are
polynomials in Q[z], by Cramer’s rule, there is a map C = (c;;);; : RF — R(k—d)?

such that each entry ¢;; € Q[z] and M (z)~! = g((;”)) for all z € R*\ Zg(q). The map

P :RF - R¥ defined by P(z) := A(z)CO(x)A(z)T, has the desired properties. [

Let W be a nonsingular algebraic subset of R¥ of dimension d. Let G :=
Hle Gmymi, let E* = Hle E; and le p : W — G be a regular map. Let

T = G — Gy, ., be the projecti(i)hionto the i-th factor and let p; : W — Gy, n; be
defined as p; := mop for every i € {1,...,¢}. We define the pull-back sphere bundle

w*(E*) over W of E* via p as the following algebraic subset of R¥ x Hle (R™Mit7i xR):

¢
WE) = (gt b,y t) € W x [[R™ x R) |
i=1
pi@)y' =y, |y [ + 7 = ti fori=1,....0}.
It is well-known that p*(E*) is a compact ¥ submanifold of R¥ x (R™*" x R)¢ of
dimension d + Zle m;.
LEMMA 2.2.6. Let W be a projectively Q-closed Q-nonsingular Q-algebraic subset
of R¥ of dimension d. Let u : W — G be a Q-regular map. Then p*(E*) C
R* x Hle(RmiJ“"i x R) is a projectively Q-closed Q-nonsingular Q-algebraic set.

PRroOOF. For simplifying the notation we only prove the case ¢ = 1, in the general
case the proof works in the same way. Let £ =1, G = Gy, and E = E7, . There
are s € N* and p1,...,ps € Q[z] = Q|x1, ...,k such that Zgs (W) = (p1,...,ps)-
Let ¢ : RF x R x R — R® x R™t" x R be the regular map defined by

oz, y,t) = (p1(2), ..., ps(x), (@)Y — Y, [Y[20ry +1° — 1),

where u(z) € G C R(M+1)? ig in matrix form. We prove that the polynomial
components of ¢ do suffice to describe nonsingular points of p*(E*) C R¥ x R™+7 xR
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via the Q-jacobian criterion of Theorem 1.6.5. As in the proves of previous lemmas,
it suffices to show that rnk Jy(a,b,¢) > k —d+n+1 for all (a,b,c) € p*(E*).

As in the proof of Lemma 2.2.4, for every r € {1,...,m 4+ n + 1}, define the
polynomial functions h, : RO"™? x Rmn « R 5 R by

m+n

he(X,y,t) : (meyj) ys ifr£m4n+1

hm+n+1(X7y7 ) ’y‘m—&-n + tQ —t,

for all X = (z45)ij € R(m+n)? ) — (Y1, -y Yman) € R™T™ and t € R. Thus, with
the same notation of the proof of Lemma 2.2.4, it follows that

Qb(xv Y, t) = (pl(I)’ ce ,ps(x), hl(lu’(x)’ Y, t)v s 7hm+n+1<u(x)7 Y, t))

Let v : R¥ — G, defined as v(x) := (v(x);;)ij, be any regular function such that
Dy, € v(W). Define b, : RFxR™" xR — R as h. := h,o(vxidgm+n X idg) for every
r € {1,...,m+n+1}. Thanks to the proof of Lemma 2.2.3 and being W nonsingular
of dimension d, we get that the rank of the jacobian matrix of the map (z,y,t) —
(p1(), ..., ps(x), Ky (z,9,t), ..., Al (@, y, 1)) at every (a,v, ¢) € v*(E*) such that
v(a) = Dy, is > k —d + n + 1, hence equal to k —d + n + 1. Indeed, denote by
vp : R™T — R be the regular map defined as v,.(z) := (vp1(x), . .., Vrmin(x)), that
is, the map associated to the r-th row of v. Then we have:

Vpi(a,v,¢) = (Vpi(a),0,0) for everyi=1,...,s;

Vhl(a,v,c) = (Vyr(a) T —e,, 0) ifre{m+1,...,m+n},
Vhpinti(a,v,c) = (0 2v,2¢ — 1),
where x = (x1,...,2%) and {e1,...,emtn} denotes the canonical vector basis of
R™+7,

Let us complete the proof. Let (a,b,c) € p*(E*), let G € O(m + n) be such
that D,, = GTu(a)G and let v := GTb. By the choice of G we see that |[v[?,|, =
|GTv|2,,,, = |b]%, 1, hence c satisfies [v]?,,,, + ¢* — ¢ = 0 as well. Note that D,,v =
GTAGGTo = GTAb = GTb = v, i.e., (D, v, c) € v (E*) with v : W — G defined as
v(a) := GTp(a)G. Define the regular function ¢ : RF x R™+? x R — R* x R™™" x R
by

w(l'ayvt) = (pl(x)a--'vps(:ﬂ) ( )y y,\y|m+n+t2 —t),
and the linear automorphism 7 : R™*" — R™*" by 7(y) = GTy. Since (idge X7 x
idr)(a,b,c¢) = (a,v,c) and (idgs X7 x idg) 0 ¢ = ¢ o (idgr X7 X idgr) we have that
Jidgs xrxidg (@(a, b, ¢))Jy(a,b,c) = Jw(a,v,c)Jide xrxidg (@, b, ). Since both matri-
ces Jidps xrxidg (¢(a,v,c)) and Jidy xrxidg (@, b, ¢) are invertible and v(a) = D, it
follows that rnk Jy(a, b, c) = rnk Jy(a,v,c) = k —d +n + 1, as desired.

Since p*(E*) C R¥ x R™" x R is the zero set of |¢(z,y,t)|%,ins1 € Qlz,y, 1]
and p*(E*) is contained in W x S™*" which is a projectively Q-closed algebraic
subset of RF x R™*" x R by Lemmas 2.2.1 & 2.1.7(iv), we have that p*(E*) is
projectively Q-closed in R¥ x R™*" x R as well by Lemma 2.1.7(ii). O
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2.3. Q-Desingularization of real embedded Schubert varieties

As in Section 2.2, in what follows m and n denote two fized positive natural
numbers. The elements © of R™™ are considered as column vectors. Thus, if
X1y..., Tmin are the entries of x, we write x = (x1, ... ,:chrn)T, where the super-
seript 17 denotes the transpose operator.

2.3.1. Embedded Schubert varieties. Let G,,, C R(Mm+7)? he the embed-
ded Grassmannian manifold of m-planes in R™*", Let us construct an embedded
version of Schubert varieties inducing a cellular decomposition of G, . Consider
the complete flag of R™*" consisting of the strictly increasing sequence of each R¥,
with & < m + n, spanned by the first k& elements of the canonical basis of R™*™,
That is:

OCRC---cRC---CR™™,

We will refer to the previous complete flag as the canonical complete flag of R™".
Let us define the Schubert varieties of G, ,, with respect to the above complete flag
by following the convention in [Man01, §3]. Define a partition A = (A1,...,Am)
as a decreasing sequence of integers such that n > Ay > --- > A, > 0. Hence, A
corresponds uniquely to a Young diagram in a (m x n)-rectangle. Denote by Dy
the (m + n)? matrix associated to the orthogonal projection R™*" — R’ sending
(1, Tman) = (21, .., 1) with respect to the canonical basis of R™*" for every
¢ e {1,...,m+ n}. Hence, Dy is the diagonal matrix in R(m+n)® having 1 in the
first ¢ diagonal positions and 0 otherwise. Define the Schubert open cell of G,
associated to A with respect to the canonical complete flag as

Q= {X €Gpp|mk(XDy) =k ifn+k—N<L<n+k— N1}

Define the Schubert variety of G, , associated to the partition A with respect to the
canonical complete flag as

oy = {X € G |mk(XDpyg—»y,) >k, fork=1,... ,m}. (2.3.1)

The partition A is uniquely determined and determinates uniquely a sequence of
incidence conditions with respect to the above canonical complete flag of R™*". In
addition, the matrix XD, = (xgj)” € Rm+n)? gatisfies the following relations with

respect to X = (z45)i; € R(m+n)?,

:c;j = x;; if 7 </ and xgj = 0 otherwise.

Here we summarize some general properties of Schubert varieties translated in
our embedded construction. For more details see [MS74, §6] and [Man01, Section
3.2].

LEMMA 2.3.1. Let Gy, C RM+1)? pe an embedded Grassmannian manifold and
let X be a partition of the (m x n)-rectangle. Let oy be the Schubert variety in Gy, ,

defined by the incidence conditions prescribed by A with respect to the canonical
complete flag of R™T™. Then:

(i) o is an algebraic subset of R™™? and Q) C Reg(y).

(i) Qy s biregular isomorphic to R™ = where |\ := "1 M.

(iii) oy coincides with the Fuclidean closure of ).

(iv) oy = UMZX Q,, where pp > X if and only if pp > Ay, for every k € {1,...,m}.



66 CHAPTER 2. Q-NONSINGULAR Q-ALGEBRAIC SETS

(v) oxn D oy if and only if X < p, where A < p means A\; < p; for every
ie{l,...,m}.

The choice of the canonical complete flag allows as to obtain (Q-algebraic equa-
tions of Schubert varieties, as explained by next result.

LEMMA 2.3.2. Let Gy, C RM+1)? pe o Grassmannian manifold and let \ be
a partition of the rectangle m X n. Then the Schubert variety oy defined by the
incidence conditions prescribed by A with respect to the canonical flag of R™™ is a
projectively Q-closed algebraic subset of R(m+n)?,

PrRoOOF. We want to prove that o) is Q-algebraic, namely we prove that con-
ditions in (2.3.1) are Q-algebraic. Recall that X € G, is the matrix of the or-
thogonal projection of R™*™ onto an m-dimensional subspace W of R™*" hence
ker(X — idgm+n) = W. This means that upper conditions on rnk(X Dy) correspond
to lower conditions on rnk((X — idgm+n)Dy), in particular for every k € {1,...,m}
the following hold:

rnk(X Dyyp—y,) >k if and only if rnk((X — idgm+n)Dptr—r,) <1 — Ag.

The latter condition is algebraic since it corresponds to the vanishing of the determi-
nant of all (n— Ay +1) x (n— A, +1)-minors of the matrix (X —idgm+n)Dyyr—»,. In
particular, since G, , C R(m+n)? jg Q-algebraic, idgm+n and D,,1;_», are matrices
with rational coefficients and the determinant is a polynomial with rational coeffi-
cients with respect to the entries of the matrix X, the algebraic set o) is Q-algebraic.
In addition, since G, is projectively Q-closed, oy is projectively Q-closed as well
by Lemma 2.1.7(ii). O

2.3.2. Q-Desingularization procedure. Let us introduce the notion of Q-
desingularization of a Q-algebraic set V' C R™.

DEFINITION 2.3.3. Let V' C R™ be a Q-algebraic set of dimension d. We say
that V' € R™ x R", for some n € N, is a desingularization of V if V' is a nonsingular
algebraic subset of R™*" of dimension d and w|y : V/ — V is a birational map,
where 7 : R™ x R™ — R™ is the projection onto the first factor. If, in addition, V’
is a Q-nonsingular projectively Q-closed algebraic subset of R™*" we say that V' is
a Q-desingularization of V. m

The goal of this subsection is to find Q-desingularizations of embedded Schu-
bert’s varieties defined by incidence conditions with respect to the canonical com-
plete flag of R(M+™)?  that is, to prove next result.

THEOREM 2.3.4. Let Gy, C R+ be o Grassmannian manifold and let o), be
any Schubert variety of Gy, defined by incidence conditions, prescribed by \, with
respect to the canonical complete flag of R™*™, that is

0OCRCR*C--- CcR™™,
Then, oy admits a Q-desingularization.
Previous desingularization theorem will play a crucial role in Section 2.4 and

then in Section 3.2.1 for the proof of the relative Nash-Tognoli theorem ‘over Q.
Let us provide a complete proof of Theorem 2.3.4.
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Let m,n € N* := N\ {0}. Let A = (\1,...,A,) be a partition together with
its associated Young diagram in a (m X n)-rectangle. Then, there are ¢ € N¥,
a1y 001 € N* ac,bg € N and by,...,b.—1 € N*, uniquely determined by A, such
that:

(a) a1 +---+a.=m and byg+---+b._1=mn,
(b) Aj = > _; by for every j < a; and for every i =1,...,c.

The interpretation of the previous integers with respect to the Young diagram asso-
ciated to the partition A is explained in Figure 2.3.1.

bo
b1 al

n

FiGUuRrE 2.3.1. Disposition of the a;’s and b;’s with respect to the
partition .

REMARK 2.3.5. Let m/,n’ € N such that m’ < m and n’ < n. Consider the
Schubert variety of G, , associated to the partition A = (A1,..., \y,) where:

n ifk<m-—m
A = ;o :
n—n' ifk>m-—m
If m = m’ and n = n’ the Schubert variety o corresponds to the whole Gy, p,
otherwise o is given by the equations:
ox={X € Gy |tk(X D) = m —m/, rnk(X Dypypr) = m}.

Clearly o) is biregular isomorphic to G, ,s. In our embedded version the Q-
biregular isomorphism ¢ : Gy, — oy C Gy can be defined as follows: let
X = (xgj)i,jzlw7m/+n/, then o(X') = (@i ;)i j=1,. m+n is defined as

1 ifi=jandi<m-—m;
rij=qay fm-—m'<ij<m+n ands=i—m+m/ t=7—m+m
0 otherwise.

Recall that G/, C RM+n)? ig 4 projectively Q-closed Q-nonsingular Q-algebraic
set. Let graph(y) C Gy X Gy be the graph of ¢. Then, we have that
graph(p) C R +n)*+(m+n)* is 5 Q-algebraic set contained in Gt v X Gy, hence
projectively Q-closed by Lemma 2.1.7(ii) and Q-nonsingular since ¢ is a Q-biregular
isomorphism. Thus, graph(y) c R +n)*+(m+n)* ig 4 Q-desingularization of oy.
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By the above Remark 2.3.5 we are left to find Q-desingularizations of Schubert
varieties o) of Gy, defined by incidence conditions with respect to the canonical
complete flag such that a. and by are non-null. Indeed, if A is a partition with a., by =
0, then o is Q-biregularly isomorphic to a Schubert variety o, of Gy,—4; n—p._, With
Wi = Nita; — be—1 for every i € {1,...,m —a1}. Hence, u1 := Ajq — b1 =
n—>by —be—1 <n—>be1 and pm—gq; :=be—1 — be—1 = 0, as desired.

We define the depressions of the partition A, with a., by > 0, as the elements of
the Young diagram whose coordinates, with respect to the upper corner on the left,
are:

(a1 + - +ai+1,bi+-+b_1+1), i=1,....,c—1.
Here we provide an inductive desingularization of the Schubert variety o) with
respect to the number ¢ — 1 € N of depressions of the partition A.

In next result we adapt to our real embedded setting a desingularization tech-
nique developed by Zelevinsky in [Zel83)].

LEMMA 2.3.6. Let A\ be a partition of the (m x n)-rectangle such that a. and by
are non-null. Let oy be the Schubert variety of Gy, ,, defined by incidence conditions,
prescribed by A, with respect to the canonical complete flag of R(m+n)? - Lot my 1=
Zle a;, ng :=m+n—mg and di := my + Zle bi_1 for everyk=1,...,c.

Then the algebraic set:

Z)\ = {(X, 3/,3_1, . ,Yl) S Gmm X Gmc—l,nc_1 X o X Gml,nl ‘
YiDg, =Y;, foreveryi=1,...,¢—1,
YiriYi=Y;, foreveryi=1,...,¢c—2,
XY.1 =Y. 1}

is a desingularization of oy .

PROOF. Let us prove by induction on ¢ € N* := N\ {0}. Let ¢ = 1, that is
a1,bp > 0 and X has no depressions, so A is the null partition. Thus, o\ = G, C

R(m+”)2, which is a nonsingular algebraic set, thus there is nothing to prove.

Let ¢ > 1 and A be a partition with ¢ —1 depressions such that a., by > 0. Recall
that the Schubert variety o) defined by the incidence conditions, prescribed by A,
with respect to the canonical complete flag of R™ ™" is defined as:

ox={X € Gy |mk(XDy,) >my, fork=1,...,c.}
Consider the algebraic set Zy C Gy X Gy ey X -+ X Gy g as in the statement
of Lemma 2.3.6. Define m; : Zx — Gy, n., for i € {1,...,c} be the restriction
over Zy of the projection from Gy, n X Gy, oy X -+ X Gy, onto the (c—i+1)-
component.

Observe m1(Z)) = {Y1 € Gy ny | Y1Dg, = Y1} is biregular isomorphic to G, p, =
Gy ody—m,- Let p be a partition of the ((m — my) x n)-rectangle defined as:
t= (1, -+ s bm—ay) With

Mk = Aktq, fOr every k =1,...,m —ay.
Then, for every By € m1(Z)), we observe that 1(By) is biregular isomorphic to the
set Z,. Indeed, define the biregular isomorphism ¢ : Z, — (m1) (D, ) as follows:
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let (A, Be—1,...,B2) € Z,, then define
¢(A7 Bey,... 7B2) = (()D(A)a SO(BC—l): SRR 90(32)7 Dml)?
where ¢ : Rm=mi+n)? _y R(m+n)* ig defined as o((wij)ij) = (x7;), with

1 ifi=jand i < my,
l‘/ij = xg ifm—my <i,j,withs=i—m+miandt=7j—m+m-—1,
0 otherwise.

Moreover, for every By € mi(Zy), then (m)~!(Bi) is biregularly isomorphic to
(71) 7Y (D, ), indeed it suffices to chose G € O(m + n) such that D,,, = GTBG
and apply G to every factor of (m1)~1(D,y,) to produce the wondered isomorphism.
Observe that the partition p has exactly (c— 2)-depressions, indeed it is constructed
by erasing the first depression (a; +1,n—by+ 1) of A, thus by inductive assumption
the algebraic set Z, is a desingularization of . In particular:

dim(Z,) = dim(o,,) = dim(oy) — a1bo.
Hence, m1 : Zy — Gg, p, is an algebraic fibre bundle of dimension dim(oy), thus Z)

is a nonsingular algebraic subset of R(m+1)%¢ of dimension dim(oy). Moreover, Z) is
a desingularization of o indeed, if A € Q, then (A4, B.—1,...,B1) € Z, if and only
if By = ADy, for every i € {1,...,c— 1}. Hence, the map 7. : Z\ — o) is birational
by Lemma 2.3.1(i). O

By Remark 2.3.5, in order to prove Theorem 2.3.4 we are only left to prove next
result.

LEMMA 2.3.7. Fach algebraic fibre bundle Zy C Rt 4g in Lemma 2.5.6 is
a projectively Q-closed Q-nonsingular Q-algebraic set.

PRrROOF. By definition, Z) is a Q-algebraic subset of R(m+n)*¢ defined by the fol-
lowing equations in the variables X := (; ;)i j=1,..m+n and Y} := (yi(’;))i,jzl,...,m+m
fork=1,...,¢—1:

X=X X?’=X, tr(X)=m;
Y, = YkT, Ykz =Yy, tr(Yy)=my foreveryk=1,...,c—1;
YDy, =Y, foreveryk=1,...,c—1;
Yir1Ye =Y, foreveryk=1,...,c—2;
XYe1 =Yoo
Let ¢, : Rmtn)?e _y Rimtn)?  R(m+n)? y Rimtn)® S Rm+n)? for every k = 1,...,c—
2, pe_1 : RMm*e _y Rm+n)? o R(m+n)? o Rm+n)* o R(m+n)? apd o, : RMA1)%e
R(m+n)? 5 Rm+1)? he defined as:

or(X, Ye1,..., Y1) = (Vi = Y1, Y2 = Y3, YDy, — Y3, Yea Vi — Yi)
Ye1(X,Yer1,.. ., V1) o= (Yeor = Y2, Y2, —Ye1,Ye 1Dy, — Yo,
XYe 1 —Ye 1)
0o(X,Ye1,..., Y1) = (X - XT X? - X).
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Define ¢ : RUWH%e _y (ROWH0)? o Rimtn)? o Rlmtn)? 5 Romtn))e-1 5 Rlm+n)? o
R(m+7)? he the polynomial map:
d(X,Ye1, ... ) = (p1(X, Y1, .., Y1)y ooy o1 (X, Yoo, o 1Y),
0e(X,Yer1,...,Y1)).
We prove that the polynomials tr(X) —m, tr(Y*) — my, for every k =1,...,c—1,
and the polynomial components of ¢ do suffice to describe the local structure of

nonsingular points of Z) in R(m+m)%¢ Since these polynomials have coefficients in
Q and their common zero set is Z, bearing in mind that

dim(Zy) = Zdlm g kbk Zak <n — Zbk> = dim(oy),

it suffices to show that, for each (A, Be—1, .. .,Bl) € Z), the rank of the jacobian
matrix Jy(A, Be—1,...,B1) of ¢ at (A, B.—1, ..., B1) is greater than or equal to (and
hence equal to)

c(m +n)* — dim(oy) = Z(m +n)? — dim(@ak,n—zgé b)
k=1

ol

= (m—i—n)Q—ak(dk—mk),
k=1
i.e. rnk Jy(A, Be1, ..., B1) > c(m+n)? — >"5_; ar(dr — mg) for all (A, Be_1,
. Bl) € Zy.

First, we prove that rnk Js(Dyy, Dy 1y« -y Diny) > c¢(m+n)? —dim(oy) if Dy, =
D,,. and D,,, are the diagonal matrices in R(m+n)? having 1 in the first my diagonal
positions and 0 otherwise, for every k = 1,. .., c. Observe that (Dy,, Dim. 1y Dmy)
€ Z since Dy, Dy, = Dy, for every k=1,...,c— 1.

For eachi,j € {1,...,m+n}and k € {1,...,c}, define the polynomial functions
f] 797,] 7]75]), quk) . R(m+n)2 X R(m+n)2 — R by

(X,Yc_l,...,Yl) =X — Tji,
9,] (X, Yein,..., V1) = (X0 miezej) — wij,
WX, Yerr, 1) =yl — )
G (X Yo, Y1) o= (v ) — o,
k
P(X, Yerr,.. . V) = {gyff) ftﬁei;ik IR

m-+n

1) 1
ql(;)(X, ch—la---;Yl —yl(Jc Z xzéygc )1

m+n

o) (X, Yer,..., Y Z GV with k£ 1.
=
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for all (X,Ye1,..., Y1) = ((@i)igs 05 Dige-e s (0)ig) € ROV It follows
that
¢(X) }/C—l) cee 7Y1) - ((fz(jl)(X) }/C—l) o 7}/1))2',ju (gl(]l)(Xv }/0—17 e 7Y1))i,j7

(P (X Yer, o Y01 (0 (X, Yerr, oY),

ey

X Yoty Y (985 (X Vom0 Y0,
(pz(;_l)(X, Yeo1,.--,Y1))ig, (qgf)(X7 Yeo1,.--,11))iy,
(50 Yt o Y1) (08 (X, Yert, o Y))ig).
Define, for every k € {1,...,c}:

SW = {(,5) € {1,...,m+n)2|i<j < dil,

S = {(i,5) € {1,....m+n}?i << ml,

S = {4, 5) € {1,...,m+n)2 | mp < i < j < dy},
Sik) ={(i,5) € {1,...,m+n}?|dy <iord<j},
T =g,

T® = {(i,5) € {1,...,m+n}?|mp <i <dyg, j <mp_1}.

Notice that the sum of the cardinalities of ka), Sék), S?Ek) and S ik) equals

(dr — D)dy, | mgp(mg +1)  (dp —my)(dp —my +1)
+ +
2 2 2
= (m + n)2 — mk(dk — mk),

+(m+n)? —d}

for every k € {1,...,c}. In particular, the sum of the cardinalities of Sil), Sél), Sél)
and Sil) is equal to a1by. In addition, the cardinality of T*) is equal to mg—1(dx —
myg), for every k € {2,...,c}. Hence the sum of the cardinalities of S;k), Sék), Sék),
Sik) and T®) equals (m 4 n)? — ag(d, — my), for every k € {2,...,c}.

By a direct computation, we see that

VI Dy Din_y -+ Duny) = (0,0, E) — By if (i, j) € 51V,
Vgié)(Dm, D,y s Diny) = (0,...,0,EL}) if (1,7) € SV,
vgi&)(Dm, Dn_ysee s Diny) = (0,...,0,—E)) if (i, 5) € S{,
VL (D Ding_ys -+ Diny) = (0,0, E})) if (i,5) € S\,

and, for every k € {2,...,c}

VI Dy Doy, Diny) = (0,...,0, B — B 0,...,0) if (i, ) € 51",

Vo (D Do sr -+ D) = (0,0, ED 0, 0) if (i, ) € 55",

Vg'gj]?)(DmaDmc—lv -aDm1) = (07 707 _E'L(f)’o’ 70) lf (Z?j) GS?Ek)’

VD (D Dan_ys-- - Diy) = (0,0, B 0, 0) if (i, ) € 85",
k k ..

V4. (D, D,y s Diny) = (0,...,0,~EX 0,...,0) if (i, ) € T™®)
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where El(]k ) is the matrix in R(")* whose (i, j)-coefficient equals 1 and the other
coefficients are 0 holding the (¢ — k + 1)-position in the vector (X,Y._1,...,Y]) €
R(mtm)%¢ for every k € {1,...,c}. Consequently, we have that

rnkJ¢(Dm’Dmc_17 o -aDm1) > Z((m + n)2 - ak(dk - mk))
k=1

= c(m +n)* — dim(ay).
Let (A, B._1,...,B1) € Zy and let G € O(m + n) be such that D,, = GT AG and
Dy, = GTByG, for every k € {1,...,c — 1}. Define the linear automorphisms
P @ ROV RO by (X)) = GTXG and o>k @ ROMR y ROk
by ¥v**(Xq,..., X)) = (W(X1),...,%(Xg)), for & € N*. Since 1(A) = D,, and
(p*4e=2)) 6 p = ¢ o (1)*¢), we have that
Jytae—2y(@(A, Beor, .., BU)Jo(A, B, ..., B1) =
Jo(Dmy Dy - - - Dml)JwXC(A, B.1,...,B1).

Bearing in mind that both matrices J,,x(c—2) (#(A, Be-1, ..., B1)) and Jyxe(
A,B._1,...,B1) are invertible, it follows that

rnk J4(A, Be—1,...,B1) = mk Jy(Dm, Dme_ys - s Diny)
> ¢(m +n)* — dim(oy),

as desired. Since Z, C R(m+m)c g Q-algebraic and is contained in the projectively Q-
closed Q-algebraic set Gy X Gy ey X+ X Gy g C RO™+m)%e Lemma 2.1.7(ii)
ensures that 2 C R(m+n)?e jg 5 projectively Q-closed QQ-algebraic set as well. This

proves that Z, C R(m+n)%e jg 5 projectively Q-closed Q-nonsingular QQ-algebraic set,
as desired. 0

A combination of Remark 2.3.5 and Lemmas 2.3.6 & 2.3.7 provides a complete
proof of Theorem 2.3.4.

2.4. Unoriented (co)bordism and homology over Q

In this section we introduce the notions of Q-algebraic unoriented bordism and
Q-algebraic homology, thus we study their deep interplay.

Let W C RF be a set. Given a compact € manifold P and a > map
f: P — W, we say that the unoriented bordism class of f is projectively Q-algebraic
if there exist a compact €°° manifold T" with boundary, a projectively Q-closed Q-
nonsingular Q-algebraic set Y ¢ R*, a ¢ diffeomorphism ¢ : PLUY — 0T and a
€>° map F : T — W such that Fojo (¢|p) = f and Fojo (¢]y) is a Q-regular
map, where 7 : 01 — T is the inclusion map.

DEFINITION 2.4.1. Given d € N, we say that W has projectively Q-algebraic
unoriented bordism if, for all p € N, for all p-dimensional compact °° manifold P
and for all > map f: P — W, the unoriented bordism class of f is projectively
Q-algebraic. m
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Let Z be a subset of R". For every k < h, denote by Hy(Z,7Z/2Z) the k-th
homology group of V with coefficients in Z/27Z. It is well known that, if Z C R is a
compact algebraic set of dimension d, the fundamental class [Z] of Z in Hy(Z,Z/27)
is a non trivial homology class. More details about fundamental classes of algebraic
sets can be found in [BCR9S, §11, Section 3] via triangulations. In an alternative way,
the existence of fundamental classes of compact real algebraic sets is a consequence
of Hironaka’s desingularization theorem and the existence of fundamental classes for
compact % °° manifolds.

Let W C R* be a set. Given p € N and a € H,(W,Z/27Z), we say that
is projectively Q-algebraic if there exist a p-dimensional projectively Q-closed Q-
nonsingular Q-algebraic set Z C R" and a Q-regular map g : Z — W such that
9+([Z]) = a, where [Z] is the fundamental class of Z in H,(Z,7Z/2Z).

DEFINITION 2.4.2. Given d € N, we say that W has projectively Q-algebraic
homology if, for all p € {0, ...,d} and for all o € H,(W,Z/2Z), the homology class
« is projectively Q-algebraic. m

In [Mil65] Milnor proved that the unoriented cobordism group M. = Py Ny
is generated by disjoint unions of compact ¢°° manifolds of the form Y = P"(R) x
o X P(R) X Hyy py X -+ X Hygpy, where Y = Hpy py X oo X Hygp, if @ = 0 and
>0 =P"R)x---xP"R)if « >0and § =0 and Y is a singleton if
a=p5=0.

We need the following version of this remarkable result of Milnor.

THEOREM 2.4.3. For each d € N, the unoriented cobordism group Ny of d-
dimensional compact € manifolds is generated by projectively Q-closed Q-nonsin-
gular Q-algebraic subset of R(2d+1)2, obtained as the finite disjoint union of projec-
tively Q-closed Q-nonsingular Q-algebraic sets of the form'Y +v C R(2d+1)2, where
v belongs to Q2H1* gnd

Y = Gn1+1,1 X ... X Gna+1,1 X Hal,bl X ...xH (241)

ag,bg
for some o, B € N and ny,...,nq,a1,b1,...,a3,bg € N*.

Before giving the proof of this result, we observe that,it is immediate to prove
the following inequality:

S s+ 12 < (145 ) forall k € N* and (c1,..., ) € (N)F. (2.4.2)

PrROOF OF THEOREM 2.4.3. Let M be a compact €°° manifold of dimension
d. Combining the above result of Milnor with Lemmas 2.1.3(c)(e), 2.1.7(i)(iii) (iv),
2.2.1 & 2.2.2, we have that M is unoriented cobordant to the disjoint union |_|f;:1 Yy,
where {Yh}ﬁzl is a finite family of projectively Q-closed Q-nonsingular Q-algebraic
sets of the form

Yy = Gnh,ﬁ-l,l Koo X Gnh,ah+1al X Hah,lvbh,l Koo X Hah,ﬁhvbh,ﬁh

for some ap, B, € N and np1,...,Nhay, @01, 08,1, - -5 an8,,bn 5, € N*. Note that
oo g+ Z?ﬁl(a;m +bp; — 1) = d and Y}, is contained in RV%, where

Ny = 328 (g + D2+ 0 ((ang + 1) + (b + 1)?).



74 CHAPTER 2. Q-NONSINGULAR Q-ALGEBRAIC SETS

Thanks to (2.4.2), we have
2
Ni < (14+ X0 g + 0 (ang +bng)) " = (L+d + Br)? < (2d+1)%

As a consequence, if we set N := (2d + 1)?, then each Y}, is a projectively Q-
closed Q-nonsingular Q-algebraic subset of RY. For each h € {1,...,£}, choose a
vector vy, € QN such that the sets {Y, + vh}ﬁ:l are pairwise disjoint. It follows
that [_]f;zl(Yh +vp,) € RY is a projectively Q-closed Q-nonsingular Q-algebraic set,
which is unoriented cobordant to M. O

As a consequence of Lemma 2.1.8, we have the following corollary of Theorem
2.4.3.

COROLLARY 2.4.4. For each d € N, the unoriented cobordism group g of
compact € manifolds of dimension d is generated by projectively Q-closed Q-
nonsingular Q-algebraic subsets of R*+1,

Let us explain the interplay between the properties of having projectively Q-
algebraic unoriented bordism and having projectively Q-algebraic homology for W C
RE.

THEOREM 2.4.5. Let W C RF be a Q-nonsingular Q-algebraic set. The following
assertions are equivalent.

(i) W has projectively Q-algebraic unoriented bordism.
(ii) W has projectively Q-algebraic homology.

PROOF. We adapt the argument used in [AK92, Lemma 2.7.1] to the present
situation.

Let 91.(WW) be the unoriented bordism group of W and let ev : M (W) —
H,(W,Z/27Z) be the evaluation map defined by ev([f : P — W]) := f.([P]). Since ev
is surjective by [Tho54], implication (i) = (ii) follows immediately from Definitions
2.4.1 & 2.4.2.

Let us prove implication (ii) = (i). Suppose that (ii) holds. Let {¥; C RPi};c;
be the generators of M, described in (2.4.1), where D; is a sufficiently large natural
number. Let {Z; C RM }ies be projectively Q-closed Q-nonsingular Q-algebraic
sets and let {g; : Z; - W}jes be Q-regular maps such that J is finite and the
homology classes {ev([g; : Z; = W) = (9j)+([Z;])}jes generate H,(W,Z/27Z). Let
D := max;e; D; and let h := max;cjh;. Note that each Y; is contained in RP and
each Z; in R": in particular, each Z; x Y; is contained in RP+h = RP x R". Choose
vectors vj; € QP+ in such a way that the translated sets {(Z; xY;) 4+ vij}icr jes are
pairwise disjoint. For each i € I and j € J, denote by m;; : (Z; x Y;) +v;; — Z; the
(translated) projection onto the first factor, sending (z, y) 4+ v;; to z. Note that m;; is
a Q-regular map. By Lemmas 2.1.3(v)(vi) & 2.1.7(iv), we know that each translated
product (Z; x Y;) +v;; C RP*" is a projectively Q-closed Q-nonsingular Q-algebraic
set and each composition g; o m;; : (Z; X Y;) + v;j; = W is a Q-regular map. By
[Thob4] and [CF64], the maps g; o m;; generate 9, (W). This proves (i). O

REMARK 2.4.6. Observe that, by Lemma 2.1.8, in previous proof we may fix
D; :=2dim(Y;) + 1 foreveryi € I. m

We have the following result as a direct consequence of Kiinneth formula.
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LEMMA 2.4.7. Let £ € N*, let Wy C R, ... Wy, C R¥ and let W :=W; x ... x
Wy C RFt % ... x RK’, If W; C R¥ has projectively Q-algebraic homology for every
i€ {l,..., L}, then W has projectively Q-algebraic homology.

2.4.1. Real embedded Grassmannians have totally Q-algebraic homol-
ogy. Let us fix some notation about CW complexes. Let X be a topological space
endowed by a finite CW complex structure S of dimension d. We denote by S®*)
the set of open k-cells of S, for every k € {0,...,d}. Denote by X, := Ugegm ©
the k-skeleton of X for every

kEeAo,...,d}
,and X_; := @. Define Cy(S,Z/27) := Hy(Xj, Xk—1) the group of unoriented cel-
lular k-chains of S for every k € {1,...,d}. Let 0% : C(S,Z/2Z) — Cy—1(S,Z/2Z)
denote the boundary operator in cellular homology for every k € {1,...,d}. Define
the k-cellular homology group of X (with coefficients in Z/27) as Hy(S,Z/2Z) =
ker(95)/im(85,,). For more details about CW complexes and their homological
theory we refer to [LW69].

LEMMA 2.4.8. Let W C R™ be a compact algebraic subset of dimension d. Sup-
pose that W admits a finite CW complex structure S such that the closure of each
open cell Q € S¥) is algebraic for every k € {0,...,d}. Then,

Hy(W,7,/2Z) = Span({[Q) € Hy(W,Z/2Z)|Q € S¥}).

and {[Q] € Hy(W,Z/27)|Q € SW} is a basis of Hy(W,Z/2Z) for every k €
{0,...,d}.

PROOF. By classical arguments about cellular and simplicial homology, {[Q]
€ Hi(S,72/27)|Q € S®} constitutes a system of generators of Hy(S,Z/27), for
every k =0,...,d. We are only left to prove that {[Q] € Hy(S,2/22Z)|Q € S®)} is
linearly independent over Z/2Z. Since Q is algebraic for every open cell Q € S (k) for
every k € {0,...,d}, the fundamental class [©2] of Q) is a well defined homology class
in Hp(W,Z/2Z). Suppose Q2 € S®) then for every ' € S+ we have 8;§+1(§/) =0,
since €' is algebraic as well. Hence, we get that [Q] € Hy(S,Z/2Z) is non-null
and linearly independent with respect to {[ﬁl] € Hi(S,2/22) |V € S and Q0 #
Q} for every choice of Q € S®) and k € {0,...,d}. This proves that {[Q] €
Hi(S,2/27) | Q € S®)} is a basis of Hy(S,Z/27Z), then {[Q] € H,(W,Z/27)|Q €
S} it is also a basis of Hy(W,Z/27), as desired. O

Following the notation of Section 2.3 we refer to embedded Schubert varieties o
of Gpp C R(M+1)? defined by incidence conditions, prescribed by A, with respect to
the canonical complete flag of R™*™. Denote by |A] := > 7", ;.

COROLLARY 2.4.9. Let Gy, ,, € RO Then;:
Hi (G, Z)27) = Span({[o,] € Hp(Gpmn, Z/2Z) | |\ = mn — k})

for every k € {0,...,mn}, where X\ is a partition of the (m X n)-rectangle, oy is the
Schubert variety of Gy, defined by the incidence conditions, prescribed by A, with
respect to the canonical complete flag.

In particular, {[o)] € Hip(Gmpn, Z/2Z) ||| = mn — k} as above is a basis of
Hy(Guyn, Z)27) for every k € {1,...,mn}.
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PrOOF. By Lemma 2.3.1 the family of 2\ such that X\ is a partition of the
(m x n)-rectangle constitutes the cells of a finite CW-complex whose underlying
topological space is Gy, , such that oy = Q2 is algebraic for every partition A of the
(m x n)-rectangle. Hence, the thesis follows by Lemma 2.4.8. O

THEOREM 2.4.10. Each Gy, C R(M+1)? g g projectively Q-closed Q-nonsingular
Q-algebraic set having projectively Q-algebraic homology.

Proor. By Corollary 2.4.9, for every k € {0,...,mn}:
Hk(Gm,na Z/2Z) = <{[0-)\] € Hk(Gm,na Z/ZZ) | |)‘| =mn — k}))

where each o) is a Schubert variety of G,,, defined by the incidence conditions,
prescribed by A, with respect to the canonical complete flag of R, By Theorem
2.3.4, each Schubert variety o) as above admits a Q-desingularization, that is: there
exists a projectively Q-closed Q-nonsingular Q-algebraic set Zy C R(m+1)* 5 RP of
dimension dim(oy), for some p € N, such that m : Zy, — o) is a birational map.
Observe that, since 71 : Zy — o) is surjective, injective onto the Zariski open subset
Q) such that Q) = oy and dim(Z),) = dim(c)), we get that m.([Z)\]) = [o], as
desired. O

2.5. Unoriented relative bordisms over Q

Let us specify ‘over Q' the construction of the algebraic unoriented relative
bordisms by Akbulut and King in [AK81a, Lemma 4.1].

LEMMA 2.5.1. Let M be a compact €°° submanifold of R"™ of dimension d and let
M;, fori=1,...,£, be closed € submanifolds of M of codimension c; in general
position. Then there are a compact €°° manifold with boundary T and proper €°
submanifolds with boundary T;, for i = 1,...,£, in general position, a projectively
Q-closed Q-nonsingular Q-algebraic subset Y of R for some h € N, and a €
diffeomorphism ¢ : MUY — 0T such that:

(i) Y is the disjoint union of projectively Q-closed Q-nonsingular Q-algebraic
sets Y CR" for every a C {1,...,€} such that (;c, M; # 2.
(ii) oOT'NT; = 0T;, (M) NT; = Y(M;) and YY) NT; = (V™) where Y,*, for
1=1,...,£, are projectively Q-closed Q-nonsingular Q-algebraic subsets of
Y in general position with Y* = & whenever i ¢ o.
(iii) For every o C {1,...,4} andi € «, there is a Q-regular function u$ : Y;* —
Ge;n—e; such that

Y = () (B ).
In particular, pS' is the Gauss mapping of Y;* in Y.

PROOF. For every a C {1,...,£} we denote by My := (;c,, M, if o # @, and
Mg := M. We argue by induction on the subsets « of {1,...,¢} so that M, # &.
The case in which all M, = &, for every a C {1,...,¢}, means that M = My = &,
thus the theorem follows by taking 7' = @. Suppose the set of a C {1,...,¢} so
that M, # @ is non-empty. Let « be such that M, # @ and M, = @ for every
o C{l,...,¢} so that o G o'. Let 3; : M; — Gg, n—; be the Gauss mapping of
M; in M for every i € a. Let Gy := [[;c4 Gein—e;- By Theorem 2.4.10 and Lemma

1€



2.5. UNORIENTED RELATIVE BORDISMS OVER Q 77

2.4.7, G, C R s a projectively Q-closed Q-nonsingular Q-algebraic set having
projectively Q-algebraic homology. Let 5, : M, — G, be the €°° function defined as
Ba = [l;cq Bi- Thus, Theorem 2.4.5 ensures the existence of k, € N, a compact 4>
manifold with boundary T, a projectively Q-closed Q-nonsingular Q-algebraic set
Y, C Rk a € diffeomorphism ), : My Y, — 0T, and a € map p® : Ty — G
such that g 0 74 © (Yalar,) = Ba and g 1= % 0 34 © (Valy) € R2(Y,G,), that is,
Jo is Q-regular, where 3, : 0T, — T, denotes the inclusion map.

Let EY = [Lico E Define the pullback bundle of E}, via pu® as §% :=

Ci,n—C; "

(u™)*(E}) and the €°° submanifolds S of S* as follows
S = {(x,y1,t1, - -, Yja|s tja|) € Ta x (R" x R)I!|
(1(@), Y1, 1, - > Yjalr tal) € Eb}
S = {(z, 51,1, -+, Yjals Yay) € S| yi = 0, t; = 0},
for every ¢ € a. By definition, the S{*, for ¢ € «, are in general position and
MNica 8¢ = T, x {0} C T, x (R x R)l?l. In addition, considering the projections

€a ™

my + S — Ty and m; @ Gy — Ge,n—e;, we define p : S = Ggn—e;, as p =
m; o u® o wh. Thus, we deduce that S* is the pullback sphere bundle of E} . by
pits e S = (uf)*(Ey, ,,—,), where
(M?)*(Ezl,n—cz) = {($7y17t17 o 7y€7tﬁayﬁ+17t€+1) € Sza X RTL X IR|
(M;‘X(m)a y\a|+17t\a|+1) S Ezi,n—ci}'
Thus, S and the S{*, for every ¢ € o, are ¢°° manifolds with boundary satisfying
0S5t C 05, Define:

M® = B5(E7) = (1% © Ja © )iy, (BS) C Mo x RUFDIL

YO 1= gA(EL) = (1% 0 Ja 0 Yl (EL) C RFe x ROVl
Observe that, by Lemma 2.2.6, we deduce that Y& C RFe x R(*+tDlel jg a projectively
Q-closed Q-nonsingular Q-algebraic set. Since v, : M, LY, — 0T, is a diffeomor-
phism, we deduce that W, : M* Y — 95 defined as Vo (7, y1,t1,- -, Yjafs tja]) =
(Ya(z),y1,t15 -+, Yja)s ta|) 18 @ diffeomorphism as well. Hence, define

Y& =Yen v, (08
for every i € a. Observe that Y, = ((ug\{i} o \I/a)\ya)*(Ez\{i}), where pg, oy
To = Geyn—er X X Gy ey X {0} X Geypym—cipy X - X Gy n—cy,, defined as
1 iy (@) = (S @), 18 (), 0, 1 (@), 12, (1)) and
By =1t Yjap ta) € Eq |y =0, ¢ = 0}, (2.5.1)

which is a projectively Q-closed Q-nonsingular Q-algebraic sphere bundle by Lemma
2.2.4. Observe that (,ug\{i} oW, )ly, is Q-regular since (u® o ¥q4)ly, is so. Thus,
Y& C RFe x R +Dlel g a projectively Q-closed Q-nonsingular Q-algebraic set by
Lemma 2.2.6, for every i € a.

Since pu®|py, is the Gauss mapping of M, in each M; with i € a, we can select two
sufficiently small closed tubular neighborhoods U, and V, of M, in M“ and in M,
respectively, which are diffeomorphic via a diffeomorphism h, : U, — V,, satisfying
ha(UaNS) = VN M;, for every i € a. Consider the °° manifold with boundary S
defined as S*U (M x [0, 1]) identifying U, and Vo, x {1} via hq x {1} : Uy — Vo x {1}
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defined as (hqx{1})(a) = (ha(a), 1), after smoothing corners. In the same way define
the ¥°° submanifolds with boundary S; as S U (M; x [0,1]) identifying U, NS¢
with (Vo N M;) x {1} via hy x {1}. Observe that the ¥>° submanifolds S; of S, with
1 € «, are in general position.

Ficurre 2.5.1. Inductive step constructing a relative bordism.

Define the €°° manifold N with € submanifolds in general position V;, for
every i € {1,...,¢}, as follows:

N := (M*\ Int(Uy)) Up, (M \ Int(Va)),

N NS dfica,
"7l My x {1} otherwise.

Observe that, by construction, 9(S® U, (M x [0,1])) = NUY*U M, with M
identified with M x {0}, 9(S{ Up,, (M; x [0,1])) = N; UY,* LI M; for every i € a, and
O(M;x[0,1]) = N;UM,; for every i ¢ a. In particular, it holds that Nq := ;o Ni =
@. By Whitney € embedding theorem, there is a > manifold M’ c R**+! with
%>° submanifolds M of codimension ¢; in general position for ¢ € {1,...,¢}, which
is diffeomorphic to N via a diffeomorphism ¢ : M" — N such that p(M]) = N; for
every i € {1,...,£}. Thus, by inductive assumption on M’ C R?¥*1 there exist
k' € N, a € manifold with boundary 7" and € submanifolds with boundary
T! for every i € {1,...,¢}, with transverse intersection, a projectively Q-closed Q-
nonsingular Q-algebraic subset Y’ of R¥ for some k¥’ € N, a ¥ diffeomorphism
' MUY — 9T (without lost of generality we can assume ¢'(M’) = N and
' (M]) = N;) such that:

(i) Y is the disjoint union of a projectively Q-closed Q-nonsingular Q-algebraic
sets Y'* C R™ x R¥, for every a C {1,...,£} such that Nica M| # 2.

(i) OT' N T = 9T}, NN T = /(M) N T} = $(M]) = N; and YY) N
T! = ¢/(Y; %) where Y;©, for i € {1,...,¢}, are projectively Q-closed Q-
nonsingular Q-algebraic subsets of Y’ transverse to each other with Yi/a =

& whenever i ¢ .
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(iii") For every a C {1,...,¢} and i € «, there is a Q-regular function ,u;-o‘ :
Yilo‘ — Ge, 2d+1—c; such that

Y= (uf‘)*(EZiQdch)-
In particular, ,u;a is the Gauss mapping of Y,! in Y;.

Define T' := SUT’ and T; := S; U T/, after smoothing corners. Let k :=
max(kq, k') and consider to : RF« — R¥ and // : R¥ — R* be the inclusion mappings.
Then, after a translation of a rational factor v € QF if necessary, we may assume
that (/(Y)4+0)Nta(YY) = @, thus Y := 1o (Y*)U(/(Y') +v) C R* is a projectively
Q-closed Q-nonsingular Q-algebraic set by Lemmas 2.1.3(ii) & 2.1.7(i)(iii). Let
¢ : MUY — OT defined as follows ¢|ar = thalnr, ¥l (va) () = alty!(x)) and

Dluyry o) =9 () Ha —v). O

Here we provide an embedded version of Lemma 2.5.1 and we ‘double the relative
bordism over Q’ following the strategy used by Tognoli in [Tog73, § b), pp. 176-177].

THEOREM 2.5.2. Let M be a compact €°° submanifold of R™ of dimension d,
let M; fori = 1,...,¢, be € submanifolds of M of codimension c; in general
position. Then there exist s € N with s > n, a projectively Q-closed Q-nonsingular
Q-algebraic set Y C R% = R™ x R*™"™ of dimension d, Q-nonsingular Q-algebraic
subsets Yy, fori € {1,...,0}, of Y in general position, a compact € submanifold
S of R**t1 = R* x R of dimension d 4+ 1 and compact € submanifolds S; of S of
codimension c;, fori=1,..., ¢, in general position with the following properties:

(i) MNY =o.
(ii)) SN(R* x (=1,1)) = (M UY) x (—=1,1) and S; N (R* x (—=1,1)) = (M; U
Y:) x (—1,1), for everyi e {1,...,¢}.
(iii) Y is the finite disjoint union | |,c (Y'Y 4 va) of projectively Q-closed Q-
nonsingular Q-algebraic sets of the form Y + v, C R®, where v, belongs
to Q°, Y® is inductively defined as in the proof of Lemma 2.5.1 and

A= {ac{l,...,€}| M M; ¢@}.
JEQ

In addition, there are projectively Q-closed Q-nonsingular Q-algebraic sub-
set Yy, C R® and Q-regular functions puo : Yo — G, such that Y := p (E¥),
with G, := [[;eq Goyn—e; and By = [Lico Ef, e, -
(iv) Leti € {1,...,£}. Then, Y; is the finite disjoint union || ¢ 4,(Y;" + va) of

projectively Q-closed Q-nonsingular Q-algebraic sets of the form Y,* +v, C

R®, where v, belongs to Q° as above, Y,* is inductively defined as in the

proof of Lemma 2.5.1 and

A ={aecAlica}l
In addition, there is a Q-regular map pst : Y,* — G, n—e; such that, if B; :

Si = G, n—c; denotes the Gauss mapping of S; in S, then Bily, = LlaeAi T
1s a Q-regqular map.

PRrROOF. Thanks to the proof of Lemma 2.5.1, for s > n sufficiently large, we
know that there exist a projectively Q-closed Q-nonsingular Q-algebraic set ¥ =
Loea(Y¥+vq) C R® and Q-nonsingular Q-algebraic subsets Y; = | |, 4. (Y;* +va) C
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R®, with ¢ € {1,...,¢}, in general position with above properties (i) (changing the
vectors v, € QF if necessary), (i) & (iii), compact €°° manifolds T and T; with
boundary 0T and OT; so that T; C T and 0T; C 0T, for every i = 1,... L.

Let us construct the desired compact € submanifold S of R*t! = R® x R,
following the strategy used by Tognoli in [Tog73, § b), pp. 176-177]. By the collaring
theorem (see [Hir94, Theorem 6.1, p.113]), there exist an open neighborhood U of
OT in T and a ¢ diffeomorphism ¢’ : U — 9T x [0,1) such that ¢'(t) = (¢,0)
for all t € 0T and ¢'|rrv : T; NU — IT; x [0,1) is a diffeomorphism as well,
for every i = 1,...,0. Let ¢ : U — (M UY) x [0,1) be the > diffeomorphism
¢ := (=1 xidp 1)) 0¢'. Note that ¢(t) = (p*(t),0) for all t € OT. Set A := T\ T,
B:=¢ H((MUY)x(0,3]) C A, N:=R®x(0,+00) and define the map  : B — N
by 0(z,zs41) := ¢(x, x541). Since we can safely assume s+1 > 2(d+1)+ 1, Tietze’s
theorem ensures the existence of a continuous extension of ¢ from the whole A to
N, we can apply to 6 the extension theorem [Whi36, Theorem 5(f)] of Whitney,
obtaining a > embedding © : A — N extending 6. Let R : R®*! = R® x R — Rs*!
be the reflection R(z,xs41) = (2, —zs41) and let S" and S, be the compact €
submanifolds ©(A)U (M UY) x{0})UR(O(A)) and ©O(ANT;) L ((M;UY;) x {0}) U
R(O(ANT;)) of R¥*L for every i = 1,..., £, respectively. Thanks to the compactness
of T and of each T;, there exists € > 0 such that S'N(R* x (—¢€,¢€)) = (MUY) X (—¢,€)
and S/ N (R® x (—e,€)) = (M; UY;) x (—€,€). Let L : R®T! — R*L be the linear
isomorphism L(z,zs11) := (2,€¢ 'x4y1). The compact € submanifold S := L(S")
with ¢°° submanifolds S; := L(S]), for every ¢ = 1,...,¢, in general position of
R**! have the desired properties (ii) & (iv). O



CHAPTER 3

Q-algebraic approximations a la Akbulut-King

ABSTRACT. In this chapter we extend ‘over Q' classical approximation techniques
developed by Nash, Tognoli, Akbulut and King. The notion of R|Q-regularity of
QQ-algebraic sets proves its importance here. In section 3.1 introduce the concept
of approximable pair ‘over Q° and we give results on the relative approximation
of °° functions vanishing on Q-approximable pairs. In Section 3.2 we extend
‘over Q" some Akbulut-King algebraic approximation results. In particular, we
prove a relative version ‘over Q' (with respect to a finite set of ¥°° hypersurfaces
in general position) of Nash-Tognoli theorem. Finally, in Section 3.3 we prove a
version ‘over Q" with approximation of Akbulut-King blowing down lemma.
The main reference for this chapter is [GS23].

Throughout this chapter we consider R" endowed with the euclidean topology.

3.1. Q-Approximable pairs

The aim of this section is to generalize ‘over Q' the notions of nice algebraic set
and approximable pair (see [AK92, §8, Definition p. 57-58]) and to produce useful
examples. Let P C R™. We denote by intgn(P) the interior of P in R™ and by
g5 (P) the ideal in €°°(R"™) of those smooth functions vanishing on P.

DEFINITION 3.1.1. Let L C R"™ be a Q-algebraic set and let P be a subset of R"
containing L. We say that the pair (P, L) is a Q-approzimable pair of R™ if for each
a € L\ intgn(P), there exists an open neighborhood U, of a in R™ such that

3. (PYE*(UL) C To(L)6™(U), (3.1.1)
i.e., for each f € Ig5 (P), we have f|y, = Zle w;-pi|u, for some uy, ..., up € € (U,)
and p1, ..., p; generators of Zg(L).
If (L, L) is a Q-approximable pair, then we say that L is Q-nice. m
The reader observes that condition (3.1.1) remains valid if we replace U, with
a smaller open neighborhood of a in R™. In addition, it is evident that the disjoint

union of finitely many Q-nice algebraic subsets of R" is again a Q-nice algebraic
subset of R™.

Let us give some sufficient conditions to have a Q-approximable pair.

LEMMA 3.1.2. Let L C R™ be a Q-algebraic set of dimension d < n, let R(L) :=
|_|gl:0 Reg*(L,e) (see Definition 1.5.1) and let P be a subset of R™ such that L C P
and L\ intgn (P) C R(L). Then, (P, L) is a Q-approzimable pair.

81
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PROOF. Let pi,...,pn—q € Q[z] be generators of Zg(L). By Theorem 1.6.5, for
every a € L\ intgn (P) there exists a subset I, of {1,..., ¢} of cardinality n—dim, (L)
such that the vectors {Vp;(a)}icr, of R™ are linearly independent over R. By [AK92,
Lemma 2.5.4], the existence of a subset I, of cardinality n — dim, (L) such that the
vectors {Vp;(a)}icr, of R™ are linearly independent over R implies property (3.1.1)
at a. O

As an immediate consequence, we obtain:

COROLLARY 3.1.3. Fvery disjoint union of finitely many Q-nonsingular Q-alge-
braic subsets of R™ (of possibly different dimensions) is Q-nice.

Another useful result is the following.

LEMMA 3.1.4. Let L C R"™ be a Q-nice Q-algebraic set and let h € N*. Then
L x {0} is a Q-nice algebraic subset of R*T" = R™ x R*.

PROOF. Let R[z,y] be the polynomial ring of R"*". Since L is Q-algebraic, we
deduce that L x {0} = Zr(Zo(L) + (y1, - - -, y»n)Q[z]), thus L x {0} is Q-algebraic as
well. Since L x {0} is a product we have that

aoin (L x {0}) = (L) (R™) + Ig0, (R™ x {0})
= Igo ()G R™™) + (y1,. .., yn) E°(R™).
Since L is Q-nice, for every a € L there is a neighborhood U, of a in L such that

I3 (L)€ (U,) C Io(L)€>°(U,), hence by fixing the neighborhood U, x R of (a, 0)
in R"*" we get that:

poen (L x {0NE®(Uy x R") = TR (L)E® Uy x R") + I3 g (Ua x {0})
CTo(L)E™(Ua X R®) + (y1, -, yn) € (Us x R?)
C To(L x {0})E>=(U, x R").
0

Let M C R™ be a ¥ manifold of dimension d. We say that Y C M is an alge-
braic hypersurface of M if Y C R"™ is an algebraic set whose irreducuble components
have dimension d — 1. We say that Y C M is a Q-algebraic hypersurface of M if
Y C R" is a Q-algebraic set which is an algebraic hypersurface of M. Next lemma
will play a crucial role in the proof of a relative version of Nash-Tognoli theorem
‘over Q7 in Section 3.2.1.

LEMMA 3.1.5. Let M C R™ be a compact € manifold of dimension d. Let
X C M be a Q-nonsingular Q-algebraic subset of R™ of codimension ¢ and let
Y C M be a Q-nonsingular Q-algebraic hypersurface of M. If the germ (M, X UY)
of M at XUY is the germ of a Q-nonsingular Q-algebraic set, then X UY is Q-nice.

PRroOOF. Without lost of generality we may assume that none of the irreducible
components of X is contained in Y. Let a € (X UY)\ (X NY) = (X\Y)U
(Y \ X). Since both X ¢ R™ and Y C R"™ are Q-nonsingular Q-algebraic sets,
up to shrink the neighborhood U,, we deduce property (3.1.1) by Corollary 1.6.6.
Let a € XNY and let f € I (X UY). Let V C R™ be a Q-nonsingular Q-
algebraic set such that the germ (M, X UY') of M at X UY coincides to the germ
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(V,XUY)of Vat X UY. Since Y is a Q-nonsingular Q-algebraic hypersurface
of V.. C R™ there are p1,...,pp—q € Zg(V) and p € Zg(Y) whose gradients at a
are linearly independent over R and there is a neighborhood U, of a in R™ such
that Y NU, = VN Zrn(p) N U, = Zre(p,p1,---,Pn—a) N Us. Hence, by [AK92,
Lemma 2.5.4], there are u,us,...,un—q € €°°(U,) such that fly, = v - ply, +
Z;;d u; - pilu,, up to shrink the neighborhood U, of a in R™ if necessary. Since
none of the irreducible components of X is contained in Y, we deduce that ¥ N
Us=VNZrpp) NU, & (XUY)NU, Thus Zpn(p)NU, NX C Y, up to
shrink the neighborhood U, of a in R™ if necessary. In addition, since f|y, =
u - plu, + Z?:_ldui “Dilvas P1s--sPn—d € Io(V) and Zgrn(p) NU, N X C Y, we
deduce that X NU, C Zgn(u). Now, let U, C U, be a neighborhood of a in R”
such that U/ ¢ U,. An explicit construction via partitions of unity subordinated
to the open cover {U,, X \ U/} of R" ensures the existence of g € €*°(R") such
that gl = uly; and g € Zg5(X). Since X C R" is a Q-nonsingular Q-algebraic
set of codimension ¢ in V' C R", which is a Q-nonsingular Q-algebraic set as well,
there are ¢i, ..., qc € Zg(X) such that Vpy(a),..., Vpu_a4(a), Vai(a),...,Vg.(a) are
linearly independent over R and there exists a neighborhood V, of a in R"™ such that
XNV, = Zpn(p1y. - s Pn—dsqi, - - - qe) NV Thus, by [AK92, Lemma 2.5.4], there are
Ul g, 0 € €°°(V,) such that gly, = D7 vi - Gilv, + Z?;ld w, - pilv,,
up to shrink the neighborhood V; of a in R™ if necessary. Thus, fixing V| := U, NV,
we have:

n—d
flvz = glvy - plvg + Zuz‘\va' “pilvy
=1
¢ n—d n—d
- (Z”ihfa’ “qilvy + Zuﬂvaf 'pilx@') plvy + Z“i‘Vé “pilve.
i=1 i=1 i=1
c n—d
= wilvy - (- a)lvy + > (walvy +uilvy - plvy) - pilvy,
i=1 i=1
where p1,...,Pp—a, P q1,---, P qec € Lg(X UY), as desired. 0

Next lemma will prove its importance in the proof of Theorem 4.1.6, namely, in
the proof of the relative Q-algebrization of nonsingular algebraic sets of Section 4.1.

LEMMA 3.1.6. Let X C R™ be a Q-nonsingular Q-algebraic set of dimension
d and let {X;}._, be a family of Q-nonsingular Q-algebraic hypersurfaces of X in
general position, then Ule X; is Q-nice.

PROOF. Let a € Ule X;. At first, let us prove the following CLAIM:

CramM: Denote by J, := {j € {1,...,4}|a € X;}. Let p1,...,pn—q € Io(X)
and f; € Io(X;), for every j € Jq, such that Vpi(a), ..., Vp,_a(a),
{Vfj(a)}jes, are linearly independent over R. Then, there are a neighborhood
U, of a in R™ such that, for every f € Iﬁ%(Ule Xi), there are € functions
ULy ooy Up_q,v € €®(Uy,), such that

n—d
flo. =Y wipilv, +v- ] alv.-
=1

Jj€Ja
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Let us prove the CLAIM by induction on |J| € N*. The case |J| = ¢ = 1 follows
by Corollary 3.1.3. Fix jy € J,. By inductive assumption on a € Ule,i#a X; X

there is a neighborhood U] of a in R™ such that, for every f’ € ﬂ%?l(Uf=1,i¢jo Xi),
there are uf,...,u,, ;v € €>°(V,) such that
n—d
f/’U{’l = Zu;pi\wﬂ-v’- H q]'|U(/1. (3.1.2)
=1 j€Ja\{jo}

Since f € H%?I(Ule Xi) C IE?L(Uf:I,i;«éjo Xi), we have above local structure (3.1.2)
with “f'|g:":=f|u,. However, since f € Ig5 (Xj,) and {Vg;(a)}jes, are linearly
independent over R, it follows that
Ze(gi)NUL ¢ |J  Zelg)NU;.
j€Ja\{Jo}

Thus, (3.1.2) implies that v" € Zp5 (X, N U;). Let U, C U}, be a neighborhood of a
in R” such that U, C U.. By a partition of unity argument, there is g € €°°(R")
such that g € 725 (Xj,) and gy, = v'|y,. Then, there are uf, ..., u5,v" € €*(U,)
such that:

n—d
V'lv, = glv. = V" g5 lv. + ZU;;IPJUE' (3.1.3)
=1
Then, (3.1.2) & (3.1.3) imply that:
n—d
flo. =Y dilvpilv, +7'lv. - [I @l
i=1 j€Ja\{jo}
n—d n—d
= uilu.pilu, + (U//QJ0|Ua + Z%’mlm) | i
P i1 jeda\lio}
n—d
=> (U§|Ua +uf - ] Qj|Ua)Pz'\Ua +o" - T wilo-
i=1 Jj€Ja Jj€Ja

Thus, to conclude the proof of the CLAIM it suffices to fix ‘u;=u;|v, +ui [ [;c ;. ¢jlv.:
for every i € {1,...,n —d}, and ‘v:=0". =m

To actually conclude the proof of Lemma 3.1.6 it suffices to observe that, up
to shrink the neighborhood U, of a in R", we may suppose that X; N U, = @, for
every j € {1,...,£}\ Ju. Thus, for every j € {1,...,¢}\ J,, there is a polynomial
q; € Zg(X;) such that Zr(g;) N U, = @. Thus, for every f € I35 (Uf:1 Xi), by the
CLAIM we have:

n—d
floe = wipilv, +v- [] aslv.
i=1

Jj€Ja

n—d v l
= wipilu, + - gilu,
IR i VL

as required by Definition 3.1.1. O
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The importance of the concept of Q-approximable pair is described by the next
elementary, but crucial, result.

LEMMA 3.1.7. If (P, L) is a Q-approxzimable pair of R™, then
Ipn(P) C Io(L)E>°(R™), (3.1.4)

that is, for every f € Igs.(P), there are ui,...,us € €°(R") and p1,...,pe genera-
tors of Io(L) such that f = Zle Ui * P

PROOF. Similarly to the proof of [AK92, Assertions 2.8.1.1& 2.8.1.2, pp. 58-59],
it suffices to proceed as follows: first, construct the u;’s locally as in Definition 3.1.1;
then, define the u;’s globally via a ¢°° partition of unity. O

Given a = (a1,...,0,) € N, we set |af := > | a; and we denote by D, the
partial derivative operator 8!®l/9z%" - .- Qxon,

LEMMA 3.1.8. Let L C R"™ be a compact Q-algebraic set and let P be a subset of
R™ such that (P, L) is a Q-approxzimable pair of R"™. Let K be a compact neighborhood
of L in R"™ and let f € Ig5(P). Then, for each fized € > 0 and h € N, there exists
a polynomial s € Io(L) such that

maxgzei |Dof(x) — Dos(z)| < e for all € N™ with |a| < h. (3.1.5)

PROOF. Let p1,...,pr € Q[x] be generators of Zg(L). Thanks to Lemma 3.1.7,
there exist uj ..., up € €°°(R") such that f = Zle u;p; on R™. By the Weierstrass
approximation theorem, for each ¢ € {1,..., ¢}, there exists v; € R[x] arbitrarily €°
close to u;. Thus, if s € R[z] is the polynomial s := Ele v;P;, then we can assume
that (3.1.5) holds. Since Q is dense in R, we can slightly modify the coefficients
of the v;’s in such a way that each v; belongs to Q[z] and (3.1.5) holds as well.
Evidently, s € Zg(L). O

Recall that |z|,, denotes the Euclidean norm of a vector = of R”, and we identify
R™ with the vector subspace R™ x {0} of R"*% = R" x R¥. We denote € (R") the
set €7 (R™) equipped with the usual weak € topology.

LEMMA 3.1.9. Let L C R™ be compact Q-nice Q-algebraic set, let K be a compact
neighborhood of L in R™ and let f € Zg5 (LU (R™\ K)). Then, for each fized e > 0
and h € N, there exists a Q-regular function g € RE(R™) with the following four
properties:

(i) There exist e € N and p € Q[z] such that deg(p) < 2e and g(x) = p(x)(1 +
|z|2)~¢ for all z € R™.
(11) gc I@(L).
(i) supegen |£(2) — 9(2)] < c.
(iv) maxzex |Dof(x) — Dag(x)| < € for all o € N* with |a] < h.

PROOF. Let us assume L # &. Otherwise, next proof, suitably simplified, con-
tinues to work also in the case L = @. We adapt the strategy used in [AK92, Lemma
2.8.1] to the present situation. Let S™ be the standard unit sphere of R**! = R" x R,
let N =(0,...,0,1) be its north pole and let 6 : S"\ {N} — R" be its stereographic

2 _
projection from N. Recall that §(z, zp41) = T and 0~ (x) = (1-s-2|7:fc|2’ llCCJIrTILTIQI)
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Set d := dim(L). Note that d < n, because L is compact and hence L #
R™. Since the Q-algebraic set L C R" is Q-nice, for each a € L there is an open
neighborhood U, of a in R™ such that Zg5 (L)€ (U,) C Zg(L)€¢*°(U,). Choose
generators pi,...,pe of Zg(L) and let ¢ € {1,...,¢}. Write p; as follows: p; =
Z?i:o pi,j, where p;; is a homogeneous polynomial in Q[z] of degree j, and d; is
the degree of p;. Since L # @&, we can assume that each d; is positive. Define the
polynomial P; € Q[z, xn+1] by Pi(x, xp41) 1= Z;-lizo(l — 2n+1)% Ip; j(z). Note that

P;(N) = p;a;(0) =0, (3.1.6)
(pi 0 0)(z, py1) = (1 — Znpr) Y Py, 2py1), (3.1.7)
for every (x,zp4+1) € S"\ {N}.

Let p : R\ {0} — S" be the standard retraction p(x, z,11) := (2, 2n11)(|z|? +
miﬂ)*lﬂ. Choose a €° function ¢ : R — R such that ¢ > 0 on R, the support of
9 is contained in [1,3] and (1) = 1. Let N be the half line {tN € R**!|¢ > 0}
and let F : R""! — R be the ¥ extension of fo# : S*\ {N} — R defined by
F(a,zp41) = ¢(|2; +$%L+1)f(9(p(x7xn+l))) if (, 2n41) € Ny and F(z, 2n41) =0
if (x,2,41) € Ni. Note that N is an interior point of F~1(0). Choose a compact

neighborhood H of N in R"*! such that F vanishes on H and H N 6~(L) = @.
Define the subsets L’ and P’ of R**! by

L' =07 (L)U{N},
P :=HUL =HU§ L)
and the polynomial Ppy1 € Q[ 2n41] by Prpi(, Tny1) == |o]3 + 22,4 — 1.

Let us show that (P, L) is a Q—approximable pair of R**1. By (3.1.6) and
(3.1.7), we know that L' = N/ P7Y(0), so L' is Q-algebraic. Let b € L'\
intgnt1(P') = 071(L), let a := 6(b) € L and let V}, be the open neighborhood
of b in R"! defined by V, := p~1(071(U,)) \ (H U {xny1 > 1}). Note that
VanS® c 0-1(U,), p(Vy) € 0~Y(U,) and VN (H U {zps1 > 1}) = @. Shrinking U,
around a if necessary, we can assume that V, NS® = 671(U,). By [AK92, Lemma
2.5.4], there exists an open neighborhood V;* of b in V; such that I“’/Zi (Vyns") c
(Pes1)E® (V). Let g € I25,,1(P') and let ¢’ : R™ — R be the € function defined
by ¢'(z) := g(0~1(z)). Since ¢’ € I (L), there exist uy, ..., us € €°(U,) such that
J(x) = Zle ui(z)pi(z) for all z € U,. As a consequence, bearing in mind (3.1.7),

we obtain:
9(y) = ' (0)) = Ximy wi(0(y))(1 = yor1) *Pi(y),

for all y = (y1,...,Ynt1) € V, N S™. For each ¢ € {1,...,¢}, we define the €
function v; : Vi, — R by setting v;(y) := u;(0(p(y)))(1 — yny1)~%. It follows that
the € function G := Zle v; - Pily, € €°°(V}) coincides with g on V, N S™. Thus,
g — G = vpp1 Py on V) for some v € €°°(V,*), and hence g = ZZH v; P; on
V" This proves that Zg5.,, (P)€>°(V,") C (Py,. .., Pry1)€*(Vy'). Hence (P', L") is
a Q-approximable pair.

By Lemma 3.1.8, there exists a polynomial S € Zg(L') arbitrarily €$° close to
F. In particular, we can assume that |F(y) — S(y)| < € for all y € S". Define the
regular function g : R® — R by setting g(z) := S(07!(z)). Evidently, (ii) & (iii)
hold, because S € Zp(6~1(L)) and |f(x) — g(z)| = |F(0~(x)) — S(~1(z))| < € for
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all z € R™. Write S as follows: S =7 .5;, where S; € Q[z, x,,41] is homogeneous
of degree i, and e is the degree of S. It follows that g(x) = (1 + |z|2)~*p(z),
where p(z) := > ¢_(1 + |2]2)°7¢S;(2z, —1 + |z|2) € Q[z] is a polynomial of degree
< 2e. This proves (i). It remains to prove (iv). Let ¥ : R® — R""l be the
%> map ¥(z) := 0~ '(z). Since the pullback map ¥U* : €°(R"1) — €°(R") is
continuous, it follows that U*(S) = SoW¥ = g can be chosen arbitrarily €5° close to
U*(F)=F oW = f, as desired. O

3.2. The workhorse theorem over () and applications

Let U be a non-empty open subset of R”, let x € U, let o € N”, let M be a €
submanifold of R™, let j : M < R™ be the inclusion map and let f : U — M be a
%> map. To abbreviate notations, we write D, f(z) in place D, (j o f)(z).

The following is a version ‘over Q" of the workhorse approximation theorem of
Akbulut and King, see [AK92, Theorems 2.8.3, pp. 63-64].

LEMMA 3.2.1. Let L C R™ be a compact Q-algebraic set, let U be an open
neighborhood of L in R™ whose closure U in R™ is compact, let W C RF be a Q-
nonsingular Q-algebraic set and let f : U — W be a €°° map such that the restriction
flo : L = W of f to L is a regular map. Suppose that L is Q-nice and f|1, is Q-
regular. Choose € > 0, h € N and an open neighborhood U’ of L in R™ such that
U’ C U. Then there exist an algebraic subset Z of R™*, an open subset Zy of Z
and a regular map n : Z — W with the following four properties:

(i) Z is Q-nonsingular Q-algebraic and n is Q-regular.
(ii) Let ¢ : U" — R be the inclusion map and let w : R*F — R™ be the
natural projection onto the first n coordinates, i.e., (xz) := (x,0) for all
r €U andn(x,y) :=x for all (x,y) € R"xR¥ = R+, Then Lx{0} C Zy,
7(Zy) = U', the restriction |z, : Zo — U’ is a € diffeomorphism, and
the € map o : U — Z, defined by o(x) := (7|z,) "' (x) for all z € U,
satisfies the following inequalities:
sup |Dao(x) — Dat(z)|n < €
zelU’
for all @ € N™ with |a| < h.
(iii) n(z,0) = f(z) for all z € L.
(iv) supyepr [|Daf(x) — Da(noo)(z)|x < e for all o € N™ with |a| < h.

PROOF. Let T be an open tubular neighborhood of W in R* and let p: T — W
the closest point map, which is a °° map. By Lemma 2.1.3(i) and Remark 2.1.4,
there exists a Q-regular map F : R” — R* such that F(z) = f(z) for all z € L. Let
U"” and U" be open neighborhoods of L in R” such that U’ ¢ U”, U” c U" and
U"CU. Let ¥ : R» - R be a %> function such that ¢» = 1 on U"” and ¢ = 0 on
R™\ U in R". Define the > map f : R” — RF by f( ) :=Y(z)(f(x) — F(x)) for all
z €U and f(z) := 0for all z € R"\U. Note that f = (yof)—F on U” and f(z) =
for all z € L U (R™\ U). Applying Lemma 3.1.9 to each component of ]7, we obtain
a Q-regular map g : R® — RF such that § = 0 on L and § is arbitrarily €° close
to ]? Define the regular map g : R* — R¥ as g := g+ F. Note that g is Q-regular,
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g =70 fon L and g|yn is arbitrarily €5° close to (yo f)|y». In particular, we can
assume that g(U”) C T. Choose § > 0 such that max_ g |g(z) — p(g())|x < 0 and
{y € R¥ : distgx (y, p(g(U"))) < 6} € T. Consider g|y» and f|y» as € maps with
from U” to T. We know that g|y» = f|y» on L and g|y» is arbitrarily €5° close to

flom.

Consider the normal bundle N = {(w,y) € W x R¥ : y € T, (W)L} of W in
R*. Observe that N = B*(Eg k—dimw)) C R?* is a Q-nonsingular Q-algebraic set
of dimension k since f is the mapping classifying the normal bundle of W in R¥,
which is Q-regular by Lemma 2.2.5, and Ey, ;. _qim(w) is a Q-nonsingular Q-algebraic
set by Lemma 2.2.3. Define the regular map v : R"t* — R? = R* x R¥ and the
algebraic subset Z of R"** as v(z,%) := (g(z) + y,%) and Z := y~1(N). Note that
~ is Q-regular, since g is. Moreover, it turns out that ~ is transverse to N in R2*.
Indeed, given any (z,y) € Z and set w := g(z) +y € W, we have: T(,,,\(N) =
To(W) x T (W), Y (w,y) (R™*F) contains the diagonal A = {(y,y) € R?* :y € R*}
of R AN (T (W) x T (W)) = {(0,0)} and hence dv(, ., (R" %) +T(,, ) (N) = R%*.
By Lemmas 2.1.3(v) & 2.1.5, it follows that Z C R"* is a Q-nonsingular Q-algebraic
set.

Let n : Z — W be the Q-regular map given by n(z,y) := g(z) + vy, let Z; be
the open subset {(z,y) € Z : x € U”", |y| < 6} of Z and let v : U” — R¥ be the
%> map defined by v(z) := p(g(x)) — g(z) for all z € U”. By construction, Z; is
the graph of v and v(xz) = 0 for all x € L. Thus, L x {0} C Z1, w|z, : Z1 — U”
is a ¢ diffeomorphism. Moreover, if o1 : U” — Z; denotes (7|z,)~! and z is a
point of U”, then o1(z) = (z,v(x)) and hence (1o o1)(z) = g(z) + v(x) = p(g(x)).
In particular, if € L, then (noo1)(x) = p(g(z)) = p(f(x)) = f(x). Since the
push-forward p, : €°(U",T) — €°(U”, W) is continuous and g|y»~ is arbitrarily
E° close to f|yr, we can assume that p.(g|ly») = p o gy is arbitrarily €g° close
to p«(flur) = po flyr = flyr. In particular, p o g|y» is arbitrarily €5° close to
glur, which is equivalent to say that oy is arbitrarily €5° close to the inclusion map
U" < Rk, Now it suffices to set Zo := {(2,y) € Z : x € U’, |y| < 6}. The proof
is complete. O

The following is a strong version ‘over Q' of [AK81b, Proposition 2.8], see also
[AK92, Theorem 2.8.4, pp. 65-66].

THEOREM 3.2.2. Let M be a compact € submanifold of R® of dimension d, let
L be a Q-algebraic subset of M, let B : M — Ggs_q be the normal bundle map of
M in R®, let W C RF be a Q-nonsingular Q-algebraic set and let f : M — W be a
E>° map. Suppose that the following three conditions are verified.

(1) L C R® is a Q-nice projectively Q-closed Q-algebraic set.

(2) W has projectively Q-algebraic homology.

(3) If L # @, then the restrictions B|p : L — Ggs_q and f|, : L — W are
Q-regular maps.

Then there exist a projectively Q-closed Q-nonsingular Q-algebraic set V.C Rt for
somet € N, a € diffeomorphism ¢ : M — V and a Q-regular map £ : V — W
with the following three properties:

(i) Lx {0} CV.
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(i) p(z) = (2,0) for all x € L, and ¢ is arbitrarily €3 -close to the inclusion
map M — RS,
(iii) &(x,0) = f(x) for allx € L, and £ o ¢ is arbitrarily €3°-close to f.

PROOF. Let us give the proof in the case L # @. In the case L = &, the
proof, suitably simplified, works as well. Thanks to Theorem 2.4.5, by increasing
s if necessary, there exist a d-dimensional projectively Q-closed Q-nonsingular Q-
algebraic set X C R? a Q-regular map g : X — W, a compact ¢°° submanifold S
of R¥*t!1 = R* x R and a € map G : S — W such that

(iv) MNX =2,
(v) SN(R* x (—=1,1)) = (M UX) x (—1,1),
(vi) G(z,0) = f(z) for all x € M and G(z,0) = g(z) for all x € X.

Let G := Gg41,5—q and let B : S — G be the normal bundle map of S in Rt =
R* x R. Using (iv), (v), Lemmas 2.2.5 & 2.1.3(iii) and Remark 2.1.4, we obtain that
the restriction of B to (L x {0}) U (X x {0}) = (LU X) x {0} is a Q-regular map.

Let us recall the construction of a tubular neighborhood U of S in Rt and
the closest point map p : U — S. Let F := Eqi1 54 = {(N,y) € G x R¥T! :
Ny = y} ¢ RETD s+l — R+D(+2) 1o the universal vector bundle over G, let
B*(E) := {(z,y) € S x R¥"! : B(x)y = y} be the total space of the corresponding
pullback bundle with projection map II : B*(E) — S given by Il(x,y) := z, and
let 6 : B*(E) — R**! be the € map defined by 0(z,y) := = +y. By the inverse
function theorem, there exists an open neighborhood Uy in B*(E) of the zero section
S x {0} of B*(E) such that U := §(Up) is an open neighborhood of S in R**! and
the restriction 0’ : Uy — U of 0 from Uy to U is a €>° diffeomorphism. Define
p:U — Sbyp(z) :=T((0)"1(2)). Restricting U around S in R**! if necessary, we
can assume that p is the closest point map. Since S is compact, we can also assume
that the closure U of U in R**! is compact as well.

Let us define the €°° map © : U — E by O(z) := (B(p(2)),z — p(2)). The €=
map O is transverse in E to the zero section G x {0} of E, and ©71(G x {0}) = S.
Note that ©(z) = (B(2),0) for all z € (L U X) x {0}; thus, O[ux)x{0} is a Q-
regular map. Moreover, by Corollary 3.1.3 and Lemma 3.1.4, X x {0} and L x {0}
are Q-nice. Evidently, the same is true for their disjoint union (L L X) x {0}.

Let F : U — W be the €*° map defined by F := G o p. By (3), (vi), Lemma
2.1.3(iii) and Remark 2.1.4, we have that F'[1,,x)x {0} is a Q-regular map. Consider
the product map © x F': U — E x W. Note that (© x F)|(rx)x{o} is a Q-regular,
because both ©|rx)x{0y and F|(rux)xfo} are. By Lemma 2.1.3(vi), E x W is a

Q-nonsingular Q-algebraic subset of R(ETD(s+2)+k

Thanks to the properties of © x F' just described, we can apply Lemma 3.2.1 to
© x F. Chosen an open neighborhood U’ of S in R¥*! with U’ C U, there exist a
Q-nonsingular Q-algebraic subset Z of R¥T! x RETD(+2)+k — Rst+t an open subset
Zy of Z and a Q-regular map n: Z — E x W satisfying the following properties:

(vii) Let ¢ : U" — R*™ be the inclusion map and let 7 : RS = R® x R x
REHD+H2)4E RS % R be the natural projection onto the first s + 1
coordinates, i.e., t(x,xsy1) = (2, 2511,0) and w(x, 2s11,y) = (T, Ts41)-
Then (LU X) x {0} x {0} C Zy, n(Zp) = U’, the restriction 7|z, : Zy — U’



90 CHAPTER 3. Q-ALGEBRAIC APPROXIMATIONS A LA AKBULUT-KING

is a ¥ diffeomorphism, and the € map o : U — Rt defined by
o(x,2511) = (7|z,) "z, m541) for all (x,2511) € U, is arbitrarily €°
close to ¢.
(viil) n(x,0,0) = (© x F)(z,0) for all z € LU X.
(ix) The € map 7 : U' — E x W, defined by 7(x, zs41) := n(o(x,xs41)), is
arbitrarily €5° close to (O x F)|yr.

Choose an open neighborhood U” of S in R**! such that U” C U’ (actually,
we can also assume that U” is a compact 4> manifold with boundary). Set Z; :=
(7] 2,) "1 (U"). Since © x F is transverse to (G x {0}) x W in E x W, by (vii), (viii),
(ix) and [BCR98, Theorem 14.1.1], we have that S’ := 7~ 1((G x {0}) x W) is a
compact € submanifold of U” containing (L LI X) x {0} and there exists a >
diffeomorphism 1; : U” — U" arbitrarily €5° close to idy» such that ¢(S) = S’
and ¢ = idy» on (L U X) x {0}. Moreover, bearing in mind (vii) and Lemma
2.1.5, we have that S” := n=1((G x {0}) x W) C R¥" is a Q-algebraic set such
that S7 := S N Z; = (n]z,)"(S") € Reg®®(S”). In addition, the €>° embedding
Py 0 S — RT sending (z,7541) to (7|z,) "t (1 (2, 2511)), is arbitrarily €° close
to the inclusion map jg : S — R5%! sending (z,2s+1) to (z,2s41,0), P2 = jg on
(LU X) x {0} and ¢»(S) = S7. Note that the set S7 is both compact and open in
S”; thus, S is the union of some connected components of S” and Sy := 5"\ 57 is
a closed subset of R*T? (recall that an algebraic set, as S”, has only finitely many
connected components). Since v is arbitrarily €5° close to jg, the coordinate
hyperplane {z,;1 = 0} of R*t = R® x R x RETD(H+2)+k §g transverse to S in R**,
S{N{zs11 =0} = M'UX for some compact € submanifold M’ of R*™ containing
L x {0} and there exists a 4°° embedding 13 : M — R*T arbitrarily €5° close to
the inclusion map jp : M < R ie., jar(x) := (2,0,0), such that M’ = 3(M)
and 13 = jpr on L x {0}.

Let K be a compact neighborhood of S7 in R*** such that K NS5 = & and let
Top1 : RS = RS xR x REHD(H2) 5 R be the projection ms 1 (%, Tey1,y) = Toyi1.
By Lemma 2.1.7(i)(iv), we know that the algebraic set (LU X) x {0} x {0} C R is
projectively Q-closed; thus, there exists an overt polynomial ¢ € Q[z, zs41,y| such
that Zr(q) = (LU X) x {0} x {0}. Since ¢ is a proper function, replacing ¢ with
Cq? for some rational number C' > 0 if necessary, we can assume that ¢ is overt,
Zr(q) = (LU X) x {0} x {0}, ¢ > 0 on R*™ and ¢ > 2 on R*™*\ K. Let K’
be a compact neighborhood of S7 in intgs+:(K). Using a ¢ partition of unity
subordinated to {intgs+:(K), RS\ K'}, we can define a 4> function h : R*™" — R
such that h = 7441 on K’ and h = ¢ on R*™ \ K. Apply Lemma 3.1.9 to h — g,
obtaining a Q-regular function v’ : R*** — R with the following properties:

(x) There exist e € N and a polynomial p € Q[z1, ..., xs4] of degree < 2e such
that u'(x) = p(z)(1 + |z|2,,) ¢ for all x € R*T.
(xi) (LUX) x {0} x {0} € Zr(¢).
(xii) sup,eps+e [h(2) — q(z) — W/(z)| < 1.
(xili) u' is arbitrarily €5° close to ms41 — ¢ on intgs+: (K').

Let v : R®*" — R be the Q-regular map given by v := u' + ¢, and let v €
Q[x1, ..., xs44) be the polynomial v(z) := g(z)(1 + |z|2,;)¢ + p(z). Combining (x)
with the fact that ¢ is non-constant and overt, we immediately deduce that u(x) =
(1 + |z|2) “v(z) and v is Q-overt. By (xi), (xii) and (xiii), we know that (L U
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X) x {0} x {0} C Zr(u), u > 1 on R*T'\ K and u is arbitrarily €5° close to msi1
on intgs+¢(K’). In particular, 0 is a regular value of the restriction u| sy of u to SY,
STNu~t(0) = (u\sy)_l(O) is equal to M” U X for some compact €° submanifold M"
of R*** containing L x {0} x {0} and there exists a € embedding 4 : M’ — R5T!
arbitrarily €>° close to the inclusion map jy : M' < R5%! such that M” = v, (M’)
and 14 = jar on L x {0} x {0}. Since M" U X = S"Nu~1(0), Lemma 2.1.5 ensures
that M"” U X C R¥* is a Q-nonsingular Q-algebraic set. On the other hand, we also
have that M” U X = S”" Nu~1(0) = S” Nv~1(0); thus, Lemma 2.1.7(ii) implies that
M" 11 X is projectively Q-closed.

Let 7" := T'n{g¢” = 0}. By the above properties of ¢”, it follows that:
T" = M"UY where M" is an approximation of M’ in T” fixing L, T"" is an algebraic
set because it is equal to 7 N {¢” = 0} and T" is nonsingular in fact 7,41|7 (and
hence ¢”|7v) is transverse to 0 in R. By Lemma 2.1.3(v), we deduce that 7" is a
Q-nonsingular Q-algebraic set, hence M” is a Q-nonsingular Q-algebraic set as well
by Lemma 1.6.14. Since M" is a Q-algebraic subset of M" LU X which is projectively
Q-closed, Lemma 2.1.7(ii) ensures that M” is projectively Q-closed as well.

Finally let 7y : E x W — W be the natural projection and let & := my o n|pzn.
Using the first part of b), it is easy to see that M” and P satisfy the conclusion of
the theorem. g

3.2.1. A relative Nash-Tognoli theorem ‘over QQ’. In the next result we
prove a version ‘over Q' of [AK81b, Theorem 2.10].

THEOREM 3.2.3. Let M be a compact €°° submanifold of R™ and let M; for
i =1,...,¢, be € hypersurfaces of M in general position. Then there exist a
€ -diffeotopy {hi}iejo) of R"* = R" x R¥ (for some k € N) arbitrarily €°-close
to idgn+r which simultaneously takes M x {0} and each M; x {0} to projectively
Q-closed Q-nonsingular Q-algebraic sets.

In particular, there exist projectively Q-closed Q-nonsingular Q-algebraic sets
M',Mi,...,M; and a € diffeomorphism h : M — M’ such that M] C M’ and
h(M;) = M/ for alli e {1,...,¢}.

PRroor. Since the canonical line bundle over Gy ,_2 classifies line bundles and
G1,n—1 is the Thom space of the canonical bundle over Gy ,,—2, for every i € {1, ..., ¢},
increasing n if necessary, there is a smooth map f; : M — Gy ,_1 that is transverse to
G1m—2 C Gy p—1 and such that fifl(Glyn,g) =M;. Let W =Gy 1% xG1p_1 C
R"* be the (-times product of Gy,—1 with itself and let f : M — W be the
smooth map having f; as the i-th coordinate. Recall that, by Lemma 2.1.3 (f) and
Lemma 2.2.1 W is a Q-nonsingular Q-algebraic set. Moreover, since each Gy ,_1
has projectively Q-algebraic homology, Lemma 2.4.7 implies that W has projec-
tively Q-algebraic homology as well. Hence, by Theorem 3.2.2, there is a projec-
tively Q-closed Q-nonsingular Q-algebraic set M’ C R"™ x R*, for some k € N, a
Q-regular map r : M’ — W and a diffeotopy {hj}+cp0,1) of R"tF = R™ x R¥ such that
Ry(M) = M’ and roh) is a ¥*°-approximation of f. For every i € {1,..., ¢}, define
Wi=Gin-1 % xXGrpx- - xGyyu1 with Gy ,—2 at the i-th place. Observe
that if we choose the approximations sufficiently €;° close then r o hy is transverse
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to Wj;, since f is so. In addition, there is a diffeotopy {hf‘;}te[oﬂ of M’ arbitrarily
€ close to idyy such that hi(h}(M;)) = r~1(W;). Moreover, by Lemma 2.1.3 we
deduce that r~'(W;) € M’ is a Q-nonsingular Q-algebraic set. By [AK81b, Lemma
2.9] there is a diffeomorphism h” : M’ — M’ such that (k" o b')(M;) = r—1(W;) for
every i € {1,...,1}. Setting h¢ := h} o b} and M] := r~1(W;), we are done. O

We will see further deep generalizations of latter result in Section 4.1.

3.3. Q-Algebraic blowing down with approximation

Here we propose a version ‘over QQ’ of the blowing down lemma by Akbulut-King.
With respect to the original result [AK92, Lemma 2.6.1] we are also able to produce
approximating algebraic sets.

DEFINITION 3.3.1. Let V' be a Q-algebraic subset of R™ and let U be a Zariski
open subset of V. We say that V' is Q-determined on U if U C Reg*(V).

REMARK 3.3.2. Let V' be a Q-algebraic subset of R™. Then, in terms of Definition
3.3.1, V is Q-determined means that V is Q-determined on Reg(V).

LEMMA 3.3.3. Let X C R" and Y C R™ be Q-algebraic sets. Let A be a Q-
algebraic subset of X and let p: X — Y be a Q-reqular map. Suppose that X C R"
is projectively Q-closed and Q-determined. Let X U, Y be the adjunction space of X
and Y wvia p, namely the quotient topological space obtained from the disjoint union
X UY by identifying every x € A withp(z) € Y, and let 1 : X UY — X U, Y be
the quotient map. Then, there are a Q-algebraic set V. C R™ ™+ Q-regular maps
f: X =Vandg:Y =V and a homeomorphism h : V — X U, Y such that:

(i) ho f = mw|x and ho g = 7|y; in other words, the following diagram com-
mutes.

XUY 5 XU, Y « 22 v

(ii) g coincides with the inclusion map jly : Y < R thus Yy := g(Y) C
R+ s o Q-algebraic subset of V.

(iii) f| : X \ A — V\ Yy is a Q-biregular isomorphism; in particular, V =
F(X\ 4) U,

(iv) If dim(Y) < dim(X \ A) then Sing(V) C YoU f(Sing(X)) and V C R*T™+!
is Q-determined on the Zariski open subset Reg(V) \ Yp.

(v) gv o f is arbitrarily €O close to jy o p, where 3y : Y — RMHL — R7 x
R™ x R asy — (0,y,0) and gy : V — R" ™+ denote the inclusion maps.

(vi) (v o f)lreg(x) is arbitrarily €5° close to (3y © p)|Reg(x)-

PROOF. Let a,b € Q[z] such that A = Zg(a) and X = Zr(b). Since p :
A — Y is Q-regular, let p1,...,pm,q € Q[z] such that Zr(q) = @ and p(z) =
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(%l(x), ey %”(l’)) for every x € A by Lemma 2.1.3(i). Let C; € Q\ {0} arbitrar-
ily small. Define the Q-regular maps p’ : A — Y x {0} and P' : A — R™ x R
by p'(z) = (p(z),0) and P'(xz) = (P(x),Cia(x)), respectively. Denote by Y’ :=
Y x {0} C R™ x R. Observe that P’ extends p’ and the topological space X U, Y’
is homeomorphic to X LI, Y. Thus it suffices to prove the following claim:

CLAIM: Let X C R"™ be a projectively Q-closed Q-determined Q-algebraic set, let
Y CR™ be a Q-algebraic set and let p : X — R™ be a Q-regular map. Let X U,Y be
the quotient topological space obtained from the disjoint union X LY by identifying
every y € Y with the points of the fiber p~(y). Then, there are a Q-algebraic set
V C R"™ Q-reqular maps f : X — V and g : Y — V and a homeomorphism
h:XU,Y —V satisfying conditions (i)-(vi).

Since X is projectively Q-closed, hence compact, we may assume that 0 ¢ X,
up to perform a small translation of a rational vector. Let s € Q[z] and ¢ € Qly]
such that X = Zgr(s) and Y = Zg(t), with s overt. Since p is Q-regular, there
are pi,...,Pm,q € Q[z] such that p(z) = (%1(3:), e %"(a;)) for every x € X and
Zr(q) = @. Define a Q-regular extension p’ : R® — R™ of p defined by p/ =
( qﬁgg,ﬂ e qfrs%b), where b is chosen in such a way that the degree of ¢ + s?°

greater than the degree of p;q, for every ¢ € {1,...,m}. Let d be the degree of s
and Cy € Q\ {0}. Let r : R” x R™ — R be the Q-regular function defined as

r(@,) = )™ (ly = p@/Cot(y)) 2 + s(/Cat(y))?).

Observe that the choices of b and d ensure that the regular map r is globally defined
as a polynomial r € Q[z,y] by erasing the denominators. Let V' := Zr(r). Define
f:X = R'xR™ by f(z) = (z-Cat(p(x)), p(x)), g : ¥ — R"x R™ by g(y) := (0,)
and let Yp := g(Y) = {0} x Y € R""™. Thus, Yy C R"™™ is a Q-algebraic set. In
addition, g = 7]y and, if Cy € Q\ {0} is chosen sufficiently small, jy o f is arbitrarily
%2 close to gy op and (Jy o f)IReg(x) s arbitrarily €3¢ close to (jy © p)|Reg(x)- This
proves (ii),(v) & (vi).

Let us prove that V = f(X)UYp. Let (z,y) € V. If y € Y then t(y) = 0, thus
r(x,y) = sq(x)?, where s4 is the homogeneous part of s of highest degree equal to
d. Since s is supposed to be overt, the only root of sy(z) is = 0 € R™. Hence
VNR"xY) = {0} xY =Y. Now suppose y € R™\Y. Since t(y) # 0, if r(x,y) =0
for some x € R", it follows that y = p(z/Cat(y)) and s(x/Cat(y)) = 0, that is,
x/Cst(y) € V. We get (z,y) = f(z/Cat(y)), thus V\ (R* xY) C f(X\p~1(Y)). On
the other hand, r(f(z)) = 0 for every x € X since X = Zg(s), namely f(X) C V.

Now we apply the universal property of the quotient topology to find an home-

omorphism h : X U, Y — V so that h='o f and h~! o g are the quotient maps.
Consider the following diagram:

Xuy

by

Xu,Y L5y

We want to prove that for every z,2’ € X UY such that p(z) = p(z’)
(fug)z) = (fLI 9)(#'). Let z,2/ € X, with z # 2/, such that p(z) =

then t(p(z)) = t(p(z)) and f(z) = (2 t(p( ), p(2)) = (0,p(2)) = (0,p()) =
(z-r(p(2),p(z ’)) = f(2'). Let z € X and 2’ € Y so that p(z) = 2/, then f(z) =
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(z-r(p(2)),p(2)) = (0,2") = g(2'), since Y = Zr(t). This proves, by the universal
property of the quotient topology, that there is a unique continuous map h that
makes the previous diagram commute. To get that A is actually an homeomorphism
we are left to prove that f U g is closed. Let A be a closed subset of X UY, then
it splits into the union of the two closed sets AN X and ANY, thus it suffices to
prove that the images of both these sets are closed. Since X is compact, AN X is
compact and f(A N X) is compact as well, hence f(AN X) C V is closed in V. On
the other hand, g(Y) = {0} x Y =V N (R" xY), hence ¢g(Y) is closed in V. Thus,
g(ANY) = {0} x (ANY) is closed in V as well. This proves that fLlg is a quotient
map, then, by the universal property of the quotient topology, we conclude that h
is an homeomorphism satisfying (i).

It remains to show that, if dim(Y) < dim(X \ p~1(Y)), then Sing(V) C Yy U
f(Sing(X)) and V is Q-determined on Reg(V') \ Yp, that is Reg(V) \ Yo C Reg*(V).
Observe that the Q-regular function f': V \ Yy — X \ p~}(Y) defined as f'(z,y) =
x/Cat(y) is the inverse of f|x\,~1(y), thus Sing(V'\ Y5) = f(Sing(X \ p~'(Y))) C
f(Sing(X)) and dim(V \ Yy) = dim(X \ p~}(Y)). In particular, (iii) holds. Let
a:= (z,y) € Reg(V) \ Yp. Since f: X \ p~ (V) = V' \ Yy is a Q-biregular map we
deduce that Ry, , = R 4/, This proves that V' is Q-determined on Reg(V) \ Yo,
thus also (iv) holds and the CLAIM follows. O



CHAPTER 4

Q-Algebrization results

ABSTRACT. This chapter contains our main Q-approximation results. In Section
4.1 we extend some results of [BFR14] from the ¥*° to the Nash category. Then,
we prove a relative Nash-Tognoli theorem ‘over Q' improving a previous version
already presented in Section 3.2. In particular, we prove that, in case the starting
data are actually Nash than the diffeomorphism in the statement of the theorem
can be produced Nash. After dealing with a singularity at infinity, we prove a
general relative (Q-algebrization theorem in the case of nonsingular algebraic sets
with a finite set of nonsingular algebraic subsets in general position. In Section
4.2 we prove a QQ-algebrization theorem for Nash manifolds over any real closed
field. The main ingredients are a deep result in [CS92], model completeness of the
theory of real closed fields and our Q-algebrization results over R. Section 4.3 is
devoted to the proof of a Q-algebrization result in the case of algebraic sets with
isolated singularities at first in the compact case and then in general by apply-
ing algebraic compactification. The results explained so far provide a complete
positive answer of [Par21, Open problem 1, p.199] in the case of nonsingular al-
gebraic sets and singular algebraic sets with isolated singularities. In Section 4.4
we prove a consequence of our Q-algebrization theorems to provide a complete
positive answer of [Par21, Open problem 2, p.200] in the case of algebraic set
germs with an isolated singularity.
The main references for this chapter are [GS23] and [Sav23].

4.1. Relative Q-algebrization problem for nonsingular algebraic sets

This section is devoted to provide a complete positive answer to the RELATIVE
Q-ALGEBRIZATION OF NONSINGULAR ALGEBRAIC SETS. We will divide the compact
and the non-compact cases.

4.1.1. Relative Nash approximation of ¥ diffeomorphisms. A subset
of R® is semialgebraic if it is a Boolean combination of subsets of R® defined by
polynomial equations and polynomial strict inequalities. A locally closed semialge-
braic set M C R® is called (affine) Nash manifold if it is also a €°>° submanifold of
R%. Let M C R® be a Nash manifold, let X C M be a (non-empty) semialgebraic
subset of R® contained in M, and let Y C R® be a (non-empty) semialgebraic set.
We denote €2(X,Y) the set €°(X,Y) of continuous maps from X to Y, equipped
with the compact-open topology. Let v € N* U {co} and let f: X — Y be a map.
We say that f is a € map if there exist an open (not necessarily semialgebraic)
neighborhood U of X in M and a map F : U — R® such that F is of class € in
the usual sense of ¥ (and hence ) manifolds and F(z) = f(z) for all z € X.
We denote €7(X,Y) the set of €¥ maps from X to Y. The map f: X — Y is
called semialgebraic if its graph is a semialgebraic subset of R¢tt = R x Rb. The

95
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map f : X — Y is said to be a Nash map if there exist an open semialgebraic
neighborhood U of X in M and a ¥ map F : U — R such that I is semialgebraic
and F(x) = f(x) for all x € X. We denote N(X,Y") the set of Nash maps from
X to Y. Note that N(X,Y) C ¥°(X,Y) C €¥(X,Y) C ¢°(X,Y). We denote
€Y (M, RP) the set €7 (M, R®) equipped with the usual weak €7 topology, see [Hir94,
§2]. Similarly, we denote Ny, (M, R®) the set N(M,R") equipped with the relative
topology of €%(M,R").When Y = R, we often speak about ¢* (Nash) functions
instead of ¥” (Nash) maps, and we set €% (X) := €¥(X,R) and N(X) := N(X,R).
Note that f = (f1,...,f5) : X =Y C R is a ¥ (Nash) map if, and only if, each
component f; : X — R of f is a function in €¥(X) (in N(X)). The set X C M is
a Nash set if it is the common zero set of a finite family of Nash functions defined
on M. Each Nash set X € M is closed in M, and it decomposes into the finite
union of its Nash irreducible components, see [BCR98, Corollary 8.6.8]. For further
information on semialgebraic and Nash sets, we refer to [BCR98] (see also [BR90;
Shig7]).

Let us recall the concepts of Nash set with monomial singularities and of Nash
monomial crossings.

DEFINITION 4.1.1 ([BFR14, Definitions 1.1, 1.3 & p. 63]). A set X C M is called
Nash set with monomial singularities if it is a Nash set and, for each x € X, there
exist a semialgebraic open neighborhood U of x in M and a Nash diffeomorphism w :
U — R™, where m = dim(M), such that u(z) = 0 and w(X NU) is equal to a union
of coordinate linear varieties of R"". If in addition the Nash irreducible components
of X are Nash manifolds, then X C M is called Nash monomial crossings.

Given a Nash set M/ C M, we say that M’ is a Nash submanifold of M if
M’ C R? is a Nash manifold. If {M;}¢{_, is a finite family of Nash submanifolds
of M in general position, then their union Ule M; C M is an example of Nash
monomial crossings.

Here we state a theorem which is a variant of results originally proved in [BFR14].
The interested reader will find the complete proof in the Appendix A. Next result
will play an important role in the proof of Theorems 4.1.4 & 4.3.4.

THEOREM 4.1.2. Let M and N be compact Nash manifolds, let £ € N*, let
{M;}e_, be a family of Nash submanifolds of M in general position, let {N;}i_, be
a family of Nash submanifolds of N in general position, let X' C M be a Nash set
with monomial singularities and let ¢ : M — N be a € diffeomorphism such that
d(M;) = N; for alli € {1,...,4}, X'N (Ule M;) = @ and ¢|x/ is a Nash map.
Then there exists a Nash diffeomorphism ¢ : M — N arbitrarily €3° close to 1 such
that y(M;) = N; for alli e {1,...,0} and ¢Y|x = ¢|x.

As a direct consequence of Lemma 2.1.8 and Theorems 3.2.3 & 4.1.2 we have
the following result.

COROLLARY 4.1.3. Let M be a compact Nash submanifold of R™ of dimension d
and let {Mi}le be a family of Nash hypersurfaces of M in general position. Then
there exist a €' *°-diffeotopy {ht }1c(0,1) of R"E = R xR* (for some k € N) arbitrarily
CX-close to idgntr which simultaneously take M x {0} and each M; x {0} to a
projectively Q-closed Q-nonsingular Q-algebraic sets.



4.1. RELATIVE Q-ALGEBRIZATION PROBLEM FOR NONSINGULAR ALGEBRAIC SETS 97

In particular, there exist projectively Q-closed Q-nonsingular Q-algebraic sets
M’ M{,...,M] C R¥** and a Nash diffeomorphism h : M — M’ such that M/ C
M'" and h(M;) = M/ for alli € {1,...,¢}.

4.1.2. The compact case: the relative Nash-Tognoli theorem ‘over Q’.
In order to prove the version ‘over Q’ of [AK81la, Theorem 2.10] presented below,
the main ingredients will be our relative bordisms ‘over Q’ constructed in Theorem
2.5.2 combined with approximation techniques ‘over Q’ of Chapter 3, Lemma 1.6.14
and generic projection ‘over Q' (see Lemma 2.1.8).

THEOREM 4.1.4 (Relative Nash-Tognoli theorem ‘over Q’). Let M be a com-
pact € submanifold of R™ of dimension d and let M; for i = 1,...,¢, be €=
submanifolds of M in general position. Set m := max{n,2d + 1}. Then, for every
neighborhood U of the inclusion map ¢ : M — R™ in €°(M,R™) and for every
neighborhood U; of the inclusion map t|p; = M; — R™ in €5°(M;,R™), for ev-
ery i € {1,...,0}, there exist a projectively Q-closed Q-nonsingular Q-algebraic set
M' c R™, Q-nonsingular Q-algebraic subsets M] of M’ fori=1,...,¢, in general
position and a € diffeomorphism h : M — M’ which simultaneously takes each
M; to M/ such that, if 3: M" < R™ denotes the inclusion map, then yjoh € U and
gohln, € Ui, for everyi e {1,... ¢}

If in addition M and each M; are compact Nash manifolds, then we can as-
sume that h : M — M’ is a Nash diffeomorphism and h extends to a semialgebraic
homeomorphism from R™ to R™.

PROOF. Let ¢; be the codimension of M; in M for i € {1,...,¢}. An application
of Theorem 2.5.2 gives s € N, a projectively Q-closed Q-nonsingular Q-algebraic set
Y C R? :=R"™ x R*™" of dimension d, Q-nonsingular Q-algebraic subsets Y;, for i €
{1,...,£}, of Y in general position, a compact € submanifold S of R**! = R* x R
of dimension m + 1 and compact %> submanifolds S; of S of codimension ¢;, for
i€ {1,...,0}, in general position satisfying Theorem 2.5.2(i)-(iv).

Consider the map f; : S; — G, s4+1—¢; classifying the normal bundle of S; in S.
By Theorem 2.5.2(iv) we have that f;]y; is a Q-regular map extending the codomain
from G, p—c, to G, s41—¢;- An application of Theorem 3.2.2, with “L” :=Y; x {0},
“M? =S, “W” = Gq, s+1—¢; and “f” := B; gives t € N, a projectively Q-closed
Q-nonsingular Q-algebraic subset X; of R¥T1+t a diffeomorphism p; : S; — X; and
a Q-regular map ~; : X; — G, s4+1—, satisfying Theorem 3.2.2(i)-(iii). In particular,
(Yix{0})x{0} C X;, pi(x) = (x,0) and vi(z, 0) = Bily,x {0} (z) for every z € ¥;x{0}.
Consider the pullback bundle Z; := 7 (E% ;). By Lemma 2.2.6, Z; is a
projectively Q-closed Q-nonsingular Q-algebraic subset of R¥T1+t x RsTI++1 and
it contains those subsets Y¢ of Y such that ¢ € a, by Theorem 2.5.2(iii)(iv) and
Lemma 2.5.1(iii). More precisely, following the notations of Theorem 2.5.2, we have
that
V' = (Yl (vo o) c{oyx{0}) " (Bl si1-c;)
is contained in Z;, for every o € A;, and is Q-biregularly isomorphic to Y¢ fixing
each z € Y,. Let Y/ C R® x R x Rt x R*TIHHL he defined as

Y/ ::( || Y'a)u( || (v® +va) ><{0}><{0}><{0}>.

a€A; agA;
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FIGURE 4.1.1. Starting situation after the application of Theorem 2.5.2.

Since 7; can be chosen such that v; o p is arbitrarily €o° close to f3;, those maps are
homotopic, thus the normal bundle of S; in S and the normal bundle of X; x{0} x{0}
in Z; are equivalent. Hence, the germ (5,5; U (Y x {0})) of S at S; U (Y x {0}) is
diffeomorphic to the germ

(20 (L] (v +va) x R x {0} x {0}), (X; x {0}) UY/)
agA;

of the Q-algebraic set Z; U (|l ¢4, (Y +va) X R x {0} x {0}) Q-nonsingular locally
at (X; x {0})UY/.

Let ¢; : U; — V; be the above € diffeomorphism between a neighborhood U;
of S;U(Y x {0}) in S and a neighborhood V; of (X; x {0}) UY] in Z; U (| ,ga, (Y +
Vo) X R x {0} x {0}) such that ¢;|s, = p; x {0} and ¢;|y« is the above Q-biregular
isomorphism for every a € A;, and ¢;|y« is the inclusion map for every a ¢ A;. Let
V{ C V; be a neighborhood of (X; x {0})UY]" in Z;U(,¢4,(Y* +va) xRx {0} x {0})
such that V/ € V;. Set A; := ¢; ' (V/) C U; closed neighborhood of S; U (Y x {0}) in
S and consider the map ¢;| 4, : A; — RS xRSFIHHTL Gince 2(s+1+4+¢)+1 > 2(d+
1)+1, Tietze’s theorem ensures the existence of a continuous extension of ¢; from the
whole S to R¥T1H x RSTITHL ' we can apply to ¢;|4, the extension theorem [Whi36,
Theorem 5(f)] of Whitney, obtaining a 4> embedding ¢/ : § — RST1H x R+l
extending ¢;]4,. Thus, there exists a 4> manifold N; C RS x RSFTIHHL which
is ¢>° diffeomorphic to S via ¢; and, by construction, the following properties are
satisfied:



4.1. RELATIVE Q-ALGEBRIZATION PROBLEM FOR NONSINGULAR ALGEBRAIC SETS 99

N; C R2(s+t)+3

Y8 x R x {0} x {0}

/Yﬁ

FIGURE 4.1.2. Topological construction of N; with i € o and i ¢ S.

(1) (Xz X {0}) U Y;-/ C N;;
(ii) the germ of N; at (X; x{0})UY/ is the germ of a Q-nonsingular Q-algebraic
set.

Since X; x {0} is a Q-nonsingular Q-algebraic subset of N; and Y/ is a Q-nonsingular
Q-algebraic hypersurface of N; satisfying above property (ii), Lemma 3.1.5 ensures
that (X; x {0})UY/ C RSTIHE x RSFIHHL ig 4 Q-nice Q-algebraic set. An application
of Theorem 3.2.2 with “L” := (X; x {0}) UY/, “M” := N; and “W” := {0} gives
t; € N, with ¢t; > 2(s+1+t)+1, a projectively Q-closed Q-nonsingular Q-algebraic set
X' C Rb = R ReHIHAL  RE 205140+ gych that ((X;x {0})UY)x {0} C X?
and a € diffeomorphism 7; : N; — X° such that 7;(z,0) = x for every x €
(X; x {0}) UY/. Define the diffeomorphism ; : S — X' as p; := 7; o ¢}, for every
i€{l,...,0}. Lett:=max;eq; . g t; and consider Xt C R foreveryi € {1,...,¢}.
Here we adapt part of the proof of Treorem 3.2.2 to the present situation.

Let G := Gs_g,4+1 and let B : S — G be the Gauss mapping of S in Rs*L
Recall that Y C R® and, by Theorem 2.5.2(iii)(iv), Bly {0} coincides with the Gauss
mapping of the Q-nonsingular Q-algebraic set Y x R in R*!. Hence, Bly x oy is Q-
regular since the Gauss mapping of Y x R in R**! is so by Lemma 2.2.5.

Let B :=Es_ga41 = {(A,b) € G x R¥T! | Ab = b} be the universal vector bundle
over the grassmannian G. Let 8*(E) := {(z,y) € S x R**!|B(x)y = y} be the
pullback bundle and let 6 : 8*(E) — R**! defined by (z,y) := = +y. By the
Implicit Function Theorem, there exists an open neighborhood Uy in 5*(E) of the
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zero section S x 0 of $*(E) and an open neighborhood U of S in R¥*! such that
0|v, : Up — U is a diffeomorphism.

Define a €*° map 5 : U — FE and a smooth map p : U — S in the following
way: for every x € U, let (24,9:) := (0|v,) L(x) and let N, := ((z;), then define
B(z) = (Ny,ys) and 6(z) = z,. Since (0y,)"1(S) = G x {0}, we have that
B~HG x {0}) = S; moreover if z € S then B(z) = (B(z),0), so Bly is Q-regular.
Now we prove that 3 is transverse to G x {0} in E. Fix z € S and let N, := 3(z).
Let N, be the (s — d)-dimensional vector subspace of R**! corresponding to N,
and let y € ]\79C so close to the origin 0 of R**! that (z,y) € Uy. We have that
Oy, (z,y) = 2 + vy, so (Olv,) Hz +y) = (x,y) and Bz +y) = (Ny,y). It follows
that dfB,(N.) = Ng, hence df,(R*™) contains the vector subspace {0} x R5~% of
T, (G) x R*% =Ty, ¢)(E) and so 3 is transverse to G x {0} at z.

Recall that, by Lemma 2.1.7(iv), X x---x X! C (R®)? is a projectively Q-closed
Q-nonsingular Q-algebraic set. Let ¢ : § — X! x --- x X* be the € map defined
as © = (p1,...,00). Let §: U — X! x --- x X! be the smooth map defined by
@ := pog. The smooth map B X 3:U— Ex X' x...x X’ satisfies the following
properties:

(i) B x @ is transverse to (G x {0}) x X! x--- x X? and (8 x &)~ ((G x {0}) x
Xl x. . x X6 =8,
(iv) (B x @)|y is Q-regular.

Apply Lemma 3.2.1 with the following substitutions: “W7”:= E x Xl x X,
“L7:=Y x {0}, “f7:= B x ¢ and “U” equal to some open neighborhood U’ of S
in Rt relatively compact in U, obtaining a Q-nonsingular Q-algebraic subset Z
of R¥t1 x RF, for some integer k, an open subset Zy of Z and a Q-regular map
n:Z — ExX"x - x X such that, if 7 : R¥T! x R¥ — R**! is the natural
projection and ¢ : U’ < Rt x R* is the inclusion map, the following conditions
hold:

(v) Y x {0} x {0} C Zy, w(Zy) = U’, the restriction 7|z, : Zyg — U’ is
a € diffeomorphism, and the € map ¢ : U’ — R*T**  defined by
o(r,2511) = (7|z,) Yz, m541) for all (x,2511) € U, is arbitrarily €°
close to ¢. _

(vi) n(x,2511,0) = (8 X @)(x,z541) for all (z,2511) € Y x {0}.

(vii) The € map 7 : U' — E x X! x --- x X! defined by 7(z,zs11) :=
n(o(x,zs11)), is arbitrarily €5° close to (B % 3)|p.

Choose an open neighborhood U” of S in R**! such that U” C U’. Set Z; :=
(7] 2,) "1 (U"). Since fx @ is transverse to (Gx{0})x X x---x X¥in ExX'x---x X!,
by (v), (vi), (vii) and [BCR9S8, Theorem 14.1.1], we have that S’ := 7 ~((G x {0}) x
X1 x - x X% is a compact ¥ submanifold of U” containing Y x {0} x {0} and
there exists a €°° diffeomorphism ; : U” — U” arbitrarily €3° close to idy» such
that ¢1(S) = 5" and ¢ = idy» on Y x {0} x {0}. Moreover, Lemma 2.1.5 ensures
that S” := n71((G x {0}) x X! x --- x X¥) € R*+1*F is a Q-nonsingular Q-algebraic
set of dimension d 4 1. In addition, the ¥ embedding 12 : S — R*T1** defined
by V¥(x,2511) := (7|2,) " (¥1(z, 2511)), is arbitrarily €° close to the inclusion map
gs i S = RHHE 4hy = jg on Y x {0} and 12(S) = S7. Note that the set 7 is both
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compact and open in S”; thus, S7 is the union of some connected components of S”
and S% := S"\ 57 is a closed subset of R¥*1+¥ (recall that an algebraic set, as S” is,
only has finitely many connected components). Since 1) is arbitrarily €g° close to
js, the coordinate hyperplane {z,y1 = 0} of R¥T!*¥ is transverse to S} in RSt
ST N{xst1 =0} =M U (Y x {0} x {0}) for some compact € submanifold M’ of
Rs*+1H% and there exists a € embedding 13 : M — RST1F arbitrarily €2° close to
the inclusion map jps : M < RST1HE guch that M’ = «3(M).

Let K be a compact neighborhood of S in R**** such that K NS5 = @ and
let w51 : RSFIFF = RS x R x R¥ — R be the projection mey1(x, 2511,9) := Ts41. By
Lemma 2.1.7(i)(iv), the algebraic set Y x {0} x {0} C R**!** is projectively Q-closed.
Let ¢ € Q[z1,...,xs114%) be an overt polynomial such that Zr(q) =Y x {0} x {0}.
Since q is a proper function, replacing ¢ with C¢? for some rational number C' > 0
if necessary, we can assume that ¢ € Q[x1,...,zs114%] is overt, Zgr(q) = Y X
{0} x {0}, ¢ > 0 on R**1** and ¢ > 2 on R**1+k\ K. Let K’ be a compact
neighborhood of SY in intpst14x(K). Using a € partition of unity subordinated to
{intger14x (K), R5T1HE\ K’} we can define a ¢ function h : R+1+*F — R such that
h = msy1 on K’ and h = g on R**17F\ K. Apply Lemma 3.1.9 to h — ¢, obtaining
a Q-regular function «’ : Rt1T% — R with the following properties:

(viii) There exist e € N and a polynomial p € Q[z1,...,%sy1+k] of degree < 2e
such that u'(z) = p(z)(1 + |z|2,,) ¢ for all z € ReH1HF,
(ix) Y x {0} x {0} C Zg(u).
() Supyegeres [1(2) — g(x) — (@) < 1.
(xi) o/ is arbitrarily €5° close to msy1 — g on intgst1+x(K').
Let u : Rt!*% 5 R be the Q-regular map given by u = u’ + ¢, and let
v € Q[z], with & = (z1,...,Tsp14%), be the polynomial v(z) := q(z)(1+|z|2 1, )+
p(z). Combining (viii) with the fact that ¢ € Q[z] is non-constant and overt, we
immediately deduce that u(z) = (14 |#]2,,,,) “v(z) and v € Q[z] is overt. By
(ix), (x) & (xi), we know that Y x {0} x {0} C Zr(u), u > 1 on RH+E\ K and
u is arbitrarily €3° close to msy1 on intgsii4x (K’). In particular, 0 is a regular
value of the restriction u|gy of u to SY, S N Zr(u) = M" U X for some compact

%> submanifold M" of R**1**¥ and there exists a ¥ embedding vy : M’ —
Rs*T1HF arbitrarily €5° close to the inclusion map jay : M’ < R5+H1HF guch that
M" = py(M'). Since M" U X = 5" N Zr(u), Lemma 2.1.5 ensures that M" U X C
RsH1+F is a Q-nonsingular Q-algebraic set. On the other hand, we also have that
M"UX =5"NZg(u) =S5" N Zr(v); thus, Lemma 2.1.7(ii) implies that M" U X is
projectively Q-closed. In addition, by Lemma 1.6.14 we deduce that M” C RsH1+k
is a projectively Q-closed Q-nonsingular QQ-algebraic set. Consider the embedding
Y M — RTIF defined as 1) := 4 0 3. Then, 1 is arbitrarily €2° close to jas,
(M) = M" and consider the €°° submanifolds ¢ (M;), for every i € {1,...,¢}, of
M" in general position.

Consider m; : E x X! x --- x X! — X" the projection on the i-th component
of X1 x ..o x X! thus mo (8 x @) = piop. Let X! := X; x {0} x {0} c X,
for every ¢ € {1,...,¢}. By (vii), we know that m; o7 is arbitrarily €3° close
to ; o p, thus m; o 7) is transverse to X/ in X* for every i € {1,...,¢}. By (v),
(vi), (vii) and [BCR98, Theorem 14.1.1], we have that S/ := §71((G x {0}) x
Xt x oo x X! x oo x X8 = 8N (m of)~HX]) is a compact > submanifold
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of S C U” containing Y; x {0} x {0} and there exists a ¥ diffeomorphism ¢ :
U"” — U" arbitrarily €° close to idy» such that ¢i(S;) = S/ and ¢¢ = idy»
on Y; x {0} x {0}. Moreover, by (v), Lemma 2.1.5 ensures that S/ := n~!((G x
{0)) x Xt x oo x X! x oo x X0 = 8" N (m 0n) Y (X)) € R¥FIFF is a Q-algebraic
set such that SY := 8" N Z; = (n|z,) 1(S") C RegRlQ(S”) In addition, the €
embedding 4 : S; — RTHF defined by i(x,2511) = (7|z,) (Wi (2, 2511)), is
arbitrarily €3° close to the inclusion map jg, : S; — Rs+1+k, Ph = jg, on Y; x {0}
and ¥5(S;) = S!|. Note that the set S/ is both compact and open in S/; thus,
S/ is the union of some connected components of S; and S, = S/ \ S} is a
closed subset of RT1+F  Since Y% is arbitrarily €5° close to jg,, the coordinate
hyperplane {zs;1 = 0} of R**1+¥ is transverse to S/} in R¥T1HF §% N {xs 1 =0} =
M! U (Y; x {0} x {0}) for some compact ¢ submanifold M/ of R¥*1** and there
exists a > embedding 1% : M; — RHIHE arbitrarily €3° close to the inclusion
map ju, : M; = RS such that M = ¢4(M;). Observe that, by construction
M] c M, for every i € {1,..., ¢}, are in general position. Define M" := M"NSY, for
every i € {1,...,¢}. By (ix), (x) & (xi), we deduce that M/, for every i € {1,..., ¢},
are Q-nonsingular Q-algebraic subsets of M” in general position and there exists
a € embedding ¢} : M; — RSk arbitrarily €2° close to the inclusion map
Jagr + M — RTIE such that M = ¢4 (M;), for every i € {1,...,£}. Consider
the embeddings 1; : M; — R*T1HF defined as ¢; := 9% o 4. Then, 1; is €° close
to jas, and (M;) = M/, for every i € {1,...,£}. As a consequence, ¥; o (¢|)71] :
Y(M;) — M € M" is a €g° diffeomorphism €3° close to jy(az,) : h(M;) < RSTIHE
for every i € {1,...,¢}. Thus, [AK81b, Lemma 2.9] ensures the existence of a €
diffeomorphism 5 : M” — M" such that ¢5(¢(M;)) = M/ and )5 is €3° close to
Jmr M’ — Rtk

Hence, by setting “M"” := M" and “M]” := M/, for every i € {1,... ¢},
and the ¢ diffeomorphism h : M — M’ as “h” := 15 0 14 0 13 we get the
wondered projectively Q-closed Q-nonsingular Q-algebraic model M’ C Rtk of
M with Q-nonsingular Q-algebraic subsets {M] le in general position such that
there exists a ¥ diffeomorphism h : M — M’ satisfying h(M;) = M/, for every
i€ {l,...,0}, g0oh € U and yo h|y, € U, for every i € {1,...,¢}, where 5 :
M’ «— R*H1+* denotes the inclusion map. Finally, applying Q-generic projection
(see Lemma 2.1.8) we may suppose that the projectively Q-closed Q-nonsingular
Q-algebraic sets M', M7,..., M; C R™, with m := max(n,2d + 1).

Assume in addition that M and each M, are Nash manifolds, for every i €
{1,...,¢}. By Theorem 4.1.2 we can assume that h : M — M’ is a Nash diffeo-
morphism such that h(M;) = M/, for every i € {1,...,¢}. Moreover, an application
of [Jel09] provides a semi-algebraic homeomorphism R™ — R™ extending h, as
desired. O

REMARK 4.1.5. In the statement of Theorem 4.1.4 we can add the following
requirement: “ M’ C R™ contains an hypersurface of rational points, that is,
dim(Zclgm (M'(Q))) > d —17.

Indeed, up to perform a small translation and rotation we may suppose that
there is a € (M '\ Ule M;) N Q™ and the tangent space T, M of M at a has equation
over the rationals. Then, consider a sphere S"~!(a,7)(a,r) centred at a of radius
r € Q such that S" Y(a,r) N Ule M; = @. Observe that S""1(a,7) N T,M is a
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Q-nonsingular Q-algebraic set of dimension d — 1 having Zariski dense (actually
Euclidean dense) rational points. Choose neighborhoods U/ and U, of a in M such
that S"~!(a,r)NT,M C U. and U, C U, and neighborhoods V and V' of Ule M; in
M such that V' C V. By a partition of unity argument, we may find a > manifold
M C R" such that:

(i) Myyq :=S"Ya,r)NT,M C M and {Ml}fill are €°° submanifolds of M
in general position.
(ii) S" Ya,r) N T,M C M(Q), thus dim(Zclgm (M(Q))) > d — 1.
(iii) We may choose M to be diffeomorphic to M, in addition, by [AK81b
Lemma 2.9], there exists a dlffeomorphlsm qﬁ M — M such that czﬁ\ M; =
idyy,, for every i € {1,...,/}, and j3; 0 ¢ is arbitrarily EX° close to gar,

where gy 0 M = R™ and g7 M < R™ denote the inclusion maps.

(iv) Suppose that in addition M, Mj,..., M, C R™ are Nash manifolds. By
Theorem 4.1.2, we may suppose that above diffeomorphism qb M — M
is actually a Nash diffeomorphism such that <]5\ Mm; = idpy; and jg7 o (j) is
arbitrarily Ny close to 7p.

Then, it suffices to substitute “M” := M, “¢” := {+1 and fix “My,1” := S" (a,7)N
T, M in the proof of Theorem 4.1.4 and observe that, being M;y,1 a Q-nonsingular
Q-algebraic subset of R™ contained in M such that My1q N Ule M; = & and the
Gauss mapping of M restricted to My is Q-regular, we can keep My fixed during
the approximation steps. This ensures that My, = S* (a,r)NT,M C M’'(Q), thus
dim(Zclgm (M'(Q))) > d — 1, as desired. m

4.1.3. The non-compact case. The relative Nash-Tognoli theorem ‘over Q’,
namely above Theorem 4.1.4, can be extended also to the non-compact case when
M C R™ and each M; C R" are nonsingular algebraic sets. The strategy is to
apply algebraic compactification getting a compact algebraic set with (eventually)
only one isolated singularity, apply Hironaka’s desingularization theorem, apply our
approximation results ‘over Q” of Chapter 3 and our blowing down lemma ‘over Q’,
namely Lemma 3.3.3. Hence, next theorem provides a complete positive answer to
the RELATIVE Q—ALGEBRIZATION PROBLEM FOR NONSINGULAR ALGEBRAIC SETS.

THEOREM 4.1.6. Let V' be a nonsingular algebraic subset of R™ of dimension d
and let {Vi}i_, be a finite family of nonsingular algebraic subsets of V in general
position. Set m := n + 2d + 3. Then, for every neighborhood U of the inclusion
map ¢ : V — R™ in Ny (V,R™) and for every neighborhood U; of the inclusion map
tly; + Vi = R™ in Ny (V5, R™) for everyi € {1,...,¢}, there exist a Q-nonsingular
Q-algebraic set V! C R™, a family {V’ _, of Q- nonsmgular Q-algebraic subsets of
V' in general position and a Nash dzﬁeomorphzsm h:V — V' which simultaneously
takes each V; to V] such that, if 3 : V' — R™ denotes the inclusion map, then
Joh € U and jo h|y, € U; for every i € {1,...,0}. Moreover, h extends to a
semialgebraic homeomorphism from R™ to R™.

PRrROOF. Let ¢; be the codimension of M; in M for every i € {1,...,¢}. We
can assume V is noncompact. If V' = R™, then it suffices to identify V with the
algebraic set V' x {0} C R*™! = R™ x R and next proof continues to work with the
same estimate m = n+2d+3. Up to translate V and each V; with i € {1,...,¢}, of a
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very small vector we may suppose that the origin 0 of R™ is not contained in V. Let
$,81,...,8¢ € R[z] such that Zr(s) =V and Zgr(s;) = V;, for every i € {1,...,¢}.
Let S"~! be the standard unit sphere of R™ and let 6 : R™ \ {0} — R™\ {0} as
O(z) = ﬁ be the inversion with respect to S"~!. Recall that # o § = idgn f03-
Let e > max{deg(s),deg(s1),...,deg(s;)}. Define the polynomials ¢ := |z|>¢ - (s o
0)(z) € Rz], t; := |z|?¢(s; 0 O(x)) € R[x], the compact algebraic sets V := Zp(t)
and V; := Zg(t;), for every i € {1,...,¢}. By construction, V" = 6(V) U {0},
Vi=0(V);u{0}, for every i € {1,..., ¢}, and 0 : V — V \ {0} is a Q-biregular map
between the algebraic set V' and the Zariski open subset V'\ {0} of V. In general, 0
may be a singular point of V and V; for i € {1,...,¢}.

By a relative version of Hironaka’s desingularization theorem (see [AK92, Lemma
6.2.3]) there are a finite set J C N\ {1,...,¢}, nonsingular algebraic sets X, X; and
E;, for every i € {1,...,4} and j € J, and a regular map p : X — V satisfying the
following properties:

(i) Ej is an algebraic hypersurface of X for every j € J and (J;c; E =p~1(0);
(ii) the nonsingular algebraic sets {X;}¢_; U {E;};es are in general p081tion;

(iii) p‘X\UjeJEj : X\ Ujes Ej = V is biregular.

(iv) p(X;) =V, for every i € {1,...,(}.

An application of Theorem 4.1.4 with the following substitutions: “M”:= X, “¢”:=
0+ |J|, M= X; for every i € {1,...,£}, “M;”:= Ej for every j € J, gives a
projectively Q-closed Q-nonsingular Q-algebraic set X’ C R?¢*+! of dimension d, Q-
nonsingular Q-algebraic subsets X/ for i € {1, ..., ¢}, and Q-nonsingular Q-algebraic
hypersurfaces E}, for j € J, of X’ in general position and a Nash diffeomorphism
¢+ X — X' such that ¢(X;) = X| for every i € {1,...,¢}, and ¢(E;) = Ej, for
every j € J.

Consider the Nash map p’ := po ¢~ : X’ — V such that (p')~1(0) = U?eJ E!.
By Lemma 3.1.6, U]GJ E! C R24+1 is Q-nice, thus we can apply Lemma 3.1.8 with
“L7 = “PY o= UJE J E] to each entry of any smooth extension R2¥1 — R” of
p : X' — R"™ getting a polynomial map q := (q,...,qn) : R**! — R™ such that
q|X/ is arbitrarily Ny, close to p’ and ¢; € Zo(U,c s E)-

Finally, an application of Lemma 3.3.3 with the following substitutions: “X”:
X', Y= {0}, “A":= ey Ej, “pTi= q\U B and “P”:= ¢ gives a Q—determlned
Q-algebraic set V/ C R2?¥*! x R" x R of dimension d with (eventually) only an
isolated singularity at the origin 0 of R2! x R™ x R, such that V! := f(V;) U {0},

for every i € {1,...,/¢}, is a Q-determined Q-algebraic subset of V' of codimension
c; with (eventually) only an isolated singularity at the origin 0 of R%¢*+1 x R™ x R,

where f: X" — V’ denotes the Q-regular map of Lemma 3.3.3, and a semialgebraic
homeomorphism % : V — V’ defined as:
- 0 if 2 =0€cR",

fopop~i(x) otherwise.
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Let m' := 2(d 4+ 1) + n. Observe that ﬁ’f/\{ﬁ} : V\ {0} — V’'\ {0} is a Nash

diffeomorphism and TL\;/ : 171 — ‘N/i’ is a semialgebraic homeomorphism satisfying the
following approximation properties:

(iv) his arbitrarily €Y close to t7 and E|V\{0} is arbitrarily €3° close to L‘~/\1~/\ oy
(v) %\7 is arbitrarily €9 close to v7|;; and %\7\ (o) 18 arbitrarily €5° close to
wlv oy
where ¢ V < R™ denotes the inclusion map.

Let ¢/,t],...,t, € Q[z1,..., Ty such that Zr(t') = V' and Zr(t)) = /X};’ for
every i € {1,...,0}. Let S™ ! be the standard unit sphere of R" and let ¢’ :
R™ \ {0} — R™ \ {0} as 0'(z) = ﬁ be the inversion with respect to $" 1.
Recall that 6 0 6" = idg.u, (o). Let € > max{deg(t'),deg(t}), ..., deg(t;)}. Define

the polynomials s' := |z|?% - (¢ o 0')(z) € Q[z], s, := |z IQRf;,(tg o @)(z) € Q[z],
the algebraic sets V' := Zg(s’) and V; := Zg(s]), for every ¢ € {1,...,¢}. By

construction,
Vi =0 (V'\{0})U{0} and V;=6'(V/\{0}) U{o},

for every i € {1,...,€}, and &' : V' \ {0} — V’ U {0} is a Q-biregular map between
Zariski open subsets of Q-algebraic sets. Moreover, 6(V/\ {0}) = V/ U {0} for every
i € {1,...,¢}. Observe that, by construction, the Q-nonsingular Q-algebraic sets
{V/}{_, are in general position. Let C € Q\ {0} and define the Q-algebraic sets

!

m
V"= {(x,y) eR"™ xR ‘ ny% =0, §(r) = 0},
k=1
m/
v/ = {(w,y) eR™ x R‘ny% =C, si(x) = 0}
k=1
for every i € {1,...,¢}. By construction, V" and V;” are Q-nonsingular Q-algebraic
sets, for every i € {1,...,¢}, V/'\ {0} and V" are Q-biregularly isomorphic via
projection 7 : R™ x R — R™ 7wy 2 VT = VI {0}, for every i € {1,..., ¢}, and
the Q-nonsingular Q-algebraic sets {V;/}¢_, are in general position.

Define the Nash diffeomorphism h: V — V" as
h:= (7T|V//)_1 o 0,’17’\{6} o h’f/\{ﬁ} o 9|V
Let m :=m'4+1=2d+n+3. If we fix C € Q)\ {0} be sufficiently small, by
(iv), (v) and the choice of & as above, we deduce that hly, : V; — V' is a Nash
diffeomorphism, gy~ o h is €5° close to the inclusion vy : V < R™ and h|y, is €°
close to the inclusion map ty; : V; < R™, where jy+ : V/ < R™ denotes the inclusion

map. Moreover, an application of [Jel09] provides a semialgebraic homeomorphism
R™ — R™ extending h, as desired. (|

REMARK 4.1.7. In the statement of Theorem 4.1.6 we can add the follow-
ing requirement: “ V/ C R™ contains an hypersurface of rational points, that is,

dim(Zelgm (V/(Q))) > d — 17.
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By Remark 4.1.5 we may suppose that X’ C R24*+! in the proof of Theorem 4.1.6
is such that dim(Zclgza+1(X'(Q))) > n—1. In addition, since Q-biregular maps send
rational points to rational points, as f|X/\(Uj€J B X'\ (Ujes E) — V' \ {0} and
0" : R™\ {0} — R™\ {0} are, we get that dim(Zclgoa1(X'(Q) \ (Ujes E}))) > d—1
and (0 o £)(X'(Q) \ (Ujes 7)) = V'(Q), hence, being both f and ¢ biregular,
dim(Zclgm (V'(Q))) > d — 1, as desired. m

4.2. Q-Algebrization of Nash manifolds over real closed fields

Throughout this section R denotes a real closed field. Let us generalize the
concept of semialgebraic and Nash sets and functions over R. Our main result is the
Q-algebrization theorem for Nash manifolds M C R™ improving [CS92, Corollary
3.9].

A subset S of R" is semialgebraic if it is a Boolean combination of subsets of R"
defined by polynomial equations and polynomial strict inequalities. Observe that,
by quantifier elimination of the theory of real closed fields (see [BCR98, Theorem
1.4.2 & Proposition 5.2.2]), S C R* is semialgebraic if and only if it is described by
a first-order formula in the language of ordered fields. A locally closed semialgebraic
set M C R"™ is called (affine) Nash manifold if it is also a €°° submanifold of R™.
Let M C R" be a Nash manifold, let X C M be a (non-empty) semialgebraic subset
of R™ contained in M, and let Y C R™ be a (non-empty) semialgebraic set. Let
v e N"U{oc} and let f: X — Y be a map. We say that f is a €” map if there
exist an open (not necessarily semialgebraic) neighborhood U of X in M and a map
F : U — R™ such that F is of class " in the usual sense of > (and hence ¢")
manifolds and F(z) = f(x) for all z € X. We denote ¢%(X,Y) the set of €~
maps from X to Y. The map f : X — Y is called semialgebraic if its graph is a
semialgebraic subset of R*™ = R" x R™. The map f : X — Y is said to be a Nash
map if there exist an open semialgebraic neighborhood U of X in M and a °° map
F : U — R™ such that F' is semialgebraic and F(z) = f(x) for all z € X. The map
f X — Y is said to be a Nash diffeomorphism if f is a bijective Nash map and
f~!is a Nash map too.

Let R2|R; be a field extension such that both R; and Rg are real closed fields.
We present a version of Definition 1.1.18 in the case of semialgebraic sets.

DEFINITION 4.2.1. Let S C R} be an algebraic set and let ¢ be a first-order
formula in the language of ordered fields (with coefficients in R;) such that S =
{z € R} | ¢(x)}. We say that Sg, := {z € Ry | ¢(x)} is the extension of coefficients
of Sto Ry. m

Observe that, by model completeness of the theory of real closed fields, the
semialgebraic set Sp, C RY in Definition 4.2.1 only depends on S C RY, so the
definition is well posed. For more details about extension of coefficients and model
theoretical properties of the theory of real closed fields we refer to [BCR9S, §5].

Let us introduce the main result of this section.

THEOREM 4.2.2. Let M C R™ be a Nash manifold of dimension d. Then, there
exists a Q-nonsingular Q-algebraic set M’ C R™ and a Nash diffeomorphism h :
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M — M', for some m € N with m > n. In particular, M’ C R™ can be chosen in
such a way that dim(Zclgm (M'(Q))) > d — 1.

PROOF. Denote by @ the real closure of Q. By [CS92, Corollary 3.3|, there
exists a nonsingular algebraic set X C (@T)”/ and a Nash diffeomorphism b’ : M —
Xpg, for some n/ € N with n’ > n. Consider Xg C R" as a Q -algebraic set
(actually Xg C R™ is defined over Q" by Proposition1.1.19(ii)). An application of
Theorem 4.1.4 ensures the existence of a Q-algebraic set X’ c (Q')™ and a Nash
diffeomorphism ¢ : Xg — Xp such that Xp € R™ is a Q-nonsingular Q-algebraic
set, for some m € N with m > n'/. Moreover, the Nash diffeomorphism ¢ : Xp — X}
can be approximated by a Nash diffeomorphism described by a first order formula
with coefficients in Q. Let us prove this assertion. The normal bundle of Xp in
R™ is the extension over R of the normal bundle of X’ in (Q")™, thus it is a Nash
submanifold of R™ defined by a first order formula with coefficients in Q@ whose
retraction on Xp is a Nash map defined by a first order formula with coefficients
in @T as well. Hence, it suffices to approximate by Weierstrass approximation the
diffeomorphism ¢ with a polynomial map whose coefficients lie over Q" and compose
it with the retraction. Thus, the resulting Nash diffeomorphism ¢g : Xgp — Xp is
the extension over R of a Nash diffeomorphism 1 : X — X'.

Let Zg(Xg) = (q1,- - -,4s) C Q[z]. Observe that the property of the Q-algebraic
set Xp C R™ of being Q-nonsingular can be expressed by a first-order sentence with
coefficients over Q corresponding to the following assertion: “For every a € Xp the
rank of the Jacobian matriz Jo(a) of Q == (q1,...,¢s) : R™ = R® at a is m—d (with
d = dimp(M) = dimg(Xgr)) and there are ¢, a5 - - -, Gi, _,.a Polynomials among the
q;s such that

ZRm,(qiha, . 7Qim_d,a) NU =VWnNU,
where U = R™ \ {y € R™ | dim(J(qi17I7,,,7qim_d7I)(y) <m—d)}”.

Since above first-order sentence can be expressed with coefficients over Q (i.e.
without coefficients), X' C (@T)m is a Q-nonsingular Q-algebraic set by model com-
pleteness of the theory of real closed fields. Again, by model completeness of the
theory of real closed fields, we get that g : Xp — X} is a Nash diffeomorphism
and Xj C R™ is a Q-nonsingular Q-algebraic set. So it suffices to fix “M"” := X,
and “h” := g o h'. In addition, since the Q-algebraic set X C R™ can be chosen
such that dim(Zclgm (Xp(Q))) > d — 1 and X3 (Q) = X'(Q) = X%(Q), Proposition
1.1.19(iv) ensures that

dimp(Zelpn (M'(Q))) = dimp(Zel g (Xp(Q))) = ditmgr (Zel gy (X'(Q))
= dimg (Zclgn (Xg(Q))) > d - 1,
as desired. 0

4.3. Global QQ-algebrization of isolated singularities

This section is devoted to provide a complete positive answer to [Par21, Open
problem 1, p.199] in the case of algebraic sets V' C R™ with isolated singularities.
First we deal with the compact case and then we extend the proof to the general
one. Let us start by proving some preparatory results.
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4.3.1. Small Lagrange-type interpolations. In this subsection we prove a
technical result which will allow us to apply our blowing down lemma ‘over Q’,
namely Lemma 3.3.3, in the case of algebraic sets with isolated singularities in
Subsection 4.3.2.

Let 3 € N* and let ¢ = (c1,...,c5) € RP be such that ¢; # c; for all
g, € {1,...,8} with j # j'. We denote L.1,...,L.3 € R[z] the Lagrange ba-
sts polynomials associated to c, i.e.,

T — Cg
Loj(x) = Hse{l,...,ﬁ}\{j} (Cj — Cs) . (4.3.1)

Ifd=(dy,...,dg) € R®, then Zle d; L. j is the Lagrange interpolation polynomial
associated to ¢ and d. This polynomial coincides with the unique polynomial £ €
R[z] of degree < § such that £(c;) = d; for all j € {1,...,3}. Furthermore, if each
d; is sufficiently small then £ is arbitrarily 4"° small on compact subsets of R. We
need a variant of this result in which we permit that the interpolating function £ is
regular (not only polynomial), it vanishes on a finite set disjoint from {ci,...,cg}
and its smallness is also controlled at infinity. The mentioned variant is as follows.

PROPOSITION 4.3.1. Let A be a finite subset of R, let B € N* and let by,...,bg €

R be real numbers such that b; # by for all j,j' € {1,...,8} with j # j', and
An{by,...,bg} =@. Let k,m € N and let e € RT. Then there exists § € Rt with
the following property: for each ¢ = (c1,...,c5) € R® such that |bj — c;| < § for all
j€A{1,...,8}, there exists a regular function L.: R — R such that:

(a) Le(a) =0 for all a € A.

(b) Le(ej) =bj —¢j forall j € {1,...,5}.

(¢) |DpLe(z)| < €(1+2%)7F for all h € {0,...,m} and for all x € R, where

Dy, denotes the bt derivative operator.

PrROOF. Let us assume that A # @. If A = &, the proof we present below
(suitably simplified) continues to work. Let ay, ..., a, be the elements of A. Choose
a natural number ¢ such that

a+pf—-1-20< =2k

and define:

01 1= %mini,je{l,...,b’},i;éj |b; — bj| >0,

Oy 1= %minie{lw.7a}’j€{17m’5} la; — bj| >0,

d3 := min{dq, 02} > 0,
K = J]_[bj — d3,b; + 33,
H = T17_[b; — 05,b; + 03],

p(z) == [[i21 (= — ai) € Rlz].

Note that dist(A, K) > 269 — d3 > d2 > 0; thus, p never vanishes on the compact

subset K of R and hence M := max,cx |p(x)| 1 (1 + 22)¢ is finite (and positive). Tt
follows that

Ip(z)| "t 1+ 22 < M forallz € K. (4.3.2)
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Foreach j € {1,...,8} andw € {1,...,a+ S —1}, let ¢; »w(v) € Rly] = Rly1,...,yg]
be the (unique) polynomials such that
~1
p(@) Tlacqro oy (@ — vs) = Yokt qjw(y)a® (4.3.3)
for all (z,5) € R x RA. Note that, for each 7,5’ € {1,...,8} with j # j, the
intervals [b; — d3,b; 4 d3] and [bjy — 03, by + d3] are disjoint; indeed, their distance is
> 301 — 203 > 61 > 0. As a consequence,
Njw := maxey, _yen [40(y) [ecqr,..ongy (Wi — ys) |
is finite (and positive) for all j € {1,...,8} and w € {1,...,a+ 5 —1}. Set
N :=maxje(1 g} we(l,...at+s-1} Njw > 0.
It follows that
|2,0(W) Tseqr, . opip W5 — 9s) T SN (4.3.4)
forallj e {1,...,8},we{l,...,a+p—1}andy € H. Givenw € {1,...,a+F—1},
let gy, : R = R be the > function defined by g, (z) := 2% (1+22)~¢. By elementary
considerations from calculus, for each h € {0,...,m}, there exists a constant L., ,, >
0 such that |Dpgw ()| < Ly p(1 4+ 22)@=2670/2 for all 2 € R. Set
L :=maxye(1 . a+p-1},he0,...m} Lawn > 0.
Since a + 8 — 1 — 2¢ < —2k, we have that
‘Dhgw(x)‘ < Lw,h(l + x2)(w7287h)/2 < L(l +x2)(a+57172€)/2 < L(l +x2)7k
for all x € R. It follows that
|Dagu(e)] < L(1+22) (435)
foralwe {l,...,a+p—1}, h€{0,...,m} and z € R. Set
§ = min{d3, (28(a + B —1)MNL)te} > 0.
Let ¢; € R such that
|bj —¢j| < 6 for each j € {1,...,8}. (4.3.6)
Note that
c; € K forall je{l,...,8}, and ¢ := (c1,...,cp) belongs to H, (4.3.7)
because § < d3. Define the regular function L. : R — R by setting

1+c
(1+x2 <Zy 150 (bj—cj)ﬁc,j(ﬂf)>-

Evidently, L. satisfies items (a) and (b). Let us prove point (c). By (4.3.1) and
(4.3.3), for each = € R, we have

L.(z) :=

Lo(z) = S8 (b — ¢ 0t 1 1
c(z) = Zj:l( i = C5) p(e) [zylc—cs) (P(l") Hs;éj(x - Cs)) Ata2)?
Ol‘i‘/B 1 A (14 4j,w(c) w 2\—¢
Z IZ ( C]) p(cjj) Hse{l AAAA Jﬂ}\{j}(cj—cs)x (1+CE )

As a consequence, by (4.3.2), (4.3.4), (4.3.5), (4.3.6) and (4.3.7), it follows that
DaLe()] < X0, S0 SMNL(L + ) —
=Bla+B—1)MNLs(1+2?) 7k < s(1+2%)F <e(l+2?)7*
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for all h € {0,...,m} and for all z € R, as desired. O

Let 7 be the topology of N(R) = N(R,R) for which a fundamental system of
neighborhoods of f € N(R) is given by the sets

Uk,m,e(f) = {g € N(R) ‘ ‘Dh(g* f)(l’)’ < mv Vh € {0"" ,m},a: € R}v

where k,m € Nand e € RT. Recall that D, denotes the h*? derivative operator. The
topology 7 on N(R) coincides with the “@’*>° topology” on N*(R) = N(R) defined
in [Shi87, §II.1]. Denote N,(R) the set N(R) equipped with the topology 7. Let &
be the subset of N(R) of all Nash diffeomorphisms from R to R. By [Shi87, Lemma
I1.1.7], 2 is open in N.(R) and the map Inv : 2 — 2, sending f into f~!, is
continuous with respect to the relative topology induced by 7 on 2.

Two consequences of Proposition 4.3.1 are as follows.

COROLLARY 4.3.2. Let A and B be two finite subsets of R such that A C Q and
B C R\ Q. Then, for each neighborhood U of idg in N.(R), there exists a Nash
diffeomorphism ¢ : R — R such that ¢ € U, p(a) = a for alla € A, o(B) C Q and
0 1R — R is a reqular map.

PRrOOF. If B = @, then it suffices to set ¢ := idg. Suppose that B # @.
Let b1,...,bs be the elements of B. Let U be an arbitrary neighborhood of idg in
N7(R). Choose a neighborhood V of idg in N-(R) such that V C 2 and Inv(V) C U.
Shrinking V if necessary, we can assume that there exist k&, m € N and € € RT such
that V = Uk . (idr). Let § € RT be a positive real number with the properties (a),
(b) and (c) described in Proposition 4.3.1. Choose ¢ = (ci,...,c5) € @ in such
a way that |b; —¢;| < d for all j € {1,...,3}, and consider the regular function
L. : R — R given by the mentioned Proposition 4.3.1. We know that L.(a) = 0 for
all a € A, Le(cj) = bj —c¢j for all j € {1,...,8} and L. € V. Define the regular
function ¢ : R — R by setting v := idg + L.. Note that 1)(a) = a for all a € A and
(cj) = b; for all j € {1,...,8}. Moreover, since ¥V C Z and Inv(V) C U, we have
that 1) is a Nash diffeomorphism such that ¢ := ¢~! € /. The Nash diffeomorphism
 has all the desired properties. O

COROLLARY 4.3.3. Letn € N*, and let A and B be two finite subsets of R™ such
that A C Q™ and B C R™\ Q™. Then there exists a Nash diffeomorphism ¢ : R™ —
R™ arbitrarily €3° close to idgn such that p(a) = a for all a € A, p(B) C Q™ and
@ LR — R” is a regular map. More precisely, for each neighborhood U of idgn
in €°(R™,R™), there exists a Nash diffeomorphism ¢ : R™ — R™ such that ¢ € U,
¢(a) =a for alla € A, o(B) C Q" and ¢~ ! : R® — R" is a regular map.

PROOF. For each i € {1,...,n}, let m; : R™ — R be the projection m;(x) := x;,
let A; := m;(AUB)NQ and let B; := m;(AUB)\ Q. By Corollary 4.3.2, there exists a
Nash diffeomorphism ¢; : R — R arbitrarily close to idg in N-(R) such that ¢;(a) =
a for all a € A;, ;i(B;) C Q and gpi_l is a regular function. Note that 7 is finer than
the relative topology induced by €5°(R) on N(R); thus, we can assume that each
@; is arbitrarily €3° close to idg. Define the Nash diffeomorphism ¢ : R® — R" by
setting p(z1,...,2n) = (¢1(1), ..., on(zyn)). Note that p(a) = a for all a € A and
¢(B) € Q". Furthermore, the i*" component of ¢ equals (7;)*(¢;) = @; o T;, where
(m3)* : €L (R) — €°(R™) is the pullback map associated to m;. Since each pullback
map (m;)* is continuous (with respect to the weak > topology, see [Hir94, §2]),
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we can assume that each component of ¢ is arbitrarily €3° close to idg, which is
equivalent to assume that ¢ is arbitrarily €3° close to idgn. O

4.3.2. The compact case. The aim of this subsection is to provide a proof of
the following Q-algebrization result.

THEOREM 4.3.4. Let V. C R"™ be a compact algebraic set with isolated singular-
ities. Then there exist an algebraic set V' C R™ with isolated singularities and a
semialgebraic homeomorphism ¢ : V- — V' with the following properties:

(i) V! C R™ is a Q-determined Q-algebraic set.
(ii) ¢(Reg(V)) = Reg(V’') and ¢| : Reg(V) — Reg(V’) is a Nash diffeomor-

phism. In particular, V' is Q-nonsingular if V is nonsingular.

More precisely, the following is true. Denote by d the dimension of V and
set m == n+ 2d + 3. Choose a neighborhood U of the inclusion map V — R™ in
€2(V,R™), and a neighborhood V of the inclusion map Reg(V) — R™ in Ny (Reg(V),
R™). Then there exist an algebraic set V' C R™ with isolated singularities and a
semialgebraic homeomorphism ¢ : V. — V' that have both the preceding properties
(i) and (ii) and the following:

(iii) The Zariski closure of V'(Q) in R™ has dimension at least d — 1.

(iv) ¢ extends to a semialgebraic homeomorphism from R™ to R™.

(v) ¢ fizes Sing(V)) N Q", that is, ¢(xz) = x for all x € Sing(V) N Q™. In
particular, V'(Q) contains Sing(V) N Q™.

(vi) Ify: V' = R™ denotes the inclusion map, then jodp € U and (10 ¢)|reg(v) €
V.

Proor. Let Sing(V) = {ai,...,as} with ay,...,a, € Q" and ay41,...,as €
R™\ Q™. By Corollary 4.3.3 for every neighborhood U of idgn in €g°(R™, R™), there
exists a Nash diffeomorphism ¢ : R” — R™ such that ¢ € U, p(a;) = a; for all
i=1,...,7, o(a;) = b; € Q" for every i =7 +1,...,s and ¢! : R* — R" is a
regular map. Then V := (¢~ 1)~1(V) C R™ is an algebraic set such that Sing(V) C
{a,...,ap,bpq1,...,bs} C Q", indeed ¢ : R™ — R” is a Nash diffeomorphism of
Nash manifolds and ¢~ is regular, hence p(Reg(V)) = (¢~ 1)} (Reg(V)) C Reg(‘~/).
In particular, |y : V — Visa semialgebraic homeomorphism such that ¢|Reg(v) :
Reg(V) = V \{d},...,a.}, where a} := a; if i < r or a/ = b; otherwise, is a Nash
diffeomorphism of Nash manifolds and (¢ly)~! = (¢7!)|; is a regular map.

By Hironaka’s resolution theorem and generic projection, there are a compact
nonsingular algebraic set M C R24*! with nonsingular algebraic hypersurfaces
{Mij}ﬁizl in general position, for ¢ € {1,...,s}, and a regular map p : M — 1%
such that:

(vii) A; :==p~i(a]) = Ugi:l M;j, for every i € {1,...,s}.
(viii) Let A :=;_; A = U, Uﬁ;l M;j, then plypa: M\ A= V\{dl,...,a
is biregular.

By Theorem 4.1.4 and Lemma 2.1.8 there are a Q-nonsingular Q-algebraic set

M' c R**! Q-nonsingular Q-algebraic subsets Mi’j7 for i € {1,...,s} and j =
{1,...,4;}, of M’ in general position and a Nash diffeomorphism ¢’ : M — M’
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such that ¢'(M;;) = Mj; for every i € {1,...,s} and j = {1,...,4;}. Let A’ :=
Ui, A4=U_, Ug;l M]; C R?**!. By Remark 4.1.5, we may suppose that M"\ A’ C
R24+1 contains a “hypersurface of rational points”, that is, we may suppose that
dim(Zclgzar1 (M \ A')(Q))) > d — 1. In particular, A’ ¢ R?¥*! is a Q-nice Q-
algebraic set by Lemma 3.1.6 and p’ := po (¢’)~! is a Nash map such that p/| 4 is

Q-regular, since p'|4, = a, if i € {1,...,s}.
Denote by p' := (p,...,p},) : M’ — R™ and by P’ : R?**! — R” any smooth
extension of p'. Since aj € Q" for every i € {1,...,s}, we have that pj| is Q-

regular for every j € {1,...,2d + 1}. Let f; € Rg(R?*?*!) be a Q-regular function
such that pila = fjla for every j € {1,...,n}. Then, apply Lemma 3.1.8 with
“«p? = <[ := A’, “K” be any compact neighborhood of M’ in R?¥+1 and “f” :=
P — fj getting a polynomial s; € Zg(A’) arbitrarily €3° close to p; — f;, for every
j € {1,...,n}. Hence, the Q-regular map ¢ € Rg(R?*! R") defined as q(y) :=
(s1(9) + 1)y - -, 50 (y) + fu(y)) for every y € R?¥+1 is such that gy is arbitrarily
Ny close to p' and q|ar = p/|a-

Let W :={d},...,a.} C R" be a Q-nonsingular Q-algebraic set. An application
of Lemma 3.3.3 with the following substitutions: “X” := M’', “Y” := W x {0},
“A7 .= A’ and “p” := q x Ca, with a € Q[y] such that A" = Zr(a) and C €
Q\ {0} sufficiently small, gives m’ = n + 2d + 2, a Q-determined Q-algebraic set
V' C R™ on V'\ (W x {0}), that is, V' \ (W x {0}) € Reg*(V"), a homeomorphism
h: M Ujxca W — V' and Q-regular maps f : M — V', g : W — V' such that
flunar = M\ A" — V!'\ g(W) is Q-biregular and g = jw is the inclusion map
satisfying the following diagram:

Ml

T

MU (W x {0}) —— M’ Ugxca (W x {0}) «2= V"

\

w

9
In addition, by Lemma 3.3.3(v)(vi), the next conditions are satisfied:

(ix) J(gxca)ury © (¢ X Ca) is arbitrarily €2 close to f,
(X) ](qXC’a)(M’)|X”\A” @) (q X CCL)|X//\AN is arbitrarﬂy cg“cio close to f,

where J(gxca)ar) ¢ (g x Ca)(M') — R™ denotes the inclusion map.

Let m := m' +1 = n + 2d + 3. Let us construct an algebraic set V/ c R™
and a semialgebraic homeomorphism ¢ : V' — V" satisfying (i)-(vi). Recall that,
by Remark 4.1.5, we may assume that M’ \ A’ contains an algebraic hypersurface
S c R™ which is Q-biregular isomorphic to the standard sphere S ¢ RY, thus
S ¢ R™ is a Q-nonsingular Q-algebraic set and S (Q) is Zariski dense in S. Let
s € To(S) such that Zg(s) = S and s(x) > 0 for every # € R™. Recall that
g(W) C R™ is a Q-algebraic set consisting of a finite set of points, thus there exists
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t € Q[x] such that Zg(t) = g(W) and t(x) > 0 for every z € R™. Let ¢’ € Q\ {0}.
Consider the algebraic set V” C R™' 11! defined as:

V"= {(z,y) V' x R| (s(x)? +t(x)?)y® = (C')3t(x)2}.
Observe that V” ¢ R™*1! is a Q-algebraic set such that V" N (S x R) = S x {C"},
V"N (g(W) x R) = g(W) x {0} = Sing(V") and V" ¢ R™*! coincides with the

graph of the function y : V' — R defined as y(z) = C’ 5/%. Consider
the projection IT : R™*! — R™ . Then, the restriction II| of II from Reg(V") to
V' \ g(W) is a Nash diffeomorphism.

(M, A) —5— (M, A"

1% LA, Ve y R |f
Sing(V) el %% g S VA R™
l o]
Sing(V") « y VI > R™

FIGURE 4.3.1. Approximation steps performed during the proof.

Define the semialgebraic homeomorphism ¢ : V' — V” as follows:

o) = 4 AT o oo blxia) ™ o pla) if z € Reg(V);
Jvr o gop(x) if € Sing(V),

where 7y denotes the inclusion map of V! € R™ in R+, Observe that PlReg(v)
Reg(V) — V"\ (yyr 0 g)(W) is a Nash diffeomorphism of Nash manifolds since it
is the composition of Nash diffeomorphisms of Nash manifolds. Let (a,b) € V".
Since V' is Q-determined on V' \ g(W), that is, V' \ g(W) C Reg*(V’), there are
Diy-- s Pm—1-d € Zo(V’) such that {Vp;(a) ;lzl_d are linearly independent over R.
Let q1,. .., ¢m-da € Zo(V") be defined as ¢;(x,y) := p;i(z), for every i € {1,...,m —
1 —d}, and gm_q(z,y) = (s(2)? + t(2)?)y® — (C")3t(x)?. Hence, {Vg;(a,b)} "¢
are linearly independent over R as well since the last entry of V¢, 4(a,b) only
vanishes if b = 0 since S N g(W) = @, that is, if (a,b) € Sing(V"”). This proves
that Reg(V"”) = Reg*(V”), that is, V/ C R™ is a Q-determined Q-algebraic set.
This proves (i) & (ii) with “V”” := V" and “¢” := ¢. In addition, an application of
[Jel09] provides a semialgebraic extension R™ — R™ of ¢, thus (iv) holds. Observe
that, by construction, jy/(S U g(W)) C V", thus (iii) and (v) hold. Finally, since ¢
is arbitrarily €0 close to idgn and it restriction to Reg(V) is arbitrarily €° close
to the inclusion Reg(V) < R™, by (ix), (x), by letting C,C’ € Q \ {0} sufficiently
small and by the continuity of the pullback with respect to the €0 and the €°
topologies, (vi) follows. a

If we are willing to lose properties (v) & (vi), we can find a Q-determined Q-
algebraic model V' of V' as in Theorem 4.3.4 with an improvement on the estimate
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of m, namely, we can choose m = 2d + 3. Indeed, since Sing(V) is finite, we may
consider “W”:={0,...,s} C R, where s is the cardinality of Sing(V'), and then follow
the steps of the proof of Theorem 4.3.4.

THEOREM 4.3.5. Let V C R" be a compact algebraic set with isolated singular-
ities of dimension d. Set m := 2d + 3. Then there exist an algebraic set V' C R™
with isolated singularities and a semialgebraic homeomorphism ¢ : V. — V' having
properties (i)-(iv) of Theorem 4.3.4.

4.3.3. The non-compact case. In this subsection we extend Theorem 4.3.4
to the non-compact case, that is, we provide a complete positive answer to [Par21,
Open problem 1, p. 199] in the case of algebraic sets with isolated singularities.

THEOREM 4.3.6. Let V' C R™ be an algebraic set with isolated singularities. Then
there exist an algebraic set V! C R™ with isolated singularities and a semialgebraic
homeomorphism ¢ : V. — V' with the following properties:

(i) V! C R™ is a Q-determined Q-algebraic set.
(ii) ¢(Reg(V)) = Reg(V’) and ¢| : Reg(V) — Reg(V’) is a Nash diffeomor-
phism. In particular, V' is Q-nonsingular if V is nonsingular.

More precisely, the following is true. Denote by d the dimension of V and
set m :=n + 2d + 4. Choose a neighborhood U of the inclusion map V — R™ in
€2(V,R™), and a neighborhood V of the inclusion map Reg(V) — R™ in Ny (Reg(V),
R™). Then there exist an algebraic set V! C R™ with isolated singularities and a
semialgebraic homeomorphism ¢ : V. — V' that have both the preceding properties
(i) and (ii) and the following:

(i) The Zariski closure of V'(Q) in R™ has dimension at least d — 1.

(iv) ¢ extends to a semialgebraic homeomorphism from R™ to R™.

(v) ¢ fizes Sing(V) N Q", that is, ¢(x) = = for all x € Sing(V) N Q™. In
particular, V'(Q) contains Sing(V') N Q™.

(vi) Ify: V' = R™ denotes the inclusion map, then jop € U and (J0¢)|reg(v) €
V.

PrRoOOF. If V = R", it suffices to fix “V/”:=V. If V is finite, we conclude by
density of Q in R. Suppose that V is infinite and different form R"™. Suppose
also V' is non compact, otherwise we conclude by Theorem 4.3.4 with the improved
estimate of m := n + 2d + 3 such that V' € R™. Let Sing(V) = {a1,...,as}
with {a1,...,a,} = Sing(V) N Q", for some s,r € N with » < s. Up to perform
a translation of a rational factor we may suppose that 0 ¢ V. Let u € R[x] such
that V = Zgr(u). Let S"~! C R" be the standard unit sphere and let § : R™ \
{0} — R™\ {0} as O(x) = [z be the inversion with respect to S"~!. Recall that

0 06 = idgm f}- Let d > deg(u). Define the polynomial v := |z|2%- (v 0 0)(z) € R]z]
and the compact algebraic set W := Zg(v). By construction, W = (V) U {0} and
6:V — W\ {0} is a biregular isomorphism of locally Zariski closed algebraic sets,
thus Reg(W) \ {0} = 0(Reg(V)), Sing(W) \ {0} = 6(Sing(V)) =: {b1,...,bs} C R"
and 6(Sing(V) N Q) = {b1,...,b,} C Q". Consider the origin 0 € R" as a singular
point, that is in the application of Theorem 4.3.4 apply Hironaka’s resolution of
singularities to the set {0,b1,...,bs} C W. Hence, the application of mentioned
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Theorem 4.3.4, gives m’ = n + 2d + 3, a compact algebraic subset W’ of R” and a
semialgebraic homeomorphism ¢’ : W — W’ satisfying the following conditions:

(i) W’ c R™ is a Q-determined Q-algebraic set.

(ii") ¢'(Reg(W)) = Reg(W’) and ¢'|gegw) : Reg(W) — Reg(W’) is a Nash
diffeomorphism. In particular, W’ is Q-nonsingular if W is nonsingular.

(iii’) The Zariski closure of W'(Q) in R™ has dimension at least d — 1.

(iv') ¢ extends to a semialgebraic homeomorphism from R to R

(V') ¢’ fixes (Sing(W)U{0})NQ", that is, ¢(x) = x for every x € {0,b1,...,b,}.
In particular, (Sing(W)U{0})NQ™ C W'(Q) and Sing(W') = ¢'(Sing(W))U
{0}.

(vi') If g : W < R™ and jy : W’ < R™ denote the inclusion maps, then
gwr o @' is arbitrarily €5° close to gy and (Jy 0 @)|Reg(w) is arbitrarily €g°

close to 3w [Reg(w)-

Let W = Zg(u') for some u’' € Q[z,y], with (z,y) = (X1, ..., Tn, Y1y -+, Y/ —n)-
Let S ~1 ¢ R™ be the standard unit sphere and let ¢’ : R™ \ {0} — R™ \ {0}

| (f;% be the inversion with respect to S™' =1 Recall that & o §' =

idgm (- Let e = deg(u'). Define the polynomial v' := |(z,y)[?, - (u/ 0 6')(x,y) €
Q[z,y] and the algebraic set W” := Zg(v'). By construction, W"” = ¢'(W’') U {0}
is an algebraic set with 0 € Sing(W”) (since 0 is an isolated point of W”) and
¢ : W\ {0} — W"\ {0} is a Q-biregular isomorphism of Zariski open subsets of
W' and W”| respectively, thus Reg*(W") = 6(Reg*(W")). In addition, if S ¢ W’
denotes an hypersurface of W' contained in Reg(W') with dense rational points,
then the dimension of Zclg,. (6'(S)(Q)) C W" is d — 1 since 8’ is Q-biregular, thus
it sends rational points to rational ones and Zclg, (6'(S)(Q)) = Zclp (6'(S)) C
0'(S)U{0}. Observe that (¢'0¢’08)(a;) = (a;,0) € R™, for everyi € {1,...,r}, thus
Sing(W")\ {(0,0)} = 0({b1,...,bs}) = {(a1,0). ..., (ar,0),a\\q,...,al} C Q™.

Let a,s € Q[z,y] such that a(z,y), s(x,y) > 0 for every (z,y) € R, Zg(a) =
{0} ¢ R™ and Zg(s) = Sing(W") \ {0} = 6(Sing(W’) \ {0}) € R™. Let m :=
m' +1=n+2d+4and C € Q\ {0}. Define the Q-algebraic set V' C R™ as

V= {((a:,y),z) eR™ xR ‘ v’(x,y) =0, a(z,y)z = C’s(a:,y)}.
Observe that V' € R™ is Q-biregularly isomorphic to W” \ {0} via projection 7 :
R™ x R — R™, thus V' is a Q-determined Q-algebraic set. By construction, we also
have that
V!N (R™ x {0}) = (Sing(W") \ {0}) x {0}
={(a1,0,0)....,(ar,0,0), (ar41,0),...,(a},0)} C Q™.

In addition, since 0 € R™ is an isolated point of W”, up to chose C € Q \ {0}
sufficiently small, we may suppose that 7y o (w|y/)~! is arbitrarily €2 close to
Jwn oy and Jyr|Reg v © (T|Regv7) F is arbitrarily €2° close to gy (0} [Reg(W)\ {0}
where gy7 @ V! — R™ and gm0y : W”\ {0} < R™ denote the inclusion maps.
Finally, define ¢ : V. — V' as follows:

¢ = (w|wmjoy) " 0 Oy 0 ¢ 0By

as 0'(z,y) =
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Observe that ¢ is a semialgebraic homeomorphism, since it is a composition of
semialgebraic homeomorphisms, and ¢|gegv) : Reg(V) — Reg(V’) is a Nash dif-
feomorphism, since it is a composition of Nash diffeomorphisms. This proves (i),
(ii) & (v). In addition, [Jel09] ensures that ¢ can be extended to a semialgebraic
homeomorphism R™ — R™, thus (iv) holds. As above, since 7|y is a Q-biregular
map, we deduce that (7|}, 06)(S) C V/(Q) and Zelgm (7]} 06')(S)) has dimension
d — 1, thus (iii) follows. Finally, Theorem 4.3.4(vi), the fact that #'|gn = 6 and
C € Q\ {0} is chosen sufficiently small, imply (vi) by continuity of the pull-back
with respect to the €2 and the €° topologies. O

If we are willing to lose properties (v) & (vi), we can find a Q-determined Q-
algebraic model V' of V' as in Theorem 4.3.6 with an improvement on the estimate
of m, namely, we can choose m = 2d + 4. Indeed, since Sing(V') is finite, we may
consider “W”:={0,...,s} C R, where s is the cardinality of Sing(V), and then follow
the steps of the proof of Theorem 4.3.6.

THEOREM 4.3.7. Let V. C R"™ be an algebraic set with isolated singularities of
dimension d. Set m := 2d + 4. Then there exist an algebraic set V' C R™ with iso-
lated singularities and a semialgebraic homeomorphism ¢ : V. — V' having properties
(i)-(iv) of Theorem “W”:={0,...,s} C R.

4.4. Local Q-algebrization of isolated singularities

This section is devoted to provide a complete positive answer to [Par21, Open
problem 2, p.200] in the case of germs (V,0) of an algebraic set V' C R™ having
an isolated singularity at 0 € R™. Our result appears as a consequence of Theorem
4.3.4.

THEOREM 4.4.1. Let (V,0) C (R™,0) be the germ of an isolated algebraic singu-
larity. Then there exist a germ of an isolated algebraic singularity (V',0) C (R™,0),
semialgebraic nieghborhoods U of 0 in R™ and U’ of 0 in R™ and a semialgebraic
homeomorphism ¢ : VNU — V' N U’, with the following properties:

(i) V! C R™ is a Q-determined Q-algebraic set.
(ii) ¢(Reg(V)NU) = Reg(V')NU’ and ¢| : Reg(V)NU — Reg(V')NU" is a
Nash diffeomorphism.

PROOF. Let 7 : R""! — R” denote the projection map. By [BCR98, Theorem
9.3.6], we can choose U := B, (0,€) C R" to be an open ball centered at 0 of radius
€ > 0, with ¢ > 0 sufficiently small, such that Sing(V)NU = {0} and VNU =
VN B,(0,€) is semialgebraically homeomorphic to the cone over VNS"~1(0,¢) C R”
centered at 0 of radius € > 0. Consider the sphere S"(0,¢) C R"*! and denote
by S%(0,€) := {(z,y) € S*(0,€)|y > 0} C R""!. Define the algebraic set W :=
7 1(V) N'S™(0,¢). Observe that, by above construction, W is a compact algebraic
subset of R™™! such that Sing(W) = {(0,...,0,1),(0,...,0,—1)} C R*"! and, since
7| : S (0,€) — U is a Nash diffeomorphism, thus 7r|WmST+L(0,E) :WnNSL(0,e) = VNU
is a Nash diffeomorphism of Nash manifolds. Let W’ C R™! be the algebraic set
obtained by applying the translation ¢ : R**1 — R"*! defined as p(x,y) = (z,y—1),
for every (z,y) € R” x R = R"*!. An application of Theorem 4.3.4 provides a



4.4. LOCAL Q-ALGEBRIZATION OF ISOLATED SINGULARITIES 117

compact algebraic set W” C R™ with isolated singularities and a semialgebraic
homeomorphism ¢’ : W/ — W such that:

(i) W” Cc R™ is a Q-determined Q-algebraic set.

(iv) ¢'(Reg(W’)) = Reg(W") and ¢'| : Reg(W’) — Reg(W") is a Nash diffeo-
morphism.

(v) ¢ fixes Sing(W’), that is, ¢'(z) = z for all z € Sing(W’). In particular,
0ew”.

Let “m” := (n+1)42d+3 = n42d+4, “V” := W', “U’” to be any open neighborhood
of 0 in R™ such that W/ NU’' = ¢'(W NS} (0,¢)) and ¢ := ¢’ oo (W\ngi(o,e))*l
VAU — V' NU'. Thus, (i) & (i) hold. O






APPENDIX A

Smooth variants of Baro-Fernando-Ruiz results

ABSTRACT. Here we propose some smooth variants of results originally proven in
[BFR14] in order to give a complete proof of Theorem 4.1.2.

A.1. Relative Nash approximation of ¥*° diffeomorphisms

We refer to the notation of Subsection 4.1.1. Let M C R® be a Nash manifold,
let X C M be a (non-empty) Nash subset of R contained in M and let Y C R®
be a (non-empty) semialgebraic set. Accordingly with [BFR14, Definition 1.5 and
p.72], we say that a map f : X — Y is c-Nash if the restriction of f to each
Nash irreducible component of X is a Nash map. We denote *N(X,Y") the set of
c-Nash maps from X to Y, and we set °N(X) := °N(X,R). Let us introduce similar
concepts for €% maps.

DEFINITION A.1.1. Let X C M be a Nash set and let X1,..., X be the Nash
irreducible components of X. Given a map f : X — Y, we say that f is a “@”
map if, for each j € {1,...,s}, the restriction f|x, : X; — Y of f to Xj is a
%" map. We denote °¢¥(X,Y) the set of " maps from X to Y, and we set
cEeV(X) = °EV(X,R).

Once again, f = (f1,...,fy) : X =Y C RV is a °@” (c-Nash) map if, and only
if, each component f; : X — R of f is a function in °*¢¥(X) (in °N(X)). Note that
N(X,Y) C*N(X,Y) and ¢€¥(X,Y) C €7 (X,Y).

Consider again a Nash manifold M C R®*, a Nash set X C M with Nash irre-
ducible components X1, ..., X, a semialgebraic set Y C R? and v € N*U{oo}. Our
next goal is to define suitable topologies on the sets €7 (X,Y) and °¢¥(X,Y). First,
we consider the set €%(X,R?). We denote €% (M,R®) the set € (M,R) equipped
with the usual weak €7 topology, see [Hir94, §2]. This topology makes €% (M,R") a
topological real vector space, with the usual pointwise defined addition and multi-
plication by real scalars. Consider the restriction map p : €%(M,R") — € (X,R"),
ie., p(F):= F|x. Let f € €¥(X,R% and let F': U — R® be a ¥ map extending
f to an open neighborhood U of X in M. Choose a ¢* partition of unity {a, 8}
subordinate to the open cover {U, M\ X} of M, and define the 6” map F : M — R?
by F(z) := a(z)F(z) if # € U and F(z) := 0 otherwise; evidently, p(F) = f. This
proves that p is surjective. We equip €% (X, R?) with the quotient topology induced
by p, i.c., the finest topology of € (X,R?) which makes p continuous. We denote
€Y (X, R?) the set €7 (X, R?) equipped with such a quotient topology. An important
property of €% (X,R?) is that p : €%(M,R") — €%(X,R) is an open map. Indeed,
if U € €L(M,RP) is open and T = {F € €¥(M,R") : p(F) = 0}, then p~1(p(Ud)) =

119



120 CHAPTER A. SMOOTH VARIANTS OF BARO-FERNANDO-RUIZ RESULTS

Upez(U + F) is open as well, because the translations of €% (M, R") are homeomor-
phisms. Identify €7 (X,Y) with the subset of (X, R®) of all €” maps f: X — R?
such that f(X) C Y. We denote €% (X,Y) the set €(X,Y) equipped with the
relative topology induced by €% (X,RP). Let us topologize ¢ (X,Y). Consider the
topological product €Y (X1,Y) x -+ x €¥(Xs,Y) and the multiple restriction map
)X, Y) = G, Y) X x GU(Xy, V) defined by 1(F) = (flx,, - f]x,)-
Note that j is injective. We denote €% (X,Y") the set 6" (X,Y) equipped with the
topology induced by j, i.e., the topology making j a homeomorphism onto its image.
Let v: €¥(X,Y) — °€”(X,Y) be the inclusion map. By the universal property of
quotient topology, we know that each restriction map €%(X,R?) — €%(X;,R?) is
continuous. This implies at once that v : €4 (X,Y) < €% (X,Y) is continuous as
well. We denote J : €Y (X,Y) = €L (X1,Y) X - X €¥(Xs,Y) the composition map
Jor.
The next result is a variant of [BFR14, Propositions 6.2 and 8.1].

PROPOSITION A.1.2. Suppose that X C M is a Nash set with monomial singu-
larities. Then there exists a continuous linear map 0 : €% (X, Rb) — €% (M, R?) such
that 0 is an extension map, i.e, O(f)|x = f for all f € €%(X,R?). Moreover, the
restriction map J : €4(X,Y) = €4(X1,Y) x -+ X €Y(Xs,Y) is a homeomorphism
onto its image.

PROOF. As in the proof of [BFR14, Proposition 6.2], it suffices to consider the
case Y = Rb = R and to prove the existence of an extension continuous linear
map 0 : €Y (X) — €Y(M). This implies at once that § := €0 o 7 is the desired
extension map and < is a homeomorphism (hence J is a homeomorphism onto its
image). The problem of constructing @ is local in nature, because M admits €”
partitions of unity subordinate to each open cover of M. This fact and Definition
4.1.1 reduce the problem to the case in which M =R™ and X = L1 U...UL; is a
union of coordinate linear varieties of R™. In this situation, the proof of [BFR14,
Proposition 4.C.1] gives an explicit formula for ¢0. Let P(s) be the power set of
{1,...,s} and, for each I € P(s)\ {@}, let Ly := (;c; Li, let y; : Ly — X be the
inclusion map and let 7y : R™ — L; be the orthogonal projection of R™ onto Lj.
Set “0(f) == — ZIGP(S)\{Q}(_1)|I|(fo]I omr), where |I| is the cardinality of I. It is
immediate to verify that °0(f)|r, = f|r, for all i € {1,...,s}, so °0(f)|x = f. It is
well-known that the composition operation is continuous in the weak € topology
(see [Hir94, Exercise 10(a), p. 64]). Thus, °0 is continuous, as desired. O

REMARK A.1.3. In [BFR14, Theorem 1.6], the authors prove the following re-
markable fact: if X C M is a Nash set with monomial singularities, then N(X,Y) =
N(X,Y).

The next result is a variant of [BFR14, Proposition 8.2].

PROPOSITION A.1.4. Let X C M be a Nash set with monomial singularities,
let N C R® be a Nash manifold and let F : M — N be a €” map. Suppose that
v > m, where m = dim(M). Then each Nash map h : X — N which is sufficiently
€y close to F|x has a Nash extension H : M — N which is arbitrarily €~ close
to F'. More precisely, for each neighborhood U of F in €Y~ (M, N), there exists a
neighborhood V of F|x in €¥ (X, N) with the following property: for each Nash map
h e N(X,N)NYV, there exists a Nash map H € N(M,N)NU such that H|x = h.
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PROOF. Since N has a Nash tubular neighborhood in R® (see [BCR98, Corollary
8.9.5] or [Shi87, §1.3]), it suffices to consider the case in which N = R’. Reasoning
component by component, we can further assume that N = R. We follow the
strategy of the proof of [BFR14, Proposition 7.6]. The set U’ = U NEY (M) is a
neighborhood of F' in €%(M). The openness of the restriction map p : €45(M) —
€Y (X) implies that p(U’) is a neighborhood of F|x in €%(X). Suppose that h €
p(U"). Choose G € U' C U such that p(G) = h, ie., G|x = h. It remains to
show that there exists a Nash function H : M — R arbitrarily €%~ close to
F (thus, we can assume H € U) such that H|x = G|x. By [BFR14, Theorem

1.4], there exist a finite family of open semialgebraic subsets Uy,...,Uy of M and
Nash diffeomorphisms {u; : U; — Rm}le such that X ¢ U; U...UU; and, for
each i € {1,...,¢}, u;(X NU;) is a union of coordinate linear varieties of R™. It

follows that Z%,. (u;(X N U;)) C I (wi(X N U;))EY"™(R™) for each fixed i. The
latter inclusion can be proven exactly as in [BFR14, Proposition 7.3 and Remark
7.4] (however, here the proof is slightly easier). As an immediate consequence, we
have Zpp (X NU;) C I(j}fi(X NU;))€"~™(U;). Since X C M is coherent, it holds
I(j}i(X NU;) = I3 (X)N(U;) (see equation (2.2) and Lemma 5.1 of [BFR14]). Tt
follows that Z, (X N U;) C T3y (X)6”™(U;) for all i € {1,...,¢}. Making use
of a €” partition of unity subordinate to the open cover {Ui,..., Uy, M \ X} of
M, we obtain at once that Z,(X) C I3 (X)€Y~™(M). Since G|x = h € N(X),
by [BCRY8, Theorem 8.9.12], there exists G € N(M) such that G|x = Glx, i.e.,
G-G e Zy;(X). Thus, there exist e € N*, functions {f;}5_; in 73 (X) and functions
{}521 in €V~ (M) such that G-G = >_j—1%;fj on M. Thanks to the Weierstrass
approximation theorem, for each j € {1,..., e}, there exists a polynomial (and hence
Nash) function Jj : M — R arbitrarily €} ~™ close to ¥; on M. This proves that
the Nash function H € N(M) defined by H := G+ ijl ijj is arbitrarily €5~
close to G and H|x = G|x. O

The following result is a variant of [BFR14, Theorem 1.7].

THEOREM A.1.5. Let M C R® and N C R? be Nash manifolds, let X C M
and Y C N be two Nash monomial crossings, let X' C M be a Nash set with
monomial singularities, let v € NU {oo} and let f : M — N be a €V map such
that X N X' = @, flx/ is a Nash map, f(X) C Y and f|% preserves irreducible
components. Set m := dim(M), n := dim(N) and q := m(Ln72J)’ where |n/2] is the
integer part of n/2. Suppose that v > q. Then there exists a Nash map g : M — N
arbitrarily 6w ¢ close to f such that g(X) C Y, ng( preserves irreducible components
and g|x: = flx:. More precisely, for each neighborhood U of f in Gw (M, N), there
exists a Nash map g : M — N such that g € U, g(X) C Y, g|% preserves irreducible
components and g|x = f|x:.

Proor. We divide the proof into two steps.

STEP I. Let us adapt the proof of [BFR14, Theorem 1.7] to the present situation.
Let Xq,..., X, be the Nash irreducible components of X and let Y7,...,Y; be the
Nash irreducible components of Y. By hypothesis, all X; C M and Y; C N are
Nash manifolds, and there exists a function & : {1,...,s} — {1,...,t} such that
f(X;) C Yy foralli € {1,...,s}. For each J € P(t) and for each p € N*, we
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set Yy = ey Vi X7 = Nicw-1(s) Xis Plt;p) == {J € P(t) : [J| = p}, X) :=
Useptp) X and y®) .= Usep(tp) Y- By construction, we have that f(X,) C Yy
and f(X®) c Y® for all J € P(t) and for all p € N*, and X() = X and Y =Y.
By [BFR14, Lemma 5.1 and Proposition 8.3], we know that all X; ¢ R* and Y; C R?
are Nash manifolds, and all X® ¢ M and Y®) ¢ N are Nash monomial crossings.
Note that each of the sets X7, X®, Y, and Y®) may be empty. Let r := max{p €
N* : X £ @}. By [BFR14, Proof of Theorem 1.7, Final arrangement, p. 108],
we know that r < (Ln%J)' Given any p € {1,...,r}, we have that both X® and

Y ®) are non-empty, because X 5 X() £ @ and Y®) 5 f(XP) £ @; thus, we
can define the €” map f, : X® — y®) as the restriction of f from X®) to Y@,
Moreover, for each J € P(t) such that X; # @ (and hence Y; O f(X ) # @), we
define the ¥ map fjy: Xj — Y as the restriction of f from X to Y.

Let us prove the following
CLAM: For each p € {1,...,r}, there exists a Nash map g, : X® 5 y®)
vV—m

arbitrarily Gy =) Close to fp such that g,(Xy) C Yy for all J € P*(t,p), where
P*(t,p) = Uz:pP(t,E).

Let us proceed by induction on p = r,r—1,...,1. Suppose that p = r. Note that
X () is the disjoint union of the X ;’s with J in P(t,r); otherwise, there would exist
Ji,JJo € P(t,r) with Jy # Jo (and hence |J; U Ja| > 7) such that @ # X, N X, =
X jug,, contradicting the maximality of r. Given any J € P(t,r), we have that
fr(Xy) = f(Xy) C Yy Thus, if X; # @ (and hence Y; # @), the Weierstrass
approximation theorem and the existence of Nash tubular neighborhoods of Y; in
R? imply at once that there exists a Nash map gy : X; — Y arbitrarily € close
to f7. On the other hand, we know that X() is the disjoint union of the X ;’s with
J € P(t,r). Consequently, the Nash map g, : X) — Y (") defined as g,(z) := g;(z)
if € X ; for some (unique) J € P(t,r), is arbitrarily € close to f, and g,(X ) C Y
for all J € P(t,r) = P*(t,r), as desired. Suppose that the assertion we want to
prove is true for some p € {1,...,r}. We can assume that p # 1; otherwise, we are
done. Let g, : X®) — Y® be a Nash map arbitrarily €2 ™) cloge to fp such
that ¢,(X;) C Y for all J € P(t,p). Let K € P(t,p—1). If K’ € P(t,p—1)\
{K} then X N Xgr = Xguxe € X®). Note that g,(Xx N XP) C Yg; indeed,
XgnXx® =y sep(tp)(Xx N Xy) = Useprp) Xrus and hence g,(Xx 0 xX®) =
UJeP(t,p) gp(XKuy) C Ujep(t’p) Yius C Yg; here we used the fact that, for all
J € P(t,p), it holds KUJ € P*(t,p), s0 gp(Xxus) C Yius. If XgNXP) £ & then
we define the ‘g“y,_m(r_p) maps fpx : Xg N X® 5 Vi and gp. K+ XK N X® 5 v
as the restrictions of f, and g, from Xx N X (P) to Yg, respectively. Recall that
Xk C R and Yx C R are Nash manifolds, and Xx N X®) c X is a Nash
monomial crossings. If we choose g, sufficiently &v—m(r=P) close to fp, then we
can assume that, for each K € P(t,p — 1), g,k is arbitrarily &v—m(r=D) close to
fp.x = fK\XKmX(p). By Proposition A.1.4, there exists a Nash map g, x : X — Yk
arbitrarily €7~ —P*1) close to fx such that DKl xpnx® = IpK = Iplxenx®-
Consider K, K" € P(t,p — 1) such that K # K’ and Xx N Xg # &, and choose
z € X N Xgr. By construction, we know that 2 € Xg N X® and z € Xpo N X,
$0 Gp.ic(r) = gp(x) = Gy rcr(x). This proves that the map g,—1 : XP~D — y®-1),
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defined by gp,—1(z) := gp,x () if x € Xk for some K € P(t,p — 1), is a well-defined
c-Nash map, which is also a Nash map by Remark A.1.3. Note that g,—1(Xg) C Yk
for all K € P(t,p—1) and g,—1 is an extension of gp; indeed, it coincides with g, on
UKeP(t,p—l)(XK ﬂX(p)) — (UKEP(t7p—1)XK) NxP = xt-H)n xP = xXP. Aga
consequence, gp—1(Xg) C Yi for all K € P*(t,p —1). Since gp—1|x, is arbitrarily
¢v—m =P+ close to fx = f|x, for all K € P(t,p — 1), by Proposition A.1.2, it
follows that g,—1 is arbitrarily &v—m(r—r+1) close to fp—1. This proves the preceding

CLAIM. In particular, we proved the existence of a Nash map g1 : X — Y arbitrarily
&v~m(r=1) close to f|%.

STEP II. Let us complete the proof. Note that X U X’ C€ M is a Nash set
with monomial singularities. We denote gy : X — N the Nash map defined by
go(z) == qi(z) if © € X and go(z) := f(x) if x € X'. Since gy is arbitrarily
¢v—™=1) close to f|xux’, using again Proposition A.1.4, we obtain a Nash map
g : M — N arbitrarily €¥~"" close (and hence €4 close, being ¢ > mr) to f such
that g|xux’ = golxux’. The proof is complete. O

Since co — ¢ = oo and the subset of €°(M, N) of all € diffeomorphisms is
open when M and N are compact, Theorem 4.1.2 is an immediate consequence of
Theorem A.1.5.






APPENDIX B

On the degree of global smoothing mappings of
subanalytic sets

ABSTRACT. Let X C R"™ be a subanalytic set of dimension k, let U be an open
subset of the smooth part of X of dimension k and let W be a connected compo-
nent of U. In this work we present a criterion for any global smoothing section
T := (X',,U) of X to have even degree over W. This appendix is based on
[Sav22].

B.1. Global smoothings of subanalytic sets

In [BP18] Bierstone and Parusiriski proved the following two remarkable global
smoothing results for subanalytic sets. The term ‘analytic’ means ‘real analytic’.
Let V' be an analytic manifold of dimension n, and let X be a closed subanalytic
subset of V' of dimension k.

THEOREM A ([BP18, Theorem 1.1] Non-embedded global smoothing). There
exist an analytic manifold X' of pure dimension k, a proper analytic mapping @ :
X' =V, and a smooth open subanalytic subset U of X such that:

(i) p(X') C X.
(i) dim(X \U) < k and =Y (X \U) is a simple normal crossings hypersurface
B’ of X'.
(iii) For each connected component W of U, o~ Y(W) is a finite union of subsets
open and closed in o~ (U), each mapped isomorphically onto W by o.

THEOREM B ([BP18, Theorem 1.2] Embedded global smoothing). There exist
an analytic manifold V', a smooth closed analytic subset X' C V' of dimension k,
a simple normal crossings hypersurface B' C V' transverse to X', and a proper
analytic mapping ¢ : V' — V such that:

(i) dim(e(B")) < k.
(ii) The restriction p|yn g is finite-to-one and of constant rank n;
(iii) o induces an isomorphism from a union of connected components of X'\ B’
to a smooth open subanalytic subset U C X such that dim(X \ U) < k.

We give a couple of remarks motivating our study. Although the previous re-
sults are global, the techniques involved in their proves are local. Indeed, in [BP18,
Section 2.3] the authors provide a partition of the analytic manifold V' into a count-
able number of semianalytic cells in general position with respect to X and then
they develop explicit desingularization techniques for these cells with respect to the
global behaviour of V. More in detail, in [BP18, Section 2.2] the authors develop
a desingularizing procedure for a semianalytic n-cell C' of V' by explicitly finding
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an analytic subset Zgo of V' x R™, for some m € N depending on the number of
inequalities defining C, a map ¢¢ : Zc — C and an open semianalytic subset Ug
of C such that o' (Uc) is a 2™ covering of Uc and dim(C' \ Ug) < k. Then the
authors apply desingularitazion techniques in the sense of [BM97] to Z¢ finding a
smoothing of the cell C'. Thus, we see that the smoothing map ¢ of a single cell C
of V is even-to-one over Ug. Since the global maps ¢ in Theorem A and Theorem
B are constructed in terms of the local maps ¢, we deduce that ¢ is even-to-one
over each open set Ug, hence, in particular, ¢ is even-to-one over each intersection
UcNX.

Let us give a definition.

DEFINITION B.1.1. Let X', ¢, U and W be as in the previous Theorem A, that
is, X’ is an analytic manifold of pure dimension k, ¢ : X’ — V is a proper analytic
mapping, U is an open subset of the smooth part of X of dimension k£ and W is a
connected component of U such that ¢(X’) € X, dim(X \U) <k, o Y (X \U) is a
simple normal crossings hypersuface of X’ and ¢~!(W) is a finite union of subsets
open and closed in ¢~ !(U), each mapped isomorphically onto W by ¢. We call
the triple T := (X', ¢, U) global smoothing section of X C V and the finite positive
number of subsets open and closed in ¢~!(U), each mapped isomorphically onto W
by ¢, as the degree of I' over W.

Theorem A asserts that global smoothing sections of X C V always exist.

Thanks to [BP18, Remark 2.6], if V= R"™ and X is a closed semialgebraic subset
of R", then Theorem B can be strengthened by requiring the mapping in (2) to
be injective. On the other hand, in the setting of Theorem A, it is not possible in
general to choose a global smoothing section (X', o, U) of X C R™ whose degree in
each connected component of U is equal to 1, as it happens in the case of Hironaka’s
resolution of singularities, see Example B.2.5 below.

The aim of this note is to give a criterion for the evenness of the degree of global
smoothing sections on the connected components over an arbitrary open subset U of
the smooth part of X of dimension k. This criterion aims to be useful, somehow, in
producing counterexamples about the existence of a global smoothing section with
U to be the entire smooth part of X of dimension k, as Bierstone and Parusinski
assert to believe in [BP18, p.3117] without explicit examples.

B.2. The evenness criterion, consequences and examples

By Whitney’s embedding theorem we can assume that the analytic manifold V'
coincides with R™. Let X be a subanalytic subset of R™ and let k¥ € N. Recall that
a point x € X is smooth of dimension k if there exists an open neighborhood N of x
in R™ such that X N N is an analytic submanifold of R™ of dimension k, see [BM88,
Definition 3.3]. The set of all points of X of dimension k is an open subset of X and
an analytic submanifold of R” of pure dimension k.

Let us introduce the concept of nonbounding equator for subanalytic sets.
DEFINITION B.2.1. Let X be a closed subanalytic subset of R™ of dimension k,
let W be an open subset of the smooth part of X of dimension k£ and let Y be a

subset of W. We say that Y is a nonbounding equator of W in X if it satisfies the
following properties:
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(i) Y is a compact € submanifold of R™ of dimension k£ — 1.

(ii) Y does not bound, that is, it is not the boundary of a compact ¢ manifold
with boundary.

(iii) Y has a collar in W, that is, there exists a € map ¢ : Y x (=1,1) - W
such that the image T := (Y x (—1,1)) of ¢ is an open neighborhood of
Y in W, the restriction ¢ : Y x (—1,1) — T is a ¥°° diffeomorphism and
(Y % {0}) = V.

(iv) There exists a relatively compact open subset K of X such that 0K :=
K\K =Y and KNT = ¢(Y x (—1,0)). Here K denotes the closure of K
in X.

If such a Y exists, we say that W has a nonbounding equator in X.

The next lemma gives an alternative description of the notion of nonbounding
equator. We keep the notations of Definition B.2.1.

LEMMA B.2.2. The set Y is a nonbounding equator of W in X if and only if
there exists a continuous function h : X — R with the following properties:

(i) There exist an open neighborhood Z of Y in W and € > 0 such that the
restriction h' := h|z : Z — R is a € function, h=([—e¢,€]) is a compact
neighborhood of Y in Z containing no critical points of h' and h=1(0) =Y.

(ii) Y does not bound.

(iii) The subset h=((—o0,0]) of X is compact.

PrROOF. Let X, k, W, Y, 9 :Y x (—1,1) = W and K be as in Definition B.2.1
and let 7 : Y x (—=1,1) — (—1,1) be the projection onto the second factor. Let us
prove that Lemma B.2.2(i)-(iii) are satisfied. Define Z := (Y x (—1/2,1/2)) and
h':Z — R as W(x) := (m o) 1(x). Then extend b’ to the whole X as follows:
define h : X — R as h(z) := =1/2if x € K\ Z, h(z) := h'(z) if x € Z and
h(zx) := 1/2 otherwise. Fix e := 1/4. Observe that h|lz = (7 o~ !)|z, thus hly
has no critical points, h=1([—1/4,1/4]) = (Y x [-1/4,1/4]), which is compact and

contains Y, and h~1((—00,0])) = KUY = K.

On the other hand, assume that X, Y, W, Z and h satisfy conditions Lemma
B.2.2(i)-(iii). By Lemma B.2.2(i) and [Hir94, Corollary2.3, p.154], hlp-1(_cq)
induces the existence of a collar of Y in W, as in Definition B.2.1(iii). More-
over, by Lemma B.2.2(i)(iii), we have that K := h~!((—o00,0)) satisfies Definition
B.2.1(iv). O

Our evenness criterion reads as follows.

THEOREM B.2.3. Let X be a closed subanalytic subset of R™, let T := (X', ¢, U)
be a global smoothing section of X C R™ and let W be a connected component of U.
If W has a nonbounding equator in X then the degree of I' over W is even.

Proor. Let Y C W be a nonbounding equator of W in X. By Definition B.2.1,
there is an open neighborhood 7" of Y in W, a diffeomorphism ¢ : ¥ x (=1,1) - T
such that (Y x {0}) =Y and a relatively compact open subset K of X such that
OK =Y and KNT = (Y x (—1,0)). Since I' is a global smoothing section, p~(W)
consists of a finite disjoint union of open and closed subsets of ¢~ !(U), each mapped
isomorphically onto W. Hence, each connected component of ¢ ~1(W) contains a



128 CHAPTER B. ON THE DEGREE OF GLOBAL SMOOTHINGS

copy of Y and a copy of the collar T" of Y in W. By Definition B.1.1, the map
¢ is proper, hence ¢ !'(K) is a compact subset of X’. Moreover, since 0K =Y,
KNT =9(Y x(—1,0)) and ¢ is a diffeomorphism when restricted to each connected
component of p~}(W), we have that ¢~ 1(K) is a manifold with boundary whose
boundary is the disjoint union of d copies of Y, where d denotes the degree of I"
over W. Since Y is nonbounding, we deduce that d is even since the Stiefel-Whitney
numbers of |_|CllY must be all zero [MS74, Theorem 4.9, p.52]. O

As a consequence, the nonexistence of nonbounding equators of the smooth part
of X of dimemension k is a necessary condition to have global one-to-one smoothings
similar to Hironaka’s resolution of singularities.

COROLLARY B.2.4. Let X be a closed subanalytic subset of R™. If the degree
of a global smoothing section of X C R™ over W is 1, then W does not have any
nonbounding equator in X.

Here we present some examples of semialgebraic sets concerning our Theorem
B.2.3.

EXAMPLE B.2.5. Let X :=R>g := {& € R|x > 0}. There is a global smoothing
section of the whole smooth part of X, that is ' := (X', p,U) with U := Ry =
{x € Rlz > 0}, X' := {(z,y) € R?|x = y?} and ¢ : X’ — X defined as the
projection onto the first factor. According to our Theorem B.2.3, the degree of the
above smoothing section over the whole smooth part of X is 2. But our result says
something more, indeed any global smoothing section I' := (X', p,U) of X, with U
any open subset of the smooth part of X, has even degree over any connected com-
ponent of U. Indeed, since U is an open subset of R+, every connected component
of U has a nonbounding equator Y consisting of a singleton {p}, with K := [0,p)
and the collar (p —e,p+¢) C U of p in W, for € > 0 sufficiently small.

ExAMPLES B.2.6. Let M be a connected compact %> manifold of dimension
k — 1, which does not bound (so kK — 1 > 2): for instance, the real projective plane
P2(R). By the Nash-Tognoli theorem, [Nas52] and [Tog73], we can assume that M
is a compact nonsingular real algebraic subset of some R™.

(1) Consider the standard circumference S! := {(a,b) € R? : a® + b = 1},
the compact nonsingular real algebraic set X’ := M x S € R"*2, and the
polynomial maps 71 : X’ — R"*2 and 75 : R"*2 — R"*2 defined as follows:

m1(z,a,b) := (bxr,a,b) and my(x,a,b) = (z,a,b?),

where z = (21,22, ...,xy). Theset m1(X’) is equal to X’ with M x{(—1,0)}
crushed to the point p := (0,...,0,—1,0) and M x {(1,0)} crushed to the
point ¢ := (0,...,0,1,0). The set X := ma(m1 (X)) is a semialgebraic subset
of R"*2 homeomorphic to the suspension of M. Define X/, := X'N{#b > 0}
and the polynomial map ¢ : X' — R"*2 by ¢(z,a,b) := ma(m1(x,a,b)). Ob-
serve that ‘P(X/) = X, Qo_l(p) = M x {(_170)}7 SO_I(Q) = M x {(170)}7
and the restriction of ¢ from X/ to U := X \ {p, ¢}, namely to the whole
smooth part of X, is a Nash diffeomorphism between connected Nash man-
ifolds. For more details about Nash functions and Nash manifolds we refer
to [BCRIS, §8]. The triple I' := (X', p, U) is a global smoothing section of
X C R"2 and ¢(M x {(0,1)}) is a nonbounding equator of W := U in X.
The degree of I over W is two, in accordance with our Theorem B.2.3.
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(2) Let 2’ := M x [~1,1] C R**! let ¢ : Z’ — R"*! be the polynomial map

QZ)(:U’ CL) = (CL‘(l - a2)a a)

and let X be the semialgebraic subset ¢(Z’) of R"*1. Observe that X is
homeomorphic to the suspension of M, ¢~!(z+) = M x {£1}, where zy :=
(0,...,0,%1), the restriction of ¢ from Z'\ (M x {—1,1}) = M x (—1,1)
to U := X \ {#2_, 24} is a Nash diffeomorphism between connected Nash
manifolds (so ¢ has degree one over U), and ¢(M x {0}) is a nonbounding
equator of W := U in X. However, the triple (Z’,¢,U) is not a global
smoothing section of X C R"*! because Z’ is not an analytic manifold: it
has the nonempty boundary M x {—1,1}.

Nevertheless, the previous construction arises as an explicit case of The-
orem B. Let V := R*""!. By [AK92, Corollary 2.5.14, p. 50] we may assume
in addition that M is projectively closed, that is M is the zero set Zgn(p)
in R™ of some overt polynomial p € R[x1,...,z,]. Write p as follows: p =
Z?:o pi, where p; is an homogeneous polynomial of degree ¢. Recall that
Zgn(pg) = {0} as p is overt. Thus, if ¢ : R""1 — R"*! is the polynomial
map (z,a) — ((1 —a?)z,a), Z := p(M x R) and q(z,a) € R[x1,...,2,,d]
is the polynomial ¢(z,a) := Z?:o(l —a?)ip;(x), then M x R = Zgn+t1(p)
and q(¢(z,a)) = (1 — a®)%p(z) = 0 for all (x,a) € M x R. Tt follows that

Z — ZRn+1 (q)

This proves that Z is algebraic and irreducible, so Z is the Zariski closure
of X in R™!. Thus, we deduce that X, Z, Y := {z_,2,}, U, Z" and X’
constitute an explicit embedded global smoothing as in [BP18, Remark 2.6].
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