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Abstract

Lattice gauge theories provide a first-principles, non-perturbative formulation of the
fundamental interactions of the Standard Model, and their Hamiltonian reformu-
lation on a quantum simulator offers a promising route to regimes—real-time dy-
namics, finite baryon density—that lie beyond the reach of Euclidean Monte Carlo
methods. With the ultimate goal of overcoming these shortcomings, over the last
decade, quantum simulations of Abelian lattice gauge theories have expanded from
the first proofs of principle to the experimental study of confinement and string
breaking by pair production. One of the next frontiers lies in the simulation of
non-Abelian theories, which are significantly more demanding both in local Hilbert
space dimension and in symmetry-protection requirements, and ultimately essential
for addressing open problems in high-energy physics. In this thesis, we investigate
dihedral non-Abelian lattice gauge theories Dy—whose small order and finite local
dimension make D3 and Dy natural targets for near-term quantum platforms—as
a minimal yet physically rich arena for the study of non-Abelian gauge dynam-
ics. After introducing dihedral groups and the associated lattice gauge theories, we
propose a gauge-fixed ladder model that reduces the effective dimensionality while
preserving the essential physics. We use it to show that the D3 theory on a lad-
der displays a smooth crossover—rather than a sharp phase transition—between
electric- and magnetic-dominated regimes, with the nonstabilizerness peaking in the
crossover region. Furthermore, we introduce a formulation of the model compati-
ble with the analysis of the Eigenstate Thermalization Hypothesis. We then study
string breaking in pure-gauge Dy ladders in the presence of static charges through
tensor-network DMRG simulations in the rishon formalism. We show that for odd NV
static charges are screened by gluelumps—charge-glueball bound states enabled by
the trivial centre of the group—while for even N a fundamental flux string persists.
Turning to the quantum-simulation side, we introduce a dynamical post-selection
(DPS) protocol in which the local gauge charges are tested by mid-circuit measure-
ments on auxiliary registers, and we show that gauge protection emerges through
a sharp quantum Zeno transition in the spectrum of an associated Liouvillian. We
verify the generality of this picture on Zs, Z3, and truncated U(1) gauge groups,
identifying an optimal window of measurement frequencies that survives also in the
presence of noisy measurements. Finally, we benchmark DPS against an alternative
post-processed symmetry verification scheme on a two-plaquette D3 model designed



for state-of-the-art qudit hardware. We find that both protocols significantly im-
prove the reconstructed dynamics, with DPS tracking the exact evolution over longer
times. Taken together, the results of this thesis position dihedral gauge theories as
a concrete stepping stone from Abelian proofs of principle toward genuinely non-
Abelian quantum simulation on near-term devices.
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Sommario

Le teorie di gauge su reticolo (lattice gauge theories) forniscono una formulazione
non perturbativa e da principi primi delle interazioni fondamentali del modello Stan-
dard, e la loro riformulazione Hamiltoniana su un simulatore quantistico offre una
promettente prospettiva verso regimi—come la dinamica in tempo reale o con den-
sita barionica finita—che sono fuori dalla portata dei metodi Monte Carlo Euclidei.
Con I'obbiettivo ultimo di superare questi limiti, durante 1’ultimo decennio, le simu-
lazioni quantistiche di teorie di gauge Abeliane su reticolo sono passate dalle prime
dimostrazioni di principio a studi sperimentali sul confinamento e sulla rottura di
stringhe di campo elettrico dovuta a produzione di coppie. La simulazione di teorie
non Abeliane, essenziali per affrontare un giorno i problemi aperti in fisica delle
alte energie, puo essere identificata come una delle prossime frontiere del campo,
richiedendo spazi di Hilbert locali pit grandi e una protezione delle simmetrie piu
complicata. In questa tesi, approfondiamo le teorie di gauge non Abeliane su reti-
colo con il gruppo di gauge diedrale Dy—Ila limitata cardinalita e la dimensione
locale finita rendono D3 e D4 degli obbiettivi naturali per piattaforme quantistiche
a breve termine—come un candidato minimale ma fisicamente ricco per lo studio
delle dinamiche di gauge non-Abeliane. Dopo aver introdotto i gruppi diedrali e le
teorie di gauge su reticolo associate, proponiamo un modello su una geometria simile
a una scala a pioli (ladder) in cui fissiamo alcuni campi di gauge, in modo da ridurre
la dimensione effettiva del modello, preservandone al contempo la fisica essenziale.
Usiamo questo modello per mostrare che una teoria D3 su una ladder mostra un pas-
saggio graduale—piuttosto che una transizione di fase netta—tra regimi dominati
dal termine elettrico o magnetico, con la nonstabilizerness che raggiunge valori mas-
simi nella regione intermedia. Inoltre, introduciamo una formulazione del modello
compatibile con I’analisi dell’ipotesi di termalizzazione degli autostati. Procediamo
con lo studio della rottura di stringa in teorie Dy di pura gauge in presenza di
cariche statiche attraverso simulazioni su tensor network, con l'algoritmo DMRG,
su una ladder, nel formalismo rishonico. Mostriamo che per N dispari le cariche
statiche sono schermate dalle “gluelumps”—stati legati della carica e di una glue-
ball che sono permessi dal fatto che il gruppo ha un centro banale—mentre per N
pari una stringa di flusso nella rappresentazione fondamentale persiste. Passando
alla parte di quantum simulation, introduciamo un protocollo di selezione dinamica
a posteriori (DPS), in cui le cariche di gauge locali sono testate per mezzo di misure
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effettuate durante la misurazione del circuito su registri ausiliari, e mostriamo che
la protezione della gauge emerge attraverso una transizione Zeno netta nello spettro
del Liouvilliano associato. Verifichiamo la generalita di questo quadro sui gruppi di
gauge Zo, Z3, e U(1) troncato, evidenziando una finestra ottimale nella frequenza
delle misure che sopravvive anche in presenza di misurazioni rumorose. Infine, tes-
tiamo il metodo DPS, comparandolo con uno schema alternativo per verificare le
simmetrie a posteriori, su un modello con D3 di due plaquette, progettato per un
hardware attuale basato sui qudit. Mostriamo che entrambi i protocolli migliorano
significativamente la dinamica ricostruita, con il DPS che segue I’evoluzione esatta
per tempi piu lunghi. Nel complesso, i risultati di questa tesi posizionano le teorie
di gauge diedrali come un concreto passo avanti dalle dimostrazioni di principio
su teorie Abeliane verso simulazioni quantistiche autenticamente non-Abeliane su
piattaforme quantistiche a breve termine.
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Introduction

Gauge theories are one of the cornerstones of modern physics. They are not only the
backbone of the Standard Model in particle physics, but also emerge naturally in
condensed matter physics and play a role in topological quantum computing [1-3].
The defining characteristic of a gauge theory is an extensive set of local symmetries
under which the theory is invariant [1]. These symmetries are parametrized by a
group—the “gauge group”—whose algebraic properties are deeply connected to the
physical content of the theory. The Abelian group U(1) is the gauge group of quan-
tum electrodynamics. Its associated local constraint is the Gauss law of classical
electromagnetism, V - E = p/e: the local divergence of the electric field equals the
local charge density. The electroweak interaction is described by the gauge group
SU(2)r, x U(1)y, where the SU(2), factor governs the weak isospin sector, respon-
sible for nuclear decays such as beta decay. Finally, the non-Abelian group SU(3)
is the gauge group of quantum chromodynamics (QCD), the fundamental theory of
the strong nuclear interaction, which confines quarks and gluons into hadrons.

The formulation of continuous gauge theories on a spatial discrete lattice was
proposed by Wilson as a gauge-invariant, non-perturbative regularization of QCD,
providing a well-defined framework for studying the strong-coupling regime that is
inaccessible to perturbation theory [2, 4-6]. In particular, the Monte Carlo formula-
tion of lattice QCD has enabled several landmark results, including the computation
of the hadron mass spectrum, and the study of the QCD phase transition and the
properties of the quark-gluon plasma [7-9]. These successes, however, are confined
to regimes accessible by Monte Carlo methods. The latter are hindered by the sign
problem at finite fermion densities [10] or non-trivial topological angles [11], and
are inherently restricted to Euclidean time evolution, because in real time the path-
integral measure acquires oscillating phases e*—where S is the action—that cannot
be interpreted as probabilities and hence cannot be sampled stochastically.

In Feynman’s spirit of using quantum mechanics to simulate quantum physics [12],
quantum simulation represents a promising tool for lattice gauge theories. Mapping
a lattice gauge theory onto a quantum simulator would circumvent the sign problem
and open access to real-time dynamics [13, 14], with the ultimate goal of exploring
the full phase diagram of QCD [15, 16].

In the last decades, quantum simulation has been developed under two main
paradigms: analog and digital quantum simulation [17-20]. On one hand, analog
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INTRODUCTION

quantum simulators realize the target quantum system by engineering a controllable
quantum platform whose continuous time evolution faithfully mimics that of the
target theory. On the other hand, in digital quantum simulation, a universal set of
logical quantum gates [21] allows for the mapping of a target Hamiltonian onto a
quantum computer. A central feature of the digital paradigm is the need to discretize
time evolution, typically achieved via the Trotter—Suzuki decomposition [22, 23].

Quantum simulation can be obtained on several platforms based on different
technologies, such as superconducting qubits [24, 25|, trapped ions [26-29], ultracold
atoms [30-33], photonic platforms [34, 35], or quantum dots [36, 37]. However, the
boundary between the analog and digital paradigms is not always sharp: several
platforms can be operated in both regimes, and hybrid analog-digital protocols—
where a continuously evolving analog background is periodically interspersed with
discrete digital gates—have been explored as a practical intermediate strategy [38—
40]. Quantum hardware has shown important progress in recent years [41, 42],
such as the first demonstrations of quantum computational advantages in random
circuit sampling computational problems and Gaussian Boson sampling problems,
on superconducting quantum devices and photonic systems [43-50].

With the perspective of simulating lattice gauge theories on quantum hard-
ware [14, 15, 51-57], many proposals for various gauge groups have been made
on diverse platforms, like superconducting qubits [58], trapped ions [59-63], ultra-
cold atoms [13, 64-73|, or cavity quantum electrodynamic setups [74]. Hardware
improvements and deeper theoretical understanding enabled experimental quantum
simulations to reach important milestones in addressing lattice gauge theories, on
superconducting qubits [75-82], trapped ions [83-86], and ultracold atoms [87-93].

In both analog and digital quantum simulations, since the gauge groups of the
Standard Model are continuous Lie groups, the infinite-dimensional Hilbert space
describing the gauge fields must be discretized. Several strategies have been pro-
posed: truncation in the representation space [63, 94-97], quantum link models [98—
101], reformulations of the theories in new bases [62, 102-106], and the use of discrete
subgroups of a continuous group to approximate the parent Lie theory [73, 107-113].
A central and persistent obstacle is the scaling from Abelian to non-Abelian gauge
theories. Experimental results for Abelian groups are at present mostly limited to
systems whose gauge fields have local dimension d = 2, which can be efficiently
encoded on qubits. Non-Abelian groups, however, require working with larger local
Hilbert spaces even in their most minimal formulations. To appreciate this, consider
SU(2): the smallest non-trivial representation-space truncation gives a local dimen-
sion d = 5 for the gauge fields, while its smallest non-Abelian discrete subgroup,
the quaternion group Qs, has |Qg| = 8 group elements. Furthermore, the smallest
non-Abelian group, D3, already has six elements.

In all cases, simulating non-Abelian lattice gauge theories requires encoding
gauge fields on a quantum register of at least three qubits, which increases even for
local operations the number of entangling gates—one of the principal bottlenecks
of current quantum hardware in the Noisy Intermediate-Scale Quantum (NISQ)
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era [114]. The large local dimension of gauge fields in lattice gauge theories there-
fore represents a natural application for quantum hardware based on qudits, i.e.,
quantum systems with d > 2 levels [115, 116]. Qudit-based computation has been
developed on several platforms: trapped ions [116-118], transmons [119-126], Ry-
dberg arrays [127], photonic circuits [128], ultra-cold atomic mixture [129], and
superconducting radio-frequency (SRF) cavities [130, 131].

Formulations of lattice gauge theories on qudits have been recently explored, with
several proposals [63, 73, 110, 132-135]. Seminal experimental results demonstrate
the advantages of this approach in a trapped ion platform, simulating one plaquette
in truncated quantum electrodynamics [136].

In the NISQ era, quantum hardware is subject to errors that compromise the re-
liability of its outputs [137]. In the context of lattice gauge theories, errors can drive
the quantum state outside of the physical gauge-invariant sector, effectively breaking
the local symmetry that defines the theory. This problem can be addressed through
quantum error correction [138-142] or error mitigation [143]. On the quantum error
correction side, important progress has been made toward fault-tolerant quantum
computing: several platforms have surpassed the “break-even point”, where the log-
ical error rate falls below the physical one, and have demonstrated error-corrected
logical qubits with extended coherence times, marking a significant step toward scal-
able fault-tolerant devices [144-148]. However, these advances are still remarkable
proof-of-concept demonstrations, and, in the current generation of hardware, error
mitigation remains an essential tool for near-term quantum computation.

In this context, identifying and studying non-Abelian gauge theories that are
tractable in near-term quantum hardware represents an important and timely re-
search direction. Discrete non-Abelian dihedral groups Dy—the symmetry groups
of regular polygons—are valid candidates. Their relative algebraic simplicity and
the finite dimension make them an ideal setup for proof-of-concept experiments with
non-Abelian gauge theories. Further, D3 is the smallest non-Abelian group, while
Dy, having 8 elements, can be efficiently encoded in 3 qubits. As the minimal testing
ground for non-Abelian quantum computation, they appear at the basis of several
proposals [72, 134, 149, 150], and have been tested in quantum annealing [151]. Fur-
thermore, they can play a role in topological quantum computation [152-155], thus
connecting to communities beyond high-energy physics, from condensed matter to
quantum information.

Yet, the rich physics of these theories is still vastly underexplored, and this the-
sis aims to contribute to filling this gap. Investigating the physics of DN theories,
identifying benchmarks that are challenging yet within the reach of near-term de-
vices, and testing symmetry-protection methods in the presence of noise can lay
the groundwork for meaningful proof-of-concept experimental results that would
constitute a novel fundamental ingredient for quantum simulation of lattice gauge
theories.

A natural question in this context is whether quantum simulation of lattice gauge
theories can realistically achieve a quantum advantage over classical methods—i.e.,
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INTRODUCTION

address computationally relevant problems that are genuinely intractable classically.
The answer is not yet settled, since quantum simulation and classical simulation
methods are strongly stimulating each other. In particular, tensor-network (TN)
methods—most notably matrix product states (MPS) and projected entangled pair
states (PEPS), employed via algorithms such as DMRG and iTEBD—have proven
extremely powerful for one-dimensional and quasi-one-dimensional gauge theories,
providing benchmarks against which quantum hardware can be validated [15, 156,
157]. At the same time, the entanglement structure probed by TN simulations
helps identify the regimes where classical methods become insufficient and where a
genuine quantum computational advantage may emerge. The interplay between TN
methods and quantum simulation is thus one of the most productive axes of current
research in the field.

This thesis is structured as follows. In chapter 1, we provide theoretical back-
ground on lattice gauge theories and their formulation for digital quantum simu-
lation, before introducing the dihedral groups and their implementation for digital
quantum simulation. We then introduce qudit hardware and discuss how to imple-
ment lattice gauge theories on it.

The rest of the thesis is divided into two parts. In the first part, we discuss
the physics that can be studied on dihedral lattice gauge theories. In chapter 2, we
analyze the structure of gauge-invariant sectors for dihedral lattice gauge theories,
comparing them with those of an Abelian theory. We introduce the ladder geometry
and derive an effective Hamiltonian after gauge-fixing. We investigate the physics of
the effective model, including the crossover between the weak- and strong-coupling
regimes, the measurement of quantum resources, and the analysis of the integrability
of the model. In chapter 3, we study a ladder system with a Dy gauge group in the
presence of static charges connected by a flux string. We relate the string-breaking
of this configuration, mediated by the formation of gluelumps, to the presence of a
non-trivial center of the gauge group. We compare D3 and D4 numerically, showing
that string breaking occurs for D3, which has a trivial center, but not for D4, which
has a non-trivial center.

In the second part, we discuss error mitigation methods to verify local gauge
symmetries in the NISQ era. In chapter 4, we introduce an error mitigation scheme
based on the measurement of gauge charges on auxiliary registers. We test it on a
one-dimensional model with Zs as the gauge group, for which we model a quantum
simulation in the presence of gauge-breaking errors. We show a Zeno phase transi-
tion as a function of the frequency with which the local gauge charges are measured,
and characterize the error mitigation scheme for other Abelian groups and in the
presence of noisy measurements. In chapter 5, we study symmetry verification meth-
ods for a D3 gauge theory. In particular, we compare error mitigation based on the
measurement of local gauge charges with an effective projection onto the physical
subspace based on the measurement of an extensive set of observables. Finally, we
summarize the conclusions in chapter 6, discussing the possible outlooks of what we
studied in this thesis.
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Chapter 1

Theoretical Background

This chapter summarizes the background of the Hamiltonian formulation and quan-
tum simulation in lattice gauge theories (LGTs). After that, we introduce the dihe-
dral groups Dy, and we show how to implement operators necessary for the quantum
simulation of dihedral LGTs. Finally, we introduce the framework of digital quan-
tum simulation of LGTs on qudit hardware.

1.1 Lattice Gauge Theories

The main ingredient for a quantum simulation of lattice gauge theories is their
Hamiltonian formulation [5]. Gauge theories are many-body systems characterized
by local symmetries that strongly constrain their dynamics. The symmetries, i.e.,
the gauge transformations, are described by the “gauge group” G of the theory. In
the Standard Model, U(1), SU(2), and SU(3) are the gauge groups of quantum
electrodynamics, the weak interaction, and the strong interactions, respectively. We
speak of “Abelian theories” when the gauge group is Abelian and of “non-Abelian
theories” when the gauge group is not.

Spatial degrees of freedom of gauge theories are discretized on a lattice, which
has two fundamental components: sites and links. The sites, denoted by = € Z¢,
are populated by matter fields. The gauge fields mediating the interaction between
particles live on the links between matter sites, labelled as (x, k) with k € {1,...,d},
where k denotes the spatial direction along which the link points, associated with
the positively oriented unit vectors {kf_,}.

In this thesis, we will consider a square lattice. The local symmetries are dis-
cretized in the lattice by operating on a site n and on the connected links according
to their directionality [149]:

Onn =[]0F.]] a,fjie,i{n , (1.1)

where ¢ and o label the incoming and outgoing links connected to the site n, Hgn
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CHAPTER 1. THEORETICAL BACKGROUND

describes how the matter field transforms, and Qf(R)

operator by the group element h, such that

is the left(right) multiplication

Oy [k) = |hk) ,
0F k) = |kh1) . (1.2)

In Abelian theories, one does not need both operators, as one of them is sufficient to
describe the theory. In non-Abelian theories, however, one must take both operators
into account. Physical observables are invariant under local gauge transformations,

01,00], =0, (1.3)

that also holds for the Hamiltonian operator H, which, hence, commutes with all
the local symmetries

[H,0,,]=0 YVneZ heg. (1.4)

Eq. (1.4) implies that for every local symmetry a conserved quantity exists, the
“gauge charge” «y, ,, which is nothing but an eigenvalue of ©y, ,,. Since OL(R) are
unitary operators, aj,, is a root of the unity. The set {aj,} defines the “gauge
sector”, i.e., the Hilbert subspace that is not connected to other sectors by gauge-
invariant operations. Gauge-invariant states are those that belong to a gauge sector,
such that

9h,n |¢> = Qpn \”@ Vone Zd7 h e g . (1'5>

The physical neutral sector corresponds to oy, = 1 Vn,h, which corresponds to
the Gauss law constraint. For example, in electromagnetism, it corresponds to
V-E=p/ep.

In Lie theories described by continuous groups, as in the Standard Model, the
operators in Eq. (1.1) are given by the generators of the group’s algebra — left
generators {Lg}, right generators {R,}, and local charge generators {Q,n} and
group parameters

oF = eita(Mla (1.6)
OF — ¢ida(WRa
9}? — €i¢a(h)Qa,n .

,n

The sum of generators generates the local gauge transformations [163]
Gy = ZLa,i - Z Ra,o - Qa,n . (17)
% o

For the results we expose in this thesis, it is worth introducing a discrete non-
Abelian group with elements h € G and order |G| € N. We denote a unitary matrix
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1.1. LATTICE GAUGE THEORIES

representation of the group elements as Df}m(h), where j labels the irreducible repre-
sentations and m, n are the row and column indices of the matrix. A representation
p of a group G on a vector space V is a homomorphism from the group G to the
general linear group on V', GL(V'). Hence,

p:G— GL(V) . (1.8)

For finite groups, one has [G] = >_, dim(j)?, where dim(j) is the dimension of
the jth irreducible representation [164]. The representation basis |jmn) may be
connected to the group element basis |g) following the great orthogonality theorem
as

. |dim() s
(glgmn) = gl D}..(9) , (1.9)

which describes the generalized Fourier transform of the group. The group Fourier
transform is one of the elementary unitary operations needed to implement digital
quantum simulations of a lattice gauge theory with discrete groups [149, 150], as it
is the change of basis from the group element (magnetic) basis to the irrep (electric)
basis. To give an example from an Abelian setting, the group Fourier transform for a
Z- gauge symmetry is the Hadamard gate on the qubit Hilbert space. In general, the
commonly known Quantum Fourier Transform algorithm is the Fourier transform
for the group Zsn. In Eq. (1.2), we described the action of 9L(R) operators in the
group element basis, but they can be expressed in the irrep basis using Eq. (1.9) as
the change of basis. '

Finally, the parallel transporter Ug is an operator that acts on the link degree
of freedom. It associates the states |g) with the j—th representation of the cor-
responding group element U, |g) = Din(g)|g). They transform with the group
multiplication operators as

UG = Dyl

mn’g
05Uty = Uy Di(9) - (1.10)

Equation (1.10) can be verified by combining Eq. (1.2) with the representation of
Upjnn in the computational basis {|g)}. The parallel transporter U can be expressed
in discrete groups as

Upn =D Dinn(9) 19) {9l . (1.11)

and in continuous groups as

Ui, = / dgDi,(9) 19} {a] - (1.12)

where the integration is over the group’s Haar measure for compact Lie groups.
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Finally, matter can be introduced. In this thesis, we always work with fermionic
matter coupled with gauge fields. We introduce the spinors wlj , where a may identify
spin, flavour, or color, and j labels the irreducible representation of the group the
spinor belongs to. Local unitary transformations for the matter, then, read as [149]

6271 (00 =l (n)D],(h) |
010 ()0 = DI ()i (n) - (1.13)

The choice of j is usually fixed to the fundamental representation, hence we will
omit it in the following.

These are the ingredients needed to describe the Kogut—Susskind Hamiltonian in
d+ 1 dimensions, which consists of four terms: the electric term, the magnetic term,
the mass term, and the hopping term. The first two, the electric and the magnetic
terms, depend on the gauge field, forming the so-called “pure gauge” Hamiltonian.
The other two, the mass and the hopping term, describe the mass density energy
and how the particles can spatially move in the lattice.

The electric term is diagonal in the irrep basis, that is also known as the “electric
basis”, and is expressed as a direct sum over all the links,

ch . .
HE = ;92 Z Z ay |]amn>f <]’mn| ) (114)

L€links j;m,n

where g is the coupling of the theory, a is the spatial lattice spacing, and «; is the
electric energy associated with the representation j. For SU(2) theories, it holds
that a; = j(j + 1), while for discrete groups there is not a unique way to define «;.
In the group element basis, the projector over the irrep j, P/ =" |j, mn)(j, mn]|,
is written as

P =3 S imet (115
h

where the sum is over the group elements h, x7(h) is the character, i.e., the trace,
of the group element h in the representation j. Without loss of generality, we used
6 when writing the projectors P7, but one could equally well choose #%.

The magnetic term is diagonal in the group element basis, and consists of the
sum over the plaquette terms

P2~ p3 ™~ ps

ch
_ trrt
Hy=— 3 % [Tr (UplU Ut u )} . (1.16)
p
In the following, we work with natural units ¢ = h = 1 so that the inverse of the
lattice spacing a sets the energy scale. In general, we also fix ¢ = 1. The sum
runs over all plaquettes in the lattice and p1, ..., p4 are the four links of a plaquette

taken in anticlockwise order and starting from the lower edge, see Fig. 1.1. The
directionality of the lattice links determines whether we have to take the operator
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1.1. LATTICE GAUGE THEORIES

Figure 1.1: Square lattice with gauge degrees of freedom on the links and matter
fields on the sites. Highlighted are a four-body term entering the magnetic Hamilto-
nian Hp, a single-body term of the electric Hamiltonian Hg, a three-body term of
the hopping Hamiltonian H j, a single-body term of the mass Hamiltonian Hj;, and
a local gauge transformation ©j,. The arrows in the bottom-left corner indicate
the directionality of the lattice.

Uga or its Hermitian conjugate. We set the +2 and +y directions to be positive,
consistently with Eq. (1.16).

The mass term of the matter is written as

Hy = MZ )"l (n)ea(n) , (1.17)

where the sum of the particle density is over all the sites of the lattice, the sum over
different species of fermions a is implied, and (—1)" means that fermionic matter
is represented by staggered fermions, such that the “empty state”, i.e., the state
without particles, is described by an absence of fermionic particles on the matter
sites (with n even) and by the presence of two fermions in the anti-matter sites
(with n odd). Staggered fermions are one of the most common choices to avoid the
fermion doubling problem, which occurs in the continuum limit [165-168].

Finally, the hopping term describes how particles move in the space by coupling
matter and gauge fields

Hy=J Z ¢T( ) ab(w k)wb(n + k) + H.c. ) (118)
n,ke{l,....d}

where J is the hopping parameter. The interaction between matter and gauge fields
ensures the gauge invariance of the hopping, i.e., if a fermion moves in the space,
the gauge field changes accordingly to preserve the gauge charges.
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CHAPTER 1. THEORETICAL BACKGROUND

1.2 Quantum Simulation of Lattice Gauge Theories

1.2.1 Motivations for Hamiltonian quantum simulation

In the last decades, LGTs have been formulated in the Lagrangian framework in
order to numerically study them by Monte Carlo algorithms [165, 169-171]. Lattice
quantum chromodynamics (Lattice QCD) represents the most important success of
this framework, allowing the computation of the hadron mass spectrum, and the
study of the QCD phase transition and the properties of the quark-gluon plasma [7—
9]. However, some important shortcomings strongly reduced the applicability of
Lattice QCD. In the exploration of the phase diagram, the “infamous” sign prob-
lem [172, 173] prevents studying systems in the presence of high fermion density or
of the topological theta angle, being the statistical weights not positive-defined. It
is possible to fix this issue by taking the absolute value of the statistical weights,
but the price to pay is to incur an NP numerical problem, which is thought to be
NP-hard [10]. Furthermore, a Wick rotation is needed in the Lagrangian formula-
tion, i.e., a rotation from the real to the Euclidean time by t — —i7, where 7 is the
Euclidean time. This rotation prevents performing the Real-time evolution.

All these limitations can be resolved by the Hamiltonian formulation of LGT's [5],
at the price of an exponential Hilbert space scaling with the system size, which
prevents the Hamiltonian formulation from being useful on classical computers.
Quantum simulation can help address this issue, making the exponential scaling
of the Hilbert space dimension a linear requirement in the quantum resources [12].
The goals of quantum simulation of LGTs are manifold [15, 57, 163, 174]. In the
short term, even modest-sized quantum simulators can provide access to real-time
dynamics—such as thermalization, string-breaking, and particle production—that
are intrinsically inaccessible to Euclidean Monte Carlo approaches. In the medium
term, the exploration of the QCD phase diagram at finite baryon density, cur-
rently blocked by the sign problem, represents one of the primary targets. In the
long term, the ultimate goal is a full-scale, first-principles quantum simulation of
non-Abelian gauge theories such as QCD, enabling the study of non-perturbative
phenomena—including confinement, hadron structure, and the properties of dense
nuclear matter—from first principles.

A complementary classical approach to lattice gauge theories is provided by
tensor network methods [175-178]. Their applicability is subject to two distinct
limitations of different origin: on one hand, one-dimensional architectures such as
matrix product states are structurally restricted to one spatial dimension, a con-
straint that tree tensor networks [157] or two-dimensional generalizations such as
PEPS attempt to overcome [179, 180]; on the other hand, and more fundamentally,
the computational cost of tensor network contractions grows exponentially with en-
tanglement, making highly entangled states—even in one dimension—out of reach
regardless of the network geometry. Despite these challenges, tensor network meth-
ods in lattice gauge theories constitute a prolific research field [14, 157, 181, 182],
with new approaches continually expanding the scope of tractable problems [94, 95,
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97, 183-192].

Both approaches have already delivered preliminary explorations of equilibrium
features [193, 194] and dynamics [195, 196] in one-dimensional SU(3)-symmetric
LGTs, although the large number of degrees of freedom involved still poses formidable
challenges. In this thesis, numerical results in Chapter 3 are obtained using the Den-
sity Matrix Renormalization Group (DMRG) [197] to compute the ground state. In
Chapters 4 and 5, instead, we focus on digital quantum simulation of real-time dy-
namics, which requires a discretization of the time evolution via the Trotter—Suzuki
decomposition [22, 23].

1.2.2 Trotterized time evolution

Since one of the main advantages of quantum simulation of LGTs is the possibility
to implement the real-time evolution, in the following, we recall how to encode the
first-order Trotterized time evolution on quantum computers, such that

efth — (efiHAt)’nt ~ (efiHEAtefiHBAtefiHMAtef’L’H‘]At)TLt , (119)

where ny = t/At is the number of Trotter steps. Thus, a single Trotter step can
be implemented by sequentially applying unitary operators U that evolve the state
according to each term of the Hamiltonian. The Trotterized time evolution is an
approximation, since different Hamiltonian terms don’t commute in general. Hence,
we are introducing a Trotter error, which is known to have a threshold behaviour
depending on the Trotter step At [198]: below a certain Trotter step size, the Trotter
errors are controllable; above the threshold value, the system enters a quantum
chaotic regime.

From Ref. [150], to perform a single Trotter step e *H4t ~ YFyByMuy’, it is
convenient to introduce a set of primitive gates: high-level constructs that imple-
ment the time evolution corresponding to the electric, magnetic, mass, and hopping
terms. Choosing the group element basis for the gauge degrees of freedom, one can
implement the electric Hamiltonian Hg by rotating into the electric basis, i.e., by
applying to every link degree of freedom the Quantum Fourier Transform (QFT)
gate tqrr. In the electric basis, the action of Hg is diagonal, as well as its con-
tribution to the time evolution, which can be implemented by a phase gate whose
entries are

(G mn] $ton (a9 A8) |, mn) = (Gomn] (799950 [jmn) , (1.20)

where « is the electric energy associated with the representation j. So, the evolution
of the electric Hamiltonian Hg reads

e_iHEAt = ®uQFT,Zuph,é(ajg2At) EQII?T,Z . (1.21)

l
The unitary operator generated by the four-body interaction described by the
magnetic term Hp in Eq. (1.16) is more complicated to implement. A possible

13



CHAPTER 1. THEORETICAL BACKGROUND

u_, u_,
Lt
u_, u_,
| B

U =t

Figure 1.2: Circuit decomposition implementing the time evolution generated by a
plaquette term in Hp. It has to be applied to every plaquette of the lattice. Each
double line represents the quantum register of a group element subspace. The pla-
quette product is computed on the above register, then the trace gate is performed,
and the product is undone. This architecture is taken from Ref. [150].

circuit decomposition [150], depicted in Fig. 1.2, is a generalization of a standard
four-body Pauli-Z interaction for qubits: three control-multiplication gates acting
on the fourth, onto which subsequently a trace gate is applied. Finally, the state
of the four registers is restored by applying the inverse of the multiplication gates.
The procedure also requires the application of the inversion gate, which maps an
element of the group g into its inverse £4_1 |h) = |h~1). The trace gate is diagonal
in the group-element basis and implements the parametric operation

| uﬂ(;?m) Iy = o # A g (1.22)
The control-multiplication gate is defined as
Ux(lg) © k) = Y (k) (k| © ©F)(|lg) ® |h)) = |g) ® |gh) (1.23)

keg

where the first register |g) is the control and the second is the target.

We now show the implementation of the mass and the hopping terms, where
fermionic matter fields enter the game. The elementary Trotter step of the mass
term UM (At) = e HmA acts on a register of fermions {|n, o)}, with the particle-

number operator ng o = @bi7a@bx7a diagonal. Hence, the mass term acts as
UM [®z.0 [N2.0)] = Os.a [e—z‘AtM(—l)z1+zzm,a naa)| - (1.24)

This equation means that the mass term decomposes into a product of local phase
gates, such that
UM — e—iAtM(—l)“”?wi,awz,a ] (1.25)

e

Regarding the hopping term Hj, it includes multiple three-body terms that
couple the gauge field with the matter fields. According to Refs. [132, 150, 199], one

can decompose U/ = ¢~iHsAL introducing operator
;
Vm|€ — Z |k‘> <k" ® eza,g log[D(k)a,p¥z,a%a,8 , (126)
keg
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which acts on the Hilbert space spanned by the site x and a neighboring link /.
The sum runs over all the group elements k& € G, and the log denotes the matrix
logarithm. Since D is unitary, V is unitary as well, so an anti-Hermitian logarithm

T
exists, i.e., (log [D(K)] o5 wl,awz,ﬁ) = —log[D(k)]s, %Wm- By using the Baker—
Campbell-Hausdorff formula, one can prove the following identities

Vlw > (w;rc,an,a,fJ’) Vot =¥l 5, (1.27)

Vl\ﬂ Z (Ug,aﬁwm,ﬁ> Vm\f = Yza - (1.28)
B

The key observation is that Vs, defined in Eq. (1.26), acts as a unitary rotation
that entangles the matter field at site x with the gauge field on the neighboring link
¢. Equations (1.27) and (1.28) show that conjugating the combination @ZJ;,Q{U&aﬁ and
Utaptz,p by Ve effectively strips the parallel transporter away, leaving behind a
bare fermionic operator. In other words, V,,, performs a basis change in which the
dressed matter field—the fermion together with the gauge flux it carries—is mapped
onto an undressed one. As a consequence, the three-body interaction 1/J;rc,a Ut,aptz 8,
which simultaneously acts on the matter at x, the gauge field on the link ¢, and the
matter at 2/, can be reformulated as a sequence of two-body terms as follows:

Vie [0 (v aUbasthur s + 1) | Ve = 3068 atbur (1.29)

a’/B

which permits the writing of the hopping term in the real-time evolution as

U’ =ty {V:cwui?/VLg} , (1.30)
u(t) _ efiAtsmc’ Pa (wl,alﬁx/’aJrH.c) '

xzx!

(1.31)

1.2.3 Why discrete groups

Given that the gauge groups of the Standard Model are continuous, the ultimate goal
of Hamiltonian simulation of QCD must confront the discretization problem, i.e.,
the encoding of continuous degrees of freedom of the Lie group into a finite Hilbert
space. There are several possible approaches to address this issue: (i) truncating in
the representation space [63, 94-97], that gives reliable results in the strong coupling
regime only; (ii) quantum link models [98-101], at the price of losing the unitarity
of the parallel transporter operator U, a non-trivial requirement for an efficient
quantum circuit implementation of the magnetic term; (iii) reformulating the theory
on a new basis, like a dual basis [62, 102-105] or a g—deformed gauge theory [106];
(iv) discrete gauge symmetries, with the idea of studying discrete group theories [73,
107-109, 113, 200]. These models share many features with topologically ordered
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2D systems [153, 201-206] and were instrumental in achieving the first quantum
simulations of 2D dynamical string-breaking phenomena [82, 93, 207].

The discrete group approach is particularly applied to discrete subgroups of Lie
groups to approximate their corresponding continuous parent groups. The well-
studied approximation of U(1) with Zy falls into this category, and it was already
explored in the early Euclidean LGT era [208, 209]. In recent years, an extensive
literature has been produced to study the implementation of quantum simulation of
LGTs using subgroups of SU(2) and SU(3). In Refs. [109, 110}, primitive gates are
introduced for the crystal-like subgroups of SU(2), the binary tetrahedral BT and
the binary octahedral BO. The smallest non-Abelian discrete subgroup of SU(2),
the quaternion group Qg, was investigated in Ref. [73]. Regarding SU(3), the gauge
group of QCD, the primitive gates for two of its crystal-like subgroups, (36 x 3)
and (72 x 3), are exposed in Refs. [111, 112].

However, the use of a discrete subgroup to approximate the parent theory re-
quires particular attention. In general, to perform lattice calculations, the lattice
spacing a is fixed as a function of the coupling g, i.e., a = a(g), and the continuous
limit @ — 0 is reached for g?> — 0, which is the weak-coupling regime. On the one
hand, using a finite a introduces discrepancies with the continuum limit, but the
errors are polynomial in a if the simulation is in the scaling regime, where a < as(gs).
On the other hand, it has been shown that discrete subgroups approximation cor-
responds to continuous groups broken by a Higgs mechanism. As a consequence,
discrete subgroups properly approximate the continuous group above a freeze-out
lattice spacing ay, i.e., above a coupling g¢. For a > ay, the gauge links are “frozen”
to the identity. Thus, the parent theory can be approximated with discrete sub-
groups for ay < a < as, or gy < g < gs. Classical Monte Carlo calculations show
that, among the aforementioned crystal-like subgroups, only the BO group satisfies
gf < g < gs [110]. Hence, quantum simulations of BT, ¥(36 x 3) and (72 x 3)
require, to approximate the parent theory, an improved Hamiltonian [109, 111, 112].
For example, one could implement a Hamiltonian that has improved discretization
errors of O(a*) compared to the usual Kogut—Susskind Hamiltonian derived from
the Wilson action, which has a discretization error of O(a?) [210]. Other approaches
use modified Hamiltonians to approximate the parent group in a larger coupling
window [211-213].

Beyond their role as approximations to continuous gauge groups, discrete gauge
groups are of independent theoretical interest. In the Abelian case, Zy gauge the-
ories are deeply connected to topologically ordered phases of matter—most notably
the toric code [214] and its generalizations via string-net condensation [215]—and
provide natural benchmarks for quantum error correction protocols, where the struc-
ture of gauge symmetries and anyonic excitations are intimately related [3, 216]. The
exactly solvable Zs case underpins the toric code and surface code family of quan-
tum error-correcting codes, and its ground state realizes a paradigmatic example of
Z5 topological order and quantum spin liquid physics [3, 217]. Already within the
Abelian setting, moving beyond Zs reveals substantially richer structure: the Zj
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toric code hosts parafermion defects and a charge conjugation symmetry with no
Zy analog, recently demonstrated experimentally on a trapped-ion processor [218].
Discrete non-Abelian groups represent the natural next step in this hierarchy, com-
bining the tractability of finite group structures with the richer phenomenology of
non-commuting symmetries; their quantum double models [219] host non-Abelian
anyons whose braiding statistics underlie proposals for topological quantum compu-
tation [214, 220].

1.3 Dihedral groups

Among discrete non-Abelian models, the dihedral gauge groups Dy provide one
of the easiest scenarios, which has led to promising proposals for their quantum
simulation [72, 134, 151]. The group Dy is the symmetry group of a regular polygon
with N edges. Its group elements can be distinguished into N rotations and N
reflections, so the order of Dy is 2N. Dy is the extension of Zy by Z, giving
Dy =& Zn X Zy. The most studied dihedral LGTs are based on D3 or D4. The
first is the smallest non-Abelian group formed by the 6 symmetries of an equilateral
triangle, and the second represents the 8 symmetries of the square'. Dy LGTs have
been studied for several toy models, thanks to the optimal encoding of the gauge
field in a register of 3 qubits (23 = 8) [150]. Moreover, an efficient way to implement
primitive gates for Dy~ is known [221], and Dy is the smallest non-Abelian Doy
group.

Another important feature relevant to this thesis is that the quantum double
model D(Ds3), based on the group D3 = S3, hosts non-Abelian topological order
whose anyonic excitations enable universal topological quantum computation, sup-
plementing braiding with anyon measurements and auxiliary states [214, 222, 223].
This places D3 at a particularly attractive sweet spot: it is the smallest non-Abelian
group whose quantum double supports universal quantum computation [154, 155],
while remaining simple enough to be prepared via finite-depth adaptive circuits on
near-term hardware. Non-Abelian topological order has recently been experimen-
tally realized on trapped-ion processors for Dy [153] and D3 [224].

A possible presentation for dihedral groups Dy in terms of two generators s and
r (which can be considered respectively as a reflection and a rotation by 27/N in a
2-dimensional plane) is the following

N

Dy = (s,r|s? =N =¢, srs =r71) | (1.32)

where e denotes the identity element.
The faithful unitary representation for s and r reads

o= [0 o= [T ] (133

Dy is non-Abelian for N > 3. Dy is the Abelian Klein group, while D; corresponds to Zs
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where with 7 we denote the faithful irreducible representation described by the two
matrices D7(s) and D7(r). The rotation r can also be expressed in the sine and
cosine representation [149]. However, in this thesis, we use the exponential one.

Conjugacy classes

Two elements of a group a,b € G are called conjugate if there exists a group element
g € G, such that a = gbg~'. Since conjugacy defines an equivalence relation, the
group factorizes into conjugacy classes, each of which contains mutually conjugate
group elements. In the case of the dihedral group, we can also express Dy in terms
of group elements

1 2 Nfl}

Dy ={1,rr% ...,V s sr 52 ... s ) (1.34)

which makes it easier to understand that the structure of conjugacy classes depends
on whether IV is even or odd. In particular,

Do ={1}U{r,r U {r*,r %} U...

"-U{T‘N/2_1,T‘_N/2+1}U{TN/2} (135)
U{s,sr2 st o stV "2y U {sr sr3, L eV T
and
Dy, ={1} U {rr B u{rtr 2 u. ..
U {T(N—l)/2’ r—(N—l)/Q} (1.36)
U {s, sr,sr2, sr3,srh, .. sriV=2, er_l} .
Conj. classes | rotations, size 1 | rotations, size 1 reflections
N even {e} {rN/?} J —1classes | {sr?: 0<i< N/2—1} and
{sr¥*l: 0<i< N/2 -1}
N odd {e} % classes {sr': 0<i< N-1}

Table 1.1: Number and size of conjugacy classes for Dy with N even or odd. It is
specified whether the conjugacy classes take rotation or reflection group elements.

Table 1.1 schematizes the number, the size, and the type of the conjugacy classes
for Dy. This discrepancy between even and odd N is a direct consequence of Dy ..
having a Z center, which is precisely {1,7/2}. Each element of the center builds
its own conjugacy class by definition. In Section 3.3, we show how the different
conjugacy-class structures of even- and odd-/N dihedral groups are crucial for deter-
mining the fusion rules of irreducible representations.

18



1.3. DIHEDRAL GROUPS

Irreducible representations

In finite groups, the number of conjugacy classes is equal to the number of irreducible
representations. This means that Dy has in total N/2+ 3 for even N and (N +3)/2
for odd N inequivalent irreps. Furthermore, the cardinality of the group is connected
to the dimensions of the irreps

deﬁ(j) =1g|. (1.37)

For dihedral groups, each representation is either one- or two-dimensional. For even
N, there are always 4 one-dimensional irreps, and for odd N, there are always 2 of
them. The number and the dimensionality of irreps for an arbitrary Dy group are
sketched in Table 1.2.

num 1-d irreps | num 2-d irreps | Tot num of irreps
N even 4 N/2 -1 N/2+3
N odd 2 (N—-1)/2 (N +3)/2

Table 1.2: Number of irreducible representations in Dy depending on N.

The one-dimensional irreps of Dy are 2 for odd N and 4 for even N. In both
cases, we have the trivial representation e that maps all the group elements to 1 and
the parity representation p that maps the rotations to 1 and the reflections to —1.
For even N, in addition, p; maps r to —1 and s to 1, while ps maps r to —1 and s
to —1. Hence, the following scheme holds

VDy VDN VDaon VDan
e:ri—~1 p:r—1 pr:r— —1 pyir— —1. (1.38)
s—1 s——1 s—1 s——1

The two-dimensional irreps of Dy can be characterized (up to an isomorphism)
as follows. Let w = e2™/N and h € {1,...,N/2—1} for N evenand h € {1,...,(N —
1)/2} for N odd. The irreducible representation 7, of the group elements is given
as follows:

- whk 0 - 0 w*hk
D™ (k) = ( . w_hk>’ D™ (srk) = (whk . ) . (1.39)

Note that for h = 1 we obtain the faithful representation generated by the elements
in Eq. (1.33).

From Eq. (1.38) and (1.39), it is possible to write the generalized character table
for Dy with N odd or even. The two tables are shown in Table 1.3 and Table 1.4,
where Cj, denotes the conjugacy class Cy, = {r¥, 7%}, Cy = {sr': 0<i < N — 1},
CH={sr?: 0<i<N/2-1}, O = {sr¥tt: 0<i < N/2—1}, and |C] is
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the cardinality of the conjugacy class. For convenience, we report in Tab. 1.5 and
Tab. 1.6 the character table of D3 and Dy, the groups on which the LGTs studied
in the next chapters are based.

{e} | Ch, k=1,.... 52 ] C,

] 1 > N

e 1 1 1

D 1 1 1
onhk

Ty h=1,... N2 ] 9 2cos< 7;V> 0

Table 1.3: Character table of Dy for odd N. The group has order 2N and (N +3)/2
conjugacy classes.

{e} | (PN Gy k=1,... .8 -1] Cf | CF
IC] 1 1 2 N/2 | N/2
e 1 1 1 1 1
p 1 1 1 -1 | -1
p1 1| (—1)N2 (—1)* | -1
P2 1| (N2 (=D* -1 1
T h=1,...,5—-1| 2 | 2(-1 2cos<27]r\f;k> 0 0

Table 1.4: Character table of Dy for even N. The group has order 2N and N/2+3
conjugacy classes.

{e} | {r,r*} | {5,877}
e 1 1 1
pl| 1 1 -1
T 2 -1 0

Table 1.5: Character table of Dg.

1.4 Operators and Hamiltonian terms in Dy theories

In this section, we specialize the lattice gauge theory framework to pure-gauge LGTs
based on dihedral groups Dy, the main topic of this thesis. We write explicit matrix
representations of the Hamiltonian terms and of the relevant operators for a general
Dy, and we specify them to D3 and D4 where needed.

Parallel transporter. The parallel transporter Uﬂ}m, defined in Eq. (1.11), is di-
agonal in the group element basis. Specializing to Dy in the fundamental representa-
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{e} | {rN2Y | {r, 73} | {s,sr?} | {sr,sr3}

e 1 1 1 1 1

D 1 1 1 -1 -1

p1| 1 1 -1 1 -1

pa| 1 1 -1 -1 1

T 2 -2 0 0 0

Table 1.6: Character table of Dy.
tion 7 and using the standard ordering of the 2N group elements {e,r,72, ..., 7V s sr, ... srV "1}
it reads
Dy (€) -
Dy (1)
Upin = Din(r%) . (140)

Dmn(er_l)_

where we omit the representation index when it equals 7. In the irrep (electric) basis,
U .. is no longer diagonal: its action on a state in the representation j produces a
new state in a representation allowed by the fusion rule 7 ® j, a point that will be
central in Chapter 3. The change of basis between the two representations is given
by the group Fourier transform of Eq. (1.9).

Electric term. The electric Hamiltonian in Eq. (1.14) decomposes as a direct sum
of single-link terms,

Hp =P Hy (1.41)
l

each of which is diagonal in the electric basis with entries determined by the irrep
label j and multiplicity dim(j)2. For D3 and Dy, the single-link electric Hamiltonians
read

Hg)D3 :92diag(ae, Qp, Qr, Qr, Qf, aT>, (1.42)
¢ .
H](E’)D4 :g2d1ag(ae, Qp, Qpy, Qpy, Oy Oy O, aT), (1.43)

Magnetic term. Each plaquette operator in the magnetic Hamiltonian of Eq. (1.16)
is a four-body term built from the product of four parallel transporter operators U, ..
The eigenvalues of the plaquette operator, however, only depend on the trace of the
elements of the gauge group in the fundamental representation 7, i.e., the character
X" (g). For Dy groups, the character of a rotation is x7(r’) = 2cos(2mi/N), while
the character of any reflection vanishes, x™(sr) = 0, as can be read off the character
tables Tabs. 1.3 and 1.4. This structure determines the magnetic flux spectrum:
plaquettes threaded by the trivial flux 1 carry the lowest energy, rotational fluxes
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r* are distinguished by their character, and all reflections are degenerate at zero
character.

The trace gate Uty (¢), with ¢ = g%At, which implements the time evolution of
the magnetic Hamiltonian as described in Fig. 1.2, is diagonal in the group element
basis. For a general Dy group, it takes the form

27

u’I‘r(¢) :diag<e—i2¢7 e_iQCOS(W)(z)’ 6—2'2(:05(4%‘)(1)7 e @_iQCOS(W)(z)’ 1, ..., 1>7
———

(1.44)
where the first NV entries correspond to the rotations and the last N to the reflections.

Mass term. Even though the results of this thesis mainly concern the pure-gauge
Hamiltonian, it is useful to discuss the mass term and the structure of the matter
field, as they provide a more complete picture of how gauge transformations are built
and how they act on the different degrees of freedom. In Dy groups, the faithful ir-
reducible representation 7 is two-dimensional, as shown in Eq. (1.39). Consequently,
a gauge field in the electric basis carries two internal indices and is labeled as [jmn),
where m and n run over the rows and columns of the representation matrices. The
two-dimensionality of 7 also dictates the structure of the matter sector: fermionic
matter transforming under 7 comes in two colors, |r) and |g) (red and green).

The local basis of a matter field on site n in a Dy theory is spanned by |0) , |r), |g) , |d),
where |0) denotes an empty site, |r) and |g) denote singly occupied states with red
and green color, respectively, and |d) denotes double occupation, i.e., both color com-
ponents populated. |0) transforms as the trivial representation, |r) and |g) transform
according to the internal indices of the fundamental representation 7, and |d) trans-
forms as the parity representation. On the anti-matter sites, |d) is associated with
the physical vacuum of the Dirac sea, so it transforms as the trivial representation,
while |0) transforms as the parity representation. Hence, the mass term in Eq. (1.17)
in the Hamiltonian reads

Hy = MZ 1)l (n Z L ) : (1.45)

Transformations in Dy. We now show how the different representations trans-
form under the symmetry operators Hﬁ(R) and 9}?. For Dy, symmetries with h = r, s
give all the information necessary to characterize the gauge sectors and the gauge-
invariant states, because transformations with respect to all the other group elements
can be obtained by multiplying those two generators of the group. 6, operators act
as permutation matrices” in the group element basis, but they are much more in-

formative in the irrep basis. In general, under a transformation with respect to the

2In the case of D3, they act as the complete permutation set, since D3 = Ss.
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group element s, 0, the color charge swaps, i.e., r <> g, while the transformation
0,(“ (B gives a phase depending on the irrep it acts on and its internal left (right)
index. Applying the same operators to states in 1—dimensional representation, in-
stead, gives a + sign depending on the mapping in Eq. (1.38). In the end, we can
summarize how the transformations work as

07 ey =le) . 6/ p)=1p) , 67 |p1) =—1Ip1) , 67 |p2) = ~|p2) |
00 e) =le) . 07y =~1p) . 0/ |p)=1p1) , 67 |p2) = —Ip2)
1

(

for the 1—dimensional representations, where |p1) and |ps) only exist for Dy with
even N, and

46)

0F [murn) = ™Y |grm) | 0F |thgn) = e >N |mugn) 0% [mhrn) = |mgn)
OF |mymr) = e 2N | mmer) | 0% |mymg) = 2™ N |momg) . 0F |[mumr) = |memyg)
(1.47)

for the 2—dimensional representations.
In Ref. [149], the authors show that one can define the transformation operators
on the matter fields as

922& = e#’l log(D2,(9)) ¥ et (Dj (g)—l)” , (1.48)

where the exponent n takes into account the parity of the site, i.e., if it is a matter
or an anti-matter site, and j is the fermionic matter representation, which we always
fix to the fundamental representation 7.

For Dy groups, it holds that

1 1
2mi/N
e
979 = e—2mi/N J 9? = (="

1 -1

(1.49)

The first equation indicates that the transformation on the matter field gives the
same phases of the left transformations in Eq. (1.47), as the charge of the single
fermion was going out of the site n. The second equation indicates that, on a matter
site, under HSQ, the empty state remains unchanged, while the double-occupied state
takes a —1 phase. On single-occupied sites, the transformation flips the color of the
particle.

1.5 Qudit platforms for LGTs

In the context of quantum hardware, qudit devices [115], where each fundamental
unit of quantum information possesses more than two levels (d > 2), represent a
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promising platform in the noisy intermediate-scale quantum (NISQ) era [114]. Sev-
eral platforms have been developed to perform qudit-based computation: trapped
ions [116-118], transmons [119-126], Rydberg arrays [127], photonic circuits [128§],
ultra-cold atomic mixture [129], and superconducting radio-frequency (SRF) cavi-
ties [130, 131]. Their main advantage lies in the compact encoding of large local
Hilbert spaces: operations that would require multiple entangling gates on a qubit
register can be implemented as single-qudit gates, significantly reducing the circuit
depth and the associated error rate. Since two-qubit entangling gates currently rep-
resent the primary source of hardware noise, this reduction is particularly valuable
for near-term devices.

Hence, LGTs represent a natural framework to test and explore the advantages of
qudit devices. An elementary information unit with d levels is particularly useful for
the efficient encoding of groups of order |G| > 2, in particular when 2 < |G| < d [225].
This enables the implementation of physically local terms using single qudit gates.
The interest of the implementation of LGTs on qudits is due to the significant
reduction in the circuit depth and the increase in the fidelity, both for one-body [109]
and multi-body terms [73] in the Hamiltonian. The general framework developed
for LGTs on qubit digital quantum simulators, shown in Sec. 1.2, has already been
expanded for qudit quantum hardware [73, 109, 132]. Furthermore, seminal proof-of-
principle experiments on a truncated U(1) group showcased the promising potential
of a compact encoding of the gauge degrees of freedom [136]. The hardware used in
this protocol is the trapped-ion qudit setup of Ref. [116], which can handle qudits
with d < 7. On the same hardware several experiments have been proposed: the
implementation on qudits of the minimal truncation of SU(2) in Ref. [133]; the
proposal of digital qudit quantum circuits for scattering processes in a U(1) quantum
link lattice gauge theory in Ref. [226]; the implementation of the time-evolution on
a simple non-Abelian model based on the group D3 [161], which will be the topic of
Chapter 5.

We can now show where and how qudits represent a possible advantage when
compared with qubits. On qubit hardware, the Quantum Fourier Transform (QFT)
— required at every Trotter step to rotate between the group-element and the irrep
bases — becomes a sequence of entangling gates whose efficient implementation is
not known in general. Substantial effort has been devoted to finding optimal QFT
circuits for physically relevant non-Abelian groups [227]. As a concrete example,
the optimal implementation of the QFT for D4 requires two entangling gates per
link [221], so that a single Trotter step on a lattice of L links incurs 2 x 2 x L = 4L
entangling gates.

On qudit hardware, instead, the QFT reduces to a single-qudit gate as soon as
d > |G|, since the change of basis between the magnetic and the electric bases requires
no entanglement between different link registers. The difficulty due to the mag-
netic term, instead, remains: its implementation requires the control-multiplication
gate iy, the only two-qudit unitary needed for the time evolution. Since iy =
> kg (|k) (k| ® ©F), each control-multiplication 4x gate in Fig. 1.2 applies |G| dif-
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ferent control-operations on the target register depending on the state of the control
qudit (one of which, corresponding to the identity, is trivial). In Ref. [73], this
decomposition is written as

Uy =Y (k) (k| @ ©F) =[] Cogry (k) (1.50)

keg keg

which means that when the control qudit is in the |k) state, the unitary opera-
tion O(k) is performed on the target qudit. Hence, in terms of elementary opera-
tions, a single control-multiplication decomposes into a sequence of |G| — 1 control-
permutations, each acting on a well-defined pair of group elements. Despite this
cost, the overall gate count and the achievable fidelity remain substantially more
favorable on qudit devices than on qubit ones. In Ref. [73], the advantage of im-
plementing the multiplication gate on qudits instead of qubits is analyzed for Qg,
the quaternion group that is a non-Abelian subgroup of SU(2) with cardinality 8.
In particular, the authors estimate a reachable fidelity of 99.6% for qudits versus
21.4% for qubits.

Regarding the time evolution of the hopping term in Eq. (1.30), the entangling

;
gates Voo = D icg k) (k| @ e2ap 08D K)lasvea¥es can be decomposed as product
of control-operations [132]

Vo= [ V5 (9 (1.51)

geg

where

Cv (@) =19 (gl @ Valg) + ) 1) (g @1 (1.52)
9'#g9

are control-unitary gates, where the control qudit is on the gauge field, and the target

qudit is on the matter field, on which the unitary gate V,.(g) = eXas 108D a0k athe s
is performed.

For the hopping term, qudit hardware offers an advantage over qubit implemen-
tations as well. The gate V. (g) acts on the matter field, whose Hilbert space has
dimension 24™(7) where 7 is the fundamental irrep, with Lie groups, or a faithful
irrep, with discrete groups. On qubit hardware, encoding such a register requires
dim(7) qubits, and V,(g) decomposes into a sequence of multi-qubit entangling gates.
On a qudit device with d > 24m(7) the same operation reduces to a single-qudit
gate, and the controlled version C’é};) then requires a single two-qudit entangling
gate per group element g € G.

Armed with these tools, in the following chapters we will explore some features of
dihedral lattice gauge theories (Chapters 2 and 3), analyzing some possible methods
to implement error mitigation in the quantum simulation of discrete non-Abelian
lattice gauge theories (Chapters 4 and 5).
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Chapter 2

Lattice Gauge Theories with Dy,

In this chapter, we characterize gauge invariant sectors for Dy, specifying their
number, and comparing them with the sectors in an Abelian LGT with Zs. We
also give an example with D3 to show the dimension of the gauge invariant sectors
with respect to the full Hilbert space. After that, we introduce a gauge-fixed ladder
model, we derive the Hamiltonian on the gauge-fixed basis, and we use it to study
the crossover between the magnetic and the electric regime, and the energy gap. By
exploiting the possibility to study larger systems by Exact Diagonalization (ED), we
also study the quantum resources to simulate such a system [158], and the integra-
bility of the model, a first step toward a better understanding of the thermalization
of non-Abelian LGTs with discrete groups [228].

2.1 Sectors in Z, and Dy LGTs

Looking at the gauge invariant sectors, there is an important difference when we
study non-Abelian rather than Abelian theories.

In Abelian theories, all the gauge operators commute, i.e., [@h,m ®g7n/] =0,VYh,ge€
G, ¥n,n'. Hence, all the ©, operators can be simultaneously diagonalized, and
the total Hilbert space Hiot can be decomposed as a direct sum of all the possible
gauge sectors defined by the set of gauge charges {ayp,,}, Yh € G, n,

Hiot = @ H{ah‘n} . (2.1)
{ah,n}

Hence, each state belongs to a sector.

In non-Abelian theories, on the contrary, gauge operators on the same site, in
general, do not commute, i.e., [©,04,] #0, ¥V h,g € G, g # h. The consequence
is that a generic state in Hqot is not a simultaneous eigenstate of all the ©y, ,,, and it
does not belong to any gauge sector. So, the gauge invariant subspaces defined by
all the possible {ayp ,} sets do not complete the total Hilbert space.
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2.1.1 Gauge sectors in Z, LGTs

As an Abelian example, we introduce the 1+1d lattice of N sites and N — 1 links
that we will study in Chapter 4. The gauge group of the theory is Zy, and we
consider dynamical fermionic matter to have a non-trivial dynamics [81, 89, 229].
The Hamiltonian Hz, = Hj; + Hy + H,, is the sum of three contributions

H; :JZ (wlﬂf,nﬂdfnﬂ + H.c> : (2.2a)
Hf :fZTrinJrl ’ (22b)
H,, Z% > (=)o (2.2¢)

The fermionic operators 1, act on the site of the lattice and represent the dy-
namical charges, while the Pauli operators 7', | are the Z gauge field operators
acting on the link between sites n and n + 1. H describes a nearest-neighbor par-
ticle hopping assisted by the gauge field connecting the two sites. H is an effective
“electric-field” contribution to the Hamiltonian and H,, is the staggered mass of
fermionic degrees of freedom, which are interpreted as particles on even sites and
antiparticles on odd ones. We consider a system with open boundary conditions.

The Hamiltonian Hz, commutes with the set of local symmetry operators

_ z z,_z
@TL = "Tn—1n2%Tnn+1 > (23)

(see Eq. (3.3)). Thus, the Hilbert space is split into subsectors labeled by the
eigenvalues of ©,, i.e., an array of conserved local charges {ay}n=0,.. N—1, With
an, = —1,1. In the model we are considering, the dimension of the Hilbert space,
the number of the gauge sectors, and their dimension are sketched in Table 2.1.

Both the sites and the links have a local Hilbert space spanned by two possible
states, so the dimension of the total Hilbert space is 2, the cardinality of Zs, elevated
to the sum of sites (V) and links (N — 1). Since the local gauge charge on each
site can assume two possible values, 41, the number of sectors is 2, and thus
the dimension of each gauge sector is 2V~1. An equivalent way to visualize it is
to consider every possible configuration of the gauge fields. Then, the associated
gauge-invariant state is uniquely determined by the gauge charges, i.e., the possible
presence of dynamical matter on the sites. Hence, the dimension of the local Hilbert
space of each sector is 2V~1, because, once we fix the state of all the links, the
matter fields just indicate in which sector the state is.

2.1.2 Gauge sectors in Dy LGTs

It is worth understanding what happens and how to characterize the gauge sectors
in Dy theories. Since a gauge sector is defined by the set of gauge charges {ay, , }, it
is important to list the possible values «ay, 5, can take depending on the group element
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dim(Hiot) | num of sectors | dim of each sector
2N2N—1 2N 2N—1

Table 2.1: Dimension of the total Hilbert space, number of sectors, and dimension
of each sector for the model described by the Zs Hamiltonian in Eq. (2.2). Note
that the dimension of the total Hilbert space is equal to the sum of the dimensions
of all the possible sectors, as described by Eq. (2.1). Hence, every state belongs to
a gauge-invariant subspace.

h. The most instructive property is that, even though a4 can in principle take any
unitary value, only real values +1 can define gauge invariant sectors.

Indeed, to be invariant under ©; transformations, each state in 2—dimensional
representations must be a superposition of both colors. This ensures the invariance
under O transformations, but at the same time requires that the multiplication of
the phases given by the ©, transformation must compute to 1. This is reminiscent
of the confinement mechanism in non-Abelian lattice gauge theories: physical states
must be color-neutral singlets, consistently with the principle that isolated color-
charged particles are not observed in nature [230].

As an example, consider a site n on a 1+ 1d lattice, and we see how to write a
gauge invariant state on the link going into n from the left, the site n, and the link
going out of n on the right, such that the symmetry operators are O = 9,?9,?9,’;4 .
From Eqs. (1.46) and (1.47), we can easily see that |e,0, ), i.e., the state with the
trivial representation on both the links and the empty occupation on the site n, is
gauge invariant with «,. = az = 1. Now, if we excite the left link to the fundamental
representation 7, we have to create a superposition of the two internal indices to get
a state invariant under O, i.e., 1) = %(!Tmr,(),@} + |Tmg,0,e)). However, this
state is not invariant under the O, transformation, because

O, [v) = (e_%i/N lrmr, 0, €) + 2™/N |7myg, 0, e)) V2 . (2.4)

So, to ensure the gauge invariance under ©,, we have to suppress the two phases
with phases of the opposite sign, like

[Y1) = (|Tmr, 0, 7rn) 4 |Tmg,0,7gn)) /vV/2 , or
\¢2> = (‘TTTZT, Ty 6> + |ng,g,e>) /ﬁ . (25>

In conclusion, although ©, operators have complex phase eigenvalues, the charge
a, defining the gauge sectors can only be real. Hence, the number of sectors depends
on the different distinct real eigenvalues of or R and GSL(R) in Eq. (1.46), and this
gives two distinct cases for Dy with N even or N odd, as shown in Tab. 2.2.

Regarding the dimension of the gauge sectors, the computation is not as straight-
forward as in the Z,. In Ref. [200], the authors give a useful equation to compute the
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Dy num of sectors
N even (41Vsites )
N odd (2Nsites)

Table 2.2: Number of sectors for Dy LGTs with IV even and N odd. The difference
is due to the possibility, only for N even, that ©, symmetries can have gauge charge
ar = —1 and not only a,, = 1, as happens for N odd. In both cases, the gauge
charge associated with ©; can be ay = £1.

R -

Figure 2.1: Lattice geometry consisting of 4 links and 2 vertices, used to character-
ized the sectors of a D3 LGT, as reported in Tab. 2.3.

dimension of the physical Hilbert space for pure-gauge LGTs with discrete groups,

L-V
dim(Hphys) = Y _ <“g’|> : (2.6)

C

where |C| is the cardinality of the conjugacy class C, L is the number of links in
the lattice and V' is the number of vertices. However, Eq. (2.6) only holds for the
neutral sector.

As an example, we can introduce the lattice geometry, shown in Fig. 2.1 and
studied in Chapter 5 with D3 as a gauge group. Here, we are particularly interested
in the number of links, . = 4, and sites, V = 2, such that L — V = 2. Looking at
the conjugacy classes of D3 in Tab. 1.5, it is easy to compute that dim(Hpnys) = 49.
This is the dimension of the neutral sector, which is only one out of the four sectors
we can identify in the system, as reported in Tab. 2.2 for NV odd. Here, the sectors
are only characterized by the gauge charges (s n1,@sn2). A numerical analysis of
the Hamiltonian gave the dimensionalities reported in Tab. 2.3.

Hiot (1,1) | (1,-1) | (=1,1) | (=1,-1)
dim | 6* = 1296 | 49 41 41 49

Table 2.3: List of the sectors and their dimension in pure-gauge LGT of 2 plaquettes
with Periodic Boundary Conditions, consisting of 4 links and 2 sites, with D3 as

gauge group.
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2.2 Gauge-fixed ladder: derivation

In this section, we introduce the so-called ladder geometry, which is a one-dimensional
chain of plaquettes. This geometry is the minimal system that permits the interplay
between the magnetic and the electric terms of the Hamiltonian. In full 2 + 1d ge-
ometry, the system quickly becomes intractable with classical computation because
of the exponential scaling.

On the contrary, the ladder is not a proper 2-dimensional system. Indeed, in
the continuous limit, for the lattice spacing a — 0, the direction of development of
the ladder becomes a real physical finite length, while the other spatial dimension is
squeezed, and the ladder becomes a 1-dimensional string of plaquettes. However, its
more controllable dimension makes it interesting and useful for several case studies,
such as for proposals of quantum simulations of simple intermediate systems, and for
the possibility of using methods to further simplify the theory. In this last direction,
one method is represented by the gauge fixing, which is introduced in the following,
while a second possibility is the use of Tensor Networks, which are accessible thanks
to the “quasi-(2+1)” dimension of the ladder. These two options are not mutually
exclusive.

The goal of this section is to reduce the original gauge theory to an effective
one-dimensional ladder model by fixing the gauge. This allows for the exact diago-
nalization and for the investigation of larger systems.

2.2.1 Gauge-fixing procedure

We define Ny as the number of links in the ladder and L as the number of rungs, or
the length of the ladder. We start from the Hamiltonian H on the ladder system,
whose Hilbert space is H = span{®y |g¢) , g¢ € G} in the group element basis. Two
basis states |§) and |§’) belong to the same gauge orbit if there exists a set of group
elements {h,} such that [[, ©,(h,)|§) = |§’). The gauge orbit of |g) is therefore
the set

O = {H On(hn)1g) V {hy € g}} : (2.7)

Since [H, ©,(h)] = 0 for all n, h, if |§’) = U |7) and |h/) = U |h) for the same gauge
transformation U, then (§| H |h') = (g H |h). This redundancy of information,
typical of LGTs, can be reduced by fixing some of the gauge fields, as shown in the
following.

Thanks to the geometry of the system, we can apply a gauge-fixing over all the
links on the legs of the ladder, such that they are fixed to the identity. We start
from a ladder as the one depicted in Fig. 2.2(a). We denote the n—th site with vy, 4,
where o =1, | indicates if the vertex is on the top or the bottom leg. We label the
links on the left of the n—th site with |g, ), and the rungs, i.e., the vertical links,
with |gp,). To proceed with the gauge-fixing, we exploit the Gauss law over each site
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(a) Starting ladder

lg1,0) "Lt lgag) T2t n3t o ML-Lt|gpy) ML
l91,1) |92.1) l9L.1)
|g1) |92) l93)  lgL-1) lgL)
(b) Gauge fixing at n; ,
@nl,T(gLT) : @n1,¢ (91,¢)

Y lgiagen) l93.1) 9L
Y] g14920) |93,1) l9z,1)

91) = 911 9197 4) 192) lg3)  lgr—1) lgL)
(c) Gauge fixing at 1y, ‘@nQ,T(gl,ﬂ]m) “On, (91,192,1)
____|_1_>____ ___|_1_>___ ‘917T92,T93,T> !gL,T>
oy m flenigeags) |92.4)

191) = [91.,.91 97 4) lg3)  lgr—1) lgrL)

|9) = 191,492, 92951 971)
(d) Fully gauge-fixed ladder [0 Ono (< 9.0)
S L A ) R | R Y
1) 1) 1) 1)

190) = |91, 91 97 1) L Lo
7T H gn,i/ gL H gn’#
n=1 n=L

1 - l97,) =
l95) = 1911 92,1 92 92% ng L

Figure 2.2: (a) The starting ladder. Each link has the state associated with its
Hilbert space labeled in the group element basis. (b) The ladder after the gauge
fixing on the sites n1 4+ and n; . The identity is fixed on the first two legs on the
left, and the modified rung state |¢}) is redefined accordingly. (c¢) The ladder after
the gauge fixing on the sites ng 4 and ng |. (d) The ladder is completely gauge-fixed,

after the transformation in Eq. (2.10), that gives the basis in Eq. (2.11).
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n to fix the link connecting n and n — 1 to the identity. For this reason, to fully
solve the gauge redundancy, we add a pair of extra links on the left of the ladder.
For instance, if we take the state of the first rung and the two left attached links,
e., |91.4,91,91.1), the gauge fixing applies a gauge transformation of the site ni 4
with respect to the group element g1 ,, with o =71, . So, we can write the first step
of the gauge-fixing as

Ony 1+ (91,4)Ony  (91,1) 19115 91, 911) = ’1’9“9191}1’ 1) . (2.8)

We have fixed the two legs to the identity, changing the state of the rung, which
is the only degree of freedom. However, by writing explicitly the action of the

transformation on the sites, ©,, 1) = 95?( D On R(D) 9{; 14(y)r We see that the second-
leftmost legs are also changed:
Og1 114901 n1y 1920 92, 921) = 911921 92, 911921) - (2.9)

The resulting ladder, after this first step, is depicted in Fig. 2.2(b).

Hence, in the next step of the gauge-fixing, the transformation will be with
respect to the product |g1,,92,+), as shown in Fig. 2.2(c), and the corresponding
string will spread on all the rungs up to the end of the ladder, as shown in Fig. 2.2(d).

The total gauge-fixing procedure can be written as

9 —1d-) = H@na I 9w | 19 - (2.10)

n’'<n

As a result, we get an effective basis that has non-trivial components only on the
rungs, as shown in Ref. [231],

n 1
|gn> - | H 9n’|9n H .97;/19 = |gqlz> = |gr> )

n/=1 n'=n

n,o) = |1) . (2.11)

It is now possible to rewrite the action of the magnetic and electric terms of
the Hamiltonian in the new gauge-fixed basis, given by Eq. (2.11). Each plaquette
product in the magnetic term simplifies from a 4—body term to a 2— body term.
Since the two links on the legs are fixed to the identity, the non-trivial product is
given by the two rungs, as shown in the following

2

—1
r(UT , , .
1s)ﬂt(T (UIU1)) 5 (212)

1
a2

1
Hp= 5> % (Te(Un VU U) ) = H = ;
p

T

where the sum is over all the rungs 7.

Regarding the electric term, we have to take into account two different kinds of
contributions: the ones on the rungs and the ones on the legs. For convenience, we
derive them in two distinct subsections.
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2.2.2 Rung contribution

In the following, we examine the effect of the gauge-fixing transformation on the
matrix elements of Hg, the electric Hamiltonian. The gauge-fixing is implemented
by the unitary transformation

Ug=]]0no| ] w0 | - (2.13)
n,o n’'<n

where o € {1,]} labels the two legs. The matrix element of Hg in the gauge-fixed
basis becomes

(§Hplh) — (@UUHRUIUR) = (§,|U,HE Uj|hy). (2.14)

Since Hg = @, H E ) is a direct sum of single-link terms, we focus on the term acting
on rung w, which connects the sites z,1 and z, |, denoted Hg ,,. We define the string

no= [[ oo (2.15)

n'<n

The action of Hg ,, on the gauge-fixed basis is given by

HE,w — <§T|U9HE,w U}Uﬁr> = H@n,U(gn,U) HE,w H en’,o(il;/%a) . (216)

Since Hp ,, acts locally on the rung w only, the factors Oy,0 Withn, 0 # z, 0 commute
with Hg ,,, and the product Oy, 4(Jn,e)On, (h ,) gives 5~ b, forallf #* w.

Indeed, in the matrix element between gauge- ﬁxed states, the condltlon that these
factors yield a non-zero contribution forces g, , = hn,a for all n,o # x,0. We are
therefore left with

(G |UyH w Ul |hy) =

- ~ ~ 1 7 — 7 "
@l | TT 0, | ©uit(@u) Out(Gund) Higy Oui(hyh) Ou () 1)

L#w, (o)
(2.17)

Using the expression for the single-link electric Hamiltonian,

HY) = ZZdIE JZ (2.18)
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we can write explicitly the matrix element on the links variable where the action is
not trivial per se, i.e., on the rung w and the 4 links connected to it:

di
<gr’U HEwU ‘h Z IE’ jZX](g)
g

II <1w,a\ Ot o (Gu,o) 0t o (s)g) | L)

g

1@

g

(90! 025 (3u0,1)00(9)0, (1, [ )0 (G )00 () [ o) - (2.19)

L ~ L 71
wt1,0 (Gw,0) 0410 (Pwo) [Lwt1,0)

The matrix elements over the four legs give a non-zero contribution only when g, » =
hw o- This condition gives a contribution 5~ oo , which we can use to simplify the
fourth row of the equation. So, the matrix element in the gauge-fixed ba81s is limited
to the action over the rung w, where the product 5§w,T,ﬁw,TeR(ngT)9R(h +) =1, and
then we get

dlm o
(Gr|UyHp,w US|y Z g %Zx ) (G| 05 (Gu.1) 00 (9)0s (G 1w

(2.20)
but since 95(§w7¢)95(g)95(§;71¢) = 0£(§w’¢g§;’1¢) is the conjugate of g, we get
}% (f]wﬁ g g;#) = x’(g), because characters are class functions. The matrix element

of Hf 4, in the gauge-fixed basis therefore yields the same contribution as the origi-
nal rung electric term, confirming that the rung electric Hamiltonian is unchanged
by the gauge-fixing procedure:

di
(G| UgHpg o U |1 ZTE' ]ZX ) (G| 0% (g) |he) (2.21)

2.2.3 Leg contribution

In this subsection, we consider the contribution to the gauge-fixed electric Hamil-
tonian from a leg link. We focus on the link connecting vertices w — 1 and w on
leg o, which we denote w,. Following the same structure as in the rung case, the
gauge-fixed matrix element is

<§T‘ Ug HE,wo Ug “_ir> = <§r| (H en,a(gn,a)> Hpg Wo H @n’ h_ ) V_ir> )

’I’LO’

(2.22)

where all the leg links are gauge-fixed to |1). For all links at positions n < w, the
matrix element (g,| Uy Hg w, U;i |hr) gives 05, in., &S in the rung case, constraining
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Ino = izn,g for n < w. We are left with the action on w, and on links at positions
n > w. O
. . d s .
W? also write for convenience _HE,wo = g* > . Té(‘j)aj > X (9) 0% (g). In the
following, we fix o =] for simplicity, but the equivalent procedure also works for

o =7T. The consequence is that we get (5~ s also on the links on the top leg.

dim j -
<97"|U HE‘wiU ’h Z G| ajZXJ(Q) (2.23)
g
@l ]I 5§n,<0),ﬁn/,<a> 1T 9.4, Onil@0)00 1 (9)Ow s (hy)) 1)
n,n’'<w n,n'>w

Now we focus on the product on the links w and w, ], where the non-trivial
operators are 9L . We make explicit the first two terms of the product, when
n=n'"=uw, such that we get

I ©ni(@n.)05 1 (9)On (1)) = 68 | (G105 (9)08 | (R )05 (G )05 (B

n,n’'>w

T ©0i@n )00t (G, )01 (7)) On () (2.24)
n,n/>w-+1
On the link w, |, we get the matrix element (1] 6 1(Guw ¢hw ¢) 1(9) [1), which only

gives non-zero contribution for g = f,, >, Where fw 1= w, ihw 1
Hence,

II ©04@00)00, (90w, (0t =

n,n'>w

= 5fw,¢,99£)(fw,¢) H @n,i(gn,¢)95+1,¢(fw,¢)@n’,i(il;ylﬁL) =

n,n’/ >w-+1

=00(9) ] ©ni(@00)05:1,(9)Om 1 (h)) - (2.25)

n,n' >w-+1

So, the gauge-fixing procedure forces the electric field localized on the leg w, to
spread over the rung on the right and the leg (w + 1),.

Now, we can repeat the same procedure on the link w + 1,], and so on. The
final result is that the operator on the link w, | spreads over all the rungs r > w,

(601U, Hisoo, UL 1) Zd‘f; JZ () T #*9) - (2.26)

r>w

Summing over all leg positions w on both legs, and noting that characters are class
functions so % and 6% give the same contribution, the total leg electric Hamiltonian
in the gauge-fixed basis is

HI = 2222(1”@, 0 30 () T 05(0) (2.27)

r'>r
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where the factor of 2 accounts for both legs o =1, .

Hence, while the encoding of the rung terms remains the same as the original
model, the electric Hamiltonian on the leg terms is responsible for a series of non-
local string terms.

2.3 Gauge-fixed ladder: physics

Summing all three contributions to the Hamiltonian derived in the previous section,
we can then write the full gauge-fixed Hamiltonian that only acts on the rung degrees
of freedom.

g = Y deg' 00} +2° 33 Jd“& ) TT o5 )

r'>r

. 2192 (Tr{Uij] + H.c.) . (2.28)

The main advantage of this Hamiltonian is that we reduced the number of degrees
of freedom of the original ladder by two-thirds, so we can use Exact Diagonalization
(ED) methods to study the system up to a larger dimension.

In the following, we use the gauge group D3 to test the Hamiltonian in Eq. (2.28),
to show the interplay between the electric energy and the magnetic energy as a
function of the coupling, and to characterize the transition between the weak- and
the strong-coupling regimes.

2.3.1 Cross-over and magnetic-electric interplay

In full (2+1)d geometries, discrete LGTs are expected to undergo a phase transition
between a confined phase at strong coupling and a deconfined topologically-ordered
phase at weak coupling [152, 153, 155, 201, 232]. On a ladder, however, the edges in-
duce an effective electric field that prevents a phase transition at finite g [233, 234].
Instead, the coupling drives a crossover between two smoothly-connected regimes
that minimize either the electric or the magnetic energy. In Fig. 2.3(a-b), the mag-
netic and the electric energy densities are depicted for different rungs. To keep the
quantities comparable, we show the magnetic energy per plaquette and the electric
energy per link. Even if the crossover between the two regimes is already visible, it
is revealed more clearly by looking at the expectation value of (Hg)/(g*>Ny) and of

the plaquette operator

(5,) =52

(2.29)

These two quantities are independent of the coupling g2, and their behaviour,
reported in Fig. 2.3(c-d), is useful to describe the ground state phenomenology of
the D3 gauge-fixed LGTs in Eq. (2.28). We set the electric energies associated with
irreps as ae = —1, ap =1, a; =0.
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(a) (b)
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Figure 2.3: (a) Ground state magnetic energy per plaquette and (b) electric energy
per link, for different numbers of rungs L. (c) Plaquette operator and (d) electric
energy density, independent of g2, of the ground state for D3 LGT on a ladder. The
results are almost independent of the number of rungs (increasing for darker shades)
for the plaquette operator. The plaquette expectation value (B,) ~ 2 at g> =0
corresponds to a trivial magnetic flux. The offset in the electric energy densities
depends on the presence of the two extra legs that, in the ground state, are in the
trivial representation.

In the computation of the data shown in Fig. 2.3(c), we used Eq. (2.29) to get the
data from the expectation value of the magnetic Hamiltonian. (B,) is dominant in
the weak coupling regime, g2 — 0, where it converges towards a finite value depend-
ing on the character of the identity in the fundamental representation, x" (1) = 2.
Physically, this value is associated with the absence of magnetic vortices and with the
deconfined phase, which on a ladder is reduced to the point g?> = 0. Moreover, in the
electric basis, the ground state in the weak coupling regime has, for each link, uni-
form population in each irrep basis state. For the « values we set, the electric energy
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density would be suppressed, with a value of (-4 )(g —=0)=> 05 dm‘ag| < 1.
However this is not what happens in the ladder geometry in Fig. 2.2, since for
> — 0 the electric energy density reaches an offset. The reason lies in the two extra
legs we added to fully solve the gauge degeneracy: the extra legs do not participate
in any plaquette operator, and in the ground state they take the energy of the trivial
representation. So, the offset of the electric energy density in Fig. 2.3(d) is N%ae,
where Ny = 3L is the number of links in the original system.

At strong coupling, ¢g? > 1, the magnetic term vanishes, indicating a phase
dominated by electric order. Each link in the ground state, here, is in the trivial
representation, which corresponds to a uniform superposition of the group elements
in the magnetic basis, i.e., [¢)qq(¢? > 1) = \/ﬁ;ﬁzgu---,ﬂeg lg1,-..,91). The
uniform superposition suppresses the trace of the plaquette products, which indeed
approaches 0 in Fig. 2.3(c) at strong coupling, and so it suppresses the magnetic
term. The electric energy, instead, is dominant at g > 1, converging toward a value

that depends on the energy associated with the trivial representation, such that
(Hg)(g > 1) = ¢*Nea.

2.3.2 Energy gaps and global gauge transformations

It is interesting to investigate what happens to the energy gap of this system. Since
it does not display a phase transition but a cross-over, we do not expect a gap that
reduces to 0 around a critical value for the coupling g. To proceed, we have to
take into account that the system still retains a global D3 gauge symmetry, so that
each energy eigenstate transforms as one of the irreps of the group. This induces a
| D3| = 6-fold degeneracy in the ground state at g2 = 0. Global symmetries can be
written as

L(R)
h global H@ ( . (230)

At finite coupling, the ground state |ep) transforms trivially under the global
symmetry, |e1)...|es) transform as the fundamental representation, and |es) trans-
forms as the parity representation. Thus, the relevant energy gap is between the
ground state Ey and the first excited state belonging to the same symmetry sector,
which is FEg.

In Fig. 2.4, we depict the gap of the D3 theory. The energy gap Eg— Ey decreases
with system size in the crossover regime but converges quickly to a finite minimum
value, which occurs around a level crossing between different symmetry sectors. This
behavior illustrates the absence of a phase transition in the thermodynamic limit,
but rather the magnetic and electric regimes remain smoothly connected. !

'Numerically, in Fig. 2.4 Eg and Es, the energy associated with es, present a crossing around
the minimum reached by (Es — Ep). For these reasons, from the threshold indicated by the crossing,
we computed (Es — Eo) using the data from Es instead of the ones from Eg.
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Energy gaps
v <

N

Figure 2.4: Energy gaps vs coupling g2 for D3 rung system, depending on the system
size L, i.e., the number of rungs in the ladder. Solid lines indicate the gap with the
first excited states belonging to the same symmetry sector (Eg — Ep) of the ground
state, while dashed lines point to the manifold that transforms non-trivially under
the global D3 symmetry and becomes degenerate with the ground state at g? = 0
(E1 — Ep). The gap Eg — Ey converging to a finite value different from 0 indicates
the lack of a phase transition but rather a smooth crossover between the electric
and magnetic regimes.
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2.3.3 Quantum resources in the D3 gauge-fixed model

In hardware devoted to quantum computation, it is possible to select different sets
of quantum gates to perform universal quantum computing. One of these sets is the
one based on the Clifford group, which can be generated by the Hadamard gate H,
the phase gate S, and the C'— NOT gate, as listed in the following.

H—l[l 11}, S—F (3] C - NOT =

L 0 (2.31)

o O O
o O = O
_ o O O
O = OO

However, Clifford gates are not sufficient to perform universal quantum computation.
Indeed, quantum states generated by Clifford circuits alone—the so-called stabilizer
states—can be efficiently simulated on a classical computer despite carrying arbitrar-
ily large entanglement, as established by the Gottesman—Knill theorem [235, 236].
To go beyond classical simulability and reach universal quantum computation, one
must supplement Clifford circuits with non-Clifford resources, typically the T-gate,

1 0
T = [0 ezl} : (2.32)

which injects the so-called magic into the computation. Nonstabilizerness is the
resource-theoretic quantification of this property: it measures how far a quantum
state is from the set of stabilizer states, and thus how many T-gates are needed
to prepare it [237, 238]. Crucially, nonstabilizerness is independent from entangle-
ment — a state can be highly entangled yet classically simulable (as is the case for
stabilizer states), or weakly entangled yet rich in nonstabilizerness.

This complementarity makes nonstabilizerness a valuable diagnostic for identi-
fying which physical regimes of a quantum many-body system are genuinely hard
to simulate, beyond what entanglement alone can reveal. Indeed, the study of non-
stabilizerness in quantum many-body systems has grown significantly, driven by its
relevance both as a diagnostic of quantum complexity and as a resource for fault-
tolerant quantum computation [238-241]. New methods to efficiently compute it
in large many-body systems have been developed, both based on tensor network
techniques [242-244] and on Monte Carlo sampling [245].

Its application to lattice gauge theories is still in its early stages: a pioneering
study connected nonstabilizerness to criticality in gauge models using Pauli-Markov
chains [245], and a more recent investigation in a (1 + 1)D U(1) theory showed
that, unlike entanglement, nonstabilizerness has no direct relation to the presence
of critical points, but its derivatives display discontinuities across them [246]. More
broadly, nonstabilizerness has been investigated in a variety of strongly correlated
and chaotic systems, including hybrid quantum circuits [247], spin models [248],
the Sachdev—Ye—Kitaev model [249], nuclear structure [250], and the neutrino sec-
tor [251].
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The gauge-fixed Hamiltonian in Eq. (2.28) allows for an efficient numerical study
of the D3 LGT on the ladder. In Ref. [158], we analyzed the ground state of this
model in terms of two complementary measures of quantum complexity: the Gen-
eralized Geometric Measure (GGM) Gy and the Stabilizer Rényi Entropy (SRE)
Ma.

The GGM quantifies genuine multipartite entanglement as the distance between
a quantum state 1) and the set of 2-separable product states [252, 253],

Ga(|)) =1 — max (ZH)* (2.33)

where A% is the largest Schmidt coefficient across all bipartitions A : B. Its
maximum possible value is G§** = 1 — 1/d, where d is the local Hilbert space
dimension. From a practical standpoint, G5 provides a lower bound on the number
of entangling gates required to prepare the state on a quantum device.

The SRE My represents one possible measurement of the nonstabilizerness [254].
A large Ms indicates that the state is far from any stabilizer state and thus requires
a large number of T-gates to be prepared. It is defined as

Moa(|)) logz |PW) : (2.34)

PePr,

where the sum runs over the full set of generalized Pauli strings Py, for a system of
L qudits of local dimension d. My vanishes if and only if |¢)) is a stabilizer state.

The behavior of both quantities can be understood directly from the structure of
the gauge-fixed Hamiltonian. In the strong-coupling limit g2 > 1, the ground state
is a product state with every rung in the trivial irrep e, corresponding to a uniform
superposition of group elements on each link,

GS)gos1 = ®| (2.35)

This state has no entanglement and vanishing SRE, as it is a stabilizer state. In
the weak-coupling limit g? < 1, the magnetic term dominates, and the ground state
takes the form of a generalized GHZ state in the group element basis, where all rungs
are locked together. While this state displays maximal multipartite entanglement,
with G2 approaching 1 — 1/d, it is also a stabilizer state, so My vanishes in this
limit as well.

As a consequence, the most interesting region is around the crossover between
the two limits, where Go and Mo are both nonzero, as shown in Fig. 2.5, and
where the electric and magnetic terms compete. In this region, G2 displays a peak
whose derivative coincides with the maximum of My, indicating that the onset of
nonstabilizerness is correlated with the fastest change in multipartite entanglement.
This is also the region where the energy gap shown in Fig. 2.4 reaches its minimum.
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Figure 2.5: Generalized Geometric Measure G (left) and Stabilizer Rényi Entropy
My (right) for the ground state of the D3 gauge-fixed Hamiltonian in Eq. (2.28),
as a function of the coupling g2, for different system sizes L. Go is normalized
by its maximum possible value GF*** = 1 — 1/d, with d = 6, and My is shown
as a density per rung. Both quantities vanish in the strong-coupling (g2 > 1)
and weak-coupling (g2 < 1) limits, where the ground state is a product state and
a generalized GHZ state, respectively, both of which are stabilizer states. The
resources are concentrated in the crossover regime, where the electric and magnetic
terms compete. The GGM converges quickly with system size — already L = 3 and
L = 4 are nearly indistinguishable.

2.3.4 Eigenstate Thermalization Hypothesis

A fundamental open question in quantum many-body physics concerns how isolated
systems, evolving unitarily and therefore reversibly, can nonetheless exhibit ther-
mal behavior at late times [255, 256]. The Eigenstate Thermalization Hypothesis
(ETH) [257-260] provides a compelling resolution: in non-integrable (chaotic) sys-
tems, the expectation value of a local observable O in an individual energy eigenstate
|n) already coincides, up to exponentially small corrections, with the microcanonical
prediction at the corresponding energy. More precisely, the ETH ansatz states that
the matrix elements of O in the energy eigenbasis take the form

Omn = O(E) 6 + € 5 BV2 §5(E, w) Ronm (2.36)

where £ = (E,, + E,)/2, w = E, — E,,, S(E) is the thermodynamic entropy,
O(E) and fo(E,w) are smooth functions of their arguments, and R, is a random
variable with zero mean and unit variance. The diagonal part ensures that single-
eigenstate expectation values reproduce the thermal average, while the exponential
suppression of the off-diagonal part guarantees that temporal fluctuations vanish in
the thermodynamic limit.

Although the ETH has been extensively verified in spin chains and fermionic/-
bosonic lattice models [261-264], gauge theories remain largely unexplored in this
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context. Classical simulations have established that non-Abelian gauge theories are
classically chaotic [265], suggesting that the ETH should hold; however, an explicit
quantum-level demonstration has been lacking.

A further conceptual difficulty arises when the system possesses a non-Abelian
symmetry. The standard ETH ansatz (2.36) relies on two ingredients that non-
Abelian symmetries can spoil: (i) the Hamiltonian is assumed non-degenerate, and
(ii) the system is prepared in a microcanonical subspace, i.e., a joint eigenspace of all
conserved charges. When the conserved charges do not commute—as is the case for
the components S,—; 4 . of a total spin in an SU(2)-symmetric system—they share
no eigenbasis, so microcanonical subspaces may not exist in the usual sense.

To resolve this tension, in Ref. [266], a non-Abelian ETH was proposed. The key
idea is to apply the ETH not to the full matrix elements, but to the reduced matrix
elements (a||T®)||o/), such that the ETH ansatz is modified as follows:

TPy = TW(E,S)bgar + e 5 ES2 (0B S W) Ry, (2.37)

where S = (84 + So/)/2 and v = s, — so are the average and difference of the
total spin quantum numbers, while the other symbols retain their meaning from
Eq. (2.36). Numerical evidence supporting the non-Abelian ETH ansatz (2.37) has
been recently provided for SU(2)-symmetric Heisenberg chains in Ref. [267].

The gauge-fixed D3 ladder model introduced in Sec. 2.2 provides a minimal
yet non-trivial arena for investigating both the standard and non-Abelian aspects
of the ETH in a gauge theory, since its finite Hilbert space per link allows exact
diagonalization without truncation of the gauge degrees of freedom. The convenience
of the gauge-fixing is particularly clear now: in the full theory, the dimension of the
gauge-invariant sectors is dramatically smaller than the dimension of Hot, as shown
in Tab. 2.3. Since to study the thermalization of a non-Abelian theory we need to
solve all the degeneracies inside one single sector, and the fundamental tool is the
exact diagonalization, a full ladder would be hardly tractable, or it would have too
poor statistics.

The rest of this section is adapted from the Master’s thesis work of Marco
Vaia [228], which we co-supervised, where we characterized a proper symmetry
sector in the gauge-fixed non-Abelian ladder for the study of the ETH. Another
non-Abelian system, based on the truncation of a 1+ 1—d gauge theory with SU(2)
with dynamical fermions, has been studied in Ref. [268].

In the gauge-fixed Hamiltonian (2.28), the plaquette operator Tr[U;rUTH] +H.c.
couples neighboring rungs through the character of the fundamental representation
evaluated on the group element h, = g 'g,11. Because characters are class func-
tions, group elements belonging to the same conjugacy class of D3 produce the same
eigenvalue of the plaquette operator, leading to exact degeneracies in the energy
spectrum. This is problematic for spectral diagnostics of quantum chaos—such as
the nearest-neighbor level spacing distribution (NNSD)—where spurious degenera-
cies from symmetry considerations must be fully resolved before meaningful statistics
can be extracted.
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To lift these conjugacy-class degeneracies, one follows the construction intro-
duced for non-Abelian gauge-flux ladders in Ref. [231]. A unitary matrix C' € U(d),
with d, = dim(7), is inserted in the plaquette interaction, replacing it with the chiral

form
1

go _ 1
B 292 -

[Tr(U:T CUL,) + H.c.} : (2.38)
In the group element basis, a two-rung product state |g,) ® |gr+1) is an eigenstate of
this operator with eigenvalue m, = Tr[D7 (h,) C], where h, = g, 1g,41 is the flux in
the r-th plaquette. For C' proportional to the identity, m, reduces to the character
X" (h;), which is constant on conjugacy classes and therefore degenerate. A generic
unitary C, instead, can assign distinct values of m, to every group element, provided
the condition

Re(Tr[C D7(g)]) # Re(Tx[C D"(h)])  Vg# h € D3 (2.39)

is satisfied [231]. Physically, C' plays the role of a classical background gauge field
that selects a preferred direction in the internal (color) space, in analogy with the
chiral phase € in the chiral Potts model. Following Eq. (1.10), under a left global
gauge transformation @5’ global = 11Ir GgL,r, the operator in Eq. (2.38) remains in-
variant, whereas the right global transformation 9§global = [1, 04(r)® is explicitly
broken whenever C' is not proportional to the identity [231]. This symmetry reduc-
tion further decreases the number of conserved quantities and is essential for driving
the system away from integrability.

A specific choice satisfying condition (2.39) is [231]

e~im/4 <| i i i )

— |\t =0+ —F=0y— —F5=0:]),
V2 V3tV VBT

yielding a fully non-degenerate spectrum of flux eigenvalues {m,} = {2, 0, 2, 2/V/3,

1/v/3, =1 — 1/+/3} for the six elements of D3. To study the crossover between the

integrable regime (corresponding to C' |, where conjugacy-class degeneracies and

the right global gauge symmetry are restored) and the fully chaotic regime, one
parametrizes

Co = (2.40)

Ofe) = e ! [l + " (opt oy - az)} , (2.41)

V2 V3
so that € — 0 recovers a matrix proportional to the identity (restoring integrability),
while € = 1 corresponds to the fully chiral choice Cj.

A standard diagnostic to distinguish chaotic from integrable quantum dynamics
is the NNSD of the energy spectrum. In chaotic systems, Random Matrix Theory
(RMT) predicts that the spacings follow the Wigner-Dyson distribution (specifi-
cally, the Gaussian Orthogonal Ensemble, GOE, for time-reversal-invariant systems),
which exhibits characteristic level repulsion: P(w) — 0 as w — 0. In integrable
systems, by contrast, energy levels are uncorrelated and follow Poisson statistics,
P(w) = e™¥ [269, 270].
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Before computing the NNSD, the raw spectrum must be unfolded to remove the
global variation in the density of states and isolate the universal fluctuations. One
first fits a smooth approximation p(E) to the density of eigenvalues, and then maps
each eigenvalue FE, to the unfolded value

E, = / o p(E')dE' . (2.42)

—00

The unfolded energies En =N (E,) have, by construction, a uniform mean level
density, so that the nearest-neighbor spacings w, = En+1 — FE,, can be directly
compared with the theoretical distributions. As an alternative to the NNSD, one
can bypass the unfolding procedure entirely by considering the ratio of consecutive
level spacings [271, 272],

min(wy, wp—1)

: (2.43)

n = max(wp, Wp—1)
whose mean value (r) takes the universal values (r)poisson ~ 0.386 and (r)cor =~
0.536 [272].

To apply these diagnostics, the Hilbert space must first be restricted to a sin-
gle symmetry sector, so that level repulsion is not masked by accidental crossings
between states of different quantum numbers. In the D3 ladder model, we have al-
ready selected one gauge sector by the gauge-fixing, and we have already broken the
degeneracy on the magnetic flux. The only relevant symmetry left is geometrical,
and is the vertical inversion Z, which maps |g) — |¢~!) on every rung and com-
mutes with the Hamiltonian. Within the largest parity sector, we performed exact
diagonalization for ladders of N = 3,4, 5 rungs (with coupling ¢> = 1 and C = Cj)
and found NNSD and gap-ratio distributions in excellent agreement with the GOE
prediction [228].

Crucially, by tuning € in Eq. (2.41), one can follow the crossover from integrabil-
ity to chaos. Figure 2.6 shows the NNSD at six values of ¢ for N = 5. At ¢ = 0.01,
the distribution is close to Poissonian, consistent with the near-integrability of the
model when C is close to the identity. As ¢ increases, the distribution smoothly
evolves toward the Wigner—Dyson form, and by € = 0.1 the agreement with GOE is
already convincing. The mean gap ratio (r) saturates to the GOE value for £ 2 0.5
and the critical € at which integrability holds decreases with system size, suggesting
that the near-integrable window shrinks to zero in the thermodynamic limit [228].

These spectral results establish the chaotic nature of the D3 gauge-fixed model
in the presence of the chiral perturbation and constitute a necessary prerequisite
for the ETH to hold. The full verification of the ETH ansatz (2.36)—including
the analysis of diagonal and off-diagonal matrix elements of local observables, the
spectral function fo(F,w), entanglement entropy, and the real-time thermalization
dynamics after quantum quenches—is presented in Ref. [228], to which we refer for
further details. The physics of this system, including the precise characterization
of the integrable-to-chaotic crossover and its implications for non-Abelian gauge
dynamics, is still under active investigation.
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Figure 2.6: Distribution of nearest-neighbor level spacings {w,} for the D3 gauge-
fixed ladder (N = 5 rungs, largest parity sector) at six values of the chiral parameter
€ in Eq. (2.41). At small ¢ the system displays Poisson statistics (dashed red), while
for ¢ 2 0.1 the distribution transitions to the Wigner-Dyson (GOE) form (dashed
purple), signaling quantum chaos. Taken from Ref. [228].

These results indicate that the gauge-fixed D3 ladder provides a minimal non-
Abelian setting where ETH can be investigated without truncations.

2.4 Summary and Outlook

In this chapter, we characterized the gauge-invariant sectors of Dy LGTs, and we
compared them with the simpler Abelian case of Z5. A key feature of non-Abelian
LGTs is that the union of all gauge-invariant sectors does not span the full Hilbert
space— in contrast to what happens in Abelian theories—, reflecting the richer
internal structure of the gauge group. As a consequence, the study of gauge invariant
sectors is numerically harder than in the Abelian case, requiring the development of
other strategies to reduce the computational cost of the study of these systems.

In order to study the interplay between electric and magnetic degrees of free-
dom and enable efficient numerical investigations, we introduced the gauge-fixed
flux ladder model [231]. This construction maps the original theory to an effective
one-dimensional system with non-local string interactions, significantly reducing the
effective Hilbert space dimension while preserving the essential physics.

Focusing on the D3 case, we used this model to explore several physical prop-
erties. We have shown that, in a ladder geometry, the system does not exhibit a
sharp phase transition between electric and magnetic regimes, but rather a smooth
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crossover. This behavior is further supported by the analysis of quantum resource
measures, such as nonstabilizerness and the Generalized Geometric Measure, which
peak in the crossover region. We also performed a preliminary investigation of inte-
grability, as a first step toward understanding the thermalization properties of the
model.

A central open question concerns whether these systems satisfy the Eigenstate
Thermalization Hypothesis and whether non-thermal features, such as quantum
many-body scars, may arise. Addressing these aspects represents a natural and
promising direction for future work.
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Chapter 3

String breaking in Dy

3.1 Introduction and string-breaking by pair produc-
tion

As already stressed in this thesis, the non-perturbative regime of non-Abelian gauge
theories remains one of the key open problems in theoretical physics. Hamiltonian
simulations of LGTs, both classical and quantum, offer a promising route to address
such phenomena beyond the reach of Euclidean Monte Carlo methods. Yet, it
remains unclear how deeply non-perturbative phenomena, such as confinement and
string-breaking, are imprinted into discrete-group models and how they relate to the
phenomenology of more complex theories such as QCD. In this chapter, we address
this question by studying string-breaking and gluelump formation in pure-gauge Dy
LGTs using tensor network simulations.

String formation is probably the most studied consequence of confinement [230].
Two color charges in representation 7 in the vacuum, for example, would be con-
nected by an electric flux in the representation 7 to preserve the gauge invariance at
each point of the space. If we consider dynamical matter and we imagine distancing
the two charges, we find a competition between the electric and the mass term in
the Hamiltonian, Hg and H)y, respectively (see Eq. (1.14) and (1.17)).

If we increase the length of the string above a certain threshold distance R* in
lattice spacing units, then the string breaks. Indeed, it is less expensive to produce
a new pair of particles from the vacuum than to spend energy in the excitation of
the electric flux, as depicted in Fig. 3.1. The condition for the string-breaking by
pair production can be identified as follows

(R* — 2)g%ar > 2m., (3.1)

where ¢g?a; is the electric energy associated with one link in the lattice in the irrep
7, and 2m is the rest energy of the two particles produced from the vacuum.

In the following, we show that the confinement of static charges at strong cou-
pling in dihedral groups Dy is intimately connected to the presence of a Zs center.
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Figure 3.1: Qualitative ground-state configurations at strong coupling of non-
Abelian LGTs, on a ladder, in the presence of dynamical matter on the corners.
The string in the fundamental representation 7 breaks when the charge separation
R > R*, with R* defined in Eq. (3.1). In this case, depicted in the bottom ladder,
the production of two particles and the formation of two mesons is energetically
favourable, and the string flux is broken.

For N even, the group center is Z and a non-Abelian electric flux string connects—
and confines—static probe charges over arbitrary distances. Conversely, when N
is odd, the center is trivial and the string breaks without matter production, be-
cause gluon clouds screen the charges, forming bound states known in QCD as
gluelumps [230], see Fig. 3.2(a-b) for a graphical representation.

The minimal setup to observe this drastically different behavior between even
and odd N is a ladder geometry [231, 233, 234, 273], which combines both magnetic
and electric field terms in a tractable 1D setting. In the following, we present tensor-
network simulations of pure Dy LGTs, analyzing the different strong-coupling be-
haviors of D3 and D4 symmetry groups. A scaling analysis of the size of the Dj
gluelumps with the coupling strength allows for a precise characterization of the con-
tinuum limit, where they retain a finite interaction range. Our work demonstrates
how discrete non-Abelian groups—even of small order—represent an ideal testbed
to study the interplay between confinement, center symmetry, and fusion rules.

3.2 Model and local symmetries

We consider a Dy pure-gauge theory in a ladder geometry, where each link hosts a
Hilbert space Hynk = {|h), h € Dy}, with lattice spacing a. To test confinement,
we add two static color charges on the edges of the upper leg. Figure 3.2 sketches
the model and the relevant gauge-invariant configurations. As described in Chap-
ter 1, the pure-gauge Kogut—Susskind Hamiltonian H = Hp + Hp consists of two
parts, the electric (see Eq. (1.14) and Eq. (1.15)) and the magnetic (see Eq. (1.16))
contribution. The pure-gauge Hamiltonian is then written as

P27 p3

ch o ch S .
H=Hg+Hp= ;g2 > P - s > RTx(ULULUNUIN],  (32)
p

L€links j;m,n
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Figure 3.2: (a) Ground-state configurations at strong coupling of Dy ,, LGTs on a
ladder with static color charges on the corners. The string in the fundamental rep-
resentation 7 breaks when the charge separation R, in lattice units, is greater than
8, making the anti-fundamental 7—glueballs energetically favourable. The charge-
glueball configuration, named gluelump, is gauge-invariant due to the screening fu-
sion rule of Eq. (3.8). (b) In Dpy,,.,,, the GS at strong coupling always comprises the
shortest 7-string connecting the charged corners, since there is no equivalent to the
screening fusion rule. (c¢) Ordering of links in a plaquette operator and highlighting
of incoming and outgoing links associated with a vertex of the directed lattice.

where g2 is the dimensionless coupling constant, > ¢ is the direct sum of one-body
terms diagonal in the irreps, and Ugi is the group connection in the j—th irrep
acting on the i—th link of the p—th plaquette (see Fig. 3.2¢). Hereafter, we consider
the connection in the two-dimensional fundamental irrep j = 7. We consider the
rescaling (canonical) transformation H — H' = % H to work in dimensionless,
natural units for the energy, which, however, may still carry a scaling dimension
with the lattice spacing a. In these units, g20zj is the electric energy of the j—th
irrep and ng the corresponding projector on the £—th link.

The presence of two static charges does not affect the dynamics of the pure-
gauge Hamiltonian in Eq. (3.2). Indeed, the hopping term is suppressed, and the
mass term would just contribute to the energy with a constant. Physically, the two
static charges can be seen as a background charge on the two vertices.

Considering the local gauge transformations ©y,, h € Dy, the presence of the
static charges on the sites v/ introduces the matter transformation term, which does
not appear in pure-gauge vertices. Hence, the transformations on the vertices read
as

Opp = H Hﬁyo H G,Iii , for pure-gauge vertices, and
o 7

Op = H H}ﬁo H 0&93 , in the presence of a static charge. (3.3)
o 7

Gauge-invariant states in the neutral sector satisfy ©Op ., |VUphys) = [¥phys) . VA, v.
These constraints dictate which combinations of electric field configurations can
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appear on the links surrounding the vertex v. In particular, they determine how
the irreducible representations surrounding a vertex can fuse, the so-called “fusion
rules” [274], see Appendix A for details.

3.3 Fusion rules of Dy and screening fusion rule

Finite groups allow for computing the Clebsch—Gordan (CG) coefficients, the math-
ematical object that describes how two irreps fuse into a third one, and therefore,
the fusion rules of representations, through their characters. In the following, we
exploit the simple structure of Dy groups to get an analytic calculation of fusion
rules, in terms of the decomposition of an arbitrary representation into irreducible
ones.

The number and the dimensions of the irreducible representations in Dy are
reported in Table 1.2. Here, we repeat for convenience how to characterize the
two-dimensional irreducible representations for Dy.

Let w = e*™/N and h € {1,...,N/2—1} for N even and h € {1,...,(N —1)/2}
for N odd. The two-dimensional irreducible representation 73, of the group elements
is given as follows:

- whk 0 . 0 w*hk
ooty = (45 o) ot = (e <)) (3.4

Here, we have chosen the form of the irreps, for which 7 (g) and 71,(¢~!) are equiv-
alent up to reordering. Therefore, we can drop the conjugation when dealing with
fusion rules. The characters are then

Xn (Srk) = XT(Srk) =0,
o) = xr(1) = 2,
X, (%) = 2 cos (27T]\}7Lk) . (3.5)

In the following, we denote the fundamental representation 74— simply as .
By the great orthogonality theorem for finite groups, each representation J of G
can be written as a direct sum over irreducible representations

J= P %, (3.6)

jirrep
where a; is the multiplicity of the j-th irreducible representation. The multiplicity
can be calculated by referring to the characters of the group in each irrep as follows

geg

where x(g) is the character of element g in J and x; (g) is its character in j. The
bar denotes the complex conjugation. The second equality holds due to the fact
that characters are invariant over conjugacy classes, labeled by C.
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Definition: screening fusion rule

We define the screening fusion rule as follows:
Jirrepj| j®7T37, (3.8)

where j is a non-Abelian irrep (dim(j) > 1). This rule means that the gauge
field in the irrep j is not changed as it flows through a fundamental charge in the
7 representation. In Dy groups, Eq. (3.8) can be satisfied by the faithful anti-
fundamental irrep j7 = 7 and the associated CG coefficients are determined by the
group center. For odd N, the center is trivial—the identity element {1}—and the
CG coefficient is one. For even N, the center is Zo and the CG coefficient is zero.

We now want to demonstrate that the fusion rule in Eq. (3.8) holds for odd N but
not for even IV, and that this difference in the value of the CG coefficient associated
with the screening fusion rule is due to the presence, or not, of a non-trivial center.
The center Z of a group G is an Abelian subgroup that commutes with every other
element of G, ie., Z={he€G: VgeqG, hg=gh}. Zis also a normal subgroup,
meaning that ghg ' € ZVge G, he Z.

Since the Dy characters are real, thus invariant under conjugation, Eq. (3.8)
can be rewritten as 7, ® 7, © 7. That is, we aim to show that the decomposition
of J =1, ® 11, as per Eq. (3.6) into a direct sum yields the multiplicities associated
with the fundamental irrep as a, = 0 for N even, while a, = 1 is possible for NV odd.

To prove the above statement, we consider the more general case J = T}?l, where
[ is even. To find the multiplicities a,, we need to compute the inner product

1 —
(Xrs Xp01) = IDNIXC: |Clx, (C) x-(C) , (3.9)

where we used the fact that x_e1 = xlTh.
h
Let us begin with N even. In this case, the inner product becomes

| D] Ot X et) =xr (Dxh, (1) + X (P2, (rV72)
N/2-1

42 ) X (I, () + (N/2)x ()%, () + (N/2)x (1), (s7)
= (3.10)

Substituting the value of the characters of Eq. (3.5) into Eq. (3.10), one gets

N2 1 2hk ok
™ v
|DN’(X77XT®l) :2l+1 +21+1(_1)hl+1 +2l+2 } : COSl < )COS () )
h
k=1

N N
(3.11)

The second term has an overall negative sign, since [ is even, and cancels exactly the
first term. These two contributions are associated with the conjugacy classes of the
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Z, center Z = {1,7¥/2}. The third term can be shown to be identically zero for all
allowed h. Here, we need to look at two different cases separately. If N/2—1 is even,
then the number of summands in the sum is even, and they cancel pairwise. For
N/2—1 odd, the number of summands in the sum is odd, and all but one summand
cancel pairwise. The remaining summand, corresponding to k = N/4, is, however,
zero, since cos(m/2) = 0 and therefore the sum vanishes also in this case. Overall,
for N even, the coefficient a, = 0.

When N is odd, the 7 rotation is not a group element, and the contribution from
the identity conjugate class will not be canceled. The inner product becomes

DN Xe) = x-(1)x3, (1 +2 > X () + Nxr(s)xd, (s) - (3.12)

Substituting the character values yields

(N-1)/2
2mhk 21k
| Dn|(Xrs XT}?Z) = o+l 4 ol+2 E cos! <7]TV) cos <]7\r[) . (3.13)
k=1

We need to evaluate the second term in the last equation and show that there are h
and [ for which the inner product is not zero. For example, in the case of N = 3, so
the group D3, for [ = 2, and h = 1 (i.e., the only two-dimensional, irrep 7,—1 = 7)
it holds

1
IDsl(xr o) = 2271 + 22+2< - s) 6, (3.14)

and therefore a; = (xr, xy22) = 1.

For odd N > 3, the fundamental representation 7 does not satisfy Eq. (3.8)
any longer —(xr, x;92) = 0— while the faithful representation with the largest
h = (N —1)/2 does. This is the anti-fundamental representation, denoted by 7.
Indeed, setting h = (N —1)/2 and | = 2 in Eq. (3.13) leads to

(X7 Xz02) = 1 (3.15)

for all odd N. This means that the state on a charged vertex, where two semilinks
are in the 7 representation, is gauge invariant, satisfying the screening fusion rule of
Eq. (3.8).
In summary, for NV even, we have 17, ® 7, Z 7. In contrast, for N odd, 7, ® 7, =
@7 when h = (N —1)/2. Hence, when two copies of a non-Abelian representation
for N odd mix, the result can be in the fundamental representation, while this is
not the case for N even. The fusion rules of D3 and Dy, the simplest odd and even
groups respectively, are summarized in Fig. 3.3.
Similar calculations suggest that 7-gluelumps are dynamically connected to the
7T-flux string connecting the two static charges. To show that, one has to evaluate
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Figure 3.3: Graphic comparison of the fusion rules of Ds (left) and Dy (right).
Arrows indicate nonvanishing Clebsch—Gordan coefficients. For D3, the fundamental

representation 7 has a non-vanishing Clebsch—Gordan coefficient with itself, while
for Dy, only terms connecting 7 with the one-dimensional representations are finite.

the following inner product

(N=1)/2
N -1 2
|‘DN’(X§H_17 Xf') = 21+2 + 21+3 ; COS <7I-k(jv)> COSH_1 <]7sz) . (316)
The smallest integer [, for which the inner product (x®+1, ;) is one, is
0, N=3
=< 3.17
{1V2—3, N>3. (3.17)

Physically, it implies that we need to apply the group connection U7, as part of
plaquette operators, I(IN) times, to transit from the fundamental string to the 7
loops—the dynamical string-breaking becomes a process of higher order as IV in-
creases, making it non-perturbative in the limit of odd N — oo.

Whether the screening fusion rule in Eq. (3.8) holds has profound consequences
for the physics of dihedral LGTs. Consider color charges that transform as the
fundamental irrep of the group 7. Then, in Dy_,, groups, the screening fusion rule
allows them to be simultaneously the source and the sink of electric flux lines in the
anti-fundamental representation 7. At strong coupling and large distances, we thus
expect static charges to be screened by the glueballs pinned at the charge positions.

Bound states of this kind are known in QCD as gluelumps [230], and their for-
mation is connected to a string-breaking phenomenon without matter production.
Gluelumps are not a gauge-invariant configuration for Dy, groups, where Eq. (3.8)
does not hold and a pair of static charges must be connected by a 7-flux string. These
different gauge-invariant configurations are sketched in Fig. 3.2(a-b).
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CHAPTER 3. STRING BREAKING IN Dy

3.4 Rishon formalism

To study the properties of the gluelumps at different couplings, we perform Tensor
Network simulations of D3 and D4 LGTs in the rishon formalism. This approach
reformulates the gauge theory in terms of a local dressed-site basis, which enables an
efficient DMRG implementation by making the non-Abelian Gauss’s law explicit at
the level of individual vertices. In Sec. 3.4.1, we construct the local gauge-invariant
basis by splitting each link into two semilinks (rishons) and projecting onto the
physical subspace at each vertex. In Sec. 3.4.2, we express the electric and magnetic
terms of the Hamiltonian in this dressed basis, together with the selection rules that
enforce the matching between adjacent semilinks.

3.4.1 Local dressed basis in rishon formalism

We proceed with a reformulation of the Dy lattice gauge theory in a local dressed
sites basis, which allows for efficient Tensor Network implementation [95, 97, 133,
187, 190]. We solve the non-Abelian Gauss’s law on each vertex of the lattice
by splitting each link into two halves, each attached to its adjacent vertex. This
procedure can be reversed once the so-called selection rules are imposed on semilinks
that correspond to the same link.

In the electric basis, the parallel transporter Uy, in the fundamental represen-
tation 7, can be expressed as [149]

(415 m1, n1| Ugp | j2; ma, na) =

dim(j9) , . ) . )
= (mngi;<jz,m2;ﬂaj1,m1> (2, n2; 7, blj1, 1)

:\/dim(jl)dim(]é)( BT )*<j2 b jl)

mo a Mm] ng b m

(3.18)

= (7, a; j1,m1|j2, m2)" (2, na; 7, blj1, ma)

where we explicitly express the fusion rules via the Clebsch—Gordan coefficients, or
3J-symbols. We can also explicitly carry out the calculations and get [149]

4 , dm (G )dim (G T - _
(s Uy s ) = Y ERGAG) 5~ e pine (00pin ()

9 =

(3.19)

with Dg{ﬁ (g9) denoting the matrix elements of the group element g in the irreducible
representation j. Equation (3.18) shows that the group connection fuses separately
the two indices of multi-dimensional representations; for instance, the ny and mo
enter two different Clebsch—Gordan coefficients. Therefore, each link can be split
into left and right semilinks, such that [j,mz,mg) = |j1,mr) ® |j2, mR) 6, 420541
where 9, j, fixes the same representation on the two semilinks. Then, the parallel
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3.4. RISHON FORMALISM
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Figure 3.4: (a) Sketch of the ladder geometry. (b) Splitting of a gauge field living
on a link into two rishon operators. (c) Dressed sites of the ladder consisting of

three semilinks. Sites on the upper legs have two ingoing (R) and one outgoing (L)
semilinks, while sites on the lower legs have the opposite.

transporter can be split into rishon operators [68, 96, 275], distinctly acting on the
left or the right semilink Hilbert space (see Fig. 3.4(b)),

ab nn+e; — Z Ca n ,ucbl)]L (320)

n+e;,,—

where the index 4 labels different rishon modes. We make explicit the action of
the parallel transporter connecting the sites n and n + e, (¢ = x,y), and the
tensor product is projected onto the space where left and right rishons are in the
same irrep. The label £+ indicates the position, with respect to the site n, of the
semilink the rishon operator acts on. Splitting Uy, gives the possibility to define
gauge transformations and the Hamiltonian in terms of dressed sites, i.e., a site n
with the attached semilinks.

Once split on the rishon spaces, the action of HgL ) operators (defined in Eq. (1.2))
is non-trivial only on the outgoing (ingoing) semilink:

Of =N ®@1s, 0F=10Af, (3.21)

with 1, the identity acting on the d-dimensional rishon space. On a ladder, gauge
transformations on a vertex are given by the product of three A transformations.
This indicates that for a given dressed site, i.e., the vertex and the three semilinks,
a gauge invariant basis can be obtained by removing states that transform non-
trivially under the product of A transformations. Due to the choice of orientation of
the links, one has to differentiate between upper and lower vertices on the ladder, as
well as between the different edges. As one can see in Fig. 3.4(c), the lower dressed
sites are constructed by taking the tensor product of one right (R) and two left (L)
semilinks, and the upper dressed sites by two right (R) and one left (L) semilink.
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CHAPTER 3. STRING BREAKING IN Dy

In the following, we write the operators and the transformations aforementioned
for the D3 case. We label the representation basis for D3 as {|0) , |p) , |r7) , |rg), |lg7) ,]99)},
where |0) indicates the trivial representation, |p) the parity, and the states in the
fundamental representation |Tab) are labeled by expressing internal indices (colors)
as “red” and “green”. Thus, the parallel transporter Uy, reads

1 1 1 1
0 ?d” ?%drg ??dgr ?dgg
- 1(; A B 5dgr \/fzdgg
Up=| 2% v2% " , (3.22)

ﬁdgr ﬁdgr drg
Ld., | Ld d
\/5 g \/5 g ar
Lq Lq d
ourr | qg

where dog = 0aadpg. Importantly, U,y is not block-off diagonal: this implies that
acting with the parallel transporter on a link in the fundamental representation 7
can still result in the same irrep. In Fig. 3.3, the arrows depict non-vanishing CG
coefficients. Since for D3 we have 3 fluxes (between different representations), we
need to formulate three rishon modes, one for each flux. By reducing the representa-
tion basis to the left and right semilink basis, {|0), |p),|r),|g)}, one can check that
the following rishon operators satisfy Eq. (3.20) in the decomposition of the parallel
transporter of Eq. (3.22):

0 Sar g 0 0 0
1) _ o1 0] 0 0 2) _ o1 0 dar  —Oag
Ca 24<5ag00 » G 2405@0 )
5 | 0 0 0l -4, 0
(3.23)
0 0 0
(o _ 0l 0 0
a 0(0] 0 o,
00|04 O

To construct the gauge-invariant dressed sites, we need to first describe how the
gauge transformations act on the rishons. It is sufficient to consider the transfor-

mations Gf ) and HSL(R), with respect to the group elements r and s', respectively,

'the non-trivial rotation of 27/3 and the reflection
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3.4. RISHON FORMALISM

since all other transformations of Dy can be written as products of their powers,

1 1
1 -1
0 1
aL: w 0L:
T w TS 0 1
wt 1 0
wl 1 0
1 1
1 -1
-1
R __ w R _ 0 1
9 = w 765 - 1
wl 0 1
w 1 0

(3.24)

where w = exp(27i/3). In the 4-dimensional rishon basis {|0),|p),|r),|g)}, the

transformations in Eq. (3.24) read

1 1
1 1
L R
Ay = w , Ayt = w1
wt w
1
-1
AL = | = AR
10

On the upper and lower dressed sites, the transformations read

Aup:AR ®AR ®AL

r/s r/s r/s r/s
down _ AR L L
Ar/s - Ar/s ® Ar/s ® Ar/s )

while for the four corners, the transformation laws are

AUleft _ AR ® AL Aupright AR ® Az

r/s r/s r/s r/s r/s r/s
down,left _ A L L down,right _ A R L
Ar/s - Ar/s ® Ar/s ’ Ar/s - Ar/s ® Ar/s :

(3.25)

(3.26)

(3.27)

The local gauge-invariant states in the neutral sector are constructed by project-
ing the semilinks attached to a vertex on the eigenspace of the gauge transformation

operators from Eq. (3.26) and Eq. (3.27) with eigenvalue 1:

ATAS |'¢phys> = |7;Z)phys> .

(3.28)

The order of projection with respect to the group elements is not important, as long

as the physical space is the common eigenspace with real eigenvalues.
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CHAPTER 3. STRING BREAKING IN Dy

In the presence of charges, physical states on the vertices are constructed by
taking the tensor product of the attached semilinks and the four-dimensional Hilbert
space of the charge (charges being in the fundamental representation),

ATO;”ASHTf |¥phys) = [Uphys) (3.29)

where we defined the transformation laws for the matter to be the same as for the
left rishons, Eq. (3.25), as already discussed as a consequence of Eq. (1.49).

In Dj3, in the charge-neutral sector, the gauge-invariant basis for the dressed sites
at any vertex within the ladder is 11-dimensional. On the upper leg, labeling the
semilinks to the left of the vertex, below the vertex, and to the right of the vertex
sequentially, the basis states can be written as

— |T707r> + |g707g>
V2

1) =10,0,0) [2)

3) = 10,7,7) +10,9,9) 4y = r,9,0) +19,7,0)
V2 V2
|5> _ ’7”, r79> + !g,g,r) ’6) _ \T,p, 7a> — ’g,p,g) (330)

V2 V2

_ !p,?”,?">—]p,g,g> _ ]r,g,p)—\g,r,p>
7= B0 5 = DL
9) = |p,p,0) [10) = |p,0,p) [11) =10,p,p) .

For the dressed sites on the lower leg, the gauge-invariant basis can be obtained by
conjugating the colored central fields r <+ g in Eq. (3.30).

The procedure of projecting on the gauge invariant subspace on each vertex can
also be used for Dy, which gives a local gauge-invariant dimension of 28 for each
dressed site. On the corners, the dressed local dimension is, for D3, 5 with static
charges and 3 without, while for D, it is 8 and 5, respectively.

3.4.2 Hamiltonian in the rishon basis

We proceed with projecting the Hamiltonian on the gauge-invariant dressed basis
constructed above. Each semilink contributes with half the electric field energy.
Thus, the electric Hamiltonian in Eq. (1.14), which is diagonal in the representation
basis, can be reformulated as

ch O
Hp = EQQ >y - Pl (3.31)
sleésemilinks j

By considering the semilinks attached to each vertex, it is possible to express the
electric Hamiltonian in terms of dressed sites

Hp=Y_ Hy),, (3.32)
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where Hg) is the electric Hamiltonian acting on the single dressed sites. In Ds, in
the 11-dimensional dressed basis in Eq. (3.30), its diagonal entries are the following:
h g2
H](El) = C—%diag(?)ozo, 20 + ag, 200 + ap, 20 + o,
a

30z, 20 + ayp, 20 + ap, 20 + ap, 205 + o,
2a, + ag, 2ap + ap) . (3.33)

In our numerical simulations, we set the electric energy coefficients «;;;, as follows
ap=0, ar =1, =10 . (3.34)

The plaquette operator can be projected on the gauge-invariant dressed basis by
employing the rishon formulation of the group connection:
ted tda

E m n nJreX +ex,n+ex+ey U*n—l—ey ,n+extey Un,n—i—ey)
a,b,c,d

i)t ) i)t
< Z C a;n XCb 11+ex,—x) < Z CIS;I)I+GX7YCC(;31+ex+eY7_Y>
i bl i i)t
. (zc;;g+ex+ey,xgg;g+ey,x) (T che o). @39)

By reordering and regrouping the rishons, we can write down the plaquette in the
following form:

2 : ted da _
ER n n—l—eX —|—eX n-+extey Un—f—ey,n—i-ex—i-ey Un,n—l—ey) -

a,b,c,d
3
li ij kl
Z C'n X yC(n—s—ex,y,—xc(n—&—ex—f—ey7 x,—nd—i-ey,—y,x ’ (336)
i7j7k;7l:1

where we defined the gauge-invariant corner operators as
n 12 T Z <a s, a n,ug ) (3.37)

with a — @ when u = —x, —y. The corner operators act per construction on the
semilinks attached to the vertex on which they are defined. Furthermore, since
they are gauge-invariant per construction (summation over color indices), the pro-
jection of the gauge-invariant subspace is rather trivial. Therefore, we can write the
magnetic part of the Hamiltonian in the dressed site as

1 li
_ } : i ij gk Kl
Hp = _agg C’n x,nd+ex,y, an+ex+ey,—x, nd+ey,—y,x ’ (338)
n;i’j’k’l

where the summation is performed over the sites (n) and rishon indices (i, j, k, ).
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CHAPTER 3. STRING BREAKING IN Dy

The non-Abelian Gauss’s law is already satisfied in the construction of the
dressed basis in Eq. (3.30). However, the splitting |7, mz, mg) = |71, mr)®|j2, mg) 8, j»0j.4,
introduces constraints between adjacent dressed sites, since the left and right semilink
representation of each link must be the same. In the effective Hamiltonian imple-
mented in the DMRG, we add the following Abelian selection rules:

(bfﬁ£+ex - 1) |¢phys> =0Vn,
(ﬁgﬁgjrey - 1) |¢phys> =0Vn ) (339)

where the D operators are diagonal in the dressed basis space, with entries that
depend on the irrep in the left, right, and central semilinks of the dressed site state.
We recall that, by construction, DL operators act on the right-most label in the
dressed basis in Eq. (3.30), a possible choice for the D operators is

DE = diag(1,2,2,1,2,2,2,-1,1,—1,-1) ,

R 1 111 1
DE = diag(1,-.1,=, . = —1,=,—1,-1.1 3.40
n lag( 727 7272727 727 I I )7 ( )
DY = diag(1,1,2,2,2,-1,2,2,-1,1,—1) ,
o 111 11
DY = diag(1,1, =, =, =, —1,=, =, —1,1, -1
n la’g(’ ’272727 ’2727 b ) )’

where we assigned arbitrary values to the identity, parity, and fundamental repre-
sentations, (1, —1,2) respectively in D* and D, such that Egs. (3.39) are satisfied
only when the two semilinks are in the same irrep.

3.5 DMRG results

To study the properties of the gluelumps at different couplings, we analyze the
ground state of D3 and D4 LGTs with DMRG. Both groups have a single two-
dimensional (fundamental) irrep, so that 7 = 7. We consider the cases in which there
are no charges (¢ = 0) and where the upper corners of the ladder are occupied by
single static charges (¢ = 1). All simulations are performed using the ITensor [276,
277] Julia library, with maximum MPS bond dimension n = 200 and cutoff € =
1071,

Fig. 3.5 shows that the phenomenology of the crossover described in Sec. 2.3.1
appears to be very similar. The electric energy density (H.)/N;—with Ny the num-
ber of links in the ladder—and the plaquette expectation value (B,), once rescaled
by the inverse of their coupling dependence, calculated in D3 and Dy LGTs de-
pict a phenomenology that does not depend on the system size (number of rungs
N, € [4,60]) or on the presence of static charges. For g? > 1, the expectation values
of the electric energy at strong coupling correspond to the electric energy of the triv-
ial irrep, while at weak coupling correspond to a weighted average of irreps’ electric
energies. In this case, because of the values in Eq. (3.34), the weighted averages in
the dot-dashed grey line in the top panels in Fig. 3.5, read
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10-1 100

Figure 3.5: Electric (above) and magnetic (bottom) energy density for Dg and Dy
LGTs on a ladder. Continuous lines with filled markers indicate the presence of two
static charges on the upper corners of the ladder, while dashed lines with empty
markers stand for the neutral sector. The results are almost independent of the
number of rungs (N, € [4,60], increasing for darker colors).

HE dim(.J)? M =23 for Ds ,
Zou G —{ (3.41)

(e 2N w = 4.25 for Dy .

The effect of glueballs screening the static charges at strong coupling emerges
clearly when comparing the string tension

Eq4-1(g, R) — E4~o(g, R)
R

o(g,R) = (3.42)
for the two groups. E,_(g) is the ground-state energy with (without) probe charges,
and R is their distance. At strong coupling, the dominant contribution to the energy
difference is linear with R, and o is proportional to g?(a™ —a€). This is, indeed, what
happens for D4, where o shows no significant size scaling (see Fig. 3.6). Conversely,
for D3 at strong coupling, the string tension decreases linearly as R increases, making
the energy difference Fy—1 — Ey—¢ = o R independent of the charge separation, see
inset of Fig. 3.6. This asymptotic value [Ey=1(g, R — 00) — E4—0(g9, R — o0)] =
2M (g) can be interpreted as the renormalized contribution to the mass of the two
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Figure 3.6: String tension as a function of the coupling g?. We compare different
charge separations R, indicated by line shading, for D3 (warm colours and circles)
and Dy (cold colours and squares). The weak confinement o o ¢% at ¢ < 0.2 is
qualitatively similar for both models. For Dy, the string tension ¢ is independent
of R, indicating the presence of a field string connecting the charges. Instead, for
D3 at strong coupling, the string breaks, indicated by ¢ decreasing with growing
R. The inset shows the energy difference E,—;(g, R) — E4=0(g9, R) = 0(g, R)R [see
Eq. (3.42)]. Its independence of R at strong coupling highlights the mutual screening
of the two gluelumps, and o R = 2M(g).

Strong coupling | Weak coupling
Dy min(8, R)g* Rg®
Dy Ry Rg°

Table 3.1: Summary of the scaling of the string energy Ro(g, R) consistently with
Eq. (3.42) for the two groups and the two regimes considered. R is measured in
lattice units a.

gluelumps 2. Because of the fundamental (trivial) irrep energies in Eq. (3.34), we

have M(g) ~ My(g) = 4g?, for g*> > 1.

At weak coupling and short distances, both groups display weak confinement
due to the background electric field, analogously to what can be observed in a Zy
theory [233]. In such a model, second-order perturbation theory predicts the string
tension to scale as o(g, R) o g%, which matches the behavior of the Dy theories.
Table 3.1 summarizes the behaviors of D3 and Dy in the two coupling regimes.

The R-dependent crossover between the ¢g? and the ¢® scaling in D3 can be
understood in terms of a growing effective size of the dressed particles as g decreases,
due to increasing electric-field fluctuations. The spread of the gluelumps along the
ladder has a direct effect on their interaction range. To characterize it, we study the

2Thanks to the fast convergence of the gluelump mass, we compute it in practice using a fixed
large system size accessible to DMRG (here, R = 59).
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scaling of the distance-dependent potential between two gluelumps,
V(g, R) = Eq=1(g, R) — Eq=0(g, R) — 2M(g) . (3.43)

When rescaling the distance R, see Fig. 3.7, DMRG data obtained at different g2
collapse onto a universal behavior of the rescaled potential V (g, Rg”)/M(g), with
k = 25(1) ~ %, showing a finite screening length Rs; at any nonzero coupling
strength. The mass follows M(g) ~ vg~¥ — My(g), see inset of Fig. 3.7, with
v =>5.99(5) ~ 6.

These observations convey precious information regarding the continuum limit
scaling, which is uniquely defined under a couple of assumptions. First, we request
that the physical range 7ppys of the linear potential well is a finite length in the limit
a — 0. This assumption requires the lattice coupling g to obey the scaling

a 1/k
g =~ <C > , for a < rpnys, (3.44)
T'phys

where the dimensionless value ¢ = 21.2(4) is the x-axis location of the knee in
Fig. 3.7. According to this argument, since g o a'/* and x > 0, the continuum limit
is located at small g values (as intuitively understood from the lattice extension of
the gluelumps increasing with the strength of the plaquette term).

Second, we set the physical quasiparticle excitation energy &ppys, related to one
gluelump sitting at the edge, to be finite in the continuum limit. This fixes the
scaling dimension of lattice unit energies, as M ~ vg~ ¥ « a~ /%3, where we fitted
v = 0.19(1) in Fig. 3.7(inset). At the same time, M (g) must scale linearly with Eppys
(at fixed rpLys and a) and be dimensionless, meaning we can write it as

EohvsTohys [ Tohys \ U/ K
M(g(a)) = EPR0 ( oy ) (3.45)

v

All that is left is to evaluate the dimensionless factor &, which, using M ~ v¢g~" and

Eq. (3.44), reads
ch %
= ) 3.46

: <5phys T'phys ) qu/x (3.46)

Thus, these two assumptions allowed us to perform the energy conversion from lattice
to physical units in the continuum limit, similar to a running coupling analysis [278,
279].

Interestingly, the amplitude of the interaction potential V between the two quasi-
particles exhibits the same emergent scaling as M (g) with g, and therefore with a.
This implies that in the continuum limit, this interaction potential will survive and
be finite, thus providing measurable elastic scattering amplitudes for the field theory.

3Here, we neglect the My o g2 contribution assuming it is much smaller than the ~ g~% scaling
at weak coupling.
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Figure 3.7: Rescaled interaction potential V (g, Rg"), with k = 5/2 as a function of
the separation between the two charges. The excellent collapse suggests that the
screening distance scales as Ry ~ g~%/2. Inset: deviation of the renormalized mass
M (g) from the behaviour My(g) = 49> expected at strong-coupling. The leftmost
point corresponds to a coupling strength where R is too small to see the screening
effect.

3.6 Comparison with SU(N) LGT

It is instructive to compare dihedral groups with Lie groups like SU(N). For the
latter, the nontrivial center prevents the screening fusion rule for the fundamental
representation, but not for other representations that have zero N-ality. N-ality
is related to the mapping of the center subgroup Zy in a given representation of
SU(N). Zero N-ality means that the center is mapped into the identity matrix.
One such example is the eight-dimensional adjoint irrep of SU(3) (8), which fulfills
the screening fusion condition. Indeed,

39833, (3.47)

that satisfies the screening fusion rule of Eq. (3.8). This allows for color-neutral ob-
jects composed by a charge screened by a gluon cloud, the QCD gluelumps [230, 280,
281]. These excitations—although theoretically possible—have not been observed
in nature, as their existence would be linked to matter particles transforming as the
8 irrep. Even though gluelumps are not asymptotic states of QCD, they have been
extensively studied as lattice objects with a static adjoint source [282-285]. A sim-
ilar phenomenology also happens in Dy, .., With Neyen > 6, where two-dimensional

non-faithful irreps with zero N-ality do exist. Considering Dg, for example, the
fusion rule reads

TI®TeDT] . (3.48)

where 77 is the fundamental representation of Dg and 7o is the non-faithful two-
dimensional representation, such that the group elements in the two representations
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are given by

k —k
Tk w 0 .l kN 0 w
ot = (4 ) ot = (54 )
- w2k 0 - 0 w—2k
pre = (% ) ot = (e Yy ) e

where w = €™/3. Note that 79, the non-faithful two-dimensional representation of
Dg, reads like the fundamental representation 7 of Ds.

Despite the similarities in the construction of the Dy- and the SU(N)-gluelumps,
there are major differences, once we consider the gauge theory coupled to dynamical
matter. In QCD, adjoint matter is associated with composite objects like quark—
antiquark pairs. Thus, SU(N) gluelumps can be obtained by producing a quark-
antiquark pair from the vacuum, moving either component around an arbitrary
closed path, and merging it back to the partner particle. The reverse process would
annihilate them. This is not the case, e.g., for the D3 gauge theory with stag-
gered fermions in the fundamental representation 7. Here, the charge components
of gluelumps are subject to a global U(1) symmetry, protecting them from being
absorbed in the vacuum, thus making the gluelumps stable particles.

3.7 Summary and outlook

In this chapter, we have investigated the influence of fusion rules on the structure of
gauge-invariant states in dihedral LGTs. Only models with Dy, ,, gauge symmetry
allow for the screening of fundamental static charges at strong coupling thanks to
the formation of gluelumps, i.e., bound states of a charge and a glueball. Through
scaling analysis, we have shown that the interaction range of such objects remains
finite in the continuum limit, raising the perspective of studying related scattering
phenomena. In Dy, gluelump formation is prevented by a (nontrivial) Zy center.
Interestingly, the very same property also has a deep impact on local-fermionic-
parity conservation when the theory includes dynamical fermions: only when Z,
is a normal subgroup of the gauge group, one can map the system onto a local
Hamiltonian without fermionic degrees of freedom in arbitrary dimensions [97, 134,
149, 190, 286, 287] (see also Appendix B).

The group property supporting the Dy, gluelumps implies that they remain
valid gauge-invariant states in any spatial dimension. The scaling analysis and the
spatial structure of the gluon cloud, in contrast, do depend on the ladder geome-
try. This raises interesting questions about how our findings generalize to larger-
dimensional lattices and whether the gluelumps remain stable in the presence of a
finite-coupling deconfinement phase transition.

Moreover, these results showcase how pure-gauge D3 theories already display a
string-breaking process without the presence of dynamical charges, making them one
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CHAPTER 3. STRING BREAKING IN Dy

of the simplest models to test quantum- and quantum-inspired simulation protocols
for the study of confinement and string-breaking in non-Abelian LGTs.

A natural question that emerges is the competition between the string-breaking
by gluelump formation and the string-breaking mediated by the production of dy-
namical particles, whose condition is reported in Eq. (3.1). The distance in lattice
spacing units between two charges must be R’ > 8 to cause the gluelump formation,
while for the string-breaking by pair production we have R* > 2(9;7;[7 +1). Com-
paring R’ and R* indicates when one process is privileged, or it is suppressed by
the other one. We expect the gluelump formation to be privileged when R’ < R*.
Taking the extreme value of R’ = 8, we get

2<2m +1>>8,—> >3, = m> 3, . (3.50)
g Qs goar

In general, we expect the previous condition not to hold in the strong coupling
limit, meaning that for g? > 1 the privileged string-breaking mechanism will be
the one mediated by pair production. As g? decreases, however, the two competing
mechanisms—gluelump formation and pair nucleation—may become energetically
comparable, and their relative dominance will depend non-trivially on the ratio
m/g?a,. Understanding how this competition evolves as a function of the coupling
strength, and in particular identifying the crossover regime where neither mechanism
dominates, represents a concrete open question for future investigations, both on the
ladder and in higher-dimensional geometries.
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Chapter 4

Quantum Zeno effect in Abelian
LGTs

Generally speaking, until fault-tolerant devices are developed, quantum simulation
protocols are prone to imperfections and approximations. In the case of quantum
simulation of LGTSs, the result may be the breaking of the gauge symmetries, re-
sulting in errors that lead to nonphysical results. The local conserved quantities in
LGTs present an intriguing avenue for harnessing these symmetries to implement
several error-mitigation strategies [143, 288]. Among the possible approaches, one
can modify the Hamiltonian to include energy penalties on unphysical gauge sec-
tors [65, 81, 99, 289-293], design stochastic processes to destroy phase coherence
between physical and nonphysical states [294-297], or use the gauge symmetry to
improve the data quality in post-selection [81, 82, 85].

A particularly appealing approach in the context of digital quantum simulation
is to adapt mid-circuit syndrome measurements, a cornerstone of quantum error-
correction and detection algorithms [298], to the context of LGTSs, as the local gauge
symmetries offer a natural qubit redundancy [299-302]. Previous works on using
measurements to stabilize local symmetries have mostly focused on formal fault-
tolerant frameworks [295, 296, 299-302], often overlooking realistic quench dynamics
and how measurements affect it, or on protecting against purely coherent gauge
drifts [81, 99, 288, 293-295], neglecting scenarios with both unitary and dissipative
errors.

Here, instead, we deal with both coherent and incoherent gauge-breaking errors
within the same framework. We consider the effect on the system dynamics of the
interplay of error strength and the measurement frequency, also taking into account
the further noise they might introduce. In particular, we study the physics of the
dynamical post-selection (DPS) protocol, which consists of the error protection due
to the measurement of the gauge charges not only at the end of the time evolution,
as happens in the standard post-selection, but in the middle of it.

Our framework is based on the general theory of the interplay between monitor-
ing and unitary dynamics, which introduces a further layer of complexity and can
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give rise to intricate many-body dynamics, including, e.g., phase transitions in the
entanglement properties [303-307]. One remarkable phenomenon that emerges in
this context is the celebrated quantum Zeno (QZ) effect, wherein frequent measure-
ments hamper the quantum dynamics, constraining the system evolution within a
limited set of states [308-315]. Understanding and harnessing the QZ effect in a
many-body system is currently one of the main challenges in the field of monitored
systems and can be key for advancing the capabilities of quantum simulations and
quantum information processing, as well as improving our comprehension of open
quantum system dynamics [316-325].

We will work mainly through the paradigmatic example of a 1+ 1d Zy LGT with
fermionic matter, where we explore the synergistic relationship between stochastic
monitored quantum dynamics, error correcting codes [147, 203, 299, 300, 326], and
strong constraints. The reason for that is the simplicity of such a model, which
has been previously studied in quantum simulation on superconducting qubits in
Ref. [81]. In particular, its small dimensionality makes it possible to study the Liou-
villian master equation using Exact Diagonalization. We demonstrate the generality
of our findings by also analysing gauge theories with Z3 and truncated U(1) symme-
try. In the next chapter, the measurement of local gauge charges to mitigate errors
is applied to the non-Abelian group Ds.

4.1 Dynamical post-selection in digital quantum simu-
lations

In present-day devices, quantum simulations are typically affected by errors that
can break the symmetries of the target model. In the spirit of performing real-
time evolution, for LGTs, this means that the time evolution couples the physical
superselection sector with non-physical subspaces. We denote these subspaces with
Hp and Ho, respectively. A single Trotter step affected by this gauge non-invariant
time evolution can be modeled as

p(t+At) = Eo Unifp(t)] , (4.1)

where Un; generates the desired gauge-invariant dynamics, according to Eq. (1.19),
and & is a generic error channel, typically coupling Hp and Hg, as sketched in
Fig. 4.1(a). After sufficiently many such time steps, the errors accumulating during
the time evolution induce an effective thermalization, and the density matrix will
typically approach a steady state.

To preserve the gauge invariance of the system state, we exploit the Gauss’ law
operators in Eq. (1.1). Since [Hpg,©p,] = 0 for all h, n, applying the gauge-
symmetry transformations does not affect the target gauge-invariant dynamics on
the physical superselection sector, the neutral sector in the following version of
Eq. (1.5),
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(a) ®)  u,
- - [-1-]] U U3
n
P

|U1) R-'i”
[Uz)H Ry

R
|U3) ('UE(At)) g{
[Ua)5 + errors Ry
[¥n il

Figure 4.1: (a) Errors in the quantum simulation of an LGT model couple the
physical (gauge-invariant) sector " p with the rest of the Hilbert space Hg. (b) A
site n and its associated link variables U;. (c) Standard post-selection: whether a
target local symmetry is satisfied or not is checked at the end of the simulation.
First, we rotate into the basis that diagonalizes ©, ,, then projective measurements
on the system register can be used to reconstruct the value of the gauge charge ay .
(d) In Dynamical post-selection (DPS), after the change of basis, the index pointing
to ay,p is encoded on an auxiliary register. The controlled operators C-O depend on
the group structure. A local measurement on the auxiliary qudit identifies whether
the Gauss’ law associated with ©, ,, is satisfied or not, projecting the wave function
onto the corresponding subspace (see Eq. (4.5)). Finally, we rotate back into the
computational basis. After this building block, another Trotter step, another gauge
test, or the measurement of desired observables can follow. In (c-d), double lines
identify quantum registers.
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Oh,n [Yphys) = [Yphys) Vh,n , Vipnys € Hp . (4.2)

Employing symmetries is an established tool for detecting and mitigating errors
in the outcomes of quantum computations [143, 327-333]. These techniques can
become more challenging when coping with LGTSs, as one has to verify an extensive
number of potentially non-commuting symmetries.

Let us consider a general site on a lattice as shown in Fig. 4.1(b), where the local
gauge transformation associated with a group element g in Eq. (1.1) reads

Oq, =08, @0, @ 0L, 0L, 69 . (4.3)

The indices {1,...,4} label the four links connected to the site n. The vertex
operator O, can be diagonalized by the tensor product of matrices diagonalizing

@f(L) on each link,

R=Rf}, @Ry ®R; @ Rl ® RY . (4.4)

The simplest idea would be to use this change of basis at the end of the time
evolution to check whether the gauge symmetries are still satisfied or not. We
denote this scheme, successfully applied for example in Ref. [81] and sketched in
Fig. 4.1(c), as standard post-selection. Standard post-selection cannot notice errors
that couple the physical sector with itself with a second or higher-order phenomena.
Moreover, it includes projective measurements on the system register, potentially
losing physical information even if the target symmetry is satisfied and preventing
further operations.

In contrast, one of the goals in DPS is to measure the eigenvalue of ©,, with-
out causing a complete wavefunction collapse. In the spirit of syndrome/stabilizer
measurements [299, 327, 334], we introduce an auxiliary register to encode the infor-
mation about the symmetry we want to test. This auxiliary register is initialized in
the |0) state and the information about ©, 4 is encoded through the action of four
controlled operators C-0O, following the basis rotations of Eq. (4.4) to diagonalize
Oy,, as depicted in Fig. 4.1(c). The specific form of the operator O depends on
the gauge group G and on the group element g, but it typically acts on the auxil-
iary register as a controlled permutation of its states. Then, a local measurement
yielding the |0) (]k # 0)) state on the auxiliary register projects the system state
onto the subspace that satisfies (does not satisfy) invariance under the target local
transformation. Finally, the basis rotation is reversed. Note that a reset of the
auxiliary register is not necessary, as the simulation stays in the target sector as
long as all auxiliary registers remain in their initial state |0). The outcome of each
measurement, instead, can be easily stored in a number of classical registers growing
linearly in both N and the circuit depth.

To further understand the result of this procedure, let us consider a situation
where the incoherent error channel in Eq. (4.1) is described by probabilistically
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occurring unitaries. Such a scenario includes a broad range of errors, such as un-
controlled gate fluctuations. Assuming the state at time t satisfied the non-Abelian
Gauss’ laws, we can approximate a noisy Trotter step of a single random (unitary)
trajectory as

|’¢(t)>sat — |¢

— aly

e
(-

where [1)),,, denotes states that satisfy the local symmetry ©,, that has been
monitored and |1j})np denotes non-physical states that violate it. Despite the dis-
cretized evolution being deterministic, the outcome of each measurement is stochas-
tic, and so is the collapse of the wavefunction in the physical or the non-physical
Hilbert space, with the probability of its outcome depending on the amplitude of the
gauge violation. Importantly, we may dilute the measurements, either by measuring
only a subset of local charges at each time step or by reducing the frequency of the
measurements. This allows for the tuning of the effective protection strength. Fi-
nally, at the end of the procedure, we can measure observables of interest or continue
the time evolution, since the physical information remains untouched by the DPS
when we measure the initial gauge charge.

Crucially, when a gauge violation is measured, i.e., the ancilla state has flipped,
the simulation is discarded as it gives a nonphysical contribution to the evaluation
of expectation values.

t+ At)) s + B 1)
t+ At)) oy @10) + B1),, @ [k #0)

t+ At)) (*5)

with probability |a/?
with probability |3|

sat

-~ = = =

np

4.2 Model Hamiltonian

To illustrate the interplay between measurements and gauge protection in the sim-
plest way possible, we consider a 1+ 1d lattice with open boundary conditions of NV
sites and IV —1 links, the gauge group of the theory is Zs, and we consider dynamical
matter to have a non-trivial dynamics [81, 89, 229]. We have already introduced this
system in Sec. 2.1.1 to show the partition of the Hilbert space in different sectors
in an Abelian theory, so here we will just write the Hamiltonian after a standard
Jordan—Wigner transformation, recasting the fermionic matter fields in terms of spin
operators:

Hy :JZ (o7 T ni100sy +hee) (4.6a)

Hy :fZT;,nJrl ) (4.6b)
M n__z

Hyp = > (-1)"ef (4.6¢)
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In the place of the fermionic operators in Eq. (2.2), the Pauli operators ¢ act on the
sites of a 1D lattice and represent the dynamical charges, while the Pauli operators
Thn+1 are still the Zy gauge field operators acting on the link between sites n and
n—+ 1.

We also repeat the set of local symmetry operators the Hamiltonian Hz, com-

mutes with:
@'fl - = nZ—l,nO—rZLT;,n—&-l ) (47>

(see Eq. (3.3)).

Since we are interested in possible error suppression and correction methods, we
consider coherent as well as incoherent sources of errors. For the coherent errors,
we choose spin flips of the gauge operators and unassisted tunneling between neigh-
boring matter sites in order to represent typical local errors that may appear in a
quantum simulation [90, 91, 293, 335]. The corresponding Hamiltonian is

Here = N1 Z 7_7;;”4_1 + A2 Z (0':0';4_1 + hC) R (48)

n

where A;(g) is the strength of the corresponding error source. The Hamiltonian He;,
does not commute with the symmetry generators ©,, and thus couples sectors with
different values of the local charges. The normalized gauge violation

) (- (4.9)

n

dg

monitors how far the error Hamiltonian is leading the state away from the target
charge sector identified by the set of conserved charges v, targ. While other error
sources can be considered, we do not expect their specific choice to qualitatively
change the system dynamics, as long as H¢,y remains local and explicitly breaks the
gauge symmetries.

We model incoherent errors as spin flips or phase flips (Pauli errors) randomly
occurring during the time evolution. We will denote with pey the probability per
qubit per Trotter step that one of these errors affects a quantum simulation. As
we are interested in harnessing the Gauss laws to detect and correct gauge-violating
errors, we will consider only the Pauli-X channel that explicitly breaks the Z, gauge
symmetries.

We use the Python library qutip [336, 337] for the numerical analysis of the
following sections.

4.3 DPS in Z, LGT

To test the results of the DPS in the presence of the noise model in Eq. (4.8), we
consider a digital quantum simulation protocol where the state evolves according to
a standard first-order Trotter discretization of the time evolution operator e #7t =
[e*"HAt}m, with t = Atn; being the total evolution time and n; the number of
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(a) Passive error mitigation Active correction layer  (b) exact (c) A=02J
10

1.0

0.8
nntl A iHu At

0.6

Tn+1.n+2

[0)a,

[0)a; @“i

A =0.2J, succ. A=1.0J

0.4
0.2
0.0

8§ 12 16 0 8 12 16

qubit number

B
1

Figure 4.2: (a) Circuit representation of the DPS error mitigation/correction scheme.
The gray box is a single Trotter step with an effective non-Hermitian Hamiltonian
that includes gauge-breaking terms and, possibly, incoherent spin flips. The results
of the measurements on the auxiliary qubits have to be stored in a N x n; classical
register. The first block after the unitary evolution monitors possible gauge viola-
tions, mitigating coherent errors. The active correction layer exerts feedback on the
computational qubits based on the measurements on the ancillas, compensating for
spin-flip incoherent errors. (b-e) Examples of dynamics affected by gauge-violating
errors and measurements of the local gauge charges. The colormap represents the
qubit excitation (1 — o7,)/2 for matter qubits and (1 — 7;7,,)/2 for gauge vari-
ables. (b) Ideal trotterized dynamics. (c) Dynamics affected by coherent errors with
A = 0.2J. The deviations from the ideal dynamics are clearly visible. (d) Single
trajectory with successful dynamical post-selection in the Zeno regime. The ideal
dynamics is restored to an excellent degree. (e) Irregular dynamics due to mea-
surements out of the quantum Zeno regime, where error suppression is no longer
possible. All simulations have L = 17 qubits (N = 9 matter sites), electric coupling
f =0.5J and fermion mass M = 0.
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Trotter steps. Each element is further decomposed in the product of simpler unitary
operators generated by the single terms in the sums in Eqgs. (4.6) and (4.8). The
addition of incoherent spin flips to the noise is explored in Section 4.6, where we
employ a feedback correction mechanism. Since here we are mainly interested in
the dynamics due to the use of mid-circuit measurement, we focus on the situation
where the only error sources are coherent, with a single parameter A\{ = Ao = A
setting their strength.

To detect and protect against gauge violations arising during the time evolution,
we implement the DPS protocol we introduced in Section 4.1.

The DPS circuit is exemplified in the green box of Fig. 4.2(a), where we show the
version of the circuit in Fig. 4.1(d) applied to the Zs model acting on two neighboring
local charges ©,, and ©,,41. In the red box, we show the active correction layer tested
in Sec. 4.6. In Zy LGTSs, the change of basis in Eq. (4.4) is not necessary, since the
Gauss laws in Eq. (4.7) are already diagonal in the chosen computational basis, while
the controlled-operators C' — O in Fig. 4.1(d) consist in the common controlled-Not
gates. If all ©,, are measured at each Trotter step, N auxiliary qubits are needed.

To benchmark the DPS, we test it on a quantum quench corresponding to study-
ing the spreading of an initially localized meson (consisting of a mobile charge and
a fixed background charge) [81]. In this scenario, the system is initially prepared
with the electric field all polarized in the x direction, and a single mass excitation is
set at the center of the chain. This state is then evolved with a standard first-order
Trotter discretization of the evolution operator generated by H = Hz, + Hey with
A=0.2J, f =0.5J, and M = 0. We consider a system with L = 17 qubits, corre-
sponding to N = 9 local charges. This choice corresponds to the deconfined phase
of the Zo LGT, where we expect the mass defect to spread ballistically in the chain
and bounce off the edges, as the chain has open boundary conditions. Indeed, this
behavior is clearly visible in Fig. 4.2(b), where we show the local qubit excitation
(1_202 for site and 157~ for link variables) in such protocol with A = 0.

When the coherent error is added, see Fig. 4.2(c), the correlation between matter
and gauge variables is visibly smeared out. However, it is recovered completely with
a successful application of the DPS protocol, shown in panel (d). On the contrary,
in panel (e), we show an application of the DPS that did not succeed, meaning that
it did not measure the initial gauge charges at every Trotter step. This generates a
non-protected realization, where the measurements project the state onto a random
gauge sector, and the dynamics displays a very irregular behavior. In the following,
we show how the frequency of the measurements differentiates between two regimes:
one where the protection shown in panel (d) is more likely, and the other, dominated
by irregular behavior without physical meaning.

4.3.1 Effective Lindblad master equation and quantum Zeno tran-
sition

To understand the origin of these two regimes and determine the measurement

frequency threshold for gauge protection, it is instructive to look at the continuous-
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time limit of the DPS protocol in the ensemble average over many trajectories, and
to frame it within the spectral theory of Liouvillians [338]. An important aspect to
consider is that the measurements in the DPS protocol are strongly correlated, as
they are all performed at the end of a Trotter step. In a continuous-time framework,
we require instead independent measurements that do not occur simultaneously.
Then, it is possible to describe the effect of the measurements of local charges O,
in terms of jump operators in a Lindblad master equation,

1 1
y =4 — E P —ref
p=1ilp, H| + 37 2 [@,m@n 2{@n@n,p} : (4.10)

which describes the evolution of the density matrix associated with the ensemble
average of the stochastic trajectories originated by the measurement process. For a
technical construction of Eq. (4.10), see Appendix C. The time step dr in Eq. (4.10)
is the measurement frequency, or the average time between two consecutive mea-
surements of the same local charge. When taking the continuous-time limit, At — 0,
the effective measurement rate v = ﬁ is kept constant. That is, in this limit, each
generator is measured only once during many Trotter steps.

From Eq. (4.10), we can draw a direct connection with previous proposals for
gauge protection in analog quantum simulations [294], which used random gauge
rotations with vanishing autocorrelation time (white noise dephasing) to implement
a master equation of the form of Eq. (4.10),

1
p=iloH+ L Z[ w00}~ {01001} | - (4.11)

Both error mitigation mechanisms rely on the suppression of coherences between
different gauge sectors due to the actions of the Lindblad operators ©,, in the large
~ limit. In the context of measurement-induced dynamics, however, we can interpret
Eq. (4.10) as the ensemble average over stochastic quantum trajectories arising from
the continuous measurements of the local charges ©,,. Within this protocol, until a
quantum jump occurs, each trajectory evolves as [1)(t)) = exp(—iHegt)/N (t), where
we defined the effective non-Hermitian Hamiltonian

Hup = H -2 Z 010, , (4.12)

and N (¢) ensures normalization of the quantum state. Stochastic quantum jumps
occur with uniform probability in time dp = yAt and modify the state according to

Wo(t+ AD) = O, [0(1) /\/ (W ()] €50, [1(1)) - (4.13)

The total probability of a quantum jump event is thus N~dt, where N is the num-
ber of local charges (for the present theory equal to the number of matter sites).
The denominator ensures the normalization of the wavefunction; for Zo LGT, it is
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Figure 4.3: Absolute value of the real part of the Liouvillian spectrum for N = 3
versus the measurement rate of the local charges, v, and error strength, A = 0.3J.
The remaining Hamiltonian parameters are M = 0 and f = 0.5J. The vertical
dashed line is a guide to the eye marking the quantum Zeno transition. After it, two
distinct groups of eigenvalues emerge, with opposite R(ez) ~ y*! highlighted by
the dashed red lines. The lower group of eigenvalues (with e, ~ 1/7v) marks “dark”
states that are stabilized by the measurement.

redundant, ©, being unitary, but we write it explicitly to keep the notation more
general. In this context, 1/ is the average time between consecutive jumps. Notice,
however, that it is twice as large as the average “waiting” time for the continuous
limit of the DPS protocol, where dr = %, a hint that the two approaches lead to
different unraveling of the same Lindblad equation. Indeed, the measurement pro-
cedures are also different: in the DPS protocol, we stroboscopically project the state
on the target gauge sector, while in the analog quantum simulation, we monitor the
local charges with continuous weak measurements. More details about the quantum

trajectory approach are presented in App. C.

Symmetry-protection phase transition From the above and also previous
discussions [294], it may appear that the error-mitigation regime emerges continu-
ously for any value of the measurement rate with a protection strength proportional
to 7. Instead, we now show that the error-mitigation regime rather appears after a
sharp quantum Zeno transition that signals the onset of the protected phase.

This transition is not manifested at the level of the stationary state of the as-
sociated Liouvillian operator £, as it is always a trivial infinite-temperature mixed
state. Instead, it is revealed in the behavior of the real part of the nonstationary
eigenvalues; these are all negative values whose amplitudes determine the decay rates
for different eigenstates of £. We plot the real part of the Liouvillian eigenvalues €,
in Fig. 4.3; the presence of a quantum Zeno point is signaled by their branching into
two groups at v/ = 1, marked by the vertical dashed line. In the protected phase,
v > A, a set of levels decay to zero as 1/v, consistently with the protection rate
observed in Ref. [294]. In the v — oo limit, the stochastic dynamics stabilizes these
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states that become “dark” with respect to the jump operators. They correspond to
all combinations ! of eigenstates of {0, }: indeed, each gauge sector is equally pro-
tected by the Liouvillian dynamics, which is insensitive to the initial state. Hence,
the dimension of the protected manifold is the same as the full Hilbert space. The
jump operators destroy the coherence between states belonging to different sectors,
thus preserving the initial configuration of local charges.

Armed with this knowledge, we can look again at the data presented in Fig. 4.2(d-
e) to better understand the effect of the local measurements. In both cases, the Trot-
ter step is At = 0.5J~!, but it corresponds to different gauge protection strength
depending on the error amplitude A. In panel (d), v/A = 1/(2At\) = 5, signaling
that the protocol is in the protected regime of Fig. 4.3. Indeed, the coherent error
is almost perfectly suppressed after each time step, allowing for the reconstruction
of the exact dynamics. In panel (e), in contrast, v/A = 1, just below the transi-
tion to the Zeno phase. Consequently, the dynamics are highly irregular, with no
resemblance to the ideal gauge-symmetric behavior.

Further analysis in the presence of noisy measurements, which for now have been
supposed to be fault-tolerant, and also for Zz and truncated U (1) LGTs are provided
in Section 4.4.

4.3.2 Different unravelings for digital and analog gauge protection

A natural question at this point is how the two stochastic processes compare with
each other: on the one hand, we have the DPS protocol for discrete-time evolution,
and, on the other hand, continuous measurements (or dephasing) of the local charges
in an analog quantum-simulation setup. They are rooted in the same Liouvillian
dynamics, meaning that the ensemble average is fully equivalent. As we show now,
their unravelings in quantum trajectories show profound differences.

These are summarized in Fig. 4.4, where we investigate the same quench dy-
namics presented before, comparing trajectories for the two gauge protection mech-
anisms. Figure 4.4(a-b) shows the time evolution of the electric field excitation
1 — 7. 41 averaged over all link degrees of freedom in 100 independent trajectories
(faint dashed lines) obtained with the DPS protocol (panel a) and with continuous
measurements (panel b). In both plots, we also report the exact evolution (solid
blue line) of the average electric field as well as the dynamics in the presence of
coherent errors with strength A = 0.2J but no protection (solid orange line).

In Fig. 4.4(a), the stochastic DPS trajectories are clearly split into two groups.
During the time evolution, a measurement of one of Gauss’ laws may yield the wrong
result o, # o targ, incurring a gauge violation, and the state is projected into the
subspace orthogonal to the target sector. These trajectories are plotted as faint
dashed red lines, starting from the time step at which the measurement fails. After
the state is projected in the nonphysical sector, each trajectory behaves differently,

!Eigenstates of £ must be traceless but for the stationary state that is the only proper density
matrix.
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Figure 4.4: (a) Evolution of the average electric field in the deconfined phase, com-
paring the exact Trotterized dynamics (blue), the coherent error (orange), and 100
trajectories with gauge measurements after each step (dashed lines). Each trajectory
is depicted in gray as long as it does not break gauge invariance, and in red from
the first time a violation is measured. The grey lines are all perfectly superimposed,
and their average (dashed black lines and circles) matches almost perfectly the exact
evolution, as a consequence of quantum Zeno protection (QZP). The Trotter step
is At = 0.25J°! (c) Evolution of the gauge violation, same protocols as in panel
(a). 47 out of 100 trajectories never incur a gauge violation. (b) and (d) plot the
same observables as (a) and (c), respectively, obtained with a standard quantum
trajectory unraveling of Eq. (4.10), with a rate v = % = 2J. By comparing panels
(c) and (d), it is evident that the trajectory statistics are very different, despite their
ensemble average being the same (green circles with dashed line). (e-h) Probability
distribution of the error with respect to the exact dynamics in the expectation value
of the electric field Hy. We compare the DPS protocol (blue) and the continuous
weak measurements (orange). The normalized histograms are extracted from 500
independent trajectories for both protocols. The vertical dashed lines mark the av-
erage of the probability distributions. The averages of the two distributions are the
same, despite their statistics differing significantly. The physical parameters of the
Hamiltonian are f = 0.5J, M =0, and A = 0.2J. The spin chain has N = 9 matter
sites (L=17 qubits).
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and their average tends to an infinite temperature state. In several instances, how-
ever, the state is projected back into the target gauge sector throughout the entire
time evolution (faint dashed grey lines). These trajectories perfectly collapse on
each other and are, therefore, identical to their average (dashed black line with full
circles), which follows the exact dynamics extremely closely.

The trajectory behavior in the continuous time evolution protocol is markedly
different, as shown in Fig. 4.4(b). Individual trajectories now are much more con-
centrated around their ensemble average, which drifts away from the ideal evolution
on a timescale xx 7 (see App. C.1 for details), consistently also with the behavior of
the Liouvillian eigenvalues in the protected phase.

The difference between the two stochastic processes emerges even more clearly
when looking at the average gauge violation, defined in Eq. (4.9), along individual
trajectories, which we show in Fig. 4.4(c) and (d). For the discrete-time evolution,
gauge violation is quantized, as a failed local charge measurement leads to a jump in
dg corresponding to a flip of two neighboring generators 0,,, ©,,11. When the gauge
symmetry is protected, g = 0 does not increase (superimposed gray lines). In con-
trast, in the continuous dynamics, each trajectory displays a similar slow increase of
the average gauge violation, without any sharp jumps. Despite their different distri-
butions, however, once we average over the entire ensemble of stochastic dynamics,
the mean gauge drift (green lines and circles) is the same. Indeed, the trajectory
averages in panels (c) and (d) are very similar 2. Clearly, in DPS, the average only
over trajectories where the error has been successfully suppressed remains totally
flat, as no gauge violation occurs. An analog consideration in the continuous-time
dynamics is not possible. This difference represents a major advantage of the digital
implementation over the analog one, where the discrimination between successful or
unsuccessful trajectories is not possible by construction.

To further analyze the contrasting unravelings of the two protocols, we compare
the error of the expectation value of the electric field (Hy) over 500 trajectories.
The result is shown in Fig. 4.4(e-h) for four time snapshots. As already observed,
the trajectories for the trotterized dynamics (blue) clearly split into two groups with
different behaviors, leading to a bimodal distribution. A single prominent peak cor-
responds to the simulations in which no gauge violation has occurred yet at time
t, while a more irregular and broader part of the distribution describes all those
states that have been projected on a space orthogonal to the target sector. As
time increases, weight is transferred from the sharp peak to the broad distribu-
tion, as more trajectories incur at least one error during the measurement stage.
In continuous-time dynamics (orange), instead, the probability distribution remains
centered around its average, while its width slowly increases. The means of the two
distributions are marked in each panel by a vertical dashed line of color matching
that of the corresponding histogram. The two lines are almost superimposed, in-

’In the ensemble average, we first compute the gauge violation dg = Y, [(©,) — an| for an
individual trajectory and then we average over many stochastic evolutions. Hence, the fact that
the two protocols give the same average is not evident a priori.
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dicating that the ensemble average of the very different trajectory distributions is,
indeed, the same.

4.3.3 DPS survival probability

The clear distinction in DPS between trajectories that have incurred gauge violation
and those that have not permits us to postselect on states that reside within the
physical subspace. This approach is indeed successfully pursued in current gauge-
theory quantum-simulation experiments, albeit only for measurements on the final
state [81, 83, 85]. Despite the similarities, the two approaches are not equivalent. In
the standard post-selection, as the evolution time increases, we expect the number
of trajectories satisfying the gauge symmetry to decrease exponentially in ¢, thus
requiring a larger number of shots to obtain sufficient statistics within the physi-
cal subspace. Moreover, a final measurement of the local charges can not identify
gauge violations that occurred at earlier times and then compensated for by further
errors later on. In DPS, we still expect an exponential decrease in the number of
successful runs, but with two important differences with respect to standard post-
selection. First, within a successful run, the state can only drift out of the target
sector between one measurement and the next one. If those are sufficiently close, we
expect the probability of a second-order process that introduces an error through a
virtual occupation of a nonphysical sector to be suppressed. Second, the decay rate
of the successful trajectories will be dependent on the measurement frequency; in
the strongly protected phase, where the quantum Zeno effect takes place, the pop-
ulation of the sector stabilized by the measurements decreases linearly in time. For
a better quantitative understanding, it thus becomes an important aspect to study
the survival probability Ps(t) = <Pphys(t)>, where Pphys = Q,, P is the projector
onto the physical subspace. Physically, P; measures the number of trajectories that
never incur a gauge violation as a function of time.

As a rough estimate, the error probability for any measurement is of the order
Perr ~ (AA?)2, as this is the rate at which other gauge sectors are populated in each
Trotter step. Thus, the probability of surviving n; time steps for a system with N
local charges is approximately

Py(t) = (1 = peur) N = = WAONE (4.14)

where t = n;At is the evolution time. It decreases faster for larger systems and
longer evolution times, besides larger error strength, while it benefits from smaller
Trotter steps. If At is small enough, meaning that the frequency of measurements
is faster than the growth rate of the error A%, the dynamics reach a quantum Zeno
regime where the exponential drift out of the target sector is well approximated by
a linear dependence on time Ps(t) ~ 1 — (A2At)Nt. The decay rate is also con-
nected to the Zeno timescale, corresponding to the simulation time up to which this
linear approximation holds, and we can extract reliable physical information from
gauge-invariant trajectories. This Zeno timescale is approximately tz ~ (A2AtN)™L,
meaning it increases linearly with the measurement frequency ~ = ﬁ.
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Figure 4.5: Number of trajectories that have not violated gauge invariance as a
function of evolution time for different error strengths. Filled markers correspond to
simulations with 40 Trotter steps (AtJ = 0.25) while empty markers have n; = 20
(AtJ = 0.5). The theoretical estimate, Eq. (4.14), for each dataset, is plotted with
a dashed line with the same color as the numerical data. For small values of error
strength and Trotter step size, the agreement is satisfactory, and the data reproduces
an approximate linear dependence at short simulated times.

We plot this figure of merit in Fig. 4.5, for two error strengths (A = 0.1J,
0.2J; circles and squares, respectively) and two different Trotter steps (n; = 20, 40;
empty and filled markers, respectively). The success probability is extracted from
100 trajectories for each set of parameters. We find a good agreement between the

numerical data and Eq. (4.14) (dashed lines), in particular for small decay rates
A2AL.

In general, an exponential overhead is common to many error-mitigation tech-
niques [143, 339], and DPS makes no exception. Although this eventually limits
their applicability on large systems, direct post-selection methods, for instance,
have already been successfully applied to study nontrivial dynamics in LGT ex-
periments [81, 82, 85]. Moreover, the accurate estimate of local observables only
requires the system to satisfy the gauge symmetries within their light cone, allowing
for extracting meaningful physical information also from trajectories that incur a
small number of gauge violations. Since changing the monitoring frequency allows
for tuning the decay rate in Eq. (4.14), DPS can prove advantageous both in terms
of sampling overhead and protection efficiency with respect to direct-post-selection,
making it relevant for system sizes comparable with state-of-the-art NISQ devices
(~ 100 qubits), provided the mid-circuit measurements are sufficiently accurate. In
the next section, we investigate what happens if this is not the case.
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4.4 Noisy measurements

Until now, we have assumed that the gates used to encode the local charge on the
auxiliary qubits act with arbitrary precision, without introducing further errors or
noise. Despite highlighting the quantum Zeno transition more transparently, this is
a significant simplification since two-qubit gates are the main noise sources in real-
istic hardware. Here, we relax this assumption and model imperfect measurements
through the action of random Pauli noise any time we couple a physical qubit with
the ancilla. Specifically, if we measure ©, = —7;_; ,, 057, ., we also apply small
random rotations around the x and z axes on the three involved system qubits, given
by

Upn(&m) = Q) e e X (4.15)
kesupp(©r)

k labels the qubits in the support of ©, and Z = ¢* (7%) when k denotes a charge
(gauge) degree of freedom, and analogously for X. The angles (&, n) of the rotations
are drawn from a normal distribution with zero mean and a standard deviation o
that sets the noise level. Ugr maintains unitarity of the time evolution on a single
trajectory but generates both dephasing and dissipation when we take the ensemble
average. We characterize its fidelity through the Hilbert—Schmidt inner product
with the identity operator, averaged over noise realizations

F=(,Ur(&n))ys =1~ 307 . (4.16)

The effective error rate induced by noisy measurements is the infidelity 1 — F.

A first nontrivial question regards the fate of the Zeno transition marked by
the branching of the Liouvillian eigenvalues. With finite measurement fidelity, the
effective Lindblad equation approximately becomes

p=ilpH]+75, [©up0l - 1{616,, s}
(= Py S [EroL] = ML Lk Y] (4.17)

where Ly = X, Z;, and k runs over all 2N — 1 degrees of freedom. Hence, increasing
the measurement frequency also increases the effective error rate. If the eigenvalue
branching remains, we expect the presence of an optimal region in the measurement
frequency where the Zeno regime still exists. Figure 4.6, which reports the magnitude
of the v dependence of the real part of the Liouvillian eigenvalues for A = 0.2J
and F = 0.99, confirms this picture. The branching that signals the onset of the
protected phase at v/A = 1 is, indeed, still present, but the measurement noise
prevents the stabilization of the Zeno effect at large frequencies because of a bundle
of eigenvalues growing as —R(er) o« v that “bends” upward the Zeno-protected
states. However, a finite range of measurement frequencies remains where the gauge
protection from DPS is expected.
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Figure 4.6: Magnitude of the real part of Liouvillian eigenvalues as a function of the
ratio /A between the measurement frequency and the coherent error strength, for
a measurement fidelity of 7 = 0.99. There remains an intermediate Zeno-protected
phase. It is limited from below (y/A ~ 1) as before by the build-up of simulation
errors when measurements are rare, and from above (y/\ ~ 10) by large errors
accumulating through the measurements themselves once they become too frequent.
Marker opacity reflects the density of states, and the dashed lines are guides to the
eyes to highlight the three competing behaviors.

To confirm this prediction, we simulate the dynamics of a chain of N = 7 charge
sites (13 qubits) with the same quantum quench protocol as described in Sec. 4.3
and varying measurement frequency. In practice, we fix the total evolution time
tyJ = 20 and the Trotter step AtJ = 0.25, but we dilute the measurements. We
denote with At,, the time interval between consecutive measurement layers, such
that the monitoring frequency becomes v = ﬁ We take At,, as an integer
multiple of the Trotter step At.

Figures 4.7 (a) and (b) report the relative error of the electric field Hamiltonian at
two time slices t.J = 10 (a) and t.J = 20 (b), averaged over successful DPS trajectories
out of 800 independent runs. We compare ideal measurements (F = 1, circles) with
noisy ones (F = 0.99, squares) and a direct post-selection performed only at the end
of the run (horizontal dashed line). The latter corresponds to a measurement period
of At,, = tJ. When the measurements are perfect, increasing their frequency first
leads to worse performances with respect to direct post-selection. After the Zeno
transition (2At,, A ~ 1), the error starts decreasing and, eventually, DPS performs
better than direct post-selection. Noisy measurements do not significantly alter
this picture. The fluctuations, however, markedly increase for larger measurement
frequencies as the accumulated errors tend to diffuse the trajectories around their
average while, at the same time, reducing the number of successful ones. Hence,
even if sometimes the noisy measurements lead to better results than ideal DPS in
the mean values, the large standard deviations do not make this behavior relevant.
At small At,,, noise overshadows the Zeno effect and the error starts growing again.

The survival probability also reflects the presence of the Zeno transition and its
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Figure 4.7: Relative error of the electric Hamiltonian at times ¢J = 10 (a) and
tJ = 20 (b) for DPS applied with varying measurement intervals At,, and both
ideal (F = 1, empy circles) and imperfect (F = 0.99, filled squares) measurements.
We compare the data with a post-selection procedure only at the end of the simula-
tion with no intermediate monitoring (horizontal dashed line). At sufficiently large
measurement frequencies, DPS improves on top of direct post-selection even with
noisy measurement circuits. (c) Survival probability as a function of the measure-
ment frequency. A dip appears in correspondence with the Zeno transition, with a
worse recovery for finite infidelity 1 — F. Data for ¢tJ = 20 and the shortest (noisy)
measurement period At,, = At is missing because no physical DPS trajectory was
found. Simulation parameters: N =7, AtJ =0.25, f =0.5J, A =0.2J.

persistence at a finite error rate in the measurements, as is visible from Fig. 4.7(c).
It shows the survival fraction corresponding to the data in panels (a) and (b) as a
function of the measurement frequency. At the Zeno critical point, Ps has a clear
dip followed by a sharp increase that surpasses the ratio of trajectories retained
by direct post-selection (leftmost points). The noisy measurements affect Ps in the
Zeno regime, reducing the number of trajectories that can be used for reconstructing
the target dynamics. In particular, the survival probability in Eq. (4.14) is modified
with an effective error rate that grows with (1 — F)

Py(t) o eV Alm+(1=F)/Atm]INt, (4.18)

Importantly, now it is no longer possible to arbitrarily reduce the exponential decay
rate of P; by making more frequent measurements, but one has to balance the benefit
of the Zeno-like stabilization with the additional noise.

To summarize, imperfect measurements have two main effects: first, they induce
an effective relaxation within the target gauge sector, reducing the quality of the re-
constructed dynamics. Second, the fraction of successful DPS trajectories decreases
due to the higher error rate. Thus, while it is no longer possible to arbitrarily
improve the gauge protection by increasing the measurement density, an optimal
frequency range exists close to the quantum Zeno transition where mid-circuit mea-
surements still provide the desired mitigation against coherent errors. In this regime,
our protocol leads to a better approximation of the target dynamics than standard
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GROUPS

post-selection, as it suppresses multiple gauge violations that combine in a gauge-
invariant error. The existence of the optimal region in the measurement frequency
depicted in 4.7 does not depend on the gauge group, as shown in the next section.

4.5 Effective Liouvillian spectrum in Z3 and U(1) gauge
groups

In this section, we extend the investigation of the Liouvillian spectrum associated
with the continuous-time limit of the DPS protection protocol to LGTs in one spatial
dimension with Z3 and U(1) symmetries. For both, the structure of the Hamiltonian
is the same as Eq. (4.6), but the operators acting on the gauge degrees of freedom
and the local charges need to be changed to take into account the larger groups.

Zs3 group

A LGT with a discrete Zy gauge group is a generalization of the simpler model
analyzed in the main text. We consider generalized Pauli matrices (clock operators)
satisfying the algebra

QN =prN=1, (4.19a)
QP = PQe' ¥ | (4.19b)
Qm) = 'V ™ |m) . (4.19¢)

Here, we focus on N = 3. After a Jordan—Wigner transformation on the fermions
(matter sites), the Hamiltonian (4.6) then becomes

M
Hz; = JZ (U;_Pn,n+lor:+1 + h-C) + g Z(Qn,nJrl + QIL,nJrl) + 9 Z(*l)narzz .
n n

The gauge transformations are [149]
O, = Qn—l,nQIL’n+1eii%(l+oﬁ) (420)
and their eigenvalues are the cubic roots of unity a,, = ei%ﬁm, with m =0, 1, 2.

Truncated U(1)

U(1) is the gauge group of quantum electrodynamics [16], making it one of the most
popular targets for quantum simulations of LGT. Since U(1) is a continuous group,
we need to truncate it to map it to the discrete degrees of freedom of quantum hard-
ware. Here, we adopt the quantum-link-model formulation for the gauge fields [16,
98]. In practice, we consider the operators S* and U acting on the links, such that

S#|m) =m|m) withm=-5-S+1,...,5, (4.21)
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and
Ulm)=m+1) it m<S. (4.22)

Using Kogut—Susskind staggered fermions, followed by a Jordan—Wigner transfor-
mation to hard-core bosons, the Hamiltonian of the theory is

M
Hugy =7 32 (05 Unniaia +10) + 1 37 (Sha)” + 5 21"

n

Q

while the local Gauss’ law generators read

z

1
On = i1 — Sicin — 5 (C1)" + ). (4:23)

The physical subspace is the one with ©, = 0 and the (—1)" factor takes into
account the different values of the charge on even and odd sites. We truncate the
gauge fields to S = 1, meaning that the electric field can take three different values
on each link. The Hilbert space is, therefore, the same as the Z3 LGT, but the local
symmetries and the constraints they impose are different.

Liouvillian spectrum

Following the gauge-symmetry-violating Hamiltonian used in the main text, here we
consider two sources for coherent errors, rotations of the gauge fields and unassisted
hopping between matter sites. The latter is independent of the gauge group and
is identical to the one in the error Hamiltonian in Eq. (4.8). On-site electric field
rotations take the form (P, 41 + Pqi,nﬂ) for Z3 and (Uppt1 + UJL,”H) for U(1).

To investigate the presence of a quantum Zeno transition, we consider an effec-
tive Lindbladian where the unitary evolution is given by the model Hamiltonian and
the coherent error terms with a strength A, while the collapse operators correspond
to the local charges in Egs. (4.20) and (4.23). Measuring the generators of gauge
transformations for larger groups is technically more complicated than the simple
stabilizer of the Zo group. A circuit implementation can be found, for instance, in
Ref. [299]. We also consider the situation in which the measurements of the local
charges have finite fidelity, by adding further on-site dissipative noise with a rate
~v(1 — F), where v is the measurement frequency and F their average fidelity. Fig-
ure 4.8 summarizes our results: the appearance of the quantum Zeno phase in the
Liouvillian spectrum, see panels (a-d), is qualitatively similar to what we observed
in Sec. 4.3 for both Z3 and U(1) groups, even though the critical measurement
frequency slightly changes. The Zeno phase survives also with finite measurement
fidelity (here F = 0.99) on a finite range of v, as observed for the Zy LGT model.
When looking at a specific example of gauge-invariant dynamics one wishes to re-
cover, the effect of the measurements is again similar to what we observed for the
Z5 model. We report an instance for the Z3 group in panels (e-g) of Fig. 4.8, where
a dramatic improvement in the Zeno phase becomes clear with respect to the bare
evolution subject to coherent errors.
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Figure 4.8: (a-d): Liouvillian spectrum as a function of the measurement frequency
in the presence of unitary errors for the Z3 (a-b) and U(1) (c-d) gauge groups. The
branching in the spectrum signals the onset of the quantum Zeno phase that protects
gauge invariance and survives also for finite measurement fidelity, see panels (b) and
(d). The opacity of the markers reflects the density of states. (e-g): example of
dynamics in the deconfined phase of a 1+1d Z3 LGT model. The Zeno protection
with v = 20\ (f) recovers the target dynamics (e), while it is almost completely lost
(g) without it. Simulation parameters: f = 0.5J, M = 0.1J, A\ = 0.2J. In panels
(a-d) the chain consists of N = 3 matter sites, while in panels (e-f) N = 7.

4.6 Error correction

As we have seen in Sec. 4.3, reading out the violations of gauge symmetry at each
time step suppresses errors due to a quantum Zeno effect. In addition, it also opens
up the possibility to actively correct the measured errors. This active correction
scheme is represented by the full circuit sketched in Fig. 4.2(a). Its implementation
requires on-chip feedback during the quantum algorithm. Such a feature is currently
actively researched due to its importance for general error correction and is expected
to become available in the next generation of quantum chips [340-342]. We will
see below that one can exploit it for significantly improving the quality of gauge
theory quantum-simulation data, without the requirement for full error correction
capabilities.

First, we test the correction capabilities on a bit-flip (Pauli-X) channel, where we
only consider the incoherent errors that the local charge measurements can correct
without resorting to more sophisticated QEC protocols [300, 302]. For simplicity,
here we resort again to ideal measurements. Alternatively, one could consider a
larger error rate incorporating the effect of the two-qubit gates used in the coupling
with the ancillas. We model the bit-flip error by assuming that, during each Trotter
step, an incoherent spin flip can occur on any qubit with probability pe;. These
errors can be detected by local charge measurements by comparing them with the
known target sector [299, 327], using the same circuit as sketched in Fig. 4.2(a).
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Figure 4.9: Example of error correction effectiveness with a pure bit-flip error chan-
nel. The orange solid line reports the uncorrected expectation value averaged over
100 noisy runs. The dashed black line is the average over the successfully corrected
trajectories (faint grey lines), while we discard the trajectories where the error cor-
rection can not be applied unambiguously (faint dashed red lines). The corrected
result gets very close to the exact data (blue solid line).

Then, we apply the reverse bit-flip operation and correct the error depending on
which gauge symmetries have been violated. This procedure works unambiguously
only when the error probability is sufficiently small such that the probability of two
errors occurring in the same Trotter step is negligible. Indeed, when two bit-flips
affect neighboring local charges, a simple measurement can not determine which
qubits were affected by the dissipation errors. In our numerics, when errors with
ambiguous detection happen, we discard the run and do not use it to compute the
expectation values of observables of interest.

We report an example of the correction scheme in Fig. 4.9, where we compare
the exact dynamics (solid blue line), the average over 100 noisy trajectories (solid
orange line), and the average over successfully corrected trajectories (dashed black
lines). The gauge symmetry protection is not as effective as the dynamical post-
selection in the presence of coherent error sources (see Fig. 4.4(a) for comparison).
However, it is able to recover the exact dynamics qualitatively. This feature is
noteworthy, considering the different types of noise (here: incoherent dissipation)
and the completely deviating behavior of the average of the noisy trajectories.

When looking at individual quantum trajectories, however, it is apparently no
longer possible to qualitatively distinguish those that have been unambiguously cor-
rected (grey) and those that have not (dashed red). Indeed, while there is a bundle of
corrected trajectories that closely follow the exact dynamics, there are some in which
the correction is apparently applied with success, but they result in an irregular be-
havior similar to those where the correction can not be performed. These originate
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when two neighboring gauge symmetries are violated by two independent spin flips
on the matter sites instead of a flip of the gauge field, which is more probable and
therefore implicitly assumed in the correction scheme. This situation occurs with
a smaller probability than single bit-flips, hence the average is dominated by the
group of trajectories where the correction is successful. As time increases, more tra-
jectories will incur such non-detectable double spin-flips, reducing the effectiveness
of this error correction scheme for long evolution times.

Hence, it is clear that estimating the probability of non-detectable errors is of
great importance in verifying the effectiveness of the correction scheme. For instance,
let us consider ©,, and ©,,11, which involve 5 qubits; if errors affect two of them, the
correction protocol fails. Given the error probability pe;r << 1 on a single qubit, the
probability of having two errors in the same Trotter step affecting spins belonging
either to ©,, or ©,1 approximately reads

p2 = pzrr(l _perr)L_QG(N - 1) Y (424)

where L is the total number of qubits (matter and gauge sites), while /V is the number
of matter sites. The factor 6(N — 1) is the number of qubit pairs where errors can
occur and affect two consecutive local charges. In this estimate, we neglect the
effect of the boundaries. Neglecting the possibility that three or more consecutive
errors happen in the same Trotter step, the probability that a simulation fails due
to these non-correctable errors is, therefore, 1 — Peoyy = 1 — (1 — pg)™. For the data
presented in Fig. 4.9, where pey = 0.02, L = 17, and ny = 20, this estimate gives a
total error probability at the end of the time evolution of Pep = 1 — P =~ 0.25.
This estimate is compatible with the numerical data: out of 100 trajectories, 16
are discarded because of ambiguous errors (dashed red lines), and 15 lead to wrong
results because of nondetectable double errors (outlier grey lines).

To appreciate the effectiveness of the correction scheme, we compare it to the
survival rate of a noisy evolution, where after n; Trotter steps the probability that no
incoherent bit-flip affected the dynamics is Pyyee = (1 — perr)Lnt. The ratio between
the two success probabilities is

Peorr — 1 - pgrr(l _perr)L_QG(N — 1) b (4 25)
Psuce (1 - perl‘)L . .

Assuming that pe,y < 1/L is small, a first-order expansion of the error rate per
Trotter step leads to

PCOI‘I‘
Psucc

~ (1 + Lper)™ . (4.26)

The error correction scheme gives an exponential protection as n; increases, with
respect to the bare noisy evolution, with a larger ratio for larger error probabilities.

Finally, let us combine the two types of error sources we discussed so far, i.e., local
incoherent spin flips and the coherent error driven by the Hamiltonian in Eq. (4.8).
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Now, enforcing gauge protection becomes more complicated as ancilla measurements
detect both incoherent spin flips and coherent gauge drift, but cannot discriminate
between them. A correction with a further bit flip is attempted in both cases, but
it successfully compensates only the former. Correlated coherent errors cannot be
inverted, indeed, by a single local bit-flip. The suppression of the coherent gauge
drift, therefore, relies on the “passive” protection offered by the quantum Zeno effect
through frequent measurements alone.

We adopt the same protocol as discussed so far, with both DPS and bit-flip
correction, on top of which we implement a simple post-selection of the corrected
trajectories. To eliminate automatically those instances where the correction failed,
we exclude the erratic trajectories far from the exact dynamics. First, we evaluate
the mean and standard deviation (std) of an observable, the electric Hamiltonian
Hy, for instance, using all the simulations in which the gauge violation has been cor-
rected. Then, we exclude all the data that wander sufficiently far from the average,
assuming they are affected by undetectable errors. From the remaining trajectories,
we extract a new ensemble average and variance. We iterate this procedure twice,
first by excluding data that differ more than one standard deviation from the av-
erage, then those that differ more than two updated std from the new mean. It is
important to remark that this post-processing may fail in actual experiments, as it
requires an accurate estimate of the expectation value of an observable on a single
trajectory. Nevertheless, its success suggests that more refined clustering methods
might produce similar effects on data collected with projective measurements on the
computational basis.

Figure 4.10 exemplifies the effectiveness of this method; while the DPS with EC
already reduces the overall error from the noisy dynamics (dashed black and solid
orange lines, respectively), the additional filtering of trajectories leads to excellent
protection of the dynamics from both coherent and bit-flip errors (dashed green line).
Moreover, the filtering also reduces the dispersion of the trajectories, as indicated
by the error bars, selecting only those that follow the exact evolution (solid blue
line). While the trajectory variance with DPS is comparable with the electric field
shot noise, after the filter, their dispersion is greatly reduced, allowing for a more
precise estimate of the expectation value.

A key take-home message is that within the framework of mid-circuit measure-
ments, which naturally occur in any error-correction scheme, both coherent and
incoherent errors can be handled. The efficiency of such protocols is limited by
the measurement accuracy and the consequent maximum monitoring frequency.
Understanding the intricate interplay between these many ingredients is a crucial
step to bridge current NISQ devices to the primitive fault-tolerant ones, where the
measurement-induced effects and imperfect error detection could still affect the cir-
cuit dynamics in nontrivial ways.
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Figure 4.10: Active error correction. The noisy dynamics (solid orange line) deviate
significantly from the exact dynamics (solid blue line). The average over corrected
trajectories without the additional filter (dashed black line and circles) reach con-
siderably closer to the exact dynamics. An additional filter that iteratively discards
outlier trajectories reproduces the exact solution (dashed green line and triangles).
The incoherent error probability per Trotter step at each qubit is per = 0.02 and
the coherent error strength is A = 0.2J.

4.7 Summary and outlook

In summary, we have proposed a dynamical post-selection protocol (DPS) harness-
ing passive mid-circuit measurements to both suppress (coherent) and correct (in-
coherent) violations of local gauge symmetries in quantum simulations of Abelian
LGT models. The error mitigation capacity is not continuous in the monitoring
frequency but emerges only after a quantum Zeno transition in the spectrum of an
associated Liouvillian superoperator, which separates the protected phase from a
regime in which the measurements induce a dynamics that quickly thermalizes to
an infinite temperature ensemble. Framing our findings within the spectral theory
of Liouvillians, we highlight the generality of the Zeno transition with respect to
different measurement schemes in digital and analog protocols, showing that this
transition is determined by the ratio between the circuit density of local projective
measurements [307, 343, 344] of the gauge symmetry generators and the coherent
error strength. This framework, based on the quantum Zeno effect, unifies many dif-
ferent proposals that exploit stochastic dynamics to protect the gauge symmetries in
both digital and analog quantum simulation protocols, such as random gauge trans-
formations [295], engineered dissipation [294], and syndrome measurements [299].
Crucially, despite the underlying Liouvillian being identical, each protocol results
in a different unraveling in quantum trajectories. We exemplified this feature by
comparing the stroboscopic projective measurements in a digital quantum simula-
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tion (the DPS protocol) with continuous weak measurements of the local charges in
a continuous-time setup.

Importantly, noisy measurements do not spoil the gauge protection, although the
Zeno-like regime does not hold any longer to arbitrary large monitoring frequency.
This holds for all the groups for which we studied the effective Liouvillian spectrum
associated with the Zeno transition: Zs, Zs, and U(1), the latter truncated to a
quantum link model with S =1 [16, 83, 85, 88, 98|.

Moreover, we showed that a simple error-correcting scheme harnessing the nat-
ural redundancy in LGTs [300] can be easily integrated with DPS circuits.

Though weaker than similar fully error-correcting schemes [300, 302], it is also
significantly less demanding as it only requires at most IV ancilla qubits for the
measurements, instead of auxiliary computational qubits and the associated heavier
logical gates. It showcases how coherent and incoherent errors are handled differ-
ently within the same quantum circuit: first, frequent measurements suppress the
coherent gauge drift, and, second, the active feedback builds upon the measurement
results to compensate for incoherent spin-flips. Hence, there is no need to imple-
ment further gauge protection schemes to suppress coherent errors, typically also
requiring entangling gates, if mid-circuit measurements are sufficiently reliable.

An aspect that we did not consider is the effect of a dephasing error channel.
Indeed, we showed that DPS with error correction can suppress both coherent and
bit-flip gauge-breaking errors, but it is insensitive to errors not affecting Gauss’
laws. A possible approach to refine our proposal is to use qubit redundancy with
majority votes to correct dephasing errors and the local charge measurements for
bit-flips [300, 302], at the price of implementing more costly error-corrected logical
gates. Moreover, in our analysis, we assumed that the error accumulated in each
layer of the circuit is proportional to the discretization step At. Although this is
irrelevant in the DPS scheme, it will likely affect its performance dependence on
the number of Trotter steps. When considering the error rates of nonparametric
gates, such as CNOT, the Zeno protection will appear only in an optimal window
of measurement frequency ranges. This is essentially what emerges when the circuit
coupling the ancilla with the computational qubits is noisy, as we have shown in
Sec. 4.4, resulting in an imperfect but still effective error suppression. In the future,
it will be interesting to perform a thorough analysis with realistic error and noise
sources to fully assess the efficiency of DPS in practical scenarios.

Finally, the extension of the DPS to non-Abelian groups, for which the standard
post-selection has several disadvantages, is studied and exposed in the next chapter.
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Chapter 5

Symmetry verification in
non-Abelian LGTs

In the previous chapter, we introduced the so-called dynamical post-selection (DPS)
protocol, to check whether the local symmetries characterizing LGTs remain satis-
fied, and to mitigate the impact of gauge-breaking errors. Another main advantage
of DPS is its possible application to non-Abelian LGTs, where the utility of the stan-
dard post-selection is significantly reduced. In the case of an Abelian gauge group,
indeed, one may simultaneously diagonalize the gauge transformation operators, al-
lowing for the concurrent confirmation of all conservation laws. Runs violating the
symmetry at any vertex can then be discarded, and only the symmetry-verified runs
are used to calculate the quantities of interest. Hence, the standard post-selection
permits one to extract relevant observables that commute with the Abelian gauge
symmetry, like electric field strength, particle number, or chiral condensate, without
the requirement for additional circuit elements. In non-Abelian LGTs, the standard
post-selection does not work because transformations associated with different group
elements generally do not commute, preventing one from projectively monitoring the
full gauge invariance at once.

In this chapter, we discuss the application of the DPS and of another com-
plementary technique to significantly improve the quality of the acquired data in
noisy real-time evolution of non-Abelian symmetries. We will denote the second
scheme “post-processed symmetry verification” (PSV), by which expectation val-
ues of gauge-invariant operators can be reconstructed through an effective projec-
tion on the target superselection sector, and hence recovering a sort of standard
post-selection, at least in the results. The effective projection is performed not by
a direct projective measurement but by acquiring and post-processing the gauge-
noninvariant data on a suitable set of observables. The observables that have to
be measured correspond to correlators between the target observable and gauge
symmetry operators.

Importantly, here, we will focus on the implementation of DPS and PSV on
qudit devices [115, 116, 125, 126, 345], which provide the ideal setting to cope
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with the large local Hilbert space of non-Abelian groups. As a benchmark, we test
our protocols on the dihedral group D3, whose small cardinality fits state-of-the-art
universal qudit platforms [116].

5.1 Model

In the following, symmetry-verification models will be tested on the time evolution of
a 241 D pure gauge lattice model with the dihedral D3 group. The lattice geometry
of our toy model consists of 2 plaquettes and 2 vertices with periodic boundary
conditions (PBCs), see Fig. 5.1(a), so there are 4 independent link variables. Having
order | D3| = 6, it can be encoded exactly in existing qudit processors [116] and thus
presents an ideal setting to experimentally investigate the transition between strong-
and weak-coupling limits. The full Hilbert space has dimension dim(H) = 6% =
1296, for L = 4 links but the physical gauge sector space is considerably smaller,

with dimension [200] dim(Hp) = > Hg” = 49. C represents conjugacy classes
of the group, and V is the number of vertices.

As already discussed in Sec. 1.3, D3 has two one-dimensional irreducible repre-
sentations (j = e,p) and one two-dimensional irreducible representation (j = 7).
The latter is the only faithful one, i.e., with a unique correspondence between group
elements g and matrices D" (g), up to a common unitary transformation. Hence-
forth, we will work only with j = 7. A possible encoding of the group elements in a
qudit with d > 6 is

L$) r2ri/3 9
R e I O 5
where g € {0, 1,...,5} and [-] denotes the integer part. The two matrices in
Eq. (5.1) belong to a faithful irreducible representation D7 (g) of the generators s
and r of the group, see Eq.(1.33), which represent a reflection and a rotation by an
angle 27/3, respectively.
The pure gauge Hamiltonian reads

HPG:HB+HE, (5.2)

where Hp is the magnetic term (see Eq. (1.16)) and Hp the electric term (see
Eq. (1.14)). Because of the lattice geometry of the system and the PBCs, the
magnetic term consists of 2 plaquette terms and reads

1
Hp = ——% | Tx (00U + T (hU{Uf )| (5.3)

ag
For the results of this chapter, the electric term has been derived from the transfer
matrix associated with the Wilson action of the magnetic term [150], Hg = —1 In T}.

The transfer matrix is defined as

(€| T lg) = Hexp{ T [0 (5)D(90)] } (5.4)
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Figure 5.1: (a) The lattice geometry of the toy model studied numerically in this
chapter: two plaquettes with Periodic Boundary Conditions, consisting of 2 vertices
and 4 links. (b) The quantum circuit implementing the time evolution of the left
plaquette term, where every U variable is encoded in a single qudit. The circuit
requires control-left-multiplications, while the inversion gates can be absorbed in
the multiplication gates as explained in the text. (¢) The expansion of one control-
left-multiplication operator in terms of a series of single control-permutations. Based
on the state of the control qudit |c), left group multiplications are applied to the
target qudit |t). Group elements in the target qudit are connected to qudit states
by the mapping in Eq. (5.1).
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where |g) and |g') are two vectors in the group-element basis for the spatial two-
dimensional lattice, and the product runs over all links £. Since the electric Hamil-
tonian is the sum of one-body terms acting independently on each link, one only
needs to compute the transfer matrix for one link and apply the matrix logarithm
to get the electric Hamiltonian acting on the single link, H](El) = —% In Tg).

The gauge transformations for the two vertices ny and no are

@g,nl = @5 ® @f & @5@5 ® 1g
_ oR L LR
Oyn2 =0, ®0O,; ®1®O,60/, (5.5)

where we dropped the link indices as they are identified by the order in the tensor
product. The terms @gL@f reflect the “double” directionality of the vertical links,
which are both ingoing and outgoing from the vertices due to PBCs. However, this
modifies neither the eigenvalues of ©,4, nor the possibility of diagonalizing them
with single-qudit rotations.

—iHpAt —iHpAt

The time evolution terms e and e , necessary for the Trotterized
evolution, can be implemented similarly to what we have shown in Eq. (1.21) and
Eq. (1.22), with some differences due to the use of a qudit-based hardware. The
main advantage is represented by the Quantum Fourier Transform. Since its gate
becomes a single-qudit gate when d > |G|, the necessity of control operations for the
change of basis between the magnetic and the electric basis decays, i.e., the Fourier
transform of the group Uqpr ¢ can be implemented just with single-qudit gates. So,
since here we use the magnetic basis as the computational one, the electric time

evolution on the link ¢, Ylqpr (Lo ¢(; ngt)ﬂééT ¢» Tesults control-gate-free.

Regarding the magnetic time evolution, we need to implement a circuit like the
one depicted in Fig. 1.2 for each plaquette. In Fig. 5.1(b), we show the quantum
circuit implementing the time evolution of the left plaquette in the magnetic term
for the lattice geometry in panel (a). Panel (¢) shows the implementation of one
control-left-multiplication as a series of control-permutations. When the control
qudit is in the state corresponding to the group element g, on the target qudit,
the left multiplication associated with ¢ is performed. GQL in the group element
basis is a permutation matrix, since it encodes how the group element |h) changes
under the left multiplication 6% |h) = |gh). Of the primitive gates necessary for the
implementation in panel (b), see Sec.1.2, one can include the inversion gates [ in
the control-multiplication gates by performing the HgL permutation when the state
of the control qudit is |g~1) [73]. In D3, this technique only swaps r «— 2, since
every other group element is the inverse of itself.

For example, the left multiplication operator with respect to the group element
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r and the trace operator read

0 0 1 0 0 0] [e=2% 0 0 0 0 0
100 000 0 € 0 0 0 0
010000 0 0 € 0 0 0
L _ _
O = 000010 Un(¢) = 0 0O 0 1 0 0}’ (5.6)
000001 0 0 0 0 10
000 1 0 0] L 0 0 0 0 0 1]
where the phase ¢ = —-L At takes into account the parameters of the simulation,

i.e., the coupling and the Trotter step, and the numerical exponents are the traces
of the group elements of D3 in the fundamental representation, see Table 1.5.

5.1.1 Error model

To introduce errors in the simulations and test the gauge protection capability of
our protocols, we consider a noise channel generated by random unitaries close to
the identity. While this choice maintains unitarity in the time evolution on a single
run (trajectory), the ensemble average results in an incoherent error channel.

Several techniques can numerically generate random unitaries close to the iden-
tity. Here, we implement a method based on Householder transformations [346].
These are unitary transformations describing the reflection about a hyperplane that
contains the origin. The matrix operator describing the Householder reflection de-
fined by its normal vector v reads R = 1 — 2vv!, where v in our case is a random
complex vector whose elements are extracted from a normal distribution with unit
variance.

To tune how close the random unitary is to the identity, we introduce a diagonal
operator D, with normally distributed real elements, such that the final noise term
is

Ug(y) = exp(iDy)R , (5.7)
where 7 is a dimensionless parameter that determines the noise strength and the
average distance of the random unitaries from the identity. The result is a dense
unitary random matrix, whose eigenvalues lie on the unit circle in the complex
plane. One of them is —1, originating from the Householder reflection. The others
are centered around 1 with a width depending on . We characterize the average
difference between the Ug(,) and the identity through the Hilbert—Schmidt inner
product

(Ue(y):Lus

dus(V) = —gip _< ~ dimH

> e /2 (5.8)

Using this ensemble of random unitaries, the noisy discrete-time evolution over
a single Trotter step reads

U(At) = Ug(,y)efiHEAteiiHBAt , (5.9)
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with Ug(,) being drawn independently for every Trotter step of every trajectory. The
ensemble average of Eq. (5.9) constitutes the noisy channel used in the simulated
noisy Trotterized evolution of the non-Abelian model.

A realistic estimate for the error rate strongly depends on the individual qudit
hardware. Reference [73] also considers a small lattice with a pure gauge theory and
a discrete group, where the main sources of error are control-multiplications used
to implement the plaquette operators. On a Rydberg-atom qudit simulator, they
estimate the achievable fidelity to be 99.6%. Since six of such two-qudit gates are
required for each plaquette operator, one can expect the overall fidelity of a single
Trotter step to be about 95% for the two-plaquette lattice we have considered in
this section. This corresponds to a noise strength v ~ 0.22, which is compatible
with the regime in which we tested DPS and PSV. At the same time, the bare noisy
dynamics quickly relax to a nonphysical steady state, highlighting the necessity of
error-mitigation schemes.

5.2 Symmetry verification schemes

5.2.1 Post-processed symmetry verification

As pointed out at the beginning of this chapter, direct post-selection is not accessi-
ble for non-Abelian symmetries, as the gauge transformations do not all commute
pairwise. Here, we outline an alternative approach that leverages the concept of
verifying symmetries in post-processing [327, 329, 331, 332]. It allows for the ver-
ification of gauge invariance without a need for additional circuit elements beyond
rotations into a suitable basis at the final step, and is based on acquiring data on an
increased set of suitable observables from the error-prone gauge-violating dynamics,
from which the gauge-invariant part of the desired observable can be reconstructed.
Importantly, this approach is valid for any symmetry, Abelian and non-Abelian, as
well as local and global.

Generally, the projection of a noisy outcome p of a simulation onto the symmetry-
preserving subspace, defined by the projector Ilg, is given by

_ I pllg
P i)

(5.10)

By construction, the overlap of ps with the aspired ideal, noise-free outcome piq =
|1) (1] increases as

Trlp [¢) (1]

Ty Tr[p [¢) (1] - (5.11)

Tr(ps 1) (¢]) =

The expectation value of an observable O with respect to the symmetry-projected

state reads Tr[Ollplly]  Tr[Osp]
B splls| spP
Tr(Ops) = T[T, p] B Tr[IIsp] ) (5.12)
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where Oy = II OIl;. If [O,II5] = 0, as is the case for gauge-invariant observables,
this expectation value simplifies to

TH(0p) = i

(5.13)

For a lattice gauge theory with symmetry group G, the symmetry-preserving
subspace S is given by invariance under the gauge transformations ©g, [¥) = |¢¥)
for all group elements g € G and all of the n, vertices n € V. In the case of a finite
(Abelian or non-Abelian) G, the projector Il takes the form

I =[] 1 > Ogn = % > 1] ©aun- (5.14)
91 7= 4

nev geGxnv neV

Inserting Eq. (5.14) into Eq. (5.13) and employing the linearity of the trace yields

>_gegrne 1T [pO I Tev Oguin]
> gegun Tr[pITney Ogun

With this, one may perform symmetry verification by post-processing measure-
ment outcomes determined by the individual conservation laws and their correlations
with the target observable. That is, the expectation value of any gauge-invariant
observable O in the state projected into the symmetry-preserving subspace ps can
be obtained from a combination of measurements on the noisy state p.

Tr(Op,) = (5.15)

While this approach does not suffer from an exponentially decreasing number
of valid shots, as does usual direct post-selection, the decompositions of Eq. (5.15)
employ on the order of |G|™ operators. In Sec. 5.3.2, we discuss the resource require-
ments in more detail. Importantly, implementing this procedure does not require
additional circuit elements in the form of ancillas or measurement gates and is not
dependent on the commutation relations of the symmetry transformations. To sum-
marize, the action of the PSV protocol is to reconstruct the expectation value of
a physical observable over a noisy ensemble of wave functions, or realizations of
an experiment or of a circuit. The result consists of an effective projection of the
ensemble over the gauge invariant subspace. Hence, PSV can be seen as a method
to get an effective standard post-selection, even if it is not available in non-Abelian
LGTs.

The circuit for the implementation of PSV for the two-plaquettes model is de-
picted in Fig. 5.2(a), where the single lines indicate that the quantum information
is encoded in qudits.

5.2.2 Dynamical post-selection in D3 LGT

Here, we show the application of the DPS protocol introduced in Sec. 4.1 to the Dj
LGT of the previous section. The circuit to diagonalize the symmetry operator 6 ,1
in Eq. (5.5) is depicted in Fig. 5.2(b), where the single lines indicate that each link
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Figure 5.2: (a) PSV post-processes data acquired from different measurement set-
tings in order to reconstruct gauge-invariant observables. Here we show the circuit
including all these measurements at the end of an ensemble of noisy evolution for
the model of two plaquettes and 4 links. (b) DPS circuit to check whether the 0,1
symmetry in Eq. (5.5) is satisfied or not. (c¢) A possible implementation of the C-O
after R¥ both for reflections (labeled with s, top circuit) and for rotations (labeled
with r, bottom circuit). d = 2,3 defines the dimension of the auxiliary qudit and
P, indicates the sum modulo 3 (Z3 cyclic permutations). We add 1 or 2, depending
on the qudit state controlling the operation.
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variable is a qudit and not a qubit-based quantum register as depicted in Fig. 4.1(c-
d). In particular, the control-operators C'— O are now mixed-dimensional controlled
gates, meaning that the control and the target qudits have different dimensions.
The nature of mixed-dimensional controlled operators C-O, as well as the di-
mension of the auxiliary qudit, depends on the group element we decide to protect.
For the reflections g € {3,4,5}, the @f(L) operators have 2 distinct eigenvalues,
R(L)
g€{3,4,5}
so a qubit is enough to encode both of them. On the other hand, for non-trivial

o ={1,1,1,-1,-1,-1}, (5.16)

rotations, g € {1, 2}, the operators GTR (B) have 3 distinct eigenvalues,
R(L . .
oM = {11 exp{(2mi/3)}, exp{ (2mi/3)}.

exp{(—2mi/3)}, exp{(—2mi/3)}} ,

meaning we need a qutrit auxiliary register.

Figure 5.2(c) shows a possible way to implement the C-O operators after the
change of basis on the computational qudits. When the protected symmetry is a
reflection, we encode the information of its eigenvalues in the auxiliary qudit. This
is done by applying a X (NOT) operator when the eigenstate encoded on the con-
trolling qudit has eigenvalue —1. When the protected symmetry is a rotation, its
eigenvalues are encoded through a sum modulo 3 on the auxiliary qutrit: we add 1
(2) to the ancilla when the eigenstate encoded on the controlling qudit has eigenvalue
exp(2mi/3) (exp(—2mi/3)). The choice, however, is not unique, and the order of op-
erators can be arranged as is most convenient. When the operator acting on the link
variable is @gL@f, C-O operators need two controlled gates since the eigenvalues are
056%3’4,5} ={1,1,1,1,-1,—1} and 0562[172} ={1,1,1,1,exp{(2mi/3)}, exp{(—27i/3)}}
for reflections and rotations respectively.

For Abelian groups with a single symmetry generator per vertex, measuring |0)
on the auxiliary qudit already implies the output state is locally physical. This is no
longer true for non-Abelian groups, and so for Ds. In that case, the building block
of Fig. 5.2(b) can be repeated to check for the other symmetry transformations
acting at the same vertex. In principle, to obtain a full certification, the gauge
transformations at all vertices should be measured. In our numerics below, we
cyclically choose only a single transformation at a single vertex in each Trotter
step, for which we already find excellent error-mitigation performance. This should
not surprise, since from the previous chapter we know that the frequency of mid-
circuit measurements is the main factor in the error mitigation mediated by the Zeno
effect. Finally, at the end of the procedure, we can measure observables of interest
or continue the time evolution.

(5.17)

5.3 Numerical benchmarks on the D3 model

To illustrate the performance of the two non-Abelian gauge-protection schemes, we
simulate the system evolution following a quantum quench. We initialize the system

107



CHAPTER 5. SYMMETRY VERIFICATION IN NON-ABELIAN LGTS

in a gauge-invariant state by setting every link in the trivial representation j = e,
the ground state of Hpg, Eq. (5.2), in the strong coupling limit (¢ > 1). This state
is given by a uniform superposition in the group element basis

|%0)

L
/=

1
X sl > 19de s (5.18)

1 g€D3

with L the number of links. The system then evolves according to Eq. (5.9),
which includes the randomly drawn unitary operations Ug(,) at each Trotter step,
and where the Trotterized electric and magnetic terms are implemented according
to Eq. (1.21) and Eq. (1.22), respectively. To monitor the time evolution, we study
the expectation value of the left plaquette operator Opq, which corresponds to

(Op1) = (Re[TH(UoUsUJUS)) = — 5 ag*(H) . (5.19)

Since (H) = (Hg) + (Hp) = const, (Op1) gives information on all terms consti-
tuting the Hamiltonian.

Repeating the unitary evolution for M independent trajectories allows us to
estimate the ensemble-averaged dynamics subject to decoherence.

We numerically simulate the system dynamics with exact diagonalization in the
full Hilbert space of dimension 6©. The code is available at [347]. In our simulations,
we use a fixed Trotter step At/a = 0.25 and different noise strengths v, and we set

g% = 0.5 in order to work in a scenario where Hg and Hp compete.

5.3.1 Dynamical post-selection

In this section, we evaluate the power of DPS to restore the desired gauge-invariant
evolution of a noisy system. In the protocol we apply here, we protect only a
single local symmetry after each noisy Trotter step, alternating vertices and group
elements. For the given gauge group and system size, every local symmetry is checked
on average every t* = 10At. Thanks to the threshold ratio between error rate and
measurement frequency beyond which the gauge-protection regime is achieved, as
shown in the previous chapter, one can expect the measurement frequency chosen
here to be effective as long as the error strengths are not too large. For higher -,
instead, one should protect several symmetries after each Trotter step to enter into
a Zeno-protected dynamics. In our simulations, the operations of the DPS protocol
itself are applied as if they do not introduce further errors, to highlight the physics
of DPS.

In Fig. 5.3(a), we plot the results of M = 5000 trajectories affected by noise
composed of random unitaries with a magnitude v = 0.2. DPS follows the exact
dynamics closely up to the maximum considered evolution time (t/a = 25). The
protocol considerably improves over the noisy data, which strongly deviates from
the error-free evolution already after t/a = 3. Due to the stochastic nature of the
error protection protocol, the number of trajectories that preserve all tested gauge
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Figure 5.3: (a) Data clouds rep-
resent (Op1) at time t/a on indi-
vidual trajectories for DPS (red)
and noisy (green) evolutions. The
opacity reflects the fraction of tra-
jectories retained after DPS. Solid
lines represent ensemble averages.
The DPS ensemble average follows
very well the error-free evolution
(black dots). In the inset, we show
the standard deviation of DPS data
(red dots) and the fraction Py, of
trajectories that always preserved
the gauge symmetries (black dots).
(b-c) Gauge violations on vertex
ny for the average of noisy evo-
lutions without DPS (b) and for
a single successful DPS trajectory
(c). Reflection terms g = 3,4,5
(solid lines) do not superimpose
on a single noisy trajectory, while
their averages do. Rotations are
here represented by g = 2 (dashed
lines). Notably, the violation of
a symmetry O, , can be partially
suppressed also when other gauge
charges are measured. The system
is evolved with v = 0.2, 1/¢% = 0.5,
and At/a = 0.25 for M = 5000 tra-
jectories. The x-axis in panel (c¢) is
zoomed in, compared to panels (a)
and (b), to improve the readability.
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symmetries decreases exponentially in time, as shown by the black dots in the inset
of Fig. 5.3(a). Such a decrease is typical also for post-selection protocols based on
data taken at the final time, which nevertheless have been used very successfully to
restore symmetry-respecting time evolutions in Abelian theories [81, 82, 85]. In the
same inset, we plot the point-wise standard deviation of the successfully post-selected
trajectories. Importantly, the standard deviation grows only slowly, reaching around
0.1 (about 10% of the mean) at the final considered time.

To better visualize the effect of DPS, one can study the dynamics of the individual
symmetry violations, which we define as

1
GVyn = ?g‘<®g’n> —1]. (5.20)

Here, k4 is a normalization factor depending on g such that GV € [0,1]. The
Gauss’ laws violation allows us to qualitatively compare post-selected and noisy dy-
namics and to assess the quality of the gauge-protection protocol. Figure 5.3(c)
displays the dynamics of GV 1 at the first vertex for a trajectory where the local
symmetries are always successfully protected. Out of the six possible gauge trans-
formations for each vertex, we can neglect the identity ¢ = 0 as it acts trivially.
Moreover, we only monitor the violations corresponding to one rotation (g = 2),
since the Zz subgroup of %’r rotations is cyclic, rendering conservation of the asso-
ciated local symmetries equivalent. As shown in Fig. 5.3(c), the DPS protocol re-
peatedly suppresses the gauge violations through the auxiliary measurements, and
their growth between two successive measurements of the same symmetry opera-
tor remains limited. This pattern remains constant even for longer times, although
the noisy evolution becomes increasingly decoupled from the exact one. Moreover,
gauge violations in Fig. 5.3(c) decrease even when other symmetries are monitored,
which indicates that gauge violations of different local charges are correlated. The
behaviour is markedly different in the bare noisy dynamics, shown in Fig. 5.3(b).
Here, the ensemble-averaged violations increase until they reach a plateau, 0.5 for

reflections and 1/+/3 for rotations, corresponding to a fully mixed state'.

5.3.2 Comparing DPS and PSV

Let us now explicitly compare the error-mitigation capacity of the two protocols
described in Sec. 5.2. First, we contrast the protection efficacy of both methods.
After that, we discuss the relative scalings, which help in assessing which method
may be most suitable for a given platform.

Protection efficacy

In Fig. 5.4(a), we compare the ensemble averages of the two protocols over M = 5000
trajectories to the bare noisy evolution, for a high noise strength v = 0.3. As above,

L The precise asymptotic value depends on the definition in Eq. (5.20), but in general every charge
sector is uniformly populated after a characteristic time depending on -.
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Figure 5.4: (a) Comparison between PSV (dot-dashed blue line) and DPS (solid red line)
for relatively strong noise with v = 0.3, computed over 5000 trajectories. Both methods
significantly improve over the average noisy evolution (dashed green line). PSV follows the
exact Trotterized evolution (black dots) quantitatively well up to t/a ~ 6, DPS even up
to t/a ~ 17.5. (b) Protection efficacy, defined in Eq. (5.23), versus time, for increasing
noise strength v = {0.1,0.15,0.20,0.25,0.3} (light to dark lines). PSV performs better
initially, but DPS remains resilient against noise for longer evolution times. (c¢) The survival
probability of DPS trajectories and the gauge-symmetric projection of the density matrix in
PSV, describing a signal-to-noise ratio, initially follow the same exponential decay. At late
times, PSV reaches the value of the fully mixed density matrix, Hp/H (horizontal dashed
line). The rescaling t/a — £ f(7) collapses the data with different noise strengths. f(y) is
defined in Eq. (5.24) and sets the effective error rate. Data for 1/¢g* = 0.5 and At/a = 0.25.

in the DPS we perform one measurement per Trotter step. In the PSV scheme for
the symmetry group G = D3 on n = 2 vertices, Eq. (5.15) for the gauge-symmetric
expectation value reduces to

Zgl,gzeD:s Tr[pO@gl M1 @gz,nz]
Zgl ,92€D3 Tr[p@m n1 @gz,nz]

Despite the strong noise, the two protocols produce very similar (and close to
ideal) results up to t/a ~ 6, a time at which the noisy average has already lost
any resemblance to the target dynamics. For t/a 2 6, PSV relaxes towards the
infinite-temperature steady state while DPS continues to follow the target dynamics
with small deviations until ¢t/a ~ 17.5. The cause of this visible difference is that
the PSV does not account for multiple gauge violations that combine into a gauge-
invariant error. Eventually, DPS also deviates from the exact time evolution, all
the while maintaining a rather satisfactory resemblance except for the very latest
times we considered. Identifying and suppressing gauge violations already during
the dynamics thus enhances the protection efficacy of DPS over PSV. This better
error mitigation capacity of DPS comes, however, at the cost of a larger number of
entangling gates required for the measurement of the symmetry constraints through
the auxiliary qudits. In contrast, PSV just necessitates the addition of a layer of
basis rotations at the end of the circuit in order to extract the relevant observables
that constitute Eq. (5.21).

To get a better quantitative understanding of how the performances of the two

Tr(Ops) = (5.21)
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protocols depend on the noise strength v, we consider the cumulative error over time

EX(t) =D [(Hp(ta)) — (Hp(tn))idl , (5.22)

tn<t

where t,, labels the discrete time slices, (Hp)iq is the magnetic energy mea-
sured after an ideal error-free Trotterized evolution, and the sub-/superscript * €
{DPS, PSV} represents the use of one of the two methods on top of a noisy evolution.
We define the protection efficacy as the normalized difference between cumulative
errors with and without gauge protection

e(t) =1 — E*(t) /€N (1) . (5.23)

When € = 0, the gauge protection protocol does not improve over the bare noisy
evolution, while € = 1 corresponds to perfect error mitigation matching the error-free
dynamics.

We compare the protection efficacy of DPS and PSV in Fig. 5.4(b) for different
values of v € [0.1,0.3]. PSV displays an advantage at short times as it incorpo-
rates all gauge transformations at once. In contrast, our implementation of DPS
only monitors one local symmetry per Trotter step, thus requiring a longer time
to properly suppress the gauge violations. On the other hand, DPS is more stable
from intermediate to long times, consistent with Fig. 5.4(a), and is less affected
by the increasing noise strength. Our results also suggest that increasing the error
rate in DPS due to imperfect mid-circuit measurements will not impact its pro-
tection efficacy qualitatively, as the algorithm performance is stable from weak to
intermediate-strength noise.

Resource requirements

A natural question is whether either of the two methods offers a practical advan-
tage over the other, in situations where they present similar error-mitigation quality.
Roughly speaking, PSV is more flexible and can be used in any architecture, whereas
DPS seems beneficial in platforms where adequate mid-circuit measurement oper-
ations are available. To be able to make more precise statements, it is useful to
consider the scaling of both methods.

To implement DPS with full symmetry verification after each Trotter step for n,
vertices, one needs at most |G|nn, single-shot mid-circuit measurements during a
single run. Since these measurements concern local operators, those acting on non-
neighboring vertices can be parallelized. Hence, the resulting increase in the number
of circuit layers does not depend on the system size. The above scaling with |G| can
be further improved by measuring only an optimal generating set of G (e.g., for Ds,
the reflection and the rotation with the smallest angle are already enough to ensure
full protection). Further, to circumvent costly mid-circuit readout and reset [348—
350], one may also employ an array of ancillas whose measurement is delayed to the

112



5.3. NUMERICAL BENCHMARKS ON THE D3 MODEL

end of the circuit. The additional spatial (auxiliary qudits) and logical resources
(two-qudit gates coupling the ancillas to the system) need to be sufficiently precise,
as otherwise they would wash out the benefits of gauge protection. In contrast,
PSV needs only basis rotations at the end of the simulations to measure the desired
operators, making a single run less demanding.

As for any similar mitigation method [143, 339], the present algorithms have a
sampling overhead that is exponential in the simulated time, i.e., number of Trot-
ter steps, and system size, which, however, becomes manifest differently in the two
protocols: in DPS, the dynamics will eventually be dominated by the proliferation
of gauge-violating trajectories, meaning an ever smaller number of runs can be suc-
cessfully retained as the size and depth of the circuit increases; in comparison, the
decreasing weight of the group-symmetric density matrix Il;p, leading to a small
denominator in Eq. (5.15), limits PSV performance.

Focusing on the scaling in the number of Trotter steps at a fixed system size, the
survival rate of DPS, i.e., how many trajectories never incur a measurement yielding
a “wrong” result, can be estimated assuming that the amplitude 5 in Eq. (4.5) is
o . In that case, the error channel populates the gauge-violating sector with a
rate per ~ 2. More precisely, we found that the error rate is associated with the
average Hilbert-Schmidt inner product (Ug(,), 1) between the identity (i.e., zero
noise) and the random unitaries Ug(y) drawn according to the chosen noise model,

perrgf(’)/):1<Ug('Y)7l>HS:1e_722<1 -2 ) (524)

dimH

At the lowest order in v, indeed perr ~ 2, while the expression for (Ug () 1>HS is
given by the error model described in Sec. 5.1.1. The probability of never incurring
any gauge violations after n; = t/At Trotter steps is therefore

PS(t) = (1 _perr)nt ~ e_ﬁf(y) . (5.25)

In Fig. 5.4(c), we show the survival probability Ps(t) for DPS as well as the
weight of the symmetrized density matrix Tr[Il;p] using PSV for v € [0.1,0.3]. The
rescaling t/a — é f(v) suggested by Eq. (5.25) leads to a perfect collapse of the
data and highlights that both methods require an exponentially scaling overhead
to properly estimate the gauge-invariant expectation values. The main difference
between the two protocols is a saturation occurring for PSV at long times, since
Tr[IIsp] — dimH p/dim(H) as a consequence of the steady state being fully mixed.
The time around which Tr[Il;p] deviates from the exponential decay (% f(y) ~ 0.3
in Fig. 5.4c) coincides with the time around which the reconstructed PSV signal
deviates significantly from the ideal data (for v = 0.3, t/a = 7, see Fig. 5.4a).

For PSV, naively we could expect that one would need to construct all ex-
pectation values in Eq. (5.15) explicitly, which would imply 2|G|™ independent
measurement settings. The actual cost can be considerably lower. First, a gauge
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transformation [[, .y ©g,» and its correlator with a gauge-invariant observable O
may be measured simultaneously. Further, one can employ the group commutation
structure to identify groupings of commensurable or related contributions of different
group elements in Eq. (5.15), reducing the number of different measurements needed.
Generally, the question of how many independent measurements are required may
be formalized as finding a minimum clique cover on a graph representing the com-
mutation structure of the operators, which here is given by the commutators within
G>v. In the numerical example of the above section for n, = 2 vertices and the
gauge group G = Ds, this allows one to reduce from the 2-62 = 72 individual expec-
tation values appearing in Eq. (5.21) to 42 = 16 cliques of simultaneously measured
operators. A further efficiency improvement could be achieved by restricting the full
projector to one that only acts in the vicinity of the local observables of interest.

Additionally, one can estimate Eq. (5.15) through a random sampling of the
group element combinations {gi,...,gn,}. For every sample, one simultaneously
measures the prescribed gauge transformation operator and its correlator with the
gauge-invariant target observable (or cardinality-weighted cliques thereof). Analo-
gous considerations for the qubit case [330-332] reveal such estimators to require a
sampling overhead scaling as Tr[IIg p]_Q. This overhead can generally be determined
by analyzing the increase in the variance of the new estimator compared to the un-
mitigated, noisy one. The variance of a ratio of expectation values, such as those
estimators, is then dominated quadratically by the inverse of the denominator. The
decrease of Tr[Ilgp] with circuit depth and system size is governed by the strength
of (gauge-invariance breaking) error rates, and therefore the required sampling cost
immediately benefits from any quantum hardware developments. In particular, for
a given shot budget and error rate, one has a window of simulated time within which
controlled sampling of the gauge-invariant expectation value is possible.

As a final remark, the feasibility and quality of the mid-circuit measurements
are a fundamental requirement to implement DPS. While qudit hardware is still in
a rapidly developing stage and the various platforms have yet to demonstrate their
implementation, mid-circuit measurements are routinely used in qubit processors for
several purposes, e.g., state preparation [153] or long-range entangling operations
[348]. The extension to qudit devices requires some care, as the readout process
becomes slower and more delicate because of the many levels involved, but faces no
fundamental obstacle. In addition, efficient mid-circuit monitoring of ancilla qubits
is a crucial building block for any error-correcting code and, as such, is actively
pursued in many platforms aiming towards fault-tolerance.

5.4 Gauge protection on three plaquettes

Any error mitigation technique is expected to become more resource-intensive for
increasing system size, as the total error rate typically increases. In this section,
we benchmark DPS and PSV for a larger system composed of a ladder with three
plaquettes and periodic boundary conditions, consisting of 6 qudits in total, and a
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(a) 5 Dephasing error
2 Plaquettes _° -Eﬁ::; Figure 5.5: Comparison between the ex-
< — DPS “o» act, noisy, DPS, and PSV time evolution
(I A G PSV \ in the presence of dephasing noise for (a)
= . JnW [ % two plaquettes, averaged over 5000 inde-
S 1ra ¥ VA pendent trajectories, and (b) three pla-
% - W h\ ) quettes, averaged over 145 independent
051 . ) * % trajectories. (c¢) At constant local error
NN N rate, the weight of the gauge-invariant
o "7 part of the state for PSV and the sur-

vival probability in the case of DPS re-
main comparable (for DPS, there is still
15+ a single measurement per Trotter step).
Thus, from 2 to 3 plaquettes, the pro-
- . tection quality of DPS only slightly de-
S \ creases, due to the reduced measurement
-- density, while maintaining a constant re-
0.5] N source cost. For PSV, by contrast, the
-~Z-----_. protection quality even increases, at the
cost of 6 times more observables to be
measured, and thanks to the smaller ra-
tio between the dimensions of the phys-
ical sector and the total Hilbert space.
For the two-plaquette system, v = 0.2 as
previously, while for the three-plaquette
system we rescaled to the corresponding
v = 0.245, as explained in the text.

(b) 3 Plaquettes
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Hilbert space of dimension 46656. To reduce the memory requirements, we consider
a global dephasing noise instead of dense random unitaries. We model the dephasing
noise through a Hamiltonian Hg,, that is diagonal in the group element basis and
whose entries are sampled from a normal distribution with vanishing mean and unit
variance. Hgp is independently drawn at each Trotter step. The noisy discrete-time
evolution for a single step then reads

U(At) — e—inp'ye—iHEAte—iHBAt 7 (526)

First, we study the effect of dephasing noise on the target dynamics and the
level of gauge protection offered by the two techniques in the two-plaquette ladder
investigated in the main text. We show the ensemble average over M = 5000
trajectories in Fig. 5.5(a), with noise strength v = 0.2 and the same parameters
used for the simulations in this chapter (1/¢% = 0.5 and At/a = 0.25). Despite the
simpler structure than the dense random unitaries considered in the main text, the
noisy dynamics is qualitatively similar. DPS and PSV both yield excellent error
mitigation, with the former performing better at longer times, similar to Fig. 5.4(a).

The overall picture continues to hold when considering the larger system with 3
plaquettes, as reported in Fig. 5.5(b), where we again monitor the left plaquette of
the lattice. In DPS, we again measure only one local symmetry after each Trotter
step so that the overall cost of the mitigation technique does not increase with
respect to the two-plaquette model. Remarkably, the reduced measurement density
only slightly affects the gauge protection, compared to the smaller system shown in
Fig. 5.5(a). For a fair comparison, the noise strength here is rescaled such that the
overall error rate ~ 2 is proportional to the system size. Given a small local error
probability perr, the error rate per Trotter step for N qudits at first order in pe,; is
given by fyZ ~1—(1- perr)N ~ Nperr. Here, per reflects the average fault rate per
qudit resulting from all gates applied in the implementation of a single Trotter step.
When increasing the system size from two to three plaquettes, we assume that this
microscopic error rate peyy remains fixed. With the number of operations per layer
growing linearly with the number of plaquettes, this leads to a corresponding linear
increase of the overall infidelity v? for each Trotter step, i.e. 'y§P = 37%13 /2. Because
the measurement density is also rescaled down with the same ratio 3/2, the decay
of the DPS survival probability behaves similarly in the two cases, as shown in the
right panel of Fig. 5.5(c).

Notably, PSV now better approximates the exact time evolution with respect
to the data shown for the two-plaquette lattice. This counterintuitive behaviour
can be explained by considering the ratio between the dimensions of the physical

sector and the total Hilbert space. In the two-plaquette lattice, one has ddiirﬁl;ipt =

%36 ~ 0.0378, while in the three-plaquette system ddiiélnﬁi’t = % ~ (.0054. The
smaller fraction reduces the probability of effective gauge-invariant errors originating
from two consecutive gauge-violating errors that cancel, which PSV is not able to
reveal. Hence, the fraction of noisy states projected into the physical sector retains

information about the physical dynamics for a longer time. However, considering the
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overhead scaling with the number of vertices discussed in Sec. 5.3.2 suggests DPS
could hold a practical advantage if mid-circuit measurements are available with
sufficient speed and accuracy. Interestingly, the weight of the symmetrized density
matrix Tr[IIsp] also does not display appreciable differences between the two- and
three-plaquette ladders, see left panel of Fig. 5.5(c).

5.5 Summary and outlook

In this chapter, we have discussed symmetry-verification frameworks modified to
work with quantum simulations of non-Abelian lattice gauge theories in noisy de-
vices, where fault-tolerant computation is beyond reach and error mitigation strate-
gies are essential to extract meaningful physical information. The non-commutative
nature of the gauge transformations hinders their simultaneous projective measure-
ment and prevents the use of direct ancilla-free post-selection of experimental runs,
requiring a novel approach to protect non-Abelian gauge invariance. Focusing on
qudit-based architectures, we have discussed two protocols: the first, termed dynam-
ical post-selection (DPS), preserves gauge invariance through frequent mid-circuit
measurements of ancillary qudits encoding the local gauge charges. The second,
post-processed symmetry verification (PSV), involves estimating group-symmetrized
expectation values by measuring correlations between the target observable and
Gauss’ law operators.

We have applied these methods to the dihedral group Dj, the smallest dis-
crete non-Abelian group, which allows for an exact encoding on current qudit hard-
ware [116]. Both approaches significantly improve the Trotterized time evolution in
the presence of noise. As they offer distinct advantages and face different constraints,
these two tools neatly complement each other.

DPS is remarkably resilient against noise, and the measurement strategy can
be easily adapted to suit specific needs. For instance, the density of mid-circuit
measurements can be tuned according to the system studied and the error channel
expected on a specific hardware. The only requirement is that the measurement
frequency must be above the quantum Zeno threshold for error mitigation in the
system; otherwise, the system would enter an unprotected regime with random dy-
namics jumping between different gauge sectors, as discussed in Chapter 4. The
two-qudit gates used in the DPS circuit also contribute with an additional error
rate. Nevertheless, as long as the number of additional two-qudit gates is suffi-
ciently smaller than the ones already required for the Hamiltonian time evolution,
this does not constitute a decisive limiting factor. On a qudit-based architecture,
one needs 6(|G| — 1) control-permutations per Trotter step per plaquette, using the
strategy sketched in Fig. 5.1. In contrast, checking one local symmetry O, , requires
4(|G| — ng) control-permutations, where n, is the number of states that transform
trivially under the group element g. For the two-plaquette system considered above,
this leads to 60 control-permutations for each Trotter step and 8 (10) for a reflection
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(rotation) symmetry check?. This advantage shows a promising window of opportu-
nity for future experimental studies on qudit-based hardware during the NISQ era.
Moreover, the resource requirements can be mitigated by choosing an optimal sub-
set of group elements for the symmetry measurements: gauge violations on a single
vertex v can be fully suppressed by monitoring only a suitably chosen generating set
of G, such as the symmetries parametrized by the rotation r and the reflection s.

Conversely, the circuit depth for PSV increases at most by a basis rotation above
the “bare” time evolution in order to measure the correlators between the desired
observables and symmetry transformation operators. Instead of explicitly measur-
ing all of these individually, a significant reduction of required measurements can be
achieved by groupings of commensurable operators and sampling strategies. More-
over, one can restrict the projector to enforce only a local subset of the symmetries.
Further, PSV retains the entire ensemble of shots taken, unlike direct post-selection
procedures, and therefore does not alter the error channel acting on the circuits;
it may thus be readily combined with other error mitigation methods explicitly
depending on information about the present error channel.

These results pave the way for experimental investigations of non-Abelian LGTs
on qudit-based hardware, where both DPS and PSV can be implemented with re-
sources compatible with near-term devices. Demonstrating their effectiveness on
real hardware would represent a concrete step towards reliable quantum simulations
of gauge theories beyond the Abelian case, and more broadly towards bridging the
gap between current NISQ devices and the fault-tolerant era.

2These numbers reflect the fact that each vertex has only three links in our geometry and
the trivial subspace for the vertical links has dimension 4 for both reflection and rotations, see
Section 5.2.2.
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Chapter 6

Conclusions and Outlook

In this thesis, we showed how dihedral lattice gauge theories offer a rich and promis-
ing setup for quantum simulations of discrete non-Abelian lattice gauge theories.
After introducing the concepts of quantum simulation of LGTs, the structure of
dihedral groups, and the framework of LGT simulations on qudit hardware, we
studied physical phenomena of dihedral LGTs in Part I, and we explored possible
error mitigation protocols for their actual quantum implementation on qudits in
Part II.

To start the analysis of the physical phenomena, we characterized the struc-
ture of gauge sectors in Dy LGTs, showing that their dimension is dramatically
smaller than the dimension of the total Hilbert space. As a consequence, studying
physics that requires exact diagonalization of the full Hamiltonian becomes quickly
intractable with the system size. This motivates the introduction of the ladder geom-
etry, which allows for a gauge-fixing procedure that reduces the degrees of freedom,
such that every state in the gauge-fixed model is gauge-invariant. Yet, the ladder ge-
ometry represents the minimal setup to study the interplay between the electric and
the magnetic field. We formulated the gauge-fixed model for the gauge group Dj,
proceeding with the study of the crossover between electric- and magnetic-dominated
regimes. We found that, on a ladder, there is a smooth crossover between the two
regimes rather than the sharp phase transition expected in the two-dimensional
model. On the same system, we computed quantities related to quantum resources,
such as the Generalized Geometric Measure and the Stabilizer Rényi Entropy, finding
that the latter is peaked in the region of the crossover. Furthermore, we reformu-
lated the model, introducing a term to resolve the conjugacy-class degeneracies in
the magnetic term. This reformulation allowed the study of the integrability of the
system, a fundamental step toward the analysis of the Eigenstate Thermalization
Hypothesis for a discrete non-Abelian LGT. In particular, we showed that the refor-
mulated theory presents a nearest-neighbor level spacing distribution that fits with
a Wigner-Dyson distribution, a hallmark of non-integrable quantum systems.

Maintaining the same ladder geometry, we addressed the phenomenon of string
breaking in pure-gauge Dy theories in the presence of static charges. Here, the
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algebraic distinction between even and odd N—the presence or absence of a non-
trivial Zo center—translates into qualitatively different physics, directly affecting
the Clebsch—Gordan coefficients. For Dy with N odd, the screening fusion rule
allows the formation of gluelumps, charge—glueball bound states that are gauge
invariant by virtue of the fusion rules. For Dy with N even, the non-trivial Zs
center forbids this screening mechanism, and the ground state in the strong coupling
regime always consists of the shortest flux-string connecting the charges. We verified
this prediction through large-scale DMRG simulations of D3 and D4 ladders in the
rishon formalism, which enforces the non-Abelian Gauss laws site by site. Our
numerics confirm the gluelump picture for D3, with a string tension that signals a
string-breaking mechanism and a rescaling analysis that proves the persistence of
the gluelumps in the continuous limit.

We turned then to the problem of mitigating and correcting gauge-breaking er-

rors in the quantum simulation of lattice gauge theories. With the goal of perform-
ing a reliable real-time evolution of LGTs, we introduced a dynamical post-selection
(DPS) protocol, in which the local gauge charges are measured on auxiliary regis-
ters during, rather than at the end of, the Trotterized time evolution. Framing this
protocol within the spectral theory of Liouvillian superoperators, we demonstrated
that gauge protection does not emerge continuously with the measurement rate -,
but rather sharply, as a quantum Zeno transition at v ~ A, where X is the gauge-
breaking error strength. Above the transition, the dynamics stabilize a manifold
of dark states characterized by a well-defined configuration of local gauge charges,
while below it the system rapidly thermalizes to an infinite-temperature ensemble.
We compared in detail the stroboscopic unraveling realized by the DPS with the
continuous measurement unraveling relevant for analog simulations, showing that—
despite sharing the same Lindbladian at the level of the ensemble average—the two
protocols produce markedly different individual trajectory distributions, with the
digital one allowing a clean separation between protected and gauge-violating tra-
jectories that is unavailable in the analog case. We also quantified the robustness
of the Zeno protection to imperfect measurements, showing that an optimal finite
window of measurement frequencies still persists. We tested the generality of the
mechanism on Zy, Z3, and truncated U(1) gauge symmetries.
Furthermore, we discussed an active error-correction layer that, exploiting the mea-
surement record, can compensate for incoherent bit-flip errors on top of the passive
Zeno protection against coherent drift, achieving good agreement with the exact
dynamics in the presence of both coherent and incoherent errors.

Finally, we extended this analysis to the genuinely non-Abelian setting, where
standard post-selection loses most of its effectiveness because transformations as-
sociated with different group elements do not commute and cannot be diagonal-
ized simultaneously. We tested the DPS protocol and an alternative post-processed
symmetry verification (PSV) scheme on a two-plaquette D3 model with periodic
boundary conditions, small enough to be encoded in a handful of state-of-the-art
qudit registers yet large enough to exhibit non-trivial dynamics. Our numerical
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benchmarks show that DPS delivers a tangible improvement in the reconstructed
dynamics already on this minimal setup, while PSV provides an alternative strategy
when mid-circuit measurements are not available or prohibitively noisy. We also
explored how these ideas scale by studying gauge protection on a three-plaquette
geometry, finding no important differences. These results establish DPS and PSV
as concrete, near-term-feasible tools for the experimental verification of local non-
Abelian symmetries on qudit hardware, and provide a quantitative basis for the
design of future experiments.

We now turn to the possible outlooks based on the results discussed in this
thesis. As regards the thermalization of non-Abelian lattice gauge theories, the
gauge-fixed D3 ladder represents a minimal but non-trivial setting in which the
Eigenstate Thermalization Hypothesis can be tested in discrete non-Abelian lattice
gauge theories. This direction has already been explored in a master’s thesis that we
co-supervised [228], whose results constitute a first step toward a systematic analysis
of thermalization in discrete non-Abelian lattice gauge theories. Further, prelimi-
nary results show the presence of quantum many-body scars [351-354], a feature
that has also been explored in other lattice gauge theories [88, 355-359]. Quantum
scar states are accessible in quantum simulators [87, 360-362], and they are at the
basis of recent proposals [363-365], as well as of real hardware applications [366—
368]. A possible proposal could be to use quantum scars as a benchmark in quan-
tum simulation of real-time evolution, one of the goals in the study of lattice gauge
theories. Initializing the real-time evolution as a superposition of two quantum scar
states, indeed, would force the system to evolve by rotating inside the initial sub-
space. When the quantum many-body scars belong to different energy levels F; and
FEy, one expects to see periodic oscillations in the fidelity with the initial state with
a period of T' = %, where AE = E1 — Ey. The preparation of such initial states
is particularly favourable: a characteristic feature of quantum many-body scars is
precisely their large overlap with simple, separable states, which allows one to ap-
proximately prepare them efficiently even on near-term hardware, without the need
for complex state-preparation circuits. Furthermore, the scar trajectory provides
a natural cross-check against classical simulations: despite residing in the bulk of
the many-body spectrum, scar states are low-entanglement configurations whose dy-
namics can be tracked by tensor-network methods. This classical benchmarking is a
valuable consistency check that can validate the quantum simulation before entering
regimes where classical methods become prohibitively expensive.

The study of the string-breaking by the gluelump formation opens the exciting
perspective of studying the string-breaking dynamics by initializing a flux-string in
a D3 theory, and by applying real-time evolution Tensor Network methods, such as
the time-dependent variational principle, TDVP [369, 370], that has been applied
in Refs. [371-374]. Another natural outlook would be to study the scattering of
these particles by tensor network simulations, as recently shown in [375-378], as
well as the competition with the string-breaking mediated by particle production in
intermediate- and weak-coupling regimes. The latter would include the necessity of
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implementing dynamical matter in tensor networks [190, 372, 379]. On the quantum
simulation side, D3 offers the exciting possibility of studying string-breaking in the
smallest and simplest non-Abelian group without the introduction of dynamical
matter, making it the minimal setup for the quantum simulation of non-Abelian
string-breaking.

While more reliable quantum devices are still being developed, dihedral LGTs
can still be interesting and useful in the near-term platforms, especially when coupled
with qudit devices. Dy lattice gauge theories can fit in state-of-the-art qudits thanks
to their manageable dimension. In contrast to the crystal-like subgroups of SU(2),
which are limited to g, BT, BO, Bl with cardinality, respectively, of 8, 24, 48, 120,
Dy can be fine-tuned to every even dimensionality (holding |Dy| = 2N), making
it a comfortable testbed for qudits with an arbitrary number of internal levels. The
simple structure Dy = Zy X Zs makes it possible to encode Dy group elements on
a mixed-dimensional register composed of a qudit with d = N levels and a qubit.
As a consequence, D3 group elements are not only implementable in the current
generation of qudits with d > 6 levels [116, 120], but also in platforms that allow
the use of qutrits, as shown in Ref. [224], where the authors used one qubit and one
logical qutrit to encode Dj.

An experimental real-time simulation of the electric-magnetic interplay in a pure-
gauge non-Abelian model would represent a significant milestone on the path to-
ward quantum-simulating QCD-like dynamics. In the current generation of quan-
tum hardware, implementing error mitigation techniques is still necessary. At the
same time, the DPS protocol we studied for Ds requires too many resources for
hardware in which mid-circuit readout remains costly [147]. A minimal experi-
ment implementing the two-plaquette system studied in Chapter 5 could perform
a few Trotter steps and then proceed with the measurement of the gauge charges
Qrnys Opngy Ospy, (sn, ON auxiliary qudits at the end of the simulation only. If
all of them are equal to 1, then the system is in the neutral gauge sector, and the
measurement of a physical observable is then meaningful. The result would corre-
spond to the ones we computed for the effective projection that we tested, the PSV.
Hence, at the price of giving up the Zeno protection, non-trivial error mitigation
would still be doable in current devices.

A question that naturally arises at the end of this discussion is whether quantum
simulation of lattice gauge theories can be expected to achieve a genuine quantum
advantage over classical methods. Intriguingly, this remains an open question. What
the past decade has made increasingly clear is that quantum and classical simulation
approaches are not isolated from one another, but in dialogue: quantum simulation
proposals set new targets that stimulate the development of more powerful classical
algorithms, while classical benchmarks validate quantum hardware and identify the
regimes where it might eventually surpass them. Tensor network methods, in partic-
ular, have benefited enormously from this shared journey, pushing the boundaries of
what is classically tractable precisely in response to the challenge posed by quantum
simulators. In this light, even a scenario in which the pursuit of quantum advantage
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ultimately leads to better classical algorithms should be counted as a success. The
goal, after all, is to understand the physics of strongly coupled gauge theories—and
a deeper understanding reached by any means is equally valuable.

While awaiting further developments in the interplay we have just described,
we hope that the results presented in this thesis can contribute to identifying min-
imal, physically meaningful models for testing the reliability of near-term quantum
hardware on the long road toward quantum simulation of non-Abelian lattice gauge
theories.
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Appendix A

Gauge transformations, static
charges, and fusion rules

This appendix provides the representation-theoretic underpinning of the string-
breaking analysis presented in Chapter 3. The goal is to show that the structure of
gauge-invariant physical states at the corners of the ladder—in the presence of static
charges—is entirely constrained by the Clebsch—Gordan coefficients of the gauge
group. We derive the fusion rule that the link representations meeting at a corner
vertex must satisfy in order for the resulting state to be gauge invariant, directly
establishing the conditions under which gluelump formation is algebraically allowed.

The decomposition in Eq. (3.6) of general representations into irreducible rep-
resentations has direct implications in the description of the ladder in the presence
of static charges at its corners. Let us consider the case of the top left corner in
Fig. 3.2(a) of the main text (the static charge at the opposite corner has an analo-
gous behavior). In the presence of a static charge 7, there is a multiplet of physical
states |Wphysm) (m =1,...,dim(7)) transforming as the 7 irreducible representation
under the local gauge transformation ©j,,, , where v; labels the top left corner,

Hf?,refﬁl ’\I/phys,M> - Z D;,m(h) ‘\I/physyn> ) (A-l)

where 7 labels the first rung, [ is the first link in the upper leg, and D], (h) is the
2 x 2 matrix that represents the group element h in the fundamental representation
7. To describe |Wphysm), we consider explicitly its decomposition in terms of the
states |j;, mi, n;) of the links ¢ = r and ¢ = [ and the state |7, m) of the static charge:

"I’phys,m> = Z Aﬁ;%l Ura my, nr> ’jlv mp, nl> |7—7 m> . (A2)

JrsJismr,my
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The left hand side of Eq. (A.1) becomes equivalent to:

gﬁrefl;,l Z A?J;er,?rz” ‘jﬁmﬂnT‘) ‘jl7ml7nl> ’7—7 m> = (A3)
jT‘vjhnT"ml
> A%:’%Dil,nr(h‘l)l?iil,m;(h) X |gpyme, nl) L, my,m) [1,m) . (AL4)
ij.jhnT‘yml

Based on the Clebsch—Gordan series relation [380],

Dj'r

/
Ny, Ny

(hil)DTTnCm(h*l) = Z <jrn;,7'm/]1n’><In|jranm>D7Il,n(h71) , (A.5)

’
I.n.n

Eq. (A.3) is equivalent to the right-hand side of Eq. (A.1) only if the coefficients A
are of the form [95]

A%TT’%Z = a(jmjl) <jrn7‘7-m’jlml> ’ (A6>

where a depends on the irreducible representations ji, j, only and (j,.n,mm|jm;) is
the conjugate of a Clebsch—Gordan coefficient. The previous equation states that
the ingoing representations j,. and 7 must fuse into j;, such that

To realize the gluelump state, it is necessary that both links are in the same irre-
ducible representation and combine with the charge into a group singlet, which is
verified for j, = j; = 7 and results in Eq. (3.8). An analogous construction holds
when we consider a vertex with three links in the bulk of the ladder. In this case, 7 is
replaced by the irreducible representation characterizing the states of the additional
link (see the construction for 2D lattices in Ref. [95]).

To summarize, these results are the algebraic backbone of the screening fusion
rule in Chapter 3: the condition Eq. (A.7), and the specific gluelump constraint
Jr = J1 = T, directly determine whether static charges can be screened by gluelumps.
As shown in Chapter 3, this is possible for Dy with N odd—where the trivial
center permits the necessary Clebsch-—Gordan coupling—but forbidden for N even,
explaining the qualitatively different string-breaking physics of D3 and Dy.
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Appendix B

Fermionic parity of the rishons

This appendix addresses a subtle but important aspect of the rishon formalism
introduced in Sec. 3.4: whether the rishon operators can be consistently endowed
with fermionic statistics when dynamical matter is present.

One important consequence of the trivial center in the Dy ,, case is that the
gauge group does not preserve local Zo parity. The implication of this is that, when
coupled to fermionic matter, the Dy_,, lattice gauge theory cannot be defermionized,
i.e., it can not be mapped onto a local Hamiltonian without fermionic degrees of
freedom independently of the dimensionality. Instead, in Dy, the rishons are
fermions and they can be combined with fermionic matter to form singlets, which
behave as an effective bosonic particle.

Here, we illustrate this general property of dihedral groups on the example of
D3 and Ds—the latter having a Z, center, while the former does not. In the Dy_ .
case, the parity operator on a semilink is defined as

1

P= - . (B.1)

1,

Dy only has one- and two-dimensional representations. The former ones carry even
parity and the latter ones odd parity.

Similar to what we did above for D3, from Fig. 3.3 it is possible to count the
number of different rishon modes, counting the number of arrows, to reconstruct the

diphipd

Figure B.1: Sketch of the ladder geometry. The shaded path indicates the order in
which we define the fermionic rishon parity.
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parallel transporter for Dy. A possible choice for the four rishon operators is

0 5ar 5ag
0
(1) — o1 0
(=273 - ,
dag 0
Oar 0
0
0 5ar 5ag
2 _ 9-% 0
a 4 O Y
Sag 0
—dq 0
0
0
3) — 2—l 0 5ag 5ar
¢ =274 - ,
Oar 0
—dag 0
0
0
) = 9=1 0 B.2
Ca 4 0 6ag 5@7" ( ° )
Oar | O
dag 0

The rishons formulated in Eq. (B.2) for the D4 theory anti-commute with P on
the same semilink and commute on different semilinks. Therefore, one can define
fermionic rishon operators by attaching a Jordan—Wigner-like parity string to the
local rishon operators,

s = @ P ) b1, (B.3)
(n’,u")epath

where we denoted

Camp = § _(5) (B.4)

(i) éfL,MPn,“, on left semilinks,
an,p, on right semilinks.

(B.5)

In Eq. (B.3), the path, as illustrated in Fig. B.1, is a particular choice of ordering
the semilinks on the lattice. The rishons defined as in Eq. (B.3) anti-commute on
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different semilinks,

() G} =0 for (n,p) # (0, 41) (B.6)

and therefore are indeed of fermionic nature. The local rishon operators can simply
be replaced by the fermionic ones in the expression for the link operator (Eq. (3.20)):

i)t
abnn—i—eu ZCFan“ F/fbl‘l-‘re”, (B'7)

In the presence of dynamical matter fermions, the hopping term in the rishon for-
mulation becomes

1/12 n ab'n n+eu'¢b n+eu + h.c.
_ Z d}a n Fa n“u,ng nte;,,— wb,n_i,-eu + H.c. (BS)

The right-hand side of the expression above is a product of operators that commute
with the fermionic parity on each dressed site and, therefore, can be defermionized.

In the case of the Dy, gauge theory, the screening fusion rule prevents us from
assigning odd parity to the fundamental representation. Regardless of whether we
assign even or odd parity to the anti-fundamental representation 7, the product on
the left-hand side of Eq. (3.8) is of even parity. Then, the only possibility for the
fundamental representation is to be of even parity, rendering some rishons in the
decomposition of Eq. (3.20) to be bosonic operators. Therefore, no full defermion-
ization as in the Dy (or, in general, the Dy, ) case is possible.

Summarizing, this result has direct consequences for future extensions of the
DMRG simulations of Chapter 3 to theories with dynamical matter. For Dy_ .
gauge theories, the full fermionic rishon construction allows for the defermionization,
making tensor network methods directly applicable at reduced computational cost.
For Dy, ,, theories such as Ds, the absence of a consistent fermionic assignment
means that dynamical matter cannot be incorporated via standard defermionization,
as shown in [133], and alternative strategies—such as the use of Zy graded tensor
networks—would be required.
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Appendix C

Lindblad calculation and
continuous measurement of local
charges

This appendix provides the formal derivation underlying the Lindblad framework
used in Chapter 4 to describe and analyse the DPS protocol. Starting from the
discrete measurement process introduced in Sec. 4.1, we derive the effective Lindblad
master equation governing the ensemble-averaged density matrix, showing how the
periodic measurement of local gauge charges maps onto a set of jump operators
acting on the system. In the second part, the Sec. C.1, we extend the analysis to
the continuous measurement limit, which is the relevant regime for analog quantum
simulators, and study the suppression of gauge violations at the level of individual
quantum trajectories.

A convenient workaround is to split the time step associated with the measure-
ment frequency At in smaller intervals At = Ngpdt and assume that quantum
jumps occur randomly in such finer steps with a probability dt/At. Hence, At
becomes the average time in which N charges are measured.

Let us momentarily neglect the unitary evolution; given a state |¢(t)) of the
system at a given time ¢, the measurement of a local charge G,, leads to

Po () ity pt — L+(Gn)
_ WP () " ’
[Wh(t + dt)) = Ea ) ity - — 1400 (C.1)

W@)|Pn [¥ (1))

where, according to the Born rule, pt = (4(t)| P [1(t)) is the probability of pro-
jecting on either one of the symmetry sectors and P = % the corresponding
projection operator. The denominators ensure the normalization of the state after
a measurement and the expectation values are taken over the state [1(¢)) . Using

1We note that the protocol (C.1) defines a POVM since (PJ)Jr P+ (P{)Jr P, =1landpl+p, =
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Eq. (C.1) and taking into account the probability d¢/At that a measurement occurs
in the interval dt, we can write the evolution of the system density matrix p(t) as

plerd) = 4 [ROPS + Pprs] + (124 ) o0
= SL[Pra0PY — (B )]~ olt) (©2)

where we used P, = 1 — Pf. We can now expand at first order p(t + dt) ~
p(t) + dtp(t) to derive an effective master equation of the density matrix,

0 = 57 |Gupl0GE — 161G o0} | (©3)

where we explicitly use the local charge G,, instead of the associated projector. A
further simplification for the Zs gauge group follows from GIL = G, and GILGn =
G? = 1, but the functional form of Eq. (C.3) makes it clearer that it corresponds
to the contribution of a jump operator GG,, to a Lindblad master equation. Inserting
the unitary part and summing over all local charges, we finally get

1 1
y— 1 _ T —_ = T
p=ilp, H + SAL En {anGn 2{GnGn,p} , (C.4)

which is the Lindblad equation describing the evolution of the density matrix as-
sociated with the ensemble average of the stochastic trajectories originated by the
measurement process.

C.1 Continuous measurement of local charges

In the following, we give more details on how continuous measurements of the lo-
cal charges can suppress the gauge violation induced by Hg, in analog quantum
simulations. Our starting point is the Lindblad equation studied in Ref. [294]. In
that work, it was shown that adding dephasing terms proportional to the Gauss’
law generators leads to a suppression of the gauge-breaking error that scales as 1/7,
where ~ is the effective rate determining the strength of the incoherent part of the
dynamics. The full Lindblad equation is given by

. 1
p=ilp, Ho+ Hon] + ) GnpGl, = S{GhGn. p} - (C.5)
n
Equation (C.5) describes a “mean” evolution of the density matrix, i.e., it rep-

resents an ensemble average over (infinitely) many realizations of the time evolution
of the system coupled to some environment through the Lindblad (jump) operators

1. In the expressions for the probabilities and normalizations we also exploited that (Pf)Jr Pr =
(i) = i
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G, with a common effective rate 7. Hence, a direct solution of Eq. (C.5) only de-
scribes the evolution of the expectation values of the observables over a statistical
ensemble while it tells us nothing about what happens at individual trajectories of
the quantum system or, in other words, at a single experimental realization of such
a protocol. In particular, a question we address is whether the gauge violation is
suppressed by the action of the jump operators in each simulation or if it emerges
only after averaging over many trajectories.

To study the evolution of states, instead of density matrices, under open dynam-
ics, a possibility is to unravel the Lindblad equation in quantum trajectories. The
first step is to incorporate the second term of the incoherent contribution into an
effective non-Hermitian Hamiltonian

_g_9Nqt
Hog = H — < zn: Gl G, . (C.6)

The non-Hermitian part of the effective Hamiltonian causes an effective reduction
of the norm of the wavefunction [¢)(t)); at first order in a time step dt, we have that

(Wt +8t)[ Pt +6t) = 1=ty Y (V)| GG [(1))

=1-4p, (C.7)

where 6t must be chosen such that dp < 1. The latter is then interpreted as the
probability that the state undergoes a quantum jump described by

[ (t +6t)) = Gn [¢(1)) /\/7 ((t)| GRGn [(1)) - (C.8)

The denominator is used to keep the normalization of the wavefunction. This ap-
proach gives rise to stochastic dynamics in which the jump operators, in this case
the generators of the local Zo symmetry, act at a random time with a probabil-
ity proportional to their norm and the rate v on top of a deterministic nonunitary
dynamics determined by the Hamiltonian in Eq. (4.12).

Notice that due to the specific form of the jump operators GLGH = 1, the non-
Hermitian contribution to the Hamiltonian reduces to a trivial decrease of the state
norm o Ndty. Their action in Eq. (C.8), instead, acts trivially only if |¢(¢)) is an
eigenstate of G,,; thus, when the jump operators are repeatedly applied to |1(t)),
they induce dephasing between states belonging to different gauge sectors. This, in
turn, suppresses the speed of the population transfer between them caused by the
action of Hepy.

We now focus on the dynamics of individual quantum trajectories, which has not
been analyzed previously in the context of dissipative gauge protection. To this end,
we consider a chain of N = 9 matter sites with OBC (L = 17 spins in total) prepared
with a single matter defect in the central site n = 4. The system is evolved with the
Hamiltonian in the deconfined phase (f = 0.5J, M = 0) and with a coherent error
strength A = 0.3J. To investigate the error protection effectiveness, we analyze in
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Fig. C.1 the evolution of the gauge violation dg [defined in Eq. (4.9)]. We show
both the deterministic dynamics affected by the coherent error and the result of the
continuous measurement protocol. For the latter, the average over 50 trajectories is
plotted as a thick dashed line while individual stochastic dynamics are the fainter
ones.

Large measurement rates provide an effective error suppression, although a drift
outside the target sector deteriorates the quality of the simulation, requiring a higher
measurement rate for reliably reaching a longer total evolution time. The trajectory
spread also increases in time, although the data for the weakest rate (v = \) sug-
gest that it saturates as soon as equilibrium is approached. Since the steady state
of Eq. (C.5) is the infinite-temperature density matrix, irrespective of the rate =,
equilibrium is always characterized by an average gauge violation of 1/2.

Despite the coherent error of A = 0.3J being rather strong, the dynamics of the
gauge violation is entirely dominated by the jump processes. Indeed, if the coherent
error alone is active, without gauge protection, a fast gauge violation is generated
that then oscillates around an average value dependent on A. In contrast, gauge
protection via measuring the local charges causes a monotonous increase in the
average violation. Only at the level of individual trajectories, do some oscillations
survive but without any resemblance to the coherent dynamics. In the Zeno regime
(v > \), the steady increase of the gauge violation happens on a time scale set by the
measurement rate -y, consistently with the behavior of the Liouvillian eigenvalues
shown in Fig. 4.3. Indeed, if we rescale time as t — t%, the curves describing the
average gauge violation for different  in time perfectly collapse on top of each other,
as we report in panel (b) of Fig. C.1. A slight violation can be discerned only for the
smallest v considered. When v < ), instead, the relaxation rate increases with 7,
as seen from the Liouvillian eigenvalues, leading to a fast equilibration to an infinite
temperature state characterized by (dg) = 0.5.

To conclude, the Lindblad equation in Eq. (C.4) is the theoretical foundation on
which the Zeno transition analysis of Chapter 4 rests: the spectral gap of the associ-
ated Liouvillian superoperator, studied in Sec. 4.3.1, directly controls the threshold
between the protected and unprotected regimes. The trajectory-level analysis car-
ried out in Sec. C.1 further establishes the comparison between the digital (DPS) and
analog (continuous measurement) unravelings in Sec. 4.3.2, showing that—despite
sharing the same ensemble-averaged Lindbladian—the two protocols produce quali-
tatively distinct trajectory distributions, with the digital case allowing a clean sep-
aration between gauge-invariant and gauge-violating runs.
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Figure C.1: (a) Evolution of the average violation of the local charges, comparing
the coherent error (solid orange line) and the corrected dynamics with different mea-
surement rates (dashed lines). The thick lines represent the average over 50 different
trajectories (fainter lines). Individual trajectories remain close to the ensemble av-
erage and the gauge violation decreases as 1/ in the protected phase (y > \). The
initial state corresponds to a local charge defect at the center of the chain and the
physical parameters are f = 0.5J, M = 0, and A = 0.3J. (b) By plotting the aver-
age gauge violation versus the rescaled time t\/7, a perfect data collapse is achieved
once the system is sufficiently deep in the quantum Zeno regime.
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