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Abstract

Satisfiability Modulo Theories (SMT) enumeration is the problem of enumerating the
theory-satisfiable truth assignments propositionally satisfying a given SMT formula. It
underlies several tasks in formal verification, automated reasoning, and probabilistic
inference. However, the number of such assignments may grow exponentially, limiting
the applicability of SMT enumeration to large and complex problems.

This dissertation studies how suitable encodings and application-specific strategies
can make SMT enumeration effective in practice and enable its use in novel problems.
A central focus is the enumeration of few, short partial truth assignments, which com-
pactly represent large sets of total assignments and reduce both enumeration costs and
application-specific computation. We make the following contributions.

First, we show that standard CNF encodings may inhibit short partial-assignment
generation and propose a novel encoding that drastically reduces both the number of
assignments and the enumeration time. We then develop a structure-aware encoding
and enumeration strategy for Weighted Model Integration, which significantly reduces the
number of required integrals and improves upon state-of-the-art methods.

We also adapt partial-assignment enumeration to Optimization Modulo Theories,
introducing optimization-specific reduction techniques that speed up the solving process. A
related decomposition strategy is applied to constrained Mazimum A Posteriori inference,
enabling the optimization of highly nonlinear density functions through the combination
of SMT enumeration and external numerical optimizers.

The dissertation then addresses the computation of a complete set of theory lemmas
for a given SMT formula. We devise several techniques based on parallel cube-and-
conquer and projected enumeration, improving scalability while preserving completeness.
These lemmas are then used to define a framework for d-DNNFs Modulo Theories, which
supports polytime SMT transformations and queries.

Extensive experiments support the practical effectiveness and real-world applicability
of our contributions.

Keywords

SMT Enumeration, Weighted Model Integration, Optimization Modulo Theories, Con-
strained MAP Inference, Knowledge Compilation
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Introduction

Satisfiability Modulo Theories (SMT) is the problem of deciding the satisfiability of
a first-order formula with respect to a decidable first-order theory 7 [9]. SMT can
be solved via a lazy approach combining a propositional SAT solver with a theory-
specific procedure that checks the satisfiability of truth assignments with respect to the
theory [191,9]. SMT solving has been widely explored over the last decades, with several
efficient solvers being developed for a variety of theories, such as linear arithmetic over
real numbers (LR.A) [75], establishing SMT as a fundamental tool for formal verification
and automated reasoning [9.

Several applications require not only finding a single solution but also exploring the
entire solution space of a given SMT formula. A fundamental problem in this context is
SMT enumeration (T-AlISAT), which consists of enumerating all the theory-satisfiable
truth assignments propositionally satisfying a given SMT formula. The problem has
gained attention in recent years, with several works focusing on the development of
efficient T-AlISAT solvers, e.g., [129, 48, [207, [203], and on the study of its applications.

Such applications include, e.g., computing predicate abstraction in formal verifica-
tion [129, 138], and probabilistic inference in hybrid domains via volume computation
(#SMT(LRA)) [141, [241], 87, [200], and Weighted Model Integration (WMI) |13} 160,
161}, [204]. In particular, WMI requires computing the integral of a given probability
density over the solution space of a given SMT formula. A solving approach [160, [161]
consists of enumerating theory-satisfiable truth assignments satisfying the formula, each
defining a convex domain over which the integral of the density is directly computable.
The final result is obtained by summing all the integrals thus computed. In this context,
enumerating few, short partial truth assignments is crucial, as each of them requires
computing an integral, which is a computationally expensive task.

Besides direct applications, several SMT-related problems involve some form of
enumeration, though they do not explicitly use 7-AlISAT. Among these, Optimization
Modulo Theories (OMT) 169, 195, [196] is a prominent example in which an SMT solver
is used to enumerate the theory-satisfiable truth assignments of a formula, conjoining
increasingly tighter bounds on the objective function until an optimum solution is found.

As SMT enumeration is very computationally expensive, a proper understanding
of the problem, its possible variants, and the available techniques and algorithms for
solving it efficiently is crucial for applying it in practice. In particular, for an efficient
T-AlISAT enumeration, it is of paramount importance to enumerate short partial truth
assignments, rather than total truth assignments. In fact, a partial truth assignment
propositionally satisfying the input formula can represent up to exponentially many
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total ones. Hence, the shorter the partial assignments, the fewer assignments need to be
enumerated, and the faster the enumeration can be performed.

We note that in several applications, this aspect is often overlooked. In many cases,
algorithms rely on total truth assignment enumeration, which is often suboptimal and
does not scale to large problems. Moreover, in other contexts where partial truth
assignment enumeration is used, no sufficient investigation has been conducted to
understand how the choice of encodings and techniques can affect the efficiency of the
enumeration. Lastly, when total enumeration is strictly necessary, other techniques, such
as projected T-AlISAT [207|, can be used by exploiting the structure of the problem.

Contributions

In this dissertation, we address the aforementioned challenges by building upon exist-
ing SMT-enumeration techniques and algorithms, and by studying their applicability,
scalability, and effectiveness across a variety of problems. Our research focuses on a
dual objective: optimizing the use of T-AlISAT techniques for problems where they are
already utilized and pioneering their application to domains where they have not been
deployed before.

Crucially, this dissertation shows that the way we use existing 7-AlISAT tools is
of paramount importance, demonstrating that the performance of 7-AIlISAT can be
improved by orders of magnitude simply by using the right encoding and the right
techniques, without modifying the underlying solving algorithms.

Overall, this thesis presents the following contributions, all supported by extensive
experimental evaluations.

CNF encodings for enumeration. As 7-AlISAT depends for its efficiency on the
ability to enumerate few, short partial truth assignments, we study how the encoding
of the input formula can affect the performance of enumeration. In particular, we
focus on the CNF encodings commonly employed by SAT and SMT enumerators.
We spotlight how the introduction of auxiliary label atoms and their corresponding
definitions —even when the former are projected away during enumeration— can severely
inhibit the enumerator from generating short partial assignments, resulting in significant
performance degradation.

To address this, we propose a novel CNF encoding that combines the well-known
Plaisted and Greenbaum encoding [178] with an upfront conversion into Negation Normal
Form (NNF). This approach enables the enumeration of much shorter partial assignments
compared to standard encodings. We validate this both in theory and in practice through
a comprehensive experimental evaluation, demonstrating an improvement of several
orders of magnitude in both the number of partial assignments enumerated and overall
enumeration time.

Weighted Model Integration (WMI). We devise a novel WMI computation
algorithm that combines a problem-specific encoding of the input formula with a
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specialized SMT-enumeration strategy designed to minimize the number of integrals
to compute. In particular, the combination of these two elements enables our solver
to effectively and efficiently: (a) enumerate the branches of piecewise-defined weight
functions, which are often deeply nested and can contain complex LR.A conditions;
and (b) handle formulas containing combinations of LR.A and Boolean atoms, where
partial truth assignments on the former define the integration domain, while partial
truth assignments on the latter define a multiplicative factor for the integral. Overall,
this approach dramatically reduces the number of integrals to compute w.r.t. other
SMT-enumeration-based approaches [160, |161], 204], thereby reducing the total WMI
computation time and achieving state-of-the-art performance on both synthetic and
real-world benchmarks.

Optimization Modulo Theories (OMT). We also study the application of SMT-
enumeration techniques to Optimization Modulo Theories (OMT), and in particular, we
discuss how the OMT loop can be improved by exploiting partial assignment enumeration.
We propose techniques to tailor existing partial-assignment reductions to the optimization
setting and show how in practice these techniques can be used to improve the efficiency of
OMT solving for several theories, such as linear arithmetic over real or integer numbers,
as well as combinations of theories. Moreover, this strategy proves particularly effective
for anytime OMT solving, i.e., finding the best solution within a given time limit,
allowing us to find good-quality solutions much faster than standard OMT approaches.

Maximum-A-Posteriori (MAP) inference. Staying in the optimization context,
we pioneer a novel application of SMT-enumeration techniques to Maximum-A-Posteriori
(MAP) inference under SMT(LR.A) constraints. The problem consists of maximizing
a probability density function, typically highly nonlinear and possibly not given in
explicit form, in the solution space defined by an LR.A-formula. Since standard OMT
solving techniques for nonlinear arithmetic |18} [113] cannot deal with such density
functions, we propose an alternative approach driven by SMT enumeration. Similarly
to WMI computation, we use T-AlISAT to partition the solution space into a set of
subproblems, each corresponding to a partial truth assignment satisfying the formula,
which can then be handled by existing optimizers. Our approach applies to a wide
range of density functions, providing exact or approximate solutions depending on the
underlying optimizer used.

Theory-lemma enumeration. As another novel application of SMT-enumeration
techniques, we study the problem of computing a complete set of theory lemmas that
rule out all theory-unsatisfiable truth assignments propositionally satisfying a given SM'T
formula. This problem poses some hard challenges: partial truth assignment enumeration
does not guarantee finding all the required theory lemmas, whereas total truth assignment
enumeration is typically infeasible even for relatively small problems. To overcome
these issues, we develop efficient techniques to scale to substantially larger formulas
than what is possible with standard 7-AlISAT techniques. First, we introduce a highly
parallelizable cube-and-conquer approach to 7-AlISAT, using an existing 7-AIISAT

3
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solver as a black box. Second, we show how using advanced enumeration techniques
based on projected T-AlISAT can provably find a complete set of T-lemmas. When
atom partitioning based on shared symbols is possible, this allows us to dramatically
reduce the computational cost. Overall, by combining these improvements, we can scale
to much larger and more complex formulas than with standard 7-AlISAT.

d-DNNFs Modulo Theories. Computing such a set of theory lemmas serves as the
fundamental building block for the last contribution of this dissertation: a comprehensive
framework for d-DNNFs Modulo Theories supporting polytime SMT transformations
and queries. By augmenting the input formula with theory lemmas, we show how to
construct a compiled d-DNNF 7T -formula. We provide formal proofs of correctness for
the associated querying and transformation algorithms, enabling polytime operations
such as counting and enumeration of 7T-satisfiable truth assignments. Experimental
results confirm the practical effectiveness of our approach, showing that, e.g., counting
queries, which are prohibitively expensive for standard SMT-based approaches, can be
answered in negligible time on the compiled d-DNNF 7T -formulas.
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Thesis structure

The thesis is structured as follows:

Part [[l provides an introduction to necessary background knowledge and terminology,
and a survey of the related work:

Chapter [1] introduces the notation and the necessary background on SMT, SMT
Enumeration, WMI, OMT, and Knowledge Compilation, and presents the
problems we address in this thesis.

Chapter 2| provides an overview of the state of the art in the addressed problems.
Part [ presents our contributions:

Chapter [3] is based on [149, [150]. It addresses the problem of SAT and SMT
enumeration for non-CNF formulas, analyzing the limitations of common
CNF encodings for enumeration, and proposing a new CNF encoding that
allows for enumerating a much smaller number of short partial assignments.

Chapter [4] is based on [205]. It presents our contributions on improving the
efficiency of SMT-based WMI computation, including novel ad-hoc structure-
aware encodings and SMT-enumeration techniques.

Chapter [5] is based on [148]. Tt presents an adaptation of SMT-enumeration
techniques to improve the efficiency and effectiveness of OMT solving.

Chapter [6] is based on [123]. It presents an application of SMT-enumeration tech-
niques to compute Maximum-A-Posteriori (MAP) inference under SMT(LR.A)
constraints and highly nonlinear objectives.

Chapter [7] is based on [50]. It presents several methods to exploit SMT Enu-
meration for computing a complete set of theory lemmas ruling out all
theory-unsatisfiable truth assignments propositionally satisfying a given SM'T
formula. These methods are used as a building block for the framework
presented in the next chapter.

Chapter [§] is based on [152} [147]. It presents a general theory-agnostic framework
for compiling SMT formulas into d-DNNF 7T -formulas, in such a way as to
allow polytime SMT transformations and queries.

Chapter [9] concludes the thesis and outlines future research directions.
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Chapter 1

Background and State of the Art

This chapter introduces the notation and the background necessary to understand the
rest of the thesis. We assume the reader is familiar with the basic syntax, semantics, and
results of propositional and first-order logics and refer to standard literature (e.g., [9,
17]) for details.

Notation. In this thesis, we adopt the following notation conventions. A, B denote
Boolean atoms; «, § denote first-order (including Boolean) atoms; ¢ denotes a literal; z, y
denote first-order variables; ¢, 1, x denote propositional or first-order formulas; n, p, 1
denote conjunctions of literals, where 1 and p typically denote total truth assignments,
whereas ;1 denotes a partial truth assignment; C' denotes a clause; B = {T, L} denotes
the set of Boolean constants, and R denotes the set of real numbers. Bold symbols
denote sets: A = {A;,..., Ay},B = {By,..., By} denote disjoint sets of Boolean
atoms; & = {o,...,an}, B = {B1,...,Bu} denote disjoint sets of first-order (including
Boolean) atoms; x = {x1,...,2x},y = {y1,...,yn} denote disjoint sets of first-order
variables. T denotes a first-order theory, and M denotes a first-order interpretation.
Given a Boolean or first-order formula ¢, Atoms(y) denotes the set of atoms occurring
in . We sometimes adopt the notation “¢[a]” when we want to emphasize that a is a
superset of Atoms(y) whose truth assignments we are interested in. The fact that it is
a superset is sometimes necessary for comparing formulas with different sets of atoms:
¢la] and ¢'[a’] can be compared only if they are both considered as formulas on aUa’.
(For example, in order to check that (A; V Ag) A (A1 V —As) and (Ay V A3) A (A1 V —A;3)

are equivalent, we need to consider them as formulas on {A4;, Ay, A3}.)

1.1 Propositional Satisfiability (SAT)

A propositional (also Boolean) formula ¢ can be defined recursively as follows. The
Boolean constants T and L are formulas; a Boolean atom A and its negation —A are
formulas, also referred to as literals; a combination of two formulas using one of the
Boolean connectives (A, V, —, <) is a formula; the negation (=) of a formula is a formula.
A clause is a disjunction (V) of literals. A cube is a conjunction (A) of literals.

9



1.2. Satisfiability Modulo Theories (SMT)

With a little abuse of notation, if ¢ is the negative literal = A, then by “—¢” we mean
“A” rather than “-—A"; also, if C is a clause V, ¢;, then by “—=C” we mean the cube
N; =; rather than =/, ¢;, and vice versa.

Propositional satisfiability (SAT) is the problem of deciding the satisfiability of a
propositional formula, i.e., whether there is a way to assign truth values to the atoms
such that the formula evaluates to T. We adopt the standard definitions of propositional
entailment (“E"), equivalence (“=”), and validity for propositional formulas.

1.2 Satisfiability Modulo Theories (SMT)

Basics. A first-order term is either a variable, a constant symbol, or a combination
of terms using function symbols. A first-order atom is a predicate symbol applied to a
tuple of terms (Boolean atoms can be viewed as zero-arity predicates). The definitions of
first-order literals, clauses, cubes, and formulas follow from those in propositional logic,
except that atoms are now first-order atoms. As it is standard in most SMT literature,
we restrict ourselves to quantifier-free first-order formulas. Hereafter, unless otherwise
specified, “formulas” [resp. atoms, literals] refers to both propositional and first-order
formulas [resp. atoms, literals]. We assume that formulas are internally represented
as single-rooted directed acyclic graphs (DAGs) where internal nodes are labeled with
Boolean connectives, and leaves are labeled with literals or atoms. (Some authors call
them “circuits”, e.g., [83}82].) In this way, multiple occurrences of the same subformula
are represented by only one shared sub-DAG. The size of a formula is the number of
nodes and arcs of its DAG representation.

Theory (7). A first-order theory T is a (possibly infinite) set of first-order formulas
that provides an intended interpretation of constant, function, and predicate symbols.
Examples of theories of practical interest are those of equalities (£), equalities and
uninterpreted functions (EUF), linear arithmetic over integer (£LZ.A) or real numbers
(LR.A), nonlinear arithmetic (NZA, NRA), and combinations thereof. With a little
abuse of notation, we often refer to a theory 7T instead of its corresponding signature, so
that by T-formulas [resp. literals, atoms| we mean formulas [resp. literals, atoms| in the
signature of 7. For example, LR.A-atoms are of the form (¢; - z1 + -+ ¢, -z, X ¢),
where c¢q, ..., ¢, and c are rational constants, x; are real variables in R, “-” and “+” are
the standard multiplication and addition operators, and “><t” is one of the standard
arithmetic operators {=,#,<,>,<,>}. A T-model M is an interpretation of the
symbols of T that satisfies every formula in 7.

Satisfiability Modulo Theories. Satisfiability Modulo the Theory T, also SMT(T),
is the problem of deciding the satisfiability of a first-order formula w.r.t. some background
theory T (see, e.g., [9]). A T-formula ¢ is T -satisfiable (also T -consistent) if there
exists a T-model M such that M = ¢ in the standard first-order semantics. Otherwise,
it is T -unsatisfiable (also T -inconsistent).

10



Chapter 1. Background and State of the Art

Example 1.2.1 (SMT). Consider the LR.A-formula on the rational variables z, y:
pE((2-3y<O)VE<H)A(F<YVEH<-32+9)V(r<-2)) (11

¢ is LRA-satisfiable, e.g., the LRA-model M = {x + 3,y > 0} satisfies .

A T-formula ¢ is T -valid iff it is satisfied by every T-model. A T -lemma is a T-valid
clause. Given two T-formulas ¢ and v, we say that ¢ T -entails ¥, written ¢ =7 9,
iff every T-model satisfying ¢ also satisfies 1. We say that ¢ and v are T -equivalent,

written ¢ =7 9, iff p =79 and ¥ 7 @.

Boolean Abstraction and Refinement. 725 denotes a bijective function (“theory
to Boolean”), called Boolean abstraction, which maps Boolean atoms into themselves,
first-order atoms into fresh Boolean atoms, and is homomorphic w.r.t. Boolean operators
and set inclusion. B27 (“Boolean to theory”), called refinement, is the inverse of T2B.
For instance T2B({((x1 — x2 < 3)V (21 = x3))}) = {(A1 V A3)}, A; and A; being fresh
Boolean atoms, and B2T ({—A1, As}) = {~(x; — 22 < 3), (z1 = z3)}.

We use ¢P as a synonym for the Boolean abstraction of ¢, and vice versa, i.e., ¢
denotes the refinement of ¢P. This extends to sets of formulas as well.

We say that a formula ¢ is propositionally satisfiable (also B-satisfiable) iff T2B(¢p)
is satisfiable. We say that a formula ¢ is propositionally valid (also B-valid) iff T2B(y)
is valid. We say that ¢ propositionally entails (also B-entails) ¢, denoted ¢ =g v, iff
T2B(p) = T2B(v), and that ¢ and 1 are propositionally equivalent (also B-equivalent),
denoted ¢ =g 1, iff T2B(p) and T2B()) are equivalent. Notice that ¢ =g ¢ implies
¢ =7 1, but not vice versa, and that ¢ =g v implies ¢ =7 1, but not vice versa.

Polarity. Given a formula ¢, a subformula occurs with positive [resp. negative] polarity
(also positively [resp. negatively]) if it occurs under an even [resp. odd] number of
nested negations. Specifically, ¢ occurs positively in ¢; if =, occurs positively [resp.
negatively] in ¢, then o occurs negatively [resp. positively] in ¢; if p1 A s or @1 V @2
occur positively [resp. negatively| in o, then 1 and ¢y occur positively [resp. negatively]
in ; if p; — @g occurs positively [resp. negatively| in ¢, then ¢; occurs negatively
[resp. positively] and ¢, occurs positively [resp. negatively] in ¢; if @1 <> 9 occurs in
@, then both ¢ and ¢9 occur positively and negatively.

Negation Normal Form. A formula is in Negation Normal Form (NNF) iff it is
given by the recursive applications of A and V to literals. Note that all its subformulas
occur positively. A formula ¢ can be converted into a B-equivalent NNF formula via
the NNF(¢) transformation, which rewrites implications (p; — ¢2) as (—p1 V ¢9) and
equivalences (1 <> ¢2) as (mp1 V p2) A (91 V —¢2), and then recursively “pushes down”
negations, rewriting —(¢1 V @2) as (m@1 A 7pa), =(01 A ) as (—w1 V —py) and -
as 1.

11



1.2. Satisfiability Modulo Theories (SMT)

Lemma 1.2.1. Given a formula ¢, the size of NNF(p) is linear w.r.t. the size of gpﬂ

We recall that we assume formulas are represented as DAGs.
Although we believe this fact is well-known, we provide a formal proof in Appendix [A.1.1]

Conjunctive Normal Form. A formula is in Conjunctive Normal Form (CNF) iff
it is a conjunction of clauses. Numerous CNF transformation procedures, commonly
referred to as CNF-izations, have been proposed in the literature. We summarize the
three most frequently employed techniques.

The Classic CNF-ization (CNFpy,) converts a formula into a propositionally equivalent
formula in CNF by applying De Morgan’s rules. First, it converts the formula into
NNF. Then, it recursively rewrites subformulas ¢ V (w2 A 3) as (g1 V ¢2) A (@1 V ¢3)
to distribute V over A, until the formula is in CNF. The principal limitation of this
transformation lies in the possible exponential growth of the resulting formula compared
to the original (e.g., when the formula is a disjunction of conjunctions of subformulas),
making it unsuitable for modern SAT and SMT solvers (see, e.g., [180]).

The Tseitin CNF-ization (CNF+,) [222] avoids this exponential blow-up by labeling
each subformula ¢; with a fresh Boolean atom B;, which is used as a placeholder for
the subformula. Specifically, it consists of recursively applying the bottom-up rewriting
rule ¢ = @[p;|Bi] A CNFp\(B; <> ¢;) until the resulting formula is in CNF, where
©[pi|Bi] is the formula obtained by substituting in ¢ every occurrence of ¢; with B;.

The Plaisted and Greenbaum CNF-ization (CNFpg) [178] is a variant of CNF, that
exploits the polarity of subformulas to reduce the number of clauses of the final formula.
If a subformula ¢; appears only with positive [resp. negative| polarity, then it can be
labeled with a one-way implication as CNFpy,(B; — ¢;) [resp. CNFpy(B; < ¢;)]; if ¢;
occurs with both polarities, then it is labeled as CNFpy(B; <+ ¢;), as with CNF.

With both CNF4, and CNFp¢, due to the introduction of the label atoms, the final
formula is not propositionally equivalent to the original formula but only equisatisfiable.
Moreover, they have a stronger property. If p[a] is a non-CNF formula and ¢[a U B
is either the CNF{, or the CNFp¢ encoding of ¢, where B are the fresh Boolean atoms
introduced by the transformation, then ¢ =g dB.1).

Total and partial truth assignments. Given a set a of atoms, a total truth
assignment is a total map n : a —— B. A partial truth assignment is a partial map
@ o — B. Notice that a partial truth assignment represents (also “covers”) 2* total
truth assignments extending it, where £ is the number of unassigned atoms in . We often
represent a truth assignment either as a set, s.t. g = {a | u(a) = TYU{-a | u(a) = L},
or as a conjunction of literals, s.t. yu = Nu(o)=T AN Nyay=1 —a. If gy C pag [resp. py C pio]
we say that u is a subassignment [resp. strict subassignment] of po and that us is a
super-assignment [resp. strict super-assignment| of p.

We denote with |, the residual of ¢ under p, i.e., the formula obtained by substitut-
ing in ¢ each «; € a with u(c;), and by recursively applying the standard propagation
rules of truth values through Boolean operators.

12



Chapter 1. Background and State of the Art

Definition 1.2.1 (Satisfiability by partial assignment). Let p[a] be a formula.
We say that a (partial or total) truth assignment p on o propositionally satisfies

¢, denoted u =g o, iff T2B(u) = T2B(p).

A Boolean formula is satisfiable iff there exists a truth assignment propositionally
satisfying it. A T-formula is T -satisfiable iff there exists a T-satisfiable truth assignment
propositionally satisfying it. A partial truth assignment p is minimal for ¢ iff p =g ¢
and every strict subassignment ' C p is such that u' g .

Remark 1.2.1. The definition of satisfiability by partial assignment may be am-
biguous for non-CNF and existentially-quantified formulas [193, 156} [194]. In this
thesis, unless otherwise specified, we use the verification semantics, i.e., we say that
p =g @ iff |, = T. This definition is the easiest and most efficient to compute, and
is the one typically used by state-of-the-art SAT and SMT solvers. Alternatively,
the entailment semantics defines p =g ¢ iff ¢|, =g T, as done by OBDDs [32],
SDDs [60], or dual-reasoning techniques [155] [82] (see also Section [2.1)).

Remark 1.2.2. The above notion of satisfiability by partial assignment is such that

if 1 =g @9, then p =g @1 does not imply that u =g @2 [193, (156} 194]. Consider,

e.g., o1 = (AVB)A(AV=B) and ¢, = (AAB)V(AA-B), and the partial assignment
def

p = {A}. Although ¢ =g @2, we have that 1], = T, but ¢,|, = B V =B, which,
although logically equivalent to T, is syntactically different from it.

Sometimes, we are interested in finding truth assignments propositionally satisfying
a formula w.r.t. a subset of atoms.

Definition 1.2.2 (Projected propositional satisfiability). Let ¢[a| be a formula,
and let o/, a” be s.t. a = o’ U o and they are symbol-disjoint, i.e., they do not
share any Boolean atom, first-order variable, or uninterpreted function. We call o’
the set of projection atoms. Let B, y, and f be, respectively, the sets of Boolean
atoms, first-order variables, and uninterpreted functions occurring in a”.

We say that a (partial or total) truth assignment u® on o propositionally satisfies
IB.3y.3f.p[a], denoted as p® =g IB.Jy.3f.¢[a], iff there exists a T-satisfiable
total truth assignment 7" on o” s.t. u® Un®" =g ¢lal.

We note that the notation “3f” is not compliant with standard first-order logic syntax.
It is intended to denote the fact that there exists a 7-model for B, y, and f inducing a
T -satisfiable truth assignment on a” such that u® Un®" =g ¢. We use this notation
to keep the definition as general as possible, so as to include uninterpreted functions,
though in practice the latter never appear in the rest of the thesis. Instead, we frequently
consider the special cases where B, f, or y are empty. In particular, if f =y = () and
o’ = B, then p® = IB.¢ iff there exists an n® such that u® Un® =5 .
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1.3. SMT Enumeration (T-AILSAT)

1.2.1 Lazy SMT Solving

State-of-the-art SMT solvers implement the CDCL(T) algorithm [143]. CDCL(T) is
based on the so-called lazy approach to SMT (see e.g., [191}|9]), which exploits the
fact that a 7T-formula ¢ is T-satisfiable iff there exists a truth assignment p that
propositionally satisfies ¢ and p is T-satisfiable. It combines a CDCL-based SAT-solver
with a T -specialized decision procedure called T-solver to decide the T-consistency of a
set of T-literals. Whenever the SAT-solver finds a truth assignment p propositionally
satisfying ¢, it invokes the T-solver to check the T-satisfiability of p. If u is T-satisfiable,
then the T-solver returns a 7-model M, which therefore satisfies ¢. Otherwise, the
T-solver returns a subset of u that causes the T-unsatisfiability, so that the SAT-solver
can learn a new 7-lemma to be used in subsequent iterations to prune the search space.

To maximize efficiency, most 7T -solvers can be called incrementally via a stack-based
interface, keeping the status of the search between calls. E.g., an efficient, incremental
LR A-solver can be built on a variant of the Simplex algorithm designed to be integrated
within a lazy SMT framework [75]. The combination of theories can be handled efficiently
by delayed theory combination [29].

Another important feature of CDCL-based SMT solvers is that they provide a
stack-based incremental interface, which allows clauses to be pushed and popped and the
satisfiability of the formula conjoined with the pushed clauses to be checked incrementally
while maintaining most of the learned information between calls.

1.3 SMT Enumeration (7-AlISAT)

AlISAT is the task of enumerating all the truth assignments propositionally satisfying a
Boolean formula. A generalization to the SMT case is 7-AlISAT, defined as the task
of enumerating all the T -satisfiable truth assignments propositionally satisfying a 7T -
formula[ In the following, we present definitions and algorithms referring to 7-AlISAT.
The AlISAT case can be obtained as a special case of T-AlISAT when all atoms are
Boolean and no reference to 7T -satisfiability is needed.

1.3.1 Problem Definition
Different versions of 7T-AlISAT can be defined, depending on whether:

o truth assignments are total or partial;
o truth assignments are on all atoms or projected on a subset of atoms;

« in the case of partial truth assignments, they are pairwise mutually inconsistent
(disjoint) or not (non-disjoint).

n the literature, this task is also referred to as “ALSMT” [48, [160, [161} 204, [205, 207, 150, [50} [123)].
In this dissertation, we prefer “7-AIlISAT” to “AlISMT” to avoid confusion, because we are enumerating
T-satisfiable truth assignments rather than theory-specific FOL models.

14



Chapter 1. Background and State of the Art

In the following, we give definitions for all these versions and discuss their relationships,
as well as relevant subcases. In Section [1.3.2] we describe a general algorithm that can
be used to solve all these versions, by suitably instantiating its parameters.

Total 7-AlISAT. Given a formula ¢[a|, total T-AlIISAT is the task of enumerat-
def

ing the set TTA(¢) = {n%,...,n5} of all T-satisfiable total truth assignments on a
propositionally satisfying ¢.

Partial 7-AlISAT. Given a formula ¢[a], partial T-AlISAT is the task of enumerating
d_ef

a set TA(p) = {pug, ..., u%} of T-satisfiable partial truth assignments on a s.t.:

(i) every pi* € TA(¥) s ¢;
(ii) every nf € TTA(p) is an extension of some puf* € TA(p);
and, only in the disjoint case:
(iil) every pair uf, us € TA(p) assigns opposite truth value to at least one atom.

Whereas TTA(p) is unique, multiple 7A(p) sets are admissible for the same formula
¢, including TTA(p). Typically, T-AlISAT solvers aim at enumerating a set TA(p) which
is as small as possible, since every partial truth assignment prevents the enumeration of
a number of total truth assignments that is exponential w.r.t. the number of unassigned
atoms, thereby saving substantial computational time and space. In particular, it is
desirable for the uf* to be minimal, meaning that no literal can be dropped from them
without losing properties [(i)| and (if disjointness is required).

Projected total 7-AlISAT. Let p[a] be a formula on o, and let ¢, @', &”, B, y, and
f be as in Definition where B, y, and f are, respectively, the sets of Boolean atoms,
first-order variables, and uninterpreted function symbols in a”. Following [129], projected
total T-AlISAT is the task of enumerating a set TTA(IB.Jy.3f.p) = (... 05} of
T-satisfiable total truth assignments on o’ s.t.:

(i) every n® =g 3B.3y.If ¢ (see Definition [1.2.2);

(ii) every nf € TTA(yp) is an extension of some ne.

Projected partial 7-AlISAT. Given pla], a, &/, @”,y, B, and f as above, projected
partial T-AlISAT is the task of enumerating a set TA(IB.Jy.3f.p) = {u’, ..., u%} of
T-satisfiable partial truth assignments on a’ s.t. properties |(i)| and above hold (by
replacing n® with u®'). Moreover, only in the disjoint case:

(iii) every pair uf", ,u;?‘/ assigns opposite truth value to at least one atom.

We note that this formulation generalizes all the previously discussed cases: when every
,uf” is a total assignment, we recover the total version(s), and when &’ = a, we recover
the non-projected version(s).

15
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Example 1.3.1 (T-AlISAT). Let o = AUB U a*®A, where A = {4,},B = {B;}
are sets of Boolean atoms, and a“R*4 = {(y < 1), (y > 2)} is a set of LR.A-atoms
on y. Notice that A, B, and a“®4 are pairwise symbol-disjoint.

Let pla] = (A V (y < 1)) A (AL V B) A (By < (y > 2)). Then:

TTA(p) ={Ai ABiA=(y<1) Ay
TA(p) ={A1 A B A (y

All other total assignments propositionally satisfying ¢ assign both (y < 1) and
(y > 2) to true, and are thus LR.A-unsatisfiable. The projected T-AlISAT on A is

TTA3y.3By.¢) = TA(Zy.3B1.¢) = {A1, - A}
In fact,
o for pr = Ajplet B = Byand pfR ==y <1 A (y>2);
o for u® = —Ay, let B = =By and A = (y < 1) A-(y > 2).

These cases correspond to the two elements in TTA(p); in both cases, u A uB A
pERA =g @ and pfRA is LR A-satisfiable. The projected T-AIISAT on A U ¥R is

TTABB.p) ={AiA-(y <D A(y=>2), -~AA(y<1)A=(y=>2)},
TAGB.¢) ={A, A (y>2), —AA[y<1)A-(y>2))

Remark 1.3.1. We remark that partial T-AlISAT may be dramatically faster than
total T-AlISAT, since a single T -satisfiable partial assignment represents up to 2*
total ones, where k is the number of unassigned atoms.

For the same reason, projected T-AlISAT may be dramatically faster than non-
projected T-AlISAT, as a single T -satisfiable assignment on a’ represents up to 2%
T -satisfiable assignments on «, where k is the number of non-projection atoms in
a\ o

Enumeration for non-CNF formulas. For standard SMT solving, SMT solvers
and enumerators typically assume that the input formula is in CNF (see Section . If
it is not, it is converted into an equisatisfiable CNF formula via either CNF4, or CNFp.

For SMT enumeration, if p[a] is not in CNF, then TA(p) can be computed by
first converting ¢ into an equisatisfiable CNF formula ¢[ac U B] via either CNF, or
CNFp¢, and then by enumerating 7A(3B.¢), where B is the set of fresh Boolean atoms
introduced by the CNF transformation (see Section [1.2)). Such a set can be enumerated
by means of T-AlISAT projected on the original atoms « (see Section |1.3.1]).
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Chapter 1. Background and State of the Art

1.3.2 7-AlISAT Computation

Algorithm 1 Projected-T-AlISAT (¢[a], &)
Input: ¢la]: a CNF T-formula; a’: set of atoms to project on, s.t. &’ C «

Output: M, : set of truth assignments; Cl,: set of T-lemmas found during enumeration

My 0

Yo ¢

140

while SMT.Solve(y;[a]) = SAT do
ne <— SMT.GetAssignment() {find a T-sat truth assignment on a for ¢}
ps <— MinimizeAssignment (¢, nf*, o) {minimize n* w.r.t. o'}
pe <« Project(u®, o) {keep literals on o’ only}
Mes = Mg U {/%’a,}
Yigr < Py A —pl {block ¢}
1 1+1

: end while

Cly < SMT.GetLemmas() {get the learned T-lemmas}

: return M, Cl,

— = =
w2

Algorithm [I] describes a procedure for computing projected partial 7-AlISAT, as
implemented, e.g., in MATHSAT [48]. The procedure can be easily adapted to compute
the other versions of T-AlISAT, as we detail in the following. In particular, we denote
by Projected-T-AlISAT ., the version of Algorithm [I| for projected total 7-AlISAT, and
by Projected-T-AlISAT ;. the version for projected partial 7-AIISAT.

The algorithm takes as input a formula p[a] and a set @’ of projection atoms
and enumerates a set M, of truth assignments on a’. We note that, in general, the
algorithm does not assume any particular relationship between o’ and «, except that
o’ C «; in particular, it does not require o’ and a” = a \ o’ to be symbol-disjoint,
as in Definition [I.2.2] However, if this condition is not satisfied, the set of enumerated
truth assignments is not easily characterized.

The algorithm is based on the blocking-clause approach, which iteratively checks for
the satisfiability of 1;, i.e., ¢ conjoined with the negation of the previously found truth
assignments, until it becomes unsatisfiable (lines [4{11]).

In each iteration, it first finds a 7T -satisfiable total truth assignment n®* on all the
atoms a, which propositionally satisfies ¢;[a] (line [5). This guarantees that all its
subassignments are also T -satisfiable.

The assignment is then minimized (line @ by removing literals over o’ from n® =
n® An®” | to find a partial assignment u® = & An®” C n&; for disjoint enumeration, p&
is such that u?' =g ¢ to satisfy , whereas for non-disjoint enumeration, ,uia' is only
required to be such that u® g ¢. We describe an example of a minimization procedure
in the next paragraph. For total (projected) T-AlISAT, this step is omitted and u® = ne.
Then, the assignment is projected on o’ (line , obtaining u®" satisfying If o = a,
then p®" = u&, and projected T-AlISAT reduces to T-AlISAT.
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1.3. SMT Enumeration (T-AILSAT)

Algorithm 2 MinimizeAssignment(1);, 1;, )

Input: v;: CNF formula; 7;: total truth assignment s.t. n; g ¥;; @’: projection atoms
vila] = o A ;;11 —w;"' if disjoint, ¥; = ¢ if non-disjoint
n® =0 Un®, where o” = o\ o’

Output: minimal partial truth assignment uf" s.t. ;Lf" U nf’" =g ¥

o =

2: for £ € u®’ do

3 if ¢i|#f‘l\{€} U 77?” = T then
4 p e\ {0
5. end if

6: end for

7: return p

The projected assignment & is then added to the set My (line , and it is blocked
by conjoining the blocking clause ﬂu?' to ¢; (line @ (In actual implementations, —wf"
may be fed to the conflict-analysis mechanism of the SAT solver, and the resulting
conflict clause may be used as a blocking clause [129]; in Algorithm [1| we omit this
step to simplify the narration.) The loop terminates when ; is unsatisfiable, which
guarantees property .

Finally, we return the set of enumerated assignments M,. We also return the set
of T-lemmas Cl, learned by the SMT solver during the enumeration (line [12)), since
we will use this algorithm as a subroutine for enumerating 7 -lemmas in Chapter [§] for
knowledge compilation modulo theories.

We remark that the above procedure is provided only as an example and that other
procedures can be used to enumerate the truth assignments, including those not based
on blocking clauses, such as those based on chronological backtracking [206] 207].

Minimization of truth assignments. A possible implementation of the assignment-
minimization procedure is outlined in Algorithm [2] The procedure consists of iteratively
dropping literals one by one from nf*, checking if it still satisfies the formula. Each
minimization step is O(#clauses - #vars).

Notice that, since we are in the context of projected ANSAT, the minimization
algorithm only minimizes the projection atoms in «’, and the truth value of existentially
quantified atoms in o’ is still used to check the satisfiability of the formula by the
current partial assignment. Moreover, in the disjoint case, to enforce the pairwise
disjointness between the assignments, 1; in Algorithm [2| refers to the original formula
conjoined with all current blocking clauses ;;11 -, whereas in the non-disjoint case
1; refers to the original formula only, allowing for a more effective minimization while
renouncing the disjointness property.

The resulting partial assignment is minimal, i.e., it cannot be further reduced without
violating properties [(i)| and (if disjointness is required). Note that the order of literal
removal can have a significant impact on the effectiveness of the reduction procedure.
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1.4 Weighted Model Integration (WMI)

In the context of probabilistic reasoning, events can be expressed as LR.A-formulas
@ over a set of random variables. In particular, it is often necessary to compute
“the probability that ¢ is satisfied”, according to some given probability distribution.
Weighted Model Integration (WMI) |11] is a general framework for computing such
probabilities. The paradigm extends Weighted Model Counting (WMC) [41] to the case
of LRA-formulas.

1.4.1 Problem Definition

For some positive integers N and M, let x = {zy,..., 25y} € RN and A = {A,,..., Ay} €
BM. Let ¢ be an LRA-formula over x and A, and let w be a non-negative weight func-
tion s.t. w(x, A) : RY x BM —— R*. Intuitively, w encodes a (possibly unnormalized)
density function over A and x. Given a total truth assignment p® over A, wl,a(x) is w
restricted to the truth values assigned by u®.

The Weighted Model Integral of w over ¢ is defined as [161]:

WMI(gp,w ’ X,A) =3 WMlnb(gO|HA,U)|MA ‘ x), (1.2a)
A c2A
WMInb(go,w ’ X) = /@(x)w(x) dx (1.2b)

where WMI,,, (gp, w ’ x) is the integral of w(x) over the set {x | ¢(x) is true}.

Example 1.4.1 (WMI). Let x = {21, 25}, A = {A}, and let
PZE0< 2 <3N0z <2DA(=(z1>1)V(nyg <1))A

5 1
(A= (29 < 5 1)) A (A = (29 < gxl))
According to , WI\/II(go, w ’ X, A) is computed as
WMInb(gp|A,w|A ‘ X) —i—Wl\/llnb(cp]ﬁA,wLA ‘ X)

= w|a(x)dx + w]oa(x) dx.
(0<21 <3)A(0<z2 S2)A (~(21 2 1) V(T2 <)) A (T2 < 5 —21) (0<z1 <3)A(0<z2<1)A(22< éxl)

Support of a weight function. A support of a weight function w(x, A) is any subset
of RN x BM outside which w(x, A) = 0. We represent it as an LR.A-formula y over x

and A. Thus, WMI(gp A X, W ‘ X,A) = WMI(gp,w ’ X,A).

2 ” means “no-Booleans”.
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Feasibly integrable weight functions under LR.A conditions. A conditionless
weight function w(x) is feasibly integrable on LRA (FIRAY if there exists a procedure

LRA LRA of

to compute WMI,,, (u , W ‘ X) over every convex polytope described by a set u

LR A-literals on x. For example, polynomials are FI*®4.

A weight function w(x, A) is feasibly integrable under LRA-conditions (FIUCERA)
iff it can be described by a support formula y and a set ¥ = {1);}; of LR.A-conditions
over x and A, such that every total truth assignment p¥ to is such that w|,»(x) is
total and FI*®4 on the region satisfying (x Ap¥). Intuitively, the conditions ¥ partition

x into regions. Each p¥ identifies one such region, over which w|,»(x) is FIFRA,

In practice, we assume w.l.o.g. that FIUC*® functions are described as combinations
of (i) constants; (ii) variables; (iii) standard arithmetic operators +, —,+; (iv) con-
ditionless real-valued functions (e.g., exp); (v) conditional expressions in the form
If ¢; Then tq; Else t5; whose conditions 1; are LR.A-formulas and whose terms ty;, ty;
are FIUCXRA. For example, piecewise polynomials are FIUCERA,

Example 1.4.2 (FIUC®A [161]). Let x = {1, 25}, A = {A}, and let

def

XE (1< <DA(-1<a, <) A (A& (22> 0))
w(x, A) = If z; >0 Then 2% Else — 22, +If A Then 3z, Else — 25

w is a piecewise polynomial and hence FIUC®A. In fact, its value depends on the
combination of the truth values of the conditions ¥ = {z; > 0, A}, as follows:

Wl A @m0y = T3+ 31y st 0<z;<1) A (0<2,<1)
Wl A-@z0) = —221+322 st (-1<2<0) A (0<2,<1)
Wliaa, (@30) = 3 — a5 st 0<z<1) A (-1<25<0)
Wa @m0y = —2z—2) st (=1<z<0) A (-1<2y<0)

I LRA

Each of the four functions above is F on the corresponding region.

A challenge for WMI computation is that, in order to compute (1.2)), one needs to
decompose the integral into a sum of integrals with no Boolean components, and over
regions where the weight function is FI*™A. Moreover, since each such region can be a
non-convex polytope, it may need to be further decomposed into convex polytopes, over
which the integral can be computed in closed form.

1.4.2 SMT-Based WMI Computation

WMI-PA [160, [161] is an efficient WMI algorithm based on SMT projected enumera-

3Notice that the conditions in ¥ can be non-atomic. In this case, with a slight abuse of terminology,
by “truth assignment to ¥” we mean a mapping from the formulas in ¥ to B.
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Algorithm 3 WMI-PA(p, w ,x,A)
1 (p*, w*, A*) < LabelConditions(p, w,x, A)
2: wmi < 0
3 MA TTA(HX.QO*)
4: for pA" € M4 do

5. Simplify(¢*|,a+)

6:  if LiteralConjunction(¢*|,a+) then

7 wmi <— wmi + WMInb(gp*bA* , W] a0 X)
8 else

9: MERA — TA(¢*|,a+)

10: for ufRA € M*R4 do

11: wmi < wmi + WMI,, (u‘RA, w*\MA* x)
12: end for

13:  end if

14: end for

15: return wms

tion. Let w(x, A) be FIUC®A, WMI-PA is based on the fact that [161]:

K
" Lo Ax AN (Br < r) (1.3a)
k=1
WMI(p,w|x,A) = 3 WMl ("] ar, 0] ar | x) (1.3b)
pAT ETTA(Ix.0*)
WMl (0, w | x) = / w(x) dx 1.3¢
()= 00 139

B = {B,...,Bg} are fresh Boolean atoms, A* = A UB, and w*(x, A UB) is obtained
by substituting in w(x, A) each non-atomic condition ¢ in ¥ with B.

The pseudocode of WMI-PA is reported in Algorithm [3| First, the problem
transformed by computing A*, ¢*, and w* as above (line . Then, the set MA°
TTA(3x.¢*) is computed (line [3) by projected partial T-AlISAT (see Section [1.3.1)). For
each Boolean assignment p®" in MA" (lines , ©*|,a+ is computed and simplified
by the Simplify procedure (line [5)), which propagates truth values and applies Boolean-
simplification rules. If ¢*|,a- is already a conjunction of literals, the algorithm directly
computes its contribution to the integral (lines [617). Otherwise, TA(¢*|,a) is computed
by partial T-AlISAT. Each partial assignment p~*4 identifies a convex polytope over
which the integral of w*|,a+ is computed and added to the total integral (line [LT]).

n

i
de:

o8

Remark 1.4.1. Importantly, in the implementation of WMI-PA the potentially
large sets M2" and M*R4 are not generated explicitly; rather, their elements are
generated, integrated, and then dropped one-by-one, so as to avoid space blow-up.
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1.5 Optimization Modulo Theories (OMT)

Some SMT problems require not only finding a model for a given formula but also
optimizing the value of some term according to a given order relation. These problems
are referred to as Optimization Modulo Theories (OMT).

1.5.1 Problem Definition

Let T be a theory admitting some total order relation “<” over its domain. Let ¢ be a
T-formula, and let cost be a T-term that we call objective term. Optimization Modulo
The Theory T, also OMT(T ), is the problem of finding a model for ¢ that minimizes
the value of cost according to the order given by < (maximization is dual) [195, [18]. To
simplify the presentation, we focus on minimization, but the same concepts apply to
maximization as well. Notice that, in general, ¢ can be built on a combination of 7
with other theories (OMT(7 U T")), and the same concepts apply to such cases [195),
196].

Example 1.5.1 (OMT). Consider the OMT(LR.A) problem (g, cost) where ¢
is as in Example [1.2.1] and cost 2 —2z. Then the model M % {z — 3,y — 0}
has cost = —6. A better model of ¢ is, e.g., M’ = {2 +— 6,y ~ 2}, which has

cost = —12. This model is also the model of ¢ with minimum cost.

1.5.2 Lazy OMT Solving

A general optimization strategy implemented by state-of-the-art OMT solvers, and
typically used for OMT(LR.A) and OMT(LZR.A), is the so-called linear-search strat-
egy [169, 195, |196]. It consists of solving a sequence of SMT problems where the space
of feasible solutions is progressively tightened by learning unit clauses in the form
(cost < ub), ub being the currently known upper bound for cost.

At each iteration, the solver can either find a model M whose value of cost is smaller
than ub, or detect the unsatisfiability of the current formula. In the first case, the
solver invokes a T-specific procedure, called T -minimizer, to find an optimum model
M’ within the truth assignment induced by M. Then, ub is set to M'(cost), and the
search continues. In the second case, the formula has no models with cost lower than
ub, and the search terminates as the last model found is optimum.

Alternatively, the solver could also follow a binary-search strategy [195]. In this
case, a lower and upper bound Ib and ub are kept s.t. the optimum model lies in the
interval (Ib,ub]. At each iteration, an intermediate value pivot € (lb,ub] is chosen,
and the solver checks whether there exists a model with cost lower than pivot. If so,
pivot becomes the new upper bound; otherwise, it becomes the new lower bound. The
search terminates when |b and ub are equal, and the last model found is optimum. (In
continuous domains, e.g., OMT(LR.A), in order to guarantee termination, it is necessary
to interleave binary-search steps with a linear-search step |195]).

If ¢ is built on a combination of theories, then the 7-minimizer is invoked on g7 U fieq
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—i.e., the subset of 1 containing only the atoms in 7" and the interface (dis-)equalities [195,
196]. The implementation of T-minimizers for LR.A and LIR.A is briefly described in
the next paragraph.

T-minimizers. A LR.A-minimizer [195,|196] can be implemented as a simple extension
of the Simplex-based LR.A-solver [75]. For LZR.A, a minimizer can be built on top of a
branch-and-bound LZR.A-solver |21} 22, 197], by replacing the LR.A-solver with a LR.A-
solver&minimizer to solve each relaxed subproblem. To find an optimum model within
the truth assignment, once a LIR.A-model M is found, a constraint (cost < M (cost)) is
pushed onto the LZR.A-solver, and the search is iteratively refined until no better model
exists. An alternative strategy, implemented, e.g., in OPTIMATHSAT, is the so-called
truncated optimization [197], where the LZR.A-minimizer stops after finding the first
model M. Although this model may be suboptimal for the current truth assignment
—allowing the same assignment to be found again by the CDCL(T) procedure— this
approach is typically much faster and remains effective in practice.

Remark 1.5.1. Importantly, the lazy OMT solving approach allows for an anytime
behavior, i.e., we can interrupt the search at any time and return the best model
found so far. This capability is especially valuable in industrial applications where
finding the optimum solution may be computationally impractical and it is more
important to obtain high-quality solutions quickly.

1.6 Constrained Maximum-A-Posteriori (M AP)
Inference

Not every optimization problem under SMT constraints can be easily expressed or solved
as an OMT problem. For example, in probabilistic inference, we are often interested
in finding the most probable assignment to a set of random variables w.r.t. a given
probability distribution —usually referred to as mazimum a posteriori (MAP) [19]—
while satisfying an SMT formula. In practice, such distributions are frequently learned
with machine-learning techniques, making them highly nonlinear and thus intractable
for state-of-the-art OMT solvers. Moreover, some probabilistic models are represented
only implicitly. For example, in Variational Autoencoders (VAEs) [119], the marginal
density is generally unavailable in closed form, preventing its direct use as an OMT
objective.

In this context, we focus on problems over real-valued random variables, where
constraints are LR.A-formulas and the objective is a probability density function. We
refer to this problem as constrained MAP inference.

1.6.1 Problem Definition

Notation. Given a set of real variables x = {z1,...,2,} and an interpretation M,
we denote by x™ = (M(x1),..., M(x,)) the vector value induced by M.
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X'l
0
0 1 2 0 1 2
X1 X1 X1
(a) Unconstrained density (b) Feasible region (c) Constrained density

Figure 1.1: An example of MAP(LR.A) inference over non-convex constraints and a
non-log-concave density. Orange stars indicate the solutions for the MAP problem for
the unconstrained and constrained densities.

Constrained MAP inference. Given a (possibly unnormalized) probability density

p(x) over continuous random variables x = {x1,...,2,} and a LRA-formula ¢ over

x, constrained MAP inference, also MAP(LR.A), is the problem of finding the model
M* |= ¢ inducing the vector x*" that maximizes the density

M= ar/%lr':naxp(xM). (1.4)
©

Unlike standard OMT, where both the objective and the constraints are handled within
the same symbolic framework, constrained MAP inference requires a hybrid approach:
¢ must be satisfied exactly under standard SMT semantics, whereas p may only be
accessible via numerical evaluation or floating-point approximations.

Example 1.6.1 (Constrained MAP). Let x = {x, 25} and let

0 =(0<2) A (21 <2 A0 < 29) A (29 < 2)A
((ZEQ < 1) V (.Tg > 21‘1) vV (.’EQ > 4.75 — 2$1)) .
¢ defines a square feasible region containing an inner infeasible triangle, as shown in

Figure [I.1b] Consider the unnormalized density in Figure [I.1al The unconstrained
optimum is (1.0,1.0), but the constrained one is (1.83,1.83), shown in Figure [I.1d

1.7 Propositional Knowledge Compilation (KC)

For propositional formulas, several problems that are intractable in general can be solved
in polynomial time (polytime) if the formula is represented in a suitable compiled form.
Given a propositional formula ¢, the goal of knowledge compilation (KC') is to transform

4If the feasible region defined by ¢ is not closed, the maximum may not be attained; in such cases,
we seek the supremum or its best finite-precision approximation.
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@ into a representation that allows for efficient reasoning, i.e., answering queries about
¢ in polytime [62]. We recall some definitions and results from [62].

1.7.1 Deterministic Decomposable Negation Normal Form
(d-DNNF)

Most target compilation languages considered in the literature are variants of NNF (see
Section [I.2)). In this dissertation, we focus on subsets of NNF obtained by imposing one
or more of the following properties:

o decomposability [56, |57]: an NNF formula is decomposable if every A-node (11 A
... Ay) is such that Atoms(y;) N Atoms(ip;) = 0 for every i # j;

o determinism [58]: an NNF formula is deterministic if every V-node (11 V ...V )
is such that ¢; A, = L for every i # j;

o smoothness [58]: an NNF formula is smooth if every V-node (11 V ...V ) is such
that Atoms(v;) = Atoms(1);) for every i # j.

DNNF is the subset of NNF satisfying decomposability |56, [57]; d-NNF is the subset
satisfying determinism [58]; sSNNF is the subset satisfying smoothness; d-DNNF is the
subset satisfying decomposability and determinism [58]; and sd-DNNF is the subset
satisfying decomposability, determinism and smoothness [58].

Every d-DNNF ¢ can be converted into an equivalent sd-DNNF' in polytime by
applying the transformation Smooth(y), which replaces bottom-up every non-smooth
V-node 1/) o 1/}1 V...V I/JK with \/fil w, N /\aeAtoms(w)\Atoms(wi) (Oé V _|Oé) (Lemma Al
in [62]). Figure shows a graphical representation of an NNF formula (Figure
and equivalent d-DNNF (Figure and sd-DNNF (Figure formulas.

d-DNNFs have a number of subclasses, which are obtained by imposing further
structural properties on their DAG representation [62|. Notable ones are OBDDs [32]
and SDDs [60]. Importantly, under suitable canonicity conditions (discussed next),
OBDDs and SDDs are canonical: any two propositionally equivalent formulas ¢ and v
have syntactically identical OBDD or SDD representations [31].

Ordered Binary Decision Diagrams (OBDDs). A decision BDD node is either a
constant T, L, or is of the form (A A )V (2A A 1)g), where A is an atom, called the
decision atom, and 1,19 are decision BDD nodes representing the “true” and “false”
branches, respectively.

An OBDD [32] is a d-DNNF whose nodes are decision BDD nodes and which respects
a total atom ordering “<”: whenever decision node ¢; with decision atom A; is an
ancestor of decision node @, with decision atom As, then A; < As.

In the rest of the dissertation, by OBDDs we mean reduced OBDDs, i.e., OBDDs
where the two outgoing branches of each decision node are distinct, and identical
subgraphs are merged. For a fixed atom ordering, OBDDs are canonical. Figure
shows a graphical representation of an OBDD.
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Ay (V) () ()
(1) -4, \ (V) 45

—A; Ay Ay Aj A As Ay Az A3
(a) NNF. (b) d-DNNF. (c) sd-DNNF.
1
A
2
/\
Ay Az

(d) OBDD. Decision BDD nodes are (e) SDD. Decision SDD nodes are (f) vtree for
circles labeled with decision atoms; circles labeled with the vtree node;

solid and dashed edges denote the prime-sub pairs (p; A ;) are repre-

true and false branches, respectively. sented as paired boxes.

Figure 1.2: Different NNF representations for the formula (=A; V Ag) A (- Ay V A3).

Sentential Decision Diagrams (SDDs). SDDs generalize OBDDs by branching
on formulas rather than atoms. Let A and B be disjoint sets of atoms. An (A, B)-
partition is a formula VI, (¢; A ¢;), where the ¢;, called primes, are formulas over A
and the 1);, called subs, are formulas over B; the primes ¢; are satisfiable, mutually
exclusive, i.e., p; A p; |= L for every i # j, and exhaustive, i.e., Vi ¢, = T.

A decision SDD node is either a constant T, L, a literal, or an (A, B)-partition
where primes and subs are decision SDD nodes. An SDD is a d-DNNF whose nodes are
decision SDD nodes and which respects a vtree, i.e., a full binary tree whose leaves are
labeled with atoms. An SDD ¢ respects a vtree v if one of the following holds: (i) ¢ is
a constant; (ii) ¢ is a literal over atom A and v is a leaf labeled with A; (iii) ¢ is an
(A, B)-partition s.t. every prime respects the left subtree of v, whose leaves are labeled
by A, and every sub respects the right subtree of v, whose leaves are labeled by B.

In the rest of the dissertation, by SDDs we mean compressed, trimmed SDDs, i.e.,
SDDs where the subs of each partition are pairwise distinct, identical subgraphs are
merged, and no partition has the form (T Ap) or (p AT)V (mp A L). For a fixed vtree,

SDDs are canonical [60} 31]. Figures and show a graphical representation of an
SDD and its vtree, respectively.

Different target compilation languages support different polytime transformations
and queries [62]. We next summarize the transformations and queries supported by
d-DNNF's and the subclasses we consider, i.e., OBDDs and SDDs.
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1.7.2 Polytime Transformations on d-DNNFs

Transformations. Let £ be a subset of NNF. We say that £ satisfies a transformation
if the latter can be performed in polytime w.r.t. the size of the input formula and its
output remains in L. We consider only transformations that are polytime for at least
one of the considered languages. Hence, we do not consider forgetting multiple atoms
or conjoining and disjoining an unbounded number of formulas [62, |60, 31]. Given
v, € L, we consider:

CD (conditioning). Compute a formula in £ equivalent to ¢|,, for a satisfiable cube p.
—C (negation). Compute a formula in £ equivalent to —p.

SFO (singleton forgetting). Compute a formula in £ equivalent to JA.p for A €
Atoms(p).

ABC (bounded conjunction). Compute a formula in £ equivalent to ¢ A 1.

VBC (bounded disjunction). Compute a formula in £ equivalent to ¢ V 1.

Polytime transformations on d-DINNFs. Table reports the transformations
satisfied and not satisfied by d-DNNFs, OBDDs, and SDDs. We provide a brief intuition
of the positive results, and refer the reader to |62} 31| for a complete discussion.

OBDDs and d-DNNFs satisfy [CD] [32, [62] | For d-DNNFs, replacing literals of x in ¢
with Boolean constants (i) trivially preserves NNF; (ii) it preserves decomposability, since
if o1 and ¢, do not share any atoms, then so do 1], and ¢9|,; (iii) it preserves determin-
ism, since if o1 Ao = L, then (o1 Apa) A p = Ls since (1 A pa) A= (01 Ap2)| A g,
and since p is satisfiable and shares no atom with (@1 A ¢2)|,, then it follows that
(o1 A g2)|u = (p1]u A w2lu) = L [62]. For OBDDs, one can apply the same procedure,
and then reduce the resulting OBDD, which can be done in polytime [32]. is
polytime for non-canonical SDDs, but not for canonical ones [31].

OBDDs and SDDs satisfy [=C] [62} 31]. An OBDD can be negated by swapping its T
and L leaves [62]. An SDD ¢ can be negated in polytime by applying the binary “xor’
operator to the two SDDs ¢ and T [31].

OBDDs satisfy [SFO], [ABC| [VBC]| [31] 2 [SFO] follows from the fact that JA.¢ =
©la V ¢l-a, and OBDDs satisfy and [VBC| For |ABC| and [VBC] see the Apply
algorithm in [32], which computes the conjunction or disjunction of two OBDDs in time
O(|e| - |¥]). Hence, iteratively applying this operation N times is not polytime.

Y

1.7.3 Polytime Queries on d-DNNFs

Queries. Let £ be a subset of NNF. We say that £ satisfies a query if the query can
be performed in polytime w.r.t. the size of the input formula and the output of the
query. We consider only queries that are polytime for at least one of the considered
languages [62, 60, [31]. Let ¢, ¢ € L.

5 ISFO| |ABC}, and [VBC| are polytime for non-compressed SDDs, which, however, are not
canonical [60].
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CO (conmsistency). Decide whether ¢ is satisfiable.

VA (validity). Decide whether ¢ is valid.

CE (clausal entailment). Decide whether ¢ |= C for a clause C.

IM (implicant). Decide whether u |= ¢ for a cube p.

CT (counting). Compute the number of total truth assignments satisfying (.
ME (enumeration). Enumerate all total truth assignments satisfying .

EQ (equivalence). Decide whether ¢ = 1.

SE (sentential entailment). Decide whether ¢ = 1.

Polytime queries on d-DNNF's. Table reports the queries satisfied and not
satisfied by d-DNNFs, OBDDs, and SDDs. We provide a brief intuition of the positive
results, and refer the reader to |62, |31] for a complete discussion.

d-DNNFs satisty [CO|, [VA] [CE] [M] [CT] and ME] [62].

[CO]is computed by a bottom-up DAG traversal, returning SAT for a T-node or a
literal; UNSAT for a 1-node; by decomposability, SAT for a V-node if at least one child
returns SAT and UNSAT otherwise; and SAT for a A-node iff all its children return SAT
and UNSAT otherwise [57].

reduces to checking whether the model count of ¢ is equal to 2!4%ms(®)l Since
d-DNNFs satisfy [CT] this can be verified in polytime [58].

reduces to checking whether ¢|-¢ is unsatisfiable. Since d-DNNFs satisfy
and [CO| this can be verified in polytime [57] ]

reduces to checking whether |, is valid. Since d-DNNF's satisfy and ,
this can be verified in polytime [62].

[CT] and [ME] are easier to prove if we assume the input d-DNNF is smooth, which we
recall can be ensured in polytime [62].

is computed by a bottom-up DAG traversal, returning 1 for a T-node or a literal;
0 for a L-node; the sum of the children’s values for a V-node (thanks to determinism);
and the product of the children’s values for a A-node (thanks to decomposability) [58].

[ME] can be computed by constructing a decision-tree representation of the assignments
satisfying ¢. Starting with a tree T consisting of a single root node, we consider
Atoms(p) = {A;}; in a fixed order, and repeat the following for each leaf node in 7,
which corresponds to a satisfiable truth assignment p: (a) if ¢|,14, is satisfiable, we add
A; as a child to p; (b) if ¢|,a-4, is satisfiable, we add —A; as a child to p. By and
COJ checks [(a)] and [(b)| can be performed in polytime [62]. A more efficient algorithm
is proposed in [125], where assignments are enumerated lazily using polynomial space
w.r.t. the size of the input.

6 For SDDs, and are polytime if the output is allowed to be non-compressed, and hence
non-canonical. Thus, for query answering, we can apply the transformation without compression and
then check in polytime [31].
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L Transformations Queries

CD -C SFO ABC vBC|CO VA CE IM CT ME EQ SE

d-DNNF| v 7 e o o v vV vV Vv vV vV e e
OBDD | v v V v v v v v v v v v Vv
SDD e VvV e . ) v v v v v v v v

Table 1.1: Polytime transformations and queries satisfied by different target languages.
v’ indicates that the transformation or query is polytime, e indicates that it is not
polytime, and o indicates that it is not polytime unless P = NP. 7 indicates that it is
unknown whether the transformation or query is polytime.

OBDDs and SDDs satisfy and [SE| [31].

reduces to checking whether the two DAGs are syntactically identical, which can
be done in constant time by using hashing techniques to store the DAGs.

[SE] reduces to checking whether ¢ A =) is unsatisfiable. For OBDDs, this follows

from their polytime [=C| and [ABC| For SDDs, a similar argument applies®

1.7.4 Compilation into d-DNNF

Any formula can be converted into an equivalent d-DNNF, though the resulting DAG
might be exponentially larger than the input formula in the worst case. Algorithm
shows a much simplified procedure for d-DNNF compilation. The algorithm assumes
the input formula ¢ to be in CNF[]

It is first invoked as dDNNFcompile(y, T) and it works recursively, as a classic DPLL-
style AIISAT enumeration procedure, except for the partitioning step (lines[L0H13): if the
current residual formula ¢|, can be partitioned into the conjunction of k£ > 1 residual
formulas ¢1],, ..., ¥kl which do not share atoms, then each ¢;|, is independently
compiled into a d-DNNF, and the resulting d-DNNF's are conjoined. (Notice that in
Algorithm [4] the “A” and “V” node constructors are implicitly assumed to simplify and
propagate the T and L constants: Y AT =Y, v AL =1L vV T =T, ¢V.L=1)
Actual compilers, e.g., |[126], use more sophisticated enumeration schemas (e.g., CDCL-
style) and, most importantly, adopt forms of component caching: the d-DNNF encodings
of all residuals ¢|, are cached and reused through the search, so that multiple instances
of the same d-DNNF subformula are shared, yielding a DAG structure rather than a
tree.

If not, the formula can be converted into CNF in linear time by introducing fresh atoms (see
Section [1.2)); in this case, the resulting d-DNNF must be projected onto the original set of atoms. We
omit these steps for simplicity.
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Algorithm 4 dDNNFcompile(y|,, 1)
Input: ¢|,: residual of input formula ¢ w.r.t. current truth assignment p (initially ¢);

p: current truth assignment to Atoms(y) (initially T)
Output: d-DNNF(¢|,)

if ¢|, =T then
return T
end if
if ¢|, = L then
return L
end if
if (¢) is a unit clause in ¢|, then
return (¢ A dDNNFcompile(p|,nz, it A 0))
end if
{e1lu, - - 0rlu}  Partition(p],,) {partition ¢|, into atom-disjoint conjuncts}
: if £ > 1 then
return AY_, dDNNFcompile(;],., 1)
: end if
: 0 < Select(p],,) {Select one literal £ on Atoms(p|,) }
: return (¢ A dDNNFcompile(p| ne, it A €)) V (=€ A dDNNFcompile(p|n—e, it A —L))

I N T o S St
UL W N P O
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Chapter 2

Related Work

2.1 SAT and SMT Enumeration

Applications. SAT and SMT enumeration plays an important role in a variety of
applications, ranging from artificial intelligence to formal verification. AIISAT and
T-AlISAT, mainly in their disjoint version, play a foundational role in several frameworks
for probabilistic reasoning, such as model counting in SMT (#SMT) [43] and WMI [11}
161). Specifically, #SMT(LR.A) [141}, 241}, 87, 200] computes the volume of the feasible
region of an LR.A-formula. It can be computed by summing the volumes of the convex
polytopes defined by each of the LR.A-satisfiable truth assignments propositionally
satisfying the formula. WMI can be seen as a generalization of #SMT(LR.A) that
additionally considers a probability distribution that has to be integrated over each such
polytope. See Section for applications of #SMT(LR.A) and WMI.

AlISAT, both disjoint and non-disjoint, also has applications in data mining, where
the problem of frequent itemsets can be encoded into a Boolean formula whose satisfying
assignments are the frequent itemsets [26, [71]. It has also been used for software test
generation [116], and in circuit design, to convert CNF formulas to DNF [154, |153] |14],
and for static timing analysis to determine the inputs that can trigger a timing violation
in a circuit [83]. AIISAT and 7-AlISAT have also been applied in network verification
for checking network reachability and for analyzing the correctness and consistency
of network connectivity policies [139, (111} 138]. Moreover, they have been used for
computing images and preimages in unbounded model checking |151} 99, 133, and they
are also at the core of algorithms for computing predicate abstraction, a concept widely
used in formal verification for automatically computing finite-state abstractions for
systems with potentially infinite state space [128, 53, [129].

AINISAT. Most of the works on AIISAT have focused on the enumeration of satisfying
assignments for CNF formulas (e.g., [164} 106, 235, [220, 219} 135, 206]), with several
efforts to develop efficient and effective techniques for minimizing partial assignments
(e.g., [184} 1164} [219]). The problem of minimizing truth assignments for Tseitin-encoded
problems was addressed in [108], where the authors proposed to make iterative calls to
a SAT solver imposing increasingly tighter cardinality constraints to obtain a minimal
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assignment. Although this approach can be used to find a single short truth assignment,
it can be very expensive, and thus it is unsuitable for enumeration.

Other works have concentrated on the enumeration of satisfying assignments for
combinatorial circuits, exploiting the structural information of the circuits to minimize
the partial assignments over the input atoms (e.g., [114} 115, 217, |83} |82]).

In [125], the authors propose a tool for enumerating disjoint partial satisfying
assignments of formulas represented as d-DNNFs. The tool efficiently traverses a
d-DNNF to enumerate partial assignments using polynomial space. For end-to-end
enumeration, however, formulas must first be compiled into d-DNNF, and the shape
and size of the resulting d-DNNF significantly affect the effectiveness and efficiency
of the enumeration. In particular, non-CNF inputs are typically CNF-ized via the
Tseitin transformation before compilation. If compilation is projected onto the original
atoms only, the resulting d-DNNF may no longer allow one to enumerate short partial
assignments [127]. Later work observed that Tseitin labels can instead be existentially
quantified after compilation in polynomial time, while preserving both decomposability
and determinism [117]. In [66], the authors study how to remove “Tseitin artifacts”
resulting from such post-hoc existential quantification, in order to reduce the size of
the resulting d-DNNF. More recently, the authors of |[67] proposed a circuit-aware
compilation approach that directly compiles circuits into d-DNNF, avoiding undesired
effects of CNF-ization.

A problem closely related to AIISAT is finding all the prime implicants of a formula
(e.g., [181} 1109, 140]). ANISAT is a much simpler problem, as it requires finding a subset
of implicants (i.e., partial satisfying assignments), not necessarily prime (i.e., minimal),
covering all the total assignments satisfying the formula.

Projected ANISAT. Projected enumeration, i.e., enumeration of satisfying assign-
ments over a set of relevant atoms, has been studied mainly for CNF formulas, e.g., in [99,
133, 129, 218, [207]. The ambiguity of the notion of “satisfiability by partial assignment”
for non-CNF and existentially-quantified formulas has been raised in 193, 156, |194],
highlighting the difference between “evaluation to true”, which is simpler to check and
typically used by SAT solvers, and “logical entailment”, which allows for producing
shorter assignments. The approach based on dual reasoning in [155] |157], although able
to detect logical entailment and thus to produce shorter partial assignments, is very
inefficient even for small formulas.

T-AlISAT. The literature on 7-AlISAT is very limited, and 7-AlISAT algorithms are
largely based on AIISAT techniques and tools. For instance, MATHSATS [48] implements
a T-AlISAT functionality based on the procedure in [129]. A similar procedure has
been described in [176]. A 7T-AlISAT algorithm based on chronological backtracking was
recently proposed in [207].

Enumeration in related areas. In Answer Set Programming (ASP), answer sets can
be seen as truth assignments satisfying a logic program. ASP programs can be translated
into CNF formulas and vice versa, so as to have a one-to-one correspondence between
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satisfying assignments and answer sets [52, [136]. Answer sets, however, correspond
to total truth assignments. Modern ASP solvers are indeed based on AIISAT solvers
(e.g., |94, |88, 89])E] Thus, our work is not directly applicable to ASP.

Propositional Model Counting (#SAT) is the task of counting the number of satisfying
assignments of a propositional formula. Counting is simpler than enumeration, since
only the number of truth assignments is relevant, but a complete exploration of the space
of solutions is still needed. (This is different from #SMT, where each truth assignment
is “consumed” to compute a volume.) Efficient algorithms have been developed for
#SAT on CNF formulas, mostly based either on DPLL-like exhaustive search, or on
Knowledge Compilation (see [97]). Notably, the model counter #CLASP [6] is based on
the enumeration of minimal partial assignments.

2.2 CNF Encodings and Enumeration

The role of CNF encodings. Although most AIISAT solvers assume that the formulas
are in CNF, little or no work has been done to investigate the impact of the different
CNF encodings on their effectiveness and efficiency. The role of CNF transformations
has been widely studied for SAT solving (e.g., [27} 1110} 20| [122]) and, more recently, for
propositional model counting in the context of feature model analysis [122].

Dual-rail encoding. The dual-rail encoding 33| |172] has been successfully employed
for prime implicant enumeration [181, [140] and recently also for AIISAT on circuits [83].

Given a CNF formula, this encoding maps each atom A; into a pair of dual-rail
atoms (A;, A;), s.t. A;, —A; are substituted with A, A;, respectively, and (—A; V —A4;)
is conjoined with the formula. The resulting CNF formula is equisatisfiable to the
original one, and every total assignment 7 satisfying the dual-rail encoding corresponds
to a partial assignment p satisfying the original formula. Such p assigns u(A;) to T or
L if the pair (n(A;),n(A;)) is (T, L) or (L, T), respectively, and leaves it unassigned
if (n(A;),n(4;)) = (L, L). Short partial assignments can be obtained by maximizing
the number of pairs assigned to (L, 1), which can be done either exactly by solving a
MaxSAT problem, or heuristically by assigning negative value first to decision atoms [83].

2.3 Weighted Model Integration

Motivation and applications. WMI [11, |160] has recently emerged as a unifying
formalism for probabilistic inference in hybrid domains, characterized by both con-
tinuous and discrete variables and their relationships. These domains are extremely
common in real-world scenarios, ranging from transport modeling [101] to probabilistic
robotics [216] and cyber-physical systems [131]. Recent applications of WMI include
machine learning (ML) with constraints [124], marginal inference on ML models such
as Bayesian networks [11] and Density Estimation Trees [204], and probabilistic ML

1See also https://github.com/potassco/clingo/issues/512#issuecomment-2223162682.
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2.4. Optimization Modulo Theories

verification [162]. WMI generalizes #SMT(LR.A), which has been applied to value
estimation of probabilistic programs [43] and quantitative program analysis [137].

In the following, we summarize the main approaches for WMI computation. A
comprehensive survey can be found in [163].

Exact WMI computation. Exact WMI algorithms primarily leverage advancements
in KC [62] or SMT [9].

The use of KC for hybrid probabilistic inference was pioneered by [188] and further
refined in a series of later works [121} 72, [120|, [78]. KC-based approaches compile the
problem into a tractable circuit representation and then compute the WMI, e.g., via
repeated symbolic variable elimination [188 |121] or Algebraic Model Counting [120].

Probabilistic inference modulo theories [64] used representations similar to XADDs
together with a modified DPLL procedure. The resulting algorithm, called PRAISE,
outperformed previous solutions that did not exploit any SMT-enumeration technique.

Modern SMT-based WMI frameworks [160, |161] rely on SMT enumeration and
predicate abstraction [129] to efficiently enumerate models while reducing the total
number of polytopes that must be integrated over (see also Section .

On problems with tree-shaped variable dependencies, WMI can be solved exactly and
efficiently using a message-passing algorithm [239, 238]. This idea was later extended to
approximate WMI on problems with circular dependencies [237].

Component caching techniques, widely used for WMC [187, 7], are difficult to apply
to WMI due to the tight coupling induced by arithmetic constraints. Indeed, existing
component caching approaches for WMI are restricted to fully-factorized densities with
few dependencies among continuous variables |12].

Approximate WMI computation. Approximate WMI algorithms exploit both
SMT-based [13] and KC-based [72| approaches. While generally applicable, the latter
does not provide any guarantee on the approximation error. Instead, if the constraints
can be expressed in disjunctive form, WMI admits a fully polynomial randomized
approximation scheme (FPRAS) under mild assumptions [1].

More recently, the authors of [200] proposed an approximate #SMT(LR.A) algorithm
with guarantees based on non-disjoint partial 7-AlISAT, combined with an estimate of
the overlap between the resulting polytopes.

2.4 Optimization Modulo Theories

Applications. OMT has been successfully applied to a wide range of problems, such
as verification of timed and hybrid systems [195 [104], numeric [132] and temporal
planning [173, |174], optimal scheduling [23|, constrained goal modeling [168], hybrid
machine learning [215], GAS optimization for smart contracts [3], and optimum encodings
for quantum annealing [15] 70], establishing OMT solvers as powerful tools for solving
complex constraint optimization problems in various domains.
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State of the art in OMT. OMT techniques have been developed for LRA [22,
196], LIR.A [22, [197], BV [165, 221], and FP [221]. One of the main challenges in
OMT is the extension to NRA and NZA, which is still an active area of research.
OPTIMATHSAT [198] uses an incomplete approach, solving a linear overapproximation
of the original nonlinear problem that is iteratively refined [18]. Recently, the authors
of [113] proposed CDCL-OCAC, a complete algorithm for OMT(NR.A) based on a
variant of CAD, hence suffering from the same scalability limitations.

OMT has been extended to deal with multiple objectives including lexicographic
OMT [22, [197], boxed OMT [134], 22, |197], min-max OMT [198], and Pareto OMT [22].

Recently, a Generalized OMT calculus has been proposed, extending the definition
to objectives over partially ordered sets [223].

Lazy OMT solving and enumeration. The idea of using partial assignments in
OMT(LZIR.A) has been previously considered in [142, 21]. In [21], the authors mention
that in lazy OMT-solving, the truth assignments should preferably be prime implicants.
A similar idea was proposed in [142], where the truth assignments are reduced to prime
implicants before invoking the T-solver and 7-minimizer. None of these works focuses
on ad-hoc truth assignment reduction techniques for the optimization setting.

2.5 Constrained MAP Inference

Applications. MAP inference is a fundamental problem in machine learning, as it
allows one to compute the output configuration with the highest likelihood according to
the distribution learned by the model [19]. Constrained MAP inference is mandatory
if the model is deployed in safety-critical scenarios, where some configurations are
infeasible and should be neither predicted nor sampled [93, [25]. Other applications
include physics [102, 42|, fair predictions [92], and “what-if” time-series analysis [166].

Solving MAP(LR.A) exactly is generally computationally hard, as even optimizing
a quadratic function over a convex polytope is NP-hard [186]. Nevertheless, efficient
methods for specific problem classes exist, each trading off expressiveness, efficiency,
and optimality guarantees in a different way.

Convex constraints, log-concave densities. If the constraint ¢ is convez, e.g., it
is defined as a conjunction of linear constraints, and the objective is (log-)concave, any
local optimum is also a global optimum. This property ensures that algorithms such as
sequential quadratic programming [24] and interior-point methods [55] are guaranteed
to efficiently converge to the global optimum.

Convex constraints and piecewise densities. When the density decomposes into
simple pieces, one can go beyond log-concavity and use symbolic bucket elimination for
constrained piecewise functions as in [234]. The latter tackles the problem of optimizing
a sum of piecewise linear or univariate quadratic functions, i.e., only one variable can
be quadratic in each piece, under convex linear constraints. The approach is based on
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XADDs [189] and leverages the symbolic maximization algorithm of [236]. A similar
line of work by [112] deals with mixed-integer linear programming over convex linear
constraints that decompose into two sets of constraints over disjoint sets of variables.

General polynomial densities. For non-convex problems, exact global constrained
optimization is notoriously challenging, even if p is a polynomial and ¢ is a convex
polytope. For example, cylindrical algebraic decomposition (CAD) [54, |5, 231] has
doubly exponential worst-case complexity in the number of variables. A classical way
to approximate MAP(LR.A) with guarantees for polynomial densities over convex
polytopes is the Lasserre moment hierarchy [130], which solves a sequence of semidefinite
programming (SDP) relaxations. As the relaxation order increases, the solution provides
increasingly tight lower and upper bounds, converging to the global optimum in the
limit. The dual problem can be solved via sum-of-squares optimization (SoS), which
also provides a sequence of improving bounds converging to the global maximum.

Local optimizers for general densities and convex constraints. A practical
way to approximate MAP(LR.A) for general densities over convex polytopes is to
run a local optimizer starting from multiple initial points (particles) to increase the
chances of finding the global optimum. For example, Basin Hopping [229] combines local
minimization with stochastic perturbations of the current solution, whereas SHGO [76]
exploits a simplicial complex to identify locally convex subdomains corresponding to
distinct minima, so to systematically explore the objective landscape. These methods
scale well with problem dimensionality and make minimal assumptions about the shape
of the constraints or objective function —typically requiring only smoothness or Lipschitz
continuity— but provide no guarantees of global optimality in the general case.

Optimization under general SMT constraints. MAP inference under a general
LR A-formula can be reduced to OMT [169, 195, 196] when the density can be expressed
as a term in a theory supported by an OMT solver, e.g., a piecewise polynomial. For
LR A-formulas and objectives, OMT can be solved efficiently [195] [22] (see also Sec-
tions and . Dealing with nonlinear polynomial objectives, however, is nontrivial
and remains an active area of research (see Section [2.4).

The extension of common optimization methods that guarantee feasibility, such as
barrier methods [170], to SMT constraints with a complex Boolean structure is not
straightforward. Indeed, to the best of our knowledge, no such extension exists in the
literature, making these methods not directly applicable to MAP(LR.A).

Soft-constrained optimization only “encourages” constraint satisfaction by adding
a penalty term to the objective [232, 201, |80], without formal guarantees. As the
indicator function over the constraints is not differentiable and therefore unsuitable
for gradient-based optimization, various differentiable relaxations have been proposed.
[232] introduces a semantic loss for propositional logic; [209] encodes physical laws into
penalties; and [69] leverages fuzzy logic to translate logical statements into differentiable
objectives. For SMT(LR.A) constraints, DL2 [80] provides a framework to translate
algebraic constraints into penalties suitable for optimization.
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2.6 Theory-Lemma Enumeration

Motivation and applications. State-of-the-art approaches for SMT solving are
based on the lazy approach (see Section . For some harder SMT tasks, such as
(minimal) unsat-core extraction [49 100], MaxSMT [47, 77], and most importantly
the KC Modulo Theories framework we present in Chapter [8| it may be beneficial or
even necessary to “eagerly” precompute a whole set of T -lemmas ruling out all the
T-inconsistent truth assignments propositionally satisfying the formula.

Eager encodings. With SMT via eager encodings (e.g., [228, [34, |212} 211]), an input
T-formula ¢ is encoded into SAT by (i) enumerating a complete set of 7-lemmas ruling
out all possible T-unsatisfiable truth assignments on Atoms(y), (ii) conjoining them
to ¢ and (iii) producing the Boolean abstraction of the result. For SMT solving, these
techniques ultimately proved to be much less efficient than the lazy approach [QIEI
Moreover, they are restricted to specific theories (e.g., EUF [228, 34] and fragments
of arithmetic [212, [211]), do not support theory combination, and may produce many
unnecessary lemmas.

Lemma-lifting. “Lemma-lifting” approaches lift theory information to the Boolean
level on demand, rather than enumerating a complete set of theory lemmas upfront. For
unsat-core extraction [49], a lazy SMT solver first proves the formula 7T -unsatisfiable
while generating the necessary theory lemmas; these lemmas are then conjoined to the
input formula, and the Boolean abstraction of the result is passed to a propositional
core extractor. For MaxSMT [47, [77], the same idea is used iteratively: a MaxSAT
solver optimizes over the current Boolean abstraction, enriched with the theory lemmas
collected so far, while an SMT solver checks each candidate optimum and, whenever it
is T-inconsistent, produces new lemmas that refine the Boolean abstraction.

2.7 Knowledge Compilation Modulo Theories

Applications. KC for SMT has received little attention, and its applications in the
literature are still limited. Early work on SMT-level KC mostly focused on theory-
satisfiability checking, with several theory-specific variants of OBDDs [96, 95, 34, (84,
225, 8], which have been applied to the verification of hardware [96, [95], software [65,
36|, and infinite-state systems [40} |158]. More recently, XSDDs [72, 120] have been used
for WMI computation.

The application landscape of propositional KC is substantially broader. This suggests
that an efficient SMT-level KC framework (see Chapter|8)) could enable the adaptation of
successful SAT-level KC applications to the SMT setting. Propositional KC applications

2In the SMT literature, the expression “eager encoding” is also used to denote another successful
approach to SMT solving for finite-domain theories, such as bit-vectors, floating-point arithmetic or
arithmetic over bounded integers, which encodes domain variables via sequences of Boolean atoms, and
encodes functions and predicates into Boolean functions accordingly. We emphasize that this is not
what we refer to here.
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include, e.g., probabilistic inference |59, 44, 226 |45], probabilistic logic programming |73,
79, planning [171, [208], feature model reasoning [213| [214], and explainable AT [61].

In the following, we review the main approaches for SMT-level KC and provide a
comprehensive summary in Table in Appendix [E.T]

OBDDs for EUF. Two techniques for extending OBDDs to the theory of equality (&)
are described in [96, 95]. The first uses a logarithmic encoding of the variables, reducing
to the Boolean case. The second approach maps each equality z; = z; to a Boolean
atom e;; and builds an OBDD over the resulting Boolean formula. These OBDDs can
encode theory-inconsistent paths. This issue was addressed in [34] by eagerly conjoining
transitivity lemmas with the Boolean formula.

EQ-BDDs [84] use a different approach to leverage OBDDs for £, based on a set of
rewriting rules that prune inconsistent paths. EUF-BDDs [225] extend EQ-BDDs to
EUF, and (0,S,=)-BDDs [§] extend EQ-BDDs to the (0,5,=) theory, involving the
constant 0 and the successor function S.

OBDDs and SDDs for arithmetic. Difference Decision Diagrams (DDDs) [158]
generalize OBDDs to the theory of difference logic (DL). The approach is based on a
set of rewriting and reduction rules that prune inconsistent paths. LDDs [36] generalize
DDDs to LIRA, though the implementation is restricted to the TVPZ theory of two
real or integer variables per inequality. Since only local reductions are applied, LDDs
can encode theory-inconsistent paths.

The procedure in [40] extends OBDDs to N'R.A, using an incomplete quadratic
constraint solver to prune inconsistent paths after compilation.

XSDDs [72, 120] extend SDDs to LR.A. No strategy to prune inconsistent paths is
used, and simplifications are only done at later stages during WMI computation.

OBDDs for arbitrary theories. The approach in [81] and the HARVEY tool [65]
both build the OBDD of the Boolean abstraction of the SMT formula and then identify
and prune theory-inconsistent paths by conjoining theory lemmas.

The methods in [35, |46] tightly integrate an OBDD compiler with an SMT solver,
which is invoked to check theory consistency during compilation.

d-DNNFs modulo theories. To the best of our knowledge, there is no previous
work on leveraging general d-DNNFs to the SMT level, with the exception of [68], which
sketches a possible procedure to produce a decision d-DNNF by DPLL-like lazy SMT
enumeration (without partitioning, see Section .

In [227], the authors propose a KC framework for WMC for a function-free finite-
domain fragment of uninterpreted first-order logic, thus addressing a related problem
that is nevertheless substantially different from ours. In contrast, our setting targets
SMT, requiring reasoning modulo background theories through theory lemmas.
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Chapter 3

On CNF Conversion for SAT and
SMT Enumeration

Full Disclosure. This chapter is based on the papers “On CNF Conversion
for Disjoint SAT Enumeration” [149] and “On CNF Conversion for SAT and
SMT Enumeration” [150] co-authored by the Ph.D. candidate with Dr. Giuseppe
Spallitta, and Prof. Roberto Sebastiani. In both papers, the candidate is the
main contributor. His contributions include part of the conceptualization, the
core implementation, and the execution of the experimental evaluation.

State-of-the-art SAT and SMT solvers deal very efficiently with formulas expressed
in Conjunctive Normal Form (CNF). In real-world scenarios, however, it is common for
problems to be expressed as non-CNF formulas. Hence, these problems are converted
into CNF before being processed by the solver. This conversion is generally done using
variants of the Tseitin [222] or the Plaisted and Greenbaum [178] transformations, which
generate a linear-size equisatisfiable CNF formula by labeling subformulas with fresh
Boolean atoms (see Section [I.2)). These transformations can also be employed for SAT
and SMT enumeration (AIISAT and T-AlISAT, respectively), by projecting the truth
assignments onto the original atoms only (see Section .

When passing from plain solving to enumeration, however, the capability of enu-
merating partial satisfying assignments that are as small as possible is crucial, because
each prevents the enumeration of a number of total assignments that is exponential
w.r.t. the number of unassigned atoms. This raises the question of whether CNF en-
codings conceived for solving are also effective for enumeration. To the best of our
knowledge, however, no research has yet been published investigating how the different
CNF encodings may affect the effectiveness of the solvers for AIISAT and T-AlISAT.

Contributions. In this chapter, we investigate both theoretically and empirically the
effectiveness of different CNF transformations for SAT and SMT enumeration, both in
the disjoint and non-disjoint cases. The contribution of this chapter is twofold.
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First, on the negative side, we show that the CNF transformations commonly
employed for solving are not suitable for enumeration. In particular, we notice that
the Tseitin transformation introduces top-level label definitions for subformulas with
double implications, which need to be satisfied as well, and thus prevent the solver from
producing short partial assignments. We also notice that the Plaisted and Greenbaum
transformation solves this problem only in part by labeling subformulas with one-way
implications if they occur with single polarity, but it has similar issues to the Tseitin
transformation when subformulas occur with both polarities.

Second, on the positive side, we prove theoretically and show empirically that convert-
ing the formula into NNF before applying the Plaisted and Greenbaum transformation
can fix the problem and drastically improve the effectiveness of the enumeration process
by up to orders of magnitude.

This analysis is confirmed by an experimental evaluation on non-CNF problems
originating from both synthetic and real-world-inspired applications. The results confirm
the theoretical analysis, showing that the proposed combination of NNF with the Plaisted
and Greenbaum CNF transformation allows for a drastic reduction in both the number
of partial assignments and the execution time.

Organization. This chapter is organized as follows. In Section [3.1, we analyze the
problems caused by classical CNF transformations when used for AIISAT and 7-AlISAT.
In Section [3.2], we propose one possible solution, whose effectiveness is evaluated on both
synthetic and real-world-inspired benchmarks in Section [3.3] Finally, in Section [3.4], we
draw our conclusions and outline future research directions.

3.1 The Impact of CNF-izations on Enumeration

In this section, we present a theoretical analysis of the impact of different CNF-izations
on the enumeration of short partial truth assignments. In particular, we focus on the
Tseitin CNF-ization (CNFq,) [222] and on the Plaisted and Greenbaum CNF-ization
(CNFpg) [178]. We point out how CNF-izing the problems using these transformations
can introduce unexpected drawbacks for enumeration. In fact, we show that the resulting
encodings can force the enumerator to produce partial assignments that are larger than
necessary in size and in number. We notice that this problem is a direct consequence
of Definition and Remarks [1.2.1)and [1.2.2] In order to simplify the presentation,
we focus on AlISAT, but the analysis applies to 7-AlISAT as well by restricting to
theory-satisfiable truth assignments. Moreover, the analysis applies to both disjoint and
non-disjoint enumeration.

3.1.1 The Impact of Tseitin CNF-ization

We begin by showing that using the CNFy, transformation [222] can be problem-
atic for enumeration. In particular, we point out a fundamental weakness of CNF(.
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Fact 3.1.1. If a partial assignment p® satisfies @, this does not imply that p*
satisfies IB.CNF ().

We recall that CNF, works by recursively applying the rewriting step (Section :
¢ = olpil B A (Bi < ¢1) (3.1)

and then recursively CNF-izing the two conjuncts. A partial assignment p® may satisfy
a non-CNF formula ¢(A) because it does not need to assign a truth value to the atoms
in all subformulas of . (E.g., p can satisfy ¢ = ¢, V ¢y without assigning values to
the atoms in o if it satisfies ¢1.)

Consider (3.1) s.t. ¢; is a subformula of ¢ whose atoms are not assigned by p?.
Although p# satisfies ¢, it does not satisfy 3B;.(0[p;|Bi] A(B; <+ ¢;)). Indeed, satisfying
the second conjunct requires assigning not only B;, but also some of the unassigned
atoms of ;, so that ¢; evaluates to the truth value assigned to B;.

As a consequence of Fact , given pA satisfying ¢, to find a p® satisfying
JB.CNF+(¢), the enumerator is most often forced to assign other atoms in A, so that
p® O p™. Given that the number of total assignments covered by a partial assignment
decreases exponentially with its length (see Section , the above issue causes a blow-up
in the number of partial assignments needed to cover all the satisfying total assignments.
This may drastically affect the effectiveness and efficiency of the enumeration.

This is illustrated in the following example, where instead of a single short partial
assignment the enumerator is forced to enumerate 9 longer ones.

Example 3.1.1. Consider the Boolean formula over A = { A, Ay, A3, Ay, A5, Ag, A7}:

Bs

By

¢ is not in CNF, and thus it must be CNF-ized before starting the enumeration
process. If CNF{ is used, then the following CNF formula is obtained:

(=B1V AN =BV A)AN( BV =AY —A)A /(B (A A Ag)) (3.3a)
( BoV—As) A ( BaV oA A (mBa Vo AV AN /(B <5 (A3 V Ay))  (3.3b)
( B3V -As)A( B3V —Ag) A (=BsV A5V Ag)A //(Bs <> (AsV Ag))  (3.3¢)
(=BsV Ba) A (=ByV B3)A( ByV—ByV-Bs)A //(By > (By A Bs)) (3.3d)
(=BsV ByV-A;) AN (mBsV BV A7) A //(Bs « (By < A7) (3.3e)
( BsV ByVvV A;)A( BsV B,V -A;) A

( B1V Bs) (3.3f)
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where the fresh atoms B = { By, By, Bs, By, Bs} label subformulas as in ([3.2).

Consider the (minimal) partial truth assignment:

MA o {ﬁAg, _|A4, _|A7}. (34)
The assignment p satisfies ¢ , even though it does not assign a truth value to
the subformulas (A; A Ay) and (As V Ag). Yet, u® does not satisfy IB.CNF ().
In fact, there is no total truth assignment 72 on B such that y* Un® g CNF(¢),
because and cannot be satisfied by assigning only variables in B; rather,
it is necessary to further assign at least one atom in {A;, A} to satisfy and
at least one in {Aj, Ag} to satisfy (3.3d).

Suppose that an enumerator first assigns the literals in p# @ , which also force
it to assign u® = {=By, =By, Bs} due to , , and @ , respectively.

Since p® U pP satisfies all clauses except those in and , the enu-
merator needs to extend p® U uB by enumerating the partial assignments on the
unassigned atoms { Ay, Ay, A5, Ag, By, B3} which satisfy and (3.3d). Regardless
of the search strategy adopted, this requires generating at least 9 satisfying partial
assignments on {A;, Ay, As, Ag

For instance, in the case of disjoint AIISAT, instead of the single partial assignment
A , the solver may return the following list of 9 partial assignments satisfying
IB.CNF+ () which extend pA:

L D

{—A, —Az, mAy, A5, —As, Az} //{—B1, 7By, B3, By, Bs}

{—Ay, —As, —Ay,  As, —Az} //{—B1,~Ba, Bs, By, Bs}

{—A, —As, Ay, —As, Ag, Az} //{—B1.—B., Bs,—DBy, Bs}

{ A, -4y, —A3, Ay, —As,—As, A} [/{-DB1, =By, = B3, ~ By, Bs} (3.5)
{ Ay, —Ay, A3, -Ay,  As, —Az} //{~B1,~By, Bs,—By, Bs}

{ Ay, —Ay, A3, -Ay, —As, As, Az} //{-DBy,—DBs, Bs,—DBy, Bs}

{ Ay, Ay, 2A3,-Ay, —As,—As, A7} //{ Bi.—Bs,—Bs, ~ By, Bs}

{ A, Ay, —A3,-Ay, A, —Az} //{ Bi,—Bs, Bs,—By, Bs}

{ A, Ay, —A3,-Ay, —As, As, —Ar} //{ Bi,—DBs, Bs,—By, Bs}

In the case of non-disjoint AIISAT, the solver may enumerate a similar set of partial
assignments, with {—Ay} instead of {A;, —~As} and {Ag} instead of {—As5, Ag}.

%The set of models for is {{Bl, 1417 A2}7 {"Bl7 Al, _‘Ag}, {_\Bl, _|A1, AQ}, {_\Bl, _\Al, _\AQ}},
which can be covered only either by {{Bi,A:,As},{-B1,-A1},{—B1,A41,7A2}} or by
{{B1, A1, As},{-B1,-As},{-B1,-41,A3}} in the case of disjoint enumeration, and by
{{B1, A1, A2},{—B1,-A1},{-B1,~A2}} in the case of non-disjoint enumeration. In all cases, we
need at least 3 distinct partial assignments on {A;, A2}. Similar considerations hold for .
Thus, we need at least 3 x 3 = 9 partial assignments on {4y, Ao} U {45, Ag}.
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3.1.2 The Impact of Plaisted and Greenbaum CNF-ization

We point out that the CNFp¢ transformation |178] suffers from the same weakness as
CNF4 —that is, Fact also holds for CNFp.— although its effects are mitigated.
We recall that CNFp works by recursively applying the rewriting step (Section :

(B; — ¢;) if p; occurs only positively in ¢
o = @lpi| B AN (Bi < ¢;) if ¢; occurs only negatively in ¢ (3.6)
(B; <> ;) if p; occurs both positively and negatively in ¢

and then recursively CNF-izing the two conjuncts. As with CNF, consider s.t. @i
is some subformula of ¢ whose atoms are not assigned by pA.

If ; occurs both positively and negatively in ¢, then (3.6) reduces to and
CNFp¢ behaves like CNFq, so that u does not satisfy 3B;.(¢[w:| Bi] A (Bi < ;).

If, instead, ¢; occurs only positively [resp. negatively| in ¢, then it is possible
to extend p® by assigning B; to L [resp. T| to satisfy (B; — ¢;) [resp. (B; + ;)]
without assigning any atom in ;. Thus p® satisfies 3B;.(¢[ws| Bi] A (B — ¢;)) [resp.
IB;.(plei| Bi] A (Bi < ¢i))].

As with CNFq,, given p® satisfying ¢, in order to produce an assignment p®
satisfying 3B.CNFp¢ () the enumerator is most often forced to assign other atoms in
A, so that u® D . We notice, however, that the effect of this problem is mitigated
by the presence of single-polarity subformulas among those left unassigned by . As
an extreme case, if all subformulas in ¢ occur with single polarity, then no further
assignment to atoms in A is needed.

Example 3.1.2. Consider ¢ (3.2)) as in Example [3.1.1, Suppose that ¢ is converted
into CNF using CNFp¢. Then, we have:

(=B1V A A (=B VvV Ay A //(Br — (A1 N Ay)) (3.7a)
( BoV—=As) A( BaV oA A (mBa Vo A3V AN [/(By <5 (A3 V Ay))  (3.7h)
( BsV—As)AN( B3V —Ag) AN(=BsV A5V Ag)A [/(Bs <> (A5 V Ag))  (3.7¢)
(mByV Bo) A(=ByV B3)A( ByV By VB3N [//(By < (By A Bs)) (3.7d)
(=BsV ByV—-A;) AN (=BsV —-ByV A7) A //(Bs — (By < A7) (3.7¢)
( B1V Bs). (3.71)

We remark that (3.7a)) and (3.7€) are shorter than (3.3a)) and (3.3€]) respectively,

since the corresponding subformulas (A4; A Ay) and ((...) <> A7) occur only with

positive polarity in ¢ (3.2)), so that only the one-way 1mpl1cat1on (B; — ¢;) is needed.
As in Example [3.1.1} consider the partial assignment p® = {—~A3, ~Ay, ~A7} .

which satisfies ¢ (3.2). As before, u* does not satisfy IB.CNFp¢(¢). In fact, there
is no total truth assignment nB on B s.t. u* Un® =g CNFpe (i), since (3.7d) cannot
be satisfied by assigning only variables in B; rather, at least one atom in {As, Ag} to
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satisfy (3.7c|) must be assigned. Notice that, unlike in Example|3.1.1} to satisfy (3.7al)

we can set By = L with no need to assign any atom in {A;, A>}.

Suppose an enumerator assigns first the literals in p®, which force it to assign
also pB = {=By, ~ By} due to (3.7b) and (3.7d)), respectively.

Since p® U uP satisfies all clauses except those in , , and , the
enumerator needs to extend p® U uB by enumerating partial assignments on the
unassigned atoms {Aj, As, As, Ag, By, B3, B5} to satisfy them. Regardless of the
search strategy adopted, to satisfy @ it is necessary to generate at least 3 partial
assignments on {As, Ag}; to satisfy (]3_._"5[), and , instead, the enumerator only
needs to assign B; = 1, which forces it to assign Bs = T due to .

For instance, in the case of disjoint AIISAT instead of the single partial assignment
p?, the solver may return the following list of 3 partial assignments satisfying
IB.CNFp¢ () which extend p#:

D
{—A3, 7 Ay, —As,0As, A7} //{=B1,~By,~Bs, ~ By, Bs} (3.8)
{_‘A3;_‘A47 AS) _'A7} //{_‘Bl'/_‘BQa B37_‘B4aB5}

{_|A37ﬂA47 _'A57 A67 _'A7} //{"Bl-/"BQa B37“B4735}

In the case of non-disjoint AIISAT, the solver may enumerate a similar set of partial
assignments, with {Ag} instead of {—As, Ag} in the third assignment.

Notice that, to maximize the benefits of CNFp¢, the subformulas occurring only
positively [resp. negatively] must have their label assigned to L [resp. T]. In practice,
this can be partly achieved by instructing the solver to split on negative values in
decision branches.ﬂ While this does not guarantee that the solver always assigns these
labels to L, we observed empirically that it provides a good approximation.

3.2 Enhancing Enumeration via NNF Preprocessing

In this section, we propose a solution to address the shortcomings of CNF, and CNFp, for
AlNISAT and T-AlISAT described in Section The idea is simple: we first transform
the formula ¢ into NNF, and then apply CNFp; to NNF(p). NNF guarantees that
every non-atomic subformula of NNF(¢) occurs only positively, since every subformula
@; occurring with double polarity in ¢ is converted into two syntactically different
subformulas ¢; = NNF(y;) and ¢; = NNF(=y;), each occurring only positively. Thus,
when computing CNFp¢(NNF(p)), ¢; and ¢; are labeled with two distinct atoms B;
and B;, respectively, adding the one-way implications (B; — ;) and (B; — ¢;).

We remark that with this preprocessing we maintain the correctness and completeness
of the enumeration process, because ¢ is equivalent to NNF(y), which is equivalent
to 3B.CNFp(NNF(p)). Also, this encoding has linear size w.r.t. ¢, since NNF(¢) has
linear size w.r.t. ¢ (by Lemma([l.2.1)) and CNFpg(NNF()) has linear size w.r.t. NNF(¢p).

ITo exploit this heuristic also for subformulas occurring only negatively, the latter can be labeled
with a negative label —=B; as (=B; + ¢;).
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We have the following fact, for which we provide a complete proof in Appendix [A.1.2]

Lemma 3.2.1. Consider a formula ¢, and a partial truth assignment p. Then
Splll =v ZﬁNNF(SOHM =, fO’I"U € {TaJ—}

Notice that Lemma is not a direct consequence of the fact that NNF(p) is
equivalence-preserving; see Remark [1.2.2]

We prove the following fact: if a partial truth assignment u® satisfies @, then it
also satisfies IB.CNFp(NNF(¢)). (The vice versa holds trivially.) We remark that, as
shown in Section [3.1] this fact does not hold for CNFy, and CNFp.

Theorem 3.2.1. Consider a formula ¢, and a partial truth assignment u® such

that p® g @. Then p® g IB.CNFpe(NNF()).

Proof. We show that, for every pu® such that pu® =g ¢, there exists a total truth
assignment 72 such that u® Un® = CNFpo(NNF(p)). We first show how such an n®
can be built; then we prove that it satisfies CNFpc(NNF(¢0)) if conjoined with p®. In the
following, the symbol “x” denotes any formula that is not in {T, L}, so that “yp;
means that the residual of ; under p? is not a constant.

For each subformula ¢; of ¢, let variables B, and B; denote its positive and negative
occurrences in CNFp¢(NNF(¢)), respectively. We then proceed as follows:

|,u,A — *77

(a) if ¢;|,a = T, and hence NNF(¢;)|,a = T and NNF(—¢;)|,a = L by Lemma [3.2.1]
then add {B;,—B;} to n®;

(b) if @i],a = L, and hence NNF(p;)|,a = L and NNF(—¢;)[,a = T by Lemma [3.2.1]
then add {=Bj, B; } to n®;

(¢) otherwise if ¢;],a = *, then add {—B;,—B; } to n®;

(If ; occurs only positively or negatively, then assign only B} or B;, respectively.)
We prove that u® Un® =5 CNFpc(NNF(p)) by induction on the structure of the
formula CNFp;(NNF()). Consider a subformula ¢; of ¢:

(i) if o; occurs positively in ¢, then

(3.92) (3.9b)
CNFpg(NNF()) = CNFpg (NNF(¢)[NNF(:)| B] A (B — NNF(¢:)))  (3.9)

(ii) if ¢; occurs negatively in ¢, then

(3.10a) (3.10Db)
CNFpg(NNF(0)) = CNFpg (NNF () [NNF(—g;) | B; ] A (B; — NNF(=;)))  (3.10)

For each pair of cases we have:
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(a) (i) p™*Un® =g (3.92) since we substitute NNF(;) with B} and NNF(g;)|,a =
Bi|yp = T; p® Un® =g (3.9b) since p* f=p NNF(i));
(ii) p*Un® k=g (3.104)) since we substitute NNF(—;) with B; and NNF(—¢;)|,a =
Bjlp = L; p* UnP =g (3.10D) since n® =g —B;;

(b) (1) p®* UnP s (3.94) since we substitute NNF(y;) with B; and NNF(p;)|,a =
Bilys = L; p* Un® =g (8.9b) since n® |=p —B;;
(ii) p*Un® g (3.10a) since we substitute NNF(—p;) with B; and NNF(—¢p;)|,a =
B;|,e = T; p* Un®B k=g (3.10b) since u® =5 NNF(—¢p;);

(¢) (1) p®*uUnB g (B.94) since we substitute NNF(y;) with B, and substituting
NNF(¢;)|,a = * with B;|,s = L preserves satisfiability; p* Un® g (3.9D)

since nB =g —B;;
(i) p® UnB =g (3.10a) since we substitute NNF(—y;) with B;, and substituting

NNF(—¢;)|,a = * with B; |,8 = L preserves satisfiability; u*Un® g (3.10D)
since n® =g —B;. O

By Theorem m, given p® satisfying ¢, the enumerator need not assign any further
atom in A to satisfy IB.CNFpc(NNF(p)). This prevents it from producing multiple
extensions of u®, thus avoiding the assignment blow-up for CNFy, and CNFp described

in Section We stress that Theorem is agnostic of the AIISAT (or 7T-AlISAT)
algorithm adopted, and that it holds for both disjoint and non-disjoint enumeration.

Remark 3.2.1. Unlike with AIISAT or 7-AlISAT, the pre-conversion into NNF is
typically not used in plain SAT or SMT solving, because it causes the unnecessary
duplication of labels B; and B;, with extra overhead and no benefit for the solver.

We notice that the proof of Theorem [3.2.1]is constructive, as it not only shows that
an assignment 7B s.t. u Un® =g CNFpc(NNF(p)) exists, but also how to construct
it. In particular, items @ @, and implicitly suggest a strategy for assigning the
values to the B atoms given p®, by iteratively applying the following steps, interleaved
with assignments forced by residual constraints:

(a) if B; occurs negatively in already-satisfied clauses only, add {B;, =B; } to n®;
(b) if B; occurs negatively in already-satisfied clauses only, add {B;, ~B;} to n®;

(c) if B; [resp. B;] occurs negatively in a not-yet-satisfied clause whose other unas-
signed literals are all A-literals, then add {—B;} [resp. {—=B;}] to n®B.

This strategy mimics the application of items @, @, and in the proof to the
subformulas ¢; and ¢; of NNF(p) in a bottom-up fashion, from the leaves to the rootE|

2B} [resp. B;] occurs negatively only in the clauses encoding (B; — ¢} ) [resp. (B; — ¢; )], since by
construction it always occurs positively elsewhere, as it substitutes some ¢} [resp. ;] occurring only
positively in NNF(¢). Also, by construction, we can have at most one negative B-literal per clause.
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We also notice that, due to the constraints (B, — ;) and (B; — ¢;) and to the
fact that ¢; and ¢; are mutually inconsistent by construction, no assignment satisfying
CNFpc(NNF(¢)) can assign both B/ and B; to T. Thus, to further improve the
efficiency of enumeration without affecting its outcome, we also add to CNFp;(NNF(p))
the mutual-exclusion clauses (—B; V —=B; ) when both B; and B; are introduced, which
prevent the solver from assigning both B; and B; to T, and thus from wasting time in
exploring inconsistent search subtrees for residual formulas like (... A @] Ag; A...).

We illustrate the benefit of our proposed technique with the following example.

Example 3.2.1. Consider ¢ (3.2)) as in Example |3.1.1} and its NNF conversion:

NNF(¢) &

Bf By B3 B} Bf

(AL AN A2) V(R A3 A =AY V (2 A5 A =A6)) VAL A (((AsV Ag) A (A5 V Ag)) VA7)

Applying CNFp¢ and adding the mutual-exclusion clauses, we obtain:

CNFpc(NNF(9)) E(=B; V. A A(=Bf vV AN /(B — ( AL A Ay)) (3.11a)
(mBy V—oA3) A (0B, VAN /) (B, — (A3 A—=Ay)) (3.11b)
(mB3 V —As) A (—B; V—Ag) A //(By — (A5 A —4g)) (3.11c)
(mByV B,V Bj) ANJ[(By— ( By VvV By)) (3.11d)
(-B:V B,V A;) AN//(Bs —( B,V A7) (3.11e)
(=By; vV A3V Ay) A//(By = ( AsVv Ay)) (3.11f)
(-BjV A5V Ag) A(Bs = ( Asv Ag)) (3.11g)
(~BiV B3)A(=BjV B{)A //(B— ( By A Bj)) (3.11h)
(=B VvV B; VA A J/(Bs — ( By V—A47) (3.110)
(-BiV Bi)A(=BiV BOA //(B: = ( By A By) (3.11))
( BiVv B;) A (3.11k)
(=B; V —B;) A //mutex for By, By (3.111)
(=B; VvV —B;) A //mutez for By, B; (3.11m)
(-B, vV -By) //mutex for By, B, (3.11n)

Notice that the labels By, B;, B;, B,, and their one-way constraints are not
introduced, because there is no negative occurrence of their subformulas in ¢.
Consider the partial assignment p® = {—As, Ay, A7} which satisfies ¢, as
in Examples [3.1.1] and [3.1.2] First, it is easy to see that u® also satisfies NNF(ip), in
compliance with Lemma [3.2.1] Also, p# satisfies 3B.CNFpg(NNF(¢)), because p U
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77B ):IB% CNFPG(NNF(@)) with TIB = {_'BL B3, By, B3, ~Bs, =By, By, By, B, B;}

Such 1B can be produced by adopting the above strategy. First, we assign the
literals in p#, which also force us to add {—B;,—B;} due to and (3.11hl),
respectively. Then we add {Bg} by step[(a)]on (3.11i), {B;} by step[(b)|on (3.11D)),
and {~Bj, ~B;, ~B;} by step[(c)]on (8.11a), (3.11d), and (3.11g), respectively. These
force us to add {B5} and {B:} due to and (3.11j]), respectively. Finally, we
add {B;} by step[(b) on (3.11d). Overall, this allows the enumeration of only the

partial assignment p#, with both disjoint and non-disjoint enumeration:

{_'A?n _|A4, _‘A7} //{_‘Bl‘ y _'BQ-/ B2 ) _‘Bg}a _‘Bg ) _‘Bi: B47 BE; ) B(; B%}

The shorter u# is w.r.t. a total assignment, the greater the chance that CNF, and
CNFp¢ will force the production of many extra assignments, and hence the greater the
benefit of using NNF4+CNFp; to avoid this. That said, if the enumerator is able to
produce short partial assignments pu? satisfying the formula, we expect a high benefit
from using NNF4+-CNF,. instead of CNF4, and CNFp; conversely, if the enumerator
produces only total or nearly total assignments, we expect no or very limited benefit,
respectively.

Implementation-wise, the strategy to assign the values of n® described above is
difficult to implement inside the current enumerators. Therefore, there is no formal
guarantee that a generic enumeration procedure always finds the exact 7B that prevents
the generation of longer assignments. For example, the enumeration procedure of
Section finds a total truth assignment n U 7B that satisfies the formula, and
then finds p® C n* that is minimal w.r.t. that specific B such that u® Un® =g
CNFpe(NNF(¢)), so that the nB found is not guaranteed to be the one that allows
for the most effective minimization of u®. Ad hoc enumeration heuristics could be
adopted. Nevertheless, in Section [3.3| we show that a very simple heuristic —i.e., assign
false values to decision atoms first— guarantees dramatic improvements w.r.t. previous
approaches, using two state-of-the-art AIISAT /T-AlISAT enumerators.

Relationship with Dual-Rail Encoding. The idea of using two different variables
to label the positive and negative occurrences of a subformula has similarities with the
so-called dual-rail encoding [33 [172] (see also Section [2.2)). Using the dual-rail encoding
for enumeration, however, requires ad hoc enumeration algorithms, since the solver must
take into account the three-valued semantics of truth assignments over dual-rail atoms,
e.g., when adding blocking clauses [83].

Our CNF encoding, instead, can be used in combination with any projected enu-
meration algorithm that satisfies the properties described in Section [I.3.1} In fact,
NNF 4 CNFp¢ duplicates only the label atoms in B, which are projected away, and thus
does not require any modification of the enumeration algorithm. Moreover, it introduces
fewer atoms than the dual-rail encoding. Finally, we note that the clauses in the form
(=B; VvV =By ) are not needed for correctness but only for efficiency, and can in principle
be omitted. In the dual-rail encoding, instead, their presence is essential to prevent the
illegal assignment n(B;}) =n(B;) =T.
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3.3 Experimental Evaluation

In this section, we experimentally evaluate the impact of different CNF-izations on the
disjoint and non-disjoint AIISAT and 7-AlISAT tasks. In order to compare them on fair
ground, we implemented a basic version of each from scratch in PySMT [85], avoiding
specific optimizations done by the solvers.

We conducted an extensive collection of experiments on AIISAT and 7-AlISAT.
We tested the encodings on MATHSAT, which supports disjoint and non-disjoint
AlISAT and 7-AlISAT, and on TABULARALLSAT and TABULARALLSMT, which
support disjoint AIISAT and 7-AlISAT, respectively. The choice of the solvers is
motivated in Section the details needed to reproduce the experiments are given
in Section [3.3.2] the benchmarks are described in Section [3.3.3] and the results are
presented in Section finally, in Section we analyze and discuss the application
of the encodings to related fields.

3.3.1 An Analysis of Available Solvers

To evaluate the CNF encodings, we need a SAT/SMT enumerator that:
(i) is publicly available;

(ii) takes as input a CNF formula;

)
(iii) allows projected enumeration;
(iv) allows enumerating (disjoint or non-disjoint) partial truth assignments;
)

(v) also, the ability of producing minimal assignments is valuable although not
necessary.

In the literature, we found the following candidate solvers: for AIISAT, we found
RELSAT [10], GRUMBERG [99], SOLALL [133], JiN [114, [115], cLAsP [88], PI-
COSAT [16], Yu |235], BC, NBC, and BDD [219|, DEPBDD |218], DuAL1zA [155],
BASOLVER [240], ALLSATCC [135], HALL [83, 82|, TABULARALLSAT [206, 207],
and DECDNNF [125]. For T-AlISAT, the only candidates are MATHSAT [48|, AZ3 [176],
and TABULARALLSMT [207].

In Table of Appendix [A.2.1] we report an analysis of features [[[)H(v)] for each of

the above-mentioned solvers. Overall, we observe that only four solvers match all our
needs: MATHSAT, TABULARALLSAT, TABULARALLSMT, and DUALIZA. MATHSAT
supports disjoint and non-disjoint AIISAT and 7-AIlISAT enumeration of minimal partial
assignments, using the blocking-clause-based enumeration strategy of [129] described in
Section TABULARALLSAT supports disjoint AIISAT enumeration of non-minimal
partial assignments, based on chronological backtracking without blocking clauses [206,
207]. TABULARALLSMT, its counterpart for 7-AlISAT, supports disjoint 7-AlISAT.
DUALIZA supports disjoint and non-disjoint AIISAT enumeration of non-minimal partial
assignments, based on dual reasoning. Since DUALIZA has been shown empirically to
perform poorly [82], we decided to leave it out of our experiments and to focus on
MATHSAT, TABULARALLSAT, and TABULARALLSMT only.
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3.3.2 Information for the Reproducibility of the Experiments

We ran MATHSAT with the option -dpll.allsat_minimize_model=true to enumerate mini-
mal partial assignments. For disjoint and non-disjoint enumeration, we set the options
-dpll.allsat_allow_duplicates=false and -dpll.allsat_allow_duplicates=true, respectively. We
set the options -preprocessor.simplification=0 and -preprocessor.toplevel_propagation=false
to disable several non-validity-preserving preprocessing steps. As discussed in Sec-
tion and Section [3.2] we also set the options -dpll.branching_initial_phase=0 and
-dpll.branching_cache_phase=2 to split on the false branch first while enabling phase
caching. TABULARALLSAT was run with default options, which include branching on
the false branch first. TABULARALLSMT was run with the same options as MATHSAT
to disable preprocessing steps, since it uses MATHSAT for theory reasoning.

All the experiments were run on an Intel Xeon Gold 6238R @ 2.20GHz 28-core
machine with 128 GB of RAM, running Ubuntu Linux 20.04. We set a timeout of 3600 s
for each instance. Benchmarks, results, and source code are available on Zenodo [144],
145]. An updated version of the source code is available on GitHubﬂ

3.3.3 Benchmarks

We consider five sets of benchmarks of non-CNF formulas coming from different sources,
both synthetic and real-world. For AIISAT, we consider three sets of benchmarks, namely
synthetic Boolean formulas, formulas encoding properties of ISCAS’85 circuits |30, |103],
and formulas encoding combinatorial circuits as And-Inverter Graphs (AIGs) [83].

For T-AlISAT, we consider two sets of benchmarks, namely synthetic SMT(LR.A)
formulas and formulas encoding WMI problems [204].

The Boolean synthetic benchmarks. We generated the Boolean synthetic bench-
marks by nesting Boolean operators A, V, <> to a depth d. For internal nodes, we chose
< with 0.1 probability, and A and V with an equal probability of 0.45. Internal and leaf
nodes were negated with 0.5 probability. We generated 100 instances with 20 Boolean
atoms and depth d = 8, 100 instances with 25 Boolean atoms and depth d = 8, and 100
instances with 30 Boolean atoms and depth d = 6, for a total of 300 instances.

The ISCAS’85 benchmarks. The ISCAS’85 benchmarks are a set of 10 combinatorial
circuits used in test generation, timing analysis, and technology mapping [30]. They
have well-defined, high-level structures and functions based on multiplexers, ALUs,
decoders, and other common building blocks [103]. We generated random instances as
described in [217]. In particular, for each circuit, we constrained 60%, 70%, 80%, 90%,
and 100% of the outputs to either 0 or 1, for a total of 250 instances.

The AIG benchmarks. The AIG benchmarks [83] consist of 89 instances, subdivided
into 3 groups: 29 instances encoding industrial static timing analysis problems containing
up to 13000 input variables, 40 instances from the “arithmetic” and “random_ control”

3https://github.com/masinag/allsat-cnf
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benchmarks of the EPFL suite [4] —combining the multiple outputs with an OR or an
XOR operator— containing up to 1200 input variables, and 20 instances consisting of
large randomly-generated AIGs containing up to 2800 input variables.

The CNF-izations discussed above can be applied to AIGs as well, as an AIG can
be seen as a non-CNF formula involving only A and — operators. Moreover, we store
formulas as DAGs, so that the same subformula is shared among all its occurrences, and
the CNF-izations use the same atom to label all occurrences of the same subformula.
Hence, all the resulting CNF formulas have linear size w.r.t. the size of the AIG.

The SMT(LRA) synthetic benchmarks. These problems were generated with
the same procedure as the Boolean ones, with the difference that atoms are randomly-
generated LR.A-atoms over a set of R real variables {z1, ..., zg}, in the form (X | a;z; <
b), where each a; and b are random real coefficients. We generated 100 instances with
depth d = 5, 100 instances with depth d = 6, and 100 instances with depth d = 7, all of
them involving R = 5 real variables, for a total of 300 instances.

The WMI benchmarks. We generated WMI problems using the procedure in [204].
Specifically, the paper addresses the problem of enumerating all the different paths of
the weight function by encoding it into a skeleton formula (see also Chapter . Each
instance consists of a skeleton formula of a randomly-generated weight function, where
the conditions are random formulas over Boolean and LR.A-atoms. Since the conditions
are typically non-atomic, the resulting formula is not in CNF. Following [204], we fixed
the numbers of both Boolean atoms and real variables to 3, and generated 10 instances
for each depth value 4, 5, 6, and 7, for a total of 40 instances.

3.3.4 Results

Figures 3.1 and [3.2] show the results for AIISAT with MATHSAT and TABULARALLSAT,
respectively. Figures [3.3 and show the results for 7-AlISAT with MATHSAT
and TABULARALLSMT, respectively. For each figure, we report a pair of subfigures
comparing the CNF-izations for disjoint and non-disjoint enumeration (when both are
supported). Each subfigure reports a set of scatter plots to compare CNF1,, CNFp and
NNF+CNFp¢ in terms of the number of partial truth assignments (size of TA), in the
first row, and execution time, in the second row. Each benchmark is represented by a
different color and marker. Timeouts are represented by points on the dashed lines and
summarized in the tables below the plots. Notice the logarithmic scale of the axes (!).

The Boolean synthetic benchmarks. (Figures [3.1] and The plots show that in
the disjoint case CNFp¢ performs better than CNF+, as both MATHSAT (Figure
and TABULARALLSAT (Figure enumerate a smaller 7A (first row) in less time
(second row) on every instance. NNF+CNFp¢ yields by far the best results for both
solvers, drastically reducing the size of TA and the execution time by orders of magnitude
w.r.t. both CNF{, and CNFp;. The advantage of NNF4+CNFp. over both CNF{ and
CNFpg is even more evident for the non-disjoint case (Figure [3.1b)).
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Bench. Instances | CNFy,  CNFp; NNF4+CNFp. | CNFy, CNFp; NNF+CNFp.
Syn-Bool 300 151 84 20 88 48 0
ISCAS85 250 47 43 30 27 22 1
AlG 89 79 73 71 78 60 50

(c) Number of timeouts.

Figure 3.1: Results on the Boolean benchmarks using MATHSAT. Plots in and
compare CNF-izations by TA size (first row) and execution time (second row). Points
on dashed lines represent timeouts, shown in . All axes use a logarithmic scale.
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(a) Results for disjoint enumeration.
T.O. for disjoint AIISAT

Bench. Instances

CNF;, CNFpc NNF+CNFp¢
Syn-Bool 300 0 0 0
ISCAS85 250 17 11 3
AIG 89 7 67 47

(b) Number of timeouts.

Figure 3.2: Results on the Boolean benchmarks using TABULARALLSAT. Plots in m
compare CNF-izations by TA size (first row) and execution time (second row). Points
on dashed lines represent timeouts, shown in @ All axes use a logarithmic scale.

The ISCAS’85 benchmarks. (Figures and Here CNF+, and CNFp¢ behave
very similarly, both in runtime and in the size of T.A. This is because, in circuits, most
subformulas occur with double polarity, making the two encodings almost identical.

With NNF+CNFp, both disjoint and non-disjoint enumeration are much more
effective, enumerating a much smaller TA, with only a few outliers. For some instances,
NNF+CNFp takes slightly longer; this may be because it can produce a formula up to
twice as large, with up to twice as many label atoms as the other encodings, increasing
the time needed to find assignments. We remark that enumerating a smaller 7A is still
beneficial in many applications, even at the price of a small time overhead.

The AIG benchmarks. (Figures and This set of benchmarks is by far the
most challenging one, with many Boolean atoms connected in a very complex structure.
Thus, many instances time out even with the best-performing encoding, NNF+CNFp.

Nevertheless, we can still observe that NNF+CNFp is the best-performing encoding
for both solvers in terms of both the size of 7A and execution time.
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Syn-LRA | 300 155 88 48 74 7
WMI 40 23 23 9 23 9

(¢) Number of timeouts.

Figure 3.3: Results on the SMT(LR.A) benchmarks using MATHSAT. Plots in ,
compare CNF-izations by TA size (first row) and execution time (second row). Points
on dashed lines represent timeouts, shown in . All axes use a logarithmic scale.
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(b) Number of timeouts.

Figure 3.4: Results on SMT(LR.A) benchmarks using TABULARALLSMT. Plots in m
compare CNF-izations by TA size (first row) and execution time (second row). Points
on dashed lines represent timeouts, shown in . All axes use a logarithmic scale.

The SMT(LR.A) synthetic benchmarks. (Figures and The plots confirm
that the analysis also holds for the 7-AlISAT case. The results are in line with those
obtained on the Boolean benchmarks, for both the disjoint and non-disjoint cases.

The WMI benchmarks. (Figures[3.3/and[3.4) In these benchmarks, most subformulas
occur with double polarity, so CNF{, and CNFp are almost identical and yield very
similar results in both metrics. NNF+CNFp provides a significant advantage, allowing
the enumeration of a much smaller 7A. This is crucial in WMI, where each truth
assignment requires computing a costly integral [160, (161, 204} 205]. While WMI requires
disjoint enumeration, we also report results for the non-disjoint case for completeness.

Overall results. Overall, the plots and tables in Figures to it is eye-catching
that the usage of NNF4+CNFp instead of CNF, or CNFp causes a dramatic improvement
in the performance of MATHSAT, TABULARALLSAT, and TABULARALLSMT in terms
of both CPU time and size of TA, for both disjoint and non-disjoint enumeration, across
all AIISAT and 7-AlISAT benchmarks.
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3.3. Experimental Evaluation

3.3.5 Discussion: Using Our Encoding with Related Problems

We stress the fact that the proposed NNF+CNFp encoding is conceived and expected
to be effective for enumeration techniques that generate partial assignments (see Sec-
tion . Thus, we do not expect benefits in using it for plain SAT or SMT solving
(see Remark , nor for enumeration techniques that generate total or nearly-total
assignments. To this end, we empirically investigate and discuss related problems where,
for this reason, NNF+CNFp is not expected to help (see also Section [2.2)).

Plain SAT and SMT solving. To support Remark [3.2.1] in Appendix we
compare the different CNF encodings for plain SAT and SMT solving on all the
benchmarks in Section [3.3.3] Even though these problems are very small for plain
solving, and SAT and SMT solvers deal with them efficiently, we can see that using
NNF+CNFp¢ brings no advantage, and solving is uniformly slower than with CNFp or
CNF+,. This shows that our encoding works specifically for enumeration but not for
solving, as expected.

Answer Set Programming. For the reason discussed above, we do not expect our
CNF encoding to bring benefits to Answer Set Programming (ASP), because answer sets
represent total truth assignments: they include atoms assigned to true, while other atoms
are implicitly assumed to be assigned to falseE] Notice that the concept of “minimal” in
ASP refers to the minimality of the set of atoms that are true in the answer set, and
not to the minimality of the set of atoms that are assigned a truth value, as in SAT and

SMT enumeration (see Sections [1.2{ and [1.3.2).

(Weighted) #SAT. For (weighted) SAT model counting the CNF, encoding is
currently the most suitable, because it preserves the model count, whereas CNFp; —and
hence NNF+CNFpc— does not. To preserve the model count with these encodings and
with current model counters, one should perform projected #SAT on the original atoms,
which can be more expensive than the non-projected case.

Although investigating ad hoc model counting techniques for NNF+CNFp-encoded
formulas (e.g., by exploiting the polarity of label variables) could be an interesting topic
for future research, it would definitely exceed the scope of this discussion.

Notably, the model counter #CLASP [6] is based on the enumeration of minimal
partial assignments and would likely benefit from our encoding. Unfortunately, we did
not receive an answer from the authors about the availability of the tool.

d-DNNF compilation, enumeration, and counting. We investigated the effect of
the different CNF-izations on d-DNNF (projected) compilation, enumeration, and model
counting. We tested the tools D4+DECDNNF [125] for projected d-DNNF compilation
and enumeration, and D4 [126] for projected d-DNNF-based model counting, on the

4“We received confirmation from the clasp and clingo developers that these tools do not support
partial assignments. See |https://github.com/potassco/clingo/issues/512#issuecomment-2223162682.
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Boolean benchmarks in Section [3.3.3l Each formula was converted into CNF and then
compiled into d-DNNF projected on the original atoms A.

The results are reported in Appendices [A.2.3] and [A.2.4] for enumeration and model
counting, respectively. We observe that when using use NNF+CNFp instead of CNF
or CNFp, these tools: (a) show no substantial difference in terms of the number and
size of the assignments generated; (b) even worsen their runtime performance.

Point |(a)| is due to the fact that the D4, algorithm [127] —implemented by D4 for
projected compilation and counting— branches first on important atoms A, and only
at the end of the branch tries to complete the assignment on B. Consequently, the
assignments projected on A include all or almost all important atoms, thus producing
total or nearly total projected assignments on A. This is not surprising, since d-DNNF-
based tools typically derive their efficiency not from the enumeration of short partial
assignments but from the effective decomposition and caching of subproblems.

Point [(b)] may be due to several reasons: unlike CNFy,, CNFp¢ does not allow the
assignment of the A values to force the deterministic assignment of the B values by BCP,
causing unnecessary search; also, the NNF transformation up to doubles the number of
the non-important atoms B to be projected away; furthermore, we conjecture that the
duplication of labels B; and B;, along with distinct encodings ¢; and ¢; for NNF(y;)
and NNF(—y;), may affect the effectiveness of the caching and partitioning mechanisms
inside the D4 d-DNNF compiler.

Although ad hoc d-DNNF compilation strategies for counting and enumeration
could in principle be devised to exploit the properties of our NNF+CNFp encoding,
investigating such techniques would exceed the scope of this thesis. Finally, we note that
d-DNNF compilation techniques for non-CNF formulas have recently been proposed [67].

3.4 Conclusions

We have presented a theoretical and empirical analysis of the impact of different CNF-
izations on SAT and SMT enumeration, both disjoint and non-disjoint. We have shown
how the most popular transformations conceived for SAT and SMT solving, namely
the Tseitin and the Plaisted and Greenbaum CNF-izations, prevent the solver from
producing short partial assignments, thus seriously affecting the effectiveness of the
enumeration. To overcome this limitation, we have proposed to preprocess the formula
by converting it into NNF before applying the Plaisted and Greenbaum transformation.
We have shown, both theoretically and empirically, that the latter approach can fully
overcome the problem and can drastically reduce both the number of partial assignments
and the execution time.

This work opens an interesting research avenue: investigating the role of CNF-ization
in neighboring fields such as d-DNNF compilation and model counting, possibly adapting
d-DNNF compilers and model counters to exploit different forms of CNF-izations.
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Chapter 4

SMT-Enumeration Techniques for
Structure-Aware WMI

Full Disclosure. This chapter is based on the paper “Enhancing SMT-based
Weighted Model Integration by Structure Awareness” [205], co-authored by the
Ph.D. candidate with Dr. Giuseppe Spallitta, Dr. Paolo Morettin, Prof. Andrea
Passerini, and Prof. Roberto Sebastiani. The main contributor of the paper is Dr.
Giuseppe Spallitta. The candidate contributed to the conceptualization of the
proposed approach, the implementation, and the experimental evaluation.

We now focus on an application of SMT enumeration, namely probabilistic inference
in hybrid domains via Weighted Model Integration (WMI) (Section[L.4). State-of-the-art
WMI solvers are based on two main approaches: Knowledge Compilation (KC) and
SMT-based Predicate Abstraction (PA) (see Sections and [2.3). Both approaches
have their own strengths and weaknesses.

KC-based solutions 72} [120], although effective in exploiting the structure of the
problem, can result in exponentially large circuits when the problem is densely coupled.

SMT-based solutions [160} |L61], on the other hand, are more scalable and can handle
complex constraints, but they tend to ignore the conditional structure of the weight
function, which forces the computation of unnecessarily many integrals.

Contributions. To address these problems, in this chapter we introduce Structure-
Aware Enumeration for WMI (SAEAWMI), a novel algorithm for WMI that aims to
combine the best of both worlds by introducing weight-structure awareness into SMT-
based WMI. The main idea is to build a formula, which we call the conditional skeleton,
mimicking the conditional structure of the weight function to drive the 7-AlISAT
enumeration algorithm. An extensive experimental evaluation on synthetic and real-
world benchmarks shows substantial advantages over state-of-the-art WMI solvers.
Moreover, we highlight how SMT-based algorithms are agnostic to the integration
algorithm invoked for each enumerated assignment. To this end, we extend SAE4AWMI to
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support both exact numerical integration (already used in [160, 161]) and approximate
integration. The advantages of the latter are twofold: (i) it improves the scalability on
complex instances when integration is the major bottleneck; (ii) it allows computing
WMI for problems with non-polynomial weight functions (e.g., Gaussian densities). We
show the relevance of the latter point by presenting a prototypical application to the
verification of the fairness of probabilistic programs.

Organization. The rest of the chapter is organized as follows. In Section 4.1 we
analyze the WMI approaches based on KC and on PA, identifying some of their
weaknesses. In Section [4.2] we address the identified limitations, showing theoretical
ideas to make WMI-PA weight-structure aware. We implement these ideas in our novel
algorithm, SAE4AWMI. Section is devoted to an empirical evaluation of SAE4AWMI,
comparing it with existing approaches on both synthetic and real-world benchmarks. In
Section [.4] we highlight how PA-based approaches are agnostic to the integrator chosen
to compute the volume of the polytopes and propose an adaptation of the algorithm to
deal with approximate integration. Our conclusions are presented in Section |4.5|

4.1 Analysis of the Limitations of State-of-the-Art
WMI Solvers

We first present an analysis of KC and WMI-PA approaches for WMI.

4.1.1 Knowledge Compilation

We start our analysis by noticing a major problem with existing KC approaches for
WMI [72], 120]. These approaches can easily blow up in space even with simple weight
functions. Let x be a set of real variables and A a set of Boolean atoms. Consider

w(x, A) = JJ(If ¢; Then w;(x) Else wiz(x)) (4.1)

i=1

where the 1); are LR.A-conditions on x and A and wj;, w2 are generic functions on x.

First, XADDs [121] do not interleave arithmetic and conditional operators; rather,
they push all the arithmetic operators below the conditional ones. Thus, with the
resulting decision diagrams consist of 2 branches on the ;’s, each corresponding to
a distinct unconditioned weight function of the form [IY, wy; (x) s.t. j; € {1,2}. See
Figure for an example with N = 3 and ¢; = A;, i € {1,2,3}.

Second, if decision diagrams are built on the Boolean abstraction of w(x, A), e.g. [72],
they do not eliminate a priori the branches representing LR.A-unsatisfiable combinations
of v;’s, which can be up to exponentially many.

With WMI-PA, instead, the representation of does not grow in size, because
FIUCXRA functions allow for interleaving arithmetic and conditional operators. Also,
SMT enumeration does not produce LR.A-unsatisfiable assignments on the ;’s.
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Iw 12W22W32 (x)l Iw 12W21 W32 (x)l

011 WarW3s (X 011 Wa1 W39 (X)
Iu,,’]gurQng] (X)I IZI)]QUJQHUg] (X)I 011 Wor w31 (X) 011 Wa w31 (X)

Figure 4.1: Example of exponential growth of XADDs for a weight function as in
with N = 3 and ¢; = A;, i € {1,2,3}. Decision XADD nodes, i.e., if-then-else conditions,
are circles labeled with decision atoms. Solid and dashed edges represent true and false
branches, respectively. Square leaf nodes contain FI*®* weight functions.
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Figure 4.2: Size of XADD diagram (number of nodes) and WMI-PA formula as the
problem size increases, in logarithmic scale. Whereas the size of the diagram grows
exponentially, WMI-PA encodes the problem into a formula of linear size.

This behavior has been empirically confirmed and is shown in Figure [£.2] where we
plot on a logarithmic scale the number of nodes of a KC-based encoding of using
XADD for problems of increasing size, compared with the size of the encoding used by
WMI-PA. This graph clearly shows the exponential blow-up of XADD size, whereas the
size of the encoding used by WMI-PA grows linearly. We stress the fact that is not
an artificial scenario; for example, it occurs in the real-world logistics problems in |161].

Similar considerations can be made for other KC-based approaches, e.g., XSDDs [120].
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4.1.2 WMI-PA

We now highlight a major problem with WMI-PA: unlike the KC approaches, it fails
to leverage the conditional structure of the weight function to efficiently enumerate the
assignments to its conditions. We illustrate the issue by means of a simple example.

def def

Example 4.1.1. Let p = T, x = (0 <27y <2) A (0 < 25 < 3), and

w(x, A) £ If A; Then [If (2, > 1) Then (If (23 > 1) Then a3z, Else xix,)
Else (If (w9 > 2) Then x5 Else xlxg)}
Else (If Ay Then 325 Else 22125) .

To compute Wl\/ll(gp A X,w ‘ X, A), in principle only six integrals need to be
computed, corresponding to the six branches of w.

ziwgon (1 <o <2)N(1 <2 <3)(if A4 =T)
rirgon (1 <z <2)N(0< 2 <1)(if A4 =T)
zizzon (0<x <DA2< 29 <3)(if Ay =T)
rirson (0< o <A< 2 <2)(Ef A =T)

20129 0n (0 <23 <2)AN (0 <2 <3)(if A1 =1L, A =T)
3rizgon (0 <z <2)AN(0< 2y <3)(if Ay = L, A= 1)

However, WMI-PA (Algorithm [3)) proceeds as follows. It first labels the conditions
in w with fresh Boolean atoms { By, By, B3}, obtaining:

(,0* dZEng/\X/\(Bl < ([El > 1))/\(B2 < (232 > 1))/\(33 < (1‘2 > 2)),
w'(x, AUB) £ If A; Then [If By Then (If B, Then a3z, Else zix,)

Else (If Bs Then z,25 Else xlxg)}
Else (If Ay Then 3zy2, Else 2z125) .

Then, by applying TTA(3x.*) we obtain 24 total assignments M4 on A U B,
i.e., all the truth assignments on A UB excluding those containing {—Bs, B3}, which
are LR A-unsatisfiable according to ¢*(x, A U B).

As a result, WMI-PA computes 24 integrals instead of 6. In particular, WMI-
PA computes some identical integrals multiple times, e.g., the truth assignments
{A, Ay, By, B, B3} and { Ay, = Ay, By, B, B3} both correspond to the same integral
of z3zy over (1 <z <2)A (2 <2y < 3).

Also, it splits each integral of x2z5 and z; 23 into two parts, based on the irrelevant
truth values of B3 and B,, respectively, and each integral of 2z,25 and 3125 into
six parts, based on the eight irrelevant truth values of B;, By, B3 minus the two
LR A-unsatisfiable ones containing {—Bs, Bs}.
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A key issue with WMI-PA is that the enumeration of TTA(3x.¢*) in Algorithm [3]line
is not aware of the conditional structure of w*, and in particular, it is not aware that
often partial assignments to the set of conditions in w* are sufficient to identify a branch
of w*. Instead, it enumerates all the LR.A-satisfiable total assignments extending them.
(For example, in Example {A1, By, By} suffices to identify z2xo, regardless of the
values of Ay and By, but WMI-PA enumerates { A, Ao, By, Bo, B3}, {A1, As, By, Ba, — B3},
{Ay,-Ay, By, By, B3}, {A1,7As, By, Bo,~Bs}.) Enumerating total truth assignments
on A U B has two main issues.

First, enumerating total assignments on B forces the unnecessary partitioning of
integrals into subregions. In fact, forcing the enumerator to assign a truth value to
all the B; € B also forces the solver to assign a truth value to all LR.A-conditions
; € ¥\ A, even when the conditional structure of w does not need it. Since W
can contain LR.A-conditions, a truth assignment on them identifies a subregion of the
solution space. The more conditions we assign, the more we split the solution space into
subregions, and the more integrals we compute. For example, in Example [.1.1] the
integral of z7z is unnecessarily split into two integrals for (zo > 2) and —(zo > 2) due
to the unnecessary branch on Bs.

Second, enumerating total assignments on A causes the unnecessary duplication of
integrals. In fact, not knowing w*, the enumerator is always forced to assign all original
Boolean atoms in A, even when the combination u® U uB of a partial assignment pu®
on A and a total assignment pB on B suffices to satisfy ¢* and to make w* FIFRA,
that is, TTA(Ix.¢*) is used instead of TA(Ix.¢*) in and in line [3| of Algorithm [3]
For example, in Example , each of the integrals of z2x, is computed twice, once
for {Ay, Ay, ...} and once for {A;, A, ...}, due to the unnecessary branching on As.
Although this problem could in principle be fixed by caching the integrals, this could be
expensive in terms of both time and memory.

To cope with these issues, we need to modify WMI-PA to make it aware of the
conditional structure of w, so that we can best exploit partial truth assignments on A
and on the (atoms of the) conditions in w. (One further issue, dealing with the fact that
the conditions in ¥ may not be atomic, will be addressed in Section [4.2.2])

4.2 A Structure-Aware WMI Algorithm

To address the issues described in Section .1} we aim to combine the best of KC
approaches —i.e., weight-structure awareness— with the best of PA-based approaches
—i.e., SMT enumeration— by introducing weight-structure awareness into PA-based
WMI. In Section [4.2.1], we present the general idea for making WMI-PA weight-structure
aware, by introducing and exploiting the notion of conditional skeleton for w. A
preliminary approach and algorithm (namely “SA-WMI-PA”), based on an implicit
enumeration of a skeleton, was proposed in [204]. For the sake of compactness, we do
not report it here. In Section [4.2.2] we propose our novel and current best approach and
algorithm (namely “Structure-Aware Enumeration for WMI”, in short “SAE4AWMI”),
which explicitly generates the skeleton and is both much simpler and more effective
than the approach in [204].
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4.2.1 General Idea: Exploiting a Conditional Skeleton of w
We start by introducing the following concept.

Definition 4.2.1 (Conditional skeleton of w, sk(w)). Let ¢, x be as in Section[L.4}
let w(x, A) be FIUCX®4 on the set of conditions ¥. We call a conditional skeleton
of w, written sk(w), any LR.A formula s.t.:

(a) its atoms are all and only those occurring in the conditions in W;
(b) sk(w) is LR.A-valid, so that ¢ A x is equivalent to ¢ A x A sk(w);

(c) every partial truth assignment p to (the atoms occurring in) the conditions ¥
that satisfies sk(w) is such that w|, is FI*®4,

Example 4.2.1. Consider the problem in Example [{.1.1 Then the following formula
is a conditional skeleton sk(w) for w(x, A):

(A Vv-A) A [/ split on A,

( >1)V-a(r > 1)) A [ /if Ay split on (z1 > 1)

(mA V(x> 1)V (e > 1)V a(zg > 1) A //)if A (x> 1) split on (29 > 1)
( >V (22>2)Vo(z2>2) A //)if A, —(xy > 1) split on (x4 > 2)
( A1V Ay VA N/ ]if 2 Ay split on A,

For example, the partial assignment p = {Ay, (x; > 1), (2 > 1)} propositionally
satisfies sk(w), and is such that, in Example 4.1.1] w|, = x?x,, which is FI*®A,

Notice that we use the verification semantics for satisfiability by partial assignment
(see Remark [1.2.1)), so that, e.g., {A;} does not satisfy sk(w), as the residual is
logically equivalent to T, but not syntactically equal to it.

Assume we have produced one such formula sk(w). Unlike WMI-PA, we do not replace
the conditions ¥ in w(x, A) with fresh Boolean atoms B, and we conjoin to ¢ A x the
skeleton sk(w) instead of Af_, (B <+ 91,). The latter formula requires enumerating total
assignments to ¥ (i.e., to B), whereas sk(w) allows us to enumerate partial assignments
1 to W that verify condition , i.e., assignments for which w|, is FI“RA. Thus, we can

rewrite ((1.3b])-(1.3a) as:

WMI(p,w | x,A) = ) DAV WMLy (154w, | %) (4.2)
HEPAURERAETA(p%)
O = o Ax Ask(w) (4.3)

(Notice that in (4.2) p is in TA(¢%), not TTA(¢**), that is, we enumerate partial
assignments u for ¢ and, in particular, partial assignments for W.)

Item in Definition [4.2.1| guarantees that WMInb<,u£RA,w|H ‘ x) in (4.2) can
be directly computed, without any further branching on the conditions in W. The
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24\ factor in ([1.2), where |A\ pu®| is the number of Boolean atoms in A that are
not assigned by u®, accounts for the fact that, if A; € A is not assigned in p®, then
WMl (,uERA, wl, ‘ x) must be counted twice, because y represents two assignments
wU{A;} and pU{—-A;} which would produce two identical integrals, because their LR.A
component and the branch of the weight function they identify are identical. When
|A\ g2 > 0, this allows us to compute only one integral rather than 214\#*| integrals (1).

Notice that the latter is only one of the computational advantages of —
w.r.t. —: even more importantly, — allow for enumerating partial
assignments also on the LR.A-conditions in ¥ \ A, reducing the number of integrals
to compute for each partial assignment by up to a 2’ factor, j being the number of
unassigned LR.A atoms in u. (In this case, no multiplication factor should be considered,
because an unassigned LR.A condition v; in p causes the merging of the two integration
domains of p U {¢;} and p U {—;}.)

Example 4.2.2. Consider the problem in Example and the corresponding
sk(w) formula in Example . Let o™ = o A x Ask(w), as in (£.3). We show how
TA(g*) in can be enumerated. Assume nondeterministic choices are picked
following the order Ay, As, (x1 > 1), (29 > 1), (29 > 2), assigning positive values first.
Then in the first branch the following total truth assignment is generated:

{(x1 2 0), (21 £2), (22 2 0), (v2 < 3)} U{Ay, Ag, (21 > 1), (22 > 1), (22 > 2)}

(where {(z1 > 0), (z1 < 2), (z2 > 0), (22 < 3)} is assigned deterministically by ¢ A x),
from which the solver extracts the minimal partial assignment satisfying sk(w):

pn = {(x1 > 0), (21 < 2), (22 > 0), (22 < 3)} U{Ay, (21 > 1), (z2 > D}
In the next branch, the following minimal partial assignment is produced:
2 = (> 0), (51 < 2), (2> 0), (22 < 3)} U Ay, (31 > 1), (w2 > D)},

The assignments p; and py give opposite truth values to at least one atom. Overall,
the algorithm enumerates the following collection of minimal partial assignments:

<2), (22 20),(z2 <3)FU{ A1, (
), (2 > 0), (22 <3)}U{ A, (71
T < 2), (I'Q > 0), (I'Q S 3)} U{ Al,ﬁ(I
<2),( ) ( )
) ( ) ( )

)

VIV IV IV

—_ = = =
~— — — —
N N N

(12 2 0), (22 <3)FU{ Ay, (1
) $2>0 9 x2§3 }U{_‘A17 A2}7

{(z1 > 0), (z1 < 2),(x2 > 0), (z2 < 3)} U {41, ~As}
which correspond to the six integrals of Example [1.1.1, Notice that, according

to (4.2), the first four integrals have to be multiplied by 2, because the partial
assignment {A;} covers two total assignments {A;, Ay} and {41, ~A5}.

S O O O O
— — — — ~—
AN AN N N N

AA?A/_\
VIV IV IV IV
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Algorithm 5 Converty(w, conds) // conds is a set of literal conditions

1: if ({w is a constant or a polynomial}) then

2: return T

3: end if

4: if (w == (wy M wsq), > € {+, —,-}) then

5. return Convertg (w;, conds) A Convertg,(ws, conds)
6: end if

7. if (w == g(wy, ..., wy), g unconditioned) then
8: return A, Converty (w;,conds)

9: end if

10: if (w == (If ¢ Then w; Else w,)) then

11:  if ¢ is a literal then

12: branch <= V., cconds 7¢i V ¥ V b

13: defs; <— Convertg (wy, conds U {})

14: defsy <— Convertg (wo, conds U {—t)})

15: return branch A defs; A defsy

16: else

17: let B be a fresh Boolean atom

18: branch < [V, cconds 7%i V (B V = B) V CNFp (NNF(B > 1))]
19: defs; < Convertg(wy, conds U {B})
20: defsy < Convertg,(wsy, conds U {—B})
21: return branch A defs; A defsy
22:  end if
23: end if

4.2.2 Encoding a Conditional Skeleton Explicitly

def

Notation. If ¢ o Ai C; is a CNF formula and C' =V, [; is a clause, then the formula
Ai(C' Vv ;) is shortened into [C'V ¢].

Encoding. Algorithm [5| shows the procedure for building a formula sk(w). Intuitively,
the output consists of a conjunction of formulas, each stating “if all the conditions
U1, ..., Y; of the current subbranch in w hold, then split on the next condition ;1 in
the branch”. For example, for the problem in Example [£.1.1} Algorithm [5] produces as
sk(w) the formula reported in Example , whose satisfying partial assignments can
be enumerated as in Example [4.2.2

The recursive procedure Convertg,(w;, conds) takes a subtree w; of w and the set
of literals conds under whose scope w; occurs, and returns the CNF representation of
Ngscconds Vi — sk(w;) (i.e., it returns [(Vy,cconds 7¢i) V sk(w;)]). Hence, Convertg (w, 0)
returns sk(w). The set conds contains the conditions that need to be true in order to
activate the current branch. The recursive encoding of sk(w) works as follows.

Lines handle the base cases. Constants and polynomials are conditionless, so
they can be encoded as T. Here conds plays no role, as (Ay,cconds i) — T reduces to T.

Lines handle arithmetic operators w; > wq, with € {4+, —, -}. Since we must
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ensure that the conditions in both terms w; and wy are enumerated, we conjoin the
results of recursively applying the conversion procedure to w; and ws.

Similarly, in lines , for a function g(wy, ..., wy) we must ensure that the conditions
in all terms wy,...,w, are enumerated. Hence, we conjoin the results of recursively
applying the conversion procedure to each argument wq, ..., wy.

Finally, lines handle conditional terms If ¢» Then w; Else wy. Let us first
assume that 1 is a literal (lines [LOH15). When all conditions in conds are true, the
condition ¢ must be split upon. This is captured in line [12| by the valid Clauseﬂ

AV (IAVEURVASTI)

1; Econds

Moreover, when all conds are true and ¢ is true, all branches of w; must be enumerated.
Hence, in line [13| we recursively call the procedure on w, after adding 1 to conds. This
call returns [V, cconds 7% V =% V sk(wy)]. Symmetrically, in line 14 we recursively call
the procedure on w, after adding — to conds, yielding [V, cconds i V % V sk(w2)].
The case where 1 is not a literal (lines is discussed in the next paragraph.
Unlike KC approaches, sk(w) grows linearly in the number of branches of w. For
example, with (L)), sk(w) is A, (¢; V —1;), whose size grows linearly with N.

Dealing with non-literal conditions. In general, conditions in ¥ are not necessarily
single literals. For example, they can be range conditions in the form (I < x;) A (z; < u)
or more complex conditions. In these cases, Vy,cconds 7%i V ¥ V ¢ (line would not
be a clause, and hence sk(w) would not be in CNF.

This would force the SMT enumerator to convert sk(w) into CNF, typically using the
Tseitin CNF-ization [222], by introducing extra label atoms B, which are then projected
away during enumeration. In Chapter 3] we discussed how this prevents the enumeration
of short partial assignments, which for WMI translates into the computation of more
integrals than necessary, as illustrated in the following example.

Example 4.2.3. Let 0 = T, x = (21 > 0) A (21 < 6) A (23 > 0) A (22 < 3), and
w(x,A) =If (x; <4) Then [If ¢y Then fi(x) Else fo(x)],
Else [If v, Then f3(x) Else f4(x)]
b ZE (11 <2V (11 <3) A (22> 1)), o = (22 >2) V(21 > 5) A (22 > 3))

such that the functions f;(x) are FI*RA. w is graphically represented in Figure .
SA-WMI-PA [204], using either its implicit sk(w) as in the original algorithm
or the above-mentioned non-CNF explicit sk(w), enumerates 11 convex regions, as
shown in Figure [£.3¢ Notice that the brown, red and grey areas are each split into
three regions, whereas it is possible to split each into only two convex regions.

1Since the SMT enumerator will detect these tautologies and ignore these clauses, we actually add
Vs cconds 7% V (B <> ¢), where B is a fresh Boolean atom which is projected away during enumeration.
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xTo X2

T

. ; . T
1 2 3 4 5 6 1 2 3 4 5 6

(a) w and its 4 non-convex FI¥®4 branches.  (b) WMI-PA computes 20 distinct integrals.
T2 €2

fi(x) fa(x)
12 3 4 5 6
(¢) SA-WMI-PA computes 11 distinct integrals. (d) SAEAWMI computes 8 distinct integrals.

T T

Figure 4.3: Graphical representation of the effectiveness of different SMT-based WMI
solvers on Example [£.2.3] SAE4AWMI divides the integration domain into the minimum
number of convex subdomains, each with a FI*®4 weight.

To cope with this problem, we use the NNF+CNFp encoding presented in Section
but make the “labeling definitions” local to the conditions in conds, so that when the
branch is not “selected”, the definitions are simplified to T and do not force the
assignment of the atoms in the definition. Thus, in Algorithm [5| lines we
substitute each non-literal condition v in branch with a fresh Boolean atom B and add

[ V ¢V (BV-B)VCNFpe(NNF(B + ¢))]

1; Econds

(We recall that all conditions v; in conds are literals by construction, see Algorithm )

In Figure we show that using the “local” CNF version of sk(w) we enumerate
8 regions, instead of the 11 ones in Figure [4.3¢ Here, 8 is also the minimum number
of convex regions into which we can split the problem, since the 4 colored regions in
Figure are non-convex, so the integral over each region cannot be computed directly.

We stress the importance of the locality of labeling clauses in the enumeration of
truth assignments: the SMT enumerator needs to branch on B (hence, on v) only in
those branches in which all conds are true, that is, only in those branches where a truth
value for 1 is needed to define a branch of w. Notice that, if CNFp¢ introduces some
labeling definitions, the latter are also active only when all conditions in conds are true.
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Algorithm 6 SAE4AWMI(p, w,x, A)
1: sk(w) + Convertg (w, 0)
2: 0%k« Ay Ask(w)
3 MA TA(HX.(,OSk)

4: wmi < 0

5. for A € M* do

6: k< |A\ put

7. Simplify(¢™],a)

8 if ¢¥,a is a cube then

9: wmi < wmi + 25 - WMl (%] 18, w| ,a [x)
10:  else

11: M TA(QOSk‘uA)

12: for (u = pA' A pfR4) € M do

13: Kk — ||

14: wmi < wmi + 28 - WMl (R4, w) 4 0,]%)
15: end for

16:  end if

17: end for

18: return wms

4.2.3 The SAE4WMI Procedure

We devise a new algorithm, SAE4AWMI, which improves over SA-WMI-PA [204] by using
the explicit skeleton of Section [.2.2] and further improves the enumeration, as described
below. The procedure is outlined in Algorithm @ (To simplify the narration, here we as-
sume that no new Boolean atom B is introduced, see Section[4.2.2} otherwise, TA(Ix.¢*)
and TA(¢™],a) are replaced with TA(Ix.3B.¢*) and TA(IB.¢™ ), respectively.)

In lines [IH3] after producing sk(w) by Algorithm [5| we use projected T-AlLISAT (see
Section |z‘; to enumerate a set M of partial truth assignments y® over A. This set
is defined as M2 = TA(Ix.*), where o = ¢ A x A sk(w).

Next, in lines we consider each y® € M# and compute and simplify the residual
formula ¢*|,a. As in WMI-PA and SA-WMI-PA, if ¢|,a is already a conjunction of
literals, its integral can be computed directly and returned after multiplying it by a
factor 2%, where k is the number of Boolean atoms left unassigned by ,uA

If K| 4A 1s not a conjunction of literals, the algorithm proceeds by enumerating a set
M of partial truth assignments p = p U R4 over the remaining atoms of the formula,
such that M = TA(¢*|,a). Since p? is partial, the residual formula ¢*|,a may still
contain Boolean atoms, as shown in Example [4.2.4; consequently, ; may include a
non-empty Boolean component p®". The algorithm then computes the integral of the
FI“RA function w|,ay, over the convex region pFRA This integral is multiplied by 2%,

where & = k — |p®'| is the number of Boolean atoms not assigned by pu* U pu.

ZNotice that, in this case, the conjunction of literals ¢ ua does not contain Boolean literals, since
these would have already been assigned by p.
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As with WMI-PA and SA-WMI-PA| in the implementation (lines and 12)
the sets MA and M are not generated explicitly; rather, their elements are generated,

integrated, and then dropped one by one, so as to avoid space blow-up (see Remark|1.4.1]).

We remark that producing shorter partial assignments over the Boolean atoms has
a positive effect regardless of the structure of w. In fact, as noted in Section [4.1.2]
enumerating (nearly) total assignments on A can lead to computing identical integrals of
the same FI®4 function over the same polytope. By finding shorter partial assignments,
SAE4WMI reduces the number of duplicate integrals, as shown in the following example.

Example 4.2.4. Let y = (z > 0) A (v < 4), w(x,A) = 1.0, and
o =(A1VANVA)N (A V(x> 1)A(mAV (2 > 2)) A (A3 V (z < 3)).

Since ¥ = (), both A; B; <+ 9; and sk(w) reduce to T, and ¢* = ¢** = ¢ A x.
With WMI-PA, TTA(3x.*) directly finds 7 total assignments (1™ A g2 a N 1EA):

p :u’;zsidual pERA

{ A, Ay, As (2>2),(x<3)}

{ AQ, Al,ﬁA:g, (SL’ Z 2), ($ S 4)}

{ A, A, Az, (v2>2),(x<3)} (4.4)
{ Ag, _|A1, _|A3, (iL‘ Z 2), (ZE S 4)} ’

{ A17_|A2, Ag, (Z’ 2 1), (.QT § 3)}

{ Ay, A, —As, (x > 1), (x < 4)}

{=A1, A, A3, (x >0),(x <3)}

With both SA-WMI-PA and SAE4WMI, suppose TA(3x.¢%*) first finds pA = {A,},
so that ™|,a = (2 > 0) A (2 <4 A (RA V(2 > 1) A (2> 2) A (mA3 V (2 < 3)).
With SA-WMI-PA, TTA(3x.¢%*|,a) enumerates all four total residual assignments
on A, A3[] duplicating the integrals on x € [2,3] and z € [2,4] by uselessly case-
splitting on A; and —A;, as shown in the first four rows of .
With SAE4AWMI, TA(£*|,a) avoids this case split and enumerates only the 2

partial assignments in the following list (= p®" A MERA):H

,uA L def ILLA/ /\M,CR.A
{ A2a A37 ($ > 2)7 (.CL' < 3)}
{ A, —As, (2 22),(x <4)} (4.5)
{ A17_'A27 _‘A37 (.T Z 1)7 ('r S 4)} ‘
{=A1,~ Ay, As, (z > 0),(z <3)}
{ Ala ﬁ1427 A37 ('I Z 1)7 ('T S 3)}

The two corresponding integrals for the first two assignments in (4.5 are multi-
plied, respectively, by 23~ 1{42H={4s}l — 9 and 23-HA2}=H{~4s} — 9

“Here, 3x.¢°|,a corresponds to a valid Boolean formula on {4, A3}
®The truth value of A; is irrelevant here because (z > 1) is forced to be true by (z > 2).
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The benefit becomes more evident as the number of Boolean atoms increases, since if
we avoid computing the TTA(Ix.¢%*|,a) over the residual Boolean atoms, then we are
potentially largely cutting the number of integrals.

4.3 Experimental Evaluation

In the following experiments, we evaluate SAEAWMI against the current state of the art
in WMI, using the same setting as [204]. To this end, we compare the proposed algorithm
SAE4WMI and its previous version SA-WMI-PA [204] with the previous SMT-based
approach WMI-PA [161] and the state-of-the-art KC-based approaches: XADDf [121],
XSDD® and FXSDD? [120]. We evaluate the performance of these solvers on both
synthetic and real-world-inspired benchmarks in terms of execution time and, for SMT-
based approaches, the number of integrals computed.

4.3.1 Information for the Reproducibility of the Experiments

WMI-PA, SA-WMI-PA, and SAE4AWMI use MATHSAT [48] for SMT enumeration. As
in Section to compute TA(...), we set -dpll.allsat_allow_duplicates=false for dis-
joint enumeration, -dpll.allsat_minimize_model=true for partial enumeration, and dis-
able non-validity-preserving preprocessing steps via -preprocessor.simplification=0 and
-preprocessor.toplevel_propagation=false. For TTA(...), the second option is set to false.

Integration over convex polytopes is handled by LATTE [63] in the SMT-based
approaches, whereas KC-based solvers use PSI Algebra for both integration and incon-
sistency checking [90]. This difference is not penalizing the KC-based approaches, which
were shown to achieve worse results when using LATTE [120].

All experiments are performed on a 28-core machine with an Intel Xeon Gold 6238R @
2.20 GHz, 128 GB of RAM, and Ubuntu Linux 24.04. The code of WMI-PA, SA-WMI-PA,
and SAE4WMI[Phs well as the benchmarks are available on GitHub ff

We set a timeout of 3600 s for the synthetic benchmarks and 1200 s for the DET
benchmarks.

4.3.2 Benchmarks

Synthetic benchmarks. Random formulas are obtained using the generator intro-
duced by [161]. In contrast to other recent works [121} |120], these synthetic benchmarks
do not contain strong structural regularities, offering a more neutral perspective on how
the different techniques are expected to perform on average. We fix the numbers of
Boolean and real variables at 3 while varying the depth of the weights in {4,5,6,7}, for
a total of 40 instances.

3https://github.com/weighted-model-integration/pywmi
4https://github.com/unitn-sml/wmpy/releases/tag/wmipa
Shttps://github.com/unitn-sml/wmpy for an up-to-date version of SAE4AWMI
6https://github.com/unitn-sml/wmi-benchmarks
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4.3. Experimental Evaluation

Density Estimation Trees benchmarks. We then consider the problem of com-
puting arbitrary algebraic queries over Density Estimation Trees (DETs) [182]. DETs
are the density estimation equivalent of decision or regression trees, encoding piecewise
constant distributions over mixed continuous/discrete domains. Having only univariate
conditions in the internal nodes, DETs support efficient density estimation and marginal
inference over single variables. Answering algebraic queries over multiple variables, like
Pr(X <Y), requires marginalizing over an oblique constraint, which is reduced to:

_ WMI((X <Y) A Xpger, WpeT)
WM'(XDET, wDET)

Pr(X <Y)

< : (4.6)
This type of query commonly arises when applying WMI-based inference to probabilistic
formal verification tasks, when properties involve multiple continuous variables. The
support xpgr is obtained by conjoining the lower and upper bounds of each continuous
variable, while wpgrr encodes the density estimate by means of nested if-then-elses and
non-negative constant leaves.

Consistently with [204], we train DETSs on a selection of hybrid datasets from the
UCT repository [74]. The datasets and resulting models are summarized in Appendix .
Following the approach of [159], discrete numerical features are relaxed into continuous
variables, while n-ary categorical features are one-hot encoded with n binary variables.

DETs are trained on each dataset using the standard greedy procedure |182] with
bounds on the number of instances for each leaf set to [100, 200]. We investigate the effect
of algebraic dependencies by generating increasingly complex queries involving a number
of variables k = max(1, | H - |x|]), where H € [0, 1] is the ratio of continuous variables
appearing in the inequality. For each value of H, 5 random inequalities involving k
variables are generated. This yields a total of 82 WMI domains, with 5 queries each.

4.3.3 Results

We report our findings using cactus plots. Each tick on the x-axis corresponds to a
single instance, and results on the y-axis are sorted independently for each method.
Steeper slopes mean lower efficiency.

Synthetic benchmarks. (Figure Consistently with [160, |161], in this setting
SMT-based solvers perform better than KC-based solvers (Figure [4.4] left), which suffer
from the complex algebraic dependencies between continuous variables. SAE4WMI
drastically improves over WMI-PA, in terms of time and number of computed integrals
(Figure right). As expected, the advantage of structure awareness given by the
introduction of the skeleton is eye-catching.

Additionally, SAEAWMI offers an advantage over SA-WMI-PA | although the order of
magnitude remains quite the same. Notice that in this setting, the number of Boolean
atoms is limited to 3, so the revised enumeration technique of Section for the
Boolean component of the formula does not show its full potential. The benefits of the
novel algorithm SAEAWMI with respect to SA-WMI-PA (and WMI-PA) will be evident in

the next experiment, where more complex logical structures are involved.
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Figure 4.4: Cactus plots of the synthetic experiments reporting execution time (left) for
all methods and the number of integrals (right) for WMI-PA, SA-WMI-PA| and SAEAWMI.
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Figure 4.5: Cactus plots representing average query execution times in seconds on a set
of DET problems with H € {0.25,0.5,0.75,1}.
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Figure 4.6: Cactus plots representing the number of computed integrals on a set of DET
problems with H € {0.25,0.5,0.75,1}.

Density Estimation Trees benchmarks. (Figures and Figure depicts
the runtime of the algorithms for H € {0.25,0.5,0.75,1}. Specifically, for each WMI
domain, we show the average time for the 5 queries. Since internal nodes of w do not have
arithmetic operations, DETs are better suited to KC-based solvers than the synthetic
benchmarks are. However, while in the simplest inference cases (H < 0.5) substantial
factorization is possible, when the coupling between variables increases this advantage
is outweighed by the combinatorial reasoning capabilities of SM'T-based approaches.

The effectiveness of SAEAWMI w.r.t. both SA-WMI-PA and WMI-PA is particularly
evident on these problems. Analyzing the number of integrals computed (Figure ,
we notice a drastic reduction for SAEAWMI w.r.t. other SMT-based solvers. This is
expected: the number of Boolean atoms is typically very high, so that we are able to
drastically reduce the number of partial assignments over the Boolean component w.r.t.
SA-WMI-PA thanks to the revised enumeration strategy. Crucially, in contrast with the
recent SA-WMI-PA| the novel algorithm is able to compete or even outperform KC-based
solvers even when the oblique queries involve a low number of variables.
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4.4 FExtending SAE4WMI with Different Integration
Backends

A key feature of SMT-based solvers like WMI-PA, SA-WMI-PA and SAE4WMI is that
they are agnostic to the integration backend. We implemented a modular interface,
allowing the use of different integration backends, including approximate ones. This
has multiple advantages. First, one can use specialized integrators that target specific
weight families, such as piecewise-constant functions, or leverage structural properties
such as factorizability. Second, approximate integrators can be used on high-dimensional
problems where exact integration of FIUC™A functions is infeasible. Third, it broadens
the application of WMI beyond FIUCX®4 functions to any function whose integral over
convex polytopes can be approximated, including multivariate Gaussian distributions
and black-box functions.

We explored the practical benefits of this approach with a variant of SAEAWMI using
Monte Carlo (MC) approximate integration [167]:

VO|(,U,£R’A)
—_—~

/M L w(x) dx /M 1 dx - Epgguenay[w(x) (4.7)

In practice, we use the VOLESTI [39] library for approximating Vol(u*?*4) and for

sampling w. In contrast to fully approximate WMI algorithms |13} 1], in our case the
combinatorial reasoning is exact. This feature can be crucial in contexts where it is
acceptable to compute approximate probabilities but the hard constraints cannot be
violated. Considering the difficulties of sampling in combinatorial spaces, this approach
is also preferable when discrete reasoning is feasible but the integration is not.

Results on the synthetic benchmarks. We evaluated the resulting solver, named
SAEAWMI(VOLESTI), on the synthetic benchmarks. We compare it against SAEAWMI
using exact integration as in Section [4.3.3] here referred to as SAEAWMI(LATTE).
Figure shows the runtime and the approximation error of SAEAWMI(VOLESTI).
By increasing the number of samples N used to estimate Ey y(,cra)[w(z)], we can
trade the approximation error against execution time. From Figure (top-left) we
notice that SAEAWMI(VoLEsTI) with N € {10210, 10%,10°} is drastically faster than
SAEAWMI(LATTE). By zooming into these plots, in Figure 4.7| (bottom-left), we notice
that the execution time of SAEAWMI(VOLESTI) grows very slowly with N. In fact,
sampling in 3 dimensions is very cheap, so that the times required for SM'T enumeration
and for computing the integration volumes dominate the overall execution time. In
Figure (right) we notice that the relative error decreases significantly as we increase
N, allowing us to obtain very accurate results with a very limited computational cost.

We additionally equipped SAEAWMI with an exact symbolic integrator based on
an XADD. Whereas symbolic integration was shown to be preferable combined with

KC-based algorithms (Figure 3 in [120]), numerical integration performs substantially
better with our approach (Figure [£.7] top-left).
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Figure 4.7: Cactus plots comparing SAEAWMI using different integration backends
on the synthetic benchmarks. For SAEAWMI(VOLEsTI), we plot the median and
color the range between the first and third quartiles of the outcomes obtained over
10 runs with different random seeds. Top-left: execution time of SAEAWMI with
different integration backends. Bottom-left: zoom on the previous plot, showing only
the results for SAEAWMI(VOLEsTI). Right: relative error of SAEAWMI(VOLESTI) w.r.t.
SAE4AWMI(LATTE) (where the latter does not time out).

Probabilistic Program Verification. We additionally showcase a prototypical
application with Gaussian weights that are now supported by the approximate integration
backend, borrowing the setting and examples from FairSquare [2]. In their setting, a
(deterministic) decision program dec has to decide whether to hire a candidate or not,
according to some features. The input of dec is distributed according to a Gaussian
probabilistic program, the population model pop, which additionally models sensitive
features that are not accessed by dec, e.g., whether an individual belongs to a minority
group. The goal is to quantify the demographic parity of dec under the distribution pop:

Pr(hire | minority) (4.8)

Pr(hire | =minority)
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Figure 4.8: The ratio in (4.8) computed for the initial (unfair) dec and the modified
(fair) one. Average and standard deviation over 5 runs are reported, confirming the
results reported in the FairSquare paper with high confidence.

We report our results on the same introductory examples used in the FairSquare paper,
whose detailed description is reported in Appendix [B.2

In contrast to our approach, FairSquare only certifies whether the ratio in is
greater than a user-defined threshold 1 —e. With SAEAWMI (VOLESTI), we could
indeed observe that the initial dec does not satisfy the fairness criterion with ¢ = 0.1.
This problem was addressed by making dec less sensitive to a feature that was directly
influenced by the sensitive condition. This second version of the program is fair with
high probability, as reported in Figure {4.8|

Current limitations. A current limitation of this approach is that VOLESTI does
not directly offer statistical guarantees on the relative error. In problems like volume
approximation [38] and sampling [37], practical statistical bounds on the error were
obtained using diagnostics like the empirical sample size (ESS) or the potential scale
reduction factor (PSRF) [91]. The adoption of similar mechanisms in our MC integrator
is a fundamental step toward the application of WMI in formal verification.

4.5 Conclusions

Starting from the identification of the limitations of existing WMI solvers, in this chapter
we have proposed a novel algorithm, SAEAWMI, that combines SMT enumeration with
weight-structure awareness, thus unleashing the full potential of SMT-based technology.

An extensive experimental evaluation shows the advantage of SAEAWMI over current
state-of-the-art WMI solvers on both synthetic and real-world problems. These include
inference tasks over constrained density functions learned from data, highlighting the
potential of the approach as a flexible tool for probabilistic inference in hybrid domains.

Whereas the improvements described in this chapter drastically reduce the number
of integrals required to perform WMI, the integration itself can be a bottleneck for
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scalability. To deal with this issue, we have shown how SMT-based approaches can
seamlessly incorporate multiple integration backends, including symbolic, numerical,
and approximate ones, allowing one to choose the most appropriate strategy for the
problem at hand. In particular, using approximate MC integration techniques could
drastically improve performance at the cost of a limited loss of precision.

We have further showcased the potential utility of our approach on a prototypical
application aimed at verifying the fairness of probabilistic programs, as a first step
toward the application of WMI technology to the probabilistic verification of hybrid
systems and machine learning models.
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Chapter 5

SMT-Enumeration Techniques for
Optimization Modulo Theories

Full Disclosure. This chapter is based on the paper “Fxploiting Partial-
Assignment Enumeration in Optimization Modulo Theories” |148], co-authored by
the Ph.D. candidate with Prof. Roberto Sebastiani. The candidate is the main con-
tributor. His contributions include the conceptualization, the core implementation,
and the execution of the experimental evaluation.

We now turn our attention to an SMT-enumeration-related problem, i.e., Optimization
Modulo Theories (OMT). In lazy OMT solving (Section[1.5.2), an SMT solver enumerates
T -satisfiable truth assignments that propositionally satisfy a given formula, adding
increasingly tighter bounds on the cost function until an optimum solution is found.

Contributions. In this chapter, we study the applicability of enumeration-based
techniques to OMT solving, focusing on partial-truth-assignment reductions to improve
the effectiveness and efficiency of the search. First, we note that the 7T-optimizer
is typically invoked on total truth assignments, and we spotlight how this can be
suboptimal. Second, we propose ways to exploit partial truth assignments in OMT
solving, tailoring existing techniques to the OMT setting. We discuss the general idea
for an arbitrary theory, and describe an implementation for the specific case of LR.A
and LIR.A, possibly combined with other theories. We implemented these strategies
in the OMT solver OPTIMATHSAT [198]. An empirical evaluation over OMT(LR.A),
OMT(LZIRA), and OMT(LRAU AR) benchmarks shows that they improve both the
efficiency of optimal solving and the quality of obtained solutions for anytime solving.

Organization. The chapter is organized as follows. In Section [5.1 we analyze the role
of total and partial truth assignments in OMT solving. In Section [5.2] we propose two
strategies to exploit partial truth assignments for OMT, and experimentally evaluate
them in Section [5.3] In Section [5.4] we draw conclusions and discuss future work.
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yTy<—-3r+9 2r—-3y<06

~(x < -2) r<4 ~(x < -2) v<4 ~(z < -2)

(a) Total assignment u (5.1)). (b) Partial assignment p’ (5.2)).(c) Partial assignment u” (5.3)).

Figure 5.1: Graphical representation of Example [5.1.1, For each step, the half-planes
representing the literals in the truth assignment are delimited by dashed lines and
colored in gray. The intersection of these constraints is colored in blue, with a gradient
that follows the value of cost (the lower the value of cost, the darker the color), and the
red dot represents the optimum model found within this region.

5.1 An Analysis of Enumeration in OMT

In the following, to simplify the notation and presentation, we refer to a single theory
T, but the results can be straightforwardly extended to combinations of theories.
Moreover, we refer to the minimization problem, but the results can be easily adapted
to maximization problems.

As described in Section [1.5.2] a basic OMT-solving schema involves the interaction
of a combinatorial component and a theory-specific optimization component. In the
combinatorial component, an SMT solver enumerates T -satisfiable truth assignments
that propositionally satisfy the problem formula ¢ conjoined with increasingly tighter
bounds on the cost of the optimum solution. In the theory-specific component, a
T-minimizer finds a 7-model of minimum cost within the constraints imposed by the
given truth assignment. This model is then used to tighten the upper bound for the cost
of the optimum model and continue the search, until the formula is found unsatisfiable.

Since the enumeration is based on the CDCL(T) schema [143], these truth assign-
ments are typically total, i.e., they assign a truth value to each atom of the formula.
However, we point out that total truth assignments can often over-constrain the search
space for the optimum model, whereas relying on partial truth assignments can be much
more effective. Intuitively, by removing from the current satisfying truth assignment
T -literals that are not strictly necessary for the propositional satisfaction of the formula,
we enlarge the area within which the optimum model is searched, thus increasing the
chances of finding a better optimum model. This means that the solver can add a tighter
upper bound to the cost of the global optimum, potentially reducing the number of
search iterations needed to find it, and consequently the overall solving time. Moreover,
this improvement can be crucial for anytime OMT solving, as it allows the solver to
converge faster to better solutions within the given time limit.

We illustrate this idea in the following example.
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Example 5.1.1. Consider the OMT(LR.A) problem where cost = —2x and ¢ is the

formula (1.1)) in Example which we recall here for the reader’s convenience:
P2 (r-3y<6)VE<H))A(W<YVE<-32+9)V(@<-2). (I
Consider the following scenario, which is graphically represented in Figure [5.1

Consider the LR.A-satisfiable total truth assignment that propositionally satisfies ¢:

p={Q2r -3y <6),(y<2),~(r<-2),(y<-3r+9), (<4} (5.1)

The optimum model of y is {z — 3,y — 0} with cost = —6 (Figure [5.1a)). We notice
that some literals in p are not strictly necessary for propositionally satisfying ¢.
In fact, we only need one true literal in each clause to propositionally satisfy the
formula. Not every drop is equally effective, though. For instance, if we drop (z < 4),
(y <2), or =(z < —2), then we get a truth assignment with the same optimum as
i, since these literals do not “oppose” the optimization of cost in y. Dropping at
least one of the other two literals, instead, leads to a truth assignment with a better
optimum model. For instance, if we drop (y < —3z + 9), we get:

P\ {y < =32+ 9)} = {22 -3y <6),(y <2),~(z < -2), (x < 4)}. (5.2)

The optimum model of p' is {x — 4,y — 2/3} with cost = —8 (Figure |5.1b)). Now,
two literals, (x < 4) and (22 — 3y < 6), oppose the optimization of cost, and either
of them can be safely dropped. Assume that we drop (z < 4), then we get:

P =\ {le<4)} = {22 -3y < 6). (y £ 2), ~(zr < =2)}. (5-3)

with optimum model {z — 6,y — 2} and cost = —12 (Figure |5.1c)). Now, the only
literals opposing the optimization of cost are (2z — 3y < 6) and (y < 2), but neither
can be dropped. Hence, no further improvement can be obtained.

In general, partial truth assignments have an optimum model that is necessarily
better than or equal to that of the total truth assignments extending them. Since
multiple partial truth assignments can be obtained from a total one, the choice of which
literals to drop can be crucial to improve the quality of the optimum model found.

5.2 Exploiting Partial Truth Assignments in OMT

Algorithm [7] shows the general schema of our approach. The algorithm is a variant of
the OMT linear-search schema [195] [196] (Section [1.5.2). Its main difference is the call
to OmtMinimizeAssignment (line [7)), which reduces the truth assignment fed to the 7T-
minimizer, while preserving propositional satisfaction. Depending on its implementation,
this reduction can be more or less effective in improving the search for the global
optimum. We describe two possible implementations in Sections [5.2.1] and [5.2.2]
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Algorithm 7 LinearSearchOmtWithPartialAssignments(y, cost)
Input: ¢: T-formula; cost: objective T-term
Output: SAT/UNSAT, optimum model M

M+ 0 {Best model found so far}
ub < oo {Current upper bound}
res<— SAT {Status of the search}
while res = SAT do
(res,n) < SMT.IncrementalSolve(p A (cost < ub))
if res = SAT then
i <— OmtMinimizeAssignment(y, 17, cost)
M« T-Solver.MinimizeModel(u, cost)
ub <— M(cost)
end if
: end while
. if M =0 then
return (UNSAT, ())
: else
return (SAT, M)
: end if

e e e e e
ISEEECAN o S s

5.2.1 Basic Assignment Reduction

The first approach is to reduce the truth assignment using Algorithm [2] in Section [1.3.2],
i.e., iterating over all the literals in the current truth assignment 7, and dropping them
one by one, if possible. A straightforward improvement is to try to drop only 7-literals,
since they are the ones that, if dropped, can potentially enlarge the area within which the
optimum 7 -model is searched. In the case of theory combination, we drop only literals
from the theory 7 of the “<” symbol w.r.t. which we minimize. Possibly, heuristics can
be used to choose an appropriate dropping order; in our implementation, we used the
default strategy that follows the appearance order of the atoms in the formula. This
procedure is simple and general, and comes with a limited overhead, as each truth
assignment is scanned only once to find the literals to drop, and the 7T-minimizer is
called only once for each candidate assignment.

This approach, however, might not be very effective in practice, as it “blindly
removes literals from the truth assignment without taking into account the properties of
the OMT search strategy. In particular, the search space may be enlarged in a direction
that does not improve the objective, bringing no benefit to the search. Accurately
choosing which literals to drop is crucial because the removal of a literal may prevent
the removal of other literals that could potentially be more relevant for the optimization.

79

5.2.2 Guided Assignment Reduction

We propose an ad hoc assignment-reduction technique for OMT solving, which is outlined
in Algorithm [§l Suppose that, after the 7-minimizer has found a minimum model
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Algorithm 8 OmtMinimizeAssignmentGuided(y, n, cost)
Input: ¢: T-formula; n: T-SAT total truth assignment s.t. 7 = ¢; cost: obj.T-term
Output: p: reduced truth assignment p C 7 satisfying ¢
<=1
M« T-Solver.MinimizeModel Approx( s, cost)
¢ < T-Solver.ProposeLiteral ToDrop()
while /¢ # | do
if p\ {¢} satisfies all clauses in ¢ then
o p\ {4}
M+« T-Solver.MinimizeModel Approx( i, cost)
end if
¢ < T-Solver.ProposeLiteral ToDrop()
end while
: return u

_= =
—= O

within the current truth assignment p (line , it also returns one or more literals that
limit the current minimum (line [3). These literals are part of some (possibly minimal)
i’ C psuch that p' U {cost < M(cost)} is T-unsatisfiable. Intuitively, the removal of
any literal ¢ € p' is very likely to lead to a better optimum model, provided that u\ {¢}
still propositionally satisfies ¢ (line [3)).

We can then iteratively drop these literals and re-run the 7-minimizer, until no more
literals can be dropped (lines . Notice that we call T-Solver.MinimizeModel Approx
instead of T-Solver.MinimizeModel, suggesting that a relaxed optimization algorithm
may also be used. The next paragraph describes how to exploit this for LIR.A.

In Algorithm [§, we only drop one literal before every optimization call; nevertheless,
in principle, more literals could be dropped. Experimentally, we found that dropping
more than one literal was not beneficial. The reason is that, generally, when a literal is
removed, most of the other literals in x4’ do not limit the current minimum any longer.
Hence, their removal not only does not lead to a better optimum model, but also can
prevent the removal of other more relevant literals.

On proposing literals to drop. For an arbitrary theory 7, a generic implementation
for T-Solver.ProposeLiteral ToDrop (Algorithm [§] lines [3and [9)) could be as follows. Once
a minimum model M for p is found, invoke the 7-solver on u A (cost < M (cost)) and
return a (possibly-minimal) conflict set. For some theories, ad-hoc (possibly heuristic)
procedures can be employed. We describe two such techniques for LRA and LIRA.

As we recalled in Section a LRA-minimizer can be implemented as a variant of
the Simplex method [75, |195], in which an optimum model is always found at a vertex
of the polytope defined by the conjunction of LR.A-literals on which it is invoked. Thus,
in this case, the candidate literals to be dropped are those that form such a vertex. This
information can be easily obtained from the Simplex tableau [75].

For LIRA, directly using a LIR.A-minimizer and then identifying the limiting
literals presents some challenges:
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(a) a single call to the branch-and-bound-based LZR.A-minimizer is exponential in
the worst case; hence, calling it multiple times (as in Algorithm [§]) is not feasible;

(b) extracting the limiting literals from a £LZR.A-minimizer is not straightforward.

We thus propose proceeding as follows. First, in 7-Solver.MinimizeModelApprox an LR.A-
minimizer is invoked on the relaxation of p. Then, 7-Solver.ProposelLiteralToDrop can be
implemented as for LR.A. The intuition here is that reasoning on the relaxation of
is much easier and cheaper —especially if incremental calls are used— and still allows
for enlarging the search area in a favorable direction for the LZR.A-minimizer. We
remark that, after the assignment reduction, the complete LZR.A-minimizer is called in
Algorithm [7] line

Finally, we suggest that, if the 7-minimizer is able to find an optimum model
M, then we can use these limiting literals ¢,...,/, also to learn a theory lemma
(=(cost < ub) V =ty V...V —=L,) that blocks truth assignments that we know are not
better than the current upper bound ub —thus preventing useless calls to the 7T -solver.
The idea is that, to find a model with cost < ub, we need to assign at least one of
these literals to false. This is the case of LRA, but not of LIRA if the truncated
minimization method is used (see Section [1.5.2)).

5.3 Experimental Evaluation

We implemented the above algorithms in the OMT solver OPTIMATHSAT [198], which is
built on top of the MATHSATS5 SMT solver [48]. We evaluated the proposed strategies

on a set of OMT(LR.A), OMT(LZIRA), and OMT(LRA U AR) benchmarks from
different sources in terms of both the solving time for optimum solving and the quality
of the solutions found within the given timeout for anytime solving.

5.3.1 Information for the Reproducibility of the Experiments

All experiments were run on a 28-core machine with an Intel Xeon Gold 6238R @ 2.20
GHz, 128 GB of RAM, and Ubuntu Linux 22.04. The timeout was set to 1200 s. The
tool, benchmarks, and results are publicly available.[]

5.3.2 Benchmarks

We evaluated the proposed strategies on two classes of OMT(LR.A) benchmarks: OMT-
encoded optimal temporal planning [173| [174] and strip-packing problems [195, 196]. We
also modified the strip-packing benchmarks to use OMT(LZR.A) and OMT(LRAUAR)
encodings to evaluate the effectiveness of our strategies in these theories.

1https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
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Optimal Temporal Planning. In [173]|174], the authors proposed a way to encode
optimal temporal planning problems into a sequence of OMT(LR.A) problems. Each
problem encodes a bounded version of the problem up to a fixed horizon h, with
additional abstract actions that represent an over-approximation of the plans beyond the
bound. The objective is to minimize the makespan, i.e., the total time taken to reach the
goal. If the optimum plan is found without using the abstract actions, then the plan is
optimum for the original problem. Otherwise, h is increased, and the process is repeated.
We generated problems using the TEMPEST tool | considering the industrial domains
Majsp (80 instances), MajspSimplified (80 instances), and Painter (30 instances) [174]
with increasing h € {5, 10, 15, 20, 25, 30, 35,40}, for a total of 1520 instances.

Strip-packing. The strip-packing problem (SP) requires arranging N rectangles with
widths W; and heights H; into a strip of fixed height H and unlimited length. The goal
is to minimize the length of the used part of the strip, ensuring all rectangles are placed
without overlap or rotation. An OMT(LR.A) encoding for SP was proposed in [196].
Following [196], we sampled H; uniformly in (0,1], W; in (1,2], and set H = /N /2.

We also generated OMT(LZR.A) SP problems by randomly choosing, with equal
probability, whether to encode the coordinates of each rectangle with integer or rational
variables. Finally, we generated OMT(LR.A U AR) encodings for SP by replacing the
variables x; in the OMT(LR.A) encoding with a LRAU AR term read(z,i + offset),
where x is an array mapping from rationals to rationals, ¢ is a constant indicating the
index of the rectangle, and offset is a fresh rational variable.

For each of these encodings, we generated 25 random SP problems for each value of
N € {25,50,75,100}, for a total of 100 instances per encoding.

5.3.3 Results

Figures to show the results on temporal planning and SP benchmarks for the
different theories. For each benchmark set, we report a set of scatter plots.

The rows show different metrics, namely the solving time in seconds (time (s)), the
upper bound (u.b.) —i.e., the optimum value when the solver terminated within the
time limit, or the value of the best solution found within the timeout otherwise— and
the number of iterations (# iter) taken to reach the upper bound (see Algorithm [7]).

The columns compare reduction strategies: the left and center columns compare
basic and guided reductions against the plain algorithm with no reductions, while the
right column compares the two reductions directly.

OMT(LRA) — Optimal temporal planning. (Figure In these benchmarks,
with no truth-assignment reduction, OPTIMATHSAT reported 246 timeouts out of 1520
problems, 211 with the basic reduction, and 212 with the guided reduction.

From the plots (first row, left and center columns), we can see that applying either
reduction almost uniformly improves the solving time with few exceptions, making
optimal solving up to twice as fast as with no reduction.

2https://github.com/fbk-pso/tempest

87


https://github.com/fbk-pso/tempest

5.3. Experimental Evaluation

h=20 h=25
h=20 h=25
h=20 h=25

- o b el o iy

250 500 750
no red. (time (s))

1000

1250

50 100
no red. (u.b.)

150

Majsp h=5 h=10 h=15
MajspS h=>5 h=10 h=15
Painter h=>5 h=10 h=15
50 3 1250
H —
= L =
= 1000 bl =100
1 <5}
[}
£ £
£ ™ E 7504
— <
< 5001 & 5004
2 g
Z 250, < 2501
S S
&0
014 01.4
0 250 500 750 1000 1250 0
no red. (time (s))
150
P :
S 150 ,_E
= =
v ;100
S 1001 =
E :
2 <
£ 507 g 50
= &0
04+ 04.*
0 0 100 150 0
no red. (u.b.)
3001 &5 3001
8 =
i =
% *
~— 200 2001
- g=
iS g
~ —_—
(&) ] o ]
& 100 "§ 100
S =
044 04
0 100 200 300 0

no red. (# iter)

100 200 3
no red. (# iter)

00

h=30 h=35 h=40
h=30 h=35 h=40
h=30 h=35 h=40
1250 1
Z 1000
(]
P
&
B 7507
< 500
<
[
= 2501
=
50
01.4
0 250 500 750 1000 1250
basic red. (time (s))
S 1501
2
T 1004
—
=
[}
S 501
=
50
01.
0 50 100 150
basic red. (u.b.)
150 1
o
Q
X
ﬁ:/ 1001
-
&
= 504
=
=
&0
0.4
0 50 100 150

basic red. (# iter)

Figure 5.2: Results on OMT(LR.A)-encoded optimal temporal planning problems.

Moreover, we observe that reducing truth assignments is also very effective for

anytime solving (second row, left and center columns). Notice that when the solver
terminated within the timeout with both strategies, the corresponding points lie on the
bisector, whereas when at least one strategy times out, the points are generally below
the bisector. Indeed, this shows that, for anytime solving, both the basic and the guided
reductions allow the solver to find a much better upper bound than with no reduction.

Finally, we can see that both strategies are particularly effective in reducing the

number of iterations needed to either find the optimum or to reach the best upper bound
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Figure 5.3: Results on OMT(LR.A)-encoded strip-packing problems.

within the timeout (third row, left and center). Reducing the number of iterations is
not an advantage in itself, but it is a good indicator of the effectiveness of the reduction
strategies.

Overall, in these benchmarks there is no clear winner between the two reduction
strategies (right column), but it is evident that applying either form of truth-assignment
reduction can be beneficial in OMT, both for optimal and anytime solving.

OMT(LRA) — Strip-packing. (Figure Since no instance in this benchmark
set terminated within the timeout, we here omit the time plots.

Here, the basic reduction strategy is ineffective because the upper-bound value does
not improve over the no-reduction strategy (first row, left column). Also, the number
of iterations only slightly decreases (second row, left column), suggesting that here
blindly removing atoms from the truth assignment does not help much in finding better
solutions.

On the other hand, the guided reduction strategy is much more effective because
it allows the solver to find a much better upper bound within the timeout (first row,
center and right columns), and the number of iterations is drastically reduced (second
row, center and right columns).
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Figure 5.4: Results on OMT(LZR.A)-encoded strip-packing problems.

OMT(LIRA) — Strip-packing. (Figure For LIRA, we observe a trend similar
to that for LR.A. In fact, the basic reduction strategy is not very effective for improving
the upper bound (first row, left column), and the number of iterations is only slightly
reduced (second row, left column).

The guided reduction, instead, allows the solver to find a much better upper bound
within the timeout (first row, center and right columns). Notice that, since these problems
are much harder than the OMT(LR.A) ones, the number of iterations completed within
the timeout is much smaller, so the upper bounds found are also larger.

OMT(LRAU AR) — Strip-packing. (Figure Similarly, we observe that re-
duction also works for combinations of theories, such as LRA U AR. The results are
similar to those for LR.A. Remarkably, here the advantage of the guided reduction is
even more evident.

Discussion. The results show that applying either form of truth-assignment reduction
can be beneficial in OMT, both for optimal and anytime solving, and that accurately
selecting which atoms to remove from the truth assignment can make a significant
difference in finding better solutions in fewer iterations. We observe, however, that
a much smaller number of iterations, i.e. of truth assignments enumerated, does not
always translate directly into a shorter solving time. This can be due to several reasons.
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Figure 5.5: Results on OMT(LR.A U AR)-encoded strip-packing problems.

First, we remark that the global efficiency of OMT depends on several factors,
including the order in which truth assignments are enumerated, and different literal
selection heuristics may alter this order. Also, the removal of some literals from a truth
assignment can prevent the removal of others in subsequent iterations. The effects of
these factors are quite unpredictable.

Second, we observe that, in these problems, the number of truth assignments
enumerated is typically limited to a few hundred. In fact, in OMT the bounds on the
objective already enable very effective pruning of the search space. This also explains
why the CNF encoding proposed in Chapter [3| does not seem beneficial for OMT. In
fact, the proposed encoding can be up to twice as large in terms of clauses and fresh
label atoms w.r.t. the standard Tseitin encoding performed by OPTIMATHSAT. This
increases the cost of each iteration, and the reduction in the number of enumerated
truth assignments is insufficient to compensate for it.

Moreover, in OMT, pruning is typically done by theory reasoning, and most of it
has to be done anyway, regardless of the number of truth assignments enumerated.
Performing this pruning in a single iteration or across many iterations may not have as
much effect on the solving time because the efficient incrementality of SMT solvers can
greatly reduce the cost of consecutive iterations.
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5.4 Conclusions and Future Work

In this chapter, we have investigated the role of truth assignment enumeration in OMT
solving and proposed ways to exploit partial truth assignments to improve the efficiency
and effectiveness of the search. In particular, we have proposed a truth assignment
reduction strategy that takes advantage of the properties of the optimization problem
to accurately choose the atoms to remove from the truth assignment.

We have implemented the proposed strategies in the OPTIMATHSAT solver and
evaluated them on a set of OMT(LRA), OMT(LZR.A), and OMT(LRAU AR) bench-
marks. Our experimental results show that the proposed strategies can significantly
improve the performance of the solver, uniformly reducing the overall solving time
for optimal solving, and finding much better solutions for anytime solving for all the
analyzed theories.

Other truth assignment reduction strategies, such as entailment-based methods [82],
have shown significant benefits for SAT enumeration. Their extension to OMT problems
could be a promising direction for future work.
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Chapter 6

SMT Enumeration for MAP Inference
with Non-Convex Constraints

Full Disclosure. This chapter is based on the paper “The Theory and Practice
of MAP Inference over Non-Convex Constraints” [123], co-authored by the Ph.D.
candidate with Ph.D. student Leander Kurscheidt, Prof. Antonio Vergari, and Prof.
Roberto Sebastiani. The main contributors of the paper are Leander Kurscheidt
and the candidate. The candidate’s contributions include the conceptualization,
implementation, and evaluation of the PAMAP algorithm, reported in detail in
this chapter. The paper also includes another contribution, the MPMAP algorithm
(Section , which was mainly conceptualized, implemented, and evaluated by
Leander Kurscheidt. Moreover, the data imputation experiments (Section
were mainly designed and performed by Leander Kurscheidt. We also report a
brief description of these contributions for completeness, and refer the reader to
the original paper [123] for a detailed discussion.

Continuing within the realm of SMT-enumeration techniques for optimization, in
this chapter we focus on constrained Maximum-A-Posteriori inference under LR.A-
constraints (MAP(LR.A)). As defined in Section MAP(LR.A) requires maximizing
a density over the feasible region of a LR.A-formula. Since such densities can be highly
nonlinear and are often not available in explicit form, these problems are typically
intractable for OMT solvers, even when equipped with N"R.A-reasoning capabilities [198|
113] (see Section [2.5]). This motivates the need for new algorithms that can compute
MAP(LRA) efficiently and scale to real-world instances.

Contributions. First, since the general problem is intractable to solve exactly, we
investigate how to approximate constrained MAP over LR A-formulas and a wide class
of nonlinear, non-log-concave distributions. To this end, we design PAMAP, a general
scheme that exploits SM'T enumeration to decompose global optimization into a series
of MAP inference problems over convex polytopes. These subproblems can be efficiently
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solved by standard optimizers, and can provide approximation guarantees for (piecewise)
polynomial densities |[179, (130].

Second, we briefly summarize some theoretical advances tracing a non-trivial fragment
of tractable MAP(LR.A) problems. Specifically, when distributions are represented
as tree-factorized piecewise (exponentiated) polynomials, optimization can be solved
exactly via an efficient message-passing algorithm. This algorithm, named MPMAP, is
inspired by message-passing schemes for WMI [238], 237]. However, performing MAP
inference poses different challenges and yields different complexity results.

Lastly, we evaluate PAMAP over real-world benchmarks, demonstrating that our
optimizer outperforms state-of-the-art OMT solvers [198| [113] and other soft-constrained
methods, both in terms of approximation quality and runtime.

As such, we set a first milestone in tackling this challenging constrained optimization
problem from both a theoretical and practical perspective.

Organization. The remainder of this chapter is structured as follows. In Section [6.1]
we present the technical details of PAMAP. Section briefly introduces the MpMAP
message-passing algorithm for tree-structured problems. In Section [6.3]we experimentally
evaluate PAMAP. In Section we summarize our findings and draw our conclusions.

6.1 PAMAP: Scaling Local Convex Optimizers via
SMT Enumeration

Unlike Chapter [5 we focus here on the maximization problem. Optimizing a real-valued
function under LR.A-constraints is typically formalized and solved as an OMT problem
(see Section . As discussed in Section however, this approach is currently viable
only for a limited class of problems, where:

(a) the constraints are expressed as LR.A- or N'RA-formulas, and
(b) the density is a LRA- or NRA-term, i.e., a (piecewise) polynomial.

Moreover, if either the constraints or the density are in N R.A, OMT solvers employ either
incomplete algorithms that are not guaranteed to terminate [18], or complete algorithms
with double-exponential worst-case complexity in the number of variables |[113], making
them impractical for real-world problems.

We address these limitations by designing a general and practical algorithm for
approximating MAP(LR.A) that supports a wide class of densities beyond polynomials,
including black-box densities that are not available in closed form. This is made possible
by decoupling the enumeration of convex polytopes from the optimization step, which
are instead tightly coupled in standard OMT solving (see Section . In fact, though
this coupling is highly effective, e.g., for OMT(LR.A), the introduction of terms in the
form (cost > Ib) in the OMT loop (see Section makes it inevitable to reason on
NRA-formulas, even when the original formula is in LR.A and only the objective is a
polynomial. By contrast, our approach always reasons on LR.A-formulas.
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6.1.1 The General Scheme

Algorithm 9 PAMAP(y, p)
Input: ¢: LRA-formula; p: density function
Output: Ib: max. density; M: the model that achieves it

lb + —o0 {current lower bound}
M 0 {current best point}
cpenum <— CPEnum(y, p)
cpopt <— CPOpt()
while cpenum.HasNext() do
 — cpenum.Next()
Ib,, M, < cpopt.Optimize(u, p)
if Ib, > Ib then
b, M < 1b,, M,
cpenum.UpdatelLowerBound(Ib)
end if
: end while
. return b, M

[ S = SO

The algorithm, named PAMAP, is inspired in name and spirit by WMI-PA and
its subsequent improvements for WMI computation [160, 161} 204, [205] (see also
Section and Chapter . It decomposes the solution space of a LR.A-formula into
a partition of convex polytopes, over which constrained optimization can be performed
efficiently, and sometimes with guarantees, for many density classes (see Section .

The procedure, outlined in Algorithm [9 builds on two key components: an enu-
merator cpenum that partitions the feasible region of ¢ into convex polytopes, and
a constrained optimizer cpopt to maximize the density p over each convex polytope.
PAMAP maintains the current best solution Ib (lines [I}2), and iteratively considers
convex polytopes  in the partition (lines . For each p, it invokes cpopt to find the
maximum of p restricted to p (line [7]), updating the best solution accordingly (lines
. Importantly, unlike exact WMI computation, finding the maximum of p does not
necessarily require enumerating all convex polytopes. Therefore, after updating the best
solution, the enumerator is informed of the new lower bound Ib (line [10]), allowing it to
prune polytopes that are known not to contain better solutions. As PAMAP is a family
of optimizers, we discuss next how different choices for the base optimizer cpopt and
polytope enumeration cpenum can impact performance.

6.1.2 Optimization over Convex Polytopes

As discussed in Section 2.5 optimization over a single convex polytope is a well-
understood problem, so that for cpopt we can leverage off-the-shelf constrained optimizers.
Notice that many of them handle arbitrary functions with the only requirement of being
able to evaluate them at given points, which allows us to handle densities that are not
available in closed form, as we show in Section for the case of VAEs.
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Feasibility guarantees. Numerical optimizers rely on floating-point arithmetic, and
as such the returned point may be slightly infeasible, i.e., it may not satisfy all the
constraints of the polytope. Nevertheless, such points can be projected onto the polytope
if needed. We remark that this is possible thanks to the fact that we handle constraints
and optimization separately, as projection onto a convexr polytope is a well-known
problem [86].

Approximation guarantees. In general, since the combinatorial reasoning is per-
formed exactly, PAMAP inherits any approximation guarantee from the constrained
optimizer used on the enumerated polytopes. For local optimizers, a common require-
ment is a convex objective, which translates into a concave (log-)density. If the negative
(log-)density is (log-)-strongly convex, we can bound the approximation error of the
arg max of the density (see Section 9.1 of [28]). In contrast, some global optimizers,
such as sum-of-squares (SoS) optimization for polynomial densities [130], can guarantee
exact recovery under suitable conditions but typically exhibit exponential scaling in time
or apply only to very restricted function classes. For general densities, approximation
guarantees are rare, though in practice numerical optimizers can often find good solutions
efficiently, as we show in Section [6.3]

6.1.3 Enumeration of Convex Polytopes

Partitioning the feasible region of an LR.A-formula into convex polytopes can be reduced
to T-AlISAT (see Section , as each enumerated truth assignment corresponds to a
conjunction of linear (in)equalities, which defines a non-empty convex polytope. As
such, we can leverage off-the-shelf SM'T enumeration tools and techniques, such as those
in [48,207], to implement cpenum.

Most importantly, as observed also in Chapters and |5 enumerating partial truth
assignments can lead to a significant reduction in the number of enumerated polytopes,
thus improving the efficiency of PAMAP. We can exploit the techniques presented in
Chapter |3] to drastically reduce the number of enumerated polytopes for the case of
non-CNF formulas.

Moreover, if the density p is defined as a piecewise function, some constrained
optimizers may not be able to handle it directly (e.g., [130]). In such cases, we can use
the structure-aware enumeration procedure presented in Section to ensure that each
enumerated polytope lies entirely within a single piece of p.

Pruning via upper bounds. To prune polytopes that will not contribute to improving
the maximum, we can sometimes compute an upper bound on p for a given polytope, or
more in general, for a region of the search space, and if this bound is lower than the
current best value Ib, that region can be safely discarded.

Although tight upper bounds are nontrivial and often impossible to compute in
general, we can sometimes exploit the specific shape of p to derive efficient bounding
techniques. In Appendix [C.3] we provide an example of how to compute such upper
bounds for the case of PAL densities [124], which we use in our experiments.
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6.1.4 Practical Limitations and Scalability

The primary practical limitation of PAMAP is the potentially exponential growth in the
number of convex polytopes w.r.t. the number of linear (in)equalities in the formula.
As shown in Section [6.3] however, this worst-case behavior is often not observed in
practice, especially when effective pruning strategies are employed. We also note that
PAMAP can consume polytopes as they are enumerated, without the need to store the
entire set in memory. Hence, memory usage depends only on the implementations of
the convex-polytope optimizer and the convex-polytope enumerator. Concerning the
optimizer, several numerical optimizers (e.g., [24, 229, [55, [76]) run in polynomial space.
Similarly, 7-AlISAT can be done by using polynomial space [207].

6.2 A Scalable Message-Passing Algorithm for Con-
strained MAP

To address the potential scalability issues of PAMAP, we also identify a non-trivial
fragment of MAP(LR.A) problems that can be solved ezactly and tractably via a
message-passing scheme, which we call MPMAP.

A tree-shaped MAP(LR.A). This approach is inspired by the message-passing
approach for WMI computation [238] (see also Section [2.3). As in the WMI case, we
target problems that satisfy the following conditions:
(a) the LRA-formula ¢ is in CNF and each clause contains at most two LR.A-variables,
ie,p= Nij 0ij NN p; with o, [resp. @,] being the restriction of ¢ to the clauses
over the variables x;, z; [resp. x;];
(b) the probability density function p factorizes into a product of univariate and
bivariate factors, i.e., p(x) e [L; ij (s, 25) T1; pil(i);
(c) the global graph obtained by connecting variables that appear in the same clause
or factor is a tree.

Tractable MAP conditions. Beyond enforcing this tree-shaped structure, establish-
ing exact tractability requires identifying a set of Tractable MAP Conditions (TMC)
that a family of densities must satisfy to ensure tractability of MAP(LR.A). The class
of densities that allows tractable WMI is not suitable for tractable MAP(LR.A). We
refer the reader to [123] for a detailed discussion. For MAP inference to be tractable,
the function family must satisfy the following conditions:

(i) it is closed under products;
(ii) it supports tractable pointwise maximum computation;

(iii) it allows for the tractable computation of a symbolic supremum under linear
bounds.
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Two prominent function families satisfying these requirements are Piecewise Polynomials
(2FP) and Piecewise Exponentiated Polynomials (27FF).

Indeed, if the global graph is tree-shaped and has a bounded diameter and the
density satisfies the TMC, MAP(LR.A) can be solved exactly in polynomial time.

The MpMap algorithm. The tractability of MAP(LR.A) under the TMC is proven
by construction via the MPMAP algorithm, which we briefly summarize here. We refer
the reader to [123] for a detailed description of the algorithm and its complexity, and
for an experimental evaluation assessing its scalability on synthetic, high-dimensional
benchmarks.

MPMAP roots the tree-shaped global graph at an arbitrary variable, and passes
messages from the leaves towards the root, processing one variable at a time. The tree
structure guarantees that, once the value of a parent variable is fixed, the subproblems
induced by its children are independent and can therefore be optimized separately.

The message from a child variable z; to its parent z; is a univariate function m,_,;(x;).
Intuitively, for each value of z;, this function represents the optimal value obtainable
over the variables in the subtree rooted at z;, taking into account clauses and density
factors involving those variables and z;.

To compute such a message, MPMAP combines univariate density factors and clauses
involving x;, bivariate ones involving z; and z;, and the messages already received from
the children of x;. It then eliminates x; by solving this symbolic maximization problem,
obtaining a function that depends only on z;.

Once all messages have reached the root, MPMAP maximizes the resulting univariate
function to obtain the optimal MAP value. Similarly, we can compute the arg max .

The TMC ensure that messages remain tractable throughout the upward pass: after
combining local components with incoming messages and maximizing over the current
variable under the relevant clauses, the resulting message can still be represented in the
same function family.

6.3 Experimental Evaluation

We now empirically assess how well PAMAP trades off solution quality and runtime on
real-world problems.

We have implemented PAMAP in Python, building on existing libraries. For PAMAP,
we used MATHSAT with the encoding presented in Chapter [3| for SMT enumeration; for
numerical constrained optimization over convex polytopes, we used SciPy’s optimization
routines; for Lasserre’s method, we implemented the moment hierarchy on top of the
SumOfSquares.py package.E] For PCADAM (see Section [6.3.1]), we used PyTorch’s Adam
optimizer for parallel unconstrained optimization.

The code for reproducing the experiments is publicly availableE]

1https://github.com/yuanchenyang/SumOquuares.py
2https://github.com/april-tools/constrained-map
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Figure 6.1: Left: constrained density for an agent’s next position. Center-left: 257
convex polytopes considered by PAMAP without upper-bound-based pruning. Center-
right: piecewise-constant upper bound. Right: only 9 convex polytopes considered by
PAMAP with pruning. More examples are shown in Figure in Appendix .

6.3.1 Baselines and Comparison

As a first baseline, we compare against the classical ADAM optimizer [118], maximizing
p without considering the constraints ¢. This approach has two limitations: first, it
may return infeasible solutions that do not satisfy ; second, it is prone to getting stuck
in local optima, especially in high-dimensional, non-convex landscapes.

Hence, as a side contribution, we introduce a more competitive baseline PCADAM,
a particle-based, constraint-aware version of ADAM. PCADAM maintains a set of NV
particles (i.e., candidate solutions) that are iteratively updated using ADAM. Crucially,
at each iteration, we update the best result found so far among all particles that satisfy
the constraints ¢. Appendix provides further details.

We also compare against DL2 [80], where we optimize the soft-constrained objective
using ADAM with multiple random restarts.

Finally, when possible, we compare against OMT solvers for nonlinear real arithmetic,
namely OptiMathSAT [198] and CDCL-OCAC [113].

6.3.2 Trajectory prediction on the Stanford Drone Dataset

Benchmark. As a first real-world application, we consider the Stanford Drone Dataset
(SDD) [185], a collection of drone-captured trajectories of multiple agents. The agents
can only move in walkable areas, modeled as LR.A-formulas over the 2D space [124].
Following [124], we learned a predictive density for an agent’s future position, conditioned
on its past trajectory and the scene layout. We then generated 50 test instances by
sampling different agent trajectories. In Figure (left) we show an example of such a
density. The figure also shows an execution of PAMAP on this instance, demonstrating
how the computation of upper bounds is crucial for pruning the vast majority of the
polytopes and thus improving efficiency. In Appendix we show further examples
(Figure and provide details on upper-bound computation.
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Invalid - A = o : Method SAT UNSAT ERR T.O.
100 ' —ar ' 3 PAMAP(SHGO) 50 0 0 0
o 4 ! , PAMAP(SoS) 50 0 0 0
o 10 o I PCADAM(N=10) 50 0 0 0
21072 - | PCADAM(N=100) 50 0 0 0
g 1073 C : PCADAM(N=1000) 50 0 0 0
S 1074 A I ADAM 46 4 0 0
S 1o-5 4 l DL2(N=10) 48 2 0 0
ey | DL2(N=100) 46 4 0 0
g ! DL2(N=1000) 43 7 0 0
g 10771 i OptiMathSAT 21 0 29 21
0 - ;i o ! CDCL-OCAC 0 0 0 50

0 107! 10° 10' 10° TO.
Time (s)

PAMAP(SHGO) m PCAdam(N=100) < DL2(N=10) # OptiMathSAT
PAMAP(S0S) @ PCAdam(N=1000) m DL2(N=100) CDCL-OCAC
& PCAdam(N=10) A Adam e DL2(N=1000)

Figure 6.2: Left: Scatter plot of runtime vs. relative optimality gap. Right: Summary
table reporting (SAT) instances solved with a point satisfying ¢, (UNSAT) instances
where the returned point does not satisfy ¢, (ERR) instances terminated with an error,
and (T.0O.) number of timeouts (600s). Note that OptiMathSAT is anytime and returns
the best solution found before timeout.

Setup. We run PAMAP using two different optimizers: a numerical optimizer (SHGO)
and an optimizer based on the SoS-Moment hierarchy (see Section . We compare it
against ADAM, PCADAM, and DL2 with different numbers of particles N, OptiMathSAT
run in anytime mode, and CDCL-OCAC (see Appendix .

We compare the solvers’ performance in terms of runtime and solution quality. We
measure the latter by the relative optimality gap, defined as OG(Ib) = max(0, v —Ib) /v,
where Ib is the value found and v9 is the best known value, computed via a grid search.

Results. Results are shown in Figure[6.2] From the plot, we see that PAMAP(SHGO)
achieves the best trade-off between runtime and solution quality. PCADAM can be
competitive in terms of solution quality, but only if enough particles are used, leading
to significantly higher runtimes. PAMAP(SoS), here used with a relaxation order of 7, is
significantly slower than the SHGO variant. ADAM and DL2 are not reliable at finding
good, feasible solutions. OMT solvers struggle in this setting: CDCL-OCAC solved no
instances, while OptiMathSAT found only poor-quality solutions or reported errors.

6.3.3 Data imputation of a VAE

Benchmark. As a second real-world application, we apply PAMAP to data imputation
with a density encoded in a VAE |119].

In this experiment, we use the House-Sales tabular dataset with the provided
constraints from [210]. We train an unconstrained VAE on the training dataset and
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Figure 6.3: Left: Scatter plot comparing the relative errors of PAMAP(PCADAM) and

a particle-enhanced version of ADAM. Right: Table comparing average relative error for
PAMapP(PCADAM), particle-enhanced ADAM, and DL2.

mask random features in the test dataset. Constraints here are in the form of LR.A-
formulas over features of a house, such as square meters, number of rooms, and cost.
To evaluate the benefit of constrained imputation, masking is restricted to variables
for which constraints are available. For each of 400 test samples, every eligible feature is
masked independently with probability 10%, and we compute a MAP estimate over the
masked variables subject to the constraints. As we cannot compute the density induced
by a VAE exactly, we approximate it via Monte Carlo samples from the latent prior z:

N
p(Xm | Xo) = 1/N Zpdec(xm,xo | z;), z; ~N(0,1) (6.1)

=1

where x < x,, UX, is a partition of the variables into observed and missing variables,
Pdec 18 the decoder network, which outputs the parameters of an isotropic Gaussian
distribution, and z; is a sample from the latent prior distribution.

Setup. For PAMAP, we need a convex-polytope optimizer that can handle a stochastic
objective as in . Since the numerical optimizers we used in the trajectory experiment
are not designed for this, we use our PCADAM as the convex-polytope optimizer within
PAMAP. We denote this configuration as PAMAP(PCADAM).

We compare against a particle-based version of ADAM with N € {10,100}. We also
compare against DL2 [80]. Unfortunately, OMT solvers do not support these densities,
preventing a direct comparison in this setting.

We measure the relative error via RE(xM) = avg(|xM—x9|/(|x%| + 1)), where x™
is the vector of values assigned by the model M returned by the optimizer, and x% is
the corresponding ground-truth vector.

Results. Results are shown in Figure |6.3] Despite the stochastic objective, PAMAP
substantially improves imputation accuracy in terms of relative error, even when the
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competing methods use more particles.

This shows that MAP inference under LR.A-constraints is both practical and effective
for real-world tabular data imputation. Further details, including timings, are provided
in [123].

6.4 Conclusions

In this chapter, we traced the theoretical and practical foundations of MAP inference in
the presence of non-convex LR.A-constraints and non-log-concave densities.

To this end, we introduced a new solver, PAMAP, that substantially advances the
state of the art for this challenging inference task. PAMAP is a practical and modu-
lar framework combining SMT-based convex-polytope enumeration with constrained
optimization over each such polytope.

In our experiments, we showed not only that our solver can achieve a better trade-off
between solution quality and execution time, but also that it can be used to perform
constrained inference in conjunction with black-box deep generative models.
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Chapter 7

A Theory-Agnostic Approach to
Theory-Lemma Enumeration in SMT

Full Disclosure. This chapter is based partially on the papers “Canonical
Decision Diagrams Modulo Theories” [152] and “Beyond Eager Encodings: A
Theory-Agnostic Approach to Theory-Lemma Enumeration in SMT” [50], co-
authored by the Ph.D. candidate with the Master’s students Massimo Michelutti
and Emanuele Civini, Dr. Giuseppe Spallitta, and Prof. Roberto Sebastiani.
Massimo Michelutti implemented the baseline lemma-enumeration strategy [152].
Emanuele Civini implemented and evaluated the strategies based on cube-and-
conquer, projection, and partitioning [50].

The Ph.D. candidate conceptualized the enumeration strategies with contributions
from Prof. Roberto Sebastiani. Moreover, he supervised the implementation
of [152, 50|, and implemented and evaluated the latest cube-and-conquer lemma-
enumeration strategy, which at the time of submission is still unpublished.

We now turn to a different application of SMT enumeration. This chapter studies
the problem of enumerating a complete set of theory lemmas that rule out all 7T-
inconsistent truth assignments propositionally satisfying a given 7 -formula. Devising
efficient and theory-agnostic methods will serve as an enabling technology for the
Knowledge Compilation (KC) Modulo Theories framework presented in Chapter

Indeed, lifting Boolean-reasoning techniques to the SMT level most often requires
producing 7-lemmas ruling out truth assignments that propositionally satisfy the
formula but are 7-inconsistent. These lemmas prevent a Boolean-reasoning engine from
(re)visiting T -inconsistent regions of the search space.

Whereas for standard SMT and OMT solving these lemmas are generated lazily on
the fly, in some applications, such as KC Modulo Theories, it is necessary to enumerate
a complete set of T-lemmas upfront. Besides eager encodings (e.g., [228| 34, 212, 211]),
which are theory-specific and not tailored to a specific formula, in the literature there
seems to be no theory-agnostic way to achieve this task (see Section .
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Contributions. In this chapter, we address this problem explicitly, and present
efficient and theory-agnostic methods for enumerating such a set of 7-lemmas. Starting
from a T-AlISAT-based baseline, we introduce three orthogonal improvements that
drastically enhance scalability.

First, we propose a cube-and-conquer approach that partitions the Boolean search
space into independent residual subproblems, which is massively parallelizable.

Second, we prove that projecting the enumeration on the 7T-atoms still yields a
complete set of T-lemmas, reducing the dimension of the search.

Third, we show that when the T-atoms of ¢ can be partitioned into symbol-disjoint
components, 7 -lemmas can be enumerated independently within each component. These
improvements are theory agnostic and can be combined into a single framework.

An experimental evaluation on synthetic problems [152] and on temporal [224] and
numeric planning problems [190] demonstrates that these techniques drastically enhance
efficiency, enabling the approach to scale to substantially more complex instances.

Organization. The rest of this chapter is structured as follows. In Section we
introduce the basic definitions and notation used in this chapter. In Section we
present our theory-agnostic techniques for enumerating a complete set of 7-lemmas and
evaluate them in Section [7.3] Finally, in Section we draw our conclusions.

7.1 Basic Definitions

Definition 7.1.1 (H,(¢),Pa(p)). Given a set a of atoms and a T-formula ¢[a],
Ho(p) = {mi}i and Pa(p) = {p;}; denote, respectively, the set of all T-satisfiable and
the set of all T-unsatisfiable total truth assignments on a propositionally satisfying

P, s.t.:
e=s V wv V o (7.1)
i €Ha(p) pj EPa(p)

Consequently, H,(T) and P,(T) are, respectively, the sets of all T-satisfiable and
T -unsatisfiable total truth assignments that one can build on the atoms in o]

In Appendix[E.2] Proposition summarizes basic properties of Hy (@) and Py ().
Example 7.1.1 (Hu(¢),Pal)). Let a = {1, as} = {(x < 0), (z = 1)}, and let
P E@<0)Vr=1), @p==(z<0)+ (z=1).
We have that ¢, Zg w9 and ¢ =7 9. Then:

Ha(p1) = Halp2) = {m. 2} = {(x<0) ~(z=1),=(x <O)A(z = 1)},
Pa(pr) ={(z <0)A(z=1)}, Palpz)=0.

!'Notice that “H” and “P” are the capitalized versions of the Greek letters n and p respectively.
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Definition 7.1.2 (Ruling-out). We say that a set {C},...,Ck} of clauses rules
out a set {p1, ..., pum} of T-unsatisfiable total truth assignments on a if and only if,
for every p; there exists a C; such that p; =g —C}, that is, if and only if

M K
\/pj/\/\ClEBJ—-

j=1 =1

Given a and some T-formula p[a], we denote by Cl,(¢) a function that returns a
set of T-lemmas {C},...,Ck} which rules out P,(¢). To this end, Cl,(T) returns a
set of T-lemmas ruling out all T-inconsistent truth assignments on a.

Example 7.1.2 (Cl,(p)). Consider ¢; as in Example [7.1.1, Then
Cla(pr) = {=(z <0) V =(z = 1)}

is a set of T-lemmas ruling out the only truth assignment in P,(¢1).

Remark 7.1.1. Typically, T-lemmas are much smaller than partial or total as-
signments, and thus than the blocking clauses negating them (see Section ,
as 7T-lemmas negate conflicting cores of T-atoms. Also, whereas a 7T -consistent
partial assignment only implies that one of its total extensions is T-consistent, a
T-inconsistent one implies that all its total extensions are T-inconsistent. Thus,
whereas a blocking clause usually rules out only few elements of Hy (), a T-lemma
rules out many elements of P,(p). Hence, unless H,(p) is drastically smaller than
P,(¢), most of T-AlISAT search is typically spent ruling out assignments in H, ().

7.2 Theory-Lemma Enumeration Techniques

We present four theory-agnostic methods for enumerating a set Cly (@) of T-lemmas to
rule out Py (¢) (see Definition[7.1.2)). In Section[7.2.1]we describe a simple method which
we will use as a baseline. This method relies on basic, total T-AlISAT enumeration (see
Section , which is often intractable on real-world instances due to the combinatorial
explosion of total assignments. To address this issue, we introduce three orthogonal
improvements that drastically enhance scalability.

First, in Section [7.2.2] we describe a cube-and-conquer strategy that can be naturally
parallelized. Second, in Section [7.2.3] we prove that projecting the enumeration onto
the 7-atoms guarantees finding a complete set of 7-lemmas, thereby enabling more
efficient enumeration. Finally, in Section [7.2.4] we prove that when the atoms of ¢ can be
partitioned into disjoint sets, 7-lemmas can be enumerated for each partition separately.
This results in a dramatic improvement in the efficiency of enumeration. Notably, these
three improvements are orthogonal and can be combined. For the sake of compactness,
all the proofs [51] are deferred to Appendix [D.1]
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7.2.1 Enumerating 7-lemmas via 7-AlISAT

Algorithm 10 LemmaEnumerator-7T-AlISAT (p[a], &)
Input: ¢[a]: a T-formula; a’: set of atoms to project on (default: a)
Output: Cl,: a set of T-lemmas

1: _, Cl, < Projected-T-AlISAT ..., (¢, &) {Keep only lemmas}

2: return (Cl,

The baseline approach for 7-lemma enumeration is outlined in Algorithm [10] and
consists of performing a call to total, non-projected T-AlISAT on ¢|a], using the
procedure in Algorithm || with @’ = a and no minimization. (In Algorithm [10] we also
consider the case with &’ C a because it will be used in Sections [7.2.3 and [7.2.4])

The T-lemmas learned by the SMT solver during such an enumeration rule out all
T-inconsistent truth assignments in P,(¢). In fact, the algorithm terminates when
© A A\ —m; is T-unsatisfiable, i.e., when the solver has found a set Cl, of T-lemmas s.t.

ni€Ha(p)
A /\ —m; A /\ C=p L.
ni€Ha () CeCla

This guarantees that Cl, rules out all 7T-unsatisfiable truth assignments in P,(¢).

It is important to note that we must enumerate total truth assignments. Indeed,
enumerating partial truth assignments may produce a set of 7T-lemmas that does
not rule out P,(y) completely. This is because the definition of partial 7-AlISAT
(see Section only requires that, for each partial assignment, all its total extensions
propositionally satisfy ¢, but only one extension needs to be T-consistent. The following
example illustrates why this can lead to missing 7-lemmas.

Example 7.2.1 (Partial 7-AlISAT may miss 7-lemmas). Let o = {(z =
0),(z=1)}and ¢ = (z =0)V (z = 1).

Consider a disjoint, partial 7-AlISAT enumeration as performed by Algorithm
with @’ = a and minimization enabled. A possible run may proceed as follows.

The SMT solver sets =(z = 0), so that unit propagation forces (x = 1). The
resulting total assignment 1, = {=(z = 0), (z = 1)} is T-consistent (line . Mini-
mization then drops =(z = 0) and returns the partial assignment p; = {(z = 1)}
(line @ Notice that no T-conflict is exposed, and no 7T-lemma is generated. The
enumerator blocks the returned cube by adding —(z = 1) (line [9).

On the next iteration, =(z = 1) is enforced, and unit propagation forces (z = 0).
The resulting total assignment 7, = {(z = 0), =(x = 1)} is again T -consistent (line
Minimization (line [f]) cannot reduce 7, because of the blocking clause =(z = 1), and
12 is then blocked by adding —(z = 0) V (z = 1) (line [J)), terminating the search.

Along this run, no 7 -conflict is encountered, hence no 7 -lemma, is generated, since
the SMT solver never explored the T -inconsistent total assignment {(z = 0), (x = 1)}
which belongs to P,(¢).
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Remark 7.2.1. For the case a’ C a, the algorithm, in general, does not find a
complete set of T-lemmas ruling out P,(y). In Sections [7.2.3| and [7.2.4] however,
we will show some special cases for @’ where the projected version is used without
affecting completeness.

7.2.2 Cube and Conquer (and Parallelize)

Algorithm 11 LemmaEnumeratorC&C(¢[a], ')
Input: ¢p[a]: a T-formula; a: set of atoms to project on (default: )

Output: Cl,: a set of T-lemmas

1: My, Clay <— EnumerateCubes(pla], o) {Enumerate 7-sat cubes on o'}
% Clo ¢ Clay

3: for p; € My, do {Parallel loop}
4t Clyy < Projected-T-AlISAT .. (0 A )], @)

5. Clg < Cla U Clyy

6: end for

7: return Cl,

Although enumerating partial assignments is not sufficient to find a set of 7-lemmas
that rules out P,(¢), as seen in Example a set of disjoint, T -satisfiable partial
assignments can provide a useful decomposition of the Boolean search space into a family
of residual, T-satisfiable subproblems. To exploit this decomposition, in Algorithm
we outline a cube-and-conquer approach for 7-lemma enumeration, inspired by the
cube-and-conquer approaches for SAT [105] and, recently, for model counting [233]. We
first consider the case where a’ = a.

First (line, the algorithm invokes some routine to enumerate Mq, = {pt1, ..., ftx}, a
set of pairwise-disjoint, T -satisfiable cubes on (a subset of) a such that every n; € Ha(p)
extends some p;. We also collect the 7-lemmas Cl,, learned during this enumeration.
In the next paragraphs, we discuss two possible implementations of this procedure.

Then, for each u; € My, (lines , the algorithm performs a total T-AlISAT
enumeration on ¢ A ;. Possibly, in line 4 we could also conjoin the previously learned
T-lemmas Cl,, to prevent the SMT solver from rediscovering them in the residual
subproblems. (We noticed, however, that in practice this can be counterproductive, as
it may slow down the solver by adding many clauses to the residual formulas.) After
each iteration, we save the lemmas learned by total 7-AlISAT (line [5).

Overall, instead of one large total 7-AlISAT run, we perform a cheaper decomposition
step and many smaller total 7-AlISAT runs on restricted residual formulas, whose
combined cost is typically lower. Also, the residual enumerations can be parallelized by
assigning each p; to a process and finally merging the lemmas produced by the processes.

In our architecture, processes execute in isolation, and distinct processes may inde-
pendently find identical or redundant lemmas. In Section [7.3] we show that in practice
the number of lemmas found is comparable to that of the 7-AlISAT baseline.
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Algorithm 12 EnumerateCubesByProjectedEnumeration(p[a], &', m)
Input: ¢lal: a T-formula; a’: set of atoms to project on; m: min. number of cubes

Output: M,,: a partition of T-satisfiable cubes on ’; Cla,: a set of T-lemmas

1: score <— ComputeAtomScore(a’) {Centrality score for each atom}
20 My, < {T} {Partition of cubes on a’}
3: Clop < 0 {T-lemmas learned}
4: vem +— {Atoms not yet projected on}
5: k < InitialBatchSize(a’, m) {Number of atoms to project on}
6: while |My,| < m and & ;em # 0 do

7. & pext < PickAtoms(a/ em, k, score) {Pick the next atoms to project on}
8: alrem — a/rem \ alnext

9: My, Cl,, < ExtendCubes(M,,, &' next) {Extend cubes over o ex}
10:  Clap + Cloy U CL,

11: k< NextBatchSize(a', & rem, Myrp, m)

12: end while

—_
w

: return M, Cly,

The correctness of the approach follows from the fact that, overall, all the total truth
assignments are explored, so that for each p € P,(p) a T-lemma is eventually generated
that rules it out. For the case &’ C «, Remark applies for Algorithm [11] as well.

We now discuss two possible implementations for EnumerateCubes, called in line [1}

Cubes by partial 7-AIISAT. A simple implementation consists of performing a
partial T-AlISAT enumeration on ¢, i.e., T-AlISAT poial (@[, @”) (see Algorithm [1).
This, however, offers no control over the number of generated cubes: generating too
few cubes limits parallelization, while generating too many cubes creates a sequential
bottleneck. This unpredictability motivates a more controlled approach.

Cubes by projected 7-AIlISAT. Traditional cube-and-conquer approaches for
SAT [105] and SMT [107] are implemented within a solver, leveraging efficient data
structures for atom-selection heuristics, such as lookaheads. In Algorithm [12| we outline
a different approach that uses a T-AlISAT solver as a black box. The algorithm takes
an additional parameter m indicating the minimum number of cubes to enumerate.

The algorithm first computes a centrality score for each atom a € o’ (line . While
various heuristics are possible, we use a simple variable-frequency score:

score(a) = Y freg(x)

z€ Vars(a)

where Vars(a) is the set of variables in « (« itself for B-atoms), and freq(x) counts the
occurrences of variable = across all atoms in o’.

Then, the algorithm initializes a partition of cubes M,s, on o’ with a single cube
T (line . Assuming an ideal case, the function InitialBatchSize initially sets k& =
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max (1, [log,(m)]) as the number of atoms to project on (line [5)). In each iteration,
the algorithm picks a batch of k& atoms @/, from the remaining set o’ based on
their scores (line [7]), and extends the current cubes in M/, over these selected atoms
(lined). We implement this extension by calling Projected-T-AlISAT ;o (¢ A pti) (], @ next)
(see Algorithm [I)) for each cube p; € M, After each iteration, the algorithm updates
@ rem (line [§) and dynamically computes the next batch size & (line [L1]), as follows.
We estimate the branching factor as bf = Mafp|1/|a'\°‘/'em|. Intuitively, bf is the
average factor by which the number of cubes grows for each projected atom. Pro-
jecting k more atoms is therefore expected to increase the number of cubes from

|Myp| to approximately |[My,| - bf*. We choose k so that | Mysp) - bf* > m giving

k = max (1, [logbf (m/ \Ma:p\)D, which ensures that at least one atom is projected.
We iterate this process until we reach the desired number of cubes or exhaust all atoms.

7.2.3 Projection on Theory-Atoms

Algorithm 13 LemmaEnumeratorWithProjection(¢|a|, LemmaEnumerator)
Input: ¢lal: a T-formula; LemmaEnumerator: a 7-lemma enumerator
Output: Cl,: a set of T-lemmas

1: a’ + GetTheoryAtoms(cx) {Extract theory atoms from o}
2: Cly + LemmaEnumerator(p[al, a”)
3: return (|,

Enumerating all total truth assignments, even when parallelized, is often infeasible
on real-world instances. In this section, we spotlight that this is often unnecessary for
finding a complete set of T-lemmas, starting from the following observation.

Truth assignments explored during a 7-AlISAT enumeration, whether via the classic
or the cube-and-conquer approach, consist of two components: an assignment to 7-atoms
and an assignment to B-atoms. We note that the 7-inconsistency of a truth assignment
is determined exclusively by its projection onto the 7-atoms. Consequently, a standard
T-AllISAT-based lemma-enumeration procedure may inefficiently enumerate multiple
truth assignments that share an identical 7T -consistent projection but differ in their
Boolean assignments. This redundancy is computationally wasteful, as variations in the
Boolean assignment do not generate new 7 -lemmas.

We can address this issue by performing 7-AlISAT projected on the T -atoms of
¢. The correctness follows from the following theorem (proof in Appendix [D.1.1)).

Theorem 7.2.1. Let p[a] be a T-formula. Let o® and o’ be the sets of Boolean
and theory atoms in o, respectively.

Let BCor(p) £ {-n"[a”] s.t. n”7 [T AnB[@”] € Ha(p)}, and let Cl, be a set
of T-lemmas such that BC,1(p) U Cly rules out Py(p).

Then Cly rules out Py(p).
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This leads to Algorithm This procedure invokes a T-AlISAT-based T-lemma
enumerator (e.g., Algorithm (10 or , projecting the enumeration onto 7-atoms only.
If the lemma enumerator is based on Algorithm [I| which terminates when

e AN la"IN N\ C=s L,
i CECla

it follows from Theorem that the returned set Cl, of T-lemmas rules out Pu(y).
Remark 7.2.2. Note that the projected assignments can be exponentially fewer
than the assignments on the full set of atoms. Also, the blocking clauses added by

Algorithm (1] (line E[) are much shorter, as they only contain 7-atoms. This can lead
to a drastic reduction in both enumeration time and memory usage.

7.2.4 Theory-driven Partitioning

Algorithm 14 LemmaEnumeratorWithPartitioning(¢[a], LemmaEnumerator)
Input: ¢lal: a T-formula; LemmaEnumerator: a 7-lemma enumerator
Output: Cl,: a set of T-lemmas

1: Cly <+ 0
2: {a, ..., o, } < PartitionAtoms(cx) {Partition atoms as in Fact
3: fort=1tondo
4: ;< RelevantConjuncts(p, o;) {Get conjuncts of ¢ relevant to a; as in (7.2)}
5. Cly; < LemmaEnumerator(p;[a], a;)
6
7
8

Cly, «+ Cl, U Cly;
. end for
: return Cl,

We now present a further improvement for 7-lemma enumeration, for the case where
the set of atoms a can be partitioned into two or more disjoint sets w.r.t. variables and
uninterpreted symbols. We first recall the following result.

Fact 7.2.1. Let a« Z a; U oy, be a set of atoms s.t. no atom in o shares variables
or uninterpreted symbols with any atom in os. Then, for any truth assignment
n® = o] Amelas], n® is T-satisfiable iff both m1[a] and nylas] are T -satisfiable.

Hence, if the atoms in a can be partitioned according to the conditions of Fact [7.2.1]
then in order to rule out a 7T-inconsistent truth assignment p® = p; [c;]Apafas] € Palyp),
a T-lemma must rule out p;[ay] or ps|an]. This suggests a decomposition strategy:
a T-AlISAT enumeration projected on «; will find a set of 7-lemmas ruling out all
p* € Py(p) such that p;[c] is T-inconsistent. Dually, 7-AlISAT projected on ap will
find a set of T-lemmas ruling out all p® € P,(¢) such that ps|c] is T-inconsistent.
Thus, a set Cl,(¢) can be found with two separate projected enumerations.

This intuition is formalized in the following theorem (proof in Appendix .
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Theorem 7.2.2. Let p[a] be a T-formula such that o £ o, U oty and no atom in
o shares variables or uninterpreted symbols with any atom in o.

Let BCq, (p) £ {~m[ai] s.t. m[au] Amaaw] € Ha(p)}, and let Cly, be a set of
T -lemmas such that BCy,(¢) U Cly rules out Py(p).

Let BCq, () Z {—mafa] s.t. nion] Amlas] € Ho(p)}, and let CL., be a set of
T -lemmas such that BC,(¢) U CL, rules out Py(p).

Then Clo U CL, rules out P(p).

Note that this result can be easily generalized to the case where the set of atoms can be
partitioned into more than two sets. Indeed, if as can be further partitioned, we can
apply the same reasoning recursively to it.

This result naturally leads to the enumeration strategy in Algorithm [I4] The
algorithm first partitions the set a of atoms as in Fact , obtaining {ay,...,a,}
(line . This step can be performed efficiently, for example, using a union-find data
structure to compute the connected components of the graph of atoms, where two atoms
are directly connected if they share a variable or an uninterpreted symbol. Note that, in
principle, every B-atom can be considered as belonging to a separate, singleton partition.
In practice, we assume that all the B-atoms belong to the same partition, and can be
handled via projection as discussed in Section [7.2.3]

Then, for each partition a;, the algorithm first isolates the relevant conjuncts of ¢
that contain at least one atom in «; (line , ie., if o = A; ¢;, then

J s.t. Atoms(¢j)No,;#0

(We recall that in general ¢ may not be in CNF, and thus the conjuncts are not
necessarily clauses.) We note that discarding the conjuncts that do not contain any
atom in «y is sound, as by Fact they cannot contribute to the 7-inconsistency of
any truth assignment on «;. Conversely, keeping them would increase the size of the
formula and force the solver to explore parts of the search space that are irrelevant for
the current atom partition, thereby slowing down the enumeration.

The algorithm then performs a 7-AlISAT-based T-lemma enumeration on ¢; pro-
jected on a;, and accumulates the enumerated 7-lemmas in Cl, (line [5)). Possibly,
in line [, we could also conjoin the 7-lemmas Cl, learned in the previous iterations
to prevent the SMT solver from rediscovering them. We observed, however, that in
practice this can be counterproductive. This can be explained by the fact that the
T-lemmas learned in previous iterations typically contain atoms that are not in the
current partition, and thus are not relevant to the current enumeration. They may
instead increase the size of the formula significantly, slowing down the solver.

Finally (line [§)), we return the set Cl,, which, by Theorem [7.2.2] rules out Py (¢p).

Similar considerations as in Remark apply in this case if n > 1, as we decompose
the single enumeration into n smaller projected enumerations.
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7.3 Experimental Evaluation

We evaluate the performance of the 7-lemma enumeration techniques of Section in
terms of time required to enumerate T-lemmas (Section . We also analyze the
number of enumerated T-lemmas (Section [7.3.4), and their median size (Section [7.3.5)).
We consider the following enumerators:

 Baseline, i.e., standard T-AlISAT (Algorithm , Section [7.2.1));

« C&C, i.e., cube-and-conquer (Algorithm [11], Section [7.2.2)), generating cubes by
partial 7-AlISAT (Section |7.2.2));

o C&C+Proj., i.e., C&C plus projection on T-atoms (Algorithm Section [7.2.3));
« C&C+Proj.+Part., i.e., C&C+Proj. plus partitioning (Algorithm [14] Section [7.2.4)).

o C&CP+Proj.+Part., i.e., C&C+Proj.+Part. but generating cubes by projected
T-AlISAT (Section [7.2.2]).

Baseline was first proposed in [152], whereas C&C, C&C+Proj., and C&C+Proj.+Part.
were proposed in [50]. C&CP+Proj.4-Part. is a new enumerator that we first propose
and evaluate in this chapter.

7.3.1 Information for the Reproducibility of the Experiments

We use PySMT [85] to manipulate SMT formulas and interface with solvers. As 7T-AlISAT
solver, we use MATHSATS [48], as it implements the enumeration procedure described in
Algorithm [I] We set the option -dpll.allsat_minimize_model to true or false to enumer-
ate partial or total truth assignments, respectively. We disable potentially non-validity-
preserving simplifications by setting -preprocessor.toplevel_propagation=false and
-preprocessor.simplification=0. We also set -dpll.store_tlemmas=true to store the
generated 7T-lemmas. Moreover, to avoid splitting-on-demand and the consequent in-
troduction of new atoms also in the 7-lemmas, we set -theory.la.split_rat_eq=false
and -theory.la.laz_internal_branch_and_bound=true. In particular, the first option
disables splitting on negated LR.A-equalities, while the latter encourages the solver to
use its internal branch-and-bound procedure for LZ.A [9].

To find short partial assignments for non-CNF formulas, we use the technique
in Chapter [3] The code for the algorithmg? and for reproducing the experimentd’| are
publicly available.

All the experiments were executed on three machines with identical hardware con-
figurations. Each machine was equipped with a 28-core Intel Xeon Gold 6238R CPU
at 2.20 GHz and 128 GB of RAM, and ran Ubuntu Linux 24.04. Cube-and-conquer
enumerators use 50 parallel processes. We set a timeout of 3600 s for synthetic and
temporal planning problems, and 14400 s for the harder numeric planning problems.

2https://github.com/ecivini/tlemmas-enumeration/tree/develop
3https://github.com/ecivini/tlemmas-enumeration-testbench/tree/develop
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7.3.2 Benchmarks

We considered three sets of benchmarks.

Synthetic benchmarks. The first set, introduced in [152], consists of 450 SMT(LR.A)
and SMT(LZ.A) synthetic instances inspired by WMI problems from [161]. We generated
random formulas by nesting Boolean operators up to fixed depths ranging from 4 to 8,
involving 10 Boolean atoms and 10 real variables.

Temporal planning benchmarks. The second set, first proposed in [50], consists of
90 SMT(LR.A) instances encoding temporal planning problems from the industrially
inspired painter domain [224]. For each problem, we generated the SMT encoding for
action applications up to a fixed horizon h € {3,4,5} using the TEMPEST tool.ﬁ The
encoding is described in [173]; since [173] focuses on optimal temporal planning, in our
encoding the optimization component and the abstract step are discarded. We also
removed the goal constraints to increase the number of solutions and make the problems
more challenging for 7-lemma enumeration.

Numeric planning benchmarks. We also consider here a new set of SMT(LR.A)
benchmarks encoding numeric planning problems using the block-grouping domain
from the International Planning Competition 2023| Since the competition instances are
too challenging for our task, we crafted a set of smaller instances by reducing the number
of blocks. Specifically, we place N € {2,3,4,5,6} blocks randomly on a 10 x 10 grid,
generating 4 instances for each value of N. The problem consists of moving the blocks to
reach a goal configuration in which they are grouped according to a prescribed pattern
(see also Section where we describe the goals in more detail). We use TEMPESTY
to generate the SMT encoding of action applications up to a fixed horizon h € {3,4, 5},
and, as for the temporal planning problems, we remove the goal constraints. Moreover,
we slightly modify the encoding to avoid enumerating semantically equivalent plans that
are represented by different truth assignments, as detailed in Appendix [D.2]

7.3.3 Results on Enumeration Time

Figures to present the results for enumeration time on the synthetic, temporal
planning, and numeric planning benchmarks, respectively. Each figure is organized as
follows: the first and second rows show scatter plots comparing the strategies pairwise.
(Notice the logarithmic scale of the axes!) We focus on incremental improvements,
i.e., Baseline vs. C&C, C&C vs. C&C+Proj., and C&C+Proj. vs. C&C+Proj.+Part., and
also compare the newest C&C strategy with the previous one, i.e. C&C+Proj.4-Part. vs.
C&CP+Proj.+Part.. We also show the overall speed-up (Baseline vs. C&CP+Proj.+Part.),
highlighted in green. The second row also contains a cactus plot comparing all strategies,
and the third row contains a table summarizing the number of instances and timeouts.

4https://github.com/fbk-pso/tempest
5https://github.com/ipc2023-numeric/ipc2023-dataset
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Figure 7.1: 7T-lemma enumeration time for different strategies on synthetic problems.
(Notice that in the cactus plot the green and red lines are almost indistinguishable.)

Synthetic benchmarks. (Figure We notice that C&C significantly improves w.r.t.
the baseline by up to 2 orders of magnitude, solving 17 more problems within the timeout.
The improvement is even more pronounced when we add projection: C&C+Proj. solves
30 more problems and drastically reduces enumeration time for problems already solved
by C&C. In contrast, partitioning brings no benefit, since only 92 of 450 problems have at
least two partitions, and the hardest among them is already solved by C&C+Proj. in under
1 second, leaving no room for improvement. The new cubing strategy C&CP+Proj.+Part.
allows us to solve 25 more problems w.r.t. C&C+Proj.+Part., though with some overhead
on smaller instances. This occurs when a problem has few satisfying assignments: the
cubing strategy of Algorithm [I1| may require many iterations, each invoking 7T-AlISAT
on a new set of atoms, whereas the partial-7-AlISAT-based strategy is very fast in such
cases. Overall, the green-highlighted scatter plot is remarkable, showing a dramatic
reduction in the time required by our best configuration w.r.t. the baseline.
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Figure 7.2: T-lemma enumeration time for different strategies on temporal planning
benchmarks.

Temporal planning benchmarks. (Figure On these problems, we can see a
similar trend, with some differences. While C&C is much faster than the baseline,
solving 21 more problems within the timeout, the addition of projection does not yield
any improvement. This is likely due to the fact that in planning, the assignment on
T-atoms is a deterministic consequence of the assignment on B-atoms, so that projecting
does not reduce the number of T-satisfiable truth assignments explored by the solver.
On the other hand, partitioning is extremely effective here, dramatically reducing the
enumeration time. In these problems, we have 5 T-atom partitions: atoms encoding
time constraints, atoms with constraints on the values of the fluents, and three partitions
with constraints on the parameters of three different actions. By reasoning separately on
these partitions, we achieve a speedup of several orders of magnitude, solving problems
up to horizon 5 that were previously intractable. As C&C+Proj.4Part. is already very
fast, the new cubing strategy brings only a slight improvement, which is mostly visible
in the cactus plot.
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Figure 7.3: T-lemma enumeration time for different strategies on numeric planning
benchmarks.

Numeric planning benchmarks. (Figure On these harder problems, we only
compare the two best strategies, C&C+Proj.+Part. and C&CP-+Proj.+Part., as they are
too challenging for the other strategies.

Notably, here the cube-by-projected-enumeration strategy is dramatically more
effective than the previous one, allowing us to solve all but 4 problems within the
timeout, and achieving a speedup of up to two orders of magnitude on problems that
are already solved with the previous strategy.

7.3.4 Results on the Number of Enumerated 7-Lemmas

We now analyze the number of 7T-lemmas enumerated by the different strategies. Fig-
ures[7.4) and show scatter plots for the synthetic, temporal planning, and numeric
planning benchmarks, respectively. As for the time plots, we present pairwise compar-
isons of incremental improvements. We remark that we show points only for problems
solved by both compared strategies, so plots involving the least effective strategies have
only a limited number of points.

Overall, there is no substantial difference in the number of 7-lemmas enumerated
by different strategies. We can, however, observe some trends.

First, C&C tends to enumerate more 7-lemmas than Baseline. This is expected,
as discussed in Section [7.2.2], since the parallel enumeration can discover redundant
T-lemmas.

Second, both projection and partitioning help reduce the number of enumerated
T-lemmas. This fact can have multiple explanations. One is that early-pruning calls
to the T-solver |9 may cause the SMT solver to enumerate 7-lemmas that also rule
out T-unsatisfiable assignments that do not propositionally satisfy the formula. By
narrowing the search space, both projection and partitioning help mitigate this undesired
behavior.
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Figure 7.4: Number of T-lemmas for different strategies on synthetic benchmarks.
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Figure 7.6: Number of T-lemmas for different strategies on numeric planning benchmarks.

Additionally, with C&C, two parallel processes can find two 7 -inconsistent assign-
ments sharing the same 7T-literals and different B-literals, inevitably generating two
redundant 7-lemmas. By contrast, with projection, the partial assignments fed to differ-
ent processes differ only on T-literals, thereby mitigating this issue. Lastly, partitioning
can help enumerate smaller T-lemmas (see next), which have stronger pruning power,
thus reducing the number of enumerated 7-lemmas.

Comparing the two cubing strategies, there is no clear trend, except for the numeric
planning problems (Figure , where the new cubing strategy tends to enumerate
slightly more 7 -lemmas. This can be explained by the fact that the new strategy is more
effective and enables much better parallelization, which can lead to more redundant
T-lemmas being generated.

7.3.5 Results on the Size of 7-lemmas

As a further insight, we analyze the median size (i.e., the number of literals) of the T-
lemmas enumerated by the different strategies. The results are shown in Figures [7.7]
and [7.9] for synthetic, temporal planning, and numeric planning problems, respectively.
We only show points for problems solved by both compared strategies, so plots involving
the least effective strategies only have a limited number of points.

We observe that different techniques do not consistently reduce or increase the size
of T-lemmas, with a notable exception for partitioning, which, on planning problems,
allows us to find much smaller 7-lemmas. We conjecture that this may be due to the
fact that, with projected enumeration, the literal selection heuristics of the SMT solver
may prefer selecting projection atoms first. Hence, early-pruning calls [9] to the T-solver
are more likely to cut 7T-inconsistent branches involving only projection atoms. This
hinders the generation of larger T-lemmas with atoms from different partitions, which
are intrinsically redundant by Fact The two cubing strategies are comparable on
all the benchmarks, with no clear winner.
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7.4 Conclusions

In this chapter, we have presented theory-agnostic techniques for enumerating a set of
theory lemmas ruling out all theory-inconsistent truth assignments for a given SMT
formula. Starting from a baseline method based on total 7-AIlISAT enumeration, we
proposed three orthogonal, composable techniques to enhance efficiency.

We experimentally evaluated our techniques on synthetic SMT problems and on SMT
formulas encoding temporal [224] and numeric planning problems [190]. Our techniques
drastically improve the efficiency of lemma enumeration w.r.t. the baseline, allowing us
to scale to much more complex instances.

This work plays a crucial role in the development of our novel framework for
Knowledge Compilation Modulo Theories, presented in the next chapter. These lemma-
enumeration techniques pave the way for scaling to complex, real-world instances.
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Chapter 8

d-DNNF Modulo Theories:
A General Framework for Polytime
SMT Transformations and Queries

Full Disclosure. This chapter is based on the papers “Canonical Decision
Diagrams Modulo Theories” [152] and “d-DNNF Modulo Theories: A General
Framework for Polytime SMT Queries” [147|, co-authored by the Ph.D. candidate
with the Master’s students Massimo Michelutti and Emanuele Civini, Dr. Giuseppe
Spallitta, and Prof. Roberto Sebastiani.

Massimo Michelutti implemented and evaluated the first version of the frame-
work [152], supporting the compilation of OBDDs, SDDs, and d-DNNFs. Emanuele
Civini added query support and performed the experimental evaluation in [147].
The theoretical framework was primarily conceived by Prof. Roberto Sebastiani,
with contributions from the candidate. The formalization of the polytime trans-
formations and the additional experiments reported in this chapter were carried
out by the candidate and are still unpublished at the time of submission.

Building on the theory-lemma enumeration techniques presented in Chapter [7] in
this chapter, we present a general framework for Knowledge Compilation (KC) Modulo
Theories.

As discussed in Section several existing works have proposed extending subclasses
of d-DNNF's, namely, OBDDs and SDDs, to handle SMT formulas. Most of these
approaches, however, are restricted to specific and simple theories. Moreover, they are
hard to implement, often requiring heavy modifications to the internals of an SMT
solver, a KC package, or both. Lastly, while the existing literature heavily focuses on
SMT solving, propositional KC (and d-DNNFs in particular) supports a wide range of
polytime queries. These include the counting and enumeration of truth assignments,
making them powerful tools for probabilistic reasoning and inference |59} 44, [226].
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Contributions. In this chapter, we investigate for the first time the problem of lifting
d-DNNF compilation and querying to the SMT level, with the general goal of preserving
the properties of the corresponding propositional d-DNNF's, in particular the polytime
complexity of the supported transformations and queries (see Section .

We first note that the traditional “lazy” lemmas-on-demand approach, which is
widely adopted in standard SMT solving and enumeration (see, e.g., [129,9]), does not
seem to be suitable for SMT-level d-DNNF compilation. We then analyze the problem
theoretically in detail and introduce a novel, general framework that extends d-DNNFs
to the realm of SMT. We identify and prove the theoretical properties that allow us to
meet our general goal above.

Intuitively, before &-DNNF compilation, the input 7-formula can be “eagerly” com-
bined with an ad hoc list of precomputed theory lemmas, so that the transformations
and queries at the SMT level reduce to those at the propositional level. Overall, our
approach has several features:

it works for every theory or theory combination thereof;
« it works for all forms of d-DNNFs (including OBDDs and SDDs);

o it is easy to implement on top of any d-DNNF compiler and any theory-lemma
enumerator, which are used as black boxes;

« most importantly, these compiled SMT d-DNNFs can be queried in polytime by
means of a standard propositional d-DNNF reasoner.

Notice that the “eager” generation of all the needed theory lemmas upfront, although
inefficient and obsolete in standard SMT solving, is very suitable for KC, whose rationale
is to shift the bulk of computational effort to the offline compilation phase, thereby
optimizing the efficiency of the online query-answering phase. To this end, we move all
the theory-reasoning effort to the compilation phase, by means of offline theory-lemma
enumeration. (We recall that for many relevant theories (e.g. LZA, AR, BV) even the
satisfiability of the conjunctive fragment is NP-hard [9, 192].)

We have implemented an SMT-level d-DNNF compilation and querying tool on top
of state-of-the-art d-DNNF packages and our novel theory-agnostic lemma enumerator
presented in Chapter [/l An empirical evaluation supports the feasibility and effectiveness
of the approach.

Organization. In Section we analyze the challenges of lifting d-DNNFs and
their properties to the SMT level. In Section [8.2] we present a formal framework for
reducing several SMT-level transformations and queries to propositional queries, when
the input formula is augmented with a suitable set of 7-lemmas. In Section we
show how applying this framework to d-DNNFs allows us to support a wide range of
transformations and queries in polytime. In Section [8.4], we discuss how to effectively
compile, transform, and query d-DNNF T-formulas in practice. In Section [8.5], we
present empirical results on the effectiveness of our approach. In Section we discuss
the limitations and outline potential applications and future research directions. Finally,
in Section [8.7, we draw our conclusions and outline future research directions.
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Chapter 8. d-DNNF Modulo Theories

8.1 d-DNNF Modulo Theories: An Analysis of the
Problem

Our general goal is to compile every T-formula ¢ into a T-equivalent d-DNNF 7T-
formula such that the following checks can be performed in polytime by means of their
corresponding propositional checks: T -consistency (CO), T-validity (VA), clausal
T -entailment (CE), T -implicant (IM), T -consistent assignment counting (CT) and
T -consistent assignment enumeration (ME).

Also, we want T -equivalence (EQ) and sentential T -entailment (SE) checks to be
polytime for those forms of d-DNNF 7 -formulas such that EQ and SE are polytime for
their propositional counterparts (e.g., SDDs and OBDDs); we also wish these forms to
be T-canonical (see Section [1.7.3).

Remark 8.1.1. Here CT and ME refer respectively to counting and enumerating
all T-consistent total truth assignments on a given atom set e O Atoms(p) that
propositionally satisfy a 7-formula ¢, and we also refer to them as “7T-#SAT” and
“T-ALSAT” (also “#SAT” and “AlISAT” for the propositional case)[’

We stress the fact that, regardless of the d-DNNF format, CT and ME for
T-formulas are much trickier than their propositional counterparts. In fact, in the
propositional case, producing a partial assignment p such that u =g ¢ prevents
from producing all the 2 total assignments n; extending p, where k is the number
of unassigned atoms in .

This is not the case with 7T-formulas, where producing a partial T-consistent
assignment u such that pu =g ¢ does not prevent from producing all the 2* total
assignments 7; extending u, because not all of them are necessarily T -consistent.
Therefore, being able to reduce CT and ME to their propositional counterparts may
be very valuable.

?As discussed also in Section we prefer “T-#SAT” and “T-AlISAT” to “4#SMT” and
“AlISMT?”, respectively, to avoid confusion, because we are counting or enumerating 7 -satisfiable
truth assignments that propositionally satisfy the formula rather than theory-specific FOL models.
In particular, “#SMT” or “model counting modulo theories” and, more in general, “extension
of model counting to SMT” have been proposed with very different meanings in the literature
(e.g., [141, 175, 43, (161} 68 [200L [199]).

Moreover, for those subclasses whose propositional counterparts support polytime
transformations (see Section [1.7.2]), we want to perform conditioning (CD), negation
(=C), forgetting (SFO), conjunction (ABC), and disjunction (VBC) in polytime via the
corresponding propositional transformations. The resulting d-DNNF 7T -formula should
still support the above-mentioned polytime queries. Importantly, the whole process
should be theory-agnostic.

Our idea is thus to move all the theory-reasoning effort to the compilation phase,
and encode all the necessary theory-related information directly into the d-DNNF
T-formulas, so that the latter can be queried and transformed by means of standard
polytime propositional queries and transformations.
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Figure 8.1: d-DNNF T-formula with 7 -inconsistent satisfying truth assignment (blue
paths) from Example (left), and a T-equivalent d-DNNF 7T -formula with no
T-inconsistent satisfying truth assignment (right).

Notice that, in the propositional case, there is a form of duality between the queries
CO, CE, CT, and ME, which search for satisfying truth assignments, and the queries
VA and IM, which search for falsifying ones. This duality suggests that we need two
distinct encodings for the two groups of queries. (For EQ and SE, this works either way,
because p; = o iff ~p1 =~y and 1 =y iff ~pa = 1)

We start from the observation that, if we encoded a T-formula ¢ simply into
d-DNNF(¢p), then the latter could be propositionally satisfied [resp. falsified] by many
T-inconsistent truth assignments, which would prevent CO, CE, CT, ME, EQ, and SE
[resp. VA, IM, EQ, and SE] queries from being correctly implemented by means of their
propositional counterparts.

Therefore, we must get rid of such truth assignments in the two respective cases.
Our idea is to do this in the compilation phase, by adding proper 7 -lemmas ruling out
these assignments.

Unfortunately, the traditional “lazy” lemmas-on-demand approach, which is widely
adopted in standard SMT tools (see, e.g., [9} 129]), does not seem to be applicable here.
Consider the case in which we want to encode ¢ into a T-equivalent d-DNNF T -formula
with no satisfying 7 -inconsistent truth assignments, so as to allow polytime CO, CE,
CT, and ME queries.

Consider Algorithm 4] (or its more sophisticated variants). A natural way to imple-
ment a lemma-on-demand SMT extension of this procedure and its variants would be
to apply a T-consistency check on the current truth assignment p as soon as a new
T-literal is added to it, and to backtrack when this check fails, adding a 7 -lemma ruling
out u.

The problem with this approach would be in the partitioning step which generates the
A-nodes (lines in Algorithm [4). In fact, even if 4« is T-consistent and @1, . . ., @,
do not share atoms, the ¢;|,’s cannot be safely d-DNNF-ized independently, because their
T-atoms may be implicitly linked by some 7-lemma, so that A¥_, dDNNFcompile(y;| o 1)
(line [13]in Algorithm 4] could be propositionally satisfied by some T -inconsistent truth
assignment.

Therefore, to address this issue, we need to add a priori an ad hoc set of T -lemmas
ruling out those undesired truth assignments.
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Example 8.1.1. Consider the LR.A-formula

o™ (21 SO)V (22 S O) A (2 = 1) V (a3 > 1)),

so that P = (A; V Ay) A (A3 V Ay), and assume we apply to ¢ the hypothetical
SMT variant of Algorithm [4] described above. Since the two clauses do not share
any T-atom, the algorithm partitions the two clauses (lines and recursively
compiles them independently into d-DNNF. Since inside each clause the two LR.A-
atoms cannot generate conflicting literals, in each independent call no T-inconsistent
truth assignment is generated. Therefore, the procedure may return the d-DNNF
T-formula shown in Figure (left).

As highlighted by the blue paths, we observe that the d-DNNF is propositionally
satisfied by some 7T-inconsistent truth assignment, e.g., 1 = (1 < 0) A (25 <
0) A (1 > 1) A=(xe > 1). The problem could have been avoided by adding the
following 7 -lemmas to ¢ a priori: =(z; < 0)V =(z1 > 1) and =(ze < 0) V = (22 > 1).
The resulting d-DNNF could be the one shown in Figure (right), which is T-
equivalent to the previous one, but has no 7-inconsistent satisfying truth assignment.

8.2 Theoretical Framework

In this section, we introduce novel definitions and results used in the chapter. For the
sake of compactness, all proofs of the theorems [146] are deferred to Appendix .
We adopt the notation Hy(¢) and Py (¢) from Definition in Section [7.1]

8.2.1 7T-reduced and 7 -extended 7T -formulas

Definition 8.2.1 (7-reduced, 7-formula). We say that a T-formula ¢ is theory-
reduced for a given superset a of Atoms(p) (T-reducedy) if and only if P,(¢) = 0,

so that ([7.1)) reduces to

o= \ (8.1)

n€Ha(p)

Notice that the notion of T-reduced, depends on the set a:: given Atoms(y) C o C o/,
if ¢ is T-reduced, then ¢ is T-reduced,, but the vice versa does not necessarily hold,
as shown in the following example.

Example 8.2.1 (7-reduced, T-formula). Let a = {(z < 0)}, o = {(z <
0), (z > 1)}, and let » = (z < 0).

Then ¢ is T-reduced, because its only satisfying assignment (z < 0) on v is 7 -
consistent, whereas ¢ is not T-reduced, because it has one satisfying 7T-inconsistent

assignment (z < 0) A (z > 1) on o'.
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The following result shows how the 7 -reduction property is preserved or modified
by some fundamental transformations on 7 -formulas.

Theorem 8.2.1. Let pla, p1]a], and po]a] be T-reduceds T -formulas, let o € o
be a T-atom, and let p be a cube on . Then we have the following facts.

CD |, is T-reduceda atoms(u)-

SFO Jda.y is T-reduceda\{a}ﬂ

ABC @1 A gy is T -reduced,, .

VBC 1V gy is T -reduced, .

—C -y is T-extended, (see Definition[8.2.9 below).

“With the notation Ja.¢, here we mean the refinement of Ja.¢P.

The following result shows that, with 7-reduced,, 7-formulas, some fundamental
reasoning functionalities can be reduced to their Boolean counterparts.

Theorem 8.2.2. Let p[a, p1]a], and pa]a] be T -reducedy T -formulas. Let C be a
clause on a. Then we have the following facts.

CO ¢ is T-satisfiable if and only if it is B-satisfiable.
CE ¢ =7 C if and only if p Ep C.

EQ ¢1 =7 2 if and only if p1 =p p2.

SE o1 =71 2 if and only if o1 Fp po.

CT T-H#SAT(p) = #SAT(¢?).

ME T-AlISAT () is the refinement of AlISAT (¢P).

Definition 8.2.2 (7-extended, 7-formula). We say that a 7-formula ¢ is theory-
extended for a given superset a of Atoms(p) (T-extended,) if and only if —¢ is
T-reduced,, (that is, P,(—¢) = 0).

The notion of T-extended,, also depends on the set a: given Atoms(y) C a C &/, if
@ is T-extended, then ¢ is T-extended,, but the vice versa does not necessarily hold

(e.g., consider -y in Example [8.2.1]).
The following result shows how the T-extension property is preserved or modified
by some fundamental transformations on 7 -formulas.

126



Chapter 8. d-DNNF Modulo Theories

Theorem 8.2.3. Let ¢|a], p1]e], and ps]ar] be T-extended, T -formulas, let o € o
be a T-atom, and let p be a cube on a. Then we have the following facts.

CD |, is T-extendeda) Atoms(y)-
SFO da.g is T-extendedq (o) -
ABC @1 A o is T -extended,,.
VBC 1V gy is T -extended,.

—C  —yp is T-reduced,.

The following results show that, with T-extended, 7T-formulas, some fundamental
reasoning functionalities can be reduced to their Boolean counterparts.

Theorem 8.2.4. Let p[at], 1], and pso|[ar] be T -extended,, T -formulas. Let p be
a cube on a. Then we have the following facts.

VA ¢ is T-valid if and only if it is B-valid.
IM p =7 ¢ if and only if p F=p .
EQ o1 =7 2 if and only if o1 =g ©s.

SE o1 =1 w2 if and only if o1 B oo

8.2.2 7T-reduction and 7-extension via 7-lemmas

We present a general way to transform an arbitrary 7-formula ¢ into a T-equivalent

T-reduced,, or T-extended, one.
We adopt the definition of “rules out” from Definition in Chapter [7]

def

Theorem 8.2.5. Let ¢ be a T-formula such that Atoms(p) C a, Cla(p) =
{C1,...,Ck} be a set of T-lemmas that rules out P,(yp), and let

Tredo(p) £ A N Ci (8.2)
CIECla(p)

Then we have that:
(i) Treda(p) =7 @;

(i) Treda(¥) 5 @5
(1i7) Tredo(p) is T-reducedy.

Notice that Tred,(¢) makes ¢ T-reduced, by moving all T-inconsistent assignments p;
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from P,(¢) to P,(—¢) while preserving H, (@) and Hu(—¢p).

def

Theorem 8.2.6. Let ¢ be a T-formula such that Atoms(p) C a, Cly(—¢) =
{C1,...,Ck} be a set of T-lemmas that rules out P,(—p), and let

Textalw) Lo V=( A O (8.3)
C1€Cla(—¢p)

Then we have that:
(i) Texta() =7 ;
(1) ¢ B Texta(p);
(111) Texta(p) is T -extendedy.

Notice that Text,(p) makes ¢ T-extended, by moving all T-inconsistent assignments
p; from P, (=) to P,(y) while preserving Ho(¢) and Hu(—y).
Example 8.2.2. Let ¢; = ((z < 0) V (z = 1)) and its Boolean abstraction ¢} =
Ay V Ay, as in Example [7.1.1} Then P,(¢1)={(z < 0) A (x = 1)} is ruled out by the
T-lemma (=(z <0) V —(z =1)).

Thus, Treda(¢1) = (2 <0) V(z =1)) A (=(z <0) V =(x =1)).

Example 8.2.3. Let a = {(z <0),(z > 1),(z>2)} and ¢ = (2 < 0) V (z > 1), so

Let ~ 2 ~(z < 0) A~(z 2 1), 50 that Pa(~) = {~(z < 0) A=( = 1) A (z 2 2},
and Cla(—¢) = {(z > 1)V =(z > 2)}. Hence,

Notice that Tred, () is T-reduced, and Text,(p) is T-extended,, as expected.
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Remark 8.2.1. If ¢ is T-unsatisfiable, then Tred,(y) is B-unsatisfiable and thus
B-equivalent to L; if ¢ is T-valid then Tred,(¢) is not necessarily B-valid, and hence
not necessarily B-equivalent to T; rather, it is B-equivalent to A¢,e e, (1) Ci-
Dually, if ¢ is T-valid then Text,(¢) is B-valid and thus B-equivalent to T; if
¢ is T-unsatisfiable then Text, () is not necessarily B-unsatisfiable, and hence not
necessarlly B-equivalent to L; rather, it is B-equivalent to = Ac,ccr, (1) Ci-

8.2.3 Dealing with Extra 7-Atoms

As we have seen in Chapter , Cla(p) can be computed via T-AlISAT, which reduces
to performing iterative calls to an SMT solver (Section [1.3.2)). In order to cope with
some theories, SMT solvers frequently need to introduce extra 7T-atoms 8 on the fly
and generate additional 7-lemmas on both e and B, relating the novel atoms 8 with
those occurring in the original formula ¢ [9].

For instance, when the LRA-atom (3; a;x; = b) occurs in a LRA-formula, the SMT
solver may also introduce the LR.A-atoms (3, a;x; > b) and (3; a;z; < b) and add some
or all of the LR.A-lemmas encoding

Zam—b ZCLQS@Zb (Zaixigb))

Also, when dealing with theory combination, the SMT solver needs to introduce interface
equalities (z; = ;) and produce T-lemmas involving them (see, e.g., [29]). Consequently,
the clauses in Cly () may contain literals on some such T-atoms.

The following theorem shows that this does not prevent us from obtaining 7 -reduced,
and T -extended, formulas on a only by existentially quantifying over the truth values
of the extra T-atoms 8. With a little abuse of notation, given a formula ¢ on U B, we
use the expression “3B.¢" as a shortcut for “B27 (IB.¢?)”, with B being the Boolean

abstraction of 3.

Theorem 8.2.7. Let ¢ be a T-formula such that Atoms(p) C o, Clag(p) Z
{C1,...,Ck} be a set of T-lemmas on o U B which rules out Pa(p), and let

Tredo(p) £ A3B. A C (8.4)

CLECa ()
Then we have that:
(1) Treda(p) =7 ¢;
(i) Treda(p) 8 @;
(iii) Tredo () is T-reduced,.
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(£<0) (2>1) (< 0)

(x>1) =(x<0)

Figure 8.2: NNF representations for formulas in Example [8.2.3] Left: the NNF of ¢;
Center left: d-DNNF(ip); Center right: d-DNNF™®(); Right: d-DNNF&*().

Theorem 8.2.8. Let ¢ be a T-formula such that Atoms(p) C o, Clag(—p) £
{C1,...,Ck} be a set of T-lemmas on acU B which rules out Py(—¢), and let

Texta (@) £ p VA (EIB. N Cl) : (8.5)
CLECa,5(—p)
Then we have that:
(1) Texta(p) =1 ¢;
(i) ¢ B Texta(p);
(i7i) Texta(p) is T -extendedy.

8.3 d-DNNF 7-Formulas and Their Polytime Trans-
formations and Queries

We say that a T-formula 1 is in NNF [resp. d-DNNF, sd-DNNF, etc.] iff its Boolean
abstraction is in NNF [resp. d-DNNF, sd-DNNF, etc.]. To this end, we extend w.l.o.g.
the notion of smoothness to all atoms in «, that is, we say that ¢[a] is smooth,
if Atoms(p) = a and ¢ is smooth. The function Smooth() is extended accordingly.
Figure [8.2] shows some examples of NNF T-formulas.

Since the smoothing operation Smooth() is B-equivalence preserving (Lemma A.1

in [62]), by Item [(i)] of Proposition in Appendix [E.2] we have the following
facts.

Proposition 8.3.1. Let ]| be a d-DNNF' formula.
(i) If Y[a] is T-reducedy, then Smooth(v[a]) is T -reducedy.
(ii) If Y|a] is T -extended,, then Smooth(i|a]) is T -extendedy .

We present some results on polytime transformations and queries for d-DNNF 7 -
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formulas. We note that these results can be extended to other NNFs that admit polytime
transformations and queries (e.g., d-NNF, DNNF, DNF, CNF, MODS, PI, IP, etc. [62]),
though we omit them for simplicity.

8.3.1 Polytime Transformations on d-DNNF 7-Formulas by
Exploiting 7-reduction and 7-extension

Theorem [resp. Theorem shows that, for a T-reduced, [resp. T-extended,]
T-formula ¢, conditioning (CD), forgetting (SFO), conjunction (ABC), and disjunction
(VBC) can be reduced to the corresponding polytime transformations on the Boolean
abstraction of ¢. These transformations preserve or modify the T-reduction [resp.
T-extension| properties. This leads to the following results.

Corollary 8.3.1. Let ¢ be a T -reduced, [resp. T-extended,] d-DNNF T -formula,
let 11 be a B-satisfiable cube on o, and let o = o\ Atoms(p).

CD A T-reducedy [resp. T -extendedy | d-DNNF T -formula equivalent to 1|, can
be computed in polytime w.r.t. the size of ¢ and u.

Corollary 8.3.2. Let 1, 11, and 1y be T -reducedy [resp. T -extendedy] d-DNNF
T -formulas. Let o € o and o £ a \ {a}.

=C If v is in an NNF form L for which a formula in L that is B-equivalent
to = can be computed in polytime (e.q., OBDDs and SDDs), then a T -
extendedy, [resp. T -reducedy ] formula in L that is T -equivalent to —p can be
computed in polytime.

SFO If vy is in an NNF form L for which a formula in L that is B-equivalent to
Jay| can be computed in polytime (e.g., OBDDs), then a T -reducedy [resp.
T -extendedys | formula in L that is T -equivalent to Ja.ip can be computed in
polytime.

ABC If ¢ and ¥y are in an NNF form L for which a formula in L that is B-
equivalent to ¥y A g can be computed in polytime (e.g., OBDDs), then a
T -reducedy [resp. T -extendedy] formula in L that is T -equivalent to ¥y N o
can be computed in polytime.

VBC If ¢ and ¥y are in an NNF form L for which a formula in L that is B-
equivalent to 1 V 1y can be computed in polytime (e.g., OBDDs), then a
T -reducedy [resp. T -extended,] formula in L that is T -equivalent to Y V s
can be computed in polytime.

*With the notation Ja.1), here we mean the refinement of JaP.i)P.

Notice that, by Definition [8.2.2] negation “flips” T-reduction and T-extension.
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8.3.2 Polytime Queries on d-DNNF 7-Formulas by Exploiting
T-reduction

Theorem shows that, for a T-reduced, 7T-formula ¢, T-satisfiability (CO), clausal
T-entailment (CE), T-consistent assignment counting (CT), 7-consistent assignment
enumeration (ME), T-equivalence (EQ), and 7-entailment (SE), reduce to the (com-
putationally much cheaper) Boolean case, regardless of the theory 7T considered. This
leads to the following results.

Theorem 8.3.1. Let ¢ be a T-reduced, d-DNNF T -formula and let C' be a clause
on a.

CO The T -satisfiability of ¢ can be checked in polytime w.r.t. the size of V.
CE ¢ =7 C can be computed in polytime w.r.t. the size of 1 and C'
CT T-#SAT(¥) can be computed in polytime w.r.t. the size of 1.

ME T-AlISAT (¢)) can be computed in polytime w.r.t. the size of 1 and the size of
the output set.

Theorem 8.3.2. Let 11 and 1)y be T -reduced, d-DNNF T -formulas.

EQ If 1 and vs are in a form for which 1y =g 19 can be checked in polytime (e.q.,
OBDDs and SDDs), then 11 =7 1y can be computed in polytime.

SE Ifvy and 1y are in a form for which ¢ =g 1o can be checked in polytime (e.g.,
OBDDs and SDDs), then 1y =1 1o can be computed in polytime.

8.3.3 Polytime Queries on d-DNNF 7-Formulas by Exploiting
T-extension

Theorem shows that, for a T-extended,, 7-formula ¢, T-validity (VA), T-implicant
check (IM), T-equivalence (EQ), and T-entailment (SE), reduce to the (computationally
much cheaper) Boolean case, regardless of the theory T considered. This leads to the
following results.

Theorem 8.3.3. Let ¢ be a T -extended, d-DNNF T -formula and let u be a cube
on .

VA The T -validity of 1 can be checked in polytime w.r.t. the size of 1.

IM u =7 % can be computed in polytime w.r.t. the size of ¥ and p.
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Theorem 8.3.4. Let i and 1y be T -extended, d-DNNF T -formulas.

EQ If 1 and vy are in a form for which 11 =g 1y can be checked in polytime (e.g.,
OBDDs and SDDs), then 1) =1 19 can be computed in polytime.

SE If Yy and vy are in a form for which ¢y =g 1y can be checked in polytime (e.g.,
OBDDs and SDDs), then vy =1 19 can be computed in polytime.

8.3.4 7T-Canonicity of 7T-reduced and 7-extended d-DNNF

The following results follow from Definitions [8.2.1| and [8.2.2]

Theorem 8.3.5 (7 -canonicity of T-reduced). Let ¢ and v be two T -reducedy,
T -formulas in a canonical form of d-DNNF w.r.t. some canonicity condition (e.g.,
OBDDs with a fized atom ordering, or SDDs with a fized vtree, see Section .

Then, o=t iff ¢ = ¥.

Theorem 8.3.6 (7-canonicity of T-extended). Let ¢ and 1 be two T -extended,,
T -formulas in a canonical form of d-DNNF w.r.t. some canonicity condition (e.g.,
OBDDs with a fixed atom ordering or SDDs with a fixed vtree, see Section m

Then o= iff ¢ = .

Remark 8.3.1. We recall that, by Remark [8.:2.1} 7 -unsatisfiable T-reduced OBDDs
[resp. SDDs| are equal to the L node. T-valid 7T-extended OBDDs [resp. SDDs]| are
equal to the T node. T-valid canonical T-reduced OBDDs [resp. SDDs| are equal to
the OBDD [resp. SDD] of the disjunction of all T-satisfiable total assignments on .
T-unsatisfiable canonical T-extended OBDDs [resp. SDDs| are equal to the OBDD
[resp. SDD)] of the disjunction of all 7-unsatisfiable total assignments on .

8.4 Compiling, Transforming, and Querying d-DNNF
T-Formulas

We now show how the results in Section [8.2]translate in practice for compiling 7-formulas
into d-DNNF and performing polytime transformations and queries.

8.4.1 Compilation

We denote by *d-DNNF an arbitrary d-DNNF form from [62, 60| (e.g., d-DNNF,
sd-DNNF, OBDD, and SDD), and by *d-DNNF(.) a corresponding encoding function
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Algorithm 15 T-xdDNNFcompile(¢|a])
Input: ¢[a]: a T-formula over atoms a;
Output: *d-DNNF™(y)

1: {C4,...,Ck} < LemmaEnumerator(yp)

2 Treda(pp) < ¢ A (NS C1) {see 82}
3: P < *dDNNFcompile(72B(Treds(¢)))

4: return B2T (y?)

Algorithm 16 72*-xdDNNFcompile(p[ca])
Input: ¢[a]: a T-formula over atoms o;
Output: *d-DNNFZ*(p)

1: {C4,...,Ck} < LemmaEnumerator(—y)

2: Texta(p) <+ @ V ﬁ(/\{il Cl) {see (8.3)}
3: P < xdDNNFcompile(T2B(Texto(¥)))

4: return B2T7 (¢P)

into *d-DNNF form. Then, for each NNF form *d-DNNF, we define:

*d-DNNF®(¢) < *d-DNNF(Tredq(p)); (8.6)
*d-DNNFE*(p) = *d-DNNF(Textq(¢)). (8.7)

For instance, d-DNNF™ () = d-DNNF(7reds () and SDDE* () = SDD(Textq ().

Since each encoding function *d-DNNF(.) is B-equivalence preserving, by Theo-
rems [8.2.5 and [8.2.6] all *d-DNNF™()’s are T-reduced, and all *d-DNNF&*()’s are
T-extended,,. Figure[8.2| (center right and right) shows examples of d&-DNNF T -formulas
from Example [8.2.3] obtained by applying the above definitions.

We can compute *d-DNNF® () [resp. *d-DNNFE*()] as shown in Algorithm
[resp. Algorithm [16]. For simplicity, we assume that no extra 7-atoms are introduced
by LemmaEnumerator, and discuss this case in the next paragraph.

The algorithm takes as input a 7-formula ¢ and uses a theory-lemma enumerator
LemmaEnumerator (see Chapter [7)) and a Boolean *d-DNNF compiler *dDNNFcompile
(e.g., Algorithm {4| or more advanced compilers [202} [126]). It first computes the set
{C1,...,Ck} of theory lemmas by calling LemmaEnumerator on ¢ [resp. on —¢]. Then,

it builds Tred,(p) [resp. Texta ()] as in (8.2)) [resp. (8.3)]. Finally, it compiles the
Boolean abstraction of the resulting formula into *d-DNNF and returns its refinement.

Dealing with extra 7T-atoms. As discussed in Section the enumerated T-
lemmas may contain atoms not in «, so that, by Theorems [8.2.7| and [8.2.8] to compile a
T-reduced,, [resp. T-extended,| T-formula we need to existentially quantify them away.
Some d-DNNF compilers, such as [126], support projected compilation, which performs
this quantification during compilation; OBDD and SDD packages, such as [202], instead
support quantification after compilation.
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8.4.2 Transformations
Combining the results of Section with Corollaries [8.3.1] and [8.3.2] we have the

following facts:

o every *d-DNNF™ () and every *d-DNNF&*(¢p) satisfies the hypotheses of Corol-
lary so conditioning (CD) can be computed in polytime;

o every *d-DNNF®¢(¢) and every *d-DNNFZ*(p) for which *d-DNNF is either OBDD
or SDD satisfies the hypotheses of Corollary [8.3.2) so negation (=C) can be
computed in polytime;

o every *d-DNNF®(p) and every *d-DNNF&*(p) for which *d-DNNF is OBDD
satisfies the hypotheses of Corollary 8.3.2} so forgetting (SFO), conjunction (ABC),
and disjunction (VBC) can be computed in polytime.

Algorithmically, we can compute these transformations by means of a Boolean *d-DNNF
package, feeding it with the Boolean abstraction of the compiled 7 -formulas.

8.4.3 Queries

Combining the results of Section [8.4.1| with Theorems and we have the
following facts:

e by Theorem every *d-DNNF'®(¢) supports polytime T-satisfiability (CO),
clausal T-entailment (CE), T-#SAT (CT), and T-AlISAT (ME);

o every *d-DNNFS¢(p) satisfies the hypotheses of Theorem [8.3.3, so that T-validity
(VA) and T-implicant check (IM) with these formulas can be computed in polytime;

o every *d-DNNF™ () [resp. *d-DNNF&*(y)] for which *d-DNNF is one of OBDD
and SDD satisfies the hypotheses of Theorem [resp. Theorem [EQ],
so that T-equivalence with these formulas can be computed in polytime;

o every *d-DNNF™ () [resp. *d-DNNF&*(¢)] for which *d-DNNF is one of OBDD
and SDD satisfies the hypotheses of Theorem [resp. Theorem [SE],

so that T-entailment with these formulas can be computed in polytime.

Algorithmically, we can compute these queries by means of a Boolean *d-DNNF reasoner,
feeding it with the Boolean abstraction of the compiled T-formulas and the Boolean
abstraction of the query, and then interpreting the result in the theory 7.

8.5 Experimental Evaluation

As a proof of concept, we present a preliminary experimental evaluation of the framework
described in the previous sections. (We recall that we currently do not have any direct
competitor for SMT-level d-DNNF querying.) We focus on T-reduced d-DNNF's, as
they support a wide range of queries. We consider both general d-DNNFs [147] and the
subclasses of OBDDs and SDDs [152]. We assess the following aspects:
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(i) the compilation time, and the contribution of each step to the total time;
(ii) the size of the compiled representation, compared to the size of the input 7-formula;

(iii) the effectiveness and efficiency of the compiled representation in answering queries
against SMT-based approaches. We focus on CE, and on CT under assumptions,
as detailed next.

Baselines. Since there is no direct competitor for SMT-level d-DNNF querying, we
compare query-answering performance with SMT-based approaches using the SMT
solver MATHSATS5 [48].

For CE, given a formula ¢ and a clause C, we check the 7-(un)satisfiability of
@ A ~C'. For multiple queries on the same formula, we run MATHSAT incrementally
under assumptions.

For CT, to the best of our knowledge, there is no SMT tool specifically designed for
counting the number of 7T -satisfiable truth assignments. This is not surprising because
this task is very challenging: it is not possible to exploit T -consistent partial-assignment
enumeration, as partial assignments do not guarantee that all their extensions are 7 -
satisfiable (recall Remark . Thus, we are forced to use the 7-AlISAT functionality
of MATHSAT to enumerate all the total 7T -satisfiable truth assignments, counting and
discharging them as they are produced. (We reckon this could be considered as an
easy-to-win comparison, but we see no alternative competitor.)

8.5.1 Information for the Reproducibility of the Experiments

We have implemented the framework described in Section in a prototype Python
tool. The tool]and the code to run the experiments?| are publicly available.

The tool uses PySMT [85] to manipulate 7-formulas. For the enumeration of 7-
lemmas, we use our novel technique presented in Chapter [7} and in particular the
C&CP+Proj.+Part. configuration with 50 parallel processesE] (see Section .

We use D4EI [126] for d-DNNF compilation, using the algorithm for non-CNF
formulas [67); we use CUDD [202] via the Python interface of the DD packagd| for
OBDD compilation, and PYSDDE] for SDD compilation.

Since OBDDs, SDDs, and d-DNNF's are obtained with different compilers and use
different representations, queries are answered using different tools. For OBDDs and
SDDs, we use the respective compilers’ APIs. For d-DNNFs, we use DDNNIFEﬂ [214],
which supports a wide range of queries on propositional d-DNNFs, including CO
(possibly under conditioning), ME (possibly under conditioning), and CT (possibly

Thttps://github.com/masinag/tddnnf
2https://github.com/masinag/tddnnf-testbench
3https://github.com/ecivini/tlemmas-enumeration/tree/develop
4https://github.com/crillab/d4v2

Shttps://github.com/tulip- control/dd/
Shttps://github.com/ML-KULeuven/PySDD
7https://github.com/SoftVarE-Group/d-dnnf-reasoner
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under conditioning and/or projected on a subset of atoms). CE can be reduced to CO
under conditioning, and thus it is also supported.

All the experiments were executed on three machines with identical hardware config-
urations. Each machine was equipped with a 28-core Intel Xeon Gold 6238R CPU at
2.20 GHz and 128 GB of RAM, and ran Ubuntu Linux 24.04. For synthetic benchmarks,
we set a timeout of 3600 s for theory-lemma enumeration and an additional 3600 s for
Boolean compilation. For the harder numeric planning benchmarks, we set a timeout of
14400 s for theory-lemma enumeration and an additional 14400 s for Boolean compilation.
For query answering, we set a timeout of 600 s for each query.

8.5.2 Benchmarks
We use the synthetic and numeric planning benchmarks described in Section [7.3.2]

Synthetic benchmarks. We consider all 450 synthetic non-CNF SMT(LR.A) in-
stances of Section [7.3.2] For CE queries, we generate 10 random clauses of sizes 1 to 3
for each problem, with literals over atoms occurring in the formula. The second type
of queries we consider is CT under assumptions, i.e., given a formula ¢ and a cube
w, we ask for T-#SAT (o A u), where e = Atoms(p). We consider cubes derived from
the negated clauses used for CE. This task counts the number of “counterexamples” to
clausal entailment, where a counterexample is a truth assignment to the atoms of the
formula violating the entailment. Hence, for CT we only consider problems where CE
does not hold.

Numeric planning benchmarks. We consider all 60 SMT(LR.A) instances from
the block-grouping domain of Section . In this domain, N blocks {1,..., N} are
initially placed on a 10 x 10 grid, and at each step each block can be moved to an
adjacent cell. Given a partition of the blocks into groups, the goal is to move the blocks
so that all blocks in the same group end up in the same grid cell, while blocks in different
groups end up in different cells.

Here, the SMT formula encodes a general k-step planning problem, together with
an initial position of the blocks on the grid. CE queries represent negated goals: if CE
holds, then the goal state is unreachable in k steps. Since CE only supports queries
corresponding to “conjunctive goals”, we generate goals of the form

/\ (s =2 Ny = ;) A /\ (w5 # 25V ys # vj),

4,j s.t. Group(i)=Group(j) i, s.t. Group(i)# Group(j)

where Group(i) denotes the group of block i, and (z;,y;) are the integer coordinates
of block . For CT under assumptions, we use the same goals, and the answer is the
number of plans that reach the goal in k steps, given the initial position of the blocks.

Importantly, in this setting, a plan is a sequence of actions, i.e., a truth assignment
to Boolean atoms representing whether an action, such as moving a block to the left,
is executed at a given step, as well as to atoms encoding the values of the action
parameters, such as the block to move. In principle, one should perform projected model
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counting on these atoms in order to count the number of such plans. However, as we
also empirically verified, this is not necessary: the truth assignment to all other atoms is
uniquely determined by the truth assignment to the action and parameter atoms, so the
non-projected count is equal to the projected count. Thus, we perform non-projected
compilation and counting, since we observed them to be more efficient.

8.5.3 Results on Compilation Time

We first analyze the compilation time for 7-reduced NNFs. In Figures and [3.4]
we show results for synthetic and numeric planning benchmarks, respectively. For
synthetic benchmarks, we consider T-reduced d-DNNFs, OBDDs, and SDDs, whereas
for numeric planning benchmarks we only consider 7-reduced d-DNNFs, as OBDDs
and SDDs are too expensive to compile. For each NNF type, we show a cactus plot of
the total compilation time, as well as the contributions of the two compilation steps in
Algorithm , i.e., lemma enumeration (line|1)) and Boolean compilation (line . The
table at the bottom reports the number of timeouts for each compilation step.

Synthetic benchmarks. (Figure First, we observe that substantially more
instances can be compiled into d-DNNF and in significantly less time than into OBDDs
or SDDs. This is not surprising since OBDDs and SDDs impose stronger structural
restrictions on the compiled representation, and are canonical under a fixed variable
order or vtree, which typically makes compilation much more expensive.

Second, for d-DNNF's, the compilation time is dominated by lemma enumeration,
whereas the Boolean compilation step also contributes significantly for OBDDs and
SDDs, which explains the smaller number of compiled instances. This is expected,
since d-DNNF compilation is typically much faster than OBDD and SDD compilation.
Also, despite the optimizations discussed in Chapter [7], the enumeration procedure is
still expensive, dominating the relatively fast d-DNNF compilation. (The cube-and-
conquer lemma-enumeration strategy is highly parallelizable, however, suggesting that
the enumeration time can be significantly reduced with more computational resources.)
More efficient strategies for conjoining 7T-lemmas during construction could potentially
improve the compilation for OBDDs and SDDs.

Numeric planning benchmarks. (Figure These problems are significantly
harder than the synthetic ones, and we observe several timeouts also in the Boolean
d-DNNF compilation phase. Indeed, in some instances, this phase requires much more
time than lemma enumeration. This could be due to the high number of 7-lemmas
generated for these instances, which can be up to 10° (see Figure in Section .

On the positive side, this confirms that the 7-lemma enumeration techniques pre-
sented in Chapter [7| are very effective.
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lemma enumeration —— Boolean compilation total time per-phase timeout

Time (s

0 200 400 0 200 400 0 200 400

Solved instances Solved instances Solved instances
(a) d-DNNFed (b) OBDD! (c) SDDe
Method Lemma enum. T.O. Compilation T.O. Tot.
d-DNNF™ 2 0 450
OBDD™ 2 44 450
SDD™ 2 66 450

Figure 8.3: Compilation times for 7-reduced NNFs on synthetic benchmarks. Top:
cactus plots showing the total compilation time for d-DNNF (left), OBDD (center),
and SDD (right). We also show the time for lemma enumeration (blue) and Boolean
compilation (orange) for each instance. For d-DNNF's, the green and blue lines overlap.
We only show instances compiled within the timeout. Bottom: Number of timeouts for
each compilation step.

lemma enumeration Boolean compilation total time per-phase timeout
104,
103,
O
o 101
g

= 10
101

0- : ; ‘

0 20 40 60

Solved instances
(a) T-red d-DNNF

Method Lemma enum. T.O. Compilation T.O. Tot.
d-DNNF™ 4 21 60

Figure 8.4: Compilation times for 7-reduced NNFs on numeric planning benchmarks.
Top: a cactus plot showing the total compilation time for d-DNNF. We also show the
time for lemma enumeration (blue) and Boolean compilation (orange) for each instance.
Bottom: Number of timeouts for each compilation step.
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Figure 8.5: Size of the compiled T-reduced NNFs on synthetic benchmarks. We compare
the size of d-DNNFs (left), OBDDs (center), and SDDs (right) with the size of the input
formulas. Sizes are measured by the number of nodes in their DAG representations.
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Figure 8.6: Size of the compiled T-reduced NNFs on numeric planning benchmarks. We

compare the size of d-DNNFs with the size of the input formulas. Sizes are measured
by the number of nodes in their DAG representations.

8.5.4 Results on NNF Size

Next, we analyze the size of the compiled NNFs in Figures [8.5 and [8.6] In each figure,
we compare with scatter plots the size of the compiled 7-reduced NNFs with the size of
the input formulas, both measured as the number of nodes in their DAG representations.

Synthetic benchmarks. (Figure We observe that, as one might expect, compiled
NNFs are typically (much) larger than the input formulas, for all three types of NNFs.
In fact, it is well-known that the size of propositional d-DNNFs, OBDDs, and SDDs
can be exponentially larger than the size of the input formula. Nevertheless, the size
stays manageable for many instances, with all of them having fewer than 10° nodes. As
most queries can be answered in time linear in the NNF size, this is a promising result.

Numeric planning benchmarks. (Figure Here we observe a similar trend, with
the compiled T-reduced d-DNNFs having up to 10° nodes, which is still manageable for
query answering.
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100,

% not entailed
%8 entailed 1.001

Method CE I!CE Tot.

d-DNNFZ 2161 2319 4480

MATHSAT 2161 2319 4480
—— MATHSAT

— S .00 ‘ ‘ d-DNNF?

0 1072 1071 10° 0 2000 4000 ' @

MATHSAT Solved instances timeout

% X0

Figure 8.7: Times for CE queries on synthetic problems. Left: scatter plot for 7-reduced
d-DNNFs vs SMT with MATHSAT. Center: comparison with cactus plot. Right:
instances where CE does (CE) and does not (ICE) hold, and total instances (Tot.).

% not entailed .
% entailed 0.20
g 107! % g%
o’ e M R = @ 0.151
% % &%232@3 © Method CE !ICE Tot.
o, % A = 0.10 d-DNNFE? 63 146 209
< S & >
MATHSAT 63 146 209
% 0.051
® —— MATHSAT
S g g 0.004 ‘ ‘ d-DNNF?
0 1072 107! 0 100 200 )
MATHSAT Solved instances timeout

Figure 8.8: Times for CE queries on numeric planning problems. Left: scatter plot for
T-red. d-DNNFs vs SMT with MATHSAT. Center: comparison with cactus plot. Right:
instances where CE does (CE) and does not (ICE) hold, and total instances (Tot.).

8.5.5 Results on CE Queries

We now assess the effectiveness and efficiency of 7-reduced NNFs on CE queries, focusing
on d-DNNFs; as this is the form for which we can compile the largest number of instances.
Figures [8.7 and [8.8| show, for the synthetic and numeric planning problems, respectively,
scatter and cactus plots comparing the time for 7-reduced d-DNNF's against MATHSAT.

Synthetic benchmarks. (Figure We first notice that the problems and queries
considered are easy and can be answered by both methods in a fraction of a second.
Nevertheless, d-DNNFs are effective and significantly faster than incremental SMT with
MATHSAT. Note that SMT solvers are highly optimized for checking satisfiability, and
are thus expected to perform well on CE queries.

Numeric planning benchmarks. (Figure Here we observe a similar trend,
with d-DNNFs being significantly faster than MATHSAT for most queries. There are,
however, some outliers, mostly for satisfiable instances (i.e., where CE does not hold).
Note that, in this case as well, the instances are solved in a fraction of a second.
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Figure 8.9: Times for CT queries on synthetic problems. Left: scatter plot for 7-reduced
d-DNNF vs T-AlISAT-based counting with MATHSAT. Center: comparison with cactus
plot. Right: number of timeouts.
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Figure 8.10: Times for CT queries on numeric planning problems. Left: scatter plot for
T-reduced d-DNNF vs T-AlISAT-based counting with MATHSAT. Center: comparison
with cactus plot. Right: number of timeouts for each method.

8.5.6 Results on CT Queries

Finally, we evaluate the performance on CT queries. Figures and show, for
the synthetic and numeric planning problems, respectively, scatter and cactus plots
comparing 7T -reduced d-DNNFs with 7-AlISAT-based counting using MATHSAT.

Synthetic benchmarks. (Figure Here, the advantage of T-reduced d-DNNFs
over SMT-based approaches is dramatic. While MATHSAT fails to solve several queries
within the timeout, 7-reduced d-DNNFs answer all queries in a fraction of a second.
As discussed, T-AlISAT-based CT answering is extremely expensive, whereas d-DNNFs
answer these queries in time linear w.r.t. their size. Overall, the results highlight the
potential of T-reduced d-DNNFs for queries that are intractable for standard SMT
approaches, amortizing the cost of compilation over many expensive queries.

Numeric planning benchmarks. (Figure[8.10) As with the synthetic benchmarks,
T-reduced d-DNNF's can answer all queries in a fraction of a second, whereas MATHSAT
fails to solve almost half of the queries within the timeout.
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Chapter 8. d-DNNF Modulo Theories

8.6 Limitations, Research Avenues, and Potential
Applications

In this section, we discuss the current limitations of our approach and outline promising
research directions for addressing them (Section . We then present several potential
applications for future investigation (Section [8.6.2)). In what follows, we assume that
pla] is a T-formula and

Ured = T-%dDNNFcompile(¢), e = T -xdDNNFcompile(p)

for some form of *d-DNNF.

8.6.1 Limitations and Research Avenues

Our proposed approach inherits the limitations of propositional d-DNNF's, particularly
the requirement that the (super)set of atoms a in the formula and in the queries
be known at compilation time. For SMT, this is much more limiting than in the
propositional case because new atoms that express new constraints on the 7 -variables in
the formula often appear at query time. Also, our approach requires that a complete set
Cla(p) of T-lemmas must be enumerated upfront, which may sometimes be a bottleneck.
To address these limitations, we outline some possible solutions that share a common
idea: a hybrid eager/lazy approach.

Queries with extra 7T-atoms. Queries involving extra 7T-atoms, i.e., not in «,
cannot be handled with our approach directly. For example, consider the CO problem of
checking the T-unsatisfiability of p A ed|,,, for g = A; 4;, and let B = Atoms(u) be a set
of T-atoms s.t. B\ & # (0. Thus 1 A t)red|,, is not necessarily T-reduced,,ps because some
N € Huo(red) can be such that A n is T-unsatisfiable. To make p A ¢req T-reducedayg,
we should compute and conjoin to it a set of novel 7-lemmas on o U 8 which rule out all
the T-unsatisfiable u A n’s s.t. n € Hq(1req). This would require (a) enumerating such a
set of T-lemmas, which may be expensive; (b) conjoining them to the compiled formula,
which would require recompiling the augmented formula from scratch unless the target
is, for example, an OBDD or SDD, which permits efficient conjunctive combination.

To cope with these scenarios, we can investigate hybrid eager/lazy querying techniques,
e.g., by enumerating the 7T -satisfiable partial assignments u; by very efficiently traversing
tred in an and-or fashion [125], invoking a 7 -solver on each (u A ;). To this end:

(i) as in the propositional case, a d-DNNF would restrict the enumeration to partial
assignments p; that propositionally satisfy 1.4, and the enumeration would be
very efficient;

(ii) with precompiled T-lemmas, the T-solver would check only the T -satisfiable
1i’s, and the T-solver could be customized to restrict its search only to conflicts
involving .

Analogous considerations may hold for 1 and for other queries as well.
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8.6. Limitations, Research Avenues, and Potential Applications

Coping with partially-enumerated 7-lemma sets. Our theory-agnostic 7-lemma-
enumeration strategies (Chapter [7)) are highly parallelizable, and leave several research
avenues for further improvements. Nevertheless, the upfront enumeration of a set Cl,(p)
of T-lemmas could still be a bottleneck for the whole process.

Suppose that, due to limited resources, it is not possible to produce a complete set of
T-lemmas Cl,(p) ruling out P,(¢), so that ¥, is not “completely T-reduced,”, that
is, Pp(tred) # 0. Therefore, its queries CO, CE, CT, ME, EQ, and SE can no longer be
reduced to their propositional counterparts.

This reduces to the same case as in the previous paragraph, and a hybrid eager/lazy
approach can benefit from Items |(i)| and here as well.

8.6.2 Potential Applications

This chapter opens many research avenues for developing and testing efficient proce-
dures supporting KC' Modulo Theories |147] functionality and for investigating their
applications. In particular, we envision extending techniques and applications from
propositional knowledge compilation to more expressive domains.

In propositional KC applications, a d-DNNF formula 1) = d-DNNF(¢) often encodes
some general knowledge base ¢, and the queries are applied each time to different
restrictions y; A 1|,,, where p; represents a list of truth-value assumptions on Atoms(y),
for many possible p;’s. We can extend this approach to the SMT level because pt; Ayeq

is still 7-reduced, (Lemma [E.2.1)).

Hi

Selective clause deduction. The original knowledge-base T-formula is often a
conjunction ¢ = A\; ©;j, where each subformula ¢, represents a distinct piece of knowledge.
Let ® = {y;},; different deduction queries may depend only on subsets ®;, C ®. To
support such selective queries, we can introduce fresh selection atoms A; and compile

O A (=4 V), Yy = T xdDNNFcompile(¢).

J

def

For a subset @y, let iy = Ayeq, Aj. Then, for any clause Ci;, Ay co, ¢; Er C; iff
e N =1 G it g A Yregly, =7 Cio Thus, after one compilation, many selective
clause-deduction queries can be answered efficiently: choose the desired subset ®; via
1, then check the resulting residual for B-inconsistency in polynomial time.

Probabilistic reasoning. In the propositional world, model counting is used as a
way of estimating probabilities of complex events ¢ encoded as propositional formulas
over random Boolean variables, typically using the format 1) = d-DNNF(y) to exploit
polytime model counting (CT), as follows:

#SAT(¥) #SAT (1 A Yl ,)

SAT
Pr(y) = oAl Pr(puAv) = S Pr(p | ) = # (A ly)

#SAT ()

(8.8)
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Chapter 8. d-DNNF Modulo Theories

where 11 = A, {; represents a set of assumptions over propositional atoms in 1. Hence,
one can efficiently compute these probabilities for many distinct assumption sets p;.

In many hybrid propositional /numerical domains, such as deterministic numeric
planning [230} 98|, the truth assignments to propositional atoms {A;}; are restricted by
theory-specific constraints, so that not all of the satisfying truth assignments to the A;’s
are possible. If so, Equation can be extended to hybrid systems:

 T-#SAT(¢) _ THSAT (A, ~ T#SAT(u A Y],)

= Tsarm) DAY = ey T = e eatw)

Pr(¢)

where ¢ = 9 and pu = A;/; represents a set of assumptions over (some of) the
propositional atoms in . (The “T-#SAT(T)” in the denominator of prior probabilities
denotes the count of T-satisfiable total truth assignments on a.) Thus, as with the
propositional case above, given )4, one can quickly compute such probabilities for
many different assumption sets ;.

To this end, we note that our framework straightforwardly extends to weighted
T-#SAT, also allowing us to consider a probability distribution over the propositional
atoms.

Volume Computation and Weighted Model Integration. Other frameworks
for probabilistic reasoning in hybrid propositional /numerical domains are based on the
enumeration of disjoint partial T-satisfiable assignments, e.g., #SMT(LR.A), i.e., volume
computation [141} |43], and WMI [13, 161} [204} 205] (see also Section |1.4]and Chapter [4)).
This suggests that polytime ME achieved with 7T-reduced d-DNNFs could be leveraged
to improve the efficiency of such procedures.

Planning and BMC. As also shown in Section d-DNNF's Modulo Theories can
be applied to temporal and numeric planning problems and, analogously, to SMT-based
Bounded Model Checking (BMC) problems. In these scenarios, we can compile a T -
formula encoding k steps of the system and then query it by checking, for example, the
reachability of different goal states, possibly while setting different initial states and con-
straining the actions taken at each step. Polytime quantitative planning reasoning [208]
can also be extended to SMT.

Optimization. We note that, in the propositional case, d-DNNFs also allow a
minimum-cardinality truth assignment to be computed in polytime, i.e., a truth as-
signment satisfying the formula with the minimum literal cost [183,|177]. This can be
exploited, e.g., to compute (weighted) MaxSAT [183, |177]. This fact suggests that our
framework could also be leveraged for polytime (weighted) MaxSMT problems.

8.7 Conclusions

In this chapter, we have introduced for the first time a formal framework for compiling
SMT formulas into T-equivalent d-DNNF 7T -formulas in a way that supports polytime
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8.7. Conclusions

SMT transformations and queries. The approach is theory-agnostic, independent of the
target d-DNNF language, and can be implemented on top of existing tools. In particular,
compilation relies on a lemma enumerator and a propositional compiler, both treated
as black boxes. Transformations and queries can be reduced to their propositional
counterparts and can be implemented by means of any propositional d-DNNF reasoner.
We have implemented our approach in a prototype tool and performed an experimental
evaluation on synthetic and real-world-inspired numeric planning benchmarks. The
results confirm the feasibility and effectiveness of our approach.

Remarkably, our approach inherits from propositional d-DNNF's the intrinsic limita-
tion that the (super)set of atoms in the formula and in the queries should be known at
compilation time. Relaxing this assumption is non-trivial, as it would require extending
the compilation process to handle incremental changes to the formula structure. This
limitation opens several promising directions for future work, including hybrid tech-
niques combining d-DNNF compilation and SMT solving, which we have discussed in
the chapter. Finally, we have outlined several potential applications of the framework,
highlighting its broader relevance beyond the benchmarks we have considered.
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Chapter 9

Conclusions and Future Work

This dissertation has investigated SMT enumeration as a versatile algorithmic tool
for solving a broad range of problems involving SMT constraints. The central insight
emerging from this work is that the practical effectiveness of SMT enumeration depends
not only on the efficiency of the underlying solver, but also on the representation of the
input formula, the form of the assignments being enumerated, and the way in which
enumeration is integrated into application-specific reasoning procedures.

A recurring theme throughout this dissertation is the importance of enumerating few,
short partial truth assignments rather than total ones. Producing compact assignments
requires more than an efficient enumeration algorithm: formula encodings, projection
strategies, and application-specific requirements all play a role in this process.

The first part of this dissertation studied how formula encodings affect enumeration.
We showed that standard CNF transformations may inhibit the generation of short partial
assignments. We then proposed a novel encoding that allows us to drastically reduce
both the number of enumerated assignments and the overall enumeration time. This
result highlights that encodings designed for satisfiability checking are not necessarily
suitable for enumeration.

We then applied these insights to Weighted Model Integration, developing a structure-
aware encoding and a specialized enumeration strategy that reduce the number of
integrals that must be computed. The resulting algorithm achieves a significant speedup
over state-of-the-art WMI approaches.

We also adapted partial-assignment enumeration to Optimization Modulo Theories
(OMT), developing OMT-specific assignment-reduction techniques that accelerate the
optimization loop. These techniques improve performance in both exact and anytime
OMT solving.

A related decomposition strategy was applied to Maximum A Posteriori inference,
where SMT enumeration partitions the feasible space into subproblems that can be
handled by external numerical optimizers. This makes it possible to address highly
nonlinear or implicitly defined objective functions that cannot be handled by standard
OMT procedures.

The dissertation further addressed the computation of a complete set of theory
lemmas that rule out all theory-unsatisfiable truth assignments propositionally satisfying
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a given SMT formula. To this end, we developed orthogonal and composable techniques,
including a parallelizable cube-and-conquer approach and projected enumeration on
subsets of atoms of the input formula. These methods substantially improve scalability
while preserving completeness.

Finally, the generated theory lemmas were used to formalize and implement a
framework for d-DNNFs Modulo Theories. By augmenting the input formula with
such lemmas, the framework provably supports polytime SMT transformations and
queries, including the counting and enumeration of theory-satisfiable assignments. This
is confirmed by experimental results showing that, for example, counting queries on
the compiled d-DNNF T-formula can be answered in negligible time, whereas the same
queries are prohibitively expensive for standard SMT-based approaches.

Overall, these contributions show that SMT enumeration should not be viewed as
an isolated solver functionality. Its effectiveness depends on several factors, from the
encoding of the input formula to the form of the enumerated assignments and their use
within application-specific procedures. Appropriate choices at these different levels can
improve performance by orders of magnitude without requiring modifications to the
underlying SMT solver.

Future Work

This work opens several avenues for future research.

First, the techniques developed in this dissertation for Weighted Model Integration
and constrained Maximum A Posteriori inference may enable the application of these
reasoning methods to a broader range of real-world problems. Further work should
investigate their scalability on larger and more complex instances, as well as their
integration into practical probabilistic reasoning systems.

The most promising directions, however, stem from our work on d-DNNFs Modulo
Theories, which opens a broader field of Knowledge Compilation Modulo Theories [147],
of which we believe we have only scratched the surface. As discussed in Section [8.6]
the framework can be extended and improved in several ways. In particular, more
efficient compilation techniques and a tighter integration with existing SMT solvers
could significantly improve its practical applicability. Another important direction is the
application of the framework to new reasoning tasks. Besides broadening its scope, new
applications may reveal additional requirements and suggest further improvements to
the compilation process, the supported queries, and the interaction with SMT solvers.
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Appendix A

On CNF Conversion for SAT and
SMT Enumeration

A.1 Proofs

A.1.1 Proof of Lemma [1.2.1]

NNF(p1 <> p2)  NNF(=(p1 < 92))

NNF(p1 A pa)  NNF(=(p1 A p2))

NNF(<P1) NNF(ﬁ .1) NNF(<P2) NNF (= 2) N-NF(%) NNF(ﬁ 1) N-NF(<P2) NNF(WF&)
(a) Case ¢ = @1 A . (b) Case ¢ = @1 ¢ 2.

Figure A.1: 2-root DAGs for the pair (NNF(¢), NNF(—g)) for ¢ = o1 A @y and ¢ =
1 <> 2 (those for p1 V ¢y and 1 — @9 are similar to the one for ¢ A 3).

Proof. NNF() is a subgraph of the 2-root DAG for the pair (NNF(¢), NNF(—¢)). We
prove that the latter grows linearly in size w.r.t. ¢ by reasoning inductively on the
structure of ¢ (The size of a DAG is denoted by “|...|")

if ¢ is an atom: NNF(p) = ¢ and NNF(—¢) = —¢, so that: [(NNF(¢), NNF(—¢))| =
2.

if o = —p1: we assume by induction that [(NNF(p;), NNF(=¢p1))| is linear in |¢|.
Then (NNF(p), NNF(=p)) = (NNF(—¢1), NNF(p1)) (i.e., we just invert the order),
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A.1. Proofs

so that

[(NNF (), NNF(=))[ = [(NNF(=¢1), NNF(p1))| = [(NNF (1), NNF(WJ?\A )

if o = (¢ ) s.t. >3 € {A, <+ }: we assume by induction that [(NNF (1), NNF (=)
and [(NNF(¢2), NNF(—¢2))| are linear in |¢;| and |¢s|, respectively. (See Fig-

ure [A.1):
if > is A: the DAGs for NNF(¢), NNF(=p) add 2 “A/V” nodes and 2 + 2 arcs:
NNF( @1 Aps ) e NNF( ¢1) ANNF( ¢5) and
NNF(=(¢1 A ©2)) = NNF(—¢;) V NNF(=g,), thus
[(NNF(¢), NNF(=¢))| = 6+|(NNF (1), NNF(=¢1))|+|(NNF(©2), NNF(=p2))|
(A.2)

if a1 is <»: the DAGs for NNF(¢), NNF(—p) add 3+3 “A”/“V” nodes and 6 + 6
arcs:

NNF( @1 <> 02 ) = (NNF(=p1) V NNF(3)) A (NNF( 1) V NNF(—,)) and
NNF(= (1 < ¢2)) = (NNF( 1) V NNF(02)) A (NNF(—0;) V NNF (=), thus

=9

[(NNF (), NNF(=))[ = 18+|(NNF(i01), NNF (=91 )) [+ (NNF(02), NNF(?KQ?))iy

if o = (¢ <) s.t. >3 € {V, —}: these cases can be reduced to the previous cases,
since

NNF (1 V 3) = NNF(=(=¢1 A —~¢2)) and NNF(p1 — 2) = NNF(=(01 A =¢3)).

Therefore, from Equations (A.1)) to (A.3]), we have that [(NNF(¢), NNF(—=p))| is O(|¢)).
[
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A.1.2 Proof of Lemma [3.2.1]

01 T|IT| T *|*x]=*|L|L|L

02| T« [ L|T|*|L|T]|=*|L

(1) Ll L L]*|*|*|T|T|T

OilgNwaly || Tl x| L|*|x| L] L]|L]|L
(,01|u V 902|u T T T T | x| T]=x*|L
Oily = @2l || T x| L] T ||« |T|T|T
Orlp > @l || T x [ L[| x| x| L|x|T

Figure A.2: Three-valued semantics of ¢|, in terms of {T, L, *} (“true”, “false”, “un-

known”).

In the following, the symbol “x” denotes any formula that is not in {T, L}. Follow-
ing [193| [194], we adopt a three-valued semantics for residuals ¢|, € {T, L, *}, so that
“pl, = *" means “p|, € {T,L}” and “p1|, = p2|,” means that the two residuals ¢;],
and ], are either both T, both L, or neither is in {T, L}. (Notice that, in the latter
case, ¢1|, = pa|, even if ¢1|, and |, are different formulas.) We extend the definition
to tuples in an obvious way: (©1]u, .-, @nlu) = W1lu, - - - Unly) i @il = 14|, for each
ie[l...n].

The three-valued semantics of the Boolean operators is reported for convenience in
Figure [A.2] As a straightforward consequence of the above semantics, we have:

(=)l = ~(wlu) (hereafter simply “—¢|,”)
(01 0 @a)| = Q1] X o], for e {A,V,—, <}

Also, the usual transformations apply: (o1 A ¢2)|, = =@1], V —palu, (@1 V @2)|, =

“@1lu A 2l (01 < 02)l = (@1l V 2l) A (il V —@2l,) and —(pr < p2)], =
(e1lu V 21u) A (1], V —p2l,). For convenience, we sometimes denote the complement

of ve {T,L,*x} byv,ie, 0= -w,sothat T=_1,1L=T,%=x.
We prove the following lemma, from which Lemma follows directly.

Lemma A.1.1. Consider a formula @, and a partial assignment p. Then:

(@l =plu) = (NNF ()., NNF (=)l ). (A.4)

Proof. As in Appendix [A. 1.1} we prove this fact by reasoning on the 2-root DAG for
the pair (NNF(¢), NNF(=¢)). Specifically, we prove Equation (A.4]) by induction on the
structure of .

if ¢ is an atom: then NNF(¢) = ¢ and NNF(—¢) = —¢, so that ¢|, = NNF(¢)|, and
¢y = NNF(=¢)] .
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if ¢ = —p;: we assume by induction that (1], =¢1,) = (NNF(p1)|,, NNF(=¢p1)],.).
Let v be s.t. (@|u, —¢|.) = (v,0). Then:

(@1ls p1lp) = (v, 0) &

(1l el = (0,0) &
(NNF( ©1)[u, NNF(—¢1)],.) = (0,0) &
(NNF(=1)], NNF( 1)) = (v, 0)

if 0 = (o) > ) s.t. > € {A, <3}: we assume by induction that

(@1lus ~@1ln) = (NNF(21)],; NNF(=1)[,0),
(2 ~palu) = (NNF(2)],;, NNF(22)] 1)

Then,
if b is A:
(o1 A p2) |y (1 A p2)l) =
(Pl A ol =1l V —pal) =
(NNF(1)], A NNF(02)],0; NNF(=¢1) [, V NNF(=02) [ ,) =
((NNF (1) ANNF(©2))].; (NNF(=g1) V NNF(=¢2))],.) =
(NNF (1 A 92)],0s NNF(= (1 A 92))] 1)
if a is <>
(o1 € @2)], (01 ¢ @a)l) =
(=1 V 02) A (1 V =92)) s (1 V 02) A (71 V wmm =
<(_“P1‘u v WQ‘M) A (901‘u \% _‘902’u>> (901‘u v 902|u) A (_‘901’u ‘u)> =

((NNF(=1) ] vV NNF(p2)[) A (NNF(p1)] v NNF(WQ mE
(NNF(p1)],e V NNF (@) ]) A (NNF (=) |, v NNF(=95)[,)

)
)
(((NNF(=1) VNNF(p2)) A (NNF (1) V NNF(=2)))]
)
)

((NNF(p1) VNNF(©2)) A (NNF(=01) VNNF(=2))) ) =

|
(NNF (01 <> ¢2)]us NNF(= (01 > 02))],1)-

if o = (¢ <) s.t. >3 € {V, —}: these cases can be reduced to the previous cases,
since NNF (1 V 92) = NNF(= (=1 A =p2)) and NNF (g1 — a) = NNF(=(1 A 22)).

]

Thus, {(¢]u, 7lu) = (NNF(@)].,, NNF(=¢)],.), so ¢|, = v iff NNF(¢p)|, = v for every
v € {T,L}; hence, Lemma holds.
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A.2 Additional Experimental Results

A.2.1 An Analysis of Candidate Solvers

In Table [A.T] we report an analysis of the features of every candidate AIISAT and
T-AlISAT solver, as discussed in Section [3.3.1]

Required features Mode
2 g 3 —_ — + g
T 5T ¢ EE =z
Solver Tg L: .% 5 2| @ 5 Notes
=z 4 5 =R §
RELSAT v v X X x| v X
GRUMBERG X v v v V| v V| Ex-postminim.
SOLALL ? v v v X| v X | Storein OBDD
JIN X x x v V| x /| AIG input
CLASP v /7 v X X| v X| ASP solver
P1coSAT v /X X X| vV X
=l Yu /O G A
% | BC VARV SRV RV
<| NBC v v/ X X X| vV X
BDD v /X v X X v | Store in OBDD
DEPBDD X v v v X| v X | Storein OBDD
Duavriza v v v v x| vV /| Dual reasoning
BASOLVER X v X v V| X /
ALLSATCC X v X v V| vV X
HALL v X x v v| v V| AIG input
TABULARALLSAT v v v v X vV X
DECDNNF v X x v x| v X | d-DNNF input
£ | MATHSAT VA VA RV
L1 azZ3 VAR S S VAR (
f\.: TABULARALLSMT v v v v X vV X

Table A.1: List of AIISAT and T-AlISAT solvers (rows) and supported features (columns).
(In the “Available” column, “X” indicates that the authors confirmed to us the unavail-
ability of their tool, whereas “7” indicates that they did not reply to our inquiry.)
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A.2.2 Experimental Results on Plain SAT and SMT Solving

In this section, we report the results of the experiments on plain SAT and SMT solving
with MATHSAT using the different CNF-izations. The plots in Figure show that
NNF+CNFp¢ does not bring any advantage for plain SAT solving, supporting the analysis

in Section B.3.5

— CNFpg NNF + CNFpg CNFs
300 20 ==
"5 250 200
é 200 é
2 = 150
2 150 S
= 2100
S 100 °
£ £
é 50 ER
. / z
0L 04 4
0 10 20 30 40 0 20 10 60 S0 0 100 200 300
Time(s) Time(s) Time(s)
(a) Boolean synthetic. (b) ISCAS’85. (c) AIG.
, 40
- 300 e E P
5 250 el
27 / %3
g / E
fg 150 gzu
0 // >
2 210
E 50 / E
1/ z
01/ 0
0 20 10 60 80 0 20 40 60
Time(s) Time(s)
(d) SMT(LR.A) synthetic. (e) WML

Figure A.3: Time taken for plain SAT and SMT solving using the different CNF
transformations. The y-axis reports the number of instances for which the solver finished
within the cumulative time on the x-axis.
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Appendix A. On CNF Conversion for SAT and SMT Enumeration

A.2.3 Experimental Results on d-DNNF-based Enumeration

The authors of [125] recently presented a tool named DECDNNF to enumerate all models
of a d-DNNF formula [62].

Following the D44+DECDNNF approach [125], we first compile the CNF-ization of
the input formula into a d-DNNF using the D4 compiler [126], and then enumerate its
models using DECDNNF. To avoid enumerating assignments to CNF labels, we perform
projected d-DNNF compilation onto the atoms A of the input formula, and then use
DECDNNF to enumerate the models of the projected d-DNNF'.

The results of the experiments on the Boolean benchmarks are shown in Figure [A.4]
We see that CNF+ is uniformly the best-performing CNF-ization, supporting the analysis
in Section [3.3.5

Syn-Bool ISCAS85 AIG
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 4‘.
108 g S S
= s s
t 6 L 06 L 06
5 10 S0 S0
o) e =
N
a ., g, g
el <10 w10
o o (@)
= 2 + 2 + 2
S 10 w10 w10
ES =
100 - 100 100 ‘ .
10" 100 10 10° 10° 100 100 10! 10° 10° " 10t 10t 100 108
CNFs (Size of TA) CNFpg (Size of TA) CNF7s (Size of TA)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ,," P PP NI P
_10° = 10° = 10°
z = =
£ e e
=R © 102 © 102
— ' L
Y = =
o (@) (@)
=2 0 + 0t + 40t
SR w 10 w 10
100+ - 10° - - 100 ‘
10° 10" 0 10° 10" 10° 10° 10° 10" 10° 10°
CNFs (Time (s)) CNFpg (Time (s)) CNFys (Time (s))

(a) Results for disjoint enumeration.
T.O. for disjoint AIISAT

Bench. Instances

CNF;, CNFpe NNF+CNFp¢
Syn-Bool 300 0 0 0
ISCASS85 250 15 16 27
AlIG 89 76 76 76

(b) Number of timeouts.

Figure A.4: Results on the Boolean benchmarks using D44+-DECDNNF. Plots in
compare CNF-izations by TA size (first row) and execution time (second row). Points
on dashed lines represent timeouts, shown in All axes use a logarithmic scale.
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A.2.4 Experimental Results on d-DNNF-based Model Count-
ing

We also tested the different CNF-izations for model counting using D4. Since CNFp¢
and NNF+CNFp¢ do not preserve the model count, we perform projected model counting
on the original atoms of the input formula. Even though this would not be necessary

for CNF, we apply the same procedure to ensure a fair comparison.
The results of the experiments on the Boolean benchmarks are shown in Figure [A.5]

We also observe that, for model counting, CNFy is uniformly the best-performing
CNF-ization, supporting the analysis in Section [3.3.5]

Syn-Bool ISCAS85 AIG
~ 10 ? 10* ? 10°
SRl © 102 © 102
T o] O
3w S T
= =
=2 =2
10° ¥ 10° 10°
10° 10" 10° 10° 10° 10' 10° 10° 10° 10* 10° 10°
CNFs (Time (s)) CNFpg (Time (s)) CNFrs (Time (s))
(a) Results for model counting.
T.O. for model counting
Bench. Instances | CNFy, CNFpc NNF+CNFp¢
Syn-Bool 300 0 0 0
ISCASS85 250 0 0 4
AIG 89 50 67 68

(b) Number of timeouts.

Figure A.5: Results on the Boolean benchmarks using D4 for model counting. Plots
in compare CNF-izations by execution time. Points on dashed lines represent

timeouts, shown in [A.5P All axes use a logarithmic scale.
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Appendix B

SMT-Enumeration Techniques for
Structure-Aware WMI

B.1 Description of the datasets for the DET experi-
ments

Table [B.1] describes the datasets used to train the DETs considered in Section 4.3.21 For
each dataset, we report the number of Boolean and continuous variables, the sizes of the
training and validation splits, and the size of the resulting DET in terms of the number
of internal nodes (conditions).

B.2 Details on the program fairness verification task

The population model pop (Algorithm is a probabilistic program with Gaussian priors,
modeling a distribution over real-valued variables: (i) ethnicity; (ii) colRank (rank of the
college attended by the person, where lower values are better); (iii) yExp (years of work
experience). In this population model, colRank is influenced by ethnicity. The decision
program dec (Algorithm takes colRank and yEzp as input and outputs hire. Notice
that, while dec does not have access to the sensitive condition minority = ethnicity > 10,
the program is still unfair (Figure due to the high importance attributed to colRank.
This can be amended by modifying the second condition to (5 - yExp — colRank > —5),
putting more emphasis on the years of work experience. This modification indeed makes
the program satisfy the fairness criterion with € = 0.1 given pop.
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Dataset |A| x| # Train # Valid Size
balance-scale 3 4 1875 205 5}

iris 3 4 450 50 3

cars 33 7 2115 234 14
diabetes 1 8 4149 459 28
breast-cancer 12 4 1650 180 13
glass2 1 9 970 100 7

glass 7 9 1280 140 7

breast 1 10 4521 495 31
solar 25 3 2522 273 13
cleve 17 6 2492 266 18
hepatitis 14 6 940 100 )

heart 3 11 2268 252 16
australian 34 6 6210 690 46
crx 38 6 6688 736 46
german 41 10 12600 1386 93
german-org 13 12 15000 1650 108
auto 56 16 2522 260 18
anneal-U 74 9 21021 2301 144

Table B.1: UCI datasets considered in our experiments. For each dataset, we report the
number of Boolean and continuous variables, the numbers of training and validation
instances, and the size of the resulting density estimation tree in terms of the number of
conditions.

Algorithm 17 pop ()
Output: colRank: college rank, yEzp: years of experience

ethnicity < N(0,10)

colRank <+ N (25, 10)

yExp < N(10,5)

if ethnicity > 10 then
colRank < colRank + 5

end if

return colRank, yFxp
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Algorithm 18 dec (colRank, yExp)
Input: colRank: college rank, yFExp: years of experience
Output: hire: hiring decision
if (colRank < 5) then
hire <— True
else if (yEzp — colRank > —5) then
hire «<— True
else
hire < Fualse
end if
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Appendix C

SMT Enumeration for MAP Inference
with Non-Convex Constraints

C.1 Particle, Constraint-Aware Adam Optimizer

We provide details on the particle-based, constraint-aware version of ADAM [11§], dubbed
PCADAM, that we present as a side contribution. We use PCADAM both as a baseline
to compare with, as well as a convex-polytope optimizer combined with PAMAP in the
data imputation experiments in Section [6.3.3] Given the constraints ¢, the density p,
and an initial batch of points Xy = {x",...,xM} PCADAM keeps track of the best
feasible solution found so far (lines [I{2). Then, for a fixed number of iterations, it
updates the batch of points using ADAM (line [5]). Next, it checks which of the new points
satisfy the constraints (line|7]) and updates the best solution found so far accordingly
(lines [8}{9). Finally, it returns the best solution found (line [L3).

Algorithm 19 PCADAM(p, p, it, Xp)
Input: ¢: LRA-formula; p: density function; it: iterations; &j: initial batch of points.
Output: |b: max. density; M: the model that achieves it.

b+ —00
M* 0
X+ XO
for : =1 to it do
X < update(X, Vp) {Gradient-based step}
for each x" € X do
if xM = ¢ and p(x™) > Ib then
Ib + p(x™)
M* — xM
end if
end for
: end for
: return M*, b

[ S e
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C.2. Details for SDD Experiments

C.2 Details for SDD Experiments

We provide additional experiments on the SDD dataset and on the configuration of the
optimization algorithms used in our experiments. We recall that for this dataset, we
learn the densities with PAL [124]. PAL densities are non-negative piecewise polynomials,
each piece being an axis-aligned box

b = [ll,ul] X X [ZN,’LLN] - RN (Cl)

over which the density is defined as

N

d
= Z:ai sj(xj)z, (C.2)

j=1

where each s;j(x;) is a cubic polynomial.

C.3 PaMap

C.3.1 Enumeration and Upper Bounds

For these densities, we implement the enumerator as follows. First, we compute the
upper bound for each spline piece (see below). Then we sort the pieces in decreasing
order of their upper bounds to increase the chances of pruning suboptimal pieces early.
Finally, we enumerate polytopes corresponding to each piece in turn, terminating when
the upper bound of the current piece is lower than the current best value.

An upper bound on the maximum of Equation (C.2)) over a piece ® can be computed
as follows:

d N
2
maxpe(d) < 2 o [ [ o(e) ©3)
d N
= max S;(x CcA4
Z: 1;["”36[137“]} ! ]) ( )

The critical points of s;(z;)? are the same as those of s;(x;), which can be computed
in closed form. Thus, we evaluate s;(z;) at its critical points within [[;, u;], as well as
at the interval boundaries [; and u;. The maximum squared value among these points
provides the desired bound. Figure shows how pruning works in practice on 10
sample trajectories from the SDD dataset.

C.3.2 SciPy’s Optimizers

For PAMAP(SciPy), we tried all combinations of global and local constrained optimizers
available in SciPy’s optimize library. The results are shown in Figure [C.2a]
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Figure C.1: Visualization of the PAMAP pruning process across 10 sample trajectories.
Each group shows the density (left), the computed upper bounds used for pruning
(center), and the polytopes analyzed by PAMAP(SHGO) thanks to pruning (right).
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From the plot, we can see that the fastest configuration combines SHGO as the
global optimizer with SLSQP as the local optimizer while achieving a relative error
comparable to that of the other configurations. Hence, this is the configuration we used
in our experiments.

C.4 PCAdam

To better understand the performance of PCADAM, we conduct experiments across
different hyperparameter configurations. We fix the learning rate to 0.1 and vary:

o N: number of parallel particles used in the optimization;
o 4t: number of iterations for each particle;

The results are shown in Figure [C.2b] As expected, all configurations report feasible
solutions, but the performance varies significantly. Since the SDD dataset is low-
dimensional (2D) and the feasible region is broad, PCADAM can find good solutions if
enough particles and iterations are used. However, this comes at the cost of increased
computation time.

C.5 OMT Encoding

OMT(NRA) solvers require the optimization problem to be encoded as a pair of a
logical formula and an objective function encoded as an N'R.A-term. While the logical
formula is directly given by the problem, multiple choices are possible for encoding the

objective function (C.2).
A first possibility is to encode it as a nested if-then-else expression:

Ite(®y, po, (x™M), Tte(P, pa, (x™M), .. .)) (C.5)

where each ®; is a piece of the PAL density. An alternative is to encode the objective as
a sum of if-then-else expressions:

Z Ite(®;, pa, (x™),0). (C.6)

To ensure that this encoding is well defined, the regions ®; must be mutually exclusive.
We enforce this by defining each region using left-closed, right-open intervals, except for
the final region along each dimension, which is closed on the right as well.

We tested both encodings using OptiMathSAT and CDCL-OCAC. Both OMT solvers
timed out on the first encoding without finding a solution. With the second encoding,
OptiMathSAT in anytime mode occasionally found a solution within the time limit
and exited with an error on the remaining runs. In contrast, CDCL-OCAC timed out
without finding any solution.

190



Appendix C. SMT Enumeration for MAP Inference with Non-Convex Constraints
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(a) PAMAP with different numerical optimizers from SciPy on the SDD dataset. Since the
best configuration is not eye-catching, we also show the median point for each configuration.
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Figure C.2: Experiments on the SDD dataset varying the numerical optimizers used by
PAMAP (top) and the PCADAM hyperparameters (bottom).
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Appendix D

A Theory-Agnostic Approach to
Theory-Lemma Enumeration in SMT

D.1 Proofs

D.1.1 Proof of Theorem [7.2.1]

Proof. Since BC,7(p) U Cly rules out Py(p), and since BC,7(p) rules out only 7-
satisfiable assignments on a’, every p* = p” [a’] A pB[a®] € P,(p) such that p” [a”]
is 7 -unsatisfiable is ruled out by some 7-lemma in Cl,,.
Since p” [a”] A pB[a®] is T-unsatisfiable iff p” [a”] is T-unsatisfiable, every p® €
P, () is ruled out by some T-lemma in Cl,.
[

D.1.2 Proof of Theorem [7.2.2]

Proof. Since BC,, () U Cl, rules out P,(y), and since BC,,(y) rules out only T-
satisfiable assignments on v, every p® = p;[a] A pa[as] € Pa(y) such that p[ay] is
T -unsatisfiable is ruled out by some 7 -lemma in Cl,.

Symmetrically, we have that every p® = p, [a] A polas] € Po(p) such that ps|aw] is
T -unsatisfiable is ruled out by some 7-lemma in CL,.

Thus, since a; and oy do not share variables or uninterpreted symbols, by Fact
Clo U CI, Tules out Py(p). O

D.2 Experimental Evaluation: Additional Details

D.2.1 Encoding of Numeric Planning Problems

In the original encoding [173], each action at a given time step is represented by a
Boolean atom indicating whether the action is applied, together with additional atoms
encoding the values of its parameters. However, when an action is not applied, the
values assigned to its parameters are semantically irrelevant. As a consequence, two
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truth assignments may differ only in the parameter values of an inactive action while
still representing the same actual plan.

This can lead to overcounting in plan counting and enumeration. For example, if
Qmove_block left 1S false, then assignments that differ only in the value of priove biock iefi1
should not be considered distinct plans, since the corresponding action is not executed.

To remove these spurious distinctions, we modify the encoding by forcing the
parameters of inactive actions to take a fixed default value. In particular, for each action
and each of its parameters, we add constraints of the following form:

QAmove__block__left,1 — (pmoveiblockileft,l - 0)

where 0 is the chosen default value for the parameter. This modification does not
affect satisfiability because the parameter values of inactive actions do not influence the
semantics of the plan. Therefore, every plan admitted by the original encoding is still
admitted by the modified encoding, and vice versa. The only effect is that assignments
that previously differed only in irrelevant parameter values are collapsed into a single
canonical representative.

This change is mainly motivated by plan counting and enumeration, where we
want the number of models to correspond more closely to the number of semantically
distinct plans. In addition, the same constraints reduce the search space for 7-lemma
enumeration.
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Appendix E

d-DNNF Modulo Theories:
A General Framework for Polytime

SMT Transformations and Queries

E.1 A Survey of SMT-Level KC Compilers

In Table [E. I we summarize the SMT-level compilers analyzed in Section 2.7 Most tools
are theory-specific, and potentially T-canonical DDs are available only for EUF, though
their canonicity has not been proved. Except for LDDs [36], none of the analyzed tools
is directly available.

Compiler Theory Avail. T-consistent Canonical
EQ-BDDs [84] g * X
GoEL-FM [96, 95| & X ?
GOEL—@ij [96, 95] £ X X X
BRYANT [34] & X ?
EUF-BDDs |225] EUF * X
A (0,8,=)-BDDs [§] {0,8,=} X X
A DDD (158 DL X X
LDD |[36] LIRA X X
CHaN [40] NRA X X
HARVEY [65] any X X
FONTAINE [81] any X X
BDD+SMT (35, [46] any * X
A
a XSDD |72, [120] LRA * X X

Table E.1: SMT-level KC compilers. In Avail., v/, X, and * mean, respectively, that
the tool is publicly available, unavailable, or implemented within another tool and not
usable. In Canonical, “?” means that the DDs may be canonical, but it was not
proven.
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E.2 Proofs

In what follows “Proposition” denotes facts that follow directly from the definitions,
whereas “Lemma” and “Theorem” denote facts for which we provide a proof explicitly.

E.2.1 Some Auxiliary Propositions and Lemmas

Proposition E.2.1. Let p[a], ¢1]a], and ps[a] be some T -formulas. We have that:
(a) Ho(p), Ho(—¢), Palp), Pa(—p) are all pairwise disjoint;
(b) Ha(p) U Ha(~p) U Pua(p) U Pa(mp) = Ho(T) U Pa(T) = 2%

(
(
(c) H( 1 A p2) = Ho(p1) N Ho(p2); Palp1 A pa) = Pao
( H, H, gp) P
Ho(

a

1v<,02) (1) U Ha(p2); PalerV p2) =
—p) = Ho(T) \ Ha(p); Pa(=p) = Pa(T) \ Palp);

(d) o is T-unsatisfiable if and only if Hy(p) = 0;

(e) o is B-unsatisfiable if and only if Ho(0) = 0 and Py(p) = 0;
(f) ¢ is T-valid if and only if Hy(—p) = 0;

(9) ¢ is B-valid if and only if Ho(—p) = 0 and Pa(—p) = 0;

(h) o1 =1 02 if and only if Ha(p1) = Ha(p2);

(i) p1 =g @2 if and only if Ha(p1) = Ha(w2) and Pa(p1) = Pa(p2);
(1) 1 BT 2 if and only if Ha(p1) C Ha(p2);

(k) o1 = w2 if and only if Ha(p1) € Ha(p2) and Po(p1) € Pa(p2).

Proposition E.2.2. Consider a T -formula ¢ and two supersets of Atoms(y), a, o’
such that o # o'. We have that:

(a) Ho(p) # Ha () unless Ho(p) = Hor ()
Po(p) # Por(p) unless Po(p) = Por(p) =

(b) \/nEHa(@) n i[ﬁg Vn’GHa/(go) 77/ unless Ha((p) = Ha/(SO)
VpEPa(go) P %B Vp’EPa/(cp) pl unless Pa(‘P) = Pa’(@) =

)

(C) \/T]EHa(go) n=r \/n’EHa/(cp) 77,7
VpePate) P =T Vper o) P =1 L.

(d) Ha(T) # Ha(T), Pa(T) # Por(T).
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Lemma E.2.1 (7T-reduction of |, A (). Let pla] be a T -reduced, T -formula,
and let ¢ be a literal on a. Then |y AL is T -reducedy,.

Proof. plg Nl =g @ AL. Then Py(pls ANl) = Py(p A) C Py(p) = 0. Thus, p|, AL is
T-reduced,,. N

Lemma E.2.2 (T-extension of -/ V ¢|, and ¢V (|, A {)). Let pla] be a T -
extendedy T -formula, and let ¢ be a literal on c. Then =€V |, and =€V (p|e A L)
are T -extended,.

Proof. Let ¢ be T-extended,. Then —¢p is T-reduced,. By Lemma [E.2.1] (=¢)|e A € is
T-reduced,. Thus, =(=(¢|e) A €) is T-extended,s. Since =(=(ple) Al) =g @[V~ =p
(ple AN O)V =L, both =0V |, and =LV (¢ A £) are T-extended,,. O

Lemma E.2.3 (7-literal implication check with a 7-extended, 7-formula).
Let pla] be a T -extended, T -formula. Let £ be a literal in o. Then € =1 ¢ if and

only if 1 = ¢.

Proof.

¢ =7 ¢ if and only if =0 V ¢ is T-valid, that is, if and only if =¢ V ¢|, is T-valid.

( |= ¢ if and only if =€ V ¢ is B-valid, that is, if and only if ¢V ¢|, is B-valid.

By applying Lemma we have that =0V ¢|, is also T-extended,,.

Thus, by Lemma [E.2.12] =¢V |, is T-valid if and only if it is B-valid.

Combining the three facts above, £ =7 ¢ if and only if ¢ = . O
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E.2.2 Proof of Theorem 8.2.1]

The item CD follows straightforwardly from Definition [8.2.1, The items ABC, VBC,
and —C follow from Definitions [8.2.1] and [8.2.2| and Proposition Item [(c)]
We prove SFO in the following lemma.

Lemma E.2.4 (SFO: forgetting on 7-reduced, formulas). Let ¢p[a] be a
T -reducedy, T -formula, and let o be a T-atom in o. Then Ja.p is T-reducedu (o) -

Proof. By definition of existential quantification, Ja.¢ =p ¢|a V ¢]-a-
By item CD in the theorem, ¢|, and ¢|-, are both T-reduceda o}
Then, by item VBC, ¢|q V ¢|-a is T-reduceda {a}- O

E.2.3 Proof of Theorem 8.2.2

The items CO, CE, EQ, SE, CT, and ME of Theorem [8.2.2 are proven by Lemmas [E.2.5]
£.2.6, [£.2.7 [E.2.8 [E.2.9] and [E.2.10| respectively.

Lemma E.2.5 (CO: T-satisfiability of T-reduced,, formulas). Let p[a] be a
T -reducedy, T -formula. Then o is T -satisfiable if and only if it is B-satisfiable.

Proof. By Proposition Item [(d)] ¢ is T-satisfiable if and only if Hq(p) # 0.

By Proposition Item [(e)] ¢ is B-satisfiable if and only if Hq(¢) U Pa(p) # 0.
P,(¢) = 0 because ¢ is T-reduced,, thus ¢ is T-satisfiable if and only if it is B-
satisfiable. O

Lemma E.2.6 (CE: T-entailment with a 7-reduced,, 7-formula). Let p[a]
be a T -reducedy, T -formula. Let C' be a clause on . Then ¢ =7 C iff ¢ = C.

Proof. Let i be the cube such that y =g —-C'. Then:

¢ =7 C if and only if ¢ A p is T-unsatisfiable, that is, if and only if @[, A p is T-
unsatisfiable.

¢ = C if and only if ¢ A g is B-unsatisfiable, that is, if and only if ¢[, A p is B-
unsatisfiable.

By iteratively applying Lemma to all literals in p, we have that @[, A p is also T-
reduced,. Thus, by Lemma @], A is T-satisfiable if and only if it is B-satisfiable.
Combining the three facts above, ¢ =7 C' if and only if ¢ = C. O

Lemma E.2.7 (EQ: T-equivalence of T-reduced,, formulas). Let ¢1[a] and
pala] be T-reducedy T -formulas. Then ¢1 =7 s if and only if 1 =p ps.

Proof. By Proposition Item 01 =7 @y if and only if Hy(p1) = Ha(p2).
By Proposition Item 1 =p o if and only if Hy(p1) = Ha(p2) and Py(p) =
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Po(p2).
Po(¢1) = Palpa) = 0 because ¢1 and ¢y are T-reducedy,.
Thus, ¢1 =7 o if and only if 1 =p vs. [

Lemma E.2.8 (SE: T-entailment of 7-reduced, formulas). Let ¢1[a] and
pala] be T -reducedy T -formulas. Then @1 =1 s if and only if 1 = ps.

Proof. By Proposition [E.2.1] Item ©1 7 @9 if and only if Hy (1) € Ha(ps).
By Proposition Item [(k)| 1 = o if and only if Ha(p1) € Ha(p2) and Pu(p1) C

Po(p2).
Po(¢1) = Palpa) = 0 because ¢1 and ¢y are T-reducedy,.

Thus, ¢1 7 @9 if and only if ¢ = ¢o. O

Lemma E.2.9 (CT: T-#SAT of T-reduced,, T-formula). Let ¢[ax] be a T -
reducedy, T -formula. Then T-#SAT (p) = #SAT(¢P).

Proof. By Definition for an arbitrary 7-formula ¢, #SAT(¢P[a]) = [Ha(p)| +
|Pa(p)]. If ¢ is T-reduced,, then |P,(¢)] = 0. Thus T-#SAT(¢) = |Ha(p)| =
#SAT (¢7). O

Lemma E.2.10 (ME: T-consistent truth assignment enumeration for
T-reduced,, T-formulas). Let p[a] be a T -reduceds T-formula. Then T-AlISAT (¢)
is the refinement of AlISAT (pP).

Proof. For an arbitrary formula ¢, the refinement of AlISAT(¢?) is Ha(p) U Pa(p
Since ¢ is T-reduced, so that Py (p) = @) by Definition [8.2.1] it reduces to Hu(y)
T-AIISAT ().

~—

Ol
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E.2.4 Proof of Theorem 8.2.3

The item CD follows straightforwardly from Definition 8.2.2] The items ABC, VBC,
and —C follow from Definitions [8.2.1f and [8.2.2| and Proposition Item [(c)]
We prove SFO in the following lemma.

Lemma E.2.11 (SFO: forgetting on 7-extended, formulas). Let p[a] be a
T -extended, T -formula, and let @ be a T -atom in a.. Then 3. is T -extendeda {q) -

Proof. By definition of existential quantification, Ja.¢ =p ¢|a V ¢|-a-
By item CD in the theorem, ¢|, and ¢|-, are both T-extendeda ()
Then, by item VBC, ¢|q V ¢|-a is T-extendeda (a3 - O

E.2.5 Proof of Theorem 8.2.4]

The items VA, IM, EQ, and SE of Theorem [8.2.4] are proven by Lemmas [E.2.12] [E.2.13]
and respectively.

Lemma E.2.12 (VA: T-validity of T-extended, 7-formulas). A T -extendedy
T -formula p|a] is T-valid if and only if it is B-valid.

Proof. (If case) A B-valid T-formula ¢ is obviously also T-valid by definition.

(Only if case) Hy(—¢) = 0 because ¢ is T-valid (Proposition Item [(T)). Pa(—¢) =
() because ¢ is T-extended, (Definition [8.2.2)). Thus —¢ is B-unsatisfiable, so that ¢ is
B-valid. L

Lemma E.2.13 (IM: T-implicant check with a 7-extended, 7T-formula).
Let p[a] be a T-extended,, T -formula. Let pu be a cube on a. Then p =1 ¢ if and

only if = .

Proof. Let u = AL, {; for some n > 1. We show that A"_, ¢; =1 ¢ if and only if

A, ¢; Eg ¢ by induction on n:

(base): By Lemma [E.2.3} if n = 1, then ¢, =7 ¢ if and only if ¢ = ¢.

(step): We recall that =0V ¢ =5 =0V ({ AN ) =g LV (LAl =p LV ¢l (Lemma

A7 in [62)).

Nizy G =7 @ if and only if APSE f=r (2, V @), if and only if AZZH 4 = (<0, V @le,)-
" 4 | e if and only if AP = (20, Vo), if and only if AT 4 (4 V oole,).

By Lemma [E.2.2, (=4, V ¢|,,) is T-extended,,.

Thus, by induction, A= 4; =7 (=4, V ©le,) if and only if AT 4 = (=4, V @|s, ), that

is, Airy 4 =7 @ if and only if Al {; = . O
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Lemma E.2.14 (EQ: T-equivalence of T-extended, formulas). Let ¢;[a] and
pala] be T-extended,, T-formulas. Then o1 =1 o if and only if p1 =p @a.

Proof. By Definition [8.2.2] —¢; and —¢s are T-reduced,,.
Thus, by Lemma [E:22.7] -1 =7 —¢s if and only if —p; =5 —ps.
Therefore, 1 =7 o if and only if ¢ =p @s. [

Lemma E.2.15 (SE: T-entailment of 7-extended, formulas). Let p;[a] and
palar] be T-extended,, T-formulas. Then o1 =1 o if and only if 1 B ¢2-

Proof. By Definition [8.2.2] —p; and -9 are T-reduced,.

Thus, by Lemma [E.2.8) =y =7 ¢y if and only if —¢y g 1.
Therefore, p1 =7 @9 if and only if ¢ =g @o. O

Comparing Lemmas [E.2.14] and [E.2.15] with Lemmas [E.2.7] and [E.2.§| respectively,
we note that the same property holds for both 7-reduced,, and 7T -extended, pairs of
T-formulas. This is unsurprising because p; = ¢y if and only if —¢p; = =y and that

1 = o if and only if -9 = —¢.
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E.2.6 Proof of Theorem 8.2.5

Proof. By construction, all Cy’s in Cla(p) are T-valid, so that Ac,e i, (p) Cr is T-valid.
Thus:

(i) By (8.2)), Treda(v) =7 ¢ because all C’s are T-valid.

(ii) By (8.2), Treda(y) =5 .

(iii) By Item [D)} Ha(Treda(¢)) = Ha(p); by Item [(ii)] Pa(Treda(p)) C Palyp). Con-
sider any p; € Pa(p). By Definition , p; Er —C; for some C; € Cly(p).
Since p; is a total assignment on «, p; K= C), that is, p; s Treda (), that is,
pj & Pa(Treda(p)). Thus P,(Tredq(¢)) = 0, that is, Treds(y) is T-reduceds,.

]

E.2.7 Proof of Theorem [8.2.6

Proof. Comparing (8.2) and (8.3), we see that Texty(p) =g —Tredo(—p). Thus,
Items [(i)] and follow directly from Theorem [8.2.5| O
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E.2.8 Proof of Theorem

We first prove the following lemma.

Lemma E.2.16. Let a and B be disjoint sets of atoms and let A and B denote
their Boolean abstraction. Let o[ar] be a T-formula. Let Ol g(0)= {Cy,...,Ck} be
a set of T-lemmas on acU B that rules out Py(p). Then we have that:

wATB. N CP= \ o (E.1)

C1€Cla,a(¥) ni€Ha(p)

Proof. Since Cly g(p) rules out P, (p), we have

\/ Pj A /\ Ol =B J_, (EQ)
p;i E€EPa(p) C1eClq,g(w)
that is: \V ool A N O = 1, (E.3)
P EPa(p) C1€Cla g(p)
equivalently: V B A3B. A 7 = 1, (E.4)
P €Pu(yp) C1€Clq,p(p)

Let ©* = 3B. NC1eCla 5(0) C?. Since the 1;’s in Ha(yp) are all total on a, then for each
n;, either P = ©*F or nf = —p*P. The latter is not possible, because it would mean that
n’ A |= L, and hence, by (E.4), 7; € Pa(¢), which would contradict the fact that
Hu,(p) and P,(yp) are disjoint. Thus, we have

V ZE3B. A (£:5)

ni€Ha (o) CiE€Cly p(p)

Hence, we have

e’AIB. N\ T

C1€Clq g(p)

by (7.1): = V v pﬁ’) ATB. A\ CF

Ni€Hea () pj€Pa(p) C1€Cla g(p)
ANVa=L ) 7l ATBL A Cf) v ( V iAdB. A C{’)

mEHa(<P) Clec’la,ﬁ(sé?) ijPa(sO) CleCla,ﬁ(ﬂp)

by (E.4): = VP ATB. A Clp)
ni€Ha(p) C1€Cly g ()

by @3): =

ni€Ha(p)

This leads to the proof of Theorem [8.2.7]
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Proof. By construction, all Cj’s in Cla (¢) are T-valid, so that A¢,ecn, 4(p) Cr s T-valid,
so that 38. Ac,ecu, y(p) Ci i T-valid. Thus:

(i) By Lemma |E.2.16, Treda(¢) =B Vi,en. ) 1 =T ©-
(i) By (B.4), Treda(y) k=5 ¢.
(iii) By Lemma |E.2.16} Treda(¢) =B Vi,em. (o) M, 50 that Treda (@) is T-reducedy.

]

E.2.9 Proof of Theorem [8.2.8

Proof. Comparing (8.4) and (8.5), we see that Texty(p) =g —Tredo(—p). Thus,
[tems , and follow directly from Theorem m m
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E.2.10 Proof of Theorem [8.3.1
Proof.

(a) [CO] By Lemma [E.2.5, ¢ is T-satisfiable iff it is B-satisfiable, which can be
computed in polynomial time w.r.t. the size of ¢ for a d-DNNF formula [62].

(b) [CE] By Lemma [E.2.6 ¢ =7 C iff ¢ = C, which can be computed in polynomial
time w.r.t. the size of ¢ and C for a d-DNNF formula [62].

(c¢) [CT] By Lemma T-#SAT (¢Y[a]) = #SAT (¥P|a]), which can be computed
in polynomial time w.r.t. the size of ¢ for a d-DNNF formula [62].

(d) [ME] By Lemma [E.2.10, T-AlISAT (¢[ax]) = AlISAT (¢*[ex]), which can be com-
puted in polynomial time w.r.t. the size of ¢/ and the number of output models for

a d-DNNF formula [62].

E.2.11 Proof of Theorem [8.3.2
Proof.

(a) [EQ] By Lemma [E.2.7, 1y =7 15 if and only if 1; =g 15, which can be computed
in polynomial time w.r.t. the size of ¥; and v for the listed NNF formulas [62,

60).
(b) [SE] By Lemma [E.2.8] 11 =7 19 if and only if ¢ =g 19, which can be computed

in polynomial time w.r.t. the size of ¥; and v, for the listed NNF formulas [62,
60].

E.2.12 Proof of Theorem [8.3.3
Proof.

(a) [VA] By Lemma [E.2.12] ¢ is T-valid iff it is B-valid, which can be computed in
polynomial time w.r.t. the size of ¢ for a d-DNNF formula [62].

(b) [IM] By Lemma [E.2.13| p =7 ¢ if and only if p = 1, which can be computed in
polynomial time w.r.t. the size of ¢ and u for a d-DNNF formula [62].
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E.2.13 Proof of Theorem [8.3.4
Proof.

(a) [EQ| By Lemma [E.2.14] ¢); =7 15 if and only if ¢y =g 19, which can be computed
in polynomial time w.r.t. the size of ¥, and v, for the listed NNF formulas |62,
60].

(b) [SE] By Lemma [E.2.15) ¢y =7 1y if and only if 11 g 102, which can be computed
in polynomial time w.r.t. the size of ¥, and v, for the listed NNF formulas |62,
60].

O
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