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Quantum optimization is emerging as a prominent candidate for exploiting the capabilities of near-term
quantum devices. Many application-relevant optimization tasks require the inclusion of inequality constraints,
usually handled by enlarging the Hilbert space through the addition of slack variables. This approach, however,
requires significant additional resources especially when considering multiple constraints. Here, we study an
alternative direct implementation of these constraints within the quantum approximate optimization algorithm,
achieved using qudit-sum gates, and compare it to the slack variable method generalized to qudits. We benchmark
these approaches on three paradigmatic optimization problems. We find that the direct implementation of the
inequality penalties vastly outperforms the slack variables method, especially when studying real-world inspired
problems with many constraints. Within the direct penalty implementation, a linear energy penalty for unfeasible
states outperforms other investigated functional forms, such as the canonical quadratic penalty. The proposed
approach may thus be an enabling step for approaching realistic industry-scale and fundamental science problems

with large numbers of inequality constraints.

DOI: 10.1103/3196-41xf

I. INTRODUCTION

In recent years, quantum optimization [1,2] has emerged
as a highly promising field within near-term quantum com-
putation, as it may help to solve combinatorial optimization
problems prevalent in both physics and industrial applica-
tions. Examples include Max-Cut, k-sat, and various portfolio
management, scheduling, and assignment problems. These
problems have in common that they are formulated as a
quadratic unconstrained binary optimization (QUBO) prob-
lem [3,4], where the cost function C(x) is defined on the
boolean cube and the objective is to find a string x € {0, 1}V
that minimizes or maximizes C(x). Numerous quantum algo-
rithms have been developed to tackle these optimization tasks,
leveraging different concepts such as adiabaticity, employed
in quantum annealing [5,6], or the variational principle, at the
basis of the Variational Quantum Eigensolver [7-10] or Quan-
tum Approximate Optimization Algorithm (QAOA) [11,12].
These algorithms are formulated in terms of a cost Hamilto-
nian, which is the matrix representation of the QUBO cost
function. For realistic applications, a central aspect of the
problems studied with quantum optimization algorithms is
given by the presence of (typically many) linear constraints.
See Ref. [13] for a recent example from the electromobil-
ity domain. Equality constraints are commonly implemented
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in quantum optimization routines by adding penalty terms
to the cost Hamiltonian, analogous to classical penalty
functions in constrained optimization approaches. However,
many constraints in realistic applications are given in the form
of inequalities. In a formulation such as QUBO the standard
method for inequality constraints requires the introduction of
additional slack variables in the cost Hamiltonian. Compared
to equality constraints, which do not require any auxiliary
variables, this constitutes a significant overhead and limits the
approachable problem sizes as well as the achievable solution
performance. Therefore, the current approach to the inclusion
of inequality constraints represents a major bottleneck for re-
alistic quantum-optimization protocols, in particular for their
implementations on current noisy intermediate-scale quantum
(NISQ) hardware.

In this paper, we focus on incorporating Hamming-weight
inequality constraints in QAOA, a variational quantum al-
gorithm suitable for NISQ devices. We propose a quantum
circuit that adds energy penalties to the Hamiltonian, which
produces additional phase shifts to the unfeasible states. This
circuit utilizes additional ancillary qudit and qudit sum gates
without requiring additional slack variables. We discuss the
necessary resource scaling in terms of qudit levels and gates,
and compare it to the standard constraint-handling approach
based on slack variables. We illustrate the direct energy
penalty on three different problems: a randomly interacting
Ising spin model, a constrained state sampling problem, and
an electric vehicle (EV) charging problem [see Figs. 1(a)
and 1(b)]. We benchmark its performance against the qudit
slack-variable approach using exact numerical simulations of
a QAOA protocol [Fig. 1(c)], demonstrating that the func-
tional form of the energy penalty plays a crucial role in the
efficiency of the quantum optimization protocol. In particular,
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FIG. 1. Schematic representation of the aspects of an electric
vehicle (EV) charging problem as a typical realistic optimization
problem. (a) Sketch of the problem structure where n =1...Ngy
EVs need to be charged over a period of t =1...7T time steps.
Each EV n is represented by a set of binary variables x,,, indicating
whether it is being charged at time 7. The charging energy of a given
EV at the end of the schedule is E, (horizontal red square), while the
total power provided at any time is E; (vertical red square). (b) The
optimization problem amounts to minimizing the total cost C, given
as the sum of costs at each time step ¢,, under several constraints: The
maximal charging power at each time step cannot exceed a given
value E,x and the charging energy of each EV needs to exceed a
minimum value E; at the end of the schedule. (c) Schematic repre-
sentation of the QAOA procedure. After initialization, the quantum
register is subject to p layers consisting of the alternating application
of a Hamiltonian representing the cost function, Hc, and a non-
commuting “mixer” Hamiltonian, Hy;. The corresponding rotation
angles y, B are variational parameters that are iteratively updated in
interplay with a classical optimizer until the measured cost function
converges to low values. (d) In this work, we propose to add a penalty
term to the cost Hamiltonian H, for each inequality constraint P, (x),
x = (x1.1,X12, ...)". The penalty vanishes on feasible (constraint-
obeying) configurations while it adds an additional cost to unfeasible
(constraint-violating) configurations. Suitable choices are functions
that increase as a power law with increasing constraint violation with
power a. Importantly, the penalty can be implemented without the
need for slack variables.

we find that a linear penalty function consistently outper-
forms constant and quadratic forms [Fig. 1(d)]. Moreover, the
flexibility in choosing the functional form of the direct energy
penalty allows for further optimization. Finally, we show that
the proposed direct unitary method surpasses the qudit slack
variable method, especially in scenarios involving multiple
constraints.

This enhancement is facilitated by tapping into the rapid
recent developments in qudit quantum information process-
ing. Precise and universal control of quantum systems with
d > 2 levels has been realized on various platforms ranging
from trapped ions, over neutral atoms, to superconducting
systems [14-21]. By compressing quantum information into
higher-dimensional objects, the use of qudits is particularly
appealing in the NISQ era, where even a constant or poly-
nomial saving of resources can have a significant effect.
The usefulness of qudits has been discussed, for example, in

the context of combinatorial quantum optimization problems
[22-25], where the natural description is in terms of d-ary
integer variables x; € {0, ..., d — 1} rather than only binary
variables. Our results illustrate another useful application by
using ancilla qudits to implement inequality constraints as a
direct energy penalty in the cost function, which may generate
a significant performance advantage for realistic optimization
problems.

The remainder of this paper is organized as follows.
In Sec. II, we recap QAOA for qubit and qudit systems. In
Sec. III, we discuss possible ways of imposing constraints on
the solutions of the problem. In particular, we compare their
resource scaling for the standard approach via slack variables
and the method that is the main subject of this study, the
inclusion of a nonlinear energy penalty in the cost function.
Section IV presents a numerical study of the approaches
described in previous sections, showing the beneficial perfor-
mance of the direct approach to constraints through diagonal
unitaries. We present our conclusions in Sec. V.

II. REVIEW OF THE QAOA

The QAOA [11,12,26] is a hybrid variational quantum
algorithm [1,7] designed to solve combinatorial optimization
problems. Its schematic is shown in Fig. 1(c). Given a cost

function C(x) of N classical variables x = (xy, ..., xy), the
QAOA aims at finding the solution to
min C(x), (1)

xe{0, 1}V

yielding the corresponding optimal configuration x;,. For
now, we assume, as usual, the variables to be binary, x; €
{0, 1}. Extending this scheme to multilevel qudits is straight-
forward and is described below. An important class of
problems that is usually addressed with the QAOA consists
of QUBO problems whose cost function is expressed as

N
Cex)=4x"Jx =4 Jimix;, )

i,j=1

where J is a symmetric and real N x N cost matrix, and
where we included a factor of 4 for convenience. Such QUBO
problems are important for industrial applications, as many
paradigmatic problems can be mapped onto such a form [4,6],
as well as for physics questions given their equivalence to
Ising Hamiltonians.

In order to solve the problem using quantum computation,
one promotes the classical variables to operators acting on a
Hilbert space H¢e = C?V. This is usually defined as

140!
i =, 3
X = — 3)

where ozi is the z-Pauli spin operator for qubit i. The cost
function C(x) is promoted to a Hamiltonian H¢ by replacing
each variable with the corresponding operator, as indicated in
Eq. (3). Each state of the computational basis {|x)} represents
a classical bit string x and Hc is diagonal in this basis with
eigenvalues C(x):

He |x) = C(x) |x) . “
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The solution of the optimization problem is thus encoded in
the ground state of the Ising Hamiltonian

HC = Z]ijaizaf + Zh[UiZ s (5)
ij i

where h; =2 Z]jyzl Jij.
The QAOA ansatz for finding the ground state of Hc con-
sists in preparing a parametrized trial state

[V (e, B)) = Ulex, B) [¥0) . (6)

generated by alternating parametrized unitaries in the follow-
ing way:

P
Ula, B) = [ JeHeein ©)

=1

In the above, |y) is usually taken to be % > . |x), with

D = dimH¢ = 2" the Hilbert space dimension and |x) all
the possible states of the computational basis. A schematic
representation of this circuit is shown in Fig. 1(c). Apart from
a diagonal cost Hamiltonian Hc, the state is acted on with
a nondiagonal mixing operator Hy,, which has the role of
inducing transitions between the different states. It is thus fun-
damental that the mixing operator and the cost Hamiltonian
do not commute, i.e., [Hc, Hy] # 0. Due to the formulation
of cost Hamiltonians in terms of Pauli o, operators, the most
common mixer has the form Hy, = Zi o}, which is also used
in this work. The depth of the ansatz is defined by the integer
hyperparameter p, also known as the number of layers of the
algorithm. The expectation value of the cost Hamiltonian is
calculated with the trial state of Eq. (6) as

E(e, B) = (¥ (et, B)|Hc| Y (e, B)) - ®

The set of 2p variational parameters (e, ) is used to minimize
the expectation value by a classical optimization routine. Due
to the variational principle, this value is ensured to be an upper
bound to the ground-state energy of H.

It is rather straightforward to generalize the QAOA to
solve problems formulated with d-ary integer variables x; €
{0, ...,d — 1}, which are represented by qudits. The local
Hilbert space dimension of each operator presenting classical
variables becomes C¢ and the Pauli matrices are replaced with
angular momentum operators {Ly, L, L.} with representation
index £ = % Given a cost function C(x) defined in terms of
such d-ary variables, the quantum-mechanical cost Hamilto-
nian is obtained by replacing each variable as

x— LI+ &L )

For qudits, the available unitaries are given by the operators

of the group SU(d), which has d?> — 1 generators. To be able
to generate all possible unitaries, it is necessary to modify the
mixing operator. To the trivial generalization Hy, = vazl L,
we add a squeezing operator Zi(Lé)z. It was shown [16,27]
that the set {L, (L!)?, L} allows one to generate all possible

unitaries of SU(d) by repeated finite rotations of the qudit.
Therefore, we use the mixer for qudits in the form

Hy =" (BL+ v (L)),

i

(10)

Once the cost Hamiltonian and the mixer are defined, the
algorithm works in the same way as the qubit version. Below,
we will use qudits only for implementing the slack variables,
though many application-relevant cost functions can naturally
benefit from formulation in terms of qudits [22-24,28-32].

III. CONSTRAINT HANDLING IN QAOA

For many physical and industrial problems, minimizing
a cost function as in Eq. (1) does not necessarily suffice
to give the desired solution. Often, the problem is subject
to a set of additional constraints that need to be fulfilled.
A common approach to handling constraints in optimization
is by using penalty functions [33-35]. In this methodology
the constrained problem is transformed to an unconstrained
optimization problem by augmenting the cost function with
penalty terms. These terms shift unfeasible solutions to high
cost values, but leave the cost of feasible solutions unchanged,
thereby ensuring that minimal cost solutions are feasible.
In classical optimization, equality and inequality constraints
can directly be transformed into penalty terms in the cost
function. However, inequality terms require nonpolynomial
penalty functions [33,35].

For quantum optimization approaches the problem is put in
the form of a QUBO problem [4-6]. In that case only equality
constraints can be added directly as quadratic penalty func-
tions to the cost Hamiltonian [6,36] since they preserve the
QUBO form. The standard approach for inequality constraints
first transforms them into equality constraints by adding ap-
propriately chosen slack variables [6,37], and then adds these
extended equality constraints as quadratic penalty terms to the
Hamiltonian. Significant overhead is incurred by this proce-
dure as the slack variable extends the required Hilbert space
substantially, and by the quadratic penalty terms additional
interactions between all variables (slack and system) are in-
troduced. Avoiding these overheads and the encompassing
inefficiencies of the standard approach for handling inequality
constraints in quantum optimization is the subject of this
work.

We focus on optimization problems of the form

Xmin = argmin C(x), (11
xef0, 1)V
subject to R inequality constraints
P(x) <0,
r={1,..,R}, (12)

where r labels all the constraints included in the problem and
P,.(x) is a classical function of the search variables character-
izing the constraint and which is given as part of the problem
formulation.

We compare our proposed approach to the standard
approach based on slack variables. In contrast to purely
qubit-based methods, we will employ qudit slack variables,
which avoid the overhead of encoding larger integers into
multiple binary variables and thus can be seen as a best-
case scenario for slack variable approaches (Sec. III A). As
our main contribution, we propose a direct implementation
of energy penalties, which acts only on the unfeasible sub-
space (Sec. III B) and allows one to keep the structure of the
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variational algorithm unchanged [schematics in Fig. 1(c)]. In
our numerical benchmarks in the next section, we compare
this proposed approach to the qudit-based slack-variable im-
plementation. For completeness, other possible approaches
for inequality-constraint handling that have been discussed in
the literature are mentioned in Sec. IITE.

A. Slack variables as qudit operators

The standard approach to introduce inequality constraints
in quantum optimization is via the use of slack variables
[6,37]. Here, we first give a short review of slack variables
for classical optimization problems and then discuss how to
use qudits in order to encode them in quantum optimization
algorithms.

We assume the function P,(x) to have N, possible values,
ie., P.(x) € {p1, .... pn.} ¥x. Of these values, the first Nrfeas
are negative or zero (i.e., they denote feasible solutions) and
N, — N are greater than zero (i.e., they denote unfeasible
solutions).

Equality constraints can be directly incorporated as
quadratic penalty terms to the cost function [36]. If the con-
straints are linear, the QUBO form is preserved. For inequality
constraints this is not directly possible. The standard is to
transform inequality constraints into equality constraints with
the introduction of an appropriate slack variable s, such that

P.(x) <0, (13)

& Po(x)+5, = 0. (14)

The slack variables are only allowed to take non-negative
values (s, > 0) and their range is determined by the values
the constraint function attains for feasible configurations: only
when Eq. (13) is satisfied can a value for s, be found such that
Eq. (14) is satisfied. Technically, s, € {—P,(x) : V feasible x}.
This means that each slack variable s, can assume N
values.

The transformed equality constraints of Eq. (14) can now
be added as quadratic penalty terms to the cost function
leading to the final penalized cost function considering all R
different constraints:

R
Caack (¥) = C¥) + > AP (x) + 5,1 (15)

r=1

One slack variable s, needs to be introduced for each inequal-
ity constraint, and each term gets a penalty factor A, > 0. In
a standard QUBO formulation each slack variable needs to
be encoded with multiple binary variables, which requires at
least ), log, N'*® auxiliary binary variables for a given con-
straint, i.e., slack variable s, [35,37]. Typically, N© is larger
than 2, rendering the associated spatial resource overhead
rather costly, especially for current NISQ devices.

This resource overhead can be reduced by the use of qudits
to represent the slack variables. If the qudit dimension d
matches the number of feasible values N, the computa-
tional basis needs to be extended by one qudit state for each
constraint, i.e., slack variable,

x) = |x, {s1,...,s}) = |x,s). (16)

In the quantum formulation, the constraint function as well
as the slack variable are represented by operators with the
appropriate eigenvalues,

(B, 4 8, 1x,5) = [P.(x) + 5,1 |x, 5). a7

Feasible configurations of the search variables x can be iden-
tified by finding the appropriate basis state where the qudit
slack variable has the correct value to produce a zero eigen-
value in the above equation, i.e., P.(x) + s, = 0.

Interestingly, the number of additional dimensions due to
the auxiliary qudits (slack variables) is proportional to N,
the number of feasible configurations of the corresponding
constraint. Therefore, the more feasible configurations that
exist, the larger the dimension of the auxiliary qudit Hilbert
space. The dimension of the full Hilbert space including
the auxiliary slack qudits increases exponentially with the
number of constraints, i.e., dim(Hgjack ) = 2V ]_[f=1 Nrfeas and
Hetack = He ® ]_[f: ,C N However, given a feasible config-
uration |x), only one state of the extended Hilbert space |x, §)
will represent a feasible total state [the one with eigenvalue
s, = —P.(x)], rendering the majority of added quantum states
unfeasible. Thus, it can be anticipated that for only lightly
constrained problems (i.e., with large Nrfeas), the effective
optimization problem including the slack variables is more
difficult due to the large number of added unfeasible solutions.
Specifically, the ratio of feasible solutions with respect to the
Hilbert space dimension will decrease as N% for each slack
variable included. '

The final form for the constrained Hamiltonian is then

R
Hslack - HC + Z)"r(ﬁr + Sr)z- (18)

r=I1

The quadratic form of the penalty terms guarantees that it can
be made to vanish for all feasible configurations.

Adding qudit slack variables to the system requires modi-
fications to the form of the QAOA mixer as described at the
end of Sec. II. Explictly, we use the following form:

N R R
Hy = ﬁ(Za)ﬁ + ZL;) +y Y L), (19)
i=1 r=1 r=1

where § and y are the variational parameters related respec-
tively to the x and z components of the mixer. The second term
is necessary due to the higher dimensionality of the qudits
representing the slack variables: as explained around Eq. (10)
of Sec. II, the additional (L‘;)2 allow for universality, i.e.,
reaching all qudit states. Apart from this change in the mixing
operator, the QAOA is performed as described in Sec. II, just
with the cost Hamiltonian given by Eq. (18).

B. Direct implementation of penalty terms
for inequality constraints

We propose another possibility for including inequality
constraints by using a penalized Hamiltonian of the form

R
Hpenal =Hc + Z )\rGrv (20)

r=1
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where R is the total number of constraints and A, > 0 are
penalty factors for each constraint. We introduced the op-
erators G, whose eigenvalues depend on the corresponding
constraint function given in Eq. (12), namely,

G, Ix) = g(P,(x)) |x). 2y

(An explicit construction of G is given below.) The function
g(+) is a penalty function as it is used in classical optimization.
Its purpose is to increase the energy of unfeasible solutions
while leaving the energy of feasible solutions unchanged.
Therefore, it vanishes for feasible solutions x, i.e., g[P.(x)]
=0 when P.(x) < 0, and positive for unfeasible solutions,
i.e., g[P.(x)] > 0 when P,(x) > 0. In principle, arbitrary func-
tional forms of g are possible. However, to facilitate a gradient
towards the feasible subspace, we moreover desire g(-) to
be nondecreasing for positive arguments. These requirements
can be achieved by the typical choice [34]:

g) =y O®),

where ©(y) is the Heaviside step function and a > 0 is an
exponent that can be chosen freely. These types of penalty
functions are illustrated in Fig. 1(d).
Including these penalties, the unitary operator to generate
the trial wave function [Eq. (7)] is updated to
P
Ula, B) = [ [ e“ormeP with
I=1
e Hyent _ gien (Ho+327 4, Gy)

(22)

(23)

e 24)

The rotation generated by the penalizing Hamiltonian puts
phases ~a;A, on the unfeasible states, thus permitting the
QAOA procedure to select them out.

Since the terms proportional to the constraints are diagonal
in the computational basis, it is possible to find constructions
to implement e/ G using either Fourier analysis or an-
cilla registries [38,39]. These methods are defined using only
qubit systems and their efficiency is bound by the problem
type and instance, and by the properties of the platform chosen
for implementation.

In this work we propose an efficient implementation of
diagonal unitaries of the form of Eqs. (23) and (24). In
Sec. IIIC, we describe a construction that is valid for con-
straint functions P,(x), which only depend on the Hamming
weight, i.e., the magnetization m, of a subset Z, of problem
qubits,

Pr(x) = P.(m,(x)) (25)

with
(26)

m(x) = xi.

X,’EI,

where Z, denotes a subset of the N qubits (generalization to
summations of x; and ¥; is straightforward).

In contrast to the slack-variable approach, the ancilla qudit
does not enter the cost function, but serves only to imprint
appropriate phases according to Eq. (24) onto the trial wave
function. One key advantage of this method is that there is
no increase in the dimension of the total Hilbert space within
which the solutions are searched. In particular, the fraction of

feasible solutions in the Hilbert space is constant, regardless
of the number of constraints. This is in contrast to the slack-
variable approach, where each constraint increases the Hilbert
space dimension by a factor of N, Even more striking,
the number of infeasible solutions is increased by a factor of
(N'eas — 1), since only one configuration of the slack variable
represents a feasible solution. This is the main bottleneck and
main issue of the slack-variable—based approach.

As shown in the next section, the bottleneck of the pro-
posed procedure is the dimensionality of the ancilla qudit.
For a constraint on the magnetization of N qubits considered
here, it needs to be at least equal to N + 1. However, since the
ancilla qudit can be used for many constraints simultaneously,
we can expect the proposed method to be advantageous in
particular when many constraints are present simultaneously,
with each involving only a restricted number of problem
qubits and small to intermediate sets of possible values P,.

C. Penalties for Hamming weight constraints

This section shows how to implement unitaries of a Hamil-
tonian of the form (20) with constraints of the form of Eq. (25)
using only one qudit ancilla. There exist ways to exponentiate
arbitrary boolean functions in quantum computers. In general,
these require computing the Fourier transform of the function
that needs to be exponentiated. In principle, this allows one to
implement diagonal unitaries of the form of Eq. (24), albeit
with unfavorable, typically exponential scaling in the number
of gates (see, e.g., [38,39]) or with a problem-dependent re-
duced gate count.

Here, we provide an alternative way to implement such a
unitary using only one ancilla qudit and without the need to
compute the Fourier transform. We assume a constraint of the
form of Eq. (25), which only depends on the total Hamming
weight (or magnetization),

N
P,(x) = P.(m(x)) with m(x) = Zx,- (27)
i=1

of an N-qubit basis state

lx) = |x1,x2, ..., xn) (% € {0, 1}). (28)

For ease of notation, we assume only one constraint involv-
ing all N qubits, i.e., we drop the label r for the constraint
function. The formulation of the general case with multiple
constraints and where each constraint applies to a subset of
qubits is straightforward.

The penalty function P(m) indicates which values of m
characterize feasible [P(m) < 0] and unfeasible [P(m) > 0]
solutions. We denote the set of unfeasible values for m as
Z = {m : P(m) > 0} and the number of unfeasible values by
Nz = |Z|. For an N qubit state, the Hamming weight can take
the N + 1 integer values m € {0, 1, ..., N}, which determines
the dimension of the ancilla quditto be N + 1,

ly), with y € {0, 1, ..., N}. (29)

The circuit implementing the proposed approach is de-
picted in Fig. 2. We start from a product state of the problem
qubits, which can be in an arbitrary state, and the ancilla qudit,
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FIG. 2. Circuit showing how an arbitrary phase g(m) as a func-
tion of the magnetization m(x) = ), x; can be applied on the qubit
register using one ancilla qudit |y),,.

which is initialized in |0),, i.e.,

) 100, = D cx %) [0}, (30)

Then, we apply a sum gate that adds the boolean value corre-
sponding to one of the qubits onto the target ancilla. Repeating
this operation for each qubit, we end up in a state where the
ancilla qudit has the value m = m(x) = ), x;,

[T )10}, =Y ey im),. @D

X

After that, we apply a simple phase shift U, to the ancilla
qudit, where a phase is only added to the unfeasible states and
the phase itself is determined by the penalty function g(-) as in
Eq. (22), such that U, |m), = €¥¥™™1 |m) .. Such an operation
is easily realized in quantum devices as it only requires oone
to be able to selectively apply a different phase to each level of
a single qudit. The form of g[P(m)] as a function of the qudit
level index m is arbitrary in this case.

This operation takes the state to

Yol Uglm), = Y colx) m), (32)
* m(xx)(;ZI
+ ) P x) m),. (33)
m(xx)eI

Here, we made the conditional phase, which is only applied to
the unfeasible states, apparent by splitting the sums explicitly.
After undoing the sum gates, the final state is

< Yook Y el |x>) )0 (34)

x x
m(x)¢L m(x)eL

This realizes the desired application of a unitary operator
parametrized by a penalty function g(-), which introduces a
phase shift only for those basis states in the qubit quantum
state [y) that are infeasible [as indicated by P(m)].

For the case in which we want to constrain the magneti-
zation to be below a given value my, the constraint function
is just linear, P(m) = m — my < 0. With the penalty function
g(-) of Eq. (22) this leads the conditional phases to be

glP(m)] = ©(m — mo) (m — mp)*. (35)

The corresponding final state is

< Do)+ D el IX)) 0)s,  (36)

x x
mx)¢ T m(x)eZ

which adds a phase to those states with m € 7 = {mg + 1,
my+2,...,N}.

The entire procedure for arbitrary g[P(m)] requires only
2N qudit controlled sum gates and a single qudit phase shift
unitary U,. A requirement for it to work is the availability of
qudits with at least N + 1 levels, where N is the number of
qubits involved in the constraint.

This procedure becomes particularly favorable when many
constraints need to be implemented. Each constraint is imple-
mented sequentially by running the above circuit acting on the
involved subset of qubits with the corresponding constraint
functions. A single ancilla qudit is sufficient as it can be reused
for all constraints. The use of multiple ancillas permits one to
parallelize the implementation of different constraints.

The above procedure can also be generalized to penalties
that depend on functions of the form

mE) =) xi+ ) %, 37)

ieN ieN

where N and N are two distinct subsets of the system qubits
and X; is the inverse value of x;. One needs only to include a
7 rotation (o) for each qubit belonging to the set N before
(after) the sum gate (sum' gate).

D. Summary of scalings

In this subsection, we summarize the resource require-
ments and scaling behavior of the slack-variable method and
the direct qudit-based penalty implementation.

Using slack variables, each constraint P,(x) introduces an
extra qudit with local dimension determined by the number of
feasible values N®. For N register qubits, the total Hilbert
space is thus enlarged to

R
dim(Hpaer) = 2V [ [ N (38)

r=1

The implementation requires R slack qudits with dimension
N or, alternatively, Y, log, N qubits if a qubit encoding
of the slack variables is used. For a constraint on the total
magnetization of N qubits, we have N ¢ {0, ..., N} (repre-
senting the range from 0 to N qubits being in state |1)). In the
benchmarks below, we assume an implementation of the slack
variables with qudits. This represents the most favorable sit-
uation for the slack-variable approach as the typical overhead
when encoding integers in binary qubit variables is avoided
(see, e.g., Ref. [40]).

Moreover, the implementation of the slack constraint in the
cost Hamiltonian as given in Eq. (18) requires additional gates
in the variational circuit. Assuming the constraint functions
are linear in the register qubit operators o/, these are R single-
qudit terms ~8,, at most NR single-qudit terms ~2,, and up
to NR qubit-qudit interaction terms ~P.S, (depending on how
many qubits contribute to a given constraint r). In case the
slack variables are implemented via qubits, the terms involv-
ing S, need to be further decomposed, potentially leading to
higher-order interactions.

In contrast, the direct implementation of the penalty func-
tion for magnetization constraints as proposed in the previous
section requires O(N) qudit-sum gates and one diagonal
single-qudit rotation. The qudit ancilla needs to be of dimen-
sion N + 1, where N is the number of qubits involved in the
constraint. While the slack variables, being part of the cost
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Hamiltonian, need to be present simultaneously, the direct
implementation gives the design freedom to either implement
all penalty functions in parallel (using one ancilla each) or
sequentially by reusing a single ancilla. Moreover, unlike the
slack-variable approach, the dimension of the search Hilbert
space is not changed [excluding the ancilla(s), which does not
enter the optimization procedure], thus avoiding the additional
multiplicative factor from auxiliary qudit states.

E. Alternative approaches for inequality constraints
from the literature

For completeness, we also mention other options that have
been proposed in the literature. For example, one can start
from a constrained state and perform the algorithm using only
constraint-preserving evolution operators [41-43]. The draw-
back of this method is that usually such constraint-preserving
operators are difficult to construct and need to be designed
for each specific problem. Postselection of feasible solutions
[44] can also be used, but depending on the problem this may
be very inefficient as finding feasible solutions at all can be
difficult, especially for problems where several disconnected
domains of feasible solutions exist. Inequalities can also be
enforced by midcircuit projection onto the feasible subspace
through measurements of the constraint operators [45]. How-
ever, these projection operators are problem specific and can
be challenging to implement, while the necessary measure-
ments contribute to both algorithmic and qubit overhead.

Another recent approach utilizes the augmented La-
grangian formulation of constrained optimization problems
[37], which also introduces energy penalties into the optimiza-
tion cost function. However, this approach is only effective
for problems where the constraints are active for the optimal
solution, i.e., when the optimal solutions lie right at the bound-
ary between feasible and unfeasible solutions such that the
constraints become effective equality constraints.

IV. NUMERICAL BENCHMARKS

In this section, we show numerical results for the QAOA
performed in different scenarios where inequality constraints
play a role. First, we analyze the ability of the QAOA to ob-
tain feasible solutions for a generic random spin model [46].
Then we show how to construct an initial constrained state
for warm-starting the QAOA procedure. Finally, we test the
performance on the industry-relevant problem of EV charging
[47], which is subject to multiple constraints. For all of these
problems, we compare the performance of the constraint-
handling methods described in Secs. III A and III B.

We simulate the quantum part of the QAOA procedure
using exact state vector simulations. To update the parameters
defining the trial wave functions, we use the Powell classical
optimizer from the scipy library [48] with default options,
which means the algorithm runs until the predefined conver-
gence criteria are met. For each problem instance, we perform
Nruns = 50 executions of the QAOA as described in Sec. II,
each time with initial parameters randomly drawn from a
uniform distribution in the interval [0, 27r]. We will refer to a
single execution of the QAOA for a given setup and initial set
of parameters as a run. During the iterations of the optimiza-
tion loop, the cost function is computed as the expectation

1.0
. 80 — Direct, a=1
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0 60 @
2 L6
o 40 )
s 204
3820
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FIG. 3. Convergence of the optimized cost (H,) (left) and feasi-
ble weight W (right) over optimization steps for a three-layer QAOA
with my = —1.5 and N = 9 qubits. Top row: state-vector evaluation
of the cost function. Bottom row: noisy cost estimation using a finite
number of Ny,os = 128 samples in each iteration. Red curves corre-
spond to our constraint implementation with a = 1; blue curves use
slack variables. Results are obtained from N,,; = 20 optimizations
for one specific cost Hamiltonian. Thick lines indicate the median,
and shaded regions denote the 25th—75th percentiles. Dashed black
line indicates the baseline probability for feasible states, i.e., the
fraction of feasible over total number of states.

value of the cost Hamiltonian over the parametrized state.
For each run, we extract the classical solutions of the
optimization problem by sampling Ny = 64 solutions (mea-
surement shots) from the final optimized quantum state
[V (a®, B)).

We also investigated using a finite number of shots for
estimating the cost function expectation value during the
optimization iterations. The results of the optimization are
qualitatively the same as using the exact expectation values
(see, e.g., Fig. 3 below). But since the simulation run times
are substantially longer, we used the exact expectation values
for our numerical experiments.

A. Metrics

We use various figures of merit to estimate the performance
of the QAOA protocols under different constraint-handling
techniques. As the first metric, we consider the approximation
ratio, which is defined as

Es - E()
n ——
|Eol

samples s

R= , 39)

where E; with s = 1, .., Ny is the energy of a state sampled
from the final state and Ej is the energy corresponding to
the optimal (constrained) solution. This metric is relevant for
studying the efficiency of the QAOA in solving industrial
optimization problems, since in such situations the user cares
about the best energy of a single configuration that could be
achieved, and not the average over the final state.
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A second relevant figure of merit is the success rate, de-
fined as
Nruns
po 2zt X aly (40)
Nruns
where Ny, is the total number of runs and X; =1 if the
algorithm sampled at least one of the (possibly degenerate)
optimal states in the Ny samples of the ith run, and X; =0
otherwise.
A third figure of merit is the total weight of feasible solu-
tions present in the final state,

W= Y lele*, BN, (41)
xefeasible
where the c.(a*, f*) are the amplitudes in the final QAOA
state,

W (a*, B*) =) cela®, B*) Ix). 42)
X
This metric serves as an indicator of the efficiency of the
algorithm at sampling feasible solutions.

B. Random spin Hamiltonian

We start by studying the capabilities of the QAOA in
finding the ground state for a model of randomly interacting
spin % in a random longitudinal field. We compare the qudit
slack variables approach explained in Sec. III A to penalties

discussed in Sec. III B. The cost Hamiltonian is
N
HC = Z ]’liO‘iZ + ZJ,‘jO'iZO’;» (43)
i=1 ij

with independent Gaussian-distributed parameters with zero
mean and unit variance, i.e., J;;, h; ~ N, 1).
For this Hamiltonian, we consider a single constraint af-
fecting all spins of the form
N
P(o) =) of —my= S5, —my <0, (44)

i=1

which filters out all the states with total spin S5, = Zfl: 0!
less than a target mg € {—%, %V +1,..., %}. For the penalties
described in Sec. III B, we choose the exponent a to be equal
to 0, 1, or 2, resulting in the penalty Hamiltonians

Ha:() =A ®(Stzot — m()), (458)
Hp_y=A ®(Stzot - mo) (StZOt - m()), (45b)
Ho—y = 1 O(S%, — mo) (S, — m0)2~ (45¢)

When using the penalty term for the slack variables as de-
scribed in Sec. IIT A, the complete cost Hamiltonian takes the
form

a2
He giack = He + A (S5y —mo +8) 7, (46)

where the slack variable operator § acts on a qudit with di-
mension d = %’ + 1+ my.

We start by considering a single instance of the Hamilto-
nian of Eq. (43) for a system of N =9 qubits and compare
the convergence of the optimizer for different setups. Figure 3
shows the convergence of the cost function (left column)
and the weight of the feasible states (right column) over

optimization iterations. We compare the results from using
the exact state-vector evaluation of the cost function during
the iterations (upper row) with estimating the cost from a
finite number of samples employing Ngos = 128 shots in
each iteration (lower row). Even with a low number of sam-
pling shots, the optimizer converges in the same range of
optimization iterations for both state-vector and finite sam-
pling evaluation methods. We found the same behavior for all
problems studied in this work, and therefore, limit ourselves
to results from state-vector evaluations for the remaining
simulations.

Figure 3 also compares the results from our proposed
method of direct incorporation of penalties (red graphs) to
the standard slack variable-based approach (petrol graphs).
Both approaches converge within the shown iterations, but
the slack-variable-based approach produces cost function
values that are an order of magnitude larger than our
proposed approach, indicating a failure to produce good
low-energy solutions. Similarly, the weights of the feasi-
ble states for our proposed approach converge to above
90% whereas the slack-variable—based approach converges
at around only 10%. These results provide a first indication
that our proposed approach produces much more feasible
solutions that also have lower cost values than the standard
method.

We investigate this behavior further by considering a sys-
tem of N = 9 qubits, for which we study the metrics defined
in Sec. IVA for a p =1 layer QAOA as a function of the
value of the constrained magnetization my. We generate 20
random realizations of the cost Hamiltonian and run Ny,s =
50 simulations for each Hamiltonian. All the results shown are
obtained for a penalty factor of A = 4, but higher values for A
show similar results.

We investigate the metrics given in Egs. (39)—(41), ob-
tained by running the different algorithms on the same
problems, as the dimension of the feasible subspace is in-
creased. In Figs. 4 and 5, we compare the results obtained with
the proposed method to the approach using slack variables.
We see that for all the metrics considered, the performance of
the proposed approach is considerably better than that of the
implementation with slack variables. For example, the success
rate r for the penalties of Eqgs. (45a)—(45c) is always sig-
nificantly higher than for the slack-variable—based approach.
Especially when mg approaches large values, the proposed
methods converge to r 2 0.5 while for slack variables it
converges toward low values around r ~ 0.1. Similarly, the
approximation ratio R for slack variables has only small fluc-
tuations around 0.3 for values of m greater than —2.5, while
for each instance of the approach based on direct penaliza-
tion it quickly approaches O as my increases and the system
becomes less constrained.

Moreover, the performances of the flat, linear, and
quadratic penalties can differ considerably. When consider-
ing r as figure of merit, the linear penalty shows the best
behavior. Considering R for highly constrained problems
(mo < —1.5) the best result is obtained with a flat penalty
(a = 0). However, this effect is a direct result of the penalty
terms in the Hamiltonian. Namely, for these problems the
sampled low-energy states will also include unfeasible states,
where the actual penalty term contributes to the energy, and
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FIG. 4. Success rate r (top row) and approximation ratio R (bottom row) for constraint QAOA with a single layer (p = 1) and N =9
qubits. The box plots show statistics for averages over 20 different instances of the random Hamiltonian of Eq. (43) and 50 runs per individual
Hamiltonian. The results are shown as a function of the maximally allowed total spin, my. (a) Results from the proposed approach directly
implementing the penalty functions of Eqs. (45a)—(45c). The linear form (a = 1) consistently performs best when considering the success
rate r, while the flat penalty shows the best approximation ratio R. The results for different @ become more similar as the value of mj increases,
since the system becomes increasingly less constrained, reducing the impact of the different forms of penalties. (b) Results from runs using
slack variables for handling the inequality constraints. The results clearly show the superiority of the direct penalty approaches of (a) over
using slack variables as those achieve much higher success rates and lower approximation ratios.

consequently linear and quadratic terms will give larger ener- toward 1 for the unconstrained problem at mg = % In con-
gies in general. trast, for the slack-variable approach it does not approach

Figure 5 shows the total weight of the feasible states as unity when increasing my; instead, it has a maximum around
a function of the constraint target value my, for the three an intermediate value of my ~ 1.5 and slightly decreases for
forms of the penalty given in Eqs. (45a)—(45c) (left panel)  larger m,. This behavior is due to the changing dimension

as well ?S for the slack-variable apprgach (right paqel). of the slack variable with mg. On the one hand, the abso-
The contmuou§ lines shgw.the total weight of the feasible lute number of feasible states for a given my is the same as
states for a uniformly distributed quantum state as a base-  for the case without slack variables since only one out of

line, which is simply given by the fraction of the number of ]l possible values for the slack variable represents a feasi-
feasible states over all states (including qudit—slack-variable ble solution. On the other hand, the dimension of the slack

states in the case of slack-variable approaches), i.e., Base = variable increases with increasing mg and thus in the case
dim(Hreasible )/ dim(Ho). For the proposed approach, the of slack variables the baseline acquires an additional factor
baseline increases monotonically from 1/2V for mg = 7 % =1/(my+ 1+ %V),
(b
B slack
—— Base

o ==
-
_T _5 _3 _1 1 3 5 i
2 2 2 2 Mo 2 2 2 2

FIG. 5. Total weight W of all feasible states of a single-layer QAOA with constrained cost function defined in Egs. (45a)—(45¢) (left) and
slack variables of Eq. (46) (right) for the same setup as Fig. 4. The solid lines show the baseline probability of finding a feasible state from an
equal superposition of all basis states. The slack-variable approach has a consistently lower probability of sampling a feasible configuration
from the final state, even if almost all qubit configurations are feasible for larger m, where it saturates around 25% while this probability reaches
100% for the proposed direct penalty method. This trend reflects what we see in Fig. 4 and serves as an indicator of the poor performance of
slack variables for inequality-constrained optimization.
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FIG. 6. Probability W of sampling a feasible state from the final state of a QAOA with constraint-only cost function, for the direct penalty
approach (top row) and slack-variable—based approach (bottom), for p = 1, 3, and 5 QAOA layers (left to right panels). The solid lines show
median values for the different penalty types and the shaded areas indicate the 20%—80% quantiles of the 50 runs performed. The dashed
red lines marked as "Base" indicate the baseline probabilities from the equal superposition state of all solutions. The direct penalty functions
outperform the slack-variable approach significantly. In particular, the penalty function with a = 1 already gives close to 100% probability for

all constraint values for only the p = 1 layer.

The results of Fig. 5 show that all the tested methods
increase the probability of sampling a feasible state over
the baseline. However, similarly to the trend of Fig. 4, the
proposed direct penalty methods considerably outperform the
slack-variable approach. This effect is most pronounced for
the linear penalty function and with increasing my, i.e., for
less constrained problems.

C. Constrained state preparation and sampling of feasible states

In certain scenarios, the goal of the algorithm may be to
sample from a subset of states that fulfill the constraints, with-
out any preference on the states within that subset. Examples
include topological models and lattice gauge theories (LGTs)
[49], spin ice [50], and the sampling of polymer melts [51,52].
Another scenario is when trying to construct a superposition
of many or all feasible states as is required for the initial-
ization of approaches utilizing constraint-preserving mixing
operators [41-43].

Motivated by this, we consider a QAOA where the cost
function is given only by the penalties encoding the constraint
of the form of Eq. (44). The QAOA cost Hamiltonian is then
of the form of Eqs. (45a)—(45c¢) for the proposed approach and
of the form of Eq. (46) for the slack-variable approach. We
run the QAOA for up to p = 5 layers, and we do Ny,s = 50

for each setup (penalty type, number of layers, and constraint
value my).

Figure 6 shows the total weight of feasible configurations
in the final quantum state for numbers of layers p =1, 3,
and 5. The linear penalty term considerably outperforms the
slack-variable approach as well as the other penalty forms
considered, already reaching close to the maximum of W =1
after the first layer for almost all values of the minimum
magnetization my. As in the previous example, all approaches
improve as expected over the baseline, given by the weight
of the feasible states on the initial state (dashed line). Again,
for all chosen forms of the penalty function, the proposed
direct penalty approach improves significantly more over the
baseline than the slack-variable-based approach. As would
be expected, the direct approach also achieves overall better
performances with increasing number of layers p. Interest-
ingly such a trend is not observed for the slack-variable—based
approaches.

D. EV charging problem

To make contact with the QAOA for solving combina-
torics problems of industrial relevance and test the different
approaches with multiple constraints, we evaluate the perfor-
mance of the proposed approach for an EV charging problem.
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It is schematically represented in Figs. 1(a) and 1(b). The
target of this problem is to find the charging schedule for a
fleet of EVs, i.e., the charging power for each EV at each
time step. This problem is naturally formulated in terms of
qudit variables [23] as soon as more than two charging lev-
els (charging or not charging) are considered. Importantly in
our context, this problem naturally has many inequality con-
straints since each EV has minimum requirements for the total
energy delivered to it while at each time step the total charging
power must not exceed the fuse limits. It is thus a useful
benchmark problem to study how the different approaches
perform with the inclusion of multiple constraints.

The cost function of the considered EV charging problem
is defined as

T Nev

CE) =Y Xus

t=1 n=1

(47)

where the variables x,,; € {Xmin, - - -, Xmax} characterize the
amount of energy charged (or discharged if xpyi, < 0) to
EVne{l,...,Ngy}attimestept € {1,..., T}. The (time-
dependent) cost for a unit of electric energy is given by the
coefficients ¢,. This problem is naturally subject to many
constraints. In particular, we consider the following two types:

T
Epaied — % "5, <0 Vn, (48)
t=1
Nev
> Xus —E™ <0 Vi (49)

n=1

The first one, Eq. (48), reflects the requirement of each EV
to obtain a minimal amount of electricity Ef%""™® after the
charging is finished. The second constraint, Eq. (49), ensures
that the maximal charging energy never exceeds the fuse lim-
its. These are Ngy + T linear constraints in total, where each
couples only a specific subset of variables, but taken together
they couple all variables with each other. This problem is
illustrated in Fig. 1.

For demonstration purposes, we consider a rather simple
problem instance where we only include two charging power
levels, x,; € {0, 1} and two vehicles (Ngy = 2) for four time
steps (T = 4). The constraints are specified by E™* = 1 and
Eyared = g9t — o With this setup, the classical com-
binations that satisfy the constraint are easy to define: each
vehicle must be charged at least in two time steps, but the
vehicles cannot be charged at the same time.

The quantum formulation is obtained by the usual replace-
ment of the search variables with spin operators as shown in
Eq. (3). The Hilbert space dimension for this simple example
is dim(H) = 2"Vev = 28 = 256, out of which only 12 basis
states are feasible. Due to the symmetry with respect to the
EVs, the solutions are always doubly degenerate. To incorpo-
rate the constraints of Egs. (48) and (49) using slack variables,
we need a total of six auxiliary variables: two qudits for the
constraints of Eq. (48) with dimension d = 3 and four qubits
(d = 2) for those of Eq. (49). The Hilbert space dimension for
the constrained problem is then dimH o = 28 x 32 x 2% =
36864, which is 2 orders of magnitude larger than the Hilbert
space of the setup without slack variables.

We study the performance of the QAOA as a function of
the number of layers and for different random realizations
of the Hamiltonian of Eq. (47), where the prices are chosen
in each instance from a uniform distribution ¢, ~ U(0, 1).
We run Npps = 50 runs for each problem instance. For the
approach using direct penalties, we consider p=1,...,5
layers, while we did only run simulations for up to p =3
layers for the slack-variable approach due to its vastly larger
Hilbert-space dimension and the consequently significantly
longer run times. The results, summarized in Fig. 7, enhance
the understanding of the previous benchmarks. The approach
based on direct penalty Hamiltonians already achieves success
rates on the order of 30% for p = 1, a value that increases up
to 60%—-90% for p = 5 layers. The approximation ratio also
rapidly approaches zero with increasing p, especially for the
best-performing case of a = 1.

In stark contrast, the results of the slack-variable approach
essentially indicate a failure of the method. Although the
success rate does increase slightly for a larger number of
layers, the overall scale is only around 1073, Similarly, the
approximation ratio is an order of magnitude worse than for
the direct penalty approach and essentially indicates that the
algorithms never come close to finding the true ground-state
energy region.

The reason for this failure is found in the vast increase in
Hilbert-space dimension needed to encode all the different
constraints. For each slack variable, only one of all possible
configurations represents a feasible state, which leads to the
majority of added states being unfeasible. In the above exam-
ple where there are typically only two feasible configurations
for the charging variables x,, ;, this leads to a reduction of the
fraction of feasible solutions from 2/23 ~ 4 x 1073 without
slack variables to 2/(28 x 32 x 2*) &~ 5 x 107> with slack
variables. This large increase in search space due to the slack
variables makes the corresponding search problem for the
QAOA much more difficult.

V. CONCLUSION AND OUTLOOK

We have presented an approach to efficiently include en-
ergy penalties for many inequality constraints in the QAOA
routine. In contrast to standard slack-variable-based ap-
proaches, it does not increase the Hilbert space dimension of
the search problem regardless of the number of constraints
to be included. It only requires one additional ancilla qudit,
which does not enter the cost function. We have benchmarked
the approach on three different problems, and compared the
results to the standard approach utilizing slack variables. The
proposed approach, which includes constraints directly with-
out relying on additional qudits in the cost Hamiltonian, vastly
outperforms the slack-variable-based method. Moreover, we
find that a linear energy penalty outperforms constant and
quadratic penalty terms.

While including a single constraint through slack variables
can lead to decent results, the performance drops drastically
when including multiple constraints. However, the presence of
a multitude of constraints is the typical case for a large class of
combinatorial problems suited for the QAOA (e.g., resource
allocation problems [13]). Including many slack variables
in the problem would be unfeasible for NISQ architectures.
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FIG. 7. Results of the EV charging problem of Eqs. (47)—(49) for Ngy =2, T =4, E™ =1, and Ef‘l“"ed = 2, for penalties encoded
directly (left) and with slack variables (right) as a function of the number of QAOA layers p. The approach based on direct penalty terms vastly
outperforms the one based on slack variables (note the different scale of the y axes). In line with the previous findings, the case with linear
penalty a = 1 performs best among the direct penalty approaches. In particular, for p > 3 the median as well as the 20th and the 80th quantiles
of the distribution of the approximation ratio R all vanish, indicating that an optimal solution is always found for a = 1.

There, it leads to a drastic increase in required quantum re-
sources that is hard to meet and in turn amplifies the noise in
the circuit execution. In a fault-tolerant scheme where pure
resources and noise are expected to not be the dominating
limiting factors, it still considerably increases the complexity
of the circuit, which is known to be a possible cause for
the barren plateaus phenomenon [53]. Additionally, as shown
in this work, the problem of finding low-energy states, i.e.,
the optimization problem to determine the parameters of the
parametrized quantum circuit, is much more difficult to solve
due to the vastly increased search space.

In the future, an interesting direction will be to combine
the use of qudits for constraint handling and representation
of the cost-function register, in order to maximize the use of
available qudit levels in a given machine. Moreover, while
qudit encodings of cost functions have been proposed, the
potential performance advantages in variational quantum al-
gorithms with respect to the usual qubit formulations need
further thorough analysis, in particular also in view of the
additional engineering overhead required. Our results may
also stimulate cross-fertilization with other fields of quantum
technologies. For example, including constraints in a quan-
tum algorithm is of fundamental relevance also for the task
of quantum simulation of lattice gauge theories [54,55], as
these theories are characterized by an extensive set of physical
constraints that needs to be preserved (e.g., Gauss’ law in
quantum electrodynamics) [56-58].

Further along the road, the proposed approach of includ-
ing the energy penalties directly by using only a very small
number of ancilla qudits, and thus avoiding the incorpora-
tion of slack variables into the energy functions, may be
an enabling step for approaching realistic industry-scale and
fundamental science problems with large numbers of inequal-
ity constraints.
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