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Abstract

We classify the non-degenerate two-step nilpotent Lie algebras of dimension 8 over the
field of real numbers, using known results over complex numbers. We write explicit
structure constants for these real Lie algebras.
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1 Introduction

Classification lists of Lie algebras, in particular of nilpotent Lie algebras, over the
field of complex numbers C and over the field of real numbers R, appear to be an
often used tool in mathematical physics; see, for instance, [27, 28]. The problem
of classification of nilpotent Lie algebras of arbitrary dimensions (even of two-step
nilpotent Lie algebras of arbitrary dimension with 3-dimensional center) is wild; see
[3]. However, it is possible to classify nilpotent Lie algebras in low dimensions. Up to
now, nilpotent Lie algebras over some fields have been classified up to dimension 7.
Lists of nilpotent Lie algebras of dimension at most 7 over different fields can be found,
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in particular, in [1, 16, 18, 23, 25, 30]. There is no known classification of nilpotent
algebras of dimensions greater than 7, even over the field of complex numbers C.

A two-step nilpotent Lie algebra over a field k (synonyms: metabelian Lie algebra,
nilpotent Lie algebra of class 2) is a Lie algebra L over k such that

[[L,L],L]=0. (1.1)
Write 3(L) for the center of L:
3(Ly={xeL|[x,yl=0forally € L}.

Set L) = [L, L]. Then condition (1.1) means that LM c 3(L).

Two-step nilpotent Lie algebras form the first non-trivial subclass of nilpotent Lie
algebras. A classification of two-step nilpotent Lie algebras in dimensions up to 7 was
given by Gauger [15] over an algebraically closed field of characteristic different from
2, and by Stroppel [35] over an arbitrary field.

In [13], Galitski and Timashev introduced an invariant-theoretic approach to clas-
sification of two-step nilpotent Lie algebras, which allowed them to classify such Lie
algebras over C up to dimension 9 (in almost all cases). They reduced the classifica-
tion of two-step nilpotent Lie algebras up to dimension 9 to classification of orbits of
SL(m, C) x SL(n, C) in A2C" @ C" for (m, n) taking values (5, 4), (6, 3), and (7, 2),
and they solved the classification problems for (5, 4) and (6, 3) using the method of
6-groups due to Vinberg [36, 37].

Later, in the papers [29, 39], the two-step nilpotent Lie algebras over C of dimension
8 were classified. These results are consistent with the results of Galitski and Timashev
[13]; see Sect. 3 below.

In the present paper, using the known classification of 8-dimensional non-dege-
nerate two-step nilpotent Lie algebras over C (due to Galitski and Timashev [13], and
also to Ren and Zhu [29] and to Yan and Deng [39]) we obtain a classification over
RR. See the next section for the definition of a non-degenerate two-step nilpotent Lie
algebra. We start with known results over C and use Galois cohomology. We compute
the Galois cohomology using the computer program [20] described in [6]. Our main
results are Tables 1-3.

We performed our computations using computational algebra system GAP; see [ 14].
A small number of computations concerning automorphism groups of lattices were
performed on Magma [10].

The plan of our paper is as follows. In Sect. 2 we reduce our classification problem to
classification of orbits of the group G(R) = GL (m, R) x GL (, R) in the set of non-
degenerate tensors e € Y = (/\ZU)*®V where U = R™, V = R” for the pair (m, n)
taking values (6, 2), (5, 3), and (4, 4). In Sect. 3 we give the tables of representatives
of all orbits; this is our main result.

Section 4 contains preliminaries on real algebraic groups and real Galois cohomol-
ogy. In Sect.5, for a connected reductive complex algebraic group G, we describe
the action of the automorphism group Aut(G) on the canonical based root datum
BRD(G). Section 6 contains preliminaries on 6-representations. Starting Sect.7, we
compute our tables. See below the idea of the computations.
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In Sect.7, we consider a tensor e € Y and the stabilizer G, of e in G. We reduce the
classification of the orbits of G(R) in G-e C Y (where G = G(C) and Y = Y®R C)
to computing the Galois cohomology set H!'G,.

In order to compute H!G,, we embed g = Lie G and Y into a Z-graded real Lie
algebra g such that g, = g and §; = Y. Moreover, we embed our real tensor e into a
real homogeneous sly-triple 1 = (e, h, f) with i € §y and f € §_;. Using g and ¢,
we construct a reductive R-subgroup P, € G, (not necessarily connected) such that

Ge = Ru(Ge) X Ptﬁ
R, denoting the unipotent radical. Then by Sansuc’s lemma we have
H'G, =H'P,.

For computing H'P;, we have a computer program [20], described in [6], which
computes the Galois cohomology of a real algebraic group H, and the input for which
is a real basis of the Lie algebra Lie H and a set of representatives in H = H(C) of
the component group mo(H). Thus we need Lie P; and 7o (P;). It is easy to compute
Lie P; using computer, but computing 7o (P;) is tricky. We computed o (P;) case by
case via a computer-assisted calculation with participation of a human mathematician.
For details see Sects. 7—11.

In Appendix A we consider an alternative approach for the case (m, n) = (4, 4).
Namely, by duality (see Gauger [15, Section 3] or Galitski and Timashev [13, Section
1.2]) our classification problem for (4, 4) reduces to the already solved classification
problems for (4, 2) and (3, 2). Our results for (4, 4) are consistent with the results of
[18] for (4, 2) and (3, 2).

Notation

In this paper, by an algebraic group we mean a linear algebraic group. By letters
G, H, ... in the boldface font we denote real algebraic groups. By the same letters,
but in the usual (non-bold) font G, H, ..., we denote the corresponding complex
algebraic groups G = G xRy C, H = HxRC, ... (though the standard notations are
G and H) and by the corresponding small Gothic letters g, b, . . ., we denote the Lie
algebras of G, H, .. .. Similarly, for real vector spaces U, V, we write U = U®R C,
V=VRrC,....

For a real algebraic group G, we denote by G(R) and G(C) the groups of the real
points and the complex points of G, respectively; see Sect.4 for details. By abuse of
notation, we identify G := G xR C with the group of C-points G(C) = G(C). In
particular, g € G means g € G(C).

We gather some of our notations:

Z(G) denotes the center of an algebraic group G;
Aut(G) denotes the automorphism group of G;

Inn (G) denotes the group of inner automorphisms of G;
Out(G) = Aut(G)/Inn(G);
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Lie(G) denotes the Lie algebra of G;

Dyn(G) denotes the Dynkin diagram of a connected reductive group G;

G denotes the identity component of an algebraic group G;

70(G) = G/G" denotes the component group of G;

H!G = H'(R, G), the first Galois cohomology of a real algebraic group G;

GL (n, C) denotes the complex Lie group of invertible complex n x n-matrices,
and also the complex algebraic group with this group of C-points;

GL (n, R) is the real Lie group of invertible real n x n-matrices;

e GL, R is the connected real algebraic group with the group of real points
GL(n, R).

2 First reductions

Let L be a two-step nilpotent Lie algebra over a field k of characteristic different from
2. If A is a nonzero abelian Lie algebra, then the direct sum of Lie algebras L & A
is again a two-step nilpotent Lie algebra; we say that such a Lie algebra L ® A is
degenerate. Clearly, in order to classify two-step nilpotent Lie algebras of dimension
d over a field k, it suffices to classify non-degenerate two-step nilpotent Lie algebras
over k of dimension < d.

The following lemma is almost obvious, and so we skip the proof.

Lemma 2.1 Let L be a finite-dimensional two-step nilpotent Lie algebra over a field
k. Then L is non-degenerate if and only if L' = 3(L).

In this paper we classify non-degenerate two-step nilpotent Lie algebras of dimen-
sion 8 over R. Clearly, classification of degenerate two-step nilpotent Lie algebras
of dimension 8 over IR can be reduced to classification of non-degenerate two-step
nilpotent Lie algebras of smaller dimension over R (which is known).

Let L be a non-degenerate two-step nilpotent Lie algebra over a field k of charac-
teristic different from 2. Set U = L/3(L) and V = L) C 3(L). The Lie bracket in
L defines a skew-symmetric bilinear map

B:UxU —V
and the induced linear map
Bi: U — V.

The triple (U, V, B) is non-degenerate in the following sense: the linear map B is
surjective, and for any nonzero u € U, there exists u’ € U with B(u, u’) # 0.

Let L be a non-degenerate two-step nilpotent Lie algebra. Write m = dim U,
n = dimV where U,V are as above. Then m + n = dim L (because L is non-
degenerate). We say then that L is of signature (m, n).

A non-degenerate two-step nilpotent Lie algebra L of signature (m, n) defines
a non-degenerate triple (U, V, B) of signature (m,n) (that is, with dimU = m,
dim V = n). Conversely, a non-degenerate triple (U, V, B) of signature (m, n) defines
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a non-degenerate two-step-nilpotent Lie algebra of signature (m, n) with underlying
vector space

L=U®V
and with the Lie bracket
[, v), W, V)] =0, Bu,u)) for u,u’eU, v,v'eV.

We see that to classify non-degenerate two-step nilpotent Lie algebras L of signature
(m, n) up to an isomorphism is the same as to classify non-degenerate triples (U, V, B)
with dim U = m and dim V = n up to isomorphism, which in turn is equivalent to
classification of the orbits of the Lie group GL (m, k) x GL (n, k) in the set of non-
degenerate skew-symmetric maps

B k" x k™ — K",

We wish to classify non-degenerate skew-symmetric maps S as above over k = R
for the signatures (m, n) with m + n = 8, that is,

1,7, 2,6), (3,5, 44, 5,3, 6,2), 7,1).

However, if (m,n) = (7, 1), then B is a skew-symmetric bilinear form on R’, but
we know that there are no non-degenerate skew-symmetric bilinear forms on odd-
dimensional spaces; see, for instance, Artin [2, Theorem 3.7] or Lang [22, Theorem
XV.8.1]. Moreover, if m < 3, then dim AU = m(m — 1)/2 < 3, while dimV =
n > 5, and therefore the linear map B, : A?U — V cannot be surjective. Thus for
(m,n) = (1,7), (2,6), (3,5) there are no non-degenerate skew-symmetric bilinear
maps of those signatures. It remains to classify the non-degenerate skew-symmetric
maps S for

(m,n) = 4,4), (5,3), (6,2).

3 Tables

InTables 1, 2 and 3, we classify the orbits of the group G(R) = GL (m, R) x GL(n, R)
acting on the set of non-degenerate skew-symmetric bilinear maps R” x R” — R”
for m + n = 8. This corresponds to the isomorphism classes of non-degenerate two-
step nilpotent real Lie algebras of dimension 8.

In these tables, our real two-step nilpotent Lie algebra L is R® with the standard
basis eq, ..., eg. The notations like 1 and 1-bis denote two real orbits contained in the
same complex orbit. The representatives 1, 2, 3 ... in each table were taken from [13,
Tables 2 and 8]. Using Galois cohomology, we determined whether there are other
orbits in the same complex orbit, and if yes, we computed a representative of each
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real orbit. It turned out that there are at most two real orbits in each complex orbit; the
other real orbit in the complex orbit containing the real orbit 1 is denoted by 1-bis.
In each row, the Lie bracket is given by the (2, 1)-tensor e given in the table, as
explained in Sect. 2.
For example, in the row 3-bis in Table 2, our (2, 1)-tensor is

e = e1318 + €1447 + 1516 — €2317 + €2418 + €3416 3.D

where we write ej34g for the (2, 1)-tensor (e} Ae3) ®eg. Here e] and e3 are basis
vectors of the dual space U* :== Hom (]RS, R) with basis eT, R eg‘ , and eg is a basis
vector of the space V = R3 with basis eg, €7, eg. This tensor e of formula (3.1) defines
the following Lie bracket:

[er,e3] =eg; [e1,es]l =e7; [e1,es] =eq; [e2,e3] = —e7; [ez, es] = eg;
les,eql = es; [e1,e2] =0; [e2,e5]=0; [e3,e5]=0; [e4,e5]=0.

In the columns 3-6 (g, g/, “Rep. in U™, “Rep. in V") of each of the tables, we
give certain invariants of the stabilizer G, of our tensor e € Hom(/\zU, V) in the
group G = GL (U) x GL (V). We use these invariants in order to compute the Galois
cohomology of G,, which permits us to determine the real orbits in the complex orbit
G-e.

We define the invariant 7y here: it is the component group 7o(G,) of the stabilizer
G, of our tensor e. The real Lie algebra g}’ is defined in Sect. 7, and the representations
in the columns “Rep. in U” and “Rep. in V" are defined in Sect. 11. We remark that
the most tricky part of our calculations is the calculation of mo(G,); see Sect. 11 for
an outline of the methods that we have used.

We see from the table that there are 27 isomorphism classes of non-degenerate
two-step nilpotent Lie algebras of dimension 8 over R: seven isomorphism classes of
signature (6, 2), sixteen isomorphism classes of signature (5, 3), and four isomorphism
classes of signature (4,4). Any isomorphism class over C comes from one or two
isomorphism classes over R.

We say that a Lie algebra is indecomposable if it is not a direct sum of Lie algebras
of smaller dimension. Any indecomposable two-step nilpotent Lie algebra is non-
degenerate. Our tables give also a classification of non-degenerate two-step nilpotent
complex Lie algebras (extracted from Galitski and Timashev [13]). We can compare
our tables with results of Ren and Zhu [29] and Yan and Deng [39], who classify
indecomposable two-step nilpotent complex Lie algebras of dimension 8. Using the
method of characteristics (see [38, Section 4.1], [7, Section 5.4]) we can check which
complex tensors (structures of two-step nilpotent Lie algebras) are equivalent. It turns
out that the classifications of [29, 39] are equivalent to ours, except for that they omit
the isomorphism class of Lie algebra 5 in our Table 1 and the class of Lie algebra 11
in our Table 2. This is because these two Lie algebras are decomposable:

Lie(e1248 + e3417 + e5617) = Lie(e1248) @ Lie(e3z417 + e5617),
Lie(e1447 + e1518 + e2316) = Lie(e1417 + e1548) D Lie(ea3r6)
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where Lie (- ) denotes the Lie algebra defined by the tensor in the parentheses. It follows
that our Tables 1, 2 and 3 with these two Lie algebras removed, give a classification
of indecomposable two-step nilpotent real Lie algebras.

4 Real algebraic groups and real Galois cohomology

Let G be a real linear algebraic group. In the coordinate language, one may regard
G as a subgroup in the general linear group GL (N, C) (for some natural number N)
defined by polynomial equations with real coefficients in the matrix entries; see Borel
[4, Section 1.1]. More conceptually, one may assume that G is an affine group scheme
of finite type over R; see Milne [24, Definition 1.1]. With any of these two equivalent
definitions, G defines a covariant functor

A G(A)

from the category of commutative unital R-algebras to the category of groups. We
apply this functor to the R-algebra R and obtain a real Lie group G(IR). We apply this
functor to the R-algebra C and to the morphism of R-algebras

y:C—C, z+— z for z€C,

and obtain a complex Lie group G(C) together with an anti-holomorphic involution
G(C) — G(C), which we denote by og. The Galois group I'" naturally acts on G(C);
namely, the complex conjugation y acts by og. We have G(R) = G(C)" (the subgroup
of fixed points).

We shall consider the linear algebraic group G := G xR C obtained from G by
extension of scalars from R to C. Since G is an affine group scheme over C, we have
the ring of regular function C[G] = R[G]®R C. Our anti-holomorphic involution og
of G(C) is anti-regular in the following sense: when acting on the ring of holomorphic
functions on G (by acting by oy ! on the argument of a function, and by complex
conjugation on the value) it preserves the subring C[G] of regular functions. An anti-
regular involution of G is called also a real structure on G.

Remark 4.1 If G is a reductive algebraic group over C (not necessarily connected),
then any anti-holomorphic involution of G is anti-regular. The hypothesis that G is
reductive is necessary. For details and references see [9, Section 1].

A morphism of real linear algebraic groups G — G’ induces a morphism of pairs
(G,06) — (G,og). In this way we obtain a functor G — (G, og). By Galois
descent this functor is an equivalence of categories; for details and references see [9,
Section 1] or [6, Appendix A]. In particular, any pair (G, o), where G is a complex
linear algebraic group and o is a real structure on G, is isomorphic to a pair coming
from a real linear algebraic group G, and any morphism of pairs (G, o) — (G, o)
comes from a unique morphism of the corresponding real algebraic groups.
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When computing the Galois cohomology H!G for a real algebraic group G, we
shall actually work with the pair (G, o), where G is a complex algebraic group and o
is a real structure on G. We shall shorten “real linear algebraic group” to “R-group”.

Let G = (G, o) be areal algebraic group (not necessarily connected or reductive).
The Galois group I' = {1, y} acts on G by

Y¢=0(g) for geG.
We define the first Galois cohomology set H' (R, G) by
H'R,G) =2'G/~.

Here Z'G = {z € G | g-Vg = 1} is the set of 1-cocycles, and two cocycles z, z' € Z'G
are equivalent (we write z ~ z') if z = g~!.7/-7g for some g € G. We shorten
H'(R, G) to H'G.

For details see [7, Section 3.3] or [6, Section 4]. See Serre’s book [33] for the Galois
cohomology H!(k, G) for an algebraic group G over an arbitrary field k.
5 Action on the based root datum
Let G be a connected reductive group over an algebraically closed field k. Let T C G
be a maximal torus, and let B C G be a Borel subgroup containing 7. We consider

the based root datum

BRD(G, T, B) = (X, XY, R, RY, 8, 8).

Here
e X = X*(T) is the character group of T';
e XV = X,(T) is the cocharacter group of T;
e R=R(G,T) C X is the root system;
e RV=RY(G,T) C XV is the coroot system;
e 8§ =8(G, T, B) C Ris the system of simple roots;
e 8VY=8Y(G, T, B) C RY is the system of simple coroots.

For details see Springer [34, Sections 1 and 2].
Recall that the root system R is defined in term of the root decomposition

LieG =Lie T ® €P g,
aeR

where g, is the eigenspace corresponding to the root «. For each & € 8 we choose a
nonzero element x, € g,. We write P = {x, | @ € 8} and say that P is a pinning of
(G, T, B).

We write § = {oq, ...} and consider the Cartan matrix with entries a;; =
(o, oz]V). Recall that the Dynkin diagram Dyn(G) is the graph whose set of vertices
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is the set of simple roots 8 and whose set of edges is defined in the usual way using
the Cartan matrix; see, for instance, [17, Section 3.1.7].

We say that (T, B, P) is a Borel triple in G. It is well known that if (77, B/, P') is
another Borel triple, then there exists a unique element g = ¢Z(G) € Inn(G) =
G/Z(G)suchthat gTg~'=T', gBg~'= B’, gPg~' = P. This element g*¢ induces
an isomorphism gad*: BRD(G, T’ B) = BRD(G, T, B). Moreover, this induced
isomorphism g24* does not depend on the choice of the pinning P as above. Thus for
given G we can canonically identify the based root data BRD (G, T', B) for all Borel
pairs (T, B). We obtain the canonical based root datum BRD (G).

The automorphism group Aut(G) naturally acts on BRD(G), and so we obtain a
canonical homomorphism

¢: Aut(G) — Aut BRD(G).
We describe ¢. Choose a pinning P = (x,) of (G, B, T'). Write
BRD(G) = BRD(G, T, B).

Consider the Borel triple (T, B, P). Let a € Aut(G). Then (a(T), a(B), a(P)) is
again a Borel triple in G, and therefore there exists g, € G such that

ga-a(T)-g7' =T, g.-a(B)-g;' =B, gi-a® -g;'="2.

We see that the automorphism inn (g, ) oa of G preserves the Borel triple (7', B, P) and
thus induces an automorphism ¢ (a) of BRD(G, T, B). One checks that the obtained
automorphism ¢ (a) does not depend on the choice of P and g, as above. For details
see [8, Section 3]. By construction, the subgroup Inn(G) € Aut(G) acts on BRD(G)
trivially, and so we obtain an action of Out(G) := Aut(G)/Inn(G) on BRD(G).
The action of Out(G) on BRD(G), in particular, on § and 8", induces an action on
Dyn(G).

We embed XV into t := Lie T as follows. Let v € XV, v: k* — T. Consider
dv:k — tandseth, = (dv)(1) e t.

Consider the center Z(G), its identity component Z (G)Y (which is a torus), and
the cocharacter group X, = X, (Z (G)%). We can identify

Xy ={veX|(e,v)=0foralla € 8}.

The group Out(G) naturally acts on the torus Z (G)? and on its cocharacter group X %
Moreover, it acts on the Lie algebra 3 := Lie Z(G) and on the lattice {h, € 3| v € X/}.
Fora € 8§ C X, we consider oY € 8¥ C XV, and by abuse of notation we write /1,
for hyv € t. The set {hy | € S} is a basis of the Lie algebra t N [g, g] where [g, g] is
the derived subalgebra of g.
For each « € 8§ we choose a nonzero vector x4 € g,. Then we have Ad(¢) x4, =
o(t)-xq fort € T, whence

[hg, xa] = (da)(hgv)-xg = (da)(dB” (1)) -xqg = d(aoB)(1)-x¢ = (@, B7) - xq
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because (o BY) (1) = t@F") fort € C*.

We choose y, € g_, such that [xy, o] = hy. Then [hy, yo] = —2y,. Note that
the set {x,, yo | @ € 8} generates the subalgebra [g, g] of g.

The set Ay, Xo, Yo for « € 8 has the following properties (see [19, Section 2.9.3,
formulas (2.1)]):

[ha, hgl =0;

[Xa, y8] = Sapha;

[hg, xa] = (@, BY) xq;

[hp, Yol = — (@, BY) yu for a, € 8.

We say that A, x4, Yo is a canonical generating set for [g, g].

Now let G be a reductive group, not necessarily connected, over an algebraically
closed field k. We consider the action of G on the Dynkin diagram Dyn G® =
Dyn G%% | where G%% = (G"* = G°/Z(G) denotes the adjoint group cor-
responding to the identity component G° of the reductive group G.

As above, we choose a maximal torus 7 C G2 and a Borel subgroup B C
containing 7. We consider the based root datum

GO,ad

BRD(G%™, T, B) = (X, XV, R, R, 8, 8Y).
For each simple root ¢ € 8§ we choose canonical generators xq, Yo, by € Lie Goad —
[g, g] as explained in Sect. 6, where g = Lie G. Observe that the set {xy, yo | @ € 8}
generates the semisimple Lie algebra [g, g].
Consider the action of G by conjugation on G° and on G%2¢ . We obtain a homo-
morphism
G — Aut G,
Lemma 5.1 Consider the homomorphism
¢pyn: G — Aut(Dyn G) = Aut(Dyn G**)
and the group

Al = {g € G|Ad(g)xy = xq, Ad(g) Yo = Yo forall a € 8}.

Then ker ¢pyn = G- Ay.

Corollary 5.2 We have A C ker ¢pyn, and the homomorphism
mo(A1) — mo(ker ¢ppyn)

induced by the inclusion homomorphism Ay — Ker ¢pyn is surjective.

This corollary gives us a method to compute 7o (ker @pyn).
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Proof of Lemma 5.1 Consider the canonical homomorphism
V: G — Aut G%* = Aut(Lie G%).

Since the elements x, y, generate [g, g] = Lie G%4 we have A = ker Y. On the
other hand, we can factor the homomorphism @pyy, as follows:

¢pyn: G > Aut G — AutBRD(G*™, T, B) = Aut(Dyn G**).

It follows that A} = ker ¢y C ker ¢py,. Writing Out G% = Aut G924 /Inn GO |
we have that the homomorphism

Aut G* — AutBRD(G%Y, T, B)
induces an isomorphism
Out G% =5 AutBRD(G%™, T, B);

see Conrad [12, Proposition 1.5.5]. It follows that ker ¢pyy is the preimage in G of
the subgroup G%% = Inn G2 C Aut G%% . Since G*¢ is the identity component
of Aut G%% | we have w(GO) = Go*ad, and hence for any g € ker ¢pyy there exists
g0 € G such that ¥ (gog) = 1 € Aut G%* = Aut[g, g, that is, gog € ker y = Ay,
as required. O

6 Vinberg’s O-representations

Vinberg [36, 37] introduced a class of representations of algebraic groups which
share many properties with the adjoint representation of a semisimple Lie algebra.
This makes it possible to classify the orbits corresponding to such a representation.
These representations are constructed from a Z/mZ-grading or a Z-grading of a
split semisimple Lie algebra over a field k. In this paper we deal exclusively with
Z-gradings of split semisimple real Lie algebras.

Let g be a split semisimple Lie algebra over R. We construct a class of Z-gradings
of g. Fix a split Cartan subalgebra t of g with corresponding root system R = R(g, t).
For a € R, we denote the corresponding root space by g,,. Fix a basis of simple roots
8 ={a1,...,a¢} of R. Let (dy, ..., dy) be a sequence of non-negative integers. We
define a function

14 14
d: R— Z, d<ZmiC{i> = Zmidi.
i=1

i=1

We let g, be the subspace of g spanned by t and all subspaces g, with d(«) = O.
Furthermore, fori € Z, i # 0, we let g; be the subspace of g spanned by all g, with
d(a) = i. Then
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i=Pa

ieZ

is a Z-grading of g. We observe that g, is a reductive Lie subalgebra; see [19, Theorem
8.3.1]. If

oa=mioy +---+myay € R with m; EZ)O

is a positive root with m; > 0 for some i such thatd; > 0, then d(«) > m;d; > 0 and
hence g,, N gy = 0. It follows that the simple roots «; such that d; = 0 form a basis
of the root system of g, with respect to t.

Let G be the inner automorphism group of g. This algebraic R-group is also known
as the adjoint group of g, or as the identity component of the automorphism group of
g. For x € g we denote its adjoint map by ad x, so (ad x)(y) = [x, y]. The Lie algebra
of Gisadg = {adx |x € g}. Consider the Lie subalgebra ad g, = {adx |x € g}
Let T C G be the Cartan subgroup (maximal torus) of G with Lie algebra ad t, and let
G denote the algebraic subgroup of G generated by T and the elements exp (ad x) for
x € g, with d(a) = 0; then Gy is the connected real algebraic subgroup of G whose
Lie algebra is ad g. Since [g, g;] C g;, the action of Gp on g, leaves the subspaces
g; invariant. The representation of G in g; so obtained is called a f-representation,
and Gy together with its action on g, is called a 8-group.

For x € g; and y € g;, we have (ad x)*(y) € 9;1%- Since the grading is a Z-
grading, we have g, ., = O for sufficiently big k, implying that ad x is nilpotent. It can
be shown that each real element x € g, lies in a real homogeneous sly-triple (h, x, y),
where i € gy and y € g_; and

[h,x]=2x, [h,y]=—-2y, [x,y]l=h;

see [19, Lemma 8.3.5]. The proof of [19, Lemma 8.3.5] shows how to construct a
homogeneous sl,-triple (%, x, y) for a complex element x. When applied to a real
element x, this method gives a real sl,-triple.

Consider two elements x, x" € g; lying in the homogeneous sl,-triples (%, x, y),
(W, x’; y"). Then x, x’ are Go-conjugate if and only if the two triples are Go-conjugate
if and only if &, i’ are Go-conjugate; see [19, Theorem 8.3.6]. It is possible to devise
an algorithm for classifying the Go-orbits in g; based on this fact; see [19, Section
8.4.1]. An alternative method for this is based on Vinberg’s theory of carrier algebras;
see [37]. Since a -group for a Z-grading or a Z/mZ.-grading has a finite number of
nilpotent orbits in g; ¢ (see [19, Corolary 8.3.8]), and in the case of a Z-grading all
Go-orbits in g; are nilpotent, for a Z-grading there are finitely many Go-orbits in g; ¢.

Now we describe the Z-gradings that are relevant to this paper. They are constructed
using a sequence (dy, . . ., d¢) where precisely one of the d; is 1, and all others are 0. We
give such a grading by giving the Dynkin diagram of g where the node corresponding
to o; with d; = 1 is colored black. We consider the following three Z-gradings:

@ Springer



16  Page 16 of 27 M. Borovoi et al.

4.4 (D7)

(5,3) (E7) - -

O @ O

(6,2) (E7) o -

Consider such a Z-grading labeled (m, n) with (m, n) taking values (4, 4), (5, 3),
(6,2). Write Gger =[Gy, Gy], the derived subgroup of Gg. We see from the Dynkin
diagram that the semisimple group Gger is of type Ay, —1 X A,,—1. Therefore, the univer-
sal cover Gg of Gger is a split simply connected semisimple group of type A,,—1 x A, 1
and hence it is isomorphic to SL,, g X SL,, r; we fix this isomorphism. We obtain an
isogeny (surjective homomorphism with finite kernel)

SLurXSLpr — Go — G,

Of course, to specify this isogeny we need to work with Lie algebras.

Since G is of adjoint type, the set of simple roots {«1, . .., oy} (with £ = 7)is abasis
of the character group X*(T). Write To = T N Go; then the set {a1, ..., o} \ {aj,} is
a basis of X*(Tp), and T = To x T', where T' = Z(Gg) = Gm,R is a 1-dimensional
split R-torus with character group X*(T!) = Z - ot Write

Gm,n = SLm,]R X SLn,IR X Gm,lR;

we obtain an isogeny G, , — Go. Since g, is the direct sum of eigenspaces g, of T
in g where « runs over the roots

o =mio] + ---+myay with mij, = 1,

we see that t € T'(C) = C* acts on g, by multiplication by ¢.
We compute the representation of Tger ing;.For1 <i<{¢=7,1let

Xi € 8y;» Vi €0_g;» hi €t

be canonical generators of g. For the root systems of types D7 and E7, this means that
each (h;, x;, y;) is an slp-triple, that for i # j we have [h;, x;] = —x;, [k, yj]1 = y;
if 7, j are connected in the Dynkin diagram, otherwise [A;, x;] = [A;, y;] = 0, and
that [x;, y;] = 0. Let ip be such that d;, = 1. Then the elements h;, x;, y; fori # i

form a canonical generating set of the semisimple part gger = [go, 9o] of gp. In the
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three cases above it is easy to check that «;, is the unique lowest weight of g;. This
means that (1) forevery i # iy we have that o;,— «; is not aroot, and (2) for every root
a # o, withd(a) = 1, there is i # ip such that @ — o; is a root. Here (1) is obvious,
because any root must be a linear combination of simple roots with non-negative
coefficients, or a linear combination of simple roots with non-positive coefficients.
Assertion (2) can be checked using a list of the positive roots of the root systems of
type D7 and E7, respectively. (See [36, Section 8] for a more conceptual approach.)
The positive roots can be listed using a computer program like GAP; alternatively,
they can be found in Bourbaki [11]. Hence x;, € g, is the unique (up to scalar) lowest
weight vector (here “lowest weight vector" means that [y;, x;)] = 0 for i # ip).
Furthermore, [h;, x;,] = —x;, if i and iop are connected in the Dynkin diagram, and
[hi, xiy] = O otherwise. Hence the gy-module g; is irreducible and we know its lowest
weight A;; the numerical labels (A, ozl.v ) are given on the Dynkin diagrams above. From
this we can determine the highest weight of g;. Namely, let v be the only nontrivial
automorphism of the Dynkin diagram Ay when ¢ > 1, and the trivial automorphism
of A; for £ = 1. Then the highest weight A, is given by A, = —t(A;); see [17, Section
3.2.6, Proposition 2.3 and Theorem 2.13]. We see that the numerical labels of 1, are
1 at the node neighboring an extreme node of A,,, and 1 at an extreme node of A,, for
m > n. This means that there exists an isomorphism (~}0 = SLu.r X SL, r with
m > n such that g; is isomorphic to (/\2]R’")* ®R" as a G, ,-module; see [26, Table
5]. An element (ay,, bp, c1) € Gy, acts on (/\2(13’")*@ C" as follows:

(@m. bu. 1) ($®V) = c1(an-$) @ (by-v) for ¢ € (N°C")", v e "

We note that we have a canonical isomorphism (A’R™*@R" = Hom (A’R™ R").

7 Using Galois cohomology
Set

Y = Hom (/\ZU, V) = Hom (/\ZIR'", R"), Y :=Y®rC =Hom (/\ZCm, c")
with the standard action of the Galois group Gal(C/R) on Y. Write

G=GLnrxGLyr, G =GL(m,C)xGLx,C),
G =SL,rxGLyr, G’ =SL(m,C)xGL,C),
G" =Gy =SLy.r XSLy R X G RS

G" = Gy, =SL(m, C)xSL(n, C) x C*.

See Notation in Introduction for the notations GL,, r and GL (m, C). The group G
acts on Y in the standard way, and we have a composite homomorphism

¢ LG <G,
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Here the surjective homomorphism p is given by
p: G'— G/, (@m, bn, c1) = (am, c1by), (7.1)

where a,, € SL(m, C), b, € SL(n, C), c; € C*, and we write ¢ b, for the product
of the scalar c¢; and the matrix b,,. Then

ker p = { (I, A" s 1) [ A7 = 1) =,

where (., denotes the group of n-th roots of unity.

Lete e Y = Hom(/\le’”, R™), which we view as embedded into Y := Y®R C. As
seen in Sect. 6, Lie G” is isomorphic to g, the zero component of a Z-graded simple
complex Lie algebra g. Moreover, Y is isomorphic as a G”-module to §; (in Sect.6
it was denoted by g;). We use the machinery of sly-triples, as indicated in Sect.6,
to classify the G”-orbits in Y. Let t = (h, e, f) be a real homogeneous sl,-triple
containing e, where h € gy, f € g_;. We write

G. = Stabg(e), G, = Stabg/(e), G = Stabgr(e), G/ = Stabg (1).

Let e € Y. We denote by g/ the centralizer (stabilizer) of a real sl>-triple
t = (h, e, f) in the real Lie algebra g’ = Lie G” = sl(m, R) x s[(n, R) x R. These
stabilizers for the real orbits are tabulated in fourth column of each of Tables 1, 2 and
3, where by t we denote the Lie algebra of a one-dimensional split torus of G, and by
u we denote the Lie algebra of a one-dimensional compact torus of G.

Lemma7.1 Assume that e € Y, and consider G,, which is a real algebraic group.
Then there is a canonical bijection between H' G, and the set of real orbits (the orbits
of G(R) in Y) contained in the complex orbit G - e.

Proof By Serre [33, Section 1.5.4, Proposition 36], see also [7, Proposition 3.6.5], we
have a canonical bijection between ker [H'G, — H!G] and the set of orbits of G(RR)
in G -eNY. Moreover, since G = GL,; r X GL, R, we have H!G=1 (see Serre [32,
Section X.1, Proposition 3]), and the lemma follows. O

We specify the map of the lemma. Recall that H'G, = Z' G, /~ where Z! G, is the
set of 1-cocycles; see Sect.4. Here we write z ~ 7’ if there exists g € G, such that
7z =g 17/ 7g. Let [z] € H'G, be the cohomology class represented by a cocycle z.
Since H'G = 1, there exists g € G such that

z=g '-1.7g, thatis, Yg = gz.
One can easily find such an element g using computer or by hand. We have

V(g-e)="g-e=gz-e=g-e,

because z € G,. Thus g - e isreal (contained in Y), and to [z] we assign the G(IR)-orbit
of g-e.
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8 The stabilizer of e and the centralizerof t = (h, e, f)

By Lemma 7.1 we can use H!G, inorderto classify orbits of G(R) in Y. Therefore, we
need to compute H'G,.. To compute H' G, we embed e into an slp-triple t = (e, i, f)
as in Sect.7. We compute G/ using the theory of 6-groups. Below we describe some
relations between G/ and G,.

By [7, Theorem 4.3.16] we have

G/ = Ry(G!)x G/ 8.1)

where R, denotes the unipotent radical. By Sansuc’s lemma ( [31, Lemma 1.13], see
also [5, Proposition 3.2] and [6, Proposition 7.1]) the inclusion G;/ — GZ induces a
bijection H'G, = H'GY.

Lemma 8.1 For the homomorphism p of (7.1), we have ker p € Z(G/) where Z(G)
denotes the center of G.

Proof Clearly, ker p C G Since ker p € Z(G"), we have ker p € Z(G7). Each
element x € ker p is semisimple, and in view of (8.1) there exists g € G/ such that
gxg e G/ see Hochschild [21, Theorem VIIL4.3]. Since x € Z(G)), we see that
x € G} and that x € Z(GY), as required. O

Since the homomorphism p is surjective, from (8.1) we obtain that
G, = p(G,) = p(Ru(G;) ¥ G7) = p(Ru(G))) x p(G)), (8.2)

where p(Ry(G))) = Ry(GY) because by Lemma 8.1 we have ker p C G/.
Now consider G,. Write

D = {(xIy, x2I,) | x € C*} CG.

Lemma8.2 G, =D-G,.

Proof Clearly D C G, for any e € Hom (/\20’”, C"), whence D-G, < G,. Con-
versely, if g = (gm, gn) € G, C GL(m, C) x GL(n, C), we choose x € C* such that
x™ = det(g;), and we set

d=ln,x’L), & =G"gux%g)=d g

Thendet(x'g,,) = 1, and therefore we have g’ € G’. Since g’ = d ' g whered -e = ¢
and g-e = ¢, we see that g’-e = e. Thus g'€ G, d € D, and g = dg’, as required.00

We denote P, =D - p(G}).

Corollary 8.3 G, = p(Ry(G)) X P;.
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Proof We use Lemma 8.2 and formula (8.2), and obtain

Ge=D-G,=D-(p(Ru(G)) » p(G]))
= p(Ru(G) x (D p(G]) = p(Ru(G)) x P

as required. O
Proposition 8.4 The inclusion P; — G, induces a bijection
H'P, =H'G,.
Proof Since the group p(R,(G))) is unipotent, by Sansuc’s lemma we have
H'P, = H'(p(Ru(G))) x Py).

By Corollary 8.3 we have H! (p(Ry(G))) xPy) = H!G,, as required. m|

In order to compute H'P; we need the Lie algebra of P,. We have an isomorphism
Lie G/ — Lie(G/ /ker p) given by

(&m» &n>c1) = (gm» c1dy + gn).

Then Lie P, = Lie D + Lie(p(G})), where Lie D = C- (I, 21,). Write g’ =
Lie(G"”), ¢’ = Lie(G’). For the differential dp: g’ — g’ we have dp(ay, by, c1) =
(@m, by + c1). Now Lie(p(G))) = dp(Lie(G})) = dp(g}), where g/ is the central-
izer of 1 in g”. We see that it is straightforward to compute using computer the Lie
subalgebra

Lie P, C gl(m, C) x gl(n, C).

For classification of G(IR)-orbits in Y = Hom(/\lem, R"), we need H'G,. For
this end we need a real basis of Lie P; (which is computed by our program) and the
component group 7o (F;).

Proposition 8.5 Consider the composite homomorphism
¢: G = p(G)) — P,.

Then the induced homomorphism ¢y.: 7wo(GY) — mwo(P;) is surjective.

Proof The homomorphism D x G/ — D-p(G}) = P, is surjective. It follows that
the homomorphism of the component groups

710(G!) = 70(D x Gy = 7o (P;)

is surjective, as required. O

We have reduced computing H'G, to computing 7o(P;). Moreover, in view of
Proposition 8.5, computing 7o (P;) reduces to computing 79 (G); see the end of Sect. 9
below.
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9 Computing H'G,

We start with a tensor e from Tables 1, 2 and 3. These are the tensors in the rows
1-6 (but not 1-bis) in Table 1, in the rows 1-12 in Table 2, and in the rows 1-3 in
Table 3. We can compute the stabilizer g, = Lie G, of our tensor e in the real Lie
algebra Lie G = gl(m, R) x gl(n, R). This is a linear problem, and we can easily do
that using computer.

We need the Galois cohomology H' G, := H' (R, G.). We have a computer program
[20] described in [6] for calculating the Galois cohomology H'H of a real linear
algebraic group H, not necessarily connected or reductive. We call this program “the
Hl-program”. We assume that H C GL (N, C) (for some natural number N) is a real
algebraic subgroup (that is, defined by polynomial equations with real coefficients).
The input of the H!-program is the real Lie algebra Lie H C gl(N, R) given by a
(real) linear basis, and the component group mo(H) given by a set of representatives
hi,...,h € GL(N, C).

However, when working on this paper, we had only an older version of the H'-
program. This older H!-program computes H'H when H is reductive (not necessarily
connected). Therefore, we reduce our calculation of H'G, to the reductive case, see
below.

Using computer, we embed our tensor e into a homogeneous slp-triple (%, e, f)
in a Z-graded Lie algebra as in Sect.6, and we consider the reductive group P, =
D p(G}) C G, not necessarily connected; see Sect. 8. By Proposition 8.4 we have a

canonical bijection H'P, = H!'G,. It remains to compute H'P,.

In order to compute H!'P; using the older H'-program, we need a basis of the real
Lie algebra Lie (P;) and the component group o (P;). Using computer, we can easily
compute a basis of Lie (P;).

It remains to compute 77o( P;). By Proposition 8.5, the homomorphism 79(G}) —
7o (Py) is surjective. It remains to find representatives of 7o (G/') up to equivalence in
P;. Here we say that g1, g2 € G/ are equivalent in P, if p(g;) p(g2)~! is contained in
the identity component PP of P;.

We have acomputer program checking whether an element /2 of areductive algebraic
group H C GL(N, C) (not necessarily connected) with Lie algebra b is contained in
the identity component H° of H. Using this program, from a set of representatives of
7o(G}) we obtain a set of representatives of 7o (P;). It remains to compute 79 (G).

10 Computing 7o (Gy)

The group G/ acts by conjugation on its identity component G/'°, whence we obtain

a homomorphism
m0(G)) =G/ /G/° - AutG/°/Inn G/° = Out G/'°,

where Inn G/ denotes the group of inner automorphisms of G/°. The group of
outer automorphisms Out G naturally acts on the based root datum BRD(G/ ). In
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particular, it acts on the Dynkin diagram D = Dyn G/ 0 and on the free abelian group
Xy = X.(Z(G}9)); see Sect.5. We obtain a homomorphism

m0(G) — Aut(DynG/°) x Aut(X}). (10.1)

The action of 77o(G/) on Dyn(G/)" preserves the sets of highest weights of the rep-

resentations of the derived Lie algebra g/%" = [g/, g/]in U = C" and in V = C".
The group Aut(DynG/°) in (10.1) is finite, but Aut(X ) is infinite when

dim Z(G/ 0) > 2. We construct a finite subgroup of Aut (X ») containing the image

of 79(G}) in Aut (X ). Consider the symmetric bilinear form on g
Fx,y) =Tr(xy), x,y€g=glim R)xgl(n R)

where xy denotes the product of matrices. This symmetric bilinear form is G-invariant,
hence G/ -invariant. By abuse of notation, we denote again by F the restriction of the
form to 3 := Lie Z(G/'); it is G/ -invariant and hence 7o(G/)-invariant.

We observe that in all our examples, the bilinear form F on the real vector space 3
is positive definite. Indeed, one can see from Tables 1, 2 and 3 that the center 3 of the
Lie algebra g/ = Lie G/ is split, that is, it can be diagonalized over R. It follows that
any matrix x € 3 can be diagonalized over R, and therefore F(x, x) = Tr (xz) > 0;
moreover, if x # 0 then F(x, x) = Tr(x2) > 0, as required.

We embed X, < 3:toany v € X, we assign the element i, = (dv)(1) € 3 as in
Sect.5. We obtain a 7o (G} )-invariant positive definite bilinear form Fx on X %:

Fx i, v2) = F(hy,, hy,) for vi, vy € X7.

Since Fy is definite, the group Aut (X, Fx) is finite. We can write the homomorphism
(10.1) as
70(G)) — Aut(Dyn G/'°) x Aut (X%, Fx)

where both automorphism groups are finite.

11 Details of computation of Tables 1,2 and 3

We describe the last two columns in our Tables 1, 2 and 3. We take a representative
e € Y = Hom(A?U, V) and embed it into a homogeneous sl,-triple t = (h, e, f).
We consider the centralizer (stabilizer) g’; see Sect. 7. The Lie algebra g/ is reductive.
Let g/9" = [g/, g/'] denote its derived subalgebra. The inclusion homomorphism

g;/der N g;/ — Lie(G”) = sl(U) xs[(V) xR

induces complex representations of g/ der in U/ and V. We compute the highest weights
of these representations and write them in the corresponding columns “Rep. in U”

and “Rep. in V” of the tables.
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For example, in the row 1 of Table 1, we have g;/ ~ sly x sly x 515, and the rep-

resentation of g/d" = g/ in U = RS is the direct sum of the three 2-dimensional
irreducible representations with the highest weights (1, 0, 0), (0, 1, 0), and (0, 0, 1).
The representation in V' is the trivial 1-dimensional irreducible representation (with
highest weight (0, 0, 0)) with multiplicity 2.

Let e be one of the tensors in the rows 2, 3,4, 5, 6 of Table 1. Looking at the last
three columns of the table, we see that the Dynkin diagram Dyn G/ 0 has no non-trivial
automorphisms preserving the highest weights of the representations in U and V. Thus
0(GY), when acting on G; 0 acts trivially on Dyn G/ 0. Write r for the semisimple
rank of G;/O, andletxy, ..., X, ¥1,..., Yr, I1, ..., h, be canonical generators of the

semisimple Lie algebra [g], g;] as in Sect. 6. We add the equations

Ad(g)xi =x;, Ad(g)yi=y; fori=1,...,r,

to the equations defining G/, and compute the Grobner basis. A calculation shows that
the obtained subgroup H” = ker[G] — Autg/] C G” is contained in the diagonal
maximal torus of G”. This means that H” is given as the intersection of a finite number
of characters of the maximal torus. This makes it possible to work with H” using the
machinery of finitely-generated abelian groups. In particular we can use the Smith
form of an integral matrix to find generators of 77o(H"). Here we do not go into the
details but refer to [19, Proposition 3.9.7] and its proof. A calculation shows that the
images of all these representatives are contained in the identity component P,O of P;.
By Corollary 5.2 the image of 7o (H") in 7o (P;) is the whole 7o (P;), and we conclude
that 7o(P;) = 1 in all these cases. A calculation (by hand or using computer) shows
that H'P; = 1, and thus H'G, = 1, in all these cases. Similarly, we obtain that for
the cases 8, 9, 10, 11 of Table 2 and the cases 2, 3 of Table 3 we have 7g(P;) = 1 and
H!G, = 1. Thus the complex orbit G - e contains only one real orbit G(R) - e, and the
corresponding complex two-step nilpotent Lie algebra has only one real form.

In the case 1 of Table 2 we have 7o(P,) = 1, but #H'P, = 2. Thus there are two
real orbits in the complex orbit, and we computed (using computer) a representative
of the second real orbit; see the row 1-bis in Table 2.

One can see that in the row 1 of Table 1, the automorphism group of the Dynkin
diagram Dyn (G )0 together with the highest weights of the representations in U and
V is the symmetric group S3. A calculation shows that the homomorphisms

7o(P,) <— mo(G)) —> Aut(Dyn G}°)
are isomorphisms, whence 7o(P;) ~ S3. A calculation (using the H'-program or by
hand) shows that H'G, = H!P, = H! (T", S3) and #H'G, = 2. Thus there are two
real orbits in the complex orbit G - e; see the row 1-bis in Table 1 for a representative
of the second real orbit.
Similarly, in the row 1 of Table 3, we have 7o(G>) = C, (a group of order 2), and
H'G, =H'P, = H'(I", C3) = {[1]. [c]}

where ¢ € C2, ¢ # 1. Again we have two real orbits in the complex orbit G -e.

@ Springer



16  Page 24 of 27 M. Borovoi et al.

We consider the rows 2, 3,4, 5, 6,7, 11 of Table 2. We see from the table that G/ 0
is atorus of dimension 2 or 3. We computed the Grobner basis of the equations defining
G;/ . In the cases 4, 6, 7, 11 we obtain a subgroup contained in the diagonal maximal
torus of G”, and the image of this subgroup in P; is contained in the identity component.
We see that 7o(P;) = 1, and therefore P, is a split torus. Thus H!G, = H!P, = 1,
and the complex orbit G - e contains only one real orbit G(R) - e.

It remains to consider the cases 2, 3, 5 of Table 2, in which G;’O is a torus and the
group G is not diagonal. We provide details for the case 5; the cases 2 and 3 are
similar (and easier). In the case 5 the group G7 0'is a 3-dimensional torus, and hence
X ; is a free abelian group of rank 3. We chose a basis e, e>, e3 of X } and computed
the Gram matrix Gr(Fx) = (a;;) where a;; = Fx(e;, ej). We obtained the matrix

420
240 ).
0031

Using the function AutomorphismGroup of Magma, we computed the automor-
phism group A = Aut(X?,, Fx). It is a group of order 24 with generators

010 1-10 -100
toof, [o-10], 0 -10].
001 00 -1 0 01

We computed the list of elements of A, and for each a € A we computed the Grobner
basis for G} with additional equations saying that the element ¢ € G} acts on X,
as a. For 18 elements a we got the trivial Grobner basis {1}, which means that the
corresponding enlarged system of equations has no solutions. For the following six

elements:
—100 —110 0-—-10 010 1-10 100
-110], [-100], [1-10], [100], |o-10], [o10
001 001 001 001 001 001

we obtained nontrivial Grobner bases, which meant that the corresponding enlarged
system did have a solution, and then it was easy to find a solution by a computer-assisted
calculation. From this we obtained that 7o(G/) ~ S3 and H'G, = H!P, ~ H!(T, S3)
is of cardinality 2. Similarly, we obtained that 7o (G.) =~ C; in cases 2 and 3 of Table
2. In these two cases we also obtained that # H'G, = 2. Thus the complex orbit G - e
contains exactly two real orbits, and in each case we computed a representative of the
other orbit.

A Appendix: Signature (4, 4): the duality approach
We use the duality approach; see Gauger [15, Section 3] or Galitski and Timashev [13,

Section 1.2]. Let U and V be finite dimensional spaces over a field k of characteristic
different from 2. To each surjective linear map §: NU = V we assign the natural
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surjective linear map
B*: N2U* - N2U*/(ker B)*+

where (ker 8)* denotes the orthogonal complement (annihilator) to ker 8 C NU
in the dual space A?U* to A\*U. This approach reduces classification of surjective
skew-symmetric bilinear maps k™ x k™ — k™! to classification of surjective skew-
symmetric bilinear maps k" x k” — k"2 where n, = (';) —ni. When (m,n;) =
(4,4), we obtain ny, = (3) —4 = 6 —4 = 2. This reduces the problem of classification
of two-step nilpotent Lie algebras over k of signature (4, 4) to the well-known cases of
signatures (4, 2) and (3, 2) (note that the signatures (2, 2) and (1, 2) are impossible).

In [18] one can find a classification of 6-dimensional nilpotent Lie algebras over a
field k of characteristic different from 2. This gives, in particular, a classification of
surjective skew-symmetric bilinear maps

B: k*x k* — K2

over such fields. These are representatives of the orbits with the numbering of [18,
Section 4].

Bs.s = e12+5 + e1346  Of signature (3, 2),
Be,22(€) = e1245 + e1316 + €246 + e3415 fore € k of signature (4, 2).

Here B6.22(8) is equivalent to fe 22(€) if § = o%e for some o € k*. Thus for k = C
we obtain three equivalence classes with representatives

Be.8: P6,22(0), Bs (1),

and for k = R we obtain four equivalence classes with representatives

Be.8» B6,22(0), Bo22(1), Beo2(—1),

which is compatible with our Table 3.
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