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Adaptive Log-Euclidean Metrics for SPD Matrix
Learning

Ziheng Chen, Yue Song”, Tianyang Xu, Zhiwu Huang, Xiao-Jun Wu, and Nicu Sebe

Abstract—Symmetric Positive Definite (SPD) matrices have re-
ceived wide attention in machine learning due to their intrinsic
capacity to encode underlying structural correlation in data.
Many successful Riemannian metrics have been proposed to
reflect the non-Euclidean geometry of SPD manifolds. However,
most existing metric tensors are fixed, which might lead to
sub-optimal performance for SPD matrix learning, especially
for deep SPD neural networks. To remedy this limitation, we
leverage the commonly encountered pullback techniques and
propose Adaptive Log-Euclidean Metrics (ALEMs), which extend
the widely used Log-Euclidean Metric (LEM). Compared with
the previous Riemannian metrics, our metrics contain learnable
parameters, which can better adapt to the complex dynamics
of Riemannian neural networks with minor extra computations.
We also present a complete theoretical analysis to support our
ALEMs, including algebraic and Riemannian properties. The
experimental and theoretical results demonstrate the merit of the
proposed metrics in improving the performance of SPD neural
networks. The efficacy of our metrics is further showcased on a
set of recently developed Riemannian building blocks, including
Riemannian batch normalization, Riemannian Residual blocks,
and Riemannian classifiers.

Index Terms—Riemannian geometry, SPD manifolds

I. INTRODUCTION

He Symmetric Positive Definite (SPD) matrices are

ubiquitous in statistics, supporting a diversity of scientific
areas, such as medical imaging [1]]-[3]] , signal processing [4]—
[7]], elasticity [_8], [9]], question answering [[10], [11], graph and
node classification [[12], and computer vision [13]-[23]]. Despite
the ability to capture data variations, SPD matrices cannot
simply interact as points in the Euclidean space, which becomes
the main challenge in practice. To guarantee the manifoldness,
several Riemannian metrics have been proposed, including
Affine-Invariant Metric (AIM) [24], Log-Euclidean Metric
(LEM) [25]], and Log-Cholesky Metric (LCM) [26], to name
a few. Equipped with these metrics, many Euclidean methods
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could be generalized into the domain of the Riemannian
manifold [27]-[31]]. It is essential to clarify that there are
also some metric learning methods in SPD manifolds [28]],
[30]. However, the metrics these methods learned are distance
functions induced by existing Riemannian metrics. In contrast,
this paper focuses on Riemannian metrics, which are more
fundamental than the metric learning methods mentioned above.

Recently, inspired by the vivid progress of deep learning
[32]-[34], several deep networks were developed on the SPD
manifold [1]l, 3], (S, 70, (11, [13[1, (190, [22], [23], [35]-
[40]. Although different network structures are designed, the
theoretical foundations of these methods are all built upon
Riemannian metrics on the SPD manifold. Therefore, the
design of the Riemannian metric is significantly important
for the efficacy of the learning algorithms. However, most
metric tensors in the existing popular Riemannian metrics
on the SPD manifold are fixed, which could undermine the
expressibility of the associated geometry. After analyzing
several existing Riemannian metrics on SPD manifolds, we
find that the pullback is a commonly used tool, which can
be intuitively viewed as a bijection preserving Riemannian
properties. For instance, [41] explained AIM as the pullback
metric from a left-invariant metric on the Cholesky manifold. In
[42], the authors generalized LEM by the pullback of the vanilla
LEM. In [26], the authors proposed LCM by the pullback from
the Cholesky manifold.

Inspired by the above observations, we leverage pullback
techniques to introduce adaptive Riemannian metrics in this
paper. In particular, we first show that several Riemannian
metrics on SPD manifolds, including LEM, LCM, and their
generalizations, can be explained as pullback metrics from
the standard Euclidean space. We refer to these metrics as
Pullback Euclidean Metrics (PEMs). Then, we propose a
general framework for characterizing the properties of PEMs.
Our framework can explain the widely used LEM [25]] and
LCM [26]]. We focus on LEM on SPD manifolds and extend
it into Adaptive Log-Euclidean Metrics (ALEMs). Besides,
we present a complete theoretical discussion on the properties
of ALEMs. Compared with the existing Riemannian metrics,
our metrics are adjustable, adapting to the characteristics
of the datasets. To the best of our knowledge, our work
is the first to integrate learnable Riemannian metrics into
Riemannian deep networks. The effectiveness of our metrics
is demonstrated by experiments as well as the applications
to recently developed Riemannian building blocks, including
Riemannian batch normalization [22]], Riemannian residual
blocks [43]], and Riemannian classifiers [39]. Drawing on
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this, our contributions are summarized as follows: (a) We
reveal the connection of two popular Riemannian metrics
(LEM and LCM) by the pullback technique and propose a
general framework for PEMs; (b) Based on our framework,
we propose specific ALEMs on SPD manifolds and conduct
comprehensive analyses in terms of the algebraic, analytic, and
geometric properties; (¢) Extensive experiments on widely used
SPD learning benchmarks demonstrate that our metrics exhibit
consistent performance gain across datasets.

The rest of the paper is organized as follows: Sec. [II] reviews
some essential backgrounds of differential geometry and the
geometry of SPD manifolds. Sec. rethinks the existing
LEM and LCM from the perspective of pullback metrics.
Sec. provides a detailed discussion on PEMs. Secs.
and [[IT-D] extend the existing LEM into ALEMs based on the
framework of PEMs. Sec. [[V]extensively analyzes the geometric
properties of ALEM. Sec. |V]| presents the application of our
ALEM into SPD neural networks. Sec.[VI|discusses the gradient
computations and parameter updates involved in our methods.
Sec. [VII validates our metric on three datasets. Sec. [VIII]
further applies our ALEM to re-design other Riemannian blocks.
Sec. [[X] discusses the limitations of this work, and Sec.
concludes this paper. For better representation, all proofs are
left in the supplement.

II. PRELIMINARIES

This section reviews some basic notations of differential
geometry and the geometry of SPD manifolds. For a more
detailed review, please refer to the supplementary.

We first briefly review the idea of pullback, which is a common
trick in geometry to study metrics.

Definition IL.1 (Pullback Metrics). Suppose M, A are smooth
manifolds, g is a Riemannian metric on N/, and f : M — N
is smooth. Then the pullback of the tensor field g by f is
defined point-wisely,

(f*9)p(Vi,V2) = g0 (fep(V1), fap(V2)), 1)

where p € M, f, ,(-) is the differential map of f at p, and
Vi € T,M. If f*g is positive definite, it is a Riemannian
metric on M, which is called the pullback metric defined by

1.

The most common pullback metrics are the ones induced by
diffeomorphism, i.e., when f is a diffeomorphism.

Next, we review the basic geometry of SPD manifolds. We
denote the set of n x n SPD matrices as S, the set of n x n
symmetric matrices as S™, and all the Cholesky matrices (lower
triangular matrices with positive diagonal elements) as L7} . As
shown in the previous literature [25], [26], ST, and L7} form
an SPD manifold and a Cholesky manifold, respectively. For
an SPD matrix S, the matrix logarithm miln(-) : 8%, — S"
is defined as

@

where S = UXU " is the eigendecomposition, and In(-) is the
diagonal natural logarithm.

min(S) = Uln(Z)U T,

In [25], LEM on 87, is introduced by Lie group translation.
The standard LEM is further generalized into two-parameter
families of O(n)-invariant metrics [42]], namely (a,b)-LEM,
by O(n)-invariant inner product on S™

(X, X))@ = || X||p + btr(X)2, VX € S, A3)

where || - || is the Frobenius inner product, and (a,b) €
ST = {(a,b) € R? | min(a,a + nb) > 0}. In [26], LCM is
derived on S7, from the Cholesky manifold L7} by Cholesky
decomposition. We denote (a,b)-LEM and LCM as g(®?)-1E
and g"C, respectively. For an SPD matrix P and a tangent
vector V' in the tangent space TpS” | at P, g(@PLE s defined
as

gV V) = al|min, p (V)[R +btr(PTIV)E, (@)

where mln, p is the differential map of matrix logarithm at
P € 87,V is atangent vector in the tangent space TpSY | at
P, (a,b) € ST. Note that (a, b)-LEM incorporates the standard
LEM when (a,b) = (1,0).

For L € £ and W € T L7, the metric on the Cholesky
manifold [26] is defined as
n
gE (W W) =Y Wy Wi + > WiWiL 2 ()
i>j j=1
The LCM is the pullback metric by the Cholesky decomposition
£ from ¢© [26]:
gLC — Z*gc (6)

III. ADAPTIVE LOG-EUCLIDEAN METRICS

As mentioned in Sec. [I, pullbacks are ubiquitous for studying
Riemannian metrics on SPD manifolds. In this section, we
further show that both (a,b)-LEM and LCM are pullback
metrics from the Euclidean space. Inspired by this observation,
we present a general framework for characterizing PEMs. Then,
we focus on generalizing LEM.

A. Rethinking (a,b)-LEM and LCM

Among the existing Riemannian metrics on the SPD manifold,
LEM is popular in many applications, given its closed form
for the Fréchet mean and clear vector space & Lie group
structures. In addition, the nascent LCM, gaining increasing
attention, also shares similar properties with LEM. LEM is
derived from the Lie group translation [25]], while LCM is
derived by the pullback from L'} [26]. Besides, (a,b)-LEM is
obtained by the pullback of LEM. However, theoretically, the
mathematical logic beneath their derivation can be the same.
We denote L™ as the Euclidean space of n x n lower triangular
matrices. We define ¢, : ST, — L7 as

Gein(P) = | L] + In(D(L)), 7

where L is the Cholesky factor of the SPD matrix P, |L| is
the strictly lower part of L, and D(L) is a diagonal matrix with
diagonal elements of L. Then, we have the following theorem.
Theorem IIL.1. (a,b)-LEM is the pullback metric from the
Euclidean space of 8™ with an O(n)-invariant inner product
()@Y by matrix logarithm. Specifically, the standard LEM is
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the pullback metric from the Euclidean space of S™ with the
standard Frobenius inner product by matrix logarithm. LCM is
the pullback metric from L™ with the Frobenius inner product

by ¢cln-

As n-dimensional Euclidean spaces are naturally isometric, it
can be directly obtained that both (a,b)-LEM and LCM are
pulled back from the standard Euclidean space S™.
Corollary IIL.2. (a,b)-LEM and LCM are pullback metrics
from 8™ with standard Frobenius inner product.

B. PEMs on SPD Manifolds

In Sec. we have shown how LEM is derived from
matrix logarithm. Besides, as shown in [25]], operations in Lie
group and linear space on S% , are also induced from matrix
logarithm. Now, let us explain the underlying mechanism in
detail. A matrix logarithm is a diffeomorphism (a smooth
bijection with a smooth inverse). The property of bijection
offers the possibility of transferring algebraic structures from
8™ into 8%, . The smoothness of matrix logarithm and its
inverse suggest that smooth structures can be transferred into
8% ., like the Lie group and Riemannian metric. More generally,
given an arbitrary diffeomorphism ¢ : 8%, — 8", it suffices
to pull various properties from the Euclidean space back to the
SPD manifold S}, by ¢ as well. Besides, the computation of
the induced operators in S%, by ¢ is usually simple.
Lemma IIL3. Let S1,52,5 € 8T, V; € TsST  ,k € R and
g® be the Frobenius inner product in S™. ¢ : St —S"is
a diffeomorphism, and ¢. s is the differential at S. We define
the following operations,

Elements Addition: S1 ®4 S2 = ¢~ (¢(S1) + #(S2)), (8)

Scalar Product: k ®4 Ss = ¢~ (ké(S2)), 9
Inner Product: (S1,52)¢ = (¢(S1), #(S2)), (10)
Riemannian Metric: g% = ¢* g%, (11)

Then, we have the following conclusions:
1) {8}, 0%, ®¢, (,-)¢} is a Hilbert space over R.

2) {87, ®¢} is an Abelian Lie group. {S,, g%} is a Rie-
mannian manifold. The associated Riemannian operators
are as follows

d®(51,52) = [|¢(S1) — &(S2)||F, (12)
Expg, V = ¢~ (¢(S1) + ¢u.5,V), (13)
Logg, S2 = ¢ 4,y (0(S2) — 6(S1)),  (14)

Psi-5,(V) = 6. s, © $x,5: (V) (15)

where || - ||p is the Frobenius norm, V € Ts SV,
is a tangent vector, Expg , Logg, and I's, s, are
Riemannian exponential map at Sy, logarithmic map at Sy
and parallel transportation along the geodesics connecting
S1 and Sy respectively, and ¢ is the differential maps
of o~ L. Then g® is a bi-invariant metric, named Pullback
Euclidean Metric (PEM) by ¢.

3) ¢ is an isomorphism: (a) a linear isomorphism preserving
the inner product; (b) a Lie group isomorphism; (3) a
Riemannian isometry.

In fact, (a,b)-LEM and LCM are special cases of Lem.
and so do linear space & Lie group in [25]] and Lie group
in [26]]. In addition, neither [25]] nor [26] reveals the Hilbert
space structures in S, .

C. Adaptive Log-Euclidean Metrics

The key of Lem. lies in the diffeomorphism ¢. If we
have a proper ¢, Riemannian metrics on SPD manifolds can
be induced. In the following, we will present our mappings
and then discuss the induced metrics.

As an eigenvalues function, the matrix logarithm in Eq. (@) is
reduced into a scalar logarithm, which is a diffeomorphism
between R and R. Following this hint, the eigenvalues-based
diffeomorphism between S, and S™ is reduced to scalar
diffeomorphism between R, and R. A very natural idea is
to substitute the natural logarithm with scalar logarithms with
arbitrary proper bases. In particular, we can define a general
diagonal logarithm log(-) as

T22
as

where a = (a1, a2, -+ ,a,) € R\ {(1,1,---,1)} is the base
vector, diag(-) is the diagonalization operator, and X is an
n X n diagonal matrix. By abuse of notation, we denote loga(-;
as log(-) for a general diagonal logarithm, and logg) as logt
for a general scalar logarithm. Specially, a1 = --- =a, = e =
log(-) = In(-). Together with eigendecomposition, a general

matrix logarithm is:

log, (X) = diag(logiil ,log e 710g36:n)7

a

(16)

mlog(S) = Ulog,(Z)U T, (17)

where S = USU T is the eigendecomposition. As a special
case, when a = (e,e,--- ,e), mlog = mln. Similar to the
scalar logarithm, we have the following proposition.

Proposition I11.4 (Diffeomorphism). mlog is a diffeomorphism,
a smooth bijection with a smooth inverse mlog™'(-) : " —

ST defined as

mlog ™ (X) = ¢ma(X) = Ua()UT, (18)

Ell

diag(ay 522

where a(X) = LAy, -
exponentiation.
Remark TIL.5. Note that mlog(-) should be more precisely

understood as an arbitrary one from the following family

, Gn) GRi\{(l,“- 71)}}'

By abuse of notation, we will simply use mlog(-). Besides,
there could be some ambiguity in Eq. under different
arrangements of eigenvalues and eigenvectors. In fact, there
is a correspondence between scalar log,. and eigenvalues &
eigenvectors. Please refer to Supp. B-A for more details.

-,a>m) is a diagonal

{mlog® |a = (ay, - - 19)

Since mlog is a diffeomorphism from S}, onto S”, all the
results in Lem. hold true.
Theorem IIL.6. Following the notations in Lem. we define

®mlog; ®mloga <'a '>mlogy and gmlog as Eq —Eq . Then,
we have the following conclusions:

1) {8}, Omiogs ®miog, (s *)miog} is a Hilbert space over
R.
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2) {87, Omiog} is an Abelian Lie group. g™°9 is a
Riemannian metric over S , . We call this metric Adaptive
Log-Euclidean Metric (ALEM) and denote g™°9 as g"I'F.
The associated Riemannian operators are as follows

dALE(S1, S5) = || mlog(S:) — mlog(Ss)||e, (20)
Expg, V = Pma(mlog(St) + mlOg*,Sl V), (21)
Loggs, S2 = dmax,x, (mlog(S2) — mlog(S1)), (22)
L5, 5,(V) = dmas, x, o mlog, g (V), (23)

where X; = mlog(S;) € 8™ for i =1,2.

3) mlog is an isomorphism: (a) a linear isomorphism
preserving the inner product; (b) a Lie group isomorphism;
(3) a Riemannian isometry.
Remark 11.7. Obviously, ALEM would vary with different
mlog. We thus use the plural to describe our metrics. Besides,
our metrics could be learnable. This is why we call them
adaptive metrics.

Similar with (a,b)-LEM, we also can define (a,b)-ALEM as
the pullback metric of O(n)-invariant inner product:

(a,b)-ALE (a,b)-E

g = mlog™ g (24)

where we denote the O(n)-invariant inner product (,)(®)
as g(@)E  g(ab)-ALE a1o share the properties presented in

Thm. [IIL.6| Nevertheless, this paper focuses on (a,b) = (1,0).

D. Differentials of General Logarithms

Eq. 21)-Eq. require the differential maps of mlog and
®ma- This subsection introduces the concrete formulae of the
associated differential maps.

Proposition II1.8 (Differentials). For a tangent vector V €
TsSY ., the differential mlog, ¢ : TsS} . — Tiiog(s)S™ of
mlog at S € S, is given by

mlog, s(V)=Q+ Q" + W, (25)

where Q = Dy log(X)U T,
DU = ( (0’1] — S)+VU1

uf Vg
e
o1 lnay

(ond —S)tVu, ),

-
u, Vu, UT

W = U diag(

) )
o, Inay,

() is the Moore—Penrose inverse, uy,- -+ ,u, are orthonor-
mal eigenvectors of S, and the associated eigenvalues are
01, ,0n.

Symmetrically, for a tangent vector Ve TxS™, the differential
Gmax,x * TxS" = Ty (x)SY Of Pma at X € 8" is given
by

¢ma*X( ) Q+QT+W

where S =UXUT is the elgendecomposmon Dg is defined
similarly, Q = D ga(® )UT

(26)

W = U diag(In™ aZ ] Vi, -+, In® a2, Vi, )U |
In [25]], the differential of the matrix exponential is written
as an infinite series. The differential of our ¢,,, can also be

rewritten in this way.

Proposition II1.9 (Differential as Infinite Series). Following
the notation in Prop. the differential of ¢, can also be
formulated as

¢ma*,X(V)
e’} k—1

=Y OCEx T px 1+ BExY),
k=1 1=0

where P = UBUT, B = diag(In®, - -

,hla"), DI; =
DyBUT +UBD[.

When ¢, (-) is reduced into matrix exponential, Eq.
becomes Eq. 8 in [25]], and our ALEM becomes exactly LEM.

IV. PROPERTIES OF ALEM

Since our ALEMs are natural generalizations of LEM. There-
fore, intuitively, ALEMs would share every property of LEM.
This section introduces some useful properties of our ALEMs
for machine learning, including Fréchet mean and invariance
properties.

Fréchet means are important tools for SPD matrices learning
(11, 150, [30]], [44]. Like LEM, our ALEM also enjoys closed
forms of Fréchet means. We present a more general result, the
weighted Fréchet mean.

Proposition IV.1 (Weighted Fréchet Means). For m points
S1,++Sm in SPD manifolds with associated weights
wy, -+, Wy € Ry, the weighted Fréchet mean M over the
metric space {8, d*"E} has a closed form

m

M = %ZZH mlog($;)). (28)

Like LEM, although our ALEM does not conform with the
affine-invariance, our ALEM enjoys some other kinds of
invariance.

Proposition IV.2 (Bi-invariance). ALEM is a Lie group bi-
invariant metric.

Proposition IV.3 (Exponential Invariance). The Fréchet means
under ALEM are exponential-invariant. In other words, for

Si,+++ Sy, €8V, and B R,
(FM(Sy,---Sp))? = FM(S?, -

where FM(Sy, - -

S

Sm)) means the Fréchet mean of Sy, - - -

(29)
S

Except for the exponential invariance, the Fréchet mean induced
by our ALEM also satisfies various properties presented in
[45].

Proposition IV4. For any SPD matrices A, B,C, Ay, By, Cy,
denote FM(A, B,C) as the Fréchet mean of A, B,C under
ALEM. Then the Fréchet mean satisfies the following properties.

(Ul) Permutation invariance. For

m({4,B,C}) of {A, B, C},
(U2) FM(A, A A)=A
The following properties hold if A, B,C, Ao, By, Cy commute.

(V1) Joint  homogeneity. FM(aA,bB, cC) =
(abc)'/*FM(A, B, C),Va,b,c > 0.

any  permutation
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(V2) Monotonicity. The map (A, B,C) — FM(A, B,C) is
monotone, ie., , if A > Ay, B > By, and C > Cy,
then FM(A, B,C) > FM(Ay, Bo, Cy) in the positive

semidefinite ordering.
(V3) Self-duality. FM(A, B,C) = FM(A~Y, B~},C~1)~L

(V4) Determinant identity. det FM(A, B,C) = (det A-det B-
det C)1/3,

In fact, Prop. holds true for any finite number of SPD
matrices. Besides, the geodesic distance induced by ALEMs
has similarity invariance.

Proposition IV.5 (Similarity Invariance). The geodesic distance
under ALEM is similarity invariant. In other words, let R €
SO(n) be a rotation matrix, s € Ry is a scale factor. Given
any two SPD matrices S, and Ss, we have

dALE(S) ) Sy) = dAE(s2RS1RT, s’ RS,RT). (30)
Let us explain a bit more about the above three kinds of
invariance. Firstly, among metrics on Lie groups, bi-invariant
metrics are the most convenient ones [46, Chapter V]. Secondly,
exponential invariance offers a fast computation for Fréchet
means under exponential scaling. At last, similarity-invariance
is significant for describing the frequently encountered covari-
ance matrices [25].

The above discussion focuses on theoretical side. Now, let us
reconsider Eq. (I7) in a numerical way.
Proposition IV.6. mlog can be rewritten as

mlog(S) = Ulog, (2)U T, 31)
=UAIn(Z)U T, (32)
In(¥) ¢
=U U 33
B ) (33)
where 3 is the diagonal division, B = diag(In®',--- ,In""),

I
and A = 4.

Based on the above proposition, more analyses could be carried
out from a numerical point of view. First, mlog(-) can balance
the eigenvalues of an input SPD matrix S by exploiting different
bases for different eigenvalues. In Riemannian algorithms,
manifold-valued features usually contain vibrant information.
We expect that by the above adaptation, manifold-valued data
could be better fitted and the learning ability of algorithms
could be further promoted.

Remark TV.7. Note that the discussion in Sec. and Sec.[[V]
can also be readily transferred into LCM, generating an adaptive
version of LCM.

V. APPLICATIONS TO SPD NEURAL NETWORKS

Since Riemannian metrics are the foundations of Riemannian
learning algorithms, our ALEM has the potential to rewrite
Riemannian algorithms, especially the algorithms based on
LEM. Besides, the base vector in mlog could bring vibrant
diversity to our ALEM. This adaptive mechanism could help
the algorithm better fit with complicated manifold-valued data.
Especially in Riemannian neural networks, as we will show,
optimization of base vectors can be easily embedded into the

standard backpropagation (BP) process. Therefore, we focus
on the applications of our metrics to SPD neural networks.

In the existing SPD neural networks, on activation or classifi-
cation layers, SPD features would interact with the logarithmic
domain by matrix logarithm [3]], [13]], [17]], [38], [47]. The
underlying mechanism of this interaction is that the matrix
logarithm is an isomorphism, identifying the SPD manifold
under LEM with the Euclidean space S™. This projection
can, therefore, maintain the LEM-based geometry of SPD
features. However, in deep networks, the geometry might be
more complex. Since ALEM can vibrantly adapt to network
learning, compared with the plain LEM, our ALEM could more
faithfully respect the geometry of SPD deep features. mlog thus
possesses more advantages than the vanilla matrix logarithm
mln. We, therefore, replace the vanilla matrix logarithm with
our mlog, to respect the more advantageous geometry, i.e., the
ALEM-based geometry.

We focus on the most classic SPD network, SPDNet [13].
There are three basic layers in SPDNet, i.e., BiMap, ReFEig,
and LogEig, which are defined as

BiMap: S* = WFSk=twwk, (34)
ReEig: S* = UF ' max(XF1 el ) U 1T, (35)
LogEig: S* = mIn(S*1), (36)

where W is semi-orthogonal and S¥~1 = Uk—1xk-1yk-1T
is the eigendecomposition. The BiMap (Bilinear Mapping) is a
generalized version of conventional linear mapping. The ReEig
(Eigenvalue Rectification) mimics the ReLu-like nonlinear
activation functions by eigen-rectification. The LogEig layer
projects SPD-valued data into the Euclidean space for further
classification.

The matrix logarithm in the LogFEig layer is substituted by our
mlog. We call this layer the adaptive logarithm (ALog) layer.
We set the base vector «v as a learnable parameter. In this way,
as mlog is an isomorphism, the network can implicitly respect
the ALEM-based Riemannian geometry by learning the mlog
explicitly. Besides, since our ALog layer is independent of
specific network architectures, it can also be plugged into other
SPD deep networks.

VI. PARAMETERS LEARNING

We first present the gradient computation and then discuss in
detail how to optimize the parameters in the ALog layer.

A. Gradients Computation

Two gradients need calculation in the proposed ALog layer:
one w.r.t the parameters and another w.r.t the input of the
ALog layer. Since structural matrix decomposition is involved
in mlog, the following contents heavily rely on the structural
matrix BP [48]], the key idea of which is the invariance of
first-order differential form. For the ALog layer, it is essentially
a special case of eigenvalue functions. Based on the formula
offered in [49]] and matrix BP techniques presented in [48]],
we can obtain all the gradients, as presented in the following
proposition.
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TABLE I
PARAMETER LEARNING IN THE ALOG LAYER.

Name Detail Constraint Method
RELU Optimizing base vector o (Eq. (31)) Positive shift-ReLu max(e, @)
MUL  Optimizing diagonal elements of A (Eq. (32)) Unconstrained Standard BP
DIV Optimizing diagonal elements of B (Eq. (33))  Unconstrained Standard BP

Proposition VL.1. Ler us denote X = mlog(S), where S €
S_‘f_ 4 is an input SPD matrix of the ALog layer. We have the
following gradients:
VsL =U[K o (U (VxL)U)UT,
VaL =[UT(VxL)U] ®log(%),

(37
(38)

where S = UXU " is the eigendecomposition of an SPD matrix
and matrix K is defined as

f(am)_f(aj)
Kz_] = , gi—0j
f (o)
where f(o;) = Ajilog,(0;) and ¥ = diag(o1, 09, ,04).

if o; # 0j

(39
otherwise

B. Parameters Updates

Let us explain how to optimize the proposed layer in a standard
backpropagation (BP) framework. Denote the dimension of
an input SPD matrix S as d x d. Recalling Eq. (31I)-Eq. (33),
there are three ways to implement parameter learning. We
could learn the base vector v in Eq. (31), diagonal matrix A
in Eq. (32), or diagonal matrix B in Eq. (33)), respectively.

For learning A in Eq. or B in Eq. (33), since the
parameters (diagonal elements) lie in a Euclidean space R4,

the optimization can be easily integrated into the BP algorithm.

We call learning A MUL and learning B DIV.

For the case of learning o in Eq. , since « lies in a
non-Euclidean space, specific updating strategies should be
considered. Without loss of generality, we focus on the case of a
scalar parameter a > 0&a # 1. The condition of a # 1 can be
further waived since we can set a = 1+ € if ¢ = 1. Then, there
is only one constraint about positivity. We use the shift-ReL.U
of an unconstrained parameter, ie., max(e,a) with € € R..
This strategy is named RELU. Other tricks like square are also
feasible, but we will focus on the RELU. In addition, positive
scalar a can be directly optimized by Riemannian optimization
[5SO]. We further prove that this strategy completely equals
learning B directly. For more details, please refer to the Supp.
B-B.

Therefore, there are three ways of updates, i.e., RELU, DIV,
and MUL, summarized in Tab. [

VII. EXPERIMENTS

In this section, we validate the efficacy of our approaches on
multiple datasets. We would like to clarify that our method
does not necessarily aim to achieve the SOTA in a general
sense for the following tasks but rather to promote the learning
abilities of the family of SPD-based methods.

A. Datasets and Settings

As we discussed before, although the proposed ALog layers
can be plugged into the existing SPD networks, we focus on
the SPDNet framework [13]]. We follow the PyTorch code
provided by SPDNetBNP_-] to reproduce SPDNet & SPDNetBN
and implement our approaches.

Following previous work [5]], [[13], we evaluate our methods
on three datasets: the HDMOS5 [51] for skeleton-based actions
recognition, the FPHA [52] for skeleton-based hand gestures
recognition, and the AFEW [53]] for emotions recognition.
The HDMOS dataset comprises motion capture data (MoCap)
covering 130 action classes. Each data point is a sequence of
frames of 31 3D coordinates. Each sequence can be represented
by a 93 x 93 temporal covariance matrix. For a fair comparison,
we exploit the pre-processed 93 x 93 covariance features E]
released by [5]], which trims the dataset down to 2086 points
scattered throughout 117 classes by removing some under-
represented classes. Following the settings in [5]], we split
the dataset into 50% for training and 50% for testing. FPHA
includes 1,175 clips of 45 different action categories. Each
frame is represented by 21 3D coordinates. Similarly, each
sequence can be modeled by a 63 x 63 covariance matrix. For
a fair comparison, we follow the experimental protocol in [52],
where 600 sequences are used for training, and 575 sequences
are used for testing. AFEW consists of 7 kinds of emotions,
with 773 samples for training and 383 samples for validation.
We use the released pre-trained FANE] [[54] to extract deep
features and establish a 512 x 512 temporal covariance matrix
for each video.

We denote {dg,d, - ,dr} as the dimensions of each transfor-
mation layer in the SPDNet backbone. Following the settings
in [5], all networks are trained by the default Riemannian
SGD [55] with a fixed learning rate + and batch size of 30.
To make ALog start from the vanilla matrix logarithm, the
parameters in MUL, DIV, and RELU are initialized as 1,1 and
e, respectively. By abuse of notation, SPDNet-ALog-MUL is
abbreviated as ALog-MUL, denoting that we substitute the
LogEig layer (matrix logarithm) in SPDNet with our proposed
ALog optimized by MUL. All experiments use an Intel Core
i9-7960X CPU with 32 GB RAM.

B. Experimental Results

On the three datasets, the training epochs are set to be 200,
500, and 100. We verify our ALog on the SPDNet with

Uhttps://proceedings.neurips.cc/paper/2019/file/
6e69ebbfad976d4637bb4b39de261bf7-Supplemental.zip

Zhttps://www.dropbox.com/s/dfnlx2bnyh3kjwy/data.zip?d1=0

3https://github.com/Open-Debin/Emotion-FAN
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TABLE II
RESULTS OF ALOG ON THE HDMOS5 DATASET.
Learning rate le™? 5e 2
Architecture { 93, 30} { 93, 70, 30}  { 93, 70, 50, 30} { 93, 30} { 93, 70, 30}  { 93, 70, 50, 30}
SPDNet 62.92+0.81 62.87+0.60 63.03+0.67 63.89+0.73 64.00+0.65 63.72+0.61
SPDNetBN 63.03+0.75 58.27x1.7 52.02+2.34 63.75+0.69 48.78+5.15 37.84+6.10
ALog-MUL | 63.52+0.75 63.86+0.58 63.94+0.44 64.4+0.68 64.60+0.69 64.36+0.49
ALog-DIV 63.60+0.79 63.93£0.52 63.81+0.7 64.81+0.64 64.84+0.65 64.80x0.36
ALog-RELU | 63.02+0.79 63.94+0.64 63.14+0.65 63.97+0.75 64.10+0.63 63.78+0.46
various architectures. Besides, we further test the robustness TABLE III

of the proposed layer against different learning rates on the
HDMO5 and FPHA datasets. Generally speaking, among all
three kinds of implementation, ALog-MUL shows the most
robust performance gain and achieves consistent improvement
over the vanilla matrix logarithm. Besides, we could also
observe that ALog-MUL is comparable to or even better than
SPDNetBN, which yet brings much more complexity than our
approach. The main reason for the superiority of our ALog
against the vanilla matrix logarithm is that our ALog can
adaptively respect the vibrant geometry of SPD manifolds,
depending on the characteristics of datasets, while only LEM
can be respected by the matrix logarithm. The following are
detailed observations and analyses.

Results on the HDMOS dataset. The 10-fold results are
presented in Tab. [lI where dataset split and weights initializa-
tion are randomized. Following [13]], three architectures are
implemented on this dataset, i.e., { 93, 30}, { 93, 70, 30},
and { 93, 70, 50, 30}. Generally speaking, endowed with the
ALog, SPDNet would achieve consistent improvement. Among
all three kinds of implementation, RELU only brings limited
improvement. The reason might be that RELU fails to respect
the innate geometry of the positive constraint. There is another
interesting observation worth mentioning. In [5]], only the result
of SPDNetBN under the architecture of {93, 30} is reported
on this dataset. Our experiments show that with the network
going deeper, SPDNetBN tends to collapse, while our ALog
layer performs robustly in all settings.

—— SPDNet

SPDNet-ALog-MUL ey
801 1

604 y"

Acc

404

204

0 100 200 300 400 500
Training epoch

Fig. 1. Accuracy Curves on the FPHA Dataset.

Results on the FPHA dataset. We validate our approach
on this dataset, with a learning rate of 1e=2, over 10-fold
cross-validation on random initialization. Since our experiments
indicate that the vanilla SPDNet is already saturated with 1
BiMap layer, we just report the results on the architecture

RESULTS OF ALOG ON THE FPHA DATASET.

ALog
SPDNet SPDNetBN MUL DIV RELU
85.73£0.80  86.83+0.74 87.8+0.71 88.07£1.13  86.65+0.68

of {63,33}, which are presented in Tab. Although DIV
performs best on this dataset, it presents the biggest variance.
There is an underlying nonlinear scaling mechanism in the
update of DIV, which might undermine its robustness. Without
loss of generality, let us focus on a single scalar parameter b in
Eq. (33). The ultimate factor multiplied by the plain logarithm
is 1/b. Therefore, the change of the multiplier after the update
would be

1/(b—A) —1/b= AJ[(b— A)bl. (40)

Eq. @0) will scale the original A to some extent. This scaling
mechanism might undermine the robustness of the ALog layer.
However, ALog-MUL achieves robust improvement and even
surpasses SPDNetBN. This again demonstrates the significance
of our adaptive mechanism for Riemannian deep networks.
Finally, in terms of convergence analysis, accuracy curves with
and without ALog are also reported in Fig. [T}

TABLE IV
RESULTS OF ALOG ON THE AFEW DATASET.

Depth 1 2 3 4
SPDNet 4853 4689 4824 47.22
SPDNetBN  46.89 46.65 47.62 4835
ALog-MUL  48.57 4813 4945 50.62
ALog-DIV 4842 48.02 48.13 49.89
ALog-RELU 4806 47.25 4886 48.1

Results on the AFEW dataset. On this dataset, the learning
rate is 5e~2 and we validate our method under four network
architectures, i.e., {512, 100}, {512, 200, 100}, {512, 400, 200,
100}, and {512, 400, 300, 200, 100}. Note that, on this dataset,
SPDNetBN tends to present relatively large fluctuations in
performance, so we compute the median of the last ten epochs.
On various architectures, consistent improvement can be
observed when SPDNet is endowed with our ALog. In addition,
MUL achieves the best among all three kinds of implementation.
Another interesting observation is that SPDNetBN seems
ineffective on these deep features, while our methods show
consistent superior performance, particularly obvious for our
ALog-MUL. This indicates that our adaptive layer maintains
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effectiveness when applied to covariance matrices from deep
features.

Model complexity. Our ALog manifests the same complexity,
no matter how it is optimized. Without loss of generality,
the discussion below focuses on ALog-MUL. The extra
computation and memory costs caused by the ALog layer are
minor. It only depends on the final dimension of the network.
Let us take the deepest one on the AFEW dataset as an example.
Our ALog only brings 100 unconstrained scalar parameters,
while SPDNetBN needs an SPD matrix parameter for each
Riemannian batch normalization (RBN) layer. The total number
of the parameters in RBN layers is 4002 + 3002 4 2002, which
is much bigger than ours. In addition, the SPDNetBN needs
to store the running mean of SPD matrices in every RBN
layer, while our ALog only needs to store a vector. In terms
of computation, the extra cost of our ALog is secondary as
well. The forward and backward computation of our ALog
is generally the same as the plain matrix logarithm, while
computation in the RBN layer is much more complex. All in
all, our ALog can consistently improve the performance of
the SPDNet and achieve comparable or better results against
SPDNetBN with much cheaper computation and memory costs.

1.25
—— SPDNet-ALog-MUL-[93, 30]
SPDNet-ALog-MUL-[93, 70, 30]
1.201 —— SPDNet-ALog-MUL-[93, 70, 50, 30]
1.151
O
O
<
1.101
1.05 1
1.00 1

0 5 10 15 20 25 30
Diagonal elements of A

Fig. 2. Visualization of Parameters in the ALog Layer on the HDMO5 Dataset.

Visualization. We visualize the final learned parameters of
the ALog layer. Since ALog-MUL is the most robust strategy,
we visualize the parameters of ALog-MUL. Specifically, we
plot the final values of the diagonal elements of A in Eq. (32)
and visualize the results in Figs. 2] and [3] We observe that the
distribution of the parameters is consistent within the same
dataset but varies between datasets. This indicates that our
approach can capture vibrant patterns in different datasets,
respecting their specific geometry.

Ablation studies. To further demonstrate the utility of the
adaptive mechanisms in our approach, we further validate the
ALog layer with fixed bases. As decimal and binary are the
two most common systems, we use log;, and log, as examples
of shrinking and expanding log,. Specifically, we set log, =
logy, and log,, = log, in Eq. (1), respectively. We refer to the

—— SPDNet-ALog-MUL-[63, 33]
SPDNet-ALog-MUL-[63, 53, 33]
0.51 —— SPDNet-ALog-MUL-[63, 53, 43, 33]

0 5 10 15 20 25 30
Diagonal elements of A

Fig. 3. Visualization of Parameters in the ALog Layer on the FPHA Dataset.

TABLE V

RESULTS OF FIXED BASES ON THE HDMO05 AND FPHA DATASETS.

Dataset HDMO05 FPHA

Architecture {93, 30} {93, 70, 30} {93, 70, 50, 30} {63, 33}
SPDNet-Log2 63.93+0.81 63.54+0.50 63.98+0.63 86.65+0.67
SPDNet 63.89+0.73  64.00+0.65 63.72+0.61 85.73+0.80
SPDNet-Log10 63.45+0.33 63.8+0.71 63.64+0.64 78.42+0.77
SPDNet-ALog-MUL | 64.4+0.68 64.60+0.69 64.36+0.49 87.8+0.71

network with binary/decimal base as SPDNet-Log2/SPDNet-
Log10. Note that when log, = log,, Eq. is reduced to
the vanilla matrix logarithm, and the network is our baseline,
i.e., SPDNet. We conduct 10-fold experiments on the HDMO05
and FPHA datasets and set the learning rate to 5e 2 and le ™2,
respectively, while keeping the other settings consistent with
previous experiments. The results are presented in Tab. |V| We
observe that the fixed logarithms show similar or slightly worse
results than the vanilla log,, while our ALog shows consistent
improvement. Besides, log;, does not converge in the FPHA
dataset. In fact, log,, could shrink the gradient, slowing down
convergence, especially under a small learning rate. In contrast,
our ALog maintains consistent effectivity. In summary, our
ALog can respect vibrant geometry induced by mlog and thus
benefit SPD network learning.

VIII. APPLICATIONS TO OTHER RIEMANNIAN BLOCKS

Riemannian metrics are foundations for Riemannian neural
networks. Therefore, our ALEM can re-design basic blocks in
Riemannian neural networks. This section applies our ALEM
to other Riemannian building blocks, including Riemannian
batch normalization [22]], Riemannian residual blocks [43]],
and Riemannian classifiers [39]. We also use the NTU60
[56] dataset as an example of the large-scale dataset. More
implementation details are presented in Supp. C.

A. Riemannian Batch Normalization

In Euclidean neural networks, batch normalization [57] has
been widely used since it can facilitate network training. Re-
cently, Chen et al. [22] proposed a framework for Riemannian
batch normalization (RBN) on Lie groups, referred to as
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TABLE VI
COMPARISON OF RBN METHODS ON THE HDMO5 DATASET.

Methods Geometries [93, 30] [93, 70, 30] [93, 70, 50, 30]
None N/A 63.89+0.73  64.00+0.65 63.72+0.61
SPDNetBN AIM 63.75+0.69  48.78+5.15 37.84+6.10
SPDBN AIM 64.33+0.89  64.31+£0.92 63.62+1.21
LieBN-LEM LEM 63.67+0.85  65.77+0.89 65.34+0.83
LieBN-ALEM ALEM 65.24+0.71  70.11+0.96 68.86+0.72

LieBN. LieBN can guarantee the normalization of sample
statistics under the left- or right-invariant metric [22, Prop.
4.2]. As shown in Thm. {87, ®miog} forms a Lie group.
Besides, Prop. [V.2] demonstrates that ALEM is bi-invariant
w.r.t. this group structure. Therefore, LieBN under ALEM
can also normalize Riemannian sample statistics. We follow
Alg. 1 and Thm 5.3 in [22]] to implement the LieBN under
ALEM, denoted as LieBN-ALEM. In addition, we compared
LieBN-ALEM against other kinds of RBN methods, including
AIM-based SPDNetBN [5]] and SPDBN [58]], and LieBN under
LEM [22]] (LieBN-LEM).

Following previous work [5], [22], [58]], we adopt the SPDNet
backbone. Tab. [V presents the 10-fold average results on the
HDMOS5 dataset under different network architectures. Our
LieBN-ALEM achieves the best performance compared with
the other RBN methods. Especially, the AIM-based SPDNetBN
brings worse performance under deeper architectures. In
contrast, our LieBN-ALEM can consistently improve the
performance across different architectures. Besides, compared
with LieBN-LEM, our LieBN-ALEM shows better performance,
demonstrating the effectiveness of our ALEM.

B. Riemannian Residual Blocks

TABLE VII
EXPERIMENTS OF RRESNET UNDER DIFFERENT GEOMETRIES.

Methods HDMO05 NTU

SPDNet 63.89+0.73 45.90+1.11
RResNet-AIM 63.82+0.58  45.22 £ 1.23
RResNet-LEM 66.51+0.93 48.73+0.60
RResNet-ALEM  69.03+1.06 57.09+0.59

ResNets [34]] have become ubiquitous in machine learning due
to their beneficial learning properties. Recently, Katsman et
al. [43] extended the Euclidean ResNet into Riemannian spaces,
referred to as RResNet. On the SPD manifold, the Riemannian
residual block under a given metric g is defined as

9(8) = Expg(£(5)),
U(X) = Qdiag (f(spec(X))) Q"

where Exp is the Riemannian exponentiation under g, ¢ :
St, — TS, constructs the vector field, spec(-) is the
spectral map that takes SPD matrices to a vector of their
eigenvalues, f : R™ — R™ is parameterized as a neural network,
and @ € O(n). Since the Riemannian exponential in Eq.
is metric-dependent, the Riemannian residual blocks vary under
different metrics. The Riemannian residual block under ALEM

(41)
(42)

can be obtained by putting Eq. (ZI) into Eq. @#I). We need
further to show the gradient w.r.t. ¢nyexp. As the inverse of

Eq. , ®mexp Can be rewrote as
(bmexp(X) =Ua(X)UT

= Uexp (i) UuT,

where X = UXU T € S™ is the eigendecomposition. Following
Prop. we can obtain the backpropagation of ¢exp, Which
is presented in the following.

Proposition VIIL1. Let us denote X = ¢yexp(S) with S €
Sjl_ 1. We have the following gradients:

VsL =UK o UT(VxL)U)UT,

VAL =[UT(VxL)U] ® (a(Z);é]) :

(43)

(44)

(45)

where S = UXU " is the eigendecomposition of an SPD matrix
and matrix K is defined as

floi)=f(o;)
K.. — 0;—0j
R VACH

where f(o;) = e#ii and ¥ = diag(o1,09,- - ,04).

ifo; # 0j

(46)
otherwise

Following [43]], we compare RResNet under different geome-
tries on the HDMO5 and NTUG60 datasets. Tab. [VII] reports
the 10-fold and 5-fold average results on these datasets.
Compared with the vanilla SPDNet, RResNet-AIM brings
little improvement, while LEM and ALEM show much better
performance. Especially, the ALEM-based RResNet can bring a
clear performance improvement, underscoring the effectiveness
of our ALEM.

C. Riemannian Classifiers

TABLE VIII
COMPARISON OF GYRO MLRS ON THE NTU60 DATASETS.
Learning Rates le™2 5e~2
GyroMLR-AIM 54.28+0.47  41.41%0.71
GyroMLR-LCM 42.68+0.88  42.06+0.49
GyroMLR-LEM 53.22+0.47  39.62+1.30
GyroMLR-ALEM  56.21+0.39  51.65+0.44

Euclidean Multinomial Logistic Regression (MLR), which con-
sists of FC and softmax, has become a standard classification
block in Euclidean neural networks. Inspired by this, Nguyen
and Yang [39] extended the Euclidean MLR into the SPD
manifolds by gyro structures [11] for intrinsic classification,
referred to as gyro MLR. Three gyro MLRs under LCM, AIM,
and LEM was introduced in [39]. Following the logic in [39}
Sec. 2.4.2], we can obtain the gyro MLR under ALEM.
Theorem VIIL.2 (Gyro MLR). Given an SPD feature S € S% |
and C classes, the SPD gyro MLR under ALEM computes the
multinomial probability of each class:

ply=k|S) ;.
oc exp |(mlog(S) — mlog(Py), mlog, p, (flk)> , “7)
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where k € {1,...,C}, Py € 8%, and A}, € Tp,S% .

Since Ay lies in Tp, S}, and Py varies during network
training, Ay cannot be viewed as a Euclidean parameter.
Following [59], we set Ay, = I'1_, p, (Ay) with Ay € 7187, (a
fixed tangent space). Therefore, the RHS of Eq. becomes

exp [(mlog(S) — mlog(Py), mlog*yl(Ak)ﬂ , (48)

As mlog, ;(Ag) € ToS™ = S", we view mlog, ;(Ax) as the
parameter.

We use the SPDNet as the backbone. We compare Gyro MLR
under our ALEM with the ones under LEM, LCM, and AIM on
the NTU60 dataset. Tab. [VIII presents the 5-fold average results
under different learning rates. Our ALEM outperforms the other
metrics within the gyro MLR framework. When the learning
rate is 5e 2, our GyroMLR-ALEM shows more advantageous
performance, especially compared with GyroMLR-LEM. These
results demonstrate that the Riemannian networks can benefit
from the adaptivity of our ALEM.

IX. LIMITATIONS

Our approach presents a general framework for PEMs and
specifically focuses on extending LEM. Despite the fast and
simple computations of PEMs, there are several other types of
Riemannian metrics on SPD manifolds, such as AIM [24] and
Bures-Wasserstein Metric (BWM) [60]. These metrics do not
belong to PEMs but have shown successful performance on
different applications. Therefore, the adaptive mechanisms of
these types of Riemannian metrics should also be addressed
in future work.

X. CONCLUSION

Riemannian metrics are foundations for Riemannian learning
algorithms. In this paper, we propose a general framework
for characterizing PEMs on SPD manifolds. According to this
framework, we extend LEM into ALEMs for SPD matrix
learning. We also present comprehensive and rigorous theories
of our metrics. Extensive experiments indicate that SPD deep
networks can benefit from our metrics. Eq. indicates that
LCM is pulled back by Cholesky decomposition and diagonal
logarithm. Therefore, as a future avenue, the discussions in
this paper can be readily transferred to LCM.
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