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Abstract. Many procedures for SAT-related problems, in particular for those
requiring the complete enumeration of satisfying truth assignments, rely their effi-
ciency and effectiveness on the detection of (possibly small) partial assignments
satisfying an input formula. Surprisingly, there seems to be no unique universally-
agreed definition of formula satisfaction by a partial assignment in the literature.
In this paper, we analyze in depth the issue of satisfaction by partial assignments,
raising a flag about some ambiguities and subtleties of this concept, and investi-
gating their practical consequences. We identify two alternative notions that are
implicitly used in the literature, namely verification and entailment, which coin-
cide if applied to (tautology-free) CNF formulas, but differ and present comple-
mentary properties if applied to non-CNF or to existentially-quantified formulas.
We show that, although the former is easier to check and as such is implicitly used
by most current search procedures, the latter has better theoretical properties, and
can improve the efficiency and effectiveness of enumeration procedures.

1 Introduction

Motivations. Many search procedures for SAT-related problems (e.g., Analytic
Tableaux [38], DPLL [14], circuit AIISAT [17]) and many formula compilers (e.g., d-
DNNFs [11,13], OBDDs [4] and SDDs [12]) rely their efficiency and effectiveness on
the detection of partial truth assignments p satisfying an input propositional formula ¢,
which allows to state that not only ¢ is satisfiable, but also all total assignments extend-
ing p satisfy . In particular, when it comes to SAT-based problems requiring the com-
plete enumeration of satisfying assignments (e.g. #SAT [20], Lazy SMT [3,34], OMT
[37], ALISAT and AIISMT [6,17,24], #SMT [7,31], Projected #SAT [2], Projected All-
SAT/AUISMT [18,24,40], knowledge compilation into d-DNNF [11,23], satisfiability
in modal and description logics [36], Weighted Model Integration [29,39]), the ability
of enumerating satisfying partial assignments which are as small as possible is essential,
because each of them avoids the enumeration of the whole subtree of total assignments
extending it, whose size is exponential in the number of unassigned atoms.

We start by raising a very-basic question: What should we mean by “a partial
assignment [ satisfies a formula ¢”? We notice that, quite surprisingly and despite its
widespread implicit usage in algorithms, there is no unique and universally-agreed def-
inition for formula satisfaction by partial assignments in the literature: most authors do
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not define it explicitly; a few others define it only when dealing with CNF formulas
(e.g. [22]); the very few who define it, adopt one of the following distinct definitions:

“applying p to © makes o true” (e.g., [10,17]). We say that p verifies ;!
“all total assignments extending [ satisfy ¢” (e.g., [19,34]). We say that i entails
®.

Notice that this is not simply an issue of the meaning of the word “satisfy”: regardless
which verb we may use for it (e.g. “satisfy”, “entail”, “verify”, “imply”,...), it should be
desirable to have a unique and universally-agreed criterion to establish it.
Contributions. In this paper, we analyze in depth the notion of partial-assignment sat-
isfiability, in particular when dealing with non-CNF and existentially-quantified formu-
las, raising a flag about the ambiguities and subtleties of this concept, and investigating
their consequences. Our contributions are both theoretical and practical.

Theoretical Analysis. We show, analyze and discuss the following theoretical facts.

(a) Whereas for (tautology-free?) CNF formulas partial-assignment satisfiability can
be indifferently be interpreted either as verification or as entailment because in
this case the two concepts coincide, for non-CNF formulas verification is strictly
stronger than entailment, and they have complementary properties.

(b) Whereas two equivalent formulas are always entailed by the same partial assign-
ments, they are not always verified by the same partial assignments.

(¢) Verification checks that the residual |, of a formula ¢ under a partial assignment
p—i.e., the formula obtained by applying the assigned truth values from p to the
atoms in p—is the true formula, whereas entailment checks it is a valid formula.
Thus verification can be computationally much cheaper to check than entailment.

(d) (a)-(c) apply also to existentially-quantified formulas, even those in CNF.

(e) (a)—(c) apply also to existentially-quantified formulas resulting from CNF-ization.

We stress the fact that (b) (and (d) and (e) consequently) would be an embar-
rassing fact if we adopted verification as the definition of partial-assignment satisfia-
bility. As such, we champion the idea that the latter should be defined as entailment
[19,34,36], and that verification should be considered an easy-to-check sufficient con-
dition for it.

Practical Consequences. The above facts have the following practical consequences.

1. In satisfiability, we need to find only one total assignment 7 extending p, so that
entailment produces no benefits wrt. verification and is more expensive (c). Also,
due to (a), when the input problem is natively in CNF, the distinction between veri-
fication and entailment is not relevant, because these two concepts coincide.

! The etymology of “to verify” derives from Latin “verum facere”, meaning “to make true”.

2 A CNF formula is tautology-free if it contains no tautological clause in the form (IV =V ...).
Since tautological clauses can be easily removed upfront by simple preprocessing, hereafter
we often assume w.l.0.g. that CNF formulas are tautology-free.
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Consequently, both the algorithms for satisfiability and those for enumeration with CNF
formulas typically use verification as satisfiability criterion for the current partial
assignments, because it is much cheaper and easier to implement than entailment.

This is the case, e.g., of classical procedures like Analytic Tableaux [38] and
DPLL [1,14], or enumeration, counting, or knowledge compilation procedures, e.g.
[2,11,17,18,23,24]. A few notable exceptions are the Dualiza procedure [27] and the
procedures we described in [16,28,30]; also OBDDs [4] and SDDs [12] formula com-
pilers implicitly use entailment to prune branches so that to guarantee canonicity (see
below and §4).

The scenario changes when we deal with enumeration-based algorithms applied to
non-CNF formulas, or to existentially-quantified formulas, or to CNF-ized formulas.

2. Due to (a), a partial assignment may entail a formula without verifying it. Thus,
adopting entailment as partial-assignment satisfiability criterion during the search
allows for detecting satisfiability earlier than with verification, and thus for produc-
ing smaller partial truth assignments.

Although this fact is not very interesting for satisfiability, it may become fundamen-
tal for enumeration, because the detection of a satisfying partial assignment avoids the
enumeration of the whole subtree of total assignments extending it, whose size is expo-
nential in the number of unassigned atoms: the earlier satisfiability is detected, the
(up to exponentially) fewer assignments are enumerated.

3. Due to (d), a partial assignment may entail an existentially-quantified formula, even
a CNF one, without verifying it. Thus, as with non-CNF formulas (b), adopting
entailment as partial-assignment satisfiability criterion during the search allows for
detecting satisfiability earlier than with verification.

This is important because in many application domains fundamental operations—Ilike
pre-image computation in symbolic model checking (see e.g. [S]) or predicate abstrac-
tion in SW verification (see e.g. [21,24]) or projected enumeration (see e.g. [18,24,40])
or projected model counting (see e.g. [2])—require dealing with existentially-quantified
formulas and with the enumeration of partial assignments satisfying them.

4. Due to (e), CNF-izing upfront the non-CNF formula with the standard techniques
[32,42] does not fix issues (a)—(c), since fresh atoms are introduced, and a partial
assignment over the original atoms may entail the existentially-quantified CNF-ized
formula without verifying it.

This is important because it shows that, although verification and entailment coincide
for CNF formulas, Fact 2. Above cannot be fixed by simply CNF-izing a formula
upfront and running a CNF enumeration procedure based on partial-assignment veri-
fication, projecting out the fresh variables introduced by the CNF-ization.

5. Due to (c¢), checking verification is polynomial, whereas checking entailment is co-
NP-complete, since it consists of checking the validity of the residual formula.
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This is the main argument in favour of verification vs. entailment. We notice, however,
that if p entails ¢, then the residual of ¢ under p is typically much smaller than ¢
with a much smaller search space, since its atoms are only (a subset of) those that
are not assigned by u. Notice also that, when this happens, entailment prevents from
enumerating a number of assignments which is exponential in the number of the atoms
in the residual. Therefore, unlike with satisfiability, for enumeration the tradeoff may
be favourable to entailment checks.

Based on the considerations above, not only we suggest to adopt entailment rather

than verification as unique definition of partial-assignment satisfiability, but also we
champion its usage inside enumeration-based search procedures.
Related Work. This paper is a revised version of a 2020 unpublished paper [35], which
at that time was not published due to lack of algorithmic support and empirical evi-
dence. These came afterwards. Based on the theoretical analysis in [35] in combination
with the idea of dualized search from [15,27], in [28,30] we proposed novel enumera-
tion and counting procedures based on entailment. Unfortunately we were not able to
produce any implementation efficient enough to compete with current enumeration pro-
cedures based on verification. Only very recently, in [16] we have enhanced the HALL
enumeration tool for circuits from [17] by substituting verification checks with entail-
ment checks for partial-assignment reductions (“generalizations” in [16]), boosting its
performance in terms of both time efficiency and size of partial-assignment sets.

In [25] we addressed a problem which is different although related to (e), showing
that adopting a form of CNF-ization different from [32,42] improves the efficiency and
effectiveness of enumeration. Such encoding, however, does not fix fact (e) (see §3.3).
Content. The rest of the paper is organized as follows. §2 provides the necessary nota-
tion, terminology, and concepts used in the paper. §3 presents our theoretical analysis:
§3.1 introduces verification and entailment for generic propositional formulas and dis-
cusses their relative properties; §3.2 lifts the discussion to existentially-quantified for-
mulas; §3.3 discusses the role of CNF-ization in this context; §3.4 analyzes other candi-
date forms of partial-assignment satisfaction. §4 discusses the practical consequences of
entailment vs. verification. §5 provides conclusions and suggestions for future research.

2 Background

In this section we introduce the notation and terminology adopted in this paper, and we
recall the standard syntax, semantics and basic facts of propositional logics.

Notation. In what follows T, F, ? denote the truth values “true”, “false” and “unknown”
respectively; T, L denote the logic constants “true” and “false” respectively; A, B
denote propositional atoms; ¢, 1 denote propositional formulas; p, 7,y denote truth
value assignments. The symbols A = {A;,...,Ax} and B = {By, ..., B} denote
disjoint sets of propositional atoms. More precisely, ¢ and 1 denote generic proposi-
tional formulas built on A, B and A UB respectively; 1 and i denote total and a partial
assignments on A respectively; § denote total assignments on B. (All above symbols
may possibly have subscripts.)

Syntax. A propositional formula is defined inductively as follows: the constants T
and | (denoting the truth values true and false) are formulas; a propositional atom
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Ay, As, Az, ... is a formula; if ¢ and o are formulas, then —p; and 1 A @9 are for-
mulas. We use the standard Boolean abbreviations: “p1 V @s” for “—(—p1 A —p2)”,
“p1 = 27 for “=(p1 A pa)”, “p1 a7 for “=(p1 A mp2) A (2 A D) A
literal is either an atom (a positive literal) or its negation (a negative literal). (If I is a
negative literal —A;, then by “—[” we conventionally mean A; rather than -—A4;.) A
clause is a disjunction of literals \/; [;. A cube is a conjunction of literals /\; [;. ¢ is in
i
Semantics. Given A = {A;,...,Ax}, amapn : A — {T,F} is a total truth assign-
ment for A. We assume 7(T) = T and (L) = F. We represent 7 as a set of literals
n = {A; | n(A;) = TYU{=A4; | n(A;) = F}. We sometimes represent 7) also as a cube
Noan=r Ai N N\ya,)=r ~Ai which we denote as “/\n)” so that to distinguish the set
and the cube representations. We denote by || the number of literals in 7.

Given a fotal truth assignment 77 on A and some formulas ¢, 1,2 on A, the
sentence “n satisfies ", written “n = ¢”, is defined recursively on the structure of
pas follows: n = T,n = L, n E A; if and only if n(4;) = T, n & -y if and
only if n £ w1, n |E w1 A e if and only if 7 |= 1 and = 2. (The definition of
1 = 1 X o for the other connectives follows straightforwardly from their definition
in terms of —, A.)

@ is satisfiable iff n) |= ¢ for some total truth assignment 7 on A. ¢ is valid (written
“= ") iff n = ¢ for every total truth assignment 1 on A. ¢ entails @o (Written
“©1 = o) iff, for every total assignment 7 on A, if n = ¢1 then ) |E 2. 1 and
o are equivalent (written “p1 = @2”) iff 1 = 2 and g3 = ;1. Consequently:
is unsatisfiable iff ¢ is valid; @1 = @2 iff 1 — 5 is valid; a clause \/, [; is valid
(aka is a tautology) iff both A; and —A; occur in it for some A;; a CNF formula ¢ is
valid iff either it is T or all its clauses are tautologies. We say that a CNF formula is
tautology-free iff none of its clauses is a tautology.

Conjunctive Normal Form (CNF) iff it is a conjunction of clauses: /\f:1 Vit .

wu(p1) T|T|T|?|?|?|F|F|F
-T = 1 -1 =T u(p2) T|?|F|T|?|F|T|?|F
TAe, AT =¢| LAp,pANL =1 u(=p1) ||FIF|F[?2|?2|?2|T|T|T
TVe,eVT =T LVe,pVLl =9 u(p1 A w2) ||T|?|F|?|?|F|F|F|F
T—o = ¢ L= =T w(pr V) ||T|T|T|T|?|?(T|?|F
p—=T =T p— L = p w1 — ©2)||T|?(F|T|?|?|T|T|T
TeoeepeaT=2lleppal=p w1 < ©2)||T|?(F|?1?|?|F|?|T
Fig. 1. Propagation of truth values through Fig. 2. Three-value-semantics of () in
the Boolean connectives. terms of {T,F, ?}.

Partial Truth Assignments. Amap 11 : A’ — {T,F}st. A’ C Aand N’ = |A/|isa
partial truth assignment for A. As with total assignments, we can represent f as a set
of literals or as a cube, denoted with “/\ 1.

By “apply a partial assignment 1 to (" we mean “substitute all instances of each
assigned A; in ¢ with the truth constants in {T, L} corresponding to the truth value
assigned by p, and then apply recursively the standard propagation of truth constants
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through the Boolean connectives described in Fig. 1. We denote by “¢|,,” (“residual of
o under 1) the formula resulting from applying i to ¢.

We introduce a three-value logic to extend p to A as 4 : A — {T,F,?} by
assigning to ? (unknown) the unassigned atoms in A\ A’. Then we extend the semantics
of p to any formula ¢ on A as described in Fig. 2.

The following facts follow straightforwardly and are of interest for our discussion.

Property 1. Let 1) be a total truth assignment on A and @, p1, p2 be formulas on A.

) ni=@iff An k= ¢
(i) If w1 and ps are equivalent, then 1) |= 1 iff 1 = .
(i) n = @ iff ¢ly is T.
(iv) Checking n = ¢ requires at most a polynomial amount of steps.

Notice that Property 1(i) justifies the usage of “/=" for both satisfiability and entailment.

Property 2. Let u be a partial assignment on A and o be a formula on A.
Then |, is T iff () = T and ¢|,, is L iff u(¢) = F.

Notice that total assignments are a subcase of partial ones, so that the definition of
residual and Property 2 apply also to total assignments 7.

Existentially-Quantified Formulas. A total truth assignment 7 satisfies 3B.1), written
“n = 3B.4¢”, iff exists a total truth assignment 6 on B s.t. nUJ |= . We call the Shan-
non expansion SE[AB.1)] of the existentially-quantified formula 3B.1) the propositional
formula on A defined as

SEBB-Y] = Vs, crrym Yls, M

where {T, F}/Bl is the set of all total assignments on B. Notice that some |5, may be
inconsistent or L. The following property derives directly from the above definitions.

Property 3. Let i) be a formula on A U B and n be a total truth assignment on A.
Then n = 3B.¢ iff n = SE[IB.¢)], that is, 3B.¢) = SE[IB.¢].

CNF-ization. Every generic formula ¢ on A can be encoded into a CNF formula
on A U B for some B by applying (variants of) Tseitin CNF-ization CNFrs(p) [42],
consisting in applying recursively bottom-up the rewriting rule:

Y = gD[(ljl > ljg) — B]] AN CNFDM(Bj — (ljl > ljg)) 2)

until the resulting formula ¢ is in CNF, where [;i,l;o are literals, x €
{N,V,—,«, <} and CNFpm() is the validity-preserving CNF conversion based on
DeMorgan rules (e.g., CNFpm (B < (I1Alz)) = (=BVI)A(=BViy)A(BV=l V-ly)).
The size of 1) is linear wrt. that of ¢. With Plaisted&Greenbaum CNF-ization CNFpg ()
[32] the term B; < (I;1 > l;2) in (2) is substituted with B; — (l;1 < lj2) [resp.
B; — (lj1 > lj2)]if (1j1 > lj2) occurs only positively [resp. negatively] in .

Property 4. If ) £ CNFrs(¢) or 1) Z CNFpg(y), then n |= o iff exists a total assign-
ment § on B s.t. nU§ =, that is, ¢ = IB.1).
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3 A Theoretical Analysis of verification and entailment

We address the following basic question: What should we mean by “a partial assign-
ment | satisfies p"? We wish to provide a satisfactory definition of partial-assignment
satisfiability for a generic propositional formula—i.e., not only for (tautology-free)
CNF. Ideally, a suitable definition of partial-assignment satisfiability should verify all
statements in Property 1, in particular (ii) and (iv). In practice, unfortunately, at least
for generic (i.e., non-CNF) formulas, we show this is not the case.

3.1 Verification and Entailment of Formulas

Definitions. The first candidate definition of partial-assignment satisfaction, which
extends to partial assignments Property 1(iii), is verification.

Definition 1. We say that a partial truth assignment  verifies ¢ iff u(p) = T—or,
equivalently by Property 2, iff ¢|,, = T. We denote this fact with “i = ¢”.

We stress the fact that verification is a semantic definition (u(w) = T) which, due
to Property 2, captures exactly the synfactic and easy-to-check satisfaction criterion
(¢l = T) which is implicitly used in many procedures.

The second candidate definition of partial-assignment satisfaction, which extends to
partial assignments Property 1(i), is entailment.

Definition 2. We say that a partial truth assignment p entails ¢ if and only if, for every
total truth assignments 1 s.t.;r C n, ) satisfies p—or, equivalently, iff |, is valid. We
denote this fact with “p |= .

Verification vs. Entailment. We show the following facts. When the formula ¢ is a
tautology-free CNF then verification and entailment coincide: p = ¢ iff = .
Unfortunately, with generic formulas verification and entailment do not coincide, the
former being strictly stronger than the latter.

Theorem 1. Let ¢ be a formula and 1 be a partial truth assignment over its atoms.

(a) If ¢ a tautology-free CNE then = ¢ iff p = .
(b) If ¢ is a generic formula, then p |= ¢ if p R @, but the converse does not hold in
general.

Proof. (a): Let ¢ be a tautology-free CNF. If 11 |= ¢, then (|, is a valid CNF formula
which does not contain valid clauses, so that |, = T, hence i = ¢ by Property 2.

(a) and (b): If p R ¢ then, for every 1 s.t. n 2 u, 7 R o and thus 7 = ¢, hence
©E e

(b): The fact that the converse does not hold in general is shown in Example 1. O
Example 1. Tf ¢ = (A A Ag)V (A; A—Ag) and = {A;}, then i |= o but p & .o
Hereafter we implicitly assume w.l.0.g. that all CNF formulas are tautology free.

We try to build a counterpart of Property 1 for Definitions 1 and 2 respectively, but in
both cases we fail to achieve all points (i)—(iv), resulting into complementary situations.
The following properties follow straightforward from Definitions 1 and 2. (Here VA
[resp. “ X "] denotes facts from Property 1 which are [resp. are not] preserved.)



724 Roberto Sebastiani

Property 5. Let i be a partial truth assignment on A and p, p1, p2 be formulas on A.

() X If u ke pthen \u |= o, but not vice versa.
(i) X If @1 and o are equivalent, this does not imply that i = @1 iff 1 R 2.

(iii) v wi piff ol is T (also, iff u(yp) =T by Property 2).
@iv) v Checking v = @ requires at most a polynomial amount of steps.

Property 6. Let i be a partial truth assignment on A and p, p1, v be formulas on A.

O v opleiff An = o
(i) v If @1 and s are equivalent, then p Eoriff p E po.
(i) X pu = @iff ¢\, is a valid formula, not necessarily T (also, in general ji1(p) #
T).
(iv) X Checking 1 = ¢ is co-NP-complete.

def

Example 2. Let 1 = (Al A\ A2) V (Al A\ ﬁAg), 2 = Aq and p e {Al} Then
01 = 2, P1|p = A2V Ay # T and o], = T.Thus Ap = @1, 1 = @1 and
1 = @2, whereas p 1% @1 but p e o, S

From a theoretical viewpoint, Example 2 spotlights the difference between Prop-
erty 5(i) and Property 6(i) and, even more importantly, that between Property 5(ii) and
Property 6(ii): whereas entailment matches the intuition that equivalent formulas should
be satisfied by the same (partial) assignments, verification does not. The latter fact
looks theoretically awkward. In particular, if we adopted verification as the definition
of partial-assignment satisfiability, then we believe that it would be embarrassing to
have that equivalent formulas were not “satisfied” by the same assignments.

3.2 Verification and Entailment of Existentially-Quantified Formulas

We extend the analysis of §3.1 to existentially-quantified propositional formulas, wish-
ing to provide a satisfactory definition of partial-assignment satisfiability for this case
as well. Property 3 paves our way, telling how to extend the definitions of verification
and entailment to existentially-quantified formulas.

The first possibility is to see partial-assignment satisfiability as verification, lever-
aging Definition 1 to the existentially-quantified case by exploiting Shannon expansion.

Definition 3. We say that a partial truth assignment p on A verifies 3B. if and only
if, there exists a total truth assignment § on B s.t. ;1 U § = 1, that is, 1| ,0s = T.

Theorem 2. Let ¢ be a formula on A U B and p be a partial assignment on A. Then
e 3B iff e SE[AB.4).

Proof. By Definition 1, ;1 f SE[IB.4)] iff (SE[3B.¢}])|, = T. that is, by (1), iff there
exists some d; s.t. ¢|s5,|, = T (i.e., ¥[s,un = T), thatis, by Definition 1, iff there exists
some ¢; s.t. U J; ke 1, that is, by Definition 3, iff p = IB.4). O



Entailment vs. Verification for Partial-Assignment Satisfiability and Enumeration 725

Notice that Theorem 2 is not a straighforward consequence of Property 3, because
equivalent formulas are not necessarily verified by the same assignments (Prop-
erty 5(ii)).

One second possibility is to see partial-assignment satisfiability as entailment, lever-
aging Definition 2 and Property 3 to the existentially-quantified case. This leads to the
following definition and relative Property.

Definition 4. We say that a partial truth assignment i on A entails 3B.1), written
w = 3B.4, if and only if, for every total truth assignment 1 on A extending i, there
exists a total truth assignment § on B s.t. n U § satisfies 1.

Theorem 3. Let ¢ be a formula on A U B and p be a partial assignment on A. Then
p = 3By iffu = SE[EB.Y).

Proof. p = SE[EB.Y] iff n = SE[GB.¢] for every total assignment 7 s.t. ) 2 p, that
is, by Property 3, iff for every total assignments 7 s.t. O u exists a total assignment §
onBs.t. nUJ = 4, thatis, iff p = IB.. O

Notice the nesting order of forall/exists in Definition 4: “for every n exists J s.t. ...”. In
fact, distinct n)’s may satisfy distinct disjuncts |5, in SE[3B.1], requiring distinct d;s.

Theorem 4. Let 1) be a formula on A UB and p be a partial truth assignment over A.
Then p = IB.Y if p ke IB.1), but the converse does not hold in general.

def

Proof. From Theorem 1(b) with ¢ = SE[3B.1)] we can deduce that = SE[IB.¢] if
1 = SE[3B.%)]. By Theorem 2 and Theorem 3 we have that p = 3B.¢ if 4 & 3B.%).
The fact that the converse does not hold in general is shown in Example 3. O

Example 3. Consider ;1 = {A;} and the tautology-free CNF formula on A U B:
Y= (B V By) A
(ﬁBl \Y Al) AN (‘!Bl V Ag) A (Bl VALV ﬂAg) VAN
(mBaV A1) A (mBaV—A3) A (Ba VALV Ag).
SE[FB.¢)] = (AT Z5#AzA=Ay) V (A1 A Ag) V (A1 A —Ag) VX
Thus p = SE[TB.¢] but 1 & SE[ZB.¢], so that i = IB.%) but p j IB.4. S

Thus verification is strictly stronger than entailment also with existentially-
quantified formulas. Remarkably, and unlike with the un-quantified case, this is the
case even if 1 is a tautology-free CNF formula! (See Example 3.) Intuitively, this can
be seen as a consequence of the fact that SE[3B.4)] is not in CNF even if ¢ is in CNF.

3.3 Verification and Entailment of CNF-ized Non-CNF Formulas

One might argue that in SAT-related problems the distinction between verification and

entailment in §3.1 is not relevant in practice, because we could CNF-ize upfront the

input non-CNF formulas and then remove tautological clauses, exploiting Property 4

and the fact that the above distinction does not hold for (tautology-free) CNF formulas.
Unfortunately, the following result shows this is not the case.
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Theorem 5. Let ¢ be a non-CNF formula on A and 1 < CNFrs(p) or ¢ £
CNFpg(p), and let u be a partial truth assignment over A. Then u | IB.Y if
Rz 3B, but the converse does not hold in general.

Proof. As an instantiation of Theorem 4 we have u = IB.¢ if p | IB.4.
The fact that the converse does not hold in general is shown in Example 4. O

Example 4. Consider ¢ = (A;AA2)V(A1A=Ag) and n = {A;}. Then i) = CNF1(¢p)
is the formula in Example 3. Then p = 3B.CNF¢(¢) but 1 ¢ IB.CNF1s(¢).
Let v “ CNFpg () instead. Since ¢ is CNFr4(v) minus its two ternary clauses, we
also have that SE[3B.1)] = (AT 7vAr4=A,) V (A1 A Az) V (A1 A =Az) VX
Thus ¢ = IB.CNFpg(p) but 1 % IB.CNFpg (). o

Intuitively, the whole point is that both CNFts() and CNFpg(y) introduce fresh
variables B, which must be implicitly existentially quantified away in order to preserve
equivalence and thus produce the set of original satisfying assignments (Property 4).
Although these variables do not affect entailment, they may affect verification. In fact,
since  and IB.CNF¢(¢) [resp. 3B.CNFpg ()] are equivalent, they are entailed by
the same partial assignments, but they are not verified by the same partial assignments.

To this extent, in [25] we addressed a different though related problem: we proved
that—unlike with ¢» = CNFr4(¢) or with ¢ = CNFpg(p)—if 1» = CNFpg(NNF(y))
and i = ¢, then u = IB.1. Notice, however, that this fact does not apply to our
problem, because Theorem 5 holds also for 1) = CNFpg(NNF(p)).

Example 5. Consider ¢ and p as in Example 4. Since ¢ is already in NNF, then we

have that 1) = CNFpg(NNF(p)) = CNFpg(¢). Therefore 11 = 3B.CNFpg(NNF(p))
but 1 = IB.CNFpg(NNF(¢)). o

3.4 Other Candidate Forms of Partial-Assignment Satisfaction

Given the above facts, we wonder if we could use other notions of partial-assignment
satisfiability. (E.g., we could enrich = with some form of formula simplification.) In
particular, we wonder if there exists some suitable notion of partial-assignment satis-
faction which is strictly stronger then entailment and fixes the “embarrassing fact” for
verification of Property 5(ii). The following theorem states this is not the case.

Theorem 6. Let |~ denote some relation such that

(a) forevery pand ¢, i = @if u P~ ¢

(b) for every n and o, if 1) is total for the set of atoms in , then n = ¢ iff n = ¢;
(c) forevery u, o1 and o, if 1 12 1 A o, then = o1 and p = po;

(d) forevery i, p1 and o, if o1 = 2, then p = 1 iff 1 = 2

Then, for every p, p, we have that p = ¢ if and only if 1 = .
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Proof. The “only if” part is hypothesis (a).
The “if” part: By absurd, suppose there exist ; and p s.t. u = @ and p [~ .

def

Let o1 = Apand go = Ap A . Then we have that:

1 = 2, because = ¢, and hence Ay |= ¢ because of Property 6(i);

1 = o1, because of hypothesis (b);

1 [~ 2, because of hypothesis (c).

The latter three facts violate hypothesis (d). O

Theorem 6 says that entailment is the only relation which (a) is stronger or
equal than entailment, (b) extends to partial assignments the standard notion of total-
assignment satisfaction, (¢) maintains the standard semantics of A, and (d) verifies
Property 6(ii). Thus, any such relation |~ which is strictly stronger that = suffers for
the same “embarrassing fact” of Property 5(ii).

Example 6. Let “~" denote a variant of = such that y |~ ¢ implements a syntactic
check that adds “I V =l = T7, [ being a literal, to the rules used in Fig. 1 for computing

the residual |, . Thus, considering the formula ¢, of Example 2 we have 1 [~ ;.

Nevertheless, let y = {41, .., Ay} st = \/f\il(AZ A cube;) s.t. each cube; is a

non-unary cube and \/Zl\i1 cube; is valid and does not contain occurrences of the atoms
Ay, .., Ay Then o |= @ but p [ @, because |, is the valid formula \/; cube; which
is not simplified by the above reduction. If 5 = A\ y, then ¢ = o, 11 & @ but 1 1~ @,
whereas 1 = pand 1 |= ¢o. Thus the “embarrassing fact” above applies also to |~. ¢

4 Practical Consequences of Using Verification or Entailment

In this section we analyze the practical consequences of adopting verification or entail-
ment as a partial-assignment satisfiability tests in search procedures for satisfiability and
enumeration and in formula compilation. In particular, when entailment and verification
do not coincide, we analyze the tradeoff between the extra cost of entailment versus the
benefits it may produce.

4.1 Verification vs. Entailment in Solving, Enumeration and Compilation

Verification vs. Entailment for Native CNF Formulas. When the input formula is
natively in CNF, the distinction between verification and entailment is not relevant,
because these two concepts coincide. (We conjecture that this is the main reason why
the distinction between verification and entailment has been long overlooked in the lit-
erature.) For satisfiability of CNF formulas, CDCL SAT solvers directly produce total
truth assignments, because it is not worth to perform intermediate satisfiability checks.
Verification vs. Entailment in Satisfiability. In satisfiability we need finding only one
total assignment ) extending ;1 which satisfy . Therefore entailment produces no ben-
efits wrt. verification and is more expensive, so that the latter is always preferred.

The scenario changes when we deal with enumeration-based algorithms applied to
non-CNF formulas, or to existentially-quantified formulas, or to CNF-ized formulas.
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Verification vs. Entailment for Enumeration on Non-CNF Formulas. The analysis in
§3.1 shows the following facts. On the one hand, the advantage of adopting verification
rather than entailment for checking partial-assignment satisfiability is that it matches
the intuition and practical need that satisfiability checking should be fast, since checking
verification is polynomial (Property 5(iv)) and easier to implement, whereas checking
entailment is co-NP-complete (Property 6(iv)), because it is equivalent to checking the
validity of the residual ¢| u - We stress the fact, however, that if 1 E ¢, then the resid-
ual |, is typically much smaller than ¢ with a much smaller search space, since its
variables are only (a subset of) the variables which are not assigned by u, so that in
many actual situations the above fact could not be a major issue.

On the other hand, a main advantage of adopting entailment on enumeration is
that, due to Theorem 1, every partial assignments entailing the input formula is a sub-
assignment of some other(s) verifying it. Consequently, as soon as one verification-
based enumeration procedure produces (a branch corresponding to) an assignment p
s.t. 4 = @ but u & ¢, it cannot realize this fact and thus proceeds the search to extend
wto some ' D ps.t. ' R . This causes an extension of the search tree of up to
2l#'1=11l branches. Therefore, for an assignment-enumeration algorithm, being able to
enumerate partial assignments entailing the input formula rather than simply verifying
it may (even drastically) reduce the number of the satisfying assignments enumerated.

Also, the analysis in §3.4 shows that alternative forms of partial-assignment satisfi-
ability extending verification—e.g., adding further simplifications for the residual ¢,
like unit-propagation or the removal of basic valid subformulas—cannot fill the gap wrt.
entailment, whose theoretical properties are specific.

Verification vs. Entailment for Projected Enumeration. The analysis in §3.2 shows that
the above considerations for non-CNF formulas extend automatically to procedures
for projected enumeration (e.g. projected AlISAT/AIISMT, projected #SAT/#HSMT),
even on CNF formulas, because projected enumeration consists in enumeration on an
existentially-quantified formula 3B.%), B being the non-relevant atoms to be projected
away. The same considerations apply also to other applications like preimage computa-
tion in symbolic model checking [5] or predicate abstraction in SW verification [21,24].
Verification vs. Entailment for CNF-ized Non-CNF Formulas. The analysis in §3.3
shows that, although verification and entailment coincide for CNF formulas, the prob-
lem with non-CNF formulas cannot be fixed by simply CNF-izing a formula upfront
[32,42] and running a CNF enumeration procedure based on partial-assignment ver-
ification, projecting out the fresh variables introduced by the CNF-ization. In fact,
a partial assignment over the original atoms may entail the existentially-quantified
CNF-ized formula without verifying it. Also, even adopting the CNF-ization technique
CNFpc(NNF(p)) we proposed in [25], although improving the enumeration process,
does not fill the gap between verification and entailment in this case.

Verification and Entailment in Formula Compilation. With formula compilers a formula
 is encoded into a format which makes assignment enumeration straightforward [13].
d-DNNF formulas are NNF DAGs which are decomposable (i.e., all conjunctive subfor-
mulas 1 A o are such that ¢, and - do not share atoms) and deterministic (i.e., all
disjunctive subformulas ;1 V (o are such that ¢; and - are mutually inconsistent)
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[11]. The d-DNNF compilers typically implement a top-down search, implicitly adopt-
ing verification (|, = T) as partial-assignment satisfiability test [10].

OBDDs [4] and SDDs [12] are subcases of d-DNNFs [13] which are canonical

under some order condition—i.e., two equivalent subformulas ¢; and 5 are encoded
into the same OBDD or SDD, and as such are shared inside the DAG representation.
The OBDD and SDD compilers typically build the encoding bottom-up, and they are
able to encode |, into T as soon as |, becomes valid. (That is, they implicitly use
entailment as partial-assignment satisfiability test.)
Verification and Entailment for #SMT and WMI. With some enumeration-based tech-
niques (e.g. #SMT [7,31] and WMI [29,39]) the total cost of processing each enumer-
ated partial assignment dominates that of the enumeration itself. (E.g., with WMI each
satisfying assignment g corresponds to a polytope, and for each p it is necessary to
compute the integral of some multivariate function over such polytope.) Therefore, in
this context the effectiveness of enumeration in reducing the number of assignments
generated is even more important that the efficiency in terms of CPU time required to
enumerate them.

Therefore, with entailment-based enumeration the reduced number of assignments
produced, and hence of integrals computed, should definitely compensate the extra
cost of entailment checking.

4.2 Verification vs. Entailment in Search Procedures and Formula Compilers.

When applied to satisfiable formulas, algorithms like Analytic Tableaux® [38] or “clas-
sic” DPLL * [14], or even recent sophisticated AIISAT procedures for circuits [17],
produce branches representing partial assignments which verify the input formula. The
same happens with enumeration algorithms for d-DNNF formulas, which resemble
the tableaux enumeration algorithm, with the restriction that the formulas they are
applied to are deterministic and decomposable NNFs, so that the enumerated assign-
ment are pairwise disjoint and straighforward to compute, because the enumeration
reduces to the traversal of the and-or DAG without encountering inconsistent branches
[10].

Example 7. Consider "2 déf ((Al A Az) \ (A1 A _‘Ag)) A ((_|A3 A A4) vV (_|A3 AN _‘A4)).
Notice that the single assignment p = {A1, A3} subsumes all total truth assignments
satisfying ¢ and is such that i |= @ but p J& ¢, since |, = (A2 V—A2) A (A1V—Ay).
Figure 3 represents the search trees corresponding to AIISAT executions of Ana-
lytic Tableaux and (non-CNF) DPLL on 3. Since (the DAG version of) ¢ is already
in d-DNNF (Fig. 4), in this case the d-DNNF enumeration resembles the tableaux enu-
meration. In all cases, the enumeration produces:
{{A1, A2, ~ A3, Ay}, {A1, As, = A3, —As}, {A1, 2 As, mAs, Au}, {A1, — Az, — Az, —As L}

3 Notice that Analytic Tableaux may generate duplicated or subsumed assignments (see [9, 19]).

# Classic DPLL procedure [14] was designed to work for CNF formulas. Nevertheless it is easy
to produce a non-CNF version of this procedure (see e.g. [1]).

> Here in DPLL the pure-literal rule [14] is not used because in All-SAT it may hinder the
enumeration of relevant models (see, e.g., [33]).

® The search trees may vary with the ordering by which variables and subformulas are analyzed.
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Notice that all the assignments produced are total. Notice also that neither Analytic Tableaux nor
DPLL nor d-DNNF enumeration in this case can produce {{A1, ~A3}}, regardless the adopted
strategy. The same applies also to the verification-based AlIISAT circuit enumeration of [17], see
Example 9. o

OBDDs [4] contain branches representing partial assignments which entail the input
formula, because if 11 = ¢ then ¢|,, is valid (Property 6(iii)), so that its corresponding
sub-OBDD is reduced into the T node. (SDDs [12] behave similarly.)

Analytic Tableaux (Non—-CNF) DPLL
(A1 A A23 \ EAI A _‘AQ
(mA3 AN Ay V (mA3 A —AY) Ay

(Al A Ag) (Al VAN _\Ag)

/

(mA3 AN Ay) (RAsA-AL) (RAs AN AL (RAs A Ay

Ay 1 Ay 1

Ay A, Ay - Ay
—As —As —A; —A;

Ay Ay Ay Ay

def

Fig.3. o = (A1 ANA2) V(A1 A—A2)) A ((mAs A As) V (- As A—Ay)) . Enumeration by analytic
tableaux (left) and (non-CNF) DPLL (right).

Al —|A3 —|A1 F

Fig.4. 0 & ((A1 A A2) V (A1 A—=A2)) A ((mAs A Ag) V (A3 A—Ay)).Compilation of ¢ into:
d-DNNF (left), OBDD (center), SDD (right).

Example 8. Consider ¢ as in Example 7. Figure 4 represents possible compilations of
¢ into d-DNNF, OBDD and SDD respectively.” Notice that, unlike with OBDDs and

7 The outcome may vary with the ordering by which variables and subformulas are analyzed.
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SDDs which collapse equivalent subformulas into one, the two V-subformulas in the
d-DNNF are not recognized to be equivalent to the nodes A; and —Aj3 respectively.
Applying enumeration to the d-DNNF we obtain the total assignments of Exam-
ple 7. By applying enumeration to the OBDD or to the SDD, we obtain the single-
assignment {{A;, ~A3}}, sothat {A1, - Az} = @but {4, -As} & . o

4.3 Implementing Entailment Within Enumeration Procedures

Implementing efficiently entailment-based enumeration procedures can be tricky. One
possible approach is to integrate AIISAT/AIISMT with OBDDs, exploiting the capabil-
ity of OBDD to implicitly perform entailment-based reductions [6]. The main problem
with this approach is the fact that OBDDs quickly blow up in memory as soon as the
input formula increases in size.

[15,27] proposed a formal reasoning framework based on the idea of dualized
search: while the main enumerator produces partial assignments p for the input for-
mula ¢, another “dual” SAT solver is incrementally called on CNFrs(—p) A Ap: if it is
unsatisfiable then the main enumerator produces i and backtracks. Based on the analy-
sis in [35] and noticing that the above dual check in [15,27] is an entailment (1 = ¢)
rather than a verification (1 k= ¢), in [28,30] we proposed enumeration and model
counting frameworks and algorithms based on dual search, enhanced with chronolog-
ical backtracking. Unfortunately no implementation efficient enough to compete with
state-of-the-art enumeration procedures was produced.

[17] presented HALL, a sophisticated AIISAT procedure for circuits which, among
other techniques, exploited a form of (verification-based) generalization (aka minimiza-
tion or reduction): as soon as a total truth assignment 7 satisfying ¢ is produced, the lit-
erals in 77 are removed one by one and the resulting partial assignment is tested to verify
. In [16] we have enhanced HALL generalization procedure by substituting verifica-
tion checks with entailment checks based on dualized search, boosting its performance
in terms of both time efficiency and size of partial-assignment sets.

Example 9. Consider ¢ = ((Al N AQ) V (A1 A\ ﬁAg)) A\ ((ﬁA‘g A\ A4) V (ﬁAg A\ ﬁA4))
as in Example 7 and assume some total assignment satisfying it is produced, e.g. n =
{A1, As,—As, Ay}. Since there is no literal I € 7 s.t. n\{l} R ¢, no assignment
reduction based on verification can be successfully applied to 7. Consequently, even
the sophisticated verification-based circuit AIISAT procedure in [17] produces the set
of four un-reduced total assignments of Example 7.

Instead, since n\{A2, A4} E ¢ whereas n\{A1} &= pand n\{—-As} JE ¢, the
entailment-based assignment-reduction technique of [16] shrinks 7 into { A1, - As}, so
that the enumeration procedure returns {{ A1, 7 A3} }. o

5 Conclusions and Future Work

In this paper we have analyzed in depth the issue of formula satisfaction by partial
assignments. We have identified two alternative notions that are implicitly used in the
literature, namely verification and entailment, and we have showed that, although the



732 Roberto Sebastiani

former is easier to check and as such is implicitly used by most current search proce-
dures, the latter has better theoretical properties, and can improve the efficiency and
effectiveness of enumeration procedures.

From a theoretical viewpoint, we highlight the need for a unique universally-agreed
definition of partial-assignment satisfaction®, and we champion the idea that it should
be defined as entailment, considering verification an easy-to-check sufficient condition
for it. From a practical viewpoint, we suggest that entailment should be adopted as
partial-assignment satisfaction check inside enumeration-based procedures in place of
verification, so that to reduce the number of enumerated assignments.

The analysis presented in this paper opens several research avenues. First, we wish
to investigate and evaluate empirically novel entailment-based techniques for both (pro-
jected) enumeration and (projected) model counting. In particular, we wish to enhance
our (projected) AIISAT procedure in [40,41] with entailment tests. Second, we wish
to implement entailment-based enumeration techniques to enhance our AIISMT proce-
dures in MATHSAT [8] and evaluate them empirically. In particular, we wish to embed
and evaluate such entailment-based AIISMT procedure inside our WMI tools [29,39].
Third, we wish to embed novel entailment-based AIISMT procedures inside our SMT
compilers for 7-OBDDs and 7 -SDDs [26], extending it also to generic 7 -d-DNNFs.
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