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Preface 

These proceedings contain the papers selected for presentation at the 15th International 
Symposium on Frontiers of Combining Systems (FroCoS 2025). The symposium was 
held during September 29 – October 1, 2025 at ICE-TCS, the theoretical computer 
science lab of Reykjavik University, Iceland. It was co-located with the 34th Interna-
tional Conference on Automated Reasoning with Analytic Tableaux and Related Meth-
ods (TABLEAUX 2025) and the 16th International Conference on Interactive Theorem 
Proving (ITP 2025). 

FroCoS is the main international event for research on the development of techniques 
and methods for the combination and integration of formal systems, their modularization 
and analysis. 

FroCoS 2025 received 32 submissions. Each paper was evaluated by the members of 
the Program Committee who did a great job at thoroughly evaluating these submissions 
regarding their technical and presentational quality and providing helpful feedback to the 
authors. Reviewing was single-blind and each paper was subject to at least three reviews, 
followed by sometimes extensive discussions within the Program Committee. In the 
end, 21 papers were selected for presentation at the symposium and for publication.We 
have grouped them in this volume according to the following topic classification: (1) 
description logics, (2) beyond classical logic, (3) satisfiability modulo theories (SMT), 
(4) term rewriting systems, (5) theorem proving, (6) specific reasoning procedures, and 
(7) proof checking. 

Together with the Program Committee, we considered suitable candidates to give an 
invited talk, and were delighted to find two outstanding invited speakers: 

– Kaustuv Chaudhuri, LIX, Inria/École Polytechnique (joint with TABLEAUX) 
– Carsten Fuhs, Birkbeck, University of London 

We would like to thank all the people who contributed to making FroCoS 2025 a 
success. In particular, we thank the members of the Program Committee and the external 
reviewers for their excellent, timely work and for providing the authors with insightful 
feedback. Of course we thank the authors for submitting high-quality papers, taking the 
reviewers’ feedback into account, and presenting their work in a way that is accessible 
to the broad FroCoS audience. Next, we thank the invited speakers for their inspiring 
talks. Moreover, we thank the local organizers and the theoretical computer science lab 
of Reykjavik University for organizing and supporting FroCoS. Finally, we gratefully 
acknowledge financial support from Springer. 

July 2025 René Thiemann 
Christoph Weidenbach
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Towards a Universal Interactive Theorem Proving
Interface

Kaustuv Chaudhuri 

Inria & LIX, Institut Polytechnique Paris 

Abstract. Interactive theorem provers are usually designed to use formal lan-
guages for expressing proofs and commands. Such languages are rarely portable 
across different systems, which leads to fragmentation in the community, dupli-
cation of effort, and an incumbency bias for existing systems. One way to address 
this incompatibility is to design an interactive proving interface where proof and 
command languages have a negligible role. Instead, users build proofs by manipu-
lating the theorem itself using interaction devices such as mice and touch screens, 
and interaction mechanisms such as clicking, selection, dragging-and-dropping, 
etc.; in other words, using direct manipulation. There have been a number of 
proposals for such interfaces, most famously the proof by pointing approach of 
the 1990s [1], with several other approaches since then [8, 2, 3, 9]. 

This talk presents a foundational, proof theoretic, and system independent 
view of direct manipulation interfaces that generalizes these earlier attempts to 
proof by linking [5], which has been implemented in the interfaces Profound [6] 
and Actema [7] for first-order intuitionistic logic. These interfaces are intended 
to be compatible with arbitrary backend proof systems, either as plugins or as 
certifying procedures. For example, Profound can be used to produce proofs for 
Lean 3, Lean 4, Rocq (Coq), Isabelle/HOL, and HOL4 [4]. Linking requires 
the use of proof calculi of deep inference, which are proof systems where logical 
inferences are allowed in arbitrary formula contexts. This talk presents a particular 
kind of deep inference called open deduction, which was originally developed 
for classical logic but which is now extended and adapted to intuitionistic logic. 
In addition to linking, open deduction is suitable for a variety of other front-end 
features such as hierarchical levels of detail and refactoring by sharing subproofs. 
We will also discuss current work on extensions of open deduction (and linking) 
to support dependent type theory and induction. 

References 
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Automated Static Program Analysis via Constrained 
Term Rewriting 

Carsten Fuhs 

University of London, UK 
c.fuhs@bbk.ac.uk 

Abstract. Static program analysis is a way of determining whether a program 
has certain desirable properties without actually running the program. Over the 
last decades, static analysis has made massive strides forward thanks to the ready 
availability of tools like SAT and SMT solvers. In this talk, I will sketch a system-
atic way of constructing a tool for static program analysis based on constrained 
rewriting, with a focus on program termination as the property of interest. 

In the first part of the talk, I will discuss Logically Constrained Simply-typed 
Term Rewriting Systems (LCSTRSs) as an intermediate verification language that 
extends classic term rewriting in several directions relevant to program analysis. 
LCSTRSs as a form of constrained rewrite systems allow for expressing many 
features of real-world programming languages: 

– algebraic data types; 
– built-in data types (e.g., integers, arrays) and their standard operations and 

constraints; 
– higher-order types, as used in functional programs. 

I will describe a Dependency Pair Framework for compositional analysis 
of termination of call-by-value evaluation for LCSTRSs. Its automation heavily 
benefits from existing off-the-shelf SMT solvers to tackle the search problems 
inherent to automated termination proving. 

In the second part of the talk, I will describe a translation from a subset of 
Scala to constrained rewrite systems such that termination of the rewrite system 
implies termination of the original Scala program. In combination with a ter-
mination tool for constrained rewriting as a back-end, this approach allows for 
proving termination of real-world programs via tools designed for the analysis of 
constrained term rewriting. 

This talk is based on joint work with Liye Guo, Cynthia Kop, Viktor Kunčak, 
and Dragana Milovančević.

https://orcid.org/0009-0007-3697-4383
mailto:c.fuhs@bbk.ac.uk
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The Concrete EVONNE: Visualization Meets 
Concrete Domain Reasoning 

Christian Alrabbaa1(B) , Franz Baader1(B) , Raimund Dachselt2(B) , 
Alisa Kovtunova1(B) , and Julián Méndez2(B) 

1 Institute of Theoretical Computer Science, TU Dresden, Dresden, Germany 
{christian.alrabbaa,franz.baader,alisa.kovtunova}@tu-dresden.de 

2 Interactive Media Lab Dresden, TU Dresden, Dresden, Germany 
{raimund.dachselt,julian.mendez2}@tu-dresden.de 

Abstract. Evonne is a web application primarily designed to explain 
Description Logic (DL) entailments using an interactive visualization 
approach for proofs. This paper introduces an extension of Evonne 
to DLs with concrete domains, which are needed for formalizing con-
cepts whose definitions involve quantitative information. Specifically, we 
focus on two extensions of the DL EL⊥: one with constraints formu-
lated as linear equations and the other with difference constraints. First, 
we have extended Evonne to enable the generation and presentation 
of proofs involving these concrete domains. Then, leveraging the unique 
properties of each domain, we have designed and incorporated alterna-
tive visual explanations for the numerical parts of the proofs. Finally, 
we have assessed the effectiveness of these visual explanations through 
qualitative user studies and a performance benchmark. While opinions 
on one of these explanations varied, the other was widely recognized for 
its clarity and ease of understanding. 

Keywords: Explainable AI · Description Logic · Concrete Domains · 
Visualization · Linear Equations · Difference Constraints 

1 Introduction 

Due to the opacity of many machine learning approaches such as deep neural 
networks [ 27], explainability (xAI) has become a major research field in Artificial 
Intelligence [ 18, 19]. Symbolic AI approaches based on logic have the advantage 
over subsymbolic approaches that they are explainable by design: a consequence 
computed by an automated reasoner can in principle be explained using a proof, 
which demonstrates how the consequence can be derived from given axioms 
by applying simple inference rules, and the non-derivability of a statement can 
(for some logics) be explained by showing a finite counter-interpretation, which 
is a model of all axioms, but not of the non-derivable statement. However, to 
leverage this advantage of logic-based approaches in practice, one must be able 
to produce proofs (counter-interpretations) that are appropriate for explanation 
purposes and present them in a comprehensible and cogent way. 
c The Author(s) 2026 
R. Thiemann and C. Weidenbach (Eds.): FroCoS 2025, LNAI 15979, pp. 3–21, 2026. 
https://doi.org/10.1007/978-3-032-04167-8_1

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-032-04167-8_1&domain=pdf
http://orcid.org/0000-0002-2925-1765
http://orcid.org/0000-0002-4049-221X
http://orcid.org/0000-0002-2176-876X
http://orcid.org/0000-0001-9936-0943
http://orcid.org/0000-0003-1029-7656
https://doi.org/10.1007/978-3-032-04167-8_1


4 C. Alrabbaa et al.

In ongoing work, we address these issues in the context of Description Logics 
(DLs) [ 12], which are a prominent family of logic-based knowledge representa-
tion languages frequently used to formalize ontologies for various application 
domains. The computation of appropriate proofs and counter-interpretations 
has been tackled in [ 3, 4] and  [  8, 9], respectively. Both means of explanation can 
be presented in our interactive visualization tool Evonne 1[ 2, 23], but the proof-
presentation facilities are considerably more mature. Since the publication of the 
Evonne system description [ 2] and a journal paper emphasizing its visualization 
components [ 23], this tool has been extended by new features and the look and 
feel of the system has been improved considerably. 

Here we concentrate on the extension of the proof visualization facilities of 
Evonne to DLs with so-called concrete domains [ 11, 22]. In particular, we con-
sider extensions of tractable DLs of the EL  family [ 10] with two p-admissible 
concrete domains based on rational numbers, one (.DQ,lin) that can  use linear  
equations to formulate constraints [ 13] and another (.DQ,diff) based on differ-
ence constraints [ 10]. Such numerical constraints turn out to be very useful for 
describing concepts whose definition involves quantitative information, such as 
the battery capacity of a drone, its flight time, and weather conditions including 
temperature, which may influence the battery discharge rate. The exact defini-
tion of p-admissibility is not relevant for this paper (see [ 10, 13] for details), but 
note that it is needed to preserve tractability. Both mentioned concrete domains 
are p-admissible, but their combination is not, though they can both be inte-
grated into the same DL as long as they do not interact. In [ 5], we have addressed 
the problem of generating proofs for consequences derived from knowledge bases 
formulated in such DLs. Basically, the proof system for the extended DL as 
introduced in [ 10] uses entailment between and unsatisfiability of sets of con-
crete domain constraints as applicability conditions. The idea is then to explain 
the satisfaction of such side conditions by a proof of the entailment (unsatisfiabil-
ity) if this is requested by the user. The first important new feature of Evonne 
described in this paper is the extension of its proof presentation facilities by such 
concrete domain proofs and their interaction with the abstract DL proofs. 

However, the most original contribution of this work lies in its introduction 
of novel visual explanations for unsatisfiability and entailment in the consid-
ered numerical concrete domains. These visualizations are designed to reflect 
the unique properties of the domains and offer more intuitive insight into the 
underlying numerical reasoning. In the case of .DQ,lin, unsatisfiability of a set 
of constraints using only two variables can be visualized in the 2D Euclidean 
Space by showing that the lines corresponding to the constraints do not inter-
sect in a single point. Here, we address the challenge of extending this idea to 
higher dimensions. For .DQ,diff, unsatisfiability of a constraint set corresponds 
to the existence of a negative cycle in the difference graph induced by these 
constraints. Thus, we developed a visual explanation based on such cycles. A 
priori, it is not clear how these visual explanations compare to numerical proofs.

1 Evonne’s source code, documentation, and evaluation material (user studies, bench-
mark) are available at: https://imld.de/evonne. 

https://imld.de/evonne
https://imld.de/evonne
https://imld.de/evonne
https://imld.de/evonne
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For this reason, we conducted qualitative user studies to investigate the user 
reception of these visualization techniques. 

In summary, this paper presents the latest extension of Evonne, enabling 
interactive visualization of proofs for DLs with concrete domains—crucial for 
modeling concepts involving quantitative constraints. We contribute: (1) the first 
proof visualization tool supporting DLs with linear equations and difference con-
straints, (2) novel domain-specific visual explanations tailored to enhance com-
prehension of numerical reasoning, and (3) empirical validation through user 
studies and benchmarks, demonstrating the effectiveness of our approach. Our 
assessments showed that the proposed visualizations supported users in under-
standing conclusions more effectively than when no explanation was provided. 

2 Description Logics and Concrete Domains 

In this section we recall the Description Logic EL⊥ [ 12], and its extension EL⊥[D] 
with a concrete domain D [ 10]. We focus on two particular concrete domains 
DQ,diff and DQ,lin [ 10, 13], both defined over the rational numbers . Q. 

2.1 Concrete Domains 

Concrete domains integrate reasoning about quantitative attributes of objects 
into DLs [ 11, 13, 22]. Let NΠ be a set of concrete predicates, where every . Π ∈ NΠ

has arity .nΠ ∈ N. A  concrete domain (CD) .D = (ΔD, ·D) over NΠ consists of a 
set .ΔD and relations .ΠD ⊆ (ΔD)nΠ for all .Π ∈ NΠ. We assume that NΠ always 
contains predicates . ⊥ and . , interpreted as .⊥D := ∅, and .

D := ΔD. Let  NV be a 
set of variables. A  constraint .Π(x1, . . . , xnΠ

), with  .Π ∈ NΠ and .x1, . . . , xnΠ
∈ NV, 

is a predicate with variables as arguments. A constraint . α = Π(x1, . . . , xnΠ
)

is satisfied by an assignment .s : NV → ΔD if .(s(x1), . . . , s(xnΠ
)) ∈ ΠD. An  

implication is of the form .C → α, where  . C is a conjunction (set) of constraints. 
The implication is valid if all assignments satisfying all constraints in . C also 
satisfy . α. A conjunction . C of constraints is unsatisfiable iff .C → ⊥ is valid. 

The CD DQ,diff contains predicates . , . ⊥, .x = q, .x > q, and  .x + q = y, for  
constants .q ∈ Q, with their natural semantics [ 10]. For instance, the constraint 
.x + q = y is interpreted as .(x + q = y)DQ,diff = {(p, r) ∈ Q × Q | p + q = r}. 

Example 1. Assume a delivery drone with .bp representing its current battery 
percentage. The percentage is measured at multiple checkpoints, denoted as .bp0, 
.bp1, .bp2, with constraints: .bp0 − 0.25 = bp1, bp1 − 0.2 = bp2, bp1 > 0.3 and 
.bp2 > 0.25. If the initial percentage (.bp0) equals .0.65, then not all the constraints 
hold, and the drone is not permitted to fly. 

For DQ,lin, besides . and . ⊥, the predicates are given by linear equations 
.

n
i=1 aixi = b, for  .ai, b ∈ Q, with their natural semantics [ 13]. For instance, 

.x + y − z = 0 is interpreted as .(x + y − z = 0)DQ,lin = {(p, q, s) ∈ Q3 | p + q = s}.
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Example 2. Assume .nr and .hr represent the average normal and high battery 
discharge rates, respectively. Under normal conditions, the delivery drone can 
fly for 8 hours on a single charge with a .30Ah battery, i.e., .8nr = 30. In cold  
conditions, one hour of flight increases the battery consumption such that . 4nr+
hr = 30. Therefore, if a delivery requires at most 2 hours in cold temperatures, 
the drone can complete it on a single charge. 

2.2 Description Logics 

DLs are decidable fragments of first-order logic (FOL) with a special, variable-
free syntax and use only unary and binary predicates, called concept names 
and role names, respectively. These are used to build complex concepts, which  
correspond to first-order formulas with one free variable, and axioms, which  
correspond to first-order sentences. In this paper we consider the lightweight 
DL EL⊥. We use the usual notion of entailment, denoted .O |= A B, where  
Aand Bare concept names, and Ois a finite set of axioms, called an ontology. For  
more details about the syntax and semantics of DLs, see [ 12]. 

The extension of EL⊥ with a concrete domain D, i.e., EL⊥[D], is obtained 
by allowing constraints .α in D to be used as EL⊥ concepts. As in [ 5], we 
use the notation .[α] to distinguish between constraints and classical concepts. 
For instance, the statement that a delivery drone has a battery with a bat-
tery percentage greater than .0.25 can be expressed in an  EL⊥[DQ,diff] axiom as 
.DD has.(Battery [bp > 0.25]). 

3 Combined Proofs 

Evonne is a web application designed to explain DL entailments. It supports 
multiple proof types [ 2] and enhances them with interactive visualizations, help-
ing users understand entailments and debug ontologies [ 23]. Proofs in Evonne 
are generated using the Eveelibrary [ 7], and follow the notion introduced in [ 3]: 
A proof  Pof .O |= A B is a finite, acyclic, directed hypergraph, where each ver-
tex . v is labeled with an axiom . (v). Hyperedges are of the form .(S, d), where  . S
is a set of vertices and . d is a vertex such that .{ (v) | v ∈ S} |= (d). The  
leaf vertices of a proof are labeled with axioms from O, and  the root with  
.A B. Evonne visualizes the proof hypergraphs using tree structures. In this 
paper, we extend Evonne’s proofs to cover combined proofs for EL⊥[DQ,diff] and 
EL⊥[DQ,lin] entailments. The following example demonstrates the approach, as 
introduced in [ 5]. 

Let .O = {A [α1], A [α2], A [α3], [β] B} be an ontology such that 
.O |= A B. First, we identify the relevant constraints in O and establish impli-
cations between them in order to build the subsumption hierarchy of abstract 
concepts. By using an appropriate CD reasoner, we test relevant implications 
such as .{α1, α2} → β. The ontology is then extended with axioms that encode 
all the valid relevant implications, i.e., .O = O∪{[α1] [α2] [β], . . .}. By classi-
fying .O we obtain .O |= A B. Lastly, by integrating the proof of .{α1, α2} → β
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in the proof of .O |= A B as a proof for .[α1] [α2] [β], we obtain the  combined  
proof for .O |= A B. 

Example 3. Consider the delivery drone (.DD) from Example 2, along with the 
concept name large battery drone (.LBD). Additionally, assume the following 
information is given. First, if operating at a high discharge rate for two hours 
draws .30Ah, this implies that a drone has a large battery, i.e., .[2hr = 30] LBD. 
Second, the delivery drone satisfies the constraints shown in Example 2, i.e., 
.DD [8nr = 30] [4nr + hr = 30]. From these two axioms, it follows that the 
delivery drone is a large battery drone, i.e., .DD LBD. An explanation of this 
conclusion is provided by the combined proof shown in Fig. 1a, where the proof 
in Fig. 1b shows the inferences at the level of equations. 

To complete the picture of how concrete domain-dependent entailments are 
proven, we now describe the procedures that handle the CD reasoning steps. 

Reasoning in DQ,lin . Deciding the validity of .C → β is achieved by identify-
ing linear combinations that allow . β to be derived from the equations in C. For  
instance, the implication .{8nr = 30, 4nr + hr = 30} → hr = 15 can be shown 
by multiplying .8nr = 30 by .− 1

2 and adding it to .4nr + hr = 30. Similarly, the 
unsatisfiability of a system of equations can be shown by providing a linear com-
bination that results in the derivation of .0 = c, where  .c = 0. In [  5], determining 
the coefficients for the linear combinations is achieved using Gaussian Elimina-
tion, and these coefficients are used to build the inferences that constitute the 
proof. An example of a DQ,lin proof in Evonne is shown in Fig. 1b 

Reasoning in DQ,diff . Unlike the reasoning process in DQ,lin, deciding the 
validity of .C → β is  based on the  saturation of DQ,diff constraints, using the 
rules shown in [ 5, Fig. 1]. Thus, checking whether .C → β is valid is done by 
checking if the implication is present in the result of the saturation. In addition, 
if . β is of the form .x > q, then the implication is valid if either (i) .x = q where 
.q > q or (ii) .x > q where .q ≥ q are derived with the saturation rules. A proof 
of DQ,diff entailment is thus built using the instantiations of saturation rules 
directly. An example of such a proof in Evonne is shown in Fig. 1c 

Combined proofs do not depend on the nature of the domains, making them 
versatile explanations that can be applied to various logics and concrete domains. 
However, their level of detail can result in large structures with potentially com-
plicated inferences. For instance, the more variables and constraints involved 
in an entailment, the larger the resulting proof. To address this, we introduce 
alternative visual explanations, which we discuss in Sect. 4. 

4 Domain-Specific Visualizations 

In this section, we introduce two alternative visual explanations that leverage the 
specific characteristics of each concrete domain to present numerical entailments 
differently. These explanations do not rely on the DL part of the ontology, making 
them applicable to other logics or formalisms that incorporate these domains.
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Fig. 1. Examples of proofs in Evonne. 

4.1 Explanations of DQ,lin Entailments 

Let . β be a linear equation, and C be a set of linear equations such that . C →
β. The implication means that every assignment satisfying all the constraints 
in C, i.e., every solution, also satisfies . β. A proof explains the implication by 
showing how the conclusion . β is derived from equations in C, i.e., showing that 
all solutions to C are also solutions to . β. Hence, a compact representation showing 
every solution to C is a solution to . β offers an alternative way to explain the 
implication. 

If we consider systems of linear equations with at most two variables, which 
are shared across all equations (e.g., .{α1, . . . , αn, β}), then we can use lines in the 
2D Euclidean Space to achieve a compact representation of all solutions to the 
equations, as each solution corresponds to a point in the 2D space. For example, 
assume .{α1, . . . , αn} → β. If .β = ⊥, this means that the system .{α1, . . . , αn} has 
no solutions. In other words, the lines corresponding to .α1, . . . , αn neither inter-
sect at a single point nor overlap. On the other hand, if .β = ⊥ and . {α1, . . . , αn}
is satisfiable, then the system .{α1, . . . , αn, β} either has a unique solution, i.e., 
exactly one point where all the lines intersect, or infinitely many solutions, i.e., 
all lines overlap. Therefore, by demonstrating the existence or absence of such 
intersections, we can explain entailments effectively. 

Using dimensionality reduction, we can apply the same idea to equations with 
more than two variables. While there are multiple ways to achieve dimensionality 
reduction [ 15], we utilize the solution space of a system of equations to project the 
.n-dimensional equations to 2D. Let C be a set of equations where .C → β, let . s be 
a solution to  C, and  let . x and . y be any two variables appearing in . β. By replacing 
all the variables, except . x and . y, in all equations with their corresponding values 
in . s, we obtain equations involving at most two variables. The resulting equations 
can be viewed as a snapshot of C with respect to . s, focusing on . x and . y. Therefore, 
in a plane defined by . x and . y, and since . s is a solution, all the lines must intersect. 
Hence, we can explain .C → β by showing that for every solution . s and every plane



The Concrete Evonne 9

Fig. 2. DQ,lin implication of .3x1 − 3x2 − x3 + 3x4 = 7 in Evonne. 

defined by . x and . y, the intersection of all the lines of C is the same intersection 
of the line corresponding to . β and the lines of C. 

To explain unsatisfiability, we can use a similar approach. If .C → ⊥, then  
there must be a contradiction in C. More specifically, at least two contradictory 
equations must be derivable from C, i.e., equations of the form .X = q and 
.X = p, where  .X is a sum of terms and .p, q ∈ Q, .q = p. Thus, in any 2D plane 
defined by variables appearing in C, with at least one variable appearing in . X, 
the lines corresponding to .X = q and .X = p do not intersect. Consequently, in 
a plane where all the equations in C needed to derive .X = q and .X = p can be 
plotted, these lines must also not intersect. Therefore, we can explain . C → ⊥
by highlighting these contradictory equations in C and showing that their lines 
never intersect, regardless of variable assignments. 

Figures 2 and 3 show examples of DQ,lin explanations in Evonne. The sys-
tem of equations is shown in the top left. Hovering over an equation highlights 
its corresponding line in the 2D plot, and vice versa, helping users connect the 
algebraic and geometric views of the constraints. In Fig. 2 the top right dis-
plays an instantiation of the system’s solution based on the chosen value for 
the free variable. Since this system has one degree of freedom, setting . x4 = 0
uniquely determines the remaining variables. Hovering over the question mark 
icon reveals the solution without the variable assignment. In contrast, in Fig. 3, 
the top right shows the system of equations with respect to the currently chosen 
variable assignment. Additionally, users can manipulate the visualization directly 
by switching between different planes and assigning values to (free) variables 
using the controls beside the plot. In the case of unsatisfiability, the visualiza-
tion makes contradictions immediately apparent: if a user assigns a value that 
causes an equation to evaluate to .p = q with .p = q, then this inconsistency is 
highlighted in red, as illustrated by .3 = 0 in Fig. 3.
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Fig. 3. DQlin implication of .⊥ in Evonne 

4.2 Explanations of DQ,diff Entailments 

It is well established that difference constraints (i.e., .x−y ≤ q) can be represented 
as graphs such that every variable corresponds to a vertex and every constraint 
to a weighted edge [ 14]. Given a set of difference constraints, deciding whether 
it is unsatisfiable can be reduced to finding a simple cycle in the corresponding 
graph with a negative weight [ 14]. Therefore, we use graphs and negative cycles to 
explain implications in DQ,diff. However, since predicates in DQ,diff express more 
types of constraints, we first need to introduce some necessary transformations. 

Let C be a set of difference constraints. A difference graph is a weighted 
directed graph .G = (V,E), where each variable .xi in C corresponds to a vertex 
.vi ∈ V , and each constraint .xj − xi ≤ qij corresponds to an edge . (vi, vj) ∈ E
with weight .qij ∈ Q. A  path .π(v, u) from . v to . u is a sequence of edges: 

. v
q0−→ v1

q1−→ v2 . . . vn
qn−→ u,

with weight .πw(v, u) = q0 + q1 + . . . + qn. A path is simple if all vertices, with 
the possible exception of . v and . u, are distinct. A negative cycle is a simple path 
.π(v, v) where .πw(v, v) < 0. A set of difference constraints is unsatisfiable iff the 
corresponding difference graph contains a negative cycle ([ 14, Theorem 24.9]). 

Constraints in DQ,diff of the form .y−x = q can be rewritten as two difference 
constraints: .y−x ≤ q and .x−y ≤ −q. Additionally, the unary DQ,diff constraints, 
i.e., constraints of the form . , where  . ∈ {=, >}, can be represented as 
.x − z0 where .z0 is a fresh variable. This formulation is sound because . 
is satisfiable iff .{x − z0 0 = 0} is satisfiable ([ 14, Lemma 24.8]). 

Lastly, we rewrite .x − z0 > q as .z0 − x ≤ −q − , where  . is a placeholder 
for some small positive value. This rewriting is sound for the following reason:
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Fig. 4. Example of an explanation for DQ,diff implications in Evonne. 

If C is satisfiable and .C ∪ {x − z0 > q} is unsatisfiable, then for any positive 
.e ∈ Q, the constraints .C ∪ {x − z0 ≥ q + e} are also unsatisfiable, which is 
equivalent to .C ∪ {z0 − x ≤ −q − e}. Meanwhile, for any assignment satisfying 
.C ∪ {x − z0 > q}, there exists a positive .e ∈ Q such that the same assignment 
also satisfies .x − z0 ≥ q + e > q. Thus,  .C ∪ {z0 − x ≤ −q − e} is also satisfiable. 
Since such a small positive rational number . e can always be found, we use . 
symbolically as a reference to . e whenever we need to transform a constraint 
with a .>-predicate, rather than computing the specific value . e for each set of 
constraints. 

Consequently, we can represent any set C of DQ,diff constraints as a difference 
graph, and if .C → ⊥, we can explain the contradiction in C by identifying the 
negative cycle in the graph. However, if C is satisfiable and .C → β, an additional 
step is required. In particular, we can explain that C implies . β by showing that 
.C ∪ {¬β} → ⊥, which allows us to effectively use the notion of negative cycles 
to explain the implication. If . β is of the form .x > q, then the negative cycle 
in the difference graph corresponding to .C ∪ {x − z0 ≤ q} shows that whenever 
an assignment satisfies all the constraints in C, the  value of  . x must be greater 
than . q. If  . β is of the form .x + y = q, then  .x + y = q is transformed into 
.x − y ≤ q − ∨∨∨ y − x ≤ −q − , leading to two negative cycles in the graph 
corresponding to .C ∪ {x − y = q}. These cycles explain .C → x − y = q by 
demonstrating that no satisfying assignment for C exists unless .x − y = q holds. 

Figure 4 shows an example of a negative cycle in Evonne. Hovering over a 
constraint highlights its corresponding edge(s) in the graph, and vice versa. The 
dotted edges represent the negated conclusion. Furthermore, the negative cycle 
is animated, allowing users to visually follow its progression. This animation 
can be triggered by clicking on a vertex or a constraint; the clicked element 
then determines the starting point of the animation in the graph. Additionally,
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Fig. 5. Popover for specifying new project information in Evonne. 

users have access to a feature that lets them assign concrete values to variables 
by double-clicking on them. These values are then automatically propagated 
along the negative cycle, allowing users to observe how the set of constraints 
behaves under such assignments. In particular, this makes it possible to see 
exactly how the cycle leads to logical inconsistencies, which are highlighted in 
red. An example of such a contradiction is .x3 = 3 ≤ 3 − , as shown in Fig. 4. 

5 Numerical Explanations in EVONNE 

The first step to using  Evonne to generate CD explanations is to create a new 
project. As shown in Fig. 5, users must first specify which reasoner they would 
like to use—which, in our case, is the CD reasoner. This selection prompts the 
user to choose one of the two supported domains. Since the OWL 2 standard [ 28] 
does not support all predicate types used in our concrete domains, Evonne 
requires the user to provide two files for an ontology: one text file that contains 
the CD constraints of the ontology, and one OWL file that contains the DL 
part. Once the files are loaded, the user is asked to provide an axiom (concept 
inclusion) that they would like to have proven. If proving this axiom depends on 
the concrete domain part of the ontology, then a combined proof is generated 
and displayed. 

By default, all numerical subproofs within a combined proof are collapsed 
into single inferences. Each of these inferences is labeled with a unique rule 
identifier—for example, the label CDP1 used in the proof shown in Fig. 1a— 
which allows for a more compact presentation of the proof. However, users can 
expand these subproofs to reveal all intermediate inferences. The visual expla-
nations are accessible by clicking the labels of the numerical subproofs, which 
appear as popovers, as shown in Figs. 2, 3, and  4). It is worth noting that visual
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explanations rely only on the constraints within the corresponding subproofs 
and do not use additional constraints from the ontology. 

The CD explanations in Evonne use function-plot and cytoscape.js to render 
the 2D plots and difference graphs, respectively. To handle numerical precision 
in JavaScript, we represent rational numbers as fractions, using Fraction.js. We  
implemented a Gaussian elimination solver for evaluating DQ,lin equations, and 
a Hamiltonian cycle detector for animating the negative cycles. In our difference 
graphs, a negative-weight Hamiltonian cycle is guaranteed. This is because our 
graphs are based on minimal proofs, ensuring that (i) all necessary constraints for 
constructing the negative cycle are present, and (ii) no constraint is superfluous, 
as the proof’s leaf constraints correspond to a justification, i.e., a minimal set of 
constraints entailing the proof’s root constraint [ 3]. 

The current version of Evonne is accessible through https://imld.de/evonne, 
where all the examples used in the user studies (Sect. 6.1) and  the benchmark  
(Sect. 6.2) are listed under the Play Around tab of Evonne. 

6 Evaluation 

We conducted two experiments to evaluate different aspects of our approach. 
The first experiment consists of user studies that assess the effectiveness of the 
numerical explanations in terms of user understanding and perceived helpfulness. 
The second experiment is a benchmark that evaluates the efficiency of rendering 
these explanations. 

6.1 User Studies 

To assess the CD explanations we conducted two qualitative studies—one for 
DQ,diff and the other for DQ,lin—using online structured interviews. Both stud-
ies compared the classical proofs (e.g., Figs. 1b, and 1c) with their respective 
alternative CD explanation (e.g., Figs. 2, 3, 4). The goal was to compare the 
effectiveness of the explanations and collect feedback to improve them. 

To ensure adherence to best scientific practices, we preregistered the studies. 
The preregistration, an extended report, and detailed user feedback are available 
online [ 20]. 

Study Design. We employed a 2x2 factorial design with two independent vari-
ables: representation (i.e., plot/cycle or proof ), and task type (i.e., unsat-
ifiability or entailment). The task type condition was necessary due to slight 
differences in plot and cycle representations between cases. Within each domain, 
four visual explanations of comparable difficulty were created with Evonne. 
Each task in DQ,lin involved 3–4 linear equations and, for DQ,diff, 4–6 differ-
ence constraints. We used a within-subjects design with a randomized order: 
all participants experienced all conditions and examples. The dependent vari-
ables included ease of use (measured using Single Ease Question, SEQ [ 24]), 
user experience (assessed with User Experience Questionnaire, UEQ-S [ 21, 26]),

https://mauriciopoppe.github.io/function-plot/
https://js.cytoscape.org/
https://github.com/rawify/Fraction.js
https://imld.de/evonne
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Fig. 6. Distribution of SEQ responses in DQ,diff: X-axis represents how difficult it was 
to understand an explanation, and Y-axis indicates the number of participants who 
selected each class. 

and subjective preference. These dependent variables are interrelated. As demon-
strated further, subjective preferences consistently aligned with the results from 
SEQ and UEQ-S, reinforcing the validity of our findings. The online surveys were 
hosted on LimeSurvey [ 1] and included an introductory video for each domain. 
The DQ,diff study averaged just 35 minutes, whereas the DQ,lin study required 
an average of 50 minutes. 

We recruited eleven participants (2 female, 9 male), aged 18–44, from among 
colleagues familiar with logic and linear algebra, of whom seven were Ph.D.s, 
two M.Sc.s, and one B.Sc. Participants were informed about the objective of the 
studies and consented to the use of anonymous data for scientific purposes. 

Results for DQ,diff . First, SEQ shows how difficult the explanation is to under-
stand on a Likert scale from 1 “very difficult” to 7 “very easy”. Figure 6 demon-
strates the following findings: For an entailment task, cycles and proofs received 
similar evaluations (cycles: average 5.6, sd. = 0.9; proofs: average 5.8, sd. = 
1.2, respectively). However, for unsatisfiability, cycles received an average score 
of 6, sd. = 0.8, and were unanimously perceived as more intuitive than proofs 
(average 5, sd. = 1.3). 

In addition to SEQ, participants briefly explained why they found a task diffi-
cult. They generally found cycles and their animations clear and understandable, 
particularly because the visualization automated calculations, highlighted nega-
tive cycles, and helped relate edges to constraints. However, a few participants 
noted that understanding the interface and interpreting the information required 
some initial effort, explanations, and practice, as in “It took me a moment to 
understand the tool. Once I was given the explanation, I could understand how it 
works”. On the other hand, proofs were perceived slightly less positively. While 
participants appreciated the ability to inspect inference steps, clearly identify 
which equations to combine, and the simplicity of step verification, they also 
noted some challenges. These included uninformative or redundant information 
(e.g., repetitive left-hand sides of axioms and overly lengthy node labels), the 
need for manual calculations, and difficulties with the semantics of edge opera-
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Fig. 7. DQ,lin proof (in blue), plot (in cyan), DQ,diff proof (in white), and cycle (in gray) 
UEQ-S scores, their interpretation, and confidence intervals. (Color figure online) 

tions. For instance, a participant remarked: “Proofs take a lot of space, and the 
edge labelings are unfamiliar”. 

Overall, both methods were well received, with participants appreciating 
their different strengths. As one participant summarized: “A positive implica-
tion is actually very well represented in a proof. Cycle highlighting, hovering and 
animation are super cool”. 

Next, we assessed the user experience using the UEQ-S [ 25], by calculat-
ing pragmatic and hedonic quality scores. Pragmatic usability focuses on the 
task-oriented nature of an experience, whereas hedonic usability reflects non-
utilitarian aspects such as appeal, originality, and joy of use. The white and 
gray bars in Fig. 7 correspond to the following results: Proofs received an “above 
average” rating across all qualities, with scores of .1.364 (pragmatic quality, e.g., 
usability and functionality), . 1 (hedonic quality, e.g., enjoyment and stimulation), 
and .1.182 (overall quality). In contrast, cycles were rated as “excellent” in all 
three categories, with scores of .1.795 (pragmatic), .1.727 (hedonic), and . 1.761
(overall). 

After each task, participants were asked whether the explanation service was 
useful for understanding. All but one participant responded “yes” across both 
task types and both representations. The outlier cited confusion related to the 
naming of proof edges. 

Finally, in the post-test assessment in DQ,diff, most participants preferred 
cycles (8 vs. 2 for proofs, 1 for both). This preference grew stronger with more 
constraints (9 vs. 2 for proofs).
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Fig. 8. Distribution of SEQ responses in DQ,lin: The X-axis represents how difficult it 
was to understand an explanation, and the Y-axis indicates the number of participants 
who selected each class. 

Results for DQ,lin . Regarding SEQ, Fig. 8 demonstrates that, across both task 
types—unsatisfiability and entailment—plots (with average scores of 4.7, sd. = 
2.2, and 3.9, sd. = 1.8, respectively) were perceived as less intuitive than proofs 
(with average scores of 5.3, sd. = 1.2, and 4.8, sd. = 1.5, respectively). In the 
case of plots, participants found them useful and enjoyable but also cognitively 
demanding to combine and interpret multiple variables displayed simultaneously, 
in particular when dealing with a higher number of dimensions. A respondent 
highlighted this point: “The projection made me think that the solution was a 
point at first, before I realized that the solution is higher dimensional”. Unsatis-
fiability tasks are perceived slightly easier than the entailment ones. Over time, 
familiarity with the visualization also improved, aided by provided instructions. 
For proofs, some participants found the step-by-step approach helpful, as it made 
the task easier to follow and verify compared to plots. They appreciated the 
ability to trace each step and felt confident in the overall result due to its clear 
mathematical foundation. However, the mental calculations required for veri-
fying were quite challenging, as one participant noted: “For proofs, I like that 
they show each individual step, but I did not figure out the solution myself from 
proofs, instead I trusted the system”. Many participants found the notation less 
accessible, in particular: “Too many symbols and too long node labels so it was 
hard to parse”. 

With respect to user experience, the blue and cyan bars in Fig. 7 illustrate the 
following findings: Proofs received an overall rating of “above average” (.1.159). 
Specifically, they scored “above average” (.1.523) for pragmatic qualities (e.g., 
usability and functionality) but “below average” (.0.795) for hedonic qualities 
(e.g., enjoyment and stimulation). In contrast, plots were rated overall as “below 
average” (.0.795). They scored “bad” (.0.568) for pragmatic qualities but achieved 
an “above average” (.1.023) rating for hedonic qualities. 

After each task, we asked if the explanation was helpful. For proofs, the  
response was unanimously positive across both task types. Feedback on plots



The Concrete Evonne 17

varied: for unsatisfiability, 10 said “yes” and 1 was “not sure”; for entailment, 6  
said “yes”, 4 were “not sure”, and 1 said “no”. 

Subjectively, most participants preferred proofs (8 vs. 2 for plots, 1 for both). 
However, when linear equations involved only 2–3 variables, preference shifted 
to plots (8 vs. 3 for proofs). 

Discussion. The user studies demonstrate that concrete domain-specific visu-
alizations can significantly enhance the understanding of numerical reasoning, 
especially in the case of DQ,diff, where animated cycles were preferred for their 
clarity and intuitiveness. While proof trees were appreciated for their struc-
ture and detail, the choice between concrete domain visualizations and proofs 
appears task-dependent and influenced by numerical complexity. For simpler 
DQ,lin entailments involving few variables, users preferred plots; however, for 
more complex cases and even with the added cognitive load, proofs were still 
preferred, as they were perceived as more trustworthy. These insights sug-
gest that offering multiple, complementary explanation forms—proofs and CD 
visualizations—can accommodate diverse user preferences and experience lev-
els. Future iterations of Evonne could build on this by incorporating adaptive 
explanation strategies based on characteristics of entailments or user feedback. 
Additionally, enabling users to adjust the existing visual explanations—or even 
extend them with user-defined visualizations, as supported by systems like Ster-
ling [ 17]—could further accommodate individual preferences. 

6.2 Performance Benchmark 

We measured the response times for rendering the concrete domain explanations 
using combined proofs from the dataset provided in [ 5]. To automate the pro-
cess, we used cypress.io, a testing framework, to load these proofs and open the 
corresponding CD explanations. Since the goal of the benchmark is to assess the 
rendering overhead introduced by the visual explanations, we do not measure 
the time required to compute the combined proofs, as this has already been 
reported in [ 6]. 

On average, response times were 18.32 ms for DQ,lin and 8.7 ms for DQ,diff. 
The slowest times were 180.4 ms for DQ,lin and 124.8 ms for DQ,diff, which  
correspond to large proofs that push the browser’s resources considerably. These 
higher initial times occur when a CD explanation is opened for the first time, 
as the required HTML DOM elements are created and the relevant libraries 
are loaded. However, subsequent renders within the same proof are significantly 
faster. In the slowest cases, follow-up renders took 44.4 ms in DQ,lin and 9.3 
ms in DQ,diff. Note that all response times are within the 200ms threshold for 
perceived responsiveness [ 16]. 

7 Conclusion 

We have extended Evonne to generate and present proofs for EL⊥[DQ,diff] and 
EL⊥[DQ,lin]. Additionally, we have designed and developed alternative visual

https://cypress.io
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explanations for numerical entailments, taking into account the characteristics 
of each concrete domain. Specifically, we illustrate DQ,diff entailments using neg-
ative cycles and DQ,lin entailments with 2D plots. These visual explanations are 
specific to the concrete domain yet independent of the underlying logic, mak-
ing them adaptable and applicable to other formalisms. Furthermore, the visual 
display of the CD explanations scales better than that of the combined proofs. 
For instance, in the case of DQ,lin, adding more constraints simply results in 
additional lines in a 2D plot, without significantly affecting the overall layout. In 
contrast, increasing the number of equations in a proof expands the entire proof 
structure, which can make navigation more difficult due to increased scrolling 
and zooming. 

We conducted qualitative user studies to assess the effectiveness of numerical 
explanations in Evonne. For  DQ,lin, participants’ opinions varied, though most 
alluded to a trust factor favoring proofs over visual explanations, suggesting 
that, in this case, such visual explanations might not be necessary. In contrast, for 
DQ,diff, participants highly valued the clarity and ease of understanding provided 
by the animated cycles, making them a more preferred form of explanation. 

As future work, we plan to address issues raised by the participants’ feed-
back on both proofs and the visual CD explanations. Additionally, we will 
refine Evonne’s capabilities for explaining non-consequences through counter-
interpretations and extend them to support DLs with concrete domains. 
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Abstract. Standard Description Logics (DLs) can encode quantitative 
aspects of an application domain through either number restrictions, 
which constrain the number of individuals that are in a certain rela-
tionship with an individual, or concrete domains, which can be used to 
assign concrete values to individuals using so-called features. These two 
mechanisms have been extended towards very expressive DLs, for which 
reasoning nevertheless remains decidable. Number restrictions have been 
generalized to more powerful comparisons of sets of role successors in 
ALCSCC, while the comparison of feature values of different individu-
als in ALC(D) has been studied in the context of .ω-admissible concrete 
domains D. In this paper, we combine both formalisms and investigate 
the complexity of reasoning in the thus obtained DL ALCOSCC(D), 
which additionally includes the ability to refer to specific individuals by 
name. We show that, in spite of its high expressivity, the consistency 
problem for this DL is ExpTime-complete, assuming that the constraint 
satisfaction problem of D is also decidable in exponential time. It is 
thus not higher than the complexity of the basic DL ALC. At the same 
time, we show that many natural extensions to this DL, including a 
tighter integration of the concrete domain and number restrictions, lead 
to undecidability. 

1 Introduction 

Description logics (DLs) [ 6, 13] are a prominent family of logic-based knowl-
edge representation languages, which can be used to formalize the terminological 
knowledge of an application domain in a machine-processable way. For instance, 
the standard Web Ontology Language OWL 1 is based on an expressive DL and 
the large medical ontology SNOMED CT 2 has been developed using a rather 
inexpressive DL. The expressive power of a DL is determined by the construc-
tors that are available for building complex concept descriptions out of concept 
1 https://www.w3.org/TR/owl2-overview/. 
2 https://www.snomed.org/. 
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names (unary predicates) and role names (binary predicates). For example, the 
concept description .Person pet.Dog, describing persons that have a dog as 
a pet, uses conjunction (. ) and existential restriction (.∃r.C) as constructors, 
where .Person and .Dog are concept names and .pet is a role name. To show that a 
given DL .L1 can be expressed by another DL .L2 using the same concept and role 
names, we can provide a semantic-preserving translation of .L1 concept descrip-
tions into .L2 concept descriptions. Proving inexpressivity is more challenging. 
The first formal investigation of the expressive power of DLs was performed 
in [ 1, 2], but in a rather ad hoc manner. More fundamental characterizations of 
the expressive power of various concept description languages up to the DL ALC 
based on the model-theoretic notion of bisimulation are given in [ 20]. Basically, 
this approach (pioneered by van Benthem [ 28] for the modal logic K, which  is  a  
syntactic variant of ALC) characterizes a given DL as the fragment of first-order 
logic (FOL) that is invariant under an appropriate notion of bisimulation. 

The expressive power of ALC can, for instance, be extended by enabling 
the use of numerical constraints within concept descriptions. In the exten-
sion ALCQ of ALC, qualified number restrictions [ 18] can be employed to 
constrain the number of role successors belonging to a certain concept; e.g., 
.Person (≥ 3 child.Female) (≤ 2 pet.Dog) describes persons that have at least 3 
daughters and at most 2 dogs as pets. The DL ALCSCC [ 3] extends ALCQ with 
very expressive counting constraints on role successors expressed in the logic 
QFBAPA [ 19]. Since QFBAPA only considers finite sets and their cardinali-
ties, the semantics of ALCSCC is restricted to finitely branching interpretations, 
where each element can have only finitely many role successors. In ALCSCC one 
can, e.g., describe persons that have more daughters than they have dogs as pets, 
without using specific numbers as upper/lower bounds for the numbers of pet 
dogs and daughters. Bisimulation-based characterizations of ALCQ (or its modal 
logic variant of K extended with graded modalities) can be found in [ 22, 25, 26]. 
In [ 7, 8], we have investigated the expressivity of DLs with expressive counting 
constraints. However, to dispense with the requirement that interpretations be 
finitely branching, we used an infinite variant QFBAPA∞ of QFBAPA to formu-
late these constraints, which yields the variant ALCSCC∞ of ALCSCC. We were  
able to show that ALCSCC∞ is not a fragment of FOL and characterized the 
first-order fragment of this logic (.ALCCQU or equivalently ALCQt) using a form  
of counting bisimulation [ 22]. The first major contribution of the present paper is 
to prove the same results for ALCSCC, where only finitely branching interpreta-
tions are available. The proof techniques used in [ 7, 8], which were inspired by the 
ones in [ 22], cannot be employed in this setting since they depend on compact-
ness of FOL, which does not hold for the restriction of FOL to finitely branching 
interpretations. Instead, we employ a proof technique inspired by [ 25, 27], which 
utilizes locality properties of FOL rather than compactness. Interestingly, this 
approach can deal with arbitrary interpretations, finitely branching interpreta-
tions, and finite interpretations in a uniform way. 

An orthogonal approach for employing numerical constraints within concept 
descriptions is the use of numerical concrete domains [ 14, 21]. In a DL with a
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concrete domain, concrete objects such as numbers or strings can be assigned 
to individuals using partial functions called features. For example, the concept 
description .Person child age, pet age.< describes persons that have a child that 
is younger than one of their pets. Here, .age is a feature that assigns a rational 
number, their age, to some of the elements of the interpretation domain, and . <
is the usual smaller relation between rational numbers. In [ 9, 10], we have inves-
tigated the abstract expressive power of DLs with concrete domains, which only 
considers the abstract part of interpretations, i.e., ignores the values assigned 
to features. We have shown that the abstract expressive power of ALC(D), i.e., 
ALC extended with the concrete domains D, is contained in FOL for certain 
concrete domains, but have also exhibited a large class of concrete domains for 
which this is not the case. The second major contribution of the present paper 
is to introduce a notion of concrete expressive power for DLs with concrete 
domains that also takes the feature values into account. For example, if we take 
two concrete domains over the rational numbers, where one has as only pred-
icate .+1 (relating .q ∈ Q with .q + 1) and the other .+2 (relating .q ∈ Q with 
.q + 2), then the extensions of ALC with these concrete domains have the same 
abstract expressive power, but their concrete expressive power is incomparable. 
Using proof techniques similar to the ones employed for ALCSCC we can charac-
terize .ALC(D) as the fragment of .FOL(D) (i.e., FOL extended with the concrete 
domain D) that is invariant under an appropriate notion of bisimulation. 

A technical report containing detailed proofs of all the results introduced in 
this paper is available online [ 11]. 

2 Preliminaries 

We start by introducing the base logic ALC before defining its two orthogonal 
extensions with numerical constraints. Since here we focus on the expressivity 
of concept description languages, we do not introduce TBoxes, ABoxes, or rea-
soning problems (see [ 13] for more details on ALC and other classical DLs). 

The classical DL .ALC Given disjoint, at most countable sets NC and NR of 
concept and role names, ALC concept descriptions (concepts for short) are built 
from concept names using negation (.¬C), conjunction (.C D), and existential 
restrictions (.∃r.C), where .r ∈ NR and .C,D are ALC concept descriptions. As 
usual, we define .C D := ¬(¬C D) (disjunction), .∀r.C := ¬∃r.¬C (value 
restriction) and . := A A (top concept). An interpretation I consists of a 
non-empty domain .ΔI and a mapping . ·I assigning a set .AI ⊆ ΔI to .A ∈ NC and 
a binary relation .rI ⊆ ΔI × ΔI to .r ∈ NR. For  .d ∈ ΔI , we define . rI(d) := {e ∈
ΔI | (d, e) ∈ rI}. We extend  .·I to concepts by .(¬C)I := ΔI \ CI , . (C D)I :=
CI ∩ DI and .(∃r.C)I := {d ∈ ΔI | rI(d) ∩ CI = ∅}. In this DL,  the concept of  
a person not having a dog as a pet can be written as .Person pet.¬Dog. 
The DL .ALCSCC This DL employs the logic QFBAPA [ 19] to state cardinal-
ity constraints on role successors that are more expressive than existential and 
value restrictions. In QFBAPA, set terms are built from set variables and the
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constants . ∅ and U using intersection . ∩, union . ∪ and complement . c. A  QFBAPA 
formula is a Boolean combination of atomic formulae of the form 

.m0 + m1|s1| + · · · + mk|sk| n0 + n1|t1| + · · · + n |t | (1) 

where each . si, . tj is a set term and each .mi, .nj is a natural number. 3 A solution 
. σ of a QFBAPA formula . φ assigns a finite set .σ(U) to U , the empty set to . ∅ and 
subsets of .σ(U) to set variables such that . φ is satisfied by . σ, in the standard way. 
Checking if a QFBAPA formula has a solution is an NP-complete problem [ 19]. 
The logic QFBAPA∞ [ 7] has the same syntax as QFBAPA, but solutions may 
assign infinite sets to U . Its satisfiability problem is also NP-complete [ 7]. 

ALCSCC extends the syntax of ALC with the new constructor role successor 
restriction (or .succ-restriction) .succ(con), where  con is an atomic QFBAPA for-
mula with role names and ALCSCC concept descriptions as set variables [ 3]. For 
instance, the concept of all persons that have more daughters than they have 
dogs as pets can be expressed in ALCSCC as .succ(|pet∩Dog| < |child∩Female|). 
Note that existential restrictions .∃r.C are not needed as explicit constructors in 
this DL since they can be expressed as .succ(|r ∩ C| 1). 

When defining the semantics of ALCSCC, interpretations I are required in [  3] 
to be finitely branching, i.e. such that the set of all role successors . arsI(d) :=

r∈NR
rI(d) is finite, for all .d ∈ ΔI . Then, each .d ∈ ΔI induces a QFBAPA 

assignment . σd, where  .σd(U) := arsI(d), .σd(r) := rI(d) for .r ∈ NR and . σd(C) :=
CI ∩ arsI(d) for concepts . C. The mapping .·I is extended to .succ-restrictions by 
defining .d ∈ succ(con)I iff .σd is a solution of con. 

The DL ALCSCC∞ is defined in [ 7] with the same syntax as ALCSCC, but 
in the semantics arbitrary interpretations are allowed. Consequently, the assign-
ment .σd may be such that .σd(U) is infinite, and thus satisfaction of the constraint 
con by .σd is evaluated in QFBAPA∞ rather than QFBAPA. 

In the definitions of ALCSCC∞ and ALCSCC, we considered two classes of 
first-order interpretations: the class Call of all interpretations and the class Cfb 

of finitely branching interpretations. Later on, we will also consider the class 
Cfin of all finite interpretations, which is also of interest in DL research [ 17, 23]. 
Our results on the expressive power will be parameterized with a class .C of 
interpretations satisfying certain restrictions. Since the syntax of ALCSCC∞ and 
ALCSCC coincide, we will in the following always talk about ALCSCC concepts. 
However, if . C contains interpretations that are not finitely branching, then the 
semantics uses QFBAPA∞ rather than QFBAPA. 

DLs with Concrete Domains. Following [ 12, 14, 21], we use the term concrete 
domain to refer to a relational structure .D = (D, . . . , PD, . . . ) over a non-
empty, at most countable relational signature, where .D is a non-empty set, 
and each predicate .P has an associated arity  .kP ∈ N and is interpreted by 
a relation .PD ⊆ DkP . An example is the structure .Q := (Q, <,=, >) over

3 Following [ 8], we use a streamlined definition of QFBAPA that does not explicitly 
introduce set constraints and divisibility constraints. 
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the rational numbers .Q with standard binary ordering and equality relations. 
Given a countable set .V of variables, a constraint system over .V is a set . C of 
constraints .P (v1, . . . , vk), where  .v1, . . . , vk ∈ V and . P is a .k-ary predicate of D. 
We denote by .V (C) the set of variables that occur in . C. The constraint system . C is 
satisfiable if there is a mapping .h : V (C) → D such that .P (v1, . . . , vk) ∈ C implies 
.(h(v1), . . . , h(vk)) ∈ PD. The  constraint satisfaction problem for D, denoted 
.CSP(D), asks if a given finite constraint system . C over D is satisfiable. The 
CSP of . Q is decidable in polynomial time, by reduction to .<-cycle detection: for 
example, the system .{x1 < x2, x2 < x3, x3 < x1} is unsatisfiable over . Q. 

When integrating such a concrete domain into the DL ALC, it needs to satisfy  
certain restrictions to obtain a decidable DL. Without a TBox, admissibility is 
required in [ 12] whereas in the presence of a TBox the stronger .ω-admissibility 
is required in [ 14, 21]. In the context of our investigation of the expressive power 
of DLs with concrete domains, it is sufficient to assume that negated constraints 
can be expressed using one or more non-negated ones. 

Definition 1. A structure D is weakly closed under negation (WCUN ) if for 
all .k 1 and all .k-ary relations .P of D there are .k-ary relations . P1,  . . . ,  . PnP

such that .(d1, . . . , dk) /∈ PD iff .(d1, . . . , dk) ∈ nP

i=1 PD
i for all .d1, . . . , dk ∈ Dk. 

It is easy to see that both admissible and .ω-admissible concrete domains sat-
isfy this property. Examples of .ω-admissible, and thus WCUN, concrete domains 
are Allen’s interval algebra, RCC8 and Q [ 14, 21]. For example the negated pred-
icate . = in Q is obtained as the union of . < and . >. 

To integrate a given concrete domain D into ALC, we complement NC and 
NR with a finite set NF of feature names that connect individuals with values 
in .D [ 12]. A feature path . p is of the form . f or .rf with .r ∈ NR and .f ∈ NF. 
For instance, .age is a feature name as well as a feature path, while .child age is a 
feature path including the role name .child. The  DL  ALC(D) extends ALC with 
concrete domain restrictions (or CD-restrictions) of the  form  .∃p1, . . . , pk.P and 
.∀p1, . . . , pk.P , where  .pi are feature paths and .P is a .k-ary predicate of D. An  
interpretation I assigns to .f ∈ NF a partial function .fI : ΔI . A feature 
path . p is mapped to .pI ⊆ ΔI × D by defining 4 .pI(d) := {fI(d)} if .p = f and 
.pI(d) := {fI(e) | e ∈ rI(d)} if .p = rf . Then we can define 

. (∃p1, . . . , pk.P )I := d ∈ ΔI | some tuple in pI
1 (d) × · · · × pI

k (d) is in PD}
(∀p1, . . . , pk.P )I := d ∈ ΔI | every tuple in pI

1 (d) × · · · × pI
k (d) is in PD}.

For example, one can describe individuals having a child that is younger than 
one of their pets using .∃child age, pet age.<. 

3 The Expressive Power of ALCSCC 
In this section, we first introduce a notion of bisimulation, called Presburger 
bisimulation, such that ALCSCC concept descriptions are invariant under such
4 In a slight abuse of notation, we view .fI(d) both as a value and as a singleton set. 



Expressive Power of DLs with Numerical Constraints over Restricted Models 27

bisimulations, i.e., bisimilar elements belong to the same ALCSCC concept 
descriptions. Next, we consider an approximate variant of Presburger bisimu-
lation and show that, while not all ALCSCC concept descriptions are invariant 
under this notion, the ones that are expressible in first-order logic are. This 
shows that there are ALCSCC concept descriptions that are not expressible in 
FOL. Finally, we characterize the fragment of ALCSCC that is first-order defin-
able as the logic ALCQt, for which successor constraints have a restricted form. 

Presburger Bisimulation. Assume that NC and NR are finite. We base our 
definition of Presburger bisimulations on the notion of safe role types, which  are  
non-empty subsets of NR. Intuitively, such a role type stands for the intersection 
of its elements intersected with the complements of the non-elements. For exam-
ple, if .NR = {r, s, t}, then the safe role type .{r, s} corresponds to the set term 
.r ∩ s ∩ tc. More formally, safe role types . τ are interpreted in an interpretation I 
as the binary relation 

. τI := ( r∈τrI \ ( r∈NR\τrI)) ⊆ r∈NR
rI .

The fact that safe role types are non-empty sets of role names ensures the 
inclusion stated above, i.e., any .τI is an .rI successor for at least one role 
name . r, which justifies the name safe. Consequently, for all .d ∈ ΔI , the  set  
.τI(d) := {e ∈ ΔI | (d, e) ∈ τI} is a subset of .arsI(d), and every . e ∈ arsI(d)
belongs to .τI(d) for exactly one safe role type . τ . The  set  NR must be finite, 
in order to encode safe role types as well-defined set terms. For ALCSCC∞ it 
was shown in [ 7] that each set term . s occurring within a .succ-restriction can 
be rewritten as the disjoint union of terms of the form .τ ∩ C where . τ is a safe 
role type and .C an ALCSCC∞ concept [ 7]. The same also holds for ALCSCC. 
Following [ 7], we modify the notion of counting bisimulation from [ 22] by using  
safe role types in place of role names to obtain Presburger bisimulations (called 
ALCQt bisimulations in [ 7]). 
Definition 2. Let NC and NR be finite and C a class of interpretations. The 
binary relation .ρ ⊆ ΔI × ΔJ is a Presburger (Pr) bisimulation between the 
interpretations I and J if for all .A ∈ NC and all safe role types . τ over NR the 
following properties are satisfied: 
Atomic .(d, e) ∈ ρ implies .d ∈ AI iff .e ∈ AJ ; 
Forth if .(d, e) ∈ ρ and .D ⊆ τI(d) is finite, then there is a set .E ⊆ τJ (e) such 
that . ρ contains a bijection between .D and . E; 

Back if .(d, e) ∈ ρ and .E ⊆ τJ (e) is finite, then there is a set .D ⊆ τI(d) such 
that . ρ contains a bijection between .D and . E. 

We call .d ∈ ΔI and .e ∈ ΔJ Pr bisimilar if .(d, e) ∈ ρ for some Pr bisimulation . ρ
between I and J . A concept  .C is C -invariant under Pr bisimulation if . d ∈ CI

iff .e ∈ CJ holds for all Pr bisimilar individuals .d ∈ ΔI , .e ∈ ΔJ with .I,J ∈ C. 
In [ 7] we proved that  ALCSCC∞ concepts are Call-invariant under Pr bisim-

ulation. A very similar proof (by induction on the structure of concept descrip-
tions) can be used to show the corresponding result for ALCSCC, where only 
finitely branching interpretations are considered.
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Theorem 1. Every ALCSCC concept is Cfb-invariant under Pr bisimulation. 

Proof. Let .I,J ∈ Cfb and . ρ a Pr bisimulation relating .d ∈ ΔI and .e ∈ ΔJ . We  
show by induction on the structure of an ALCSCC concept .C that .d ∈ CI iff 
.e ∈ CJ holds. The cases where C is a concept name, a conjunction of concepts 
or the negation of a concept are similar to the analogous cases in the proof of a 
corresponding result for ALC [ 13], and are omitted. 

Thus, we focus on the case .C = succ(con), where we inductively assume that 
every subconcept of . C is Cfb-invariant under Pr bisimulation. Recall that con is 
of the form (1). By applying distributivity of set intersection over set union, it 
is easy to show that any set term occurring in con can be written as the disjoint 
union of set terms of the form .τ ∩F where . τ is a safe role type and . F is a Boolean 
combination of concepts to which the induction assumption applies. The reason 
we can restrict the attention to safe role types here lies in the semantics of 
ALCSCC, which considers only role successors when evaluating set terms. We 
provide for every ALCSCC concept . F and safe role type . τ over NR an injective 
mapping from .D := τI(d)∩ F I to .E := τJ (e)∩ FJ and vice versa. This proves  
that these sets have the same size, and thus that con is evaluated equally w.r.t. 
. d and . e. Note that, since I and J are finitely branching, the sets .D and .E are 
both finite. Overall, this implies that .d ∈ CI iff .e ∈ CJ . 

The required injections are obtained as follows. Thanks to the forth property, 
we find a set .E ⊆ τJ (e) such that . ρ contains a bijection between .D and . E . By  
our induction hypothesis, the concept . F is Cfb-invariant under Pr bisimulation, 
so we obtain that .E ⊆ CJ . Then, .E ⊆ E holds, and the bijection between . D
and .E is the sought injective mapping from .D to . E. Using  the  back property, 
we similarly prove that there is an injective mapping from . E to . D. 

Together with the other cases, this concludes our proof, and thus we conclude 
that every ALCSCC concept is Cfb-invariant under Pr bisimulation. . 

Since finite interpretations are finitely branching, this also implies Cfin-
invariance of ALCSCC concepts under Pr bisimulation. 

As usual, such invariance results can be employed to prove that a certain DL 
L cannot be expressed in ALCSCC. For this, it is sufficient to find an example 
of an L concept that is not invariant under Pr bisimulation. In [ 11], we apply 
this approach to show that the abstract expressive power [ 10] of  .ALC(Q) is not 
contained in that of ALCSCC on finitely branching interpretations, and that 
ALCSCC++ [ 4] is a strict extension of ALCSCC on finite interpretations. 

.ALCSCC goes beyond .FOL ALC and many other DLs are fragments of first-
order logic (FOL) [  15], in the sense that for every concept description .C of the 
given DL there is a FOL formula .φ(x) such that .φI = CI for all interpretations 
I, where  .φI := {d ∈ ΔI | I |= φ(d)}. This notion of definability of a concept 
description by an FOL formula in one free variable can be relativized to a class of 
models C in an obvious way. C-invariance of an FOL formula in one free variable 
under a given notion of bisimulation is also defined in an obvious way. 

In [ 7], we have shown that there are ALCSCC∞ concepts that are not FOL-
definable in this sense w.r.t. Call. However, since the semantics of ALCSCC is
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defined w.r.t. a restricted class of interpretations, this result does not directly 
transfer to ALCSCC. Our tool for showing non-FOL-definability for ALCSCC 
(and incidentally also for ALCSCC∞ w.r.t. other classes of interpretations) is a 
bounded version of .Pr bisimulation where one makes only a bounded number . of 
steps into the interpretation and bounds the cardinalities of the sets considered 
in the back and forth conditions by a number . q. This notion of bisimulation 
is obtained by adapting the bisimulation-based characterization of modal logic 
with graded modalities w.r.t. finite models in [ 25] to our more expressive logic. 

Definition 3. Let NC and NR be finite and . ∈ N. The relation . ρ ⊆ ΔI × ΔJ

is a Pr (. q,. 0)-bisimulation between the interpretations I and J if it satisfies the 
(atomic) condition of Definition 2, and it is a Pr (. q,. +1)-bisimulation if it is a 
Pr (. q,. )-bisimulation that satisfies the following for all safe role types . τ : 

(. q,. )-forth if .(d, e) ∈ ρ and .D ⊆ τI(d) with .|D| q, then there are . E ⊆ τJ (e)
and a Pr (. q,. )-bisimulation .ρ that contains a bijection between .D and . E; 

(. q,. )-back if .(d, e) ∈ ρ and .E ⊆ τJ (e) with .|E| q, then there are . D ⊆ τI(d)
and a Pr (. q,. )-bisimulation .ρ that contains a bijection between .D and . E. 

The notions of Pr (. q,. )-bisimilarity and C-invariance w.r.t. Pr (. q,. )-bisimulation 
are defined similarly to how it was done in Definition 2. 

Theorem 1 states that all ALCSCC concepts are invariant under Pr bisimula-
tion. For Pr (. q,. )-bisimulation, this need not hold, as stated in the next theorem. 

Theorem 2. There is an ALCSCC concept .C such that, for all values of . q and 
. , the concept .C is not Cfb-invariant under Pr (. q,. )-bisimulation. 

Proof. Consider the ALCSCC concept .C := succ(|r ∩ A| = |r ∩ ¬A|), which has 
been used in [ 7] to show that  ALCSCC∞ is  not a fragment of  FOL. For .n,m ∈ N, 
let .Im,n be the finitely branching interpretation containing individuals . d and 
.di for .i = 1, . . . , m + n, where  . r is interpreted as the set of tuples .(d, di) for 
.i = 1, . . . ,m+n, every  .di with .i = 1, . . . ,m is in . A and every other individual is 
not in . A. Given .q ∈ N we consider .Iq,q and .Iq,q+1, and notice that .d ∈ ΔIq,q and 
.d ∈ ΔIq,q+1 are Pr (. q,. )-bisimilar: the relation mapping .d ∈ ΔIq,q to . d ∈ ΔIq,q+1

and .di ∈ ΔIq,q to .di ∈ ΔIq,q+1 is a Pr (. q,. )-bisimulation for all . ∈ N. However, 
.d ∈ CIq,q holds, whereas .d /∈ CIq,q+1 . . 

Our goal is now to show that this cannot happen for ALCSCC concepts that 
are FOL-definable w.r.t. Cfb or Cfin (or more generally a class . C of interpretations 
satisfying certain closure properties). The proof of this result uses certain locality 
properties of FOL formulae that are invariant under Pr bisimulation. 

Definition 4. Let I be an interpretation. The distance of . d and .d in I is the 
smallest value . ∈ N for which there is a sequence of elements . d1, . . . , d +1 ∈ ΔI

where .d1 = d, .d +1 = d and .di is a role successor or predecessor of .di+1 for 
.i = 1 , or  .∞ if such a number does not exist. The . -neighborhood .N I d



30 F. Baader and F. De Bortoli

of . d is derived from I by taking the substructure consisting of all individuals with 
distance at most . from . d. 

The class C of interpretations is closed under neighborhoods if . N I d ∈ C

for all .I ∈ C, .d ∈ ΔI and . ∈ N. The  FOL formula .φ(x) is . -local w.r.t. C if for 
all .I ∈ C and all .d ∈ ΔI we have that .I |= φ(d) iff .N I d |= φ(d). 

Interestingly, there is a close relationship between . -locality of FOL formulae 
and invariance under finite disjoint union. 

Definition 5 (Disjoint union). Given a finite index set I and a family of 
interpretations .(Iν)ν∈I ⊆ C, their finite disjoint union I is defined by: 

. ΔI := {(d, ν) | ν ∈ I and d ∈ ΔIν },

AI := {(d, ν) | ν ∈ I and d ∈ AIν } for all A ∈ NC,

rI := {((d, ν), (e, ν)) | ν ∈ I and (d, e) ∈ rIν } for all r ∈ NR.

The FOL formula .φ(x) is C -invariant under finite disjoint unions if, for any 
finite disjoint union constructed as above, .Iν |= φ(d) iff .I |= φ((d, ν)) holds for 
every .ν ∈ I and .d ∈ ΔIν . We say that C is closed under finite disjoint unions if 
.Iν ∈ C for all .ν ∈ I implies that the disjoint union of .(Iν)ν∈I also belongs to . C
whenever the index set I is finite. 

By proving that .ρ := {(d, (d, ν)) | d ∈ ΔIν , ν ∈ I} is a Pr bisimulation, 
we obtain the following property for formulae that are C-invariant under Pr 
bisimulation. 

Proposition 1. If the FOL formula .φ(x) is C-invariant under Pr bisimulation, 
then it is C-invariant under finite disjoint unions. 

By Theorem 1, this implies that  FOL formulae that are equivalent to ALCSCC 
concepts are Cfb- and  Cfin-invariant under disjoint union. Before we can state 
the crucial lemma from [ 24], we must introduce one more notation. We call the 
class C of interpretations localizable if it is closed under both neighborhoods and 
finite disjoint unions. 5 Note that our classes Call, Cfb and Cfin are localizable. 

Lemma 1 ([ 24]). If C is localizable, then any FOL formula .φ(x) of quantifier 
depth . q that is C-invariant under finite disjoint unions is .(2q − 1)-local w.r.t. C. 

Combining this lemma with Proposition 1, we can now link . -locality with 
invariance under Pr bisimulation. 

Corollary 1. If C is localizable, then any FOL formula .φ(x) of quantifier depth 
. q that is C-invariant under Pr bisimulation is . -local w.r.t. C for . := 2q − 1. 

Our next goal is now to show that, for FOL formulae, invariance under Pr 
bisimulation is equivalent to invariance under Pr (. q,. )-bisimulation for some 
. ∈ N. Our first step in this direction is the following result for trees, whose 
proof can be found in [ 11].
5 These conditions on C are not stated explicitly in [ 24], but are implicitly assumed. 
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Theorem 3. If I, J are trees of depth at most . with roots . d, . e that are Pr (. q,. )-
bisimilar, then these roots satisfy the same FOL formulae .φ(x) of quantifier depth 
at most . q. 

While not all interpretations in a class C need to be tree-shaped, we show 
that, for every interpretation in Call, Cfb or Cfin, it is possible to find a Pr bisimilar 
interpretation in this class where the . -neighborhood of a specific individual . d is 
a tree with root . d. Normally, this is achieved by unravelling [ 13], but this may 
yield an infinite interpretation, and is thus not suitable for our setting, where we 
are also interested in the class Cfin. Instead, we introduce partial unravelling of 
I, which preserves finiteness and (like unraveling) finite branching. Intuitively, 
the . -unravelling of an interpretation I at an element .d ∈ ΔI applies unraveling 
up to length . , and then adds a copy of . I at the end. The exact definition of this 
operation, which is an adaptation of the unravelling operation described in [ 13], 
can be found in [ 11]. Here, we only state two important properties of it. 

Proposition 2. Let .Id be the . -unravelling of the interpretation I at .d ∈ ΔI , 
. d the element corresponding to . d in . Id. Then,  

1. The elements .d ∈ ΔI and . d ΔId

are Pr bisimilar. 
2. The . -neighborhood .N Id

d of . d in .Id is a tree of depth at most . with 
root . d . 

The class C of interpretations is closed under partial unravelling if . I ∈ C

implies .Id ∈ C for all . ∈ N. The following result links invariance under Pr 
bisimulation with invariance under Pr (. q,. )-bisimulation for FOL formulae. 

Theorem 4. Let C be localizable and closed under partial unravelling. For all 
FOL formulae .φ(x), the following are equivalent: 

1. .φ(x) is C-invariant under Pr bisimulation. 
2. .φ(x) is C-invariant under Pr (. q,. )-bisimulation for some . ∈ N. 

Proof. The implication “2. .⇒ 1.” is an immediate consequence of the fact that 
every Pr bisimulation is also a Pr (. q,. )-bisimulation for all . ∈ N. 

To prove the other direction, we assume 1. and that .φ(x) has quantifier depth 
. q. By assume 1 we deduce that .φ(x) is . -local w.r.t. C for . := 2q − 1. Given 
.I,J ∈ C and .d ∈ ΔI , .e ∈ ΔJ , we know that the . -unravellings .Id and . J
and the . -neighborhoods .Nd := N Id

d and .Ne := N J e

e also belong to C. 
Since .φ(x) is C-invariant under Pr bisimulation and . -local w.r.t. C we obtain 

.
I |= φ(d) iff Id |= φ( d ) iff Nd |= φ( d ) and

J |= φ(e) iff J e |= φ( e ) iff Ne |= φ( e ).
(by Proposition 2) 

If . ρ is a Pr (. q,. )-bisimulation with .(d, e) ∈ ρ, then combining this relation with 
the Pr bisimulations linking . d and . d and . e and . e shows that there is a Pr (. q,. )-
bisimulation . ρ between .Id and .I with .( d , e ) ∈ ρ . Since such a bisimulation
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looks only . steps into the interpretation, the restriction of .ρ to the respective 
. -neighborhoods .Nd and .Ne is also a Pr (. q,. )-bisimulation. Proposition 2 says 
that these neighborhoods are trees of depth at most . , and thus we can apply 
Theorem 3 to obtain .Nd |= φ( d ) iff .Ne |= φ( e ). . 

Together with Theorem 2, this yields the desired non-definability results since 
the classes Call, Cfb, and  Cfin are localizable and closed under partial unravelling. 

Corollary 2. Let C be localizable and closed under partial unravelling. Then 
there are ALCSCC concepts that are not FOL-definable w.r.t. C. 

The first-order fragment of .ALCSCC. In [ 7], we have established that the 
FOL-definable subset of ALCSCC∞ corresponds to the DL ALCQt. This DL can  
be seen both as the extension of ALCQ where safe role types instead of just 
role names can be used in qualified number restrictions, and as the restriction 
of ALCSCC where only successor restrictions of the form .succ(|τ ∩ C| q) are 
available, where . τ is a safe role type, .q ∈ N, and . C is an ALCQt concept. To make 
the relationship to qualified number restrictions clear, we write such successor 
restrictions as .( q τ.C), and call them qualified number restrictions. Saying that 
this result was proved in [ 7] for  ALCSCC∞ means that it was shown w.r.t. the 
class Call. In the following we prove that it also holds for the classes Cfb and Cfin. 

It is easy to see that every ALCQt concept can be translated into an equiv-
alent FOL formula with one free variable, and thus ALCQt is a FOL-definable 
fragment of ALCSCC. We will show that all FOL-definable concepts of ALCSCC 
are equivalent to one in ALCQt. We define the depth of an ALCQt concept to be 
the maximal nesting of qualified number restrictions and the breadth to be the 
maximal number occurring in a qualified number restriction. With .ALCQt we 
denote the set of .ALCQt concepts of depth at most . and breadth at most . q. 
The following results for .ALCQt are established in [  11]. 

Proposition 3. Let C be a class of interpretations, . ∈ N, and assume that 
NC and NR are finite. Then the following holds: 

1. Every .ALCQt concept is C-invariant under Pr (. q,. )-bisimulation. 
2. Up to C-equivalence, there are only finitely many .ALCQt concepts. 
3. For every .I ∈ C and .d ∈ ΔI there is an .ALCQt concept .Bisimq[d] such 

that .d ∈ Bisimq[d]I and .e ∈ Bisimq[d]J for an interpretation .J ∈ C and 
.d ∈ ΔJ implies that . d and . e are (. q,. )-bisimilar. 

Combining these results with Theorems 1 and 4, we obtain the following 
characterization of the FOL fragment on ALCSCC. 

Theorem 5. Let C be localizable and closed under partial unravelling and NC, 
NR be finite. For all FOL formulae .φ(x), the following are equivalent: 

1. .φ(x) is C-equivalent to some ALCSCC concept. 
2. .φ(x) is C-invariant under Pr bisimulation. 
3. .φ(x) is C-invariant under Pr (. q,. )-bisimulation for some . ∈ N.
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4. .φ(x) is C-equivalent to some ALCQt concept. 

Proof. That 1. implies 2. follows from Theorem 1 and the equivalence between 
2. and  3. is stated in Theorem 4. In addition, 4. trivially implies 1. 

Thus, it is sufficient to show that 3. implies 4. To this purpose, we define 
.Cφ := {Bisimq[d] | I ∈ C, d ∈ ΔI and I |= φ(d)}. By  2. of Proposition 3, this  
disjunction is finite (up to equivalence), and thus .Cφ is a well-formed . ALCQt
concept. First, assume that .I |= φ(d) with .I ∈ C and .d ∈ ΔI . Then, . d ∈ CI

φ

trivially follows from the fact that .Bisimq[d] occurs as a disjunct in .Cφ. 
Conversely, if .d ∈ CI

φ , then  .d ∈ (Bisimq[e])I for some .J ∈ C and . e ∈ ΔJ

such that .J |= φ(e). By  3. of Proposition 3, this implies that  . d and . e are Pr 
(. q,. )-bisimilar. Hence, 3. of the present proposition implies that .I |= φ(d). Thus,  
we have shown that .φ(x) and .Cφ are C-equivalent. . 

Recall that the classes Call, Cfb or Cfin satisfy the assumptions of Theorem 5. 

4 The Expressive Power of DLs with Concrete Domains 

In [ 9, 10] we have investigated the abstract expressive power of DLs with con-
crete domains, which only considers the abstract part of interpretations, i.e., 
ignores the values assigned to features. This allowed us to compare classical 
logics like ALC and FOL with DLs with concrete domains. Here, we want to 
compare extensions of ALC with different concrete domains using an appropri-
ate notion of bisimulation, called D bisimulation if D is the concrete domain 
under consideration, and characterize ALC(D) as the fragment of FOL(D) that 
is invariant under D bisimulation. The employed notion of bisimulation is the 
one for ALC (see, e.g., [ 13]) extended with an additional clause that deals with 
feature values. As in the previous section, we show our results not only for the 
class of all interpretations, but also for the restrictions to finitely branching and 
finite ones. 

Definition 6. Let D be a concrete domain and I, J interpretations of NC, NR 

and NF that assign elements of D to features from NF. The relation . ρ ⊆ ΔI ×ΔJ

is a D bisimulation between I and J if for all .A ∈ NC, all  .r ∈ NR, all  .k-ary 
relations .P of D, and all feature paths .p1, . . . , pk over NR and NF: 

atomic if .(d, e) ∈ ρ then .d ∈ AI iff .e ∈ AJ ; 
forth if .(d, e) ∈ ρ and .d ∈ rI(d), then there is .e ∈ rJ (e) such that .(d , e ) ∈ ρ; 
back if .(d, e) ∈ ρ and .e ∈ rJ (e), then there is .d ∈ rI(d) such that .(d , e ) ∈ ρ. 
features if .(d, e) ∈ ρ, then there is .(v1, . . . , vk) ∈ PD with .v1 ∈ pI

1 (d),  . . . ,  
.vk ∈ pI

k (d) iff there is .(w1, . . . , wk) ∈ PD with .w1 ∈ pJ
1 (e),  . . . ,  .wk ∈ pJ

k (e). 

Bisimilarity between individuals and C-invariance w.r.t. D bisimulation are 
defined similarly to how it was done in Definition 2 w.r.t. Pr bisimulation. 

A result analogous to Theorem 1 holds for ALC(D) concepts if the concrete 
domain D is weakly closed under negation.
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Theorem 6. If D is WCUN and C is a class of interpretations of NC, NR and 
NF that assign elements of D to features from NF, then every ALC(D) concept 
is C-invariant under D bisimulation. 

Proof. The proof by structural induction on the concept .C proceeds like the 
one for ALC in [ 13], except for the cases where .C is a CD-restriction. We only 
consider these cases explicitly here. Thus, let . ρ be a D bisimulation between I 
and J with .(d, e) ∈ ρ. We show that . d and . e satisfy the same CD-restrictions. 

If .C := ∃p1, . . . , pk.P then .d ∈ CI implies the existence of .v1 ∈ pI
1 (d),. . . ,. vk ∈

pI
k (d) such that .(v1, . . . , vk) ∈ PD. Since  . ρ satisfies features, there  must  be  . w1 ∈

pJ
1 (e),  . . . ,  .wk ∈ pJ

k (e) such that .(w1, . . . , wk) ∈ PD, hence .e ∈ CJ . Similarly, 
we can show that .e ∈ CJ implies .d ∈ CI . 

If .C := ∀p1, . . . , pk.P , then  .d ∈ CI implies that .(v1, . . . , vk) ∈ PD for all 
values .v1 ∈ pI

1 (d),  . . . ,  .vk ∈ pI
k (d). Since  D is WCUN, this is the  case  iff  there are  

relations . P1,  . . . ,  .PnP
of D such that .(v1, . . . , vk) /∈ PD

i for .i = 1, . . . , nP . Using  
the features condition of . ρ, we deduce that .(w1, . . . , wk) /∈ PD

i for all .w1 ∈ pJ
1 (e), 

. . . ,  .wk ∈ pJ
k (e) and .i = 1, . . . , nP . By  WCUN it follows that .(w1, . . . , wk) ∈ PD, 

and we conclude that .e ∈ CJ . The proof of the other direction is symmetric. . 

A Non-expressivity Result. We can use the notion of D bisimulation to show 
that ALC(D) cannot express certain concepts of the DL .ALC(D ), where  .D has 
the same domain set as D, but different relations. Coming back to the example 
in the introduction, we compare the expressive power of .Q+1 and .Q+2, both 
having domain set Q, where the former has a binary relation .+1 relating . q ∈ Q

and .q + 1 (and the complementary relation .=+1) and the latter has a binary 
relation .+2 relating . q and .q + 2 (and the complementary relation .=+2). 

These two DLs have the same abstract expressive power. In fact, we can 
interchange CD-restrictions using relations .+1 and .=+1 with restrictions of the 
same kind (existential or universal) using relations .+2 and .=+2 . Abstract models 
of a concept in one of these DLs are then the same as of the corresponding concept 
in the other DL: in one direction, we just double the feature values, and in the 
other we halve them. Nevertheless, we can show that their concrete expressive 
power, which takes the feature values into account, is incomparable. 

Proposition 4. Let C be Call, Cfb, or  Cfin. There are .ALC(Q+1) concepts that 
are not C-equivalent to any .ALC(Q+2) concept (and vice versa). 

Proof. First, consider the .ALC(Q+1) concept .C := ∃rf, rf.+1 and assume by 
contradiction that it is Call-equivalent to some .ALC(Q+2) concept . D. Let  us  
consider the interpretations I and J depicted in Fig. 1. Then, .a ∈ CI and by 
equivalence .a ∈ DI , while .a1 /∈ CJ and so .a1 /∈ DJ by equivalence. This leads 
to a contradiction, since the relation . ρ between I and J is a .Q+2 bisimulation 
relating . a and . a1, and  by  Theorem  6 this means that .a ∈ DI iff .a1 ∈ DJ . 
Therefore, we conclude that .C and .D cannot be equivalent w.r.t. any class of 
interpretations that contains the two interpretations of Fig. 1. Vice versa, we can  
show with a similar argument that .∃rf, rf.+2 cannot be expressed in .ALC(Q+1), 
but this requires slightly different interpretations. .
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Fig. 1. A .Q+2 bisimulation . ρ between I (left) and J (right). 

.FOLwith concrete domains and .ALC(D). Since we are interested in charac-
terizing the concrete expressive power of ALC(D), which takes the feature values 
into account, we cannot compare ALC(D) with FOL, where no such values are 
available. Instead, we consider the extension FOL(D) of FOL with the concrete 
domain D as introduced in [ 9, 10]. The logic FOL(D) is obtained from FOL by 
adding definedness predicates .Def(f)(t) with .f ∈ NF and . t a first-order term, and 
concrete domain predicates .P (f1, . . . , fk)(t1, . . . , tk) where . P is a .k-ary relation 
of D, each  . ti is a first-order term and .fi ∈ NF for .i = 1, . . . , k. 

The semantics of FOL(D) formulae is defined in terms of first-order interpre-
tations .I = (ΔI , ·I) that additionally assign partial functions .fI : ΔI to 
.f ∈ NF. The semantics of terms, Boolean connectives and first-order quantifiers 
is defined as usual. Denoting the interpretation of a first-order term . t w.r.t I and 
a variable assignment . w as .tI,w, the new predicates are interpreted as follows: 

– .I |= Def(f)(tI,w) if .fI(tI,w) is defined, and 
– .I |= P (f1, . . . , fk)(t

I,w
1 , . . . , tI,w

k ) if .(fI
1 (t

I,w
1 ), . . . , fI

k (t
I,w
k )) ∈ PD. 

Note that if .(fI
1 (t

I,w
1 ), . . . , fI

k (t
I,w
k )) ∈ PD then each .fI

i (t
I,w
i ) must be defined. 

It is easy to see (and explicitly shown in [ 9, 10]) that ALC(D) is a fragment of 
FOL(D). Our goal is to prove that it is the fragment of FOL(D) that is invariant 
under D bisimulation, not just for the class of all interpretations, but also for 
finite and finitely branching interpretations. For this, we use an approach that is 
very similar to the one employed in Sect. 3. Recall that Lemma 1 turned out to 
be an important model-theoretic tool in that approach since it provided us with 
locality results for FOL formulae expressing ALCSCC concepts. The correspond-
ing result also holds for FOL(D). Note that the notions of finite disjoint union 
and the corresponding C-invariance w.r.t. classes C of interpretations of NC, NR 

and NF are obtained by extending Definition 5 to account for feature names in 
the obvious way. For interpretations of NC, NR and NF we define . -neighborhoods 
by using the same notion of distance employed in Definition 4. This means that 
the distance of two individuals is not determined by concrete domain predicates, 
but only by role names. The notions of . -locality of a FOL(D) formula and of 
C-invariance w.r.t. classes C of interpretations of NC, NR and NF are obtained 
by extending Definition 4 using this notion of neighborhood. In particular, the 
extension of the classes Call, Cfb, and  Cfin to interpretations taking feature names 
into account are defined in the obvious way, and these classes are localizable.
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Lemma 2. If C is localizable, then a FOL(D) formula .φ(x) of quantifier depth 
. q that is C-invariant under disjoint unions is . -local w.r.t. C for . := 2q − 1. 

This result can be proved similarly to Lemma 1, by employing the translation 
of FOL(D) formulae and FOL(D) interpretations into FOL formulae and FOL 
interpretations introduced in [ 9, 10] (see [  11] for details). 

In the following, we assume that the concrete domain D is WCUN and has 
finitely many relations; both conditions are always satisfied by .ω-admissible con-
crete domains [ 14, 21]. Following the approach employed in the previous section, 
we introduce a bounded version of D bisimulation, where now only the depth is 
bounded since there are no cardinality constraints. 

Definition 7. Let I, J be interpretations of NC, NR and NF and . ∈ N. The  
relation .ρ ⊆ ΔI × ΔJ is a D.0-bisimulation if . ρ satisfies the atomic condition 
of Definition 6 and for all .k-ary relations .P of D and .f1, . . . , fk ∈ NF: 

values if .(d, e) ∈ ρ then .(fI
1 (d), . . . , f

I
k (d)) ∈ PD iff .(fJ

1 (e), . . . , fJ
k (e)) ∈ PD. 

The relation . ρ is a D (. + 1)-bisimulation if it is a D. -bisimulation that addi-
tionally satisfies the features conditions of Definition 6, and  for all  .r ∈ NR the 
following are satisfied: 

. -forth if .(d, e) ∈ ρ and . d is an .r-successor of . d, then there exist an .r-successor 
. e of . e and a D. -bisimulation .ρ such that .(d , e ) ∈ ρ ; 

. -back if .(d, e) ∈ ρ and . e is an .r-successor of . e, then there exist an .r-successor 
.d of . d and a D. -bisimulation .ρ such that .(d , e ) ∈ ρ . 

The notions of bisimilarity and C-invariance w.r.t. D. -bisimulation are defined 
similarly to how it was done in Definition 2. 

In [ 11] we show that, under the assumption that the concrete domain D 
is WCUN and has finitely many relations, results analogous to Proposition 1, 
Corollary 1, Theorem  3, Proposition 2, Theorem  4, and Proposition 3 also hold 
for FOL(D) and ALC(D), where  ALC(D) plays both the role of ALCSCC and of 
ALCQt. Similarly to the proof of Theorem 4, these results can be combined to 
show the following characterization of ALC(D) as the fragment of FOL(D) that 
is invariant under D bisimulation. 

Theorem 7. Let C be localizable and closed under partial unravelling, D be 
WCUN and have finitely many relations, and NC, NR, NF be finite. Then the 
following are equivalent for all FOL(D) formulae .φ(x): 

1. .φ(x) is C-invariant under D bisimulation. 
2. .φ(x) is C-invariant under D. -bisimulation for some . ∈ N. 
3. .φ(x) is equivalent to an .ALC(D) concept. 

Recall that the classes Call, Cfb and Cfin satisfy the assumptions of Theorem 
7. We further remark that, in contrast to the case of ALCSCC, where there are 
concepts that are not FOL-definable, every .ALC(D) concept is FOL(D)-definable.
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5 Conclusion 

We have investigated the expressive power of concept description languages that 
allow their users to employ numerical constraints when defining concepts in two 
orthogonal ways. In contrast to our previous results on the expressive power 
of such languages [ 7– 10], the approach employed here also works for restricted 
classes of interpretations such as finitely branching or finite ones. In [ 8], we have 
characterized the expressive power of TBoxes and cardinality boxes of ALCSCC∞ 

(where arbitrary interpretations are considered) using global Pr bisimulations. 
It is at the moment not clear to us whether the results obtained there can be 
extended to the restricted classes of interpretations considered in the present 
paper. Another interesting topic for future research is to study the expressive 
power of ALCOSCC(D), a joint extension of both ALCSCC and ALC(D), whose  
complexity has recently been analyzed in [ 5]. The DLs ALCSCC and ALC(D) 
are closed under all Boolean operations, whereas Kurtonina and de Rijke [ 20] 
characterize the expressive power of sub-Boolean fragments of ALC. It would  
be interesting to see whether their results can be extended to the corresponding 
fragments of ALCSCC and ALC(D). Like most bisimulation-based characteri-
zations of the expressive power of logics, we assume here that the concept . D
in the DL .L2 expressing the concept .C in the DL .L1 must be built over the 
same signature as . C, i.e., no auxiliary symbols may be used. It would again be 
interesting to see whether inexpressivity results such as the one in Proposition 
4 still hold if the use of auxiliary symbols is allowed, as for instance in [ 1, 2]. In 
this context, work on conservative extensions could become relevant [ 16]. 
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Abstract. The EL family of description logics facilitates efficient 
polynomial-time reasoning and has been standardized as the profile 
OWL 2 EL of the Web Ontology Language. EL can represent and rea-
son not only with symbolic knowledge but also with concrete knowledge 
expressed by numbers, strings, and other concrete datatypes. Such con-
crete domains must be convex to avoid introducing disjunctions “through 
the backdoor.” However, existing concrete domains provide only limited 
utility. In order to overcome this issue, we introduce a novel form of con-
crete domains based on semi-lattices. They are convex by design and can 
thus be integrated into Horn-DLs such as EL. Moreover, they allow for 
FBoxes to express dependencies between concrete features. We describe 
four instantiations concerned with real intervals, 2D-polygons, regular 
languages, and graphs. 

1 Introduction 

Concrete domains can be integrated in description logics (DLs) in order to 
refer to concrete knowledge expressed by numbers, strings, and other con-
crete datatypes [ 7]. They have mainly been investigated with DLs that are not 
Horn, such as ALC and its extensions, regarding decidability and complexity 
[ 14, 18, 20, 49– 51], reasoning procedures [ 26, 27, 50– 52, 58], an algebraic charac-
terization [ 12, 59], and their expressive power [ 3, 6]. 

For computationally tractable description logics, other conditions on the con-
crete domains than above must be imposed. Suitable for the EL family are p-
admissible concrete domains [ 4]: through them it is not possible to introduce 
disjunction into the logical domain so that the DL part retains its Horn char-
acter and, moreover, they guarantee that reasoning involving both the logical 
and the concrete domain remains tractable. Concrete domains have also been 
integrated with DL-Lite [ 2]. 

Existing p-admissible concrete domains for EL provide only limited utility. 
Using the concrete domain .DQ,diff [ 4], we could express with the concept inclu-
sions .(sys ≥ 140) Hypertension and .(dia ≥ 90) Hypertension that a systolic 
blood pressure of 140 or higher indicates hypertension, as does a diastolic blood 
pressure of at least 90. Since the opposite relations . ≤ are not available to ensure 
convexity, neither non-elevated blood pressure (dia. .< 120 and sys. .< 70) nor  
c The Author(s) 2026 
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elevated blood pressure (dia. between 120 and 140, and sys. between 70 and 90) 
are expressible. Mixed inequalities . <, . ≤, . >, and  .≥ may be used under certain 
limitations which of them may occur in left-hand sides and, respectively, in right-
hand sides of concept inclusions [ 53]. While this retains convexity of the concrete 
domain, reasoning is then rather impaired since the usual completion procedure 
is only complete for consistency and classification, but not for subsumption. 

An algebraic characterization of p-admissible concrete domains has put forth 
a further concrete domain .DQ,lin, which supports linear combinations of numeri-
cal features [ 11, 13]. For instance, the concept inclusion . (sys− dia− pp = 0), 
where .− is the difference operation in real arithmetic, expresses that the pulse 
pressure is the difference between the systolic and the diastolic blood pressure. In 
the medical domain, the combined expressivity of .DQ,diff and .DQ,lin would be use-
ful since then with the concept inclusion . ICUPatient (pp>50) NeedsAttention
it could be expressed that intensive-care patients with a pulse pressure exceeding 
50 need attention—but this combination is not convex anymore [ 1]. 

We introduce a novel form of concrete domains based on semi-lattices. A 
semi-lattice .(L,≤,∧) consists of a set . L, a partial order . ≤, and  a binary meet  
operation . ∧. The elements of . L are taken as concrete values, and . ≤ is understood 
as an “information order,” i.e. .p ≤ q means that . p is more specific than . q, like a 
subsumption order between concepts. The meet operation . ∧ is used to combine 
two values . p and . q to their meet value .p∧q, which is the most general value that 
is more specific than both . p and . q. For instance, real intervals form a semi-lattice 
with subset inclusion .⊆ as partial order and intersection . ∩ as meet operation. 
With that, the statement .NonElevatedBP≡ (sys⊆ [0, 120)) (dia⊆ [0, 70)) defines 
non-elevated blood pressure, where .[0, 120) and .[0, 70) are real intervals. 

Our new hierarchical concrete domains are convex by design, simply because 
a general value of a feature (such as .sys ⊆ [0, 120)) does not imply the dis-
junction of all more specific feature values (such as .sys ⊆ [0, 0], .sys ⊆ [1, 1], .. . . , 
.sys⊆ [119, 119]). Atomic feature values are supported nonetheless when these are 
available as atoms in the semi-lattice. For instance, a specific numerical value . p is 
represented by the singleton interval .[p, p] (which equals the one-element set .{p}). 

In addition, we introduce FBoxes consisting of feature inclusions that 
describe dependencies between features as well as aggregations of features. For 
instance, through the feature inclusion .pp ⊆ sys − dia, where  . − is the difference 
operation in real interval arithmetic, we can obtain an interval value of the pulse 
pressure given intervals of the systolic and the diastolic blood pressure. With 
the concept inclusion .ICUPatient (pp ⊆ (50,∞)) NeedsAttention we can now 
express that intensive-care patients having a pulse pressure above 50 need atten-
tion and, unlike in the combination of .DQ,diff and .DQ,lin, computationally reason 
with that in polynomial time. 

We provide four instantiations of hierarchical concrete domains based on real 
intervals, 2D-polygons, regular languages, and graphs. The former two are not 
only convex, but indeed p-admissible, i.e. equipping a DL from the EL family 
with them facilitates polynomial-time reasoning. In particular, we can employ 
linear programming for reasoning in the interval domain when the FBox is affine.
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The regular-language domain is also convex (again, by design) but requires expo-
nential time for reasoning. However, this only affects the concrete-domain rea-
soning itself so that reasoning in the logical EL part still runs in polynomial 
time. This holds similarly for the graph domain. 

Of practical relevance is that our hierarchical concrete domains can be 
seamlessly integrated into the completion procedure and the ELK reasoner 
[ 4, 5, 40, 42]. We demonstrate this for the case where nominals must be used 
safely, i.e. nominals must not occur in conjunctions and right-hand sides of con-
cept inclusions must not be single nominals. We conjecture that full support for 
nominals can be achieved in the same way as without concrete domains [ 41]. 

Proofs and more technical details can be found in the extended version [ 46]. 

2 Preliminaries 

We work with the description logic .EL++[D] (OWL 2 EL) where D is a P-
admissible concrete domain (as defined below). Consider a set .C of atomic con-
cepts, a set  .R of roles, a set  . I of individuals, a set  . F of features, and  a set  . P
of predicates where each .P ∈ P has an arity .ar(P ) ∈ N. There are two special 
concepts . ⊥ and . with fixed meaning. A constraint has the form . ∃f1, . . . , fk.P
where . P is a .k-ary predicate and .f1, . . . , fk are features. Compound concepts are 
built by 

. C ::= i} | A | ∃f1, . . . , fk.P | C C | ∃r.C

where . A ranges over all atomic concepts, . r over all roles, . i over all individuals, 
and .∃f1, . . . , fk.P over all constraints. A knowledge base (KB) is a finite set of 
concept inclusions (CIs) .C D concerning concepts .C and . D, role inclusions 
(RIs) .R s involving role chains generated by .R ::= ε | R1, . R1 ::= r | R1 ◦ R1

and roles . s, and  range inclusions .Ran(r) C referring to roles . r and concepts 
. C—but every .EL++[D] KB must satisfy an additional condition as explained in 
Sect. 4. 

As syntactic sugar, we have concept assertions .{i C (also written .i : C), 
role assertions .{i r.{j} (also written .(i, j) : r), domain inclusions . ∃r. C
(also written .Dom(r) C), and role exclusions .∃r1. . . . ∃rn. (also written 
.r1 ◦ · · · ◦ rn ). Statements .C are also called concept exclusions, and  
.C ≡ D is a concept equivalence that stands for the two CIs .C D and .D C. 
Each KB K can be subdivided into an ABox A consisting of all concept and 
role assertions, an RBox R consisting of all role inclusions and exclusions, and 
a TBox T consisting of the remaining statements. The TBox together with the 
RBox is also called an ontology O. 

The semantics are defined through the fixed concrete domain D and all inter-
pretations I. The  concrete domain .D := (Dom(D), ·D) consists of a set . Dom(D)
of values and an interpretation function .·D that sends each predicate .P ∈ P to 
a relation over .Dom(D) with arity .ar(P ), i.e. .PD ⊆ Dom(D)ar(P ). 

If the predicate .P in a constraint .∃f1, . . . , fk.P is defined through a math-
ematical expression or a logical formula with . k free variables, then we may
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represent the constraint also through this expression/formula but with the 
free variables replaced by the features .f1, . . . , fk. For instance, the constraint 
.sys − dia − pp = 0 from the introduction represents . ∃sys, dia, pp.P(1,−1,−1),0

where .(P(1,−1,−1),0)D := {(x, y, z) |x − y − z = 0}. 
An interpretation .I := (Dom(I), ·I) consists of a non-empty set .Dom(I), 

called domain, and an interpretation function .·I that maps each atomic 
concept .A ∈ C to a subset .AI of .Dom(I), each role .r ∈ R to a 
binary relation .rI over .Dom(I), each individual .i ∈ I to an element .iI of 
.Dom(I), and each feature .f ∈ F to a partial function .fI from .Dom(I) to 
.Dom(D). The interpretation function .·I is extended to compound concepts 
as follows: .⊥I := ∅, .

I := Dom(I), .{i}I := {iI}, . (∃f1, . . . , fk.P )I :=
{x |x ∈ Dom(fI

1 ) ∩ · · · ∩ Dom(fI
k ) and (fI

1 (x), . . . , f
I
k (x)) ∈ PD}, . (C D)I :=

CI ∩ DI , and  .(∃r.C)I := {x | there is y s.t. (x, y) ∈ rI and y ∈ CI}. Role  
chains are interpreted by .εI := {(x, x) |x ∈ Dom(I)} and . (R ◦ S)I :=
{(x, z) | there is y s.t. (x, y) ∈ RI and (y, z) ∈ SI}, and role ranges are inter-
preted as .Ran(r)I := {y | there is x s.t. (x, y) ∈ rI}. 

I satisfies a concept/role/range inclusion .X Y , written .I |= X Y , if  
.XI ⊆ Y I . If  I satisfies all inclusions in a KB K, then  I is a model of K, written 
.I |= K. If  K has a model, then it is consistent, and otherwise inconsistent. K 
entails an inclusion .X Y if .X Y is satisfied by all models of K, written 
.K |= X Y or .X K Y , and we then say that .X is subsumed by .Y w.r.t. K. 
Furthermore, K entails a KB  L if K entails all inclusions in L, written .K |= L. 

A constraint inclusion is of the form . Γ Δ where . Γ and . Δ are finite sets 
of constraints. I satisfies . Γ Δ, written .I |= Γ Δ, if . {αI |α ∈ Γ} ⊆

{βI |β ∈ Δ}. Moreover,  . Γ Δ is valid, written .D |= Γ Δ, if it is  
satisfied in all interpretations. It is easy to see that validity is independent of the 
concepts, roles, and individuals and that it suffices to consider only one domain 
element. To this end, a valuation is a partial function . v from F to .Dom(D), and  
it satisfies .∃f1, . . . , fk.P if .(v(f1), . . . , v(fk)) ∈ PD. Now, . Γ Δ is valid iff., 
for each valuation . v, if  . v satisfies all .α ∈ Γ , then  . v satisfies some .β ∈ Δ. 

We say that D is P-admissible if satisfiability of constraint conjunctions as 
well as validity of constraint inclusions are decidable in polynomial time and, 
moreover, D is convex, i.e. for each valid constraint inclusion . Γ Δ, there is 
a constraint .β ∈ Δ such that . Γ β is valid. We can use multiple P-admissible 
concrete domains by forming their disjoint union, which is P-admissible too. 

3 Hierarchical Concrete Domains 

A semi-lattice .L := (L,≤,∧) consists of a set . L, a partial order .≤ on . L, and  a  
binary meet operation . ∧ on . L, i.e. the following hold for all .p, q, p1, p2, p3 ∈ L: 

(SL1) .p ≤ p for each .p ∈ L (reflexive) 
(SL2) if .p ≤ q and .q ≤ p, then  .p = q (anti-symmetric) 
(SL3) if .p1 ≤ p2 and .p2 ≤ p3, then  .p1 ≤ p3 (transitive) 
(SL4) .p1 ∧ p2 ≤ p1 and . p1 ∧ p2 ≤ p2
(SL5) if .q ≤ p1 and .q ≤ p2, then  .q ≤ p1 ∧ p2.
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The strict part . < is defined by .p < q if .p ≤ q but .q p, and we then say that 
. p is more specific than . q. Thus  .p ≤ q iff. .p < q or .p = q, in which case we say 
that . p is more specific than or equal to . q. And .p∧ q is the meet of . p and . q. It follows  
from the above conditions that. ∧ is associative, commutative, and idempotent. The 
finitary meet operation . is obtained from the binary one by setting . {p} := p, 
. {p, q} := p ∧ q, and . {p1, . . . , pn} := p1 ∧ {p2, . . . , pn} whenever .n ≥ 3. 

We say that L is computable if . L and . ≤ are decidable and . ∧ is computable. 
If all this is possible in polynomial time, then L is polynomial-time computable. 
L is bounded if it has a greatest element . , i.e. .p for every .p ∈ L. Then we  
can also define a nullary meet as . ∅ := . In order to express impossible com-
binations of values, it might be convenient to add an artificial smallest element 
.⊥ to the semi-lattice, i.e. .⊥ ≤ p for each .p ∈ L. We then use  .⊥ to represent 
contradictory or ill-defined values. More specifically, .p∧ q = ⊥ if it is impossible 
to combine the values . p and . q. 

Example 1. A semi-lattice representing grades could have the values Attended, 
Passed, Failed, 1, 2, 3, 4, 5, 6,  .1.0, .1.3, .1.7, .2.0, and so on. Its partial order . ≤
is defined by .Passed ≤ Attended, .Failed ≤ Attended, .1 ≤ Passed, .2 ≤ Passed, 
.3 ≤ Passed, .4 ≤ Passed, .5 ≤ Failed, .6 ≤ Failed, .1.0 ≤ 1, .1.3 ≤ 1, .1.7 ≤ 2, .2.0 ≤ 2, 
etc. Here we need to add a smallest element . ⊥ since e.g. the meet of grades . 1.0
and .5.0 cannot be reasonably defined. 

For every KB K expressed in a decidable DL, the set of all concepts ordered 
by subsumption . K and with conjunction . as meet operation is a computable, 
bounded semi-lattice. For each set . M , .(℘(M),⊆,∩,M) and .(℘(M),⊇,∪, ∅) are 
bounded semi-lattices (where .℘(M) is the powerset of . M). They are only com-
putable if restricted to finite or finitely representable subsets of . M . In the follow-
ing subsections we will introduce four application-relevant semi-lattices based on 
intervals, polygons, regular languages, and graphs. 

Definition 2. Given a bounded semi-lattice .L := (L,≤,∧, ), the hierarchi-
cal concrete domain .DL has values in .Dom(DL) := L and supports only con-
straints of the form .∃f.P≤p, written as .f ≤ p, involving a feature . f and a value 
. p. The  semantics are  .(P≤p)DL := {q | q ∈ L and q ≤ p} and thus . (f ≤ p)I =
{x | fI(x) ≤ p}. Recall: this means that . f ’s value is . p or more specific, not 
smaller. We assume that . stands for an undefined value and thus all valu-
ations are total, i.e. .v(f) = means that . f has no value under . v. In order  
to represent a most general value, L contains a second-largest element . , i.e. 
. < and .p ≤ for each .p ∈ L . Since  .⊥ represents contradictory, 
ill-defined values, no valuation . v assigns .⊥ to any feature . f , i.e. .v(f) = ⊥. 

Definition 3. A feature inclusion (FI) .f ≤ H(g1, . . . , gn) consists of features 
.f, g1, . . . , gn and a computable .n-ary operation .H : Ln → L that is monotonic 
in the sense that .H(p1, . . . , pn) ≤ H(q1, . . . , qn) whenever .p1 ≤ q1, .. . . , and  
.pn ≤ qn (i.e. applying .H to more specific values yields more specific values). 
A valuation . v satisfies this FI if .v(f) ≤ H(v(g1), . . . , v(gn)), denoted as . v |=
f ≤ H(g1, . . . , gn). An  FBox F is a finite set of FIs, and a valuation . v satisfies
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F , written .v |= F , if  . v satisfies every FI in F . We call  F acylic if the graph 
.(F, {(f, g1), . . . , (f, gn) | f ≤ H(g1, . . . , gn) ∈ F}) is, and cyclic otherwise. 

The following example illustrates that FIs are “directed specifications” in 
the sense that values of the right-hand side features .g1, . . . , gn yield, through 
the operation . H, an upper bound for the value of the left-hand side feature . f . 
However, this does not work in the other direction unless specified by other FIs. 

Example 4. We use three features with interval values over the non-negative 
integers: .sys for the systolic and .dia for the diastolic blood pressure, and .pp for 
the pulse pressure, which is the difference between the systolic and the diastolic 
pressure. The FI .pp ⊆ sys − dia allows us to infer a value for .pp when values for 
both .sys and .dia are given. The monotonic operator .H in the right-hand side 
is .H([p1, q1], [p2, q2]) := [p1, q1] − [p2, q2], and the latter value is the difference 
in interval arithmetic (.= [p1 − q2, q1 − p2] but with negative subtraction results 
replaced by . 0). According to the semantics, an interval value of the feature . pp
must be a subset of .sys − dia, i.e. if the latter two features are defined for an 
object . x in a model I of the FI, then also .ppI(x) is defined and is equal to or 
more specific than .H(sysI(x), diaI(x)). 

For instance, under the above FI the constraint inclusion . (sys⊆ [110, 120])
(dia ⊆ [60, 70]) (pp ⊆ [40, 60]) is valid since . H([110, 120], [60, 70]) = [40, 60] ⊆
[40, 60]. Without syntactic sugar, the first constraint is .∃sys.P⊆[110,120] involving 
the predicate .P⊆[110,120] := {[p, q], (p, q), [p, q), (p, q] | 110 ≤ p ≤ q ≤ 120}. 

In contrast, the constraint inclusion . (sys⊆ [110, 120]) (pp⊆ [40, 60]) (dia⊆
[60, 70]) is not valid w.r.t. the above FI. A countervaluation is . v with . v(sys) =
[110, 120], .v(dia) = [0,∞), .v(pp) = [40, 60]. This is because . [110, 120]− [0,∞) =
[0, 120] and .[40, 60] ⊆ [0, 120], i.e. . v satisfies the FI, but . v does not satisfy the 
latter constraint inclusion. 
Definition 5. The semantics of the concrete domain .DL can be restricted w.r.t. 
an FBox F by considering only valuations satisfying F . That is, a constraint 
inclusion . Γ Δ is valid in .DL w.r.t. F , written .DL,F |= Γ Δ, if  
this inclusion is satisfied in all valuations that satisfy F . Whenever we write 
“w.r.t. F” in the following, only valuations satisfying F are considered. 

Using this semantics restricted by an FBox, convexity and P-admissibility 
are defined as before but the latter additionally takes the FBox F as part of the 
input. The underlying semi-lattice L is taken into account through the computa-
tional complexity of its value set . L, its partial order . ≤, and its meet operation . ∧. 

Definition 6. .DL is admissible w.r.t. F if .DL is convex and satisfiability of 
constraint conjunctions as well as validity of constraint inclusions are decidable, 
all w.r.t. F . For a complexity class C, we say that .DL is C-admissible w.r.t. F 
if, all w.r.t. F , .DL is convex and satisfiability of constraint conjunctions as well 
as validity of constraint inclusions are in C when F is part of the input. 

Next, we show that a hierarchical concrete domain .DL is convex w.r.t. F if the 
semi-lattice L is complete or well-founded or the FBox F is acyclic. There might 
be further sufficient conditions for convexity; we leave this for future research.
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Definition 7. Let L be a bounded semi-lattice and F be an FBox. Given a finite 
set .Γ of constraints over the concrete domain .DL, a  canonical valuation of . Γ
w.r.t. F is a valuation .vΓ,F such that 

1. .vΓ,F |= F and 
2. .vΓ,F |= α iff. .DL,F |= Γ α for each constraint . α. 

Moreover, we say that .DL has canonical valuations w.r.t. F if such a valuation 
.vΓ,F exists for every finite, w.r.t. F satisfiable . Γ . 

Since for each constraint . α in . Γ , the inclusion . Γ α is valid, we infer with 
the second condition that .vΓ,F satisfies . Γ . 

A semi-lattice L is complete if every subset .P ⊆ L has a meet . P ∈ L, i.e. 
such that . P ≤ p for each .p ∈ P and, if .q ≤ p for each .p ∈ P , then  .q ≤ P . 
Note that these two conditions generalize (SL4) and (SL5). 

Theorem 8. For each complete semi-lattice L and for every FBox F , the con-
crete domain .DL has canonical valuations and so is convex w.r.t. F . 

Theorem 9. Let L be a computable, bounded semi-lattice and F be an FBox. If 
L is well-founded or F is acyclic, then the concrete domain .DL has computable 
canonical valuations and is admissible w.r.t. F . 

Now, we want to determine the time requirement for computing a canonical 
valuation .vΓ,F , which is measured w.r.t. the constraint set . Γ and the FBox F . 

An operation .H : Ln → L is non-duplicating if, for all .(p1, . . . , pn) ∈ Ln, the  
size of .H(p1, . . . , pn) is no larger than the size of .(p1, . . . , pn). An FBox is  non-
duplicating if all operations in it are non-duplicating and each feature occurs at 
most once in any right-hand side. 

Proposition 10. Consider a polynomial-time computable, bounded semi-lattice 
L such that its meet operation is non-duplicating. Further consider an acyclic, 
non-duplicating FBox F in which all occurring operations are polynomial-time 
computable. W.r.t. F , the concrete domain .DL has polynomial-time computable 
canonical valuations and is P-admissible. 

We obtain exponential complexity if . ∧ and F are not non-duplicating. 

Proposition 11. For every polynomial-time computable, bounded semi-lattice L 
and for every acyclic FBox F in which all occurring operations are polynomial-
time computable, the concrete domain .DL has exponential-time computable 
canonical valuations and is EXP-admissible w.r.t. F . 

3.1 Intervals 

Let .N be a non-empty set of real numbers. The semi-lattice .Int(N) consists of all 
intervals over . N , is partially ordered by set inclusion . ⊆ and has set intersection 
. ∩ as its meet operation. .Int(N) is already bounded since its greatest element is 
.N = (−∞,∞), but we rather identify it with . and add an artificial greatest
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element . . It also has a smallest element .∅ = (p, p) where .p ∈ N is arbitrary, and 
we identify this smallest element with the contradictory value . ⊥. The inclusion 
satisfies .[p1, q1] ⊆ [p2, q2] iff. .p2 ≤ p1 and .q1 ≤ q2, and the intersection satisfies 
.[p1, q1] ∩ [p2, q2] = [max(p1, p2),min(q1, q2)], and similarly for the other interval 
types. It follows that .Int(N) is polynomial-time computable since . ≤ is decidable 
in polynomial time [ 30], and its meet operation is non-duplicating. 

The hierarchical concrete domain .DInt(N) is called the interval domain over 
. N . Since for every number .p ∈ N , the singleton .{p} equals the interval .[p, p], we  
can specify the precise numerical value of a feature with the constraint .f ⊆ {p}, 
also written .f = p. Moreover, instead of .f ⊆ [p, q] we may also write .p ≤ f ≤ q. 

Example 12. Through the interval domain over the non-negative 8-bit inte-
gers .N := N ∩ [0, 28−1] we could express non-elevated blood pressure by 
.NonElevatedBP ≡ (sys ⊆ [0, 120)) (dia ⊆ [0, 70)), elevated blood pressure by 
.ElevatedBP ≡ (sys ⊆ [120, 140)) (dia ⊆ [70, 90)), and hypertension by . (sys ⊆
[140,∞)) Hypertension and .(dia⊆ [90,∞)) Hypertension. With the  above syn-
tactic sugar, the first statement can also be written as . NonElevatedBP ≡ (0 ≤
sys < 120) (0 ≤ dia < 70), and similarly for the other two. The concrete val-
ues of patient bob can be represented by the assertions .bob : (sys = 114) and 
.bob : (dia ⊆ [69, 69]). The KB consisting of all these aforementioned statements 
entails .bob : NonElevatedBP. 

Example 13. Continuing Example 4, we can additionally consider the two FIs 
.dia ⊆ sys − pp and .sys ⊆ dia + pp, which allow us to also infer interval values of 
.dia and .sys given interval values of the respective other two. Importantly, this 
does not destroy convexity. 

This is in stark contrast to the concrete domain extending .DQ,diff with con-
straints .f ≥ b, .f < b, .f ≤ b, which allows to express interval values as well 
(in a different way though). There, the constraint inclusion . (sys − dia = 40)
(sys≤120) (dia>80) is valid, violating convexity. Additionally using the expres-
sivity of .DQ,lin, we could express that .pp = sys − dia by the CI . (sys −
dia − pp = 0) as in Example 3 in [ 1]. Under this CI, the constraint inclusion 
.(pp= 40) (sys ≤ 120) (dia > 80) would be valid, also violating convexity. 

In our interval domain over the non-negative integers and with the cyclic 
FBox .{pp⊆sys−dia, dia⊆sys−pp, sys⊆dia+pp}, the similar constraint inclusion 
.(pp⊆ [40, 40]) (sys⊆ [0, 120]) (dia⊆(80,∞)) is not valid. A countervaluation is 
. v where .v(sys) = [40,∞), .v(dia) = [0,∞), .v(pp) = [40, 40]. It satisfies the first FI 
since .[40,∞)− [0,∞) = [0,∞) ⊇ [40, 40], the second FI since . [40,∞)− [40, 40] =
[0,∞) ⊇ [0,∞), and the third FI since .[0,∞) + [40, 40] = [40,∞) ⊇ [40,∞). 

Recall that the interval semi-lattice .Int(N) is defined for every non-empty 
set .N of real numbers. The set .N is partially ordered by the usual ordering . ≤
and has the meet operation .min, i.e. .(N,≤,min) is itself a semi-lattice. It thus 
makes sense to say that .N is complete. The real numbers R, the non-negative 
real numbers .R+, the integers Z, the natural numbers N, the  .n-bit integers, the 
.n-bit floating-point numbers, the .n-bit fixed-point numbers, and all finite subsets 
of R are complete, but the rational numbers Q is not—for instance, the infimum
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of .{(1 + 1/n)n+1 |n ≥ 0} is Euler’s number . e, an irrational number. It is easy to 
see that the semi-lattice .Int(N) is complete if the number set .N is complete, 
and so we obtain the below corollary to Theorem 8. 

Corollary 14. If the semi-lattice .(N,≤,min) is complete, then the interval 
domain .DInt(N) has canonical valuations and is convex w.r.t. every FBox F . 

An immediate consequence of Theorem 9 is that the interval domain . DInt(R)
over all real numbers is admissible w.r.t. every acyclic FBox. Moreover, an obvi-
ous corollary to Proposition 10 is as follows. 

Corollary 15. W.r.t. each acyclic, non-duplicating FBox F in which all 
operations are polynomial-time computable, the interval domain .DInt(R) has 
polynomial-time-computable canonical valuations and is P-admissible. 

Next, we employ linear programming to handle affine FBoxes, which might 
be cyclic. We call an FBox F affine if all operations in FIs in F are affine, i.e. 
all FIs are of the form .f ⊆ n

i=1 Pi · gi + Qi where the .Pi and .Qi are intervals. 
For instance, the FI .pp ⊆ sys − dia is affine, but . bmi ⊆ bodyMass/bodyHeight2

is not. Since each affine FI represents two linear inequalities (one for the lower 
bound of the interval value of . f , and another one for the upper bound), we can 
transform affine FBoxes into linear programs, which can be solved in polynomial 
time [ 33]. We thus obtain the following result. 

Proposition 16. Let .c, c ∈ R+ be non-negative real numbers such that .c ≤ c. 
Restricted to closed intervals only, the interval domain .DInt([c,c]) over the non-
negative real numbers between . c and . c is P-admissible w.r.t. each affine FBox F , 
i.e. all FIs are of the form .f ⊆ n

i=1[ai, ai] · gi + [b, b]. 

It remains an open problem, whether the interval domains .DInt([c,c]) remain 
P-admissible w.r.t. affine FBoxes when all interval types would be considered. 
We conjecture that the interval bounds can be computed using the same linear 
program, but determining the correct interval types (closed or open at the lower 
bound, closed or open at the upper bound) could possibly lead to a combinatorial 
explosion. It is further unclear whether, without the bounding interval .[c, c], the  
interval domain .DInt(R+) would still be P-admissible w.r.t. affine FBoxes. The 
canonical valuation could then send features to intervals with upper bound .+∞, 
in which case the polytope described by the inequations would be unbounded. 
This requires an LP-solver with support for unbounded solution polytopes. 

We can also handle affine FBoxes together with negative numbers, but then 
need to restrict the coefficient intervals .[ai, ai] to singletons—as otherwise the 
non-linear functions .min and .max would be required to compute a product 
.[ai, ai] · gi, i.e. the system of inequalities would not be linear anymore and could 
therefore not be solved by linear-programming methods. 

Proposition 17. Let .c, c ∈ R be real numbers such that .c ≤ c. Restricted to 
closed intervals, the interval domain .DInt([c,c]) over the real numbers in .[c, c] is 
P-admissible w.r.t. each affine FBox F involving only singleton coefficients, i.e. 
all FIs are of the form .f ⊆ n

i=1{ai} · gi + [b, b].
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Linear programming becomes NP-hard when restricted to integers only [ 38]. 
Unless .P = NP, the integer interval domains .DInt(Z), .DInt(N), and  .DInt({0,1}) are 
thus not P-admissible w.r.t. affine FBoxes. These domains are rather suitable for 
integration into Horn logics [ 55] that do not allow for polynomial-time reasoning, 
such as ELI [ 4], Horn-ALC [ 47], Horn-SROIQ [ 57], and existential rules [ 15]. 

Example 18. Example 3 in [ 1] shows that the combination of the concrete 
domains .DQ,diff and .DQ,lin is not enough to express that intensive-care patients 
need attention if their pulse pressure is larger than 50 or their current heart rate 
exceeds their maximal heart rate. Moreover, this combination is not even convex. 

With our interval domain these statements can be expressed through the 
affine FIs .pp⊆ sys−dia, and  .maxHR⊆220− age, and  .exceedHR⊆hr−maxHR, as  
well as the CIs .ICUPatient (hr⊆ ) (sys⊆ ) (dia⊆ ), and . ICUPatient (pp⊆
(50,∞)) NeedsAttention, and .ICUPatient (exceedHR⊆(0,∞)) NeedsAttention. 

3.2 2D-Polygons 

A 2D-polygon is a finite sequence of successively connected finite line segments 
in the real plane .R2 such that the end vertex of the last segment equals the start 
vertex of the first. These line segments form a simple closed curve in .R2, and  
by the Jordan Curve Theorem [ 28, 36] each 2D-polygon has an interior region 
(bounded by the curve) and an exterior region. In the following we identify each 
2D-polygon with the subset of .R2 consisting of its boundary and the interior 
region. 2D-polygons are thoroughly studied in Computational Geometry and 
frequently used in geographic information systems (GIS). 

Every 2D-polygon can be represented as a finite sequence of vertex coordi-
nates in .R2—its line segments then connect each two subsequent coordinates 
and, respectively, the first and last coordinate—and thus deciding the set of 
all 2D-polygons is trivial. Clipping algorithms allow for deciding in polynomial 
time if a polygon is a subset of another (i.e. polygon containment without moving 
or scaling operations) as well as for computing any Boolean operation involving 
two polygons (union, intersection, difference, xor) in polynomial time [ 24, 54, 63]. 
However, intersections can be of quadratic size and might consist of unions of 
disjoint 2D-polygons. In order to obtain a semi-lattice, which must be closed 
under its meet operation, it would therefore be necessary to take the set of all 
finite unions of separated 2D-polygons: we denote it by .UGon(R2), its partial 
order is containment . ⊆, and its meet is intersection . ∩. According to the above 
references, .UGon(R2) is polynomial-time computable (w.r.t. arithmetic com-
plexity). The hierarchical concrete domain .DUGon(R2) is called polygon domain 
over .R2. A corollary to Proposition 11 is as follows. 

Corollary 19. W.r.t. arithmetic complexity, the polygon domain 
.DUGon(R2) has exponential-time computable canonical valuations and is EXP-
admissible w.r.t. each acyclic FBox F in which all operations are polynomial-
time computable.
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To the best of the author’s knowledge, it is unclear whether the intersection 
of . n polygons might reach an exponential size. If this worst case would not be 
possible and, moreover, all operations in F are non-duplicating, then . DUGon(R2)

would even be P-admissible w.r.t. F (w.r.t. arithmetic complexity). 

Example 20. Locations can be represented as polygons in the real plane .R2. For  
instance, we have “Nöthnitzer Straße 46, 01187 Dresden” . ⊆ “01187 Dresden” . ⊆
“Dresden” . ⊆ “Saxony” . ⊆ “Germany” . ⊆ “Europe” . ⊆ “Earth”. 

The situation is computationally easier with convex 2D-polygons, which con-
tain all line segments between each two of their points. One can think of convex 
2D-polygons as two-dimensional generalizations of closed intervals. Both in lin-
ear time, we can decide the subset relation .⊆ and compute the intersection 
operation . ∩ for convex 2D-polygons [ 56, 60, 62]. Intersection is non-duplicating 
[ 60]. However, deciding the set of all convex 2D-polygons is not trivial anymore 
but needs linear time [ 60]. We denote the semi-lattice of all convex 2D-polygons 
by .CGon(R2), and it is linear-time computable (w.r.t. arithmetic complexity). 
The hierarchical concrete domain .DCGon(R2) is called convex-polygon domain 
over .R2. 

Obviously, convex polygons are closed under intersection but not under 
union, difference, and xor. Since union is monotonic, it can be used in FBoxes 
when followed by the convex-hull operation (which computes the smallest enclos-
ing polygon that is convex). This is, however, not possible for difference and xor 
since they are not monotonic. Suitable monotonic operations besides intersec-
tion and convex union are translation, rotation, and scaling, and these can be 
computed in linear time as well. Below is a corollary to Proposition 10. 

Corollary 21. W.r.t. each acyclic, non-duplicating FBox F in which all occur-
ring operations are polynomial-time computable, the convex-polygon domain 
.DCGon(R2) has polynomial-time computable canonical valuations and is P-
admissible (w.r.t. arithmetic complexity). 

Contrary to .Int(R), neither .UGon(R2) nor .CGon(R2) are complete. One 
reason is that the unit circle can be obtained as the intersection of regular 
polygons (for each .n ∈ N with .n ≥ 3, take a smallest regular .n-sided polygon 
that encloses the unit circle). The polygon semi-lattices are also not well-founded, 
and thus we cannot obtain corollaries to Theorems 8 and 9 w.r.t. cyclic FBoxes. 

3.3 Regular Languages 

Given a finite alphabet . Σ, the semi-lattice .Reg(Σ) consists of all regular lan-
guages over . Σ, is partially ordered by set inclusion . ⊆, and its meet opera-
tion is set intersection . ∩. It is not complete since regular languages are not 
closed under arbitrary intersections (only under finite ones). More specifically, 
.L = {Σ∗ \ {w} |w L} for each language . L, and thus for two symbols . a, b ∈ Σ
the non-regular language .{anbn |n ∈ N} is an intersection of regular languages. 
Thus, convexity does not follow from Theorem 8.
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In order to obtain a computable semi-lattice, we need to work with finite rep-
resentations of regular languages. With regular expressions, binary intersections 
of regular languages can have exponential size even over a binary alphabet [ 25], 
i.e. the meet would not be computable in polynomial time. It is no alternative to 
instead use one-unambiguous/deterministic regular expressions since they can-
not describe all regular languages and are not even closed under intersection, 
even though their inclusion problem is in polynomial time [ 19, 32, 48]. 

Using finite automata as representations is preferred, on the one hand since 
to obtain the meet/intersection of two regular languages we can compute the 
product of the respective finite automata in polynomial time [ 37]. On the other 
hand, a language inclusion .L1 ⊆ L2 holds iff. the language equivalence . L1∩L2 =
L2 holds, and thus it suffices to check if the product of both finite automata is 
equivalent to the second automaton. For deterministic automata this is possible 
in polynomial time [ 16, 31], but otherwise needs polynomial space [ 61]. 

The semi-lattice .DFA(Σ) consists of all deterministic finite automata over . Σ, 
is partially ordered by automata inclusion . where .A B if .L(A) ⊆ L(B), 
and its meet operation is the product . ×, which satisfies . L(A × B) = L(A) ∩
L(B). It is thus polynomial-time computable. Furthermore, .FA(Σ) comprises 
all finite automata and is polynomial-space computable. Since finite automata 
and deterministic ones have equal power in the sense that they both describe all 
regular languages, both semi-lattices can serve as representations of .Reg(Σ). 

The hierarchical concrete domains .DDFA(Σ) and .DFA(Σ) are called the  
regular-language domains over . Σ. Since single words are regular languages, pre-
cise string values are supported: we may write .(f = w) instead of .(f A) when 
.L(A) = {w}. Further note that . is the automaton that accepts every string, . ⊥
accepts no string at all, and . is an artificial greatest element. 

Example 22. Let . Σ be an alphabet containing all Latin letters, e.g. The Unicode 
Standard. We use a feature .hasTitle to represent the title string of a research 
paper. Further take a DFA A such that .L(A) = Σ∗ ◦ {description logic} ◦ Σ∗. 
With that, the CI .ScientificArticle (hasTitle A) DLPaper expresses that the 
concept of all DL papers subsumes the concept of all scientific articles with a 
title containing “description logic” as substring. 

Even without an FBox, the regular-language domains .DDFA(Σ) and . DFA(Σ)

are in general not P-admissible. In a nutshell, meets need not be non-duplicating, 
and thus accumulating all upper bounds of the same feature could yield an expo-
nentially large automaton. More specifically, if a constraint set . Γ contains several 
constraints .f ≤A for the same feature . f , then computing the value .vΓ,F (f) boils 
down to computing the intersection of all these automata A. Since emptiness 
of intersections of finite automata is .PSpace-hard [ 43] and graph reachability 
is NL-complete [ 35], .vΓ,F (f) cannot be computed in polynomial time, unless 
.P = PSpace. We obtain, however, the following corollary to Proposition 11. 

Corollary 23. W.r.t. each acyclic FBox F in which all occurring operations 
are polynomial-time computable, the regular-language domain .DDFA(Σ) has 
exponential-time computable canonical valuations and is EXP-admissible.
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The DFA operations corresponding to the language operations union . ∪, 
intersection . ∩, and complement . − are polynomial-time computable. . DDFA(Σ)

is thus EXP-admissible w.r.t. each acyclic FBox involving these operations only. 
In contrast, concatenation . ◦, Kleene-star . ∗, mirror/reversal . ←, left-quotients 
. \, and right-quotients . / on DFAs are exponential-time computable but not 
polynomial-time computable [ 65]. However on FAs, all operations but com-
plement are polynomial-time computable, and mirror/reversal is even non-
duplicating. .DFA(Σ) is .EXPSpace-admissible w.r.t. acyclic FBoxes using these 
polynomial-time operations. 

It is worth mentioning that, if we have at most one inclusion (i.e. constraint 
or FI) per feature, then in the procedure in the proof of Theorem 9 neither the 
automata product operation nor the automata inclusion relation needs to be 
used, and so we have the following corollary. 

Corollary 24. Let F be an acyclic, non-duplicating FBox in which all occurring 
operations are polynomial-time computable. Further let . Γ be a constraint set. If 
.F ∪Γ contains, for each feature . f , at most one inclusion with . f on the left, then 
the canonical valuation of . Γ w.r.t. F can be computed in polynomial time. 

Example 25. Assume the features .givenName, .familyName, and .name are used to 
represent persons’ names. Then for instance, the concept . Male (givenName A)
where .L(A) = {F} ◦ Σ∗ describes all males whose given name starts with ‘F’. 

Moreover, the FI .name givenName ◦ {_} ◦ familyName allows to infer a 
regular language value of .name when values of .givenName and .familyName are 
available (i.e. both are not . ). If the latter two are precise values (languages 
consisting of a single word), then also .name gets a precise value through the FI. 
Note that ‘. _’ stands for a white space. The FI . shortName initial(givenName) ◦
{._} ◦ familyName generates a shortened form of a name that only contains the 
initial of the given name followed by a dot, where the function .initial is defined 
by .L(initial(A)) := {s | s ∈ Σ and there is w ∈ Σ∗ such that s ◦ w ∈ L(A)}. 

The semi-lattices .Reg(Σ), .DFA(Σ), and  .FA(Σ) are not well-founded since, 
already over the unary alphabet .{a}, the regular languages . Li := {aj | i ≤ j}
where .i ∈ N form an infinite descending chain .L0 ⊃ L1 ⊃ L2 ⊃ · · · . These semi-
lattices are also not complete (see above). W.r.t. cyclic FBoxes, we can thus not 
conclude convexity by Theorems 8 and 9. 

For a restricted class of FBoxes, however, we obtain systems of language 
inclusions known to be solvable in exponential time [ 10]. An .n-ary operation . H
on .DFA(Σ) is left-linear if .H(X1, . . . ,Xn) = X1 ◦ A1 ∪ · · · ∪ Xn ◦ An ∪ B and 
right-linear if .H(X1, . . . ,Xn) = A1 ◦X1 ∪ · · · ∪An ◦Xn ∪B, where  . A1, . . . ,An,B
are DFAs. An FBox F is linear if the operations in its FIs are either all left-linear 
or all right-linear. 

Proposition 26. The regular-language domain .DDFA(Σ) has exponential-time 
computable canonical valuations and is EXP-admissible w.r.t. each linear FBox. 

If precise values (single words) are sufficient for the application, we could also 
use the semi-lattice .(Σ∗∪{⊥, ,≤,∧) where . ≤ is the smallest partial order such
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Fig. 1. Three graphs representing chemical compounds 

that .⊥ < w < for each .w ∈ Σ∗. The meet operation . ∧ thus satisfies . w = w, 
.w∧w = w, and .w∧⊥ = ⊥ for each .w ∈ Σ∗ ∪{⊥, , and  .w1∧w2 = ⊥ whenever 
.w1, w2 ∈ Σ∗ with .w1 = w2. This semi-lattice is complete and, by Theorem 8, 
its hierarchical concrete domain is convex w.r.t. every FBox. Since during the 
computation of a canonical valuation each feature value can be refined at most 
two times (from . to some . w, and then possibly to . ⊥), this concrete domain 
is P-admissible w.r.t. each FBox in which all operations are polynomial-time 
computable. The disadvantage is, however, that string search like in Example 22 
is not possible anymore. On the other hand, this suggests that in .DDFA(Σ) and 
.DFA(Σ) everything involving only precise values is possible in polynomial time. 

3.4 Graphs 

All finite, labeled graphs constitute a semi-lattice .Graph, where the partial order 
. ≤ is defined by .G ≤ H if there is a homomorphism from H to G. It is well-known 
that . ≤ is NP-complete [ 21], but in P for acyclic graphs [ 22]. The meet of two graphs 
is their disjoint union, thus a non-duplicating operation, and the greatest element 
in this semi-lattice is the empty graph. Obviously, .Graph is neither complete nor 
well-founded, and so we cannot apply Theorems 8 and 9. It thus remains unclear 
whether the graph domain .DGraph is convex w.r.t. cyclic FBoxes. 

Corollary 27. The graph domain ...DGraph has computable canonical valua-
tions w.r.t. acylic FBoxes. Moreover, it is NP-admissible w.r.t. every acyclic, 
non-duplicating FBox in which all operations are polynomial-time computable, 
and it is EXP-admissible w.r.t. every acyclic FBox in which all operations are 
polynomial-time computable. 
Example 28. Structural formulas of molecules can be represented as labeled 
graphs. Each node is labeled with the atom it represents, and the edges are 
labeled with the binding type (e.g. single bond, double bond, etc.). Figure 1 
shows three exemplary graphs. Graph (c) represents L-leucine, and we can inte-
grate it into a KB with the statement . L-Leucine ≡ (hasMolecularStructure ≤
GL-leucine). Moreover, the statement . AminoAcid ≡ (hasMolecularStructure ≤
Gcarboxylic acid group) (hasMolecularStructure≤Gamino group) expresses that amino 
acids are organic compounds that contain both amino and carboxylic acid func-
tional groups. If K is the KB consisting of the aforementioned statements, then 
.K |= L-Leucine AminoAcid since .GL-leucine .≤ .Gcarboxylic acid group .∧ .Gamino group.
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4 Reasoning in EL++ with Hierarchical Concrete Domains 

Like other convex concrete domains, a hierarchical concrete domain .DL can 
be integrated into EL++ but, in addition to Sect. 2, every  .EL++[DL] KB may 
contain finitely many FIs. Of course, a model of such a KB must also satisfy 
all FIs in it. In order to guarantee that reasoning is decidable, a restriction on 
the interplay of RIs and range inclusions must be fulfilled by every .EL++[D] KB 
[ 5], see Condition 1 below. To this end, we define the range set of a role . r in 
K by .Range(r,K) := {C | there is a role s s.t. R |= r s and Ran(s) C ∈ K}, 
where R is the subset of all RIs in K. All such range sets can be computed in 
polynomial time by first transforming each RI .r1 ◦ · · · ◦ rn s into a context-free 
grammar rule .s → r1 . . . rn (see Lemma IV in [ 9] for details) and then deciding 
the word problem for this grammar (e.g. with the CYK algorithm [ 23, 39, 64]). 

Definition 29. Consider a bounded semi-lattice L. An  .EL++[DL] knowledge 
base (KB) K is a finite set of CIs, RIs, range inclusions, and FIs such that 

1. .Range(s,K) ⊆ Range(rn,K) for every RI .r1 ◦ · · · ◦ rn s in K with .n ≥ 2, 
2. and the hierarchical concrete domain .DL is convex w.r.t. all FIs in K. 

For a complexity class C we say that .DL is C-admissible w.r.t. K if .DL is C-
admissible w.r.t. the FBox consisting of all FIs in K. 

For Condition 1 range inclusions on . s must not imply further concept mem-
berships than already implied by the range inclusions on . rn; otherwise emptiness 
of intersections of two context-free grammars could be reduced to subsump-
tion [ 5]. 

Reasoning in EL++ [D] can be done by means of a rule-based calculus [ 4, 5, 
40, 42], and a hierarchical concrete domain .DL can be seamlessly integrated into 
this calculus. Compared to the primal calculus [ 4, 5], it is only necessary to take 
the FIs into account. For integration into the improved calculus [ 40, 42] we only  
need to add the following two rules responsible for interaction between concrete 
and logical reasoning (where F consists of all FIs in the KB), see [ 46] for details. 

.RD : . 
C (f1 ≤ p1) · · · C (fm ≤ pm)

C (g ≤ q) : DL,F |=
m

i=1

(fi ≤ pi) (g ≤ q)

.RD,⊥ : . 
C (f1 ≤ p1) · · · C (fm ≤ pm)

C
:

m

i=1

(fi ≤ pi) unsatisfiable in DL,F

However, we restrict attention to nominal-safe KBs, i.e. nominals .{i} must not 
occur in conjunctions and each right-hand side of a concept or range inclusion 
must not be a single nominal .{i}. Full support for nominals in EL++ [D] is tech-
nically quite involved and makes reasoning more expensive: the degree of the 
polynomial describing the worst-case reasoning time would then be larger by . 1
[ 41]. We conjecture the same for .EL++[DL] KBs that are not nominal-safe. 

Range inclusions are not natively supported by the rule-based calculus, but 
they must rather be eliminated [ 5]. This transformation was originally described 
for KBs in normal form only, but can now be done without prior transformation 
to normal form, see [ 46] for details.
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Theorem 30. Let L be a bounded semi-lattice. For all nominal-safe . EL++[DL]
KBs w.r.t. which the hierarchical concrete domain .DL is P-admissible, the follow-
ing reasoning tasks can be done in polynomial time: consistency, classification, 
subsumption checking, instance checking, and concept satisfiability. 

In the proof of the above result, we build a canonical model of the KB iff. it is 
consistent. Now with the hierarchical concrete domains we can use the canonical 
valuations for this. The benefit is that the canonical model is universal w.r.t. all 
nominal-safe assertions .{i C, before it was only universal w.r.t. such assertions 
without concrete constraints. Our canonical models are thus appropriate for 
computing optimal repairs [ 8, 9, 44, 45] of KBs involving concrete domains. 

We can also use NP- or  EXP-admissible concrete domains in EL++. Reason-
ing works in the very same way, i.e. the logical reasoning can still be done in 
polynomial time, but the concrete reasoning is more expensive. 

Theorem 31. Fix a bounded semi-lattice L. For all nominal-safe . EL++[DL]
KBs w.r.t. which the hierarchical concrete domain .DL is NP-admissible, the fol-
lowing reasoning problems are in NP: consistency, concept satisfiability, sub-
sumption checking, and instance checking. They are in EXP if .DL is EXP-
admissible. In both cases, the classification can be computed in exponential time. 

5 Future Prospects 

An interesting question for future research is whether non-local feature inclusions 
.f≤H(R1◦g1, . . . , Rn◦gn) would lead to undecidability or could be reasoned with, 
where the .Ri are role chains. The operator must then be defined for lists of values, 
like in the non-local feature inclusion . combinedWealth⊆ (hasAccount◦balance)+

(holdsAsset ◦ value) over the interval domain, which computes the aggregated 
wealth of a person or company. At first sight, it seems that the undecidability 
proof for .EL(DQ2,aff) [ 13] cannot be adapted to this setting. (Mind the braces: 
.(D) instead of .[D] allows for role chains in front of features.) The computation 
of canonical valuations must then take into account the graph structure induced 
by the role assertions entailed by the knowledge base. 

In general, it is unclear whether a hierarchical concrete domain is admissible 
w.r.t. cyclic FBoxes. According to our results for interval domains and regular-
language domains, admissibility can be ensured by approaches to solving systems 
of equations or inequations involving elements of the underlying semi-lattice. 
This is still open for the polygon domains and the graph domains. 

Since hierarchical concrete domains are convex by design, they are also appro-
priate for other Horn logics and existential rules—extending the chase procedure 
with support for them would be practically relevant. 
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Abstract. One of the most fascinating examples of the failure of Beth’s 
definability theorem and, consequently, of Craig’s interpolation theorem, 
is quantified S5. In this paper, we intend to establish the interpolation 
property for fragments of quantified S5 using a formulation of the seman-
tics of quantified S5 as an analytic calculus in its own right. This is espe-
cially straightforward for S5, because necessity (possibility) in S5 means 
for all worlds (there exists a world), and we have simply to extend every 
predicate by a world position (worlds and objects are to be considered 
as separate entities). 

Keywords: Modal S5 · Interpolation · Two-sorted logic · Herbrand’s 
theorem · Cut elimination · Prenex fragment 

1 Introduction 

Since Craig’s seminal result on interpolation [ 6], interpolation has been rec-
ognized as a fundamental property of logical systems. Craig interpolation has 
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significantly more challenging, even in systems where the propositional case is 
well understood. 

A particularly intriguing example of the failure of interpolation (and of Beth’s 
definability theorem) arises in quantified modal logic, especially quantified S5. 
In this paper, we explore the interpolation property for certain fragments of 
quantified S5. Our approach is based on a formulation of its semantics as an 
analytic calculus. This is particularly straightforward in the case of S5, where 
necessity and possibility are interpreted as quantification over all worlds or the 
existence of some world, respectively. We have simply to extend every predicate 
by a world position. 

2 Quantified S5 

In this section we will introduce the quantified version of the modal system S5. 
We will not use the equality symbol [ 2, 3]. The syntax for the basic first-order 
modal logic is obtained simply by taking the syntax of classical first-order logic 
and adding the modal operator . . Just as in classical logic, a set of predicate 
symbols is given which we will denote using the metavariables .P,Q,R, . . . . For  
simplicity, we will not consider functions or individual constants. From a model-
theoretic perspective, constants are just variables that are not being quantified. 
Function symbols can be modeled using predicate symbols. Thus, all terms in 
our modal language will be variables. We will refer to the language of quantified 
modal logic described here as .QML. Now we will proceed to define formulas, 
models, and the satisfaction relation for first-order modal formulas. 

Definition 1. We define formulas in quantified modal logic in the following way: 

1. Any propositional symbol is a formula. 
2. For any predicate symbol .P of arity . n, the expression .P (x1, . . . , xn) is a 

formula. 
3. The logical symbols . and .⊥ are formulas. 
4. If . A and .B are formulas, then .¬A, .A ∧ B, .A ∨ B, and  .A ⊃ B are formulas. 
5. If A is a formula, .∀xA(x) and . A are formulas. We write .∃xA(x) as an 

abbreviation for .¬∀x¬A(x), and  .♦A as an abbreviation for .¬ ¬A. 

In the semantic framework for quantified modal logic adopted in this paper, 
variables are interpreted rigidly. That is, each variable designates the same object 
across all possible worlds. As a result, it is unnecessary to specify a separate 
domain of individuals for each world when defining a model. However, while 
terms refer rigidly, predicate interpretations may vary from world to world, their 
extensions are world-dependent. 

Another important semantic choice concerns the domains over which quan-
tifiers range. In this paper, we adopt constant domain quantified modal logic 
(see [ 1, 8]), meaning that a single domain of quantification .D is fixed and shared 
across all possible worlds in the model.
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Definition 2. A constant domain model .M based on a Kripke frame . F =
(W,R) is a tuple .(W,R,D, V ), where  

1. .W is a non-empty set of possible worlds, 
2. .R ⊆ W × W is a binary accessibility relation on .W that is an equivalence 

relation (reflexive, symmetric, transitive). 
3. .D is a non-empty set of individuals referred to as a domain of quantification. 

For each .w ∈ W , .Dw = D (so .Dw is the same at each world—constant 
domains). 

4. .V is a valuation function mapping each .n-place predicate symbol .P to a 
subset .V (P ) ⊂ W × Dn depending on the world .w ∈ W . 

Definition 3. A variable assignment is a function usually referred to as . a or . b
that assigns an element of the domain .D to each variable for a constant domain 
model .M = (W,R,D, V ). 

The modal logic thus models truth at a specific world. The satisfaction rela-
tion is defined as usual with the following definitions for the predicates and 
quantifiers, where . a is a variable assignment: 

. (M, w) |= p iff w ∈ V (p)
(M, w) |= always
(M, w) |= ⊥ never

(M, w) |= ¬ϕ iff (M, w) = ϕ

(M, w) |= ϕ ∧ ψ iff (M, w) |= ϕ and (M, w) |= ψ

(M, w) |= ϕ iff for all v ∈ W with R(w, v) we have M, v |= ϕ

(M, w) |= ♦ϕ iff there is some v ∈ W such that R(w, v) holds
and M, v |= ϕ

(M, w) |= P (x1, . . . , xn)[a] iff (w, a(x1), . . . , a(xn)) ∈ V (P )
(M, w) |= ∀xϕ[a] iff (M, w) |= ϕ[b] for every assignment b that

differs from a at most on x

(M, w) |= ∃xϕ[a] iff (M, w) |= ϕ[b] for some assignment b that
differs from a at most on x

Furthermore, we can already observe from the satisfaction definition that the 
modal operators, . and . ♦, can be seen as an encoding of quantification over the 
worlds that are accessible via .R in a variable-free notation. This will become 
more apparent with the standard translation that we will present later, which 
transforms modal formulas to formulas in two-sorted classical first-order logic. 

Note that models satisfying the equivalence of . ∀xφ and .∀x φ are constant 
domain models (see [ 1]). The following results are well-known (see [ 8, 13]). 

Theorem 1. The given semantics is sound and complete for the calculus for 
quantified S5 for the accessibility relation being symmetric (.A ⊃ A), reflexive 
(. A ⊃ A), and transitive (. A ⊃ A).
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Corollary 1. As the accessibility relation is symmetric, reflexive, and transi-
tive, . can be interpreted as universal quantifier over the worlds, and . ♦ can be 
interpreted as existential quantifier over the worlds. 

Thus, models in S5 are exactly those which have an equivalence relation as 
world relation . R. We assume without loss of generality that there only is one 
equivalence class of worlds. Consequently, we have that .R = W × W . In light of 
this relationship, we refer to these kinds of models as S5-models. 

The following formulas are valid in S5 (see [ 18], p. 113): 

. A = A A = A

♦♦A = ♦A A = ♦A

and can also be deduced semantically, as they follow from the simple fact that 
in S5-models all worlds are connected to another. From this we can see that if 
we have several modal operators at the beginning of a propositional S5-formula, 
only the innermost operator is relevant for the formula’s meaning. 

One of the most important consequences of the cut-elimination theorem is 
the interpolation theorem. Recall that 

Definition 4. A logic  . L admits interpolation if whenever .A ⊃ B holds in . L, 
there is a formula . I (called the interpolant) in the common language 1 of . A and 
.B such that .A ⊃ I and .I ⊃ B both hold in . L. 

Craig proved interpolation as a lemma in order to prove Beth’s definability 
theorem, which states that every implicitly definable symbol is also explicitly 
definable. In our setting, we consider a version of Beth’s definability theorem 
specifically for individual constants, like in [ 7]. 

Proposition 1. Craig’s interpolation theorem implies Beth’s definability theo-
rem for constants. 

However, both, Craig’s interpolation theorem and Beth’s definability theorem 
fail for quantified S5, as was shown in Kit Fine’s famous counterexample [ 7]. 

Fine’s counterexample is constructed semantically via varying-domain Kripke 
models, but the failure persists even in constant domain models. The implicit 
definability fails to yield an explicit definition, and the induced failure of inter-
polation follows. We do not reproduce the full proof here due to its complexity. 
A semantic version can be found in [ 7], and syntactic reformulations have been 
discussed in later literature (e.g., [ 9, 11]). 

Theorem 2. Beth’s definability theorem and consequently the Craig interpola-
tion lemma fail for quantified S5 with constant domain. 

Proof (Sketch). Let .T be the theory that we get if we add the following two 
axioms to S5:
1 Note that the language considered in this paper is function-free. 
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1. .p ⊃ ♦∀x(F (x) ⊃ (p ⊃ ¬F (x))), 
2. .¬p ⊃ ∃(F (x) ∧ (¬p ⊃ F (x))). 

It  is  shown in [  7] that  . p is implicitly definable in . T , but not explicitly definable. 

For sequent calculi, usually Craig’s interpolation theorem follows by proving 
Maehara’s lemma [ 20]. There are propositional sequent calculi for S5 [ 5], but none 
of them can be extended analytically to a first-order calculus such that Craig’s 
interpolation theorem, or Maehara’s lemma holds. Although analytic sequent cal-
culi exist for propositional S5 (see, e.g., [ 4, 5]), no comparable system is currently 
known for quantified modal S5 that supports both full cut-elimination and the 
interpolation property as captured by Maehara’s lemma. In many proof-theoretic 
frameworks, certain sequents - such as .A → A - cannot be derived without the 
use of the cut rule. Moreover, Kit Fine’s well-known counterexample demonstrates 
that both Craig’s interpolation theorem and Beth’s definability theorem fails in 
quantified S5. Any proof system validating Maehara’s lemma in this setting would 
therefore contradict these established results. 

For this reason, we adopt a purely semantic approach based on a two-sorted 
logic. This motivates the development of alternative proof-theoretic tools, such 
as the two-sorted translation and the mid-sequent interpolation techniques intro-
duced in this paper. 

3 Two-Sorted Logic . SL
The use of a two-sorted logic framework means that the language distinguishes 
between two types of variables and individual constants: those of the world sort 
and those of the domain sort (for individuals). Two-sorted logic can be viewed 
as a fragment of classical first-order logic. Formulas in this framework can be 
embedded into standard first-order logic by introducing additional predicates to 
indicate whether a variable should be of the sort world or the sort domain. In this 
paper, we follow the definition of two-sorted logic and the standard translation 
as presented in [ 19]. 

We begin by defining the language .SL for two-sorted logic. Variables such as 
.x, y, z, .. . . are used for the domain sort, while .u, v, w, . . . are used for the world 
sort. These two sets of variables are countably infinite and disjoint. Predicate 
symbols .P ,Q ,R , . . . correspond to those in modal first-order logic. Specifi-
cally, if . P is an .n-ary predicate in the modal language, then .P is an .(n+1)-ary 
predicate in two-sorted logic, with the additional argument indicating the world. 
Thus, .P is interpreted as a relation of type .world × domainn. Again, the lan-
guage contains no function symbols or constants. The syntax of formulas in . SL
is defined as follows: 
Definition 5. We define formulas in two-sorted modal logic as: 
1. Atomic formulas .P (v, x1, . . . , xn) for a predicate symbol .P of sort . world ×

domainn, and the atomic formula . and .⊥ are formulas. 2

2 No propositional constants (i.e., no atoms without world-variable arguments) are 
allowed, because otherwise their truth would not be world-dependent.
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2. If . ϕ and . ψ are formulas, then .¬ϕ, .ϕ ∧ ψ, .ϕ ∨ ψ and .ϕ ⊃ ψ are formulas. 
3. If . ϕ is a formula, . a a free variable of domain sort and . x a domain variable 

not occurring in . ϕ, then the expressions .∀xϕ and .∃xϕ are formulas, where 
.ϕ is obtained from . ϕ by replacing each occurrence of . a in . ϕ by . x. 

4. If . ϕ is a formula, . b a free variable of world sort and . v a world variable not 
occurring in . ϕ, then the expressions .∀vϕ and .∃vϕ are formulas, where .ϕ is 
obtained from . ϕ by replacing each occurrence of . b in . ϕ by . v. 

Now we are ready to give the definition of a model in .SL. 

Definition 6. An .SL-model is a triple .M = (W,D, V ), where  

1. .W and .D are non-empty disjoint sets, 
2. .V is a function mapping each .(n + 1)-place predicate symbol .P to a subset  

.V (P ) ⊂ W × Dn. 

Definition 7. An assignment in an .SL-model .M is a function .a = a1 ∪ a2, 
where .a1 maps every domain variable . x to an element .a1(x) ∈ D and .a2 maps 
every world variable . u to an element .a2(u) ∈ W . 

The satisfaction relation .M |= ϕ[a] for two-sorted logic is defined in the usual 
way: 

– .M |= P (u, x1, . . . , xn)[a] iff .(a2(u), a1(x1), . . . , a1(xn)) ∈ V (P ), 
– .M |= ∀uϕ[a] iff .M |= ϕ[b] for every assignment . b that differs from . a at most 

on . v, 
– .M |= ∀xϕ[a] iff .M |= ϕ[b] for every assignment . b that differs from . a at most 

on . x, 
– .M |= (v)[a] always holds, 
– .M |= ⊥(v)[a] never holds, 

and the standard satisfaction definitions apply to the booleans. 
This completes the definition of the two-sorted logic .SL. In the next section, 

we define a translation from formulas of quantified modal logic S5 into .SL. 

4 The Standard Translation to . SL
We now define a standard translation of formulas from quantified modal logic 
S5 into the two-sorted logic .SL. This translation preserves validity and serves 
as the semantic foundation for our analysis of interpolation. 

The central idea is to translate modal formulas into .SL, where their logical 
properties can be analyzed. In particular, key results, such as the cut-elimination 
theorem, Maehara’s lemma, and Craig’s interpolation theorem hold within .SL. 
As a result, interpolation properties in .SL can be leveraged to study interpola-
tion in the original modal framework, making the translation a powerful tool. 

The standard translation shows that first-order and propositional modal logic 
are a fragment of classical first-order logic. When reduced to propositional modal
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logic, we can see that this logic is simply a variable-free notation for a fragment 
of first-order logic [ 2]. 

Embedding the language of quantified modal logic .QML into the two-sorted 
language .SL is straightforward. As previously discussed, each modal predicate 
symbol .P is associated with a corresponding two-sorted predicate symbol . P , 
where .P adds a world argument to reflect the modal structure. 
Definition 8. Given a world variable . v, we define the standard translation . STv

from .QML into .SL as: 

. STv(P (x1, . . . , xn)) = P (v, x1, . . . , xn)
STv( ) =
STv(⊥) = ⊥

STv(ϕ ∧ ψ) = STv(ϕ) ∧ STv(ψ)
STv(¬ϕ) = ¬STv(ϕ)

STv(∀xϕ) = ∀xSTv(ϕ)
STv( ϕ) = ∀wSTw(ϕ)

where . w is some fresh world variable. 
Usually the two-sorted language and the standard translation also include 

and consider a predicate symbol . R for the accessibility relation . R on the worlds 
. W . Since we will only translate formulas in the logic S5 in this work, where 
we have that .R = W × W for every model, we can omit . R. As all worlds are 
connected to all worlds and we work with constant domains, it consequently 
does not matter from which world variable . v we start the translation .STv if 
every subformula is in the scope of some modal operator. 

It is important to note that the significance of the standard translation lies 
not in the syntactic form of the resulting formula, but in its equivalence class. 
Many formulas arising in proof constructions (such as interpolants) may not be 
direct translations of modal formulas but are nevertheless equivalent to such 
translations. This equivalence ensures that the modal meaning is preserved. 
Definition 9. Let .M = (W,D, V ) be some .SL-model and .a = a1 ∪ a2 an 
assignment in . M . Further, let .N = (W ,R,D , V ) be an S5-model and . b be 
an assignment in .N such that .W = W , .D = D , .b = a1 and such that for 
any modal predicate symbol . P and counterpart .P in the two-sorted language we 
have that .V (P ) = V (P ). Then we call .(M, a) and .(N, b) equivalent, writing 
.(M, a) ∼ (N, b). 

Note that for each tuple .(M, a) we can find a unique equivalent tuple .(N, b). 
Now that we have defined the standard translation, the question arises whether 
the translation of a formula that is valid in constant-domain S5 is still valid in 
.SL. 
Lemma 1. Suppose that we have two equivalent models .(M, a) ∼ (N, b). For  
every formula . ϕ in quantified modal logic and a world variable . v we have that 

.(N, a(v)) |= ϕ[b] iff M |= STv(ϕ)[a].
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Proof. Straightforward by induction on the structure of the formula . ϕ. 

Thus, the standard translation is validity preserving. We can also map the 
S5-models to models in two-sorted logic bijectively such that we can use them 
interchangeably: .M = (W,R,D, V ) N = (W,D, V ). 

We can further argue that valid S5 sentences remain valid under translation 
to .SL by demonstrating that the translations of all axioms and inference rules of 
constant domain S5 can be derived within .SL using Gentzen’s sequent calculus. 
For example, we can derive the translation of the axiom . A ⊃ A, which  is  
.∀vA (v) ⊃ ∀v∀wA (w), in the following way: 

. A (t) → A (t)
. ∀l

. ∀vA (v) → A (t)
. ∀r

. ∀vA (v) → ∀wA (w)
. ∀r

. ∀vA (v) → ∀v∀wA (w)

A useful feature of the standard translation is that we can easily recognize 
whether a formula in .SL originates from a modal formula by examining the 
structure of its world quantifiers. 

In translations of modal formulas, each subformula is always bound by the 
innermost world quantifier that it is in the scope of. 

For example, consider the modal formula . P which translates to 
.∀w∃uP (u). Here, the variable . u in the predicate .P (u) is bound by the inner-
most world quantifier . ∃u. That is, we will not get a formula from the translation 
in which different world-quantifiers bind the same subformula “cross-wise”. The 
subformula .Q (v) ∧ P (w) in the formula .∀w∀v(Q (v) ∧ P (w)), for example, 
is in the scope of both world quantifiers .∀w and . ∀v, even though the subfor-
mulas .Q (v) and .P (w) are only bound by one of them respectively, and the 
innermost wold quantifier that the subformula .P (w) is in the scope of does not 
bind it. In this case, we say that the world-quantifiers cross-bind. In contrast, 
the world quantifiers in the translation .(∀v(Q (v) ∧ ∃wP (w))) ∧ T (u) of the 
formula .( (Q ∧ ♦P )) ∧ T do not cross-bind as the subformulas that are being 
bound are bound by the innermost world-quantifier that they are in the scope 
of. Thus, formulas in .SL in which world-quantifiers cross-bind express relations 
between worlds which cannot be expressed in modal logic. These observations 
motivate the definition of the one-world-variable fragment. 

Definition 10. Let . v be some world variable. Then the one-world-variable frag-
ment .SLv contains the formulas in the two-sorted logic .SL in which every sub-
formula is only bound by the innermost world quantifier. The only free world 
variable that might appear in a subformula is . v, in which case the subformula is 
not in the scope of any other world-quantifier. 

Lemma 2. For every quantified modal S5-formula . ϕ, its translation . STv(ϕ)
belongs to .SLv that can be expressed with a single bound world variable. In 
contrast, every formula in .SLv is the translation .STv(ϕ) of some formula . ϕ in 
.QML.
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Proof. The first implication of the lemma can be easily derived from the defi-
nition of the translation .STv. Conversely, we can construct a “re-translation” of 
formulas in one-world-variable fragment .SLv to quantified modal formulas: 

. Rev : SLv −→ QML
P (v, x1, . . . , xn) P (x1, . . . , xn)

⊥ → ⊥
ϕ ∧ ψ Rev(ϕ) ∧ Rev(ψ)

¬ϕ → ¬Rev(ϕ)
∀xϕ → ∀x Rev(ϕ)
∀vϕ Rev(ϕ)

It is easily checked that for every formula .ϕ in .SLv, we have that  . ϕ =
STv(Rev(ϕ)) and thus it is the translation of the formula .Rev(ϕ) in .QML. 

The fragment .SLv captures exactly those formulas in the two-sorted logic 
that correspond to modal S5 formulas with a single bound world variable per 
scope. This fragment provides a syntactic criterion for deciding retranslatabil-
ity, and separates formulas with true modal structure from those which are only 
expressible in the extended two-sorted language. Its role is central in distinguish-
ing genuine modal interpolants from purely logical ones. 

Proposition 2. A modal formula . ϕ is valid in (constant domain) S5 if and only 
if its translation .ϕ is valid in the two-sorted first-order logic. 

Proof. The modalities are replaced inside-out by first-order quantifiers, binding 
all world positions which are free, and thus not bound yet. 

Example 1. Consider the formula . (∀xA(x) ⊃ ♦∃yA(y)). This formula  can be  
translated first to . (∀xA(x) ⊃ ∃w∃yA (w, y)), and then to . ∀v(∀xA (v, x) ⊃
∃w∃yA (w, y)). 

5 Proof-Theoretic Properties of . SL
The tools available in two-sorted logic are those familiar from classical first-order 
logic. In particular, it is possible to define a Gentzen-style sequent calculus for 
.SL. The main adjustment lies in the treatment of quantifiers: when applying 
quantifier introduction rules, we must ensure that variables replace terms of 
the appropriate sort - either world or object. Aside from this consideration, 
the inference rules remain essentially unchanged. As a result, standard results 
such as the cut-elimination theorem, Maehara’s lemma, and Craig’s interpolation 
theorem all hold in .SL. 

Theorem 3. .SL admits cut-elimination.
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Proof (Sketch). The structure of proof transformations mirrors the usual 
Gentzen system. The proof is similar to Gentzen’s proof, with the difference 
that we consider a combined rank .r(ϕ) for two-sorted formulas to be the sum of 
the complexity from the object part and the world part of a formula . ϕ. 

We have the following consequence. 

Corollary 2. .SL admits the Maehara’s lemma for cut-free proofs. 

We briefly sketch the proof strategy for the extended mid-sequent theorem 
in the two-sorted sequent calculus for .SL. This mirrors the Gentzen-style mid-
sequent constructions, adapted for a two-sorted system. 

Theorem 4 (Extended mid-sequent theorem). Let .Γ Δ be a sequent in 
the two-sorted cut-free calculus .SL, such that all world quantifiers in . Γ Δ
are prenex. Then there exists a mid-sequent .Σ Π such that above the mid-
sequent there are only inferences involving world quantifiers and propositional 
rules, and below the mid-sequent are only inferences involving object quantifiers 
and structural rules. 

Proof (Sketch). The proof proceeds by structural induction on the cut-free proof. 
We start with a cut-free proof of the given sequent. Identify object quantifier 
inferences (. ∀x, . ∃x) that are above propositional or world quantifier rules. Push 
these quantifier inferences down through the derivation by permuting them with: 

– Propositional rules (e.g., .∧,∨,⊃) - which do not interfere with quantifier 
bindings; 

– World/modal quantifiers - since .SL uses sorted variables, these don’t inter-
fere. 

Repeat until all object quantifier inferences are strictly below a chosen sequent 
(the mid-sequent), and the rest (world, propositional) are above. This reordering 
is sound because world and object quantifiers operate over disjoint classes of 
variables, so eigenvariable conditions remain preserved. At each step, structural 
rules (such as weakening and contraction) are permuted as needed. This allows 
us to stratify the derivation with a mid-sequent separating object quantifier 
reasoning from world quantifier reasoning. 

The extended mid-sequent theorem yields several important consequences: 

Corollary 3. For every valid prenex formula in S5 of the form .∃x1 . . . ∃xn ϕ, 
where . ϕ is quantifier-free and may contain modalities, there exists a Herbrand 
disjunction: 

. ϕ(t11, . . . , t
1
n) ∨ · · · ∨ ϕ(tk1 , . . . , t

k
n)

which is equivalent (in .SL) to the original formula.
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Proof. By the extended mid-sequent theorem, any derivation of a valid prenex 
formula in S5 admits a mid-sequent in which all object quantifier inferences 
are pushed below the propositional modal inferences. The resulting mid-sequent 
consists of a disjunction of quantifier-free instances, each of which corresponds to 
a formula in .SLV and represents a possible Herbrand expansion. The derivability 
of the disjunction follows by standard arguments from the cut-free calculus and 
modal interpretation of the two-sorted logic. 

Remark 1. Unlike in classical logic, we do not require quantifier rules for both 
sorts to occur in the same fragment: the modal quantifiers may appear through-
out the derivation. This is crucial for applications in modal logic, where the 
modal structure reflects the Kripke semantics and propositional S5 already lacks 
a standard analytic calculus. 
The main novelty is that we only reorganize the proof with respect to object 
quantifier rules, leaving modal ones untouched. 

Corollary 4. The prenex fragment of quantified modal logic S5 admits Skolem-
ization. That is, existential quantifiers may be replaced by Skolem functions with-
out loss of validity in this fragment. The extended mid-sequent theorem ensures 
that Skolem terms do not need to depend on world variables. 

The Skolemization described above directly corresponds to the second epsilon 
theorem [ 12]. Skolemization fails in full quantified S5: 

Proposition 3. The implication . A(c) ⊃ ∃x A(x) is valid in constant domain 
S5. However, the converse .∃x A(x) ⊃ ∃xA(x) fails. 

Proof (Sketch). This is a standard failure of modal quantifier shifts in constant 
domain semantics. While 

. A(c) ⊃ ∃x A(x)

holds due to domain constancy, 

. ∃x A(x) ⊃ ∃xA(x)

does not, because the witness for the existential quantifier in the accessible world 
may not be fixed across all worlds. A countermodel can be given with two worlds 
where the existential is satisfied in one, but the boxed existential fails globally. 

Note that therefore Craig’s interpolation theorem holds for all valid impli-
cations, however the interpolant is not always re-translatable in the language of 
quantified S5. 

6 Interpolation 

Interestingly, in our two-sorted logic .SL (with full cut-elimination and the mid-
sequent theorem), we can still extract an interpolant .I - the system is expressive 
enough. However:
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Proposition 4. Any interpolant obtained in .SL for Kit Fine’s counterexample 
is not equivalent to any formula in the syntax of quantified S5. 

Proof. From the cut-free proof in .SL, Maehara’s lemma yields an interpolant 
. I. But this formula contains quantifier structures or term dependencies (from 
the two-sorted framework) that cannot be translated back into any formula of 
quantified S5. Thus, while . I exists in .SL, there is no . I in the syntax of S5 such 
that .I = I . 

6.1 Propositional Interpolation for S5 

Propositional interpolation for S5 is known, but our new proof uses Maehara’s 
lemma. Even in Fine’s counterexample, interpolants exist but are not expressible 
in S5. 

Proposition 5. Propositional S5 interpolates. 

Proof. The propositional implication .A ⊃ B corresponds in the language of S5 to 
the monadic sequent .A → B . The Maehara interpolant is therefore a monadic 
expression. We consider an innermost . ∀ on the right. We use a conjunctive normal 
form, a distribution and a confinement of the universal quantifiers to the negated 
and unnegated atoms where it actually binds the worlds (dual for . ∃). By this 
procedure any of these world quantifiers binds all worlds in its scope, and the 
formula can be therefore understood as S5 formula. (Note that this procedure 
increases the size of interpolants.) 

Example 2. Let .C,D,P and . Q be .0-place predicate symbols in constant domain 
S5 (so we are talking about formulas in propositional logic). We will try to find 
the interpolant of the following valid sequent consisting of non-prenex formulas: 

. ♦ (P ∨ P ) ∧ C , ♦ (Q ∨ Q) ∧ C → ♦(P ∨ D) ∧ ♦(Q ∨ D), ♦P, ♦Q

As can be easily checked, a suitable interpolant in constant domain S5 would 
be the formula .♦P ∧♦Q. Let us see what kind of interpolant we get from applying 
Maehara’s lemma. 

1. Translate to .SL: 

. ∀v (P (v) ∨ P (v)) ∧ C (v) , ∀v (Q (v) ∨ Q (v)) ∧ C (v) →
∀v(P (v) ∨ D (v)) ∧ ∀v(Q (v) ∨ D (v)), ∀vP (v), ∀vQ (v)

2. Use Maehara’s Lemma to construct the interpolant from the proof of the 
translated formula: .ϕ1 =
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.P (u) → P (u) . P (u) → P (u)
. ∨l

. P (u) ∨ P (u) → P (u)
. wr

. P (u) ∨ P (u) → P (u), P (u)
. ∨r

. P (u) ∨ P (u) → P (u) ∨ D (u), P (u)
. ∧l

. (P (u) ∨ P (u)) ∧ C (u) → P (u) ∨ D (u), P (u)
. ∃r

. (P (u) ∨ P (u)) ∧ C (u) → ∃v(P (v) ∨ D (v)), P (u)
. wl

. (P (u) ∨ P (u)) ∧ C (u), (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(P (v) ∨ D (v)), P (u)
. wr

. S1 : (P (u) ∨ P (u)) ∧ C (u), (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(P (v) ∨ D (v)), P (u), Q (b)

and . ϕ2 =

.Q (b) → Q (b) . Q (b) → Q (b)
. ∨l

. Q (b) ∨ Q (b) → Q (b)
. wr

. Q (b) ∨ Q (b) → Q (b), Q (b)
. ∨r

. Q (b) ∨ Q (b) → Q (b) ∨ D (b), Q (b)
. ∧l

. (Q (b) ∨ Q (b)) ∧ C (b) → Q (b) ∨ D (b), Q (b)
. ∃r

. (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(Q (v) ∨ D (v)), Q (b)
. wl

. (P (u) ∨ P (u)) ∧ C (u), (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(Q (v) ∨ D (v)), Q (b)
. wr

. S2 : (P (u) ∨ P (u)) ∧ C (u), (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(Q (v) ∨ D (v)), P (u), Q (b)

We then obtain 
. (ϕ1)

. S1

. (ϕ2)

. S2 . ∧r
. F1, (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(P (v) ∨ D (v)) ∧ ∃v(Q (v) ∨ D (v)), P (u), Q (b)

. ∃r
. F1, (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(P (v) ∨ D (v)) ∧ ∃v(Q (v) ∨ D (v)), ∃vP (v), Q (b)

. ∃r
. F1, (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(P (v) ∨ D (v)) ∧ ∃v(Q (v) ∨ D (v)), ∃vP (v), ∃vQ (v)

. ∃l
. F2, (Q (b) ∨ Q (b)) ∧ C (b) → ∃v(P (v) ∨ D (v)) ∧ ∃v(Q (v) ∨ D (v)), ∃vP (v), ∃vQ (v)

. ∃l
. F2, ∃v (Q (v) ∨ Q (v)) ∧ C (v) → ∃v(P (v) ∨ D (v)) ∧ ∃v(Q (v) ∨ D (v)), ∃vP (v), ∃vQ (v)

where 
. F1 = (P (u) ∨ P (u)) ∧ C (u),

and 
. F2 = ∃v (P (v) ∨ P (v)) ∧ C (v) .

By inductively reconstructing the interpolant using Maehara’s lemma, we get 
the interpolant 

. I = ∃w∃vP (v) ∧ Q (w).

By shifting quantifiers we obtain .∃vP (v) ∧ ∃wQ (w), a retranslation of what 
corresponds to the formula .♦P ∧ ♦Q. 

6.2 Interpolation for Weak Fragments 

We now consider a fragment of quantified modal S5 in which the object quan-
tifiers and/or the modal operators are weak. Recall that a quantifier occurrence 
is said to be strong if it occurs positively as .∀x or negatively as . ∃x, weak if 
it occurs negatively as .∀x or positively as . ∃x. This syntactic condition ensures 
that quantifiers occur only in positions where they may be expanded into finite
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conjunctions or disjunctions during cut-free derivations, without violating the 
eigenvariable condition. As a result, the quantifiers can be eliminated and rein-
troduced purely propositionally. Modalities are analogously defined: . is strong 
in positive and . ♦ is strong in negative positions; otherwise, they are weak. 

Theorem 5. Let .A ⊃ B be a valid implication in S5, where both the antecedent 
and succedent contain arbitrary quantifiers but only weak modalities. Then there 
is a formula . I in the common language of . A and .B such that .A ⊃ I and . I ⊃ B
are valid in S5. 

Proof. Let .A ⊃ B be the translation of .A ⊃ B to .SL and .I its interpolant 
according to Craig’s interpolation theorem. Note that all terms in worlds quan-
tifier inferences can be restricted to one free-world variable . a. Do not  infer the  
world quantifiers, construct a first-order interpolant, and reintroduce the world 
quantifiers. 

Corollary 5. If both quantifiers and modalities are weak, the inteprolant is a 
propositional modal-free formula. 

Proof. We neither infer the weak world quantifiers nor the weak object quanti-
fiers. Instead, we construct a propositional interpolant and then we reintroduce 
the quantifiers to restore the full logical context. The result is a modal-free 
propositional interpolant. 

6.3 Interpolation for the Prenex Fragment 

Here we show that interpolation holds in the prenex fragment of S5 by leverag-
ing the extended mid-sequent theorem and a variant of Maehara’s lemma. The 
key idea is that the quantifier prefix can be treated uniformly, and the modal-
propositional matrix admits interpolation. The quantifier prefix can then be 
reintroduced, yielding an interpolant that also belongs to the prenex fragment. 

Theorem 6. Let .A ⊃ B be a valid implication in S5, where both the antecedent 
and succedent are prenex formulas of the form .QxA(x) and .QyB(y), where  . A
and .B contain no object quantifiers and .Qx and .Qy are object quantifiers only. 
Then there is a formula . I in the common language of .QxA(x) and .QyB(y) such 
that .QxA(x) ⊃ I and .I ⊃ QyB(y) are valid in S5. 

Proof. By the extended mid-sequent theorem we have the Herbrand disjunction 

. A(t1) . . . A(tm) → A(s1) . . . A(sn)

which has an interpolation .I which is the picture of a propositional modal 
interpolant . I. Then, we infer the quantifiers accordingly.
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7 Conclusion and Future Works 

This work presents a syntactic proof-theoretic account of interpolation for first-
order modal logic S5 via a two-sorted sequent calculus .SL, emphasizing mid-
sequent theorems and cut-elimination. Unlike in the propositional setting, inter-
polation in first-order modal logic cannot, in general, be treated purely seman-
tically. As Harvey Friedman showed [ 10], no recursive bound exists on the 
size of interpolants in classical logic, making semantic existence results non-
constructive. Our calculus offers an explicit framework for extracting interpolants 
(and bounding their size syntactically). All results of this paper are simple con-
sequences of the analytic sequent calculus for the semantics of S5. In this respect, 
many further results can be obtained, for example a classification of Skolemizing 
fragments according to an investigation in which cases the world positions can 
be removed from Skolem functions. 

Interpolants derived via Maehara’s lemma in .SL may not always be retrans-
latable into the modal syntax. However, when quantifier scopes obey a one-
variable discipline, such interpolants correspond to standard modal translations. 
Retranslation, when possible, often requires exponential unfolding, raising an 
open complexity question: 

Are interpolants in .SL significantly smaller than their modal counterparts? 

We leave a detailed comparison for future work. However, the process of retrans-
lating such an interpolant into an equivalent S5 formula - when possible - typ-
ically requires a nontrivial transformation. This transformation corresponds to 
a form of “unwinding”, which resembles a decision procedure over the monadic 
fragment of first-order logic. 

Given that monadic first-order logic is decidable but nontrivial in complexity 
(cf. the Bernays–Schönfinkel class), this suggests that: 

– Interpolants in .SL may be computationally or structurally more efficient; 
– Their S5-translations may be longer or less optimal; 
– This asymmetry emphasizes again the expressive strength of the two-sorted 

framework. 

Aknowledgement. We thank Charlotte Jergitsch, as this paper extends her Master’s 
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throughout the development of this work. 
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Abstract. Separation logic (SL) is a widely used formalism for verifying pro-
grams that manipulate dynamically allocated memory, relying on the separat-
ing conjunction . to combine disjoint heap structures. The standard approach in 
SL lacks the expressive power to handle overlaid data structures where multi-
ple structures share some locations. We consider a logic that extends SL with a 
new separating conjunction operator . , enabling the composition of heaps with 
shared locations that allocate distinct fields. Our fragment supports generic induc-
tive definitions and introduces set variables to constrain the locations shared by 
overlapping structures. We prove that the satisfiability problem for this fragment 
is in Nexptime, by reducing it to the satisfiability problem in BAPA [ 11], a decid-
able logic combining Boolean algebra of sets and Presburger arithmetic. 

Keywords: Separation logic · Satisfiability problem · Overlaid structures · 
BAPA 

1 Introduction 

Separation logic (SL) [ 9,21] is widely employed in program verification. It extends 
Hoare logic to enable reasoning about programs that manipulate dynamically allocated 
memory. In SL, formulæ are constructed using two types of atoms: the first, denoted 
.x → (y1, . . . , yk), indicates that a memory block containing the tuple formed by the 
values of .y1, . . . , yk is allocated at (and only at) location . x; the second, .emp, represents 
the empty heap, i.e., a heap with no allocated locations. These atoms are combined 
into formulæ using logical connectives, including a distinctive operator known as the 
separating conjunction written . . The formula .ϕ1 2 asserts that .ϕ1 and .ϕ2 hold on 
disjoint portions of the heap. This connective enables local reasoning, which enhances 
the scalability by allowing program properties to be asserted and verified solely with 
reference to the heap regions it affects. Additionally, to support the specification of 
recursive data structures, SL incorporates predicate atoms defined by inductive rules 
with fixpoint semantics. For example, list segments from . x to . y may be defined by the 
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following rules 1: 

.lseg(x, y)⇐ emp x ≈ y , lseg(x, y)⇐ x→ (z) lseg(z, y) . (1) 

The satisfiability and entailment problems have been extensively studied for var-
ious fragments of SL, particularly the so-called symbolic heaps fragment, which 
can be defined as (disjunctions of) existentially quantified separating conjunctions of 
atoms. It has been established that satisfiability in this fragment is Exptime-complete 
[ 2], while entailment is undecidable. For the latter problem, decidability can be achieved 
by restricting the form of the inductive rules defining predicate symbols (see, e.g., 
[ 4, 8,17]). 

However, this standard fragment of SL has limited expressive power. The connec-
tive . only permits the combination of disjoint structures, which precludes reasoning 
about structures that share elements—a common scenario in practical applications. For 
instance, consider a collection of pairwise disjoint sublists alongside an additional list 
containing all elements from these sublists in some arbitrary order; here, the sublists 
share nodes with the encompassing list. Another example is a tree structure whose 
leaves are linked in a list in an arbitrary order. Modelling an operation such as tree 
expansion would require removing a node . α from the list of leaves and adding new 
nodes both to the list and as successors of . α in the tree. In this case, the order of leaves 
in the list is arbitrary, so encoding the structure with a single inductive predicate (e.g., 
defining a tree with leaves chained from left to right) would not capture the intended 
class of structures, as the described operation would not preserve this invariant. Notably, 
in this example, only some nodes (the leaves) are shared, while inner nodes remain dis-
tinct. Such data structures, where locations may be shared across multiple structures, 
are termed “overlaid”. 

To address this limitation, various fragments of SL have been explored. Some 
offer sound decision procedures for program analysis [ 3, 6,15,16], while others eschew 
inductive definitions in favour of an indexed separation conjunction combined with 
flow equations [ 10,18]. Notably, the logic NOLL [ 6] can describe nested linked lists 
with shared nodes, with satisfiability and entailment being Np-complete and co-Np-
complete, respectively. To our knowledge, however, no fragment of SL fully addresses 
generic overlaid data structures while providing decidability results. 

Building on prior work investigating decidable fragments of SL [ 2, 4, 7,14,17,20], 
we propose the logic OSL, inspired by [ 6, 8], that supports overlaid data structures. 
Specifically, we model the heaps as partial finite functions from pairs .( f ) (where . 
is a location and . f is a field) to tuples of locations. One field is thus allowed to make 
one location point to a tuple of locations. The use of different fields allows associating 
several tuples of locations with the same location. As a result, a single field is sufficient 
to support standard data structures of SL. Heaps are combined using the weak separat-
ing conjunction operator . (introduced in [ 6]), which allows shared locations to allo-
cate distinct record fields. OSL extends the simple inductive definitions of [ 6] to more

1 We distinguish the equality in formula .≈ from the mathematical equality . =. Moreover, in 
this paper, we adopt the convention that equations .x ≈ y are satisfied only if the heap is 
empty. This entails no loss of generality in our context and simplifies the input language, as 
standard conjunction becomes dispensable. 
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general inductive definitions of [ 8], with the restriction that each inductive predicate 
allocates only one field. However, the value referenced by a field is a tuple of locations, 
enabling straightforward descriptions of tree-shaped structures; the key constraint is that 
a predicate cannot allocate multiple distinct fields. Additionally, the fragment incorpo-
rates set variables within inductive predicates to collect subsets of allocated locations. 
We use these variables in set constraints to impose conditions on the overlap between 
inductive structures. 

To summarize, the classical conjunction .∧ asserts that a heap satisfies two prop-
erties; the standard separating conjunction . asserts that a heap can be divided into 
two sub-heaps, each satisfying one side of the separating conjunction; and lastly, the 
overlaid separating conjunction . allows the two sub-heaps to overlap, provided that 
overlapping locations are allocated using distinct fields. 

Example 1. The tree-and-list example can be encoded in OSL as the formula 
.tree(x,Y) ls(y,Y), where the predicate atoms are defined by the following rules: 

.tree(x,Y)⇐ x.t → () Y ≈ {x} , (2) 

tree(x, Y) ⇐ x.t → (x1, x2) tree(x1, Y1) tree(x2, Y2) Y ≈ Y1 Y2 , (3) 

ls(y, Y) ⇐ y.l → () Y ≈ {y} , (4) 

ls(y, Y) ⇐ y.l → (y ) ls(y , Y ) Y ≈ {y Y , (5) 

where the rules employ two distinct fields,. t and. l, to encode trees and lists respectively 2. 
The symbols.x, y, y , x1, x2 denote location variables, while.Y,Y ,Y1,Y2 represent sets of 
locations. The symbol . stands for set union. 

In this paper, we investigate the satisfiability problem for OSL and we demonstrate 
that it is in Nexptime. Reasoning about OSL formulæ requires combining standard spa-
tial reasoning in SL (to handle predicate definitions, equalities, and constraints ensur-
ing that a given field is allocated only once) with cardinality constraints arising from 
shared set variables. For instance, the formula.lseven(x,Y) lsodd(x,Y) is unsatisfiable 
if.lseven and.lsodd describe lists of even and odd lengths with set variables collecting all 
locations, respectively. The formula .ls1(x, X) ls2(x, X) is satisfiable if .ls1 and . ls2
both denote non-empty lists, provided these lists are chained using distinct fields, while 
.ls1(x, X) ls2(x, X) is always unsatisfiable (as the lists are non-empty each structure 
must allocate . x). We thus reduce the satisfiability problem for OSL to a satisfiability 
problem in the logic BAPA [ 12], which combines the Boolean algebra of sets of unin-
terpreted elements with Presburger arithmetic to capture cardinality constraints on sets. 

All proofs are given in the appendix of the full version of the paper 3. 

2 Separation Logic with Overlaid Inductive Definitions 

We introduce OSL, the variant of SL we propose for the specification of overlaid 
data structures. After presenting its syntax and semantics, we illustrate its specification 
power and introduce some of its fragments that will be used in the following sections.

2 Both the lists and trees end at the empty tuple. (). 
3 The full version is available here: hal-05143101. 

https://hal.science/hal-05143101
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2.1 Syntax 

In the definition below, the (possibly indexed) symbols . ϕ, . L, . A, . t, . B and . T denote for-
mulæ, equational atoms, arithmetic atoms, arithmetic terms, set atoms and set terms, 
respectively (the symbol . ≈ is overloaded). The symbols . Φ, . L, . A, . t, .B and . T denote the 
corresponding sets of objects of each sort. 

Definition 1 (OSL formulæ). Let . F be a finite set of field symbols. Let . V be a count-
ably infinite set of location variables; let . S be a countably infinite set of set variables, 
and let . P be a set of spatial predicate symbols, where each symbol .p ∈ P is associated 
with a unique arity .#(p) (with countably infinite sets of predicate symbols of each arity). 
The set of OSL formulæ (or simply formulæ) . ϕ is inductively defined as follows: 

. Φ ϕ := emp | x. f → (y1, . . . , yd) | L | B | A | ϕ1 ∨ ϕ2
| ϕ1 2 | ϕ1 2 | p(x1, . . . , x#(p)−1, X)

with: 

. L L := x ≈ y | x y t t := K | t1 ⊕ t2 | K t | |T |
A A := t1 ≈ t2 | t1 t2 | t1 ≺ t2 | t1 ⊀ t2 | K div t | K ndiv t

B B := T1 ≈ T2 | T1 T2 | T1 T2 | T1 T2

T T := {x} | X | ∅ | T1 T2 | T1 T2

where .ϕ1, ϕ2 ∈ Φ are formulæ, .p ∈ P, .d ∈ N, .K ∈ Z, .x, y, x1, . . . , x#(p)−1, y1, . . . , yd ∈ V, 
. f ∈ F and .X ∈ S. 

The definition above adheres to the standard SL fragment known as (disjunctive) 
symbolic heap, while incorporating additional features to enable the specification of 
overlaid data structures. Note that negations are not supported; thus, negated versions 
of some operators are added. To allow for overlaid data structures, the points-to atom 
.x. f → (y1, . . . , yd) identifies a portion of the memory block allocated at location . x by 
a field . f (for convenience, the arity of fields (. d) is not fixed). Another OSL-specific 
feature is the inclusion of set variables (in . S), denoting finite sets of locations, and set 
constraints in formulæ. We write set variables in capital letters to distinguish them from 
location variables in. V. Set terms are composed from set variables and basic term. ∅ and 
.{x} using union and intersection of sets. The set constraints .B and the arithmetic con-
straints .A are a subset of those in the logic BAPA [ 12]. The integer terms . t include 
arithmetic operations (addition . ⊕ and multiplication . ) and set cardinality denoted by 
.|T |. For simplicity, we do not consider arithmetic variables (this is not restrictive, as 
they can be encoded by terms .|X| where .X is a fresh set variable). The link between 
set variables and the heap is established using predicate atoms. Thus, a predicate atom 
.p(x1, . . . , x#(p)−1, X) has exactly one set argument, in addition to other arguments denot-
ing locations. Intuitively, the set argument is intended to denote a subset of the locations 
allocated in the data structure specified by the predicate; it is defined in the predicate’s 
definition. For readability, we assume that the set argument always occurs at the last 
position in the argument list. The last feature of OSL is the composition of formulæ
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using the “overlaid” separating conjunction operator . , in addition to the classic sepa-
rating conjunction . . Intuitively, . composes formulæ specifying portions of memory 
defined by different fields inside the allocated memory regions. 

To introduce predicate definitions and the OSL semantics, we use the following 
notations. The cardinality of a set . X is denoted by.card(X). The  set .{x ∈ Z | i ≤ x ≤ j} is 
denoted by. i, j . The domain of a function. f is written.dom( f ). The powerset of a set. S
is written.P(S ). The set of free (location and set) variables occurring in. ϕ is denoted by 
. f v(ϕ). A  substitution . σ is a function from.V to. V, and from. S to. T. Its domain,.dom(σ), 
is the set of variables . x such that .σ(x) x, and its image is .img(σ) = σ(dom(σ)). For  
any expression . e (a variable, tuple, term or formula), we denote by .eσ the expression 
obtained from. e by replacing each free occurrence of a variable . x with.σ(x). We denote 
by.{xi ti | 1 ≤ i ≤ n} the substitution that maps each variable. xi to. ti, where. xi ∈ V∪S
and . ti is either a variable or a set term. 

An inductive rule associated with the predicate .p ∈ P has the following form in 
OSL (up to associativity and commutativity of . ): 

.p(x1, . . . , xn, X)⇐ xr. f → (z) m
i=1 qi(yi,Yi)

⎛
⎜⎜⎜⎜⎜⎝X ≈ E

u∈U
Yu

⎞
⎟⎟⎟⎟⎟⎠ , (6) 

where .r ∈ 1, n and the following syntactic restrictions are satisfied: 

– the set variables .Yi are pairwise distinct set variables and distinct from. X; 
– the set term. E is either the constant . ∅ or the term.{xr}; 
– .U ⊆ 1,m (the set .U may be . ∅, in which case . u∈U Yu is . ∅); 
– the formula . ϕ is a . -conjunction of pure equational atoms .L ∈ L. 

The variables .x1, . . . , xn, X are called parameters of . p. We refer to the variables 
that appear in the right-hand side of the rule but are not among the predicate’s param-
eters as the rule’s auxiliary variables. These auxiliary variables include, in particular, 
the set variables . Yi. Formally, they are defined as .. f v(xr. f → (z) m

i=1 qi(yi,Yi)
X ≈ E ∪ u∈U Yu ) {x1, . . . , xn, X}. Our form of predicate rule extends classical 

inductive definitions of SL—such as those in [ 8]—by incorporating set parameters and 
set constraints. In the following, we shall assume that .U = 1,m . This assumption 
simplifies the presentation, but does not affect the expressive power of the predicate 
definitions. 

Remark 1. The conditions provided are less restrictive than those imposed in [ 8] to  
ensure the decidability of the entailment problem. No constraint is imposed on the 
spatial part of the formula, except that exactly one location .xr must be allocated in 
every rule 4. However, the use of set constraints and arithmetic terms inside the rules is 
strictly limited: the only allowed constraint (besides equational atoms) is the equation 
.X ≈ E u∈U Yu, which relates the value of the set parameter . X to the sets computed 
by recursive calls. It is essential that . E contains only locations allocated by the rule, as 
this guarantees that the same location is added at most once to the computed set (this

4 This condition is imposed for technical convenience only and does not limit the expressive 
power of predicate definitions. 
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ensures that . E contains only allocated locations and facilitates the computation of the 
cardinality of. X in Sect. 3.2). Note also that the rules do not contain the connective. : as  
we will restrict the set of rules defining a predicate to use only one field (see Sect. 2.3), 
using this connective inside of a rule is pointless. 

A set of inductive definitions (SID) . R contains finitely many rules associated with 
predicate symbols in . P. We write .p(y1, . . . , yn,Y) ⇐R ψ if the SID.R contains a rule 
.p(x1, . . . , xn, X)⇐ ϕ, with .ψ = ϕ{X Y, xi yi | i ∈ 1, n }. 

Example 2. The following OSL formula specifies a heap where a (non-empty) binary 
tree .treel(r, h,N) and a list segment .ls(h, l, S ) are overlaid such that the list starts in 
the left-most leaf of the tree . h and contains some of this leaf’s ancestors (.S ⊆ N); the 
list ends into an empty memory block (. l): 

. treel(r, h,N) ls(h, l, S ) S N l.next → () (7) 

The two predicates .treel and .ls are defined by the following rules: 

.treel(xr, xl, X)⇐ xr.sons→ () xl ≈ xr X ≈ {xr} , (8) 

treel(xr, xl, X) ⇐ xr.sons → (yl, yr) xl xr treel(yl, xl, Yl) tree(yr, Yr) (9) 

X ≈ {xr Yl Yr , 
tree(xr, X) ⇐ xr.sons → () X ≈ ∅ , (10) 

tree(xr, X) ⇐ xr.sons → (yl, yr) tree(yl, Yl) tree(yr, Yr) (11) 

X ≈ Yl Yr , 
ls(x, y, X) ⇐ x.next → (y) x y X ≈ {x} , (12) 

ls(x, y, X) ⇐ x.next → (z) x y ls(z, y, Y) X ≈ {x Y . (13) 

The auxiliary variables in rule 9 are . yl, . yr, .Yl and . Yr. 

2.2 Semantics 

Definition 2 (OSL structure). Let . L be a countably infinite set of so-called locations. 
An OSL structure is a tuple .(s, h, Σ) where . s is a store, i.e., a partial function from . V
to . L, . h is a heap, i.e., a partial finite function mapping pairs .( f ) (where . ∈ L and 
. f ∈ F ) to tuples of locations in . L∗ and . Σ is a set interpretation, i.e., a partial function 
mapping set variables in . S to finite subsets of . L. 

Thus .dom(h) ⊆ L × F for all heaps . h. We denote by .dom f (h) the set . { | ( f ) ∈
dom(h)} and by .allocated(h) the set .{ | ∃ f ∈ F . ( f ) ∈ dom(h)}. For conciseness, we 
omit in the following the semantics of arithmetic terms . t and arithmetic constraints . A; 
their semantics is the expected one. 

Definition 3 (Semantics of set terms). Let . T be a set term, . s be a store, and . Σ be a set 
interpretation. The interpretation of set term denoted by . T (s,Σ) is a set of locations in 
. L and it is inductively defined by the following rules:
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– . ∅ (s,Σ) = ∅; 
– . {x} (s,Σ) = {s(x)}; 
– . X (s,Σ) = Σ(X); 

– . T1 T2 (s,Σ) = T1 (s,Σ) ∪ T2 (s,Σ); 
– . T1 T2 (s,Σ) = T1 (s,Σ) ∩ T2 (s,Σ). 

Definition 4 (OSL semantics). Given a formula . ϕ, an SID. R and a structure . (s, h, Σ)
with . f v(ϕ) ⊆ dom(s) ∪ dom(Σ), the satisfaction relation .|=R is inductively defined as 
the least relation such that .(s, h, Σ) |=R ϕ iff one of the following conditions holds: 

– .ϕ = emp and .h = ∅; 
– .ϕ = (x. f → (y1, . . . , yd)) and .h = [(s(x), f ) (s(y1), . . . , s(yd))]; 
– .ϕ = (x ≈ y), .s(x) = s(y) and . h = ∅; or .ϕ = (x y), .s(x) s(y) and .h = ∅; 
– .ϕ = ϕ1 ∨ ϕ2 and .(s, h, Σ) |=R ϕi, for some .i ∈ {1, 2}; 
– .ϕ = ϕ1 2 and there exist heaps .h1, h2 such that .h = h1 ∪ h2, . allocated(h1) ∩

allocated(h2) = ∅ and .(s, hi, Σ) |=R ϕi, for all .i ∈ {1, 2}; 
– .ϕ = ϕ1 2 and there exist heaps .h1, h2 such that .h = h1∪h2, . dom(h1)∩dom(h2) = ∅

and .(s, hi, Σ) |=R ϕi, for all .i ∈ {1, 2}; 
– .ϕ = p(x1, . . . , x#(p)−1, X), .p ∈ P and .(s , h, Σ ) |=R ψ, for some . s matching . s on 
.x1, . . . , x#(p)−1, some . Σ matching . Σ on . X and for some . ψ such that .ϕ⇐R ψ; 

– .ϕ = (T1 ≈ T2), . T1 (s,Σ) = T2 (s,Σ) and .h = ∅; the definition is similar for . , . , . . 

We write .ϕ |=R ψ if for every structure .(s, h, Σ) we have . (s, h, Σ) |=R ϕ =⇒ (s, h, Σ) |=R
ψ. If both .ϕ |=R ψ and .ψ |=R ϕ hold, then we write .ϕ ≡R ψ. 

We emphasize that the atoms .x ≈ y or .x y only hold for empty heaps (this con-
vention simplifies notations as it avoids the use of standard conjunction). The same 
convention applies to arithmetic and set constraints. Formulæ are taken modulo the 
usual properties of SL connectives: associativity and commutativity of. and. ∨, neu-
trality of .emp for . and . , and commutativity of .≈, . Intuitively, the interpretation of 
.ϕ1 2 is stronger than that of .ϕ1 2, as the latter allows for the allocation of the 
block at the same (starting) location in both .ϕ1 and . ϕ2, provided the considered offsets 
(represented by fields) are different. For instance, .x. f → (y) x.g → (y) is satisfiable, 
but not .x. f → (y) x.g → (y) or .x. f → (y) x. f → (y). Note that .h1 ∪ h2 is well 
defined if .dom(h1) ∩ dom(h2) = ∅ and that . allocated(h1) ∩ allocated(h2) = ∅ =⇒
dom(h1) ∩ dom(h2) = ∅. Thus .ϕ1 2 is a logical consequence of .ϕ1 2. 

Definition 5 (OSL model). An .R-model of a formula . ϕ is a structure .(s, h, Σ) such that 
.(s, h, Σ) |=R ϕ. A formula . ψ admitting an .R-model is .R-satisfiable (or simply satisfiable 
if . R is clear from the context). 

2.3 .1-Predicates 

In the remainder of the paper, we assume that each predicate allocates a single field, 
in the sense that for every predicate .p ∈ P, there exists a unique field . f ∈ F such 
that every points-to atom appearing in any unfolding of any atom.p(x, X) is of the form 
.y. f → (z), where . z is a tuple of arbitrary length. More formally:
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Definition 6 (.F-formulæ). Let .F ⊆ F . The set of .F-formulæ and .F-predicates are 
defined co-inductively as the biggest sets satisfying the following conditions: 

– if .x. f → (y) is an .F-formula then . f ∈ F; 
– if.ϕ1• ϕ2 is an.F-formula (for some binary connective. •) then.ϕ1, ϕ2 are.F-formulæ; 
– if .p(x, X) is an .F-formula then . p is an .F-predicate; 
– if . p is an .F-predicate and .p(x, X)⇐ ϕ ∈ R then . ϕ is an .F-formula. 

A .1-predicate is a .{ f }-predicate, for some . f ∈ F . 

In particular, pure formulæ are always .F-formulæ for all . F. If . ϕ is an .{ f }-formulæ, 
then it is clear that .allocated(h) ⊆ dom f (h) holds for all models .(s, h, Σ) of . ϕ. Conse-
quently, .ϕ1 2 and .ϕ1 2 are equivalent if .ϕ1 and .ϕ2 are both .{ f }-formulæ (with 
the same field . f ). Notice also that, due to the form of the rule in Eq. 6, we also have  
.Σ(X) ⊆ dom f (h). 

2.4 Normal Form 

The decision procedure proposed in Sect. 3 applies to a pair .(ϕ,R) in which both com-
ponents are in normal form. This form can be obtained from general OSL formulæ 
and SID through a syntactic translation, which may cause an exponential increase in 
their respective sizes. We define this normal form below by gradually introducing its 
components. 

Symbolic Heap Formula. As in classical SL, a symbolic heap formula [ 1] is a (separat-
ing) conjunction of atoms. This fragment is especially interesting for program analysis. 
A symbolic heap formula does not contain the . ∨ connective. By distributivity of . and 
. over . ∨, any OSL formula . ϕ can be transformed into an equivalent formula, denoted 
.dn f (ϕ), which is a disjunction of symbolic heap formulæ. Then, the satisfiability of 
.dn f (ϕ) can be tested by checking whether at least one of its disjuncts is satisfiable. 

Injective Store Models. For proof’s readability, we focus on models .(s, h, Σ) where . s is 
injective on location variables. This is enforced by adding a disequation.x y for every 
pair of distinct location variables .x, y. 

Definition 7 (Normal form). A pair .(ϕ,R) where . V is the set of location variables in 
. ϕ is in normal form if: 

1. . ϕ is a symbolic heap and contains a disequation .x y for every pair of distinct 
variables in . V. 

2. If .p(x, X)⇐ ψ is a rule in . R, .y, z ∈ V, . y is an auxiliary variable in . ψ (i.e., a variable 
occurring in . ψ but not in . x) and . z is a variable distinct from . y occurring in . x or . ψ, 
then . ψ contains the atom .y z. 

3. Each predicate . p of arity .n + 1 is associated with a subset .Ip ⊆ 1, n (called the 
main parameters of . p), which satisfies the following properties: 
– For every atom .p(x1, . . . , xn, X) occurring in . ϕ and every location variable . y in 

. V, there exists .i ∈ Ip such that .xi = y;
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– For every rule .p(x1, . . . , xn, X) ⇐ ψ and every atom .q(y1, . . . , ym,Y) in . ψ, if  
.i ∈ Ip, then there exists . j ∈ Iq such that .y j = xi. 

These conditions are designed to ensure that all location variables in . ϕ are passed 
as parameters to every predicate invoked during the evaluation of . ϕ. 

Condition 1 is not restrictive. Indeed, it is possible to enumerate all the equality 
relations on . V and test satisfiability of . ϕ for each of these relations, by replacing in . ϕ
all the variables in the same equivalence class by the same representative and by adding 
disequations between distinct representatives. Condition 2 is easy to enforce: a rule 
of the form .p(x, X) ⇐ ψ that includes an auxiliary variable . y and another (arbitrary) 
variable . z can be replaced by two rules: .p(x, X) ⇐ ψ{y z} and . p(x, X) ⇐
y z, thus distinguishing the cases where . y is equal to or different from . z. Condition 
3 is enforced by adding .|V | parameters to each predicate atom, corresponding to the 
variables in the set . V . These additional parameters are simply propagated unchanged 
through recursive calls in predicate’s rules. 

Remark 2. As stated for all the components of the normal form, a general OSL formula 
and a SID can always be translated in normal form at the cost of a potential exponential 
increase in their respective sizes. 

3 Satisfiability Problem 

The satisfiability problem for OSL is defined as: “Given a formula .ϕ ∈ Φ and a SID . R, 
does a structure .(s, h, Σ) exist such that .(s, h, Σ) |=R ϕ?” Our main contribution is stated 
by the following theorem, which identifies a sufficient condition to decide this problem. 

Theorem 1. The satisfiability problem for OSL is decidable in exponential space if the 
predicates defined by the SID are 1-predicates. 

The result is obtained in two main steps summarised in the remainder of this section. 
We assume that the pair .(ϕ,R) is in normal form. As show in Sect. 2.4, this does not 
affect the expressive power of OSL. 

The first step of the proof, presented in Sect. 3.1, introduces decorations of OSL for-
mulæ. A decoration of a formula. ϕ partitions the models of. ϕ in such a way that each 
partition is characterized by (i) some aliasing and non-aliasing relations between the 
location variables, (ii) an assignment of location variables to the set variables, and 
(iii) an assignment of location variables to the allocated heap. Decorations are used 
to decorate predicate atoms and their defining rules in . R. 
This results in a decorated SID .Rdec, in which only consistent rules are retained, 
namely, those where the partition induced by the decoration of the defining formula 
(i.e., the rule’s right-hand side) is identical to the partition associated with the pred-
icate being defined (i.e., the rule’s left-hand side). This condition may be checked 
syntactically. Therefore, the initial question is split into .N questions for the pairs 
.(ϕd,Rd) obtained by decorating .(ϕ,R), where . N is exponential in the size of the ini-
tial pair. Intuitively, this exponential blow-up is due to enumerating all decorations, 
which involves enumerating equivalence relations between free location variables,
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etc. The soundness and completeness of this step are stated by Theorem 2. Thus, if a 
formula . ϕ has a model . m, then there exists a decoration . d such that the correspond-
ing decorated formula .ϕd also has . m as a model. Conversely, if .ϕd has . m as a model, 
then . m is also a model of . ϕ. 
This first step serves two purposes: (i) it ensures that all constraints induced by 
unfolding a predicate atom can be identified solely by inspecting predicate’s dec-
oration; and (ii) it enables the description of the cardinality of set variables as a 
context-free grammar (which in turn can be transformed into a Presburger formula). 
To illustrate the second point, consider the rules . p(x, y, X) ⇐ x. f → () X ≈ ∅
and .p(x, y, X) ⇐ x. f → () x y X ≈ {x}. If  .(s, h, Σ) |= p(x, y, X), then 
.card(Σ(X)) = 0 when .s(x) = s(y) (i.e., . x and . y alias), and .card(Σ(X)) ∈ {0, 1} other-
wise. In contrast, if.(s, h, Σ) |= pd(x, y, X) with. d a decoration, then the set of possible 
cardinalities of .Σ(X) depends only on the aliasing and non-aliasing relations in . d: if  
. d imposes a non-aliasing of . x and . y, then only the second rule can be unfolded and 
thus.card(Σ(X)) = 1; if. d does not impose any condition on. x and. y, then the first rule 
must be unfolded and.card(Σ(X)) = 0; finally a decoration cannot impose an aliasing 
of . x and . y as there is no rule that requires such a condition. The second decoration 
admits models where .s(x) = s(y), but the cardinality of . X does not depend on . s. 

The second step, presented in Sects. 3.2 and 3.3, translates a decorated pair .(ϕd,Rd) into 
an equi-satisfiable formula in the logic BAPA [ 11]. The translation preserves all the 
set constraints of .ϕd and it adds to them (a) Presburger formulæ that characterize the 
possible cardinalities of all set variables in. ϕd; and (b) some set constraints encoding 
decorations, i.e., aliasing, non-aliasing, or membership constraints. Theorem 3 states 
that this translation is correct, i.e., it preserves satisfiability. 

3.1 Decorations 

Definition 8 (Decorated predicate symbol). Let .p ∈ P be a predicate symbol of arity 
. n+1. A  decoration of . p is a symbol .pI,J,∼, such that .I, J are subsets of . 1, n with .I ⊆ J, 
. ∼ is an equivalence relation over (i.e., partition of) . 1, n and . is a symmetric binary 
relation on . 1, n . The set of all decorations for symbols in . P is denoted by .Pdec. 

Intuitively, the decoration of a predicate symbol fixes certain aspects of the model 
of an atom .p(x1, . . . , xn, X). For instance, .pI,J,∼, specifies that . I is the set of indices . i
(i.e., parameter positions) such that . xi occurs in . X, and that . J is the set of indices. j such 
that .x j is allocated. The relations . ∼ and . encode aliasing and non-aliasing constraints, 
respectively: if .i ∼ j, then the store must map .xi and .x j to the same location; if .i j, 
then the locations of .xi and .x j must differ. Note that .i j is not the negation of .i ∼ j, 
as both relations may be false in cases where no constraint is imposed on .xi and . x j. 
If .i( ∩ ∼) ∅, i.e., both .i j and .i ∼ j hold in a decoration, then the constraints 
resulting from the decoration are inconsistent; such decorations will be detected and 
eliminated in a later step (see Definition 14). 

Definition 9 (Decorated formula). A formula . ψ is a decoration of a formula . ϕ if it is 
obtained from . ϕ by replacing every occurrence of a predicate symbol by a decoration 
of this symbol. A formula . ψ is a decoration if there exists a formula . ϕ such that . ψ is a 
decoration of . ϕ.
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Note that a predicate . p symbol may appear in a formula with different decorations. 

Definition 10 (Aliasing of a decorated formula). Let . ψ be a decoration of a symbolic 
heap formula with location variables . V. The aliasing of . ψ, denoted by . ≡ψ, is the least 
reflexive, symmetric and transitive relation in . V2 such that .x ≡ψ y if one of the following 
conditions holds: 

(a) . ψ contains an atom .x ≈ y with .x ≡ψ x and .y ≡ψ y ; 
(b) . ψ contains an atom .pI,J,∼, (x1, . . . , xn, X) with .xi ≡ψ x, .x j ≡ψ y and .i ∼ j. 

Intuitively, .≡ψ is the aliasing relation between the location variables of . ψ induced 
by the equality atoms and the decorations of predicate symbols. 

Definition 11 (Allocated variables). Let . ψ be a decoration of a symbolic heap formula 
with location variables . V. The set of variables allocated by . ψ, denoted by . alloc(ψ), is  
a subset of . V inductively defined as the set of location variables . y such that one of the 
following conditions holds: 

(a) . ψ contains an atom of the form .y. f → (z); 
(b) . ψ contains an atom .pI,J,∼, (x1, . . . , xn, X) such that .y = x j with . j ∈ J; 
(c) .y ≡ψ y with .y ∈ alloc(ψ). 

Intuitively, .alloc(ψ) denotes the set of variables in . V that must be allocated in every 
model of . ψ, given the decoration of predicates in . ψ and the aliasing constraints. 

Definition 12 (Distinguishing of a decorated formula). Let . ψ be a decoration of a 
symbolic heap formula with location variables . V. The distinguishing of . ψ, denoted . ψ, 
is the least symmetric relation in . V2 such that .x ψ y if one of the following conditions 
holds: 

(a) . ψ contains the atom .x y; 
(b) . ψ contains the atom .pI,J,∼, (x1, . . . , xn, X) with .xi = x, .x j = y and .i j; 
(c) . ψ contains .ψ1 2, .x ∈ alloc(ψ1) and .y ∈ alloc(ψ2); 
(d) .x ≡ψ x , .y ≡ψ y and .x ψ y . 

Intuitively,. ψ is the disequality relation between the location variables of. ψ induced 
by the disequality atoms, the decorations of predicate symbols and the separating con-
junctions. The notion . ψ is only used in (and thus defined for) decorated formulæ that 
appear in a right hand side of a predicate rule. Note that if . ψ is in normal form, then 
.x ψ y holds for all distinct variables . x and . y occurring in . ψ. However, this property 
does not necessarily hold for formulæ obtained through unfolding, as parameter instan-
tiation may introduce aliasing. 

Definition 13 (Decorated set variable). Let . ψ be a decoration of a symbolic heap for-
mula with location variables . V and let . Y be a set variable. The set of location variables 
attached to . Y by . ψ, denoted by .[Y]ψ, is inductively defined as the set of location vari-
ables .y ∈ V such that one of the following conditions holds: 

(a) . ψ contains a set constraint .Y ≈ E u∈U Zu (see Eq. 6) with .y ∈ E or .y ∈ [Zu]ψ for 
some .u ∈ U;
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(b) . ψ contains an atom .pI,J,∼, (x1, . . . , xn, X) such that .X = Y and .y = xi for some .i ∈ I; 
(c) .y ≡ψ y with .y ∈ [Y]ψ. 

Intuitively,.[Y]ψ is the subset of. V , the location variables of. ψ, that must be contained 
within the set variable . Y given the decoration of predicates in . ψ and the aliasing and set 
constraints. 

Definition 14 (Consistent decoration). The decoration . ψ is consistent if the following 
condition holds: if .x ψ y then .x ψ y. 

Definition 15 (Decorated rule). Let . p be a predicate symbol, .pI,J,∼, one of its deco-
rations, and .p(x1, . . . , xn, X) ⇐ ϕ a rule defining . p in . R. A decorated rule for .pI,J,∼, is 
a rule .pI,J,∼, (x1, . . . , xn, X)⇐ ψ satisfying all the conditions below: 

– . ψ is a consistent decoration of . ϕ; 
– .i ∼ j iff .xi ≡ψ x j for all .i, j ∈ 1, n ; and .i j iff .xi ψ x j for all .i, j ∈ 1, n ; 
– .I = {i ∈ 1, n | xi ∈ [X]ψ}; and .J = { j ∈ 1, n | x j ∈ alloc(ψ)}. 

The set of decorated rules obtained from . R and the decorated predicate symbols is 
called a decorated SID and it is denoted by .Rdec. The decoration of a pair.(ϕ,R) is a pair 
.(ψ,Rdec), where . ψ is a decoration of . ϕ and .Rdec is the set of decorated rules obtained 
from . R. 

Example 3. Consider the following predicate . p defined by the following rules in . R: 

. p(x, y, z, X)⇐ x. f → (y) x y X ≈ ∅ , p(x, y, z, X)⇐ y. f → (x) X ≈ {y} ,
p(x, y, z, X)⇐ z. f → () X ≈ ∅ .

Let .ϕ = p(x, y, z, X) y z z. f → (x, y). The formula . ψ = pI,J,∼, (x, y, z, X)
y z z. f → (x, y) is a decoration of . ϕ with .y ψ z. If . ∼ is the identity, then .≡ψ is the 
identity. Moreover: 

– If .I = ∅, .J = {1} and .1 2 then .x ψ y, .alloc(ψ) = {x, z} and .[X]ψ = ∅. The only 
rule associated with .pI,J,∼, is: .pI,J,∼, (x, y, z, X)⇐ x. f → (y) x y X ≈ ∅. 

– If .I = {2}, .J = {2} and . is empty then .alloc(ψ) = {y, z} and .[X]ψ = {y}. The only 
rule associated with .pI,J,∼, is .pI,J,∼, (x, y, z, X)⇐ y. f → (x) X ≈ {y}. 

– If .I = ∅, .J = {3} then the decoration is inconsistent because we obtain .z ψ z. 
Indeed, the only rule associated with .pI,J,∼, is: .pI,J,∼, (x, y, z, X)⇐ z→ () X ≈ ∅; 
this rule allocates . z yielding a contradiction with the fact that . z is already allocated 
by .z. f → (x, y) in . ψ. 

– If .I = J = ∅ then .pI,J,∼, has no rule, hence .pI,J,∼, (x, y, z, X) (hence also . ψ) is  
(trivially) unsatisfiable. 

Theorem 2. Let .(ϕ,R) be a pair in normal form. For each structure .(s, h, Σ), we have 
.(s, h, Σ) |=R ϕ if and only if there exists a decoration .(ψ,Rdec) of .(ϕ,R) such that 
.(s, h, Σ) |=Rdec ψ.
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3.2 Cardinality Constraints 

We now begin the second step of the proof, which translates a decorated pair .(ϕd,Rd) in 
normal form into a Presburger formula. We first consider the cardinality constraints on 
the sets of locations . X (s,Σ) that appear in decorated predicate atoms .pI,J,∼, (x, X). The  
cardinalities of these sets are constrained by the (decorated) predicate’s rules. These 
constraints are essential for satisfiability checking. For instance, as observed in the 
introduction, the formula .lseven(x,Y) lsodd(x,Y) is unsatisfiable if .lseven and . lsodd
describe lists of even and odd lengths respectively, and . Y is defined in both cases to 
collect the set of locations allocated by each list. We show that the cardinality con-
straints induced by each decorated predicate atom can be encoded, in linear time, as an 
existential Presburger formula. To achieve this, we rely on known results [ 23] about the 
Presburger encoding of Parikh images of context-free languages. 

Definition 16 (Cardinality of a decorated atom). Let .pI,J,∼, (x, X) be a decorated 
predicate atom of .(ψ,Rdec). The cardinality set of .pI,J,∼, (x, X), which is denoted by 
.S p(pI,J,∼, (x, X)), is defined by: 

.S p(pI,J,∼, (x, X)) = {card (Σ(X)) | ∃(s, h, Σ). (s, h, Σ) |=Rdec pI,J,∼, (x, X)} , (14) 

i.e., it is a (possible unbounded) subset of . N, which collects the cardinalities of . X for 
each structure satisfying .pI,J,∼, (x, X). 

It is straightforward to show that .S p(pI,J,∼, (x, X)) = S p(pI,J,∼, (x, X)σ), for every 
renaming. σ. In the following, we show that.S p(pI,J,∼, (x, X)) is a semi-linear set that can 
be encoded using an existential Presburger formula with one free variable. To this end, 
we define a context-free grammar for the predicate atom.pI,J,∼, (x, X) using the rules of 
.Rdec, such that the language of this grammar encodes the elements of . S p(pI,J,∼, (x, X))
in unary. The idea is to associate each predicate atom with a non-terminal of the gram-
mar, and to associate each rule used in the unfolding with a production rule of the 
grammar. The set of non-terminals is finite because the set of predicate atoms is finite 
up to a renaming of parameters. The context-free grammar for .pI,J,∼, (x, X) is defined 
as follows. 

Definition 17 (Grammar of cardinalities). Let .Rdec be a decorated SID. Let . a
Na be any mapping from decorated atoms to symbols, such that .Na = Nb iff . a and . b
are identical up to a renaming. The grammar of cardinalities for the decorated atom 
.pI,J,∼, (x, X) is a context-free grammar .GpI,J,∼, (x,X) = (N ,T ,R,N0) where 

– the set of terminals . T is the singleton set . {1}; 
– the set of non-terminals . N contains a non-terminal .NqK,L,∼, (y,Y) for each decorated 

predicate atom .qK,L,∼, (y,Y) (up to a renaming); 
– the start symbol . N0 is .NpI,J,∼, (x,X); 
– the set of derivation rules . R contains a rule of the form 

.NqK,L,∼, (y,Y) → ω Nr1K1 ,L1 ,∼1 , 1
(y1,Y1) . . . Nrm

Km ,Lm ,∼m , m
(ym,Ym) , (15) 

for all formulæ . ψ such that .qK,L,∼, (y,Y)⇐Rdec ψ where:



Deciding Satisfiability for Overlaid Symbolic Heaps 93

• . ψ is of the form .y j. f → (z) m
i=1ri

Ki,Li,∼i, i
(yi,Yi) Y ≈ E m

i=1 Yi; 
• .ω = 1 if .E = {y j}, otherwise (i.e., if .E = ∅) . ω is the empty word . ε. 

We denote by .L(G) the language of words generated by the grammar . G. 

The Parikh image [ 19] of a word  .ω = ω1 · · ·ωk ∈ T ∗ is the assignment . σ ∈ NT
that maps each symbol .a ∈ T to the number of its occurrences in . ω, i.e., . σ(a) =
card( j | a = ω j). The Parikh image of a set .L ⊆ T is the set of Parikh images of all 
.ω ∈ L. If a language. L is generated by a context-free grammar. G, then the Parikh image 
of. L can be represented by an existential Presburger formula. ξG, which can be computed 
in linear time, by [ 23, Th. 4]. The formula .ξG contains one free variable for each termi-
nal symbol of . G. We shall prove later that the Parikh image of the language defined by 
.GpI,J,∼, (x,X) is exactly the cardinality set .S p(pI,J,∼, (x, X)). Since the grammar of cardi-
nalities .G = GpI,J,∼, (x,X) has only one terminal, the formula .ξG contains exactly one free 
variable and its size is in .O(|N| + |N| · |R|) where .N and . R are (respectively) the set of 
non-terminals and productions of .GpI,J,∼, (x,X). To simplify notations, we shall denote by 
.ξpI,J,∼, (x,X) the formula.ξG with.G = GpI,J,∼, (x,X), and by.ξpI,J,∼, (x,X)(y) the formula obtained 
by replacing the unique free variable in .ξG by . y. 

Remark 3. A smaller Presburger formula for .S p(pI,J,∼, (x, X)) may be obtained by 
translating.Rdec into a NFA over a singleton alphabet and by using the result of [ 22]. The 
resulting formula, obtained in polynomial time, does not contain universal quantifiers 
and its size is linear in the size of the NFA. We choose to use context-free grammars 
and the result in [ 23] in order to simplify the proof of correctness. 

3.3 Translation from SL to BAPA 

The syntax of BAPA formulæ is recalled below, with definitions slightly adapted for 
consistency with those of OSL 5. 

Definition 18 (BAPA formulæ [ 11]). The set of BAPA-formulæ .ϕBP is inductively 
defined as follows: 

. 

ϕBP := ABP | BBP | ϕBP

1 ∧ ϕ
BP

2 | ϕ
BP

1 ∨ ϕ
BP

2 | ¬ϕ
BP | ∃X.ϕBP | ∀X.ϕBP | ∃k.ϕBP | ∀k.ϕBP

ABP := tBP

1 ≈BP tBP

2 | tBP

1 ≺BP tBP

2 | K div tBP tBP := k | K | tBP

1 ⊕BP tBP

2 | K BP tBP | |T BP|
BBP := T BP

1 ≈BP T BP

2 | T BP

1 BP T BP

2 T BP := X | ∅ | T BP

1 BP T BP

2 | T BP

1 BP T BP

2
(16) 

where . X is a set variable, . K is an integer constant, and . k is an integer variable. 

Definition 19 (BAPA structure). A BAPA structure is a tuple .(S, I) where . S is an inter-
pretation of the set variables, i.e., a partial function from set variables to finite subsets 
. L, and . I is a interpretation of the integer variables, i.e., a partial function from integer 
variables to . Z. 

The semantics of BAPA terms and formulæ are the expected ones.

5 Specifically, instead of assuming a finite universe, we interpret set variables as finite subsets of 
. L, and omit all BAPA terms that depend on the universe, such as the complement operation. 
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Definition 20. The function .T f maps a decorated symbolic heap formula in OSL to a 
BAPA term containing all (named) locations allocated by a field . f ∈ F . It is defined 
inductively as follows (where . L, . A and . B denote pure atoms, defined as in Definition 1): 

– .T f (emp) = T f (L) = T f (A) = T f (B) = ∅; 

– .. T f (x.g→ (y1, . . . , yd)) =
Vx if g = f
∅ otherwise

;

– .. T f (pI,J,∼, (x1, . . . , xn, X)) =
X BP

BP
j∈J Vxj if p is a { f }-predicate

∅ otherwise
;

– .T f (ψ1 • ψ2) = T f (ψ1) ∪ T f (ψ2) for .• ∈ { }. 

Definition 21 (BAPA translation function). Let .X iX be an injective function map-
ping every set variable to an integer variable (which is intended to denote the cardi-
nality of the set). The function . T translates a set term in . T into a BAPA set term and 
a decorated symbolic heap formula into a BAPA formula, given a decorated SID . Rdec

(which, to simplify notations, is considered fixed in the context): 

– .T ({x}) = Vx; .T (X) = X if .X ∈ S; .T (∅) = ∅; .T (t) = t if . t is an arithmetic term; 
– .T (emp) = true; .T (x. f → (y1, . . . , yd)) = true; 
– .T (x ≈ y) = (Vx ≈BP Vy); .T (x y) = (Vx BP Vy ≈BP ∅); 
– .T (T1 ≈ T2) = (T (T1) ≈BP T (T2)); the definition is similar for . , . , . or . <; 
– .T (T1 T2) = ¬(T (T1) ≈BP T (T2)); the definition is similar for . or . ⊀; 
– .T (K div t) = (K divT (t)); .T (K ndiv t) = ¬(K divT (t)); 
– . T (pI,J,∼, (x1, . . . , xn, X)) = |X| ≈BP iX ∧ ξpI,J,∼, (x1,...,xn,X)(iX)

∧ BP
i∈I Vxi BP X

∧ BP

x∈{x1,...,xn} {x j | j∈I} Vx BP X ≈BP ∅ ;
where the formula .ξpI,J,∼, (x1,...,xn,X) is defined as in Sect. 3.2. 

– .T (ψ1 2) = T (ψ1) ∧ T (ψ2) ∧

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

BP

f∈F

T f (ψ1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠ BP

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

BP

f∈F

T f (ψ2)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
≈BP ∅; 

– .T (ψ1 2) = T (ψ1) ∧ T (ψ2) ∧
f∈F

T f (ψ1) BP T f (ψ2) ≈BP ∅ . 

Proposition 1. Let .T ∈ T∪t be a set term or an arithmetic term. Let .(s, h, Σ) be an OSL 
structure. Let . S be defined by .S(Vx) = {s(x)} for all location variables . x, and . S(X) =
Σ(X) for all set variables . X. Then, for every interpretation . I, . T (s,Σ) = T (T ) (S,I). 

Proof. The proof is by induction on . T and . t. 

For each decorated symbolic heap . ψ in normal form containing location variables 
.x1, . . . , xn, we associate the following BAPA formula called .C(ψ): 

.C(ψ) = |Vx1 | ≈BP 1 ∧ · · · ∧ |Vxn | ≈BP 1 ∧ T (ψ) . (17)
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Example 4. Let us consider the decorated formula. ψ = pI,J,∼, (x, y, z, X) y z z. f →
(x, y) taken from Example 3 with .I = {2}, .J = {2}, .∼= Id, and . = ∅. 

Then the BAPA formula obtained is: 

.

C(ψ) = |Vx| ≈BP 1 ∧ |Vy| ≈BP 1 ∧ |Vz| ≈BP 1 ∧ |X| ≈BP iX ∧ ξpI,J,∼, (x,y,z,X)(iX)

∧ Vy BP X ∧ (Vx BP Vz) BP X ≈BP ∅ ∧ Vy BP Vz ≈BP ∅ ∧ true

∧ X BP Vy BP VZ ≈BP ∅ .
(18) 

It is straightforward to verify that, for all decorations . ψ of a formula . ϕ, .C(ψ) is 
an existentially quantified BAPA formula. This translation allows us to establish the 
decidability of the satisfiability problem for a decorated symbolic heap: 

Theorem 3. Let .(ϕ,R) an OSL-formula and a SID in normal form. For all decorations 
.(ψ,Rdec) of .(ϕ,R), . ψ has an .Rdec-model iff .C(ψ) is satisfiable (in BAPA). 

Theorem 1 then follows directly from Theorems 2 and 3. The  Nexptime upper bound 
is obtained by observing that the size of the decorated, normalized set of rules is expo-
nential in the size of the original SID, since the number of possible decorations and 
instantiations is exponential. Moreover, it is shown in [ 13] that satisfiability for existen-
tially quantified BAPA formulæ is in Np. 

4 Conclusion 

We have developed a decision procedure to test the satisfiability of formulæ in a variant 
of separation logic (SL) that integrates inductively defined predicate symbols, over-
laid data structures, set constraints, and Presburger arithmetic constraints on set cardi-
nalities. This fragment, designed to address the limitations of standard SL in reason-
ing about overlaid data structures, uses a weaker form of separating conjunction and 
supports single-field inductive predicates augmented with set variables. Our procedure 
operates in exponential space, leveraging established results on the computation of the 
Parikh image of context-free languages over a unary alphabet and the satisfiability prob-
lem in the logic BAPA. This reduction yields a robust framework for handling complex 
memory models occurring in concurrent systems and advanced algorithmic designs, 
where locations may be shared across multiple data structures. 

A natural extension of this work is to explore the entailment problem. Given the 
undecidability of entailment in many expressive SL variants (see for instance [ 5,20]), 
additional restrictions will be required to ensure decidability. Several questions also 
remain unresolved regarding satisfiability. First, the optimality of our procedure is 
uncertain: while satisfiability is clearly Exptime-hard 6, it is not clear whether Nexptime 
represents a tight upper bound. Second, it would be valuable to investigate whether 
the systematic enumeration of all decorations could be circumvented. This process cur-
rently incurs an exponential computational overhead, which does not affect the theoreti-
cal complexity analysis but poses practical challenges. Finally, it would be interesting to 
determine whether the conditions on the inductive rules could be relaxed. For instance, 
is satisfiability still decidable if a single predicate is permitted to allocate distinct fields?

6 This follows from the lower bound given in [ 20], since that result does not use permissions and 
imposes strictly more restrictive conditions on the rules. 
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Abstract. The recently introduced dependent typed higher-order logic 
(DHOL) offers an interesting compromise between expressiveness and 
automation support. It sacrifices the decidability of its type system in 
order to significantly extend its expressiveness over standard HOL. Yet 
it retains strong automated theorem proving support via a sound and 
complete translation to HOL. 

We leverage this design to extend DHOL with refinement and quotient 
types. Both of these are commonly requested by practitioners but rarely 
provided by automated theorem provers. This is because they inher-
ently require undecidable typing and thus are very difficult to retrofit to 
decidable type systems. But with DHOL already doing the heavy lifting, 
adding them is not only possible but elegant and simple. 

Concretely, we add refinement and quotient types as special cases of 
subtyping. This turns the associated canonical inclusion resp. projection 
maps into identity maps and thus avoids costly changes in representa-
tion. We present the syntax, semantics, and translation to HOL for the 
extended language, including the proofs of soundness and completeness. 

1 Introduction and Related Work 

Motivation. Recently dependently typed higher-order logic (DHOL) was intro-
duced [ 22]. It is a variant of HOL [ 2, 6] that uses dependent function types 
.Πx:A. B instead of simple function types .A → B. It is designed to remain as 
simple and as close to HOL and ATPs as possible while meeting the frequent 
user demand of dependent types. Notably, contrary to typical formulations of 
dependent type theory, DHOL features a straightforward equality and classical 
Booleans at the cost of making typing undecidable. 

Concretely, DHOL uses a type .bool of propositions in the style of HOL, and 
equality .s=A t: bool of typed terms is a proposition, whose truth may depend 
on axioms in the theory or assumptions in the context. Equality .A ≡ B of types 
(which is not a proposition but a meta-level judgment) uses a straightforward 
congruence rule: if a dependent type constructor is applied to equal arguments, 
it produces equal types. Thus, equality of types and typing are undecidable. To 
yield practical tool support, DHOL reduces typing judgments to a series of proof 
c The Author(s) 2026 
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obligations, and [ 22] gives a sound and complete translation to HOL that allows 
using existing automated theorem provers for HOL to discharge these. 

While undecidable typing is not used by most current ATPs or ITPs, it is 
justified by the pragmatic consideration that the ultimate task of theorem prov-
ing is undecidable anyway, and the difficulty of typing-related proof obligations 
is often small in comparison. Follow-up work on DHOL includes a native ATP 
for DHOL [ 17] and extensions with a choice operator [ 20] and polymorphism 
[ 21]. 

Contribution. The present paper leverages this key design choice and extends 
DHOL’s expressivity at low cost by adding refinement and quotient types. Both 
work elegantly in languages with undecidable typing so that DHOL, for which 
the necessary meta-theory and infrastructure already exist, is a good base to 
support them. Indeed, the necessary changes to DHOL’s syntax and semantics 
turned out to be few and simple—only the extension of the proof was difficult. 
We see DHOL as an intermediate between the automation support of HOL and 
the more expressive type theories of interactive provers such as those based 
on richer dependent type theories. In this sense, the present paper pushes the 
boundary of ATP-near languages a little further. 

Refinement types .A|p is the subtype of .A consisting of the terms satisfying 
the predicate .p:A → bool. They correspond to comprehension in set theory. 
They were already proposed in [ 22] (with ad-hoc subtyping rules), and here we 
give a systematic treatment. Critically, our refinement types avoid a change in 
representation: the injection .A|p → A is always a no-op, i.e., an identity map. 
This is in contrast to encodings of refinement types in decidable type theories, 
such as using the type .Σx:A.p x, or in set-theory, where, e.g., the injection . (A →
B) → (A|p → B) is not a no-op. 

Quotient types .A/r, intuitively, consist of all equivalence classes of the equiva-
lence relation .r:A → A → bool. Again we avoid representation changes: We use 
all terms of type . A as terms of type .A/r and adjust the equality . =A/r to obtain 
the quotient semantics. Thus, the projection .A → A/r is a no-op and we have the 
subtyping relation .A ≺: A/r. In contrast, the usual definitions in set theory (via 
equivalence classes) or in decidable type theories (via setoids) require explicit 
changes in representation. 

The statement .A≺: A/r may look odd. It is sound because we use a different 
equality relation at the two types: .x=A y implies .x=A/r y but not the other way 
round. This approach captures the mathematical practice of using elements of 
. A as elements of the quotient, often to the point that readers do not even notice 
anymore they are technically working with equivalence classes. 

Together, this yields a subtype hierarchy of refinements and quotients of . A: 
. A|λx:A. false≺:. . .≺:A|p≺:. . .≺:A|λx:A. true≡A≡A/=A ≺:. . .≺:A/r≺:. . .≺:A/λx, y:A. true

from initial (empty) type to terminal (singleton) type. 

Related Work. Systems based on HOL [ 11] use the subtype definition principle to 
introduce definitional refinement types. General refinement types in HOL were
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considered in [ 15]. But neither solution has a general notion of subtyping. Defi-
nitional quotient types for HOL were considered in [ 12] and [ 13] and, combined 
with refinement types, in [ 19]. Definitional solutions differ from ours in that 
they introduce new types that are isomorphic to the refinement/quotient types 
and then require explicit representation-changing injection/projections. [ 19] uses  
PERs to relativize type-based to set-based theorems. 

In formal systems, the approach of quotients as supertypes has been adopted 
occasionally, e.g., in NuPRL’s quotients [ 7] or in Quotient Haskell [ 3]. NuPRL’s 
type theory in particular features refinement and quotient types similar to ours 
and uses essentially the same PER semantics [ 1]. The main difference to our 
approach is that DHOL tries to be as close to HOL (and thus HOL ATPs) as 
possible whereas NuPRL uses a very rich type theory. 

PVS [ 18] subsumes DHOL and refinement types with polymorphism. It does 
not support quotients, but its horizontal subtyping between records resembles 
our quotient subtyping. Notably, it treats refinement subtyping and record sub-
typing as two separate judgments with slightly different rules. 

In soft type systems, all types are refinements of a fixed universe of objects. 
For example, Mizar’s [ 4] type system is inherently undecidable and supports 
dependent types and refinement types. It supports quotient types but only with 
a change in representation and not as supertypes. 

Most ITPs allow users to construct refinement and quotient types at the cost 
of representation changes. Systems based on decidable dependent type theory 
like Coq [ 8] or Lean [  9] typically use .Σ-types for refinement and setoids for 
quotients. Lean provides some kernel support for quotients. 

[ 21] adds polymorphism to DHOL, and in future work we want to combine 
both features. The key challenge will be to support subtype-bounded polymor-
phism. 

Overview. We give a self-contained definition of DHOL in Sect. 2. Then we 
add subtyping in Sect. 3, refinements in Sect. 4, and quotients in Sect. 5. We  
develop the meta-theory in Sect. 6 (type normalization) and Sect. 7 (sound-
ness/completeness). We present an application to typed set theory in Sect. 8. 

2 Preliminaries: Dependently Typed Higher-Order Logic 

The DHOL [ 22] grammar uses .terms and .types. A theory . T declares typed con-
stants .c:A, axioms . F , and dependent type symbols .a:Πx1:A1. . . . Πxn:An. tp, 
which are applied to terms to obtain base types .a t1 . . . tn. Contexts declare 
typed variables .x:A and local assumptions . F (but no new types). Dependent 
functions .λx:A. t of type .Πx:A. B (written .A → B if x does not occur free in 
B) map terms .x:A to terms of type .B(x). We recover HOL as the fragment in 
which all base types . a have arity . 0, in which case all function types are simple. 

T ::= ◦ |  T , a:(Πx:A.)∗ tp | T , c:A | T F theories 
Γ ::= . | Γ , x:A | Γ F contexts 
A, B ::= a t∗ | Πx:A. B | bool types 
s, t, F, G ::= c | x | λx:A. t | s t  | s =A t | F ⇒ G terms (incl. propositions)
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Following typical HOL-style [ 2], DHOL defines all connectives and quantifiers 
from the equality connective .s=A t. For example, forall is defined as . ∀x:A. F :=
λx:A. F =Πx:A. bool λx:A. true. In particular, we can define the usual connectives 
and quantifiers and derive their usual proof rules. The only subtlety is that, 
DHOL needs dependent binary connectives: in an implication .F ⇒ G, the well-
formedness of . G may depend on the truth of . F , and accordingly for conjunction 
.F ∧ G which is defined as .¬(F ⇒ ¬G). Because we see no way to define these 
from equality, we make dependent implication an additional primitive. 

DHOL uses axiomatic equality .s=A t in the style of FOL and HOL with 
a straightforward congruence rule for base types: type equality . a s1 . . . sn ≡
a t1 . . . tn holds if each .si is equal to . ti. This makes type equality and thus 
typing undecidable. In line with HOL’s simplicity and unlike dependent type 
theories based on Martin-Löf type theory [ 16], there is no support for type-
valued computation like large elimination. 

Example 1 (Lists). As an accessible running example, we show a formaliza-
tion of lists over some type .obj, both plain lists .list and lists .llist n with fixed 
length. Notably, the well-typedness of the statement of associativity of .lconc now 
requires the associativity of .plus. 

. 

nat: tp, zero: nat, succ: nat → nat, plus: nat → nat → nat,
obj: tp, list: tp, nil: list, cons: obj → list → list, conc: list → list → list,
llist: nat → tp, lnil: llist zero,
lcons: Πn:nat. obj → llist n → llist (succ n),
lconc: Πm,n:nat. llist m → llist n → llist (plus m n)

Fig. 1. DHOL Judgments 

DHOL uses the judgments given in Fig. 1 and the rules listed in Fig. 2. 
Note that equality of terms is a special case of validity, whereas equality of types 
is not a Boolean but a separate judgment. Thus, users cannot state axioms 
equating types, and type equality is defined only by congruence. The rules are 
straightforward. In particular, type equality is checked structurally and reduced 
to a set of term equalities, which must then be discharged by an ATP.
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Fig. 2. DHOL Rules 

Fig. 3. Definition of the Translation DHOL.→HOL
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Furthermore many well-known admissible HOL rules are also admissible in 
DHOL, see the extended preprint [ 5]. 

The semantics for DHOL and a practical ATP workflow are given by 
a sound and complete translation to HOL. The translation is dependency era-
sure, e.g., translating dependent types .a t1 . . . tn to simple types . a, effectively 
“‘merging”’ all instances of a dependent type into a large simple type. Figure 3 
shows the details. 

Typing and equality at .A are recovered by generating a partial equivalence 
relation (PER) .A∗ for every HOL-type . A. A PER is a symmetric-transitive 
relation and the same as an equivalence relation on a subtype of . A. Thus,  . A
corresponds in HOL to the quotient of the appropriate subtype of . A by .A∗. 

DHOL terms are translated to their HOL analogues except that equality is 
translated to the respective PER: .s=A t := A∗ s t. In particular, the predicate 
.A∗ t t captures whether . t is  a term of type  . A. For  .n-ary type symbols . a, the  
translation generates an .n+2-ary predicate .a∗ such that .a∗ t1 . . . tn is the PER 
for .a t1 . . . tn. For function types, the PER is the usual condition for logical 
relations: functions are related if they map related inputs to related outputs. 

3 Subtyping 

The treatment of quotients as supertypes and the use of different equality rela-
tions at different types are subtly difficult. Thus, we first introduce subtyping by 
its defining extensional property, from which we will derive all subtyping rules: 

Definition 1 (Subtyping). .Γ T A ≺: B abbreviates .Γ , x:A T x:B. 

Lemma 1. In any extension of DHOL, .Γ T A ≺: B iff .
Γ T t:A
Γ T t:B

is derivable. 

Proof. Left-to-right: We construct the function .(λx:A. x):A → B and derive the 
desired rule using the typing rule for function application. 
Right-to-left: We start with .Γ , x:A T x:A and apply the derivable rule. 

This subtyping relation prevents incidental subtype instances, for which the 
rule from Lemma 1 is admissible but not derivable. For example, . A|λx:A. false

is a subtype of all refinements of . A, but not of all types. More generally, this 
definition precludes using induction on the terms of . A to conclude .A ≺: B. This 
restriction ensures that subtyping is preserved under, e.g., theory extensions, 
substitution, or language extensions. Importantly, subtyping preserves equality: 

Lemma 2. Consider some extension of DHOL with productions and rules. 
Assume (. ∗) that .Γ T x=B x implies .Γ T x : B. Let  . F := ∀x:A. ∀ y:A. x=A y ⇒
x=B y. Then  .Γ T A≺:B iff .Γ T F : bool; and if these hold, then also .Γ T F . 

(. ∗) is a very mild assumption and satisfied by all extensions given in this 
paper.
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Proof. 
Left-to-right: The assumption yields .Γ , x:A, y: x =A y T (λx:A. x):A → B. 
We get .Γ , x:A, y: x =A y T .(λx:A. x) x=B (λx:A. x) y from congruence of 
function application and reflexivity and .x=B y by .β-reduction. 
Right-to-left: Assume .x : A. Instantiating .F twice with . x and applying modus 
ponens with .x=A x yields .x=B x, from which  we  get  .x : B. 

Lemma 3 (Preorder of Types). In any extension of DHOL, subtyping is 
reflexive (in the sense that .Γ T A ≡ B implies .Γ T A ≺: B) and transitive. 

Proof. Reflexivity: The assumption yields .Γ T (λx:A. x):A → B. Applying both 
to a term . t of type . A and .β-reducing yields the rule from Lemma 1. Transitivity 
follows immediately from Lemma 1. 

We also want to make subtyping an order. Anti-symmetry with respect to . ≡
is not derivable directly, i.e., we might have .Γ T A ≺: B and .Γ T B ≺: A, in  
which case . A and . B would have the same terms, without being equal. Therefore, 
we add the anti-symmetry rule 

. 
Γ T A ≺: B Γ T B ≺: A

Γ T A ≡ B
STantisym

Notably, this is the only change made to DHOL so far—everything before has 
just been abbreviations. This change is conservative in the following sense: 

Theorem 1 (Conservativity). For DHOL as defined so far (without the 
extension we introduce below), we have .A ≺: B iff .A ≡ B. 

Proof. We show by induction on derivations that each term has a unique type 
up to type equality and that all term equality axioms preserve typing. 

Theorem 2 (Variance and Congruence for Function Types). The usual 
rules for function types are derivable: 

. 
Γ T A ≺: A Γ, x:A T B ≺: B

Γ T Πx:A. B ≺: Πx:A . B

Γ T A ≡ A Γ, x:A T B ≡ B

Γ T Πx:A. B ≡ Πx:A . B

The second rule is primitive in DHOL but derivable in DHOL with subtyping. 

Proof. The first rule follows from the definition of subtyping and .η-expansion. 
The second rule is derived by (STantisym), establishing the hypotheses using 
the variance rule and reflexivity of subtyping.
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4 Refinement Types 

To add refinement types, we add only one production for types. We do not add 
productions for terms—refinement types only provide new typing properties for 
the existing terms. Then we add rules for, respectively, formation, introduction, 
elimination (two rules), and equality: 

A ::= A|p type A refined by predicate p on A 

. 

Γ T p:A → bool

Γ T A|p tp

Γ T t:A Γ T p t

Γ T t:A|p
Γ T t:A|p
Γ T t:A

Γ T t:A|p
Γ T p t

Γ T s=A t Γ T p s

Γ T s=A|p t

Example 2 (Refining Lists by Length). We extend Example 1 by defining fixed-
length lists as a refinement of lists. First, we axiomatize a predicate length on 
lists: 

. 
length: list → nat length nil=nat zero

∀x:obj. ∀ l:list. length (cons x l)=nat succ (length l)

Then we define .llist n := list|λl:list. length l=nat n , and we can derive 

. nil:llist zero n:nat cons : Πx:obj. Πl:llist n. llist (succ n)

Theorem 3 (Congruence and Variance). The following rules are derivable 
if the involved types are well-formed: 

. 

Γ T A ≺: A Γ, x: p x T p x

Γ T A|p ≺: A |p
Γ T A tp

Γ T A ≡ A|λx:A. true

Γ T A ≡ A Γ T p =A→bool p

Γ T A|p ≡ A |p
Γ T A|p tp

Γ T A|p ≺: A

Proof. To derive the first rule, we assume the hypotheses and .x:A|p . The elimi-
nation rules yield .x:A and .p x, then the hypotheses yield .x:A resp. .p x, finally 
the introduction rule yields .x:A |p . 
To derive the second rule, we apply (STantisym) and use the introduc-
tion/elimination rules to show the two subtype relationships. 
These then imply the other rules.
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5 Quotient Types 

To add quotient types we also extend the grammar with only one production for 
the type and rules for formation, introduction, elimination, and equality, where 
.EqRel(r) abbreviates that . r is an equivalence relation: 

A ::= A/r quotient of A by equivalence relation r 

. 
Γ T A tp Γ T r:A → A → bool Γ T EqRel(r)

Γ T
A/r tp

Γ T t:A Γ T
A/r tp

Γ T t:A/r

. 
Γ T s:A/r Γ , x: x=A/r s T t:B Γ, x:A, x : x=A/r =A/r s T t=B t[x/x ]

Γ T t[x/s]:B[x/s]

. 
Γ T s:A Γ T t:A Γ T r:A → A → bool Γ T EqRel(r)

Γ T (s=A/r t)=bool (r s t)

Example 3 (Sets). We extend Example 1 by obtaining sets as a quotient of lists. 
First, we axiomatize a predicate for containing an element: 

. 
contains: list → obj → bool ∀x:obj. ¬(contains nil x)

∀x:obj. ∀ y:obj. ∀ l:list. (contains (cons y l) x)=bool (x=obj y ∨ contains l x)

Now we can define .set := list/λl:list. λm:list. ∀ x:obj. contains l x =bool contains m x as 
the type of lists containing the same elements. The equality at set immediately 
yields extensionality . x, y:set. x=set y ⇔ (∀ z:obj. contains x z =bool contains y z). 

Any .l:list can be used as a representative of the respective equivalence class 
in .set, and operations on sets can be defined via operations on lists, e.g., we can 
establish . conc : set → set → set. To derive this, we assume .u:set and apply 
the elimination rule twice. First we apply it with .B = list → set and .t = conc u; 
we have to show .conc x=list→set conc x under the assumption that . x and . x
are equal as sets. That yields a term .conc u : list → set. We assume .v:set and 
apply the elimination rule again with .B = set to obtain .conc u v:set, and then 
conclude via .λ-abstraction and .η-reduction. 

The elimination rule above looks overly complex. It can be understood best 
by comparing it to the following, simpler and more intuitive rule 

. 
Γ , x:A T t:B Γ, x:A, x : r x x T t =B t[x/x ]

Γ , x:A/r T t:B
(∗)

This rule captures the well-known condition that a function . t on . A may be used 
as a function on .A/r if . t maps equivalent representatives .x, x equally. It follows 
from our elimination rule by putting .s = x, but is subtly weaker:
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Example 4. Continuing Example 3, assume a total order on .obj and a function 
.g:list|nonEmpty → obj picking the maximum from a non-empty list. We should 
be able to apply . g to some .s:set that we know to be non-empty. But if we try to 
apply .(∗) to obtain .g s: obj, we get  stuck trying to prove  .g x=obj g x for any 
.x, x that are representatives of an arbitrary equivalence class of lists. We cannot 
use the condition that . s is non-empty and thus only non-empty lists need to be 
considered. Thus, we cannot derive the well-formedness of .g x. 

Our elimination rule remedies that: here we need to show .g x=obj g x for 
any .x, x that are representatives of the class of . s. Thus, we can use that . x and 
.x are non-empty and that thus .g x is well-formed. 

In dependent type theory, the two elimination rules are equivalent because 
we have a type .s = x and can use .Πs:A/r. s = x → B as the return type. This 
is not possible in DHOL where .s = x is not a type but a Boolean. 

Theorem 4 (Congruence and Variance). The following rules are derivable 
if the involved types are well-formed and .r, r are equivalence relations: 

. 

Γ T A ≺: A Γ, x:A, y: r x y T r x y

Γ T
A/r ≺: A /r

Γ T A tp

Γ T A ≡ A/λx:A. λy:A. x =A y

Γ T
A/r tp

Γ T A ≺: A/r

Γ T A ≡ A Γ T r=A→A→bool r

Γ T
A/r ≡ A /r

Proof. For the first rule: Assume the hypotheses and .s:A/r. Apply the elimi-
nation rule with .B = A /r and .t = x. . x:A, y: x=A/r =A/r s T

x=A /r x by the equality rule (using .A ≺: A and the second assumption). For 
the second rule, apply (STantisym) and use the introduction/elimination rules 
to show the two subtype relationships. The other rules follow from those two. 

6 Normalizing Types 

To build a type-checker, we derive normalization rules that reduce subtyping 
conditions to validity conditions that can then be discharged via an ATP. We 
prove rules for merging consecutive refinements and quotients and for the . 4
possible combinations of a function type with a refinement or quotient: 

Theorem 5 (Repeated Refinement/Quotient). The following are deriv-
able whenever the LHS is well-formed 

. T (A|p )|p ≡ A|λx:A. p x∧p x (RR) 

T (
A/r)/r ≡ A/λx:A. λy:A. r x y (QQ) 

T (A/r)|p ≡ (A|p )/r (RQ)
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Proof. (RR): well-formedness of the LHS yields .p:A → bool and .p :A|p → bool, 
so .p x is well-formed as . ∧ is a dependent conjunction and .p x can be assumed  
while checking .p x. The well-formedness of the right-hand side (RHS) follows. 
Verifying the equality is straightforward by showing subtyping in both directions. 
(QQ): well-formedness of the LHS yields .r:A → A → bool and . r :A/r → A/r →
bool, so  .A ≺: A/r implies .r x y (and thus the RHS) is well-formed. The relation 
on the RHS is an equivalence relation since . r is. To verify the type equality, we 
use Lemma 2 and show that both types induce the same equality. In particular, 
the type of . r already guarantees that it subsumes . r. 
(RQ): well-formedness of the LHS yields .r:A → A → bool and .p:A/r → bool, 
implying .r:A|p → A|p → bool and .p:A → bool. The well-formedness of the RHS 
follows. (Note the other direction does not hold in general.) To show the equality, 
we show both subtyping directions. For LHS. ≺:RHS, we assume .x:A/r and . p x
and apply the elimination rule for quotients using .t = x and .B = (A|p )/r. 
(Critically, this step would not go through if we had only used the weaker rule . ∗
in Sect. 5.) For RHS. ≺:LHS, we assume .x:(A|p )/r and apply the elimination rule 
for quotients using .t = x. 
Theorem 6 (Refinement/Quotient in a Function Type). The following 
are derivable if either side is well-formed: 

. T Πx:A. (B|p ) ≡ (Πx:A. B)|λf :(Πx:A. B). ∀ x:A. p (f x) (RCod) 

T Πx:A/r. B  ≡ (Πx:A. B)|λf :Πx:A. B. ∀ x,y:A. r x  y⇒(f x) =B (f y) (QDom) 

T Πx:A. B/r : (Πx:A. B)/λf, g:Πx:A. B. ∀ x:A. r (f x) (g x) (QCod) 

The following is derivable if the RHS is well-formed: 

T Πx:A|p .B : (Πx:A.B)/λf, g:Πx:A.B. ∀ x:A. p x  ⇒ (f x) =B (g x) (RDom) 

Proof. (RCod): Both subtyping directions are straightforward, as terms on either 
side are given by .λx:A. t where . t has type .B and satisfies . p. 
(QDom): Both subtyping directions are straightforward, as both sides are sub-
types of .Πx:A. B so their elements must preserve . r. 
(QCod): Assume a term . f of RHS-type and show .x:A f x:B/r using the rules 
for quotients. 
(RDom): Assume a term . f of RHS-type and show .x:A|p f x:B using the quo-
tient elimination rule. The well-formedness of the LHS does not imply the well-
formedness of the RHS since the well-formedness of .B can rely on .p x. 

Maybe surprisingly, two of the subtyping laws in Theorem 6 are not equalities. 
The law for the refined domain must not be an equality: 
Example 5 (Refined Domain (RDom)). The assumption .p x makes more terms 
well-typed, thus there may be functions .Πx:A|p . B that are not a restriction of 
a function .Πx:A. B. Consider the theory .a:bool → tp, c:a true. Then .a false is 
empty and so are .Πx:bool. ax and its quotients. But with .p = λx:bool. x, we  
have . λx:bool|p . c : Πx:bool|p . a x.
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The law for the quotiented codomain may or may not be an equality. This 
is related to the axiom of choice. Consider the two statements 

. T ∃ repr:B/r → B. repr =B/r→B/r λx:B/r. x

f :Πx:A. B/r T ∃ g:Πx:A. B. f =Πx:A. B/r g

(Note that the first one is well-typed because .B ≺: B/r.) Both have a claim 
to be called the axiom of choice: The first one expresses that every equivalence 
relation has a system of representatives. The second generalizes this to a family 
of equivalence relations. The latter implies the former (put .A := B/r and . f :=
λx:B/r. x). In the simply-typed case the former also implies the latter (pick 
.repr ◦ f for . g); but in the dependently-typed case, .B and . r may depend on . x
and the implication might not hold. 

Both statements construct a new term from an existing one (.repr behaves 
like the identity, and . g like . f) that has a different type but behaves the same 
up to quotienting. If the direction .≺: were to hold in the law for the refined 
codomain, it would not only imply the existence of . g from . f but also allow using 
. f as a representative of the equivalence class of possible values for . g. That is in 
keeping with our goal of avoiding changes of representation. Therefore: 

Definition 2 (Quotiented Codomain). We adopt the rule below (which is 
an equality with Theorem 6) as an axiom whenever either side is well-formed: 

. T Πx:A. B/r ≺: (Πx:A. B)/λf, g:Πx:A. B. ∀ x:A. r (f x) (g x) (**) 

Aggregating the above laws, we obtain a normalization algorithm for types: 

Theorem 7 (Normalizing Types). Every type is equal to a type of the form 
.(A|p )/r where .A,B ::= bool | a t∗ | Πx:A|p . B. In particular, if a type does not 
use refined domains, it is equal to a quotient of a refinement of a DHOL type. 

Proof. Using Theorem 6 with the axiom from Definition 2, all refinements and 
quotients can be pushed out of all function types except for a single refinement 
of the domain; if there is no such refinement, we can use .p := λx:A. true. And  
using Theorem 5, those can be collected into a single quotient+refinement. 

Together with the equality and variance rules from Theorems 2, 3, 4, this 
induces a subtype-checking algorithm that reduces subtyping to validity 
without ever expanding Definition 1. The latter is important because expand-
ing Definition 1 would recurse into a computationally expensive problem. This 
algorithm is obviously sound as it only chains derived rules. We are confident, 
but have not proved yet, that it is also complete in the sense that subtyping can 
always be derived by using only our derived rules (i.e., without Definition 1) and  
a sound and complete theorem prover (which we obtain in Sect. 7). 

It may be surprising and certainly complicates subtype-checking that we 
need to allow for refined domains in the normal forms. This limitation echoes an
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observation first made in [ 14] about combining dependent types and refinements. 
Effectively, the culprits are partial dependent functions that cannot be extended 
to total functions because the return type is well-defined and non-empty only for 
the refined domain. For future work, it would be interesting to use a higher-order 
logic with partial functions as a translation target, like the one of [ 10]. But we 
have not considered that option due to the lack of ATP support for such logics. 

7 Soundness and Completeness 

We extend the translation from Fig. 3 with cases for our two new productions: 

. 
A|p := A (A|p )∗ s t := A∗ s t ∧ p s ∧ p t

A/r := A (A/r)∗ s t := r s t ∧ A∗ s s ∧ A∗ t t

These definitions are not surprising as PERs in HOL are known to be closed 
under refinements and quotients. 

Example 6 (PERs for a Quotiented Codomain). We calculate the PERs for both 
sides of the law for quotiented codomains in Theorem 6: 

. 
(Πx:A. B/r)∗ f g
= ∀x, y:A. A∗ x y ⇒ (r (f x) (g y) ∧ B∗ (f x) (f x) ∧ B∗ (g y) (g y))

Both this and .((Πx:A. B)/λf, g:Πx:A. B. ∀ x:A. r (f x) (g x))∗ f g simplify to 
.∀x:A. A∗ x x ⇒ r (f x) (g x) ∧ B∗ (f x) (f x) ∧ B∗ (g x) (g x). This justifies 
adopting axiom (**). The simplification uses the substitution lemma from the 
extended preprint [ 5], the well-definedness of . r, and the transitivity of . r. 

Example 7 (PERs for a Refined Domain). We calculate the PERs for both sides 
of the law for refined domains in Theorem 6: 

.. (Πx:A|p . B)∗ f g = ∀x, y:A. A∗ x y ∧ p x ∧ p y ⇒ B∗ (f x) (g y)

. 

((Πx:A. B)/λf, g:Πx:A. B. ∀ x:A. p x ⇒ (f x) =B (g x))∗ f g =
∀x:A. (A∗ x x ⇒ p x ⇒ B∗ (f x) (g x)) ∧
∀x, y:A. A∗ x y ⇒ B∗ (f x) (f y) ∧
∀x, y:A. A∗ x y ⇒ B∗ (g x) (g y)

These are indeed not equivalent in line with our observation from Example 5. 

Like in [ 22], this translation yields a sound (defined as in the previous paper) 
and complete theorem prover: 

Theorem 8 (Completeness). We have the invariants from Fig. 4. 

Proof. The subtyping claim is a slightly strengthened version of the claim 
obtained by expanding the definition of . ≺:. The proof, given in the extended 
preprint [ 5], adapts the proof from [ 22] with additional cases for new produc-
tions and rules.



Subtyping in Dependently-Typed Higher-Order Logic 111

Fig. 4. Invariants of the Translation 

As in [ 22], the converse of Theorem 8 is much harder to state and prove. 
First we need a technical assumption: We call a type symbol . a inhabited if at 
least one of its instances is provably non-empty. 

Theorem 9 (Soundness). In a well-formed DHOL-theory . T Thy in which 
every type symbol is inhabited: 

. If Γ DHOL
T F : bool and Γ HOL

T
F , then Γ DHOL

T F

Proof. The key idea is to transform a HOL-proof of .F into one that is in the 
image of the translation, at which point we can read off a DHOL-proof of . F . 
The full proof is given in the extended preprint [ 5]. We expect the inhabitation 
requirement to be redundant, but have not been able to complete the proof 
without it yet. In any case, it is harmless because it is satisfied by all practical 
examples. 

It is now straightforward to extend the DHOL implementation we gave in [ 22]: 
First run a bidirectional type-checker for DHOL, using the subtyping-checker 
sketched in Sect. 6, to establish well-typedness of theory and conjecture. Then 
translate conjecture and generated proof obligations and apply a HOL ATP. 

8 Application to Typed Set Theory 

DHOL with subtyping enables a novel formalization of typed set-theory: 

. set: tp, ∈ : set → set → bool, elem s := set|λx:set. x∈s

The key idea is that .elem s is the DHOL type of set-theoretical elements of 
the set . s. Leveraging that refinements and quotients do not require change of 
representation, we obtain a powerful combination of elegant high-level typed 
formalization and efficient low-level reasoning. All the routine constructions of 
untyped set theory can be lifted to their typed counterparts. For example, for 
products, we use .×:set → set → set and .pair:set → set → set and the property
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. ∀x, y, s, t:set. (x ∈ s) ∧ (y ∈ t) ⇒ pair x y ∈ s × t, from which we can show 
that .pair : elem s → elem t → elem (s × t). 

We can also use DHOL-functions .set → set as set-theoretical func-
tions between sets . s and . t without a change in representation as the type 
.Functions s t := (set → set)|p /r where .p f = ∀x:set. x ∈ s ⇒ (f x) ∈ t and 
.r f g = ∀x:set. x ∈ s ⇒ (f x)=set (g x). This allows us to represent set-
theoretical function application and composition . ◦ directly as DHOL applica-
tion/composition. 

Consequently, theorem proving in typed set theory becomes very strong 
because a large share of the proving workload can be outsourced into typing-
obligations. For example, the property that the composition of functions . f :
Functions s t and .g : Functions t u has type .Functions s u becomes 

. ∀ s, t, u:set. ∀ f :Functions s t. ∀ g:Functions t u. ∀x:set. x ∈ s ⇒ ((g ◦ f) x) ∈ u

which yields in HOL the conjecture below that current HOL ATPs solve easily. 

. ∀ s:set. set rel s s ⇒ ∀ t:set. set rel t t ⇒ ∀ u:set. set rel u u ⇒
∀ f :set → set. ∀ x:set. x ∈ s ⇒ set rel(f x)(f x) ∧ (∀ x:set. x ∈ s ⇒ (f x) ∈ t) ⇒
∀ g:set → set. ∀ x:set. x ∈ t ⇒ set rel(g x)(g x) ∧ (∀ x:set. x ∈ t ⇒ (g x) ∈ u) ⇒
∀ x:set. set rel u ⇒ x ∈ s ⇒ ((g (f x)) ∈ u)

Below is the HOL translation of the conjecture that function composition is 
associative. It is similarly easily proved by current ATPs: 

. ∀ s:set. set rel s s ⇒ ∀ t:set. set rel t t ⇒ ∀ u:set. set rel u u ⇒ ∀ v:set. set rel v v ⇒
∀ f :set → set. ∀ x:set. x ∈ s ⇒ set rel(f x)(f x) ∧ (∀ x:set. x ∈ s ⇒ (f x) ∈ t) ⇒
∀ g:set → set. ∀ x:set. x ∈ t ⇒ set rel(g x)(g x) ∧ (∀ x:set. x ∈ t ⇒ (g x) ∈ u) ⇒
∀ h:set → set. ∀ x:set. x ∈ u ⇒ set rel(h x)(h x) ∧ (∀ x:set. x ∈ t ⇒ (h x) ∈ v) ⇒
∀ x:set. set rel x x ⇒ x ∈ s ⇒ (set rel (h (g (f x))) (h (g (f x))))

The corresponding TPTP files are available at https://gl.mathhub.info/MMT/ 
LATIN2/-/tree/master/source/casestudies/2025-FroCos. 

9 Conclusion and Future Work 

DHOL combines higher-order logic with dependent types, obtaining an intuitive 
and expressive language, albeit with undecidable typing. We double down on 
this design by elegantly extending DHOL with two practically important type 
constructors that thrive in that setting: refinement and quotient types. Like 
dependent function types, these two require terms occurring in types. Both are 
near-impossible to add as an afterthought to a type theory with decidable typing. 

We translate the resulting logic to HOL, obtaining a practical automated 
theorem proving workflow for DHOL with refinement and quotient types. Our 
main result is the proof of soundness and completeness of this translation.
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We used an extensional subtyping approach, where .A≺:B holds iff all .A-terms 
also have type . B. This allows combining typed representations and efficient rea-
soning. We established all the expected variance and normalization laws except 
for function types with refined domains. Future work must investigate how to 
improve on this to make normalizing types and thus subtype-checking simpler. 

We also want to carry our results for DHOL over to existing refine-
ment/quotient type systems for programming languages like Quotient Haskell, 
where DHOL-like axioms are used as lightweight specifications. 
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Abstract. Optimization Modulo Theories (OMT) extends Satisfiability Mod-
ulo Theories (SMT) with the task of optimizing some objective function(s). In 
OMT solvers, a CDCL-based SMT solver enumerates theory-satisfiable total 
truth assignments, and a theory-specific procedure finds an optimum model for 
each of them; the current optimum is then used to tighten the search space for the 
next assignments, until no better solution is found. 

In this paper, we analyze the role of truth-assignment enumeration in OMT. 
First, we spotlight that the enumeration of total truth assignments is subopti-
mal, since they may over-restrict the search space for the optimization procedure, 
whereas using partial truth assignments instead can improve the effectiveness of 
the optimization. Second, we propose some assignment-reduction techniques for 
exploiting partial-assignment enumeration within the OMT context. We imple-
mented these techniques in the OPTIMATHSAT solver, and we conducted an 
experimental evaluation on OMT benchmarks. The results confirm the improve-
ment in both the efficiency of optimal solving and the quality of the obtained 
solutions for anytime solving. 

Keywords: Optimization Modulo Theories · Enumeration · Partial 
Assignments 

1 Introduction 

Satisfiability Modulo Theories (SMT) is the problem of deciding the satisfiability of 
a logical formula w.r.t. some background theory, such as linear and nonlinear arith-
metic, bit-vectors, arrays, or uninterpreted functions [ 2]. Many SMT-encodable prob-
lems also require the capability of finding models that are optimal w.r.t. some objective 
functions. These problems are grouped under the term Optimization Modulo Theories 
(OMT) [ 6,25,31]. OMT has been successfully applied to a wide range of problems, 
such as verification of timed and hybrid systems [ 14,31], numeric [ 16] and tempo-
ral planning [ 26,27], optimal scheduling [ 7], constrained goal modelling [ 24], hybrid 
machine learning [ 37], GAS optimization for smart contracts [ 1], and optimum encod-
ings for quantum annealing [ 3,10], establishing OMT solvers as powerful tools for 
solving complex constraint optimization problems in various domains. 

OMT Solving. A general OMT-solving strategy [ 25,31,32] consists in performing a 
sequence of incremental SMT calls, progressively tightening the range of values for the 
c The Author(s) 2026 
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objective function. Specifically, an SMT solver is used to enumerate T -satisfiable truth 
assignments that propositionally satisfy the problem formula . ϕ. For each such truth 
assignment, a T -optimizer finds a T -model of optimum cost within it. A constraint 
is then added to the formula to tighten the upper bound for the cost of the optimum 
model, and the search continues until the formula is found unsatisfiable. Besides opti-
mal solving, an important feature of OMT solvers is the ability to provide the user with 
a good-enough solution within a given time budget. This capability, known as anytime 
OMT solving, is especially valuable in industrial applications where finding the opti-
mum solution may be computationally impractical, and it is rather more important to 
obtain high-quality solutions quickly. 

OMT techniques have been developed for LRA [ 6,32], LIRA [ 6,33], NRA  [ 4], 
NIA  [ 4], BV [ 23,39], and FP  [ 39]. Also, OMT has been extended to deal with mul-
tiple objectives including lexicographic OMT [ 6,33], boxed OMT [ 6,17,33], min-max 
OMT [ 34], and Pareto OMT [ 6]. Recently, a Generalized OMT calculus has been pro-
posed, extending the definition to objectives over partially ordered sets [ 41]. 

Partial Assignments Enumeration in SMT. The problem of truth assignment enumera-
tion has been studied in recent years, mainly in the context of SAT and SMT enumer-
ation (AllSAT and AllSMT). Typically, enumeration algorithms [ 12,13,15,35,36] rely  
their efficiency on the enumeration of partial assignments to reduce both the number 
of enumerated assignments and the computational time by up to an exponential factor. 
Several techniques have been proposed to find short satisfying partial assignments start-
ing from a total assignment, trading off efficiency for effectiveness (e.g., [ 22,29,38]). 
Also, the impact of CNF-ization on the effectiveness of partial assignment reduction 
has been recently studied in [ 20,21]. 

Contributions. In this paper, we study the applicability of enumeration-based tech-
niques to OMT solving, and, in particular, the usage of partial truth assignment reduc-
tion to improve the effectiveness and efficiency of OMT solving. First, we notice that 
OMT solvers typically invoke the T -optimizer on total truth assignments, and we spot-
light how this can be suboptimal in many cases. Second, we propose some ways to 
exploit partial truth assignments in OMT solving, tailoring existing techniques to the 
OMT context. We discuss the general idea for an arbitrary theory, and describe an 
implementation for the specific case of linear arithmetic over LRA and LIRA, possi-
bly combined with other theories. We implemented these strategies in the OMT solver 
OPTIMATHSAT [  34], and we show through an empirical evaluation over OMT(LRA), 
OMT(LIRA), and OMT(LRA ∪ AR) benchmarks that they improve both the effi-
ciency of optimal solving and the quality of obtained solutions for anytime solving. 

Related Work. The idea of using partial assignments in OMT(LIRA) has been pre-
viously considered in [ 5,18]. In [ 5], the authors mention that in lazy OMT-solving, 
the truth assignments should preferably be prime implicants. This approach, how-
ever, is theory-blind; our reduction techniques, instead, specifically target theory-literals 
involved in optimization, which proves crucial for the solver efficiency. A similar idea 
was proposed in [ 18], where the truth assignments are reduced to prime implicants 
before invoking the T -solver and T -minimizer. Though our work is similar in flavour
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to theirs, there are some key differences: (a) their enumeration algorithm only adds 
clauses blocking the minimized truth assignment, whereas modern OMT solvers add 
cost bounds .(cost < ub) to prune the search space, which has been shown to be much 
more effective; (b) we also propose a cost-guided technique, which we show to perform 
much better in practice. 

Organization. The rest of the paper is organized as follows. In Sect. 2, we provide 
the necessary background on SMT and OMT solving. In Sect. 3, we analyze the role of 
total and partial truth assignments in OMT solving. In Sect. 4, we propose two strategies 
to exploit partial truth assignments in OMT solving. In Sect. 5, we present an experi-
mental evaluation of the proposed strategies over OMT(LRA), OMT(LIRA), and 
OMT(LRA ∪ AR) benchmarks. Finally, in Sect. 6, we conclude the paper and discuss 
future work. 

2 Background 

Notation and Terminology. We assume the standard setting with quantifier-free first-
order formulas, and the standard notions of theory, satisfiability, logical consequence. 
We assume the reader is familiar with these notions and with the lazy CDCL-based 
SMT-solving approach, and refer to [ 2] for a comprehensive introduction to SMT. 

In this paper, we denote SMT formulas by. ϕ, theories by. T , variables by.x, y, atoms  
by. α, truth assignments by.μ, η, and models by.M; all symbols possibly with subscripts 
or superscripts. We denote by Atoms(ϕ) the set of atoms occurring in a formula ϕ. 

2.1 Satisfiability Modulo Theories 

Given a first-order theory T , a  T -atom is any atomic formula built over the signature 
of T . A  T -literal is a T -atom or its negation. A T -formula is either a T -literal or a 
combination of formulas by means of standard Boolean operators. From now on, we 
assume every formula is in Conjunctive Normal Form (CNF), i.e., it is a conjunction 
(. ∧) of clauses, where each clause is a disjunction (. ∨) of literals. (If it is not, then it can 
be easily converted into CNF by applying the standard transformations [ 28,40]). 

Satisfiability Modulo Theories (SMT) is the problem of deciding the satisfiability 
of a first-order formula w.r.t some first-order theory T , or combination of first-order 
theories .T ∪ T . A formula is T -satisfiable if it is satisfiable in a model of T (a T -
model). Popular theories include linear and nonlinear arithmetic over the reals or inte-
gers (LRA, NRA, LIRA, and NIRA), bit-vectors (BV), and floating-point (FP). 

Lazy SMT-Solving. Given a formula. ϕ with.Atoms(ϕ) = {α1, . . . , αn}, a truth assign-
ment .μ : Atoms(ϕ) ,⊥} maps atoms in . ϕ to truth values. A partial truth assign-
ment is a partial mapping, and a total truth assignment is a total mapping. We represent 
a truth assignment. μ also as a conjunction of literals . μ(αi)=

αi ∧ μ(αi)=⊥ ¬αi. We  
say that . μ propositionally satisfies . ϕ iff . μ satisfies all clauses in . ϕ. 

The CDCL(T ) algorithm [ 19] is based on the so-called lazy approach to SMT (see 
e.g., [ 2,30]), which exploits the fact that a T -formula . ϕ is T -satisfiable iff there exists
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a truth assignment . μ that propositionally satisfies . ϕ and . μ is T -satisfiable. It combines 
a CDCL-based SAT-solver with a T -specialized decision procedure called T -solver to 
decide the consistency of a set of T -literals. Whenever the SAT-solver finds a truth 
assignment .μ propositionally satisfying . ϕ, it invokes the T -solver to check the T -
satisfiability of . μ. If  . μ is T -satisfiable, then the T -solver returns a model .M, that is 
also a model of . ϕ. Otherwise, the T -solver returns a subset of . μ that causes the T -
unsatisfiability, which is learned by the SAT-solver and used in subsequent iterations to 
prune the search space. 

To maximize efficiency, most T -solvers can be called incrementally via a stack-
based interface, keeping the status of the search between calls. E.g., an efficient, incre-
mental LRA-solver, can be built on a variant of the Simplex algorithm designed to 
be integrated within a lazy SMT framework [ 11]. The combination of theories can be 
handled efficiently by delayed theory combination [ 8]. 

Another important feature of CDCL-based SMT solvers is that they provide a stack-
based incremental interface, allowing to push and pop clauses and incrementally check 
the satisfiability of the formula conjoined with the pushed clauses, maintaining most of 
the learned information between calls. 

2.2 Optimization Modulo Theories 

Let T be a theory admitting some total order relation “. ≤” over its domain, let ϕ be 
a T -formula, and let cost be a T -term which we call objective function. Optimization 
Modulo Theories (OMT(T )) is the problem of finding a model for ϕ that makes the 
value of cost minimum according to the order given by. ≤ (maximization is dual) [ 4,31]. 
To simplify the presentation, we focus on minimization, but the same concepts apply 
to maximization as well. Notice that, in general, ϕ can be built on a combination of T 
with other theories (.OMT(T ∪T )), and the same concepts apply to such cases [ 31,32]. 

Example 1. Consider the LRA-formula on the rational variables .x, y: 

.
ϕ

def= ((2x − 3y ≤ 6) ∨ (x ≤ 4))∧
((y ≤ 2) ∨ (y ≤ −3x + 9) ∨ (x < −2)).

(1) 

ϕ is LRA-satisfiable, e.g., the LRA-model .M def= {x 3, y 0} satisfies . ϕ. 
Consider the OMT(LRA) problem ϕ, cost where . ϕ is the LRA-formula in (1), 

and .cost
def= −2x. Then the model .M def= {x 3, y 0} has .cost = −6. A better 

model of ϕ is, e.g., .M def= {x 6, y 2}, that has .cost = −12. This model is also 
the model of ϕ with minimum cost. 

Lazy OMT Solving. A general optimization strategy implemented by state-of-the-art 
OMT solvers, and typically used for OMT(LRA) and OMT(LIRA), is the so-called 
linear-search strategy [ 25,31,32]. It consists in solving a sequence of SMT problems 
where the space of feasible solutions is progressively tightened by learning unit clauses 
in the form .(cost < ub), ub being the currently-known upper bound for cost. At each 
iteration, the solver can either find a model .M whose value of cost is smaller than ub, 
or detect the unsatisfiability of the current formula. In the first case, the solver invokes
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a T -specific procedure, called T -minimizer, to find an optimum model .M within the 
truth assignment induced by M. Then, .ub is set to .M (cost), and the search continues. 
In the second case, the formula has no models with cost lower than ub, and the search 
terminates as the last model found is optimum. 

Alternatively, the solver could also follow a binary-search strategy [ 31]. In this case, 
a lower and upper bound lb and ub are kept s.t. the optimum model lies in the interval 
.(lb, ub]. At each iteration, an intermediate value .pivot ∈ (lb, ub] is chosen, and the 
solver checks if there exists a model with cost lower than pivot. If so,  pivot becomes 
the new upper bound, otherwise, it becomes the new lower bound. The search terminates 
when lb and ub are equal, and the last model found is optimum. (In continuous domains, 
e.g., OMT(LRA), to guarantee termination, it is necessary to interleave binary-search 
steps with a linear-search step [ 31]). In this paper, we focus on the linear-search strategy, 
but the analysis applies to the binary-search strategy as well. 

If .ϕ is built on a combination of theories, then the T -minimizer is invoked on 
.μT ∪ μed—i.e., the subset of .μ containing only the atoms in T and the interface 
(dis-)equalities [ 31,32] The implementation of T -minimizers for LRA and LIRA 
is briefly described in the next paragraph. 

T-minimizers. A LRA-minimizer [ 31,32] can be implemented as a simple extension 
of the Simplex-based LRA-solver [ 11]. For LIRA, a minimizer can be built on top 
of a branch-and-bound LIRA-solver [ 5, 6,33], by replacing the LRA-solver with a 
LRA-solver&minimizer to solve each relaxed subproblem. To find an optimum model 
within the truth assignment, once a LIRA-model .M is found, a constraint . (cost <
M(cost)) is pushed onto the LIRA-solver, and the search is iteratively refined until 
no better model exists. An alternative strategy, implemented, e.g., in OPTIMATHSAT, 
is the so-called truncated optimization [ 33], where the LIRA-minimizer stops after 
finding the first model .M. Although this model may be sub-optimal for the current 
truth assignment—allowing the same assignment to be found again by the CDCL(T ) 
procedure—this approach is typically much faster and remains effective in practice. 

Remark 1. Importantly, the lazy OMT solving approach allows for an anytime behavior, 
i.e., we can interrupt the search at any time and return the best model found so far. 

2.3 SAT and SMT Enumeration 

SAT enumeration (AllSAT) is the problem of finding all the truth assignments that 
propositionally satisfy a propositional formula. SMT enumeration (AllSMT) is the 
problem of finding all T -satisfiable truth assignments that propositionally satisfy a T -
formula. Since a partial assignment can be extended to .2k total truth assignments, . k
being the number of unassigned atoms, finding short partial truth assignments is a key 
point in reducing both the number of enumerated truth assignments and the computa-
tional time by up to an exponential factor. 

Many enumeration algorithms find total truth assignments, and then extract partial 
truth assignments from them by some reduction procedure. A basic reduction proce-
dure is illustrated in Algorithm 1. It consists in iteratively dropping literals one-by-one 
from the truth assignment, checking if it still satisfies the formula. The resulting partial
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Algorithm 1. REDUCE-ASSIGNMENT(ϕ, η) 
Input: CNF formula ϕ, T -satisfiable total truth assignment η satisfying ϕ 
Output: Reduced (minimal) partial truth assignment μ ⊆ η satisfying ϕ 

1: μ ← η 
2: for ∈ μ do 
3: if μ \ {  } satisfies all clauses in ϕ then 
4: μ ← μ \ {  } 
5: return μ 

assignment is minimal, i.e., it cannot be further reduced without violating the satis-
faction of the formula. Notice that the order in which literals are dropped can have a 
significant impact on the effectiveness of the reduction procedure. 

3 An Analysis of Enumeration in OMT 

In the following, to simplify the notation and the presentation, we refer to one single 
theory T , but the results can be straightforwardly extended to combinations of theories. 

As described in Sect. 2.2, a basic OMT solving schema involves the interaction of 
a combinatorial and a theory-specific optimization components. In the combinatorial 
component, an SMT solver enumerates T -satisfiable truth assignments that proposi-
tionally satisfy the problem formula . ϕ conjoined with increasingly tighter bounds on 
the cost of the optimum solution. In the theory-specific component, a T -minimizer finds 
a T -model of minimum cost within the constraints imposed by the given truth assign-
ment. This model is then used to tighten the upper bound for the cost of the optimum 
model and continue the search, until the formula is found unsatisfiable. 

Since the enumeration is based on the CDCL(T ) schema [ 19], these truth assign-
ments are typically total, i.e., they assign a truth value to each atom of the formula. 
However, we point out that total truth assignments can often over-constrain the search 
space for the optimum model, whereas relying on partial truth assignments can be 
much more effective. Intuitively, by removing from the current satisfying truth assign-
ment T -constraints that are not strictly necessary for the propositional satisfaction of 
the formula, we enlarge the area within which the optimum model is searched, thus 
increasing the chances of finding a better optimum model. This means that the solver 
can add a tighter upper bound to the cost of the global optimum, potentially reducing 
the number of search iterations needed to find it, and consequently the overall solving 
time. Moreover, this improvement can be crucial for anytime OMT solving, as it allows 
the solver to converge faster to better solutions within the given time limit. 

We illustrate this idea in the following example. 

Example 2. Consider the OMT(LRA) problem ϕ, cost where ϕ is the formula in (1) 
in Example 1, and .cost

def= −2x. Consider the following scenario, which is graphically 
represented in Fig. 1. Consider the LRA-satisfiable total truth assignment that proposi-
tionally satisfies . ϕ: 

.μ
def= {(2x − 3y ≤ 6), (y ≤ 2),¬(x < −2), (y ≤ −3x + 9), (x ≤ 4)}. (2)
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Fig. 1. Graphical representation of Example 2. For each step, the half-planes representing the con-
straints in the truth assignment are delimited by dashed lines and colored in grey. The intersection 
of these constraints is colored in blue, with a gradient that follows the value of.cost (the lower the 
value of .cost, the more intense the color), and the red dot represents the optimum model found 
within this region. (Color figure online) 

The optimum model of . μ is {x 3, y 0} with .cost = −6 (Fig. 1a). We notice that 
some literals in . μ are not strictly necessary for propositionally satisfying . ϕ. In fact, we  
only need one true literal in each clause to propositionally satisfying the formula. Not 
every drop is equally effective, though. For instance, if we drop .(x ≤ 4), .(y ≤ 2), or  
.¬(x < 2), then we get a truth assignment with the same optimum as . μ, since these 
literals don’t “oppose” to the optimization of .cost in . μ. Dropping at least one of the 
other two literals, instead, leads to a truth assignment with a better optimum model. For 
instance, if we drop .(y ≤ −3x + 9), we get: 

.μ
def= μ \ {(y ≤ −3x + 9)} = {(2x − 3y ≤ 6), (y ≤ 2),¬(x < −2), (x ≤ 4)}. (3) 

The optimum model of.μ is {x 4, y 2/3} with.cost = −8 (Fig. 1b). At this point, 
two constraints, .(x ≤ 4) and .(2x − 3y ≤ 6), oppose to the optimization of .cost, and 
either of them can be safely dropped. Assume that we drop .(x ≤ 4), then we get: 

.μ
def= μ \ {(x ≤ 4)} = {(2x − 3y ≤ 6), (y ≤ 2),¬(x < −2)} (4) 

with optimum model {x 6, y 2} and .cost = −12 (Fig. 1c). Now, the only literals 
opposing to the optimization of .cost are .(2x − 3y ≤ 6) and .(y ≤ 2), but none of them 
can be dropped. Hence, no further improvement can be obtained. 

In general, partial truth assignments have an optimum model that is necessarily bet-
ter or equal to that of the total truth assignments extending them. Since multiple partial 
truth assignments can be obtained from a total one, the choice of which constraints to 
drop can be crucial to improve the quality of the optimum model found. 

4 Exploiting Partial Truth Assignments in OMT 

The general schema of our approach is presented in Algorithm 2. This algorithm is a 
variant of the basic OMT linear-search schema [ 31,32] described in Sect. 2.2. The  main
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Algorithm 2. LINEAR-SEARCH OMT WITH PARTIAL ASSIGNMENTS(ϕ, cost) 
Input: Formula  ϕ, objective cost 
Output: SAT/UNSAT, optimum model M 

1: M ←  ∅ // Best model found so far 
2: ub ← ∞ // Current upper bound 
3: res← SAT // Status of the search 
4: while res = SAT do 
5: res, η SMT.IncrementalSolve(ϕ ∧ (cost < ub)) 
6: if res = SAT then 
7: μ ← OMT-REDUCE-ASSIGNMENT(ϕ, η, cost) 
8: M ←  T-Solver.Minimize(μ, cost) 
9: ub ← M(cost) 
10: if M = ∅ then 
11: return UNSAT, 
12: else 
13: return SAT, 

difference is the call to the OMT-REDUCE-ASSIGNMENT procedure (line 7), which 
is responsible for reducing the truth assignment to be fed to the T -minimizer, pro-
vided that the resulting partial truth assignment still propositionally satisfies the for-
mula. Depending on the implementation of this procedure, the assignment-reduction 
strategy can be more or less effective in improving the search for the global optimum. 

In Sect. 4.1 and Sect. 4.2, we describe two possible implementations of this proce-
dure. 

4.1 Basic Assignment Reduction 

The first approach is to reduce the truth assignment using Algorithm 1 in Sect. 2.3, i.e., 
iterating over all the literals in the current truth assignment . η, and dropping them one 
by one, if possible. A straightforward improvement is to only try to drop T -literals, 
since they are the ones that, if dropped, can potentially enlarge the area within which 
the optimum T -model is searched. In the case of theory combination, we drop only lit-
erals from the theory T of the “. ≤” symbol w.r.t. which we minimize. Possibly, heuris-
tics can be used to choose an appropriate dropping order; in our implementation, we 
used the default strategy that follows the appearance order of the atoms in the formula. 
This procedure is simple and general, and comes with a limited overhead, as each truth 
assignment is scanned only once to find the literals to drop, and the T -minimizer is 
called only once for each candidate assignment. 

This approach, however, might not be very effective in practice, as it “blindly” 
removes literals from the truth assignment without taking into account the properties 
of the OMT search strategy. In particular, the search space may be enlarged in a direc-
tion that does not improve the objective, bringing no benefit to the search. Accurately 
choosing which literals to drop is crucial because the removal of a literal may prevent 
the removal of other literals that could potentially be more relevant for the optimization.
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Algorithm 3. OMT-REDUCE-ASSIGNMENT-GUIDED (ϕ, η, cost) 
Input: Formula  ϕ, T -satisfiable total truth assignment η satisfying ϕ, objective cost 
Output: Reduced truth assignment μ ⊆ η satisfying ϕ 

1: μ ← η 
2: M ←  T-Solver.MinimizeApprox(μ, cost) 
3: ← T-Solver.ProposeLiteralToDrop() 
4: while = ⊥ do 
5: if μ \ {  } satisfies all clauses in ϕ then 
6: μ ← μ \ {  } 
7: M ←  T-Solver.MinimizeApprox(μ, cost) 
8: ← T-Solver.ProposeLiteralToDrop() 
9: return μ 

4.2 Guided Assignment Reduction 

We propose an ad-hoc assignment-reduction technique for OMT solving, which is out-
lined in Algorithm 3. Suppose that, after the T -minimizer has found a minimum model 
within the current truth assignment. μ (line 2), it returns also one (or more) literal(s) that 
limit the current minimum (line 3). These literals are part of some (possibly minimal) 
.μ ⊆ μ such that .μ ∪ {cost < M(cost)} is T -unsatisfiable. Intuitively, the removal of 
any literal . ∈ μ is very likely to lead to a better optimum model, provided that . μ \ { }
still propositionally satisfies . ϕ (line 5). 

We can then iteratively drop these literals and re-run the T -minimizer, until no more 
literals can be dropped (lines 4–8). Notice that instead of T-Solver.Minimize, here we 
call T-Solver.MinimizeApprox, suggesting that also a relaxed optimization algorithm 
could be used. In the next paragraph, we describe how this can be exploited for LIRA. 

Notice that, in Algorithm 3, we only drop one literal before every optimization call; 
nevertheless, in principle, more literals could be dropped. Experimentally, we found that 
dropping more than one literal was not beneficial. The reason is that, generally, when 
a literal is removed, most of the other literals in .μ do not limit the current minimum 
anymore. Hence, their removal not only does not lead to a better optimum model, but 
also can prevent the removal of other more-relevant literals. 

On Proposing Literals to Drop. For an arbitrary theory T , a generic implementation for 
T-Solver.ProposeLiteralToDrop (Algorithm 3, lines 3, 8) could be as follows. Once a 
minimum model .M for . μ is found, invoke the T -solver on .μ ∧ (cost < M(cost)) and 
return a (possibly-minimal) conflict set. For some theories, ad-hoc (possibly heuristic) 
procedures can be employed. We describe two such techniques for LRA and LIRA. 

As we recalled in Sect. 2.2, a  LRA-minimizer can be implemented as a variant of 
the Simplex method [ 11,31], by which an optimum model is always found on a vertex 
of the polytope defined by the conjunction of LRA-constraints on which it is invoked. 
Thus, in this case, the candidate constraints to be dropped are those that form such a 
vertex. This information can be easily obtained from the Simplex tableau [ 11]. 

For LIRA, directly using a LIRA-minimizer and then identifying the limiting 
constraints presents some challenges: (a) a single call to the branch-and-bound-based
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LIRA-minimizer is worst-case exponential, hence calling it multiple times (as in Algo-
rithm 3) is not feasible; (b) extracting the limiting constraints from a LIRA-minimizer 
is not straightforward. We thus propose proceeding as follows. First, for the procedure 
T-Solver.MinimizeApprox a LRA-minimizer is invoked on the relaxation of . μ. Then, 
the procedure T-Solver.ProposeLiteralToDrop can be implemented as for LRA. The  
intuition here is that reasoning on the relaxation of . μ is much easier and cheaper— 
especially if incremental calls are used—and still allows for enlarging the search area 
in a favourable direction for the LIRA-minimizer. We remark that, after the assign-
ment reduction, in Algorithm 2 (line 8), the complete LIRA-minimizer is called. 

As a last aspect, we suggest that, if the T -minimizer is able to find an optimum 
model . μ, then we can use these limiting literals .l1, . . . , ln also to learn a theory lemma 
.(¬(cost < ub) ∨ ¬l1 ∨ . . . ∨ ¬ln) that blocks truth assignments that we know are not 
better than the current upper bound .ub—thus preventing useless calls to the T -solver. 
The idea is that, in order to find a model with .cost < ub, we need to assign at least one 
of these literals to false. This is the case of LRA, but not of LIRA if the truncated 
minimization method is used (see Sect. 2.2). 

5 Experimental Evaluation 

We implemented the above algorithms in the OMT solver OPTIMATHSAT [  34], which 
is built on top of the MATHSAT5 SMT solver [ 9]. We evaluated the proposed strate-
gies on a set of OMT(LRA), OMT(LIRA), and OMT(LRA ∪ AR) benchmarks 
coming from different sources, evaluating both solving time for optimum solving, and 
the quality of the solutions found within the given timeout for anytime solving. All the 
experiments were run on an Intel Xeon Gold 6238R @ 2.20GHz 28 Core machine with 
128 GB of RAM, running Ubuntu Linux 22.04. The timeout was set at 1200 s. The 
tool, benchmarks and results are available at https://optimathsat.disi.unitn.it/resources/ 
optimathsat-partial-assignments.tar.gz. 

5.1 Benchmarks 

We evaluated the proposed strategies on two classes of OMT(LRA) benchmarks: 
OMT-encoded optimal temporal planning [ 26,27] and strip-packing problems [ 31, 
32]. We also modified the strip-packing benchmarks to use OMT(LIRA) and 
OMT(LRA ∪ AR) encodings, to evaluate the effectiveness of our strategies in these 
theories. 

Optimal Temporal Planning. In [ 26,27], the authors proposed a way to encode optimal 
temporal planning problems into a sequence of OMT(LRA) problems. Each problem 
encodes a bounded version of the problem up to a fixed horizon, with additional abstract 
actions representing an over-approximation of the plans beyond the bound, minimizing 
the makespan, i.e., the total time taken to reach the goal. If the optimal plan is found 
without using the abstract actions, then the plan is optimum for the original problem. 
Otherwise, the horizon is increased, and the process is repeated. We generated problems 
using the industrial problems Majsp (80 instances), MajspSimplified (80 instances), and 
Painter (30 instances) [ 27], with increasing horizon .h ∈ {5, 10, 15, 20, 25, 30, 35, 40}, 
for a total of 1520 instances.

https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
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Strip-Packing. The strip-packing problem (SP) requires arranging .N rectangles with 
widths .Wi and heights .Hi into a strip of fixed height .H and unlimited length. The goal 
is to minimize the length of the used part of the strip, ensuring all rectangles are placed 
without overlap or rotation. An OMT(LRA) encoding for SP was proposed in [ 32]. 
Following [ 32], we sampled .Hi uniformly in .(0, 1], .Wi in .(1, 2], and set .H =

√
N/2. 

We also generated OMT(LIRA) SP problems, by randomly choosing with equal 
probability whether encoding the coordinates of each rectangle with integer or ratio-
nal variables. Finally, we generated OMT(LRA ∪ AR) encodings for SP, by sim-
ply replacing the variables .xi in the OMT(LRA) encoding with a LRA ∪ AR term 
.read(x, i + offset), where . x is an array mapping from rationals to rationals, . i is a con-
stant indicating the index of the rectangle, and .offset is a fresh rational variable. 

For each of these encodings, we generated 25 random SP problems for each value 
of .N ∈ {25, 50, 75, 100}, for a total of .100 instances per encoding. 

5.2 Results 

Figures 2, 3, 4 and 5 show the results on temporal planning and SP benchmarks for 
the different theories, respectively. For each benchmark set, we report a set of scatter 
plots. 

On the rows, we have different metrics, namely the solving time in seconds 
(time(s)), the upper bound (u.b.)—i.e., the optimum value when the solver termi-
nated within the time limit, or the value of the best solution found within the timeout 
otherwise—and the number of iterations (# iter) taken to reach the upper bound (see 
Algorithm 2). 

On the columns, we compare the results obtained with the different truth-
assignment-reduction strategies: in the left and center columns, we respectively com-
pare the basic and the guided reductions with the plain algorithm without reductions. In 
the right column, we compare the two reduction strategies. 

.OMT(LRA) Benchmarks. The results are summarized in Figs. 2 and 3. 

Optimal Temporal Planning (Fig. 2). In these benchmarks, with no truth-assignment 
reduction, OPTIMATHSAT reported 246 timeouts out of 1520 problems, 211 with the 
basic reduction, and 212 with the guided reduction. 

From the plots (first row, left and center columns), we can see that applying either 
reduction almost uniformly improves the solving time with few exceptions, making 
optimal solving up to twice as fast as with no reduction. 

Moreover, we observe that reducing truth assignments is very effective also for any-
time solving (second row, left and center columns). Notice that when the solver termi-
nated within the timeout with both strategies, then the corresponding points lie on the 
bisector, whereas when at least one strategy times out, the points are generally below 
the bisector. Indeed, this shows that, for anytime solving, both the basic and the guided 
reductions allow finding a much better upper bound than with no reduction. 

Finally, we can see that both strategies are particularly effective in reducing the 
number of iterations needed to either find the optimum or to reach the best upper bound 
within the timeout (third row, left and center). Reducing the number of iterations is not
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Fig. 2. Results on OMT(LRA)-encoded optimal temporal planning problems. 

an advantage in itself, but it is a good indicator of the effectiveness of truth-assignment 
reduction strategies in OMT. 

Overall, in these benchmarks there is no clear winner between the two reduction 
strategies (right column), but it is evident that applying either form of truth-assignment 
reduction can be beneficial in OMT, both for optimal and anytime solving. 

Strip-Packing (Fig. 3). Since no instance in this set of benchmarks terminated within 
the timeout, for these benchmarks we omit the time plots. We can see that here the 
basic reduction strategy is not really effective, since the value of the upper bound is 
not improved compared to the no-reduction strategy (first row, left column). Also, the 
number of iterations only slightly decreases (second row, left column), suggesting that 
here blindly removing atoms from the truth assignment does not help much in finding
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Fig. 3. Results on OMT(LRA)-encoded strip-packing problems. 

Fig. 4. Results on OMT(LIRA)-encoded strip-packing problems.
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Fig. 5. Results on OMT(LRA ∪ AR)-encoded strip-packing problems. 

better solutions. On the other hand, the guided reduction strategy is much more effec-
tive, since it allows finding a much better upper bound within the timeout (first row, 
center and right columns), and the number of iterations is drastically reduced (second 
row, center and right columns). 

.OMT(LIRA) Benchmarks. The results are summarized in Fig. 4. 

Strip-Packing (Fig. 4). The plots show that also for LIRA, the trend is similar to the 
one for LRA. In fact, the basic reduction strategy is not very effective for improving 
the upper bound (first row, left column), and the number of iterations is only slightly 
reduced (second row, left column). On the other hand, the guided reduction allows find-
ing a much better upper bound within the timeout (first row, center and right columns). 
Notice that, since these problems are much harder than the OMT(LRA) ones, the num-
ber of iterations completed within the timeout is much smaller, so that the upper bounds 
found are also bigger. 

.OMT(LRA ∪ AR) Benchmarks. The results are summarized in Fig. 5. 

Strip-Packing (Fig. 5). Similarly, here we can see that the technique works also for 
combination of theories, such as LRA ∪ AR. The results are similar to the ones for 
LRA, and the advantage of the guided reduction is even more evident. 

Discussion. The results show that applying either form of truth-assignment reduction 
can be beneficial in OMT, both for optimal and anytime solving, and that accurately
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selecting which atoms to remove from the truth assignment can make a significant dif-
ference in finding better solutions in fewer iterations. 

We observe, however, that a much smaller number of iterations, i.e. of truth assign-
ments enumerated, not always correlates linearly with the solving time. This can be due 
to several reasons. 

First, we remark that global efficiency of OMT depends on several factors, including 
the enumeration order of truth assignments, and different literal selections may alter this 
order. Also, the removal of some literals from the assignments can prevent the removal 
of others in subsequent iterations. The effects of these factors are quite unpredictable. 

Second, we notice that in these problems, the number of truth assignments enumer-
ated is typically contained to a few hundred. In fact, in OMT the bounds on the objective 
function already allow performing a very effective pruning of the search space. 

Moreover, this pruning is typically done by theory reasoning, and most of it has to 
be done anyway, regardless of the number of truth assignments enumerated. Making it 
in a single iteration or in many iterations may not reflect as much on the solving time, 
because of the efficient incrementality of SMT solvers, which can reduce a lot the cost 
of consecutive iterations. 

6 Conclusions and Future Work 

In this paper, we have investigated the role of truth assignment enumeration in OMT 
solving, and proposed some ways for exploiting partial truth assignments for improving 
the efficiency and effectiveness of the search. In particular, we have proposed a truth 
assignment reduction strategy that takes advantage of the properties of the optimization 
problem to accurately choose the atoms to remove from the truth assignment. 

We have implemented the proposed strategies in the OPTIMATHSAT solver, and 
evaluated them on a set of OMT(LRA), OMT(LIRA), and OMT(LRA ∪ AR) 
benchmarks. Our experimental results show that the proposed strategies can signifi-
cantly improve the performance of the solver, uniformly reducing the overall solving 
time for optimal solving, and finding much better solutions for anytime solving for all 
the analyzed theories. 

Other truth assignment reduction strategies, such as entailment-based methods [ 12], 
have shown significant benefits for SAT enumeration. Their extension to OMT problems 
could be a promising direction for future work. 
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Abstract. Shininess and strong politeness are properties related to the-
ory combination procedures. In a paper titled “Many-sorted equivalence 
of shiny and strongly polite theories”, Casal and Rasga proved that for 
decidable theories, these properties are equivalent. We refine their result 
by showing that: (i) shiny theories are always decidable, and therefore 
strongly polite; and (ii) there are (undecidable) strongly polite theories 
that are not shiny. This line of research is tightly related to a recent series 
of papers that have sought to classify all the relations between theory 
combination properties. We finally complete this project, resolving all of 
the remaining problems that were previously left open. 

1 Introduction 

In 2005, the shiny combination method was introduced [ 19], and was able to 
handle theories that were left out of the Nelson–Oppen method [ 11]. Unlike 
the Nelson–Oppen method, which requires both combined theories to be stably 
infinite, shiny combination requires a stronger property (shininess), but only 
from one of the theories. This allowed for theories that are not stably infinite, like 
the theory of bit-vectors [ 2], to be combined with other theories. 

Shininess requires the ability to compute cardinalities of minimal models, 
which is computationally expensive. This was one of the reasons that led to the 
introduction of the polite combination method [ 15], replacing the computation of 
cardinalities by a computation of formulas called witnesses. The resulting prop-
erty is called politeness. Later, in 2010, it was clarified that actually a stronger 
property is required for polite combination, called strong politeness [ 8]. While 
the definitions of shininess and strong politeness are different, in 2018, Casal and 
Rasga proved that they are equivalent for decidable theories [ 4]. 

In this paper, we investigate the equivalence between shininess and strong 
politeness, without assuming decidability. Our main result is that shiny theories 
are always strongly polite, while the converse does not hold. For the former, 
we show that shiny theories are always decidable, and then strong politeness 
follows. For the latter, we construct examples. Our examples are theories that 
are non-trivial, and build on a graph-theoretical interpretation of models. 

We also study the relationship between strong politeness and additive polite-
ness, a notion that was introduced in [ 16] to simplify strong politeness proofs, 
c The Author(s) 2026 
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and was shown to imply strong politeness. We prove that the converse does not 
hold in general, but it does hold in the absence of predicates (except equality). 

Our results have several implications. First, they provide a deeper under-
standing of shininess and strong politeness. Second, since SMT solvers often 
deal with undecidable theories, combination methods for such theories can be 
useful for those cases in which the underlying solvers of both theories return a 
result. Third, our results entail that there are theories for which it is possible to 
compute witnesses but impossible to compute minimal models. This affirms the 
aforementioned motivation from [ 15] for the introduction of politeness, namely 
that the minimal model function is harder to compute in general than a witness. 1

There is a completely different way to tell this story, leading to a fourth 
implication. The papers [ 21– 23] analyzed connections between various proper-
ties, including (strong) politeness and shininess. For almost every combination 
of properties, they either found an example or proved that there are none. For 
three particular combinations, however, this was left open: Unicorn 1.0, 2 Unicorn 
2.0, and Unicorn 3.0 theories. In [ 14], it was proved that Unicorn 1.0 theories do 
not exist. Here, we prove that Unicorn 2.0 theories exist, while Unicorn 3.0 the-
ories do not. We also resolve a related question from [ 14] regarding uncountable 
signatures. This closes all questions regarding unicorn theories, thus completing 
the project of analyzing the connections between theory combination properties. 

The two narratives are inter-related: the nonexistence of Unicorn 3.0 theories 
directly follows from the implication from shininess to strong politeness; And 
every theory that is strongly polite but not shiny is a Unicorn 2.0 theory. 

Figure 1a shows the connections between shininess, strong politeness and 
additive politeness. Blue connections are known, black are new. Figure 1b lists 
the results on unicorns, referring each problem to the section where it is solved. 

To summarize: Sect. 3 proves that all shiny theories are decidable (and there-
fore strongly polite), and concludes that there are no Unicorn 3.0 theories. 
Section 4 constructs strongly polite theories that are not shiny. All of them 
are Unicorn 2.0 theories. Section 5 proves that strong politeness does not imply 
additive politeness, except over algebraic signatures. Section 6 solves a related 
problem from [ 14]. Section 7 concludes with directions for future work. 3

2 Preliminaries 

In what follows, . N denotes the set of non-negative integers, .N+ = N \ {0}, . |X|
is the cardinality of the set . X, .ℵ0 = |N|, and  .Nω = N ∪ {ℵ0}. 

2.1 Many-Sorted Logic 

A signature .Σ is a triple .(SΣ ,FΣ ,PΣ) where .SΣ is a non-empty set (of sorts), 
.FΣ is a set of function symbols, each equipped with an arity .σ1 × · · · × σn → σ,
1 The adoption of polite combination in cvc5 [ 1] provides an empirical affirmation. 
2 In [14,21], these were simply called Unicorn theories. We rename them here to Uni-

corn .1.0, in order to be consistent with the other types of unicorns from [23]. 
3 Some proofs are omitted and can be found in the arXiv version of this paper [13]. 



Shininess, Strong Politeness, and Unicorns 137

Fig. 1. A summary of the contributions of this paper. 

for .σ1, . . . , σn, σ ∈ SΣ , and  .PΣ is a set of predicate symbols, each with an arity 
.σ1 × · · · × σn, for  .σ1, . . . , σn ∈ SΣ , that includes the equality symbol .=σ of arity 
.σ×σ, for every .σ ∈ SΣ , usually denoted simply as . =. A signature is called empty 
if it contains no function and predicate symbols other than the equalities. The 
cardinality of a signature is the cardinality of .SΣ ∪ FΣ ∪ PΣ . 

We define terms, formulas, literals, clauses (disjunctions of literals), and sen-
tences in the usual way; the set of free variables of sort . σ in . ϕ is denoted by 
.varsσ(ϕ), the set of free variables whose sort . σ lies in .S ⊆ SΣ is denoted by 
.varsS(ϕ), and the set of all of its variables is simply .vars(ϕ). If  . s is a function 
symbol of arity .σ → σ and . x a variable of sort . σ, we define recursively the 
terms .s0(x) = x and .sn+1(x) = s(sn(x)). A  Horn clause is a formula of the form 
.∀x1, . . . , xn. ϕ such that . ϕ is quantifier-free and has the form . 1 ∨ · · · ∨ m for 
literals . 1 m, such that there is at most one .1 ≤ i ≤ m such that . i is an 
atomic formula (and all the other . is are negations of atomic formulas). 

A .Σ-structure . A maps: each .σ ∈ A to a non-empty set .σA, called the domain 
of . σ in . A; each .f ∈ FΣ to a function .fA : σA

1 ×· · ·×σA
n → σA, where . σ1×· · ·×σn →

σ is the arity of . f ; and each predicate .P ∈ PΣ to a subset .PA of .σA
1 × · · · × σA

n , 
where .σ1 × · · · × σn is the arity of . P . A  .Σ-interpretation .A is a .Σ-structure 
further equipped with a mapping of variables . x to elements .xA, such that if . x
has sort . σ, then .xA ∈ σA. The value .τA of a term . τ is defined as usual. If .Γ is 
a set of terms, .ΓA = {τA : τ ∈ Γ}. Satisfaction is defined as usual, and denoted 
. . Formulas we will make use of are given in Fig. 2, and an interpretation . A
that satisfies .ψσ

≥n (or .=σ (x1, . . . , xn)), .ψσ
≤n or .ψσ

=n has, respectively, at least, 
at most, or exactly . n elements in .σA. When .SΣ = {σ}, we omit . σ from these 
formulas. 

Fig. 2. Cardinality formulas, all variables are of sort . σ.
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A .Σ-theory .T is the class of all .Σ-interpretations that satisfy a set of sen-
tences .Ax(T ) called the axiomatization of . T . We call them .T -interpretations. 
A formula satisfied by a .T -interpretation is said to be .T -satisfiable (or simply 
satisfiable if .T includes all .Σ-interpretations), and if .ϕ is satisfied by all .T -
interpretations it is said to be .T -valid, and we write . T ϕ. Two formulas are said 
to be .T -equivalent if they are satisfied by precisely the same .T -interpretations. 
A standard result that we will use is the Löwenheim–Skolem theorem. 

Theorem 1 ([ 10]). If .Σ is countable and .Γ is a satisfiable set of .Σ-formulas, 
there is a .Σ-interpretation . B with .B Γ and .|σB| ≤ ℵ0 for all .σ ∈ SΣ. 

2.2 Theory Combination Properties 

In what follows, .Σ is a signature and .T is a .Σ-theory. .T is decidable if the 
set .{ϕ ∈ QF (Σ) | ϕ is T -satisfiable} is decidable, where .QF (Σ) is the set of 
quantifier-free formulas over . Σ. . T is convex [ 11] w.r.t. . S if . T ϕ → n

i=1 xi = yi

implies . T ϕ → xi = yi for some .1 ≤ i ≤ n, where . ϕ is a conjunction of literals 
and .xi and .yi have sorts in . S. 

.T is stably infinite [ 12] (respectively, has the finite model property) w.r.t. 
.S ⊆ SΣ if for every .T -satisfiable .ϕ ∈ QF (Σ), there is a .T -interpretation . A
with .A ϕ such that for every .σ ∈ S, .|σA| ≥ ℵ0 (respectively, .|σA| < ℵ0). . T
is smooth [ 15] w.r.t. .S if for every quantifier-free formula . ϕ, .T -interpretation 
.A with .A ϕ, and function . κ from .S to the class of all cardinals such that 
.κ(σ) ≥ |σA| for every .σ ∈ S, there is a .T -interpretation .B with .B ϕ and 
.|σB| = κ(σ) for all .σ ∈ S. If we add the assumption that .κ(σ) < ℵ0 for every 
.σ ∈ SΣ , the resulting property is called finite smoothness [ 14]. .T is stably finite 
[ 15] if for every quantifier-free formula . ϕ and .T -interpretation .A with . A ϕ
there is a .T -interpretation . B with .B ϕ, and  .|σB| < ℵ0 and .|σB| ≤ |σA| for all 
.σ ∈ S. 

Take a finite set of variables . V and an equivalence relation . E on . V such that, 
if . x and . y are of different sorts, then .xEy (where .E is the complement of . E). 
We define the arrangement induced by . E on . V , denoted by .δE

V or .δV if explicitly 
mentioning .E is not necessary, as the conjunction of the literals .x = y if .xEy, 
and .¬(x = y) if .xEy. 

.T is finitely witnessable [ 15] w.r.t. .S if it has a witness . wit : QF (Σ) →
QF (Σ), which is a computable function such that for any quantifier-free formula 
. ϕ: . ϕ and .∃−→x . wit(ϕ) are .T -equivalent, where .−→x = vars(wit(ϕ)) \ vars(ϕ); and, 
if .wit(ϕ) is .T -satisfiable, there is a .T -interpretation .A with .A ϕ and . σA =
varsσ(wit(ϕ))A for each .σ ∈ S. .T is strongly finitely witnessable [ 3] w.r.t. . S if it 
has a strong witness, which is a witness that satisfies, for every quantifier-free 
formula . ϕ, finite set of variables .V whose sorts are in . S, and arrangement . δV

in . V , if  .wit(ϕ) ∧ δV is .T -satisfiable, then there exists a .T -interpretation .A with 
.A wit(ϕ) ∧ δV and .σA = varsσ(wit(ϕ) ∧ δV )A for each .σ ∈ S. .T is polite, 
respectively strongly polite, w.r.t. . S if it is smooth and finitely witnessable w.r.t. 
. S, respectively smooth and strongly finitely witnessable.
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A minimal model function [ 19,23] w.r.t. .S ⊆ SΣ for .T is a function that 
takes .ϕ ∈ QF (Σ) and returns a set .MMT (ϕ) of functions .n from .S to the 
class of all cardinals such that, if . ϕ is .T -satisfiable: for every . n in .MMT (ϕ), 
there exists a .T -interpretation .A with .A ϕ and .n(σ) = |σA| for all .σ ∈ S; if  
.m,n ∈ MMT (ϕ) and .m = n, there exists .σ ∈ S such that .m(σ) < n(σ); and for 
every .T -interpretation .A that satisfies . ϕ, there exists .n ∈ MMT (ϕ) such that 
.n(σ) ≤ |σA| for all .σ ∈ S. .T is called shiny w.r.t. . S if it is smooth, stably finite, 
and has a computable minimal model function, all w.r.t. . S. 

.T is a Unicorn .1.0 theory w.r.t. .S if it is stably infinite, strongly finitely 
witnessable but not smooth, all w.r.t. . S. It is a  Unicorn .2.0 theory w.r.t. . S if 
it is strongly finitely witnessable but does not have a computable minimal model 
function, both w.r.t. . S [ 23]. It is a Unicorn .3.0 theory w.r.t. . S if it is polite and 
shiny, but is not strongly polite, all w.r.t. . S [ 23]. 

We have the following theorem: 

Theorem 2 ([ 6,18]). If .Ax(T ) consists solely of Horn clauses, then .T is con-
vex. 

3 Shiny Theories Are Always Decidable (and Strongly 
Polite) 

In [ 4], it was proven that for decidable theories, strong politeness and shininess 
are equivalent: 

Theorem 3 ([ 4, Theorem 3.10]). A decidable theory is strongly polite w.r.t. 
a finite set . S of sorts if and only if it is shiny w.r.t. . S. 

In this section, we show that the right-to-left direction holds without assum-
ing decidability. Moreover, the reason for this is that shiny theories are in fact 
always decidable. 

Now, it is important to clarify that the definition of shininess in [ 4] is slightly 
different from ours (which comes from [ 23]): in [ 4], the minimal model function of 
a .Σ-theory . T is only defined over .T -satisfiable .Σ-formulas. With this definition, 
we cannot ask whether the minimal model function is computable for undecidable 
theories, since its domain is an undecidable set. In [ 23], a more general definition 
was found, that would apply also to undecidable theories. Thus, the domain of 
the minimal model function is all quantifier-free formulas, although the function 
can return anything for unsatisfiable formulas. This is natural: without knowing 
that a formula is .T -satisfiable, we may still be able to determine the size of its 
minimal model in case it is .T -satisfiable. However, this is not the only way one 
could have generalized the definition to undecidable theories; one could have 
instead allowed the minimal model function to be partial, so that the algorithm 
computing it may not terminate for unsatisfiable formulas. That said, we follow 
[ 23] in requiring the minimal model function to be total, an assumption we make 
essential use of.
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With our definition, it makes sense to ask whether an undecidable theory is 
shiny. We show that the answer is always no: every shiny theory is decidable. In 
fact, we show something stronger, namely, that smoothness does not need to be 
assumed, but can be replaced by stable infiniteness. 

Theorem 4. If a theory .T is stably infinite, stably finite, and has a computable 
minimal model function, all with respect to a non-empty set of sorts . S, then . T
is decidable. 

Note that all the assumptions of the theorem are necessary: decidability 
does not follow from stable infiniteness and stable finiteness alone, and also 
not from either of them combined with the computability of the minimal model 
function. For more details on this, see Remark 1 of Sect. 4.4 below, where concrete 
examples are given. 

Theorem 4 implies that shiny theories are decidable, since smoothness is a 
stronger property than stable infiniteness. As a corollary, we see that shininess 
implies strong politeness: 

Corollary 1. If a theory is shiny with respect to a finite set of sorts . S, then it 
is strongly polite with respect to . S. 

The fact that shininess implies politeness solves a problem that was left open 
in [ 23]. In that paper, it was left undetermined whether there exist Unicorn 3.0 
theories, that is, theories that are polite and shiny, but not strongly polite. In 
particular, such theories, if exist, must be shiny without being strongly polite. 
But Corollary 1 tells us that such theories do not exist. 

Corollary 2. There are no Unicorn 3.0 theories. 

4 Some Strongly Polite Theories Are Not Shiny 

In this section, we study the following question, which is the converse of the 
question from Sect. 3. 

.(∗) Does strong politeness imply shininess? 

By Theorems 3 and 4, this is equivalent to asking whether strong politeness 
implies decidability. Similarly to Sect. 3, this is also related to a question left open 
in [ 23]: the existence of strongly finitely witnessable theories that do not have a 
computable minimal model function, a.k.a. Unicorn 2.0 theories. If such theories 
do not exist, then the answer to .(∗) would be positive. In contrast, if such theories 
exist, this is still not enough to provide a negative answer: Unicorn 2.0 theories 
are definitely not shiny, since they do not have a computable minimal model 
function. But, they are only required to be strongly finitely witnessable, and not 
necessarily smooth. Thus, if a Unicorn 2.0 theory is found that is not smooth, 
this does not help us with determining the answer for .(∗). In fact, thanks to [ 14, 
Theorem 2], we know that every strongly finitely witnessable theory that is also
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stably infinite is strongly polite (over countable signatures). Thus, a negative 
answer to .(∗) can be obtained by finding a Unicorn 2.0 theory that is also stably 
infinite. 

As part of our strategy to resolve .(∗), we make a detour into the land of 
Unicorn 2.0 theories. One of the goals of [ 23] was to determine the feasibility of all 
Boolean combinations of model-theoretic properties studied there. After Sect. 3, 
we are closer to the end of that project, as it determined the feasibility of Unicorn 
3.0 theories. To fully complete that project, we need to determine the feasibility 
of 10 different kinds of Unicorn 2.0 theories. Two of them, over empty signatures, 
will be shown to be impossible in Sect. 4.1. The remaining eight cases, all over 
non-empty signatures, are in fact possible, which we demonstrate in Sect. 4.2. 
Specifically, we prove that in non-empty signatures there are Unicorn 2.0 theories 
with all the possible combinations of the following properties: .(1) being defined 
over a one-sorted (or many-sorted) signature; .(2) being stably infinite (or not 
stably infinite); and .(3) being convex (or not convex). In total, we present . 8
Unicorn 2.0 theories. Since they include stably infinite ones, we obtain in Sect. 4.3 
a positive answer to .(∗). We conclude this section by completing the picture of 
strong politeness, shininess, and decidability, by showing which combinations of 
these properties are possible in Sect. 4.4. 

4.1 Unicorns .2.0 over Empty Signatures 

We prove that there are no Unicorn 2.0 theories over empty signatures with 
finitely many sorts. 

We start by proving that all theories that are based on empty signatures with 
finitely many sorts are decidable. 

Lemma 1. If .Σ is an empty signature with finitely many sorts and .T is a .Σ-
theory, then .T is decidable. 

Proof Sketch. Let .{σ1, . . . , σn} be the sorts of . Σ. Using a result very similar 
to Dickson’s lemma [ 5], which states a subset of .Nn has only finitely many 
minimal elements, we obtain . T has only finitely many interpretations . A such that 
.(|σA

1 |, . . . , |σA
n |) is maximal. Because the signature is empty, to check whether . ϕ

is .T -satisfiable it is then enough to test whether . ϕ has an interpretation . B in 
equational logic such that .|σB

i | ≤ |σA
i | for all .1 ≤ i ≤ n. . 

Now, let us go back to Theorem 3. The proof of the left-to-right direction 
assumes decidability, strong finite witnessability and smoothness, and proves 
stable finiteness and the computability of the minimal model function. A closer 
look at the proof reveals that when proving computability of the minimal model 
function, smoothness is not used. We can therefore obtain the following lemma, 
that was nevertheless not mentioned explicitly in [ 4]: 

Lemma 2. If .T is decidable and strongly finitely witnessable with respect to . S, 
then it has a computable minimal model function with respect to . S.
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Combining these two lemmas, we obtain that there are no Unicorn .2.0 theo-
ries over an empty signature with finitely many sorts. 

Corollary 3. If .Σ is an empty signature with finitely many sorts, and .T is 
a .Σ-theory strongly finitely witnessable with respect to .S ⊆ SΣ, then it has a 
computable minimal model function with respect to . S. 

4.2 Unicorns 2.0 over Non-empty Signatures 

Table 1. Signatures. All function symbols of .Σ∗ and .f have arity .σ1 → σ1. .N , . T , and  
.P have arity .σ1. Each .Pi is a nullary predicate. .< has arity .σ1 × σ1. 

Section Signature Sorts Function Symbols Predicate Symbols 
Section 4.2.Σf .{σ1} .{f} . ∅

.Σ2
f .{σ1, σ2}.{f} . ∅

Section 4.4.Σ1 .{σ1} .∅ . ∅
.Σn

P .{σ1} .∅ . {P1, P2, . . .}
Section 5 .ΣP .{σ1} .∅ . {P}
Section 6 .Σ∗ .{σ1} .{fρ | ρ ∈ 2ω} . {N, T, <}

We now prove that there are Unicorn 2.0 theories over non-empty signatures. 
We start with the one-sorted case. The many-sorted case will be dealt with in 
the end of this section. We work within a single-sorted signature .Σf with only 
a unary function symbol . f and sort . σ1, as described in Table 1. 

Our theories will make use of the following formula: 

Definition 1. Given a number . n and a variable . x, we denote by .cyclen(x) the 
formula .fn(x) = x ∧ m|n

m=n

fm(x) = x, where  .m | n means that .m divides . n. 

In any .Σf -interpretation . A, .fA is, of course, a unary function. As such, 
it gives rise to a directed graph in which the vertices are the elements of .σA

1 , 
and each vertex has out-degree 1. For each .n ∈ N

+, and  .Σf -interpretation . A, 
.A |= cyclen(x) if .xA is a part of a cycle of length . n. Notice that this is stronger 
than just having .A |= fn(x) = x, as in the latter case we might also have 
.A |= fm(x) = x for some .m that properly divides . n. 4

We define four Unicorn 2.0 .Σf -theories: .T1, T2, T3, T4. Their axiomatizations 
appear in Table 2. We will prove that . T1, in addition to being Unicorn 2.0, is also 
stably infinite and convex; .T2 is stably infinite but not convex; .T3 is not stably 
infinite but convex; and .T4 is neither stably infinite nor convex.

4 In .cyclen(x), the requirements .m|n and .m = n can be replaced by the requirement 
.m < n. However, we chose an encoding that skips redundant cases. 
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Table 2. Theories. .cyclen(x) is defined in Definition 1. .S is an undecidable set of prime 
numbers. In . h , .h : N → {0, 1} is a non-computable function. .ψP

n abbreviates the 
formula .(∃ x1, . . . , xn. = (x1, . . . , xn) ∧ n

i=1 P (xi)). 

Section Theory Signature Axiomatization Source 
Section 4.2.T1 .Σf .{(∃ x. cyclen(x)) → ∀ x. f2(x) = x | n ∈ S} new 

.T2 .Σf .Ax(T1) ∪ {¬∃ x. cycle6(x)} new 

.T3 .Σf .Ax(T1) ∪ {(∃ x. f(x) = x) → ∀ x. ∀ y. x = y} new 

.T4 .Σf .Ax(T2) ∪ Ax(T3) new 
Section 4.4.TEQ .Σ1 .∅ everywhere 

.T=1 .Σ1 .{ψ=1} [21] 

. h .Σn
P .{Pn : h(n) = 1} ∪ {¬Pn : h(n) = 0} ∪ {ψ=1} new 

Section 5 .T2n .ΣP .{ψP
n → ψ≥2n | n ∈ N

+} new 
Section 6 .T∗ .Σ∗ See Definition 4 new 

Let us provide some intuition for their definitions. We assume an arbitrary 
but fixed undecidable set . S of prime numbers that are greater than or equal to 
. 7. 5 Let . A be a .Σf -interpretation, and let .GA be the graph induced by .fA. Then: 
.A is a .T1-interpretation if .GA either has no cycles whose lengths are in . S, or it  
has no cycles of length . 1 and . 2. . A is a .T2-interpretation if it is a .T1-interpretation, 
and, in addition, .GA has no cycles of length . 6. .A is a .T3-interpretation if it is 
a .T1-interpretation, and, in addition, if .GA has a loop (i.e., a cycle of length 
. 1), then .σA

1 has a single element. Finally, .A is a .T4-interpretation if it is both a 
.T2-interpretation and a .T3-interpretation. 

Fig. 3. The interpretations .A2, .A3 and .A6, from left-to-right, all satisfy .f6(x) = x, 
but only .A6 satisfies .cycle6(x). 

We prove that all theories .T1, . . . , T4 are Unicorn 2.0 theories; that is, they are 
strongly finitely witnessable (Lemma 3) but do not have a computable minimal

5 Such sets exist: consider any undecidable set .S0, and  let  .S1 be the image of the 
function . p that takes a natural number . i from .S0 and returns the .ith prime number. 
Then, .S1 is also undecidable. Finally, define .S := S1 \ {1, . . . , 6}. Then  .S is an 
undecidable set of prime numbers greater than or equal to . 7. 
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model function (Lemma 4). For the latter, it can be shown that a computable 
minimal model function can be used to decide . S, contradicting its undecidability. 

Lemma 3. For each .i ∈ [4], .Ti is strongly finitely witnessable. 

Lemma 4. For each .i ∈ [4], .Ti has no computable minimal model function. 

Now that we have found four Unicorn 2.0 theories, we prove which properties 
each of them admit: the first two are stably infinite while the last two are not, 
and .T1 and .T3 are convex while .T2 and .T4 are not. 

For the first two theories, it is possible to add arbitrarily many elements to 
their interpretations without creating new cycles, and thus the resulting inter-
pretations belong to the theories. 

Lemma 5. For each .i ∈ {1, 2}, the theory .Ti is stably infinite. 

In contrast, theories .T3 and .T4 are not stably infinite, as they restrict the 
size of the domain. 

Lemma 6. For each .i ∈ {3, 4}, the theory .Ti is not stably infinite. 

Proof. .f(x) = x is only .T3- and  .T4-satisfiable by interpretations of size 1. . 

Next, we show that .T1 and .T3 can be re-axiomatized using Horn clauses, and 
then from Theorem 2 we get that they are convex. 

Lemma 7. For each .i ∈ {1, 3}, the theory .Ti is convex. 

Proof. If . n is prime, we have that .cyclen(x) is equivalent to .fn(x) = x∧f(x) = x, 
and therefore .(∃x. cyclen(x)) → ∀x. f2(x) = x is equivalent to . ∀x. ∀ y. fn(x) =
x ∨ f(x) = x ∨ f2(y) = y. Also, .(∃x. f(x) = x) → ∀x. ∀ y. x = y is equivalent to 
.∀x.∀ y.∀ z. f(x) = x∨ y = z. Therefore, .Ti can be axiomatized by Horn clauses, 
which implies that .Ti is convex by Theorem 2. . 

Finally, we show that .T2 and .T4 are not convex. 

Lemma 8. For each .i ∈ {2, 4}, the theory .Ti is not convex. 

Proof. We have . Ti
f6(x) = x → (f2(x) = x ∨ f3(x) = x). Indeed, let .A be a 

.Ti-interpretation. Then clearly, . = cycle6(x). Now suppose .A |= f6(x) = x. 
Then .A |= f(x) = x, or  .A |= f2(x) = x, or  .A |= f3(x) = x. If the first case 
holds, then so do the second and the third. Hence we get .A |= f2(x) = x, or  
.A |= f3(x) = x. 

However, . Ti
f6(x) = x → f2(x) = x and . Ti

f6(x) = x → f3(x) = x. 
Indeed, consider a .Ti-interpretation . A that satisfies .cycle2(x)∧¬cycle3(x) (such 
as .A2 from Fig. 3). Then .A |= f6(x) = x but . = f3(x) = x. Similarly, Consider 
a .Ti-interpretation . B that satisfies .cycle3(x)∧¬cycle2(x) (see .A3 in Fig. 3). Then 
.A |= f6(x) = x but . = f2(x) = x. .
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With this, we have proven all necessary requirements for theories .T1, . . . , T4. 
Now, we turn to theories over a many-sorted signature. For that, we utilize 

the signature .Σ2
f from Table 1, that simply adds a sort (. σ2) to  .Σf . Rather than 

introducing completely new theories for this signature, we use the following result 
from [ 21], according to which a sort can be added while preserving all relevant 
properties. 

Definition 2 ([ 21], Definition 4). If .T is a .Σf -theory then .(T )2 is the .Σ2
f -

theory axiomatized by .Ax(T ). 

Lemma 9 ([ 21,23]). Let .T be a .Σf -theory and .X be either strong finite wit-
nessability, computability of the minimal model function, stable infiniteness or 
convexity. Then: .T admits property .X with respect to .{σ1} iff .(T )2 admits prop-
erty .X with respect to .{σ1, σ2}. 

Thus, for the many-sorted case, we simply use the theories .(T1)2, .(T2)2, 
.(T3)2, and  .(T4)2. For example, .(T1)2 has the exact same axiomatization as . T1. It  
just has the additional sort .σ2 in its signature. Thus, every .T1-interpretation can 
be turned into a .(T1)2-interpretation by simply assigning any non-empty domain 
to sort . σ2. 

Corollary 4. For each .i ∈ [4], .(Ti)2 is strongly finitely witnessable and does not 
have a computable minimal model function. Further, .(Ti)2 is stably infinite iff 
.i ∈ {1, 2} and is convex iff .i ∈ {1, 3}. 

The results regarding Unicorn 2.0 theories over non-empty signatures are 
summarized in Table 3. For each theory, we list whether it is defined over a 
one-sorted signature, whether it is stably infinite, and whether it is convex. 

Table 3. Unicorn 2.0 Theories in Non-empty Signatures. 

Theory One Sorted Stably Infinite Convex 
T1 

T2 ✗ 
T3 ✗ 
T4 ✗ ✗ 

(T1)
2 ✗ 

(T2)
2 ✗ ✗ 

(T3)
2 ✗ ✗ 

(T4)
2 ✗ ✗ ✗
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4.3 Back to Theorem 3 

We have now finished the detour to Unicorn 2.0 theories, and are able to come 
back to our original question .(∗) from the beginning of the section, and provide 
a negative answer: decidability is required for the second direction of Theorem 
3, or in other words, the converse of Corollary 1 does not hold without further 
assuming decidability. 

Corollary 5. There are theories that are strongly polite but are not shiny. 

Proof. For example, stably infinite Unicorn 2.0 theories .T1 and .T2 are such. 
Indeed, no Unicorn 2.0 theory can be shiny. Further, every such theory that is 
stably infinite must be strongly polite, as [ 14] has shown that stable infiniteness 
and strong finite witnessability imply smoothness. . 

By Theorem 3, this also means there are undecidable strongly polite theories. 

Corollary 6. There are theories that are strongly polite but are not decidable. 

4.4 Completing the Picture 

From [ 4], we know that there are no decidable theories that are strongly polite 
but not shiny (or vice versa). From Theorem 4, we also know that there are no 
theories that are shiny but undecidable. From Corollary 5, we know that there 
are undecidable theories that are strongly polite but not shiny. What about the 
other possible combinations of decidability, shininess, and strong politeness? 

We conclude this section by constructing theories for all the other combina-
tions. The signatures for our theories are given in Table 1. The theories them-
selves are axiomatized in Table 2. 

We start with a decidable, strongly polite and shiny theory. For that, we 
simply take the empty theory .TEQ over the empty one-sorted signature .Σ1. This 
is the theory that is axiomatized by the empty set of axioms. The congruence 
closure algorithm (see, e.g., [ 9]) decides it; and it was proven to be strongly polite 
in [ 8,15]. From Theorem 3 it is also shiny. 

To obtain a theory that is decidable but neither shiny nor strongly polite, 
consider .T=1 (originally introduced in [ 21]), of structures with a single element. 
It is decidable, as it satisfies all equalities and no disequalities. It is clearly not 
smooth, and so it is neither strongly polite nor shiny. 

Finally, for an undecidable theory that is neither shiny nor strongly polite, 
we use . h , defined over signature .Σn

P . It has nullary predicates .P1, P2, . . ., 
such that .Pn holds iff .h(n) = 1, for some non-computable function . h, and all its 
models are singletons. . h is undecidable, otherwise we could compute . h. Also, 
it is not smooth, so it is neither strongly polite nor shiny. 

These results are summarized as a Venn diagram in Fig. 4. The left circle 
corresponds to strongly polite theories, the right circle to shiny theories, and the 
middle circle to decidable theories. Notice that the regions that correspond to 
decidable theories that are strongly polite but not shiny or vice versa are hatched,
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marking that they are empty, citing [ 4]. Similarly, the region that corresponds 
to shiny theories that are not decidable is also hatched, citing Theorem 4. All  
other regions are feasible, and have a white background. Each such region lists 
the evidence for its inhabitance. Notice that . h is outside all the circles. 

Remark 1. The examples of this section are useful in order to show that in The-
orem 4 all three properties that are assumed are needed to ensure decidability. 
Indeed, The theory . h is stably finite and has a computable minimal model 
function (every model has size 1), but it is not decidable. Further, the theories 
.T1 and .T2 from Sect. 4.2 are stably infinite and stably finite but not decidable. 
Finally, Peano arithmetic is stably infinite and has a computable minimal model 
function (every model is infinite), but it is not decidable. These examples make 
Theorem 4 more surprising than it may at first seem. 

Fig. 4. A Venn diagram summarizing the feasible combinations of strong politeness, 
shininess and decidability. 

5 Additive Politeness 

In [ 16], the SMT-LIB theory of datatypes was proven to be strongly polite. It was 
observed there, however, that one of the challenges in proving strong politeness 
lies in the need to consider all possible arrangements, which is not needed when 
proving (weak) politeness. In order to make the proof of strong politeness more 
feasible, that paper introduced the notion of additive witnesses. 

Definition 3 ([ 16], Definition 10). Let .f : QF (Σ) → QF (Σ). Let  .S ⊆ SΣ. 
We say that . f is .S-additive for .T if .f(f(ϕ) ∧ ψ) and .f(ϕ) ∧ ψ are .T -equivalent 
and have the same set of .S-sorted variables for every .ϕ,ψ ∈ QF (Σ), provided  
that .ψ is a conjunction of flat literals such that every term in .ψ is a variable 
whose sort is in . S. When  . T is clear from the context, we say that . f is .S-additive. 
We say that .T is additively finitely witnessable w.r.t. . S if there exists a witness 
for .T w.r.t. . S which is .S-additive. .T is said to be additively polite w.r.t. . S if 
it is smooth and additively finitely witnessable w.r.t. . S.
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It has been proven in [ 16] that additively polite theories are strongly polite. 
The converse, however, does not hold. To show this, we define a theory that is 
strongly polite but not additively polite, over signature .ΣP from Table 1. It has  
a single sort . σ1, and one unary predicate symbol . P . The theory, called .T2n and 
axiomatized in Table 2, admits those .ΣP -interpretations .A where for each . n, if  
there are at least . n elements in .PA, then there are at least .2n elements in .σA

1 . 
We prove that .T2n is strongly polite but not additively polite. We do the for-

mer by proving shininess and then using Corollary 1, and the latter by reasoning 
about cardinalities of models of .T2n that satisfy formulas in which .P occurs. 

Lemma 10. The theory .T2n is strongly polite. 

Lemma 11. The theory .T2n is not additively polite. 

Although strong politeness does not imply additive politeness in general, 
this implication holds for theories over algebraic signatures, which are signatures 
containing no predicate symbols (except equality) [ 7]. 

Theorem 5. Let .T be a theory over a countable algebraic signature, and let . S
be a set of sorts. If .T is strongly polite with respect to . S, then it is additively 
polite with respect to . S. 

Note that the strongly polite theories .T1 and .T2 from Sect. 4.2 are over alge-
braic signatures, so they are additively polite. 

6 Finite Smoothness Versus Smoothness 

As the current paper started with Unicorn 3.0 theories (Sect. 3) and continued 
with Unicorn 2.0 theories (Sect. 4), we end it with Unicorn 1.0 theories. 

In [ 14], Unicorn 1.0 theories were proven not to exist. The main step in the 
proof was the following theorem: 

Theorem 6 ([ 14, Theorem 3]). Let .T be a theory over a countable signature. 
If .T is stably finite and finitely smooth, both with respect to a set of sorts . S, then 
.T is smooth with respect to . S. 

Since stably infinite and strongly finitely witnessable theories are both stably 
finite and finitely smooth [ 14, Lemmas 3 and 4], Theorem 6 implies that, over 
countable signatures, such theories are smooth. This is equivalent to the claim 
that Unicorn 1.0 theories do not exist. 

Notice that in Theorem 6 the signature is assumed to be countable. In [ 14], 
the necessity of this assumption was left open. We show that the assumption is 
necessary, by constructing a theory that is stably finite and finitely smooth, but 
not smooth, over an uncountable signature. 

We define in Table 1 a single-sorted signature .Σ∗ with unary predicates . N
and . T , and a binary predicate .< (written infix). 6 The signature .Σ∗ also has
6 Think of .N as being short for “number” and .T as being short for “tree”. 
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function symbols .{fρ | ρ ∈ 2ω}, where .2ω is the set of infinite binary sequences. 
Next, we define the theory . T∗, which we will use to show that Theorem 6 fails 
for uncountable signatures. We do so by first defining a class of interpretations, 
and then closing it to make it a theory. 7

Definition 4. For each .n ∈ N, let  .{0, 1}≤n be the set of sequences over . {0, 1}
of length at most . n. A  .Σ∗-interpretation .A is called ∗-interpretation if there is 
.n ≥ 2 and .S ⊆ {0, 1}n−1 such that: .σA

1 = [0, n − 1] ∪ {0, 1}≤n−2 ∪ S; . NA =
[0, n−1]; .TA = {0, 1}≤n−2∪S; .a <A b if and only if .a, b ∈ NA and . a is less than 
. b as natural numbers; and for every .ρ ∈ 2ω, we have that if .0 ≤ m ≤ n − 2 then 
.fA

ρ (m) is the sequence that consists of the first .m elements of . ρ, if  . m = n − 1
then .fA

ρ (m) ∈ TA, and  if  .m ∈ TA then .fA
ρ (m) = m. 

Let .T∗
− be the class of all ∗-interpretations, and let .Ax be the set of .Σ∗-

sentences that are satisfied by all .∗-interpretations. Then, .T∗ is the theory axiom-
atized by .Ax, that is, .Ax(T∗) = Ax. 

We give some intuition for the definition of a ∗-interpretation . A. Given  . S ⊆
{0, 1}n−1, we can think of .TA = {0, 1}≤n−2 ∪ S as representing a binary tree of 
height . n in which the first .n−1 layers are full (each binary sequence of length . m
is  a node in the  .(m + 1)th layer of the tree). We can think of .NA = [0, n − 1] as 
representing numbers corresponding to each layer of the tree. Then, .ρ ∈ 2ω is a 
path through an infinite binary tree, and .fρ(m) picks out the .(m+1)th element 
along that path, unless .m = n − 1, in which case .fρ(m) can be any element of 
the tree. See Fig. 5 for an illustrated example. 

Fig. 5. Example of a .∗-interpretation . A, including values of the function .fρ on .NA, 
where .ρ = 0000 · · · . Notice that .fρ(3) can be any element of the tree. 

Indeed, .T∗ admits the required properties in order to refute Theorem 6 over 
uncountable signatures: 

Theorem 7. The theory .T∗ is stably finite and finitely smooth but not smooth.

7 The idea underlying the construction is inspired by [17, Exercise 2.3.1 (2)]. 
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6.1 The Existence of Unicorns? 

Theorem 7 gives a counterexample to Theorem 6 for theories over uncountable 
signatures, but Theorem 7 was used in [ 14] as a stepping stone to the following, 
showing that Unicorn 1.0 theories do not exist: 

Theorem 8 ([ 14, Theorem 2]). Let .T be a theory over a countable signature. 
If .T is stably infinite and strongly finitely witnessable, both with respect to a set 
of sorts . S, then .T is smooth with respect to . S. 

Does this theorem generalize to uncountable signatures? The question is 
actually ill-posed. A strong witness is a computable function. If the signature 
is uncountable, the domain of this (computable) function is uncountable, which 
is impossible in the standard notion of computability. The question becomes 
well-posed if we consider a weaker version of strong finite witnessability, where 
the strong witness may be non-computable: Define a strong pre-witness to be a 
strong witness without the computability requirement. We have the following: 

Theorem 9. Let . T be a theory and . S be a finite set of sorts. Then, the following 
are equivalent: .(1) .T is stably finite and finitely smooth with respect to . S; and  
.(2) .T is stably infinite and has a strong pre-witness with respect to . S. 

In particular, this equivalence implies that .T∗ is stably infinite and has a 
strong pre-witness despite not being smooth. Thus, .T∗ is a Unicorn 1.0 theory, 
except for the requirement that its strong witness be computable. Unicorns may 
not exist, but .T∗ is pretty close to one. 

7 Conclusion 

We have refined the main result of [ 4], according to which strong politeness is 
the same as shininess for decidable theories, by showing that shininess implies 
strong politeness (since shiny theories are always decidable), while the converse 
does not hold in general. While doing so, we were able to close all open problems 
raised in a series of papers [ 14,21– 23], by proving that Unicorn 2.0 theories exist, 
Unicorn 3.0 theories do not, and even though Unicorn 1.0 theories do not exist, 
there are theories that admit a similar property. 

This completes the classification of which Boolean combinations of eight 
properties relevant to theory combination are possible (namely: stable infinite-
ness and finiteness, smoothness, weak and strong finite witnessability, the finite 
model property, computability of the minimal model function, and convexity). 
The menagerie of theories we have constructed has already been useful for an 
ongoing research program that studies impossibility results in theory combina-
tion [ 20]. In the future, we hope to make further use of these theories to discover 
more about when theory combination is possible. 
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Abstract. Parametric array theories are extensions of the quantifier-
free theory of arrays with relations that hold componentwise. We observe 
that decision procedures for the satisfiability of these theories rely on a 
kind of finite witnessability property. We use this insight to show the 
politeness of these theories with respect to the index and element sorts. 
Our results clarify the politeness of the theory of sets with the cardinality 
operator, which was left open in the literature. 

1 Introduction 

Satisfiability procedures form the core of SMT solvers. Their goal is to increase 
the automation of the theorem-proving process, reducing the interaction with the 
solver operators. Program verification particularly benefits from theories repre-
senting data structures; therefore, state-of-the-art SMT solvers include efficient 
decision procedures for them. Automatic combination methods, such as Nelson-
Oppen’s [ 12], derive decision procedures for formulas in the combination of data 
structure theories with specific theories of indices and contents. Unfortunately, 
Nelson-Oppen’s method does not work for non-stably infinite theories, such as 
those referring to finite domains. Polite theory combination [ 7,14] addresses this 
problem. 

This paper shows the politeness of data structure theories that generalise 
the extensionality axiom [ 20] to functions and relation symbols. This extension 
is useful in the verification of parametrised systems, where it is important to 
specify properties in subsets of system components. Supporting such generalisa-
tion incurs only a mild overhead with respect to the extensional fragment [ 10] 
and recent work shows that the theory combines with cardinality, regular, and 
aggregation constraints while preserving decidability [ 5,17]. Here, we develop the 
observation that the decision procedures in [ 5,17] reduce the satisfiability of the 
theory to satisfiability over a finite model, a small model property analogous to 
finite witnessability in the polite theory combination framework. We illustrate 
this observation in three paradigmatic examples with component-wise opera-
tions [ 10], cardinality constraints [ 22], and set interpretations [ 1]. These theories 
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extend the quantifier-free theory of power structures [ 4, 9] with read and write 
operations. 

Related Work. The literature on quantifier-free data structure theories is very 
broad. These include theories of sets [ 8], multisets [ 13], theories of sequences [ 18] 
and their combinations [ 5]. These combinations often include expressive theories 
such as theories with cardinality or aggregation constraints. These fragments 
can be used to encode further theories such as regular constraints [ 17,21]. The 
results regarding the modular combination of theories are comparatively under-
developed. The main work, which also originated the research line on polite 
theory combination, is that of [ 14]. Logically, open problems in the area have 
arisen. In [ 2], it is left for future work to determine the politeness of a theory 
of sets with cardinality constraints. We solve this open problem and offer initial 
steps towards full modular combination of decision procedures for more modern 
data structure theories. 

Contributions. We identify a family of data structure theories for which the 
polite theory combination method applies. In particular, we observe that the 
decision procedures for extensions of the theory of powers work by reducing 
satisfiability in the data structure to a finite number of satisfiability queries on 
witnesses on the indices or contents theory and show 

– the politeness for theories of powers with component-wise operations (e.g. 
combinatory array logic) with respect to the index and element sorts, 

– the politeness of theories of set abstractions with cardinality constraints (e.g. 
Zarba’s theory of sets with cardinality constraints, which was left open in [ 2]) 
with respect to the index sort, and 

– the politeness of theories with set interpretations (e.g. the simple flat array 
fragment with fixed set interpretations) with respect to the element sort and, 
when fixing formulas under set interpretations, also with respect to the index 
sort. 

Paper Organisation. Section 2 introduces the polite combination framework. 
Section 3 introduces the data structure theories treated. Section 4 shows polite-
ness of combinatory array logic. Section 5 shows the politeness of theories of 
sets with cardinality constraints. Section 6 shows the politeness of theories of 
interpreted sets with cardinalities. Section 7 concludes the paper. 

2 Polite Combination 

The polite combination method [ 7] provides a .T ∪ T -satisfiability procedure 
when .T and .T are signature-disjoint theories such that .T and .T share only 
a set of sorts . S, .T is strongly polite w.r.t . S, .T is an arbitrary theory, and 
satisfiability procedures are known for . T and . T . Let us start with the definition 
of politeness [ 14]. Let .Σ be a signature, let .S ⊆ ΣS be a set of sorts, and let . T
be a .Σ-theory. We say that . T is polite with respect to . S if it is both smooth and 
finitely witnessable with respect to . S.
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Definition 1 (Smoothness). Let .Σ be a signature, let .S = {σ1, . . . , σn} be a 
set of sorts in . Σ, and  let  . T be a .Σ-theory. We say that . T is smooth with respect 
to . S if: 

– for every .T -satisfiable quantifier-free .Σ-formula . ϕ, 
– for every .T -interpretation .A satisfying . ϕ, 
– for every cardinal numbers .κ1, . . . , κn such that .κi ≥ |Aσi

|, for  .i = 1, . . . , n, 

there exists a .T -interpretation . B satisfying . ϕ such that 

. |Bσi
| = κi, for i = 1, . . . , n

Definition 2 (Finite witnessability). Let .Σ be a signature, let .S be a set 
of sorts in . Σ, and  let  .T be a .Σ-theory. We say that .T is finitely witnessable 
with respect to .S if there exists a computable function witness that for every 
quantifier-free .Σ-formula . ϕ returns a quantifier-free .Σ-formula . ψ = witness(ϕ)
such that (i) . ϕ and .(∃v̄)ψ are .T -equivalent, where .v̄ = vars(ψ)\ vars(ϕ); (ii) if 
. ψ is .T -satisfiable then there exists a .T -interpretation .A satisfying . ψ such that 
.Aσ = [varsσ(ψ)]A, for  each  .σ ∈ S. 

The next two propositions establish sufficient conditions to get smoothness 
and finite witnessability, considering only conjunctions of flat literals. A literal 
is flat if it is of the form, .x = f (y1, . . . , yn), .p (y1, . . . , yn), or  .¬p (y1, . . . , yn), 
where .x, y1, . . . , yn are variables, . f is a function symbol, and . p is a predicate 
symbol. 

Proposition 1 (Smoothness). Let .Σ be a signature, let .S = {σ1, . . . , σn} be 
a set of sorts in . Σ, and  let  . T be a .Σ-theory. Assume that for every conjunction 
.Γ of flat .Σ-literals, for every .T -interpretation .A satisfying . Γ , for every sort 
.τ ∈ S, and for every cardinal number .κ > |Aτ |, there exists a .T -interpretation 
. B satisfying .Γ such that .|Bτ | = κ, and .|Bσ| = |Aσ| for .σ ∈ S\{τ}. Then  .T is 
smooth with respect to . S. 

Proof. See [ 15, Proposition 11]. 

Proposition 2 (Finite Witnessability). Let .Σ be a signature, let .S be 
a set of sorts in .Σ and let .T be a .Σ-theory. Assume that there exists a 
computable function .witness that for every conjunction .Γ of flat .Σ-literals 
such that .varsσ(Γ ) = ∅, for each sort .σ ∈ S, returns a quantifier-free .Σ-
formula .ψ = witness(Γ ) such that (i) .Γ and .(∃v̄)ψ are .T -equivalent, where 
.v̄ = vars(ψ)\ vars(Γ ); (ii) if . ψ is .T -satisfiable then there exists a .T -interpretation 
.A satisfying . ψ such that .Aσ = [varsσ(ψ)]A, for  each  .σ ∈ S. Then  .T is finitely 
witnessable w.r.t. to . S. 

Proof. See [ 15, Proposition 12].
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Politeness implies strong politeness whenever the finite witness associated to 
. T is .S-additive [ 19]. A mapping . w from conjunctions of literals to conjunctions 
of literals is said to be .S-additive for .T if .w(w(φ) ∧ ϕ) and .w(φ) ∧ ϕ are .T -
equivalent and have the same set of .S-sorted variables for every conjunctions of 
literals . φ and . ϕ such that . ϕ is a conjunction of flat literals where every term is a 
variable whose sort is in . S. It is important to notice that all the finite witnesses 
constructed in this paper are actually .S-additive, and in this context politeness 
is sufficient to achieve strong politeness. 

3 Extensions of the Theory of Powers 

The first-order theory of powers [ 9] is the first-order theory of the structure 
.MI , where .M is a given structure and . I is a given set, whose carrier set is the 
set of all functions from . I to the carrier set of .M, and the interpretation of 
functions and relations is defined component-wise in terms of the functions and 
relations in .M. For instance, in linear algebra one often considers the structure 
. R

N ,+ , where we have the definition .a + b = c ↔ ∀i.a[i] + b[i] = c[i], that is,  
the relation .a + b = c holds for vectors if and only if it holds homogeneously 
at every component. We study three theories that extend this construction. 
The first fragment is combinatory array logic [ 10] which extends the quantifier-
free theory of arrays with functions and relations defined componentwise. The 
second fragment is the theory of sets with cardinalities of Zarba [ 22] (we  view  
sets as functions from an index sort to Boole’s algebra . 0, 1},∧,∨, ). The last 
fragment is the simple flat array fragment [ 1,16]. This fragment was also studied 
in [ 4, 6] to extend the results of [ 9] to more general structures and substructures. 

3.1 Combinatory Array Logic 

Fig. 1. .TCAL’s syntax. 

Combinatory array logic [ 10], .TCAL, uses a quantifier-free many-sorted language, 
comprising a sort index for indices, a sort element for elements, and a sort array 
for arrays. In Fig. 1, we use instances of letter . i to refer to variables of the 
index sort, letter . e to refer to variables of sort element and letter . a to refer to 
a variable of the array sort. Function symbol .write takes as input an array, an 
index and an element and returns an array. Function read, . [ ], takes an array 
and an index and returns an element. Function .K takes as input an element and 
returns an array which is constantly equal to that element. Function .mapf (A)
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takes as input a tuple of arrays and returns an array where, for each index . i, 
the .i-th component is the result of applying the uninterpreted function . f to the 
.i-th component of the input arrays. Relation .mapR(A) takes as input a tuple 
of arrays and returns true if and only if the uninterpreted relation .R holds for 
each tuple of elements in the .i-th component. Formally, the introduced symbols 
satisfy the following axioms. 

. ∀a, i, e.write(a, i, e)[i] = e

∀a, i, j, e.i = j ∨ write(a, i, e)[j] = a[j]
∀e, i.K(e)[i] = e

∀a1, . . . , ak, i.mapf (a1, . . . , ak) [i] = f (a1[i], . . . , ak[i])

∀a1, . . . , ak.mapR(a1, . . . , ak) ↔ ∀i.R(a1[i], . . . , ak[i])

We use . f for .mapf and .R for .mapR when no ambiguity occurs. 

3.2 Theories of Sets 

Fig. 2. .TZ’s syntax. 

We will use Zarba’s theory of sets [ 22] for technical reasons (see Sect. 5). Zarba’s 
theory uses a quantifier-free many-sorted language, comprising a sort index for 
indices, a sort int for integers, and a sort set for sets of indices. In Fig. 2, we  
use (indexed) instances of letter . i to refer to variables of the index sort, letter . x
to refer to variables of sort set and letter . k to refer to a variable of the integer 
sort. The language includes a first-order signature .Σindex to express constraints 
over the indices. It also includes constants .0, 1, function . +, and predicate . <. 
Regarding sets, the language contains constant . ∅, functions .{·} (of sort index . →
set), .∪,∩, \ and predicates .∈,⊆. Finally, there is the cardinality function .| · | (of 
sort set .→ int). The semantics of these symbols is the standard. 

Given a formula in .TZ with set variables .S1, . . . , Sn, a Venn region is the 
semantics of a Boolean algebra expression on .S1, . . . , Sn. An elementary Venn 
region is the semantics of a Venn region of the form .Sb1

1 ∩ . . . Sbn
n where . b ∈ {0, 1}

and .S0 := S and .S1 := Sc (i.e. the absolute complement of . S). We usually 
abbreviate such elementary Venn regions as .Eβ where .β = (b1, . . . , bn). We  
often decompose Venn regions .V into their elementary components as .. V =
∪{β|Eβ⊆V }Eβ . This decomposition allows to transform a .TZ formula into an 
equivalent Presburger arithmetic formula with an analogous procedure to that 
of [ 8].
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3.3 Interpreted Theories 

The simple flat array fragment [ 1, 5,16], .TF, uses a quantifier-free many-sorted 
language, comprising a sort index for indices, a sort elem for elements, a sort int 
for integers, a sort set for sets of indices, and a sort array for arrays. In Fig. 3, 
we use (indexed) instances of letter . i to refer to variables of the index sort, letter 
. e to refer to variables of the element sort, letter . x to refer to variables of sort 
set, letter . k to refer to a variable of the integer sort and letter . a to refer to 
a variable of the array sort. The logic has as atoms set interpretations of the 
form .{i | ϕ(a[i], e)} where . a is a set of array variables, .a[i] denotes the set of 
elements in the .i-th component of the array variables, . e is a set of constants of 
the element sort and . ϕ is an uninterpreted first-order formula over the element 
sort. These set interpretations are combined with Boolean algebra expressions 
and cardinality constraints. The semantics of these symbols is the standard. 

Fig. 3. ..TF’s syntax 

4 Politeness of Combinatory Array Logic 

4.1 Smoothness 

Proposition 3. Let .A be a .TCAL-interpretation satisfying a conjunction .Γ of 
flat .ΣCAL-literals. Then there exists a .TCAL-interpretation . B satisfying .Γ such 
that .|Belem| = |Aelem| and .|Bindex| = κ, for each cardinal number .κ > |Aindex|. 
Proof. Let .Vσ = varsσ(Γ ), for  ..σ ∈ {elem, index, array.. }. We construct a .TCAL-
interpretation . B over .Velem ∪Vindex ∪Varray as follows. Fix a set .A (disjoint from 
.Aindex) such that .| Aindex ∪ A |= κ, and let .Bindex = Aindex ∪ A , . Belem = Aelem

and .iB = iA for each index-variable .i ∈ Vindex and .eB = eA for each elem-
variable .e ∈ Velem. In order to define . B over the array-variables, observe that by 
definition of the semantics the index set is non-empty. Thus, we may fix some 
index .i0 ∈ Aindex, and for each array-variable .a ∈ Varray , we let  

. aB(i) =
aA(i), if i ∈ Aindex

aA(i0), otherwise

By construction, . B is a .TCAL-interpretation such that .|Belem| = |Aelem| and 
.|Bindex| = κ. Next, we show that . B satisfies all literals in . Γ .
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– Literals of the form .R(a1, . . . , an): Let  .i ∈ Bindex. 
If .i ∈ Aindex then .R(aB

1 (i), . . . , aB
n(i)) = R(aA

1 (i), . . . , aA
n (i)). 

If .i /∈ Aindex then .R(aB
1 (i), . . . , aB

1 (i)) = R(aA
1 (i0), . . . , aA

n (i0)). 
Since we assume that .A |= R(a1, . . . , an), it follows that .B |= R(a1, . . . , an). 

– Literals of the form .¬R(a1, . . . , an): 
Since .¬R(aA

1 , . . . , aA
n ), there exists .i ∈ Aindex such that .¬R(aA

1 (i), . . . , aA
n (i)). 

It follows that .¬R(aB
1 (i), . . . , aB

n(i)), which implies .¬R(aB
1 , . . . , aB

n). 
– Literals of the form .e = a[i]: 

. eB = eA = [a[i]]A = aA iA = aB iB since iA ∈ Aindex

– Literals of the form .a = write(b, i, e): 
Let .j ∈ Bindex. 
If .j = iB then .aB iB = aA iA = eA = eB. 
If .j ∈ Aindex then .aB(j) = aA(j) = .bA(j) = bB(j). 
If .j /∈ Aindex and .i0 = iB then .aB(j) = aA(i0) = bB(j). 
If .j /∈ Aindex and .i0 = iB then .aB(j) = aA(i0) = eA = bA(i0) = bB(j). 

Proposition 4. Let .A be a .TCAL-interpretation satisfying a conjunction .Γ of 
flat .ΣCAL-literals. Then there exists a .TCAL-interpretation . B satisfying .Γ such 
that .|Bindex| = |Aindex| and .|Belem| = κ, for  each  .κ > |Aelem|. 
Proof. Similar to the proof of Proposition 3, we construct an interpretation on 
the variables by adding new points to the elements’ carrier. In this case, the 
interpretation of the array variables is as in the original model. The new structure 
satisfies all the literals since the new values do not occur in the interpretation of 
the literals. 

Corollary 1 (Smoothness). The theory .TCAL is smooth w.r.t. .{elem, index}. 

4.2 Finite Witnessability 

A witness function .witnessCAL for the theory .TCAL can be defined as follows. 
Without loss of generality, let . Γ be a conjunction of flat .ΣCAL-literals such that 
.varsindex(Γ ) = ∅ and .varselem (Γ ) = ∅. We let witness.CAL(Γ ) be the result of 
applying to . Γ the following transformation: 

1. Replace each literal of the form .¬R(a1, . . . , an) in . Γ with a literal of the form 
.¬R(a1[i], . . . , an[i]), where . i is a fresh index-variable. 

2. For each array index . i and each array variable . a used in the formula, add 
formulas .a[i] = ei where .ei is a fresh element variable. 

3. Substitute other occurrences of the terms .a[i] by the element variable . ei intro-
duced in Step 2 (to ensure that the shape of the literals is as in Proposition 5). 

Remark 1. Let . Γ be a conjunction of flat .ΣCAL-literals, let .Δ = witness .CAL(Γ ), 
and let .v̄ = vars(Δ)\ vars(Γ ). Then . Γ and .(∃v̄)Δ are .TCAL-equivalent. 

Proposition 5. Let .Γ be a conjunction of flat .ΣCAL-literals such that
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– .varsindex(Γ ) = ∅ and .varselem (Γ ) = ∅, and  
– not containing any literal of the form .¬R(a1, . . . , an). 
– where each array read occurs in an equality with an element variable. 

Then the following are equivalent: 

1. .Γ is .TCAL-satisfiable. 
2. There exists a .TCAL- interpretation .A satisfying .Γ such that 

. Aindex = [varsindex(Γ )]A and Aelem = [varselem (Γ )]A

Proof. .(2 ⇒ 1). Immediate. 
.(1 ⇒ 2). Let  .Vσ = varsσ(Γ ), for  ..σ ∈ {elem, index, array.. }. Since .Γ is .TCAL-

satisfiable, there exists a .TCAL-interpretation . B satisfying . Γ . Let . A be the .TCAL-
interpretation over .Velem ∪ Vindex ∪ Varray constructed as follows. 

Let .Aindex = V B
index , .Aelem = V B

elem , .iA = iB, for each index-variable . i ∈
Vindex, .eA = eB for each element variable .e ∈ Velem and .kA = kB for each integer 
variable .k ∈ Vint. For  each  .a ∈ Varray and .i ∈ Vindex, let  . aA iA = aB iB ∈
Aelem. 

Note that .A is a well-defined .TCAL-interpretation, and that . Aσ =
[varsσ(Γ )]A, for  ..σ ∈ {index, elem.. }. Next, we show that .A satisfies all literals in 
. Γ . 

– Literals of the form .R(a1, . . . , an): for  .i ∈ Aindex, 

. R(aA
1 iA , . . . , aA

n iA ) = R(aB
1 iB , . . . , aB

n iB )

– Literals of the form .e = a[i]: . eA = eB = [a[i]]B = aB iB = aA iA
– Literals of the form .a = write.(b, i, e): 

• If .j = iA then .aA iA = bB iB = eB = eA. 
• If ..j ∈ Aindex \ {iA} then .aA(jA) = aB(jB) = bB(jB) = bA(jA). 

Proposition 6 (Additivity). .TCAL is additively finitely witnessable w.r.t. any 
nonempty set of sorts .S ⊆ {elem, index}. 
Proof. It follows directly from the definition of additivity. We show that . f =
witness.CAL(Γ ) is .S-additive. To this end, let . φ, . ϕ be two quantifier-free formulas 
over CAL’s signature such that . ϕ is a conjunction of flat literals where every 
term is a variable whose sort is in . S. Then .f(f(φ) ∧ ϕ) and . f(φ) ∧ ϕ

– are .TCAL- equivalent: .f(f(φ) ∧ ϕ) = f(f(φ)) ∧ f(ϕ) = f(φ) ∧ ϕ. 
– have the same set of .S-sorted variables. 

Proposition 7 (Finite witnessability). The theory .TCAL is additively finite 
witnessable with respect to .{elem, index}. 
Proof. By Proposition 2 , Remark 1, and the additivity of .witnessCAL. 

By Corollary 1 and Proposition 7, we get: 

Theorem 1 (Politeness). The theory .TCAL is strongly polite with respect to 
.{elem, index}.
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5 Politeness of Sets with Cardinalities 

We will now discuss the politeness of theories of sets that use cardinality con-
straints. Several such theories exist in the literature, including Zarba’s fragment 
[ 22], Kunčak-Rinard’s fragment [ 8] and Bansal et al.’s fragment [ 2, 3]. 

The fragment of [ 8] is not polite with respect to the index sort. This fragment 
includes syntax to denote the universe set . U , to denote the absolute complement 
of a set . S, i.e. the set .U \ S and an integer constant denoting the cardinality 
of . U . A formula of the form .|U| = 3 immediately shows that this theory is not 
smooth with respect to the index sort. 

We will show that the theories [ 2, 3,22] are polite with respect to the index 
sort. For smoothness, observe that the complement of the set variables in a 
formula cannot be used [ 2, 3,22] (thus the definition of a “place” in [ 22] requiring 
at least one output equal to one). For finite witnessability, observe that one needs 
to introduce as many index variables as indicated by the minimal size of the 
universe. [ 2, 3] left the politeness of this theory for future work. 

5.1 Smoothness 

Proposition 8. Let .A be a .TZ-interpretation satisfying a conjunction .Γ of 
flat .ΣZ-literals. Then there exists a .TZ-interpretation . B satisfying .Γ such that 
.|Bindex| = κ, for  each  .κ > |Aindex|. 
Proof. Let .Vσ = varsσ(Γ ), for  ..σ ∈ {index, set, int.. }. Construct a .TZ-
interpretation .B over .Vindex ∪ Vset ∪ Vint as follows. Fix a set .A such that 
.|Aindex ∪ A | = κ, let  .Bindex = Aindex ∪ A , .iB = iA, for each index-variable 
.i ∈ Vindex, .xB = xA, for each set-variable .x ∈ Vset and .sB = sA, for  each  
integer variable .s ∈ Vint. By construction .B is a .TZ-interpretation such that 
.|Bindex| = κ. Moreover,  . B satisfies all literals in . Γ , since the newly introduced 
indices in .A belong to the complement of the union of all the interpretations 
of the set variables of the formula, which is unconstrained as we are using the 
relative complement of sets. 

Corollary 2 (Smoothness). The theory .TZ is smooth with respect to index. 

5.2 Finite Witnessability 

Witness Function. A witness function .witnessZ for the theory .TZ can be 
defined as follows. Without loss of generality, let . Γ be a conjunction of flat .ΣZ-
literals such that .varsindex(Γ ) = ∅. .witnessZ(Γ ) outputs the conjunction of . Γ
and the result of the following transformation. 

1. Replace index variables . i with singleton sets .{i} and impose .|{i}| = 1. 
2. Replace formulas .i ∈ x by .{i} ∩ x = {i} and .i /∈ x by .{i} ∩ x = ∅. 
3. Replace .i1 = i2 by .{i1} = {i2} and .i1 = i2 by .{i1 = {i2}. 
4. Replace .x = y by .x ⊆ y ∧ y ⊆ x and .x ⊆ y by .|x \ y| = 0. 
5. Replace .x = y by .|x \ y ∪ y \ x| > 0 and .x y by .|x \ y| > 0.
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6. We set up a linear integer programming problem obtained from applying the 
Venn region decomposition for each Boolean algebra expression .Bi appearing 
in an equation of the form .|Bi| = k. Doing this for every such equation, we 
get a formula 

. G ∧
2n

j=1

lβj
≥ 0 ∧

p

i=0

2n

j=1

Bi βj
· lβj

= ki

where .G is the quantifier-free Presburger arithmetic formula resulting from 
the original by substituting each occurrence of an expression .|Bi| by . ki, each  
bit-number .βj viewed as a bit-string in .{0, 1}n represents the elementary Venn 
region .Eβj

= S
βj(1)
1 ∩ . . . ∩ S

βj(n)
n over the set variables .S1, . . . , Sn occurring 

in the formula (where .S0 := Sc and .S1 := S), .lβj
represents the cardinality 

of .Eβj
and . Bi βj

equals one when .Eβj
⊆ Bi and zero otherwise. 

7. The linear integer program minimises the linear function . 2n−1
j=0 lβj

. 
8. We solve the linear integer program. If there is no solution, we output the 

formula . ⊥. Otherwise, let . s be the minimal solution for the linear integer pro-
gram. For each family of cardinalities .lβj

of the elementary Venn regions such 
that .s = 2n−1

j=0 lβj
, we check the system of cardinality constraints together 

with the requirement that the set .Eβj
has cardinality at least .lβj

is satisfiable. 
For each such family, we build the following formula. 
– We introduce for each elementary Venn region .Eβj

, .lβj
index variables 

. g and require that they are mutually distinct with atoms of the form 

.g1 = g2 and that they belong to .Eβj
, with atoms of the form .g ∈ Eβj

. 
– Rewrite the terms .g ∈ E(0,...,0) into .g /∈ S1∪ . . .∪Sn and absolute comple-

ments .Sc as relative complements .(S1 ∪ . . .∪Sn)\S, so that the resulting 
formula contains no absolute complements (not supported in the fragment 
of [ 22]). 

9. We output the disjunction of the formulas constructed in the previous step. 

Proposition 9. Let . Γ be a conjunction of flat .ΣZ-literals, let .Δ = witness.Z(Γ ), 
and let .v̄ = vars(Δ)\ vars(Γ ). Then  .Γ and .(∃v̄)Δ are .TZ-equivalent. 

Proof. Indeed, if . A is a model of . Γ then it contains at least . s elements. Moreover, 
any such collection of . s elements satisfies the disjunction introduced in Step 9. 
Thus, .A satisfies .(∃v̄)Δ. The converse direction is trivial since . Γ is part of . Δ. 

Proposition 10. Let . Γ be a conjunction of flat .ΣZ-literals with . varsindex(Γ ) =
∅. If  .Δ is .TZ-satisfiable then there exists a .TZ-interpretation . A satisfying .Δ such 
that .Aindex = [varsindex(Γ )]A. 

Proof. If .Δ is .TZ-satisfiable then it is also satisfied by a structure .A of minimal 
index-set size . s. Since .Δ requires the existence of . s distinct indices, it follows 
that the interpretations of the indices of the formula yield the carrier set of the 
index sort in . A. 

We next show that the witness function as given is not additive.
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Example 1. On input .i1 ∈ S ∧ i2 ∈ S, the witness procedure would output 
.i1 ∈ S∧i2 ∈ S∧g ∈ S. Now, if we take .i1 = i2 as a second formula in the definition 
of additivity. Then the output of the witness function applied to the formula 
.i1 ∈ S∧i2 ∈ S∧g ∈ S∧i1 = i2 is .i1 ∈ S∧i2 ∈ S∧g1 ∈ S∧g2 ∈ S∧i1 = i2∧g1 = g2, 
which is not equivalent to .i1 ∈ S ∧ i2 ∈ S ∧ g ∈ S. 

We next give an additive modification of the witness function. 
Proposition 11 (Additivity). .TZ is additively finitely witnessable w.r.t. 
index. 
Proof. Consider the function . f defined as follows for any input formula . φ: 
– if . φ is not arranged then output the disjunction of applying . f to .arr ∧φ for 

each arrangement .arr of the index variables in . φ. 
– if . φ is a .TZ-satisfiable formula of the form .φ ∧ ϕ, where .φ is a witness 

formula of some arranged input and . ϕ is a conjunction of literals between 
.index variables such that .varsindex(ϕ) ⊆ varsindex(φ ), then .f(φ) = φ; 

– if . φ is a .TZ-satisfiable formula of the form .φ ∧ϕ , where .ϕ is a conjunction 
of literals between .index variables .x, y such that .x varsindex(φ ) or . y
varsindex(φ ), then .f(φ) = f(φ ) ∧ ϕ ; 

– otherwise, .f(φ) = witnessZ(φ). 
According to this definition of . f and using . ϕ and .ϕ as introduced above, we have 

. f(f(φ) ∧ ϕ ∧ ϕ ) = f(f(φ) ∧ ϕ) ∧ ϕ = f(φ) ∧ ϕ ∧ ϕ

Consequently, . f is .index-additive. 
Proposition 12 (Finite witnessability). The theory .TZ is additively finitely 
witnessable with respect to the sort index. 
Proof. By Propositions 2, 9, 10, and  11. 
By Corollary 2 and Proposition 12, we get: 
Theorem 2 (Politeness). The theory .TZ is strongly polite with respect to the 
sort index. 

6 Politeness for Theories with Set Interpretations 

We will now discuss the politeness of theories of sets that use cardinality con-
straints and set interpretations. A technical condition is required in order to 
show smoothness with respect to the sort index. This condition allows us to 
enlarge theories’ models in the Venn region determined by the complement of 
all set variables. We focus on the satisfiability problem of a subtheory of . TF

that fixes the formulas under set interpretations, is closed under propositional 
operations and satisfies the technical condition. The polite combination method 
is applicable to this subtheory. 
Definition 3. If .ϕ1, . . . , ϕn are the formulas under set interpretations in the 
.TF -formula . ϕ, .cl(ϕ1, . . . , ϕn) denotes the sentence .∃v.

n
i=1 ¬ϕi(v, c). Assum-

ing that .cl(ϕ1, . . . , ϕn) is .TF -satisfiable, the theory .TF (ϕ1, . . . , ϕn) is the set of 
.ΣF -sentences .ϕ such that the formulas under set interpretations in .ϕ are in 
.ϕ1, . . . , ϕn, and  .TF ∪ {cl(ϕ1, . . . , ϕn)} |= ϕ.
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6.1 Smoothness 

Proposition 13. Let . A be a .TF-interpretation satisfying a conjunction . Γ of flat 
.ΣF-literals in .TF (ϕ1, . . . , ϕn). Then there exists a .TF-interpretation . B satisfying 
.Γ such that .|Belem| = |Aelem| and .|Bindex| = κ, for each cardinal number . κ >
|Aindex|. 
Proof. Let .Vσ = varsσ(Γ ), for  ..σ ∈ {elem, index, array, set, int.. }. We construct 
a .TF-interpretation . B over .Velem ∪ Vindex ∪ Varray ∪ Vset ∪ Vint as follows. Fix a 
set .A such that .| Aindex ∪ A |= κ, and let .Bindex = Aindex ∪ A , . Belem = Aelem

and .iB = iA for each index-variable .i ∈ Vindex, .eB = eA for each elem-variable 
.e ∈ Velem, .sB = sA for each set-variable .s ∈ Vset and .kB = kA for each integer-
variable .k ∈ Vint. 

In order to define . B over the array-variables, observe that by Definition 3, 
if we list all the .m formulas .ϕj(a[i], c) occurring in set interpretations in . Γ , 
then the formula .∃v.

n
j=1 ¬ϕj(v, c) is true. This gives us a value .v0 such that 

the formula . n
j=1 ¬ϕj(v0, c) is true. Observe that we may define as .v0 the set of 

values at the newly introduced indices. This is because the formula only restricts 
indices values on the union of set interpretations. Thus, for each array-variable 
.a ∈ Varray , we let  

. aB(i) =
aA(i) if i ∈ Aindex

(v0)j where a = (a)j

By construction, .B is a .TF-interpretation such that .|Belem| = |Aelem| and 
.|Bindex| = κ. Next, we show that . B satisfies all literals in . Γ . 

– Literals of the form .R(e1, . . . , en), .R(i1, . . . , in) or .R(k1, . . . , kn): immediate. 
– Literals of the form .|S| = k: immediate by definition of . B. 
– Literals of the form .S = {i | ϕ(a[i], c)}: Let  .i ∈ Bindex. 

If .i ∈ Aindex then .ϕ(aB
1 (i), . . . , aB

n(i)) = ϕ(aA
1 (i), . . . , aA

n (i)). 
If .i /∈ Aindex then .ϕ(aB

1 (i), . . . , aB
n(i)) = ϕ((v0)1(i), . . . , (v0)n(i)) = ⊥. 

Since .A |= S = {i | ϕ(a[i], c)}, .SA = SB and we have that  . {i | ϕ(a[i], c)}A =
{i | ϕ(a[i], c)}B, it follows that .B |= S = {i | ϕ(a[i], c)}. 

– Literals of the form .e = a[i]: 

. eB = eA = [a[i]]A = aA iA = aB iB since iA ∈ Aindex

. 

Proposition 14. Let .A be a .TF-interpretation satisfying a conjunction .Γ of 
flat .ΣF-literals. Then there exists a .TF-interpretation . B satisfying .Γ such that 
.|Bindex| = |Aindex| and .|Belem| = κ, for  each  .κ > |Aelem|. 
Proof. Similar to the proof of Proposition 4, we construct an interpretation on 
the variables by adding new points to the elements’ carrier. The interpretation 
of the array variables is as in the original model. The new structure satisfies all 
the literals since the new values do not occur in the interpretation of the literals.
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Corollary 3 (Smoothness). 

– .TF is smooth w.r.t. .elem. 
– .TF (ϕ1, . . . , ϕn) is smooth w.r.t. .{elem, index}. 

Proof. By Propositions 1, 13, and  14. 

6.2 Finite Witnessability 

Witness Function. A witness function .witnessF for the theory .TF can be 
defined as follows. Without loss of generality, let . Γ be a conjunction of flat .ΣF-
literals such that .varselem(Γ ) = ∅ and .varsindex(Γ ) = ∅. .witnessF (Γ ) outputs 
the conjunction of . Γ and the result of the following transformation. 

1–7. These steps are analogous to the ones for the theory of sets with cardi-
nalities. 

8. Each set variable . S in . Γ may be interpreted, i.e. . Γ contains an equation 
of the form .S = {i | ϕ(a[i], c)}, or uninterpreted, if no such equation 
exists. To each elementary Venn region .Eβj

we associate a formula . ϕβj :=
∃v.

n
i=1 ϕβj(i)(v, c), where .ϕβj(i) is the formula in the set interpretation 

of .Si if .βj(i) = 1, its negation if .βj(i) = 0 or . if .Si is uninterpreted. For 
each .βj ∈ {0, 1}n, we add the constraint .lβj

= 0 if .ϕβj is unsatisfiable. 
9. We solve the linear integer program. If there is no solution, we output 

the formula . ⊥. Otherwise, let . s be the minimal solution for the linear 
integer program. For each family of cardinalities .lβj

of the elementary 
Venn regions such that .s = 2n−1

j=0 lβj
, we check the system of cardinality 

constraints together with the requirement that the set .Eβj
has cardinality 

at least .lβj
is satisfiable. For each such family, we build the following 

formula. 
– We introduce for each elementary Venn region .Eβj

, .lβj
index variables . i

and require that they are mutually distinct with atoms of the form . i1 = i2
and that they belong to .Eβj

, with atoms of the form .i ∈ Eβj
. 

– Rewrite the terms .i ∈ E(0,...,0) into .i /∈ S1 ∪ . . .∪Sn and absolute comple-
ments .Sc as relative complements .(S1 ∪ . . .∪Sn)\S, so that the resulting 
formula contains no absolute complements. 

10. We output the disjunction of the formulas constructed in the previous 
step. 

11. For each array index . i and each array variable . a used in the constructed 
formulas, add formulas .a[i] = ei where .ei is a fresh element variable. 

Proposition 15. Let .Γ be a conjunction of flat .ΣF-literals, let .Δ = wit-
ness.F(Γ ), and  let  .v̄ = vars(Δ)\ vars(Γ ). Then  .Γ and .(∃v̄)Δ are .TF-equivalent. 

Proof. Indeed, if .A is a model of .Γ then it contains at least . n elements. More-
over, there will be some distribution of these . s elements over the Venn diagram 
satisfying the disjunction introduced in Step 10 Thus, .A satisfies .(∃v̄)Δ. The  
converse direction is trivial since . Γ is part of . Δ.
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Proposition 16. Let .Γ be a conjunction of flat .ΣF-literals such that 
.varselem(Γ ) = ∅ and .varsindex(Γ ) = ∅. If  .Δ is .TF -satisfiable then 
there exists a .TF -interpretation .A satisfying .Δ such that . Aindex =
[varsindex(Γ )]A and Aelem = [varselem (Γ )]A

Proof. If .Δ is .TF -satisfiable then it is also satisfied by a structure .A of minimal 
index-set size . s. Since .Δ requires the existence of . s distinct indices, it follows 
that the interpretations of the index variables yield the carrier set of the index 
sort in . A. Since all the array elements referenced by the indices are also in the 
formula, it follows that the interpretations of the element variables in the formula 
yield the carrier set of the element sort in . A. 

Proposition 17 (Additivity). .TF is additively finitely witnessable w.r.t. 
.. {elem, index.. }. 
Proof The proof is analogous to the one given in Proposition 11. 

Proposition 18 (Finite witnessability). The theory .TF is additively finitely 
witnessable with respect to .. {elem, index.. }. 
Proof. By Proposition 2, 15, 16 and 17. 

By Corollary 3, Proposition 18, we get: 

Theorem 3 (Politeness). 

– .TF is strongly polite with respect to .elem. 
– .TF (ϕ1, . . . , ϕn) is strongly polite w.r.t. .{elem, index}. 

7 Conclusion 

We investigated the politeness of several theories of data structures introduced 
after the original work on the subject [ 14]. We proved that extending the quanti-
fier-free theory of arrays with component-wise relations preserves politeness with 
respect to the index and element sorts. We showed the politeness properties 
for a variant of the theory of sets with cardinalities [ 22], reusing the idea of 
computing the minimal size of the universe for the finite witness function. [ 2] 
left the politeness of this theory for future work. We finally showed the politeness 
with respect to the index and element sorts of the simple flat array fragment 
[ 5]. When fixing the formulas in the set interpretations. An interesting research 
direction would be to compare our politeness results with the handling of finite 
structures in [ 11].
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Abstract. The study of theory combination in Satisfiability Modulo 
Theories (SMT) involves various model theoretic properties (e.g., sta-
ble infiniteness, smoothness, etc.). We show that such properties can be 
partly captured by the natural density of the spectrum of the studied 
theories, which is the set of sizes of their finite models. This enriches the 
toolbox of the theory combination researcher, by providing new tools to 
determine the possibility of combining theories. It also reveals interest-
ing and surprising connections between theory combination and number 
theory. 

1 Introduction 

Imagine this: you are a researcher in Satisfiability Modulo Theories (SMT) [ 2], 
studying a theory . T , which is the combination of theories .T1 and .T2 (in the same 
way that, say, the theory of lists of integers is the combination of the theories of 
lists and integers). Given algorithms for .T1 and . T2, you can plug them together 
using theory combination methods, such as Nelson and Oppen’s method [ 12], 
polite combination [ 14], shiny combination [ 20], or gentle combination [ 8]. 

But, before you can produce a decision procedure for . T , you must test certain 
properties of .T1 and . T2, or their absence, to determine their applicability to the 
combination method. For example, using the Nelson-Oppen method requires 
that both theories are stably infinite, while using the polite combination method 
requires that one of them is strongly polite. The obvious way of doing so is by 
directly applying the definitions of these properties, what can be highly non-
trivial (for example, to prove a theory is strongly polite, one needs to construct 
a computable function satisfying an involved set of conditions). 

In this paper, we give you alternative tests, based on number theoretic natural 
densities [ 19], computed over the spectrum of the theory [ 10]. When testing 
whether a theory admits or lacks a theory combination property, you can now use 
these tests. We provide examples for cases where this is simpler to do, compared 
to the direct application of the definitions. Beyond the introduction of such 
tools, the results of this paper relate number theory and theory combination in 
surprising and insightful ways. We focus on one-sorted theories, leaving many-
sorted ones for future work. 

c The Author(s) 2026 
R. Thiemann and C. Weidenbach (Eds.): FroCoS 2025, LNAI 15979, pp. 169–187, 2026. 
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Section 2 surveys relevant notions. Section 3 contains our main results: suf-
ficient and necessary conditions for theory combination properties, in terms of 
the natural density, our most involved (and perhaps more interesting) results 
being found in Sect. 3.2.4 and 3.2.5; we also have in Sect.  3.2.1 important results 
relating gentleness to politeness, shininess and stable infiniteness. In Sect. 4 we 
provide generalizations to non-empty signatures. Section 5 summarizes, and gives 
directions for future research. 

Related Work 

. 0–.1-Laws and Densities. Studies on spectra and densities go back as far as [ 4, 7, 9]. 
While we consider only models of a theory, these results, including the famous 
.0-. 1 laws, concern random models, that is, any models. .0-. 1 laws remain powerful 
for theories with finite axiomatizations (as we can represent their axiomatiza-
tions using a conjunction), but here we consider also infinite axiomatizations. 
Later studies, such as [ 3, 5], considered densities with respect to a theory, or even 
a (sufficiently well-behaved) class of models, but have not considered properties 
associated with theory combination. We focus on theories, and on the relation-
ship between their combination properties and the behavior of their density. 

Descriptive Complexity. Note that we use slightly different definitions for the 
spectrum of a theory than those found in descriptive complexity [ 10]: although 
our definition of .Spec(T , φ) is the usual one for the spectrum of a formula relative 
to a theory, the spectrum of a theory .T is more commonly understood as the 
map from cardinals to cardinals which, given . κ, returns the number of non-
isomorphic models of .T of cardinality . κ. But for the case of finite cardinalities 
in the empty signature this map would return either . 0 or . 1. Then, our definition 
coincides with taking the pre-image of . 1 in the more standard definition. 

Theory Combination Properties. The current paper deals with, among other 
topics, Boolean combinations of theory combination properties (especially in 
Table 1), something comprehensively researched in [ 23, 25, 26]. While those 
papers study the combinations of properties per se, here we focus on establishing 
these properties (or lack of) through the analysis of their density. 

2 Preliminaries 

If .X is a set, .|X| denotes its cardinality. We denote by .ℵ0 the cardinality of . N, 
which for us contains . 0; the  set  .N ∖ {0} is denoted by .Z+. 

2.1 First-Order Logic 

One can find a standard reference in first-order logic in [ 17]. A first-order sig-
nature .Σ is a pair .(FΣ ,PΣ), where:  .FΣ is a countable set of function symbols, 
each with an arity .n ∈ N; and  .PΣ is a countable set of predicate symbols, each
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with an arity .n ∈ N, containing at least the equality . = of arity . 2. We denote by 
.Σ1 the signature with no function or predicate symbols other than . =, which  is  
therefore called empty. Assuming countably many variables, we define by struc-
tural induction terms, literals, formulas, and  sentences (formulas without free 
variables) in the usual way. The set of all quantifier-free .Σ-formulas is denoted 
by .QF (Σ); the set of all variables in . ϕ shall be written as .vars(ϕ). 

A .Σ-interpretation . A consists of: a non-empty set .dom(A), called the domain 
of . A; for each function symbol . f of arity . n, a function .fA : dom(A)n

→ dom(A); 
for each predicate symbol . P of arity . n, a subset .PA of .dom(A)n, where .=

A is the 
identity; and, for every variable . x, an element .xA of .dom(A). The value of a term 
. α in . A is denoted by .αA, while for a set of terms . Γ we make .ΓA

= {αA : α ∈ Γ}; 
if .A satisfies the formula . ϕ, we write .A ⊧ ϕ. Recurrent formulas include those 
in Fig. 1, that are satisfied by an interpretation .A iff: .dom(A) has at least . n
elements, in the case of .ψ≥n; .dom(A) has at most . n elements, in the case of .ψ≤n; 
and .dom(A) has precisely . n elements, in the case of .ψ=n. Notice that .ψ≥n can 
be defined in terms of .ψ≤n, however we explicitly define both for greater clarity. 

Fig. 1. Cardinality formulas. 

A theory is the class of all interpretations (thus called .T -interpretations, or 
the models of . T ) satisfying some set of sentences .Ax(T ) (which does not need to 
be computably enumerable), called the axiomatization of . T . A formula . ϕ is then: 
(.T -)satisfiable if there is a (.T -)interpretation that satisfies . ϕ; (.T -)equivalent to 
a formula  . ψ if every (.T -)interpretation that satisfies one also satisfies the other; 
and (.T -)valid if every (.T -)interpretation satisfies . ϕ, denoted .⊧ϕ (.⊧T ϕ). 

We denote, for .n ≤m, the  set  .{n, . . . , m} by .[n,m]; if  .n = 0, we simplify it to 
.[m]. Of course, .|[n,m]|=m−n+1, and .|[m]|=m+1. Furthermore, .A∩ [1, n] will be 
denoted by .An; we denote .{|dom(A)| : A is a T -interpretation} ∩N by .Spec(T ), 
and we define .Specn(T ) as .Spec(T ) ∩ [1, n]. Analogously, .Spec(T , φ) is the set of 
finite cardinalities of .T -interpretations that satisfy . φ. We can then also define 
.Specn(T , φ) as .Spec(T , φ) ∩ [1, n]. 

2.2 Number Theory 

The natural density [ 19] of a set  .A ⊆ N is the following real number, if the limit 
indeed exists (and then we say the density of .A exists): . μ(A) = limn |A ∩
[n]|/|[n]|.
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Example 1. Consider the set . A of even non-negative integers: we then have that 
.μ(A) is the limit of the sequence .an which equals .(n + 2)/2(n + 1) if . n is even, 
and .1/2 if it is odd, meaning that .μ(A) exists and equals .1/2. 

It is easy to prove that . μ satisfies, for all disjoint sets .A and .B for which 
it is defined: .0 ≤ μ(A); .μ(N) = 1; and  .μ(A ∪ B) = μ(A) + μ(B). The subsets of 
the non-negative integers we shall calculate the natural density of are sets of 
finite cardinalities of interpretations in a theory: since they are never zero (as 
we assume .dom(A) is never empty), we can change .μ(A) to be the limit of the 
ratio of .|A ∩ {1, . . . , n}| to .|{1, . . . , n}| = n. 1 With this, we can finally define 
the natural density of a theory (relative to a quantifier-free formula or not) 
as the natural density of its spectrum: .μ(T ) = limn |Specn(T )|/|[1, n]|, and  
.μ(T , φ) = limn |Specn(T , φ)|/|[1, n]|. 

Definition 1. Let .r ∈ R. . r is computable [ 27] if there are computable sequences 
.{an}n∈N in . Z and .{bn}n∈N in .Z+ with .limn an/bn = r. 

Example 2. Every rational number .p/q is computable: just take .an=p and .bn=q. 
The number . n=1 2−ς(n) = 0.57824... is not computable, for . ς the busy beaver 
function [ 13], which maps .n∈N to the maximum number of . 1’s a Turing machine 
with at most . n states can write when it halts, assuming the tape begins with 
only . 0’s. Now, .0.57824.... is the limit of .5/10, 57/100, 578/1000, . . .. Consider  
then the theory .T with models of size . 1 through . 5, .11 through .52 = 57 − 5, . 101
through .521 = 578 − 57, and so on. Its density is the limit of the fractions .5/10, 
.57/100, .578/1000 and so on, i.e. .0.57824..., although this number is irrational. 
More generally, any .0 ≤ r ≤ 1 is the density of some theory. 

2.3 Theory Combination 

In what follows, let .Σ be an arbitrary signature and .T be a .Σ-theory. 
.T is stably infinite [ 12] if for every satisfiable quantifier-free formula . φ, 

there is a .T -interpretation .A that satisfies . φ with .|dom(A)| ≥ ℵ0. .T is smooth 
when, for all quantifier-free formulas . φ, .T -interpretations .A that satisfy . φ, and  
cardinals .κ > |dom(A)|, there exists a .T -interpretation . B that satisfies . φ with 
.|dom(B)| = κ. Notice that being smooth implies being stably infinite. 

.T is finitely witnessable [ 14] when there is a computable function . wit
(called a witness) from the quantifier-free formulas into themselves such that, 
for every quantifier-free formula . φ: .(I) . φ and .∃−→x.wit(φ) are .T -equivalent, where 
.
−→x = vars(wit(φ)) ∖ vars(φ); and  .(II) if .wit(φ) is .T -satisfiable, then there is a .T -
interpretation . A that satisfies .wit(φ) and, in addition, . dom(A) = vars(wit(φ))A

(that is, every element of .dom(A) is the interpretation of a variable in .wit(φ)). 
Now, given a finite set of variables . V on the signature . Σ, and an equivalence . E
on . V , the  arrangement on . V induced by . E, written .δE

V or .δV if . E is clear from 
context, is the formula . xEy(x = y)∧ xEy ¬(x = y), where  . E is the complement 
of . E. Intuitively, an arrangement codifies the relationships between a finite set
1 Of course, this does not change the value of .μ(A). 
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of variables, that is, if they should be equal or different to one another. .T is 
then strongly finitely witnessable [ 11] if it has  a witness  .wit (that in this 
case will be called a strong witness) satisfying, in addition to .(I) and .(II), the  
stronger .(II∗): for every finite set of variables .V and arrangement .δV on . V , if  
.wit(φ) ∧ δV is .T -satisfiable, then there exists a .T -interpretation . A that satisfies 
that formula and, in addition, .dom(A) = vars(wit(φ) ∧ δV )A. 

Example 3. The theory axiomatized by .{ψ≤3} has as strong witness  . wit(φ)=φ∧
3
i=1 xi = xi, where  . x1, .x2 and .x3 are fresh variables (i.e., not in . φ). 

.T has the finite model property (FMP) if for every .T -satisfiable 
quantifier-free formula . φ, there is a .T -interpretation .A that satisfies . φ with 
.|dom(A)|<ℵ0. 2 Consider .Nω =N∪{ℵ0}. A  minimal model function [ 21] for  . T
is a function .minmodT : QF (Σ)→ Nω such that, if . φ is quantifier-free and .T -
satisfiable, then .minmodT (φ)=n if, and only if: there exists a .T -interpretation 
.A that satisfies . φ with .|dom(A)| = n; and  if  . B is another .T -interpretation that 
satisfies . φ, then  .|dom(B)| ≥ n. 

Example 4. The theory axiomatized by .{ψ≥3} has a computable minimal model 
function. To calculate it on a quantifier-free formula . φ, take the cardinality . n of 
the smallest interpretation in equational logic that satisfies . φ, which can easily 
be found algorithmically. If .n < 3, .minmod(φ) = 3; otherwise .minmod(φ) = n. 

. T is (strongly) polite if it is smooth and (strongly) finitely witnessable. It is 
shiny if it is smooth, has the FMP and a computable minimal model function. . T
is gentle [ 8] if for every quantifier-free formula . φ, .Spec(T , φ) is fully computable, 
that is: .(i) it is computable; .(ii) it is either co-finite, 3 or a finite set of finite 
cardinalities, and there is an algorithm with . φ as input that tells which one is 
the case; .(iii) if .Spec(T , φ) is finite, .max(Spec(T , φ)) is computable, and if it is 
infinite .max(N ∖ Spec(T , φ)) is computable, both with . φ as input. 4

Example 5. Consider the .Σ1-theory .Teven (see [ 25]), with axiomatization 
.{¬ψ=2n+1 : n∈N}: it is not gentle, as .x=x has as spectrum the set of even positive 
numbers, which is neither finite nor cofinite. 

3 Theory Combination and Natural Density 

In this section we establish various connections between model-theoretic proper-
ties of a theory, and its natural density. We focus our investigation on the empty 
signature .Σ1, that has a single sort and no function and predicate symbols other 
than equality. Generalizations to non-empty signatures are given in Sect. 4.

2 A common definition for the finite model property demands this condition holds for 
all formulas, but in theory combination quantifier-free formulas are typically used. 

3 I.e., .N ∖ Spec(T , φ) is finite. 
4 If .Spec(T , φ) or .N ∖ Spec(T , φ) are empty, their respective maxima are . 0, as usual,  

so .T must be decidable as .max(Spec(T , φ)) = 0 iff . φ is not .T -satisfiable. 
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We start with the empty signature, because a theory on such a signature has 
essentially one natural density, while for the non-empty case we must consider 
the density with respect to both a formula and the theory (this can also be done 
on the empty case, but all .T -satisfiable formulas will give the same density). 
Furthermore, some results will not hold on the non-empty case, such as the 
third item in Theorem 1 below. 

Section 3.1 deals with sufficient conditions: if the density satisfies them, then 
we can deduce some combination properties. Section 3.2 obtains necessary con-
ditions: one would use the contrapositive and conclude that the theory does 
not have the properties at hand, and then at least one knows that a different 
combination method has to be used. 

3.1 Sufficient Conditions 

In Theorem 1 we identify sufficient conditions for stable infiniteness, the finite 
model property and finite witnessability, properties that are needed for Nelson-
Oppen combination, shiny combination, and polite combination, respectively. 

Theorem 1. The positivity of the natural density .μ(T ) of a .Σ1-theory .T is 
sufficient for .T to: 1. be stably infinite; 2. have the finite model property; and 3. 
be finitely witnessable. 

Remark 1. 5 The proof of the third item in Theorem 1 is more involved than that 
of the first two, which are routine. Szemerédi’s theorem [ 18], which settled a well-
know conjecture by Erdös and Turán, showed that each set with positive natural 
density contains arbitrarily long finite subsequences in arithmetic progression 
(i.e., the difference between two consecutive elements is constant). Item . 3 is 
a similarly flavored result, although with a much simpler proof than that of 
Erdös and Turán, that will guarantee that any theory .T which is not finitely 
witnessable and has a natural density must satisfy .μ(T ) = 0. 

The following example shows a simple application of Theorem 1. 

Example 6. Fix some positive natural number . n, and consider the theory .T≥n, 
with axiomatization .{ψ≥n}. It obviously has positive density. By Theorem 1 it 
is stably infinite, has the finite model property, and is finitely witnessable. 

The following example shows that all the reciprocals of Theorem 1 are false, 
a single counterexample being enough for all three. 

Example 7. Take the .Σ1-theory .T
=2i with axiomatization .. {ψ≥2n ∨ n

i=0 ψ
=2i :

n ∈ N}, which has interpretations .A with domains whose cardinality is either 
infinite or a power of two. It is stably infinite, has the finite model property and 
is finitely witnessable, 6 but .μ(T

=2i)= limn
|Specn(T=2i )|

n = limn
log2(n) +1

n =0.

5 Full proofs appear in [ 24]. 
6 A witness being, if . φ has . n variables, .wit(φ) = φ ∧ 2n

i=1 xi = xi, for fresh .xis. 
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The following example shows the sharpness of Theorem 1, in the sense that 
its assumption is really needed to reach its conclusions. 

Example 8. The conclusion of Theorem 1 cannot hold under the assumption that 
.μ(T ) = 0. The  theory  .T , with axiomatization .{ψ≥n : n ∈ Z+}, has only infinite 
models. It has density . 0 but does not have the finite model property. The theory 
. TI, with axiomatization .{ψ=1}, has a single model up to isomorphism, with a 
single element. It has density . 0 but is not stably infinite. For item . 3, a theory  
that is not finitely witnessable and has natural density . 0 is . Tς , from [  26], with 
axiomatization .{ψ≥ς(n) ∨ n

i=2 ψ=ς(i) : n ∈N∖{0, 1}} for .ς : N→N the busy beaver 
function (see Example 2). The cardinalities of its finite models are precisely the 
Busy Beaver numbers, that is, the elements of the image of . ς. We can show that 
.μ(T ) = 0. In a way,  item  . 3 of Theorem 1 shows that every theory not finitely 
witnessable must, like . ς, “escape” all computable functions, and thus have natural 
density . 0. 

3.2 Necessary Conditions 

We now move on to the results establishing necessary conditions for gentle-
ness (Sect. 3.2.1), smoothness and finite model property (Sect. 3.2.2), strong 
finite witnessability (Sect. 3.2.3), the computability of a minimal model func-
tion (Sect. 3.2.4), and finite witnessability (Sect. 3.2.5). 

We consider, therefore, 7 properties related to theory combination in total. 
Were we to consider all Boolean combinations of them, we would need to analyze 
128 cases; [ 23, Theorems 5,6,7] has shown, however, that for .Σ1 there are only 
8 of these possibilities, excluding gentleness. It may look like we need to analyze 
16 possibilities then, but we can cut them down to 9 by using Lemmas 1 and 2 
below. This will allow us to easily write down all possible natural densities for 
every combination, what will be done in Sect. 3.2.6. 

3.2.1 Gentleness 

Theorem 2. If .T is a .Σ1-theory with a density, then .μ(T ) being equal to . 0 or 
. 1 is a necessary condition for .T to be gentle. 

Proof (Sketch). By taking a tautology . φ for a gentle .Σ1-theory . T , we see that 
.Spec(T ) = Spec(T , φ) is either finite (and then its density is . 0) or co-finite (and 
then its density is . 1). 

The following example provides a simple application of Theorem 2. 

Example 9. Consider the theory .Teven from Example 5: it’s density  is  .1/2, what  
implies by the theorem it is not gentle. 

The reciprocal of Theorem 2 is false, as shown by the next example.
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Example 10. Example 7 presents a theory .T
=2i that has density . 0 but is not 

gentle (since both .Spec(T
=2i) and .N∖Spec(T

=2i) are infinite). On the other hand, 
take the .Σ1-theory .T

=2i with axiomatization ..{¬ψ=2n : n ∈ N}, which has inter-
pretations . A with either .|dom(A)| infinite, or .|dom(A)| finite but not a power of 
two. It is not gentle, yet .μ(T

=2i) = limn
|Specn(T=2i )|

n = limn
n− log2(n) −1

n = 1. 

Notice also that both cases of Theorem 2 are possible, namely: there are gentle 
theories with density . 0 and gentle theories with density . 1. Before showing them, 
let us present two useful lemmas, that relate gentleness to other properties: the 
first shows that the computability involved in gentleness is enough to guarantee 
the computability of a minimal model function, and that the forms of the possible 
spectra in a gentle theory lead to it having the finite model property. 

Lemma 1. If . T is gentle, then . T has a computable minimal model function and 
the finite model property, and therefore is finitely witnessable as well. 

Proof (Sketch). Because the spectra of any quantifier-free formula in a gentle 
theory is either a finite set of finite cardinalities or co-finite, it always contains 
an element of . N, implying the finite model property. To compute . minmod(φ) =
min(Spec(T , φ)) we use the facts that the spectrum is always computable, if it is 
finite we know .max(Spec(T , φ)), and if it is co-finite we know .max(N∖Spec(T , φ)). 

The second of our useful lemmas reveals two unexpected results involving 
gentleness: that a theory that is not stably infinite is gentle, and that a strongly 
finitely witnessable theory is also gentle; This lemma, however, is restricted to 
.Σ1, while the previous one is not. This extends to gentleness, in a way, the 
research found in [ 23, 25, 26] of combining combination properties, at least for 
the one-sorted, empty signature. 

Lemma 2. Let .T be a .Σ1-theory: if .T is not stably infinite, or if it is strongly 
finitely witnessable, then .T is gentle. 

Proof (Sketch). If .T is not stably infinite, its models must have a maximum 
cardinality, so all spectra are finite sets of finite cardinalities. If .T is strongly 
finitely witnessable but not stably infinite we then have nothing to prove; if it 
is strongly finitely witnessable and stably infinite we have that, by [ 25], it is 
smooth and has the finite model property, so the spectra are co-finite. 

Example 11. 

1. The trivial .Σ1-theory .T≥1, with axiomatization .{ψ≥1}, consists of all .Σ1-
interpretations. It is strongly finitely witnessable (given its axiomatization is 
given by an universal formula, this is proven in [ 15]), and of course . Specn(T≥1)=
[1, n] so .μ(T≥1) = 1. 

2. The .Σ1-theory .TI from Example 8 is also strongly finitely witnessable and 
thus gentle (Lemma 2), but .Specn(TI) = {1} so .μ(TI) = 0. 

3. An example of a .Σ1-theory that is gentle and has density . 0, but is not 
strongly finitely witnessable, is denoted by .T m,n , for any fixed .m,n ∈ Z+. It  
has axiomatization .{ψ=m ∨ ψ=n}, and its models have cardinalities .m or . n.
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3.2.2 Smoothness and Finite Model Property 
The next result involves both smoothness and the finite model property. 

Theorem 3. If .T is a .Σ1-theory with a density, .μ(T ) being equal to . 1 is nec-
essary for .T to simultaneously admit smoothness and the finite model property. 

Proof (Sketch). The proof is dual to that of Theorem 1: if a theory is smooth and 
has the finite model property, it has all sufficiently large numbers as cardinalities 
of its models, and its density is therefore . 1. 

The following example not only allows one to visualize the use of Theorem 
3, but will also help later in providing examples for each and all possible combi-
nation of the properties under consideration. 

Example 12. Consider again .Teven from Example 9, with density  .1/2. It was  
already shown in [ 16] that  .Teven has the finite model property without being 
smooth, but notice that Theorem 3 perfectly encapsulates an intuition for why 
that is: as the theory has the finite model property, it has a finite model; were 
it smooth, it would have models of all larger cardinalities, and thus density . 1. 

Example 13. The reciprocal of Theorem 3 is false, as we can see from the theory 
.T
=2i defined in Example 10, which is not smooth. 

Now, Example 12 shows an example of a theory that has the finite model 
property but is not smooth. But all three other Boolean combinations of these 
two properties are possible, as seen below. 

Example 14. 

1. The theory .T≥1 from Example 11 is smooth and has the finite model property. 
2. One example of a smooth theory without the finite model property is the 

.Σ1-theory .T from Example 8. It has  density  . 0, as it has no finite models. 
3. To see one of a theory that is neither smooth nor has the finite model prop-

erty, which by Theorem 1 must have density . 0, fix an  .n ∈Z+ and consider the 
.Σ1-theory .Tn, , defined in [  25] by the axiomatization .{ψ=n ∨ ψ≥m : m ∈ Z+}. 
Its finite models must have cardinality . n. 

3.2.3 Strong Finite Witnessability 
The following result, which is a corollary of earlier ones, is specially useful: prov-
ing a theory is not strongly finitely witnessable is quite challenging; it involves 
finding a quantifier-free formula, a set of variables, and an arrangement on that 
set which fail the conditions to be a strong witness, for every candidate for a 
strong witness. Checking whether the theory’s density is . 0 or . 1 can be fairly 
easier. 

Corollary 1. If .T is a .Σ1-theory with a density, then .μ(T ) being equal to . 0 or 
. 1 is a necessary condition for .T to be strongly finitely witnessable. 

Proof. By Lemma 2 and Theorem 2.
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Example 15. The theory .Teven from Example 9 is not strongly finitely witness-
able, as proven in [ 16], but the proof found there is quite involved, demanding 
careful use of arrangements. Here, we only need to point to the fact that . Teven

has natural density .1/2. 

Example 16. The reciprocal of Corollary 1 is false: the theories .T
=2i and . T

=2i

from Examples 7 and 10 have, respectively, densities . 0 and . 1, but neither is 
strongly finitely witnessable, which follows from the fact that both are stably 
infinite without being smooth, together with [ 25, Theorem 7], which shows stably 
infinite, one-sorted theories that are strongly finitely witnessable are smooth. 

3.2.4 Computability of Minimal Model Functions 
We move now to the question of computability of a minimal model function, 
one of the more complex topics in this paper. For this, we first establish in 
Proposition 1 a connection between this and the computability of the spectra. 

Proposition 1. . T is a .Σ1-theory with a computable minimal model function if, 
and only if, .Spec(T ) is computable. 

This proposition plays an important role in the proof of the theorem below: 

Theorem 4. If .T is a .Σ1-theory with a density, the fact that .μ(T ) is a com-
putable number is a necessary condition for .T to have a computable minimal 
model function. Furthermore, for every computable number .0 ≤ r ≤ 1, there exists 
a .Σ1-theory .T with .μ(T ) = r that has a computable minimal model function and 
the finite model property, but is not smooth. 

The proof of the first part takes a theory .T with a computable minimal 
model function, and from Proposition 1 one sees that .Spec(T ) is computable; 
we then prove that this implies .μ(T ) is itself a computable real number, ruling 
out non-computable numbers. Indeed, if .A is a computable set, the sequence 
.{|An|}n∈N = {|{k ∈ A : k ≤ n}|}n∈N is computable (and so is .{n}n∈N, but that is 
obvious); if .μ(A) = r, we have  .r = limn |An|/n, proving  . r is computable. 

We prove the second part by constructing in Definition 2 below, from two 
sequences .{an}n∈N and .{bn}n∈N, a function . f whose image (which will also equal 
the spectrum of the theory to be constructed) will be a computable set and have 
a density associated to the mediants of the ratios .an/bn, where the mediant of the 
fractions .a/b and .c/d is the fraction .(a+ c)/(b+d). Although tedious to prove, it 
is true that the limit of the mediants of the ratios between two sequences equals 
the limit of the ratios, and this guarantees that the natural density of the image 
of . f will be the limit of .an/bn. 

Definition 2. Given sequences .{an}n∈N and .{bn}n∈N with .0<an<bn and . an, bn ∈

N, for all .n∈N, we define an associated function .f : Z+→Z+ inductively as follows: 
.f(n)=n for .1≤n≤a0, and  .f(n)=a0 for .a0+1≤n≤b0; and, assuming  .f(n) defined 
for all .1≤n≤M = m

i=0 bi, for any .m≥0, we make  .f(n)=n for .M +1≤n≤M +am+1, 
and .f(n) =M + am+1 for .M + am+1 + 1 ≤ n ≤M + bm+1.
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Fig. 2. .(A) Initial values of the function . f from Definition 2, for  .a0 = 4, .a1 = 3, .a2 = 7, 
.b0=6, .b1=4 and .b2=10. .(B) Initial values of the functions . G (smaller, red bullet points) 
and . f (larger, black bullet points) from the case with computable . r of Theorem 5, for  
.a0 = 1, .a1 = 2, .a2 = 3, .b0 = 2, .b1 = 3, .b2 = 5, .g(1) = 1, .g(2) = 1 and .g(3) = 0. 

The construction defined in Definition 2 is outlined in Fig. 2 .(A). Notice the 
step-shape of the function, that can be computed by induction on . n. 

We next show an application of Theorem 4, by identifying a theory that 
according to this theorem does not have a computable minimal model function, 
but this fact seems difficult to prove without using this theorem. 

Example 17. Take .Ω=0.57824 . . . from Example 2. Take the sequence of fractions 
.5/10, 57/100, . . . converging to . Ω, and define a function . f as in Definition 2: so  
.f(n) = n for .1 ≤ n ≤ 4, and  .f(n) = 5 for .5 ≤ n ≤ 10; .f(n) = n for .11 ≤ n ≤ 66, and  
.f(n)=67 for .67≤n≤110, and so on. Define then a theory .TΩ with axiomatization 
.{ψ≥f(n+1)∨ n

i=1 ψ=f(n) : n∈Z+}: it has models of size . 1 through . 5, .11 through . 67, 
and so on. 7 We can prove that it has natural density . Ω, and thus does not have a 
computable minimal model function. It is, however unclear how one would prove 
this without resorting to Theorem 4 and Proposition 1. 

The reciprocal of Theorem 4 is false, in the sense that a theory without a 
computable minimal model function can still have a computable natural density. 

Example 18. Consider again the theory .Tς from Example 8, whose natural den-
sity we have shown to be the computable number . 0, despite the fact it does 
not have a computable minimal model function (see [ 6, Lemma 128]), what by 
Proposition 1 means .Spec(Tς) is not computable.

7 Notice .TΩ is not the same as the theory from Example 2: indeed, the construction 
from Definition 2 is more general. 
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Notice that, from [ 25, Lemma 7] and [ 23, Theorem 4], the theories in Theorem 
4 are also finitely witnessable without being strongly finitely witnessable. They 
are also not gentle in the case that .0 < μ(T ) < 1. It is still possible to come up 
with gentle examples for .μ(T ) = 1 or .μ(T ) = 0, as the next example shows. 

Example 19. To obtain .Σ1-theories . T , with  .μ(T ) = 1 or .μ(T ) = 0, that have  
a computable minimal model function and are gentle but not strongly finitely 
witnessable it is enough to consider, for the first case, .T with axiomatization 
.{ψ=1 ∨ ψ≥3}; for the second, . T with axiomatization .{ψ=1 ∨ ψ=3}. 

3.2.5 Finite Witnessability 
The theorems so far have provided necessary conditions for a theory to be gen-
tle, smooth, strongly finitely witnessable, or have a computable minimal model 
function. We now show that this is as far as this goes: namely, we cannot achieve 
necessary conditions using natural densities for finite witnessability alone. 

In fact, any real number . r is the natural density of a finitely witnessable 
theory. If . r is computable then Theorem 4 already constructs a finitely wit-
nessable theory .T with .μ(T ) = r, as [  23, Theorem 4] proved that a theory with 
a computable minimal model function is finitely witnessable. However, in the 
next theorem we construct such a theory also for non-computable numbers. In 
addition, the theorem shows that the generated theory does not need to have a 
computable minimal model function even if . r is computable. These will consti-
tute the most intricate results of this paper. 

Theorem 5. For every number .0≤r≤1, there exists a .Σ1-theory . T with . μ(T )=r
that is finitely witnessable yet doesn’t have a computable minimal model function. 

The proof of Theorem 5 is divided in two cases: when . r is computable, and 
when it is not. When it is not, we write it in decimal notation, take the obvious 
series of decimal fractions converging to it, define the function . f as in Definition 
2 and take the theory whose spectrum is the image of . f . 

If . r is computable, which is the difficult case, we take computable sequences 
.{an}n∈N and .{bn}n∈N such that .an/bn converges to . r, and a non-computable 
function .g : Z+ → {0, 1}. We then define an auxiliary function . G : Z+ → {0, 1}
by making, for .M = 2 m

i=0 bi: .G(M + 1) = g(m + 2); .G(n) = 0 for . M + 2 ≤ n ≤
2(bm+1 − am+1)+M ; .G(2(bm+1 − am+1)+M + 1) = 0 if .g(m+ 2) = 1, and otherwise 
.G(2(bm+1−am+1)+M+1)=1; and .G(n)=1 for .2(bm+1−am+1)+M+2≤n≤M+2bm+1. 
We make .f(n) = max{m ≤ n : G(m) = 1}, and take the theory whose spectrum 
is the image of . f , axiomatized by .{ψ≥f(n+1) ∨ n

i=1 ψ=f(i) : n ∈ Z+}, which will 
have a density equal to whatever is the limit of .an/bn, i.e. . r. An example of this 
construction appears in Fig. 2.(B), where the smaller, red bullet points represent 
. G, and the larger, black bullet points represent . f : for the corresponding theory 
we will have .Spec20(T ) = {1, 4, 5, 8, 9, 10, 15, 16, 17, 18, 19, 20}. 

3.2.6 Summary 
We can now, as this section about necessary conditions for the empty signature
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comes to an end, summarize its overall arch: we have seen what are all possible 
values for the density of a theory given some of its theory combination properties, 
for all such combinations of properties. 

In Table 1, .SI stands for stably infinite; .SM for smooth; .FW for finitely wit-
nessable; .SW for strongly finitely witnessable; .FM for the finite model property; 
.CF for a computable minimal model function; and .G for gentle. .REC denotes 
the set of real computable numbers. 

Each line in the table corresponds to a possible combination of properties 
(that remains possible after Lemmas 1 and 2). For example, the first line cor-
responds to theories that admit all properties, while the second line correspond 
to theories that are stably infinite, smooth, have a computable minimal model 
function, but do not admit any of the other properties. 

For each possible combination of properties, we list in the table the possi-
ble natural densities of theories that admit the corresponding properties. For 
example, theories that admit all properties must have density one. 8

The column titled “Reference” leads to the result in this paper proving the 
values are indeed restricted to the mentioned ones; and the column “Construc-
tion” refers to examples of theories having the possible natural densities shown. 

Table 1. Classification of combinations vis-à-vis their natural densities. 

SI SM FW SW FM CF G Natural densities Reference Construction 

. T

. T
.T .T .T .T .T .1 Theorem 3 Example 11 
.F .F .F .T .F .0 Theorem 1 Example 14 

. F

.T . F
.T . T

.T .{0, 1} Theorem 2 Example 19 

.F .REC ∩ [0, 1] Theorem 4 Theorem 4 
.T .F .F .[0, 1] Theorem 5 Theorem 5 

.F . F
.T .F .F .0 Theorem 1 Example 8 
.F .T .F .0 Theorem 1 Example 14 

.F .F . T
.T .F .T .T .0 Theorem 1 Example 11 
.F .T .T .T .0 Theorem 1 Example 11 

4 Non-empty Signatures 

In this section we provide generalizations of the results of Sect. 3 to non-empty 
signatures. We are able to do so by considering .μ(T , φ) for all formulas . φ, rather 
than .μ(T ): this is due to the fact that in a non-empty signature we can have 
two quantifier-free satisfiable formulas with distinct densities.

8 The theory found in this specific row, .T
≥1 from Example 11, is strongly finitely 

witnessable, and Lemma 2 then shows it is also gentle, as implied by the table. 
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Example 20. Take the theory . T on the signature with a unary function . s, axiom-
atized by .{ψ=2∨∀x.s(x)=x}. In its models that do not have exactly two elements, 
. s must be interpreted as the identity. For .φ1 =¬(s(x) = x) and .φ2 = (s(x) = x) we 
have .μ(T , φ1) = 0 and .μ(T , φ2) = 1. 

We start by generalizing items . 1 and . 2 in Theorem 1. As for the third item of 
Theorem 1, we show in Example  22 below that it cannot be generalized similarly. 

Theorem 6. The positivity of .μ(T , φ) for every .T -satisfiable quantifier-free for-
mula . φ is sufficient for . T to be stably infinite and have the finite model property. 

In the next example we show how to use Theorem 6. 

Example 21. Consider a signature .Σ with only function symbols, and the .Σ-
theory .T of uninterpreted functions. For every quantifier-free formula . φ and 
.T -interpretation .A that satisfies it, we can add an element . a to its domain, 
from that it follows that .μ(T , φ) = 1, and that . T is stably infinite. But by using 
Theorem 6 we can also conclude that the theory of uninterpreted functions has 
the finite model property. 

Next, we generalize the result concerning gentleness to non empty signatures. 
The proof of the following result is, mutatis mutandis, the same as Theorem 2. 

Theorem 7. .μ(T , φ) being in .{0, 1} for all quantifier-free .T -satisfiable formulas 
. φ is a necessary condition for .T to be gentle. 

The following theorem generalizes Theorem 3, and provides a necessary con-
dition for smoothness and the finite model property for non-empty signatures. 

Theorem 8. Let .T be a theory. .μ(T , φ) being equal to . 1 for all .T -satisfiable 
quantifier-free formulas . φ is then a necessary condition for .T to simultaneously 
be smooth and have the finite model property. 

Theorem 8 can be used to show that the third item of Theorem 1 is not 
generalizable to non-empty signatures. 

Example 22. Consider the function .ς−1 : N→ N which is a left inverse of . ς, and  
the theory .T s

ς on the signature with only a single unary function . s, both defined 
in [ 26]. Both .ς−1 and .T s

ς are given in Fig. 3. It is smooth, has the finite model 
property, but is not finitely witnessable (see [ 22, Lemmas 71,72,73]), meaning 
.μ(T s

ς , φ)= 1 for all quantifier-free .T s
ς -satisfiable formulas . φ by Theorem 8. Thus,  

the obvious generalization of item . 3 of Theorem 1 is not valid. 

Theorem 8 is also useful to show, for example, that a variant of the SMT-LIB 
theory of bit-vectors is not smooth. 

Example 23. Fix .n ∈ Z+, and consider the one-sorted fragment of the SMT-LIB 
theory .BV[n] of bit-vectors [ 1] of length . n, with the usual operations (but with-
out concatenation and extraction). The domain of its interpretations has cardi-
nality . 2n, and so it has the finite model property. By Theorem 8 this theory is 
not smooth, as for any quantifier-free formula . φ one has .μ(BV[n], φ) = 0.
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Fig. 3. The theory .T s
ς . 

Next, we generalize Corollary 1 to non-empty signatures. 

Theorem 9. .μ(T , φ) being equal to . 0 or . 1 for every quantifier-free .T -satisfiable 
. φ is necessary for .T to be strongly finitely witnessable. 

Example 20 shows tightness of Theorems 7 and 9: we can have a strongly 
finitely witnessable, 9 gentle 10 theory .T with two quantifier-free .T -satisfiable 
formulas that have densities . 0 and . 1. It also shows that the positivity in Theorem 
6 cannot hold for only some quantifier-free .T -satisfiable formulas . φ, as the  theory  
shown is not stably infinite. 

The following two theorems generalize, respectively, Theorems 4 and 5. For  
Theorem 4, we need an alternative, non-empty version of Proposition 1. Indeed, 
it is not clear that if the sets .Spec(T , φ) are all computable, .T should have a 
computable minimal model function; the reciprocal, however, is true. 

Proposition 2. If .T is a theory with a computable minimal model function, 
then .Spec(T , φ) is computable for all quantifier-free .T -satisfiable formulas . φ. 

Theorem 10. If .T is a theory with all densities .μ(T , φ), for all quantifier-free 
.T -satisfiable formulas . φ, the fact that all .μ(T , φ) are computable is a necessary 
condition for .T to have a computable minimal model function. Furthermore, for 
every computable number .0 ≤ r ≤ 1, there is a theory .T that has a computable 
minimal model function and a quantifier-free formula . φ with .μ(T , φ) = r. 

Theorem 11. If .T is a theory, and . φ a quantifier-free .T -satisfiable formula, 
nothing can be said about .μ(T , φ) if .T is only known to be finitely witnessable; 
that is, for every computable number .0 ≤ r ≤ 1, there exists a theory . T , that is 
finitely witnessable, and a quantifier-free formula . φ with .μ(T , φ) = r. 

Notice that Theorem 11 is a straightforward application of Theorem 5: 
indeed, for a .Σ1-theory . T with .μ(T )=r, any .T -satisfiable quantifier-free formula 
. φ will give us .μ(T , φ) = 1.

9 The strong witness is .wit(φ) = φ ∧ ¬(x = y), for fresh variables . x and . y. 
10 From the fact it is strongly finitely witnessable and Lemma 2. 
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5 Conclusion 

We have studied connections between densities and model-theoretic properties. 
Table 2 summarizes our main results. For each property, we refer to the theorems 
that characterize its possible densities, both for empty and non-empty signatures. 

Table 2. Summary of main results. 

Property Empty case Non-empty case 
Stable Infiniteness Theorem 1 Theorem 6 
Finite Model Property Theorem 1 Theorem 6 
Gentleness Theorem 2 Theorem 7 
Smoothness Theorem 3 Theorem 8 
Strong Finite Witnessability Corollary 1 Theorem 9 
Comp. of Min. Mod. Fun. Theorem 4 Theorem 10 
Finite Witnessability Theorem 5 Theorem 11, Example  22 

We conclude by sketching the next steps. In this paper we only considered 
one-sorted theories, even though many-sorted theories are commonly used in 
SMT. The main reason for that is that densities for many-sorted theories would 
be defined on tuples rather than on numbers (i.e. on the cardinalities of the 
domains rather than on that of the single domain), and it is unclear how this 
generalization would materialize. We leave this investigation for future work, 
and briefly describe concrete options for such a generalization. 

What makes the natural density so natural is the fact that it calculates the 
ratio of the number of elements in a set .A to the number of elements in . N by 
doing that for numbers under a bound, and then letting said bound go to infinite. 
But there is no single way of doing that in .N

m, so we are forced to make a choice. 
Once fixed a bound . n, do we, for example: 

.(i) bound all coordinates simultaneously by . n (i.e., . μ(A) = limn→ |An|/nm

for .An = A ∩ [n]m)? .(ii) bound the distance of a tuple to the origin by . n (i.e., 
.An = A ∩ Bd(n), where  .Bd(n) = {p ∈ Nm : d(0,p) ≤ n}, for  . 0 the origin)? . (iii)
If so, what metric do we use to calculate the distance? Do we use the taxicab 
distance, where .d1(p,q) = n

i=1 |pi − qi|, or the generalized euclidean distances 
.dm(p,q) = ( n

i=1(pi − qi)m)1/m, or something entirely different? 
There is a plurality of “natural densities” to explore. Even more, while 

some generalizations will characterize properties w.r.t. the entire set of sorts 
.{σ1, . . . , σn}, others will characterize them with respect to some subset of sorts, 
while others will offer no characterization whatsoever. 

All of this is left to a future work, but we expect that the results from the 
current paper will still be useful for many-sorted logic, as many of the potential 
many-sorted densities would rely on the separate projections to each sort.
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Abstract. We introduce the notion of weighted abstract reduction sys-
tems (weighted ARSs), generalising standard and relative ARSs by allow-
ing non-uniform weights on transition steps. Weighted ARSs give rise to 
a theory of rewriting where quantitative properties—noteworthy com-
plexity related properties—can be more directly studied. Unlike these 
standard notions, weighted ARSs permit the study of quantitative prop-
erties of reduction systems of non-uniform weight, such as the analysis of 
expectation-based properties of probabilistic systems. We establish rank-
ing functions as a means to analyse (strong) boundedness of weighted 
ARSs, i.e., the property that weights of reductions are bounded from 
above. We showcase their applicability by instantiating them to weighted 
term rewrite systems and probabilistic reduction systems, the latter gen-
eralising Lyapunov ranking functions to reason about expected derivation 
heights. 

1 Introduction 

Rewriting [ 7] provides a foundational theory of computing, with significant 
impact on both the theoretical aspects of computer science and the develop-
ment of programming languages. Traditionally, rewriting primarily focuses on 
qualitative properties—such as whether a system is terminating or confluent. 
However, many applications in program analysis require a more fine-grained, 
quantitative perspective. Complexity analysis, cost-sensitive transformations, 
and resource-aware reasoning all demand a deeper understanding of the quanti-
tative aspects of reduction processes. The study of such quantitative features is 
crucial for various quality assurance tasks, including guaranteed response time, 
smart contract deployment costs, resilience against side-channel attacks, security 
of cryptographic routines, and provable safety guarantees. 

Abstract reduction systems (ARSs) provide a general model for a wide class 
of, possibly nondeterministic or probabilistic, systems. A key strength of ARSs 
is that they permit studying program properties independently of specific pro-
gramming paradigms. Yet, they often fail to capture quantitative aspects effec-
tively. A prototypical example is the complexity analysis of high-level, declara-
tive languages, where a single reduction step is not an elementary operation. For 
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instance, in the case of the .λ-calculus, it is unrealistic to assume that a single .β-
reduction step incurs a uniform cost. To endow the .λ-calculus with a reasonable 
cost model—one that relates to Turing machines—Dal Lago and Martini [ 10] for  
instance propose to measure the cost of a step in terms of the absolute difference 
between the size of the reduct and redex. Some approaches to complexity anal-
ysis (e.g., [ 2, 8, 11]) allow the specification of a program’s resource consumption 
through annotations, the cost of a reduction step thereby becomes dependent on 
the annotation. A final example, where ARSs fail to model costs effectively, are 
stochastic, i.e., probabilistic systems. 

The key observation of our work is that all these models can be effectively 
modeled by a weighted extension of ARSs, where reduction steps additionally 
carry weight information. Weights are taken from a general (ordered) monoid, 
whose structure is used to define reflexive and transitive closures, and thereby 
multi-step reductions. The monoid’s unit serves as the basis for reflexivity, while 
its binary operation is used for sequential composition. 

Weights are otherwise left abstract, and can thereby encompass a range of 
quantitative aspects. 

– Using the ordered monoid . N, 0,+, , weighted ARSs encompass rewriting 
under a unitary cost measure, where each reduction step is attributed a unit 
cost . 1. The cost measure of Dal Lago and Martini [ 10] falls also within this 
setting, attributing cost .max(1, |M | − |N |) to each .β-step .M →β N . 

– Taking the ordered monoid . N, 0,max, , weighted ARSs endow computa-
tions with “watermark”-like cost models, such as (maximal) space usage. 

– Products of monoids, with all operations extended pointwise, can be used to 
track simultaneously several cost metrics. 

– Modelling stochastic reductions as an ARS over (multi)distributions [ 4], tak-
ing weights . R≥0, 0,+, facilitates the study of expected resource usage. 

– The monoid .. N
Var→N, 0,+ , with all operations extended pointwise, can 

attribute non-ground rewrite steps with a variable-size cost measure. 

Weighted ARSs provide a natural framework for studying quantita-
tive aspects of computations directly. This encompasses quantitative varia-
tions of properties traditionally studied—such as strategies, confluence, and 
termination—taking for instance the length, or more generally cost, of reductions 
into account. In this work, we focus on termination-like properties, specifically 
boundedness, demanding that (cumulative) weights remain finite. We establish 
ranking functions, formalized as embeddings from weighted ARSs into a canoni-
cal weighted ARS over weights themselves, as a methodology for proving (strong) 
boundedness. Specifically, we show that this methodology is sound if the under-
lying monoid is positive, and is complete if the monoid is bounded-complete and 
continuous. Notably, all of the aforementioned instances fall within this setting. 

A natural question then is how these abstract notions relate to concrete 
settings. First, we show that .N-weighted ARSs provide a conservative extension 
of classical and relative ARSs, serving as a sanity check of the proposed theory. 
We then introduce weighted term rewrite systems (TRSs) and barycentric ARSs. 
The former generalises first-order term rewrite systems, where each rule carries
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a weight. We show how monotone .F-algebras, a sound and complete method 
for proving termination of TRSs, generalize to a sound and complete method 
for proving (strong) boundedness of weighted TRSs. Barycentric ARSs allow us 
to model probabilistic reductions in a way that weights correspond to expected 
runtimes or costs. We establish affine ranking functions as a mean to reason 
about boundedness of barycentric ARSs. 

Related Work. Attaching weights to rules is a natural idea that appears in var-
ious contexts throughout the literature. One of the most well-studied examples 
is the theory of weighted automata (cf. [ 12]). In the context of term rewriting, 
a form of weighted (integer) TRSs was employed in [ 17] in order to keep track 
of the original runtime cost during simplifying the systems. The idea has also 
been applied to endow imperative [ 6], functional probabilistic [ 1], and quantum 
programs [ 5] with  non-uniform cost models, non-uniform in the sense that com-
putation costs of different primitives are not necessarily equal. Our weighted 
ARSs extract the common essence and serve as a foundation of these works. 

A closely related, but fundamentally different idea to incorporate quantita-
tive information is to map reduction steps to weights. For instance, in their 
study of hyper-normalisation, van Oostrom and Toyama [ 18] introduce monoid-
measured ARSs, where steps are assigned weights from a monoid, yielding a 
derivation measure that abstracts over reduction length. Gavazzo and Florio [ 15] 
define quantitative ARSs, where steps are mapped to elements of a quantale—a 
monoid endowed with a semilattice structure that satisfies certain distributiv-
ity laws. Their construction induces a notion of distance between terms in the 
ARS, conforming to the standard axioms of a metric space. In a similar fashion, 
weighted transition systems [ 19] generalize weighted automata with additional 
structures for metrical analysis. Laird et al. [ 16] endow a non-deterministic ver-
sion of Plotkin’s PCF with a quantitative semantics, where the denotation of a 
(non-deterministic) function is turned from a relation between inputs and out-
puts, to a function assigning weights to input/output pairs. 

The fundamental difference of our work lies in the structure of the rewriting 
relation: rather than augmenting ARSs (.R ⊆ A×A) with mappings .A×A → W , 
we extend ARSs to a ternary relation (.R ⊆ W × A × A). As a result, our frame-
work imposes no intrinsic constraints on the nature of weights—for instance, 
they need not represent distances or abstract measures of derivation length. 

Finally, Faggian [ 13] introduces another orthogonal formalism, also dubbed 
quantitative ARSs (QARSs), particularly aimed for the study of quantitative 
behaviors of probabilistically evolving systems. QARSs assign quantities—the 
observations—to states (.A → W ). This way, fundamental properties of QARSs 
can be studied through the sequence of observations. QARSs are mainly used to 
study so called asymptotic behaviors of infinite reduction sequences, e.g., unique-
ness of “limits” of reductions. 

Outline. In Sect. 2, we introduce weighted ARSs and their fundamental prop-
erties. In Sect. 3 we establish ranking functions as a means to reason about
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bound on the weight an initial state can produce. In Sect. 4 we present the afore-
mentioned instances of weighted ARSs: standard ARSs, weighted TRSs, and 
barycentric ARSs, and conclude in Sect. 5. 

2 Weighted Abstract Rewriting 

In this section we formally introduce weighted ARSs—a generalization of ARSs 
where transitions between states have (possibly different) weights. To model  the  
concatenation of multiple weighted reduction steps, we will assume that weights 
have a monoidal structure. This enables us to model reflexivity and transitivity 
in the weighted setting. We will also demand that weights are (partially) ordered, 
so that we can argue about bounds on weights. 

We quickly recap some basic notions. A partially ordered set (poset) is a set 
.W equipped with a partial order .≤ on . W. We say a subset .X ⊆ W of a poset 
has an (upper) bound .b ∈ W (written .X ≤ b), if .x ≤ b for all .x ∈ X. We say  
.W is bounded-complete if every .X ⊆ W that has an upper bound in .W has the 
least one, .supX. A  monoid is a set .W equipped with an associative operator 
.+ defined on .W and its neutral element .0 ∈ W, i.e., . (x + y) + z = x + (y + z)
and .0 + x = x + 0 = x for all .x, y, z ∈ W. A monoid  .W is ordered if it is also a 
poset where .x ≤ y implies .x+ z ≤ y+ z and .z+x ≤ z+y for all .x, y, z ∈ W. An  
ordered monoid .W is positive if .0 ≤ w for all .w ∈ W. We say  .W is continuous if 
whenever .supX ∈ W is defined, .sup {x + w | x ∈ X} is defined and is .supX+w. 

Example 1. The sets . N and .R≥0 of natural and non-negative real numbers form 
bounded-complete positive monoids with . 0, . +, and . ≤ as usual. For any nonempty 
. X, the function space .X → W over a bounded-complete positive monoid . W
forms one with respect to the pointwise extensions, i.e., .0(x) := 0, . (f + g)(x) :=
f(x) + g(x), and  .f ≤ g :⇐⇒ ∀x ∈ X. f(x) ≤ g(x). 

Definition 1 (weighted ARS). A .W-weighted ARS over state space .A and 
positive monoid .W is a ternary relation 1 . ⊆ W × A × A. We write . [w] for 
. a, b w, a, b }, and hence .a [w] b means . w, a, b . We say  . is a 
weighted order if it is 

– reflexive: .a [0] a for all .a ∈ A; and  
– transitive: .a [w] b and .b [v] c implies .a [w+v] c for all .a, b, c ∈ A. 

We denote by . ˆ the least weighted order containing . , and write . w for . ˆ [w]. 
When we know that . is transitive, we may write . w instead of . [w]. Alterna-
tively, the ARS . w can be defined by the following inference rules: 

.a 0 a
a [w] b
a w b

a w b b v c
a w+v c

1 In the literature a weighted relation is often given as .A × W × A. In our  context,  
.W × A × A turns out notationally more convenient. 
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Definition 2 (closures and normal forms). Given a weighted ARS . ⊆
W × A × A, we define transitive weighted ARSs . ≥ and . > as follows: 

. a ≥w b :⇐⇒ ∃v ≥ w. a v b a >w b :⇐⇒ ∃v > w. a v b

We call . ≥ the downward closure as .w ≥ v implies .
≥w ⊆ ≥v. By convention, 

we write . ∗ ⊆ A × A for . ≥0 and . + for . >0. We say  .a ∈ A is a normal 
form (or terminal) with respect to . if no such .b ∈ A exists that .a + b. The  
set of normal forms with respect to . is denoted by .NF( ). 

Definition 3 (weighted reduction sequence). A reduction sequence w.r.t. a 
weighted ARS . is a (possibly infinite) sequence .a0

[w1] a1
[w2] a2

[w3] · · · . 
The sequence is called 

– terminating, if there exists .n ∈ N such that .wn = wn+1 = · · · = 0; 
– bounded (by .b ∈ W), if  .w1 + · · · + wn ≤ b for any .n = 1, 2, . . . ; 
– Zeno, if it is bounded but not terminating. 

Example 2. Consider the .R≥0-weighted ARS .. := 1
2n , n, n + 1 | n ∈ N ∪

0, n, n n ∈ N} over states . N. Reduction sequences such as . 0 [1] 1 [1/2]

2 [0] 2 [0] · · · are terminating, as after the third step only weight-. 0 steps 
occur. The sequence .0 [1] 1 [1/2] 2 [1/4] 3 [1/8] · · · is not terminating as 
.
1
2n = 0 for any .n ∈ N, but is bounded by .1 + 1

2 + 1
4 + 1

8 + · · · = 2; i.e., Zeno. 

We now define the properties of weighted ARSs that are of interest in this 
work. The first two properties generalize the corresponding notions of standard 
ARSs, and the next two generalize the positive and strong almost-sure termi-
nation of probabilistic ARSs [ 4, 9], respectively; the latter was (independently) 
called “bounded termination” by [ 14], which inspired the naming below. 

Fig. 1. Hasse diagrams illustrating the impact of non-Zeno and finite branching restric-
tions on the relationships among the properties from Definition 4. Here TRSs are sup-
posed to be finite.
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Definition 4 (properties of weighted ARSs). A weighted ARS  . over . A
is 
1. .WN (S): (weakly) normalizing on .S ⊆ A if every .a ∈ S has . b ∈ NF( )

such that .a ∗ b; 
2. .SN (S): terminating on .S ⊆ A if any reduction sequence from any .a ∈ S is 

terminating; 
3. .WB (S): weakly bounded on .S ⊆ A if any reduction sequence from any 

.a ∈ S is bounded; 
4. .SB (S): strongly bounded on .S ⊆ A if every .a ∈ S has .p ∈ W such that 

any reduction sequence from . a is bounded by . p; 
5. strongly finitely branching if for every .a ∈ A, both . w, b a [w] b and 

. b | a 0 b are finite; 
6. non-Zeno if it admits no Zeno sequence. 

Figure 1 depicts the relationships between these properties, formally proven 
in Proposition 1 below. The various Hasse diagrams illustrate the following cases: 
(a) without restrictions; (b) non-Zeno systems; (c) strongly finitely branching 
systems; and (d) systems that are both strongly finitely branching and non-Zeno. 
These subclasses are of particular interest, as each corresponds to a distinct class 
of reduction systems, studied within this work. 

Proposition 1. Let . ⊆ W × A × A be a weighted ARS and let .S ⊆ A. Then  
1. .SN (S) =⇒ WN (S); 
2. .SB (S) =⇒ WB (S); 
3. .SN (S) =⇒ WB (S); 
4. .SN (S) ⇐⇒ WB (S) if . is non-Zeno; 
5. .SN (S) =⇒ SB (S) if . is strongly finitely branching; 
Proof. We only present interesting ones: 3 and 5. For 3, consider . a0

[w1]

a1
[w2] a2

[w3] · · · . By assumption .wn = wn+1 = · · · = 0 for some .n ∈ N. 
Defining .p := w1 + · · · wn−1 proves that the considered sequence is bounded. 

For 5, suppose that .SN (S) and . is strongly finitely branching. For an 
arbitrary .a ∈ S, we prove  the set  .X := {w | ∃b. a w b} is bounded. Note that 
there is a surjection onto .X from the paths of the graph over . A where for each 
.w > 0 with .a [w] · 0 b there is a corresponding arc from . a to . b. As this graph 
is finitely branching, König’s Lemma tells that if there are infinitely many paths, 
then there exists an infinite path .a 0 · [w1] a1

0 · [w2] · · · with .wi > 0. 
Such reduction does not exist, due to the termination condition. Therefore .X is 
finite, and thus . w∈X w is an upper bound of .X due to positiveness. . 

The implications in Proposition 1 are strict, as illustrated by examples in 
Fig. 2. As for classical ARSs, weak normalisation does not imply strong normali-
sation (Fig. 2(a)). The Zeno weighted ARS from Fig. 2(b) shows that in general 
boundedness does not imply normalisation. The non-Zeno, infinitely branching 
weighted ARS from Fig. 2(c) shows that weak boundedness and normalisation 
does not imply strong boundedness. Figure 2(d) is another counterexample of 
the claim, which is finitely branching as a graph but fails the finiteness of zero-
weighted reductions required in Definition 4(5).
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Fig. 2. Examples demonstrating the strictness of the implications in Proposition 1. 

3 Bound Analysis via Ranking Functions 

Ranking functions are the prototypical way to prove termination, and also play 
a fundamental role in complexity analysis. For discrete programs over a state 
space .A with transition relation .→ ⊆ A × A, a ranking function is a function 
.η : A → N ∪ {∞} which is finite on initial states and decreases along state 
transitions: .a b implies .η(a) > η(b) (i.e., . η embeds . into . >). In this section, 
we adapt ranking functions to weighted ARSs, formalised as embeddings between 
weighted ARSs. 

Definition 5 (embedding). Let . ⊆ W × A × A and . X × X be 
weighted ARSs. We say a mapping .η : A → X is an embedding of . into . if 
.a [w] b implies .η(a) [w] η(b). 

An embedding is required to strictly preserve the weight of reduction steps. 
It is possible to relax the condition so that a step of weight . w is embedded into 
a step of weight at least . w; however, the same effect is achievable by embedding 
into the downward-closed weighted ARS . ≥w. 

An embedding witnesses that every . -reduction sequence can be associated 
with a corresponding . -reduction sequence of identical weight. Indeed, for any 
state .a ∈ A, the maximal weight of . -reduction sequences is controlled in terms 
of .η(a) and . . To state the relationship precisely, we introduce the notion of 
potential : a function in the state space capturing possible reduction weights. 

Definition 6 (potential). Let . ⊆ W × A × A be a weighted ARS. We define 
the potential of .a ∈ A as the set .Pot (a) := {w | ∃b. a w b} ⊆ W. We write 
.pot (a) for .supPot (a). 

Note that . a is a normal form of . if its (only) potential is . 0. Proving strong 
boundedness is equivalent to proving boundedness on potentials, by definition. 

Proposition 2. .SB (S) iff for every .a ∈ S, .Pot (a) has a bound .b ∈ W. 

Theorem 1 (embedding, soundness). Let .η : A → X be an embedding of 
. ⊆ W × A × A into . X × X. Then  .Pot (a) ⊆ Pot (η(a)) for every 
.a ∈ A. In particular, for .S ⊆ A, .SB (η(S)) implies .SB (S).
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Proof. Fix .a ∈ A and .w ∈ Pot (a), i.e., .a w b for some .b ∈ A. Thus,  there is  
a sequence 

. a = a0
[w1] a1

[w2] · · · [wn] an = b

such that .w = w1 + · · · + wn. By Definition 5, 

. η(a) = η(a0) [w1] η(a1) [w2] . . . [wn] η(an) = η(b)

i.e., .η(a) w η(b) and hence .w ∈ Pot (η(a)). This concludes . Pot (a) ⊆
Pot (η(a)). Moreover, if .Pot (η(a)) has a bound .b ∈ W then so does .Pot (a), 
trivially. Hence, .SB (η(S)) implies .SB (S) by Proposition 2. . 

Ranking functions can now be seen as embeddings into a canonical order . W
defined as follows. Note that . W is downward-closed by construction. 

Definition 7 (ranking function). Let .∞ /∈ W be a fresh top element. We 
denote by .W∞ the ordered monoid extending . W, where  .w < ∞ and . w + ∞ :=
∞ for all .w ∈ W. We define the weighted order . W ⊆ W × W∞ × W∞ by 
.x

[w]
W y :⇐⇒ x ≥ w + y. We call an embedding .η : A → W∞ of a weighted 

ARS . ⊆ W × A × A into . W a (.W-valued) ranking function for . . 

Lemma 1. For a positive monoid . W, .SB W (W) and .pot W (x) = x. 
Proof. Fix .x ∈ W. Note that .Pot W (x) = {w ∈ W | ∃y ∈ W∞. x ≥ w + y}. 
Because of positiveness, .x ≥ w + y implies .w ≤ x and thus . x is a bound of 
.Pot W (x). Since  .x = x + 0 ∈ Pot W (x), . x is the maximum and thus supremum 
of .Pot W (x), i.e., .pot W (x) = supPot W (x) = x. . 

The following is an immediate consequence of Theorem 1 and Lemma 1: 

Corollary 1 (ranking functions, soundness). If a weighted ARS . ⊆ W ×
A × A admits a ranking function .η : A → W∞ with .η(S) ⊆ W for .S ⊆ A, then 
.SB (S). In particular, .pot (a) ≤ η(a) for every .a ∈ S. 

Completeness also holds, at least if the weights constitute a bounded-
complete continuous monoid. Since . N and .R≥0 with usual . 0, . + and . ≤ are such 
instances, .N-valued (.R≥0-valued) ranking functions yield both a sound and com-
plete methodology for proving strong boundedness. We leave it for a future work 
to find a milder condition preserving completeness. 

Theorem 2 (ranking functions, completeness). If .W is a bounded-
complete continuous monoid and a weighted ARS . ⊆ W × A × A is strongly 
bounded on . S, then . admits a ranking function .η : A → W∞ with .η(S) ⊆ W. 
Proof. Observe that .supX ∈ W∞ is defined for any .X ⊆ W: if  .X has a bound 
in .W then .supX ∈ W due to bounded-completeness, and .supX = ∞ otherwise. 
Therefore, .pot : A → W∞ is defined. 

Now we show that .pot is an embedding of . into . W . So we prove that 
.a [w] b implies .pot (a) [w]

W pot (b). If  .pot (a) = ∞ the claim is trivial. 
Otherwise, using .a [w] b, observe that 

.Pot (a) = {v | ∃c. a v c} ⊇ {w + u | ∃c. b u c} =: X .
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Since .pot (a) ∈ W is a bound of .Pot(a), it is also a bound  of . X; thus, . supX ∈ W
is defined due to bounded-completeness. Now due to continuity 

. pot (a) ≥ supX = w + sup {u | b u c} = w + pot (b) ,

i.e., indeed .pot (a) [w]
W pot (b) holds. Finally, since .SB (S) means that 

.Pot (a) has a bound in .W for every .a ∈ S, bounded-completeness gives 

.pot (a) ∈ W. This concludes .pot (S) ⊆ W. . 

4 Instances 

Having defined weighted ARSs and a method to prove strong boundedness, the 
aim of this section is to demonstrate their versatility. We begin by formally 
stating the connection between (unitary) weighted ARSs and ARSs, ensuring 
that the notions we introduced align with standard concepts in abstract rewrit-
ing. Next, we generalize term rewrite systems (TRSs) to weighted TRSs, where 
rules carry weights, and show how the interpretation method can be used to 
prove strong boundedness. Finally, we introduce barycentric ARSs. One particu-
lar class of barycentric ARSs is given by probabilistic ARSs, with weights mod-
elling expected runtime. Through ranking functions, we obtain a methodology 
for proving probabilistic termination properties. 

4.1 Abstract Reduction System 

We  may identify an ARS  .→ ⊆ A × A as the .N-weighted ARS . {1} × =
1, a, b a b}. This is justified by the following correspondences. As usual, 

.
n, . +, . ∗, and  .NF( ) denote the standard .n-th fold, transitive closure, 

reflexive-transitive closure, and the set normal forms of . , respectively. The 
derivation height .dh→(a) ∈ N

∞ of .a ∈ A with respect to . is defined by 
.dh (a) := sup{n ∈ N | ∃b. a n b}. 

Proposition 3. For any (unweighted) ARS . → ⊆ A × A :

– .({1} × )α = α where .α ∈ N ∪ {∗,+}, 
– .NF({1} × ) = NF( ), and  .pot{1}× (s) = dh (s). 

Clearly the .N-weighted ARS .{1} × is non-Zeno, so termination coin-
cides with weak boundedness due to Proposition 1 (see also Fig. 1(b)). If .→ is 
finitely branching, then .{1} × is strongly finitely branching, and termination 
coincides with weak and strong boundedness (see Fig. 1(d)). 

The correspondence extends to relative reduction. The reduction of an ARS 
.→ relative to another ARS .∼ is modeled by the ARS . /∼ := ∼∗ → ◦ ∼∗. 
Attributing .→ weight one and . ∼ weight zero allows us to model relative reduction 
through .N-weighted ARS .→//∼ := ({1} × ) ∪ ({0} × ∼). 

Proposition 4. For any ARSs . ,∼ ⊆ A × A :
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– .( //∼)0 = ∼∗ and .( //∼)n = ( /∼)n where .n = 1, 2, . . . , 
– .( //∼)∗ = (→ ∪ ∼)∗ = ∼∗ ∪ ( /∼)∗, 
– .( //∼)+ = ( /∼)+, 
– .NF( //∼) = NF( /∼), and  .pot //∼(s) = dh /∼(s). 

4.2 Term Rewrite Systems 

We now introduce weighted versions of term rewrite systems (TRSs), i.e., TRSs 
where each rule carries a weight. Usual TRSs correspond to .{1} × R. The reduc-
tion relation attributed to a weighted TRS will be given as a weighted ARS over 
terms. We define monotone algebras (i.e., the interpretation method) as a sound 
and complete methodology for proving strong boundedness. 

We quickly recap notations. For a signature . F and variables . V, let us denote 
by .T (F ,V) the set of terms. Terms are denoted by .s, t, l, r below. For a substi-
tution . σ, we write .tσ for its application to a term . t. For a context . C, i.e., term 
with one special symbol . , we denote by .C[t] the term obtained by replacing . 
in . C by . t. With .Var(t) we denote the set of variables in . t. 

Definition 8 (weighted TRS). A .W-weighted rule is a triple . w, l, r
T (F ,V)×T (F ,V), where  variable conditions .l ∈ V and .Var(r) ⊆ Var(l) hold. A 
.W-weighted TRS is a set .R of weighted rules. 
Definition 9 (weighted rewrite relation). A .W-weighted rewrite relation 
is a .W-weighted ARS . that is closed under substitutions and contexts; i.e., 
.C[lσ] [w] C[rσ] for every context .C and substitution . σ whenever .l [w] r. 

We define the weighted ARS . R over .T (F ,V) as the least weighted rewrite 
relation containing . R; more concretely .C[lσ] [w]

R C[rσ] for every weighted rule 
. w, l, r , context .C and substitution . σ. It is well known that a TRS is 
terminating if and only if it is included in a well-founded rewrite relation. A 
similar correspondence holds for weighted TRSs: 

Theorem 3. Let .R be a .W-weighted TRS. The rewrite relation . R is strongly 
bounded if and only if . for a strongly bounded weighted rewrite relation 
. . 
Proof. For the “if” direction, suppose . is a strongly bounded rewrite relation 
containing . R. Suppose .C[lσ] [w]

R C[rσ] with . w, l, r . Since . , we have  
.l [w] r, as  . is a rewrite relation it follows that .C[lσ] [w] C[rσ]. Consequently, 
the identity function embeds . R into . . From this, it follows that . R is strongly 
bounded by Theorem 1. The “only if” direction follows by taking . R for . . . 

The interpretation method, which interprets terms through an algebra into 
a well-founded order . , is among the most fundamental methods for proving 
termination of standard TRSs. This method naturally adapts to weighted TRSs 
for proving strong boundedness: An .F-algebra is a set .A equipped with the 
interpretation .fA : An → A of every .n-ary symbol .f ∈ F . The interpretation 
. s α

A of terms .s ∈ T (F ,V) under assignment .α : V → A is defined as usual.
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Definition 10 (weighted monotone .F-algebra). A (.W-weighted) mono-
tone .F-algebra . , consists of an .F-algebra .A and a weighted ARS . 
W × A × A, such that every interpretation is monotone with respect to . , that 
is, .x [w] y implies .fA(. . . , x, . . . ) [w] fA(. . . , y, . . . ) for every .f ∈ F . 

Given a monotone .F-algebra . , we define the weighted ARS . A over 
terms by .s [w]

A t iff . s α
A

[w] t α
A holds for every assignment .α : V → X. 

Lemma 2. For a monotone .F-algebra . , , . A is a weighted rewrite relation. 

Proof. Reasoning inductively, . sθ α
A = s

θ α
A

A , where  . · α
A is extended homo-

morphically to the substitution . θ. Closure under substitutions now follows from 
definition of . A, closure under contexts by monotonicity. . 

Let us call an .F-algebra . , strongly bounded if . is. 

Theorem 4. A weighted TRS .R is strongly bounded if and only if . A for 
a strongly bounded monotone .F-algebra . , . 

Proof. The “if”-direction follows by Theorem 3 and Lemma 2. The “only if” direc-
tion holds taking for . , the .W-weighted .F-algebra . , R , where  . T is the 
term algebra. Trivially, .R ⊆ R = ( R)T and . R is monotone. . 

One prototypical instance for the order . is the canonical weighted ARS . N; 
this way, interpretations over naturals can be seen as a way to inductively define 
ranking functions on TRSs. Another noticeable instance is . R≥0 ; using such real-
valued interpretations one can prove strong boundeness, which is equivalent to 
termination as long as the set of rewrite rules is finite (compare Fig. 1(d)). 

4.3 Barycentric ARSs 

Probabilistic ARSs were introduced by Bournez and Garnier [ 9] as a means to  
study reduction systems with probabilistic behavior. In essence, probabilistic 
ARS (over objects . A) allow sampling of reducts from a (probability) distribu-
tion, a function .d : A → [0, 1] with . a∈A d(a) = 1, assigning to each  .a ∈ A a 
probability .d(a). Rules in probabilistic ARSs take the form .a → d; the intended 
meaning of such a rule is that . a reduces to . b with probability .d(b). When a  pol-
icy that resolves non-deterministic choices is fixed, reduction sequences can be 
defined in terms of stochastic processes. Equivalently, reduction can be defined 
directly through an ARS over multidistributions [ 3, 4], a structure that gener-
alises probability distributions and multisets, encapsulating the probabilistic and 
non-deterministic effects, respectively. We will generalize probabilistic ARSs into 
a class of weighted ARSs called barycentric ARSs. Before, we recap notions, fol-
lowing the presentation of [ 4]. 

We denote the set of distributions on . A by .D(A). The  convex combinations of 
distributions are defined by . i∈I pi · di (a) := i∈I pi · di(a) for . i∈I pi = 1. 
We may view distributions as sets of pairs of .a ∈ A and .p > 0 written .p : a, i.e., 
.d = {d(a) : a | a ∈ A, d(a) > 0}. A  (sub-)multidistribution on . A is a multiset . μ of
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such pairs .p : a, satisfying .|μ| := (p:a)∈μ p = 1 (.≤ 1). We denote the set of (sub-
)multidistributions on . A by .M(A) (.M≤1(A)). The (sub-)convex combination of 
multidistributions . μi i∈I along probabilities .pi > 0 with . i∈I pi ≤ 1 is the 
(sub-)multidistribution defined by: 

. i∈I pi · μi := pi · qj : aj | i ∈ I, μi = {{qj : aj}}j∈J , j ∈ J

A probabilistic ARS over . A is a set .P ⊆ A×M(A). The  probabilistic one-step 
reduction is  given in [  4] by an ARS .→P ⊆ M≤1(A)×M≤1(A). Informally, . →P
ν if . ν is obtained from . μ by (i) removing terminal objects .( μ. a P μ), and  by  
(ii) replacing every occurrence of a reducible object . a by a corresponding reduct 
scaled by the associated probability. Formally, the ARS .→P can be defined 
inductively, as follows: 

. 

μ. a P μ

{{1 : a}} →P ∅

a P μ

{{1 : a}} →P μ
i∈I pi ≤ 1 ∀i ∈ I. μi →P νi

i∈I pi · μi →P i∈I pi · νi

A probabilistic reduction sequence is a sequence . = μ0, μ1, μ2 . . . such that 

.μ0 →P μ1 →P μ2 →P · · · (1) 

where .μn represents the state distribution after .n-step transitions from the ini-
tial state distribution . μ0. As terminal objects are removed along the way, . |μn|
quantifies the possibility of having state transitions of length at least . n, following 
the reduction strategy implicit in (eq:red). 

Let .redP(μ) denote the set of all probabilistic reduction sequences starting 
form . μ. A probabilistic ARS .P is said to be almost surely terminating (AST) 
if the probability of having infinite transitions is zero: .limn→∞ |μn| = 0 for any 
. ∈ redP({{1 : a}}) of any .a ∈ A; .P is said to be positively AST if the expected 
derivation length .edl( ) := n≥1 |μn| ∈ R

∞
≥0 is finite for any . ∈ redP({{1 : a}})

of any .a ∈ A; 
and . P is strongly AST if the expected derivation height 

. edhP(μ) := sup{edl( ) | ∈ redP(μ)}

is finite for any .μ = {{1 : a}} with .a ∈ A. 

Example 3. Let .N := {n | n ∈ N} be a fresh copy of . N, and consider the proba-
bilistic ARS . G over .N N, defined as 

. G := n, {{1/2 : n, 1/2 : n + 1} n ∈ N} .

Then, for instance, there is an infinite reduction sequence 

. {{1 : 0}} →G {{1/2 : 0, 1/2 : 1}} →G {{1/4 : 1, 1/4 : 2}} →G {{1/8 : 2, 1/8 : 3}} →G · · ·

whose expected derivation length is .1 + 1
2 + 1

4 + · · · = 2.
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Now we capture probabilistic ARS as a class of weighted ARSs, where the 
states and weights constitute barycentric algebras. A  barycentric algebra (also 
called a convex space) is typically given as a set .X equipped with a binary 
operation .+p : X × X → X with .x +p y giving the mean of . x and . y weighted 
by .p ∈ [0, 1], satisfying certain laws. The binary operator extends to finite sums 
.

n
i=0 pi · xi for . n

i=0 pi = 1, and partially to infinite sums . i pi · xi, which  can  
then be used to define a partial expectation operator .E : M(X) . In this  
paper, we just assume the presence of such partial operator . E. 

Definition 11 (multidistribution-algebra). A partial .M-algebra is a set . X
equipped with a partial barycenter operator .E : M(X) . We say  .X is an 
.M-algebra if .E(μ) ∈ X for all .μ ∈ M(X). An  .M-algebraic monoid is a monoid 
which is also an .M-algebra. 

The monoid .R≥0 is a partial .M-algebra by defining . E({{pi : xi}}i∈I) :=
i∈I pi ·xi, and .R

∞
≥0 is an .M-algebra. The sets .D(X) and .M(X) of distributions 

and multidistributions are .M-algebras with .E({{pi : di}}i∈I) := i∈I pi · di and 
.E({{pi : μi}}i∈I) := i∈I pi · μi, 2 respectively. This, in turn, allows us to model 
ARSs with probabilistic behaviour as barycentric ARSs. 

Definition 12 (barycentric ARS). A barycentric ARS is a weighted ARS 
. ⊆ W × A × A where .W is a partial .M-algebra and . A is an .M-algebra, such 
that if .E{{pi : wi}}i∈I ∈ W and .∀i ∈ I. ai

[wi] bi, then 

. E{{pi : ai}}i∈I
[E{{pi:wi}}i∈I ] E{{pi : bi}}i∈I .

Given a weighted ARS . ⊆ W ×A×A, we denote the least barycentric weighted 
order extending . by . ˜ . 

Example 4. The .R≥0-weighted ARS . R over distributions of molecules, defined 
by the single rule 

. {1/2 : HCl, 1/2 : NaOH} [56.5]
R {1/2 : NaCl, 1/2 : H2O} ,

models the classical neutralization reaction, turning hydrogen chloride and 
sodium hydroxide into salt and water, at a unit weight of .56.5 (kJ/mol). Then, 
for instance, there is a derivation leading to a normal form: 

{1/5 : HCl, 4/5 : NaOH} 
= 1/5 {1/2 : HCl, 1/2 : NaOH} + 1/5 {1/2 : HCl, 1/2 : NaOH} + 3/5 {1 :  NaOH} 
˜ 11.3 

R 1/5 {1/2 : NaCl, 1/2 : H2O} + 1/5 {1/2 : HCl, 1/2 : NaOH} + 3/5 {1 :  NaOH} 
˜ 11.3 

R 1/5 {1/2 : NaCl, 1/2 : H2O} + 1/5 {1/2 : NaCl, 1/2 : H2O} + 3/5 {1 :  NaOH} 
= {1/5 : NaCl, 1/5 : H2O, 3/5 : NaOH} .

2 This instantiation is possible because we do not impose the usual idempotency law 
.x +p x = x, i.e., we do not require .E{{pi : μ}}i∈I = μ for . i pi = 1 to hold. 
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Example 5. The .R≥0-weighted ARS . G from Example 3 is modeled as weighted 
ARS over multidistributions .M(N ∪ N) defined through the rules 

. {{1 : n}} [1]
G {{1/2 : n, 1/2 : n + 1}} for all n ∈ N.

Then, for instance, the following infinite reduction, whose weight is bounded 
precisely by . 2, corresponds to the reduction from Example 3: 

.. {{1 : 0}} ˜ 1
G {{1/2 : 0, 1/2 : 1}} ˜

1/2
G {{1/2 : 0, 1/4 : 1, 1/4 : 2}} ˜

1/4
G · · · .

The above construction generalises to arbitrary probabilistic ARSs: Given 
a probabilistic ARS .P over . A, we define the .R≥0-weighted ARS over the state 
space .M(A) by .{{1 : a}} [1]

P μ :⇐⇒ a P μ. The induced barycentric weighted 
order . ˜ P can also be defined inductively: 

. μ ˜ 0
P μ

μ ˜ w
P ν ν ˜ v

P ξ

μ ˜ w+v
P ξ

a P μ

{{1 : a}} ˜ 1
P μ

∀i ∈ I. μi ˜ wi
P νi

i∈I pi · μi ˜ Σi∈I pi·wi
P i∈I pi · νi

where the last rule assumes . i∈I pi · wi < ∞. Unlike the one-step .→P , the  
weighted order . ˜ P already covers multi-step reductions. As illustrated in Exam-
ple 5, terminals remain persistent through reductions. The weight .w in a step 
.μ ˜ w

P ν gives the expected number of reduction steps carried out in the reduction 
from . μ to . ν. Precisely, the potentials reflect expected derivation heights: 

Lemma 3. Let .P ⊆ A×M(A) be a probabilistic ARS over . A. Then  . edhP(μ) =
pot ˜ P (μ) for every proper multidistribution .μ ∈ M(A). 

Proof. Observe that, for .μ, ν, ρ ∈ M≤1(A), if  . →P ν, then  .μ ρ ˜ |ν|
P ν ξ ρ, 

where .ξ ⊆ μ gives the sub-multidistribution of terminals in . μ. 
We first show 

. edhP(μ) = sup { ∞
i=1 |μi| | →P μ1 →P μ2 →P . . . } ≤ pot ˜ P (μ)

for every proper multidistribution . μ. To this end, consider an infinite reduction 
of the form . →P μ1 →P μ2 →P · · · . The above observation inductively yields 

. μ ˜ |μ1|
P μ1 ξ1 ˜ |μ2|

P μ2 ξ1 ξ2 ˜ |μ3|
P . . . ˜ |μn|

P μn ξ1 ξn ,

and thus .μ ˜ |μ1|+···+|μn|
P μn ξ1 ξn for every .n ∈ N. By the definition 

of potentials, we have .|μ1| + · · · + |μn| ≤ pot ˜ P (μ) for every .n ∈ N, and thus 
.

∞
i=1 |μi| ≤ pot ˜ P (μ). We conclude by showing 

. edhP(μ) ≥ sup {w | μ ˜ w
P ν} = pot ˜ P (μ) ,

that is, .w ≤ edhP(μ) whenever .μ ˜ w
P ν. More precisely we prove . edhP(μ) ≥

w + edhP(ν) by induction on the derivation of .μ ˜ w
P ν. The claim is trivial if 

.μ = ν and .w = 0. If  .μ ˜ u
P ξ ˜ v

P ν and .w = u + v, then  

.edhP(μ) ≥ u + edhP(ξ) ≥ u + v + edhP(ν) = w + edhP(ν)
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by the induction hypotheses. If .μ = {{1 : a}}, .a P ν, and  .w = 1, then we  
conclude as .edhP({{1 : a}}) ≥ 1+ edhP(ν) by definition of .edhP . Finally, consider 
.μ = i∈I pi · μi, .ν = i∈I wi · νi, .w = i∈I pi · wi, and  .μi

wi

P νi for all .i ∈ I. 
It is not difficult to show that .edhP(μ) = i∈I pi · edhP(μi) (cf. [ 4, Lemma 4]). 
By induction hypothesis, .edhP(μi) ≥ wi + edhP(νi), and consequently, 

.edhP(μ) =
i∈I

pi · edhP(μi) ≥
i∈I

pi · (wi + edhP(νi)) = w + edhP(ν) . . 

Proposition 5. A probabilistic  ARS  .P ⊆ A × M(A) is strongly AST iff . ˜ P is 
strongly bounded on singleton multidistributions. 

As we have seen in Corollary 1 and Theorem 2, embeddings of . ˜ into the 
canonical .W-weighted ARS . W are also sound and complete for proving strong 
boundedness of barycentric ARSs. For soundness, one can use embeddings of . 
instead of the barycentric extension . ˜ , if the embeddings are affine. 

Definition 13 (affinity). Let .A and .X be .M-algebras, with barycenter oper-
ators .EA and .EX , respectively. We say a mapping .η : A → X is affine if 
.η (EA{{pi : ai}}i∈I) = EX{{pi : η(ai)}}i∈I . 

Theorem 5 (affine embedding, soundness). Let .W be a partial .M-algebra, 
. A and .X be .M-algebras, and .η : A → X an affine embedding of . ⊆ W ×A×A
into a barycentric weighted order . X ×X. Then  .Pot ˜ (a) ⊆ Pot (η(a)). 
In particular, .SB (η(S)) implies .SB ˜ (S). 

Proof. We prove by induction on the derivation that .a ˜ w b implies . η(a) w

η(b). Hence . η is an embedding from . ˜ to . , and we conclude the claim by 
Theorem 1. The interesting case is when . a = E{{pi : ai}}i∈I ˜ w

E{{pi : bi}}i∈I =
b, .w = E{{pi : wi}}i∈I ∈ W, and  .ai ˜ wi bi for all .i ∈ I. Then induction 
hypothesis gives .η(ai) wi η(bi), and since . η is affine and . is barycentric, we 
conclude 

. η(a) = η (E{{pi : ai}}i∈I) = E{{pi : η(ai)}}i∈I

w
E{{pi : η(bi)}}i∈I = η (E{{pi : bi}}i∈I) = η(b) . . 

For any .R≥0-valued function .h : A → R≥0, the expectation 
.Eh {pi : ai}i∈I := i∈I pi · h(ai) is affine on .D(A) or .M(A). Moreover,  
. R≥0 ⊆ R≥0 ×R

∞
≥0 ×R

∞
≥0 is a barycentric weighted order, as . ∀i ∈ I. xi ≥ wi+yi

implies 
. 

i∈I

pi · xi ≥
i∈I

pi · (wi + yi) =
i∈I

pi · wi +
i∈I

pi · yi ,

i.e., .E{{pi : xi}}i∈I
E{{pi:wi}}i∈I

R≥0
E{{pi : yi}}i∈I . Therefore, .R≥0-valued ranking 

functions are sound for proving strong boundedness of barycentric .R≥0-weighted 
ARSs. This generalises to arbitrary partial .M-algebras . W, provided  .W∞ forms 
an .M-algebra which is
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– monotone: if  .∀i ∈ I. xi ≥ yi, then  .E{{pi : xi}}i∈I ≥ E{{pi : yi}}i∈I ; and  
– superadditive: .E{{pi : xi + yi}}i∈I ≥ E{{pi : xi}}i∈I + E{{pi : yi}}i∈I . 

Theorem 6 (ranking functions, soundness). Let .W be an .M-algebraic 
positive monoid such that .W∞ is monotone and superadditive. If a weighted 
ARS . ⊆ W × A × A admits an affine ranking function .η : A → W∞ with 
.η(S) ⊆ W, then .SB ˜ (S). In particular, .pot ˜ (a) ≤ η(a) for every .a ∈ S. 

Proof. To use Theorem 5 we show that the weighted order . W ⊆ W×W∞×W∞

is barycentric. So consider .xi, yi ∈ W∞ such that .xi
wi

W yi, i.e., .xi ≥ wi + yi for 
all .i ∈ I, and  .E({{pi : wi}}i∈I) ∈ W. We have, indeed, 

. E{{pi : xi}}i∈I ≥ E{{pi : wi + yi}}i∈I ≥ E{{pi : wi}}i∈I + E{{pi : yi}}i∈I ,

by monotonicity and superadditivity. Now .Pot ˜ (a) ⊆ Pot W (η(a)) by Theo-
rem 5, so with Lemma  1 we conclude 

.pot ˜ (a) = supPot ˜ (a) ≤ supPot W (η(a)) = pot W (η(a)) = η(a) ∈ W . . 

Example 6. Theorem 6 proves that . ˜ R from Example 4 is strongly bounded 
on all distributions using the affine ranking function .Eh, where  . h(HCl) =
h(NaOH) = 56.5, and  .h(NaCl) = h(H2O) = 0; being a ranking function is 
exemplified by: 

. Eh({1/2 : HCl, 1/2 : NaOH}) = 1/2 · h(HCl) + 1/2 · h(NaOH) = 56.5
= 56.5 + 1/2 · h(NaCl) + 1/2 · h(H2O) = 56.5 + Eh({1/2 : HCl, 1/2 : NaOH}) .

Example 7. We can prove that . ˜ G from Example 4 is strongly bounded, by 
defining .h(n) = 2 and .h(n) = 0. Then, for any .n ∈ N, 

. Eh({{1 : n}}) = 2 ≥ 1 + 1/2 · h(n) + 1/2 · h(n + 1) = 1 + Eh({{1/2 : n, 1/2 : n + 1}}) .

Theorem 6 encompasses the soundness of probabilistic ranking functions [ 4]. 
As illustrated in the above example, if there exists .h : A → R≥0 such that 
.h(a) ≥ 1 + Eh(μ) for all .a P μ, then Theorem 6 ensures that . P over .M(A) is 
strongly bounded, i.e., .P is strongly AST. They are also complete for proving 
strong AST of probabilistic ARSs [ 4], since .pot serves as a ranking function. We 
conjecture that affine ranking functions are complete for a reasonably wide class 
of barycentric ARSs; however, .pot is not necessarily affine in general: note that 
.pot ˜ R({1 : HCl}) = pot ˜ R({1 : NaOH}) = 0 in Example 4.
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5 Conclusion 

In this work, we introduced weighted ARSs, providing a framework for study-
ing rewriting systems with quantitative properties, particularly those related to 
complexity. By assigning uniform weights, weighted ARSs generalize standard 
and relative rewriting while enabling the analysis of reduction systems with non-
uniform weights, such as expectation-based properties in probabilistic systems. 
To study (strong) boundedness in this setting, we established ranking functions 
as a central tool, and have seen how these adapt to weighted term rewrite systems 
and barycentric ARSs, encompassing probabilistic reduction systems. 

As future work, it would for instance be interesting to enrich the theory with 
a study of confluence and related properties. 
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Abstract. In this paper, we consider the knowledge problems of deduc-
tion and static equivalence in the formal analysis of security protocols. 
We extend a recent result that developed a decision procedure for these 
problems in the non-disjoint combination .R ∪ E, where  .R is a subterm 
.E-convergent term rewrite system (TRS) and .E is a restricted form of 
permutative theory. Here, we consider the same combination problem 
but replace the subterm .E-convergent TRS with a superclass of subterm 
.E-convergent, called contracting .E-convergent. We show that the previ-
ous decision procedure can be extended to obtain a new algorithm for 
this larger class of combined theories. 

We also explore the gap between the contracting TRSs, for which 
deduction and static-equivalence are decidable, and a larger superclass 
called graph-embedded for which these problems are undecidable. This 
gap is of interest since one would like to get closer to graph-embedded 
and still maintain decidability of the above “knowledge problems.” We 
show that at least one way of weakening the restrictions of the con-
tracting definition will not work, as it leads to undecidability results 
for deduction and static equivalence. We also show that a subset of the 
graph-embedded rules is still sufficient to obtain undecidability. 

Keywords: Permutative Equational Theories · Term Rewriting · 
Combination 

1 Introduction 

In the formal analysis of security protocols, a number of tools have been devel-
oped that use constraint solving in term algebras [ 3, 8,10,11,15,20,25,29,30]. 
These tools implement algorithms and procedures to reason about the knowl-
edge an adversary could gain by observing a protocol in execution. Two key 
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measures of this knowledge are (intruder) deduction [ 24,28] and  static equiva-
lence [ 1], and there has been substantial work on developing decision procedures 
for these problems (e.g., [ 1, 4, 7,11,13,18]). These procedures typically model pro-
tocols symbolically, using rewrite systems or equational theories, and are often 
proven sound and complete for specific classes of theories. 

One of the most common such classes is that of subterm convergent term 
rewrite systems. These are systems where the right-hand side of each rule is a 
strict subterm of the left-hand side or a constant (see, e.g., [ 1,11]). In recent 
work [ 9,16], an extension of this class, called graph-embedded, was introduced. 
This class leverages the graph minor relation in term graphs to define a super-
class of subterm convergent systems. However, deduction and static equivalence 
problems are undecidable for graph-embedded systems. To address this, a sub-
class called contracting was identified in [ 9,16], for which both problems remain 
decidable. 

In this paper, we begin to explore the gap between the contracting and 
graph-embedded classes. This is of interest because narrowing this gap could 
allow for broader classes of theories to be analyzed while preserving decidability. 
We show that at least one natural weakening of the contracting definition leads 
to undecidability for both deduction and static equivalence. Furthermore, we 
examine restrictions of the graph-embedded definition, demonstrating that even 
a single rule from this definition can lead to undecidability. While it is plausible 
that the gap between contracting and graph-embedded systems can be reduced 
without sacrificing decidability, the best approach to achieving this remains an 
open question. 

Another important aspect of many decision procedures is the ability to handle 
combinations of theories, particularly when some components cannot be oriented 
into a term rewrite system—for example, theories involving Associativity and 
Commutativity (AC). In recent work [ 19], decision procedures were developed 
for deduction and static equivalence in combined theories of the form .R ∪ E, 
where . R and .E are non-disjoint. In [ 19] . R is a subterm convergent term rewrite 
system, and .E several types of permutative theories. 

In this paper, we again consider the same combination scenario .R∪E but go 
beyond the restriction that . R is a subterm rewrite system. Rather, we investigate 
the case where .R is a contracting rewrite system and .R is convergent modulo 
a permutative theory . E. We show that the procedure developed in [ 19] can  be  
adapted to the larger class of theories where .R is contracting. Thus, we obtain 
decision procedures for deductions and static equivalence in this larger class of 
theories. 

Paper Outline: Section 2 contains the preliminaries and background information. 
Section 3 presents several new combination results. In particular, it introduces 
the main result presented in Theorem 5. Section 4 presents several new unde-
cidable results. First, for a contracting systems without depth restrictions, The-
orem 6. Then, showing two subsets of the graph-embedded systems still have 
undecidable knowledge problems, Theorem 7 and Theorem 8. Finally, Sect. 5 
contains the conclusions and future work.
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2 Preliminaries 

We use the standard notation of equational unification [ 6] and term rewriting 
systems [ 5]. Given a first-order signature .Σ and a (countable) set of variables . V , 
the .Σ-terms over variables . V are built in the usual way by taking into account the 
arity of each function symbol in . Σ. Each  .Σ-term is well-formed: if it is rooted 
by an .n-ary function symbol in . Σ, then it has necessarily . n direct subterms. 
The set of .Σ-terms over variables .V is denoted by .T (Σ,V ). The set of variables 
from . V occurring in a term .t ∈ T (Σ,V ) is denoted by .V ar(t). A term . t is ground 
if .V ar(t) = ∅. A term  . t is linear if each variable in .V ar(t) occurs only once in 
. t. For any position . p in a term . t (including the root position . ε), .t(p) is the 
symbol at position . p, .t|p is the subterm of . t at position . p, and  .t[u]p is the term . t
in which .t|p is replaced by . u. A substitution is an endomorphism of . T (Σ,V )
with only finitely many variables not mapped to themselves. A substitution is 
denoted by .σ = {x1 t1, . . . , xm tm}, where the domain of . σ is . Dom(σ) =
{x1, . . . , xm} and the range of . σ is .Ran(σ) = {t1, . . . , tm}. Application of a 
substitution . σ to . t is written . tσ. A  .Σ-equation is a pair of .Σ-terms denoted 
by .s =? t or simply .s = t when it is clear from the context that we do not 
refer to an axiom. The size of a term . t, denoted by . |t|, is defined inductively as 
follows: .|f(t1, . . . , tn)| = 1+Σn

i=1|ti| if . f is an .n-ary function symbol with .n ≥ 1, 
.|c| = 1 if . c is a constant, and .|x| = 1 if . x is a variable. The depth of a term . t, 
denoted by .depth(t), is defined inductively as follows: . depth(f(t1, . . . , tn)) =
1 + maxi=1,...,n depth(ti) if . f an .n-ary function symbol with .n ≥ 1, . depth(c) = 1
if . c is a constant, and .depth(x) = 0 if . x is a variable. 

2.1 Equational Theories 

Given a set .E of .Σ-axioms (i.e., pairs of terms in .T (Σ,V ), denoted by . l =
r), the equational theory .=E is the congruence closure of .E under the law of 
substitutivity (by a slight abuse of terminology, .E is often called an equational 
theory). Equivalently, .=E can be defined as the reflexive transitive closure .↔∗

E of 
an equational step .↔E defined as follows: .s ↔E t if there exist a position . p of . s, 
.l = r (or .r = l) in  . E, and substitution . σ such that .s|p = lσ and .t = s[rσ]p. An  
equational theory .E is said to be permutative if for any .l = r in . E, the number 
of occurrences of any (function or variable) symbol in . l is equal to the number 
of occurrences of that symbol in . r. Well-known theories such as Associativity 
(.A = {(x + y) + z = x + (y + z)}), Commutativity (.C = {x + y = y + x}), and 
Associativity-Commutativity (.AC = A ∪ C) are permutative theories. A theory 
.E is syntactic if it has finite resolvent presentation . S, defined as a finite set of 
axioms . S such that each equality .t =E u has an equational proof .t ↔∗

S u with at 
most one equational step .↔S applied at the root position. The theories .C and 
.AC are syntactic [ 22]. 

2.2 Rewrite Relations 

Given a signature . Σ, an oriented .Σ-axiom is called a rewrite rule of the form 
.l → r such that .l, r ∈ T (Σ,V ), . l is not a variable and .V ar(r) ⊆ V ar(l). A finite
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set of rewrite rules is called a term rewriting system (TRS, for short). Let . R be 
any TRS. For any .Σ-terms . s and . t, .s .R-rewrites to . t, denoted by .s →R t, if  
there exist a position . p of . s, .l → r ∈ R, and substitution . σ such that . s|p = lσ
and .t = s[rσ]p. The  term  . s is said to be .R-reducible, .s|p is called a redex, and  in  
the particular case where .s|p = lσ, .s .R-rewrites to . t, denoted by .s →R t. A term  
is an innermost redex if none of its proper subterms is a redex. The symmetric 
relation .←R ∪ →R is denoted by .←→R. The rewrite relation .→R is confluent 
if .←→∗

R is included in .→∗
R ◦ ←∗

R. The rewrite relation .→R is convergent if . →R

is both terminating and confluent. When .→R is convergent, we have that for 
any terms .t, t , .t ←→∗

R t iff .t ↓R= t ↓R, where .t ↓R (resp., .t ↓R) denotes the 
unique normal form of . t (resp., . t ) w.r.t .→R. A convergent TRS .R is said to 
be subterm convergent if for any .l → r ∈ R, . r is either a strict subterm of . l or 
a constant. We refer to [ 5] for the classical notions of overlap and critical pair. 
Hence, a trivial critical pair is obtained by an overlap at the root position of a 
rule with a renaming of the same rule. A TRS with no non-trivial critical pairs 
is non-overlapping. 

Let us now introduce the notion of equational rewriting, also called class 
rewriting [ 21]. Given a TRS . R and an equational theory . E, the rewrite relation 
of . R modulo . E is defined as follows: .s →R,E t if there exist some position . p in . s, 
some rule .l → r ∈ R and a substitution . μ such that .s|p =E lμ and .t = s[rμ]p. The  
TRS .R is said to be .E-convergent if the relation .=E ◦ →R ◦ =E is terminating 
and .←→∗

R∪E ⊆ →∗
R,E ◦ =E ◦ ←∗

R,E . In an  .E-convergent TRS . R, any  term  . t
admits a unique .R-normal form modulo . E denoted by .t ↓R,E , and for any terms 
. s and . t, we have  .s ←→∗

R∪E t iff .(s ↓R,E) =E (t ↓R,E). 

2.3 Knowledge Problems 

The applied pi calculus and frames are used to model attacker knowledge [ 2]. In 
this model, the set of messages or terms which the attacker knows, and which 
could have been obtained from observing one or more protocol sessions, are 
the set of terms in .Ran(σ) of the frame .φ = νñ.σ, where . σ is a substitution 
ranging over ground terms. We also need to model cryptographic concepts such 
as nonces, keys, and publicly known values. We do this by using names, which  
are essentially free constants. Here also, we need to track the names which the 
attacker knows, such as public values, and the names which the attacker does 
not know a priori, such as freshly generated nonces. . ñ consists of a finite set of 
restricted names; these names represent freshly generated names which remain 
secret from the attacker. The set of names occurring in a term . t is denoted 
by .fn(t). For any frame .φ = νñ.σ, let  .fn(φ) be the set of names .fn(σ)\ñ where 
.fn(σ) = t∈Ran(σ) fn(t); and  for any  term  . t, let  .tφ denote—by a slight abuse of 
notation—the term . tσ. For any term . t, we say that . t satisfies the name restriction 
of . φ if .fn(t) ∩ ñ = ∅. 
Definition 1 (Deduction). Let .φ = νñ.σ be a frame, and . t a ground term. 
We say that . t is deduced from . φ modulo . E, denoted by .φ E t, if there exists a 
term . ζ such that .ζσ =E t and .fn(ζ) ∩ ñ = ∅. The term . ζ is called a recipe of . t
in . φ modulo . E.
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Another form of knowledge is the ability to tell if two frames are statically 
equivalent modulo . E. 

Definition 2 (Static Equivalence). Two terms . s and . t are equal in a frame 
.φ = νñ.σ modulo an equational theory . E, denoted .(s =E t)φ, if  .sσ =E tσ, and  
.ñ ∩ (fn(s) ∪ fn(t)) = ∅. The set of all equalities .s = t such that . (s =E t)φ
is denoted by .Eq(φ). Given a set of equalities .Eq, the fact that .(s =E t)φ for 
all .s = t ∈ Eq is denoted by .φ |= Eq. Two frames .φ = νñ.σ and . ψ = νñ.τ
are statically equivalent modulo . E, denoted as .φ ≈E ψ, if  .Dom(σ) = Dom(τ), 
.φ |= Eq(ψ) and .ψ |= Eq(φ). 

Deduction and static equivalence are known to be decidable for subterm 
convergent rewrite systems [ 1]. 

2.4 Graph-Embedded Rewrite Systems 

Let us know introduce the graph-embedded and contracting systems. These sys-
tems were introduced in [ 16] and then simplified in [ 9], where they are used 
to expand on the class of subterm convergent term rewrite systems. The idea 
behind the definitions was to capture the “near subterm” properties of many sys-
tems that model the properties of cryptographic protocols. Many systems were 
close but not fully subterm. That is, the right-hand side of some rules contain 
terms formed from the symbols and variable on the left but which are not strict 
subterms. 

Example 1 (Blind Signatures). For example, the theory of blind signatures [ 11] 
is such a theory that is beyond subterm: 

. checksign(sign(x, y), pk(y)) → x

unblind(blind(x, y), y) → x

unblind(sign(blind(x, y), z), y) → sign(x, z)

Consider the rule .unblind(sign(blind(x, y), z), y) → sign(x, z). Notice that while 
.sign(x, z) is not a strict subterm of .unblind(sign(blind(x, y), z), y) it can be 
formed from the function symbols and variables contained in this term. 

The expanded definitions allowed these systems to be captured under one 
single definition. To begin, we need to define the components that will be used 
in the two definitions, this includes a type of restricted permutation. 

Definition 3 (Leaf and Subterm Permutations). We define two types of 
permutations, .≈s and . ≈l: 

1. For terms . t and . t , we say  . t is subterm permutatively equal to . t , denoted 
.t ≈s t , if one of the following is true: 
(a) .t = t , where  . t and . t are constants or variables, or 
(b) .t = f(u1, . . . , un) and .t = f(uσ(1), . . . , uσ(n)) where . f is an .n-ary func-

tion symbol, .n ≥ 1, and  . σ is a permutation of the indexes .(1, . . . , n).
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2. For terms . t and . t , we say  . t is leaf permutatively equal to . t , denoted .t ≈l t , 
if . t is obtained from . t by applying a permutation on the set of leaves (variables 
and constants) occurring in . t. 

The first type of permutation, .≈s, allows for permutation inside the term but 
preserves the layer like structure of the function symbols in the term graph. The 
second type of permutation in the classical leaf permutability and is restricted 
to the leaf nodes, i.e., just the variables and constants of the term graph. Notice 
that the two types of permutations, .≈s and . ≈l, do not encompass all permutative 
theories since .≈s permutes subterms just below the root while .≈l permutes just 
the leaves. We will use a combination of the above two permutations in the 
definition employed for graph-embedded TRS. 

Definition 4 (Permutatively Equal). For terms . t and . t , we say  . t is per-
mutatively equal to . t , denoted .t ≈ t , if  .t ≈s t ≈l t , for some term . t . 

The class of contracting TRS first starts by modeling the graph minor rela-
tion in the TRS setting. This is done by a set of rewrite schemas. This set of 
rewrite schemata then induces a graph-embedded term rewrite system. Notice 
that this is very similar to what is often done when considering the homeomor-
phic embedding relation in TRSs. 

Definition 5 (Graph-Embedding). Consider the following reduction rela-
tion, .→∗

Rgemb
, where  .Rgemb is the set of rules given by the instantiation of the 

following rule schema: 

. 

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

for any f ∈ Σ
(1) f(x1, . . . , xn) → xi

(2) f(x1, . . . , xi−1, xi, xi+1 . . . , xn) → f(x1, . . . , xi−1, xi+1, . . . , xn)
and for any f, g ∈ Σ

(3) f(x1, . . . , xi−1, g(z̄), xi+1, . . . , xm) → g(x1, . . . , xi−1, z̄, xi+1, . . . , xm)
(4) f(x1, . . . , xi−1, g(z̄), xi+1, . . . , xm) → f(x1, . . . , xi−1, z̄, xi+1, . . . , xm)

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

We say a term . t is graph-embedded in a term . t, denoted .t gemb t , if  . t is 
a well formed term such that .t →∗

Rgemb
t . 

A TRS  .R is graph-embedded if for any .l → r ∈ R, .l gemb r or . r is a 
constant. 

The graph-embedded class is not sufficient to obtain decidability of static 
equivalence, so we next need to introduce a type of projection rule that ensure 
access to subterms and thus decidability of deduction and static equivalence. 

Definition 6 (Projecting Rule). Let . R be a TRS, . x a variable and . t a term  
with a single occurrence of  . x. A  projecting rule in . R over . t leading to . x is a rule 
in .R which is a variant of .t → x where . t is a superterm of . t with no additional 
occurrences of . x. 

Another way to view the projection rules of the above definition is that . t is a 
context, .t [ ], and there is a rule of the form .t [t] → x. The way these projecting 
rules relate to the entire term rewrite system can now be defined.
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Definition 7 (Projection-Closed Derivation). Let .R be a TRS. A non-
empty .Rgemb-derivation is said to be projection-closed with respect to .R if it 
has the form 

. s →l→r,γ
Rgemb

s →∗
Rgemb

t

where 
– . s is a linear term and . t is a well formed term, 
– .l → r is a .Rgemb rule among (1), (2) and (4), 
– . γ is a variable renaming s.t.: 
– if .l → r is rule (1), .f(x1, . . . , xn) → xi, then for any .xiγ occurring in . t
there exists a projecting rule in .R over .f(x1, . . . , xn)γ leading to .xiγ, 

– if .l → r is rule (4), 

. f(x1, . . . , xi−1, g(z̄), xi+1, . . . , xm) → f(x1, . . . , xi−1, z̄, xi+1, . . . , xm)

then for any .ziγ occurring in . t there exists a projecting rule in .R over . g(z̄)γ
leading to .ziγ, 

– .s →∗
Rgemb

t is either projection-closed with respect to .R or empty. 

Definition 8 (Projection-Closed Permutative Equality). Let . R be a TRS 
and .l = r a permutative equality obtained by one or zero applications of . ≈s

followed by one or zero applications of . ≈l. The equality .l = r is said to be 
projection-closed with respect to .R if the following holds: for any variable . x
occurring in a strict subterm .l = x of . l and in a strict subterm . r of . r such that 
.l = r , there exists a projecting rule in .R over . l leading to . x. 

Based on Definitions 7 and 8, we can now introduce the subset of graph-
embedded rules for which we can obtain decidability of the knowledge problems. 
Definition 9 (Contracting TRS). A TRS  .R is said to be contracting if for 
any non-subterm rule .l → r in .R one of the following holds: 
– there exist a position . p of . l, a substitution .σ ranging over variables, a 
projection-closed derivation .g →+

Rgemb
d with respect to .R such that . l|p = gσ

and .r = dσ is of depth . 1, 
– .l = r is a permutative equality of depth . 2 which is projection-closed with 
respect to . R. 
A contracting TRS, . R, is  strictly contracting if for any .l → r ∈ R, . depth(l) >

depth(r). 
Example 2. Consider the theory of blind signatures from Example 1. This the-
ory is contracting. Let’s look at the rule: . unblind(sign(blind(x, y), z), y) →
sign(x, z). Let  .l = unblind(sign(blind(x, y), z), y). 
Then, .l = unblind(sign(blind(x, y), z), y) → rule 1

Rgemb
sign(blind(x, y), z). We can  

start the projection-closed derivation at .l|1 = sign(blind(x, y), z). This leads to 
.sign(blind(x, y), z) →rule 4

Rgemb
sign(x, y, z) →rule 2

Rgemb
sign(x, z). We also need the 

required projecting rule, given the above projection-closed derivation. 
The step, .sign(blind(x, y), z) →rule 4

Rgemb
sign(x, y, z), applied rule 4 below the root, 

to remove the .blind() function symbol. Thus, there must be a projecting rule, 
which is the rule .unblind(blind(x, y), y) → x.
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2.5 Restricted Classes of Permutative Theories 

Leaf permutative theories are a further restriction on permutative theories where 
for each axiom, .l = r, . r is a leaf permutation of . l, i.e., .r = lσ, where . σ is 
a permutation of the leaf nodes of . l. It has already been shown in [ 9] that 
deduction is decidable in permutative theories but static equivalence is not [ 17]. 

Definition 10 (Variable-Permuting Theory). An axiom .l = r is said to be 
variable-permuting [ 26] if all the following conditions are satisfied: 

1. the set of occurrences of . l is identical to the set of occurrences of . r, 
2. for any non-variable occurrence . p of . l, .l(p) = r(p), 
3. for any .x ∈ Var(l) ∪ Var(r), the number of occurrences of . x in . l is identical 

to the number of occurrences of . x in . r. 

An equational theory .E is said to be separate variable-permuting (.SVP, for  
short) if for any .l = r ∈ E we have: 

– .l = r is a variable-permuting axiom, 
– . l and . r are rooted by the same function symbol that does not occur elsewhere 
in . E. 

An inner constructor symbol of .E is a function symbol from .E that never occurs 
at the root of any equality in . E. 

Example 3 (Intruder Theory with a Permutative Axiom). Let us consider a the-
ory used in practice to model a group messaging protocol [ 12]. For this protocol, 
the theory modeling the intruder can be defined [ 27] as a combination . R ∪ K
where .K = {keyexch(x, pk(x ), y, pk(y )) = keyexch(x , pk(x), y , pk(y))} and 

. R =
adec(aenc(m, pk(sk)), sk) → m
checksign(sign(m, sk),m, pk(sk)) → ok

getmsg(sign(m, sk)) → m
sdec(senc(m, k), k) → m

.

. R is a subterm convergent TRS and .K is a .SVP theory such that the shared 
symbol .pk is an inner constructor of .K and a constructor of . R. 

An equational theory .E is closed by paramodulation if .E is a finite set of 
equalities saturated with respect to the classical paramodulation rule [ 23]. Thus, 
an equational theory is saturated by paramodulation when, after exhaustive 
applications of the paramodulation rule, no further non-redundant equalities. 

Lemma 1. Any .SVP theory is closed by paramodulation. 

Critical for the results in this paper is the following from [ 17]. 

Theorem 1 ([ 17]). Static equivalence is undecidable in general for variable per-
muting theories. 

Theorem 2 ([ 17]). Both deduction and static equivalence are decidable in any 
.SVP theory.
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It has already been shown in [ 9] that it is possible to combine .≈-free contract-
ing convergent TRS with permutative theories to obtain decidability results for 
deduction. However, since static equivalence is undecidable in general for even 
variable permuting theories [ 17], there was no equivalent result for static equiv-
alence. 

Theorem 3. Let .R be any contracting convergent TRS and .E any .SVP the-
ory such that the function symbols shared by .R and .E are constructors for . R
and inner constructors for . E. Then, both deduction and static equivalence are 
decidable in .R ∪ E. 

Proof. The combination result from [ 18] can be applied due to Theorem 2. . 

Next, we consider going beyond the restriction of only sharing constructors. 

3 Equational Rewriting Modulo Permutative Theories 

In this section we start investigating the possibility to consider .E is syntactic 
permutative, e.g., .E is a permutative theory closed by paramodulation, and . R
is .E-convergent. In this case, an additional finiteness assumption is required, as 
shown below. The investigated approach relies on the possibility of computing a 
finite representation of all the terms that are matched modulo . E by the left-hand 
sides of the TRS . R. 

Definition 11. An .E-variant of a term . l is a pair .(t, σ) such that .t =E lσ and 
.Dom(σ) is included in .fv(l). Given two .E-variants .(u, θ) and .(v, γ) of a term . l, 
.(u, θ) is more general than .(v, γ), denoted by .(u, θ) ≤E (v, γ) if there exists a 
substitution . τ such that .uτ =E v and .θτ =E γ. A complete  set of  .E-variants 
of . l, denoted by .CVE(l), is a set of  .E-variants of . l such that for any .E-variant 
.(v, γ) of . l, there exists .(u, θ) ∈ CVE(l) such that .(u, θ) ≤E (v, γ). The equational 
theory .E is said to have the Finite Equational Variant Property (FEVP, for 
short) if any term admits a finite complete set of .E-variants. 

Given a syntactic permutative theory . E, we have developed in [ 19] a general 
procedure that, when terminating, computes a finite set of terms .E-matched 
by . l, denoted by .CMTE(l) and such that .{(t, σ) | t ∈ CMTE(l), lσ =E t} is 
a finite .CVE(l). This procedure, called .MTG is defined as a rule-based system 
consisting of a matching procedure for syntactic permutative theories plus some 
additional rules to guide the instantiation of terms to be .E-matched by . l, in case  
the matching procedure fails when the terms are too small. The .MTG procedure 
is not guaranteed to terminate for an arbitrary syntactic permutative theory . E. 
However, the .MTG procedure is guaranteed to terminate for permutative theories 
closed under paramodulation which are known to be syntactic [ 23], and so we 
have: 

Theorem 4. Any permutative theory closed by paramodulation has the FEVP.
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Definition 12. Assume .R is TRS such that for any .l → r ∈ R, .CMTE(l) is 
finite. Under this assumption, the size of . R modulo . E, denoted by .|R|, is defined 
as follows: .|R| = max{|t| | t ∈ CMTE(l), l → r ∈ R}. 

From now on, we assume that .E is a syntactic permutative theory and .R is 
a contracting .E-convergent TRS such that .|R| is defined. We introduce below 
some notions defined with respect to .|R|, such as the completion of a frame and 
a set of equalities generated by terms bounded by .|R|. 
Definition 13. Given a term . t, .gstE(t) denotes the set of terms .E-equal to 
some term in . {t | t =Et} gst(t ), where  .gst(t ) is the set of (well-typed) terms 
reachable by .Rgemb from . t . For any normalized frame .φ = νñ.σ, let  . gstE(σ)
be the set of terms . x∈Dom(σ) gstE(xσ). The  set of terms  .D∗(φ) is the smallest 
set .D such that: 

(1) .Ran(σ) ⊆ D, 
(2) if .t1, . . . , tn ∈ D and .f(t1, . . . , tn) ∈ gstE(σ) then .f(t1, . . . , tn) ∈ D, 
(3) if .t ∈ D, .t ∈ gstE(σ), .t =E t , then .t ∈ D, 
(4) if there is a root reduction .s[d̄] →R,E t where .|s| ≤ |R|, .fn(s)∩ ñ = ∅, . d̄ ∈ D

and .t ∈ gstE(σ), then .t ∈ D. 

Let .σ∗ = σ{χu u | u ∈ D∗(φ)\Ran(σ)} where .χu is a fresh variable. 
The frame .φ∗ = νñ.σ∗ is called the completion of . φ with respect to contexts 
bounded by .|R|. Given a recipe .ζu for each .u ∈ D∗(φ)\Ran(σ), the substitution 
.{χu ζu | u ∈ D∗(φ)\Ran(σ)} is called a recipe substitution of . φ and is denoted 
by . ζφ. The  set .EqB

ζ (φ) is the set of equalities .tζφ = t ζφ such that . (tζφ =RE t ζφ)φ
and .t, t are terms such that .|t| ≤ |R|, .|t | ≤ |R| and .(fn(t) ∪ fn(t )) ∩ ñ = ∅. 

In the following, we present reduction methods from .RE = R ∪ E to the 
combined theory .∅ ∪ E where . ∅ is the empty theory over the function symbols 
occurring in .R but not in . E. In the next subsections, this combined theory is 
simply denoted by . E. 

3.1 Deduction 

The decision procedure for the deduction problem in .RE is based on the following 
reduction lemma. 

Lemma 2 (Deduction). Let .RE = R ∪ E where .E is any syntactic permuta-
tive theory and .R is any contracting .E-convergent TRS such that .|R| is defined. 
For any normalized frame . φ and any normalized term . t, we have that . φ RE t
if and only if .φ∗ E t. 

3.2 Static Equivalence 

In a way similar to what is done for disjoint combinations [ 14], we extend the 
input frames with the instantiation of recipes of all deducible terms occurring in 
the completions.
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Definition 14. Let .φ = νñ.σ be a frame. Let .Π be a set of terms . t such that 
.tσ is ground and . t satisfies the name restriction of . φ. The  .Π-extension of . φ is 
the frame .Πφ = νñ.{χt t | t ∈ Π}σ. 

Given any normalized frames .φ = νñ.σ and .ψ = νñ.τ such that . Dom(σ) =
Dom(τ), let  .φ̄ = (Πφ)↓R,E, and  .ψ̄ = (Πψ)↓R,E where .Π is the set of subterms 
in .Ran(ζφ) ∪ Ran(ζψ). 

Lemma 3. We have .(φ̄)∗ = φ̄, .(ψ̄)∗ = ψ̄ and .φ ≈RE ψ if and only if .φ̄ ≈RE ψ̄. 

The decision procedure for static equivalence in .RE is based on the following 
reduction lemma: 

Lemma 4 (Static Equivalence). Let .RE = R ∪ E where .E is any syntactic 
permutative theory and .R is any contracting .E-convergent TRS such that .|R| is 
defined. For any normalized frames . φ̄ and . ψ̄, we have .φ̄ ≈RE ψ̄ iff . ψ̄ |= EqB(φ̄)
and .φ̄ |= EqB(ψ̄) and .φ̄ ≈E ψ̄. 

3.3 Decidability Results and Correctness Proofs 

According to the above reduction lemmas, we get the following result. 

Theorem 5. Let .RE = R ∪ E where .E is any syntactic permutative theory 
and .R is any contracting .E-convergent TRS such that .|R| is defined. If both 
deduction and static equivalence are decidable in . E, then both deduction and 
static equivalence are decidable in .RE. 

Corollary 1. Let .RE = R ∪ E where .E is any .SVP theory and .R is any 
contracting .E-convergent TRS. Then, both deduction and static equivalence are 
decidable in .RE. 

The proofs of the reduction lemmas rely on the following technical lemma: 

Lemma 5. Let .RE = R ∪ E where .E is any syntactic permutative theory and 
. R is any contracting .E-convergent TRS such that .|R| is defined. Assume . φ̄ ≈E ψ̄
and .ψ̄ |= EqB(φ̄). For any term . s satisfying the name restriction and for any 
term . t such that .sφ̄ →R,E t, there exists a term . u satisfying the name restriction 
such that .t =E uφ̄ and .sψ̄ =RE uψ̄. 

Proof. There are two possibilities. 

(i) Let us first assume that the rewrite step occurs at the root position. Suppose 
.sφ̄ =E lμ with .l → r ∈ R. For any .x ∈ fv(l), .xμ is possibly a term of the 
form .tφ̄ where . t is a subterm of . s. Consider a constant-abstraction mapping 
. π defined as follows: for any maximal subterm .s|pφ̄ occurring in .xμ where 
.x ∈ fv(l), let  .π(s|pφ̄) = cp where .cp is a fresh free constant. For the term . s φ̄
obtained from .sφ̄) by replacing each maximal subterm .s|pφ̄ by the constant 
.π(s|pφ̄), we have that . s is a small context such that .|s | ≤ |R| and . s φ̄ →R,E

rμ for .l → r ∈ R. By assumption, . R is contracting and so we have . rμ =E u φ̄
for some term . u . By replacing back the constants introduced by the constant
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abstraction, we have .(s φ̄)π−1 →R,E ◦ =E (u φ̄)π−1, where . (s φ̄)π−1 = sφ̄
and .(u φ̄)π−1 = uφ̄ for some term . u. Consequently, .sφ̄ →R,E ◦ =E uφ̄. By  
definition of .EqB and by assumption on . ψ̄, we have that .s ψ̄ =RE u ψ̄. By  
replacing each constant .π(s|pφ̄) with .s|pψ̄, we get  .sψ̄ =RE uψ̄. 

(ii) Let us now assume that the rewrite step occurs below the root position. 
There exists a position .p = such that .s φ̄ = (s φ̄)[sφ̄]p with .sφ̄ →R,E t. By  
the case .(i) above, there exists a term . u such that .t =E uφ̄ and .sψ̄ =RE uψ̄. 
Then, we have 

. s φ̄ →R,E (s φ̄)[t]p =E (s φ̄)[uφ̄]p = (s [u]p)φ̄

and 
. s ψ̄ = (s ψ̄)[sψ̄]p =RE (s ψ̄)[uψ̄]p = (s [u]p)ψ̄

. 

4 Undecidability Results 

One approach that could be investigated to expand the above results would be 
to try to weaken the definition of projection-closed equality (Definition 8) so  
that more permutative theories could be considered in the framework of con-
tracting TRS. However, we show that if we weaken the definition of contracting, 
Definition 9, by relaxing the type of permutations allowed, we quickly run into 
undecidability results. 

It turns out that while the above restrictions detailed in Definition 9 may be 
able to be weakened slightly, one still requires restrictions on both the rule appli-
cations and the permutations allowed or undecidability results follow. Indeed, we 
next show that we can consider subsets of the rules from the graph-embedded 
definition and these subsets still lead to the undecidability of the knowledge 
problems. 

4.1 A Weaker Contracting Definition 

Let us first consider removing the depth restriction from the definition of con-
tracting TRS (Definition 8). We show that by removing this restriction we run 
into undecidability. To prove this result we start with a construction developed 
in [ 17] showing that a Linear Bounded Automaton’s (LBA) transition function 
can be simulated by a leaf permuting TRS. This in turn is used to show that 
static equivalence is undecidable in leaf permuting theories. However, the result-
ing TRS, simulating the LBA, from [ 17] is permutative but not contracting. The 
TRS is missing the required projection rules of Definition 8. These rule cannot 
just be added since they will have overlaps with the existing rules and thus inter-
fere with the LBA simulation. We can however, modify slightly the construction 
from [ 17] to prevent these overlaps when adding the required projection rules.
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To detail the modification, we first give a brief overview of the construction. 
Given a LBA .M = (Q,Σ, Γ, q0, qa, qr, δ), assume .Σ = {a1, a2, . . . , an} and . Γ =
{<,>, Σ, where .<,> are the left and right end caps respectively, and . is 
the blank symbol. Terms can be constructed that simulate the state of the LBA 
by introducing three function symbols, .f, g, h and three constants, . a, . b, and  . P . 
. h is used to represent the state of the LBA. To represent state . qi, a constant . b is 
placed at the .ith position with the remaining positions containing . a constants. 
There is an extra position in . h, one more than .|Q| and it is used to represent 
a dummy or default state. . g has arity .|Γ | and is used to encode the alphabet 
characters. A constant . b at position . i in . g with . a constants placed at all other 
positions to encode . ai. . f is used to form terms which consist of an encoding 
of a state, an encoding of a single character, and an .f -rooted subterm or the 
constant . P . The subterm is used to encode the rest of the string. The constant 
.P is used to stop the encoding. For example, suppose you have a state . <q00>
of the LBA, .|Q| = 2, and  .Γ = {<,>, 0, . Then the term representation of this 
would be: 

. f(h(b, a, a), g(b, a, a, a), f(h(a, a, b), g(a, a, b, a), f(h(a, a, b), g(a, b, a, a), P )))

Then, the left and right moves of the LBA can be simulated by a permutative 
TRS. For example, if the LBA has a move .δ(q0, <) = (q1, <,R) one of the rules 
for this transition would then be: 

. f(h(b, a, a), g(b, a, a, a), f(h(a, a, b), g(a, a, b, a), x)) →
f(h(a, a, b), g(b, a, a, a), f(h(a, b, a), g(a, a, b, a), x))

Notice that there would be several versions of this rule, since this is the version 
with the . 0 symbol encoded as the next symbol to read, right of . <. Likewise for 
a LBA transition .δ(q0, >) = (q1, >, L), one of the rules would be: 

. f(h(a, a, b), g(a, a, b, a), f(h(b, a, a), g(a, b, a, a), x)) →
f(h(a, b, a), g(a, a, b, a), f(h(a, a, b), g(a, a, b, a), x))

Now, notice we can’t just add projection rules to this TRS. The required 
projection rule for the above right-move example transition would be: 

. f(h(a, a, b), g(a, a, b, a), x) → x

However, notice that this overlaps with the above left-move transition. 

Theorem 6. Static equivalence is undecidable in general for contracting TRSs 
without a depth restriction. 

Proof. We can fix the above issue with overlapping projection rules by introduc-
ing two dummy states instead of one, a left-dummy state, .qld, and a right-dummy 
state, .qrd. This can be done by increasing the arity of . h by one. The second to 
last position being the left-dummy state and the final position the right dummy-
state. Thus if .|Q| = n, . h has arity of .n + 2. For example, in the above case with 
.|Q| = 2, the left-dummy state .qld = h(a, a, b, a) and the right .qrd = h(a, a, a, b).
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The initial state of the LBA tape has just right-dummy states with the LBA 
tape head to the left of all the dummy states. Right moves by the LBA change 
the dummy states, that are now left of the LBA tape head, to left-dummy states. 
Likewise, left rule moves of the LBA change left-dummy states back to right-
dummy states. 

We illustrate these modifications with the two rule examples from above. The 
right moves are now modified as follows: 

. f(h(b, a, a, a), g(b, a, a, a), f(h(a, a, a, b), g(a, a, b, a), x)) →
f(h(a, a, b, a), g(b, a, a, a), f(h(a, b, a, a), g(a, a, b, a), x))

The left moves are modified as follows: 

. f(h(a, a, b, a), g(a, a, b, a), f(h(b, a, a, a), g(a, b, a, a), x)) →
f(h(a, b, a, a), g(a, a, b, a), f(h(a, a, a, b), g(a, a, b, a), x))

Now when we add the projection rules for right LBA moves we have rules of 
the form: 

. f(h(a, a, b, a), g(a, a, b, a), x) → x

However, this now doesn’t overlap the left move rules of the LBA since they 
include the subterm for the right-dummy state .h(a, a, a, b) instead of the left-
dummy that is now included in the projection rules, .h(a, a, b, a). The same occurs 
for the left LBA moves. . 

4.2 Subset of Graph-Embedded 

Next, let us consider subsets of the rules from the graph-embedded definition. 

Definition 15. A rule-4 graph-embedded term rewrite system is any TRS, . R, 
such that for all .l → r ∈ R, .l →+

Rgemb
r, using only rules (4) and (2) of Defini-

tion 5. Denote this set of graph-embedded rules as .R4. 
Likewise, a rule-3 graph-embedded term rewrite system is any TRS, . R, such  

that for all .l → r ∈ R, .l →+
Rgemb

r, using only rules (3) and (2) of Definition 5. 

Rule-4 Graph-Embedded: First, we can consider the restricted rule-4 graph-
embedded TRSs and use a result previously developed for homeomorphic embed-
ded TRSs. 

Theorem 7. Deduction is undecidable in general for rule-4 graph-embedded 
TRS. 

Proof. Assume for each .l → r ∈ R, for some TRS . R, that .l →∗
Remb

r, . r is 
homeomorphically embedded in . l, and the root symbol of . l remains the root 
symbol for . r, .l( ) = r( ). Then, .l →∗

R4
r. Notice that any homeomorphic rewrite
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step below the root can be emulated by several applications of rule (4) and (2). 
If .t = f(t̄1, g(x1, . . . , xi, . . . , xn), t̄2) →Rgemb

f(t̄1, xi, t̄2) then, 

. t = f(t̄1, g(x1, . . . , xi, . . . , xn), t̄2) →(4)

f(t̄1, x1, . . . , xi, . . . , xn, t̄2) →n−1
(4) f(t̄1, xi, t̄2).

In [ 9] it is shown that deduction is undecidable in general for homeomorphic 
embedded TRS. The proof uses a reduction from the Modified Post Correspon-
dence Problem (MPCP). The TRS developed in that reduction was the following: 

. B =
n

i=1

{f(αi(x), gi(y), βi(z), unlocked(z)) → f(x, y, z, unlocked(z))},

U = {f(x, y, x, locked(unlocked(z))) → f(x, y, x, unlocked(z))}.

Notice that each of these rules is both homeomorphic embedded and root 
symbol preserving. Thus, each of these rules is also rule-4 graph-embedded. . 

Rule-3 Graph-Embedded: Next, consider the rule-3 graph-embedded TRSs. For 
this reduction we will use the Modified Post Correspondence Problem (MPCP) 
an undecidable version of the well known undecidable Post Correspondence 
Problem (PCP). Let .Γ = {a, b} be the alphabet of the .MPCP problem. Then, 
an instance of the problem is a finite set of string pairs, . S = {(αi, βi)| i ∈
[1, n]} ⊆ Γ+ × Γ+, and an input string .α0 ∈ Γ ∗. A solution is a sequence of 
indexes .i1, . . . ik ∈ [1, n] such that .αi1αi2 . . . αik = βi1βi2 . . . βik , .α0 is a suffix 
of .αi1αi2 . . . αik , and  .α0 is a suffix of .βi1βi2 . . . βik . That is, there is a string 
.α ∈ Γ ∗ s.t. .αi1αi2 . . . αik = α · α0 = βi1βi2 . . . βik . Notice that the standard 
.PCP is easily reducible to this .MPCP by setting .α0 to the empty string. 

Theorem 8. Deduction is undecidable in general for rule-3 graph-embedded 
TRS. 

Proof. Let .P = {(αi, βi)| i ∈ [1, n]} be an instance of MPCP over the alphabet 
.Γ = {a, b} with the input string .α0 ∈ Γ ∗. We can convert this MPCP problem 
into the TRS setting. First, let . f be a binary function symbol and let . a and 
. b be constants, and let .d1, . . . , dn, be public constants, one for each string pair 
of the MPCP. We can convert a string over .Γ into a term using . f , . a and . b in 
a recursive fashion. For .γ ∈ Γ+ and .x ∈ V , let  .γ(x) denote the term version 
defines as follows: If .γ = a (or . b) then .γ(x) = f(a, x) (likewise .γ(y) = f(b, y)). If 
.γ = a · γ then .γ(x) = f(a, γ (x)). Let  .lck (for locked), .ulck (for unlocked), and 
.d, di (.0 ≤ i ≤ n) be  public constants. Now, construct a TRS, . R, as follows: for 
each pair .{(αi, βi)| i ∈ [1, n]} we create the rule 

. f(f(f(ulck, v), f(di, x)), f(αi(y), βi(z))) → f(f(f(ulck, v), x), f(y, z))

Add one final “unlocking” rule to . R: 

.f(f(f(ulck, f(lck, v)), f(d0, x)), f(y, y)) → f(f(f(ulck, v), x), f(y, y)).
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The .di ensure there are no critical pairs between rules and thus we have a 
convergent TRS. In addition, note that each rule in . R can be obtained by using 
just rule-. 3 (and rule-. 2 to remove extra terms). That is, .∀ l → r ∈ R, .l →+

(3),(2) r. 
Now for the .MPCP instance, construct the frame .φ = νñ.σ with . ñ = {c, e}

and .σ = {v f(ulck, f(lck, e)), x α0(c)}. Likewise, construct a deduction 
problem with the target term .M = f(f(f(ulck, e), d), f(c, c)). 

First, suppose there exists a recipe term, . t, such that .tσ ↓R = M . Then the 
first rule that must be applied is the unlocking rule, since it is required before 
any of the other rules can be applied. The unlocking rule also ensures that the 
two strings are equal. Next, each remaining rewrite step corresponds to a single 
string pair from the .MPCP , ensuring the recipe corresponds to a solution. The 
solution can be extracted from the indexes of each of the .di constants occurring 
in the rewrite derivation. 

Second, it also easy to see that if there is a solution to the .MPCP we can 
from that solution construct a recipe to deduce . M . For example, if the solution 
is .i1, . . . ik ∈ [1, n]. Then, a recipe would be: 

. t = f(f(v, f(d0, f(di1 , f(. . . , f(dik , d)))))), f(α (x), β (x)))

where .αi1αi2 . . . αik = α · α0 = β · α0 = βi1βi2 . . . βik . 

5 Conclusions 

In this paper, we have extended the combination result from [ 19], providing 
decision procedures for the problems of deduction and static equivalence in the 
combination .R ∪ E, where .R is contracting and .E-convergent. This improves 
upon the previous result, which required .R to be subterm .E-convergent. 

We also examined the gap between two extensions of subterm TRSs, contract-
ing and graph-embedded, with respect to the decidability of knowledge problems. 
We showed that several natural attempts to narrow this gap while preserving 
decidability fail, leading to TRSs with undecidable knowledge problems. Never-
theless, it remains plausible that a class of systems closer to graph-embedded 
than contracting could be defined in a way that maintains decidability. Identi-
fying the best approach to achieve this remains an open question. 

Regarding the undecidability proof for deduction in rule-3 TRSs, we note 
that since the terms involve a single non-constant function symbol, rule-3 behaves 
similarly to rule-4. It would be interesting to investigate whether this proof could 
be adapted to avoid relying on the presence of a single function symbol. 
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Abstract. We establish a data-driven method for the assessment of the 
runtime complexity of first-order term rewrite systems (TRSs for short). 
The fully automated complexity analysis of TRSs has a long tradition in 
rewriting and numerous sophisticated static analysis methods have been 
developed. The recent success in machine learning motivates the quest 
for data-driven analysis techniques, which, while unsound in principle, 
can potentially return insightful upper bounds on the runtime complexity 
where traditional (static) techniques fail. We present the first such tech-
nique based on bottom-up rule unfolding, akin to a variant of backward 
narrowing. Further, we employ a dedicated notion of data fitting that 
is fine-tuned to the estimation of asymptotic complexities. We provide 
ample experimental data indicating the viability of the approach. 

Keywords: term rewriting · complexity analysis · automation · 
machine learning 

1 Introduction 

Term rewriting is a conceptually simple but powerful abstract model of compu-
tation that underlies much of declarative programming. In order to assess the 
complexity of a (terminating) term rewrite system it is natural to look at the 
maximal length of derivation sequences, as suggested by Hofbauer and Laute-
mann in [ 13]. Further, to stay true to the motivation via declarative programming 
one typically restricts the starting terms to so-called basic terms, while often also 
focusing on innermost rewriting. That is, the complexity of a TRS is captured 
by the notion of (innermost) runtime complexity, cf.  [  12] and recent years have 
shown significant advances in the area, cf. [ 3, 10, 12, 16, 18, 20, 23, 25, 31]. Here, 
we restrict ourselves to fully automated methods that focus on the worst-case 
upper bounds of the runtime complexity of rewrite systems and have given only 
a handful of references. Similarly, for the fully automated resource analysis of 
(functional) programs a plethora of techniques have been introduced, for exam-
ples see [ 15] for a comprehensive survey on techniques in the amortised analysis 
of functional programs alone. 

All these analyses are static analyses that work fully automatically, that is, 
the analysis works without user intervention and is based on the “source code”, 
c The Author(s) 2026 
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Table 1. Experimental validation of the data-driven analysis. 

# unsound (%) compl. (%) no val. unk. new (%) acc. (%) 
innermost.663.81 (12.2) .486 (73.3) .75 .21 .215 (32.4). 138 (51.3)

poly .536.16 (3.0) .460 (85.8) .46 .14 .215 (40.1). 112 (62.9)

fp + term. .169.7 (4.1) .138 (81.7) .24 .0 .25 (14.8) . 74 (74.7)

full .959.203 (21.2) .568 (59.2) .113 .75 .296 (30.9). 204 (40.3)

poly .653.31 (4.7) .519 (79.5) .74 .29 .296 (45.3). 155 (64.9)

fp + term. .111.7 (6.3) .80 (72.1) .24 .0 .27 (24.3) . 39 (75.0)

The benchmark suite is taken from the complexity categories of the Termi-
nation Problem Database (TPDB); in particular it indicates the number 
of (i) unsound ; (ii) compliant ; (iii) new ; and finally (iv) accurately pre-
dicted examples, respectively. Note that accuracy is defined w.r.t. known 
results on the (innermost) runtime complexity of TRSs. To indicate the 
effect of preprocessing of the data we have highlighted the effect of filter-
ing on benchmarks of polynomial complexity (“poly”) or those that encode 
(uniformly) terminating functional programs (“fp + term.”). 

the TRS in question. On the other hand, there has been immense progress in 
machine learning in recent years, motivating a renewed focus on data-driven 
techniques. By design, such an analysis can only be sound in the limit, cf.  [  27]. 
At most we can hope to prove a soundness result in relation to the number of 
dynamic samples we have taken from program evaluations that have been used 
to learn the runtime complexity of the TRS in question. 

Based on the sophisticated machine learning methodologies now available, 
one may hope to quickly yield a powerful (and fast) tool, trading soundness for 
expressivity. This may be expected to be a simple exercise. Alas, a number of 
challenges had to be overcome to achieve this. This study is partly motivated by 
recent work by Pham et al. [ 26] on the use of data-driven methods in a hybrid 
amortised resource analysis of functional programs. 

More precisely, we make the following contributions: 1) We develop a novel 
preprocessing method that synthesises worst-case inputs. That is,  for a given  
TRS .R we seek out input terms whose derivation height w.r.t. .R is maximally 
large. These inputs are then used to generate a suitable number of data points 
for the learner. 2) We define a suitable learning method to predict the runtime 
complexity of .R in the best possible way. The method is fine-tuned for adequacy 
and compliance of the prediction. 3) We prove a statistical soundness theorem, 
that is, sound “in the limit”, cf. Corollary 1. 4) We provide ample experimental 
evidence for the viability of the method. The overview of the results is given in 
Table 1. The table details results on the full and innermost runtime complexity. 
The experimental results are also available online. 1 We validatedthe method on

1 See https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/, the  
site also provides an interface to analyse arbitrary TRSs. 

https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/
https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/
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https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/
https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/
https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/
https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/
https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/
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https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/
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a significantly sized benchmark suite and compared to earlier results obtained 
on this benchmark (see Sect. 6 for details). In line with standard terminology, 
we call our predictions for a TRS .R accurate, if the correct runtime complexity 
of .R is known and the prediction is optimal. We call the prediction compliant, 
if it does not violate known lower bounds on the runtime complexity of . R. 

We emphasise that our method can provide novel results on the runtime 
complexity of hundreds of TRSs that so far could not be analysed by static tech-
niques. This holds true for full or innermost rewriting, respectively. This is some-
what remarkable, as the benchmark suite represents over a decade of research 
on fully automated static runtime complexity analyses. As the employed bench-
marks are of significant size, the “correct” complexity of the TRS in question is 
not necessarily known. Thus, our results also provide validation results on the 
expressivity of the bench-suite itself. 

Related Work. To the best of our knowledge, this is the first data-driven runtime 
complexity analysis of rewrite systems. We clarify the connection of our research 
to related work. Our method of choosing a worst-case input to define suitable 
data points as prerequisite for the learner is related to techniques that analyse the 
(worst-case) lower bound of the runtime complexity (see e.g. [ 9]). The witness 
term obtained in this context ideally serves as worst-case input. However, in 
practice the corresponding certificates issued by AProVE [ 10] or  TCT [ 4] are only 
partly available, at least in a machine-parse-able format. Unfortunately, these 
instances are far too rare among the tested dataset, as can also be seen in 
the full experimental results. 2 Similarly, fuzzing [ 8] is a related technique as 
well. Fuzzing is used to uncover software bugs, by changing the input over and 
over again in order to reach all possible control flows. However, the fact that 
the problem set contains arbitrary TRSs with neither a fixed start term nor 
checkable grammar (e.g. building an array with . :: has meaning and rules in 
a programming language, in a TRS it is just another function symbol) meant 
that this method is infeasible, as every possible symbol combination would need 
to be checked, without any guarantee, that the replacement chain’s result is a 
value and without taking the cost model into account. Pham et al. [ 26] establish 
a hybrid amortised resource analysis of functional programs. The methodology 
is only partly comparable, as we (i) focus on unrestricted term rewrite systems; 
(ii) we employ a static technique to single out worst-case input terms, rather 
than learning the program input distribution, as in [ 26]; and (iii) we target only 
asymptotic complexities. Further, we note that our method is more efficient. 

Outline. In the next section, we provide a high-level overview of the method-
ology employed. In Sect. 3 we provide basic notions and definitions. Section 4 
introduces our synthesis technique for worst-case inputs and also clarifies the 
challenges entailed by this endeavour for arbitrary (first-order) rewrite systems. 
Subsequently, in Sect. 5 we detail the learning algorithm and state our statisti-

2 In principle, we could have tried to adapt the source code of these provers ourselves, 
but AProVE is not open source and TCT only partly supports lower bound analysis. 
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cal soundness theorem. The setup of the experiments is explained in Sect. 6. We  
conclude and sketch future work in Sect. 7. 

Table 2. Motivating examples: Arithmetic functions represented as rewrite systems 

1: x−0 → x 
2:  s(x)−s(y) → x−y 
3: 0÷s(y) → 0 
4:  s(x)÷s(y) → s((x−y)÷s(y)) 

1 : x·0 → 0 
2 : x·s(y) → (x·y)+x 
3:  x+s(y) → s(x+y) 

4 : x+0 → x 
5: 0+x → x 
6:  s(x)+y → s(x+y) 

2 Overview 

In this section, we give a bird’s eye view on the contribution, explaining the 
obtained statistical analysis in a step-by-step fashion on simple motivating exam-
ples, cf. Table 2. 

Consider the TRS .R1 given to the left of Table 2. Obviously the TRS com-
putes division of two natural numbers, represented as numerals. Further it is not 
difficult to see that the runtime complexity of .R1 is linear, more precisely the 
number of rewrite steps to normal-form, starting with term .sm(0) ÷ sn(0) can 
be bounded precisely as .m + m/n + 1, for  .m n and .n >  0. In the literature on 
automated complexity analysis of TRS, however, one typically focuses on asymp-
totic bounds. Thus, in the following we will only be concerned with asymptotic 
bounds. Our approach correctly identifies the optimal linear (asymptotic) bound. 

Now, consider TRS .R2 given to the right of Table 2, encoding multiplica-
tion and addition, respectively. This amounts to a seemingly natural, although 
redundant definition. However, the redundancy makes the example no longer 
orthogonal, while the impredicative nature of the definition of multiplication 
increases its complexity, cf. [ 6]. Nevertheless, static analysers like AProVE [ 10] 
or TCT [ 4] can pinpoint its cubic runtime complexity fully automatically. Our 
approach also derives this optimal runtime complexity in a matter of seconds. 3 
The ambiguity of the examples provides some challenges for the correct prepa-
ration of the data points and synthesis of worst-case inputs. (See Sects. 4 and 5 
for further details.) 

Example 1. Reconsider the TRS .R1. The automated analysis of its linear com-
plexity provides some challenges. This is mainly due to the (natural) definition 

3 Kindly note, however, that the “optimal” cubic upper bound is rather removed from 
the actual precise multivariate bound of .rcR2 . The derivation height of . sm (0) · sn (0) 
is precisely bounded by .2n + 1 +  1 

2 
m(n2 + n). 
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of division in Rule 4. First, the rule makes the system duplicating as the variable 
. x appears twice on the right-hand side. Second, the structure of the recursive 
call in Rule 4 requires not too trivial techniques to upper-bound the runtime 
complexity fully automatically, cf. [ 1, 10, 25]. 

As the (precise) runtime complexity can be easily calculated by hand, it 
is natural to believe that a stochastic approach should be able to handle the 
example well. A prerequisite is to generate a sufficient amount of training data 
as basis for the learner. This data should represent rewrite sequences that are 
as close as possible to the actual runtime complexity of the TRS .R in question. 
Thus, we seek to find a set .{ti | i ∈ I} of input (basic) terms of size at most 
. n, so that the  maximum of  .dh(ti)i∈I is as close as possible to .rcR(n). We call  
such terms worst-case input terms. Rather than randomly generating terms for 
that, we aim at a more principled approach, essentially applying a variant of 
narrowing [ 11] that allows for backward reasoning. 

Example 2 (continued from Example 1). W.r.t. .R1 observe that this TRS is (i) 
orthogonal, that is, there is no overlap between the defining rules of subtraction 
and division; and (ii) completely defined, that is, all evaluations eventually end 
up in a numeral .sn(0) for some .n 0 or more generally a value, that is built up 
from constructor symbols. Put differently, .R1 can be conceived as the translation 
of a first-order functional program for division. Using our algorithm—detailed in 
Algorithm 1 below— and grouping terms by the size of the first input numeral, 
worst-case input terms .sm(0) ÷ s(0) (.m 0) are singled out. 

This is achieved by differentiating simple rules, essentially the base cases 
of the definitions, from complex rules, that is, the recursive cases. Employing 
bottom-up rule unfolding from values and leading up to initial terms, one gener-
ates a look-up table of evaluation costs that is used to select the most likely can-
didates for worst-case inputs. To avoid overlooking costly evaluations this follows 
a breadth-first search strategy. The simplicity of our running examples obfus-
cates a number of challenges here. As emphasised, the example is a functional 
program, normal-forms are values and there is no ambiguity. Subsequently, the 
bottom-up approach correctly identifies the worst-case inputs. This also works 
best for an innermost strategy. In general, in particular for full rewriting, neither 
is a suitable input term easy to identify nor is it certain that the normal-forms of 
the rewrite system considered are actually values. Due to the inherent complexity 
of computing the worst-case inputs, the algorithm is computationally demanding 
and may simply time out. Still, its design principle is led by the assumption that 
the TRS in question is close to a functional program and ideally the result of a 
transformation step from a functional program, say in OCaml, cf.  [  2]. Based on 
the identification of the worst-case inputs, it is straightforward to generate data 
points that indicate the runtime complexity of the considered rewrite system. 

Example 3 (continued from Example 2). In Fig. 1 we indicate the original (raw) 
estimation of the runtime complexity of the running TRS .R1 (on the left-hand 
side). The raw data cannot be used directly. Rather, we preprocess the data. For 
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Fig. 1. Visualisation of the Runtime Complexity of .R1. 

the collection of worst-case inputs .sm(0) ÷ sn(0), only the maximum observed 
derivation heights are retained. Moreover, we apply an iterative filtering process 
that retains only those data points where the angle between two consecutive 
points is at least as large as the angle between the previous two points. We refer 
to the resulting points as the convex worst-case measurements. The right-hand 
side of Fig. 1 shows the convex worst-case measurements obtained from the data 
points illustrated on the left. 

Based on the convex worst-case measurements, we employ empirical tech-
niques to estimate the asymptotic runtime complexity of the TRS. A simple 
fitting model is not sufficient to achieve good results on adequacy and compli-
ance. The fitting of models to data is usually guided by a loss function that has 
to be minimised. As any function on a closed interval .[a, b] can be approximated 
arbitrarily well by a polynomial of degree . n for .n → ∞  (Weierstrass Approx-
imation Theorem), attempting to fit the data as well as possible can lead to 
overly complex models that capture not only the underlying patterns but also 
the noise, which ultimately reduces the level of compliance. Instead, we follow 
the difference rule heuristic developed by McGeoch et al. [ 21]. This heuristic 
estimates the asymptotic complexity bounds by iteratively computing discrete 
derivatives to empirical data. It is guaranteed to be sound for the considered 
data points. That is, it provides sound upper bounds on the derivation height of 
the considered (worst-case) input terms. This implies that our methodology is 
statistically sound, that is sound “in the limit”. The error rate of our prediction 
falls in relation to the size of test data explored, cf. Corollary 1 below. 

Example 4 (continued from Example 3). W.r.t. the running example .R1, the  
difference rule heuristic yields linear asymptotic complexity for the defined func-
tion symbols . − and . ÷, respectively. Thus, we correctly (and optimally) conclude 
linear runtime complexity of .R1. 
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3 Preliminaries 

We briefly review standard notions in machine learning [ 7, 22, 24, 28] and exem-
plify them in our context. Consider binary classifications. Then there are four 
basic combinations between ground truth and prediction: (i) true positive (TP), 
that is, a property has been classified correctly; (ii) true negative (TN), that 
is, the absence of a property has been classified correctly; (iii) false positive 
(FP), that is, an incorrect positive classification; and finally (iv) false negative 
(FN), that is, an incorrect negative classification. Then the quality of a learner 
can be succinctly expressed. For example, its accuracy is given as the fraction 
.TP/(TP  + TN  ), while precision indicates the ratio .TP/(TP  + FP  ), etc. [  22, 28]. These 
binary classifications are partly generalisable to multi-class classifications. In 
particular accuracy simply means the fraction of correct classifications over all 
classifications. For the examples in the TPDB concerned with (full) runtime 
complexity, the optimal runtime complexity is known for about .31% of the data 
suite, that is, .506 TRSs. Among these our method correctly predicts the runtime 
complexity for .204 TRSs. This gives an accuracy of .204/506 = 40.3%. Compli-
ance in our context means that the classification of the runtime complexity is 
sound w.r.t. the known lower bounds in the test suites. Here the expected ground 
truth is derived from the accumulated knowledge about the TPDB, represented 
by the results of the so-called Virtual Best Solver in the corresponding compe-
titions. 4 In order to guarantee comparability with positive results obtained by 
static solvers, we relate the compliant predictions to the full test suite, rather 
than—as in the case for adequacy—only to those that have been predicted at 
all. 

Term Rewriting. We assume familiarity with term rewriting [ 5, 30] but briefly 
review basic concepts and notations. Let . V denote a countably infinite set of 
variables and .F a signature, such that .F contains at least one constant. We 
write .Var(t) to denote the set of variables occurring in term . t. A term  . t is called 
linear if it does not contain multiple occurrences of the same variable. The size 
.|t| of a term is defined as the number of symbols in . t. We suppose .F = , 
where . C denotes a finite, non-empty set of constructor symbols, .D is a finite set 
of defined function symbols, and  . denotes disjoint union. Constructor terms, 
denoted as .T (C, V), are usually called values. A  context is a term containing 
zero, or multiple occurrences of a hole . . If  . C is a context that contains exactly 
. n holes and .t1, . . . , tn are terms, then .C[t1, . . . , tn] denotes the result of replacing 
the holes in . C from left to right by .t1, . . . , tn. If there is exactly one occurrence of 
. in . C, then  . C is called a one-hole context, also denoted by .C[]. A  substitution 
. σ is a mapping of variables to terms. Substitutions are conceived as sets of 
assignments: .σ = {x1 t1, . . . , xn tn}. We write .dom(σ) (.rg(σ)) to denote  
the domain (range) of . σ. Let  . σ, . τ be substitutions such that . dom(σ)∩ dom(τ) =  
∅. Then we denote the (disjoint) union of . σ and . τ as .σ τ . Nodes in (the 
term tree of) . t are called positions. .Pos(t) denotes the set of positions in . t and 

4 See https://termcomp.github.io/Y2024/. 
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.FPos(t) =  {p ∈ Pos(t) | t(p) ∈ F}  the set of function positions. A position in 

. t determines both a prefix and a subterm of . t namely the prefix with its (only) 
hole at position . p, denoted by .t[]p, and (an occurrence of) the subterm occurring 
at position . p, denoted by . t|p. If  . p is a position in . t, then  .t(p) denotes the symbol 
occurring in . t at position . p. If  .sσ ≡ tσ, then the substitution . σ is called a 
unifier for . t and . s. If  . t and . s are unifiable, then there is, again, a most general 
unifier (mgu), that is, a unifier that is minimal with respect to the ordering . 
on substitutions. 

A rewrite rule is a pair . → r of terms such that (i) .root( ) is defined, and 
(ii) .Var( ) ⊇ Var(r), where  .root( ) is  the root symbol of  . . A rule . → r is called 
left-linear, if  . is linear. A (first-order) term rewrite system over . F is a finite set 
of rewrite rules. In the sequel, .R always denotes a TRS. The rewrite relation is 
denoted as .→R and we use the standard notation for its transitive and reflexive 
closure. We simply write .→ for .→R if .R is clear from context. Let . s and . t be 
terms. If exactly . n steps are performed to rewrite . s to . t, we write .s →n t. A  
term that cannot be reduced further (w.r.t. some TRS . R) is called normal-form. 

Runtime Complexity Analysis. We are sometimes only concerned with innermost 
rewriting, that is, an eager evaluation strategy. The innermost rewrite relation 
. 
i −→R of a TRS .R is defined on terms as follows: .s i −→R t if there exists a rewrite 
rule . → r ∈ R, a context . C, and a substitution . σ such that .s = C[lσ], .t = C[rσ], 
and all proper sub-terms of . are normal-forms of . R. 

A TRS  is  left-linear if all rules are left-linear, it is non-overlapping if there 
are no critical pairs, that is, no ambiguity exists in applying rules. A TRS is 
orthogonal if it is left-linear and non-overlapping. A TRS is completely defined if 
all ground normal-forms are values. Note that an orthogonal TRS is confluent. 
An orthogonal and completely-defined TRS, we may also simply call a functional 
program. 5 Let . s and . t be terms, such that . t is in normal-form. Then a derivation 
.D : s →∗ 

R t with respect to a TRS .R is a finite sequence of rewrite steps. The 
derivation height of a term . s with respect to a well-founded, finitely branching 
relation .→ is defined as: .dh(s, →) = max{n | ∃t s  →n t}. A term . t = f(t1, . . . , tk) 
is called basic if . f is defined, and all .ti ∈ T  (C, V). 

We define the (innermost) runtime complexity (of . R). Let .R be a TRS. The 
runtime complexity and the innermost runtime complexity of .R are defined as 
follows. (i) .rcR(n) := max{dh(t, →R) | t is basic and |t| n} and (ii) . ircR(n) :=  
max{dh(t, i −→R) | t is basic and |t| n}. In the following we may also refer to 
the (innermost) runtime complexity as cost thus alluding to the connection of 
rewrite systems and programs. 

4 Worst-Case Input Generation 

In this section, we delineate how to synthesise worst-case input terms, that is,  
those input terms .(ti)i∈I that maximise .dh(ti)i∈I , for some suitable defined index 
5 It is easy to automatically verify that a TRS is orthogonal. However, for verifica-

tion of completely definedness we use approximations to define the corresponding 
benchmark suite. 
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Algorithm 1. Pseudo-code of work list algorithm. 
Require: initialRules 

f oundRules ← ∅  
pendingRules ← initialRules 
delayedRules ← ∅ Delayed rules are all recursive. 
loop 

while pendingRules = ∅ do Simplify all non-recursive rules. 
for all rule ∈ pendingRules do 

f oundRules ← f oundRules ∪ {rule} 
pendingRules ← pendingRules \ {rule} 
for all derivableRule ∈ computeDerivableRules(rule, f oundRules) do 

if derivedRule.isRecursive then 
delayedRules ← delayedRules ∪ {derivableRule} 

else 
pendingRules ← pendingRules ∪ {derivableRule} 

end if 
end for 

end for 
end while 
if delayedRules = ∅ or wallT ime > maxT ime then return 
else 

steps ← 0 Find the longest recursive replacement chains... 
for all rule ∈ delayedRules do 

steps ← max(steps, rule.recursiveSteps) 
end for 
for all rule ∈ delayedRules do ...and add them to the worklist. 

if rule.recursiveSteps = steps then 
pendingRules ← pendingRules ∪ {rule} 
delayedRules ← delayedRules \ {rule} 

end if 
end for 

end if 
end loop 

set . I. Our method singles out those initial terms that are most likely to yield the 
longest derivation heights, thus constitute good examples to learn the worst-case 
runtime complexity. For that we implemented a tool that can find the replace-
ment chain(s) from an input basic term to a normal-form, yielding the highest 
derivation height (or cost). A replacement chain is a consecutive application 
of matching term replacement rules. Note that for arbitrary TRSs, there is no 
explicit start term—a .main function, so to speak—every function occurring in 
the TRS must be considered an entry point. 

We take inspiration from the realm of functional programs, where the normal-
form is always a value, that is, consists only of constructors and variables, without 
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any defined function symbols. 6 Replacement rules returning such a value will be 
referred to as simple rules, rules containing at least one function on the right-
hand side as complex rules. 

A rewrite rule . →n r is called simple if . r does not contain any defined 
function symbol. Otherwise, it is complex. Simplifying a complex rule is combin-
ing it with a simple rule into another simple rule, or a complex rule with fewer 
function invocations on the right-hand side. Suppose we have a complex rule 
.c : 1 →a r1, a simple rule .s : 2 →b r2 and a unifier .μ = mgu(r1|p 2) where 
.p ∈ FPos(r1). Then we define the simplification of . c with . s, denoted as . , as  
. 1μ →a+b r1[r2]pμ. To illustrate, consider a function that checks the equality of 
integers, represented as TRS. 

1: 0 = 0 →1 3: s(x) =  0 →1 ⊥ 
2:  0 = s(x) →1 ⊥ 4:  s(x1) =  s(x2) →1 x1 = x2 . 

Rules 1 to 3 are simple rules, since their right-hand side is a constructor, . or 
. ⊥. Rule 4 is complex. Simplifying Rule 4 with, say, Rule 1, the left-hand side of 
the simple rule needs to match the right-hand side of the complex rule. This can 
be achieved with the unification ..σ = {x1 0, x2 0}. Thus, the rule resulting 
from .4 1 is .s(0) =  s(0) →2 . Performing this step over and over while keeping 
track of the number of simplifications, the resulting set of simple rules provides 
a lookup table of program input values (to the left) to their resulting output (to 
the right), and, more importantly, to the runtime cost (number of replacements). 
Essentially, this amounts to a backward reasoning variant of narrowing, that is, 
starting from values and leading up to initial terms. 

Thus, for simple examples, finding the program’s worst execution path for a 
given input becomes straightforward. (Since in general the lookup table grows 
exponentially, this method has its limits, though.) There is, however, another 
challenge that is not apparent in the simple example from before: What to do 
if there are multiple choices for simplification? Consider the following slightly 
more complex (but abstract) example. 

1: main([]) →1 0 2:  main(x :: t) →1 costly(x) +  main(t) 

3 :  costly(0) →1 0 4:  costly(s(x)) →1 costly(x) +  costly(x) . 

A naive strategy would be to first compute .2 3, yielding the complex rule 
.main(0 :: t) →2 0 + main(t), followed by .(2 3) 1 to get .main(0 :: []) →3 0 + 0. 
This simple rule can be applied arbitrarily often to simplify Rule 2 again and 
again, returning 

.main(0 :: 0 :: []) →5 0 + 0 + 0 , 
main(0 :: 0 :: 0 :: []) →7 0 + 0 + 0 + 0 , . . .  

6 The special case of functions of arity . 0—effectively constants—are handled in a 
preprocessing step that simply replaces any occurrence of the constant’s function 
symbol (LHS) with its value (RHS). 
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never expanding the .costly function. To mitigate this issue, the solver performs 
a breadth-first search strategy, that is, it keeps track of the replacement history 
of all used simple and complex functions, alongside the replacement cost. It 
employs a work-list algorithm, where all non-recursive replacements are handled 
first. New rules resulting in a recursion are placed in a separate secondary list. 
Once the primary list is finished, the replacement history of all recursive rules in 
the secondary list is used to compute the number of replacements (steps) since 
the last recursion. The rules with the largest of those numbers are then moved 
to the primary work list (cf. Algorithm 1). Using this heuristic prevents the 
stochastic analyser from being fed data of only one recursion. In other words, 
ordering recursive rules this way prevents the algorithm from being greedy and 
allows it to be complete. 

Theorem 1. For terminating, completely defined TRSs, Algorithm 1 will yield 
all possible replacement chains up to a fixed length that end in a value term. 

Proof. By induction on the length . n of the replacement chains. (i) Base Case 
.n = 1: the corresponding simple rule is already present in .R and thus added to  
the foundRules set during the first iteration of the while loop. (ii) Step Case: 
We assume that we found all replacement chains up to length . n, and show that 
all rules linking to those will be discovered by the algorithm as well. We split 
the not-yet-found rules into two categories: recursive and non-recursive. Non-
recursive rules are added to the pendingRules set, which in turn is enumerated 
again and its rules are added to the foundRules set (first part of the algorithm). 
Recursive derivable rules—replacement chains invoking the same rule two or 
more times—are added to the delayedRules set, which is then processed in the 
second part of the algorithm once there are no more pendingRules (which must 
occur since .R is finite). The second part of the algorithm guarantees that at 
least one rule in delayedRules will be moved to pendingRules, which in turn 
is moved to foundRules. So to prove that every delayed rule will eventually 
be placed in foundRules, we need to show that it’s not possible for it to be 
skipped in the recursiveSteps-based selection indefinitely. This, however, fol-
lows by the definition (calculation) of recursiveSteps: If a rule is moved from 
delayedRules to pendingRules, any further recursive replacement chain found 
in the while loop will have a recursiveSteps of . 1 regarding that rule. If the 
recursion is in a different rule, recursiveSteps might be higher, but since every 
further simplification removes at least one function symbol, this is only possible 
.#(R) number of times, after which all new derivable rules will be queued after 
rules with the original recursiveSteps. Thus, no recursive rule is kept in the 
pendingRules set forever, and moved to foundRules eventually. . 

To clarify, the reason for choosing recursive rules with the most steps is 
not done because of any cost associated with steps—the algorithm is mostly 
cost-agnostic—its purpose is to find every possible recursive replacement chain. 
Think of replacement chains as paths through a directed graph, starting at some 
input term and resulting in a value. The latter is where the algorithm starts, 
i.e. with all simple rules that return a value. It then enters the aforementioned 
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two-parted loop, where the first part extends all found paths as far as possible, 
without resulting in another cycle, but stores information about possible cycles. 
The second part then proceeds to find the largest cycles that can be formed 
and adds them to the known paths, repeating the first phase, and so on. This 
ensures that all replacement chains are found if the algorithm runs to its natural 
end, i.e. when no more simplifications can be performed or found. The run-time 
is, however, also limited by a user-defined timeout, since a TRS might be too 
complex or not fulfil the requirements as stated in Theorem 1. 

Finally, to get the worst-case input, the analyser must group the input terms 
for each function by length and use the aforementioned lookup table to find the 
highest cost. This process can be refined by taking the syntactic meaning of 
constructors into account, grouping input terms by factors with more semantic 
meaning—like input array size or input tree height—but for arbitrary TRSs 
where terms have no semantic connotations, term length is the most general 
grouping method available, as far as term costs are concerned. 

Table 3. Example output of Algorithm 1 for the TRS .R2 from Table 2. 

x·0 →1 0 

x·s(y) →1 (x·y)+x 

x+0 →1 x 

0+x →1 x 

x+s(y) →1 s(x+y) 

s(x)+y →1 s(x+y) 

0·s(@var2) →2 0·@var2 

0·s(0) →3 0 

s(0)+@var8 →2 s(@var8) 

s(@var7)+0 →2 s(@var7) 

0+s(@var6) →2 s(@var6) 

@var5+s(0) →2 s(@var5) 

s(0)·s(@var2) →3 s(s(0)·@var2) 
. . .  

s4 (0)·s4 (0) →19 s12 (0)+s4 (0) 

s4 (0)·s4 (0) →24 s16 (0) 

s16 (0)+s10 (@var74) →27 s26 (@var74) 
. . .  

For TRSs resulting from translating a functional program, this approach 
might not be targeted enough and also wastes time in recursions that generate 
less cost. Optimising the algorithm for TRS where there is a known .main term 
is part of future work, which is covered in more detail later, when we discuss 
future work (see Sect. 7). Algorithm 1 shows the pseudocode of the work list 
algorithm. Figure 3 displays the rules synthesised by this algorithm for TRS .R2. 
This output is the basis for the data-driven analysis. 

5 Data-Driven Analysis 

In this section we describe the approach we take when analysing the data col-
lected in the worst-case input generation phase to determine the asymptotic 
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complexity. To do this, we rely on the difference rule heuristic proposed in [ 21]. 
In contrast to conventional curve fitting methods, which focus on precise fit-
ting to the observed data, this heuristic emphasises compliance by attempting 
to determine conservative upper bounds while taking into account the inherent 
limitations of finite data. 

We define a rule-induced measurement as .meas( →n r) = (root( ), | |, n). 
For instance, consider the rule .s16(0)+s10(@var74) →27 s26(@var74) (the last rule 
listed in Fig. 3). For this rule, .root( ) =  + and .| | = 29. Thus, the rule-induced 
measurement is .(+, 29, 27). In Fig. 2, we visualise the rule-induced measurements 
obtained from the rules generated in the worst-case input generation phase of 
the TRS .R2 from Table 2, where (i) the .x-axis represents the term size . | |; (ii) 
the .y-axis represents the number of steps . n needed to rewrite . to . r; and (iii) the 
colour and marker style of each point distinguishes the different root symbols 
.root( ). The first step in our analysis is to preprocess these measurements, where 
for each distinct root symbol .root( ), we (a) retain only the maximum .n-value 
for each distinct . | |; (b) sort the corresponding measurements in increasing order 
of .| | (we call the resulting list the worst-case measurements); and (c) compute 
the convex worst-case measurements that includes the one with the smallest 
.| |-value. In (5), we start with the first two measurements in the sorted list 
and iteratively construct the convex and non-decreasing sequence by checking 
whether the angle 7 of to the next candidate point is at least as large as the angle 
between the last two points in the current subsequence. With this, we obtain for 
each function a list of .(X, Y ) data points, where .X is a vector of . k distinct non-
negative values .|l| arranged in increasing order. The line segments connecting 
these consecutive points form a polyline. 

Fig. 2. Visualisation of the Runtime Complexity of .R2. 

Theorem 2. There is no worst-case measurement above the polyline formed by 
the convex worst-case measurements. 
7 we compute the angle between two-points .p1 = (x1, y1) and .p2 = (x2, y2) with 
.angle(p1, p2) =  atan2(y2 − y1, x2 − x1). 
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Proof. Let .s = ((x0, y0), (x1, y1), ...(xn, yn)) be the convex worst-case measure-
ments resulting from the filtering of a set of worst-case measurements . W . Assume 
that there exists a measurement point .pq = (xq, yq) ∈ W , with  .x0 ≤ xq ≤ xn, 
that is not included in . s and above the curve formed by . s. If  .xq = x0, then  . pq 
would have to coincide with the first measurement point and would be included, 
contradicting our assumption. Therefore, we must have .xi < xq ≤ xi+1 for 
some .0 ≤ i < n. Let  .xk be the largest such . xi. Then, we have .xq ≤ xk+1. Let  
.ak = angle(pk−1, pk) and .ak+1 = angle(pk, pk+1). By assumption, we would have 
.ak+1 < angle(pk, pq) =  aq. However, that would also imply .ak ≤ aq, violating the 
convexity condition required for exclusion. Hence, .pq would have been included, 
contradicting our assumption. . 

Thus, by Theorem 2, we can guarantee statistical soundness of the data 
filtering process. We estimate the asymptotic complexity of each function with 
the difference rule heuristic presented in [ 21]. 

Difference Rule. This heuristic estimates the asymptotic complexity bounds 
by iterating numerical differentiation to the empirical data. The Newton form 
of a polynomial . f of degree . k is expressed as: . Pk(x) = k 

n=0 f [x0, . . . , xn] ·
n−1 
j=0 (x − xj), where  .Π−1 

j=0(x − xj) = 1  and the coefficients .f [x0, . . . , xn] are the 
so-called . nth Newton divided differences, recusively defined as: . f [xj , . . . , xn] :=  
f [xj+1,...,xn]−f [xj ,...,xn−1] 

xn−xj 
with .f [xi] :=  f(xi). .Pk is computed with . k interpolation 

points .(x0, y0), . . . ,  (xk, yk) and has the property that .Pk(xi) =  yi = f(xi) for 
.i ∈ {0, . . . , k}. 

Theorem 3. If . f is a polynomial of degree . d, then .f [x0, . . . , xk] = 0  for .k >  d. 

Proof. This theorem has been proven in [ 29]. Because of the unique solvability 
of the interpolating polynomial .Pk (Theorem 2.1.1.1 [ 29]), where . Pk(xi) =  yi = 
f(xi) for .k ≥ d, the coefficients for .xk given by .f [x0, . . . , xk] must vanish for 
.k >  d. . 

This result provides a practical approach to determining the asymptotic com-
plexity by identifying the iteration . i at which .f [x0, . . . , xi] vanishes. To mitigate 
the effects of noise in empirical data, the heuristic terminates when the correla-
tion of the divided differences falls below a predefined threshold (which we set to 
.0.005). The number of iterations . i directly determines the asymptotic complexity 
of the function, given by .O(xi). 

Example 5. The first plot in Fig. 3 visualises the divided difference values com-
puted for the plus function from .R2 for .d = 1, plotted against the corresponding 
. x values. The points exhibit a non-increasing trend, suggesting a linear complex-
ity. For the times function, we plot the computed points for .d = 1, 2, 3, where  
a non-increasing trend is observed for .d = 3. This suggests that the asymptotic 
complexity of the times function is cubic. 
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Fig. 3. Divided difference values for the plus and the times function from .R2 plotted 
against the corresponding .x-values. 

We determine the asymptotic complexity for all distinct functions in a TRS. 
The overall asymptotic complexity of the entire TRS is then based on the highest 
complexity determined for the individual functions. 

Corollary 1. For completely defined, terminated TRSs the method presented is 
sound in the limit. 

Proof. By Theorem 1, we know that for a completely defined, terminating TRS 
. R, Algorithm 1 will eventually find all (worst-case) evaluations for each defined 
function symbol . f . If the runtime complexity of . f is bounded by a polynomial 
of degree . d, the filtering process allows the extraction of . k convex worst-case 
measurements. Thus, by Theorem 3, we know that whenever .k >  d, the divided 
difference heuristic allows to determine the correct degree . d on this set of mea-
surements. 

Note that the divided difference method can also be exploited to determine 
polynomials with their corresponding coefficients. However, in our approach, we 
only use it to determine the degree of the polynomial. 

6 Experimental Evaluation 

We have evaluated the method on a significantly sized benchmark suite from 
the Termination Problem Database (TPDB for short), 8 a comprehensive repos-
itory of problems related to the termination and complexity analysis of rewrite 
systems. We tested against the results in the corresponding full and innermost 
runtime complexity categories of last years’ Termination and Complexity Com-
petition (TermComp). 9 To verify the level of compliance of our approach, we 
benchmarked our results against the employed Virtual Best Solvers (VBS ), sum-
marising decades of results on static runtime complexity analysis. The results are 
summarised in Table 1; the full benchmarks and experimental results are avail-
able online. 10 Our experimental results demonstrate the potential of our data-
driven approach by revealing .215 (innermost) and .296 (full) new upper bounds 
8 See https://github.com/TermCOMP/TPDB. 
9 See https://termcomp.github.io/Y2024/. 

10 See https://www.uibk.ac.at/en/theoretical-computer-science/research/ddrca/. 
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that were previously unknown. In particular, .166 (innermost) and .243 (full) of 
these upper bounds are below exponential complexity. An illustrative example is 
raML/queue.raml, whose observed data points are shown in Fig. 4. Static analy-
sis tools have not yet been able to determine an upper bound for this TRS. Using 
our method, we were able to determine a quadratic upper bound for the runtime 
complexity by analysing the worst-case measurements of startBreadth2, a spe-
cialised instance of the main function. However, naturally there are also cases 
where our method is unable to identify worst-case measurements. As a result, 
the asymptotic complexity derived from the statistical analysis of this data is 
unsound. 

Fig. 4. Visualisation of the Runtime Complexity of queue (selected functions). 

7 Conclusion and Future Work 

In this paper, we have presented the first data-driven analysis of full and inner-
most runtime complexity of first-order rewrite systems. To make this method 
strong in practice, we have combined it with a novel worst-case input genera-
tion method. We have evaluated the method on a significantly sized benchmark 
suite from the TPDB and tested it against the Virtual Best Solvers for suitable 
complexity categories in TermComp. Our method provides new (and compliant) 
results for hundreds of tested TRSs. 

In future work, we will compare these achievements directly with the data-
driven method mentioned in [ 26], as well as compare to other analysis methods 
for functional programs (e.g. [ 2, 14, 17, 19]). The idea is to transform a given 
functional program by defunctionalisation into a first-order rewrite system and 
subsequently employ the techniques studied here. Here we would also strive 
for precise upper bounds on the program cost—employing a monotonic cost 
model. This is based on a complexity preserving and reflecting transformation of 
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(potentially) higher-order functional programs to TRSs, established by Avanzini 
et al. [ 2]. Knowing the underlying functional program of a TRS can also be 
used to improve the algorithm’s performance of synthesising worst-case inputs 
(see Sect. 4). Having a specific and single entry point provides the ability of 
looking at all the terms occurring top-down to improve the choice of performed 
simplifications bottom-up. The hope here is to drastically decrease the amount of 
time spent following recursions that do not yield relevant information regarding 
said main function. 
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Abstract. Considering patterns as sets of their instances, a difference 
operator over patterns computes a finite set of two given patterns, which 
represents the difference between the dividend pattern and the divisor 
pattern. A complement of a pattern is a pattern set, the ground construc-
tor instances of which comprise the complement of the ground construc-
tor instances of the former pattern. Given finitely many unconstrained 
linear patterns, using a difference operator over linear patterns, a com-
plement algorithm returns a finite set of linear patterns as a complement 
of the given patterns. In this paper, we extend the difference operator 
and complement algorithm to constrained linear patterns used in logi-
cally constrained term rewrite systems (LCTRSs, for short) that have 
no user-defined constructor term with a sort for built-in values. Then, as 
for left-linear term rewrite systems, using the complement algorithm, we 
show that quasi-reducibility is decidable for such LCTRSs with decid-
able built-in theories. For the single use of the difference operator over 
constrained patterns, only divisor patterns are required to be linear. 

Keywords: Logically constrained rewriting · Complement · 
Unification · Quasi-reducibility 

1 Introduction 

Complements of patterns—terms rooted by defined symbols with constructor 
arguments—have been studied in the field of term rewriting due to their various 
usefulness [ 12, 15, 27, 28, 39]. A complement of a pattern .f(s1, . . . , sn) is a set . Q of 
patterns, the ground constructor instances of which comprise the complement set 
of the ground constructor instances of .f(s1, . . . , sn): . GC(Q) = GC(f(x1, . . . , xn))\
GC(f(s1, . . . , sn)), where  .x1, . . . , xn are pairwise distinct variables, . C is a set of 
constructors, .T (C) is the set of ground constructor terms, .GC(s) is the set of 
ground constructor instances of a term . s, and  .GC(Q) = s∈Q GC(s). 
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Given a finite set .P of linear patterns, the complement algorithm in [ 15, 28] 
returns a finite set .P of linear patterns as a complement of patterns in . P : 
.GC(P ) = GC({f(x1, . . . , xn) | f ∈ D}) \ GC(P ), where  .D is a set of considered 
defined symbols and .x1, . . . , xn are pairwise distinct variables. Patterns in . P are 
assumed to be pairwise non-overlapping. The algorithm is based on a difference 
operator . over linear patterns. The difference operator . takes two linear pat-
terns .s, t as input and returns a finite set of linear patterns, which represents the 
difference of the dividend . s and the divisor . t w.r.t. ground constructor instances: 
.GC(s t) = GC(s) \ GC(t). 

The operator . is extended for finite sets of linear patterns: Given finite 
sets .P,Q of linear patterns, .P Q is a finite set of linear patterns such that 
.GC(P Q) = GC(P ) \ GC(Q). As an application, the complement algorithm 
implies decidability of quasi-reducibility 1—non-existence of irreducible ground 
patterns—of left-linear TRSs: A left-linear TRS .R is quasi-reducible if and only 
if .{f(x1, . . . , xn) | f | → r ∈ R} = ∅, where  .x1, . . . , xn are pairwise 
different variables. Quasi-reducibility is often assumed for target rewrite systems 
in equivalence checking based on rewriting induction [ 14, 34]. 

Many compilers and interpreters of practical programming languages check 
the exhaustiveness of function definitions and case-statements. As for left-linear 
TRSs, algorithms for the exhaustiveness checking have been developed in several 
formulations (see, e.g., [ 29]). For patterns without guard conditions, the exhaus-
tiveness (i.e., quasi-reducibility) is decidable [ 18, 40]. On the other hand, to the 
best of our knowledge, there is no full exhaustiveness checker for languages that 
allows us to attach guard conditions, which may include user-defined predicates, 
to patterns. To decide it, we need decidable SMT solving for the combination of 
all built-in theories that the languages support, which are usually undecidable. 

Recently, program verification by means of logically constrained term rewrite 
systems (LCTRSs, for short) [ 25] are well investigated [ 10, 14, 16, 17, 19, 20, 
22, 23, 30, 32, 41]. LCTRSs are extensions of term rewrite systems (TRSs, for 
short) by allowing rewrite rules to have guard constraints which are evaluated 
under equipped built-in theories. LCTRSs combine classic term rewriting (see, 
e.g., [ 3, 33]) with built-in data types and constraints from user-specified first-
order theories, specifically those supported by modern SMT solvers (cf. [ 4, 5]). 
This allows for a high expressivity that is useful for representing many program-
ming language constructs directly, together with robust tool support, e.g., the 
tool Ctrl [ 26], for automated reasoning. For instance, equivalence checking by 
means of LCTRSs is useful to ensure the correctness of terminating functions 
(cf. [ 14]). Due to these features, LCTRSs are known to be useful computational 
models of not only functional but also imperative programs. 

LCTRS tools [ 23, 26, 38] rely on SMT solvers and often consider decidable 
built-in theories for given LCTRSs. On the other hand, to the best of our knowl-
edge, neither a difference operator nor a complement algorithm has been inves-
tigated for constrained patterns, while an SMT-based sufficient condition for

1 Quasi-reducibility is called quasi-reductivity in some papers (e.g., [ 2, 14, 24]) and 
pattern completeness in the context of functional programming [ 40]. 
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left-patternless constrained rewrite systems [ 23, 37] 2 and procedural sufficient 
conditions for quasi-reducibility of LCTRSs [ 24] and conditional constrained 
TRSs [ 6] have been shown. 

Example 1.1. Let us consider the sort set .S1 = {int,bool, list}, the  .S1-sorted 
signature . Σ1 = {n : int | n ∈ Z} ∪ {true, false : bool, nil : list, cons : int × list →
list, f : list × int → int}, and the following artificial LCTRS: 

. R1=

⎧
⎨

⎩

(1) f(nil, y1)→ 0 [ y1 ≤ 0 ],
(2) f(cons(x2, xs2), y2)→ f(xs2, y2 − 1) [x2 ≤ 0 ∧ y2 > 0 ],
(3) f(cons(x3, cons(z3, zs3)), y3)→ x3 + f(zs3, y3 − 2) [x3 > 0 ∧ y3 > 1 ]

⎫
⎬

⎭

Complements of unconstrained patterns .f(nil, y1) and .f(cons(x1, nil), y1) are, e.g., 
.{f(cons(x1, xs1), y1)} and .{f(nil, y1), f(cons(x1, cons(z1, zs1)), y1)}, respectively. 
The LCTRS .R1 is not quasi-reducible because none of the following constrained 
patterns is defined: 

. 

(a) f(nil, ya) [¬(ya ≤ 0) ]
(b) f(cons(xb, nil), yb) [¬(xb ≤ 0 ∧ yb > 0) ]
(c) f(cons(xc, cons(zc, zsc)), yc) [¬(xc ≤ 0 ∧ yc > 0) ∧ ¬(xc > 0 ∧ yc > 1) ]

It would be easy to find the first undefined constrained pattern (a) above. On the 
other hand, the second and third ones (b), (c) above are not so trivial because 
we have to consider a unified form of the left-hand sides of the second and third 
rules (2), (3) to compute (b), (c). For this reason, it is not so easy to know that 
.R1 is not quasi-reducible. Note that the following LCTRS obtained from .R1 by 
adding rules for the above undefined constrained patterns is quasi-reducible: 

. R1 = R1 ∪

⎧
⎪⎪⎨

⎪⎪⎩

(a) f(nil, ya) → 0 [¬(ya ≤ 0) ],
(b) f(cons(xb, nil), yb) → 0 [¬(xb ≤ 0 ∧ yb > 0) ],
(c) f(cons(xc, cons(zc, zsc)), yc) → 0 [¬(xc ≤ 0 ∧ yc > 0)

∧ ¬(xc > 0 ∧ yc > 1) ]

⎫
⎪⎪⎬

⎪⎪⎭

In this paper, we propose a difference operator and a complement algorithm 
for constrained patterns used in left-linear LCTRSs that have finitely many 
user-defined function symbols and have no user-defined constructor term with a 
theory sort for built-in values. 3 To this end, we extend the difference operator . 
and the complement algorithm . · mentioned above to constrained patterns. The 
extended difference operator and complement algorithm are still computable for 
constrained patterns over signatures with decidable built-in theories. Then, as 
an application of the complement algorithm, we show that quasi-reducibility 
is decidable for the aforementioned LCTRSs with decidable built-in theories. 
Complete proofs for correctness of the results can be seen in the full version [ 31].

2 The sufficient condition for reduction-completeness is applicable to quasi-reducibility. 
3 The latter is equivalent to the condition that all theory sorts are inextensible [ 13]. 
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Example 1.2 (our goal). Let us consider the LCTRSs .R1 and .R1 in Example 1.1 
again. Given the constrained patterns .f(x, ys) [true] and (1), the extended dif-
ference operator . returns .{ f(nil, ya) [¬(ya ≤ 0) ], f(cons(x, xs), y) [ true ] } as a 
complement of (1). Given .{(1), (2), (3)}, the extended complement algorithm . ·
returns .{(a), (b), (c)} as a complement of .{(1), (2), (3)}.  This implies that  . R1

is not quasi-reducible. On the other hand, given .{(1), (2), (3), (a), (b), (c)}, the  
complement algorithm . · returns the empty set, and thus .R1 is quasi-reducible. 

In addition to the extension to constrained patterns, we relax the linearity 
assumption of dividends of . over constrained patterns, i.e., we no longer assume 
the linearity of dividends, while the linearity is assumed for the extended com-
plement algorithm: For .s [φ] t [ψ], only the divisor . t is assumed to be linear; 
for .P Q, both .P,Q are assumed to be sets of constrained linear patterns. The 
extended operator and complement algorithm behave in the same way as those 
of unconstrained patterns. Thus, a side effect of the extension to constrained 
patterns, for the unconstrained case with .s t, only  . t is assumed to be linear. 

LCTRSs in this paper are assumed to have no user-defined constructor term 
with a theory sort. This is not a restriction for program verification by means 
of LCTRSs because LCTRSs obtained from practical programs by the existing 
transformations [ 14, 16, 17, 23] are left-linear systems satisfying the restriction. 

The main contributions of this paper are (i) the extension of the difference 
operator and the complement algorithm to constrained patterns, (ii) the relax-
ation of the linearity assumption to dividends of . over (constrained) patterns, 
and (iii) decidability of quasi-reducibility of LCTRSs in the aforementioned class. 

2 Preliminaries 

In this section, we briefly recall LCTRSs [ 14, 25]. Familiarity with basic notions 
and notations on term rewriting [ 3, 33] is assumed. 

This paper deals with a first-order .S-sorted signature . Σ, where  . S is a set 
of sorts. Let .Σ ⊆ Σ. A term in .T (Σ ,V) is called a .Σ -term, where  .V is a 
(countably infinite) set of .S-sorted variables. A term . t is called an instance of a 
term . t (or . t is called more general than . t), written as .t t , if there exists a 
substitution . σ such that .t = t σ. We write .t > t if .t t but .t t. The  height 
of a term . t, written as .height(t), is recursively defined as follows: . height(t) = 0
if .t ∈ V; .height(t) = 1 + max{height(t1), . . . , height(tn)} if .t = f(t1, . . . , tn) for 
some .n-ary function symbol . f and terms .t1, . . . , tn such that .n ≥ 0. Note that the 
height of . t in this paper does not correspond to the height of the corresponding 
tree of . t. A position . p of a term . t is called above (strictly above) a position . q of 
. t, written as .p ≤ q (.p < q), if there exists a position .p of .t|p such that . pp = q
(.pp = q and .p = ). Positions .p, q of a term . t are called parallel, written as .p || q, 
if .p q and .q p. A substitution . σ is called more general than a substitution . θ, 
written as .σ θ, if there exists a substitution . δ such that .θ = (δ ◦ σ). For  a set  
.X of variables, we call . σ ground w.r.t. .X (.X-ground, for short) if . Dom(σ) ⊇ X
and .VRan(σ|X) = ∅, i.e., .xσ is ground for any variable .x ∈ X. A substitution
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. σ which is a sort-preserving mapping from .V to .T (Σ,V) is said to be a .Σ -
substitution if .Ran(σ) ⊆ T (Σ ,V). A term  . s is called an instance of . t w.r.t. . Σ
(.Σ -instance, for short) if there exists a .Σ -substitution . σ such that .s = tσ. For  
a substitution . σ, we write .σ = mgu(s, t) if . σ is an mgu of .s, t. 

To define an LCTRS [ 14, 25] over an  .S-sorted signature . Σ, we consider the  
following sorts, signatures, mappings, and constants: Theory sorts in .Stheory and 
term sorts in .Sterm such that .S = Stheory term ; a  theory signature .Σtheory and 
a term signature .Σterms such that .Σ = Σtheory ∪Σterms and . ι1, . . . , ιn, ι ∈ Stheory

for any symbol .f : ι1 × · · · × ιn → ι ∈ Σtheory ; a mapping . I that assigns to each 
theory sort . ι a (non-empty) set .Aι, called the universe of . ι (i.e., .I(ι) = Aι); a 
mapping . J , called an interpretation for .Σtheory , that assigns to each function 
symbol .f : ι1 ×· · ·× ιn → ι ∈ Σtheory a function .fJ in . I(ι1)×· · ·×I(ιn) → I(ι)
(i.e., .J (f) = fJ ); a set .Valι ⊆ Σtheory of value-constants .a : ι for each theory 
sort . ι such that .J gives a bijection from .Valι to .I(ι). We denote . ι∈Stheory

Valι
by .Val. Note that .Val ⊆ Σtheory . For readability, we may not distinguish . Valι
and .I(ι), i.e., for each .v ∈ Valι, . v and .J (v) may be identified. We require 
that .Σterms ∩ Σtheory ⊆ Val. Symbols in .Σtheory \ Val are calculation symbols, 
for which we may use infix notation. A term in .T (Σtheory ,V) is called a theory 
term. We recursively define the interpretation .[[ · ]]J of ground theory terms as 
.[[f(s1, . . . , sn)]]J = J (f)([[s1]]J , . . . , [[sn]]J ). 

We typically choose a theory signature .Stheory such that . Stheory ⊇ Score =
{bool}, .Valbool = {true, false : bool}, . Σtheory ⊇ Σcore = Valbool ∪ {∧,∨,⇒,⇔ :
bool × bool → bool, ¬ : bool → bool} ∪ {=ι,=ι : ι × ι → bool | ι ∈ Stheory}, 
.I(bool) = ,⊥}, and . J interprets these symbols as expected: .J (true) = and 
.J (false) = ⊥. We omit the sort subscripts . ι from .=ι and .=ι if they are clear from 
the context. A theory term with sort .bool is called a constraint. A substitution 
. γ is said to respect a constraint . φ if .xγ ∈ Val for all .x ∈ Var(φ) and .[[φγ]]J = , 
where .Var(φ) denotes the set of variables appearing in . φ. A constraint . φ is said 
to be satisfiable if .[[φγ]] = for some substitution . γ respecting . φ. 

A constrained rewrite rule is a triple . → r [ϕ] such that . and . r are terms 
of the same sort, . ϕ is a constraint, and . is neither a theory term nor a variable. 
If .ϕ = true, then we may  write  . → r. We define .LVar( → r [ϕ]) as . Var(ϕ) ∪
(Var(r) \ Var( )), the  set of  logical variables in . → r [ϕ] which are variables 
instantiated with value-constants in rewriting terms. We say that a substitution 
. γ respects . → r [ϕ] if .γ(x) ∈ Val for all .x ∈ LVar( → r [ϕ]) and . [[ϕγ]]J =

. Regarding the signature of . R, we denote the set . {f(x1, . . . , xn) → y [y =
f(x1, . . . , xn)] | f ∈ Σtheory \ Val, x1, . . . , xn, y are pairwise distinct variables}
by .Rcalc . The elements of .Rcalc are called calculation rules and we often  deal  
with them as constrained rewrite rules even though their left-hand sides are 
theory terms. The rewrite relation .→R is a binary relation over terms, defined 
as follows: For a term . s, .s[ ]p →R s[rγ]p if and only if . → r [ϕ] ∈ R ∪ Rcalc

and . γ respects . → r [ϕ]. A reduction step with .Rcalc is called a calculation. 
A logically constrained term rewrite system (LCTRS, for short) is defined as an 
abstract reduction system .(T (Σ,V),→R), simply denoted by . R. An LCTRS is 
usually given by supplying . Σ, . R, and an informal description of . I and .J if these



252 N. Nishida et al.

are not clear from the context. The set of normal forms of . R is denoted by .NFR. 
An LCTRS .R is said to be left-linear if for every rule in . R, the left-hand side is 
linear. Note that .Rcalc is left-linear. 

The integer signature .Σint is . Σcore ∪ {+,−,×, exp, div,mod : int × int →
int}∪{≥, > : int× int → bool}∪Valint where .Stheory ⊇ {int,bool}, . Valint = {n |
n ∈ Z}, .I(int) = Z, and  .J (n) = n for any .n ∈ Z—we use . n (in sans-serif font) 
as the value-constant for .n ∈ Z (in math font). We define .J in a natural way. 
An LCTRS over a signature .Σ with .Σtheory = Σint is called an integer LCTRS. 

Example 2.1. The term .f(cons(1, cons(2, cons(0, cons(3, cons(4, nil))))), 5) is 
reduced by the LCTRS .R1 in Example 1.1 to . 4 as follows: . f(cons(1, cons(2,
cons(0, cons(3, cons(4, nil))))), 5) →R1 1 + f(cons(0, cons(3, cons(4, nil))), 5 −
2) →R1 1 + f(cons(0, cons(3, cons(4, nil))), 3) →R1 1 + f(cons(3, cons(4, nil)), 3 −
1) →∗

R1
4. 

A function symbol . f is called a defined symbol of .R if there exists a rule 
.f( 1 n) → r [ϕ] ∈ R ∪ Rcalc ; non-defined elements of .Σ are called con-
structors of . R. Note that all value-constants are constructors of . R. We denote 
the sets of defined symbols and constructors of .R by .DR and .CR, respectively: 
.DR = {f | f(. . .) → r [ϕ] ∈ R ∪ Rcalc} and .CR = Σ \ DR. A  .CR-term is called 
a constructor term of . R. A term of the form .f(t1, . . . , tn) with .f ∈ DR and 
.t1, . . . , tn ∈ T (CR,V) is called a pattern (or basic) (of . R). We call .R a construc-
tor system if the left-hand side of each rule . → r [ϕ] ∈ R is a pattern. An 
LCTRS .R is called quasi-reducible if every ground pattern is a redex of . R. 

Example 2.2. The LCTRSs .R1 and .R1 in Example 1.1 are left-linear constructor 
integer LCTRSs, .R1 is not quasi-reducible, and .R1 is quasi-reducible. 

In the rest of the paper, for a signature . Σ, we are interested in defined 
symbols and constructors without an LCTRS .R which splits .Σ to .DR and .CR. 
For this reason, without specifying . R, we often split a signature .Σ to the sets 
.D, C of defined symbols and constructors, respectively: .Σ = . 

Finally, we define constrained patterns and their instances. 

Definition 2.3 (constrained term [ 14, 24, 25]). A constrained term over . Σ
is a pair .t [ψ] of a term .t : ι and a constraint . ψ. The sort of .t [ψ] is . ι. A  
constrained term .t [ψ] is called linear if . t is linear; .t [ψ] is called linear w.r.t. 
logical variables (LV-linear, for short) if . t is linear w.r.t. .Var(ψ); .t [ψ] is called 
value-free if .t ∈ T (Σ \ Val,V); .t [ψ] is called a constrained pattern if . t is a 
pattern. 

Definition 2.4 (ground instances .GC(t [ψ])). Let .t [ψ] be a constrained term. 
We denote the set of all ground .C-instances of .t [ψ] by .GC(t [ψ]): . GC(t [ψ]) = {tσ |
σ is a Var(t)-ground C-substitution respecting ψ}. We extend  .GC(·) for sets of 
constrained terms: .GC(P ) = t [ψ]∈P GC(t [ψ]). The  set of ground  .C-instances of 
an unconstrained term . s is denoted by .GC(s): .GC(s) = GC(s [true]).
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Convention (Convention on Term Equivalence). From the perspective that a 
(constrained) pattern represents the set of its ground instances, we consider a 
renamed variant .t [ψ ] of a constrained term .t [ψ] to be identical with .t [ψ], while 
we require .ψ to be semantically equivalent to . ψ. To distinguish such equivalence 
from the usual one, we write .t [ψ] =̇ t [ψ ]: .t [ψ] =̇ t [ψ ] if  and only if there  
exists a renaming . δ such that .t = t δ, .Var(t) ∩ Var(ψ) = Var(t δ) ∩ Var(ψ δ), 
and .((∃x. ψ) ⇔ (∃y. ψ δ)) is valid, where .{ } = Var(ψ) \ Var(t) and . { } =
Var(ψ δ) \Var(t δ). The equivalence is also used for unconstrained terms: . t =̇ t
if and only if .t [true] =̇ t [true]. Given a set . P of constrained terms, . Ṗ denote a 
minimal set that contains exactly one representative for each equivalence class of 
constrained terms in . P . In computing the union of sets of constrained terms, we 
use the equivalence . =̇. To be more precise, we define the union of (constrained) 
term sets w.r.t. .=̇ as follows: .P ∪̇Q := U̇ , where  .U = P ∪ Q. The disjoint 
union . w.r.t. .=̇ is defined as follows: Given sets .P,Q,U of constrained terms, 
.P ˙Q = P ∪̇Q if and only if both of the following statements hold: (i) for any 
constrained term .s [φ] ∈ P , there exists no constrained term .t [ψ] in .Q such 
that .s [φ] =̇ t [ψ], and (ii) for any constrained term .t [ψ] ∈ Q, there exists no 
constrained term .s [φ] in .P such that .s [φ] =̇ t [ψ]. We analogously define . ∪̇, ˙
for unconstrained terms. We abuse . ∪ and . for . ∪̇ and . ˙ , respectively. 

3 Complements of Constructor Terms and Substitutions 

In this section, we define complements of constructor terms and constructor 
substitutions and then recall the operations in [ 15, 27, 28] to compute finite com-
plements of linear constructor terms and constructor substitutions. In the rest 
of the paper, we consider a signature .Σ = without notice. For examples 
in this section, we use a subsignature .Σ1 = D1 ∪ C1 of .Σ1, where  .D1 = {f} and 
.C1 = {nil, cons, 0, 1}. 

We first define complements of .C-terms, .C-substitutions, and patterns. 

Definition 3.1 (complement). A set  . P of .C-terms is called a complement of 
a .C-term .u : ι if .GC(P ) = {t ∈ T (C) | t : ι} \ GC(u). A set  .Θ of .C-substitutions is 
called a complement of a .C-substitution . σ w.r.t. a term .t ∈ T (Σ,V) if . GC({tρ |
ρ ∈ Θ, tσ = tρ}) = GC(t)\GC(tσ). A set  . P of patterns is called a complement of 
a pattern .f(s1, . . . , sn) if .GC(P ) = GC(f(x1, . . . , xn)) \ GC(f(s1, . . . , sn)), where  
.x1, . . . , xn are pairwise distinct variables. A set .P of patterns is called a com-
plement of a set .Q of patterns if .GC(P ) = GC({f(x1, . . . , xn) | f ∈ D}) \ GC(Q), 
where .x1, . . . , xn are pairwise distinct variables. 

Note that complements are not unique in general. Note also that complements 
of variables and the identity substitution are the empty set. 

Example 3.2. The set .{nil, cons(x, cons(x , xs))} is a complement of .cons(y, nil). 
The set . {{xs nil, y 1}, {xs cons(x , xs ), y 0}, {xs cons(x , xs ),
.y 1}} is a complement of .{xs nil, y 0} w.r.t. .f(xs, y). The  set  . {f(nil, 1),
.f(cons(x , xs ), y)} is a complement of .f(nil, 0).
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Next, we recall the constructions of complements of linear .C-terms and .C-
substitutions. We follow the formulation in [ 15]. 

For a term . u, if  .GC(u) is infinite, then the linearity of . u w.r.t. variables with 
sorts for inductively defined terms such as .list in Example 1.1 is necessary for 
finiteness of a complement of . u (cf. [ 27, Proposition 4.5]). For this reason, in 
computing complements of .C-terms, we only consider linear terms. 

Definition 3.3 (.u of linear .C-term .u [ 15]). For a linear .C-term . u, we  
define a set . u of terms recursively as follows: .x = ∅ for a variable .x ∈ V, 
and . c(u1, . . . , un) = {c (x1, . . . , xm) | c = c, c : ι1 × · · · × ιm → ι ∈ C} ∪

n
i=1{c(u1, . . . , ui−1, ui, yi+1, . . . , yn) | ui ∈ ui}, where  .c : ι1 × · · · × ιn → ι ∈ C, 

.x1, . . . , xm are pairwise distinct variables, and .yi+1, . . . , yn are pairwise distinct 
fresh variables for any .i ∈ {1, . . . , n}. 

For a linear term .u : ι, . u is a finite complement of . u (i.e., . GC(u) = {t ∈ T (C) |
t : ι} \ GC(u)), which is a set of linear .C-terms. 

Example 3.4. For .C1 = {nil, cons, 0, 1}, we have that  .0 = { 1 }, .1 = { 0 }, . nil =
{ cons(x, xs) }, and  .cons(0, cons(z3, zs3)) = { nil, cons(1, ys), cons(0, nil) }. 

The construction below for .C-substitutions is based on the construction . ·
for linear .C-terms, and thus it works on linear substitutions. A substitution . σ
is called linear w.r.t. .X ⊆ V (.X-linear, for short) if .xσ is linear for any variable 
.x ∈ X. A  .V-linear substitution is simply called linear. 

Definition 3.5 (. σ of linear .C-substitution . σ [ 15]). Let . σ be a linear .C-
substitution. We define a set . σ of substitutions as follows: . σ = {ρ | Dom(ρ) =
Dom(σ), ρ = σ, ∀x ∈ Dom(σ). xρ ∈ xσ ∪ {xσ}}. 

For a linear .C-substitution . σ and a linear .C-term . t, .{ρ | ρ ∈ σ, tρ = tσ} is a 
finite complement of . σ w.r.t. . t (i.e., .GC({tρ | ρ ∈ σ, tρ = tσ}) = GC(t) \ GC(tσ)), 
which is a finite set of linear .C-substitutions. 

Example 3.6. For .C1 = {nil, cons, 0, 1}, we have that  . {xs nil, y 0} = {{xs
nil, y 1}, {xs cons(x , xs ), y 0}, {xs cons(x , xs ), y 1}}. 

4 Difference of Constrained Patterns 

In this section, we extend the difference operator . over unconstrained linear 
patterns [ 15, 27, 28] to constrained ones. Unlike [ 15, 27, 28], we do not require 
dividend patterns to be linear, while we still require divisor ones to be linear. 

4.1 Difference Operator for Unconstrained Linear Patterns 

We briefly recall the difference operator . over unconstrained linear patterns. 
For unifiable patterns .s, t with their mgu . σ and without any common vari-

ables, the idea of . is based on the following property: 

.GC(s) = GC(sσ) C({sρ | ρ ∈ σ, sρ = sσ})
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Since .sσ = tσ and .GC(s) ∩ GC(t) = GC(tσ), the above property implies that 
.GC(s) \ GC(t) = GC({sρ | ρ ∈ σ, sρ = sσ}) and thus .{sρ | ρ ∈ σ, sρ = sσ} is 
a complement of . s. To compute . σ, the  mgu  . σ has to be a .C-substitution. By 
definition, it is clear that any mgu of patterns are .C-substitutions. We define the 
difference operator . for linear patterns as follows. 

Definition 4.1 (. over linear patterns [ 15]). We define the difference oper-
ator . over linear patterns as follows: .s t = {sρ | ρ ∈ σ, sρ = sσ} if .s, t are 
unifiable, where .t =̇ t , .Var(s) ∩ Var(t ) = ∅, and  .σ = mgu(s, t ); otherwise, 
.s t = {s}. Note that .s s = ∅. 

To compute .s t, . s does not have to be linear, while .σ|Var(s) must be linear. 
A sufficient condition for .σ|Var(s) being linear is linearity of . t (i.e., . t). 

Proposition 4.2. Let .s, t be unifiable terms with .Var(s) ∩ Var(t) = ∅, and  . σ
be an mgu of .s, t. If  . t is linear, then .σ|Var(s) is linear. 

Proof (Sketch). We generalize this claim to unification problems of the form 
.{u1 =? u1, . . . , uk =? uk} and use the unification procedure in [ 3, Section 4.6]. 
To distinguish variables in . s and . t, we do not swap both sides of .=? and prepare 
the Eliminate rule for both sides of .=?. Then, we show that the initial unification 
problem .{s =? t} can be transformed into an extended solved form . {x1 =?

t1, . . . , xn =? tn, s1 =? y1, . . . , sm =? ym} such that .x1, . . . , xn are pairwise 
distinct variables in . s, .y1, . . . , ym are pairwise distinct variables in . t, none of  
.s1, . . . , sm is a variable, .{x1, . . . , xn, y1, . . . , ym}∩Var(t1, . . . , tn, s1, . . . , sm) = ∅, 
and . ti is linear for all .1 ≤ i ≤ n. A complete proof can be seen in [ 31]. . 

For a pattern . s and a linear pattern . t, .s t is a finite complement of patterns 
with sort . ι w.r.t. ground .C-instances of . s (i.e., .GC(s t) = GC(s) \ GC(t)). 

Example 4.3. For .Σ1 = {f, nil, cons, 0, 1}, we have that  . f(xs, y) f(nil, 0) =
{f(nil, 1), f(cons(x , xs ), 0), f(cons(x , xs ), 1)}. 

4.2 Extension of Difference Operator to Constrained Patterns 

In the definition of . for unconstrained patterns, for .s t, unifiability of . s and 
. t is used. Thus, for the extension, we define unifiability of constrained terms. 

Definition 4.4. (unifiability of constrained terms). Two constrained 
terms .s [φ] and .t [ψ] are said to be unifiable if . s and . t are unifiable and their 
mgu . θ with .Dom(θ) ⊆ Var(s, t) satisfies both of the following: .xθ ∈ Val ∪ V for 
all variables .x ∈ Var(φ, ψ), and  .φθ ∧ ψθ is satisfiable. 

Example 4.5. The constrained terms .f(nil, y1) [y1 ≤ 0] and .f(nil, ya) [ya > 0] are 
not unifiable, but .f(nil, y1) [y1 ≤ 0] and .f(xs, y) [true] are unifiable by means of 
an mgu .{y1 y, xs nil} of .f(nil, y1) and .f(xs, y); their instance by means of 
the mgu is .f(nil, y) [y ≤ 0 ∧ true].
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In considering ground constructor instances of a constrained term .s [φ], logi-
cal variables—variables in . φ—are instantiated by value-constants but others are 
instantiated by arbitrary ground terms. Under our assumption that there is no 
user-defined constructor term with a theory sort, any variable with a theory sort 
is instantiated by value-constants only, and no variable with a non-theory sort is 
instantiated by any value-constant. For this reason, unlike the usual discussion 
on the instantiation of variables in the LCTRS setting (e.g., [ 1]), we do not take 
care of whether a variable is logical or not. 

To compute finite complements, the constructions of complements in Sect. 3 
rely on finiteness of signatures, which is usually assumed for TRSs in practice. 
However, signatures of LCTRSs are infinite in general. For example, signatures 
of integer LCTRSs include the integers and are thus infinite. For this reason, 
complements are often infinite, e.g., a complement of the value-constant . 0 is 
.{n | n ∈ Z \ {0}}. On the other hand, user-defined constructors (i.e., .C \ Val) 
are usually finite. Since we consider constrained patterns, we can move value-
constants in terms to constraints. For example, we transform the constrained 
pattern .f(nil, 0) [true] into .f(nil, x) [x = 0], where . x is a fresh variable. In summary, 
we consider value-free constrained patterns. Since each constrained term has 
an equivalent value-free constrained term [ 21, 24], in the rest of this paper, we 
assume w.l.o.g. that constrained patterns are value-free. For a constrained term 
.s [φ], we denote its value-free variant by .s̃ [φ̃] [ 21]: .s̃ = s[y1, . . . , yn]p1,...,pn

and 
.φ̃ = φ ∧ n

i=1(yi = s|pi
), where  .p1, . . . , pn are the positions of values in . s, and  

.y1, . . . , yn are pairwise distinct variables such that .{y1, . . . , yn} ∩ Var(s, φ) = ∅. 
It is clear that .GC(s [φ]) = GC(s̃ [φ̃]). 

For the extension of . to constrained patterns, the key property of . — 
.GC(s) = GC(sσ) C({sρ | ρ ∈ σ, sρ = sσ})—is adapted to unifiable constrained 
patterns .s [φ], t [ψ] with .σ = mguC(s, t) as follows: 

. GC(s [φ]) = GC(sσ [φσ∧ψσ]) C(sσ [φσ∧¬ψσ]) C({sρ [φσ] | ρ ∈ σ, sρ = sσ})
The first and second ones are obtained by the following division of .GC(sσ [φσ]): 
.GC(sσ [φσ]) = GC(sσ [φσ∧ψσ]) C(sσ [φσ∧¬ψσ]). The third one can be obtained 
similarly to the unconstrained case, but we restrict instances to those satisfying 
.φσ. This is because all ground .C-instances in .s [φ] satisfy . φ, i.e., a substitution to 
obtain a ground .C-instance in .s [φ] respects . φ. Since  .s [φ] and .t [ψ] are assumed 
to be value-free, we have that .Ran(σ|Var(φ,ψ)) ⊆ V. Thus, by definition, for all 
substitutions .ρ ∈ σ, we have that  .ρ|Var(φ,ψ) = σ|Var(φ,ψ), and hence .φσ = φρ. 

Following the idea above, we extend the difference operator . to value-free 
constrained patterns. 
Definition 4.6 (. over value-free constrained patterns). We define a dif-
ference operator . , which takes a value-free constrained pattern as a dividend 
and takes a value-free constrained linear pattern as a divisor, as follows: 

.s [φ] t [ψ] =

⎧
⎪⎪⎨

⎪⎪⎩

{sρ [φσ] | ρ ∈ σ, sρ = sσ}
∪ {sσ [φσ ∧ ¬ψ σ] | (φσ ∧ ¬ψ σ) is satisfiable}

if s [φ], t [ψ ] are unifiable
{s [φ]} otherwise
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where .t [ψ ] =̇ t [ψ], .Var(s, φ) ∩ Var(t , ψ ) = ∅, and  .σ = mgu(s, t ). 

By definition, it is clear that .s [φ] s [φ ] = ∅ for any value-free constrained 
pattern .s [φ ] such that .s [φ ] =̇ s [φ]. 

Example 4.7. For .Σ1 = {f, nil, cons} ∪ {n | n ∈ Z}, we have that  . f(xs, y) [true]
f(nil, y1) [y1 ≤ 0] = { f(nil, ya) [¬(ya ≤ 0)], f(cons(x , xs ), y ) [true] }. In addition 
to .Σ1, let us consider a defined symbol .g : list × list → list. A complement of 
the term .g(x, x) [true] is, e.g., .{g(t1, t2) | t1 : list, t2 : list ∈ T (C1), t1 = t2}, and  
there is no finite complement of .g(x, x) [true] (cf. [ 27, Proposition 4.5]). 

The following theorem shows correctness of . over constrained patterns. 

Theorem 4.8 (correctness of .s [φ] t [ψ]). For a value-free constrained pat-
tern .s [φ] : ι and a value-free constrained linear pattern .t [ψ], .s [φ] t [ψ] is a 
finite set of value-free constrained patterns with sort . ι such that 

1. .GC(u [ϕ])∩GC(u [ϕ ]) = ∅ for any different constrained patterns . u [ϕ], u [ϕ ] ∈
(s [φ] t [ψ]), 

2. if .s [φ] is linear, then .s [φ] t [ψ] is a set of constrained linear patterns, 
3. .s < u for any constrained term .u [ϕ] ∈ (s [φ] t [ψ]), 
4. .max{height(s), height(t)} ≥ height(u) for any term .u [ϕ] ∈ (s [φ] t [ψ]), and  
5. .GC(s [φ] t [ψ]) = GC(s [φ]) \ GC(t [ψ]). 

Proof (Sketch). This can be proved as a straightforward extension of the correct-
ness proof for unconstrained patterns to constrained ones by means of the follow-
ing properties: .{sρ | ρ ∈ σ, sρ = sσ} is a set of value-free patterns; . σ|Var(φ,ψ ) =
ρ|Var(φ,ψ ) for any .ρ ∈ σ; . GC(sσ [φσ]) = GC(sσ [φσ ∧ ψ σ]) C(sσ [φσ ∧ ¬ψ σ])
for an arbitrary constraint . ψ . A complete proof can be seen in [ 31]. . 

5 Complements of Constrained Patterns 

In this section, we first extend the complement algorithm for unconstrained 
linear patterns in [ 15, 27, 28] to constrained patterns. Then, using the extended 
complement algorithm, we show that quasi-reducibility is decidable for left-linear 
LCTRSs over a signature .Σ with decidable built-in theories such that .Σterms is 
finite and there is no constructor .c : ι1 × · · · × → ι ∈ CR with .ι ∈ Stheory . 

Complements of constrained patterns are defined as a straightforward exten-
sion of complements of unconstrained patterns. 

Definition 5.1 (complement of constrained patterns). A set  .P of con-
strained patterns is called a complement of a set .P of constrained patterns 
w.r.t. an .n-ary defined symbol .f ∈ D if .GC(P ) = GC({f(x1, . . . , xn)}) \ GC(P ), 
where .x1, . . . , xn are pairwise distinct variables. A set . P of constrained patterns 
is called a complement of a constrained pattern .f(s1, . . . , sn) [φ] if .P is a com-
plement of .{f(s1, . . . , sn) [φ]} w.r.t. . f . A set  .P of constrained patterns is called 
a complement of a set .P of constrained patterns if . GC(P ) = GC({f(x1, . . . , xn) |
f ∈ D}) \ GC(P ), where  .x1, . . . , xn are pairwise distinct variables.
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Note that as for unconstrained patterns, complements of constrained patterns 
are not unique. 

Example 5.2. Let us consider the .S1-sorted signature .Σ1 in Example 1.1 again. 
The set .{(a) f(nil, ya) [¬(ya ≤ 0]), (b) f(cons(xb, nil), yb) [true]} is a complement 
of .(1) f(nil, y1) [y ≤ 0]. 

5.1 Difference Operator over Sets of Constrained Patterns 

The complement algorithm in [ 15, 27, 28] is defined by the repetition of applying 
the difference operator . over patterns. Thus, as in [ 15, 27, 28], we extend . to 
finite sets of constrained patterns in order to have the results in Example 1.2. 

In computing .P Q, if there exist constrained patterns .s [φ] ∈ P and . t [ψ] ∈ Q
such that .s [φ] t [ψ] = {s [φ]}, then we recursively compute . ((P \ {s [φ]}) ∪
(s [φ] t [ψ])) ((Q \ {t [ψ]}) ∪ (t [ψ] s [φ])). In Sect. 4.2, we required divisors 
of . to be linear, and thus .t [ψ] has to be linear. It is difficult to know which 
constrained terms are selected as a divisor for . over constrained patterns. For 
this reason, to ensure the linear of divisors for the application of . to constrained 
patterns, we assume that all constrained terms in .Q are linear, while not all 
of them may be necessarily linear. Then, for the recursive call of . for sets 
of constrained patterns, we would like to ensure that all constrained patterns 
in .(Q \ {t [ψ]}) ∪ (t [ψ] s [φ]) are linear. Since .Q is assumed to be linear in 
advance, we need to ensure that all constrained patterns in .t [ψ] s [φ] are linear. 
Therefore, for the extension of . to sets of constrained patterns, we assume that 
all constrained patterns in . P are linear, as well as . Q. 

Definition 5.3 (. over sets of value-free constrained linear patterns). 
We extend . for finite sets of value-free constrained linear patterns as follows: 
For finite sets .P,Q of value-free constrained linear patterns, 

. P Q =

⎧
⎨

⎩

(P ∪ (s [φ] t [ψ])) (Q ∪ (t [ψ] s [φ]))
if P = P s [φ]}, Q = Q t [ψ]}, ands [φ] t [ψ] = {s [φ]}

P otherwise

Since . over sets of value-free constrained linear patterns is non-
deterministic, there may be two or more sets that can be results of .P Q, while 
all the results are correct. In addition, a result of .P Q is not always minimal. 
Note that using . σ, .s [φ] t [ψ] and .t [ψ] s [φ] can be computed simultaneously.
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Example 5.4. For .Σ1 = {f, nil, cons} ∪ {n | n ∈ Z}, we have that  

. 

{f(xs, y) [true]
⎧
⎨

⎩

(1) f(nil, y1) [y1 ≤ 0],
(2) f(cons(x2, xs2), y2) [x2 ≤ 0 ∧ y2 > 0],
(3) f(cons(x3, cons(z3, zs3)), y3) [x3 > 0 ∧ y3 > 1]

⎫
⎬

⎭

=
(a) f(nil, ya) [¬(ya ≤ 0)],
(1 ) f(cons(x , xs ), y ) [true] (2), (3) }

=
(a) f(nil, ya) [¬(ya ≤ 0)],
(2 ) f(cons(x , xs ), y ) [¬(x ≤ 0 ∧ y > 0)] (3) }

=

⎧
⎨ 

⎩ 

(a) f(nil, ya) [¬(ya ≤ 0)], 
(b) f(cons(xb, nil), yb) [true], 
(c) f(cons(xc, cons(zc, zsc)), yc) [¬(xc ≤ 0 ∧ yc > 0)∧ ¬(xc > 0 ∧ yc > 1)] 

⎫ 
⎬ 

⎭ 

= {(a), (b), (c)} 

A key for correctness of . over sets of (constrained) linear patterns is non-
overlappingness between (constrained) patterns in dividends sets of . . We define 
a notion of non-overlappingness of constrained patterns and their sets. 

Definition 5.5 (.C-non-overlappingness of constrained terms). Two con-
strained terms .s [φ], t [ψ] are called non-overlapping w.r.t. . C (.C-non-overlapping, 
for short) if .GC(s [φ]) ∩ GC(t [ψ]) = ∅. Two  sets  .P,Q of constrained terms are 
said to be .C-non-overlapping if .GC(P )∩GC(Q) = ∅. A set  . P of constrained terms 
is said to be pairwise .C-non-overlapping if any two different constrained terms 
.s [φ], t [ψ] ∈ P are .C-non-overlapping. 

Example 5.6. The constrained terms .f(nil, y1) [y1 ≤ 0] and . f(nil, ya) [¬(ya ≤ 0)]
are .C1-non-overlapping, but .f(nil, y1) [y1 ≤ 0] and .f(xs, y) [true] are not .C1-non-
overlapping because, e.g., .f(nil, 0) ∈ GC1(f(nil, y1) [y1 ≤ 0]) ∩ GC1(f(xs, y) [true]). 

Note that non-overlappingness and unifiability of constrained patterns are 
dual properties: .s [φ], t [ψ] are .C-non-overlapping if and only if .s [φ] and . t [ψ ]
are not unifiable, where .t [ψ ] =̇ t [ψ] and .Var(s, φ) ∩ Var(t , ψ ) = ∅. 

For correctness of .P Q, we assume that . P is pairwise .C-non-overlappingness. 

Example 5.7. For .Σ1 = {f, nil, cons} ∪ {n | n ∈ Z}, we have that a result of 
.{f(nil, y) [true], f(xs, y) [true] f(xs , y ) [true]} is .{f(nil, y) [true]}, which is not 
an expected one. Since .f(xs, y) f(nil, y), the  set  . {f(nil, y) [true], f(xs, y) [true]}
is redundant from the viewpoint of ground instances. 

The following proposition shows the correctness of . over sets of value-free 
constrained linear patterns. 

Theorem 5.8 (correctness of .P Q). Let .P,Q be finite sets of value-free 
constrained linear patterns. If .P is pairwise .C-non-overlapping, then .P Q is 
a pairwise .C-non-overlapping finite set of value-free constrained linear patterns 
such that .GC(P Q) = GC(P ) \ GC(Q).
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Proof (Sketch). To prove this claim, we show that for finite sets .P,Q of value-
free constrained linear patterns, all of the following hold: (i) if .P is pairwise 
.C-non-overlapping, .P = P s [φ]}, .Q = Q t [ψ]}, and  .s [φ] t [ψ] = {s [φ]}, 
then .P and .{s [φ] t [ψ]} are .C-non-overlapping, and (ii) if . P is pairwise .C-non-
overlapping, then .GC(P Q) = GC(P ) \ GC(Q). 

The first statement (i) is a straightforward extension of the corresponding 
statement for unconstrained linear patterns to constrained ones. The difficulty 
of the second statement (ii) is the well-founded order for induction. Let . h be the 
maximum height of terms in .P,Q. Then, in computing .P Q, the heights of all 
terms considered during the computation are less than or equal to . h, and thus 
such terms are finitely many. We denote by .T (Σ,V)≤h the set of terms whose 
heights are less than or equal to . h. Then, We define a quasi-order . ≤h over 
terms in .T (Σ,V)≤h as follows: .s ≤h t if and only if .s t, .height(s) ≤ h, and  
.height(t) ≤ h. The strict part . ≤h of . ≤h is defined as . ≤h = ( ≤h \ ≤h). 
Note that .s ≤h t if and only if .s < t, .height(s) ≤ h, and  .height(t) ≤ h. In  
computing .s [φ] t [ψ], the resulting set may contain .sσ [φσ ∧¬ψ σ] and we may 
have that .s = sσ (and thus .(φσ ∧ ¬ψ σ) = (φ ∧ ¬ψ ). On the other hand, since 
.φ∧ψ and .¬ψ are satisfiable, we have that . {θ | [[φθ]] = θ | [[(φ∧¬ψ )θ]] =

. However, the sets may be infinite, and thus the relation .⊃ for the sets is 
not well-founded in general. To overcome the problem, we consider the number 
of constrained terms .t [ψ] such that .s [φ] t [ψ] = {s [φ]}. Let  . ≤h,N be the 
order of lexicographic products of terms and natural numbers compared by . ≤h

and .≥N. Let  . ≤h,N = ( ≤h,N \ ≤h,N). Then, it is clear that . ≤h,N is well-
founded. We define the weight . w for pairs of sets of constrained linear patterns 
as follows: .w(P,Q) = {(s, n) | s [φ] ∈ P, n = |{t [ψ] ∈ Q | s [φ] t [φ] = {s [φ]}}| }. 
When .P Q calls .P Q , we have that  .w(P,Q) ≤h,N w(P ,Q ). The second 
statement (ii) can be proved by induction on the well-founded order . ≤h,N with 
the weight . w. A complete proof can be seen in [ 31]. . 

Note that for .P Q, if there are no constrained terms .s [φ] ∈ P and . t [ψ] ∈ Q
such that .s [φ] ∈ P and .t [ψ] ∈ Q are not unifiable, then neither .P nor . Q
must be a set of constrained linear patterns and . P must not be pairwise .C-non-
overlapping. 

5.2 Complement Algorithm for Constrained Linear Patterns 

In this section, we first show a complement algorithm for sets of value-free con-
strained linear patterns, and then show that quasi-reducibility is decidable for 
some class of left-linear LCTRSs with decidable built-in theories. 

Definition 5.9. Let . f be an .n-ary defined symbol in . D, and  . Q be a finite set of 
value-free constrained linear patterns. Then, we define a finite set .(Q)f of con-
strained patterns as follows: .(Q)f = {f(x1, . . . , xn) [true] Q, where  . x1, . . . , xn

are pairwise distinct variables. We extend .(·)f for . D as follows: .Q = f∈D (Q)f . 

Example 5.10. For .Σ1 = {f, nil, cons}∪{n | n ∈ Z} in Example 1.1, we have that  
.{(1), (2), (3)} = ({(1), (2), (3)})f = {(a), (b), (c)}.
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As a direct consequence of Theorem 5.8, the following claim holds for .(·)f . 

Theorem 5.11. Let .Q be a pairwise .C-non-overlapping finite set of value-free 
constrained linear patterns, and . f an .n-ary defined symbol in . D. Then,  . GC((Q)f )
.= GC(f(x1, . . . , xn) [true]) \ GC({t [ψ] ∈ Q | root(t) = f}) and .(Q)f is a comple-
ment of .Q w.r.t. . f , where  .x1, . . . , xn are pairwise distinct variables. 

Proof (Sketch). By definition, during the computation of .(Q)f , all constrained 
patterns in the left-hand sides of . are rooted by . f . Thus, no constrained 
term .t [ψ] in .Q such that .root(t) = f is not unifiable with any constrained 
pattern in the left-hand sides of . , and hence . {f(x1, . . . , xn) [true] Q =
{f(x1, . . . , xn) [true] t [ψ] ∈ Q | root(t) = f}. Then, by Theorem 5.8, .(Q)f is 
a complement of . Q w.r.t. . f . A complete proof can be seen in [ 31]. . 

The following corollary is a direct consequence of Theorem 5.11. 

Corollary 5.12. For a pairwise .C-non-overlapping finite set .Q of value-free 
constrained linear patterns, .GC(Q) = GC({f(x1, . . . , xn) | f ∈ D})\GC(Q), where  
.x1, . . . , xn are pairwise distinct variables. 

Corollary 5.12 immediately implies decidability of quasi-reducibility for left-
linear LCTRSs with decidable built-in theories. 

Theorem 5.13. Let .R be a finite left-linear LCTRS such that .Σterms is finite 
and there is no constructor .c : ι1 × · · · × → ι ∈ CR with .ι ∈ Stheory . Then,  . R
is quasi-reducible if and only if .{˜[φ̃] | → r [φ] ∈ R is a pattern} = ∅. Thus,  
quasi-reducibility is decidable for such LCTRSs with decidable built-in theories. 4

Proof (Sketch). Since the built-in theory is decidable, by the well-founded order 
in the proof of Theorem 5.8, the  set .{˜[φ̃] | → r [φ] ∈ R is a pattern} is com-
putable, and thus its emptiness is decidable. Therefore, quasi-reducibility of . R
is decidable. A complete proof can be seen in [ 31]. . 

Example 5.14. The LCTRS .R1 in Example 1.1 is not quasi-reducible because 
.{f(xs, y) [true] (1), (2), (3)} = {(a), (b), (c)}. On the other hand, the LCTRS 
.R1 is quasi-reducible because .{f(xs, y) [true] (1), (2), (3), (a), (b), (c)} = ∅. 

6 Related Work 

As mentioned before, to the best of our knowledge, there is no work for difference 
operators and complement algorithms for constrained patterns, and decidability 
of quasi-reducibility in the LCTRS setting, while some sufficient conditions have 
been investigated [ 24, 37].

4 It is sufficient that all constraints of constrained rewrite rules in .R are in a class 
of a decidable theory. For example, the integer theory is not decidable, but the 
constraints of .R1 and .R1 are formulas of Presburger arithmetic. 
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There are several works on quasi-reducibility and sufficient completeness of 
TRSs and constrained rewrite systems. Decidability of quasi-reducibility has 
been  shown in [  18] without yielding a practical algorithm. Then, complement 
algorithms have been proposed [ 15, 27, 28], which are used as decision procedures 
for quasi-reducibility of left-linear TRSs. Negation elimination from equational 
formulas [ 12, 39] is a well-investigated application of complement algorithms. 
Tree automata techniques [ 11] can be used to obtain complements, and thus 
they also yield decision procedures for quasi-reducibility of left-linear TRSs. 
Recently, a well-designed decision procedure for quasi-reducibility of TRSs has 
been proposed [ 40]. However, to the best of our knowledge, the above procedures 
have not yet been extended to constrained rewrite systems, and the extension is 
not so trivial. 

Sufficient completeness is equivalent to quasi-reducibility for terminating sys-
tems. A sufficient condition for sufficient completeness of constrained and condi-
tional rewrite systems based on constrained tree automata techniques has been 
shown in [ 6]. In addition, as mentioned in Sect. 1, an SMT-based sufficient con-
dition for left-patternless constrained rewrite systems [ 23, 37] and a procedural 
sufficient condition for quasi-reducibility of LCTRSs [ 24] have been shown. 

For programming languages, there are some works on the exhaustiveness 
checking. In [ 29], a method for examining pattern-matching anomalies of ML 
programming languages has been proposed. This method checks two points: 
there are no useless patterns, and it considers all patterns. This method is imple-
mented on OCaml but is also useful for Haskell. However, guards are not consid-
ered: Standard ML of New Jersey does not allow us to write guards for pattern 
matching; a recent version of the GHC implementation of Haskell does not imple-
ment any form of exhaustiveness checking even without guards, while there is a 
check for redundancy of patterns, which does not work for guards. When compil-
ing programs, OCaml compilers warn users about guard constraints attached to 
patterns so that they can take care of the exhaustiveness of constrained patterns, 
which is not checked by the compilers. As mentioned before, due to the SMT 
solving for supported built-in theories, the exhaustiveness checking for guarded 
patterns is not realistic. 

Unification of constrained terms in Definition 4.4 is a bit different from uni-
fication modulo built-ins [ 9, Definition 11]. Unlike ours, the unification is defined 
for terms, and unifiers are pairs of substitutions and constraints. 

Another related work on unification of constrained terms is unification with 
abstraction and theory instantiation for SMT solving [ 35]. The algorithm for such 
unification is very similar to the syntactic unification procedure [ 3, Section 4.6], 
while it considers underlying theories and disequalities as constraints. Unlike 
the algorithm, our unification of constrained terms .s [φ], t [ψ] first uses syntactic 
unification to obtain an mgu . σ of . s and . t, and then check satisfiability of .φσ∧ψσ. 

Matching logic [ 7, 8, 36] (ML, for short) is a first-order logic variant to rea-
son about structures by allowing formulas to represent terms, and is expressive 
enough and very powerful. For example, .s t with .Var(s) ∩ Var(t) = ∅ can be
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represented by the formula .s ∧ ¬t. However, decidability of ML formulas is not 
clear due to its generality. 

7 Conclusion 

In this paper, we extended the difference operator and the complement algorithm 
in the unconstrained setting to constrained linear patterns, proposing a difference 
operator and a complement algorithm for constrained linear patterns used in 
LCTRSs that have finitely many user-defined function symbols and have no 
user-defined constructor term with a theory sort for built-in value-constants. 
Then, we showed that quasi-reducibility is decidable for such LCTRSs. Many 
LCTRSs obtained from practical programs by existing transformations belong 
to the class. We will implement the algorithm in our LCTRS tool as future work. 

For brevity, we had some restrictions, e.g., non-existence of user-defined con-
structor terms with theory sorts. A future work is to drop such restrictions, 
proposing a difference operator and a complement algorithm for more general 
classes of LCTRSs. 

The complexity of the complement algorithm for constrained linear patterns 
relies on that of SMT solving used in the computation. We are interested in 
complexity of the algorithm without the complexity of SMT solving. Analysis of 
such complexity is another future work. 
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Abstract. Monomorphisation can be used to extend monomorphic 
provers to support polymorphic logics. We describe a pragmatic iterative 
approach. We implemented it in the Zipperposition prover, where it is 
used to translate away polymorphism before invoking the monomorphic 
prover E as a backend. Our evaluation shows that this approach increases 
Zipperposition’s success rate. Moreover, we find that iterative monomor-
phisation outperforms some native implementations of polymorphism. 

Keywords: Polymorphism · monomorphism · automated reasoning 

1 Introduction 

Automatic theorem provers provide automation for proof assistant users. Many 
proof assistants, such as HOL4 [ 16], HOL Light [ 9] and Isabelle/HOL [ 13], sup-
port rank 1 polymorphism, where type quantification is allowed at the top level 
of formulae. By contrast, many automatic provers only work with monomorphic 
logics. One way to close this gap is to extend automatic provers to natively sup-
port polymorphism, as has been done in Vampire [ 1]. However, this entails a lot 
of work that must be redone for every prover. The alternative is to translate 
polymorphic problems to monomorphic problems. 

To achieve this, one approach [ 2] is to encode a complete polymorphic type 
system, but this increases the size of the input problem substantially and slows 
down provers [ 2]. Another approach to encode polymorphism is based on iterative 
monomorphisation, as described by Böhme [ 5, Section 2.2.1]. Iterative monomor-
phisation heuristically instantiates the formulae’s type variables with concrete 
types. However, any translation relying on a finite number of instantiations is 
inevitably incomplete. By a typed version of the compactness theorem, for any 
first order polymorphic formula . ϕ, there exists an equisatisfiable finite set of 
monomorphic instances of . ϕ, but it cannot be computed in general [ 4, Theo-
rem 1]. 

Böhme’s approach is implemented as part of Isabelle/HOL’s SMT (satisfia-
bility modulo theories) integration [ 5, Chapter 2]. This implementation is also 
used by Sledgehammer [ 6, 14] to interface with superposition based automatic 
theorem provers. However, it is documented only superficially [ 5, Section 2.2.1]. 
An iterative monomorphisation approach is also described in the context of SMT-
LIB [ 7]. Moreover, a similar algorithm appears to be implemented in the MESON 
tactic [ 8] of HOL Light, but it is undocumented. 
c The Author(s) 2026 
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In this paper, we present an algorithm based on our understanding of 
Böhme’s description and implementation (Sect. 3). We also provide a more 
detailed description to help future implementers. In addition, we present some 
optimisations to curb the combinatorial explosions (Sect. 4). 

The algorithm works as follows. The input problem is a set of formulae. All 
the problem’s symbols are collected, and the polymorphic symbol instances are 
matched against the monomorphic ones. This yields new symbol instances, both 
polymorphic and monomorphic. The process is then iterated, making use of the 
newly generated instances. Consider the unary type constructor list. If a for-
mula contains .list(α), where  . α is a type variable, the types .list(int), .list(list(int)), 
etc., can be generated. However, because new types emerge through matching, 
.list(list(int)) can be obtained only once the .list(int) instance has been generated. 

To keep the number of generated formulae finite, we limit the number of 
iterations. After the iterations are completed, the new monomorphic symbol 
instances are used to instantiate the polymorphic symbols in the problem’s for-
mulae, generating new monomorphic formulae. Finally, because monomorphic 
provers support only nullary type constructors, types must be ‘mangled’; for 
example, the compound type .list(int) might be mangled to .list_int. 

We implemented iterative monomorphisation in Zipperposition [ 18], a higher 
order prover written in OCaml. Although Zipperposition is polymorphic, it uses 
the monomorphic prover E [ 15] as a backend. Thanks to our work, E can now 
be used with polymorphic problems. Moreover, our implementation can be used 
as a preprocessor for other stand-alone provers. Our source code is available 
online.Our evaluation on the TPTP [ 17] tries to answer three questions (Sect. 6): 

1. Is the new Zipperposition with the E backend more successful on polymorphic 
problems than Zipperposition without backend? 

2. How competitive are monomorphic provers on monomorphised problems? 
3. Is iterative monomorphisation more effective than the native polymorphism 

implemented in polymorphic provers? 

2 Preliminaries 

Our algorithm works independently of the structure of the problem’s formulae. 
It relies exclusively on the formulae’s monomorphic and polymorphic symbol 
instances. Type variables are assumed to be implicitly universally quantified at 
a formula’s top level. The precise form of formulae is left unspecified. Due to this 
generality, iterative monomorphisation can be used with any standard variant of 
rank 1 polymorphic logic. In particular, it can work with the polymorphic first 
and higher order logics embodied by TPTP’s TF1 and TH1 syntaxes [ 3, 11]. 

Our abstract framework relies on the following basic definitions. 

Definition 1. A (polymorphic) type . τ is a type variable (e.g. . α) or the appli-
cation of an .n-ary type constructor to . n types (e.g. .list(α), .map(int, string)). If 
.n = 0, we omit the parentheses (e.g. . int). A type is monomorphic if it contains 
no type variables.
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Definition 2. A (function or predicate) symbol . f has a type arity that specifies 
the number of type arguments it takes. A symbol instance is a symbol applied 
to type arguments listed between angle brackets: .f τ1, . . . , τn , where  each  . τi is 
a type.  If  .n = 0, we omit the angle brackets (e.g. . f). 

Definition 3. A (type) substitution is a partial function mapping a finite 
number of type variables to corresponding types. Substitutions are written as 
.σ = {α1 τ1, . . . , αn τn}. They are assumed to be lifted to formulae; thus, 
.σ(ϕ) yields the variant of . ϕ in which each .αi is replaced by . τi. Given two sub-
stitutions .τ, υ, the successive application of . τ and . υ is denoted by .υ ◦ τ . 

Definition 4. Two substitutions .{α1 τ1, . . . , αm τm} and . {β1 υ1, . . . ,
βn → υn} are said to be compatible if .αi = βj implies .τi = υj for all .i, j. 

Definition 5. Given two types .τ, υ, matching . υ against . τ either fails or yields 
a substitution . σ such that .σ(υ) = τ . 

3 High Level Algorithm 

The iterative monomorphisation algorithm takes a polymorphic problem as input 
and returns a monomorphic problem. It applies a bounded number of iterations, 
each taking a polymorphic problem as argument and returning a problem with 
new partially instantiated formulae. Once the iterations are completed, a final 
step discards all non-monomorphic formulae. 

The initial phase of each iteration computes two maps, .M and . N , from the  
input problem . Φ. 

– Given a symbol . f occurring in . Φ, the  set  .M(f) consists of all monomorphic 
type argument tuples to which . f is applied in . Φ. For example, if . foldl nat, int
occurs in . Φ, then  .(nat, int) ∈ M(foldl). 

– Given a formula .ϕ ∈ Φ and a symbol . f occurring in . ϕ, the  set  . N(ϕ)(f)
consists of all type argument tuples to which . f is applied in . ϕ and which 
contain a type variable. For example, if .foldl nat, list(α) occurs in . ϕ, then  
.(nat, list(α)) ∈ N(ϕ)(foldl). 

.N is parametrised with . ϕ because type variables are implicitly quantified 
at the formula level. The formula indicates the scope of type variables. This is 
not necessary for .M since all the types it contains are monomorphic. To avoid 
copying the monomorphic types for each formula, .M and .N are kept separate. 

Once the maps .M and .N are initialised, each iteration performs the following 
steps to create new instances of formulae: 

1. Create an empty set of formulae . Φ . 
2. For each formula .ϕ ∈ Φ and for each symbol . f occurring in . ϕ: 

2.1. For each .(τ1, . . . , τn) ∈ M(f) and .(υ1, . . . , υn) ∈ N(ϕ)(f) and for each . i, 
match .υi against . τi, yielding the substitution .σi in case of success. 

2.2. If all . n matchings are successful and the substitutions .σi are pairwise 
compatible, add the formula .(σ1 ◦ · · · ◦ σn)(ϕ) to . Φ . 

3. Return .Φ ∪ Φ .
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The algorithm is trivially sound because the newly generated formulae are 
instances of the initial problem’s formulae. However, it is not complete. 

Example 6. Consider the following problem: 

. 1 . p int (0)

. 2 . ∀a : α, as : list(α). p α (a) → p list(α) (as)

The first iteration matches . α against .int for . p, generating the formula 

. 3 . ∀a : int, as : list(int). p int (a) → p list(int) (as)

The second iteration matches . α against .list(int), leading to the formula 

. 4 . ∀a : list(int), as : list(list(int)). p list(int) (a) → p list(list(int)) (as)

Similarly the third iteration adds 

. 5 . ∀a:list(list(int)), as:list(list(list(int))).
p list(list(int)) (a)→p list(list(list(int))) (as)

This example illustrates how an infinite number of new formulae can be 
generated from a simple initial problem. Any reasonable implementation must 
limit the number of new type arguments, substitutions and formulae. 

4 Low Level Algorithm 

The algorithm presented above is too naïve in practice. In this section, we present a 
lower level algorithm with the following features. First, numeric bounds are intro-
duced to stop combinatorially explosive enumerations. Second, type argument 
tuples are separated into an old set and a new set to avoid re-computing some of the 
same matchings in successive iterations. Third, substitutions are directly applied 
to the type arguments instead of the formulae. This avoids having to re-extract the 
type arguments from the formulae at each iteration. New formulae are generated 
only once all iterations are completed, in a separate, final step. 

The data structures used in the algorithm are based on the ones used in the 
high level description. Instead of a map .M from symbols to monomorphic type 
argument tuples, we now have .Mold and .Mnew, which play the same role whilst 
also distinguishing between those type argument tuples that have already been 
matched against and those that have not. Similarly, .Nold and .Nnew replace the 
map .N from formulae to symbols to non-monomorphic type argument tuples. 
Finally, we maintain a map . S from formulae to the substitutions generated by 
the matchings. It is used to generate new formulae in the final phase. 

All sets referenced in the algorithm are finite. Moreover, the algorithm relies 
on primitives whose implementation depends on the specifics of the grammar 
and logic used. Functions computing the following are assumed to be available: 

– initialisation.(Φ), where  . Φ is a set of (polymorphic) formulae, extracts the 
initial type argument maps .M and .N from . Φ.
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Fig. 1. Algorithm for iterative monomorphisation. 

– type_vars.(τ1, . . . , τn), where  .τ1, . . . , τn are types, gathers all the type vari-
ables from each type .τ1, . . . , τn into a set. This function is overloaded to 
accept a formula . ϕ as input, in which case it returns the set of all type vari-
ables which occur in the formula. 

– match.(υ, τ), where  . υ and . τ are types, matches . υ against . τ and either fails or 
returns Some.(σ), where  . σ results from the matching. The algorithm matches 
only non-monomorphic types against monomorphic types. 

– domain.(σ) returns the set of type variables . α such that .σ(α) = α. 
– compatible.(σ1, σ2) tests the compatibility between .σ1 and . σ2. 
– mangle.(Φ), where  . Φ is a set of monomorphic formulae, returns the same set 

of formulae where all types have been mangled. 

The iterative monomorphisation algorithm is given in Fig. 1. It has  three  
phases. The first phase applies a monomorphisation step to each formula in . Φ
until the user-set limit, num_loops, is reached. This limit is the only bound 
necessary for the algorithm to terminate. We use the colour blue to identify 
bounds and code related to bounds. At the end of each of these iterations, 
the old and new type argument maps are updated with newly generated types. 
No new formulae are generated at this stage, only new type arguments and 
substitutions. Once these iterations are completed, the first phase is complete 
and the substitutions used to create new type argument tuples are passed to 
.generate_mono_formulae for the second phase. This is when the new formu-
lae are generated. The third phase mangles the composite types of the newly 
monomorphised formulae. This allows targeting a simply typed logic with no 
support for .n-ary type constructors.
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Fig. 2. Algorithm for formula monomorphisation step 

The formula monomorphisation algorithm is given in Fig. 2. It forms the core 
of the process. Essentially, it computes new type argument tuples for a single 
formula. Type argument tuples are matched against each other to obtain a set of 
substitutions which is iterated over in the outermost loop. The separation of type 
argument tuples into old and new maps is used to ensure that only combinations 
involving at least one new map are considered. This avoids re-computing some 
matchings processed in previous iterations. New tuples are obtained by applying 
each substitution to each non-monomorphic type argument tuple such that at 
least one tuple component is instantiated by the substitution. 

The total number of type argument tuples can increase cubically in the num-
ber of type argument tuples at each iteration and can therefore grow doubly 
exponentially in the number of iterations. We give a sketch of how such growth 
can occur for a single formula. If we assume that after . k iterations, there are .Nk
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type argument tuples in total divided evenly between monomorphic and non-
monomorphic type argument tuples, then there can be up to . Nk

2

2 successful 
matches, yielding as many substitutions. Each substitution is then applied to 
each non-monomorphic type argument for a total of . Nk

2

3 possible new type 
argument tuples. If half of these new type argument tuples are monomorphic 
and the other half are non-monomorphic, then the next iteration will begin with 
.Nk+1 = N3

k · 2−3 evenly split type argument tuples. Therefore, the total number 
of type argument tuples on the . kth iteration can reach ..Nk = N3k

0 · 2−3k+2+3
2 . 

Depending on the shape and size of the input problem and the number 
of iterations performed, the doubly exponential growth may be problematic. 
Introducing bounds addresses this potential issue. The limit on the number of 
newly generated monomorphic type argument tuples is . min(max(mono_mult ·
m,mono_floor),mono_cap), where  .m is the total number of monomorphic type 
argument tuples. The components of this limit are 

1. mono_cap, a limit on the total number of new type argument tuples; 
2. mono_mult, which is used to allow the total number of (monomorphic) type 

argument tuples to grow by a certain proportion of the current number .m of 
monomorphic type argument tuples; 

3. mono_floor, which balances out mono_mult, preventing mono_mult from 
inhibiting new type argument tuple generation if .m is too low. 

Similar bounds are used for the non-monomorphic type argument tuples: 
The limit on the number of new non-monomorphic type argument tuples is 
.min(max(nonm_mult·n, nonm_floor), nonm_cap), where . n is the number of non-
monomorphic type argument tuples associated with the current formula. An 
important difference with the monomorphic case is that . n depends on the current 
formula being processed whilst .m does not. Both in the monomorphic and in the 
non-monomorphic case, the maximum number of newly generated type argument 
tuples is fixed per formula and per iteration. 

The matches function, which computes the substitutions used for generat-
ing new type arguments, is given in Fig. 3. Each symbol instance from .N(ϕ) is 
matched against all corresponding symbol instances from . M . For  two such sym-
bol instances, the types from the non-monomorphic type argument tuple are 
matched component-wise against the types from the monomorphic type argu-
ment tuple. The resulting substitutions are composed if they are compatible. 
In the algorithm, compatibility is checked by making sure the foreach loop has 
successfully iterated over all elements of the type argument tuple. If any substitu-
tions are incompatible, the matchings are discarded. Since the composition of two 
compatible substitutions is commutative, the order of composition is irrelevant. 
The total number of substitutions generated is limited by substitution_cap. 

The various bounds presented here overlap to some extent. For instance, hav-
ing at most substitution_cap substitutions generated by matches may be suffi-
cient to curb the number of new type argument tuples, making the mono_cap, 
mono_mult, mono_floor triplet superfluous. Nonetheless every bound has uses.
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Fig. 3. Algorithm for match generation. 

Fig. 4. Algorithm for monomorphic formula generation. 

For example, problems that lead to few successful matches but many type argu-
ment tuples may benefit from a limit on the number of new type argument tuples 
whilst problems for which substitution generation is more combinatorially explo-
sive may benefit from a limit on the number of generated substitutions. 

Once all monomorphisation iterations have been completed, we are left with a 
set of the substitutions that have been used to generate new type arguments. The 
last phase uses this set to instantiate the type variables in the input problem’s 
non-monomorphic formulae. In the presence of bounds, the order in which the 
elements of . S are traversed affects the formulae resulting from the last phase. 

The generate_mono_formulae function is given in Fig. 4. It generates  
monomorphising substitutions and applies them to the polymorphic formulae 
of the input problem that they instantiate. A substitution . σ is monomorphising 
for a formula . ϕ if .σ(ϕ) is monomorphic. Since the substitutions are monomor-
phising relative to the formula they are applied to, the resulting formulae will
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Fig. 5. Algorithm for monomorphising substitution generation. 

be monomorphic. The max_new_formulae bound is used to control the total 
number of new formulae. It overlaps with max_substs but can be useful to set 
an absolute limit on the size of the final problem. 

To monomorphise a polymorphic formula, we first compute its monomorphis-
ing substitutions using the mono_substs function given in Fig. 5. Such substitu-
tions are computed using a recursive function. Given a set .V of type variables 
and a set .S(ϕ) of substitutions, it selects a substitution .σΔ from .S(ϕ) that 
instantiates at least one of the type variables in . V . It is important that .σΔ be 
compatible with . σ so that they can be composed and the function recursively 
called to instantiate the remaining type variables. 

The Zipperposition implementation of the mono_substs function uses a map 
from type variables to substitutions instead of a set to filter the relevant substi-
tutions from . S efficiently. The max_substs bound exists for two main reasons: 

1. The iterative monomorphisation algorithm can generate up to max_substs 
new monomorphic formulae per initial polymorphic formula. Generating an 
excessive number of new formulae can overwhelm the prover. The final number 
of output formulae is limited to at most .|Φ| · max_substs. 

2. The mono_substs function is the algorithm’s most combinatorially explosive 
part. For a formula . ϕ, if  .S(ϕ) contains . n substitutions that each instantiate 
exactly one of . v type variables, up to .nv monomorphising substitutions may 
be generated. Recall that the total number of type argument tuples used to 
generate .S(ϕ) can be doubly exponential in the number of loop iterations. 
The starting . n may therefore already be very large.
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5 Detailed Example 

To illustrate the low level version of the iterative algorithm, we consider the 
following (admittedly contrived) initial problem: 

. 1 . p int, nat (−1, 3) ∧ p int, int (−1,−2)

. 2 . ∀x : α, y : list(α), z : β. p list(α), α (y, x) ∧ p α, α (x, x) ∧ p α, β (x, z)

.Mnew is initialised with ..{p → {(int, nat), (int, int)} and .Nnew with 
.. 2 → {p → {(list(α), α), (α, α), (α, β)}}}.  Then we enter  the main loop  
(assuming num_loops is at least 1). We iterate over each formula and call 
.formula_mono_step for each of them. Nothing happens for formula . 1 because 
it contains no type variables. For formula . 2 , .Mnew and .Nnew( 2 ) are passed 
as arguments to .matches. 

The three non-monomorphic type argument tuples are matched against their 
monomorphic counterparts in .Mnew: 

– .(list(α), α) fails in both cases because .list(α) fails to match against int. 
– .(α, α) fails to match against .(int, nat) because the substitutions resulting from 

the match of the first and second element of the tuple are incompatible. The 
second match is successful and yields the substitution . σ1 = {α int}

– .(α, β) succeeds in both cases and generates the substitutions . σ2 = {α
int, β int} and .σ3 = {α int, β nat}. 

Then matches returns, and the substitutions are used to generate new type 
argument tuples. Each substitution is applied to the type arguments of the func-
tion symbols of formula . 2 because they are the only function symbols with 
non-monomorphic type arguments. The table below summarises the situation: 

.σ1 .σ2 . σ3

.(list(α), α) .(list(int), int) .(list(int), int) . (list(int), int)

.(α, α) .(int, int) .(int, int) . (int, int)

.(α, β) .(int, β) .(int, int) . (int, nat)

With a simple two-formula initial problem, there are already up to nine 
new type arguments tuples generated at this step in the first iteration alone, 
although only four are unique. Once the new type argument tuples are added to 
their respective maps, a new iteration is begun. We only consider one iteration 
and continue to the next phase of the algorithm. 

The next function to be called is .generate_formulae. It iterates over all 
non-monomorphic formulae of the initial problem; in our case, this will only be 
. 2 . The set of type variable tuples of . 2 is passed to .mono_substs along with 
the set of all previously generated substitutions. 

First, we instantiate . α, the first type variable of . 2 . If  .σ1 is selected to 
instantiate . α, both .σ2 and .σ3 will in turn be selected to instantiate . β. This will 
generate two monomorphising substitutions, .σ1 ◦ σ2 = σ2 and .σ1 ◦ σ3 = σ3, 
which are added to the set of monomorphising substitutions .Sres. Now  .σ2 is
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selected. It simultaneously instantiates . α and . β. Here, .σ2 is already in .Sres and 
is therefore ignored, and .σ3 is treated similarly. No more than substitution_cap 
monomorphising substitutions can be generated in this way. 

Now, the monomorphising substitutions have been generated. We only need 
to apply them to the formula they monomorphise. This is repeated for all non-
monomorphic formulae or until max_new_formulae is reached. The order of 
formulae will impact the output problem in the latter case. For some larger input 
problems, .mono_substs could be sufficiently explosive to only allow a handful 
of different formulae to be monomorphised. The ability to set substitution_cap 
independently can help avoid this issue. 

Finally, if the target language supports only nullary type construtors, the 
types of all monomorphic formulae, both new and old, are mangled. Assuming 
that mangling is not necessary, the algorithm outputs 

. 1 . p int, nat (−1, 3) ∧ p int, int (−1,−2)

. 3 . ∀x : int, y : list(int), z : int. p list(int), int (y, x) ∧ p int, int (x, x) ∧
p int, int (x, z)

. 4 . ∀x : int, y : list(int), z : nat. p list(int), int (y, x) ∧ p int, int (x, x) ∧
p int, nat (x, z)

In this example, two new monomorphic formulae are generated. 

6 Evaluation 

The monomorphisation algorithm is parametrised by many bounds. The first 
part of the evaluation process seeks appropriate values for these bounds. The 
second part compares the performance of Zipperposition without E and with 
the new monormorphising E backend on polymorphic problems. The third part 
compares the performance of different provers on polymorphic problems and 
their monomorphised counterparts. 

The benchmarks are taken from version 8.2.0 of the TPTP library [ 17]. The 
library contains 1765 problems in TF1 and TH1, corresponding respectively to 
first and higher order logic with rank 1 polymorphism. Because Zipperposition 
does not support reasoning with real numbers, we removed all problems that 
include them. In total, our benchmark suite contains 1534 polymorphic problems. 
We chose as a measure of success for a given prover (or prover configuration) 
the number of problems that could be solved by the prover in at most 30 s per 
problem with a single thread. Our raw evaluation data is available online. 1

Parameter Optimisation 
Each bound of the monomorphisation process represents a tradeoff: a higher 
bound allows for a more exhaustive instantiation of type variables but takes 
more time. Since we cannot test all possible combinations of values for all bounds 
to find the best compromise between completeness and speed, we group closely

1 https://zenodo.org/records/14881532. 

https://zenodo.org/records/14881532
https://zenodo.org/records/14881532
https://zenodo.org/records/14881532
https://zenodo.org/records/14881532
https://zenodo.org/records/14881532
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related bounds together and test combinations of values for the bounds in these 
groups. Once we find the best performing set of values for a group, we assign 
these values to the corresponding bounds as we begin the search for the next 
group. If several groups result in the same number of proved problems, we select 
the most constraining values. Winning entries are shown in bold in Tables 1 to 6. 

To guard against overfitting took place, we carried out the part of the evalu-
ation related to parameter optimisation and all preliminary evaluations on 500 
randomly chosen problems out of the 1534 selected problems. We carried out 
the rest of the evaluations on the remaining 1034 problems. 

Before finding values to assign to the bounds of the monomorphisation algo-
rithm, we must choose which base options to run Zipperposition with. Because 
the space of possible base configurations is too large to evaluate exhaustively, we 
evaluated, in a preliminary experiment, all pre-existing portfolio configurations 
that called E against our benchmark suite of 500 problems. Since E could not 
treat these non-monomorphic problems, it was disabled. The preliminary eval-
uation found that the 40_b.comb configuration performed best by proving 131 
problems. This configuration became the base configuration, which we used as 
a basis to evaluate the monomorphisation options. 

We conducted additional informal evaluations on the 500 problems to find 
appropriate default values and test ranges for the monomorphisation bounds. 
We started the option evaluation process with the base configuration and the 
following default values for monomorphisation bounds and parameters for E: 

– nonm_cap: ∞ 
– nonm_mult: 1 
– nonm_floor: 50 
– substitution order: separation 
– substitution_cap: ∞ 
– max_substs: 10 

– max_new_formulae: 2000 
– new formulae limit multiplier: 0 
– monomorphisation timeout: 20 
– num_loops: 4 
– E timeout:  30 
– E call point: 0 

The initial values for the mono_cap, mono_mult and mono_floor options are 
irrelevant because the options’ values are set when computing Table 1. 

Table 1 groups bounds that control the maximum number of newly generated 
monomorphic type arguments per formula and per iteration. The limit on newly 
generated type arguments is determined by three components that form a natural 
group of bounds. 

The table shows that generating no new monomorphic type arguments seems 
to be the best approach. This result may seem counterintuitive, but it is possi-
ble to monomorphise formulae without generating monomorphic type arguments. 
This is because non-monomorphic type argument generation can produce substi-
tutions that instantiate one or more type variables, and it is these substitutions 
that are used to monomorphise formulae. 

Table 2 is similar to Table 1 except that it evaluates the bounds limiting 
the number of new non-monomorphic type arguments. The bound values are 
lower because we found non-monomorphic type arguments to be combinatorially 
explosive in preliminary evaluations. The table confirms that non-monomorphic
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Table 1. Evaluation of bounds for monomorphic type argument generation 

mult 

cap 
500 1000 . ∞

floor 
0 50 100 200 0 50 100 200 0 50 100 200 

0 178 161 161 156 178 160 160 156 178 161 160 156 
1 155 155 155 158 153 154 154 156 154 154 155 155 
2 154 154 153 154 153 153 154 152 154 153 154 154 
.∞ 153 154 153 155 155 153 154 156 159 160 161 161 

Table 2. Evaluation of bounds for non-monomorphic type argument generation 

mult 

cap 
500 1000 . ∞

floor 
0 10 50 100 0 10 50 100 0 10 50 100 

0 125 184 182 177 125 184 182 177 125 184 182 177 
0.5 176 184 182 177 176 184 182 177 176 184 182 177 
1 182 181 178 177 182 181 178 177 182 181 178 177 
.∞ 173 174 174 174 174 174 173 173 125 125 125 125 

type argument generation drives the creation of useful non-monomorphic for-
mulae. This is indicated by the very low number of problems solved when no 
new non-monomorphic type arguments are allowed. Performance of the mono-
morphisation algorithm seems to plateau for some ranges of values and drops off 
beyond. 

The substitution generation phase occurs once all type arguments have been 
generated. The bound limiting the number of monomorphising substitutions per 
formula is directly related to the order which dictates how such monomorphising 
substitutions are generated. The heuristic greatly affects monomorphising substi-
tution generation. The ‘age’ order of substitution orders substitutions generated 
in earlier iterations first. The ‘random’ order randomly shuffles substitutions. 
Finally, the ‘separation’ order separates the substitutions into groups of substi-
tutions generated in the same iteration and generates monomorphising substi-
tutions from each of these groups independently. Table 3 shows that the values 
of bounds limiting the number of monomorphising substitutions seem to affect 
performance only when the ‘separation’ heuristic is used. 

Table 4 groups the bounds related to the size of the output problem to be 
passed to the E prover. The absolute limit is the maximum number of formulae 
passed to E. The multiplier limits the total number of newly generated formulae 
based on the problem’s initial number of formulae. We find that the E prover 
tends to perform better when given a limited number of formulae.
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Table 3. Evaluation of bounds for substitution generation 

mono subst 
substitution order 

age random separation 
2 161 178 175 
5 161 178 180 
7 161 178 182 
10 161 178 184 

Table 4. Evaluation of bounds directly related to the size of the output problem 

formula cap 
formula multiplier 
1 2 3 . ∞

500 184 184 184 183 
2000 184 184 184 184 
.∞ 168 178 183 125 

Table 5. Evaluation of parameters related to the depth of monomorphisation 

num. loops 
mono time 

5 10 20 30 
1 183 184 183 183 
2 186 186 186 185 
3 186 186 186 185 
4 186 186 186 185 
5 185 185 185 184 

For larger problems, the monomorphisation algorithm may time out despite 
the bounds. In these cases, neither Zipperposition nor E will have had a chance 
to try to solve the problem. To avoid this, a timer can interrupt the mono-
morphisation algorithm, after which Zipperposition resumes normal operation. 
Table 5 tests the amount of time that is allocated to monomorphisation against 
the number of iterations of the monomorphisation algorithm. Neither parameter 
seems to substantially affect the algorithm’s performance. 

Table 6 shows the impact of the options with which we call the E prover. 
The point at which Zipperposition interrupts its normal operation and begins 
the monomorphisation process is determined by the ‘E call point’ parameter. 
It is expressed as a fraction of the total time allotted to Zipperposition. The E 
timeout (in seconds) limits how long E is run before being interrupted, at which 
point Zipperposition resumes normal operation. The longer Zipperposition runs 
before E is invoked, the more formulae are generated, and the more combina-
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Table 6. Evaluation of parameters related to the E prover 

E timeout 
E call point  

0 0.1 0.2 0.3 
2 180 143 132 124 
5 185 142 134 125 
10 184 143 132 125 
20 184 137 133 125 
30 182 133 134 125 

Table 7. Evaluation of Zipperposition without E vs. with E 

without E with E union 
500 problem suite 160 198 207 
1034 problem suite 337 410 434 

torially explosive iterative monomorphisation is. This likely explains the poor 
performance for greater values of the E call point. 
E as a Zipperposition backend 
We compare the performance of two instances of Zipperposition. By default, Zip-
perposition may call E as a backend when given a monomorphic problem [ 18]. 
The first instance is run in the portfolio mode portfolio.sequential.py, which  
attempts to prove the problem with various configurations tried in succession. 
Since all given problems are non-monomorphic, these configurations can never 
invoke E as a backend, this instance is therefore labeled ‘without E’. The sec-
ond instance is a modification of the portfolio.sequential.py file where each 
configuration is modified analogously to 40_b.comb with the options obtained in 
the previous evaluation phase. This instance can successfully call E as a backend 
because it is able to provide E with a monomorphised problem. Each of the two 
instances is evaluated on the set of the 500 previously used problems, and the 
set of the remaining 1034 problems is evaluated separately. The proportion of 
problems successfully solved on the 500 and 1034 problem suites are similar, 
suggesting that no overfitting took place during the option optimisation phase. 

Table 7 shows that the use of E as a backend markedly improves the perfor-
mance of Zipperposition. It is not a strict improvement, since some problems are 
solved without E and not with E. 

Monomorphisation as a Preprocessor 
To evaluate the usefulness of iterative monomorphisation as an alternative to 
native polymorphism, two competitive higher order polymorphic provers were 
run on the 1034 problem suite. We chose Leo-III and Zipperposition. Unfor-
tunately we needed to exclude Vampire because of parsing issues. The fix for 
these issues was unavailable for Vampire’s higher order branch at the time of the 
evaluation.



284 T. Bozec and J. Blanchette

Table 8. Evaluation of native polymorphism vs. monomorphisation 

Native Mono Union 
E – 340 340 
Leo-III with E 157 231 274 
Zipperposition 339 351 404 

Table 8 shows the results. The monomorphisation approach is evaluated in 
two steps. First, each problem is monomorphised using the options obtained 
from the first evaluation phase except for the monomorphisation timeout option, 
which is increased to 30 s. For 149 problems, monomorphisation times out. Sec-
ond, each prover is run on the remaining monomorphised problems, and the 
results are tallied in the ‘Mono’ column. In addition to the polymorphic provers 
used in the ‘Native’ tests, the monomorphic prover E is run on the monomor-
phised problems to provide an additional point of comparison. Instead of running 
each prover for 30 s on the monomorphised problems, the monomorphisation time 
(rounded up to the nearest second) is subtracted to compare fairly against the 
‘Native’ column, which does not have a similar preprocessing phase. 

Despite the monomorphisation timeouts, monomorphisation is more effective 
than Leo-III’s and Zipperposition’s native polymorphism on the benchmarks. 

7 Conclusion 

We described a translation algorithm that iteratively instantiates polymor-
phic types to produce monomorphic problems. Our primary motivation was to 
improve the success rate of Zipperposition and its monomorphic E backend, and 
indeed our evaluation shows a clear improvement. We also saw that even with 
automatic provers that support polymorphism, iterative monomorphisation is a 
better alternative in practice. 

We see the following avenues for future work. First, iterative monomorphisa-
tion blindly enumerates candidate instantiations, without exploiting any knowl-
edge about the logical structure of the formulae in which symbols occur. For 
example, a lemma .p α cannot be used to prove the conjecture .¬p nat because 
of the incompatible polarities, but our algorithm instantiates . α with .nat regard-
less. Second, some automatic provers as well as tools such as Sledgehammer 
include relevance filters that heuristically select a subset of the available axioms; 
filters such as MePo [ 12] and SInE [ 10] are iterative and could be interleaved 
with monomorphisation. Third, although one would expect native implementa-
tions of polymorphism to outperform any preprocessor, currently this is not the 
case, suggesting that there is considerable room for improvement on the native 
front. 
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Abstract. Much of the current research and development in the field of 
automated reasoning builds on the infrastructure provided by the TPTP 
World. The TPTP language for logical formulae is central to the far-
reaching adoption of the TPTP World. This paper introduces the Depen-
dently Typed higher-order Form (DHF) of the TPTP language. It takes 
advantage of already established binders in the syntax, and is thus a 
minimally intrusive extension to the Typed Higher-order Form (THF). 
A starting set of over 100 problems is provided to exhibit the usefulness 
and incite interest in DHF. Some tools that are already able to reason 
about problems in the DHF language are discussed. 

Keywords: Automated Theorem Proving · Dependent Types · 
Higher-Order Logic 

1 Introduction 

The TPTP World [ 31] is a well-established infrastructure that supports research, 
development, and deployment of Automated Theorem Proving (ATP) systems. 
The TPTP language [ 27] is one of the keys to the success of the TPTP World. 
It has variants that support uniform expression of logical formulae across a wide 
range of logics. The TPTP language is used for writing both problems and 
solutions, which enables convenient communication between ATP systems and 
tools. The majority of modern ATP systems accept input in TPTP syntax. The 
TPTP language variants that form the basis for this work are the monomorphic 
and polymorphic typed higher-order forms (TH0 and TH1) [ 8, 32] (see Sect. 2.1 
for the background and further variants). 

All the existing typed TPTP language variants are simply typed. However, 
there is a steady increase of interest in dependently typed systems, such as 
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Agda [ 3], Rocq [ 1, 37], and Lean [ 9]. This interest extends to the SMT commu-
nity, where the proposed version 3.0 of SMT-LIB is to include dependent types 1. 
Dependent types allow for the elegant formulation of complex data structures, 
possibly even a direct encoding of correctness properties. This paper introduces 
the Dependently Typed higher-order Form (DHF) of the TPTP language. 

While dependent types are frequently used in interactive theorem proving, 
Automated Theorem Proving (ATP) has yet to embrace dependent types. Roth-
gang et al. made first steps towards bringing ATP and dependent types together, 
by introducing dependently typed higher-order logic (DHOL) [ 17, 18]. With only 
two minor extensions to the familiar syntax of Church-style HOL [ 6], DHOL 
makes dependent types easily accessible: HOL base types are extended into 
dependent base types that can take term arguments, and the function type 
.A → B is changed into a dependent function type .Πx : A.B. Originally DHOL 
did not allow quantifying over types or stating the equality of types, but a poly-
morphic version is in development. 

As in FOL and HOL, DHOL allows arbitrary axioms that may constrain 
equality of terms in undecidable ways, and consequently DHOL’s type checking is 
undecidable (see Sect. 3.2). To manage this complication Rothgang et al. provide 
an algorithm that reduces the well-formedness of a statement to a set of proof 
obligations. Thus theorem proving is needed to check the well-formedness of 
a problem’s formulae, not just to prove the conjecture. Happily, typically that 
does not make it harder to prove the conjecture. To increase ATP support for 
DHOL, Rothgang et al. define a translation from well-typed DHOL to HOL 
that preserves provability in both directions, thereby making DHOL available for 
regular HOL ATP systems, albeit without leveraging DHOL’s dependent types 
for more efficient proving. Furthermore, the translation introduces additional 
axioms capturing the constraints of the dependent types, thereby potentially 
complicating proof search. Several interactive theorem provers had previously 
employed the same idea, sacrificing decidable typing to gain the expressivity of 
dependent types, while keeping the general feel of the language simple. Most 
importantly, PVS [ 12] essentially contains DHOL as a fragment, but extends 
it beyond the capabilities of current automated provers. Mizar [ 38], using soft 
typing on top of first-order set theory, can also capture DHOL-like features. 

A detail missing from the original formulation of DHOL was the choice opera-
tor. Ranalter et al. investigated the effects of losing the non-emptiness constraint 
in DHOL on Hilbert’s choice in [ 16]. To this end, they extended the – to the 
authors knowledge – first native implementation of DHOL into the ATP system 
Lash, by Niederhauser et al. [ 11]. Their experiments strongly suggest that native 
reasoning in DHOL significantly outperforms reasoning on translated problems. 

This work describes how DHOL is being integrated into the TPTP World, in 
a new TPTP language variant “Dependently Typed higher-order Form” (DHF), 
with monomorphic and polymorphic subvariants (DT0 and DT1). DHF requires 
only very minor changes to the familiar TPTP language syntax, mostly using 
existing notions for binders and application operators, thereby providing the

1 smt-lib.org/version3. 

https://smt-lib.org/version3.shtml
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ATP community with the necessary foundations on which research into depen-
dently typed automated reasoning can thrive. A set of over 100 problems in DHF, 
taken from several different sources, has been curated as an initial contribution 
to the TPTP problem library. The problems provide a spread of interesting for-
mulations focusing on a variety of difficulty levels in proving the conjecture as 
well as in type checking. 

Section 2 reviews the TPTP World and establishes the necessary back-
ground for DHOL, slightly generalizing the original DHOL definition to make it 
more suitable for TPTP. Section 3 introduces the new DHF form. Section 4 gives 
a short overview of the starting set of problems, and Sect. 5 introduces tools that 
already support the new form. Finally, Sect. 6 concludes and gives an outlook 
over future work. 

2 Preliminaries 

2.1 The TPTP World and Infrastructure 

The TPTP World infrastructure includes the TPTP language [ 28], the TPTP 
problem library [ 25], the TSTP solution library [ 26], the SZS ontologies [ 24], 
the Specialist Problem Classes (SPCs) and problem difficulty ratings [ 29], Sys-
temOnTPTP [ 23] and StarExec [ 22], and the CADE ATP System Competition 
(CASC) [ 30]. The problem library is a large collection of Thousands of Problems 
for Theorem Proving – hence the name. The problem library release v9.1.0 con-
tains over 26000 problems from over 50 different domains, written in the TPTP 
language. The problems are categorized into Specialist Problem Classes accord-
ing to their syntactic and logical status. The TSTP solution library is the result 
of running numerous ATP systems on the problems in that library and collecting 
their output. The TPTP and TSTP libraries provide the basis for assigning a 
difficulty rating to each problem, according to which ATP systems are able to 
solve the problem. 

The most salient feature of the TPTP World for this work is the TPTP lan-
guage. Originally the TPTP language supported only first-order clause normal 
form (CNF) [ 35]. Over time, more complex logics were added, starting with first-
order form (FOF) in TPTP release v2.0.0 [ 25]. Releases v3.0.0 and v4.0.0 added 
monomorphic typed higher-order (TH0) [ 32] and monomorphic typed first-order 
(TF0) [ 34] forms to the mix respectively. These got extended to their polymor-
phic variants TF1 and TH1 in releases v5.0.0 [ 2] and v6.0.0 [ 8]. Release v7.0.0 
of the TPTP started to include extended typed first-order form (TXF) [ 33] 
which extends the typed first-order form with conditionals, let expressions, and 
boolean terms. All the listed extensions to the TPTP are classical in nature. 
This changed with the addition of non-classical typed first-order form (NTF) in 
release v9.0.0 [ 21]. A general principle of the TPTP language is: “We provide the 
syntax, you provide the semantics”. As such, there is no a priori commitment to 
any semantics for each of the language forms, although in almost all cases the 
intended logic and semantics are well known. 

Problems and solutions are built from annotated formulae of the form
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language(name, role, formula, source, useful_info) 

The languages supported are cnf (clause normal form), fof (first-order form), 
tff (typed first-order form), and thf (typed higher-order form). The role, e.g., 
axiom, lemma, conjecture, defines the use of the formula. In a formula, terms  
and atoms follow Prolog conventions – functions and predicates start with a 
lowercase letter or are ’single quoted’, and variables start with an uppercase 
letter. The language also supports interpreted symbols that either start with a 
$, e.g., the truth constants $true and $false, or are composed of non-alphabetic 
characters, e.g., integer/rational/real numbers such as 27, 43/92, -99.66. The 
logical connectives in the TPTP language are !>, ?*, @+, @-, !, ?, , |, &, =>, 
<=, <=>, and  < >, for the mathematical connectives . Π, . Σ, choice (indefinite 
description), definite description, . ∀, . ∃, . ¬, . ∨, . ∧, . ⇒, . ⇐, . ⇔, and  .⊕ respectively. 
Equality and inequality are expressed as the infix operators = and !=. The  source 
and useful_info are optional. 

2.2 Dependently Typed Higher-Order Logic 

Dependently typed higher-order logic (DHOL) is an extension of Church’s 
higher-order logic (HOL) [ 6] introduced by Rothgang et al. [ 17]. It takes the 
widely supported HOL and equips it with dependent types, i.e., types that take 
term arguments. As such, it is a classical and extensional type theory, as opposed 
to the theory used in Rocq [ 1, 37], Lean [ 9], or others [ 3, 13] that rely on an inten-
sional type theory. Notable exceptions to this trend are PVS [ 19], NuPRL [ 7], 
and F* [ 36]. 

The extensionality of DHOL comes at the cost of making type checking unde-
cidable because it must consider term equality, which may be subject to arbitrary 
axioms. Essentially, typing becomes undecidable if a type depends on a type for 
which equality is undecidable. This is because type checking . t against type . a n
must be done by inferring the type of . t, say  .a m, and then checking .a m = a n, 
and thus .m = n. If all dependent type symbols depend only on types for which 
equality is decidable (e.g., the examples below where we only use natural num-
bers with Presburger arithmetic), type checking is decidable. Otherwise, e.g., 
when using types depending on natural numbers with Peano arithmetic, type 
checking is undecidable. 

The gain of having judgmental and provable equality coincide is significant: It 
positions DHOL much closer to how mathematics is usually done in the context 
of ATP. The availability of dependent types allows the elegant definition of data 
structures such as lists of fixed-length, intervals of numbers, or vector spaces over 
some field. It also allows encoding constraints in the types, which can remove the 
need for lengthy and error-prone guards in programming and track invariants 
useful for theorem proving. The cost – which might seem steep at first glance 
– is mitigated by the ever-increasing performance of ATP systems, and the fact 
that in many cases the proof obligations resulting from type checking are much 
simpler than the original proving problem. 

The changes to the TPTP syntax to accommodate DHF are small: the defini-
tion of the simple base type is changed to a type that can accept term arguments,
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and the simple function type .A → B is changed to .Πx : A.B. This makes  it  
possible to let the result type of the function depend on the specific term of the 
argument. 

Figure 1 gives the grammar of DHOL. A dependent base type . a with arity 
. n is written .a : Πx1 : A1, · · · , xn : An.type, and it is a simple base type if 
.n = 0. Declarations of this form are part of the theory against which the type 
checking procedure is performed. In addition to base type declarations, theories 
may declare constant symbols . c and axioms . . A context specifies typed vari-
ables and assumptions. Contexts are superficially similar to theories, but denote 
local declarations, and as such, do not contain type declarations. . ◦ and . • denote 
the empty theory and context respectively. The order in a theory or context 
matters because the well-typedness of declarations might depend on preceding 
axioms. Types, as they appear in statements and typing judgements, are either 
fully applied base types, (dependent) function types, or classical booleans . o. 
Terms are built from variables/constants, lambda abstraction, application, and 
the usual connectives and quantifiers. Regular HOL can be recovered by omit-
ting the highlighted elements – this is exactly the case when the arity of all 
base  types is 0.  

Fig. 1. The grammar of DHOL 

The following example encodes the familiar notion of fixed-length lists. As 
prerequisites, we give the usual notion of natural numbers in a simple type . nat
and a simple type .char of characters for the elements of the lists: 

. nat : type 0 : nat suc : nat → nat + : nat → nat → nat

∀n : nat.+ 0 n =nat ∀n,m : nat.+ (suc n) m =nat suc (+ n m)
char : type a : char b : char ...

Then .vecn encodes the type of fixed-length lists of characters of length . n: 

. vec : Πn : nat.type nil : vec 0 cons : Πx : nat.char → vec n → vec (suc n)

++ : Πn, m : nat.vec n → vec m → vec (+ n m)

Dependent Connectives. In DHOL it is desirable to make the binary connectives 
conjunction, implication, and disjunction dependent in the sense that the well-
formedness of the second argument may assume the truth (for conjunction and
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implication) or the falsity (for disjunction) of the first argument. Consider the 
statement .a =A b ⇒ f a =B(a) f b. The well-formedness of the right-hand 
side requires the left-hand side as a premise. More precisely, .Γ F : o resp. 
.Γ F expresses that .F is a well-formed resp. provable formula in context . Γ . 
The definition of well-formed formulae is: 

Γ F ⇒ G if Γ F and Γ, G 
Γ F ∧ G if Γ F and Γ, G 
Γ F ∨ G if Γ F and Γ, ¬F G 

where the marked parts make the connectives dependent. The usual natural 
deduction proof rules of implication and conjunction are the same as for the 
non-dependent versions. The proof rules for disjunction are adjusted as follows: 

. 
Γ F Γ, ¬F G : o

Γ F ∨ G

Γ, ¬F G

Γ F ∨ G

C Γ, ¬F C

∨ G C

As usual, it is possible to choose some connectives as primitives, from which 
the others are defined. Rothgang et al. choose equality and implication. Contrary 
to HOL, they included implication because they could not define the dependent 
binary connectives solely from equality. For the TPTP World, it is better not 
to choose primitive connectives – that choice should be left to the ATP sys-
tem developers. Therefore DHF extends the work by Rothgang et al. to make 
all connectives primitive. ATP systems can choose which connectives to treat as 
abbreviations, but in doing so must take the dependent nature of the connectives 
into account. Note that dependent connectives break the commutativity of con-
junction and disjunction. While seemingly disruptive, sacrificing commutativity 
in this way is common practice, e.g., for short-circuit evaluation of Boolean terms 
in programming languages. To clarify the impact on theorem proving, Table 1 
summarizes typical proof rules for FOL and their status in DHOL. Roughly 
speaking, all rules that do not affect the order of subformulae remain sound, 
while the rest of the rules require the additional check to ensure the result 
remains well-formed. In particular, all rules needed to perform CNF or clause 
normal form transformations remain available. 

Developing advanced calculi for DHOL is beyond the scope of this paper. 
However, for example, one way to generalize resolution is to store clauses as lists 
.[L1, . . . , Ln] where the well-formedness of each .Li may depend on .¬Lj for .j < i. 
Resolving .[A,L] and .[¬A,M ] to .[L,M ] is sound if the resolvent is well-formed, 
i.e., if the well-formedness of the .Li resp. .Mi does not depend on .¬A resp. . A. 

Polymorphic DHOL. DHOL as presented in the previous section and [ 17] is  
monomorphic. ATP for polymorphic DHOL, as well as proofs of properties for 
such an extension of the calculus, is ongoing parallel work. Polymorphic logics 
are already available in the TPTP language, so it is natural to offer polymor-
phic DHF. All the polymorphic example problems considered so far use only
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Table 1. Typical proof rules for FOL and their status in DHOL 

Rule Holds in DHOL 
For disjunction and conjunction 

associativity . 

commutativity Only if both sides are well-formed 
idempotence, e.g., .A ∧ X ∧ A ⇔ A ∧ X . (Drop the second occurrence) 
de Morgan laws . 

distributivity of one over the other . 

absorption, e.g., .A ∧ (A ∨ B) ⇔ A . 

For implication 
.A ⇒ B ⇔ ¬A ∨ B . 

.¬(A ⇒ B) ⇔ A ∧ ¬B . 

.¬(A ⇒ B) ⇔ ¬B ⇒ ¬A Only if both sides are well-formed 
For quantifiers and equality 

all rules . 

Common calculus rules 
classical reasoning . 

weakening . 

contraction . (Drop the second occurrence) 
exchange Only if still well-formed 
cut . 

resolution Only if the clauses remain well-formed 

shallow/rank-1 polymorphism in line with the existing polymorphic first- and 
higher-order forms for TPTP. 

Choice. Hilbert’s choice operator has been part of HOL since its inception by 
Church [ 6]. As such, it is natural to include it in DHOL. This introduces some 
complications: Due to the usual non-emptiness constraint on types, the semantics 
of choice are clear in HOL. However, DHOL no longer abides by this constraint, 
requiring a design decision that affects well-typedness and provability. Exper-
iments done in [ 16] suggest that the variant of choice dubbed “strong choice” 
results in more efficient automated reasoning. The eponymous characteristic of 
strong choice is the requirement that .∃x : A.t needs to be true for . (εx : A.t) : A
to be well-typed. Such a requirement for typing fits well with DHOL in general, 
and as ATP is the main concern this is the variant of choice, as it were. The 
problem set described in Sect. 4 includes some examples supporting this variant. 

Translation. In order to take advantage of the ATP systems available for regu-
lar HOL, Rothgang et al. define a dependency-erasure [ 17], and thereby a trans-
lation from DHOL into regular HOL. They also prove that this translation is
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sound and complete for well-typed DHOL problems. Due to this result, and the 
implementation of the translation into the preprocessor of the Leo-III theorem 
prover [ 20], there existed reasoning support for DHOL even before native DHOL 
reasoning was implemented in the Lash ATP system by Niederhauser et al. [ 11]. 
Information lost due to the erasure of term dependencies is captured in Par-
tial Equivalence Relations (PERs) – symmetric and transitive relations on pairs 
of terms – with the idea that the relation is reflexive exactly for those terms 
that were previously of the same dependent type. The translation is shown in 
Fig. 2. The translation . t of a term . t is defined inductively on the structure of the 
terms. The erasure of one type declaration results in three erased declarations: 
the erased type, the PER constant and an axioms stating it’s properties. The 
definition of the erasure on .∀- and  .∃-quantified terms is notable as it uses a PER 
as guard on the argument. To see why, note that, e.g., .∀x : A.t can be defined in 
terms of equality as .λx : A.t =A→o λx : A. . The erasure creates a PER from 

Fig. 2. The translation from DHOL to HOL.
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this typed equality with the guarded input in the premise, and the erased term 
in the consequence of the implication as seen in the erasure of . ∀. 

As an example of erasure, consider the list of chars [a, b], represented by a 
term .cons 1 a (cons 0 b nil) of type .vec 2, where  .0, suc 0, suc (suc 0), ... is 
abbreviated as .0, 1, 2, .... Applying the erasure gives .cons a (cons b nil) of type 
.vec. A predicate would be generated, establishing that this particular list is in 
the PER of vectors of length 2: .vec∗ 2 t t where t stands for .cons a (cons b nil). 
While one might think that unary predicates would be sufficient as a type guard, 
PERs becomes necessary to express the typing and equality of higher-order func-
tions: functions are well-typed if they map well-typed inputs to well-typed out-
puts, and they are equal if they agree on well-typed inputs. 

3 DHF 

After establishing the theoretic background, this section presents the realization 
of DHOL in the TPTP language. Syntax and semantics are given, as well as an 
exposition to the problem of type checking. 

3.1 Syntax 

The syntax of DHF requires almost no change to the existing TPTP syntax. 
The TPTP language already defines the .!> binder for types. In the typed TPTP 
language variants it is currently used for only polymorphism, e.g., 

cons : !>[A: $tType]: ( A > (  list @ A ) > (  list @ A ) )  

is a type declaration for a polymorphic cons. The TPTP syntax does not forbid 
listing terms in the types of such variable lists. This fact is used to unobtru-
sively extend TPTP by dependent types. A dependent type symbol declaration 
is written with .m terms of . n types as 

a : !>[x1 : A1, ..., xm : An]:$tType 

or alternatively 

a :  A1 > ... > An > $tType. 

Such types use the application operator @, to instantiate the terms to the depen-
dent type: 

a @  t1 @ ... @ tm. 

In polymorphic problems, the variable list is prepended with the type variables, 
which may appear in the same binder. An example of a problem in DHF is shown 
in Fig. 3.
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Fig. 3. The base case of associativity of append on fixed-length lists. 

3.2 Type Checking 

Due to equality reflection, type checking for DHOL is, in general, undecidable. 
Nevertheless, problems need to be well-typed, otherwise the translation outlined 
in Sect. 2.2 might not be sound. Type checking in DHF thus takes on a larger 
role than in other logics in the TPTP World. 

While performing the usual type checking procedure in DHOL, obligations 
of the form .a t1 · · · tn ≡ a u1 · · · un, are generated. These establish equality of 
the dependent base types applied to arguments .t1 · · · tn, u1 · · · un of appropriate 
types. The type equality holds if all pairs .ti, ui are equal, which depends on the 
available axioms. This can create interesting situations where a problem must 
include axioms that are not necessary for proving the conjecture itself, but are 
necessary for type checking it. The common example of fixed-length lists is one 
such example: the statement of the associativity of append is well-typed only if 
addition on .nat is associative, and thus requires including the defining equations
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of addition. To prove the problem only the defining equations of appending lists 
are needed. 

The undecidability of type checking can lead to compromises. One such com-
promise is “shallow type checking”. When a problem file is shallowly checked, only 
the simply typed skeleton of the problem is considered, i.e., term arguments to 
types as well as dependent functions are ignored. This collapses to type checking 
as is done on non-dependently typed problems, and is decidable. This form of 
type checking is sufficient to catch many careless mistakes in the formulation 
of problems, and provides a basic check of issues often found in human-written 
DHOL problems. Examples are: mismatches in the number of arguments of a 
base type or function, and egregious type mismatches. Shallow type checking 
provides a valuable sanity check for users, especially considering the complexity 
that problems in DHOL forms can reach. 

3.3 Semantics 

As for HOL, there are two kinds of semantics for DHOL: standard models are 
intuitive and are the ones that are usually used; non-standard (Henkin) models 
are a generalization that is needed for completeness. A full account is given in 
the forthcoming [ 15], which is summarized below. The rules of DHOL, as given 
by Rothgang et al., already define which formulae are theorems. 

Standard Models. Given a theory . T , a standard model .M ∈ T is a tuple 
providing an interpretation for every declaration in . T . Similarly, given a context 
. Γ , an assignment .α ∈ Γ M for .Γ is a tuple providing an interpretation for 
every declaration in . Γ . These induce the interpretation function . − M

α (with . α
omitted if the context is empty), which is defined inductively for all the syntax. 
In particular, the possible components of a model are defined by induction on 
declarations: 

– For a type symbol with arguments .Γ = x1 : A1, . . . , xn : An, a function 
. Γ M → SET

– For a term symbol .c : A, a value from . A M

– For an axiom . , a unique choice . if . M F = 1, and no choice otherwise 

For the components of an assignment: 

– For a term variable .x : A, a value from . A M
α

– For an assumption . , a unique choice . if . M F
α = 1, and no choice 

otherwise 

For types and terms, the model is defined by induction in the usual way, in 
particular 

– . o M
α = {0, 1}

– . Πx : A.B M
α is the set of functions . f mapping every .u ∈ A M

α to some 
.f(u) ∈ B M

αu where .αu extends . α with the value . u for .x
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General Models. The definition of general models generalizes the Henkin models 
from HOL by applying methods from categorical models of type theory. First, 
akin to assignments for . Γ , substitutions .γ : Γ → Δ as lists of terms or . by 
induction on . Γ are defined: 

– For a term variable .x : A, a term of type . Δ A[γ]
– For an assumption . , the unique choice . if .Δ F [γ], and no choice 

otherwise 

Equality of contexts and substitutions is defined by applying the exist-
ing equality judgments for types and terms component-wise. For every theory 
. T , this yields the syntactic category . T of .T -contexts and substitutions. A 
general model is then defined as any pushout-preserving contravariant functor 
.Φ : T → SET . From such a  . Φ, an interpretation function is extracted using 
.Φ(x : A) as the interpretation of the type .A and .Φ(t) as the interpretation 
of the term .t : A (seen as a substitution .x : A → •). These general models 
must further satisfy .Φ(o) = {0, 1}, and  .Φ |= F is defined as .Φ(F ) = 1. Here  
the pushout-preservation essentially corresponds to the preservation of substitu-
tion, i.e., interpretation and substitution commute. The lack of any preservation 
of exponentials allows for a non-compositional interpretation of function types. 
This approach can be seen as a generalization of Henkin models, which also 
preserve substitution but do not need to interpret function types composition-
ally. Contrary to Henkin models, the interpretation of . λ and application terms 
can also be non-compositional in these general models as long as substitution is 
preserved. 

Models for Polymorphic DHOL. As mentioned above, a rank-1 polymorphic 
variant of DHOL is being developed in parallel work. It is straightforward to 
extend standard models to polymorphic DHOL. The syntax of binding a type 
variable corresponds to abstracting over an arbitrary set on the semantic side. 
In particular, the interpretation of a polymorphic term/type symbol with . n type 
variables takes . n sets as arguments. Polymorphic axioms correspond to universal 
quantification over sets. The definition of syntactic category and general models 
is expected to carry over to polymorphic DHOL as well. This has not been 
investigated in detail. 

4 Problem Dataset 

Over 100 problems in DHF format have been collected for addition to the 
TPTP problem library. Their classification is presented in Table 2 and discussed 
here (with 36 problems just for testing DHOL prover features omitted). The 
number of problems in each class is given in the last column. The problems con-
cern several domains that can benefit from dependent types. While [ 17] shows  
DHOL to be sound and complete, the strength of the existing automation for 
this foundation (discussed in Sect. 5) still needs to be improved. For this reason, 
some of the harder problems were broken down into simpler subproblems that
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can be proven independently. Some list properties that require both induction 
and reasoning with dependent types are an instance of this. For example, the fact 
that list append is associative, ListAppAssoc, is split into three subproblems, 
showing the particular induction scheme, the proof of the base case, and the step 
case. These three subproblems are easier to prove than their combined version, 
which is also included. Some problems benefit from intermediate lemmas, e.g. 
the instantiation of the inductive step case. These are found in the “Lemmas” 
categories of Table 2. 

One of the simplest classes of examples are lists that depend on their length 
(also called vectors, for example in the Rocq library). As the list libraries of most 
interactive theorem provers are substantial, it is relatively easy to experiment 
with many properties of dependently typed lists. Such properties include the 
aforementioned associativity of append, corollaries of this statement, or invo-
lution statements about the reverse function. Some of these list examples are 
extended to their polymorphic generalizations, which are in the “Polymorphic” 
categories. 

The idea of expressing well-known but sometimes challenging properties 
extends to several other algebraic data types, such as matrices that have fixed 
dimensions, and lists of lists. Red-black trees are a well-known data structure 
for balanced trees where the invariant can be expressed using dependent types, 
and again several problems concerning this type are included. The Fin type 
present in several proof libraries has been manually recreated, and some prob-
lems about these are in the ROCQ category of Table 2. The collection includes 
the five examples from category theory that were originally presented in [ 17], 
slightly reformatted to match the TPTP syntax. To make use of the choice 
operator [ 16], several problems about dependent higher-order Skolemization are 
included. Choice is also used in a function definition with no fixed point, and con-
jectures establishing this are presented in the “no FP” category. Finally, several 
simple tests to evaluate the ability of provers to perform native DHOL inferences 
are provided. 

Some of the dependent HOL problems are more interesting from a proof 
perspective – the deep type checking is there only to make sure the problem is 
well-formed. For example, for all the dependent list problems, the type checking 
obligations are there mostly to make sure no incorrect calls are being made, but 
they are relatively straightforward to discharge. It is the proof that requires more 
logical reasoning. Other problems, while relatively straightforward in terms of 
proving, are harder to type check. This is because it is possible to use dependent 
types to encode important properties and invariants in the type system. 

5 Tools 

This section discusses the tools capable of processing problems in DHF format.
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Table 2. The categories of the DHF problems. 

Problem Type Problem Category Problem Count 
Monomorphic Complete Category theory 5 

Choice basic 11 
Choice list 3 
Choice no fixed point 10 
List app assoc 3 
List app assoc corollary 1 
List app nil 4 
List of lists 1 
List reversal involution 1 
List reversal inv lemma 3 
Matrices 5 
ROCQ 3 

Monomorphic Lemmas Choice no fixed point 10 
List app assoc 5 
List app assoc corollary 5 
List reversal involution 5 
List reversal inv lemma 11 

Polymorphic Complete List app assoc poly 3 
List app nil poly 4 
List reversal involution poly 1 
Red-black tree 3 

Polymorphic Lemmas List app assoc poly 14 
List reversal involution poly 13 
Red-black tree 9 

5.1 The Logic Embedding Tool 

The Leo-III [ 20] prover includes the Logic Embedding Tool, which has been 
extended to support polymorphic DHF. The tool implements the erasure pre-
sented in Sect. 2.2, and incorporates the polymorphic extension. The tool can 
generate both the type checking obligations and the translated problem sep-
arately. This makes it possible to translate DHF problems into THF problems 
(that do not have dependent types). The embedding tool is available as NTFLET 
in SystemB4TPTP 2. The embedding tool enables the use of existing higher-order 
ATP systems for solving DHF problems, by pipelining the output from NTFLET 
to a THF ATP system of the user’s choosing. This has been implemented as the 
DT2H2X ATP systems, available in SystemOnTPTP 3.
2 tptp.org/cgi-bin/SystemB4TPTP. 
3 tptp.org/cgi-bin/SystemOnTPTP. 

https://tptp.org/cgi-bin/SystemB4TPTP
https://tptp.org/cgi-bin/SystemOnTPTP
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5.2 DLash 

The Lash prover [  5] is a partial reimplementation of the tableaux calculus of 
Satallax [ 4], using a central term representation with perfect sharing. This 
design facilitated the implementation of the DLash extension of Lash, which 
handles DHF [ 11]. In addition to the erasure implementation, DLash can pro-
cess monomorphic dependently typed higher-order logic with choice. As with the 
Logic Embedding Tool, type checking and proving can be requested separately. 
DLash, like Satallax, includes a strategy language used to build so-called modes. 
The current version includes 36 dedicated modes for dependent types, tailored 
to specific problem types. DLash is available in SystemOnTPTP 4. 

5.3 MMT 

MMT [ 14] is a logical framework designed to formalize and manage large collec-
tions of interconnected formal systems and their libraries, using modular theory 
graphs. A particular application of MMT is rapid prototyping [ 10], and it was 
the tool originally used to develop and prototype DHOL. The MMT/DHOL 
implementation offers reconstruction of omitted types and implicit arguments 
as well as parsing against user-defined notations. It can be used to interactively 
author and type check DHOL problems and export them in TPTP format. It 
uses the PER translation, and calls the Leo-III prover to discharge the resulting 
proof obligations. MMT is mostly useful for developing formalizations, rather 
than proving TPTP conjectures. Therefore, it does not provide a TPTP import 
at this point, but provides additional evidence of the well-typedness DHF prob-
lems. 

5.4 TPTP Systems 

As discussed in Sect. 2.1, TPTP includes several generic tools capable of pro-
cessing problems and solutions. For DHF problems: 

– TPTP4X pretty-prints DHF problems and solutions, and offers various trans-
formations/augmentations of problems. 

– BNFParser produces the abstract syntax tree from parsing a DHF problem. 
– Leo-III-STC validates the syntax and types of DHF problems. 
– ProblemStats outputs various syntactic measures for problems. 

All these tools are available in SystemB4TPTP 5. For DHF proofs: 

– ProofStats outputs various syntactic measures for DAG-structured proofs. 
– IDV provides interactive viewing of proofs from DHF problems. 

All these tools are available in SystemOnTSTP 6.
4 tptp.org/cgi-bin/SystemOnTPTP. 
5 tptp.org/cgi-bin/SystemB4TPTP. 
6 tptp.org/cgi-bin/SystemOnTSTP. 

https://tptp.org/cgi-bin/SystemOnTPTP
https://tptp.org/cgi-bin/SystemB4TPTP
https://tptp.org/cgi-bin/SystemOnTSTP
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6 Conclusion 

This paper has described DHF, the dependently typed higher-order form of 
the TPTP language. It responds to the growing interest in dependently typed 
automated reasoning as exemplified by the number of TPTP problems and tools 
that have cropped up in the short time since DHOL was first described. It can be 
seen as pushing the boundary of automated theorem proving towards language 
features that have previously been found only in interactive provers. 

DHOL problems sometimes used differing standards, which defeated the uni-
formity advantage that the TPTP language provides. This work unifies them, 
and provides over a 100 problems from different domains, benefiting from the 
use of dependent types. We hope that the availability of dependent types in 
the TPTP will stimulate research into dependently typed automated theorem 
proving, by making it easier to exchange and compare results. Extending exist-
ing systems with support for DHF, and improving the performance of the sys-
tems that already exist, will be important next steps. In particular, the extension 
of superposition-based theorem proving to dependent types is a tantalizing goal. 
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Abstract. When humans evaluate the validity of a logical conclusion, 
they naturally consider its meaning and its context, allowing them to 
focus on relevant information and to avoid unnecessary inferences. For 
example, when asked to prove that all hammocks are also beds, they will 
certainly not draw conclusions about vehicles or weapons. In contrast, 
automated theorem provers typically do not account for the contextual 
meaning of a conclusion when selecting inference steps. Existing heuris-
tics for selecting the clause for the next inference step usually ignore the 
meaning of symbol names, overlooking valuable contextual information. 
As a result, in the example above, clauses with symbol names such as 
weapon or vehicle could well be found in the processed clauses. However, 
since these clauses are not required for the actual proof, they are not 
helpful to the prover and tend to distract from the actual proof task. In 
this paper, we present an approach that uses natural language process-
ing techniques to align the selection of the clause for the next inference 
step with the meaning of the proof goal. Our implementation and exper-
imental results show that this method not only increases the number of 
successful proofs but also reduces the number of clauses processed during 
proof search. 

Keywords: Commonsense Reasoning · Commonsense Knowledge · 
Clause Selection 

1 Introduction 

When humans evaluate the validity of a logical conclusion, they naturally con-
sider the context and meaning of the conclusion and avoid irrelevant inferences. 
This intuitive approach is in line with Daniel Kahneman’s model of human cog-
nition based on two systems [ 13], where system 1 represents fast, instinctive 
and contextual thinking, while system 2 involves slower, more deliberate and 
logical reasoning. In the field of automated theorem proving (ATP), current sys-
tems such as E [ 28] and Vampire [ 23] predominantly use logic-based approaches 
similar to system 2, usually not using the contextual insights corresponding to 
system 1. 
c The Author(s) 2026 
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For example, a human being asked to prove that all hammocks are also beds 
will intuitively avoid considering unrelated concepts such as vehicles or weapons. 
Conversely, automated theorem provers typically do not consider the contextual 
relevance of symbol names when selecting inference steps. Existing heuristics 
focus on syntactic properties without exploiting the semantic content embedded 
in symbol names, which can lead to the inclusion of irrelevant clauses and an 
inefficient proof process. 

It is a key strength of human reasoning that we are able to combine both 
intuitive (system 1) and analytical (system 2) processes. It is therefore plausible 
that automated theorem proving could similarly benefit from integrating these 
two approaches, using the contextual understanding of system 1 alongside the 
logical strictness of system 2. Currently, however, the meaning of symbol names, 
and thus the contextual content of formulae, is not taken into account during 
proof search in automated reasoning. 

To address this gap, we integrate statistical methods from natural language 
processing into the reasoning process to improve the selection of the clause for 
the next inference step of a theorem prover. We do this by mapping symbol 
names to natural language words and representing them as vectors. This allows 
us to measure the semantic similarity between symbols and the goal of the proof. 
These similarities are used to derive symbol weights, which guide the selection 
of the clause for the next inference step in a goal-directed way. 

Our approach has been implemented and evaluated using the E theorem 
prover [ 28]. Experimental results demonstrate that taking the meaning of sym-
bol names into account enables the prover to find more proofs. In addition, 
the experiments also show a reduction in the number of clauses processed dur-
ing proof search, indicating a more focused and efficient proof process. This 
work highlights the potential of combining logic-based and statistical methods 
to improve automated reasoning, in line with Kahneman’s theory. 

The main contributions of this paper are: 

– The introduction of a heuristic for determining symbol weights based on sim-
ilarity to the proof goal. These weights can be used to guide the selection of 
the clause for the next inference step in automated theorem proving. 

– An evaluation of the approach, demonstrating that taking the meaning of 
symbols names into account enables the prover to find more proofs and to 
reduce the number of clauses processed during proof search for commonsense 
reasoning tasks. 

The paper is structured as follows: after discussing related work (Sect. 2) and  
preliminaries (Sect. 3), we describe how to determine symbol weights based on 
the similarity of the symbol names to the proof goal in Sect. 4. In Sect. 5 we 
present experimental results of our approach. Finally, we summarize and discuss 
ideas for future work in Sect. 6. This paper is a revised and extended version of 
our previous workshop paper [ 27].
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2 Related Work 

The selection of the clause for the next inference step has a very large influence 
on the performance of theorem provers. A perfect selection can make a search 
unnecessary, and a proof can be found directly. Most heuristics for selecting the 
clause for the next inference step are based on simple counting of symbols and 
the like [ 29]. In this way, weights are specified for symbols and then used to 
determine weights for clauses, which are used to select the clause for the next 
inference step. 

The theorem prover E [ 28] allows assigning custom weights to individual 
symbols, enabling fine-grained control over symbol-based heuristics. This can 
be done by specifying a weight function with FunWeight 1. Although this option 
allows you to set symbol weights, it does not describe how to determine them. 

In [ 5], the selection of symbol weights is investigated. The proposed approach 
employs a graph neural network to predict symbol weights based on the structure 
of the clause normal form of the input problem. The system is trained using prior 
proof successes, and a novel scheme is introduced to balance positive clauses 
(derived from a proof) and negative clauses (not derived from a proof) during 
training. 

Another approach is to use machine learning to derive new clause selection 
strategies from successful proofs [ 6]. 

The ENIGMA [ 10– 12, 32] method represents a key advancement in internal 
guidance within ATPs by integrating machine learning models directly into the 
theorem proving process to influence decisions such as clause selection. Utilizing 
techniques like gradient-boosted trees and recursive neural networks, ENIGMA 
has significantly enhanced the performance of saturation-based provers like E, 
particularly in large-theory settings like the Mizar Mathematical Library [ 4]. 

To the best of our knowledge, none of the currently used approaches to 
determining symbol weights take into account the meaning of symbol names. 

The problem of premise selection, where relevant formulae for a given proof 
task have to be selected from a knowledge base, is related to the problem consid-
ered in this paper. Especially in the area of large mathematical libraries, there 
are many approaches to premise selection that rely on machine learning meth-
ods [ 1]. The .ATPBOOST method improves premise selection by framing it as a 
binary classification task and using the XGBoost algorithm. DeepMath [ 9] uses  
neural networks for premise selection. It is worth noting that DeepMath does 
not use manually created features. Another notable technique uses recurrent 
neural networks to capture dependencies between premises [ 21]. In addition, the 
work in [ 22] applies the transformer architecture to premise selection, achiev-
ing superior performance compared to earlier recurrent neural network-based 
methods. Similarly, the transformer-based Magnushammer [ 16] shows  significant  
improvements in detection success rates through effective retrieval and ranking 
of relevant premises.

1 See the manual of E for details: https://wwwlehre.dhbw-stuttgart.de/~sschulz/ 
WORK/E_DOWNLOAD/V_2.4/eprover.pdf. 
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https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
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The Semantic Web [ 24] is one domain where the significance of symbol names 
has been assessed, revealing that the semantics embedded in the names of IRIs 
(Internationalized Resource Identifiers) reflect a type of social semantics that 
aligns with the formal meaning of the referenced resource. 

Regarding premise selection in commonsense knowledge bases, there are a 
few approaches that consider the meaning of symbol names. One such approach 
is Similarity SInE [ 8], an extension of SInE selection that uses word embeddings 
to account for symbol similarity. Similarity SInE ensures that all the formulae 
selected by SInE are included, and additionally selects formulae for symbols that 
are similar to those appearing in the goal. Furthermore, [ 26] introduces a vector-
based technique for premise selection which uses a word embedding to vectorize 
the formulae of a knowledge base and to use vector similarity for selection pur-
poses. The SeVEn [ 19] selection takes the idea of vectorizing a knowledge base 
one step further by using a large language model for the vectorization step. These 
three methods take into account the meaning of the symbol names, but they are 
not used to select the clause for the next inference step. 

We are not aware of any approaches that use the meaning of symbols to 
select the clause to be used in the next reasoning step. 

3 Preliminaries 

We consider the following first-order logic reasoning task in this paper: given a 
set of formulae called the knowledge base (KB) and a goal . G, the task is to show 
that the KB implies . G. This can be reduced to showing that the conjunction of 
KB and .¬G is unsatisfiable. To show the unsatisfiability, usually the conjunction 
of the KB and the negated goal are transformed into an equisatisfiable clause 
normal form and a contradiction is inferred from the clause set. 

To achieve this contradiction, saturation-based provers organise the execution 
of their inferences using a given-clause algorithm as shown in Algorithm 1. This  
algorithm maintains two sets of clauses: The set of processed clauses and the set 
of unprocessed clauses. Initially, all clauses are added to the set of unprocessed 
clauses, and the set of processed clauses is empty. In each step, the algorithm 
selects a so-called given clause from the set of unprocessed clauses, adds it to 
the set of processed clauses, and then performs all the inferences possible with 
the given clause and the set of processed clauses. The resulting new clauses are 
added to the set of unprocessed clauses. This is repeated until either the empty 
clause is inferred, or the set of unprocessed clauses is empty (or a resource or 
time limit is reached). 

The choice of the given clause (line 10 in Algorithm 1) strongly influences 
whether and how fast a proof is found. An unskilful choice of given clause can 
quickly lead to a large number of irrelevant clauses in the set of unprocessed 
clauses, making it difficult to find a proof. On the other hand, a skilful choice of 
the given clause can lead to only those inferences being made that are relevant 
to the proof task, so that a proof can be found directly. 

To select the given clause, heuristics are usually used that assign a weight 
to each clause. The clause with the lowest weight is then selected as the given
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Algorithm 1. Given Clause Algorithm 
Require: Initial set of clauses initial_clauses 
1: processed_set ← {} 
2: unprocessed_set ← initial_clauses 
3: while True do 
4: if empty_clause ∈ processed_set then 
5: return “Proof Found” 
6: end if 
7: if unprocessed_set is empty then 
8: return “No Proof Found” 
9: end if 

10: given_clause ← select_clause(unprocessed_set) 
11: remove given_clause from unprocessed_set 
12: add given_clause to processed_set 
13: new_clauses ← generate_new_clauses(given_clause, processed_set) 
14: simplified_clauses ← simplify_clauses(new_clauses) 
15: for each clause in simplified_clauses do 
16: if clause /∈ unprocessed_set then 
17: add clause to unprocessed_set 
18: end if 
19: end for 
20: end while 

clause. Common heuristics use the age of the clause (older clauses are favoured 
and receive a lower weight) or are based on a weighted symbol count. These 
heuristics are often used in combination. The ratio of clauses selected by age 
to clauses selected by symbol count is called the pick-given ratio. A well-known 
ratio is the pick-given ratio of 5, which means that the heuristic selects the 
clause with the lowest weighted symbol count five times and the oldest clause 
once and this process is repeated continuously. There are many other heuristics 
for selecting clauses. See Sect. 2 for some pointers in this regard. 

In the following, the set of all predicate and function symbols in a formula 
.F is represented as .sym(F ). In a slight abuse of notation, we use . sym(KB)
to denote the set containing all predicate and function symbols occurring in a 
knowledge base .KB . Furthermore, we assume that there are multiple proof tasks 
to solve for a given knowledge base. 

3.1 Distributional Semantics 

Our approach uses the meaning of the names of the function and predicate 
symbols. To do this, we rely on the distributional semantics of natural language. 
This is best explained using Firth’s famous statement: 

You shall know a word by the company it keeps. [ 7] 

In other words: If we look at very large texts, we can observe that words that 
occur in a similar context are similar [ 18].
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One approach in this area are word embeddings [ 14, 15]. These are vector 
representations of words, usually learned using neural networks on very large 
amounts of text. For a given set of words . V , also called a vocabulary, a word 
embedding is a function, .f : V → R

n, that assigns an .n-dimensional vector to 
each word in the vocabulary. Since our approach uses existing word embeddings 
and does not train new ones, we refrain from going into details on the training 
process of word embeddings. 

It is very interesting that words with similar meanings are mapped to similar 
vectors. Usually, the similarity of two word vectors is calculated with the help 
of the cosine similarity. 

Definition 1 (Cosine similarity of two vectors). Let .u, v ∈ R
n, both non-

zero. The cosine similarity of . u and . v is defined as: 

. cos_sim(u, v) =
u · v

||u|| ||v||
The cosine similarity of two vectors . u and . v takes values between .−1 and 1. 

For exactly opposite vectors the value is .−1, for orthogonal vectors the value is 0 
and for equal vectors the value 1. The more similar two vectors are, the greater 
is their cosine similarity. 

In our approach, we use a trained word embedding to determine similarities 
between the names of symbols in a knowledge base and the proof task. The next 
section describes how we do this. 

4 Guiding the Reasoning Process by the Meaning 
of Symbol Names 

Automated theorem provers usually calculate the weight of a clause from the 
weights of the symbols occurring in the clause. For example, the theorem prover 
E can be given values for weights for function and predicate symbols. These 
weights then determine which weights the clauses receive and therefore which 
clauses are preferred in the reasoning process. 

We now present an approach to determine symbol weights, and thus clause 
weights, that uses the meaning of symbol names. As described above, we assume 
that there are multiple proof tasks to solve for a given knowledge base. In the fol-
lowing, when we talk about a knowledge base or a goal, we refer to the knowledge 
base or the goal in this scenario. 

Our approach uses a word embedding. It is important that the word embed-
ding fits to the domain of the knowledge base. For example if the knowledge 
base is Yago [ 31] it would be suitable to use a word embedding which was learnt 
on Wikipedia articles. In the following, we refer to the word embedding used, as 
a function .f : V → R

n, where  .V is the vocabulary of the word embedding. 
Figure 1 shows the first step of our approach, which determines a vector repre-

sentation for all function and predicate symbols occurring in the knowledge base 
under consideration. To achieve this, in a first step, all function and predicate
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Fig. 1. Overview of the preprocessing step which determines a vector representation 
for all function and predicate names occurring in a knowledge base .KB . 

symbols are extracted from the knowledge base resulting in the set .sym(KB). 
Next, during the vector transformation, all extracted symbols .s ∈ sym(KB) are 
mapped to the vocabulary . V of a word embedding. This mapping step is typically 
not trivial and highly depends on the knowledge base in use. One possibility is 
to build this mapping upon an existing WordNet [ 17] mapping for the knowledge 
base. WordNet is an extensive lexical database of the English language, which 
groups words according to their meaning and forms synonymous groups, called 
synsets. For example for the knowledge base Adimen SUMO [ 3] such a WordNet 
mapping is available. We do not go into detail here and refer the reader to [ 25] 
for more information on the mapping process. In the following we assume that 
this step is possible for all symbols extracted from the knowledge base and that 
there is a mapping function .map : sym(KB) → V which performs this step. Once 
a function or predicate symbol .s ∈ sym(KB) has been assigned a word . map(s)
from the vocabulary of the word embedding used, the vector . vs = f(map(s))
corresponding to the word is assigned to the symbol. This vector .vs is used as 
the vector representation of the symbol . s. This step only needs to be performed 
once for a knowledge base. Therefore, it can be considered as a pre-processing 
step. 

Since we assume that for a large number of goals it has to be proven that 
they are entailed from the same knowledge base, the effort of this preprocessing 
step is relativized. 

Figure 2 provides an overview of the process of proving a goal using the 
symbol-name heuristic. First, a vector representation of the goal is computed 
for a given goal . G. To do this, all function and predicate symbols are extracted 
from the goal leading to the set .sym(G) and mapped to words in the vocabulary 
of the word embedding used. For this, the above mentioned function .map is 
used. It is important to use the same word embedding that was chosen for the 
knowledge base in the pre-processing step. The next step is to compute the 
vector representation for the goal: For each symbol .s ∈ sym(G) in the goal, the
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vector .vs of the word .map(s) is looked up in the word embedding. The vectors 
of all symbols in .sym(G) are summed and divided by the number of symbols in 
the goal resulting in vector .vG: 

..vG =
s∈sym(G)

vs

|sym(G)| (1) 

In other words, the vector representation of a goal corresponds to the average of 
the vector representations of all the symbols in the goal. 

In the next step, weights for symbols in the knowledge base are computed 
based on the vector representations of the function and predicate symbols in 
the knowledge base and the vector representation of the goal. To compute the 
weight of a symbol .s ∈ sym(KB), we first compute the similarity of its vector 
representation .vs and the vector representation of the goal .vG. Cosine similarity 
is used for this. The values of cosine similarity are between .−1 and 1. The 
higher the similarity of the two vectors, the higher the value. In contrast to that, 
symbol with a low weight are preferred by provers. Therefore, we convert the 
cosine similarities into weights as follows: 

We assume a default weight of 1,000. From this we subtract 1,000 times the 
cosine similarity. The reason for setting the default weight to 1,000 is that we 
want to accurately incorporate the cosine similarity between .vs and .vG into the 
symbol weights. Since the cosine similarity of two vectors ranges from .−1 to 
1, multiplying this value by 1,000 and subtracting it from the default weight 
of 1,000 allows us to account for up to three decimal places in the similarity 
measure. This results in the weight of a symbol . s w.r.t. the goal . G as 

..weight(s,G) = 1000 − 1000 · cos_sim(vs, vG) (2) 

The weights of the symbols calculated in this way are now passed to the 
theorem prover together with the proof task. The prover calculates the weights 
for the clauses from the weights for the symbols and uses them to control the 
proof process. 

5 Experimental Results 

The introduced approach is implemented 2. To evaluate the approach, we need a 
knowledge base with function and predicate symbols that are, or can be, mapped 
to natural language words. We also need a large number of proof tasks for this 
knowledge base. Adimen SUMO [ 3] is a first-order logic ontology based on the 
Suggested Upper Merged Ontology (SUMO) [ 20]. Since a mapping to WordNet 
synsets is available for most of the symbols of Adimen SUMO, this ontology is 
interesting for our evaluation. For the vectorization we use the pretrained word

2 Code and all data to redo the experiments can be found in the following repository: 
https://gitlab.rlp.net/clsc0474908343/symbol_meaning_proof_guidance. 

https://gitlab.rlp.net/clsc0474908343/symbol_meaning_proof_guidance
https://gitlab.rlp.net/clsc0474908343/symbol_meaning_proof_guidance
https://gitlab.rlp.net/clsc0474908343/symbol_meaning_proof_guidance
https://gitlab.rlp.net/clsc0474908343/symbol_meaning_proof_guidance
https://gitlab.rlp.net/clsc0474908343/symbol_meaning_proof_guidance
https://gitlab.rlp.net/clsc0474908343/symbol_meaning_proof_guidance
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Fig. 2. Overview of the process of proving goal .G from knowlege base .KB using the 
symbol name heuristic. Note that the vector representation of .KB used here was com-
puted in the preprocessing step depicted in Fig. 1 which determines a vector represen-
tation for all function and predicate names occurring in a knowledge base .KB . 

embedding ConceptNet Numberbatch [ 30] which is well suited for the common-
sense area. 

The proof tasks considered in the experiments are the Adimen SUMO White-
BoxTruthTests [ 2] which are a collection of automatically generated tests that 
were used to check and validate the Adimen-SUMO ontology. Each proof task 
consists of a single formula, the goal, for which it must be shown that it can be 
inferred from the Adimen SUMO ontology. We randomly choose two disjoint sets 
of 1,000 of these problems. The first of these two sets will be used to determine 
the best values for the parameters of the similarity-guided selection of the given 
clause. This set will be called the parameter-tuning set. The second set is dis-
joint from the parameter-tuning set and is used for the actual evaluation. This 
set will be called the evaluation set. As finding the optimal parameter values 
for the similarity-guided selection of clauses is similar to hyperparameter tuning 
in machine learning, we use a similar approach. This involves ensuring that the 
set of problems used for parameter selection is disjoint from the set used for the 
final evaluation. 

The WhiteBoxTruthTests are challenging even for highly optimised theorem 
provers. In all our experiments, we use the theorem prover E with a timeout of
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Table 1. Configurations of E considered in the experiments. For example k1000_PG5_aF 
corresponds to the configuration of using the symbol weights for top 1000 symbols, 
PickGiven = 5 without the auto parameter 

Abbreviation Description and Example 
k[Num] Uses the symbol weights of the Num symbols most similar to the 

conjecture. Example: k1000 uses the top 1000 symbols 
PG[Num] Sets the Pick Given parameter to Num, i.e., the given clause is 

selected Num times using similarity-guided symbol weights, after 
which the oldest clause is selected once. Example: PG5 sets 
PickGiven to 5 

aT/aF Indicates whether the auto parameter is enabled (aT) or not  
enabled (aF). Example: aT enables the auto parameter 

10 s. We call it with different combinations of parameters 3: We use E without 
any parameters as well as E with the auto parameter which allows E to choose 
literal selection strategy, clause evaluation heuristic, and term ordering, as well as 
several instantiations of the SInE algorithm automatically. The SInE algorithm 
is used to select formulae relevant for a given proof task. For proof tasks such 
as the Adimen SUMO WhiteBoxTruthTests, a selection such as SInE is usually 
used, since theorem provers without selection are often overwhelmed by the 
number and complexity of the formulas in Adimen SUMO. SInE makes the 
prover potentially incomplete. 

Furthermore, E allows to pass weights for symbols. These weights can be used 
to determine which clause to use as the next given clause. As described above, 
to evaluate our approach we use a default weight of 1,000 for each symbol and 
change the weights of the . k symbols that are most similar to the proof goal 
as given in Eq. 2. To ensure that the reasoner is refutationally complete, we 
alternate this given clause selection, guided by symbol weights, with the FIFO 
strategy, where the oldest clause is selected first. The combination of .N times 
symbol weight guided given clause selection followed by a single selection using 
the FIFO strategy is called PickGiven ratio. Table 1 gives an overview of the 
different prover configurations used in our experiments. 

5.1 Determination of Parameters on the Parameter-Tuning Set 

First, we determine the most suitable parameters for similarity-guided selection 
of the given clause. To achieve this, we systematically varied the parameters 
listed in Table 1 and ran E over the 1,000 problems of the parameter-tuning set 
for each of these parameter configurations. We then recorded both the number 
of proofs found (see Fig. 3) and the average number of clauses processed (see 
Fig. 4).
3 Detailed information on the different parameters used for the theorem prover E can 

be found in the manual which is available at: https://wwwlehre.dhbw-stuttgart.de/ 
~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf. 

https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf
https://wwwlehre.dhbw-stuttgart.de/~sschulz/WORK/E_DOWNLOAD/V_2.4/eprover.pdf


316 C. Schon

Fig. 3. Number of proofs found by E using different parameter configurations (see 
Table 1) on the 1,000 randomly selected problems of the parameter-tuning set. 

Figure 3 shows the number of proofs found for the different E configurations 
we considered on the parameter-tuning set. In the graph, the bars representing 
the parameter configurations that differ only in whether the auto parameter is 
set or not are always shown directly next to each other. For all parameter con-
figurations, we can see that the variant without the auto parameter found more 
proofs than the variant with the auto parameter. Therefore, in our final evalua-
tion, we will not consider the auto parameter in combination with the similarity-
guided symbol weights. Furthermore, we can see that the number of proofs found 
differs only slightly for parameter configurations without auto parameter. The 
lowest number of proofs found is 486 for the configuration k2000_PG5_aF, and  
the highest is 555 for k1500_PG8_aF. 

As the aim of the similarity-guided selection of the given clause is to enable 
goal-oriented reasoning, it is interesting to examine the average number of clauses 
processed. The smaller the number of processed clauses, the more goal-oriented 
the proof. Ideally, the number of processed clauses is equal to the number of 
clauses in the proof, and no unnecessary conclusions have been drawn. Figure 4 
shows the average number of clauses processed by the considered parameter 
configurations for the parameter-tuning set of problems. The 328 problems for 
which all parameter configurations have found a proof are considered here. 

We observe that setting the auto parameter leads to a significantly higher 
number of processed clauses. For configurations without the auto parameter, the 
lowest average number of processed clauses (9,949) is obtained for k10_PG8_aF. 
The configuration k10_PG10_aF yields the highest average number of processed 
clauses (14,301). Examining Figs. 3 and 4 together, the parameter configurations 
k1000_PG5_aF and k1500_PG5_aF are also notable, both with 554 proofs found, 
just below the maximum of 555. The average number of clauses processed for 
these two configurations is also low at 10,748 and 10,440, respectively.
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Fig. 4. Average number of clauses processed during proof search. Different parameters 
for E were considered (see Table 1). Problems considered were the 328 problems of 
the evaluation set for which E was able to find a proof with all considered parameter 
configurations. 

The configuration k1500_PG8_aF, with which the highest number of proofs 
was found, processed an average of 13,657 clauses, placing it at the higher end 
of the observed range. Based on the values observed on the parameter-tuning 
set, the configurations k1500_PG8_aF, k1000_PG5_aF and k1500_PG5_aF will be 
examined on the evaluation set. 

5.2 Experiments on the Evaluation Set 

We now consider the parameter configurations k1500_PG8_aF, k1000_PG5_aF 
and k1500_PG5_aF selected on the problems of the parameter-tuning set in 
comparison to the parameter configurations aF and aT, which work without 
similarity-guided symbol weights. For these experiments, we use the evaluation 
set described above, which consists of 1,000 randomly selected Adimen SUMO 
WhiteBoxTruthTests and is disjoint from the parameter-tuning set. 

Figure 5 shows that a higher number of proofs is found using similarity-
guided symbol weights than with the parameter configurations not considering 
symbol meanings: While 376 and 414 proofs were found with configurations aF 
and aT respectively, a significantly higher number of proofs was found when 
using similarity-guided symbol weights: 541, 543 and 548. This suggests that 
the meaning of symbol names is a valuable source of information for the proof 
process. 

As described above, the number of clauses processed is another factor to con-
sider when evaluating our approach. The fewer clauses were processed in con-
structing a proof, the more targeted the process was. Ideally, only the clauses 
necessary for the proof would be processed. Figure 6 shows the average number
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Fig. 5. Number of proofs found by E using different parameter configurations on the 
problems of the evaluation set. Parameter configurations selected in the parameter tun-
ing step as well as parameter configurations without similarity-guided symbol weights 
are considered (see Table 1). 

of clauses processed by each parameter configuration during proof search for 
the problems in the evaluation set. In order to make meaningful comparisons, 
we only consider problems that could be proven using all parameter configu-
rations. We observe that parameter configurations aF and aT, which do not 
use similarity-guided symbol weights, processed an average of 17,583 and 14,548 
clauses, respectively. By contrast, the configurations using similarity-guided sym-
bol weights processed significantly fewer clauses, with averages of 10,390, 10,364 
and 11,514 respectively. 

Another interesting observation concerns the number of proofs found. We 
already observed that with the k1500_PG8_aF configuration, significantly more 
proofs can be found than with aT (548 proofs versus 414 proofs). However, the 
proofs found with parameter configuration k1500_PG8_aF are not a superset of 
those found with aT. There are 275 problems where both configurations find a 
proof. However, k1500_PG8_aF found a proof for 273 problems for which aT was 
not able to find a proof. Similarly there were 139 problems where aT found a 
proof but k1500_PG8_aF was not able to find a proof. These findings suggest 
that the two configurations explore different parts of the search space and follow 
divergent reasoning paths. To investigate this further, we compared the sizes of 
the proofs for the 275 problems, both configurations were able to solve. Figure 7 
shows the results. There is no clear indication that one of the configurations 
leads to shorter proofs. On average, the size of a proof is 30 for k1500_PG8_aF 
and 29.5 for aT. However, we observe that the two configurations produce proofs
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Fig. 6. Average number of clauses processed during proof search. Parameter config-
urations selected in the parameter tuning step as well as parameter configurations 
without similarity-guided symbol weights are considered (see Table 1). Problems con-
sidered were the 197 problems of the evaluation set for which E was able to find a proof 
with all considered parameter configurations. 

of different sizes for almost all problems. Therefore, they do not find the same 
proofs. This observation, together with the fact that each configuration solves 
a substantial number of unique problems indicates that the two configurations 
result in a different exploration of the search space. This suggests that combining 
these two configurations could be beneficial. However, as our experiments on 
the parameter-tuning set revealed, simply adding the auto parameter to the  
similarity-guided symbol weights deteriorates the results. Therefore, combining 
the two approaches will require a different approach. 

6 Summary and Future Work 

In this paper we have developed an approach to clause selection in automated 
theorem provers that aims to make the selection of the clause for the next infer-
ence step more goal-directed. The approach is based on the assumption that 
symbols in knowledge bases have meaningful names that can be mapped to 
natural language words. If this assumption is correct, techniques from natural 
language processing can be used to determine the similarity between the proof 
goal and the symbols in the knowledge base. These similarities are then used 
to derive symbol weights that guide the selection of clauses for the next infer-
ence step. The approach has been implemented and evaluated using the theorem 
prover E. Our experimental results show that more proofs can be found using
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Fig. 7. Comparison of proof sizes for the 275 problems of the evaluation set which E 
was able to find a proof with parameter configuration aT and k1500_PG8_aF. 

these similarity-guided symbol weights. Furthermore, we observe a reduction in 
the average number of clauses processed during proof search, indicating a more 
goal-directed and efficient proof process. 

In our experiments, we have observed that the use of similarity-guided symbol 
weights leads to different proofs being found compared to using the auto param-
eter. This suggests that a combination of the two methods could be promising. 
In future work, we want to develop approaches for such a combination. 

Another promising direction for future work is to evaluate the approach of 
similarity-guided symbol weights on mathematical problems. To make effective 
use of symbol similarities in this domain, we plan to employ a word embedding 
that has been trained specifically on mathematical texts. This would allow us 
to capture domain-specific semantic relationships between symbols and explore 
whether semantic guidance can also improve theorem proving in formalized 
mathematics. 
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Abstract. Nielsen transformation is a standard approach for solving 
word equations: by repeatedly splitting equations and applying simpli-
fication steps, equations are rewritten until a solution is reached. When 
solving a conjunction of word equations in this way, the performance 
of the solver will depend considerably on the order in which equations 
are processed. In this work, the use of Graph Neural Networks (GNNs) 
for ranking word equations before and during the solving process is 
explored. For this, a novel graph-based representation for word equations 
is presented, preserving global information across conjuncts, enabling the 
GNN to have a holistic view during ranking. To handle the variable num-
ber of conjuncts, three approaches to adapt a multi-classification task 
to the problem of ranking equations are proposed. The training of the 
GNN is done with the help of minimum unsatisfiable subsets (MUSes) of 
word equations. The experimental results show that, compared to state-
of-the-art string solvers, the new framework solves more problems in 
benchmarks where each variable appears at most once in each equation. 

Keywords: Word equation · Graph neural network · String theory 

1 Introduction 

A word equation is an equality between two strings that may contain variables 
representing unknown substrings. Solving a word equation problem involves find-
ing assignments to these variables that satisfy the equality. Word equations 
are crucial in string constraints encountered in program verification tasks, such 
as validating user inputs, ensuring proper string manipulations, and detecting 
potential security vulnerabilities like injection attacks. The word equation prob-
lem is decidable, as shown by Makanin [ 33]; while the precise complexity of the 
problem is still open, it is know to be NP-hard and in PSPACE [ 38]. 

Abdulla et al. [ 11] recently proposed a Nielsen transformation-based algo-
rithm for solving word equation problems [ 36]. This algorithm solves word equa-
tions by recursively applying a set of inference rules to branch and simplify the 
c The Author(s) 2026 
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problem until a solution is reached, in a tableau-like fashion. When multiple word 
equations are present, the algorithm must select the equation to process next at 
each proof step. This selection process is critical and heavily influences the per-
formance of the algorithm, as the unsatisfiability of a set of equations can often 
be shown by identifying a small unsatisfiable core of equations. At the same time, 
the search tree can contain infinite branches on which no solutions can be found, 
so that bad decisions can lead a solver astray. The situation is similar to the case 
of first-order logic theorem provers, where the choice of clauses to process plays 
a decisive role in determining efficiency. In the latter context, several deep learn-
ing techniques have been introduced to guide theorem provers [ 10,16,17,27,44]. 
However, for word equation problems, the application of learning techniques for 
selecting equations remains largely unexplored. 

In this work, we employ Graph Neural Networks (GNNs) [ 15] to guide the 
selection of word equations at each iteration of the algorithm. Our research com-
plements existing techniques for learning branching heuristics in word equation 
solvers [ 11]. We refer to the selection step as the ranking process. For this, we 
enhanced the existing algorithm [ 11] to enable the re-ordering of conjunctive 
word equations. The extension preserves the soundness and the completeness 
(for finding solutions) of the algorithm. We refer to this extended algorithm as 
the split algorithm throughout the paper. 

The primary challenge in training a deep learning model to guide the ranking 
process lies in managing a variable number of inputs. In our work, this specifically 
involves handling a varying number of word equations depending on the input. 
Unlike with branching heuristics, which have to handle only a fixed and small 
number of branches (typically 2 to 3), the ranking process must handle a variable 
number of conjuncts. To address this challenge, we adapt multi-classification 
models to accommodate inputs of varying sizes using three distinct approaches. 
Additionally, to effectively train the GNNs, we enhance the graph representations 
of word equations from [ 11] by incorporating global term occurrence information. 

Our model is trained using data from two sources: (1) Minimal Unsatisfiable 
Subsets (MUSes) of word equations computed by other solvers, and (2) data 
extracted by running the split algorithm with non-GNN-based ranking heuristics. 
MUSes computed by solvers such as Z3 [ 35] and  cvc5 [ 14] help detect unsatisfiable 
conjuncts early, enabling prompt termination and improved efficiency. When the 
split algorithm tackles conjunctive word equations, each ranking decision creates 
a branch in a decision tree. By extracting the shortest path from this tree, we 
obtain the most effective sequence of choices, which we then use as training data. 

Moreover, we explore seven options that combine the trained model with 
both random and manually designed heuristics for the ranking process. 

We evaluated our framework on artificially generated benchmarks inspired 
by [ 20]. The benchmarks are divided into two categories: linear and non-linear, 
where linear means that, within a single equation, a variable can occur only 
once, while non-linear allows a variable to appear multiple times. Note that this 
definition of linearity applies to individual equations: in systems with multiple 
equations, even if each equation is linear, shared variables can cause a variable 
to appear multiple times within the system.
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Finally, we compare our framework with several leading SMT solvers and 
a word equation solver, including Z3, Z3-Noodler [ 19], cvc5, Ostrich [ 18], and 
Woorpje [ 20]. The experimental results show that for linear problems, our frame-
work outperforms all leading solvers in terms of the number of solved problems. 
For non-linear problems, when the occurrence frequency of the same variables 
(non-linearity) is low, our algorithm remains competitive with other solvers. 

In summary, the contributions of this paper are as follows: (i) We adapt 
the Nielsen transformation-based algorithm [ 11] to allow control over the order-
ing of word equations at each iteration. (ii) We develop a framework to train 
and deploy a deep learning model for ranking and ordering conjunctive word 
equations within the split algorithm. The model leverages MUSes generated by 
leading solvers and uses graph representations enriched with global information 
of the formula. We propose three strategies to adapt multi-classification mod-
els for ranking tasks and explore various integration methods within the split 
algorithm. (iii) Experimental results demonstrate that our framework performs 
effectively on linear problems, with the deep learning model significantly enhanc-
ing performance. However, its effectiveness on non-linear problems is constrained 
by the limitations of the inference rules. 

2 Preliminaries 

We first define the syntax of word equations and the concept of satisfiability. 
Next, we explain the message-passing mechanism of Graph Neural Networks 
(GNNs) and describe the specific GNN model employed in our experiments. 

Word Equations. We assume a finite non-empty alphabet .Σ and write .Σ∗ for 
the set of all strings (or words) over . Σ. The empty string is denoted by . . We  
work with a set .Γ of string variables, ranging over words in .Σ∗. The  symbol  . ·
denotes the concatenation of two strings; in our examples, we often write .uv as 
shorthand for .u · v. The syntax of word equations is defined as follows, where 
.X ∈ Γ ranges over variables and .c ∈ Σ over letters: 

. Formulae φ : : = true | e ∧ φ Words w : : = | t · w

Equations e : : = w = w Terms t : : = X | c

Definition 1 (Satisfiability of conjunctive word equations). A formula . φ
is satisfiable (SAT) if there exists a substitution .π : Γ → Σ∗ such that, when 
each variable .X ∈ Γ in . φ is replaced by .π(X), all equations in . φ hold. 

Definition 2 (Linearity of a word equation). A word equation is called 
linear if each variable occurs at most once. Otherwise, it is non-linear. 

Graph Neural Networks. Message Passing-based GNNs (MP-GNNs) [ 23] are  
designed to learn features of graph nodes (and potentially the entire graph) by 
iteratively aggregating and transforming feature information from the neighbor-
hood of a node. Consider a graph .G = (V,E), with .V as the set of nodes and
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.E ⊆ V × V as the set of edges. Each node .v ∈ V has an initial representation 

.xv ∈ R
n and a set of neighbors .Nv ⊆ V . In an MP-GNN comprising . T message-

passing steps, node representations are iteratively updated. The initial node 
representation of . v at time step 0 is .H0

v = xv. At each step . t, the representation 
of node . v, denoted as .Ht

v, is updated using the equation: 

.Ht
v = ηt(ρt({Ht−1

u | u ∈ Nv}),Ht−1
v ), (1) 

where .Ht−1
u is the node representation of . u in the previous iteration .t − 1, and  

node . u is a neighbor of node . v. In this context, .ρt : (Rn)|Nv| → R
n is an 

aggregation function with trainable parameters (e.g., an MLP followed by sum, 
mean, min, or max) that aggregates the node representations of . v’s neighboring 
nodes at the .t-th iteration. Along with this, .ηt : (Rn)2 → R

n is an update 
function with trainable parameters (e.g., an MLP) that takes the aggregated 
node representation from .ρt and the node representation of . v in the previous 
iteration as input, and outputs the node representation of . v at the .t-th iteration. 

In this study, we employ Graph Convolutional Networks (GCNs) [ 29] to guide 
our algorithm due to their computational efficiency to generalize across tasks 
without the need for task-specific architectural modifications. In GCNs, the node 
representation .Ht

v of . v at step .t ∈ {1, ..., T} where .T ∈ N is computed by 

.Ht
v = ReLU(MLPt(mean{Ht−1

u | u ∈ Nv ∪ {v}})), (2) 

where each .MLPt is a fully connected neural network, ReLU (Rectified Linear 
Unit) [ 13] is the non-linear function .f(x) = max(0, x), and  .H0

v = xv. 

3 Split Algorithm with Ranking 

Split Algorithm. Algorithm 1, .splitEquations, determines the satisfiability 
of a word equation formula . φ by recursively applying inference rules from [ 11]. 

The algorithm begins by checking the satisfiability of the conjunctive formula 
(Line 2). If all word equations can be eliminated in this way, then . φ is SAT. 
If any conjunct is unsatisfiable (UNSAT), then . φ is UNSAT. Otherwise, the 
satisfiability status remains unknown (UKN). If . φ is in one of the first two cases, 
its status is returned (Line 3). 

Otherwise (Line 4), .RankEqs orders all conjuncts using either manually 
designed or data-driven methods. Next, the function .ApplyRules matches 
and applies the corresponding inference rules to generate branches—alternative 
prospective solving paths for the same equation. This step is called the branching 
process. Notably, rules .R7 and .R8 generate two and three branches, respectively, 
while all the other rules do not cause any branching. 

Next, the .splitEquations call (Line 9) recursively checks the satisfiabil-
ity of each branch. Let .{b1, . . . , bn} be the set of branches. The formula . φ has 
status SAT if at least one branch .bi is satisfiable, UNSAT if all branches are 
unsatisfiable, and UKN otherwise.
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Data: A formula  . φ
Result: The satisfiability status of .φ (i.e., SAT, UNSAT, or  UKN ) and  the  

simplified version of . φ
1 begin 
2 .res ← CheckFormulaSatisfiability(. φ) 
3 if res .= UKN then return res, . φ
4 else 
5 .φs = RankEqs(. φ) // Ranking process 

6 Branches = applyRules(.φs) // Branching process 

7 . uknFlag ← 0
8 for b in Branches do 
9 .resb , φb=splitEquations(b) 

10 if .resb = SAT  then return SAT, . φb

11 if .resb = UKN  then . uknFlag ← 1

12 if .uknFlag = 1 then return UKN, . φ
13 else return UNSAT, . φ

Algorithm 1: SplitEquations algorithm. 

Since the inference rules apply to the leftmost equation, the performance 
of the algorithm is strongly influenced by both the order in which branches 
are processed (Line 8) and the ordering of equations in . φ (Line 5). While the 
impact of branch ordering has been studied in [ 11], this paper explores whether 
employing a data-driven heuristic in .RankEqs can enhance termination. 

The baseline option to implement .RankEqs is referred to as RE1: Baseline. 
It computes the priority of a word equation . p using the following definition: 

. p =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1 if =
2 otherwise, if = u · v or u · v =
3 otherwise, if a · u = b · v or u · a = v · b

4 otherwise, if a · u = a · v

5 otherwise

where .a, b ∈ Σ, and  .u, v are sequences of variables and letters. Smaller numbers 
indicate higher priority, assigning greater precedence to simpler cases where sat-
isfiability is obvious. Word equations with the same priorities between 1 and 
4 are further ordered by their length (i.e., the number of terms), with shorter 
equations taking precedence. For word equations with a priority of 5, the origi-
nal input order is maintained. The newly created equations inherit the ranking 
of their parents. We refer to the split algorithm using RE1 for .RankEqs as 
DragonLi. The correctness of Algorithm 1 follows directly from the soundness 
and local completeness of the inference rules in [ 11]: 

Lemma 1 (Soundness of Algorithm 1). For a conjunctive word equation 
formula . φ, if Algorithm 1 terminates with the result SAT or UNSAT, then . φ is 
SAT or UNSAT, respectively.
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AND-OR Tree. The search tree explored by the algorithm can be represented 
as an AND-OR tree, as shown in Fig. 1. The example illustrates the three paths, 
each placing different equations in the first position, generated by the ranking 
and branching process to solve the word equation . φ = (Xb = bXX ∧ = ∧X =
a), where .a, b ∈ Σ and .X ∈ Γ . 

Example 1. In the first step, . φ can be reordered in three distinct ways by prior-
itizing one conjunct to occupy the leftmost position (we ignore the order of the 
rest two equations, as their order does not influence the next rule application). 
Thus, the root of the tree branches into three paths. For each ranked formula, the 
inference rules are then applied to execute the branching process. By iterating 
these two steps alternately, the complete AND-OR tree is constructed. Notably, 
continuously selecting the leftmost branch that prioritizes .Xb = bXX at the 
root and applying the left branch of .R7 may lead to non-termination, as the 
length of the word equation keeps increasing. In contrast, prioritizing .X = a at 
the root results in a solution (UNSAT) at a relatively shallow depth, avoiding the 
risk of non-termination caused by further ranking and branching. In this case, 
exploring only a single branch during the ranking process suffices to determine 
the satisfiability of . φ. This optimal path is highlighted with solid edges. 

Fig. 1. AND-OR tree resulting from the word equation .Xb = bXX ∧ = ∧ X = a. 
The formulas enclosed in boxes are generated by .RankEqs, while the formulas without 
boxes are obtained from .ApplyRules. 

4 Guiding the Split Algorithm 

This section details the training and application of a GNN model in Algorithm 1. 
We first describe the process of collecting training data, followed by the graph-
based representation of each word equation. Next, we outline three model struc-
tures for ranking a set of word equations. Finally, we discuss methods for inte-
grating the trained model back into the algorithm.
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4.1 Training Data Collection 

Assume that . φ is an unsatisfiable conjunctive word equation consisting of a set 
of conjuncts . E . 

Definition 3 (Minimal Unsatisfiable Set). A subset  .U ⊆ E is a Minimal 
Unsatisfiable Set (MUS) if the conjunction of .U is unsatisfiable, and for all 
conjuncts .e ∈ U , the conjunction of subset .U \ {e} is satisfiable. 

We collect training data from two sources: (1) MUSes extracted by other 
solvers, including Z3, Z3-Noodler, cvc5, and  Ostrich; and (2) formulas from the 
ranking process that lie on the shortest path from the subtree leading to UNSAT 
in the AND-OR trees. A numerical example of these two sources is provided in 
Sect. 5.2. 

For training data from source (1), we first pass all problems to DragonLi. 
Next, we identify unsolvable problems and forward them to other solvers. If any 
solver successfully solves a problem, we select the one that finds a solution in 
the shortest time. This solver is then used to extract the MUS by exhaustively 
checking the satisfiability of all subsets of the conjuncts. Finally, each conjunct 
within a set of word equations is labeled based on its membership in the MUS 
and its length. 

Formally, given a formula .φ = e1 ∧ · · · ∧ en, its conjuncts are denoted . E =
{e1, . . . , en}, and an MUS .U ⊆ E . The corresponding labels of .ei ∈ E are . Yn =
{y1, . . . , yn}, where .yi ∈ {0, 1}, and their length is denoted .|ei|. The label .yi is 
computed as follows: 

.yi =
1 if ei ∈ U and |ei| = min {|e| | e ∈ U} ,

0 otherwise.
(3) 

We assign label 1 only to the shortest equation in the MUS, rather than labeling 
all MUS equations as 1 and non-MUS equations as 0, because the algorithm 
selects only one equation to proceed at each iteration. Our goal is to identify the 
most efficient choice. We assume that the shortest equation in the MUS is more 
likely to lead to quicker termination, as the branching process aims to reduce 
equation length until a form is reached where satisfiability (or unsatisfiability) 
can be easily concluded. 

To collect training data from source (2), we pass the problems, along with 
the MUS extracted from other solvers, to DragonLi. If  DragonLi solves the prob-
lem, multiple paths to UNSAT are generated by sequentially prioritizing each 
equation at the leftmost position in the ranked word equation. 

Subsequently, we export and label each conjunctive word equation along 
the shortest path in the subtree leading to UNSAT. Formally, given a set of 
conjuncts .E = {e1, . . . , en} of a conjunctive word equation, the corresponding 
labels .Yn = (y1, . . . , yn) are computed by 

.yi =
1 if ei in the shortest path of a subtree leading to UNSAT,

0 otherwise.
(4)
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Fig. 2. The steps for constructing graph representation for the conjunctive word equa-
tions .XaX = Y ∧ aaa = XaY where .X, Y are variables and . a is a letter. 

For both sources, when . n
i=1 yi > 1, we keep the first equation with label 

1 and discard the rest equations with label 1 to ensure . n
i=1 yi = 1. When 

.
n
i=1 yi = 0, we discard this training data due to no positive label. 

4.2 Graph Representation for Conjunctive Word Equations 

The graph representation of a single word equation is discussed in [ 11]. However, 
since word equations are interconnected through shared variables, ranking them 
requires not only local information about individual equations but also a global 
perspective. By considering the entire set of word equations collectively, we can 
incorporate dependencies and shared structures, improving the ranking process. 

To achieve this, we first represent each conjunctive word equation indepen-
dently. Then, we compute the occurrences of variables and letters across all 
equations and integrate this global information into each individual graph rep-
resentation. This enriched representation captures both the complexity of indi-
vidual equations and their interactions within the system. 

In details, the graph representation of a word equation is defined as . G =
(V,E, v=, VT, VVar, V

0
T , V 1

T , V 0
Var, V

1
Var), where .V is the set of nodes, . E ⊆ V × V

is the set of edges, and .v= ∈ V is a special node representing the “=” symbol. 
The sets .VT ⊆ V and .VVar ⊆ V contain letter and variable nodes, respectively. 
Additionally, .V 0

T and .V 1
T are special nodes representing letter occurrences and 

.V 0
Var and .V 1

Var analogously represent variable occurrences. 
Figure 2 illustrates the two steps involved in constructing the graph repre-

sentation of the conjunctive word equations .XaX = Y ∧ aaa = XaY , where 
.{X,Y } ⊆ Γ and .a ∈ Σ: 

– Step 1: Inspired by Abstract Syntax Trees (ASTs), we begin to build the 
graph by placing the “. =” symbol as the root node. The left and right chil-
dren of the root represent the leftmost terms of each side of the equation, 
respectively. Subsequent terms are organized as singly linked lists of nodes.
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– Step 2: Calculate the number of occurrences of all terms across the conjunc-
tive word equations. In this example, .Occurrence(X) = 3, .Occurrence(Y ) = 2, 
and .Occurrence(a) = 5. Their binary encodings are . 11, .10 and .101 respec-
tively. We encode these as sequentially connected nodes: .(V 1

V ar, V
1
V ar) for . X, 

.(V 1
V ar, V

0
V ar) for . Y , and  .(V 1

T , V 0
T , V 1

T ) for . a. Finally, we connect the roots of 
these nodes to their corresponding variable and letter nodes. 

We chose binary encoding because using unary encoding would significantly 
increase the graph size, making computation inefficient. Higher-base encodings 
like ternary or decimal tend to blur structural distinctions, i.e., different values 
may be represented using the same number of nodes, making it hard for the graph 
structure to reflect meaningful differences. Binary encoding strikes a balance. It 
keeps the graph size manageable while preserving enough structural information 
for our GNN to effectively process word equations at the scale we target. 

The rationale behind our other choices of graph representation for word equa-
tions, along with a discussion of alternative representations, is provided in the 
repository [ 2]. 

4.3 Training of Graph Neural Networks 

In the function RankEqs of Algorithm 1, equations can be ranked and sorted 
based on predicted rank scores from a trained model. Given a conjunctive word 
equation .φ = e1∧· · ·∧en, the model outputs a ranking, i.e., a list of real numbers 
.Ŷn = (ŷ1, . . . , ŷn) in which a higher value indicates a higher rank. For example, 
for a conjunctive word equation .e1 ∧ e2, the model might output .Ŷ2 = (0.3, 0.7), 
indicating that .e2 is expected to lead to a solution more quickly than . e1, and  
the equations should be reordered as .e2 ∧ e1. 

Forward Propagation. To compute this ranking, we first transform the word 
equations .{e1, ..., en} to their graph representations .G = {G1, ..., Gn} where 
.Gi = (V,E, v=, VT, VVar, V

0
T , V 1

T , V 0
Var, V

1
Var). Each node .v ∈ V is first assigned an 

integer representing the node type: .v ∈ {VT , VV ar, V
0
T , V 1

T , V 0
V ar, V

1
V ar}∪{v=}. 

Those integers are then passed to a trainable embedding function . MLP0 : Z →
R

m to compute all the initial node representations .H0
i in .Gi. 

Equation (2) defines how node representations are updated. By iterating 
this update rule, we obtain the node representations .Ht

i = GCN(Ht−1
i , E) for 

.t ∈ {1, . . . , T}, where the relation .E is used to identify neighbors. Subsequently, 
the representation of the entire graph is obtained by summing the node repre-
sentations at time step . T , resulting in .HGi

= 1
n

n
i=1 HT

i . 
Then, we introduce three ways to compute the .Ŷn: 

– Task 1: Each graph representation .HGi
is given to a trainable classifier 

.MLP1 : R
m → R

2, which outputs .zi = MLP1(HGi
) = (z1, z2). The score 

for graph . i is then computed as .yi = softmax(zi)1 for .yi ∈ Ŷn where 
..softmax(zi) = ( ez1

n
j=1 ezj

, . . . , ezn
n
j=1 ezj

) and .softmax(·)1 is the first element 
of .softmax(·). It represents the probability of the class in the first index.
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– Task 2: All graph representations in a conjunctive word equations are first 
aggregated by .HG = 1

n
n
i=1 HGi

. Then, we compute the score by of each 
graph by .yi = softmax(MLP2(HGi

||HG))1 for .yi ∈ Ŷn where . MLP2 : R2m →
R

2 is a trainable classifier and . || denotes concatenation of two vectors. 
– Task 3: We begin by fixing a limit . n of equation within a conjunctive word 

equation. For conjunctive word equations containing more than . n word equa-
tions, we first sort them by length (in ascending order) and then trim the 
list to . n equations. Next, we compute scores for resulting equations using 
.Ŷn = MLP3(HG1 , . . . , HGn

) where .MLP3 : Rnm → R
n is a trainable classi-

fier. Scores for any trimmed word equations are set to 0. If a conjunctive word 
equations contains fewer than . n word equations, we fill the list with empty 
equations to reach . n, and then compute .Ŷn in the same way. 

Backward Propagation. The trainable parameters of the model include the 
weights of the embedding function .MLP0, the classifiers .MLP1, .MLP2, .MLP3, 
and the GCNs. Those trainable parameters are optimized together by minimizing 
the categorical cross-entropy loss between the predicted label .ŷi ∈ Ŷn and the 
true label .yi ∈ Yn, using the equation .loss = − 1

n
n
i=1 yi log(ŷi) where . n is the 

number of conjuncts in the conjunctive word equations. 

4.4 Ranking Options 

In Algorithm 1, we introduce seven implementations of RankEqs, aimed at 
evaluating the efficiency of deterministic versus stochastic ranking methods. 

– RE1, Baseline: A baseline defined in Sect. 3. 
– RE2, Random: RE1 is first used to compute the priority of each word 

equation, and then equations with a priority of 5 are randomly ordered. This 
approach aims to add some randomness to the baseline. 

– RE3, GNN: Equations ranked at 5 by RE1 are then ranked and sorted using 
the GNN model. While this option incurs higher overhead due to frequent use 
of the GNN model, it provides the most fine-grained guidance. 

– RE4, GNN-Random: Based on RE3, there is a 50% chance of invoking 
the GNN model and a 50% chance of randomly sorting word equations with 
a priority of 5. This option provides insight into the performance when intro-
ducing a random process into GNN-based ranking. 

– RE5, GNN-one-shot: Based on the priority assigned by RE1, the GNN 
model is used to rank and sort equations with a priority of 5 the first time 
they occur, while it is managed by RE1 in subsequent iterations. This option 
invokes the GNN only once to minimize its overhead, while still maintaining 
its influence on subsequent iterations. Ranking and sorting the word equations 
early in the process has a greater impact on performance than doing them 
later. 

– RE6, GNN-each-n-iteration: Based on RE3, instead of calling the GNN 
model each time multiple word equations have priority 5, it is invoked only 
every .n = 5000 calls to the .RankEqs function. This option explores a balance 
between RE3 and RE5.
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– RE7, GNN-formula-length: Based on RE3, instead of calling the GNN 
model each time multiple word equations have priority 5, it is invoked only 
after .n = 1000 calls to the .RankEqs function when the length of the current 
word equation does not decrease. This option introduces dynamic control over 
calling the GNN model. 

5 Experimental Results 

This section describes the benchmarks and the methods used for training data 
collection. We also compare our evaluation data with leading solvers. The train-
ing and prediction workflow can be find in the repository [ 5]. 

5.1 Benchmarks 

We initially transformed real-world benchmarks from the non-incremental QF S, 
QF SLIA, and QF SNLIA tracks of the SMT-LIB benchmark suite [ 6], as well 
as those from the Zaligvinder benchmark suite [ 7], into word equation prob-
lems by removing length constraints, boolean operators, and regular expressions. 
However, these transformed problems were overly simplistic, as most solvers, 
including DragonLi, solved them easily. Consequently, we shifted to evaluating 
solvers using artificially generated word equation problems inspired by prior 
research [ 11,20]. We summarize the benchmarks as follows: 

– Benchmark A1: Given a finite set of letters .T and a set of variables . V , 
the process begins by generating individual word equations of the form . s =
s, where . s is a string composed of randomly selected letters from . T . The  
maximum length of . s is capped at 60. Next, substrings in . s on both sides of the 
equation are replaced . n times with the concatenation of .m fresh variables from 
. V . Here .|T | = 6, .|V | = 10, .n ∈ [0, 5], and  .m ∈ [1, 5]. Finally, multiple such 
word equations are conjoined to form a conjunctive word equation problem. 
The number of equations to be conjoined is randomly selected between 1 and 
100. Since each replacement variable is a fresh variable from . V , individual 
equations in the problem remain linear. 

– Benchmark A2: This benchmark is generated using the same method as 
Benchmark A1; however, different parameters are employed to increase the 
difficulty while ensuring that the problem remains linear. Specifically, we use 
.|T | = 26, .|V | = 100, .n ∈ [0, 16], and  .m = 1. 

– Benchmark B: This benchmark is generated by the same method as Bench-
mark A1, except it does not use fresh variables to replace substrings in . s. This 
causes a single variable to potentially occur multiple times in an equation, 
making the problem non-linear. The number of equations to be conjoined is 
randomly picked between 2 and 50, and the maximum length of . s is capped 
at 50. In this benchmark, we use .|T | = 10, .|V | = 10, .n ∈ [0, 5], and  .m = 1.
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– Benchmark C: We first generate a word equation in the following format: 

.. XnaXnbXn−1 · · · bX1 = aXnXn−1Xn−1b · · · X1X1baa

where .X1, ...,Xn are variables and . a and . b are letters. Then, we replace each . b
with one side of an individual equation generated by Benchmark A1. Finally, 
we join the individual equations to form a conjunctive word equation problem, 
with the maximum number of conjuncts capped at 100. This method ensures 
that the resulting benchmark is highly non-linear. 

The statistics of the evaluation data for benchmarks is shown in the reposi-
tory [ 3]. 

5.2 Training Data Collection 

Table 1 outlines the training data collection. We generate 60,000 problems per 
benchmark and check their satisfiability with DragonLi. For instance, Benchmark 
A1 contains 1,859 unsolved problems, which are then passed to solvers such as 
Z3, Z3-Noodler, cvc5, and  Ostrich. Together, these solvers identify 181 SAT and 
1,678 UNSAT problems, with no single tool able to solve them all. 

For UNSAT problems, we extract Minimal Unsatisfiable Subsets (MUSes) 
using the fastest solver. This yields 909 problems with extractable MUSes, as 
detailed in the repository [ 4]. We rank word equations within each problem 
based on their presence in the MUS and their length, then pass the ranked 
problems back to DragonLi. This allows DragonLi to prioritize word equations 
appearing in the MUS, enabling it to solve 518 new problems. Problems in 
the row Have MUS are transformed into a single labeled data (a conjunctive 
word equation). Problems in the row DragonLi using MUS are transformed into 
multiple labeled data, each representing a ranking process step on the shortest 
path to the solution. 

The ranking heuristic’s effectiveness varies with problem benchmarks. For 
Benchmarks A1 and A2, 57% to 58% of problems with MUSes are solved. In 
Benchmark B, the success rate drops to 20%, while for Benchmark C, the heuris-
tic has no effect, solving 0 additional problems. Consequently, no training data 
or model was generated for Benchmark C. 

6 Experimental Settings 

To better investigate the influence of conjuncts order at a conjunctive word 
equations, we fixed the branch order for all inference rules. Additionally, we 
fixed the inference rule to the prefix version, meaning it always simplifies the 
word equation starting from the leftmost term. 

Benchmarks were split uniformly into training, validation, and test sets, fol-
lowing standard deep-learning practice. We save the model from the epoch with 
the highest validation accuracy.



When GNNs Met a Word Equations Solver 339

Table 1. Number of problems solved by different solvers and having extracted MUS. 
The row Other solvers shows the number of solved problem in total by Z3, Z3-Noodler, 
cvc5, and  Ostrich where . , . ×, and  .∞ denotes SAT, UNSAT, and UKN respectively. 
The row DragonLi using MUS is the number of problems solved by DragonLi when 
using MUS to rank word equations in the first iteration. 

Type Linear Non-linear 
Bench A1 A2 B C 
Total 60000 60000 60000 60000 

DragonLi 
Solved ∞ Solved ∞ Solved ∞ Solved ∞ 
58141 1859 50610 9390 52056 7944 31 59969 

Other 
solvers 

× × × × 
181 1678 667 4167 640 7304 383 58259 

Have MUS 909 1024 2996 15875 
DragonLi 

using MUS 
518 594 607 0 

All training records and corresponding hyperparameters, such as a hidden 
layer size of 128 for all neural networks and number of message passing rounds 
are available in our repository [ 8]. For example, the experimental results for 
Benchmark A and Task 2 can be found in [ 1]. 

Each problem in the benchmarks is evaluated on a computer equipped with 
two Intel Xeon E5 2630 v4 at 2.20 GHz/core and 128GB memory. The GNNs are 
trained on NVIDIA A100 GPUs. We measured the number of solved problems 
and the average solving time (in seconds), with timeout of 300 s for each proof 
attempt. 

6.1 Comparison with Other Solvers 

Table 2 compares the results of three RankEqs options, RE1, RE2, and  RE5 
(corresponding to DragonLi, Random-DragonLi, and GNN-DragonLi), against five 
solvers: Z3 [ 35], Z3-Noodler [ 19], cvc5 [ 14], Ostrich [ 18], and Woopje [ 20]. 

The primary metric is the number of solved problems. In Benchmark A1, 
GNN-DragonLi achieves the best performance for both SAT and UNSAT prob-
lems. For Benchmark A2, GNN-DragonLi solves the most problems overall (895 
problems solved), despite not being the best in either category individually. 
GNN-DragonLi outperforms both DragonLi and Random-DragonLi, showing the 
effectiveness of data-driven heuristics over fixed and random heuristics. 

As problem non-linearity increases (in Benchmark B), some solvers outper-
form all DragonLi options. For highly non-linear problems (Benchmark C), Drag-
onLi solves almost no problems, regardless of the options. This is an effect entirely 
orthogonal to the ranking problem, however: for non-linear equations, substitut-
ing variables that appear multiple times can increase equation length, resulting 
in mostly infinite branches in the search tree. It then becomes more important 
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Table 2. Number of problems, average solving time, and average split counts for 
solvers across four benchmarks. The GNN model used in this table is trained on Task 2. 
Columns “UNI”, “CS”, and “CU” indicate uniquely solved, common SAT, and common 
UNSAT problems, respectively. The “-” denotes unavailable data. Each benchmark 
consists of 1000 problems. 

Bench Solver 
Number of solved problems 

Average solving time 
(split number) 

SAT UNSAT UNI CS CU SAT UNSAT CS CU 

A1 

DragonLi 24 955 0 

13 678 

5.6 
(244.8) 

6.5 
(1085.3) 

5.0 
(94.4) 

5.7 
(126.3) 

Random-

DragonLi 
22 944 0 

5.6 
(198.8) 

6.3 
(932.6) 

5.6 
(137.6) 

5.7 
(180.5) 

GNN-

DragonLi 
24 961 0 

6.1 
(164.7) 

7.5 
(1974.8) 

6.1 
(96.4) 

6.3 
(60.5) 

cvc5 24 952 1 0.5 0.6 0.1 0.3 
Z3 17 960 0 8.7 0.4 1.1 0.1 

Z3-Noodler 22 939 2 5.7 0.3 4.8 0.1 
Ostrich 17 931 0 15.0 5.5 8.0 4.7 
Woorpje 23 744 0 3.0 12.5 0.1 12.2 

A2 

DragonLi 59 824 0 

3 0 

8.5 
(4233.4) 

11.8 
(1231.3) 

4.7 
(27.3)

-

Random-

DragonLi 
44 806 1 

24.7 
(29779.6) 

6.2 
(210.9) 

4.6 
(27.3)

-

GNN-

DragonLi 
59 836 4 

8.4 
(1330.6) 

11.6 
(1074.1) 

5.9 
(27.3)

-

cvc5 67 142 15 0.6 56.0 0.1 -

Z3 8 870 10 1.1 0.6 0.1 -

Z3-Noodler 22 7 1 15.4 3.8 0.4 -

Ostrich 13 18 2 24.8 38.8 8.6 -

Woorpje 0 0 0 - - - - - -

B 

DragonLi 11 805 0 

4 294 

4.9 
(62.5) 

5.2 
(81.5) 

4.9 
(29.2) 

5.3 
(82.4) 

Random-

DragonLi 
10 894 0 

5.0 
(58.7) 

5.8 
(295.2) 

5.0 
(27.25) 

5.2 
(73.1) 

GNN-

DragonLi 
11 821 0 

6.5 
(65.1) 

6.8 
(70.0) 

6.5 
(28.25) 

6.8 
(60.2) 

cvc5 12 915 0 0.1 0.6 0.1 0.7 
Z3 11 859 3 0.1 0.2 0.1 0.1 

Z3-Noodler 24 911 1 4.9 0.4 1.3 0.4 
Ostrich 12 917 2 6.9 3.7 3.3 4.2 
Woorpje 19 330 1 29.5 6.0 0.2 5.0 

C 

DragonLi 2 0 0 - -
5.1 

(85.5)
- - -

Random-

DragonLi 
2 0 0 - -

5.0 
(85.5)

- - -

GNN-

DragonLi
- - - - - - - - -

cvc5 0 909 17 -

1

- 46.9 - 17.3 
Z3 1 821 12 1 0.8 1.7 0.8 0.1 

Z3-Noodler 7 657 4 1 0.2 94.1 0.1 1.0 
Ostrich 0 61 0 - - 77.2 - 27.1 
Woorpje 3 62 0 1 65.0 28.4 0.2 223.1 

to implement additional criteria to detect unsatisfiable equations, for instance 
in terms of word length or letter count (e.g., [ 30]), which are present in other 
solvers. DragonLi deliberately does not include such optimizations, as we aim at 
investigating the ranking problem in a controlled setting. 

For commonly solved problems, the average solving time provides sufficient 
data only for Benchmarks A1 and B (678 and 294 problems, respectively). In 
these cases, DragonLi shows no time advantage, partly due to its implementation 
in Python. Re-implementing the algorithm in a more efficient language, such as 
Rust [ 9], can yield over a 100x speedup for single word equation problems. 
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We also measure the average number of splits in solved problems to evaluate 
ranking efficiency. GNN-DragonLi demonstrates fewer average splits compared 
to other options, indicating higher problem-solving efficiency in Benchmarks A1 
and B. Our results can be summarized as follows: 

1. For linear problems, all DragonLi ranking options perform competitively, with 
GNN-DragonLi solving the highest number of problems. 

2. For moderately non-linear problems (Benchmark B), DragonLi shows mod-
erate performance, but the ranking heuristic offers limited benefits to GNN-
DragonLi, leading to reduced performance compared to other options. 

3. For highly non-linear problems (Benchmark C), DragonLi fails to solve most 
problems due to limitations in its calculus. 

4. The current implementation of DragonLi offers no time advantage for com-
monly solved problems, though significant improvements are achievable by 
reimplementation. 

Increasing training data for Benchmark A2 from 20,000 to 60,000 allowed 
GNN-DragonLi to solve additional problems, suggesting that larger training sets 
may enhance performance. An ablation study on alternative RankEqs options 
is provided as an appendix in the repository [ 2]. All benchmarks, evaluation 
results, and implementation details, including hyperparameters, are available in 
our GitHub repository [ 8]. 

7 Related Work 

Axel Thue [ 39] laid the theoretical foundation of word equations by studying 
the combinatorics of words and sequences, providing an initial understanding of 
repetitive patterns. The first deterministic algorithm to solve word equations was 
proposed by Makanin [ 33], but the complexity is non-elementary. Plandowski [ 38] 
designed an algorithm that reduces the complexity to PSPACE by using a form 
of run-length encoding to represent strings and variables more compactly during 
the solving process. Artur Jeż [  28] proposed a nondeterministic algorithm that 
runs in .O(n log n) space. Closer to our approach, recent research has focused on 
improving the practical efficiency of solving word equations. Perrin and Pin [ 37] 
offered an automata-based technique that represents equations in terms of states 
and transitions. This allows the automata to capture the behavior of strings sat-
isfying the equation. Markus et al. [ 22] explored graph representations and graph 
traversal methods to optimize the solving process for word equations, while Day 
et al. [ 20] reformulated the word equation problem as a reachability problem 
for nondeterministic finite automata, then encoded it as a propositional satis-
fiability problem that can be handled by SAT solvers. Day et al. [ 21] proposed  
a transformation system that extends the Nielsen transformation [ 31] to work  
with linear length constraints. 

Deep learning [ 24] has been integrated with various formal verification tech-
niques, such as scheduling SMT solvers [ 26], loop invariant reasoning [ 42,43], 
and guiding premise selection for Automated Theorem Provers (ATPs) [ 27,45]. 
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Closely related work in learning from Minimal Unsatisfiable Subsets (MUSes) 
includes NeuroSAT [ 40,41], which utilizes GNNs to predict the probability 
of variables appearing in unsat cores, guiding variable branching decisions 
for Conflict-Driven Clause Learning (CDCL) [ 34]. Additionally, some recent 
works [ 12,32] explore learning MUSes to guide CHC [ 25] solvers. 

8 Conclusion and Future Work 

In this work, we extend a Nielsen transformation based algorithm [ 11] to support  
the ranking of conjunctive word equations. We adapt a multi-classification task 
to handle a variable number of inputs in three different ways in the ranking task. 
The model is trained using MUSes to guide the algorithm in solving UNSAT 
problems more efficiently. To capture global information in conjunctive word 
equations, we propose a novel graph representation for word equations. Addi-
tionally, we explore various options for integrating the trained model into the 
algorithms. Experimental results show that, for linear benchmarks, our frame-
work outperforms the listed leading solvers. However, for non-linear problems, 
its advantages diminish due to the inherent limitations of the inference rules. Our 
framework not only offers a method for ranking word equations but also provides 
a generalized approach that can be extended to a wide range of formula ranking 
problems which plays a critical role is symbolic reasoning. 

As future work, we aim to optimize GNN overhead, integrate GNN guidance 
for both branching and ranking, and extend the solver to support length con-
straints and regular expressions for greater real-world applicability. Our frame-
work can be generalized to handle more decision processes in symbolic methods 
that take symbolic expressions as input and output a decision choices. 
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Abstract. We consider the reasoning problem of logical consequence 
between simple statements about the behaviour of continuous functions 
on certain intervals, representing the way that variables influence each 
other. Automated reasoning for such statements has applications in for-
mal modelling of classroom experiments in natural sciences. A previous 
attempt, employing a simple proof system for this reasoning task, is 
known to be incomplete and unlikely to be extendable to obtain com-
pleteness for arbitrary experiments. Here we develop an algebraic app-
roach in the form of an abstraction of the uncountable space of finite 
collections of continuous, real-valued functions, connected by a compo-
sition principle, into finitely many representatives of equivalence classes. 
We show that this is sufficient for the reasoning task at hand. The app-
roach achieves completeness under very reasonable restrictions of the 
involved statements, extending what has previously been achieved using 
proof-theoretic means, and yields an upper bound of coNP. 

Keywords: formal modelling · hybrid systems · formal reasoning · 
completeness 

1 Introduction 

Formal reasoning forms the basis for automated solutions to many decision prob-
lems [ 9, 14], especially when they can be seen as instances of classic logical 
problems like validity or logical consequence: given a set of formulas .Ψ and a 
single formula . ϕ, is it the case that .Ψ |= ϕ, i.e. do all models of .Ψ also sat-
isfy . ϕ? Calculi and algorithms are continuously developed for formal reasoning 
tasks involving various kinds of logics from general purpose ones like First-Order 
Logic [ 15], Higher-Order Logic [ 1], etc. to specific-purpose ones like program log-
ics [ 8], description logics [ 2], temporal logics [ 7], etc. 

Here we are concerned with automated reasoning for logical consequence in a 
very specific and very simple logic that makes assertions about particular hybrid 
systems. These comprise collections of continuous, real-valued functions, each of 
c The Author(s) 2026 
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which is associated with a pair of elements of an underlying finite, partial order 
of so-called variables. A function .Fa,b : R → R, associated with the variable-pair 
.(a, b), models dynamic behaviour. However, this does not necessarily model the 
evolution of some value over time (as it is the case in e.g. hybrid automata [ 10]), 
but it models the dependency of .b-values on .a-values where . a and . b are arbitrary 
variables. Thus, it models the way that variable . a influences variable . b. Influence 
as an abstract concept between a discrete set of variables can naturally form 
a partial order, in particular it should clearly be transitive: if altitude (.Alt) 
influences air pressure (.AP) and air pressure influences oxygen saturation (.Ox) 
then .Alt also influences .Ox. In particular, .FAlt,Ox is determined by .FAlt,AP and 
.FAP,Ox, imposing constraints on valid combinations of functions and excluding 
arbitrary collections. The valid collections are called experiments for reasons to 
become clear below when we discuss the motivation for this reasoning task. 

Anti-symmetry of influence – the inability of two variables to mutually influ-
ence each other – is arguably not such a natural requirement. For instance, 
pressure, temperature and volume of a gas all influence each other mutually. 
We impose anti-symmetry as a technical requirement, restricting the domain of 
application slightly but not unreasonably. This restriction is needed to obtain a 
decision procedure for the reasoning problem under consideration. 

The “formulas” of the logic under consideration here are simple atomic state-
ments about observable, abstract behaviour of influence on certain intervals, 
e.g. “air pressure decreases steadily from 1bar to 0.8bar at altitudes between 0 m 
and 2000 m”. A set of such statements is called a scheme, and it describes valid 
influence behaviour between the underlying variables, formally described as the 
satisfaction of such statements by an experiment in the sense above. The rea-
soning problem we study then is: given such a scheme . C and another statement 
. H, called the hypothesis, does  .C |= H hold? 

The motivation for this study stems from a particular application, namely 
the intention to digitalise classroom experiments in natural sciences, in partic-
ular biology. As part of standard high school curricula to instigate scientific 
reasoning, students devise experiments and hypotheses and test them empiri-
cally. Virtualisation of this process has advantages [ 11, 17], e.g. by extending the 
range of experiments that can be done in classrooms, perhaps involving danger-
ous substances or those of limited accessibility, infeasible time scales, etc. This 
requires sound, complete and efficient automated reasoning techniques, though. 

The use of a formal system from logic or computer science for formal mod-
elling of biological processes is not new (cf. [ 3, 16, 18]), not even w.r.t. the special 
aspect of variable influence [ 6]. Our work here combines not only aspects of for-
mal modelling and biological systems but also demands imposed by didactics. 
The reason for studying simple statements only, for example, is their potential 
use in a suitable learning tool that cannot require 8th graders for instance to 
possess knowledge in formal logic. 

The first approach at providing automated support for the problem of log-
ical consequence between schemes and hypotheses was a proof-theoretic one, 
called the Calculus of Influence (CoI) [ 5]. It tries to capture the relation ‘. |=’ by  
a finite set of proof rules. This is sound and polynomial-time computable, but
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unfortunately complete only for very restricted forms of partial orders of the 
underyling variable set. In this paper we present an algebraic approach based on 
an abstraction of the uncountably many experiments described by schemes into 
finitely many representatives of equivalence classes. This abstraction is faithful 
w.r.t. logical consequence, leading to a reasoning algorithm that achieves com-
pleteness without restrictions on the underlying partial orders. 

The paper is organised as follows. In Sect. 2 we introduce the involved con-
cepts like experiments, schemes, consequence etc. formally. In Sect. 3 we intu-
itively develop an equivalence relation on experiments that possesses the prop-
erties mentioned above, which opens up the path for an algorithmic approach to 
the consequence relation between schemes and hypotheses. In Sect. 4 we develop 
this approach for flat partial orders, i.e. those in which transitivity plays no 
role. This is simply done to separate the technical developments into two steps, 
first focussing on the discretisation of continuous functions. This is then lifted 
in Sect. 5 to non-flat orders, there focussing on the issues arising with function 
composition. We conclude in Sect. 6 with remarks on further work in this area. 
Technical proofs have been moved to the appendix for space considerations. 

2 Preliminaries 

Influences and Influence Experiments. Let .V = {a, b, . . .} be a finite set of vari-
ables ordered by some partial order . ≤. For a variable .a ∈ V, .. Post(a) := {b ∈
V | a < b and there is no .b ∈ V s.t. ..a < b < b} are all its successors. The  
set of predecessors, denoted by .Pre(a), is defined analogously. An interval is a 
.[x, y] ⊆ R such that .x ≤ y as usual. 

An influence is a continuous function .f : R → R with domain . dom(f) = [x, y]
for some .x, y ∈ Q. For .x /∈ dom(f), we define .f(x) = ⊥. Furthermore, we assume 
that . ⊥ is absorbing under composition, i.e. .f(g(x)) = ⊥ whenever .g(x) = ⊥ for 
all .x ∈ R. 

The behaviour of an influence on a (sub-)domain .[x, y] ⊆ dom(f) is monotonic 
(. ) if  .f(z) ≤ f(z ), antitonic (. ) if  .f(z) ≥ f(z ), constant (. →) if  . f(z) = f(z )
for all .x ≤ z ≤ z ≤ y, and  arbitrary (. ) otherwise. 

Behaviours are naturally ordered: .→ is a special case of . and of . , and  
these are special cases of . in turn. We use .q ≺ q to indicate that . q is a special 
case of . q . We write .f |[x,y] q with .q , ,→, } to indicate that . f exhibits 
behaviour . q on .[x, y], and  .f |[x,y] = q if .f |[x,y] q and .f |[x,y] q for any .q ≺ q. 

The range of an influence . f on .[x, y] is .rng[x,y](f) = {f(z) | x ≤ z ≤ y}. 

Definition 1. A .V-influence experiment .F is a collection of influences .Fa,b for 
each pair of variables .a, b ∈ V such that .a < b. Moreover, .F must satisfy the 
coherence property: for all .a, b, c ∈ V with .a < b < c and all .x ∈ R, we have 
.(Fb,c ◦ Fa,b)(x) = Fa,c(x). 

Example 1. The .V-influence experiment .F illustrated in Fig. 1 depicts the rela-
tionships between the variables Altitude (.Alt) in meters, Air Pressure (.AP) in  
kPa, and Oxygen (.Ox) in percent, using orange lines to indicate the influences
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Fig. 1. Example of an experiment (orange), scheme (grey), and hypothesis (red). (Color 
figure online) 

between them. Specifically, .F captures the influences of altitude on air pressure 
and air pressure on oxygen levels. We obtain the influence of altitude on oxygen 
levels via the coherence property, i.e. .FAlt,Ox = FAlt,AP ◦ FAP,Ox. 

Statements and Influence Schemes. Let . V be as above. A .V-statement is a 5-tuple 
.S = (a, [x, y], q, [l, u], b), typically written as .a [x,y] q [l,u] b, where  .a, b ∈ V are 
variables s.t. .a < b, .dom(S) = [x, y] is the statements’s domain, . rng(S) = [l, u]
is the statements range, and  .q , ,→} is the statements’ behaviour. It  
abstractly describes the gradient of influences as functions on the domain as 
mapping into the range either monotonically (. ), antitonically (. ) or in a con-
stant fashion . →. The behaviour . is disallowed in such statements. Intuitively, 
the statement . S asserts that the influence .Fa,b of a .V-influence experiment . F is 
defined on .dom(S), must only take values in .rng(S) on that domain, and behaves 
just as . q asserts. 

More formally, influence . f satisfies . S, written .f |= S, if  

– .[x, y] ⊆ dom(f), 
– .rng(f) ⊆ [l, u], and  
– .f |[x,y] q. 

Definition 2. A .V-(influence) scheme . C is a finite set of .V-statements. For a 
scheme . C and .a, b ∈ V, let  ..Ca,b := {S | S = a I q I b ∈ C for some ..I, q, I }. 

We lift the semantics of a single statement to the semantics of an influence 
scheme. Given a .V-influence scheme . C and a .V-influence experiment . F , we say  
that .F satisfies . C, written .F |= C, if  .Fa,b |= S for all .S = a I q I b ∈ C. 

Example 2. Figure 1 depicts, besides a particular .V-influence experiment . F using 
orange lines as described in Example 1, a  .V-influence scheme . C. Each statement 
.a [x,y] q [l,u] b ∈ C is represented by a grey rectangle spanning from .(x, l) to 
.(y, u) in the corresponding influence diagram with variable names . a and . b, and  
behaviour . q is indicated by the label inside the rectangle. 

Using this visual interpretation, we can verify that .F |= C holds by inspect-
ing the diagram for each pair of variables .(Alt,AP), .(AP,Ox), and  .(Alt,Ox). We
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confirm that, for each of these, the corresponding influence is defined on all rele-
vant domains, only takes values within the rectangles, and behaves as indicated 
by the labels inside the rectangles. 

Hypothesis Validation. We aim to validate hypotheses such as “does the oxygen 
level decrease to levels of 10% to 30% at altitudes between 6 and 8 km? ” relative 
to the theory of behaviour of variables described by an influence scheme. Such a 
hypothesis asserts properties as a .V-statement does, but it may or may not make 
a statement on the behaviour of the function in question. Formally, a hypothesis 
is simply a special .V-statement, typically written as . H, that may state behaviour 
. . Satisfaction of a hypothesis .H by an influence . F , written .F |= H, is defined 
as it is for .V-statements. 

This provides the model-theoretic machinery for the reasoning problem 
“does a given hypothesis follows from a scheme?” to be well-defined. 

Definition 3. A hypothesis .H follows from a .V-influence scheme . C, written 
.C |= H, if for all .V-influence experiments .F with .F |= C we have .F |= H. 

Example 3. Consider the .V-influence experiment . F and the .V-influence scheme . C
shown in Fig. 1. The statement .H = AP [6000,8000] [10,30] Ox is a formalisation 
of the hypothesis given above. It is visualised in Fig. 1 as a red box to distinguish 
it from the grey boxes representing the scheme. 

It is straightforward to see that .FAlt,Ox |= H, and hence .F |= H, holds.  
However, this does not imply that .C |= H holds, as there may be .V-influence 
experiments .F with .F |= C such that .FAlt,Ox = H, for example when . FAlt,Ox

takes values in .[40, 50] on the domain of .[6000, 8000]. 

We aim to give an algebraic characterisation of logical consequence between 
schemes and hypotheses, i.e. to provide a sound and complete decision procedure 
for the following problem SchemeEntailment over a given variable set . V: 

given: a V-influence scheme C, a hypothesis H 
decide: does C |= H hold? 

As a syntactic convention, we write .C∪H instead of .C∪{H} in the following. 

3 Indistinguishable Experiments 

In general, there are uncountably many influence experiments that satisfy a 
given influence scheme, given that a statement is a rather coarse representation 
of uncountably many continuous, real-valued functions. Hence, SchemeEntail-
ment cannot be solved by exhaustive search. A promising idea is to formalize 
logical consequence of schemes and statements into a calculus and to show com-
pleteness of this calculus. This works in certain instances, but in general this app-
roach suffers from the complex interactions that the coherence property induces 
alongside chains in the variable order, sometimes even in a backwards fashion [ 5]. 
We therefore follow a different approach: we reduce SchemeEntailment to a
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Fig. 2. An influence scheme that enforces behaviour . . 

corresponding problem in a discrete space. This is achieved by combining sets 
of influence experiments into finitely many equivalence classes according to a 
yet-to-be-defined equivalence relation. 

A first intuition behind this uses the fact that a scheme (and a hypothesis) 
may only “talk about” finitely many points, namely those mentioned as the 
borders of the domain or range of a statement. The exact values of an influence 
strictly between such boundary points are not important, only their abstract 
behaviour. This approach will be refined later, but we illustrate the idea first. 

Example 4. Consider the scheme .C = {a [1,2] [0,2] b} and the hypothesis 
.a [1,2] → [0,1] b. It is easy to see that e.g. the influence .Fa,b(x) = 2 defined on 
.[0, 2] refutes .C |= H. However, we can divide the set of all influences that satisfy 
. C into seven different classes, tabulated below: 

behaviour on [1, 2] image of Fa,b on [1, 2] 
constant [0, 0], [1, 1], [2, 2], or  [i, i] with 0 < i <  1 or 1 < i <  2 
strictly monotonic [i, j] with 0 ≤ i < j  ≤ 1, 1 ≤ i < j  ≤ 2 or i <  1 < j  

It is not hard to verify that each of these classes can be realized by an actual 
influence, and that these seven classes partition the set of all influences that 
satisfy . C. Moreover, either all influences from a class satisfy . H, or none does,  so  
this partitioning is a congruence w.r.t. . H. We conclude that .C = H, since  the  
influences in at least one of these classes satisfy . C, but not . H. 

These seven classes are not defined arbitrarily, but following two criteria: (i) 
the actual range of the influence on the interval .[1, 2], compared to one of the 
integers that appears as a bound on the .b-axis (i.e. .0, 1 or . 2), and (ii) the actual 
behaviour of the influence on the interval .[1, 2]. 

If . C had been .{a [0,1] [0,1] b, a [1,2] → [0,2] b}, it would  not suffice  to  look  
at the behaviour on the interval .[1, 2], even though .H is restricted to it. In fact, 
we would have generated 20 equivalence classes since there are five options for the 
behaviour of an influence on the domain .[1, 2] (the five constant options above), 
and another four for the behaviour on .[0, 1] (the four options where the actual 
range is in .[0, 1]). Of course, some of them do not form a proper influence (e.g. 
the function that is constant . 0 on .[0, 1] and constant . 2 on .[1, 2]). This illustrates 
that we have to look at the whole scheme in order to ensure that each class is 
inhabited.
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In the presence of a nontrivial chain .a < b < c in the variable order, the 
approach needs to be refined, though. 

Example 5. Consider the scheme 

. C = {a [0,1] [0,1] b, a [1,2] [0,5] b, a [2,3] [4,5] b, b [0,1] → [1,1] c,

b [1,2] [0,1] c, b [2,3] → [1,1] c, b [3,4] [0,1] c, b [4,5] → [0,0] c}
depicted in Fig. 2 with an influence that satisfies it. Due to the construction of 
the scheme, the image of .Fa,b on .[1, 2] must include the entire interval .[1, 4]. On  
the other hand, .Fb,c must describe a convex pattern on .[1, 4], moving upwards  
from . 0 to . 1 between . 1 and . 2, staying constant between . 2 and . 3, and moving 
downwards from . 1 to . 0 between . 3 and . 4. Hence, the influence .Fa,c must describe 
a similar pattern on .[1, 2]. 

This behaviour in Example 5 produces two problems: 

– The behaviour of any .Fa,c on .[1, 2] can only be described as . , even though 
influence schemes cannot have . in their statements. Hence, such behaviour 
can crop up as a logical consequence of seemingly innocuous statements. 

– The categorisation of influence schemes alongside the bounds of the scheme 
described above does not work in the presence of nontrivial variable chains. 
For example, .C = C \ {a [2,3] [4,5] b} does not force the above convex 
pattern on .Fa,c. However, such a pattern still satisfies .C whence it must be 
considered because any influence experiment that satisfies . C also satisfies . C . 

However, the above approach of categorising functions alongside the bounds 
mentioned in a scheme and a hypothesis does not fail completely. While . Fa,c

describes the convex pattern within the interval .[1, 2], and, hence, has behaviour 
. , this does not mean that the behaviour of .Fa,c is completely arbitrary. In fact, 
any influence that satisfies . C must describe exactly this behaviour, and for every 
such influence, there are points .x ≤ y ∈ (1, 2) that mark beginning, respectively 
the end of the top constant part of the convex pattern (also depicted in Fig. 2). 
Where exactly they sit depends on the concrete influence, but they must exist 
and .1 < x < y < 2 must be true. Moreover, the influence is monotonic between 
. 1 and . x, constant between . x and . y, and antitonic between . y and . 2. 

Hence, the idea of categorising influence experiments into finitely many equiv-
alence classes needs to be refined by introducing such undefined, but constrained 
points of interest, that (i) are derived (heriditarily) from the bounds of the 
scheme and (ii) partition the influence in question into pieces that resort to 
behaviour which is stronger than . again. 

Next, we outline the intuition and essential properties that such equivalence 
relations should satisfy. However, the precise definition and construction of these 
equivalence relations, and how to handle the coherence property in the presence 
of variable chains, are non-trivial and form the core contributions of this work. 
These are detailed in Sect. 4 and Sect. 5. 

The above considerations gives rise to the following, refined idea: given an 
input to the problem .SchemeEntailment, i.e. an influence scheme . C and a
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hypothesis . H, for each pair of variables .a, b with .a < b, compute an equivalence 
relation .∼C,H,a,b that satisfies the following properties: 

1. (Finiteness) The index of .∼C,H,a,b is finite and the classes are effectively 
enumerable. 

2. (Congruence w.r.t. . C) If  .Fa,b ∼C,H,a,b Ga,b, then  .Fa,b |= Ca,b if and only if 
.Ga,b |= Ca,b. 

3. (Congruence w.r.t. . H) .Fa,b ∼C,H,a,b Ga,b and .H = a I q I b, then  . Fa,b |= H
if and only if .Ga,b |= H. 

4. (Coherence) For all .c ∈ V with .b < c, if  .Fa,b ∼C,H,a,b Ga,b and . Fb,c ∼C,H,b,c

Gb,c, then  .Fa,c ∼C,H,a,c Ga,c. 

The first three properties have been discussed above. The last property, Coher-
ence, is a crucial sanity condition that filters out influence classes that do not 
match each other, i.e. that cannot satisfy the coherence property. 

The structure of experiments allows us to lift these relations on influences 
to a relation on experiments, by defining .F ∼C,H G if .Fa,b ∼C,H,a,b Ga,b for all 
.a, b ∈ V with .a < b. This yields an algorithm to determine whether .C |= H. 
1. For all .a, b ∈ V with .a < b but no . c with .a < c < b, compute the equivalence 

classes of .∼C,H,a,b. Remove all uninhabited (due to discontinuities) classes. 
2. Combine the equivalence classes of .∼C,H,a,b for all .a, b ∈ V with .a < b to 

obtain the equivalence classes of .∼C,H . 
3. Remove equivalence classes that do not satisfy . C. 
4. Check whether all remaining classes do satisfy .H and return true if yes, or 

else return false if this fails for some class. 

The first and second step work because there are only finitely many equivalence 
classes of .∼C,H,a,b, which can be effectively enumerated. The second step requires 
the coherence property to be satisfied, which is possible due to the requirement 
of Coherence above. The third step is possible since all experiments in the same 
equivalence class are indistinguishable with respect to . C (Congruence w.r.t. . C), 
hence we must only check for one experiment in each equivalence class whether 
it satisfies the respective sub-scheme. Finally, the last step works as equivalent 
experiments are indistinguishable with respect to .H (Congruence w.r.t. . H). 

The most challenging requirement on the equivalence relations is Coherence. 
It involves complex and fine-grained reasoning about the equivalence classes. 
Hence, in Sect. 4 we focus on schemes defined over flat variable orders, i.e. orders 
where there are no variable chains of the form .a < b < c, whence Coherence is 
satisfied vacuously and a formalisation of the informal discussion above suffices. 
The assumption of flatness is then lifted in Sect. 5. 

4 Completeness for Flat Schemes 

In this section, we assume the underlying variable order to be flat, i.e. there are 
no .a, b, c ∈ V such that .a < b < c. Experiments over a flat variable order are more 
general than just a single influence, as they may contain multiple influences, but 
these are unrelated by the coherence property.
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Definition 4. Let . C be a .V-influence scheme, let .H be a hypothesis, and let 
.a ∈ V. Then  . p is an .a-boundary point if 

– there is .S ∈ Ca,b ∪ H for some .a < b with .S = a [x,y] q [l,u] b and .p = x or 
.p = y, or  

– there is .S ∈ Cb,a ∪ H for some .b < a with .S = b [x,y] q [l,u] a and .p = l or 
.p = u. 

We write .bdsa(C ∪ H) for the set of all .a-boundary points of . C and . H. 

Note that .bdsa(C ∪H) is naturally ordered via the order of the reals, whence 
we can refer to the . ith such point (tacitly assuming that such an . ith point exists). 

Given a .V-influence scheme . C and a hypothesis . H, we consider influences 
to be equivalent if they behave in the same way w.r.t. all boundary points, 
formalised as follows. 

Definition 5. Let . C be a scheme and let .H be a hypothesis. Let . f be an influence 
from . a to . b, .[x, y] ⊆ dom(f), .rng[x,y](f) = [l, u]. Then the value range of . f is 
.vrng[x,y](f) = [l , u ] where .l = max{p ∈ bdsb(C ∪ H) | p ≤ l} and . u = min{p ∈
bdsb(C ∪ H) | p ≥ u}. 

Combining this definition with the intuition explained in the previous section, 
we obtain the following definition of the equivalence of influences. 

Definition 6. Let . C be a .V-influence scheme, .a, b ∈ V such that .a < b, .H be a 
hypothesis, .f, g be influences from . a to . b. 

Then . f is equivalent to . g w.r.t. .H and . C, written .f ∼C,H,a,b g, if for all 
.x, x that are the . ith and .i + 1st point in .bdsa(C ∪ H) for some . i, we have 
.[x, x ] dom(f) and .[x, x ] dom(g), or  

1. .[x, x ] ⊆ dom(f) and .[x, x ] ⊆ dom(g), 
2. .vrng[x,x ](f) = vrng[x,x ](g), and  
3. .f |[x,x ] = g|[x,x ]. 

This formalises the above idea that two influences are equivalent if they have 
(i) the same range w.r.t. the .b-boundary points on each interval introduced by 
.a-boundary points, and (ii) the same actual behaviour, or equivalently are both 
undefined on such an interval. 

It is not hard to verify that .∼C,H,a,b is an equivalence relation. This leaves 
the requirements collected in Sect. 3 to be shown. 

Lemma 1. Let . C be a .V-influence scheme and .H be a hypothesis. Let .a < b. 
Then the index of .∼C,H,a,b is finite and the classes are effectively enumerable. 

Proof (Sketch). Since the .V-influence scheme . C is finite, there are only finitely 
many boundary points for . a and . b. Between consecutive .a-boundary points, 
only finitely many value ranges and behaviours are possible. All options can 
be effectively enumerated, excluding combinations where value ranges within 
segments are conflicting. .
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The two congruence requirements (w.r.t. . C and . H) are closely related; we 
therefore consider them together. 

Lemma 2. Let . C be a .V-influence scheme, .H be a hypothesis and . f and . g be 
influences from . a to . b such that .f ∼C,H,a,b g. For any .S ∈ Ca,b ∪ H, we have 
.f |= S iff .g |= S. 

Proof (Sketch). Each class of .∼C,H,a,b contains more information than any .V-
statement in .C ∪ H, and hence, it suffices to combine this information to verify 
that all influences in a given class satisfy a given .V-statement. . 

We lift the definition of .∼C,H,a,b to influence experiments in the expected 
way. 

Definition 7. Let . C be a flat .V-influence scheme and .H be a hypothesis. .F and 
. G are equivalent with respect to . C and . H, written .F ∼C,H G, if for all . a, b ∈ V
such that .a < b, it holds that .Fa,b ∼C,H,a,b Ga,b. 

It is straightforward to see that finiteness and the congruences extend from 
.∼C,H,a,b to .∼C,H . Coherence holds trivially. Hence, as described in Sect. 3, decid-
ability of SchemeEntailment for flat schemes follows. 

Theorem 1. SchemeEntailment is decidable for flat .V-influence schemes in 
polynomial time. 

Proof (Sketch). Given a flat .V-influence scheme . C and a hypothesis . H, the equiv-
alence relation .∼C,H has finitely many classes, as follows from Lemma 1 and the 
finiteness of . V. Thus, we can enumerate all equivalence classes, discard those that 
do not satisfy the .V-influence scheme . C, and check whether any of the remaining 
classes satisfy the hypothesis . H. Both steps are possible by Lemma 2. 

Although this naive exhaustive enumeration does not yield a polynomial-
time algorithm, a more refined approach guided by the structure of .H permits a 
more efficient exploration of the search space. Specifically, for flat schemes, such 
a hypothesis-driven procedure ensures polynomial-time decidability. . 

It should be noted that this is already known from [ 5]. However, the approach 
outlined above is more general and carries further, to be seen in the next section. 

5 Completeness for General Schemes 

Now we consider schemes over an arbitrary order that is not necessarily flat. When 
chains of the form .a < b < c are allowed, coherence does not hold automati-
cally. This makes reasoning more challenging. Recall from Sect. 3 that the logic 
of function composition can force influences to exhibit behaviour that can only 
be described as . . In Sect. 3, we already saw a potential remedy: to look at more 
points. 

We refine the notion of boundary points twice, first to so-called turning points, 
which formalise the idea that the slope of an influence from . a to . b may be so
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steep that it crosses several .b-boundary points between two .a-boundary points. 
The points on the  .a-axis where this happens are the turning points. While their 
exact position is not necessarily the same for two equivalent influences, their 
existence and relative position are (i.e. influences without such a steep slope may 
not exhibit such turning points). The notion of turning points works backwards 
on the variable order: .b-boundary points (and, in fact, .b-turning points) induce 
.a-turning points, and so forth. 

However, refining boundary points into turning points does not suffice. We 
later refine the concept further into so-called points of interest that also carry 
information forward alongside the variable order. We then obtain an equivalence 
relation define analogously to that in Sect. 4, but using points of interest instead 
of boundary points, which yields the desired decision procedure. 

Turning Points. Above we said that a turning point is the point on the .a-axis 
on which an influence from . a to . b crosses a .b-boundary point (actually, a .b-turning 
point). However, that point may not be unique, not even on an interval on which 
a function is strictly monotonic, since it can remain constant for a time. Hence, 
we introduce the following notation: 

– . vfst[x,y](f, p) = min{z | x ≤ z ≤ y, f(z) = p}
– . vlst[x,y](f, p) = max{z | x ≤ z ≤ y, f(z) = p}

Definition 8 (Turning Points). Let . C be a .V-influence scheme and be .H a 
hypothesis. Let . F be a .V-influence experiment and .a ∈ V. Then  . p is an .a-turning 
point if . p is an .a-boundary point, or 

1. there is .b ∈ Post(a) with .Post(b) = ∅, 
2. there are adjacent .a-boundary-points .x < y with .[x, y] ⊆ dom(Fa,b), 
3. there is a .b-turning point . t with .t ∈ rng[x,y](Fa,b), and  
4. .p = vfst[x,y](Fa,b, t) or .p = vlst[x,y](Fa,b, t). 

We write .tpa(F , C,H) for the set of .a-turning points. 

The definition matches the intuition above: a turning point is a point on the 
.a-axis such that .Fa,b reaches an important point on the .b-axis (i.e. a .b-turning 
point, which includes .b-boundary points) for the first or last time on an interval 
induced by two adjacent .a-boundary points. 

The definition is inductive in a top-down fashion along the influence order: 
turning points for a variable . a are defined based on the turning points of its succes-
sors .b ∈ Post(a). For maximal variables (i.e. those with no successors), the impor-
tant points on the .b-axis are simply the .b-boundary points. For non-maximal vari-
ables, the important points are the inductively constructed .b-turning points. 

We illustrate the concept with an example. Consider the .V-influence experi-
ment . F depicted in Fig. 3, and assume that . C and .H are given s.t. . bdsc(C∪H) =
{0, 1, 2}. As  . d is maximal w.r.t. . <, by definition, we have . tpd(F , C,H) =
bdsd(C ∪ H), and hence also .tpc(F , C,H) = bdsc(C ∪ H). The intuition here 
is that there is no influence in the experiment that can be composed with .Fc,d, 
whence it suffices to look at the boundary points of . d and . c.
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Fig. 3. Example showing the construction of turning points. 

Now consider .tpb(F , C,H). Since the composition of .Fb,c with .Fc,d yields 
.Fb,d, we have to consider potential subdivisions of the .b-axis to ensure that the 
latter function has behaviour stronger than . between two .b-turning points. 
Hence, such points are introduced on the .b-axis whenever .Fb,c crosses a .c-turning 
point, for example at roughly .0.2 and .0.8. The same process is repeated to obtain 
.tpa(F , C,H) (cf. Fig. 3 for details). 

Note that, for nonlinear variable orders, e.g. those of the form .a < b < c and 
.a < d < e, the definition yields .a-turning points derived from .tpb(F , C,H) and 
from .tpd(F , C,H). 

Points of Interest. The introduction of turning points does not suffice to cover all 
peculiarities introduced by the presence of function composition, together with 
the requirement of coherence. Consider Fig. 4. It shows an experiment consisting 
of . f and . g (in black and blue), and one consisting of . f and . g (in black and red). 
The influences . g and . g are equivalent w.r.t. to the definition from Sect. 4, even  
with turning points in place of boundary points. However, their compositions are 
clearly not equivalent under any sensible definition, since one of them is constant 
and the other is not. 

The reason for this problem is that . g and . g behave differently on the interval 
.[0.5, 1.5] on the .b-axis generated by .f(0) and .f(1). The red function . g is constant 
there, but the blue function . g is not. As a consequence, we extend the concept of 
turning points into that of points of interest, which are obtained by projecting 
turning points (actually, points of interest) forward alongside the variable order, 
just as turning point are projections backwards alongside that order. 

Fig. 4. Influence composition: . f (left), . g and .g (middle), and .g ◦ f , .g ◦ f (right).
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Fig. 5. Example showing the construction of points of interest. 

Definition 9 (Points of Interest). Let . C be a .V-influence scheme, .H be a 
hypothesis, .F be a .V-influence experiment and .b ∈ V. Then  . p is a .b-point of 
interest with respect to . C, .H and .F if . p is a .b-turning point, or if there is an 
.a-point of interest .p s.t. .p = Fa,b(p ). We write .poib(F , C,H) for the set of 
.b-points of interest. 

The definition is inductive in a bottom-up fashion along the influence order: 
points of interest for a variable . b are defined from the turning points of . b, and  
also they are propagated forward via the functions .Fa,b from points of interest of 
predecessor variables . a. This means a point of interest for . b is either a .b-turning 
point, or the image of an .a-point of interest under .Fa,b. 

Again, we illustrate the concept by means of an example. Consider the pre-
vious example depicted in Fig. 4. The points of interest for .a, b, c, and  . d can be 
computed in a bottom-up fashion. To keep the visualization concise, we base the 
construction on .bds(C ∪ H) instead of .tpa(F , C,H) for each variable .a ∈ V. 

Since . a is minimal w.r.t. the variable order, the .a-points of interest are simply 
the .a-boundary points (actually, the .a-turning points). 

We obtain .tpb(F , C,H) as the set of the .Fa,b(x) where .x ∈ tpb(F , C,H). We  
iterate this for . c and . d, each based on the points of interest of the predecessor 
variable. Note that, as for the turning points, in non-linear variable orders a 
variable projects points of interests on all its successors w.r.t the variable order 
(Fig. 5). 

Equivalence of Experiments. We now lift the definitions of .∼C,H,a,b and 
.∼C,H , based on boundary points (cf. Definitions 6 and 7) to their natural refine-
ment based on points of interest. 

Recall that sets such as .poia(F , C,H) can be viewed as ordered lists, using the 
order on the reals. Hence, we can speak of e.g. the . ith .a-point of interest (with 
the tacit assumption that . i is such that this point exists). The following definition 
formalises the idea that two influence experiments have the same structure of 
points of interest (w.r.t. a scheme and a hypothesis), i.e. the same number of 
points of interest for each variable, and these points connect to points of interest 
for other variables in the same manner. 

Definition 10. Let . C be a .V-influence scheme, .H be a hypothesis, .F and . G be 
.V-influence experiments. Assume that the following holds for all .a ∈ V ars:
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1. We have .|poia(F , C,H)| = |poia(G, C,H)|. 
2. Let . x be the . ith point in .poia(F , C,H), let  .x be the . ith point in .poia(G, C,H). 

(a) If .p ∈ bdsa(C ∪ H) is an .a-boundary point, then .p = x iff .p = x . 
(b) If .b ∈ Pre(a), . y is the . jth point in .poib(F , C,H) and .y is the . jth point 

in .poib(G, C,H), then .x = Fb,a(y) iff .x = Fb,a(y ). 
(c) If .b ∈ Post(a), . y is the . jth point in .poib(F , C,H), .y is the . jth point in 

.poib(G, C,H), and  if  .z1, z2 are the . kth and .k + 1st points in . tpa(F , C,H)
and .z1, z2 are the . kth and .k + 1st points in .tpa(G, C,H), then . x =
vfst[z1,z2](Fa,b, y) iff .x = vfst[z1,z2](Ga,b, y ), and  . x = vlst[z1,z2](Fa,b, y)
iff .x = vlst[z1,z2](Ga,b, y ). 

Then .F and . G are order equivalent w.r.t. . C and . H, written .≡≤
C,H . 

The intuition here is the following: item 1 says that both experiments have 
the same number of .a-points of interest. Item 2 says that corresponding .a-points 
of interest match the same boundary points (subitem 2a) that they get mapped 
to corresponding .b-points of interest (subitem 2b), and they are induced by the 
same crossing of turning points on the .b-axis. 

This definition does not force .F and . G to be equivalent in the stricter sense, 
i.e. they can still have functions with e.g. different actual variable ranges or 
actual behaviours. However, the desired equivalence is now easy to formalise 
based on order equivalence. 

Definition 11. Let . C be a .V-influence scheme, .H be a hypothesis, .F and . G be 
order-equivalent .V-influence experiments, and .a, b ∈ V with .a < b. Assume that 
the following holds for all .x1, x2 that are the . ith and .i+1st points in . poia(F , C,H)
and all .x1, x2 that are the . ith and .i + 1st points in .poia(G, C,H): 

1. .[x1, x2] ⊆ dom(Fa,b) iff .[x1, x2] ⊆ dom(Ga,b). 
2. .Fa,b|[x1,x2] = Ga,b|[x1,x2]

. 
3. Let .y1, y2 be the . jth and . kth points in .poib(F , C,H) and let .y1, y2 be the . jth 

and . kth points in .poib(G, C,H), where  .j ≤ k. Then  . rng[x1,x2](Fa,b) = [y1, y2]
iff .rng[x1,x2]

(Ga,b) = [y1, y2]. 

Then .Fa,b and .Ga,b are equivalent w.r.t. . C, . a, . b and . H, written .Fa,b ≡C,H,a,b Ga,b. 
.F and . G are equivalent w.r.t. .C and . H, written .F ≡C,H G, if  . Fa,b ≡C,H,a,b

Ga,b for all .a < b. 

The intuition here is that .Fa,b and .Ga,b are defined on the same intervals w.r.t. 
their .a-points of interest (item 1), have the same actual behaviour on intervals 
between corresponding pairs of .a-points of interest (item 2), and their value 
ranges on corresponding intervals (w.r.t. .a-points of interest) are corresponding 
intervals (w.r.t. .b-points of interest). 

It remains to show that .≡C,H possesses the properties given in Sect. 3. We first  
establish the finiteness and congruence properties, which follow by arguments 
similar to those in Lemma 1 and Lemma 2.
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Lemma 3. Let . C be a .V-influence scheme, .H be a hypothesis. 

1. The index of .≡C,H is finite and the equivalence classes can be effectively 
enumerated. 

2. For any .V-influence experiments .F and .G such that .F ≡C,H G and any 
.S ∈ C ∪ H, it holds that .F |= S if and only if .G |= S. 

Proof (Sketch). Item 1 follows from the fact that the set of points of interest 
remains finite and enumerable, yielding only finitely many ways in which exper-
iments can behave between these points. Item 2 relies on the fact that that each 
equivalence class of .≡C,H captures strictly more information than any individual 
.V-statement in .C ∪ H. This allows us to combine the available information in 
a class and verify whether all .V-influence experiments within it satisfy a given 
.V-statement. . 

Additionally, we have to show that coherence holds. This step is more involved 
and requires verifying that the conditions of Definition 11 ensure enough transi-
tivity to guarantee Coherence. 

Lemma 4. Let . C be a .V-influence scheme, .H be a hypothesis and .F and . G be 
.V-influence experiments. Then for all .a, b, c ∈ V such that .a < b < c, it holds 
that if .Fa,b ≡C,H,a,b Ga,b and .Fb,c ≡C,H,b,c Gb,c then .Fa,c ≡C,H,a,c Ga,c. 

Proof (Sketch). From the equivalence classes of .≡C,H,a,b and .≡C,H,b,c, we know  
the exact behaviour of .Fa,b between .a-points of interest and of .Fb,c between 
.b-points of interest. Furthermore, the values of .Fa,b on .a-points of interest are 
themselves .b-points of interest. 

Thus, the range of .Fa,c between consecutive .a-points of interest is uniquely 
determined by composing the ranges of .Fa,b and .Fb,c, and likewise, the behaviour 
of .Fa,c between consecutive .a-points of interest is fully determined by composing 
the behaviours of .Fa,b and .Fb,c. 

Applying the same arguments to . G, and by considering that . G and . F behave 
equally w.r.t. their points of interest, it follows that .Fa,c ≡C,H,a,c Ga,c. . 

From the previous lemmas, we obtain the desired decidability of SchemeEn-
tailment, following the decision procedure outlined in Sect. 3. 

Theorem 2. SchemeEntailment is in .coNP. 

Proof (Sketch). Given a .V-influence scheme . C and a hypothesis . H, we provide  
a polynomial-sized witness . P verifying that .C = H. 

The witness consists of lists of pairs .Pa,b for each .a, b ∈ V with .a < b, 
mapping .a-points of interest to .b-points of interest. If .(x, y) ∈ Pa,b, this imposes  
.Fa,b(x) = y, with monotonicity assumed between points. 

Verifying that the induced .V-influence experiment . F is a counterexample can 
be done in polynomial time: 

– Coherence is checked via Lemma 4. 
– Satisfaction of . C and violation of .H follow from Lemma 3(2).
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It remains to bound the witness size. By construction, the number of points 
of interest per .a ∈ V is at most exponential in .|V|. Since  . V is fixed in the input, 
the total size of . P remains polynomial. . 

6 Conclusion 

This paper is concerned with a very particular reasoning problem which arises 
from an attempt to formalise models and tasks occurring in natural sciences 
classes, especially in designing and conducting experiments, with an overall aim 
to provide digitalisation support for such learning scenarios. We have extended 
previous work based on a simple proof system, known as the Calculus of Influence 
(CoI) [ 5], in the sense that the algebraic approach to the underlying reasoning 
problem presented here lifts several structural restrictions which need to be 
imposed on schemes in order for CoI to provide sound and complete reasoning. 

The acute reader may have noticed two restrictions on schemes that have 
been imposed here, and that were not imposed for CoI: here, the domain of 
scheme statements cannot contain infinities as interval bounds. This is simply 
done for simplicity. Statements like . [0,∞] [0,1] could be handled by replacing 
infinities by sufficiently large numbers. Second, we drew a distinction between 
scheme statements and hypotheses: arbitrary behaviour can only be stated in 
hypotheses. Technically, schemes with arbitrary behaviour are too weak to cat-
egorise their models in terms of equivalences of finite index, since the coher-
ence property could demand an arbitrary amount of turning points. While this 
restriction slightly weakens this approach mathematically, we argue that from 
an application point of view arbitrary behaviour in schemes is unnatural any-
way. Its main purpose is to allow hypotheses to be formalised even when pupils’ 
knowledge about experiments is only partial, i.e. when they can predict the range 
of influences for instance, but not necessarily its monotonicity or antitonicity. 

Further work is going into two directions: a reasoner for influence needs to be 
integrated into educational software which allows experiments to be designed and 
conducted virtually. It remains to be seen what the best practical approaches 
for solving SchemeEntailment are, perhaps based on the use of SMT solvers 
or an on-the-fly, goal-directed search. 

Moreover, the model of influence schemes studied here does not cover arbi-
trary scenarios in experiments in natural sciences. Many biological or chemical 
processes are only triggered by the combination of several variables. This hap-
pens, for example, in gene transcription which may only occur in the presence 
of multiple transcription factors, cf. [ 12]. Chemical reactions often only proceed 
when a substrate and a co-factor are presence, for instance Acetaldehyde requires 
Ethanol and NAD. 

+, cf.  [  13]. Also, the use of specific, interpreted variables like 
time [ 4] may require specific reasoning principles. All in all, the theory of formal 
models for reasoning about influence in phenomena studied in natural sciences 
largely remains to be explored further.
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Abstract. Modern SMT solvers can generate proofs of unsatisfiability 
so that the result can be checked independently. A dependable approach 
to verify these proofs is to reconstruct them within a proof assistant. 
In previous work, the SMT checker Carcara was extended to reconstruct 
SMT proofs in Lambdapi—a proof assistant designed for interoperability, 
supporting the import and export of proofs for integration with other 
proof assistants such as Rocq, Lean, or HOL-Light. Whereas that work 
was limited to SMT theories without arithmetic, we here present an 
extension that enables the reconstruction of SMT proofs involving linear 
integer arithmetic. 

Keywords: SMT · Alethe · integer arithmetic · Lambdapi · normal 
form · proof by reflection 

1 Introduction 

SMT solvers have become capable of producing proofs of unsatisfiability, 
enabling independent verification of correctness without relying on the solver’s 
implementation. This development addresses the growing need for trustworthy 
verification in safety-critical applications and for using SMT solvers as backends 
of skeptical proof assistants that do not trust the solver. Alethe [ 2, 24] is  an  
established SMT proof format supported by the solvers cvc5 and veriT. In our 
previous work [ 12], we extended the Alethe proof checker and elaborator Car-
cara [ 1] to reconstruct Alethe SMT proofs within the Lambdapi proof assistant, 
thereby ensuring their validity. Lambdapi [ 18] is a proof assistant based on the 
λΠ-calculus modulo rewriting [ 13], a logical framework [ 17] that extends the 
λ-calculus with dependent types and user-defined rewrite rules. This foundation 
allows Lambdapi to serve as a framework for formalizing various logical systems. 
Designed with interoperability in mind, Lambdapi can import and export proofs, 
facilitating integration with other proof assistants such as Rocq [ 26], Lean [ 20], 
and HOL-Light [ 9]. 

However, our prior work was limited to proofs expressed within the logic of 
Uninterpreted Functions (UF). In the present work, we extend this approach 
to support the reconstruction of proof steps involving linear integer arithmetic 
(LIA). In the context of LIA, the SMT solver determines unsatisfiability by 
analyzing formulas composed of integer variables, linear arithmetic operations, 
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and logical connectives. This process typically relies on techniques such as Sim-
plex methods adapted for integers and cutting-plane methods to establish the 
unsatisfiability of linear constraints [ 11, 14]. Our main contribution is the imple-
mentation of an automatic decision procedure to verify these proof steps, using 
proof by reflection [ 10, 16]. 

The remainder of this paper is organized as follows. In Sect. 2, we provide  
an overview of Lambdapi and present the structure of Alethe proof certificates 
for linear arithmetic. Then, in Sect. 3, we describe how we leverage Carcara’s 
elaboration process to reconstruct linear integer arithmetic steps, even when 
coefficient annotations are missing. Section 4 introduces our encoding of SMT 
linear arithmetic within Lambdapi, while Sect. 5 presents an automatic decision 
procedure, based on proof by reflection, to verify these arithmetic steps. An 
empirical evaluation of our approach is provided in Sect. 6. We review related 
work in Sect. 7, and we conclude in Sect. 8. 

2 Background 

2.1 An Overview of Lambdapi 

Lambdapi is an implementation of λΠ modulo theory (λΠ/ ≡) [  18], an extension 
of the Edinburgh Logical Framework λΠ [ 17] that is based on a simply typed 
λ-calculus with dependent types. λΠ/ ≡ adds user-defined higher-order rewrite 
rules. Its syntax is given by 

Universes u:: = TYPE | KIND 
Terms t, v, A, B, C:: = c | x | u | Π x  : A, B | λx  : A, t | t v  
Contexts Γ :: = Γ, x : A 
Signatures Σ:: = Σ, c : C | Σ, c := t : C | → v 

where c is a constant, x is a variable such that the sets of constants and variables 
are disjoint, and C is a closed term. Universes are constants used to verify if a 
type is well-formed – more details can be found in [ 17, §2.1]. Π x  : A, B is the 
dependent product (we write A → B when B does not depend on x), λx  : A, t is 
an abstraction, and t v  is an application. A (local) context Γ is a finite sequence 
of variable declarations x : A introducing variables and their types. A signature 
Σ representing the global context is a finite sequence of assumptions c : C, 
indicating that constant c is of type C, definitions c := t : C, indicating that c 
has value t and type C, and  rewrite rules → v such that t = c v1 . . .  vn where 
c is a constant. 

The relation →βΣ is generated by β-reduction and by the rewrite rules of Σ. 
The relation →∗ 

βΣ denotes the reflexive and transitive closure of →βΣ, and  the  
relation ≡βΣ (called conversion) the reflexive, symmetric, and transitive closure 
of →βΣ . The  relation  →βΣ must be confluent, i.e., whenever →∗ 

βΣ v1 and 
→∗ 

βΣ v2, there  exists  some  w such that v1 →∗ 
βΣ w and v2 →∗ 

βΣ w, and  it  must  
preserve typing, i.e., whenever Γ Σ t : A and →βΣ v then Γ Σ v : A [ 5]. 

A Lambdapi typing judgment Γ Σ t : A asserts that term t has type A in the 
context Γ and the signature Σ. The typing rules of λΠ/ ≡ are those of λΠ [ 17,
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§2], except for the rule (Conv), given below, that identifies types modulo ≡βΣ 
instead of just modulo β-reduction. 

Γ, Σ B : u Γ Σ t : A A ≡βΣ B 
(Conv) 

Γ Σ t : B 

In our encoding presented in [ 12], we employ Tarski-style universes [ 19] where  
types are represented by elements of a base type and interpreted via a decoding 
function. We define the constant Prop : TYPE for the type of propositions and the 
decoding function Prfc : Prop → TYPE that maps each proposition to TYPE. This  
is necessary because Lambdapi does not support quantification over a variable of 
type TYPE: it is not possible to assign the type ΠX  : TYPE, (X → Prop) → Prop 
to the universal quantifier ∀. To circumvent this, we have the constant Set : 
TYPE for the types of object-terms, and a decoding function El : Set → TYPE 
that embeds Set into TYPE. This allows us to define the universal quantifier as 
∀ : Πx  : Set, (El x → Prop) → Prop. To quantify over propositions, we further 
define a constant o : Set and add the rewrite rule El → Prop. This encoding 
is well-established in the literature on systems formalized in Lambdapi [ 7]. 

2.2 Alethe Proofs 

The Alethe proof trace format [ 2] for SMT solvers comprises two parts: the trace 
language based on SMT-LIB and a collection of proof rules. Traces witness proofs 
of unsatisfiability of a set of constraints. They are sequences a1 . . . am t1 . . . tn 
where the assumptions ai correspond to the constraints of the original SMT 
problem being refuted, each ti is a clause inferred from previous elements of the 
sequence, and tn is ⊥ (the empty clause). In the following, we designate the 
SMT-LIB problem as the input problem. 
1 ( set-logic  LIA)  
2 ( declare-const  x Int) 
3 ( declare-const  y Int) 
4 ( assert  (=  x  2)) 
5 ( assert  (=  0  y))  
6 ( assert  (or (<  (+  x  y)  1)  (<  3  x)))  
7 ( check-sat) 
8 ( get-proof) 

Listing 1.1. Input problem. 

1 ( assume  a0  (  or  (<  (+  x  y)  1)  (<  3  x)))  
2 ( assume  a2  (=  0  y)) 
3 ( assume  a1  (=  x  2)) 
4 ( step t1  (cl  (<  (+ x y)  1) (< 3 x))  :rule or  :premises  (  a0))  
5 ( step t2  (cl (  not (<  3  x))  (  not (=  x  2)))  :rule la_generic  :args (1  /1 -1/1 ))  
6 ( step t3  (cl (  not (<  3  x)))  :rule resolution  :premises  (a1  t2))  
7 ( step t4  (cl (< (+  x  y) 1))  :rule resolution  :premises  (t1  t3))  
8 ( step t5  (cl (  not (<  (+  x  y)  1))  (  not (=  x  2)  )  (  not (= 0 y)))  
9 :rule la_generic  :args (1  /1  1  /1 -1/1 ))  

10 ( step t6  (cl )  :rule resolution  :premises  (t5 t4  a1 a2  ))  

Listing 1.2. Proof of unsatisfiability of the input problem of listing 1.1.
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We will use the input problem shown in Listing 1.1 with its Alethe proof 
(found by cvc5) in Listing 1.2 as a running example to introduce Alethe concepts 
and illustrate our reconstruction of linear arithmetic step in Lambdapi. 

Overview of the Alethe Trace format. An Alethe proof trace inherits the decla-
rations of the corresponding input problem. All symbols (sorts, functions, asser-
tions, etc.) declared or defined in the input problem remain declared or defined. 
Furthermore, the syntax for terms, sorts, and annotations uses the syntactic 
rules  defined in SMT-LIB  [  3, §3] and the SMT signature context defined in [ 3, 
§5.1 and §5.2]. In the following we will represent an Alethe step as 

A step consists of an index i ∈ I where I is a countable set of indices such as 
a0, t1), and a clause representing the disjunction of literals l1, . . .  , ln . Steps that 
are not assumptions are justified by a proof rule R that depends on a possibly 
empty set of premises { p1, . . .  , pm } ⊆  I that only contains earlier steps such 
that the proof forms a directed acyclic graph. A rule might also depend on a 
list of arguments a1, . . .  , ar where each argument ai is either a term or a pair 
(xi, ti) for a variable xi and a term ti. The interpretation of the arguments is 
rule-specific. The context Γ of a step is a list c1, . . .  , cl where each element cj 
is either a variable or a variable-term tuple denoted xj tj . Therefore, steps 
with a non-empty context contain variables xj that appear in li and will be 
substituted by tj . Proof rules R include theory lemmas and resolution, which  
corresponds to hyper-resolution on ground first-order clauses. 

We now have the key components for explaining the proof in Listing 1.2. 
The proofs starts with assume steps a0, a1, a2 that restate the assertions from 
the input problem. Step t1 transforms the disjunction a0 into a clause by using 
the Alethe rule or. Steps  t2 and t5 are tautologies introduced by the main rule 
la_generic in Linear Real Arithmetic (LRA) logic and also used in LIA logic, 
where l1, l2, . . . , ln represent linear inequalities. The Real terms in LRA and 
LIA logic are built over the Real and Int signatures from SMT-LIB with free 
variables, but containing only linear atoms; that is atoms of the form d, (* d x), 
or (* x d) where x is a free variable and d is an integer or rational constant. A 
linear inequality is an expression of the form 

n 

i=0 

ci × ti + d1 
m 

i=n+1 

ci × ti + d2 (1) 

where ∈ {=, <, >,  ≤, ≥}, m ≥ n, ci, d1, d2 are either Int or Real constants, 
and where ci and ti have the same sort for all i. Checking the validity of the 
clauses t2 and t5 in Listing 1.2 amounts to checking the unsatisfiability of a 
system of linear (in)equations e.g. x <  3 and x = 2  in t2. Coefficients  for  each



Checking Linear Integer Arithmetic Proofs in Lambdapi 371

Table 1. Linear arithmetic rules in Alethe supported in our encoding. 

Rule Description 
la_generic Tautologous disjunction of linear inequalities 
lia_generic Tautologous disjunction of linear integer inequalities 
la_disequality t1 ≈ t2 ∨ ¬(t1 ≥ t2) ∨ ¬(t2 ≥ t1) 
la_totality t1 ≥ t2 ∨ t2 ≥ t1 
la_mult_pos t1 > 0 ∧ (t2 3) → t1 ∗ t2 1 ∗ t3 and ∈ {<, >, ≥, ≤, ≈} 
la_mult_neg t1 < 0 ∧ (t2 3) → t1 ∗ t2 inv t1 ∗ t3 
la_rw_eq (t ≈ u) ≈ (t ≥ u ∧ u ≥ t) 
comp_simplify Simplification of arithmetic comparisons 
arith-int-eq-elim (t ≈ s) → t ≥ s ∧ t ≤ s 
arith-refl-geq t ≥ t 
arith-refl-lt t < t  → ⊥  
arith-refl-leq t ≤ t 
arith-elim-leq t ≤ s → s ≥ t 
arith-elim-gt t > s  → ¬(t ≤ s) 
arith-leq-norm t ≤ s → ¬(t ≥ s + 1)  

arith-geq-norm1 t ≥ s → (t − s) ≥ 0 
arith-geq-norm2 t ≥ s → −t ≤ −s 
arith-geq-tighten¬(t ≥ s) → s ≥ t + 1  

arith-poly-norm polynomial normalization 
evaluate evaluate constant terms 

inequality are passed as arguments e.g. (1 1 , 
1 
1 ) in t2. Steps  t3 and t4 apply the 

resolution rule to the premises a1, t2 (respectively t1 and t3). Finally, the 
step t6 concludes the proof by generating the empty clause ⊥, denoted as (cl) 
in Listing 1.2. Notice that the contexts Γ of each step are all empty in this 
proof. 

Linear Arithmetic in Alethe. Proofs for linear arithmetic steps use a num-
ber of rules listed in Table 1, such  as  la_totality that asserts totality of the 
ordering ≤. Besides arithmetical tautologies, the table also contains simplifi-
cation rules, indicated with the symbol →. Following our encoding of Alethe 
in Lambdapi as described in [ 12], the linear arithmetic rules la_disequality, 
la_totality, and  la_mult_* are implemented as lemmas. We do not support 
the remaining arithmetic simplification rules, including the la_tautology rule 
from Alethe. This omission is primarily due to the fact that cvc5 extends Alethe 
with the RARE simplification rules [ 21], which it uses in place of the origi-
nal ones. Consequently, we support the RARE rules prefixed by arith-*, as  
listed in Table 1, and we have selectively implemented those that appear in the 
proof traces of the benchmarks discussed in Sect. 6. In addition, support for the
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evaluate rule is provided through the work described in Sect. 4, and support 
for arith-poly-norm is realized through the normalization approach explained 
in Sect. 5. 

A different approach is taken for the rules la_generic and lia_generic, as  
they describe an algorithm. While the la_generic rule is primarily intended 
for LRA logic, it is also applied in LIA proofs when all variables in the 
(in)equalities are of integer sort. A step of the rule la_generic represents a 
tautological clause of linear inequalities. It can be checked by showing that the 
conjunction of the negated inequalities is unsatisfiable. After the application of 
some strengthening rules, the resulting conjunction is unsatisfiable, even if Int 
variables are assumed to be Real variables. Although the rule may introduce 
rational coefficients, they often reduce to integers—as shown in List. 1.2, where  
the coefficients are (1 1 , 

1 
1 ). Cases where coefficients cannot be reduced to integers 

are rare in practice, however, we reduce them to integers by clearing denomina-
tors with their least common denominator. Let ϕ1, . . . , ϕn be linear inequalities 
or their negations, but different from s1 ≈ s2 and a1, . . .  , an rational numbers, 
then an la_generic step has the general form 

1, . . .  , ϕn la_generic [a1, . . . , an] 

The constants ai are of sort Real. To check the unsatisfiability of the con-
junction ¬ϕ1 ∧ . . .  ∧ ¬ϕn, one performs the following steps for each literal. 

1. If ϕi is of the form s1 ≥ s2 or ¬(s1 < s2), then  let  ψi = s2 > s1. If  ϕi is of 
the form s1 > s2 or ¬(s1 ≤ s2), then let  ψi = s2 ≥ s1. If  ϕi is of the form 
s1 < s2 or ¬(s1 ≥ s2), then let  ψi = s1 ≥ s2. If  ϕi is of the form s1 ≤ s2 or 
¬(s1 > s2), then let  ψi = s1 > s2. If  ϕi is of the form ¬(s1 ≈ s2), then let  
ψi = s1 ≈ s2. This step produces a positive literal that is equivalent to ¬ϕi 
and that only contains the operators >, ≥, and  ≈. 

2. Replace ψi =
ki 

j=0 c
i 
j × ti j + di 

1 
mi 

j=ki+1 c
i 
j × ti j + di 

2 by the literal 
ki 

j=0 c
i 
j × ti j − mi 

j=ki+1 c
i 
j × ti j 

i 
2 − di 

1. 
3. Now ψi has the form si 

1 
i. If all variables in si 

1 are integer-sorted then 
replace si 

1 > di by si 
1 di +1, respectively, replace si 

1 ≥ di by si 
1 di +1  

if d is not an integer. 
4. If all variables of ψi are integer-sorted and the coefficients a1 . . . an are in Q, 

then ai :− ai × lcd(a1 . . .  an) where lcd is the least common denominator of 
{a1, . . . , an}. 

5. If is ≈, then replace ψi by mi 

j=0 ai × ci 
j × ti j = ai × di, otherwise  replace  

ψi by mi 

j=0 |ai| ×  ci 
j × ti j |ai| ×  di. 

6. Finally, the sum of the resulting literals is trivially contradictory, 
n 

i=1 

mi 

j=1 

ci 
j ∗ ti j 

n 

i=1 

di
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The operator is = if all operators are =, > if all are either ≈ or > (but at 
least one operator is different from ≈), and ≥ otherwise. Finally, the sum on 
the left-hand side is 0 and the right-hand side is > 0 (or ≥ 0 if is >). 

The above algorithm is adapted from the Alethe specification [ 2], except that 
we clarified step 1: the subsequent steps in the original algorithm are designed 
for > and ≥ and do not clearly address how to handle < and ≤. Additionally, 
we added step 4 in order to ensure that our construction is independent of Q. 

Example 1. Consider the following la_generic step in the logic QF_UFLIA with 
the uninterpreted function symbol (f Int): 
1 ( step  t11  (cl  (  not  (<= f  0)) (<= (+  1  (*  4  f)) 1)) 
2 :rule  la_generic  :args  (1  /1  1/4)) 

The algorithm then performs the following steps: 

− f ≥ 0, 4 × f >  0 (Steps 1 and 2) 
− f ≥ 0, 4 × f ≥ 1 (Step 3) 

Replace arguments [ 
1 
1 
, 
1 
4 
] by [4, 1] due to clearing denominators (Step 4) 

|4| ×  (−f) ≥ |4| ×  0, |1| ×  4 × f ≥ |1| ×  1) (Step 5) 
− 4 × f + 4  × f ≥ 1 (Step 6) 

Which simplifies to the contradiction 0 ≥ 1. 

Remark 1. The operator to_real is used in the LIA theory to embed integers 
into the reals. As a result, a proof for a problem formulated in LIA may involve 
reasoning over real numbers. Since our approach does not support the Real the-
ory, we do not attempt to reconstruct such proofs and instead let the translation 
process fail in this case. 

Quantifiers in Linear Arithmetic. The Alethe format defines rules for 
quantifier instantiation, Skolemization, substitution, and other manipulations 
of bound variables. For instance, the rule forall_inst is used to express 
quantifier instantiation. It produces a unit clause with a formula of the form 
(¬∀x̄, ϕ) ∨ (ϕ[t̄]), where  ϕ is a term containing the free variables x̄, and  each  
term t is a ground term of the same sort as the corresponding variable x. Accord-
ingly, an Alethe proof will first instantiate the quantifier to produce a ground 
term, enabling subsequent arithmetic steps such as those involving la_generic 
or lia_generic to operate solely on ground terms. 

3 Elaborating lia_generic Steps 

The rule lia_generic is similar to la_generic, but the SMT solver does not 
provide the coefficients, i.e. [a1 . . . ar] is empty. We decided to leverage the
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elaboration process of lia_generic performed by Carcara, as doing otherwise 
would require implementing Fourier-Motzkin elimination for integers, as done in 
[ 4, 22], hence reimplementing work that was already done by the solver. 

Carcara considers lia_generic steps as holes in the proof, given that “their 
checking is as hard as solving” [ 1, §3.2]. To address this, Carcara invokes an exter-
nal SMT solver, such as cvc5, or any tool capable of reading SMT-LIB input and 
producing Alethe proofs, and attempts to generate an Alethe proof that avoid 
using lia_generic. Suppose the resulting proof still includes a lia_generic 
step. In that case, Carcara repeats the process for up to three iterations, merging 
the final results if a complete proof without any lia_generic steps is eventually 
found. The proof is then imported and validated, replacing the original step. 

Example 2 (Sketch of lia_generic elaboration). Consider a step S (Listing 1.3) 
concluding the clause ¬l1 ∨ . . .  ¬ln where all li are inequalities and proved by 
lia_generic rule. 
1 ( step  S (cl  (  not  l1)  ...  (  not  ln))  :rule  lia_generic)  

Listing 1.3. Elaborated proof 

Carcara will generate an SMT-LIB problem asserting l1,  . . . ,  ln and invoke 
the solver cvc5 on it, expecting an Alethe proof of the unsatisfiability of l1∧· · ·∧ln 
that does not use lia_generic. Carcara will check this subproof and then replace 
the original step by a proof of the form shown in Listing 1.4. 
1 ( anchor  :step  S.  t_m  +1)  
2 ( assume  S.  h_1  l1)  
3 ...  
4 ( assume  S.  h_n  ln)  
5 ...  
6 ( step  S.  t_m  (cl  false  )  :rule  ...)  
7 ( step  t.  t_m+1  (cl  (  not  l1) ... (  not  ln)  false  )  :rule  subproof  )  
8 ( step  t.  t_m+2  (cl  (  not  false  ))  :rule  false  )  
9 ( step  S (cl  (  not  l1)  ...  (  not  ln)) 

10 :rule  resolution  :premises  (S.  t_m+1  S.t_m  +2))  

Listing 1.4. Elaboration of lia_generic 

In Listing 1.4, steps  S.h_1 until S.t_m are imported from the cvc5 proof. 
As a result the lia_generic step S in the original proof (Listing 1.3) will have 
been replaced by a detailed justification whose correctness can be independently 
established by Carcara. 

4 Encoding of Linear Integer Arithmetic in Lambdapi 

The definition of integers in Lambdapi that we use appears in Fig. 1. It follows a 
common encoding found in many other theories, including the one adopted in the 
Rocq standard library [ 26]. First, the type P is an inductive type representing 
strictly positive integers in binary form. Starting from 1 (represented by the 
constructor H), one can add a new least significant digit via the constructor 
O (digit 0) or the constructor I (digit 1). The type Z represents integers in
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Fig. 1. Type definitions for binary positive number, integers, comparison and Booleans. 

Fig. 2. Definitions for operators over Z. 

binary form. An integer is either zero (with constructor Z0) or a strictly positive 
number Zpos (coded as a P) or a strictly negative number Zneg.  We make use  of  
Lambdapi’s builtin mechanism to enable decimal notation for numeric values, 
allowing us to write, e.g., 2 instead of ZPos(OH). We also introduce enumeration 
types Comp and B representing comparison operators and Booleans. 

In order to enable quantification over elements of these types, we introduce 
constants such as int : Set that represent codes for these types along with a 
rule for rewriting codes to their corresponding types, for example El int → Z. 
Figure 2 introduces operations on these types, including addition (+) and com-
parison ( .=) over Z. The auxiliary operations add, sub, and  cmp implement addi-
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tion, subtraction, and comparison for binary positive numbers; their definitions 
are not shown here for space restrictions. We also define the operations of mul-
tiplication (∗) and subtraction (−) over  Z. We will refer to the rewriting rules 
defining these operations as →Z and →P (for operations on Z and P) in the follow-
ing sections. The confluence of these rewriting rules has been proven using CSI 
[ 27]. We leverage these rewriting rules to perform the constant folding required 
by the evaluate rule, enabling the final proof step to be discharged by reflexivity. 

Finally, we define inequality operators for Z as binary predicates by reducing 
them to the decidable comparison .=. They reduce to , ⊥ (or negated) by 
applying rules of →Z and →P. For example, 1 < 2 → istrue(isLt(1 .= 2))  → 
istrue(isLt(Lt)) → istrue(true) . 

We use this encoding of integer operations for extending our existing embed-
ding of Alethe proofs in Lambdapi [ 12]. In particular, the SMT sort Int is 
mapped to El int, and the arithmetic operations of SMT to their counterparts 
in the Lambdapi encoding. The following section describes how we leverage this 
representation of integers in Lambdapi to simulate the algorithm presented in 
Sect. 2.2 for checking applications of the rule la_generic. 

5 Reconstruction of Linear Arithmetic for LIA Logic 

Proof by reflection [ 10] is a technique for writing certified procedures for auto-
mated reasoning. It reduces the validity of a logical statement to a symbolic com-
putation. Let P : Z → Prop be a predicate over a data type Z and f : Z → bool 
be a function such that the following theorem holds: 

f_correct : ∀z : Z, (f z  = true) → (P z) 

If f z  reduces to true, then the proof term f_correct z (refl bool true) 
with refl : ΠA  : Set, Πx  : El A, Prfc(x = x), constitutes a proof of predi-
cate (P z). In step 6 of checking an application of rule la_generic, the primary 
challenge lies in reasoning modulo associativity and commutativity when manip-
ulating expressions over Z. The key idea is to provide a normalization function 
that transforms a Z expression into a canonical form. 

5.1 Representation 

The procedure is based on an algebraic group structure, denoted as G defined 
in Fig. 3, which represents linear polynomials. The base type for its elements is 
G : TYPE. The unary operator cst injects constants from Z into G. The  term  
var c x  is intended for representing expressions c× x that appear as constituents 
of linear inequalities, where c is an integer coefficient and x a Z term, in particular 
a variable. The constructor mul represents the multiplication of an element of 
G by a constant. The constructor opp corresponds to unary minus. Lastly, the 
constructor ⊕ represents the addition of two elements of G.
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Fig. 3. Definition of G Algebra and its reification (⇑) and denotation (⇓) functions. 

Lambdapi provides modifiers for supporting associative and commutative 
operations, ensuring that terms are systematically transformed into a canoni-
cal form w.r.t. a builtin ordering relation [ 6, 8]. We declare the operator ⊕ as 
associative commutative, ensuring that expressions involving sums of elements 
of G are systematically canonicalized. 

5.2 Associative Commutative Normalization 

The transformation to canonical form implemented in Lambdapi ensures that 
sum expressions of the form 

(var c1 x1) ⊕ (cst k1) ⊕ (var c2 x2) ⊕  · · ·  ⊕  (cst km) ⊕  · · ·  ⊕  (var cn xn) 

will be normalized such that any pair of terms (var c x) and (var d x) involving 
the same variable x are placed next to each other, and all (cst k) will be placed 
at the left before the first variable (var c x). We will use the rewriting rules 
shown in Fig.  4 for reducing G expressions. Notably, the resulting normal forms 
do not contain the constructors mul and opp, as the associated rewrite rules 
eliminate them in favor of var, add and cst. 

Definition 4. The ≤ builtin total order on G-terms is defined as follows: Terms 
are ordered such that cst(c1) ≤ cst(c2) < (var c x) for any constants c1 ≤ c2 
and any variable term (var c x). For variable terms, (var c x) ≤ (var d y) if 
either x <  y, or  x = y and c ≤ d. Let AC be the relation mapping every term 
t to its unique AC-canonical form denoted [t]. 

Two terms t and u are AC-equivalent (written t AC u) iff their AC-canonical 
forms are equal.
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Fig. 4. Rewrite system on canonical forms. 

Definition 5. The relation −→AC 
Σ is defined as →Σ 

AC , where  Σ contains 
the rewrite rules of Figs. 2 and 4. 

An −→AC 
Σ step is a standard →Σ step with syntactic matching followed by 

AC-canonicalization. We now prove that the relation −→AC 
Σ terminates and is 

confluent. 

Lemma 6. The relation −→Σ/AC = AC →Σ AC of matching modulo AC, 
which contains −→AC 

Σ , terminates.  

Proof. AProVE [ 15] automatically proves the termination of −→Σ/AC . 

Lemma 7. −→AC 
Σ is locally confluent on AC-canonical terms. 

Proof. We show that every critical pair is joinable using −→AC 
Σ and confluence 

of →Z and →P. 

We compare two Z-terms t1 and t2 wrt −→AC 
Σ by reifying them into their cor-

responding G-terms, denoted [g1] and [g2], using the reification function ⇑, and  
normalizing them using AC . Following the reduction rules specified in Fig. 4, 
we can then compare their corresponding Z-terms by applying the denotation 
function ⇓. To validate this procedure, it is necessary to establish the correctness
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of the following diagram, formally expressed by Theorem 8. 

⇑ (t1) =G (⇑ (t2) G G [g1] =G [g2] 

t1 =Z t2 Z Z ⇓ g1 =Z⇓ g2 

[_] 

⇓(_)⇑(_) 

⇐⇒ 

Theorem 8 (Correctness of normalization). For all G-terms t, we have 
(⇓ [t]) = (⇓ t) where [t] is the AC-canonical form of t with respect to −→AC 

Σ . 
Proof. The proof proceeds by induction on t, and the key case is the one where 
t = t1 ⊕ t2. We have to show that ⇓ [t1 ⊕ t2] =  (⇓ t1) + (⇓ t2). By the induction 
hypothesis, we have ⇓ [t1] =  ⇓ t1 and ⇓ [t2] =  ⇓ t2. Hence, 

(⇓ t1) + (⇓ t2) =  (⇓ [t1]) + (⇓ [t2]) = ⇓ ([t1] ⊕ [t2]) 

It remains to show that ⇓ ([t1] ⊕ [t2]) = ⇓ [t1 ⊕ t2]. Now,  [t1], [t2], and  [t1 ⊕ t2] 
are terms built solely from cst, var, and  ⊕ since the remaining operators have 
been eliminated by applying the rules in Fig. 4, and the terms on both sides of 
the equation contain the same multisets of subterms. The two terms are therefore 
identified by AC-canonicalization. 

We make use of Lemma 9 to embed Z-terms into G for normalization and 
subsequent comparison. In addition, we leverage this normalization process to 
support the arith-poly-norm rule. 

Lemma 9 (Conversion). For all x : Z, we have x = (⇓ (⇑ x)). 
Proof. By induction on x. We consider the three cases: x = ZPos(n), x = 
ZNeg(n), and  x = Z0. In each case, ⇑ (x) yields the corresponding constant 
(cst x), and by definition of the denotation function, x = ⇓ ((cst x)). Hence, 
x = (⇓ (⇑ x)) in all cases. 

1 opaque  symbol  t2  :  Prf• ((¬ (3 <  x)  ∨c ¬ (x  =  2))  ∨· ) {  
2 apply ∨c 

i 1; 
3 rewrite  Zinv_lt_eq  ;  
4 rewrite  Z_diff_gt_Z0_eq  (∼ 3) (∼ x);  
5 rewrite  Z_diff_eq_Z0_eq  (x)  2;  
6 rewrite  Zgt_le_succ_r_eq  ((∼ 3) - (∼ x))  0;  
7 rewrite  Zmult_ge_compat_eq  1  ((∼ 3) - (∼ x)) ((0 +  1)  );  
8 rewrite  Zmult_eq_compat_eq  (∼ 1) (x - 2) 0;  
9 rewrite  imp_eq_or  ;  apply ⇒c 

i ; assume  H0  ;  apply ¬c 
i ; assume  H1; 

10 set H0l ’  := (1 *  ((∼ 3) - (∼ x)));  set  H0r  ’  := (1 *  (0  +  1)  );  
11 set H1l ’  := ((∼ 1) * (x - 2));  set  H1r  ’  := ((∼ 1) *  0)  ;  
12 have H1 ’: Prfc (H1l ’ ≥ H1r ’) { refine  Z_eq_implies_ge  H1  };  remove  H1  ;  
13 have contra  :  Prfc ((⇓ (⇑ (H0l ’ + H1l ’) )) ≥ (⇓ (⇑ (H0r  ’  +  H1r  ’)))){  
14 rewrite  ⇓_⇑; rewrite  ⇓_⇑; 
15 apply (  Zsum_geq_s  H0l  ’  H0r  ’  H1l  ’  H1r  ’  H0  H1  ’)  ;  
16 }; 
17 apply (⇒c 

e ’  contra  );  apply c 
i ; 

18 }; 

Listing 1.5. Lambdapi proof of Listing 1.2
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Table 2. Benchmark results. 

Logic Benchmark Samples Proofs Elaborate Translate Check 
LIA tptp 36 36 - 0 - 0 36 - 0 36 - 0 - 0 28 - 8 - 0 

Ultimate 153 120 - 0 - 33 73 - 47 68 - 5 - 0 50 - 18 - 0 
Svcomp’19 27 27 - 0 - 0 25 - 2 0 - 25 - 0 0 
psyco 50 48 - 0 - 2 48 - 0 43 - 0 - 5 0 - 37 - 6  

QFLIA SMPT 1568 1529 - 39 - 0 1497 - 32 1476 - 0 - 21 804 - 638 - 34 
rings 294 70 - 1 - 223 49 - 21 49 - 0 - 0 7 - 0 - 42  
CAV2009 85 85 - 0 - 0 19 - 66 19 - 0 - 0 19 - 0 - 0 

UFLIA sledgeh 1521 1343 - 0 - 178 1278 - 65 1258 - 13 - 7 711 - 467 - 80 
tokeneer 1732 1732 - 0 - 0 1689 - 43 1689 - 0 - 0 1482 - 197 - 10 

We present in Listing 1.5 the translation of Step t2 from Listing 1.2 using our 
Carcara module. The rewrite Zinv_lt_eq step at line 3 performs the normaliza-
tion from Step 1, rewriting ¬(3 < x) as ¬(∼ 3 >∼ x). The lemmas Z_diff_gt_Z0 
and Z_diff_eq_Z0_eq (lines 4–5) implement Step 2. Since the goal involves a > 
inequality, Step 3 applies with the lemma Zgt_le_succ_r_eq (line 6).  The coef-
ficients [1 1 , − 1 

1 ] from Step 4 are trivially cast to Z and applied in lines 7–8. To 
express all inequalities uniformly, remaining equalities are rewritten as ≥ using 
Z_eq_implies_ge (line 12). Finally, Step 6 derives the contradiction by summing 
inequalities from lines 13 to 17. 

6 Evaluation 

Our benchmark suite shown in Table 2 is composed of files from the SMT-LIB 
benchmarks 1. The suite includes a total of 5,466 samples drawn from 9 bench-
mark categories spanning three SMT-LIB logics: LIA, QFLIA, and  UFLIA that 
correspond to those covered by our method. Within the logics QFLIA and UFLIA, 
we prioritized benchmarks with the most significant number of available sam-
ples. Table 2 provides a detailed breakdown of the benchmarks and the cor-
responding results. The Logic column indicates the SMT theory used, while 
the Benchmark column lists abbreviated benchmark names. The column Sam-
ples describes the number of problems available with status unsat. Each of  the  
columns Proofs, Translate, and  Check reports a triple in the format success
- error - timeout, representing respectively the number of successful execu-
tions, failed attempts, and timeouts. The Proofs column reports the number of 
proofs generated by cvc5 2 that do not contain the to_real cast operator. The 
Elaborate column shows a pair of values: the number of proofs that were success-
fully elaborated by Carcara, and the number that failed. Only proofs successfully 
elaborated by Carcara are considered for translation. The Translate column gives
1 https://smtlib.cs.uiowa.edu/benchmarks.shtml. 
2 cvc5 version 1.2.1-dev.144.38fcc340e5 [git 38fcc340e5 on branch main]. 

https://smtlib.cs.uiowa.edu/benchmarks.shtml
https://smtlib.cs.uiowa.edu/benchmarks.shtml
https://smtlib.cs.uiowa.edu/benchmarks.shtml
https://smtlib.cs.uiowa.edu/benchmarks.shtml
https://smtlib.cs.uiowa.edu/benchmarks.shtml
https://smtlib.cs.uiowa.edu/benchmarks.shtml
https://smtlib.cs.uiowa.edu/benchmarks.shtml
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Table 3. Lambdapi checking times in milliseconds. 

Bench Min Q1 Mean Q3 Max 
tptp 240 262 263 267 336 
Ultimate 82 96 100 111 346 
SMPT 52 55 55 56 293 
rings 670 704 773 826 1197 
CAV2009 54 296 403 498 683 
sledgeh 53 166 354 552 1594 
tokeneer 55 60 61 248 753 

the number of proof traces successfully translated into Lambdapi proofs, while 
the Check column indicates the number of these translated proofs that were 
successfully type-checked by Lambdapi. 

We enforced a timeout of 30 s for cvc5 to find a proof and 30 s for the trans-
lation step with Carcara. No timeout was imposed during the elaboration step, 
as the runtime is negligible. A timeout of 20 s was set for Lambdapi when type-
checking the final proofs to ensure that proof verification remains as fast as 
possible. 3

All nine benchmarks demonstrated consistently reliable proof generation, 
with few or no timeouts, except for the rings benchmark. The elaboration phase 
was generally robust, except in the Ultimate benchmark, where an error in the 
elaborator caused failures. For LIA, performance in the translation and check-
ing stages was mixed. In particular, for Svcomp’19 and psyco, no  or  few  proofs  
could be translated or verified, mainly due to currently unsupported simplifi-
cation rules involving the ite operator. The QFLIA benchmarks exhibited more 
reliable proof checking in SMPT and CAV2009, while only a small number of 
proofs from the rings benchmark were successfully checked. The errors encoun-
tered during the elaboration of the CAV2009 come from a bug in the elaborator. 
Since the samples in this benchmark are derived from a common base problem 
while increasing in size, the bug propagated across all samples that depend on 
the same base instance. The limited success with checking proofs in the rings 
category is due to the presence of la_generic terms with hundreds of uninter-
preted variables; the current normalization mechanism, described in Sect. 5.2, 
relies on a built-in term ordering that is not sufficiently efficient in this setting. 
Benchmarks under UFLIA performed better throughout the pipeline. Most proofs 
were successfully generated and elaborated, and a large portion were translated 
and verified by Lambdapi, particularly  in the  tokeneer dataset. The higher num-
ber of errors in SMPT and sledgeh is primarily due to unsupported RARE rules 
related to the QF_UF logic, as well as unhandled cases in the evaluate rule for 
LIA and QF_UF.

3 All benchmarks were executed in parallel using GNU parallel [ 25] with an Apple 
silicon M2. 
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Table 3 reports the Lambdapi proof-checking times in milliseconds, present-
ing the minimum, first quartile (Q1), mean, third quartile (Q3), and maximum 
durations for each benchmark. In most cases, the checking time remains below 
one second. 

7 Related Work 

The reconstruction for Alethe proofs produced by the veriT solver has been 
implemented within Isabelle/HOL [ 23] to enhance the reconstruction success 
rate compared to Z3. Concerning linear arithmetic reasoning, they also follow the 
algorithm described in Sect. 2.2, relying on Isabelle’s simplifier (which supports 
reasoning modulo associativity and commutativity) for normalizing expressions. 

Besson [ 4] introduces a modular framework for integrating SMT solvers with 
the Rocq proof assistant, emphasizing the generation and efficient verification 
of proof certificates directly within Coq. His approach enables fast, reflexive 
proof checking using Nelson-Oppen-style theory combination, and it supports 
both Linear Integer Arithmetic (LIA) and Linear Real Arithmetic (LRA) logics. 
To efficiently generate Farkas certificates for LA, the technique relies on the 
Simplex algorithm, while for LIA, a variant of the Omega test [ 22] is adopted. 
The technique has been evaluated on SMT-LIB 2 benchmarks using the Z3 
solver. 

Compared to these approaches, which demonstrate stronger scalability in 
handling larger and more complex systems of inequalities, our method does not 
yet scale as well, in particular for cases that require significant arithmetic sim-
plification. As shown in Sect. 6, performance degrades on benchmarks such as 
rings, where large instances of rule la_generic are generated. Nevertheless, our 
framework offers the advantage of supporting proof export from Lambdapi to 
other systems. This interoperability enables the reuse of valid SMT proofs in 
external environments such as Rocq. 

8 Conclusion  

We presented an extension of Carcara’s [ 1] 4 translation module [ 12] for recon-
structing arithmetic reasoning steps in Alethe proof traces involving linear arith-
metic reasoning in the foundational proof assistant Lambdapi [ 18]. The trans-
lation module enables the export of an Alethe proof, together with its input 
problem, parsed and elaborated by Carcara, into a Lambdapi file that can be 
independently verified using the Lambdapi compiler and the Lambdapi library 
included in Carcara, which encodes Alethe logic. Building on this module, our 
extension introduces support for exporting arithmetic proof steps and extends 
the Lambdapi Alethe library to incorporate integer arithmetic proof rules. Our 
method includes a ring solver inspired by the computational reflection techniques 
described in [ 10, 16].
4 https://github.com/NotBad4U/carcara/tree/lambdapi-translate. 

https://github.com/NotBad4U/carcara/tree/lambdapi-translate
https://github.com/NotBad4U/carcara/tree/lambdapi-translate
https://github.com/NotBad4U/carcara/tree/lambdapi-translate
https://github.com/NotBad4U/carcara/tree/lambdapi-translate
https://github.com/NotBad4U/carcara/tree/lambdapi-translate
https://github.com/NotBad4U/carcara/tree/lambdapi-translate
https://github.com/NotBad4U/carcara/tree/lambdapi-translate
https://github.com/NotBad4U/carcara/tree/lambdapi-translate
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We have shown that this allows us to reconstruct several thousand SMT 
proofs that originate from the SMT-lib Benchmarks. To the best of our knowl-
edge, this is the first work to automatically solve arithmetic goals in Lambdapi. 
Nonetheless, the current implementation does not yet scale well in arithmetic-
heavy cases. As future work, we plan to improve Lambdapi’s built-in normaliza-
tion mechanism to better handle such cases. We also intend to extend our work to 
support rational and real arithmetic, enabling verification of broader fragments 
of linear arithmetic (LRA) theories. This will in particular require an encoding 
of rational and real arithmetic in Lambdapi and their normalization function, 
based on the gcd operator, as a basis for implementing proof by reflection. 
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Abstract. SAT-based model checking has become a prominent app-
roach to the verification of temporal properties. However, while invari-
ant model checking can produce simple proofs based on induction, proof 
generation for SAT-based model checking of liveness properties is much 
more complex. 

In this paper, we focus on a recently developed algorithm, called rlive, 
which has been proved quite effective in practice. rlive tries to find a coun-
terexample with a series of reachability checks, while iteratively blocking 
shoals, i.e., set of states that cannot be extended with fair paths. Despite 
the complexity of the algorithm, we show that the shoals are sufficient to 
generate a proof in a deductive system for temporal properties. We imple-
ment the approach in an existing certifying model checking framework 
based on the PVS theorem prover, and we experimentally evaluate it on 
liveness verification problems from the hardware model checking compe-
tition, generating proofs using the nuXmv model checker and checking 
them with PVS. 

1 Introduction 

Applying formal methods as a tool for certifying high-assurance and safety-
critical systems demands for verification tools that are capable of providing a 
high level of confidence in their outcomes. 

A model checker generally offers a straightforward “yes” or “no” answer when 
addressing a verification problem. When the answer is “no” the model checker 
provides a counterexample as supporting evidence. No such evidence is usually 
given when the answer is “yes”. Moreover, the growing complexity of model 
checkers themselves has made it increasingly important to obtain certificates 
from their process. The idea of certifying model checking [ 19] is to generate 
certificates as a byproduct of the verification. These certificates, often in the form 
of deductive proofs, serve to build trust in the verification results by providing 
additional evidence of correctness. 

In this paper we consider problem of certifying the liveness checking problem, 
denoted .M |= FGq where .FGq intuitively means that, in any satisfying trace, . q
eventually holds in all the future states. More specifically, we focus on .rlive [ 30], a 
new SAT-based model-checking algorithm for the verification of liveness prop-
erties of finite-state symbolic transition systems, which has been proved quite 
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effective in practice. .rlive tries to find a counterexample with a series of reach-
ability checks, while iteratively blocking a set of shoals, i.e. set of states that 
cannot reach a .¬q-state infinitely often. 

We show that, despite the complexity of this algorithm, the shoals are suffi-
cient to generate certifying proofs for the liveness property in a deductive system. 
The shoals are easily provided by the model checker, in the case where this has 
verified that the model satisfies the liveness property. 

Our starting point is the approach presented in [ 15], describing a method 
for the generation of liveness checking certificates using the .k-liveneness algo-
rithm [ 9]. The key idea of .k-liveness is it prove that a liveness property holds, 
by bounding how many times . q can be false. For any valid liveness property in 
a finite-state transition system, there exists a bound . k such that . q can become 
false at most . k times in any trace. The algorithm incrementally searches for this 
bound (.k = 0, 1, 2, . . .), using a SAT-based safety checker to verify each bound 
until one succeeds. In this paper, we adapt and generalise the certification proce-
dure for .k-liveness of [ 15] to make it applicable also to rlive. We then extend our 
previous work of [ 28], where we presented a theorem prover based certification 
framework for invariant properties, to handle liveness proofs. 

More specifically, we make the following contributions: 
1. The formalisation of new temporal deductive rule capturing rlive. We formally 

prove the correctness and completeness of the rule. This rule is a generali-
sation of the temporal rule for .k-liveness presented in [ 15]. The correctness 
result is proved within a deductive proof system developed in the PVS spec-
ification language [ 26], so that it can be used within an automated proof 
strategy. 

2. The development of a proof strategy for certifying the success of the model 
checking answer “yes”, when the model checker has used rlive to show that 
the model satisfies the liveness property. This strategy only takes as input 
the set of shoals, which are created during the model checking stage. 

We experimentally evaluate our approach on liveness verification problems from 
the hardware model checking competition, generating proofs using the nuXmv 
model checker [ 7] and checking them with PVS. 

Outline. The rest of the paper is organised as follows. Section 2 provides an 
overview of related work. Section 3 introduces notation and background notions. 
Section 4 describes our contribution at formalising .rlive as a temporal deductive 
rule and at generating proofs for certifying liveness checking results using rlive. 
Section 5 reports an evaluation of the prototype implementation of the proof 
strategy on a standard set of benchmarks for liveness checking. Section 6 con-
cludes the paper. 

2 Related Work 

This work builds upon the concepts first presented in [ 15], where it was shown 
how to exploit the .k-liveness algorithm to extend proof generation capabilities
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for invariant checking to cover full linear-temporal logic (LTL) properties, with 
little overhead for the model checker. The work shows how .k-liveness can be 
formalised as a temporal deductive rule and its correctness proved within a 
complete axiomatic system for LTL from [ 13]. However, in that case no theorem 
prover was used to check the proof generated by the model checker. 

In [ 28] the authors fill this gap by presenting a novel approach for certifying 
model checking results exploiting a theorem prover, namely PVS, and a theory of 
temporal deductive rules that can support various kinds of transformations and 
simplifications of the original model, such as .2-phase abstraction and temporal 
decomposition. This work was however restricted in that it can only handle the 
proof of invariant properties. 

The present work builds upon the theorem-prover based approach from [ 28], 
by showing how to certify model checking results for liveness properties, specifi-
cally when the model checker uses the newly introduced .rlive algorithm to prove 
the property at issue. Even though .rlive looks as a very different algorithm from 
.k-liveness, the proof of the first turns out to be a generalisation of the latter 
presented in [ 15]. 

A different approach to certification is presented in [ 31], where a formal 
framework designed to certify model checking results based on .k-induction is 
described. The core of this certification process is the creation of a witness circuit 
which simulates the original circuit, and which includes an inductive invariant 
that serves as a proof certificate. This approach is extended further in [ 4] and [ 12]. 
The framework is however limited to the certification of invariants, and doesn’t 
consider liveness or general LTL properties. 

A relevant approach to certifying the correctness of liveness properties specif-
ically is presented in [ 16]. The authors present a variant of the liveness-to-safety 
algorithm [ 1], and transform the liveness property into a safety property using a 
reduction. Then they get a proof for that safety property. However, this reduction 
has to be trusted as correct, and the proof does not target the original system, 
but the result of the reduction. In our work, we produce a temporal proof of 
the fact that the original system satisfies the property, so that only the theorem 
prover performing the proof, and not the model checking algorithms used, has 
to be trusted. 

Other approaches concerning the generation of proofs from model checking 
results include [ 22,23], [ 17] and [ 10], but they are mainly theoretical, and no 
implementation is available, to the best of our knowledge. In contrast, our cer-
tification procedure has been implemented within a theorem prover framework, 
and specifically targets the rlive algorithm. 

3 Background and Preliminaries 

We operate within the framework of Boolean (propositional) logic, using the 
standard concepts of satisfiability, validity, interpretations, and models. We use 
lowercase Latin letters .x, v (possibly with subscripts or primes) to denote propo-
sitional variables. Similarly, uppercase Latin letters .X,V represent sets of vari-
ables. Uppercase Latin letters . I, . T , as well as lowercase Latin and Greek letters
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.q, φ, ψ, are used to denote formulae, while uppercase Greek letters . Γ and .Δ and 

. Π represent sets of formulae. 

3.1 Transitions Systems 

We take into account systems modeled by state transition structures, implic-
itly represented by propositional formulae. A transition system .M is a triple 
. X, I, T , where .X is a set of (propositional) state variables, .I(X) is a formula 
representing the initial states, and  .T (X,X ) is a formula representing the sys-
tem’s transition relation. The states of .M are (complete) assignments to the 
variables in . X. We denote by .ΣX the set of states. A state .s ∈ ΣX is a model 
for a propositional formula . ψ, denote by .s |= ψ(X), if substituting the values of 
. s into . ψ, the formula . ψ evaluate to True. Next states, i.e., those reached after a 
transition, are represented as assignments to primed state variables .X . A  path 
of .M is an infinite sequence of states .s0, s1, . . . such that .s0 |= I, and for all 
.i ≥ 0, .si, si+1 |= T . Given a path .π := s0, s1, . . . we denote with .π[i] the state . si. 

3.2 Linear Temporal Logic 

Linear Temporal Logic (LTL) was introduced by Pnueli [ 24] for the specification 
and verification of reactive systems. Formulae of LTL are constructed from a 
set of propositional variables .X using the usual logical connectives (. ¬, . ∧, . ∨) 
and some temporal operators .X (“next”), .F (“eventually”), .G (“always”) and 
.U (“until”). LTL formulae are interpreted in terms of paths, i.e., sequences of 
states of a transition system. Their semantics is also extended to states and 
whole transition systems. 

Given a transition system .M = X, I, T , a path .π := s0, s1, . . . in .M, an  
index . i and a formula . ψ over . X, we define .π, i |= ψ, i.e. that . π satisfies . ψ in . i, 
as follows: 

– .π, i |= and .π, i = ⊥. 
– For each .p ∈ X, .π, i |= p iff .π[i] |= p. 
– .π, i |= ¬ψ iff .π, i = ψ. 
– .π, i |= ψ1 ∧ ψ2 iff .π, i |= ψ1 and .π, i |= ψ2. 
– .π, i |= ψ1 ∨ ψ2 iff .π, i |= ψ1 or .π |= ψ2. 
– .π, i |= Xψ iff .π, i + 1 |= ψ. 
– .π, i |= Fψ iff .π, j |= ψ for some .j ≥ i. 
– .π, i |= Gψ iff .π, j |= ψ for every .j ≥ i. 
– .π, i |= ψ1Uψ2 iff .π, j |= ψ2 for some .j ≥ i and .π, k |= ψ1 for every .i ≤ k < j. 

Finally, .π |= ψ iff .π, 0 |= ψ. Given a propositional formula . q over . X, we  
call the liveness checking problem, denoted by .M |= FGq, the problem to check 
.π |= FGq for all paths . π of .M. .FGq intuitively means that, in any path of 
.M, . q eventually holds in all the future states. Therefore the condition .¬q can 
only be visited a finite number of times. Dually, a counterexample of .FGq is 
an infinite path where .¬q is visited an infinite number of times, i.e. there is
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a trace satisfying .GF¬q. Since we are working in the finite-state case, such a 
counterexample must be a lasso-shaped path, i.e. an infinite sequence of states 
consisting of a finite prefix leading to a cycle that repeats forever. The general 
model checking problem, denoted by .M |= φ where . φ is an LTL formula, can 
be reduced to the liveness checking problem .M × A¬φ |= FGq following the 
standard automata-theoretic approach [ 29], where .¬q is the Buchi acceptance 
condition of .A¬φ. 

3.3 Liveness Checking with rlive 

.rlive is a recent algorithm for verifying liveness properties in finite-state sym-
bolic transition systems [ 30]. It can be seen as a variant of .k-liveness [ 9] that 
explores the state-space in a depth-first search manner. Like other approaches, 
.rlive reduces the liveness checking to a sequence of safety checks. Algorithm 1 
describes how .rlive is implemented using a generic invariant-checking engine. 
The key innovation is that .rlive builds counterexamples to .FGq incrementally 
through a recursive, depth-first search process, rather than directly searching 
for lasso-shaped counterexamples. When looking for counterexamples, .rlive first 
finds a path from the initial states to a .¬q-state, i.e. a state that satisfies .¬q. 
This happens in the first iteration of the while-loop at line . 4, Algorithm 1, where 
.¬C and . ¬C 1 both evaluate to . . The state . s, line . 5, is the first .¬q-state met. 
Notice that if such a state is not reachable, then .Gq is proved and so is .FGq. 
Then it searches for additional .¬q-states from the successors of each discovered 
.¬q-state (line . 9). During this process, either of the following outcomes occurs: 

1. a previously visited .¬q-state is met again, creating a lasso-shaped counterex-
ample that violates the liveness property (lines .11-. 12), or 

2. the search reaches a point where no more .¬q-states can be reached. In this 
case, .rlive obtains an inductive invariant, the shoal, from the safety checker, 
which describes the set of states from which .¬q can be visited a finite num-
ber of times only (lines .15-. 16). Clearly, no state in the shoal belongs to a 
counterexample trace. 

Hence, the shoals are used to restrict future searches by blocking parts of the 
system state space. The algorithms excludes the states in .C from the transition 
system by adding the constraint .¬C ∧¬C to . T (lines . 4 and . 9). Additionally, the 
states to be searched are no longer simply .¬q-states, but states in . T−1(¬C)∩¬q
(lines . 4 and . 9), i.e. .¬q-states that also have successors outside the shoal . C, 
to exclude .¬q-states that are proved not to be part of the counterexample. 
This procedure continues until either all the reachable .¬q-states are eliminated, 
proving the property (line . 18), or a lasso-shaped counterexample is found (lines 
.11-. 12).

1 We remark that for a formula . A, the primed notation .A represents the set of states 
that are immediate successors to states satisfying . A. This is semantically equivalent 
to the LTL next operator .X introduced in Sect. 3.2. 
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Algorithm 1: rlive algorithm [ 30]. 
1 Procedure rlive(.X, . I, . T , .FGq) begin 
2 . C := ⊥
3 .B := empty stack of states 
4 while .check-invariant(X, I, T ∧ (¬C ∧ ¬C ), T−1(¬C) → q) is Unsafe do 
5 .s := final state of . get-counterexample()
6 . B.push(s)
7 while .B is not empty do 
8 . s := B.top()
9 if .check-invariant(X,T (s), T ∧ (¬C ∧ ¬C ), T−1(¬C) → q) is 

Unsafe then 
10 .t := final state of . get-counterexample()
11 if .t ∈ B then 
12 return Unsafe 
13 . B.push(t)

14 else 
15 . inv := get-inductive-invariant()
16 . C := C ∨ inv
17 . B.pop()

18 return Safe 

3.4 Theorem Proving in PVS 

The Prototype Verification System (PVS) [ 20] is a specification language inte-
grated with a theorem prover. The PVS theorem prover is interactive, but it also 
supports strategies development [ 21] and  a batch mode [  18], so that proofs can 
be run automatically. PVS uses a sequent-style [ 14] proof representation. A PVS 
sequent is an object of the form .A1, A2, A3, . . . B1, B2, B3, . . ., where formulae 
.Ai make the antecedent and formulae .Bj make the consequent. The sequent 
above asserts that “if all the . A’s are true, then at least one of the . B’s is true”. 
Hence, the sequent means the same as: .(A1 ∧ A2 ∧ A3 . . .) → (B1 ∨ B2 ∨ B3 . . .). 

The prover builds a proof tree that starts with . A, where . A is the theorem 
to be established. A proof is accomplished when all the leaves are recognised as 
true: this occurs if any antecedent is the same as any consequent (.C,Γ C,Δ), if 
any antecedent is false (.False,Γ Δ), or if any consequent is true (.Γ True.,Δ). 
Other sequents can be recognised as true using more powerful inferences [ 26]. 

3.5 A Shallow Embedding of LTL into PVS 

In [ 28] we present a formalisation of LTL into PVS, following a shallow embed-
ding approach [ 5,25]. 

In the PVS theory .shallow ltl we declare the type trace as all mappings 
from natural numbers to states. An LTL formula is a function that takes a trace 
and a natural number, and returns a boolean PVS type (True or False), which 
is the truth-value of the formula at point on the trace. A state is an object of 
any type, and it is an explicit parameter of .shallow ltl.
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shallow_ltl  [  State  :  TYPE  +]:  THEORY  
BEGIN  
Trace  :  TYPE  =  ARRAY  [  nat ->  State  ]  
ltlformula  :  TYPE  =  [  Trace ->  [  nat ->  bool  ]]  

Examples of definition of propositional and LTL operators within our theory 2
follow, where .P is an LTL formula. 
NOT  (P)(  trace  :  Trace  )(t:  nat  ):  bool  =  NOT  P  (  trace  )(t);  
NEXT  (P)(  trace  :  Trace  )(t:  nat  ):  bool  =  P  (  trace  )  (  t  +1)  ;  
GLOBALLY  (P)(  trace  :  Trace  )(t:  nat  ):  bool  =  FORALL  (  t0  :  nat  )  :  t0  >=  t  IMPLIES  

P  (  trace  )  (  t0  )  ;  

An LTL formula .P is valid if it is true at the initial state of any trace. A 
stronger notion of validity, called global validity, is when the formula is true at 
any state of any trace. 
|=(  trace  :  Trace  ,  t  :  nat  ,  P  )  :  bool  =  P  (  trace  )(t)  
valid  (P):  bool  =  FORALL  (  trace  :  Trace  )  :  |=(  trace ,  0  ,  P  )  
valid_all  (P):  bool  =  FORALL  (  trace  :  Trace  )  :  FORALL  (  t  :  nat  )  :  |=(  trace ,  t  ,  P  )  

The full theory .shallow ltl can be found in a dedicated repository [ 27]. 

4 Certifying Liveness Properties Using rlive 

Consider the liveness checking problem .M |= FGq, where .M = X, I, T and . q
is a propositional formula over . X. With an abuse of notation, we consider . T also 
an LTL formula, identifying .x with .X(x) for every variable .x ∈ X. In order to 
prove .M |= FGq, we provide  a proof  of  .(I ∧ GT ) → FGq, following the same 
approach as in [ 15]. 

4.1 A New Temporal Deductive Rule for Liveness 

In order to prove .(I ∧GT ) → FGq, we use the following inference rule denoted 
with . RL

Pi P0 Pk1 Pp1 . . . P  kn Ppn 
RLI ∧  G(T ) → FGq 

The premises of the rule .RL are: 

. Pi := (I ∧ GT ∧ G¬C) → Gq

. P0 := G(C0 ↔ ⊥)

. Pk1 := G((C0 ∨ C1) ∧ T → X(C0 ∨ C1))

. Pp1 := G((C0 ∨ C1) ∧ T ∧ ¬q → X(C0))
. . .  
.Pkn := G((C0 ∨ . . . ∨ Cn) ∧ T → X(C0 ∨ . . . ∨ Cn))

2 PVS allows overloading of built-in symbols. In the definition above the first .NOT is 
our defined LTL operator, which creates an LTL formula and whose semantics is 
defined via the boolean PVS operator .NOT. 
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. Ppn := G((C0 ∨ . . . ∨ Cn) ∧ T ∧ ¬q → X(C0 ∨ . . . ∨ Cn−1))

where .C := C0 ∨ C1 ∨ . . . ∨ Cn. 
Intuitively, .Pi means that any trace of .M satisfies that either a state in the 

shoal will be met eventually, or . q is an invariant - being the formula (. I ∧ GT ∧
G¬C) → Gq equivalent to .(I ∧ GT ) → (FC ∨ Gq). If the latter is the case, 
then .FGq holds and the liveness property is therefore verified. Thus we need to 
cover the case where a shoal state is met eventually (.FC). 

We consider the additional premises of .RL, . P0, .Pk1, .Pp1,  . . . ,  .Pkn, .Ppn. . P0

simply states that the shoal is initially empty. Each premise .Pki (.1 ≤ i ≤ n) 
states that the invariant .C0 ∨ · · · ∨ Ci incrementally built is inductive. Each 
premise .Ppi (.1 ≤ i ≤ n) states that if we are in a state where . C0 ∨ · · · ∨ Ci

and .¬q both hold, following the transition . T , the next state will belong to at 
least one shoal that was added to . C before .Ci itself, i.e. to .C0 ∨ . . . ∨ Ci−1. This 
means that once in the shoal, we do not exit it, and that the search space can be 
incrementally restricted, as long as we keep visiting a .¬q-state. Notice that . Pk1
is equivalent to .G(C1 ∧ T ∧ ¬q → ⊥): states in .C1 cannot reach .¬q-states at all. 
.C1 represents the first non-empty set of states added to .C by the algorithm. 

A formal proof of the fact that .rlive contains the information necessary to 
prove premises . Pi, and  .Pki, .Ppi for .1 ≤ i ≤ n is given in Sect. 4.3. 

RL as a Generalisation of k-liveness Rule. In the temporal proof for .k-
liveness from [ 15] we have formulae .α0, . . . , αk+1, that keep count of the number 
of times the fairness condition .¬q is reached. Assuming by contradiction that we 
will keep reaching .¬q, eventually .αk+1 is reached. This final formula expresses a 
contradiction as .¬q can be visited at most . k times by the .k-liveness algorithm [ 9]. 
Thus, any path starting from . I can visit .¬q finitely many times only (concluding 
.FGq). 

.RL generalises this .k-liveness rule, in the sense that it can be used to build 
proofs for .k-liveness, but the premises are more relaxed to cover more general 
proofs. In particular, given the . α’s conditions from .k-liveness, .RL can be used to  
perform a .k-liveness proof as in [ 15]. 

Given .n = k + 1, we can establish this mapping: each .k-liveness condition . αi

for .0 ≤ i ≤ k+1 maps to .Ck−i+1, so specifically .αk+1 maps to .C0, both formulae 
expressing a contradiction, .αk maps to .C1 and so on through the sequence up 
.α1 mapping to .Ck and .α0 mapping to .Ck+1. .C = C0 ∨ . . .∨Cn = αk+1∨ . . .∨α0. 
Given this mapping, we can prove that if the premise .Pi of .k-liveness holds, 
which states that .I → F(α0), than the corresponding .Pi of .RL holds too, as . α0

implies . C using the mapping above. Moreover it is possible to prove by induction 
that, given this mapping, if each .Pki and .Ppi premises from .k-liveness hold, then 
so do the corresponding premises for .RL. 

Thus, .RL can be used in alternative to the rule defined in [ 15] for  .k-liveness, 
but the premises are more relaxed to accommodate the proof of rlive. In particu-
lar, it provides a more general first premise . Pi, and weaker premises .Pki than the 
corresponding premises of .k-liveness. In the .k-liveness rule, .Pi := I → F(α0), 
i.e., from the initial state we can reach .α0 and start counting. In .RL we need
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to consider the alternative possibility that the shoal stays empty (.FC is false), 
thus concluding .Gq. The  .Pki premises from .RL allows to transition from a . Ci

to any shoal with a lower index, whilst in the .k-liveness rule a state from .αi is 
required to either remain in .αi (when . q holds) or transition to the immediate 
successor condition .αi+1. 

4.2 Correctness of the Rule 

Let us denote the set of formulae .{Pk1, Pp1, . . . , Pkn, Ppn} simply with . Π. The  
full formalisation and proof of correctness of RL has been done in PVS in our 
theory .lemmas shallow ltl [ 27], in the form of a validity statement: for all 
formulae . I, . T , . q and . C we proved that .valid((Pi∧P0∧Π) → (I ∧GT → FGq)). 
The schema of the proof is as follows, and we refer to [ 27] for the fine-grained 
proof. 

Pi 

(I ∧  GT ) → (¬G¬C ∨ Gq) 
(I ∧  GT ) → (FC ∨ Gq) [I ∧  GT ] 

FC ∨ Gq 

If .Gq is the case: 

Gq 

FGq 

(I ∧  GT ) → FGq 

Let us now consider the second possibility: .FC. 

FC Π [I ∧  GT ] [GF¬q] 
RLB 

FC0 

P0 

G¬C0 

⊥ 
¬GF¬q 
FGq 

(I ∧  GT ) → FGq 

Notice that the main step to prove the correctness of .RL is the following 
deduction rule 

FC Π I ∧  GT GF¬q 
RLB 

FC0 

This rule states that if we are on a trace where the shoal .C is eventually 
entered, and where .¬q holds infinitely often then, considering the additional 
premises . Π of .RL, we are bound to enter the last shoal .C0. As shown in the proof 
sketch above, the assumption of the fact that .¬q holds infinitely often is used 
to perform a proof by contradiction, and it is negated when the contradiction 
is reached. Also .RLB has been formalised and proved in PVS within our theory 
.lemmas shallow ltl [ 27]. The proof .RLB uses the .KLB rule from [ 15], which 
is the main step for the deduction of their temporal rule for .k-liveness. This is 
because, as explained earlier, .RL is a generalisation of this rule.
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4.3 Completeness for rlive 

In this section, we show that the rule is complete to provide a proof for the 
property proved by rlive, in the sense that rlive can be easily extended to generate 
the premises of the rule. 

The .Ci are the inductive invariants that are generated by performing a series 
of invariant checks on variations of the original transition system. Thus, initially 
.C := C0 is empty (.C0 = ⊥, from line  . 2 of Algorithm 1). New shoals are added in 
disjunction and at the .i-th iteration .C = C≤i := C0 ∨ . . . ∨ Ci (lines .15-. 16). At 
each iteration (lines .8-. 17), rlive proves that the new .Ci+1 shoal is an inductive 
invariant for the modified transition .T ∧ ¬C≤i ∧ ¬C≤i and that it implies the 
invariant .T ∧¬C≤i → q (line . 9). We can prove that this is sufficient to prove the 
premises .Pkn and .Ppn from Sect. 4.2. 

Theorem 1. Assume that for all . i, .0 ≤ i < n, the following holds: 

. |= (Ci+1 ∧ T ∧ ¬C≤i ∧ ¬C≤i) → Ci+1 (1) 
Ci+1 ∧ ¬q ∧ T ∧ ¬C≤i |= ⊥ (2) 

Then for all . i, .0 ≤ i < n, the following implications are valid: 

.((C≤i ∨ Ci+1) ∧ T ) → (C≤i ∨ Ci+1) (3) 
((C≤i ∨ Ci+1) ∧ T ∧ ¬q) → C≤i (4) 

Proof. We prove (3) by induction on . i. Since .C≤i = ⊥ in case .i = 0, the base 
case of (3), what we want to prove says that .(C1 ∧ T ) → (C1), which is exactly 
the assumption (1) with .i = 0. 

Let us consider the step case of the induction. By inductive hypothesis we 
know that .(C≤i ∧ T ) → (C≤i). By  (1), we have that .¬C≤i ∧ Ci+1 ∧ T → C≤i+1. 
From these two, we can deduce that the same holds for . ((C≤i ∨ Ci+1) ∧ T ) →
(C≤i ∨ Ci+1), that is 3. 

We now prove (4). From (3), we have that .((C≤i) ∧ T ) → (C≤i). From (2), 
we deduce that .(Ci+1 ∧ T ∧ ¬q) → C≤i. From these two, we can deduce that 
.((C≤i ∨ Ci+1) ∧ T ∧ ¬q) → C≤i, that is (4). . 

Similarly, we can prove that the information provided by the algorithm . rlive
is sufficient to prove the initial premise . Pi. The idea is that .C represents the 
final shoals returned by the .rlive algorithm and the algorithm proves that . Pi

holds. The last invariant check at line . 4 of Algorithm 1 returns an invariant, let 
us call it . ψ, that is inductive for the modified transition .T ∧¬C ∧¬C , and  such  
is that it implies the invariant .T ∧ ¬C → q. 

Theorem 2. Assume that the following holds: 

. |= ψ → (T ∧ ¬C → q) (5) 
|= I ∧  G(T ∧ ¬C) → Gψ (6) 

Then the following implication is valid: 

.I ∧ G(T ∧ ¬C) → Gq (7)
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Proof. From 5 and 6 it immediately follows that . I ∧G(T ∧¬C) → G(T ∧¬C →
q). This is equivalent to .I∧G(T ∧¬C) → G(q∨¬T ∨C ). From this we can easily 
prove that .I ∧ G(T ∧ ¬C) → Gq which is 7. This final step has been verified 
in PVS, since it is an essential proven lemma of our proof strategy presented in 
Sect. 4.5. Having proven it definitively, we can reuse it throughout our approach. 
For the detailed proof, we refer to [ 27], where the proven lemma appears under 
the name stronger ind proof 2. . 

These proofs give an alternative demonstration of the correctness of the rlive 
algorithm, when the property is proved correct, using the rule RL. The proofs are 
given here for completeness of the presentation. However, to avoid trusting the 
implementation of the rlive algorithm and in the spirit of certifying model check-
ing, we set a certification process in which we use a theorem prover to check the 
certificates generated by the model checker, as detailed in the following section. 

4.4 Certification Process 

Our certification process goes through three main stages: 

1. The model checking stage, where we run the model checker and we dump the 
inductive invariants . C making the shoals and the final invariant . ψ as described 
in Sect. 4.3. These are the parameters required by the proof strategy described 
in the next section. 

2. The theory generation phase, where a PVS theory is generated with the rele-
vant specification of the model .M, the property to be proved, the parameters, 
the claim of the main theorem and the PVS proof-script with the strategy to 
be run to prove the main theorem. 

3. The PVS proof which generates the proof certificate. Each proof uses the 
PVS strategy presented in the next sections, and follows a consistent pattern 
for all liveness checking problems .M |= FGq. The proof consists of two key 
components: a structural part and a proof obligations discharging part. The  
structural part involves applying LTL definitions and the temporal deductive 
rules which we have proved once and for all as PVS lemmas, such as the 
lemmas for rlive .RL. This part remains identical regardless of the specific 
model and property being certified. The proof obligations discharging part 
focuses on proving the propositional implications at the leaves of the proof 
tree and it is accomplished using the PVS built-in SAT solver (PVS uses the 
SMT solver Yices [ 11]). The critical aspect of the proof lies in this discharge 
of the proof obligations by Yices, as these proof steps confirm that the model 
.M satisfies the necessary premises for applying .RL, thereby validating the 
conclusion of .M |= FGq. We remark that, alternatively to a SAT solver, 
purely syntactic and resolution based methods can be used in this stage of 
the proof strategy to discharge the propositional implication leaves. In PVS 
such methods are .prop or .bdd-simp [ 26]. However, for large formulae, they 
do not scale as well as a SAT solver. A full example of a proof using .RL, 
on a concrete transition system and liveness property, can be found at [ 27] 
(.rlive example proof output).
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4.5 A Proof Strategy for Liveness Checking 

Given a model .M = X, I, T , a liveness property . q and a formula . C representing 
the shoal, which is provided by the model checking stage, a proof strategy for 
certifying liveness results utilises the temporal deductive rule .RL (as presented 
above) as a proven lemma, and then proceeds to discharge each of its premises 
.Pi, P0 and . Π. 

The strategy takes the sequence of formulae .C0, . . . , Cn, whose disjunction 
makes the shoal, as explicit parameters. The model checker provides an addi-
tional parameter formula, let us call it . ψ. As we will see later, this is the inductive 
invariant that will be used to accomplish the proof of the premise . Pi. 

The proof tree starts with the goal: . valid(I ∧ GT → FGq). The strategy 
splits in two branches: .Branch 1, where the premise .Pi is added to the set of 
assumptions, and .Branch 2 where .Pi is added to the set of conclusions, to be 
proved. In practice we make use of the PVS rule .Case which allows us to assume 
a formula and subsequently prove this formula to be true [ 26]. 

.Branch 1 in turns splits into two branches: .Branch 1.1 where the remain-
ing premises .P0 and . Π’s are added to the set of assumptions, and . Branch 1.2
where .P0 and . Π’s are added to the set of conclusions, to be proved. 

On .Branch 1.1 .RL is added to the set of assumptions as a proven lemma, 
with appropriate substitution for the formulae representing the shoal . C, . I, . T
and the liveness property . q within the .RL premises . Pi, .P0 and . Π. The sequent 
at the leaf of .Branch 1.1 has this form:

-1 .valid(Pi ∧ P0 ∧ Π → (I ∧ GT → FGq))

-2 .valid(Pi)

-3 . valid(P0 ∧ Π)

1 . valid(I ∧ GT → FGq)

which is clearly provable after expanding the definition of “.valid” and some 
simple symbolic manipulation. This concludes the proof of .Branch 1.1. 

The strategy turns then to .Branch 1.2, where the premises . P0, .Pk1, .Pp1, 
. . . ,  .Pkn, .Ppn have to be discharged. After expanding the definition of the 
Globally operator . G, which is the main operator of each of these premises, they 
can all be discharged by rewriting . I, . T , . q and each .Ci for .0 ≤ i ≤ n with 
the appropriate formulae from the theory at issue, and by using the PVS SAT 
solver Yices to prove the propositional implications at the resulting leaves. This 
completes the proof of .Branch 1.2. 

The strategy turns to .Branch 2, where premise .Pi has to be discharged. 
We remind the reader that .Pi := I ∧ GT ∧ G¬C → Gq. This is a invariant 
claim equivalent to .I ∧ G(T ∧ ¬C) → Gq. .Pi expresses that the formula . q
is an invariant for the model .M̂ = X, I, T̂ with .T̂ := T ∧ ¬C ∧ ¬C . Since 
formula . q is not necessarily inductive w.r.t. .M̂, we need an invariant formula . ψ, 
that is inductive and that will imply the proof of the invariant claim in . Pi. The
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model checker is able to produce such an inductive invariant as the result of the 
invariant check contained within the .rlive algorithm, as described in Sect. 4.3. 
(line . 4 of Algorithm 1). It then passes this as a parameter for the proof strategy, 
together with the shoal formula . C. In order to prove . Pi, the proof strategy applies 
a subroutine for proving invariants using inductive invariants. This subroutine 
strategy takes the formula . ψ as parameter and carries out a proof of . Pi. This 
strategy is an adaptation of the strategy for proving invariant presented in [ 28]. 
This completes the proof of .Branch 2. 

Our PVS implementation of this strategy can be found at [ 27], together with 
a full example of a proof using this strategy. 

5 Experimental Evaluation 

In this section, we present the experimental evaluation of our proposed method-
ology, assessing the effectiveness, efficiency, and robustness of our approach 
through a series of comprehensive tests run on publicly available benchmarks 
sets. We describe the experimental setup, including the hardware and software 
configurations, the datasets used, and the specific metrics considered for the 
evaluation. We also provide a detailed analysis of the results obtained. 

Setup. We have implemented our proof generation and certification procedure 
on top the model checking tool nuXmv [ 7]. The tool takes as input a model in 
Aiger [ 2] format, and produces the inductive invariants making the shoal and 
the inductive invariant . ψ described in Sect. 4.5, as Aiger combinational circuits 
expressed over the state variables of the model. 

We then apply a simple Python script to translate the input model and the 
generated invariants into a PVS theory. We make the script available (together 
with the rest of the our toolchain) at [ 27]. The Python script is relatively simple, 
and it can be verified through standard software verification methodologies. This 
was adapted from our work from [ 28] to include generation of theories for liveness 
checking. The overhead of this translation stage (namely, stage . 2 of the certifi-
cation process described in Sect. 4.4) is negligible, and therefore not included in 
the results evaluation where we only compare the model checking stage and the 
proof generation stage. 

Benchmark Set. For our evaluation, we have collected a total of .53 distinct 
problem instances from different families, stemming from previous Hardware 
Model Checking Competitions (HWMCC) [ 3]. These 53 instances are the safe 
instances that could be successfully proved by nuXmv in the time limit of 1200 s. 
All benchmarks, certificates, and run logs have been made available for refer-
ence [ 27]. 

Results. The nuXmv runs were carried out on a computer cluster, on a 
queue consisting of . 4 nodes with identical hardware specifications. Each node is
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equipped with an Intel Xeon CPU .6226R processor operating at .2.9 GHz, with 
.32 CPU cores and .16 GB of memory. These jobs were managed by SLURM with 
a memory limit of . 4 GB and a wall-time limit of .1200 seconds per experimental 
run. 

PVS experiments were conducted using PVS8.0 3 on the set of benchmarks 
described above, on the same cluster and in the same setup mentioned above, 
with a memory limit of . 8 GB and a wall-time limit of .3600 s per run. 

The results demonstrate the effectiveness of the prototype implementation, 
integrating our rlive proof strategy described in Sect. 4.5 within the existing 
certifying model checking framework based on PVS [ 28]: of the 53 total test 
cases, 41 in total were successfully proved by PVS within the allotted time and 
memory constraints, whilst remaining 12 cases exceeded the available memory 
resources. 

Fig. 1. Comparison between model checking verification and PVS certification times, 
considering overall certification times (a) and just SAT solver times (b). 

Figure 1 presents preliminary results comparing model checking instances 
verification times, i.e. the time taken by the model checker to verify that an 
instance model satisfies a liveness property using the .rlive algorithm (this is stage 
. 1 of the certification process described in Sect. 4.4), against the certification times 
of PVS, i.e. the time taken by PVS to prove the corresponding theorem (this is 
stage . 3 of the certification process described in Sect. 4.4). Figure 1a accounts for 
all the PVS certification contributions whereas Fig. 1b focuses on just Yices SAT 
solver times. Figure 1a shows that almost all data points lie significantly above 
the diagonal dashed line indicating that PVS total proof time is consistently

3 We modified the PVS Makefile configuration to increase resource allocations. 
The .SBCL SPACE SIZE parameter was increased from .6 GB to .30 GB, and 
.SBCL STACK SIZE was increased from . 8 MB to .32 MB. 
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higher than the model checking verification time for the same problems. Figure 1b 
shows that Yices times are generally closer to the diagonal line, suggesting that 
the proof-obligation discharging part of the proof is more efficient than the rest 
of the steps performed in the PVS proofs. 

Fig. 2. Times breakdown for PVS-based runs. 

To better understand the reasons behind this gap, we further analysed the 
breakdown of execution times for different operations within PVS. Figure 2 illus-
trates the total certification time divided into three components: type-checking 
time, the time spent verifying semantic constraints, determining expression 
types, and resolving names, proof-checking time, the time spent executing the 
actual steps of the proof strategy and SAT-solving time, the time of the proof-
checking time spent on calls to the SAT solver Yices. Our analysis reveals that 
PVS performance bottlenecks occur primarily within proof steps other than the 
Yices solver component. When processing theories with numerous shoals for-
mulae, PVS spends disproportionate time on fundamental logical operations, 
such as logical operators’ expansion. For . n shoals, expanding basic LTL oper-
ators like ‘AND’ requires approximately . n separate expansion operations, each 
triggering cascading expansions of nested ‘OR’ operations. These operations, as 
well as operations of installing and rewriting definitions, involve substantial hid-
den costs. PVS performs additional typechecking and book-keeping during these 
operations. This explains the significant gap between Yices processing time and 
proof time observed in our performance analysis. 

While our analysis indicate scaling limitations in the current prototype imple-
mentation, it is important to emphasise that the primary contribution of this 
work is the theoretical foundation and correctness of our proof strategy for rlive. 
The prototype serves its intended purpose: demonstrating that the strategy is 
sound and functional by successfully certifying the tested benchmarks. The PVS 
based framework could be implemented using alternative certification tools or
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optimised versions of PVS tailored to this problem domain. As proposed in [ 28], 
future work will address these scaling concerns. 

6 Conclusions and Future Work 

In this paper we have considered .rlive [ 30], a new SAT-based model-checking 
algorithm for the verification of liveness properties of finite-state symbolic tran-
sition systems. We have shown that, despite the complexity of the algorithm, the 
shoals provided by the model checker are sufficient to generate proof certificates 
in a deductive system for temporal properties, and that even though .rlive and 
.k-liveness seem two very different algorithms, in terms of temporal rules the first 
can be seen a generalisation of the second, as it is presented in [ 15]. We have 
formalised the rule for .rlive, proved its correctness and completeness, and devel-
oped a proof strategy that uses this rule to certify liveness checking results. We 
have implemented our strategy as a prototype in an existing certifying model 
checking framework [ 28] based on PVS, and tested the implementation on a set 
of benchmarks from the hardware model checking competition. 

We see several directions for future work, such as extending the certifying 
model checking approach to other liveness checking algorithms such as liveness-
to-safety [ 1] and FAIR [ 6]. It would also be interesting to investigate the possibil-
ity of a proof strategy that encompasses all these liveness checking algorithms. 
We would also like to generalise the current proof strategy for rlive to account 
for multiple fairness constraints, as it is done for .k-liveness in [ 15], since our app-
roach is currently limited to a single fairness condition (namely .¬q). Since proofs 
are easily composed, it is a very feasible next step to consider the generation of 
proofs that combine multiple transformation techniques with liveness proofs, as 
it is done in [ 15] for k-liveness. Some of these transformations, such as temporal 
decomposition and phase abstraction, are already certifiable using the theorem 
prover based approach from [ 28]. We would also like to consider generalisations 
to the infinite-state transition system and SMT (Satisfiability Modulo Theories) 
based model checking, since .rlive has recently been generalised to handle this 
type of transition systems [ 8]. 

Acknowledgments. The authors acknowledge the support of the PNRR project 
FAIR - Future AI Research (PE00000013), under the NRRP MUR program funded by 
the Next Generation EU and in particular the activity of technology transfer “nuXmv
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