René Thiemann
Christoph Weidenbach (Eds.)

Frontiers of
Combining Systems

15th International Symposium, FroCo$S 2025
Reykjavik, Iceland, September 29 - October 1, 2025
Proceedings

LNAI 15979

@ Springer




Lecture Notes in Computer Science

Lecture Notes in Artificial Intelligence 15979
Founding Editor

Jorg Siekmann

Series Editors

Randy Goebel, University of Alberta, Edmonton, Canada
Wolfgang Wahlster, DFKI, Berlin, Germany
Zhi-Hua Zhou, Nanjing University, Nanjing, China



The series Lecture Notes in Artificial Intelligence (LNAI) was established in 1988 as a
topical subseries of LNCS devoted to artificial intelligence.

The series publishes state-of-the-art research results at a high level. As with the LNCS
mother series, the mission of the series is to serve the international R & D community
by providing an invaluable service, mainly focused on the publication of conference and
workshop proceedings and postproceedings.



René Thiemann - Christoph Weidenbach
Editors

Frontiers of
Combining Systems

15th International Symposium, FroCoS 2025
Reykjavik, Iceland, September 29 — October 1, 2025
Proceedings

@ Springer



Editors

René Thiemann Christoph Weidenbach
University of Innsbruck Max-Planck-Institut fiir Informatik
Innsbruck, Austria Saarbriicken, Germany

ISSN 0302-9743 ISSN 1611-3349 (electronic)
Lecture Notes in Artificial Intelligence
ISBN 978-3-032-04166-1 ISBN 978-3-032-04167-8 (eBook)

https://doi.org/10.1007/978-3-032-04167-8

LNCS Sublibrary: SL7 — Artificial Intelligence
© The Editor(s) (if applicable) and The Author(s) 2026. This book is an open access publication.

Open Access This book is licensed under the terms of the Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, adaptation, distribution
and reproduction in any medium or format, as long as you give appropriate credit to the original author(s) and
the source, provide a link to the Creative Commons license and indicate if changes were made.

The images or other third party material in this book are included in the book’s Creative Commons license,
unless indicated otherwise in a credit line to the material. If material is not included in the book’s Creative
Commons license and your intended use is not permitted by statutory regulation or exceeds the permitted use,
you will need to obtain permission directly from the copyright holder.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the
editors give a warranty, expressed or implied, with respect to the material contained herein or for any errors
or omissions that may have been made. The publisher remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

If disposing of this product, please recycle the paper.


https://orcid.org/0000-0002-0323-8829
https://orcid.org/0000-0001-6002-0458
https://doi.org/10.1007/978-3-032-04167-8
http://creativecommons.org/licenses/by/4.0/

Preface

These proceedings contain the papers selected for presentation at the 15th International
Symposium on Frontiers of Combining Systems (FroCoS 2025). The symposium was
held during September 29 — October 1, 2025 at ICE-TCS, the theoretical computer
science lab of Reykjavik University, Iceland. It was co-located with the 34th Interna-
tional Conference on Automated Reasoning with Analytic Tableaux and Related Meth-
ods (TABLEAUX 2025) and the 16th International Conference on Interactive Theorem
Proving (ITP 2025).

FroCoS is the main international event for research on the development of techniques
and methods for the combination and integration of formal systems, their modularization
and analysis.

FroCoS 2025 received 32 submissions. Each paper was evaluated by the members of
the Program Committee who did a great job at thoroughly evaluating these submissions
regarding their technical and presentational quality and providing helpful feedback to the
authors. Reviewing was single-blind and each paper was subject to at least three reviews,
followed by sometimes extensive discussions within the Program Committee. In the
end, 21 papers were selected for presentation at the symposium and for publication. We
have grouped them in this volume according to the following topic classification: (1)
description logics, (2) beyond classical logic, (3) satisfiability modulo theories (SMT),
(4) term rewriting systems, (5) theorem proving, (6) specific reasoning procedures, and
(7) proof checking.

Together with the Program Committee, we considered suitable candidates to give an
invited talk, and were delighted to find two outstanding invited speakers:

— Kaustuv Chaudhuri, LIX, Inria/Ecole Polytechnique (joint with TABLEAUX)
— Carsten Fuhs, Birkbeck, University of London

We would like to thank all the people who contributed to making FroCoS 2025 a
success. In particular, we thank the members of the Program Committee and the external
reviewers for their excellent, timely work and for providing the authors with insightful
feedback. Of course we thank the authors for submitting high-quality papers, taking the
reviewers’ feedback into account, and presenting their work in a way that is accessible
to the broad FroCoS audience. Next, we thank the invited speakers for their inspiring
talks. Moreover, we thank the local organizers and the theoretical computer science lab
of Reykjavik University for organizing and supporting FroCoS. Finally, we gratefully
acknowledge financial support from Springer.

July 2025 René Thiemann
Christoph Weidenbach
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Towards a Universal Interactive Theorem Proving
Interface

Kaustuv Chaudhuri
Inria & LIX, Institut Polytechnique Paris

Abstract. Interactive theorem provers are usually designed to use formal lan-
guages for expressing proofs and commands. Such languages are rarely portable
across different systems, which leads to fragmentation in the community, dupli-
cation of effort, and an incumbency bias for existing systems. One way to address
this incompatibility is to design an interactive proving interface where proof and
command languages have a negligible role. Instead, users build proofs by manipu-
lating the theorem itself using interaction devices such as mice and touch screens,
and interaction mechanisms such as clicking, selection, dragging-and-dropping,
etc.; in other words, using direct manipulation. There have been a number of
proposals for such interfaces, most famously the proof by pointing approach of
the 1990s [1], with several other approaches since then [8, 2, 3, 9].

This talk presents a foundational, proof theoretic, and system independent
view of direct manipulation interfaces that generalizes these earlier attempts to
proof by linking [5], which has been implemented in the interfaces Profound [6]
and Actema [7] for first-order intuitionistic logic. These interfaces are intended
to be compatible with arbitrary backend proof systems, either as plugins or as
certifying procedures. For example, Profound can be used to produce proofs for
Lean 3, Lean 4, Rocq (Coq), Isabelle/HOL, and HOL4 [4]. Linking requires
the use of proof calculi of deep inference, which are proof systems where logical
inferences are allowed in arbitrary formula contexts. This talk presents a particular
kind of deep inference called open deduction, which was originally developed
for classical logic but which is now extended and adapted to intuitionistic logic.
In addition to linking, open deduction is suitable for a variety of other front-end
features such as hierarchical levels of detail and refactoring by sharing subproofs.
We will also discuss current work on extensions of open deduction (and linking)
to support dependent type theory and induction.
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Automated Static Program Analysis via Constrained
Term Rewriting

Carsten Fuhs

University of London, UK
c.fuhs@bbk.ac.uk

Abstract. Static program analysis is a way of determining whether a program
has certain desirable properties without actually running the program. Over the
last decades, static analysis has made massive strides forward thanks to the ready
availability of tools like SAT and SMT solvers. In this talk, I will sketch a system-
atic way of constructing a tool for static program analysis based on constrained
rewriting, with a focus on program termination as the property of interest.
In the first part of the talk, I will discuss Logically Constrained Simply-typed
Term Rewriting Systems (LCSTRSs) as an intermediate verification language that
extends classic term rewriting in several directions relevant to program analysis.
LCSTRS:s as a form of constrained rewrite systems allow for expressing many
features of real-world programming languages:
— algebraic data types;
— built-in data types (e.g., integers, arrays) and their standard operations and
constraints;
— higher-order types, as used in functional programs.

I will describe a Dependency Pair Framework for compositional analysis
of termination of call-by-value evaluation for LCSTRSs. Its automation heavily
benefits from existing off-the-shelf SMT solvers to tackle the search problems
inherent to automated termination proving.

In the second part of the talk, I will describe a translation from a subset of
Scala to constrained rewrite systems such that termination of the rewrite system
implies termination of the original Scala program. In combination with a ter-
mination tool for constrained rewriting as a back-end, this approach allows for
proving termination of real-world programs via tools designed for the analysis of
constrained term rewriting.

This talk is based on joint work with Liye Guo, Cynthia Kop, Viktor Kuncak,
and Dragana Milovancevic.
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The Concrete EVvoNNE: Visualization Meets
Concrete Domain Reasoning

Christian Alrabbaa!®)@®, Franz Baader!®)®, Raimund Dachselt>®)
Alisa Kovtunova!®)®, and Julian Méndez?(®)

! Institute of Theoretical Computer Science, TU Dresden, Dresden, Germany
{christian.alrabbaa,franz.baader,alisa.kovtunoval}@tu-dresden.de
2 Interactive Media Lab Dresden, TU Dresden, Dresden, Germany
{raimund.dachselt, julian.mendez2}@tu-dresden.de

Abstract. EVONNE is a web application primarily designed to explain
Description Logic (DL) entailments using an interactive visualization
approach for proofs. This paper introduces an extension of EVONNE
to DLs with concrete domains, which are needed for formalizing con-
cepts whose definitions involve quantitative information. Specifically, we
focus on two extensions of the DL £L£,: one with constraints formu-
lated as linear equations and the other with difference constraints. First,
we have extended EVONNE to enable the generation and presentation
of proofs involving these concrete domains. Then, leveraging the unique
properties of each domain, we have designed and incorporated alterna-
tive visual explanations for the numerical parts of the proofs. Finally,
we have assessed the effectiveness of these visual explanations through
qualitative user studies and a performance benchmark. While opinions
on one of these explanations varied, the other was widely recognized for
its clarity and ease of understanding.

Keywords: Explainable Al - Description Logic + Concrete Domains -
Visualization - Linear Equations - Difference Constraints

1 Introduction

Due to the opacity of many machine learning approaches such as deep neural
networks [27], explainability (xAI) has become a major research field in Artificial
Intelligence [18,19]. Symbolic AI approaches based on logic have the advantage
over subsymbolic approaches that they are explainable by design: a consequence
computed by an automated reasoner can in principle be explained using a proof,
which demonstrates how the consequence can be derived from given axioms
by applying simple inference rules, and the non-derivability of a statement can
(for some logics) be explained by showing a finite counter-interpretation, which
is a model of all axioms, but not of the non-derivable statement. However, to
leverage this advantage of logic-based approaches in practice, one must be able
to produce proofs (counter-interpretations) that are appropriate for explanation
purposes and present them in a comprehensible and cogent way.

© The Author(s) 2026
R. Thiemann and C. Weidenbach (Eds.): FroCoS 2025, LNAI 15979, pp. 3-21, 2026.
https://doi.org/10.1007/978-3-032-04167-8_1
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In ongoing work, we address these issues in the context of Description Logics
(DLs) [12], which are a prominent family of logic-based knowledge representa-
tion languages frequently used to formalize ontologies for various application
domains. The computation of appropriate proofs and counter-interpretations
has been tackled in [3,4] and [8,9], respectively. Both means of explanation can
be presented in our interactive visualization tool EVONNE!|[2,23], but the proof-
presentation facilities are considerably more mature. Since the publication of the
EVONNE system description [2] and a journal paper emphasizing its visualization
components [23], this tool has been extended by new features and the look and
feel of the system has been improved considerably.

Here we concentrate on the extension of the proof visualization facilities of
EVONNE to DLs with so-called concrete domains [11,22]. In particular, we con-
sider extensions of tractable DLs of the ££ family [10] with two p-admissible
concrete domains based on rational numbers, one (Dg i) that can use linear
equations to formulate constraints [13] and another (Dg,q;) based on differ-
ence constraints [10]. Such numerical constraints turn out to be very useful for
describing concepts whose definition involves quantitative information, such as
the battery capacity of a drone, its flight time, and weather conditions including
temperature, which may influence the battery discharge rate. The exact defini-
tion of p-admissibility is not relevant for this paper (see [10,13] for details), but
note that it is needed to preserve tractability. Both mentioned concrete domains
are p-admissible, but their combination is not, though they can both be inte-
grated into the same DL as long as they do not interact. In [5], we have addressed
the problem of generating proofs for consequences derived from knowledge bases
formulated in such DLs. Basically, the proof system for the extended DL as
introduced in [10] uses entailment between and unsatisfiability of sets of con-
crete domain constraints as applicability conditions. The idea is then to explain
the satisfaction of such side conditions by a proof of the entailment (unsatisfiabil-
ity) if this is requested by the user. The first important new feature of EVONNE
described in this paper is the extension of its proof presentation facilities by such
concrete domain proofs and their interaction with the abstract DL proofs.

However, the most original contribution of this work lies in its introduction
of novel visual explanations for unsatisfiability and entailment in the consid-
ered numerical concrete domains. These visualizations are designed to reflect
the unique properties of the domains and offer more intuitive insight into the
underlying numerical reasoning. In the case of Dg jin, unsatisfiability of a set
of constraints using only two variables can be visualized in the 2D Euclidean
Space by showing that the lines corresponding to the constraints do not inter-
sect in a single point. Here, we address the challenge of extending this idea to
higher dimensions. For Dg g, unsatisfiability of a constraint set corresponds
to the existence of a negative cycle in the difference graph induced by these
constraints. Thus, we developed a visual explanation based on such cycles. A
priori, it is not clear how these visual explanations compare to numerical proofs.

! EvoNNE’s source code, documentation, and evaluation material (user studies, bench-
mark) are available at: https://imld.de/evonne.
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For this reason, we conducted qualitative user studies to investigate the user
reception of these visualization techniques.

In summary, this paper presents the latest extension of EVONNE, enabling
interactive visualization of proofs for DLs with concrete domains—crucial for
modeling concepts involving quantitative constraints. We contribute: (1) the first
proof visualization tool supporting DLs with linear equations and difference con-
straints, (2) novel domain-specific visual explanations tailored to enhance com-
prehension of numerical reasoning, and (3) empirical validation through user
studies and benchmarks, demonstrating the effectiveness of our approach. Our
assessments showed that the proposed visualizations supported users in under-
standing conclusions more effectively than when no explanation was provided.

2 Description Logics and Concrete Domains

In this section we recall the Description Logic ££ [12], and its extension £ [D]
with a concrete domain D [10]. We focus on two particular concrete domains
Dg, qigr and Dg,in [10,13], both defined over the rational numbers Q.

2.1 Concrete Domains

Concrete domains integrate reasoning about quantitative attributes of objects
into DLs [11,13,22]. Let Ny be a set of concrete predicates, where every N € Ny
has arity nn € N. A concrete domain (CD) D = (AP,-P) over Ny consists of a
set AP and relations NP C (AP)™ for all MM € N,. We assume that N, always
contains predicates L and T, interpreted as LP := (), and T? := AP. Let Ny be a
set of variables. A constraint M(x1,...,Tpn,), with 1 € Ny and 21, ..., 2,, € Ny,
is a predicate with variables as arguments. A constraint o = M(x1,...,2Zn,)
is satisfied by an assignment s: Ny — AP if (s(z1),...,s(xpn,)) € NP. An
implication is of the form € — «, where € is a conjunction (set) of constraints.
The implication is walid if all assignments satisfying all constraints in € also
satisfy a. A conjunction € of constraints is unsatisfiable iff € — 1 is valid.

The CD Dg,q: contains predicates T, L, x = ¢, x > ¢, and x + ¢ = y, for
constants ¢ € Q, with their natural semantics [10]. For instance, the constraint
x + q = y is interpreted as (v + q = y)Pe4# = {(p,r) €eQx Q| p+q=r}.

Ezxample 1. Assume a delivery drone with bp representing its current battery
percentage. The percentage is measured at multiple checkpoints, denoted as bpy,
bp1, bps, with constraints: bpg — 0.25 = bpy, bp; — 0.2 = bpy, bp; > 0.3 and
bpa > 0.25. If the initial percentage (bpg) equals 0.65, then not all the constraints
hold, and the drone is not permitted to fly.

For Dq,iin, besides T and L, the predicates are given by linear equations
L a;r; = or a;,b € wi eir natural semantics . For instance
Yo b, f b € Q, with thei tural tics [13]. For inst ,
r+y—z=0is interpreted as (v +y — z = 0)Peun = {(p,q,s) € Q* | p+q = s}.
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Example 2. Assume nr and hr represent the average mormal and high battery
discharge rates, respectively. Under normal conditions, the delivery drone can
fly for 8 hours on a single charge with a 30Ah battery, i.e., 8nr = 30. In cold
conditions, one hour of flight increases the battery consumption such that 4nr+
hr = 30. Therefore, if a delivery requires at most 2 hours in cold temperatures,
the drone can complete it on a single charge.

2.2 Description Logics

DLs are decidable fragments of first-order logic (FOL) with a special, variable-
free syntax and use only unary and binary predicates, called concept names
and role names, respectively. These are used to build complexr concepts, which
correspond to first-order formulas with one free variable, and azioms, which
correspond to first-order sentences. In this paper we consider the lightweight
DL £L£,. We use the usual notion of entailment, denoted O = A C B, where
Aand Bare concept names, and Ois a finite set of axioms, called an ontology. For
more details about the syntax and semantics of DLs, see [12].

The extension of ££, with a concrete domain D, i.e., EL, [D], is obtained
by allowing constraints « in D to be used as EL, concepts. As in [5], we
use the notation [a] to distinguish between constraints and classical concepts.
For instance, the statement that a delivery drone has a battery with a bat-
tery percentage greater than 0.25 can be expressed in an £L£ | [Dg, 4;¢] axiom as
DD C 3has.(Battery 1 [bp > 0.25]).

3 Combined Proofs

EVONNE is a web application designed to explain DL entailments. It supports
multiple proof types [2] and enhances them with interactive visualizations, help-
ing users understand entailments and debug ontologies [23]. Proofs in EVONNE
are generated using the EVEElibrary [7], and follow the notion introduced in [3]:
A proof Pof O = A C B is a finite, acyclic, directed hypergraph, where each ver-
tex v is labeled with an axiom ¢(v). Hyperedges are of the form (5, d), where S
is a set of vertices and d is a vertex such that {{(v) | v € S} |= ¢(d). The
leaf vertices of a proof are labeled with axioms from O, and the root with
A C B. EVONNE visualizes the proof hypergraphs using tree structures. In this
paper, we extend EVONNE’s proofs to cover combined proofs for EL | [Dg, 4] and
EL | [Dg,un) entailments. The following example demonstrates the approach, as
introduced in [5].

Let O = {AC [a1], A C [a2], A C [as], [8] C B} be an ontology such that
O = A C B. First, we identify the relevant constraints in O and establish impli-
cations between them in order to build the subsumption hierarchy of abstract
concepts. By using an appropriate CD reasoner, we test relevant implications
such as {a1,a2} — (. The ontology is then extended with axioms that encode
all the valid relevant implications, i.e., O’ = OU{[a;1]M|az] C [F],...}. By classi-

fying O’ we obtain O = A C B. Lastly, by integrating the proof of {ay, s} — 8
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in the proof of @’ |= A C B as a proof for [a;|M[as] C [3], we obtain the combined
proof for O = A C B.

Ezample 3. Consider the delivery drone (DD) from Example 2, along with the
concept name large battery drone (LBD). Additionally, assume the following
information is given. First, if operating at a high discharge rate for two hours
draws 30Ah, this implies that a drone has a large battery, i.e., [2hr = 30] C LBD.
Second, the delivery drone satisfies the constraints shown in Example 2, i.e.,
DD C [8nr = 30] M [4nr 4+ hr = 30]. From these two axioms, it follows that the
delivery drone is a large battery drone, i.e., DD C LBD. An explanation of this
conclusion is provided by the combined proof shown in Fig. 1a, where the proof
in Fig. 1b shows the inferences at the level of equations.

To complete the picture of how concrete domain-dependent entailments are
proven, we now describe the procedures that handle the CD reasoning steps.

Reasoning in Dg iy . Deciding the validity of € — [ is achieved by identify-
ing linear combinations that allow [ to be derived from the equations in €. For
instance, the implication {8nr = 30,4nr + hr = 30} — hr = 15 can be shown
by multiplying 8nr = 30 by —% and adding it to 4nr + hr = 30. Similarly, the
unsatisfiability of a system of equations can be shown by providing a linear com-
bination that results in the derivation of 0 = ¢, where ¢ # 0. In [5], determining
the coefficients for the linear combinations is achieved using Gaussian Elimina-
tion, and these coefficients are used to build the inferences that constitute the
proof. An example of a Dg i, proof in EVONNE is shown in Fig. 1b

Reasoning in Dg q4p . Unlike the reasoning process in Dg i, deciding the
validity of € — (3 is based on the saturation of Dg, 4 constraints, using the
rules shown in [5, Fig.1]. Thus, checking whether € — § is valid is done by
checking if the implication is present in the result of the saturation. In addition,
if B is of the form x > ¢, then the implication is valid if either (i) z = ¢’ where
q > qor (ii) x > ¢’ where ¢’ > ¢ are derived with the saturation rules. A proof
of Dq,qif entailment is thus built using the instantiations of saturation rules
directly. An example of such a proof in EVONNE is shown in Fig. 1c

Combined proofs do not depend on the nature of the domains, making them
versatile explanations that can be applied to various logics and concrete domains.
However, their level of detail can result in large structures with potentially com-
plicated inferences. For instance, the more variables and constraints involved
in an entailment, the larger the resulting proof. To address this, we introduce
alternative visual explanations, which we discuss in Sect. 4.

4 Domain-Specific Visualizations

In this section, we introduce two alternative visual explanations that leverage the
specific characteristics of each concrete domain to present numerical entailments
differently. These explanations do not rely on the DL part of the ontology, making
them applicable to other logics or formalisms that incorporate these domains.



8 C. Alrabbaa et al.

DD £ [8*nr = 30] = DD £ [hr + 4*nr = 30] [8*nr = 30] | [hr + 4*nr = 30] [bpl = @.4]1 | [bpl - 0.2 = bp2]

CDbP1 Ontology Axiom [-1/2,1] [Propagate =]

DD £ [2*hr = 30] | [2*hr = 30] c LBD [hr = 15] [bp2 = 0.2] || [bp2 > 0.25]

Concept Hierarch
L L [2] [Constant too small]

DD £ LBD
[2*hr = 30] 1

(a) Combined proof from Ex. 3 (b) CD proof from Ex. 2 (c) CD proof from Ex. 1

Fig. 1. Examples of proofs in EVONNE.

4.1 Explanations of Dy, 4, Entailments

Let (8 be a linear equation, and ¢ be a set of linear equations such that € —
B. The implication means that every assignment satisfying all the constraints
in €, i.e., every solution, also satisfies 8. A proof explains the implication by
showing how the conclusion (3 is derived from equations in €, i.e., showing that
all solutions to € are also solutions to 3. Hence, a compact representation showing
every solution to € is a solution to [ offers an alternative way to explain the
implication.

If we consider systems of linear equations with at most two variables, which
are shared across all equations (e.g., {aq, ..., an, 3}), then we can use lines in the
2D Fuclidean Space to achieve a compact representation of all solutions to the
equations, as each solution corresponds to a point in the 2D space. For example,
assume {a1,...,a,} — B. If = L, this means that the system {«, ..., a,} has
no solutions. In other words, the lines corresponding to aq, ..., a, neither inter-
sect at a single point nor overlap. On the other hand, if 8 # 1 and {aq,...,a,}
is satisfiable, then the system {aj,...,a,, 3} either has a unique solution, i.e.,
exactly one point where all the lines intersect, or infinitely many solutions, i.e.,
all lines overlap. Therefore, by demonstrating the existence or absence of such
intersections, we can explain entailments effectively.

Using dimensionality reduction, we can apply the same idea to equations with
more than two variables. While there are multiple ways to achieve dimensionality
reduction [15], we utilize the solution space of a system of equations to project the
n-dimensional equations to 2D. Let € be a set of equations where € — [, let s be
a solution to €, and let  and y be any two variables appearing in 3. By replacing
all the variables, except x and ¥, in all equations with their corresponding values
in s, we obtain equations involving at most two variables. The resulting equations
can be viewed as a snapshot of € with respect to s, focusing on x and y. Therefore,
in a plane defined by « and y, and since s is a solution, all the lines must intersect.
Hence, we can explain € — [ by showing that for every solution s and every plane
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Equations Plot @ 28
x1 + x4 =5 x1=(5-1x4) / (1) =5
x1 + x3 = -10 x2 = (-14 - (4x3 + -2x4)) / (6) = 23/3
2x1 + 6Xx2 + 4x3 = -4 x3 = (-15 - -1x4) / (1) = -15

3x1 + -3x2 + -x3 + 3x4 = 7 x4 =0

Plot Axes:

X-axis:
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Xx2-axis
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Y-axis:
X2 M
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Free Variables:
x4: 0 6

x4
4
2
D Center at solution o

X1-axis
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Fig. 2. Dg,in implication of 3x1 — 3x2 — 23 + 324 = 7 in EVONNE.

defined by = and y, the intersection of all the lines of € is the same intersection
of the line corresponding to 3 and the lines of €.

To explain unsatisfiability, we can use a similar approach. If € — 1, then
there must be a contradiction in €. More specifically, at least two contradictory
equations must be derivable from €, i.e., equations of the form X = ¢ and
X = p, where X is a sum of terms and p,q € Q, ¢ # p. Thus, in any 2D plane
defined by variables appearing in €, with at least one variable appearing in X,
the lines corresponding to X = g and X = p do not intersect. Consequently, in
a plane where all the equations in € needed to derive X = ¢ and X = p can be
plotted, these lines must also not intersect. Therefore, we can explain € — 1
by highlighting these contradictory equations in € and showing that their lines
never intersect, regardless of variable assignments.

Figures2 and 3 show examples of Dy j;,, explanations in EVONNE. The sys-
tem of equations is shown in the top left. Hovering over an equation highlights
its corresponding line in the 2D plot, and vice versa, helping users connect the
algebraic and geometric views of the constraints. In Fig.2 the top right dis-
plays an instantiation of the system’s solution based on the chosen value for
the free variable. Since this system has one degree of freedom, setting x4 = 0
uniquely determines the remaining variables. Hovering over the question mark
icon reveals the solution without the variable assignment. In contrast, in Fig. 3,
the top right shows the system of equations with respect to the currently chosen
variable assignment. Additionally, users can manipulate the visualization directly
by switching between different planes and assigning values to (free) variables
using the controls beside the plot. In the case of unsatisfiability, the visualiza-
tion makes contradictions immediately apparent: if a user assigns a value that
causes an equation to evaluate to p = ¢ with p # ¢, then this inconsistency is
highlighted in red, as illustrated by 3 = 0 in Fig. 3.
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Equations Plot @ %
2x1 + 3x3 =5 2x1 + 3x3 +0 =5
2X1 + X2 + 6x3 = 2 2X1 + 6X3 + 3 =2
2x1 + x4 =3 2X1 + 0 =3
X2 + x4 =0 3=0
1
Plot Axes: " -
X-axis: s 3 i
x1 v 6 i
Y-axis: 4
X3 v 2
0
Other Variables: -2
x2: 3
-4
3
-6
x4: 0 -5
1 -10 x1-axis
-4 -2 0 2 4 6 8 10 12 14

Fig. 3. DQlin implication of L in EVONNE

4.2 Explanations of Dy 4;¢ Entailments

It is well established that difference constraints (i.e., x—y < q) can be represented
as graphs such that every variable corresponds to a vertex and every constraint
to a weighted edge [14]. Given a set of difference constraints, deciding whether
it is unsatisfiable can be reduced to finding a simple cycle in the corresponding
graph with a negative weight [14]. Therefore, we use graphs and negative cycles to
explain implications in Dg, ;. However, since predicates in Dg, g6 express more
types of constraints, we first need to introduce some necessary transformations.

Let € be a set of difference constraints. A difference graph is a weighted
directed graph G = (V, E), where each variable x; in € corresponds to a vertex
v; € V, and each constraint z; — x; < ¢;; corresponds to an edge (v;,v;) € E
with weight ¢;; € Q. A path m(v,u) from v to u is a sequence of edges:

q0 q1 q
V=V — Vg ... Up — U,

with weight 7% (v,u) = qo + ¢1 + - .. + gn- A path is simple if all vertices, with
the possible exception of v and u, are distinct. A negative cycle is a simple path
m(v,v) where 7 (v,v) < 0. A set of difference constraints is unsatisfiable iff the
corresponding difference graph contains a negative cycle ([14, Theorem 24.9]).

Constraints in Dg, 4ig of the form y —x = ¢ can be rewritten as two difference
constraints: y—z < ¢ and v —y < —¢. Additionally, the unary Dy, 4 constraints,
i.e., constraints of the form x > g, where 1 € {=,>}, can be represented as
T — zg X g where zq is a fresh variable. This formulation is sound because z < ¢
is satisfiable iff {x — zp 1 ¢, 20 = 0} is satisfiable ([14, Lemma 24.8|).

Lastly, we rewrite z — 29 > q as zp — x < —q — €, where € is a placeholder
for some small positive value. This rewriting is sound for the following reason:
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Negative Cycle - CDP1® X
Premises: 5
x4 + 0 = x5 x4 <= -2
X3 - 2 = x2 X3 = 3 <= 3 -€
x2 -1=x1 -5
x4 +5 = x3 %)
0
> -2
Conclusion:
x5 +2=x1 X5 <= -2
Negated: a
X5 - x1 s -2.0 - € -2 -€ . 2R SRS
x1 - x5s<2.0-¢€
2 - €
Cycle Value: -€ -1
x1 k= 0@ -€
3 =1

Fig. 4. Example of an explanation for Dg, 4i5 implications in EVONNE.

If € is satisfiable and € U {z — 29 > ¢} is unsatisfiable, then for any positive
e € Q, the constraints € U {& — zp > ¢ + e} are also unsatisfiable, which is
equivalent to € U {zp — z < —q — e}. Meanwhile, for any assignment satisfying
CU{z — zp > ¢}, there exists a positive e € Q such that the same assignment
also satisfies  — zg > g+ e > ¢q. Thus, €U {29 — z < —q — e} is also satisfiable.
Since such a small positive rational number e can always be found, we use €
symbolically as a reference to e whenever we need to transform a constraint
with a >-predicate, rather than computing the specific value e for each set of
constraints.

Consequently, we can represent any set € of D, q4i constraints as a difference
graph, and if € — |, we can explain the contradiction in € by identifying the
negative cycle in the graph. However, if € is satisfiable and € — (3, an additional
step is required. In particular, we can explain that € implies 3 by showing that
C U {-8} — L, which allows us to effectively use the notion of negative cycles
to explain the implication. If 8 is of the form = > ¢, then the negative cycle
in the difference graph corresponding to € U {z — 2y < ¢} shows that whenever
an assignment satisfies all the constraints in €, the value of x must be greater
than ¢. If 8 is of the form x + y = ¢, then x + y # ¢ is transformed into
r—y<qg—eVy—zx < —q — ¢, leading to two negative cycles in the graph
corresponding to € U {z —y # q¢}. These cycles explain € — = —y = ¢ by
demonstrating that no satisfying assignment for € exists unless z —y = ¢ holds.

Figure 4 shows an example of a negative cycle in EVONNE. Hovering over a
constraint highlights its corresponding edge(s) in the graph, and vice versa. The
dotted edges represent the negated conclusion. Furthermore, the negative cycle
is animated, allowing users to visually follow its progression. This animation
can be triggered by clicking on a vertex or a constraint; the clicked element
then determines the starting point of the animation in the graph. Additionally,
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File Upload X

Select a reasoner to classify the ontology

Concrete Domain Reasoner (ELK) v

Select a concrete domain

Difference Constraints

Select constraints file

Select a file containing an ontology for a new project

Fig. 5. Popover for specifying new project information in EVONNE.

users have access to a feature that lets them assign concrete values to variables
by double-clicking on them. These values are then automatically propagated
along the negative cycle, allowing users to observe how the set of constraints
behaves under such assignments. In particular, this makes it possible to see
exactly how the cycle leads to logical inconsistencies, which are highlighted in
red. An example of such a contradiction is z3 = 3 < 3 — ¢, as shown in Fig. 4.

5 Numerical Explanations in EVONNE

The first step to using EVONNE to generate CD explanations is to create a new
project. As shown in Fig. 5, users must first specify which reasoner they would
like to use—which, in our case, is the CD reasoner. This selection prompts the
user to choose one of the two supported domains. Since the OWL 2 standard [2§]
does not support all predicate types used in our concrete domains, EVONNE
requires the user to provide two files for an ontology: one text file that contains
the CD constraints of the ontology, and one OWL file that contains the DL
part. Once the files are loaded, the user is asked to provide an axiom (concept
inclusion) that they would like to have proven. If proving this axiom depends on
the concrete domain part of the ontology, then a combined proof is generated
and displayed.

By default, all numerical subproofs within a combined proof are collapsed
into single inferences. Each of these inferences is labeled with a unique rule
identifier—for example, the label CDPI used in the proof shown in Fig. la—
which allows for a more compact presentation of the proof. However, users can
expand these subproofs to reveal all intermediate inferences. The visual expla-
nations are accessible by clicking the labels of the numerical subproofs, which
appear as popovers, as shown in Figs. 2, 3, and 4). It is worth noting that visual
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explanations rely only on the constraints within the corresponding subproofs
and do not use additional constraints from the ontology.

The CD explanations in EVONNE use function-plot and cytoscape.js to render
the 2D plots and difference graphs, respectively. To handle numerical precision
in JavaScript, we represent rational numbers as fractions, using Fraction.js. We
implemented a Gaussian elimination solver for evaluating Dg i equations, and
a Hamiltonian cycle detector for animating the negative cycles. In our difference
graphs, a negative-weight Hamiltonian cycle is guaranteed. This is because our
graphs are based on minimal proofs, ensuring that (i) all necessary constraints for
constructing the negative cycle are present, and (ii) no constraint is superfluous,
as the proof’s leaf constraints correspond to a justification, i.e., a minimal set of
constraints entailing the proof’s root constraint [3].

The current version of EVONNE is accessible through https://imld.de/evonne,
where all the examples used in the user studies (Sect.6.1) and the benchmark
(Sect. 6.2) are listed under the Play Around tab of EVONNE.

6 Evaluation

We conducted two experiments to evaluate different aspects of our approach.
The first experiment consists of user studies that assess the effectiveness of the
numerical explanations in terms of user understanding and perceived helpfulness.
The second experiment is a benchmark that evaluates the efficiency of rendering
these explanations.

6.1 User Studies

To assess the CD explanations we conducted two qualitative studies—one for
Dq,qifr and the other for Dy j;,—using online structured interviews. Both stud-
ies compared the classical proofs (e.g., Figs. 1b, and 1c) with their respective
alternative CD explanation (e.g., Figs.2, 3, 4). The goal was to compare the
effectiveness of the explanations and collect feedback to improve them.

To ensure adherence to best scientific practices, we preregistered the studies.
The preregistration, an extended report, and detailed user feedback are available
online [20].

Study Design. We employed a 2x2 factorial design with two independent vari-
ables: representation (i.e., plot/cycle or proof), and task type (i.e., unsat-
ifiability or entailment). The task type condition was necessary due to slight
differences in plot and cycle representations between cases. Within each domain,
four visual explanations of comparable difficulty were created with EVONNE.
Each task in Dg iy involved 34 linear equations and, for Dg q4if, 4-6 differ-
ence constraints. We used a within-subjects design with a randomized order:
all participants experienced all conditions and examples. The dependent vari-
ables included ease of use (measured using Single Ease Question, SEQ [24]),
user experience (assessed with User Experience Questionnaire, UEQ-S [21,26]),
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Fig. 6. Distribution of SEQ responses in Dg,qif: X-axis represents how difficult it was
to understand an explanation, and Y-axis indicates the number of participants who
selected each class.

and subjective preference. These dependent variables are interrelated. As demon-
strated further, subjective preferences consistently aligned with the results from
SEQ and UEQ-S, reinforcing the validity of our findings. The online surveys were
hosted on LimeSurvey [1] and included an introductory video for each domain.
The Dg, 4 study averaged just 35 minutes, whereas the Dg j;,, study required
an average of 50 minutes.

We recruited eleven participants (2 female, 9 male), aged 1844, from among
colleagues familiar with logic and linear algebra, of whom seven were Ph.D.s,
two M.Sc.s, and one B.Sc. Participants were informed about the objective of the
studies and consented to the use of anonymous data for scientific purposes.

Results for Dg,qif - First, SEQ shows how difficult the explanation is to under-
stand on a Likert scale from 1 “very difficult” to 7 “very easy”. Figure 6 demon-
strates the following findings: For an entailment task, cycles and proofs received
similar evaluations (cycles: average 5.6, sd. = 0.9; proofs: average 5.8, sd. =
1.2, respectively). However, for unsatisfiability, cycles received an average score
of 6, sd. = 0.8, and were unanimously perceived as more intuitive than proofs
(average 5, sd. = 1.3).

In addition to SEQ, participants briefly explained why they found a task diffi-
cult. They generally found cycles and their animations clear and understandable,
particularly because the visualization automated calculations, highlighted nega-
tive cycles, and helped relate edges to constraints. However, a few participants
noted that understanding the interface and interpreting the information required
some initial effort, explanations, and practice, as in “It took me a moment to
understand the tool. Once I was given the explanation, I could understand how it
works”. On the other hand, proofs were perceived slightly less positively. While
participants appreciated the ability to inspect inference steps, clearly identify
which equations to combine, and the simplicity of step verification, they also
noted some challenges. These included uninformative or redundant information
(e.g., repetitive left-hand sides of axioms and overly lengthy node labels), the
need for manual calculations, and difficulties with the semantics of edge opera-
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[ Bad [l Below Average | Above Average [l Good [l Excellent

Pragmatic Quality Hedonic Quality Overall

Fig. 7. Dg,iin proof (in blue), plot (in cyan), Dg, 45 proof (in white), and cycle (in gray)
UEQ-S scores, their interpretation, and confidence intervals. (Color figure online)

tions. For instance, a participant remarked: “Proofs take a lot of space, and the
edge labelings are unfamiliar”.

Overall, both methods were well received, with participants appreciating
their different strengths. As one participant summarized: “A positive implica-
tion is actually very well represented in a proof. Cycle highlighting, hovering and
animation are super cool”.

Next, we assessed the user experience using the UEQ-S [25], by calculat-
ing pragmatic and hedonic quality scores. Pragmatic usability focuses on the
task-oriented nature of an experience, whereas hedonic usability reflects non-
utilitarian aspects such as appeal, originality, and joy of use. The white and
gray bars in Fig. 7 correspond to the following results: Proofs received an “above
average” rating across all qualities, with scores of 1.364 (pragmatic quality, e.g.,
usability and functionality), 1 (hedonic quality, e.g., enjoyment and stimulation),
and 1.182 (overall quality). In contrast, cycles were rated as “excellent” in all
three categories, with scores of 1.795 (pragmatic), 1.727 (hedonic), and 1.761
(overall).

After each task, participants were asked whether the explanation service was
useful for understanding. All but one participant responded “yes” across both
task types and both representations. The outlier cited confusion related to the
naming of proof edges.

Finally, in the post-test assessment in Dg 44, most participants preferred
cycles (8 vs. 2 for proofs, 1 for both). This preference grew stronger with more
constraints (9 vs. 2 for proofs).
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Fig. 8. Distribution of SEQ responses in Dg in: The X-axis represents how difficult it
was to understand an explanation, and the Y-axis indicates the number of participants
who selected each class.

Results for Dg iy - Regarding SEQ, Fig. 8 demonstrates that, across both task
types—unsatisfiability and entailment—plots (with average scores of 4.7, sd. =
2.2, and 3.9, sd. = 1.8, respectively) were perceived as less intuitive than proofs
(with average scores of 5.3, sd. = 1.2, and 4.8, sd. = 1.5, respectively). In the
case of plots, participants found them useful and enjoyable but also cognitively
demanding to combine and interpret multiple variables displayed simultaneously,
in particular when dealing with a higher number of dimensions. A respondent
highlighted this point: “The projection made me think that the solution was a
point at first, before I realized that the solution is higher dimensional”. Unsatis-
fiability tasks are perceived slightly easier than the entailment ones. Over time,
familiarity with the visualization also improved, aided by provided instructions.
For proofs, some participants found the step-by-step approach helpful, as it made
the task easier to follow and verify compared to plots. They appreciated the
ability to trace each step and felt confident in the overall result due to its clear
mathematical foundation. However, the mental calculations required for veri-
fying were quite challenging, as one participant noted: “For proofs, I like that
they show each individual step, but I did not figure out the solution myself from
proofs, instead I trusted the system”. Many participants found the notation less
accessible, in particular: “Too many symbols and too long node labels so it was
hard to parse”.

With respect to user experience, the blue and cyan bars in Fig. 7 illustrate the
following findings: Proofs received an overall rating of “above average” (1.159).
Specifically, they scored “above average” (1.523) for pragmatic qualities (e.g.,
usability and functionality) but “below average” (0.795) for hedonic qualities
(e.g., enjoyment and stimulation). In contrast, plots were rated overall as “below
average” (0.795). They scored “bad” (0.568) for pragmatic qualities but achieved
an “above average” (1.023) rating for hedonic qualities.

After each task, we asked if the explanation was helpful. For proofs, the
response was unanimously positive across both task types. Feedback on plots
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varied: for unsatisfiability, 10 said “yes” and 1 was “not sure”’; for entailment, 6
said “yes”, 4 were ‘not sure”, and 1 said “no”.

Subjectively, most participants preferred proofs (8 vs. 2 for plots, 1 for both).
However, when linear equations involved only 2-3 variables, preference shifted
to plots (8 vs. 3 for proofs).

Discussion. The user studies demonstrate that concrete domain-specific visu-
alizations can significantly enhance the understanding of numerical reasoning,
especially in the case of Dg 4, where animated cycles were preferred for their
clarity and intuitiveness. While proof trees were appreciated for their struc-
ture and detail, the choice between concrete domain visualizations and proofs
appears task-dependent and influenced by numerical complexity. For simpler
Dq,iin entailments involving few variables, users preferred plots; however, for
more complex cases and even with the added cognitive load, proofs were still
preferred, as they were perceived as more trustworthy. These insights sug-
gest that offering multiple, complementary explanation forms—proofs and CD
visualizations—can accommodate diverse user preferences and experience lev-
els. Future iterations of EVONNE could build on this by incorporating adaptive
explanation strategies based on characteristics of entailments or user feedback.
Additionally, enabling users to adjust the existing visual explanations—or even
extend them with user-defined visualizations, as supported by systems like Ster-
ling [17]—could further accommodate individual preferences.

6.2 Performance Benchmark

We measured the response times for rendering the concrete domain explanations
using combined proofs from the dataset provided in [5]. To automate the pro-
cess, we used cypress.io, a testing framework, to load these proofs and open the
corresponding CD explanations. Since the goal of the benchmark is to assess the
rendering overhead introduced by the visual explanations, we do not measure
the time required to compute the combined proofs, as this has already been
reported in [6].

On average, response times were 18.32 ms for Dg 1, and 8.7 ms for Dy, ap-
The slowest times were 180.4 ms for Dg,in and 124.8 ms for Dg, gy, which
correspond to large proofs that push the browser’s resources considerably. These
higher initial times occur when a CD explanation is opened for the first time,
as the required HTML DOM elements are created and the relevant libraries
are loaded. However, subsequent renders within the same proof are significantly
faster. In the slowest cases, follow-up renders took 44.4 ms in Dg jy, and 9.3
ms in Dy, 4. Note that all response times are within the 200ms threshold for
perceived responsiveness [16].

7 Conclusion

We have extended EVONNE to generate and present proofs for £L | [Dg, ;] and
EL1[Dg,un). Additionally, we have designed and developed alternative visual
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explanations for numerical entailments, taking into account the characteristics
of each concrete domain. Specifically, we illustrate Dg, 4 entailments using neg-
ative cycles and Dy i, entailments with 2D plots. These visual explanations are
specific to the concrete domain yet independent of the underlying logic, mak-
ing them adaptable and applicable to other formalisms. Furthermore, the visual
display of the CD explanations scales better than that of the combined proofs.
For instance, in the case of Dg jin, adding more constraints simply results in
additional lines in a 2D plot, without significantly affecting the overall layout. In
contrast, increasing the number of equations in a proof expands the entire proof
structure, which can make navigation more difficult due to increased scrolling
and zooming.

We conducted qualitative user studies to assess the effectiveness of numerical
explanations in EVONNE. For Dg 1, participants’ opinions varied, though most
alluded to a trust factor favoring proofs over visual explanations, suggesting
that, in this case, such visual explanations might not be necessary. In contrast, for
Dq, iy, participants highly valued the clarity and ease of understanding provided
by the animated cycles, making them a more preferred form of explanation.

As future work, we plan to address issues raised by the participants’ feed-
back on both proofs and the visual CD explanations. Additionally, we will
refine EVONNE’s capabilities for explaining non-consequences through counter-
interpretations and extend them to support DLs with concrete domains.
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Abstract. Standard Description Logics (DLs) can encode quantitative
aspects of an application domain through either number restrictions,
which constrain the number of individuals that are in a certain rela-
tionship with an individual, or concrete domains, which can be used to
assign concrete values to individuals using so-called features. These two
mechanisms have been extended towards very expressive DLs, for which
reasoning nevertheless remains decidable. Number restrictions have been
generalized to more powerful comparisons of sets of role successors in
ALCSCC, while the comparison of feature values of different individu-
als in ALC(®D) has been studied in the context of w-admissible concrete
domains ®. In this paper, we combine both formalisms and investigate
the complexity of reasoning in the thus obtained DL ALCOSCC(D),
which additionally includes the ability to refer to specific individuals by
name. We show that, in spite of its high expressivity, the consistency
problem for this DL is ExpTime-complete, assuming that the constraint
satisfaction problem of © is also decidable in exponential time. It is
thus not higher than the complexity of the basic DL ALC. At the same
time, we show that many natural extensions to this DL, including a
tighter integration of the concrete domain and number restrictions, lead
to undecidability.

1 Introduction

Description logics (DLs) [6,13] are a prominent family of logic-based knowl-
edge representation languages, which can be used to formalize the terminological
knowledge of an application domain in a machine-processable way. For instance,
the standard Web Ontology Language OWL! is based on an expressive DL and
the large medical ontology SNOMED CT? has been developed using a rather
inexpressive DL. The expressive power of a DL is determined by the construc-
tors that are available for building complex concept descriptions out of concept
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names (unary predicates) and role names (binary predicates). For example, the
concept description Person M dpet.Dog, describing persons that have a dog as
a pet, uses conjunction (M) and existential restriction (Ir.C) as constructors,
where Person and Dog are concept names and pet is a role name. To show that a
given DL £ can be expressed by another DL L5 using the same concept and role
names, we can provide a semantic-preserving translation of £, concept descrip-
tions into Lo concept descriptions. Proving inexpressivity is more challenging.
The first formal investigation of the expressive power of DLs was performed
in [1,2], but in a rather ad hoc manner. More fundamental characterizations of
the expressive power of various concept description languages up to the DL ALC
based on the model-theoretic notion of bisimulation are given in [20]. Basically,
this approach (pioneered by van Benthem [28] for the modal logic K, which is a
syntactic variant of ALC) characterizes a given DL as the fragment of first-order
logic (FOL) that is invariant under an appropriate notion of bisimulation.

The expressive power of ALC can, for instance, be extended by enabling
the use of numerical constraints within concept descriptions. In the exten-
sion ALCQ of ALC, qualified number restrictions [18] can be employed to
constrain the number of role successors belonging to a certain concept; e.g.,
Person 1 (> 3 child.Female) M (< 2 pet.Dog) describes persons that have at least 3
daughters and at most 2 dogs as pets. The DL ALCSCC 3| extends ALCQ with
very expressive counting constraints on role successors expressed in the logic
QFBAPA [19]. Since QFBAPA only considers finite sets and their cardinali-
ties, the semantics of ALCSCC is restricted to finitely branching interpretations,
where each element can have only finitely many role successors. In ALCSCC one
can, e.g., describe persons that have more daughters than they have dogs as pets,
without using specific numbers as upper/lower bounds for the numbers of pet
dogs and daughters. Bisimulation-based characterizations of ALCQ (or its modal
logic variant of K extended with graded modalities) can be found in [22,25,26].
In [7,8], we have investigated the expressivity of DLs with expressive counting
constraints. However, to dispense with the requirement that interpretations be
finitely branching, we used an infinite variant QFBAPA of QFBAPA to formu-
late these constraints, which yields the variant ALCSCC*™ of ALCSCC. We were
able to show that ALCSCC™ is not a fragment of FOL and characterized the
first-order fragment of this logic (ALCCOU or equivalently ALCOt) using a form
of counting bisimulation [22]. The first major contribution of the present paper is
to prove the same results for ALCSCC, where only finitely branching interpreta-
tions are available. The proof techniques used in [7,8], which were inspired by the
ones in [22], cannot be employed in this setting since they depend on compact-
ness of FOL, which does not hold for the restriction of FOL to finitely branching
interpretations. Instead, we employ a proof technique inspired by [25,27], which
utilizes locality properties of FOL rather than compactness. Interestingly, this
approach can deal with arbitrary interpretations, finitely branching interpreta-
tions, and finite interpretations in a uniform way.

An orthogonal approach for employing numerical constraints within concept
descriptions is the use of numerical concrete domains [14,21]. In a DL with a
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concrete domain, concrete objects such as numbers or strings can be assigned
to individuals using partial functions called features. For example, the concept
description PersonM3child age, pet age.< describes persons that have a child that
is younger than one of their pets. Here, age is a feature that assigns a rational
number, their age, to some of the elements of the interpretation domain, and <
is the usual smaller relation between rational numbers. In [9,10], we have inves-
tigated the abstract expressive power of DLs with concrete domains, which only
considers the abstract part of interpretations, i.e., ignores the values assigned
to features. We have shown that the abstract expressive power of ALC(D), i.e.,
ALC extended with the concrete domains @, is contained in FOL for certain
concrete domains, but have also exhibited a large class of concrete domains for
which this is not the case. The second major contribution of the present paper
is to introduce a notion of concrete expressive power for DLs with concrete
domains that also takes the feature values into account. For example, if we take
two concrete domains over the rational numbers, where one has as only pred-
icate +; (relating ¢ € Q with ¢ + 1) and the other +5 (relating ¢ € Q with
q + 2), then the extensions of ALC with these concrete domains have the same
abstract expressive power, but their concrete expressive power is incomparable.
Using proof techniques similar to the ones employed for ALCSCC we can charac-
terize ALC(D) as the fragment of FOL(®) (i.e., FOL extended with the concrete
domain @) that is invariant under an appropriate notion of bisimulation.

A technical report containing detailed proofs of all the results introduced in
this paper is available online [11].

2 Preliminaries

We start by introducing the base logic ALC before defining its two orthogonal
extensions with numerical constraints. Since here we focus on the expressivity
of concept description languages, we do not introduce TBoxes, ABoxes, or rea-
soning problems (see [13] for more details on ALC and other classical DLs).

The classical DL ALC Given disjoint, at most countable sets N¢c and Ng of
concept and role names, ALC concept descriptions (concepts for short) are built
from concept names using negation (—C), conjunction (C M D), and ezistential
restrictions (3r.C'), where r € Ng and C, D are ALC concept descriptions. As
usual, we define C U D := —=(=C M —D) (disjunction), ¥r.C' := =3r.=C (value
restriction) and T := A U —A (top concept). An interpretation Z counsists of a
non-empty domain A? and a mapping - assigning a set A7 C A% to A € Nc and
a binary relation rZ C A% x A% to r € Ng. For d € A%, we define r%(d) := {e €
AT | (d,e) € rT}. We extend - to concepts by (—-C)% := AT\ CZ, (Cn D)t =
CTN DT and (Ir.C)* = {d € AT | rZ(d) N CT # (}. In this DL, the concept of
a person not having a dog as a pet can be written as Person M Vpet.-Dog.

The DL ALCSCC This DL employs the logic QFBAPA [19] to state cardinal-

ity constraints on role successors that are more expressive than existential and
value restrictions. In QFBAPA, set terms are built from set variables and the
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constants () and I using intersection N, union U and complement ¢. A QFBAPA
formula is a Boolean combination of atomic formulae of the form

mo +malsi] + -+ mglsk] < no +naltr] + - -+ nelte (1)

where each s;, t; is a set term and each m;, n; is a natural number.? A solution
o of a QFBAPA formula ¢ assigns a finite set o(U) to U, the empty set to ) and
subsets of o(U) to set variables such that ¢ is satisfied by o, in the standard way.
Checking if a QFBAPA formula has a solution is an NP-complete problem [19].
The logic QFBAPA™ [7] has the same syntax as QFBAPA but solutions may
assign infinite sets to U. Its satisfiability problem is also NP-complete [7].

ALCSCC extends the syntax of ALC with the new constructor role successor
restriction (or succ-restriction) succ(con), where con is an atomic QFBAPA for-
mula with role names and ALCSCC concept descriptions as set variables [3]. For
instance, the concept of all persons that have more daughters than they have
dogs as pets can be expressed in ALCSCC as succ(|pet N Dog| < |child N Femalel).
Note that existential restrictions 3r.C' are not needed as explicit constructors in
this DL since they can be expressed as succ(|r N C| > 1).

When defining the semantics of ALCSCC, interpretations Z are required in [3]
to be finitely branching, i.e. such that the set of all role successors ars’(d) :=
Ureng rZ(d) is finite, for all d € AZ. Then, each d € AT induces a QFBAPA
assignment o4, where o4(U) := ars?(d), o4(r) := r%(d) for r € Ng and 04(C) :=
CT nars?(d) for concepts C. The mapping -Z is extended to succ-restrictions by
defining d € succ(con)? iff o4 is a solution of con.

The DL ALCSCC™ is defined in [7] with the same syntax as ALCSCC, but
in the semantics arbitrary interpretations are allowed. Consequently, the assign-
ment o4 may be such that o4 (i) is infinite, and thus satisfaction of the constraint
con by o4 is evaluated in QFBAPA® rather than QFBAPA.

In the definitions of ALCSCC™ and ALCSCC, we considered two classes of
first-order interpretations: the class C,; of all interpretations and the class Cg,
of finitely branching interpretations. Later on, we will also consider the class
Cfin of all finite interpretations, which is also of interest in DL research [17,23].
Our results on the expressive power will be parameterized with a class C of
interpretations satisfying certain restrictions. Since the syntax of ALCSCC™ and
ALCSCC coincide, we will in the following always talk about ALCSCC concepts.
However, if C contains interpretations that are not finitely branching, then the
semantics uses QFBAPA® rather than QFBAPA.

DLs with Concrete Domains. Following [12,14,21], we use the term concrete
domain to refer to a relational structure ® = (D,..., PP ...) over a non-
empty, at most countable relational signature, where D is a non-empty set,
and each predicate P has an associated arity kp € N and is interpreted by
a relation PP C DFr. An example is the structure Q := (Q,<,=,>) over

3 Following [8], we use a streamlined definition of QFBAPA that does not explicitly
introduce set constraints and divisibility constraints.
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the rational numbers Q with standard binary ordering and equality relations.
Given a countable set V of variables, a constraint system over V is a set € of
constraints P(vy,...,vg), where vq,...,vx € V and P is a k-ary predicate of ©.
We denote by V(€) the set of variables that occur in €. The constraint system € is
satisfiable if there is a mapping h: V(€) — D such that P(vy,...,v;) € € implies
(h(v1),...,h(vg)) € PP. The constraint satisfaction problem for D, denoted
CSP(®), asks if a given finite constraint system € over © is satisfiable. The
CSP of £ is decidable in polynomial time, by reduction to <-cycle detection: for
example, the system {x1 < x9, xo < x3, x3 < 21} is unsatisfiable over 9.

When integrating such a concrete domain into the DL ALC, it needs to satisfy
certain restrictions to obtain a decidable DL. Without a TBox, admissibility is
required in [12] whereas in the presence of a TBox the stronger w-admissibility
is required in [14,21]. In the context of our investigation of the expressive power
of DLs with concrete domains, it is sufficient to assume that negated constraints
can be expressed using one or more non-negated ones.

Definition 1. A structure © is weakly closed under negation (WCUN ) if for
all k > 1 and all k-ary relations P of ® there are k-ary relations Py, ..., Py,
such that (du,...,dy) & PP iff (dv,...,dy) € UL, PP for all dy, ... dy € D".

It is easy to see that both admissible and w-admissible concrete domains sat-
isfy this property. Examples of w-admissible, and thus WCUN, concrete domains
are Allen’s interval algebra, RCC8 and £ [14,21]. For example the negated pred-
icate # in £ is obtained as the union of < and >.

To integrate a given concrete domain ® into ALC, we complement N¢ and
Nr with a finite set Ng of feature names that connect individuals with values
in D [12]. A feature path p is of the form f or rf with » € Ng and f € Ng.
For instance, age is a feature name as well as a feature path, while child age is a
feature path including the role name child. The DL ALC(D) extends ALC with
concrete domain restrictions (or CD-restrictions) of the form Jpy, ..., pg. P and
Vpi,...,pr. P, where p; are feature paths and P is a k-ary predicate of ©. An
interpretation 7 assigns to f € Nf a partial function fZ: AT — D. A feature
path p is mapped to pf C AT x D by defining* pZ(d) := {fZ(d)} if p = f and
pr(d) == {fZ(e) | e € r%(d)} if p=rf. Then we can define

(3p1, ..., pr.P)F = {d € AT | some tuple in pi (d) x -+ x pi(d) is in PP}
(Vp1,...,pk.P)F = {d € AT | every tuple in pf (d) x -+ x pi(d) is in PP},

For example, one can describe individuals having a child that is younger than
one of their pets using Jchild age, pet age.<.

3 The Expressive Power of ALCSCC

In this section, we first introduce a notion of bisimulation, called Presburger
bisimulation, such that ALCSCC concept descriptions are invariant under such

* In a slight abuse of notation, we view fZ(d) both as a value and as a singleton set.
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bisimulations, i.e., bisimilar elements belong to the same ALCSCC concept
descriptions. Next, we consider an approximate variant of Presburger bisimu-
lation and show that, while not all ALCSCC concept descriptions are invariant
under this notion, the ones that are expressible in first-order logic are. This
shows that there are ALCSCC concept descriptions that are not expressible in
FOL. Finally, we characterize the fragment of ALCSCC that is first-order defin-
able as the logic ALCOt, for which successor constraints have a restricted form.

Presburger Bisimulation. Assume that Nc and Ng are finite. We base our
definition of Presburger bisimulations on the notion of safe role types, which are
non-empty subsets of Ng. Intuitively, such a role type stands for the intersection
of its elements intersected with the complements of the non-elements. For exam-
ple, if Ng = {r, s, ¢}, then the safe role type {r, s} corresponds to the set term
rMNsNtc. More formally, safe role types 7 are interpreted in an interpretation 7
as the binary relation

TZ = (mTETTI \ (UTENR\TTI)) c UTENRTI'

The fact that safe role types are non-empty sets of role names ensures the
inclusion stated above, i.e., any 77 is an 77 successor for at least one role
name r, which justifies the name safe. Consequently, for all d € AT, the set
7I(d) := {e € AT | (d,e) € 77} is a subset of ars?(d), and every e € ars?(d)
belongs to 7Z(d) for exactly one safe role type 7. The set Ng must be finite,
in order to encode safe role types as well-defined set terms. For ALCSCC™ it
was shown in [7] that each set term s occurring within a succ-restriction can
be rewritten as the disjoint union of terms of the form 7 N C where 7 is a safe
role type and C an ALCSCC™ concept [7]. The same also holds for ALCSCC.
Following (7], we modify the notion of counting bisimulation from [22] by using
safe role types in place of role names to obtain Presburger bisimulations (called
ALCOt bisimulations in [7]).
Definition 2. Let N¢ and Ng be finite and C a class of interpretations. The
binary relation p € AT x A7 is a Presburger (Pr) bisimulation between the
interpretations T and J if for all A € N¢ and all safe role types 7 over Nr the
following properties are satisfied:

Atomic (d,e) € p implies d € AT iffe € A7 ;

Forth if (d,e) € p and D C 7%(d) is finite, then there is a set E C 77 (e) such

that p contains a bijection between D and E;
Back if (d,e) € p and E C 77 (e) is finite, then there is a set D C 7% (d) such
that p contains a bijection between D and E.

We call d € AT and e € A7 Pr bisimilar if (d,e) € p for some Pr bisimulation p
between T and J. A concept C is C -invariant under Pr bisimulation if d € C*
iff e € CY holds for all Pr bisimilar individuals d € AT, e € AT with T, € C.

In [7] we proved that ALCSCC™ concepts are C,y-invariant under Pr bisim-
ulation. A very similar proof (by induction on the structure of concept descrip-
tions) can be used to show the corresponding result for ALCSCC, where only
finitely branching interpretations are considered.
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Theorem 1. Every ALCSCC concept is Ceqy-invariant under Pr bisimulation.

Proof. Let Z,J € Cg, and p a Pr bisimulation relating d € AT and e € A7. We
show by induction on the structure of an ALCSCC concept C that d € C7 iff
e € C7 holds. The cases where C is a concept name, a conjunction of concepts
or the negation of a concept are similar to the analogous cases in the proof of a
corresponding result for ALC [13], and are omitted.

Thus, we focus on the case C' = succ(con), where we inductively assume that
every subconcept of C' is Cg-invariant under Pr bisimulation. Recall that con is
of the form (1). By applying distributivity of set intersection over set union, it
is easy to show that any set term occurring in con can be written as the disjoint
union of set terms of the form 7N F where 7 is a safe role type and F' is a Boolean
combination of concepts to which the induction assumption applies. The reason
we can restrict the attention to safe role types here lies in the semantics of
ALCSCC, which considers only role successors when evaluating set terms. We
provide for every ALCSCC concept F' and safe role type 7 over Ng an injective
mapping from D := 7Z(d) N FZ to E := 77 (e) N F¥ and vice versa. This proves
that these sets have the same size, and thus that con is evaluated equally w.r.t.
d and e. Note that, since Z and J are finitely branching, the sets D and F are
both finite. Overall, this implies that d € CT iff e € C7.

The required injections are obtained as follows. Thanks to the forth property,
we find a set B/ C 77 (e) such that p contains a bijection between D and E’. By
our induction hypothesis, the concept F' is Cq,-invariant under Pr bisimulation,
so we obtain that £’ C CY. Then, E’ C E holds, and the bijection between D
and E’ is the sought injective mapping from D to E. Using the back property,
we similarly prove that there is an injective mapping from E to D.

Together with the other cases, this concludes our proof, and thus we conclude
that every ALCSCC concept is Cgp-invariant under Pr bisimulation. O

Since finite interpretations are finitely branching, this also implies Cgp-
invariance of ALCSCC concepts under Pr bisimulation.

As usual, such invariance results can be employed to prove that a certain DL
L cannot be expressed in ALCSCC. For this, it is sufficient to find a