WELL-POSEDNESS OF AN INFINITE SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS MODELLING PARASITIC
INFECTION IN AN AGE-STRUCTURED HOST
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ABSTRACT. We study a deterministic model for the dynamics of a population
infected by macroparasites. The model consists of an infinite system of partial
differential equations, with initial and boundary conditions; the system is trans-
formed in an abstract Cauchy problem on a suitable Banach space, and existence
and uniqueness of the solution are obtained through multiplicative perturbation
of a linear Cy—semigroup. Positivity and boundedness are proved using the
specific form of the equations.

1. INTRODUCTION

The system of equations we analyse in this paper arises in the context of popu-
lation biology: it describes the dynamics of a population of individuals (“hosts”),
infected by one species of macroparasites. The host population is age-structured
and is subdivided into a countable number of classes according to the number of
parasites a host carries: for each ¢ € N, p;(a,t) denotes the density of hosts of age
a harbouring ¢ parasites at time t. More precisely, if 0 < a; < as the integral

as
/ pi(a,t)da

is the number of hosts that, at the time ¢, have age between a; and a, and carry ¢
parasites; the variable a is supposed to vary in [0, 4+00).

The dynamics of the host population is specified through the fertility and mor-
tality rates: for the sake of simplicity, we assume here that only fertility depends
on population size, while mortality is density-independent (see [7] or [13] for a
general background on the equations for age-structured populations). Moreover,
we assume that parasites affect host fertility and mortality according to the rules
proposed in [11].

Namely, we assume that the fertility rate of hosts carrying ¢ parasites is 3;(a, p) =
P(N)B(a)é", where p = (po(a), p1(a), p2(a), ...) and

+

(1.1) N:/o OOZpi(a)da

represents the total number of hosts. The parameter £ (0 < & < 1) describes
the reduction in host fertility per parasite harboured, the function (3(a) specifies
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the age-dependence of fertility, and ¢ is the function of the total population that
represents the density-dependence.
Hosts die at a natural death rate p(a), to which a death rate o > 0 is added for
each parasite carried. The parasites also die, at a constant death rate o > 0.
Finally, it is assumed that a host can acquire or lose one parasite at a time; the
epidemic spreads among hosts according to an infection rate (t) which, following
Anderson and May [1], has the following shape

hP

(1.2) p(t) =

where

+oo +0
P = / Z ipi(a) da
0

=1

represents the total number of parasites in the population.
All these assumptions lead to the following infinite system of differential equa-
tions:

(2 pi(at) = 5ol t) = (pla) + () + i+ o))pi(a )

ot
+o(i+ V)piti(a, t) + o(t)pi—i(a,t) >0

+00 +o00
(1.3) pol0.6) = w(N (1) [ Bla) Y pila,t)E' da

0
pi(0,)=0 i>0
L pi(a,0) = hi(a) i>0

where N(t), P(t) and ¢(t) are given in (1.1) and (1.2) and p_;(a,t) = 0.

To sum up, the equations in (1.3) are a model for an immigration-death process
with two nonlinearities: the first one due to the infection rate () and the second
one because of the boundary condition that describes density-dependent fertility.

Infinite systems to model parasitism were first introduced in 1934 by Kostizin [9]
that wrote down a system of ordinary differential equations, involving birth and
death rates, coefficients of contamination, competition coefficient, all depending
on the number of parasites in a host; however, in his paper only an analysis of the
equilibrium points and their stability for some very special cases is accomplished.

More recently, a system very similar to (1.3) has been investigated by Hadeler
and Dietz [6], and by Kretzschmar [10, 11]. The difference between their models
and ours is in the form of ¢(¢), and in the boundary condition that is linear in
their models: therefore, host population would grow exponentially in absence of
parasites, and, due to their choice of ¢(t), exponential solutions may exist also
in presence of parasites. Their approach is based on transforming the infinite
system in a single partial differential equation satisfied by the generating function
G(a,t,z) = >, pi(a,t)z". This method, however, works only under specific choices
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for the transition rules; it seems, for instance, difficult to handle a general nonlinear
boundary condition in this approach.

Instead, we prefer to set system (1.3) within the framework of semigroup theory.
In this approach, it would be possible to allow the coefficients o, a and £ to depend
rather arbitrarily on the number ¢ of parasites, and to use more general forms for
the host fertility and mortality functions, but, for the sake of simplicity, we stick
to system (1.3) as written.

System (1.3) will be transformed into an abstract Cauchy problem of the form

?NQZAU+HMMD+F@@)

(14) p(0) = p’

where A is the generator of a Cy-semigroup and H and F are non linear operators
on a suitable Banach space. The multiplicative perturbation of a linear operator
A by means of a nonlinear operator H, that is A(/ + H), was introduced by Desch,
Schappacher and Zhang [5] to study some differential equations with nonlinear
boundary conditions, following previous work on linear boundary conditions [4].
They studied the Cauchy problem

p(t) = A(I + H(t))p(t)
p(0) =p°.

in a Banach space X, where the linear operator A is the generator of a Cy-semigroup
on X. They found suitable, but general enough, hypotheses on the family of
operators H(t), that guarantee well-posedness for (1.5) even if R(H(t)) ¢ D(A).
We follow and extend their results about existence and uniqueness of solutions
to the case (1.4). In Section 2 we give conditions for existence, uniqueness and
continuous dependence of solutions of the Cauchy problem (1.4) In Section 3 we
prove the positivity of these solutions under suitable assumptions. Finally, in
Section 4 we show how these results can be applied to the system (1.3), proving
global existence and uniqueness of positive solutions. In a sequel to this paper,
this framework is used to study the equilibria of (1.3) and their stability.

(1.5)

2. WELL-POSEDNESS OF AN ABSTRACT CAUCHY PROBLEM

2.1. Existence and uniqueness. Throughout this section (X, |- |) will denote a
Banach space and A : D(A) — X will be a linear operator with domain D(A) C X
generating a Cy—semigroup e'* on X such that

(2.1) le] < Me', ¢ >0,

for some M > 1 and w € R.
The Favard class of A is

1
Fy={pe X :limsup E||etAp —p| < +oo}.
t—0t+
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which is a Banach space with the norm
) 1
]y = [p] + limsup —|e"p — p].
t
t—0t

Clearly, D(A) C F4 and, if X is reflexive, D(A) = Fjy.
We state a crucial property (see [5]) that we will repeatedly use in the sequel: if
f € C(0,T]; Fa) then

/Ot =) f(s)ds € D(A)

and

(2.2) |4 / eI f(s) ds| < M / 09| (5) ., dis

forall 0 <¢t <T.
Let now H : X — F4 and F : X — X be locally Lipschitz continuous, i. e. for
all R > 0 there exist Lg, Kr > 0 such that

(2.3) |H(p) — H(q)|ry < Lrlp—ql, [F(p) — F(q)| < Krlp -4l

for all p,q € X such that |p]|, |¢| < R.
We are now ready to state the result (see [5]) about existence and uniqueness of
solutions. Let p° € X be fixed and consider the abstract Cauchy problem

P(t) = Alp(t) + H(p(t))) + F(p(t))
p(0) =p".

Theorem 2.1. Let A : D(A) — X be a linear operator with D(A) C X which
generates a Cy—semigroup e, Let H : X — Fy and F : X — X satisfy (2.3).
Then

a) for each p° € X there exists a unique mild solution of (2.4) i.e. a continuous
function t — p(t) satisfying the integral equation

(25)  plt) =P+ A / K (p(s)) ds + / IR (p(s)) ds:

b) if [0, tmaez) s the mazimal interval of existence of the solution, then t,a, =
+oo orlim_ . [p(t)] = +o0;

c) if H and F are continuously differentiable and (p° + H(p®)) € D(A) then
p(t) is a classical solution of (2.4), i.e. p(t) + H(p(t)) € D(A) for each
t € [0, tmaz), p(t) is differentiable and satisfies the equation (2.4) for each
0<t <thas-

(2.4)

Sketch of the proof. The proof is with minor modifications that in [5]. We give
a sketch of the proof of part a), since the tools introduced will be useful later. For
R > 0 introduce the projection 7z : X — X

[ if |z] <R
() =\ =R i« > R.

Iz



INFINITE SYSTEM IN MODEL FOR PARASITES 5

and define
(2.6) Hg(x) := H(mg(x)) and Fr(z) := F(mg(x)).

The maps Hir and Fr are globally Lipschitz continuous, with Lipschitz constants
2Lp and 2Ky respectively. Then consider the integral operator Vo p defined on
the Banach space C([0, 7], X):

2.7)  (Vyorg)(t) =™ 0+A/0 e(t_S)AHR(q(s))ds—i—/o e Fp(q(s)) ds.

It is easy to see that, for T small enough, Vo  is a contraction so that a unique
continuous solution pg(t) of

(28)  q(t) =P’ + A /0 t e Hp(q(s)) ds + /0 t e Fr(q(s)) ds

exists. Repeating the same argument for V,, ) g, C([T,277], X) and so on, one sees
that a continuous solution of (2.8) exists for ¢ € [0, +00). Now, taking R > |[p°]|,
the solution will satisfy, for small ¢, ||pr(t)|] < R, whence Hgr and Fg can be
replaced by H and F in (2.8) and pg(t) is the local solution of (2.5).

2.2. Continuous dependence on initial data. We prove here that the mild
solution of the abstract Cauchy problem (2.4) depends continuously on the initial
datum. Continuous dependence is part of the classical definition of well-posedness.

In the following we denote by p(t,p°) the mild solution of (2.4) with initial point

P’

Theorem 2.2. Let p° € X and let (g,)nen be a sequence in X converging to p°.
Then for each t > 0 such that p(t,p°) exists, we have

lim p(t, g.) = p(t.p")

and the convergence is uniform for t € [0,T], where T > 0 is such that p(T,p°)
er1sts.

Proof. Let [0,T] C [0, tyaz), R > 2maxo<i<r |p(t, p°)| and recall the definition of
Hp and Fg in (2.6). If pr(t, q,) and pg(t, p°) are the mild solutions of the equation
p'(t) = A(I + Hg)p(t) + Fr(p(t)) with initial values g, and p° respectively, set

Wrn(t) = pr(t, ) — prt, P°).

If w, = ¢, — p° we can write
t
Wrn(t) = e w, + A/ "I (Hp(pr(s, ) — Hr(pr(s,p°))) ds
0

+/0 e(tfs)A(FR(pR(S,qn)) _FR(pR(S,pO)))ds.
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It follows that
[wra(t)] < Me“'Jw,| + / Me“"=)|Hp(pr(s, qn)) — Hr(pr(s,p"))|r, ds
[ M il 00)  Falpnls. )l s
< Me“|wy| + 2LpM /t e |lwp ()] ds
0

t
oK M / = (5)] ds.
0

—wt

From this, multiplying each member by ™" and using the Gronwall Lemma, we

obtain
(2_9) "me(t)” < M"wn”€(2M(LR+KR)+w)t < M”wn|’€(2M(LR+KR)+W+)T
where w™ = max(w,0). Set Crr := (2M(Lg + Kg) +w™)T. For n such that

R — 2maxg<i<r Hp(tapo)”
MeCrr

it results |wg,(t)] < R —2maxo<<r |p(t,p°)| and hence
Ipilt, )] < Joma (O] + Iplt. 0] < R =2 ma [p(t,°)] + Ipalt, )]

[wnl = lgn — 2"l <

Because of the choice of R, pr(t,p°) = p(t,p°) in [0, 7] and therefore

0 < 0
Ipr(t. )] < 2 ma p(t, )]

whence |pr(t, ¢.)| < R and finally pr(t,¢,) = p(t, ¢,) in [0,7]. Replacing in (2.9)
we get

”p(t7 Qn) - p(t,po)” < M”qn _ po ”ecR,T7

which clearly proves the statement. O

3. POSITIVE SOLUTIONS

Our model system (1.3) describes the dynamics of a host population infected
by parasites; therefore, the only solutions that make biological sense are positive
solutions. When using the abstract formulation (1.4), Banach lattices (see [2]) are
the natural abstract framework. By definition a (real) Banach lattice is a real
Banach space (X, | -|) endowed with an order relation, <, such that (X, <) is a
lattice and the ordering is compatible with the Banach space structure of X.

The order is completely determined by the positive cone of X which is X, =
{p € X : p > 0}. This means that p > ¢ if and only if p — ¢ € X,. It is easy to
verify that X is a closed, convex set. For instance, if X = L'(Q, ) and < is the
natural order between functions, then X ={f € X : f(w) >0, u —a. e. in Q}.

Definition 3.1. A linear operator T': X — X is called positive if Tp € X, for
all P € X+.
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We are now able to state the main result of the section:

Theorem 3.2. Let X be a Banach lattice and let A be the generator of a positive
Co—semigroup on X i.e. eAX, C X, for all t > 0. Suppose that for each R > 0
there exists a € R, o > 0, such that

(I +aFRr) Xy C Xy
and

t
A/ e(t’s)(A’éf)HR(u(s)) ds € X: forallue C([0,T]; X,),
0

where F' and H satisfy (2.3), and Hr and Fgr are defined in (2.6). Then, if
P’ e X, p(t,p°) € Xy for allt € [0, traz)-

We need first the following Lemma:

Lemma 3.3. Let X be a Banach space, let « >0, R >0 and p° € X, and let Hg
and Fg be defined as in (2.6). A function t — p(t) satisfies the integral equation

t t
(3.1)  p(t) =e“p° + A/ e Hy(p(s)) ds —i—/ eI Fp(p(s))ds, t>0
0

0

if and only if it satisfies the integral equation

t
p(t) = alpd 4 A / =IA=GD [ (p(s)) ds
0

(3.2) Lo 1
+ —/ e=AD(T + aFR)(p(s))ds, t>0.
@ Jo

Proof. Let pgr(t) be the unique solution of (3.1) and let pg.(t) be the unique
solution of (3.2) (by the same arguments sketched in the proof of Theorem 2.1 it is
easy to see that the equation (3.2) has a unique global solution). From Gronwall’s
lemma, it is easy to see that the functions pr(t), pra(t), f(t) == Fr(pra(t)) and
h(t) := Hr(pr.a(t)) all satisfy

Ipr®], Ipra@I, 1f@1, 2] < Ke™

for suitable K > 1 and n > 0.
Hence pr, pra. f(t) and h(t) are Laplace transformable for Re A > 7. From
(3.2) it follows that

Fra() = (A = A) 50+ A+ 2 — 47RO
F O = A Fral) +aT (),
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and applying (A — A)~! to each member one obtains, using the resolvent identity,
0=a—A) " +aA\— A)h) + a(r — A~ F(N)

1 1 ~
—a[(\+ — - A7+ AN+ —- A)Th(N)
1 1

+ =+ = A Fra() + af V)]

=a[(A—A) 7"+ AN = A)TRO) + (A= A7) = Bra(V)].
This implies
Pra(\) = (A= A) 70+ A = A7) + (A= A) )
and hence

t t
Pra(t) = e“p® + A/ e(t_s)AH(pRa(s)) ds + / e(t_s)AF(pRja(s)) ds.
0 0

The same steps in the opposite order show that the converse is also true and the
claim is proved. [

of Theorem 3.2. Fix T' < tynq, and R > supg<,<7 [p(t, p°)]-
Choose a > 0 such that (I + aFg)u > 0 if u > 0. Consider the non linear
operator V, g on Wp = C([0,7], X)

t
[Va,rv](t) : = elA-alpd 4 A/ e(t_s)(A_il)HR(v(s)) ds
0

1 t
+ E/ e(t_s)(A_éI)([—l— aFg)u(s)ds.
0

Because of the positivity of the Cy—semigroup =30 and the choice of a, Var
is positive i.e. Vo gr(W}) C Wi where Wit := C([0,T],X,). Moreover, W is
closed in Wz and hence complete. Hence, the fixed point g of V, g, that is the
unique solution of (3.2), satisfies gz € W,. By Theorem 3.3 ¢ satisfies also (3.1).
Furthermore, as far as |qg(t)| < R, it satisfies

t
qﬂw=JW+A/eWMH@m»w
0

t
+ / eI (qr(s)) ds.
0

and hence coincides with p(¢,p°). Because of the choice of R it follows that
lgr(t)] < R for each t € [0,T] whence

qr(t) = p(t,p")
on [0, 7] and therefore p(t, p°) is positive on the same interval.
Iterating this argument, p(t, p°) is shown to be positive on [0, t,az)- O

Remark 3.4. Note that, under the assumptions of Theorem 3.2, we only need
that F and H are defined on X, in order to construct p(t,p°) for p° € X,.
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4. APPLICATION TO THE MODEL FOR PARASITIC INFECTIONS

To prove the existence of a solution for (1.3) we transform it into an abstract
Cauchy problem of the form (2.4) and then apply the results obtained in the
previous sections.

The space in which the equation will be studied is

X = {p (pz)zEN Di € L! (O +OO Vi >0, Z / |pz ‘dCL < OO}

endowed with the norm

+00
b= [ Imta \da+2/ pia)] da
0

It is easy to see that (X, | - |) is a Banach space.
About the functions p and § we assume the following (see for instance [14]):
(H1) g measurable, positive and there exist values p_, py such that 0 < p_ <
p(a) < py for ae. a € [0, +00)
(H2) g € L*[0,400), B(a) > 0.
Finally, a minimal assumption on the function v that allows for global existence
of solutions is

(H3) ¢ € C1([0, +00)), ¥(s) > 0, max (s) = 1.

s€[0,400)
Note that maxt(s) = 1 is simply a normalization, since any constant can be

inserted in the function f.
If we assume that host population growth is of generalized logistic type, we can
assume instead

(H3) ¢ € C'([0,+00)), ¥(0) =1, ¢'(s) <0, im0 9h(s) = 0.
Another condition is needed to obtain a parasite-free stationary solution of (1.3).
If p = (po(a),pi(a),...) is a stationary solution of (1.3) corresponding to ¢ = 0,
then p;(a) = 0 for i > 0 and po(a) = po(0)7(a) where 7w(a) = e~ Jo #*) 4 Setting
+oo

Ry = Bla)m(a)da

0

it can be easily seen that there is a stationary solution with ¢ = 0 if and only if
there exists K > 0 such that

that is if and only if Ry > 1, because of (H3’). In such a case it is unique. Under
(H3"), if Ry < 1, it is not difficult to show that the host population will decrease
to 0 (see for instance [7]). Hence, a usual assumption will be

(H4) Ry > 1.
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We show the well-posedness of system (1.3) by setting it in the abstract frame-
work (1.5). With this aim, we define first the linear operator A on X:

D(A)={pec X : p; € W"(0,4+00),p:(0) = 0 Vi > 0, and such that
(4.1) there exists N € N such that p; =0 for all i > N}.
(Ap)i(a) := —pj(a) = (u(a) + il + 0))pi(a) + (i + 1)opiyi(a)  fori =0,

As we will prove below, A is closable and its closure A generates a Cy-semigroup
on X.
Let now

~+o0 400
E::{peX:c—i—Z/o pi(s)ds # 0}
i=0

and consider the non linear operator F' : £ — X defined by

Finally, the ‘multiplicative perturbation’ operator that takes account of the non-
trivial boundary condition in 1.3 (see [5] for more details) is:

+oo £ + +00
o) == [ X nras) ([ 80 L pls)eds) (o)

- 0
(Hp); =0 fori>1.

H is an operator on X such that (p + Hp) € D(A) if and only if the components
of p are in W' and p satisfies the boundary conditions
+o0 £ + oo '
O =v( [ Y nea) ([ 56 nee ds)
0 =0 0 =0
pi(0)=0 fori>1

which are exactly the boundary conditions in (1.3).
Hence, the evolution equation (1.3) has been transformed into the abstract
Cauchy problem

(12 A0+ H()) + Fo(0)

—N—
s
==
I
S
o
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To prove that (4.2) is well-posed we start with

Theorem 4.1. The linear operator A is closable in X, and A generates a positive,
strongly continuous semigroup of contractions.

Proof. We will prove that A is dissipative, that D(A) = X and R(A — A) is dense
in X for A > 0.

In fact, by theorem 4.5 in [12], under these assumptions A is closable and A is
dissipative too.

Moreover, if A is dissipative and R(A — A) is dense in X, then R(A\ — A) = X.
In fact, take y € X, (x,)nen sequence in D(A) such that Az, — Az,, — y. Since,
because of the dissipativity of A, we have (A —A)(x,—x)| > A|xn—2.,| and the
left-hand side is a Cauchy sequence by assumption, it follows that the right-hand
side is also a Cauchy sequence; therefore, there exists x € X such that z, — z; we
can then conclude that Az, — \x —y whlch implies, by the definition of closure
that € A and Az = Az —y. This means (A — A)z = y so that R(A — A) = X.

At this point, applying Theorem 4.3 in [12] to A, we can conclude that A gen-
erates a C-semigroup of contractions.

Finally, the positivity is shown by direct computation.

To prove that A is dissipative consider the subdifferential of the norm i.e. for
reX,x#0

(4.3) x| ={p € X" : (p,z) = |z|, |¢| = 1}
and
0] = {p € X : o] < 1}.

One has to show that for every ¢ € D(A) there is a ¢* € 0|¢| such that (Aq,¢*) <0
(the brackets denote the usual duality product). For ¢ = 0 this is trivial. If ¢ # 0
it is known (see, for instance, [3]) that, via the identification

X" ={p = (pi)ien : i € L>(0, +00)a$u£ [pi]| < +o0},
(S

¢ € d|q| if and only if for each i =0,1,2...

pi(a)=1 if aeQf ={s€(0,+): ¢(s) > 0}
(4.4) pila)=—=1 if a€Q; ={s€[0,4+00):q(s) <0}
—1<gi(a) <1,ifa€ Q) ={s€0,+0) : ¢;(s) = 0}.
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Hence
0 =31 [ oo [ (Ag)ta) i

- /,— (—=q(a) = (ula) +i(a+0))g(a) + o(i + 1)gi1(a)) da

+ /Q+(_q6(a) — p(a)go(a) + oqi(a)) da

0

- / (=g5(0) = p(a)ao(a) + 0q1(a)) da

0

where ¢ € Jq| has been chosen such that, for each i, ¢; = 0 in QY. Now, since
q; € WH(0, +00) for every i, € is the union of a family, at most countable, of
pairwise disjoint intervals, i.e.

+o0o
of = (a1, a)
n=1
with ¢;(a%) = 0 if o} € R and
lim ¢;(a) =0

J

if a} = +o0. In fact, for the latter assertion, observe that ¢; € W"'(0, +00) = ¢; €
BV(0,+00) N L'(0, +00); since ¢; € L*(0,400), liminf, ., |gi(a)| = 0; since ¢; €
BYV(0,4+00), limsup,_, . |¢i(a)| = liminf,_., [gi(a)|. It follows lim, .} gi(a) =
0, which is our claim.

Hence
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in an analogous way, [, ¢/(a)da = 0. Rearranging the sums in (4.5) (remember
that all the sums are, in fact, finite) we get

40 -
g == [u)mq, da+2/ a) + i) (a) da
+a§[7z “aa)da-+ [ g da+ /(z—l)qu )d
- N ] o [ o . [ o)
?lquo(a) dat | u(a):j(a) o )
- OO 0/0%0(/1( )+ m)\i;(an o= [ w@lao) do
—og[ | w@der [ iei-va@da- [ i
L S e

Clearly, D(A) = X and hence, as argued above, A is closable and A is dissipative.
Now, to prove that R(A] — A) is dense in X for all A > 0, it is sufficient to prove
that for each p € D(A) there exists ¢ € D(A) such that A\¢ — Ag = p. Suppose
that p; = 0 for i > N; then take ¢ = (¢;);en such that ¢; = 0 for ¢ > N and gy is
the solution of

(4.7) { Cﬁvgg; = O—(Aﬂﬁ(a) + N(a+0))gn(a) + py(a)
qn =
(4.8) qn(a) = /a e ff(A+u(r)+N(a+a))dTpN(S> ds.
Then, for i < N, ¢; is the solution of
(4.9) { qggg = O—M + p(a) +i(a + 0))gi(a) + pia) + o (i + 1)gisi(a)
qi =

where ¢; 1 has been found in the previous steps.
Clearly, ¢ € D(A), and by construction Ag — Aq = p which proves our claim.
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To see that the semigroup is positive, take ¢° € D(A) N X, and suppose that
¢? =0 for all # > N. The solution of

q'(t) = Aq(t)
(4.10) {q 0 — g

can be constructed as follows. For i > N, ¢;(a,t) = 0 solve the equations. For
1 = N the problem

0 0

{ sran(a,t) = —=qu(a,t) = (1 + N(a + 0))ax(a,)
QN(a'7 0) = Q?V(a)

has the solution defined by

QN(CL,t) _ (JN(CL —t, O)e_ J&, u(s)+N(ato)ds a>t>0
qn(a,t) =0 t>a>0.

For ¢ < N the problem

{ %Qi(a»t) = —%Qi(aﬂf) — (ula) + il + 0))gi(a, ) + o(i + 1)gir1(a, t)
gi(a,0) = ¢;(a)
has the solution defined by
Qi(a, t) _ %(a B t, 0)6_ [ w(s)+N(ato)ds
+(i+1) /t ge Japop)AN(et)dro, (4 —t 4 5.8)ds a>1>0
gi(a,t) =0 ’ t>a>0.

Clearly the solution ¢(t) = (gi(-,t))ien € X,. By density, the same will be true for
e!4q® for all ¢° € X, that is the semigroup generated by A is positive. O

From now on, we will write A meaning, in fact, its closure A whenever this will
not cause ambiguity.

Proposition 4.2. H(p) € F,4 for allp € X.
Proof. 1t is H(p) = (C(p)~n(+),0,0,...), where C(-) is a real function, precisely

c) == | +°°’+Z_°°fp@-<a>da)( 0+ ﬁ(a)fpxa)gfda).

Moreover, if p = (po,0,0,...), ep is represented by the well known [I] semi-
group of age-structured populations without fertility, namely

m(a) .
pola—t)—=5 ifa>t
S

0 ifa<t

and (etAp)i =0 for¢>1.
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Hence, for each ¢ > 0, we have

1
(a.11) Het) — iyl = 7 [ ()] do
whence

1t
fmsup |4 (Hp) ~ Hpl = lim ¢ [ 1C(2)Ir(a) da = |C )
- 0

t—0t

and therefore H(p) € Fj. O

Before stating the main result we need two more lemmas.

Lemma 4.3. Let a > 0. The operator U, on Wr = C([0,T], X) defined by

t
[mﬂuy—A/emimﬁﬂm@»@
0
18 positive, i.e. it takes positive functions into positive functions.

Proof. Set

t
Li(u) == / e‘é(t_s)e(t_s)AH(u(s)) ds.
0
It is easy to see (see for instance [7]) that

Lot (s —alt=9) 0 ifa>t—
e"alt )[e(t )AH(U(S))]O(G):{ 8 st i)tﬁe;vvises

and
eI ()] () =0 i P> 1.

Hence, I;(u) has a unique component not identically zero, which is
t
eétﬂ(a)/ eésC(u(s)) ds ift<a
0
t
eclxtﬂ(a)/ eésC(u(s)) ds ift > a.
t—a

Finally
0 if t <a.

M@WM“QZ{_fi%QWWQ—@)ﬁt>m

0if i > 1. If u(s) > 0 for each s € [0,7] then C(u(s)) < 0 and
hich proves the claim. O

=
=
=
v
2 I
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Proof. Take u > 0; then, setting u = wr(u), we see that (I + aFg)u > 0 if and
only if

for each ¢ > 0, always setting u_; = 0. Recalling that 0 < u; < u;, we see that
this inequality is true for all 7 if 1 — ap(u)) > 0, where

~+o0 +00
th/ u;(s)ds
- 0

N 7j=1
gp(u) - +00 +o0
c+ Z / u;(s)ds
j=0 "0
Since it can be easily seen that p(u) < h—CR, the thesis holds if o < ;5. O

Finally, we are able to state
Theorem 4.5. If (H1)-(H3) hold, the Cauchy problem on X
p'(t) = A(p(t) + H(p(t))) + F(p(t))
p(0) =p"

where X, A, H and F have been defined above, has, if p° € X, a unique mild
solution in X . If moreover p°+ H(p®) € D(A), then the mild solution is classical.

(4.12)

Proof. 1t follows from Theorems 2.1 and 3.2 (see also Remark 3.4).

In fact, it can be easily seen that the maps I’ and H are Lipschitz continuous and
differentiable on X, because of the hypotheses on ¢ and 3. Moreover, Lemmas
4.3 (the same proof, with the necessary and obvious adjustments, works with Hg
instead of H) and 4.4 show that the assumptions of Theorem 3.2 hold.

O]

The remaining of the section is devoted to prove that the solution yielded by
Theorem 4.5 is, in fact, global.

Proposition 4.6. Let (H1)-(H2)-(H3) hold. Let p(t) = (pi(-,t))ien be a positive
solution of (4.12) defined on [0, tmaz). Then there exists L > 0 such that |p(t)]| <
|p(0)|e™ for each t € [0, tmaz)-

Proof. First, we prove that the a priori estimate holds if the initial datum is taken
in a smaller domain, then, by a density argument, we conclude that the same is
true for all p° € X.
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Consider the Banach space

+oo +o0
Xy = {p = (pi)iGN D pi € L1(07+OO> Vi >0, 222/ |pi(a)|da < OO}
i=1 0

endowed with the norm

M%?=/ mNMda+§jf/“ 1pi(a)] da.
0 = Jo

The operator A defined in (4.1) satisfies Theorem 4.1 also in X;: one needs only to
modify (4.6) in a straightforward way. Hence A;, the closure of A in X7, generates
a positive, strongly continuous semigroups of contractions. Consider now

(4.13) p'(t) = Ai(p(t) + Hi(p(1))) + F1(p(t))
p(0) =p".
where I := Fix,ng and H; := H|x,.

It is not difficult to prove that H; and F} are locally Lipschitz continuous with
respect to ||, and |-|p(4,) and are continuously differentiable on (X;),. Moreover,
Proposition 4.2, Lemma 4.3, Lemma 4.4 can be rephrased for the space X; and
the operators Ay, Fi, H;. The conclusion is that problem (4.13) is well-posed on
(X1)+-

Now, if p(t) = (pi(a,t));en is a classical positive solution of (4.12) with the
additional hypothesis that p° + H(p®) € D(A;) then p(t) is a solution of (4.13).
Therefore p(t) € X; for all t.

For a positive solution, |p(t)| = L(p(t)), where L is the bounded linear operator,

defined by
+o0 +0o ~+o00
Lp:= / po(a) da + Z z/ pi(a)da.
0 . 0

=1

Since L is a bounded linear operator on X and p € C''([0,T], X), we have

Sl = (L)) = L)

teo g R i,
:/0 apo(a,zf) da—l—iZz/ api(a,t) da.

Now, for 1 = 0,1, 2, ... we have

+oo a +o00 a
o < _ Yo
/0 8tpz(a’t) da < /0 aapl(a,t) da

(4.15) — /;Oo(u +(t) +i(a+0))pi(a,t) da

(4.14)

+oo +o00
+ [ o Dpatatdas [ ppoalant) da
0 0
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setting, as usual, p_; = 0. As already shown, p;(a,t) are, for all ¢, absolutely
continuous function in the variable a, satisfying lim,_. pi(a,t) = 0. Hence, from
(4.15) we obtain

(4.16) /0 OO %p"(“’ t)da <pi(0,t) — (u- + @(t) +i(o + 0)) Pi(t)
+o(i+ 1) Pia(t) + ¢(t) P ()

where

Pi(t) = /Ooopi(a, t) da.

Inserting (4.16) into (4.14), we have

(4.17)

—+00

d
Ml < =D (1 +¢(t) +ila+0))iP, +Zm i+ 1) P (t)
i=1
+o0

+(t) Y iPa(t) + po(0, 1) = (- + (1) Po(t) + o Pi(1)

=1

+o0 oo
— SR ZZP —aZiQB(t)—UZiQB(t)
i=1 ' =1

+0o0

+UZZ+ Pt —UZZ+1 (1 +g0()ZiH-_1(t)

i+ o) Po(E) + o Pr(0) + 10,1

“+00 —+00
—pp®)| —ad PP(t) =0 Y (i+1)Pua(t) + ¢t ZP +po(0,2).
=1 =1

Note that all the series converge, and all rearrangements are justified because,
for each t, p(t) € X; whence Y .7 i2P;(t) < oo.
Thus

||P()||_—M Ip(t |—aZZP —GZHl (1

h 12P
it (ZP >+||ﬁ||Loo;P¢(t)
< [+ 181~ — ]l ()

and then [p(t)] < [p(0)]e #1914,
By a density argument the same estimate holds for all p° € X,. N

Corollary 4.7. If p° € X, then the mild solution of (4.12) is global.
Proof. Apply Theorem 2.1, part b). O
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Finally, we wish to show that, under assumption (H3’), the positive solutions
are ultimately bounded. Precisely

Theorem 4.8. Let (H1)-(H2)-(H3’) hold; assume moreover
(H5)  sup{a:f(a) >0} < +oo.

Then there exists M such that ¥V p° € X, N(t) < M and P(t) < M for allt > T
for some suitable T.

Proof. Choose initially p° such that p° + H(p?) € D(A,).
Take

u(a,t) = Z pi(a,t)

the age-density of total host population. With some algebra, we have

%u(a,t) = —pu(a)u(a,t) — aZipi(a,t) = —j(a, t)u(a,t)
with

Z,?i 3 i(a,t) .
(4.18) fi(a,t) = {M(a) + O‘J)TZ) if u(a,t) >0

p(a) if u(a,t) = 0.

Analogously, one can write

w(0,4) = /0 " Bla,t, S())ula, 1) da
with
- (s)B(a) ZEEBED i 4y (g 1) > 0
4.19 a,t,s) = u(ad)
19 st {w(S)ﬂ(a) i ua.t) = 0

and S(t) = N(t).

One can then apply Theorem 1 of [8] to obtain N(t) < M for ¢ > T. In that
Theorem the fertility and mortality functions are not supposed to depend directly
on time ¢, but it is straightforward modifying its proof to cover this case, since the
assumptions (16) and (17) of that Theorem are satisfied. Moreover, assumption
(H5) can be used in place of the maximal age a; < +o00 used in [8].

Now, we compute P'(t) as in (4.17), obtaining

P'(t)< —u_P(t) —a Z i2P,(t) — o P(t) + p(t)N(t).

From Holder’s inequality, we have

+to p (t) N(t)

=0 =0 =1

S ep > EERO) PO
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Using also ¢(t)N(t) < hP(t), we obtain

From this, one immediately sees limsup,_, . P(t)

P(t) < (h— p_)P(t) — a=—2 < P(t)(h — p_ — ~=P(1)).

< M(h — p_)/c, which is the

thesis.
By density, the same will hold for all p® € X . O
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