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CAUCHY-RIEMANN OPERATORS AND LOCAL SLICE ANALYSIS OVER REAL
ALTERNATIVE ALGEBRAS

ALESSANDRO PEROTTI

ABsTRACT. We prove some formulas relating Cauchy-Riemann operators defined on hypercom-
plex subspaces of an alternative *-algebra to a differential operator associated with the concept
of slice-regularity and to the spherical Dirac operator. These results in particular allow to in-
troduce a definition of locally slice-regular function and open the path for local slice analysis.
Since Cauchy-Riemann operators factor the corresponding Laplacian operators, the proven for-
mulas let us also obtain several results about the harmonicity and polyharmonicity properties of
slice-regular functions.

1. INTRODUCTION

The first aim of this work is to develop a set of relations between two higher dimensional
function theories (or better two families of function theories). These theories were born as
different generalizations of that fundamental part of modern mathematics represented by the
theory of holomorphic functions of one complex variable. One function theory, which is
well developed and dates back to the 1930’s, is based on a system of linear first-order constant
coeflicients differential equations, known as the Cauchy—Fueter system in the case of quaternions,
and as the Dirac (or Cauchy-Riemann) system in the case of Clifford algebras. The functions in
the kernel of these systems are called, respectively, Fueter-regular and monogenic functions. We
refer the reader to the monographs [} 26] for extended accounts of this theory.

Over the last fifteen years, another higher dimensional function theory, better adapted to
algebraic requirements, in particular the inclusion of polynomials, was developed. Born in the
quaternionic setting [[15][16], the theory of slice-regular functions, also called slice analysis, has
then been extended to the octonions, to Clifford algebras, and more generally to real alternative
*-algebras (see, e.g., [7, [17, 20]). See also [14} 38]] for reviews of this function theory and
extended references.

The relations between the two theories we are presenting here are based on some fundamental
formulas linking Cauchy-Riemann operators, which are at the core of the first function theory, and
two other differential operators related to slice-regularity and to the spherical derivative of a slice
function (Theorem [§] and Proposition 0). A natural setting where Cauchy-Riemann operators
can be defined are hypercomplex subspaces of the algebra. Relevant examples of hypercomplex
subspaces of an alternative *-algebra are: the quaternionic space H, the space O of octonions,
the reduced quaternions and more generally the paravector subspace of the real Clifford algebra
R,, of signature (0, n).
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One of the peculiar aspects of slice analysis is the non-local character of the existing definitions
of slice-regular function. Both in the original approach [[16]], with functions defined on slice
domains, and then on open sets intersecting the real axis, and in the stem function approach
[20l], where functions are defined on domains that are axially symmetric around the real axis,
a local definition of slice-regular function is not feasible. The above-mentioned relations with
Cauchy-Riemann operators permit to refine the original definition of slice-regularity and find a
formulation that has a natural local version. This is a second major aim of this work. We are
able to give a definition of locally slice-regular function (Definition [13])) on any open subset of
an hypercomplex subspace of the algebra that is compatible with the existing definitions. In the
setting of slice analysis on hypercomplex subspaces, local slice-regularity can be seen as the
most faithful generalization of the classic concept of holomorphy.

As an application of this local approach, we present some results of quaternionic local slice
analysis. In particular we give local versions of some differential topological properties of
slice-regular functions. Of course this type of results is not restricted to the quaternionic setting.
Thanks to a local extendibility theorem (Theorem [19)), every local property satisfied by slice-
regular functions, originally proved on axially symmetric domains, remains valid for locally
slice-regular functions defined on any open subset of an hypercomplex subspace of the algebra.

We also investigate harmonicity and polyharmonicity properties of slice-regular functions
(Theorem [27)), extending to any alternative algebra what already known for quaternions and
Clifford algebras. We apply the results proved here to obtain a decomposition of any slice-
regular function in terms of components in the kernel of the third order operator dA, where 8
is the Cauchy-Riemann operator of the hypercomplex subspace M and A is the corresponding
Laplacian (Theorem 3Q). If the dimension m + 1 of M is even, this decomposition defines a real-
linear map that associates to any slice-regular function a (m — 1)/2-tuple of axially monogenic
functions (dA-Fueter mapping). This map represents a new generalization of the quaternionic
Fueter’s Theorem (corresponding to the case m = 3), valid on any hypercomplex subspace and
gives another strong link between the function theories. We recall that when M is the paravector
subspace of R,,, then the Sce’s generalization [36] of Fueter’s Theorem provides a mapping,
namely the power A""~1)/2 of the Laplacian, that associates to any slice-regular function a single
axially monogenic function. We prove that, differently from higher power of the A operator, the
O A-Fueter mapping has a small kernel for every m > 3 (Proposition [32)).

We describe in more detail the structure of the paper. In Section[2] we recall some basic defini-
tions about real alternative *-algebras, slice functions and slice-regularity. In Section [3] we give
the definition of hypercomplex subspace M in an alternative *-algebra A, and introduce the three
fundamental differential operators on M: the Cauchy-Riemann operator 03, the global operator
g associated to slice-regularity and the spherical Dirac operator I'g. Then we establish the main
relation linking the three operators and relate I'g and d g to the slice and spherical derivatives of a
slice function. SectionHlis devoted to the definitions of strongly slice-regular function and locally
slice-regular function and to proving two fundamental extendibility theorems: the global one
and the corresponding local version. Subsection 4.1l contains some results of local slice analysis
on the quaternionic algebra: the Quasi-open Mapping Theorem, the Mean value and Poisson
formulas. In Section [3] we study the action of the Laplacian on slice-regular functions and show
that every (locally) slice-regular function is (m + 1)/2-polyharmonic, with m + 1 the dimension
of M. We then prove the 5A—decomposition of a slice-regular function combining the classical
Almansi’s Theorem for polyharmonic functions with a polyharmonic zonal decomposition. By
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composition with the Laplacian operator we obtain the dA-Fueter mapping. In Subsection 3.3]
we prove a second polyharmonic decomposition of slice-regular functions. We conclude the
section with a list of examples of the previous decompositions in different settings: in a Clifford
algebra, in the octonion space or in the space of reduced quaternions. The Appendix contains
the proofs of Theorem [ and Proposition 3l

2. PRELIMINARIES

Let A be areal algebra with unity 1 # 0. The real multiples of 1 in A are identified with the field
R of real numbers. Assume that A is alternative, i.e., the associator (x,y,z) := (xy)z —x(yz) of
three elements of A is an alternating function of its arguments. Alternativity yields the so-called
Moufang identities:

(1) (xax)y = x(a(xy))
) y(xax) = ((yx)a)x
3) (xy)(ax) = x(ya)x.

A theorem of E. Artin asserts that the subalgebra generated by any two elements of A is associative.
Assume that A is a *-algebra, i.e., it is equipped with a real linear anti-involution A — A, x — x°,
such that (xy)© = y“x¢ for all x, y € A and x¢ = x for x real. Let #(x) := x + x¢ € A be the trace
of x and n(x) := xx¢ € A the (squared) norm of x. Let

Sa={JeA:t(x)=0, n(x) =1}

be the ‘sphere’ of the imaginary units of A compatible with the *-algebra structure of A. Assuming
Sa # 0, one can consider the quadratic cone of A (see [20, Def. 3]), defined as the subset of A

where C; = span(1, J) is the complex ‘slice’ of A generated by 1 and J. It holds C; NCg =R
for each J, K € S4 with J # +K. The quadratic cone is a real cone invariant w.r.t. translations
along the real axis. Observe that t and n are real-valued on Q 4. Moreover, it holds

Osa=RU{xeA\R:t(x) € R,n(x) € R, 4n(x) > 1(x)?}.

Each element x of O 4 can be written as x = Re(x) + Im(x), with Re(x) = x+2xc ,Im(x) = x—2xc =
BJ, where 8 = \/n(Im(x)) > 0 and J € S4, with unique choice of 8 > 0 and J € S4 if x ¢ R.
Observe that the quadratic cone Q 4 is properly contained in A unless A is isomorphic as a
real *-algebra to one of the division algebras C,H, O with the standard conjugations (see [20),
Prop. 1]). We refer to [19]], [20, §2] and [24, §1] for more details and examples about real

alternative *-algebras and their quadratic cones.

2.1. Slice functions and slice-regular functions. The functions on A which are compatible
with the slice character of the quadratic cone are called slice functions. More precisely, let
A ®p C be the complexified algebra, whose elements w are of the form w = a+1b witha,b € A
and1? = —1. In A ® C we consider the complex conjugation mapping w = a +1btow = a —1b
forall a, b € A. Let D be a subset of C that is invariant w.r.t. complex conjugation. If a function
F : D — A ®g C satisfies F(7) = m for every z € D, then F is called a stem function on D.
For every J € S4, we define the *-algebra isomorphism ¢; : C — C; by setting

oj(a+iB) :=a+JB forall a,BcR.
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Let Qp be the axially symmetric (or circular) subset of the quadratic cone defined by

Qp= | ¢s(D)={a+IpecA:afeR a+ifeD,JeS,}.
JESA
An axially symmetric connected set Q = Qp is called a slice domain if Q "R # 0, a product
domain it Q N R = (. Any axially symmetric open set is union of a family of domains of these
two types.
The stem function F = F| +1F, : D — A ®g C induces the (left) slice function f = I (F) :
Qp — A in the following way: if x = a + JB = ¢;(z) € Qp N Cy, then

f(x)=Fi(z) +JF(z), wherez=a+if.

Suppose that D is open. The slice function f = I (F) : Qp — A is called (left) slice-regular
if F is holomorphic w.r.t. the complex structure on A ®g C defined by left multiplication by 1.
We will denote by S'(Q) the real vector space of slice functions induced by stem functions of
class C!' on Q and by SR(Q) the vector subspace of slice-regular functions on . For example,
polynomial functions f(x) = Z?:O x/a j and convergent power series with right coefficients in
A are slice-regular. If A = H and Qp is a slice domain, this definition of slice regularity is
equivalent to the original one proposed by Gentili and Struppa in [16].

To any slice function f = I (F) : Qp — A, one can associate the function f; : Qp — A,
called spherical value of f, and the function f; : Qp \ R — A, called spherical derivative of f,
defined as

£ =50+ FE) and ) = 3 1m) ™ () - £

Ifx=a+pJ €Qpandz=a+if € D, then f°(x) = Fi(z) and f!(x) = 7' F»(z). Therefore
fs and f; are slice functions, constant on every set Sy := @ + 8S 4. They are slice regular only
if f is locally constant. Moreover, the formula

) = £ () + Im(x) £ (x)
holds for all x € Qp \ R. In the case A = H, a remarkable property of the spherical derivative
of a slice-regular function is its harmonicity in the four real variables. In the higher dimensional
case, a polyharmonicity property holds (see §3).

In general, the pointwise product x — f(x)g(x) of slice functions f = 7 (F)and g = 7 (G) is
not a slice function. On the other hand, it is easy to verify that the pointwise product F'G of stem
functions F and G is again a stem function. The slice product of two slice functions f = I (F),
g =71(G) on Q = Qp is defined by means of the pointwise product of the stem functions:

f-g=I(FG).

In the case of slice-regular functions, this product is also called star product of f and g, denoted
by f *g.

The function f = 7 (F) is called slice-preserving if the A-components F; and F; of the stem
function F are real-valued. If f is slice-preserving, then f - g coincides with the pointwise product
of fand g. If f, g are slice-regular on Q, then also their slice product f - g is slice-regular on Q.

The slice derivatives g—£, g}{ = of a slice functions f = I (F) are defined by means of the
Cauchy-Riemann operators applied to the inducing stem function F":

(), ()
0z 0z

Ox

0x¢
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It follows that f is slice-regular if and only if g}{ = = 0 and if f is slice-regular on € then also g—i

is slice-regular on Q. Moreover, the slice derivatives satisfy the Leibniz product rule w.r.t. the

slice product. If f = g—i, we will say that g is a slice primitive of f.

A slice-regular function f is called slice-constant if g—£ = 0 on Q. We will denote by
SC(Q) the real vector space of slice-constant functions on Q. If Q is a slice domain, then every
f € SC(Q) is a constant function. If Q is a product domain, then other possibilities arise (see
e.g. [20, Remark 12]). Observe that f € SC(Q) if and only if f is locally constant on slices
QN Cjy or, equivalently, f is induced by a locally constant stem function.

We refer the reader to [20] §3,4] for more properties of slice functions and slice regularity.

3. CAUCHY-RIEMANN OPERATORS ON HYPERCOMPLEX SUBSPACES

We recall a concept introduced in [21]. A non-empty subset S of A is a genuine imaginary
sphere of A (a gis of A), if there exists a real vector subspace M of A suchthat R ¢ M C Q4 and
S = M N S4. If such a M exists, then it is unique, since M = | J;.5 C;. We call M the vector
subspace inducing S. If dim(M) > 2, such a subspace M of A will be called a hypercomplex
subspace of A.

For example, if A is the skew-field H of quaternions or the space O of octonions, then A
itself is an hypercomplex subspace, with S = S4. These examples are the unique alternative
algebras, except for C, which have quadratic cone Q4 equal to the whole algebra A [20] Prop.1].
The algebra H contains also the hypercomplex subspace of reduced quaternions H, = {x =
Xo +ix1 + jxo € H | xo,x1,x2 € R}. More generally, the space M = R™*! of paravectors in the
real Clifford algebra R,, of signature (0, n) is an hypercomplex subspace of R,,.

It is easy to verify that every hypercomplex subspace M of A is, in particular, a strong regular
quadratic cone in A, as defined in [35]].

Lemma 1. [21] Lemma 1.4] Let S be a gis of A and let M be the vector subspace inducing S.
Then there exists a norm || || on A such that ||x||* = n(x) Vx € M.

Let B8 = (vg,V1,...,v;) be a real vector basis of M with v = 1, orthonormal w.r.t. the
scalar product ( , ) on A associated to the norm || ||. Complete 8 to a real vector basis
Ba = (vo,V1,...,vg-1) of A, orthonormal w.r.t. the scalar product ( , ) on A. For every

X,y € M,itholds 2{x, y) = ||)c+y||2 - ||x||2— ||y||2 =n(x+y)—n(x)—n(y) = t(xy°). Therefore
(x,y) = %t(xyc) on M. In particular,

4) t(v;) =2(v;,1) =0 foreveryi=1,...,m,

(5) t(viv;) = —t(viv§) =-2(v;,v;) =0 foreveryi # jintheset{l,...,m}.

Property (@) implies that v{ = —v; for every i = 1,...,m and property (5) shows that for every
i # jintheset {1,...,m}, the elements v; and v; anticommute, since v;v; +v;v; = t(v;v;) = 0.
Moreover, v% = —viv§ = —n(v;) = —||vi||*> = =1 for every i = 1,...,m. By Proposition 1 of
[20], we know that Sy = {J € A|t(J) =0, n(J) = 1}. Therefore {vy,...,vy} € S and M
is the orthogonal direct sum of R = span(vg) and M N ker(¢) = span(vy,...,Vvy). Moreover,

every triple {v;,v;,v;v;}, withi # j, 1 <i,j < m, is an Hamiltonian triple in A, such that
span(l, Vi, Vj, Vl'Vj) ~ H.

The Cauchy-Schwarz inequality for the scalar product { , ) implies that xy“ belongs to the
quadratic cone Q4 for every x,y € M, since t(xy°) € R, n(xy) = (xy°)(yx°) = n(x)n(y) € R
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(see e.g. [24, Thm. 1.7]), and it holds

(t(xy)* = 2¢x, 1)) < 4lIx[PlIyl1> = 4n(x)n(y) = 4n(xy©),
with equality if and only if xy€ is real.

Let L : R — A be the real vector isomorphism sending x = (xq,x1,...,Xg_1) into L(x) =
245 x¢ve. Identify RY with A via L and M with R™*! = R"™*! x {0} ¢ R. The product of
A becomes a product on R?. Given x,y € R, xy is deﬁned as L' (L(x)L(y)). Since By is
orthonormal, ||x|| coincides with the Euclidean norm (X% 7=0 x? 172 of x in R4. Moreover,

S={L(x) e M|x eR™! x0=0, 37", x? =1}

Definition 2. Let Q be an open subset of the vector subspace M inducing S. The Cauchy-
Riemann operator induced by B is the partial differential operator with constant coefficients
dg: CHQ,A) — C%Q, A) defined by

53 ::%(60+V1al+“‘+vmam)a

where the operators 9; : C'(Q,A) — C°(Q, A) are defined by d;f = L o %ﬁﬁfcg o L™ for
i=0,1,...,m

Remark 3. Note that sometimes in the literature the factor 1/2 is absent.

Remark 4. From the definition, it is immediate to check that 0,0 f = 0,0, f for every i, j and
every f of class C2. Moreover, the operators ; satisfy a Leibniz rule with respect to the pointwise
product of A-valued functions. This can be easily seen introducing the structure constants of A
w.r.t. B, i.e., the real numbers {c], ;}q g,y such that

d-1

Vavg = Z ch vy foreverya,fe{0,....d}.

y=0
Let Q = Q"N M, with Q' open subset of A. Let f(x) = ZZ fa(X)vgand g(x) = Zﬁ —0 88(x)vp
be A-valued functions of class C' on Q’, with f,, gp € C'(Q',R) for every a,8. Then
f(x)g(x) = Z Zfllﬁ o fa (x)gﬁ(x)czﬁvy. Therefore

g O(faoL)(gsoL)) ,

al(fg) = Cap?
=0a,8=0 0xi -
S 3 9(enolL
=Z > ( (o © )(g oL)+ (fao L)—(ggx. ) ¢ vy
=0 «@,B=0 g
=(0;f)g+ f(9ig).

In particular, it holds 9;(fa) = (9;f)a and d;(af) = a(9; f) for every a € A. In general, when
A is non—commut_ative or non_—associative, 0 g does not satisfy a Leibniz rule. However, if A is
associative, then dg(fa) = (0 f)a for every function f and a € A.

Let ¢y = 0g(L(x0, . ..,%aq-1)) = 83(x0+2 - Y xivi). Smcev =—1foreveryi=1,...,m,
itholds ¢,, = (1 —m)/2. Let

dg =3 (00— V101 =+ — VinOm)
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be the conjugated Cauchy-Riemann operator induced by B and let Ag the Laplacian operator
on M induced by B, acting on functions f of class C2(Q, A) as

Agf = Z 0;(0;f).
=0

Proposition 5. Let Q be an open subset of the vector subspace M inducing S.
(a) Foreveryn € N and every x € M, it holds:

-1
e = cn = 20 = 0 S
k=0

(b) For every function f of class C*(Q, A), it holds:
d5(dgf) = d5(dsf) = 1Asf.

We postpone the proof of the proposition to the Appendix to improve the reading of the paper.

Let Q be an open subset of the vector subspace M inducing S. We recall from [22] the
definition of the global differential operators 95,95 : C'(Q\R, A) — C°(Q\ R, A) associated
with the slice derivatives. Since we are considering only functions defined on M, in the formula
defining ¢ and 53 we can take the derivatives w.r.t. the first m + 1 coordinates:

1 Im(x) - 1 Im(x)
19'( = = . ( = —
? 2( ° 7 nm@) Zx’ ) 2( T n(im(x)) Z
where the operators 9; : C!(Q, A) — CO(Q A) were given in Definition 2l For every slice
function f on Q, it holds Vg f = and dgf = g ){L on Q \ R (see [22] Theorem 2.2]).
Observe that on a slice C; C M the operator 9 g coincides with the standard Cauchy Riemann
operator of C;. In particular, when dim(M) = 2, then M = C; and the operators g, 0 are

both equal to the Cauchy-Riemann operator of M.
Forany i, j with1 <i,j <m,let L;; = x;0; — x;0; and let

m
Ig=-3 Z vi(v;Lij)
i1

be the spherical Dirac operator associated to the basis B. It acts on C' functions f as 'gf =
—% ZTj:l vi(vjL;jf). In the case of octonions, this operator has been introduced also in
the recent paper [18]. The operators L;; are tangential differential operators for the spheres
SxNM =a+SB, withx = a+ I8 € Qa. The next proposition extends Propositions 3.2 and 6.1
of [30] to the setting of C! (not necessarily slice) functions on open domains in M. To take care
also of the non-associative case, we firstly need a definition.

Definition 6. A function f : Q — A of class C' is said to be M-admissible if f (x) and dg f (x)
belong to M for all x € Q.

Observe that when A = Hor A = O, we can take M = Q4 = A (see [20, Prop.1]). In this case
every A-valued function is M-admissible.

Proposition 7. Let Q be an open subset of the vector subspace M inducing S. Letdim(M) = m+1.
Then it holds:
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(@) I'g(x) = (m - 1) Im(x).

(b) Let f : Q@ — A be aC! function. If A is not associative, assume that f is M-admissible.
Then I'g and multiplication by x satisfy the following commutation relation

Lg(xf(x)) = (m—1)Im(x) f(x) +x“ g f(x)
forall x € Q.

We postpone also the proof of Proposition [7]to the Appendix. _
We now establish the main relation linking the three operators dg, #g and I'g on an hyper-
complex subspace M of A. Also the proof of Theorem [8] will be given in the Appendix.

Theorem 8. Let Q be an open subset of the vector subspace M inducing S. Let f : Q — A be a
C! function. If A is not associative, assume that f is M-admissible. Then the following formula
holds on Q \ R:

dsf —9gf=-(2Im(x)) 'Tgf.

The vector subspace M inducing the gis S is contained in the quadratic cone Q4. Therefore
we can consider the restriction of a slice function on an axially symmetric domain Qp to the
subset Q = Qp N M of M. We call such a set Q an axially symmetric open subset of M. If Q is
also connected, we call it an axially symmetric domain of M.

Thanks to the representation formula (see e.g. [20, Prop.6]), the restriction of a slice function
to Qp uniquely determines the function. We will therefore use the same symbol to denote the
restriction.

Proposition[3shows that the spherical derivative of a slice-regular polynomial Zzzo x"a, with
coefficients in A, at least in the associative case, can be obtained by application of a differential
operator, namely, the Cauchy-Riemann operator. We now extend this result to all slice-regular
functions.

Proposition 9. Let Qp be an axially symmetric open subset of Q4 and let Q := Qp N M, an
axially symmetric open subset of M. Assume that m = dim(M) — 1 is greater than 1. Let
f : Q — A be a slice function of class C'(Q). If A is not associative, assume that f is
M-admissible. Let c,,, = (1 —m) /2. Then the following properties hold on Q \ R:

(a) Tgf = (m — 1) Im(x) £,

(b) dgf = axc +emfy,

(©) dnf =% —cnf! and 2 =0y

@) fis slice-regular ifand only if 0 g f = e f.
(e) f € ker(dg) if and only if & = —c, f1.

(f) If f is slice-regular, then
a(f5)
Ox

(6) Agf =4cy, and Imx)Agf =2cp, (

of .,
a_x_fs)'

(&) Iff € ker(0 g) is slice-regular, then f is locally constant. The same holds if f € ker(dg)

and it is anti-slice-regular, namely, it satisfies f =0.

(h) If f e SR(Q)and Ag f =0, then f isan aﬁinefuncnon of the form xa+b, witha, b € A.
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Proof. Since f is a slice function, the functions f; and f; are constant on the spheres S, N M.
Therefore every operator L;; vanishes on them. From the formula f(x) = f(x) + Im(x) f{ (x)
and the Leibniz rule we get

Lijf = Lij(f5 (%)) + Lij (Im(x) 7 (x)) = L;; (Im(x)) £ (x) = (xpv; = x;v) f; (x).
Using again formulas (23)),(26) and point (a) of Proposition [7] we get
Cf == > vii((vj = xv0) f1(0)) = =3 > viwp((xivj = xv)) £ (x)
i.J i.J
=Tg(x) f{(x) = (m = 1) Im(x) f{ (x)

and point (a) is proved. Point (b) follows immediately from (a) and Theorem [8] since a slice
function f is slice-regular if and only if #g f = Oon Q\R and g f = g ){L for every slice function
(see [22, Theorem 2.2]). To prove point (c), we observe that on Q \ R it holds ¢g f = ‘;—£ and

dsf —gf = (g +0g)f —dgf — (Vg +08)f+Dsf =00f —dsf —of +9sf = —cmf],

using again Theorem [8| and point (a) above. The last statement in (c) comes from the property
(f))% =0, which holds for every slice function f. Points (d) and (e) are consequences of (b).
From (c) and (d) we get the first equality in (6):

2(f))=08(f]) = c;log(dsf) = (dem) ' Agf

for every slice-regular f. Finally, since f is slice-regular, the function f = f° — Im(x)f/ is

anti-slice-regular, namely, it satisfies g—§ = 0. Therefore

of _o(ff+Imx)fy) _,00m&)fy) 9((x—x)f5) _
0x 0x ox ox
from which also the second equality in (6)) follows.

From (b) we get that if 53 f= g% = 0, then f; = 0. This means that the component F, of
the inducing stem function F vanishes identically. From the holomorphicity of F it follows that
F) is locally constant, and then also f is locally constant. If instead dg f = g—£ = 0, then using
(c) we conclude in the same way. Then (g) is proved.

Finally, to get (h) we follow the proof given in [28, Lemma 23(a)] in the quaternionic case.
From point (f), we get that %{Z,) =0, ie., f/ = I(B7'Fy(a +iB)) is anti-slice-regular on Q.
Then the function 87! F»(« +if8) is constant, i.e., F» = Sa with a € A. Since F is holomorphic,
it follows that F(z) =aa +b +iBa =za +b,and f = I (F) =xa+ b, with b € A. m]

£+ 21m(n)

Remark 10. The previous result shows that the operator I'g, when acting on slice functions,
depends only on § (equivalently, on M) and not on the particular basis B chosen to represent it.

Let Qp be an axially symmetric open subset of Q4 and let Q := Qp N M. Assume m =
dim(M) — 1 > 1, i.e., that M is an hypercomplex subspace of A. Given a slice-regular function
f: Q — A, also the pointwise product x f is slice-regular on Q. Itfollowsthat f = f7+Im(x)f] =
(xf)s —x°f/(x) = hy — xhy, with functions h; := (xf); and hy := f] that are constant on
every sphere Sy N M (x € Q). For this reason, we call the equality f = h; — x“h; the zonal
decomposition of f. Since f is real analytic [20l Prop. 7], also &, and &, are real analytic.

From Proposition [0(b) we get the following result.
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Corollary 11. Let f € SR(Q), with Q an axially symmetric open subset of M. If A is not
associative, assume that f and xf are M-admissible. Then the functions hy, h, in the zonal
decomposition f = hy —x€hy can be computed by means of the Cauchy-Riemann operator of M :

() hi =, 08(xf), h2=c,/0sf,
where ¢y, = (1 —m) /2, m = dim(M) — 1 > 1. Moreover, f is slice-preserving if and only if h
and hy are real-valued. |

Remark 12. When A = M = H, the functions /,, h; in the zonal decomposition are harmonic
in the four real variables. This is the content of the Almansi-type theorem proved in [31]. If
A is the real Clifford algebra R,,, with n > 3 odd, then the functions /4, &, are polyharmonic
of degree (n — 1)/2, i.e., in the kernel of the power A"*~1/2 of the Laplacian of the paravector
space M = R™! (see [32]]). In Section[§ we will generalize these results to any hypercomplex

subspace M.

4. STRONGLY SLICE-REGULAR AND LOCALLY SLICE-REGULAR FUNCTIONS

Let Q be an open subset of an hypercomplex subspace M of A, not necessarily axially
symmetric. We recall that dim(M) > 2 by definition. Let S = M N S 4 be the gis associated to
M. We give a refinement of the definition of slice regularity suggested by Corollary [Tl

Definition 13. Let Q C M be any open set and let f € C'(Q). The function f is called strongly
slice-regular (and we write f € SR*(Q)) if the following properties hold:

(1) Forevery I € S such that Q; := QN Cy # 0, the restriction
Jr:= fia, + (Qr, Ly) — (A, Ly)
of f is holomorphic w.r.t. the complex structure Ly defined by left multiplication by I.

(i) The functions dgf and dg(xf) are zonal, i.e., they are constant on Sy N Q for every
y e Q.

If property (i) holds and the functions g f and dg(x f) in property (ii) are only locally constant
on Sy, NQ for every y € Q, then f is called locally slice-regular, and we write f € SR ().

Thanks to the orthonormality of the bases, condition (ii) and then also the definitions of
strongly or locally slice-regularity are independent from the choice of 8.

Remark 14. If a function f € C?(Q) is locally slice-regular then it satisfies on Q the system of
differential equations

{Eﬁf =0,

8 Z —
® Lijogf=L;jog(xf)=0 foreveryi,jwithl <i,j<m.

In a subsequent work we will investigate on the sufficiency of equations () for the local
slice-regularity.

It always holds SR*(Q) € SRy (Q). Under axial symmetry conditions, the two function
spaces can coincide.

Proposition 15. Let Q be an axially symmetric domain of M and let f € SR(Q). If A is not
associative, assume that f and x f are M-admissible. Then f € SR™(Q). In particular, if A is
associative or M = O, then SR (Q) = SRoc (Q) = SR(Q).
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Proof. The first statement follows from Corollary [[1l If A is associative, or if the functions f
and x f are M-admissible for every f € SR(Q), then we get the inclusion SR(Q) € SR™(Q).
Since Q is axially symmetric, the sets S, N € are connected for every y € €. Therefore it holds
also SRy (Q) = SR (Q). O

We now show that strong slice regularity is exactly the condition which assures that the
function can be extended slice-regularly to an axially symmetric set. We recall the definition of
the symmetric completion of any subset Q of A:

ﬁ:USx.

xeQ

It is the smallest axially symmetric subset of A containing 2.

Theorem 16 (Global extendibility of strongly slice-regular functions). Let Q C M be open and
let f € CY(Q). If A is not associative, we assume that f and xf are M-admissible. Then
the function f is strongly slice-regular on CQ if and only if it can be extended to a slice-regular
function on the symmetric completion Q. If this is the case, the extension is unique.

Proof. Assume that f is strongly slice-regular on €. Then daf = 9g(xf) =0on Q\R, since
the restrictions f; and (xf); are holomorphic on (Qy, Ly). From Theorem [8 and Proposition
[Z(b) we geton Q \ R

dgf=—-2Im(x))"'Tgf and
dg(xf) =-(2Im(x)) 'Tg(xf) = 52 f(x) - (2Im(x)) 'x“ L5 f.

Since Im(x)x¢ = x¢ Im(x), we obtain dg(xf) = cmf(x) +x°0gf, which is equivalent to the
equality f(x) = hy(x) —x“hy(x) for every x € Q\R, where h; := c,‘nlgg(xf) and hy = C;nlgg;f.
The functions Ay, h, are continuous on €2, and they are zonal since f is strongly slice-regular.
The zonal decomposition

€)) f=h—xhy

holds on the whole set € by continuity.

We now show that /; and h, are real analytic on Q \ R. Let ® : C X S — M be the map
defined by ®(a +i,K) :=a+KB. Given y =%+ I € Q\ R, let W :=®(Vx V') c Q\ R be
the neighbourhood of y obtained by an open neighbourhood V of %y + i3 in C \ R and an open
neighbourhood V’ of I 'in §. Let J € V' \ {I} be fixed. Let x = xg + KB € W and consider the
points x; = xo + 15, x5 := xo +JB in W. From the equalities

(10) fi(xp) = hi(x) =x7ha(x),  fr(xy) = hi(x) = x5ha(x)

we deduce

ha(x) = (x5 =x) " (fr(xr) = fr(xp) = A=) 7' BH(fr(xr) = fr(x))) -
Since f; and f; are holomorphic, the preceding formula shows that /5 is real analytic on W, and
therefore on Q \ R. Since from (I0) we have & (x) = f7(x;) +x{ha(x), also h; and f are real
analytic on Q \ R.
Let h; and h, be the functions defined on the symmetric completion Q obtained by imposing
their constancy on the spheres S, for each y € €2, and set f(x) = hy (x) — xch~2(x). From (),
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it follows that f = f on Q. The functions h~1 and h~2 are real analytic on Q \ R. This can be
obtained as before, from the formula

hy(x) = (x5 = x)) ™ (fr (o) = fr () = (T= D)7 B (fi () = fa(x2))
valid for every x = xo + KB € W = @®(V x Sa), where I and J are fixed units chosen as above.
Since QNR = QNR, h1 and hz are continuous on €. From the formula h1 (x) = fi(xp)+xy hz (x),
we get that also hy and f are real analytic on Q \ R and continuous on Q.
Let D :={xo +iB € C | there exists I € S such that xo + I8 € Q}. Then Qp = Q. In view of
the axial symmetry of }71 and ﬁ}, givenx =xo + I € Qand z = xo + 1B € D, the function

G(z) =G1(2) +iG2(2),

with G(z) = hl(x) — xoh» (x) and Gy(z) = ,3]’[2 (x), is a continuous stem function on D that
induces f Ifx € QNR, then 7 (G)(x) = G1(xp) = h1(x0) —xph2(x0) = f(x), whileif x € Q\R
it holds
1(6)(x) = G (2) + o

[ Tm(x) [

We now prove that the slice function fis slice-regular on Qp = Q. Since ng Iz f=0on
Q \ R, from the real analyticity of Jg f and the fact that every connected component of Q \R
intersects at least one connected component of Q \ R, it follows that I f 0 on Q \ R. This
means that (f); is holomorphic on Q; \ R for every I € Sg. In view of the continuity of f, ( (f i
is holomorphic on Q, for all I (by PainlevA©’s theorem applied to the C Cy-components of (f i),
and then f € Sﬂ(Q) In particular, f is real analytic on the whole set Q.

Conversely, if f € C'(Q) has an extension f € SR(Q), then Corollary [[1l implies that f is
strongly slice-regular on Q.

The uniqueness of the extension is immediate from the identity principle for slice-regular
functions on axially symmetric domains (see [24, Thm. 4.11]). O

G2(2) = hy(x) = xoha (x) + Im(x) ha (x) = f(x).

Remark 17. If | e SR*(Q), then Proposmon O(b) gives dg(xf) = cm((f) (x) +x0(f) (x))
and 0g f = cm( f) (x) for every x € Q, where f is the extension of Theorem [T6

Remark 18. If Q is not axially symmetric in M, it can happen that a locally slice-regular function
does not extend slice-regularly to Q and therefore SR, (Q) # SR*(Q) (for an example in the
quaternionic case A = M = H, see [9, [10] and [12, Example 3.4]). If the intersections S, N Q
are connected for every y € Q, then SR, (Q) = SR*(Q) by continuity of the functions agf
and dg(xf). For example, this is true for every open ball in M w.r.t. the norm || ||.

Theorem 19 (Local extendibility of locally slice-regular functions). Let Q C M be open and
let f € CY(Q). If A is not associative, we assume that f and xf are M-admissible. Then
f € SRioc(Q) if and only if for each y € Q there exists an open neighbourhood Q, C Q of y

and a slice-regular function g € SR(SFZ;) that extends the restriction fiq, .

Proof. Let f € SRio(Q). If y € Q\ R, we can find an open neighbourhood Q, € Q of y such
that fio, € SR*(Q,) and apply Theorem For example, with the same notations used in the
proof of Theorem[I6] if y = %) + I € Q\ R we can take Q, := ®(V x V') c Q\ R with V open
neighbourhood of %, + i in C \ R and V’ open connected neighbourhood of 7 in S. Then for
every x = xo+Kf € Q,, the set S, NQ, = ®({xo+iB} x V') is connected. If y € QNR, then any
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open ball Q, C Q centred in y is axially symmetric, and therefore fio, € SR(Qy) = SR(SS;).
The converse is immediate. ' O

If f € SRipc(Q) and y € Q, then dgf(x) = c(gy),(x) for all x € Q, (Proposition B(b)),
where gy is the local extension at y of Theorem[I9 Since g, is real analytic [20, Prop. 7], also
g f is real analytic on Q. Since dim(M) > 2 and ¢,, < 0, we can then extend to every locally
slice-regular function the definitions of spherical derivative and degenerate set.

Definition 20. The spherical derivative of a locally slice-regular function f € CH(Q) is the real
analytic function f! := c;,! dgfon Q. Its zero set Dy :={x € Q|dgf(x) = 0} is called the
degenerate set of f.

Note that when Q is axially symmetric and f € SR(L2), the spherical derivative is defined, a
priori, on Q \ R [20] Def. 6]. Definition 20] gives the continuous extension of f; to the whole Q
and D s is the closure in Q of the zero set of f.

Remark 21. In the quaternionic case, with A = M = Hi, it has been proved [13]] that if Q is a
slice domain (i.e., Q "R # @ and every slice & N Cy is a domain in Cj), then every function
f € C!(Q) satisfying condition (i) in Definition [[3] (i.e., slice regular on U in the sense of the
original definition [[16]), has the local slice-regular extension property, i.e., it is locally slice-
regular. In the same paper [13] it has been identified a large class of domains, the one of simple
domains, such that f is also strongly slice-regular. This class includes, for example, every convex
slice domain. Observe that every locally slice-regular function is also a locally slice function in
the sense of [12] Def. 3.6].

The function introduced in [9, Example 2.5] (see also [12, Example 2.10]) has a local but not
a global slice-regular extension to the symmetric completion. In view of Theorems [16] and
that function is locally slice-regular but not strongly slice-regular.

Remark 22. If one assumes dim(M) = 2, then M = C; for some I € S, and the definition
of local slice-regularity given in Definition [[3] reduces to L;-holomorphy. Every holomorphic
function on Q C M satisfies the local extendibility property (and not necessarily the global one
if Q is not axially symmetric, i.e., Q # Q¢ := {z € M | z¢ € Q}). In this sense, in the setting of
slice analysis on hypercomplex subspaces, local slice-regularity can be seen as the most faithful
generalization of the concept of holomorphy.

4.1. Quaternionic local slice analysis. In this section we review some results of local slice
analysis in its original setting, when the hypercomplex subspace M is the whole skew-field H
of quaternions. Let 8 = {1,i, j, k} be the standard basis of H. Then the operator 5g is the
Cauchy-Riemann-Fueter operator. By local slice analysis we mean the set of properties satisfied
by local slice-regular functions. Thanks to the Local Extendibility Theorem (Theorem [19),
every local property satisfied by slice-regular functions, originally proved on axially symmetric
domains, remains valid for locally slice-regular functions defined on any open subset of H. Of
course, this principle is not restricted to the quaternionic setting, but can be rephrased over any
hypercomplex subspace.

In particular, given any open set Q C Hl, without any assumptions about axial symmetry or
non-empty intersection with the real axis, we can state that every quaternionic f € SR, (€2)
is real analytic on Q and it is sense-preserving, i.e., its Jacobian determinant det(J;) is never
negative (see [23]). Moreover, the singular set

Ny = {x € Q| det(J/ (x)) = 0}
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of f is a real analytic subset of €.

Another result one can obtain is the Quasi-open Mapping Theorem (see [23, Theorem 6.5]
for the case of strongly slice-regular functions). We recall that a continuous map g between
topological spaces X and Y is called quasi-open if, for each y € g(X) and for each open set U in
X that contains a compact connected component of g~!(y), y is in the interior of g(U). If g is
quasi-open and each of its fibers has a compact component then g(X) is open in Y (see e.g. [39]).

We will denote by SC,(Q) the set of functions f € SR, (Q) such that g f = 0on Q\ R.
Given y € €, Theorem [19) gives a neighbourhood €, of y and g, € SR(?Z;) that extends f|q, .
Then f € SCjoc(Q) if and only if for every y € Q it holds
is slice-constant on Sﬂl\;

Given f € SRjo (L) not locally constant and y € Q, let Q, and g, € SR(ﬁ;) be as above.
We will denote by W the set of all the wings of f, i.e., the union

Wy = UyeQ(Wgy nQy)

98y 0gy ~ .
T = 0 and Zr = OonQy,ie., gy

of the family of wings of g, in Q. These are real analytic submanifolds of €2 of dimension
2 contained in particular fibers f~'(c) 2 g5'(c) N Q, of f, for some ¢ € H. If Q, NR # 0,
then W, = 0 (see [23| §5] for definition and properties of the wings of a slice-regular function).
Observe that when Q is a slice domain, the wing set Wy is empty. This follows from the
properties of the zero sets of slice-regular functions on slice domains [[12] Cor. 5.3].

Theorem 23 (Quasi-open Mapping Theorem). Let f € SRioc () \ SCioc (). Then
(1) f is quasi-open.
(2) The restriction f| o\(Dyuwy) Ls open.

Proof. Since f is not slice-constant, the real analytic set Ny has dimension less then four. This
follows from [23 Theorem 6.4] applied to the local extensions of f provided by Theorem
Since the Jacobian does not change sign on €, it follows from results of Titus and Young [39]
that f is quasi-open.

Forany y € Q,letQy and g, € SR(ﬁ;) be as in the Local Extendibility Theorem[I9] It holds
Dy NQy =Dy NQyand Wy NQy = W, NQy. The first equality is immediate from definitions.

The second one follows from the characterization of the wings of g, € Sﬂ(ﬁ;): gy has a wing
We,.c © Wg, if and only if N(gy —¢) = 0 [23 Cor. 5.3]. Therefore, if x € Wy N Qy, then
there exists z € Q such that x € W, N Q,, with g, = f = g, on the intersection £, N Q, > x.
Then N(gy —¢) = N(gz; —¢) = 0on Q, NQy, and x € Wy N Q. The other inclusion
Wr NQy 2 We MLy is obvious.

If U is an open subset of Q \ (D s U W), then U N Qy is an open subset of Qy \ (Dg U W, )
and in view of [23, Theorem 6.5] g, is an open map when restricted to Q, \ (Dg, U Wg).
Therefore

f(U) = Uyle(U N Qy)
is open in H. This proves that f| Q\(Dyuwy) is open. O

In the case of slice domains, the Open Mapping Theorem (point (2) of the previous Theorem)
was proved in [12, Theorem 10.5].

Two further results of local slice analysis are related to the Almansi-type decomposition
obtained in [31]]. Let B be the open unit ball in R* and let S* = B be the three-dimensional unit
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sphere. Let o denote the normalized rotation-invariant surface-area measure on the unit sphere
S of H ~ R*, such that (%) = 1.

Corollary 24 (Mean value formula). Let f € SRjoc(Q). Assume that the open ball B(a, r) with
centre a € Q and radius r has closure B(a,r) contained in Q. Then

an f@= [ fa+rode@ -r [ Zafarodro)

Proof. Let r’ > r such that B(a,r) C B(a,r’) c Q. In view of Remark [I8] it holds f €
SRioc(B(a,r’)) = SR*(B(a,r’)). Let fbe the slice-regular extension of fig( ) on B(a,r’)
provided by Theorem Since it holds (]7); = —df = —df on B(a, r’), formula (IT) follows
from [31}, Prop. 2] applied to ]7 O

Let P(x,¢) = (1 — |x|*)/]x — £|* be the Poisson kernel of the unit ball B in R*.

Corollary 25 (Poisson formula). Let f € SRjoc(Q). Assume that the open ball B(a,r) with
centre a € Q and radius r has closure B(a,r) contained in Q. Then, for every x € B, it holds

P = [ flasrPe.0de@ = [ @03+ 0P, 0do (0.

Proof. We can argue as in the preceding proof. The formula follows from [31, Prop. 3] applied
to the extension f € SR(B(a,r’)). O

When the centre a is a real point, the ball B(a, r) is an axially symmetric set. In this case we
can obtain two formulas in which d f does not appear, as in [31}, Cor. 2].

5. POLYHARMONICITY PROPERTIES OF SLICE-REGULAR FUNCTIONS

5.1. The action of the Laplacian on slice-regular functions. Let Qp, be an axially symmetric
open subset of Q4 and M an hypercomplex subspace of A. Let Q = Qp N M be an axially
symmetric open subset of M. Let f = I (F) be aslice-regular function on Qp, with F = Fi+1F> a
holomorphic stem function with components F, F;. The functions F; and F, have harmonic real
components with respect to the two-dimensional Laplacian A, of the plane. Since F(z) = m
for every z = a +ip, the functions Fy, F> : D € C — A are, respectively, even and odd functions
with respect to the variable 5. Therefore there exist real analytic functions G, G, : D — Asuch
that for every a + i € D \ R, it holds

(12) Fi(a,B) = Gi(a, 85, Faa,p) = BGa(a, B?),
where D = {z=a+ip* e Cla+iBeD,B>0} . Ifx=a+BJ € Qp\R, z=a+iB e D\R,
then

(13) Fl(x) = Ga(a, %) = Ga(Re(x), || Im(x)[|?).

In the following, the symbol d,,G ; (u, v) stands for the partial derivative % (u,v)and 0,G (u,v)

for the partial derivative %(u, v) for j = 1,2. The functions G; and G, are useful in the
computation of the Laplacian of the spherical derivative of a slice regular function. Here we
generalize results proved in [30]] in the setting of Clifford algebras.
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Proposition 26. Let Q = Qp N M be an axially symmetric open subset of M. Let f = I (F) :
Q — A be slice-regular. Let f!(x) = Gy(Re(x), | Im(x)||%) as in and m = dim(M) — 1.
Then it holds:

(a) Foreveryx € Q\R,
Agfl(x) =2(m = 3) 8,G(Re(x), | Im(x) ).
(b) Foreachk =1,2,..., [mT_l] and every x € Q\ R,
A fi(x) =25 (m =3)(m = 5) - (m = 2k = 1) 8 G2 (Re(), [ Im(x) |1*).
In particular, the functions A% f{(x) do not depend on the basis B of M.

Proof. We can follow the lines of the proof given in [30, Theorem 4.1]. Let xo = Re(x),
r = || Im(x)||. By direct computation, from (I2)) and (I3) we get

(14) BaFa(a. ) = B (93 + 45”2 +60, ) Ga(a. %)

and

m
(15)  AgGi(xo, r2) = agGg(xo, r2) + Z aisz(xo, r2) = (63 +4r263 +2m Bv) G (xo, r2).

i=1
Since AyF, = 0 on D, we get Agf!(x) = AgGa(xo,7%) = (2m — 6) 3, G2(xo, 7*). This proves
(a). To obtain (b) we use induction on k, starting from the case k = 1 given by (a). For every
kwithl < k < [mT‘l] — 1, using equation (I3) with the function 6*G»(xo,r?) in place of
G (xo, %) and again Ap F, = 0 we get

AgdkGo (xg, %) = (5355 + 472952 4 2m 55”) G (x0, 72)
- (af (53 +4r292 + 2m av) 4k 55“) G (x0,72)
- (65 (=68, +2md,) — 41«95“) G2 (x0, )
=2(m -2k —3) 051 Ga(x0, 7).
By the induction hypothesis
N (x) =25 (m = 3)(m = 5) - (m — 2k — 1) Agd}y Ga(xo, 1)
=2K(m =3)(m =5)--- (m =2k — 1) 2(m - 2k — 3) 0¥ G, (xo, %)
and (b) is proved. O

Using the previous computations, we are now able to prove some harmonicity properties of
slice-regular functions. In particular, we give a version of the Fueter-Sce-Qian Theorem (see
e.g. [2) §1.1.3] and references therein) for the hypercomplex subspace M of A. In the case of
Clifford algebras R,, with n odd and M = R"*!, these results were proven in [30, Corollaries 4.2
and 4.4]. The case of Clifford algebras R,, with n even was proved in [2, Lemma 4.4] by means
of the definition of the fractional Laplacian via Fourier transform, the approach already used by
Qian in [34]. Here we adopt a different definition of the fractional Laplacian (—A)'/2, the one
based on the harmonic extension problem introduced by Caffarelli and Silvestre [6]] on RN and
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generalized to open subsets U of RN in [37]. We briefly recall this approach. Under suitable
regularity conditions for g : U — R, if the function u(x,y) : U Xx R* — R solves the problem
Axu(x,y) + gi;;(x,y) =0 onUXR*,
u(x,0) =g(x) onU,
g—;(x, 0) = h(x) onU,
then it holds (-A)!/2g = hon U.
Theorem 27. Let d = dim(A) and let f : Q C M — A be slice-regular.
If m =dim(M) — 1 > 3 is odd, then it holds:
(@ If m =3, Agf, =0, ie., the d real components of the spherical derivative f. are
Ag-harmonic on Q \ R.
) If m >3, (Ag)mTflfS’ =0, i.e., f] is polyharmonic of order mT_l on Q\R.
If A is not associative, assume also that f is M-admissible. It holds:
- m—1 m—1-"7
(c) 0g(Ag) = f=(Ag) T dgf =00nQ.
(d) (Ag) mTHf =0o0nQ, i.e., f is polyharmonic of order mT“ on Q.
If m =dim(M) — 1 > 2 is even, then it holds:
@) Ifm =2, (~Ag)'/2f! =0, i.e., the d real components of the spherical derivative f! are
in the kernel of the fractional Laplacian (-Ag)'/? on Q \ R.
b) Ifm>2 (~A5)'*((Az)" f)) = 00n Q\ R.
If A is not associative, assume also that f is M-admissible. It holds:
(c) (—AB)I/Q(Ag)mT_ZEBf =0on Q.
@) (-Ag)'"2(Ag)2 f=00nQ.
Proof. Assume m odd. Points (a) and (b) are immediate from Proposition Point (¢) is a
consequence of Proposition 26land Proposition OIb). Statement (d) comes from the factorization
Ag = 4080 g and point (c). Since c,, f; = dgf on Q \ R, the spherical derivative f, extends

real analytically to Q. Therefore (c) and (d) hold on the whole €.
Now assume m > 2 even. Since S4 # @ and every J € S,4 defines a complex structure

on A by left multiplication by J, the dimension d of A is even. Therefore M # A. Let

B =BU{vu}={1,v1,...,Vm, Vimse1} be an orthonormal set w.r.t. the norm || || in A and let
M’ := span(B’) =~ R"™*2. Notice that M’ is not necessarily contained in the quadratic cone Q4.
Let Ag’ be the Laplacian operator on M’ associated with 8’. If we denote by xg, X1, . . . , Xy, Xt

the coordinates of M’ w.r.t. 8’, given an open subset Q" of M’, Ag' acts on functions of class
C*(Q, A) as
Agh = Agh+ 3%, h

m+1
where the operator (');‘_;Hl :CHQ, A) — COQY, A) is defined by 63&1 h=1Lo w oL,
as in Definition mel
Let f/(x) = Ga(a, %) = G2(Re(x), || Im(x)||?) for x € Q \ R as in (I3). From Proposition
26Ib), it follows that

g(x) = AU F1(x) = a4 0P G x0, ),
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where r? = 2 xl.2 and a,, :=20"22(m = 3)!1 form > 4,a, == 1. Let 7 := A +x,2n+1. The

function g can be extended smoothly for x = 27:61 x;vi € Q' =Q X span(v,,+1) € M’ as
() = an "G (x0,7) = am 0" Ga (x0, 7 +23,,.).
Then it holds
1 8(X) = 2am X1 > G (x0, )
and

m+17V

92.,,3(x) = 2ay, (6","/2G2(x0, 72) +2x2 026 (x, fz)) .
As seen in equation (I4)), Ay F>(a, 8) = 0 on D implies that
(ag +4B82 9 + 6(9V) Ga(a,f2) =0 forB+#0.
Therefore when m = 2,
Agd = (ag +4r2 9 + 4av) Ga(x0, P2) +2 (asz(xo, 7) + 22292 G (xo, f2))
- (33 +472 92 +60,) Ga(x0, ) =0 for 7 #0,
and when m > 4,

Agd =apn (6335’"‘2)/ 2 4 420\ Loy gl 2) G (x0, )

m+l1

+2a,, (a;"/ 2Gy(x0, ) + 202 9V D12 G (x, FZ))

= ap (00" (02 +47202 - 422,02 +2m 8,) = 20m = 2) 6"%) Ga(xo, )

m+1

m+1~Vv

+2a,, (a;“/ 2Gy(x0, ) + 242, 0V PGy (xo, f2))

—a, (aﬁm‘”/z (—68v _4x2 8% +2m av) —2(m-2) 05"/2) G (x0, )

m+1-v

+24a,, (aZ’/ZGZ(xo, 7))+ 22 D26 (x, 72)) —0 forF#0.

m+1

Therefore, for every m it holds:

Agg=0 onQ'\R,
6m+1§ =0 when Xm+l1 = 0.

This means that (—A)'/2g = 0 on Q \ R and proves points (a’) and (b’). The equality of statement
(c’) on Q \ R is a consequence of (a’), (b”) and Proposition Q(b). Since the operators 53, Ag
and (-Ag)'/? commute with each other, statement (d’) on Q \ R follows from the factorization
Ag = 46353 and point (c’). By continuity, (c’) and (d’) hold on the whole Q. O

Given any n € Q such that 2n € N, we will say that an A-valued function f is n-polyharmonic
if it belongs to the kernel of the operator (Ag)" when n € N, and to the kernel of the operator

(-Ag)Y 2(A8)% when 2n is odd. Theorem [27] shows that for any slice-regular function f
on M, the spherical derivative f, is mT_l—polyharmonic, while f is mT“—polyharmonic, where

m = dim(M) — 1. In view of Theorem [19] the same holds for any locally slice-regular function
on M.
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Corollary 28. Let [ be a locally slice-regular function on an open set Q C M. If A is
not associative, assume also that f is M-admissible. Then f is mT“—polyharmonic, where
m =dim(M) — 1.

Table 1 summarizes the particular cases when M is one of the three real division algebras
C,H or O. These are the unique cases where M can taken to be the whole algebra A ([20, Prop.
1(7)]). In the table the symbol Ay; denotes the Euclidean Laplacian of R?* for k = 1,2,4. We
recall that quaternionic and octonionic slice-regular functions are sense-preserving, i.e., their
Jacobian determinant is always non-negative (see [23]] and [25])), as it holds for every complex
holomorphic map.

Real division algebras
C H o)
f locally slice-regular = Af=0] A;f=0 Agf =0
harmonic | biharmonic | 4-harmonic
(sense-preserving)

TasLel. M =C,H or O.

As an application of Theorem 27} we can refine Corollary [[1l and generalize to every hy-
percomplex subspace the Almansi type decompositions obtained in [31} [32] in the setting of
quaternions and Clifford algebras.

Corollary 29 (Polyharmonic Zonal Decomposition). Let f € SR(Q), with Q an axially sym-
metric open subset of M. If A is not associative, assume that f and xf are M-admissible.
Let m = dim(M) — 1 > 2. Then there exist two uniquely determined A-valued zonal and
mT_l-polyharmonic functions hy, hy on Q such that

J(x) = hi(x) = xha(x)
Jor every x € Q. The same result holds locally for every locally slice-regular function. The
function f is slice-preserving if and only if hy and hy are real-valued. O

5.2. The 5A-dec0mp0siti0n and the dA-Fueter mapping. Let M be an hypercomplex subspace
of A of dimension m + 1. When m = 3, any slice-regular function on subsets of M is biharmonic.
When m is odd and greater than 3, we can combine Corollary [29] with the classical Almansi’s
Theorem on polyharmonic functions (see [1} 3]]) to obtain a decomposition of any slice-regular
function in terms of biharmonic slice functions, more precisely with components in the kernel
of the third order operator 53A 3.

Theorem 30 (5A—decompositi0n). Let f € SR(Q), with Q an axially symmetric open subset of
M. Assume that Q = Qp N M is a star-like domain with centre 0. If A is not associative, assume
that f and xf are M-admissible. Let m = dim(M) — 1 > 3 be odd. Then there exist A-valued

slice functions fy, . .., f(m-3)/2 on Q in the kernel of the operator EBAB such that
F&x) = fox) +IxIPfi(x) +-- -+ IIXII’"—3fmT—3 (x) VxeQ

In particular, the functions fo, ..., f(n-3)/2 are biharmonic. The function f is slice-preserving
if and only if fo, ..., f(m-3))2 are slice-preserving.
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Proof. Let f = hy —x€h; be the decomposition given in Corollary We recall that iy = (xf);
and hy = f;. We identify as usual M with Rm+1 by means of the coordinates xg, ..., X, W.I.t
the basis 8. Then for every x € M, ||x|| coincides with the Euclidean norm of R”*!.

Let (eg, eq,...,eq-1) be areal basis of A. If & is any slice function on Qp, the decomposition
h(x) = Zfl:_ol hi(x)e; defines d real-valued functions 4°, . .., h%~!. We show that the 4’ are slice
functions on Qp, using the characterization of sliceness given in [22, Lemma 3.2]. Since 4 is
slice, the functions

d-1 d-1
h()+h(x) = 3" (W (x)+h (x))e; and  Im(x) (A(x)=h(x)) = > Tm(x) (k' (x)=h (x))e;,
i=0 i=0

are constant on a fixed sphere S,. Therefore also the real component functions
R (x)+ R (x¢) and Im(x)(h'(x) — A (x)), i=0,...,d-1,

are constant on Sy,. This implies that every /' is a slice function on Qp. Applying this argument
to h; and h;, we get that the d real components of 4] and h; are slice functions on Qp. Now we
apply Almansi’s Theorem to these real components, which are ”‘T‘l—polyharmonic on Q. We get

A-valued harmonic functions uy, . . ., u(,—3)/2 and vo, ..., V(,-3)/2 such that
(m=3)/2 (m=3)/2
@) = D0 IPuct) and b)) = > lxlPve).
k=0 k=0

The proof of Almansi’s Theorem given, e.g., in [3, Prop. 1.3], shows that also the functions u,
v are slice functions on Q. This follows from the fact that given a slice function g : Q — R, the
function defined for an integer k > 1 by

1
(16) x|—>/ Tk_2+(m+l)/2g(rx)d‘r
0

is again slice on Q. This can be seen using again the sliceness criterion recalled above. For-
mula (I6) is the basic step in the iterative procedure used in the construction of the harmonic
components in the Almansi decomposition.

Let fx := ux —xvi for k =0,...,(m —3)/2. Then the f;’s are slice functions on Q, such
that
(m-3)/2 (m=3)/2
FE =mx) =xhax) = D P ) = xve() = 0 P fi ).
k=0 k=0

To prove the last statement of the thesis, we observe that for every A-valued function u, a direct
computation gives Ag(x“u) = 40gu + x°Agu. Therefore Ag fr = Ag(—xvy) = —40pvy and
then 53AB fr = —45363\% = —4Agv; = 0. In particular, the slice functions f; are biharmonic:
AgApfr = 405(9gAg fi) = 0.

If f is slice-preserving, then &y and h; are real-valued (Corollary 29). Therefore also the
ug’s and vy ’s are real-valued and fi = ux — x“vi sends any slice Q N Cy into Cy, i.e., it is
slice-preserving. Conversely, if fx (2 N C;) € C; for every k and every J € S, then the same
holds for f = 3 [lx[1** f. O
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I k]2 fr

Remark 31. If Q contains the closure of the unitball B := By(1) in M, and f = Zlizo

is the 5A—decomposition of f € SR(Q), then the A-valued slice function
g = ot fit oo+ fur

is a solution of the boundary value problem

EBABg =0 onB,
glsm = flsm,

where S = 0B is the m-dimensional unit sphere in M. If v := vo +v{ + - - - + v (5,_3) /2, With the

harmonic functions vy defined as in the proof of Theorem 30, then Ag fi = —4dgvy for every

k, and therefore Agg = —40gv. This means that the pair of slice functions (g, v) is the unique
solution of the boundary value problem

(17

Agg+4dgv =0 on B,
Agv =0 onB,
glsm = fism,
vigm = (f{)|sm.
Uniqueness for the solution of (I8)) can seen as follows. If f = 0, then (I8) implies that v = 0

since it is harmonic on B and vanishing on S”*. Then also g is harmonic and therefore g = 0.
Note that if (g, v) solves (I8), then g solves also (I7).

(18)

Given f € SR(Q), the procedure described in the proof of the preceding theorem gives a
unique mT_l—tuple (fo .-+, fim=3)/2) of slice functions. This follows from the uniqueness of the
pair (hy, hy) in Corollary 29 and the uniqueness part of Almansi’s Theorem. In the following we
will refer to these functions fo, ..., f(n-3)/2 as the components of the 5A-decomposition of f.
More precisely, the correspondence f +— (fo, ..., f(m-3)/2) defines an injective R-linear map

m—1

D3, : SR(Q) — (ker(EBAB)) 2
If we compose D, with the operator Ag acting on every components of (fo, . .., f(n-3)/2), We
get a R-linear map (we call it the OA-Fueter mapping)

oyt SR(Q) = (AMQ) T

where AM(Q) is the class of axially monogenic functions, i.e., of slice functions on Q in the
kernel of 58:
AMQ) = {f € 8" (Q) |95 f =0}

When m = 3, the previous theorem reduces to point (c) of Theorem 27 (in this case D, is
simply the inclusion operator and ¥, = Ag). This means that Theorem [30] can be considered
as a different generalization of the quaternionic Fueter Theorem, valid on any hypercomplex
subspace M of A. When M is the paravector subspace R”*! of R,,,, then the Sce’s generalization
[36] of Fueter’s Theorem provides a mapping A~1/2 from SR(Q) to AM (Q) (usually called
Fueter mapping). This operator has as a ever larger kernel as m increases. On the contrary, we
show that the dA-Fueter mapping ¥ has a small kernel for every m > 3. In a subsequent paper

we will study a characterization of the image of the ,-Fueter mapping in (AM (Q))mT_I.
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Proposition 32. Let f € SR(Q), with Q an axially symmetric domain of M. Assume that
Q = Qp N M is a star-like domain with centre 0. If A is not associative, assume that f and
x f are M-admissible. Let m = dim(M) — 1 > 3 be odd. If f € ker(F3,), then f is an affine
function, namely, there exist a, b € A such that f(x) = xa + b.

Proof. We adopt the same notation used in the proof of Theorem The functions uy, vy have
the same axial symmetry properties as the functions h; = (xf):, ho = f/, which are zonal with
pole 1. This follows from the uniqueness of the Almansi decomposition. Given any orthogonal
transformation T of M =~ R"*! that fixes the real points, also 4 o T is mT‘l—polyharmonic and
uy o T is harmonic. Since

(m-3)/2

hi(T(x)) = Z 1 g (T () = ha (),

k=0
it must be ug (T (x)) = uy (x) for every k. Similarly for £, and the v;’s. It follows that vi = (fi)5,
since
(fi)s = (e =x) ™" (fe(®) = fie(x)) = (x = x) 7" (ur () = xVi () = g (x€) + 205 (x€))
= vi(x).
If #5,(f) =0, then Ag fy = 0 for every k =0,...,(m — 3)/2. Since fx = ux —x“vy, it holds
0 = Agfry = —40pvy. From points (c¢) of Proposmonlwe deduce that avk =—cm((fK)d)i=0

and from point (g) of the same Proposition we infer that v; must be a constant ar € Aon Q.
Therefore

FL@) = ha(x) = 22 2k = (z(’" /2 |z|2’<ak) for every x € Q \ R.

Let 8 = || Im(x)|| and z = @ +if € D c C. Since f = I (F) +iF;) is slice-regular and f, =
I(B7'F,), the function F>(z) = S Z(m 3/ 2(a/2 + %)k a; must have harmonic real components
in D. A direct computation shows that

0= MFa(2) =48 (217 (k2 + bl 2ax )
from which we deduce that a; = O for every k > 1. Then F, = Ba with a = ag € A. Since F

is holomorphic, it follows that F(z) = aa+ b +ifa = za+ b, and f = I (F) = xa + b, with
b e A. m]

As a first corollary of Theorem 30, we obtain a local version of the 5A—decomposition, valid
for all local slice-regular functions.

Corollary 33 (Local 5A—decomposition). Let Q C M be open and let f € SRioc(Q). If A
is not associative, we assume that f and x f are M-admissible. Let m = dim(M) — 1 > 3 be
odd. For every y € L, there exist an open ball B, C € centred at y and A-valued functions

Jos - -+ fim=3)/2 on By in the kernel of the operator dgAg, such that
F) = o) + b = yIPAG) +- -+ llx = yllm_3fmT—3 (x) Vx € By,

Proof. By Theorem there exists an open neighbourhood €, C Q of y and a slice-regular
function g € SR(Q,) that extends the restriction fio,. On Q) we can write (Corollary
g =hy —x%hy, with h; and hy mT_l—polyharmonic functions.
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Let By € Q, be an open ball centred at y. Then By := B, — y is a ball centred at 0,
where we can apply Almansi’s Theorem to the d real components of hy(x") := hy(x’ +y) and
ha(x’) := hy(x’ +y), which are Z1-polyharmonic w.rt. x’ € By. We get A-valued harmonic
functions uy and vy (k =0, ..., (m 3)/2) on By such that

I (x') = 32 ||x'||2’<uk(x') and o (x) = DU 11K v (x0).
Then, for every x = x" +y € By, it holds
3)/2 3)/2
hx) = 2P = ylPRug (- y) and ha(x) = DUV e =yl Pvg(x - ).

The functions iy (x) = ug(x —y) and Vg (x) = vi(x — y) are harmonic on By. Let fi(x) =
i (x) = xVg (x) for x € By. Then on B, we can expand f as

F(x) = g(x) = hy(x) = x¢ha(x) = T2 x =y fi (),
with Ag fi = Ag(—x“V;) = =40V and then agAg;fk = —45353\7k = —-4Agv; =0. O

Observe that the functions f’s in the expansion of Corollary[33] differently from what happens
in the global case, are not necessarily slice functions or restrictions of slice functions to the ball
B,.

As a second corollary of Theorem [30] we give an explicit formula the 5A—decomposition for
slice-regular polynomials. In the case of homogeneous polynomials, the Almansi decomposition
reduces to what in the literature is called the Gauss (or canonical) decomposition of polynomials
(seee.g. [40, Ch.9]). If p, is ahomogeneous polynomial of degree n in m+1 variables xo, . . . , X,
then there exist harmonic homogeneous polynomials ¢, of degree n — 2k if g, # 0, for
k=0,...,s,withs = |n/2], such that

2 2
Pn=qn+IXI7qn-2 + - + IXI 7 gn2s.

The harmonic component I (p;) := gn—2x of degree n — 2k of p,, can be computed by means
of the following formula (see e.g. [4]]):

(19)

(m+2n—d4k -1 S Cim+on—ak—2j - 3)n

2]Aj+k
N+ 20 =2k = D1 &4~ (2))11(m +2n— 4k - 3)! Il

i (pn) = Pn-

We extend the projection operator I[1; to any polynomial p € A[xo,...,X;] by additivity, after
writing p as the sum of its homogeneous components.

Corollary 34 (Polynomial A-decomposition). Let f = ZLV: o X"an € Alx]. If A is not associa-
tive, assume that f and x f are M-admissible. Let m = dim(M) — 1 > 3 be odd. Define

(20) fie = =55 (k@ (xf) - x Mk (05 f))  fork=0,..., %52
Then every fix € Alxo,...,xm] is an A-valued polynomial slice function in the kernel of the
operator d gAg, such that

F) = fox) + IxIPfiCe) +--- + ||x||m‘3fm74 (x) VxeM.

If deg(f) = N, then deg(fi) = N — 2k or fx = 0. The OA-Fueter mapping sends f to the
sequence F5,(f) = (80, - - - &(m-3)/2), where

gk = % aBHk(EBf) =—4 aBHk(fs/)
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is an axially monogenic polynomial of degree N — 2k —2 (if gx £ 0), fork =0, ..., (m —3)/2.

Proof. Let f = h; — x“h; be the decomposition of Corollary 29, with iy = (xf). = ¢; )05 (xf)
and hy = f] = c;!dgf. Since hy and h are “51-polyharmonic, it holds A’%hj =0forj=12
and k > (m — 3)/2. Then formula (I9) implies that the operator IT; vanishes on /; and h; for
every k > (m — 3)/2. Therefore the harmonic functions uy = I (1) and v; = I (hy) give the
Almansi decomposition of A and h;:
-3)/2 -3)/2
7 (x) = SV P ue(x) and - ho(x) = 5700 x| v ().

From Theorem 30, we have fx = ug — xvi = I (hy) — x I (hy), and this concludes the proof
of 20). The last statement is a consequence of the equality A f; = —4dgvy = —40gI1; (hy) and
Proposition O(d). m|

5.3. A second polyharmonic decomposition of slice-regular functions. In the case of quater-
nions (M = H, m = dimM — 1 = 3), an axially monogenic decomposition for slice-regular
functions was proved in [33] Theorem 8]: a slice-regular function f can be written uniquely as
f(x) = g1(x) —Xxg2(x), where g; and g, are quaternionic axially monogenic functions. This
result provides another bridge between the slice-regular function theory on one side and the one
of Fueter-regular functions on the other side. We now generalize this result to any hypercomplex
subspace M of A. In the following we call a function g € SR(Q) a slice-regular primitive of
f € SR(Q) w.r.t. the slice derivative % if it holds g—i = f.

Proposition 35. Let f € SR(Q), with Q an axially symmetric open subset of M. Assume
that Q = Qp N M, and that every connected component of D is simply connected. If A is not
associative, assume that f and x f are M-admissible. Let m = dim(M) — 1 > 2. Then there exist
two A-valued slice functions g1, g» on Q such that

f(x) = g1(x) —x“ga2(x)
for every x € Q, and with
(-Ag)'Pg; =0 forj=1,2ifm=2,
1) 98(Ag) T gj = (Ag) T dgg; =0 forj=1,2ifm >3 is odd,
(—Agg)l/z(AB)mT_AEng =0 forj=1,2ifm >4is even.
The functions g1, g can be obtained by a slice-regular primitive g of f by means of the formulas
(22) g1 1= (4em) ' Ap(xg), g2 = (4em) ' Agg.

The result holds locally for every locally slice-regular function. In this case no topological
assumption on D is needed.

Before proving the Proposition, we give a result about the existence of slice-regular primitives
of slice-regular functions.

Lemma 36. Let Q be an axially symmetric open subset of M. Assume that Q = Qp N M,
and that every connected component of D is simply connected. Then every f € SR(Q) has a
slice-regular primitive w.r.t. the slice derivative 0%, namely there exists g € SR(Q) such that
g—i = f. The primitive is unique up to the addition of a slice-constant function.
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Proof. Since any axially symmetric open set is union of a family of slice domains or product
domains, we can assume that Q is a domain of one of these types. We can adapt the proof
given in [33, Theorem 8] for the case of quaternions. Let (eg,eq,...,e4-1) be a real basis
of A. If f = I(F), the decomposition F = Zf:_ol F'e; defines d holomorphic stem functions
F':D -R®C=x=C.

If Q = Qp is a slice domain, then D is a simply connected subset of C. Given a holomorphic
primitive G' : D — Cof F',fori =0,1,...,d—1,1et G'(z) := 3(G'(z)+G(Z)) on D. Then G’
is a holomorphic stem function on D such that ‘96—65 = F'. The slice function g = 7 (Zf:_ol Gle;)
is then a slice-regular primitive of f.

If Q = Qp is a product domain, then D* := D N C* is simply connected. Then there exist
holomorphic primitives Gi : Dt > Cof Fi,fori =0,1,...,d—1. Define G. on D™ := DNC~
by G' (z) := G'.(Z). Then the function G' defined as G:. on D* and as G' on D~ is a holomorphic
stem function on D with 2Z- = F'. We conclude observing that the sum Y G'e; induces a
slice-regular primitive of f.

If ¢ and h are two slice-regular primitives of f, then 28" = &1 _ o Therefore

dx dx¢
g—h e SC(Q),i.e., itis induced by a locally constant stem function. m]

Observe that when Q is a slice domain, then a slice-constant function on € is a constant.
An open subset Qp such that every connected component of D is simply connected is
sometimes called a basic domain in the literature (see e.g. [11]).

Proof of Proposition[33] Let g a slice-regular primitive of f on Q. Then, using the Leibniz-type
formula for the spherical derivative and value (see [20} §5]) and Proposition [O(e), we get

_ag_a o /_a o c /_a o ’ ca(g;)
f - Ox - Ox (gs +Im(x)gs) = Ox (gs + (XO X )gs) = Ox (gs +x0gs) X Ox
d((xg)g)  .0(gy) _ .
= = X = (dewm) ! (Ap(xg) —x“Asg) .

Setting
g1 1= (4cm) ' Ap(xg), 2= (4cm) ' Asg,

we get f = g1 —x“gs. Since g and xg are slice-regular, for m > 3 the validity of (2] follows
immediately from points (c) and (¢’) of Theorem 27l If m = 2, it follows from point (d”) of the
same Theorem.

If f is only locally slice-regular, near any point x = a + JB € Q one can take an axially
symmetric domain satisfying the topological assumption, to which f extends slice-regularly.
The previous argument then gives the local result. O

The functions g; and g, are in particular mT_l-polyharmonic. Therefore Proposition 33 refines
Corollary Observe however that now the functions are slice but not zonal in general.

5.4. Examples: Clifford algebras, octonions, reduced quaternions. In the quaternionic case
with M = H (and then m = 3), the decomposition of Section[3.3]is already known (see [31}[33]])
and the result proved in Theorem 30lreduces to Fueter’s Theorem. We then give some examples
in other hypercomplex subspaces.
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Clifford algebras R,,. Let M = R™! C R,, be the paravector subspace of the Clifford algebra

Ry =Romand B =(1,eq,...,ey). Then 53 is the Cauchy-Riemann operator
2\ dxg : oxi " ox,

of R, and Ag is the Euclidean Laplacian A1 of R+

Example 37. Let M = R® C Rs be the paravector subspace of the Clifford algebra Rs. Since
m =5, it holds ¢,, = —2. Consider for example the power x> of the Clifford variable restricted
to R®. The biharmonic decomposition of Corollary 29 is

x> =hi(x) =xhy(x) Vx € R® CRs,
with zonal biharmonics hy, hy in RS, given by
hi(x) = —$0(x*) = dxo(x§ — | Im(x)|?), and
ha(x) = =1a(x%) = 3x% — | Im(x) |*.

Theorem|3Upermits to refine the decomposition with functions fo, fi in the kernel of the operator
A, where A = Ag. It holds x> = fy + |x|>fi, with

folx) =1 (5x3 — 7xo| Im(x) 2 + 1022 Im(x) — 2| Im(x)|21m(x)) ,
fi(x) = =3 (2x0 + Im(x)).
These polynomials that can be computed applying formula (19).

Proposition [33 applied to the powers x* of the Clifford variable restricted to the paravectors,
gives the next Corollary, valid for every Clifford algebra R,,,.

Corollary 38. For every integer k > 0 and every x € R™! it holds

1
= T (e ¢ B (D).
The same formula holds for negative integers k < =2 and x € R\ {0}. O

Example 39. Let again M = R® C Rs and f(x) = x>. The decomposition of Proposition 33 (or
Corollary38) is

X = g1(x) —x“ga(x),
with

g1(x) = —SAGS) = 3 (xg — xo| Im(x)[? + 22 Im(x)) — YIm(x)PIm(x), and
2(x) = —LA@h =1 (3x§ — [ Im()[? + 2x0 Im(x)) .
It holds dg; = —5x(2) +|Im(x)|?, dgr = —2x¢, and 5Agj = Aggj =0for j = 1,2, as expected.

Example 40. Let M = R C Ry be the paravector subspace of the Clifford algebra R. It holds
cm = 3. Consider the slice-regular power f(x) = x* of the Clifford variable restricted to R8.
The 3-harmonic decomposition of Corollary |29 is

x*=hi(x) —xhy(x) Vx €R® CRy,
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with zonal 3-harmonics

hi(x) = =13 (x*) = 5x — 10x3| Im(x) |* + | Im(x)|*,
hy(x) = —30(x’) = 4xo(xg — | Im(x)[?).
in R8. The decomposition of Theorem[30is x4 = fo+ |x|2f1 + |x|4f2, with
folx) =2 (7xg — 1222 Im(x)? + [ Im(x)[* + 14x2 Im (x) — 6x0) Im(x)|2Im(x)),

filx) =
falx) =

satisfying dAfr = 0 for k = 0,1,2. Here A = Ag. The function g = fo + fi + f» solves (I,
while the pair (g,v), withv = vg+v| + vy = %xo (7x(3) - 3| Im(x)|? - 2), is the unique solution

L (—19x3 +5|Im(x)? = 16x0 Im(x)) ,
1
10

of the boundary problem (18). The OA-Fueter mapping 5, sends [ to the triple of monogenic
functions

Fan(£) = (8o, Af1.Af) = (=272 = [ Im(x)* + 2x0 Im(2)). £, 0).

Observe that f, and then also the fi’s and A(fi)’s, are slice-preserving. In particular, all
non-paravector components vanish on M. In the general case, these functions can have all the
27 real components different from zero.

Octonions. Let A = M = O be the algebra of octonions. We adopt here the algebra isomorphism
O ~ H @ H given by the Cayley-Dickson construction, with multiplication (g1, q1)(q2,45) =
(9192 — 9591- 9591 *+ q19>) and conjugation (q,q")° = (q,—q’). If x = (q1,q}) € O, we can
take |x| = (xx)V/2 = (|g11* +¢/1*)"/* as the norm ||x|| on O.

As in [8], let B be the orthonormal basis of O ~ R3 formed by elements e;, = (ip,0) for
h=0,1,2,3and e, = (0,i4_p) for h = 4,5,6,7, where (ip = 1,i;,i»,i3) is the standard basis
of H. In particular, eg = 1 is the unity of the algebra. Then the operator O is the octonionic

Cauchy-Riemann operator (firstly introduced under the name Fueter-Moisil operator by Dentoni
and Sce in [8])

3 1{ 0 N 0 . 0
= - | — e — oo er—|,
2 axO ! Ox 1 7 a)ﬁ
where xo, ..., x7 are the real coordinates w.r.t. 8, and Ag is the Euclidean Laplacian A = Ag

of R®. Octonionic slice-regular functions were introduced in [17]. We refer to that paper for
definitions and properties. Theorem [30]and Corollary 34]in this setting take the following form.

Theorem 41 (Octonionic dA-decomposition). Let f € SR(Q), with Q an axially symmetric
open subset of O. Assume that Q is a star-like domain with centre 0. Then there exist three
octonionic slice functions fy, f1, fo on Q in the kernel of the operator A such that

F0) = folx) + Ik fi(x) + [x|* fo(x)  VxeQ.

In particular, if f = Z,IIV: o X"an € O[x] is a polynomial with octonionic coefficients, then

fi = =3 @Gf) ~XM0 @) fork=0,1,2
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is an octonionic polynomial slice function in x, . . ., x7 such that A fr =0and

f@) = fo() +xPfi(x) + x*fa(x) VxeO.
Ifdeg(f) = N, then for k =0, 1,2 it holds deg(fx) = N —2k or fi = 0. The OA-Fueter mapping
sends [ to the sequence of axially left-monogenic polynomial functions F3,(f) = (go, &1 82),
with g = % 011 (0 f) = —4 0gT1k (f]) € ker d for k =0,1,2.

Example 42. Fori = 1,...,7, let Z; = x; — xge; be the octonionic Fueter polynomials, and
consider the axially left-monogenic polynomial

go(x) = 222 7x0+x1 +x7 2xo(x1e1 + -+ +x7€7)

(an example taken from [27)). The function g is the slice function on O induced by the stem
function Go(z) = Go(a+ip) = =Ta’+p%—2iapB. Adirect computation using formula (I9) shows
that the triple (g0, g1, 82), where g1(x) = 2/3 and g»(x) = 0, is in the image of the dA-Fueter
mapping, namely,
TgA(24x ) (gO, glagZ)

Since O has the same dimension of the paravector space of R; (m = 7T in both cases) and the
function x* is slice-preserving, the EA-decomposition of x* has the same form as the one obtained
in the case of the Clifford algebra R (see the previous Example [40).

Reduced quaternions. Let M = R> C R, be the paravector subspace of the Clifford algebra
Ry, =~ H. M can be identified with the set of reduced quaternions, i.e., the quaternions of the form
X = Xxq +ix] + jxp, with xg, x1,x2 € R. If B = (1,4, j), the operator 53 is the Cauchy-Riemann
operator of R,

0= axo+la—)q+‘]a—x2

and Ag is the Euclidean Laplacian A3 of R3.

_1(0 8_6)

Example 43. Since m = 2, it holds c,, = —1/2. Consider again the power x> of the Clifford
(or reduced quaternion) variable x = xo + X1e1 + xpe2 on R3. Corollary [[1] gives the zonal
decomposition

¥ = h(x) =Xhy(x) Vx € R3,
with hy, hy given by
hi(x) = —26(x4) = 4x0(x0 x1 ) and
hy(x) = —26(x3) = 3x0 —x1 —x2,
while the decomposition x> = g;(x) — Xg2(x) of Proposition B3 has components
gi(x) = A(xs) =2 (xg —xo(x1 +x2) +x0(xlel +xzez)) (xl2 +x§)(xlel +x3e3), and
g(x) = —%A(x4) = % (3x(2) —x% —x% + 2x0(x1€1 +xzez)) ,

where A = A3. Note that in the exceptional case (m = 2) both decompositions give functions in
the kernel of the fractional Laplacian (—A)'/? on R3.
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If one takes instead the hypercomplex subspace M’ of H generated by 1, j, k, with basis
C = (1,-k,j), then d¢c = % (0o — k1 + jOo) is a multiple of the Moisil-Teodorescu operator
[29] in the variables xg, x1, x2

0 0 0 =
Dyt =i—+j— +k— =2i0¢.
MT lf)XQ ]a)ﬂ (9xz 1o¢c

APPENDIX: PROOFS OF PrROPOSITIONS [3] [7] AND THEOREM [§]

Proof of Proposition[3] We prove (a) by induction on n. For n = 0, 1 the equality is true, since
x/ = 1. Assume that (a) holds for the power x"~!, with n > 2. Then

205(x") = 3, vidix" = 3, vi ((0ix"V)x +x"71 (9;x))
= (T vi0x™ ) x + Xivi (371 0x)) = 20 (X)) + Ty vi (7 vy),

where we used Artin’s Theorem to get v; (((’)l-x”‘1 )x) = (vl-c?,-x”‘1 ) x, since 9;x""~! € C; for every
x € C;. By the inductive hypothesis,

m
205(x") = (1 —m) (x"_l);x +x" g Z vix" ;.

i=1
Since (x”‘l)z and (x”‘l); are real-valued, the last term is equal to

m m

i vix"ly; = Z Vi (()c"_l);J + Im(x) (x"_l);) vi=-m(x""), + (x"_l); Z v; Im(x)v;

i=1 i=1 i=1
= —m(x""), + (x"N) (m - 2) Im(x)
for every x = xo + x vy + -+ + x;v;, € M. Therefore
205(x") = (1-m)(x" i x+x" = m (" + "), (m - 2) Im(x)
- (1-m) ((x"—‘);x + (e - (x"—‘);lm(x)) .

On the other hand, (x)! = (x" 1), (x)° + (x" );(x). = & Hlxg+ ("1 = (" Hlx -
(x”‘l); Im(x) + (x”‘l)z and the first equality in (a) is proved. The second equality is immediate
from the definition of (x")” as (2Im(x))~'(x" — (x)") = (x — x¢) 7L (x" = (x)").

We now prove (b). Since A is alternative and v;v; +v;v; =0forall 1 <i,j <m,i # j, then
vi0i(vid;f)+v;0;(vi0i f) = vi(v;(0;0; f)+v;(vi(0;0; f)) = =(vi, v}, 0;0; f)— (v}, vi, 6;0; f) = 0.
Moreover, dg(v;0; f) — vi(0;0p f) = 0 for every i > 1. It follows that

m

40305 = 40508 = Do(d0f) = ) vidi(vidif) = ) 09 f) = Asf,
i=0

i=1

Proof of Proposition[Z To prove point (a) of the Proposition, we compute

m

I'g(x) = —% Z vi(vi(xiv; —x;vi)) = %invi + % ijvj = (m—1)Im(x),

i,j=1 i#j i#j



30 ALESSANDRO PEROTTI

where we used Artin’s Theorem. We now prove point (b). A direct computation shows that the
equalities

(23) Lij(xf)=(Lijx)f +xLij f

hold true on M for every i, j and every f. This implies that on M

24) Tg(xf) =3 > vi(vLij(xf) = =3 > vi(v; (L) () = 3 Y vi(vi(xLij f)).
i,y i,J i,J

Since L;jx = x;v; — x;v;, using the first Moufang identity (I) and (a) we get that the first sum in
the last term of 24 is equal to

=3 ) vi(vi (v = xvi))) f(x) = Tg(x) f(x) = (m = 1) Im(x) f (x).
iJ

Now we consider the second sum in last term of (24). We have

LY i (L) +x T f
i

=3 Y vivi((xo+ Y. xevi) (xidp f = x;0:1)) = (X0 = Y xivid) 3 D vi(v (xid; f = x;0:f))
i =1 =1 i

=1 ; ; vi(v; ((eevi) (00 f = x;0:1))) + % ;kak Z vi(vi(x;0;f = x;0: f)).
i#£j k= = L]

In the last expression we can assume that the index k is different from i and j, since from Artin’s
Theorem and the first Moufang identity (I), it follows that for every i # j and every a € A, it
holds

(25) vi(vi(via)) = (vivjvi)a=v;a =—-v;(v;(v;a))
and
(26) vi(vj(vja)) = —via=—(v;viv;)a = —v;(vi(v;a)).
Therefore
LY vilvj(eLij ) +x° T f
i,j

=1 ZXkVi(Vj(Vk(xl’ajf))) -1 Zxkvi(vj(vk(xjaif)))
+3 ZXka(Vi(Vj(Xiajf)) -1 Zxkvk(vi(vj(xjaif)))
en =1 Z,xixk (i (k0 ) = vi(vi(vid; ) + v (vi(v;0; £)) = vic(v;(vid; f)))

where the symbol }.” indicates that the sum is made over three mutually different indices i, j, k
in the set {1,...,m}. If A is associative, the terms in (27) are all equal and the sum reduces to

’
22 xiXkaViVjajf

which is zero by antisymmetry w.r.t. the indices i and k.
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We now consider the general case. The first and the last terms in cancel out in the sum,
since they are symmetric w.r.t. the indices i and k. In order to show that also the other terms
vanish, we first prove that for every x € M, it holds

(28) vivx) = —vi(vix) ifl1 <i,k <m,i #k.
Let x = x’ +x”, with x” € span(v;, v¢), x”’ € span(v;,vx)* N M. Then
vi(vix’) = =x"(vivie) = X" (vivi) = =vie(vix’)

thanks to Artin’s Theorem, as in (23) and (28] with a = 1. Since span(v;, vi)* N M is generated
as a real vector subspace by {1, vi,..., v} \ {vi, vk}, it suffices to prove that

vivivj) = —vi(viv;)

for every j € {l,...,m}, j # i,k, i # k. Using the alternating property of the associator
(a,b,c) = (ab)c —a(bc) in A, we get

Vvivivi) +vie(vivi) = ivi)vji — (i, Vi, vj) + (Vivi) vy — (Vi, vi,v;) =0

Since 9 f (x) € M for every j, from (28] it follows that also the second sum in (27)) vanishes. It
remains to consider the third sum in 27), i.e.,

(29) 3> xexevi(vi Z vi0i ) = D xixvk (v (@sf = $00f = $vi0if = $vide ).

i+k i+k
]¢l k

In view of (28)), since by assumption dg f(x) and d f (x) belong to M for every x € €, the sum

D xievk(vi(@sf — $00£))

ik

vanishes. Moreover, using again (23) and 26)), we get

D xixivk it f +vidi ) = D xixi(=vidi f +videf) = 0

ik ik

and this concludes the proof of (b) also in the non-associative case. O
We now come to the proof of Theorem 8k

Proof of Theorem[8 From definitions, on Q \ R it holds

m

203f ~Fsf) = ) vibif - (I;nnfg)) Z i f.
i=1



ALESSANDRO PEROTTI

32
We compute
Im(x) (Z xiif + st) D xevie D xidif -4 Zxkvk Z vi(v;(Lijf)
i=1 k=1 i=1 k=1
= Zxkxlvka F=3 D xxivei(v;0 ) + 5 " xuxjvie(vi(v0i )
ik i,j.k
= Zxkxzvka f+3 Z ivi0if+s Zxkxjvk(vi(vjaif)) - %Zxkxivkaif
z”jtjk i,k
= Zxkxivkaif + %in Z viOif+% Z xkx v (vi(v;0i ) + 3 invk(vi(vkaif))
k J i.j.k ik
i%k

i#],j#k
- %Zxkxivkaif
i,k
= DL aaidif + 3 Z Zv,a F43 D a0 )) + 3 D xixvi(vi(v0: 1)
i,k i#]

+3 Zxkv Oif -3 Zxkx,vk(') f

lik
= % Zxkxivk(')if + in Z vj(')jf - % Z XkaVk (vj(vl-(')l-f)) - % inxjvj(')l-f
i,k k J i#]

2 xvaf

= n(lm(x)) D vioif =1 v (v;(vidi ),
J

where the symbol )" denotes a sum over all distinct indices i, j, k in the set {1, ...,n}.

If A is associative, then the sum Y." xix;vi(v;(v;d; f)) vanishes, since it is antisymmetric
w.r.t. the indices j and k. In the general case, the vanishing of this sum follows from the same
arguments used in Proposition [7l when it was proved that the sum (29)) is zero. Therefore we have

Im(x) [+ o
m (;Xiaif+rz;f) —;Vjajf on Q\R
and the thesis
r I T S IS | (G NP [ (€O B L
2(58f—08f)—;v151f n(lm(x));xlalf—n(Im(x))rBf_(Im(x)) g,
m|
AKNOWLEDGMENTS

The author is a member the INJAM Research group GNSAGA and was supported by the
grants “Progetto di Ricerca INAAM, Teoria delle funzioni ipercomplesse e applicazioni”, and
PRIN “Real and Complex Manifolds: Topology, Geometry and holomorphic dynamics”.



CAUCHY-RIEMANN OPERATORS AND LOCAL SLICE ANALYSIS OVER REAL ALTERNATIVE ALGEBRAS 33

REFERENCES

[1] E. Almansi. Sull’integrazione dell’equazione differenziale A% = 0. Annali di Mat. (3),2:1-51, 1899.
[2] A. Altavilla, H. De Bie, and M. Wutzig. Implementing zonal harmonics with the Fueter principle. Journal of
Mathematical Analysis and Applications, 495(2):124764, 2021.
[3] N. Aronszajn, T. M. Creese, and L. J. Lipkin. Polyharmonic functions. Oxford Mathematical Monographs. The
Clarendon Press, Oxford University Press, New York, 1983.
[4] J. Avery. Hyperspherical harmonics. Reidel Texts in the Mathematical Sciences. Kluwer Academic Publishers
Group, Dordrecht, 1989. Applications in quantum theory.
[5] F. Brackx, R. Delanghe, and F. Sommen. Clifford analysis, volume 76 of Research Notes in Mathematics. Pitman
(Advanced Publishing Program), Boston, MA, 1982.
[6] L. Caffarelli and L. Silvestre. An extension problem related to the fractional Laplacian. Comm. Partial Differential
Equations, 32(7-9):1245-1260, 2007.
[7] E. Colombo, I. Sabadini, and D. C. Struppa. Slice monogenic functions. Israel J. Math., 171:385-403, 2009.
[8] P. Dentoni and M. Sce. Funzioni regolari nell’algebra di Cayley. Rend. Sem. Mat. Univ. Padova, 50:251-267
(1974), 1973.
[9] X. Dou and G. Ren. Riemann slice-domains over quaternions I.\arXiv:1808.06994, 2018.
[10] X. Dou, G. Ren, and I. Sabadini. Extension theorem and representation formula in non-axially symmetric
domains for slice regular functions. .arXiv:2003.10487, 2020.
[11] G. Gentili, J. Prezelj, and F. Vlacci. On a definition of logarithm of quaternionic functions. 2021.
http://arxiv.org/abs//2108.08595.
[12] G. Gentili and C. Stoppato. Geometric function theory over quaternionic slice domains. Journal of Mathematical
Analysis and Applications, 495(2):124780, 2021.
[13] G. Gentili and C. Stoppato. A local representation formula for quaternionic slice regular functions. Proc. Amer.
Math. Soc., 149(5):2025-2034, 2021.
[14] G. Gentili, C. Stoppato, and D. C. Struppa. Regular Functions of a Quaternionic Variable. Springer Monographs
in Mathematics. Springer, 2013.
[15] G. Gentili and D. C. Struppa. A new approach to Cullen-regular functions of a quaternionic variable. C. R. Math.
Acad. Sci. Paris, 342(10):741-744, 2006.
[16] G. Gentili and D. C. Struppa. A new theory of regular functions of a quaternionic variable. Adv. Math.,
216(1):279-301, 2007.
[17] G. Gentili and D. C. Struppa. Regular functions on the space of Cayley numbers. Rocky Mountain J. Math.,
40(1):225-241, 2010.
[18] R. Ghiloni. Slice Fueter-regular functions. J. Geom. Anal., 31(12):11988-12033, 2021.
[19] R. Ghiloni and A. Perotti. A new approach to slice regularity on real algebras. In Hypercomplex analysis and
applications, Trends Math., pages 109-123. Birkhéduser/Springer Basel AG, Basel, 2011.
[20] R. Ghiloni and A. Perotti. Slice regular functions on real alternative algebras. Adv. Math., 226(2):1662-1691,
2011.
[21] R. Ghiloni and A. Perotti. Volume Cauchy formulas for slice functions on real associative *-algebras. Complex
Var. Elliptic Equ., 58(12):1701-1714, 2013.
[22] R. Ghiloni and A. Perotti. Global differential equations for slice regular functions. Math. Nachr., 287, 2014.
[23] R. Ghiloni and A. Perotti. On a class of orientation-preserving maps of R*. J. Geom. Anal., 31(3):2383-2415,
2021.
[24] R. Ghiloni, A. Perotti, and C. Stoppato. The algebra of slice functions. Trans. Amer. Math. Soc., 369(7):4725—
4762, 2017.
[25] R. Ghiloni, A. Perotti, and C. Stoppato. Slice regular functions and orthogonal complex structures over RS.
Journal of Noncommutative Geometry, in press.
[26] K. Giirlebeck, K. Habetha, and W. SproBig. Holomorphic functions in the plane and n-dimensional space.
Birkhéuser Verlag, Basel, 2008.
[27] R. S. Krausshar. Differential topological aspects in octonionic monogenic function theory. Adv. Appl. Clifford
Algebr., 30(4):Paper No. 51, 25, 2020.
[28] R. S. Krausshar and A. Perotti. Eigenvalue problems for slice functions. 2021.
http://arxiv.org/abs/2103.14868) submitted.
[29] G. C. Moisil and N. Theodoresco. Fonctions holomorphes dans I’espace. Mathematica, Cluj, 5:142-159, 1931.


http://arxiv.org/abs/1808.06994
http://arxiv.org/abs/2003.10487
http://arxiv.org/abs//2108.08595
http://arxiv.org/abs/2103.14868

34
(30]
(31]
(32]
[33]
[34]
[35]
[36]
[37]
(38]

[39]
[40]

ALESSANDRO PEROTTI

A. Perotti. Slice regularity and harmonicity on Clifford algebras. In Topics in Clifford Analysis — Special Volume
in Honor of Wolfgang Sprofig, Trends Math. Springer, Basel, 2019.

A. Perotti. Almansi theorem and mean value formula for quaternionic slice-regular functions. Adv. Appl. Clifford
Algebras, 30(61), 2020.

A. Perotti. Almansi-type theorems for slice-regular functions on Clifford algebras. Complex Variables and
Elliptic Equations, 2020.

A. Perotti. A local Cauchy integral formula for  slice-regular  functions.  2021.
https://arxiv.org/abs/2105.07041| submitted.

T. Qian. Generalization of Fueter’s result to R"*!. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei
(9) Mat. Appl., 8(2):111-117, 1997.

G. Ren, X. Wang, and Z. Xu. Slice regular functions on regular quadratic cones of real alternative algebras. In
Modern trends in hypercomplex analysis, Trends Math., pages 227-245. Birkhduser/Springer, Cham, 2016.

M. Sce. Osservazioni sulle serie di potenze nei moduli quadratici. A#ti Accad. Naz. Lincei. Rend. Cl. Sci. Fis.
Mat. Nat. (8), 23:220-225, 1957.

P.R. Stinga and J. L. Torrea. Extension problem and Harnack’s inequality for some fractional operators. Comm.
Partial Differential Equations, 35(11):2092-2122, 2010.

D. C. Struppa. Slice Hyperholomorphic Functions with Values in Some Real Algebras, pages 1631-1650.
Springer Basel, Basel, 2015.

C.J. Titus and G. S. Young. A Jacobian condition for interiority. Michigan Math. J., 1:89-94, 1952.

N. J. Vilenkin. Special functions and the theory of group representations. Translations of Mathematical Mono-
graphs, Vol. 22. American Mathematical Society, Providence, R.I., 1968. Translated from the Russian by V. N.
Singh.

Email address: alessandro.perotti@unitn.it

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TRENTO, VIA SOMMARIVE 14, TRENTO ITALY


https://arxiv.org/abs/2105.07041

	1. Introduction
	2. Preliminaries
	2.1. Slice functions and slice-regular functions

	3. Cauchy-Riemann operators on hypercomplex subspaces
	4. Strongly slice-regular and locally slice-regular functions
	4.1. Quaternionic local slice analysis

	5. Polyharmonicity properties of slice-regular functions
	5.1. The action of the Laplacian on slice-regular functions
	5.2. The -decomposition and the -Fueter mapping
	5.3. A second polyharmonic decomposition of slice-regular functions
	5.4. Examples: Clifford algebras, octonions, reduced quaternions

	Appendix: proofs of Propositions 5, 7 and Theorem 8
	Aknowledgments
	References

