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Abstract

This paper presents a mass and momentum conservative semi-implicit finite volume (FV)
scheme for complex non-hydrostatic free surface flows, interacting with moving solid
obstacles. A simplified incompressible Baer-Nunziato type model is considered for two-
phase flows containing a liquid phase, a solid phase, and the surrounding void. According
to the so-called diffuse interface approach, the different phases and consequently the void
are described by means of a scalar volume fraction function for each phase. In our numeri-
cal scheme, the dynamics of the liquid phase and the motion of the solid are decoupled.
The solid is assumed to be a moving rigid body, whose motion is prescribed. Only after the
advection of the solid volume fraction, the dynamics of the liquid phase is considered. As
usual in semi-implicit schemes, we employ staggered Cartesian control volumes and treat
the nonlinear convective terms explicitly, while the pressure terms are treated implicitly.
The non-conservative products arising in the transport equation for the solid volume frac-
tion are treated by a path-conservative approach. The resulting semi-implicit FV discretiza-
tion of the mass and momentum equations leads to a mildly nonlinear system for the pres-
sure which can be efficiently solved with a nested Newton-type technique. The time step
size is only limited by the velocities of the two phases contained in the domain, and not by
the gravity wave speed nor by the stiff algebraic relaxation source term, which requires an
implicit discretization. The resulting semi-implicit algorithm is first validated on a set of
classical incompressible Navier-Stokes test problems and later also adds a fixed and mov-
ing solid phase.
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1 Introduction

Incompressible multiphase flow problems, such as the solid-liquid flows considered in this
paper, are encountered in many geophysical processes, as well as in many industrial appli-
cations, for example, in the automotive industry, marine and floating technologies, and
renewable energy production via water and wind turbines. These flows can be described
mathematically by a Baer-Nunziato-type model for incompressible two-phase flows.

Overall, there are three different families of numerical methods for dealing with this
type of problem: (i) Lagrangian and Arbitrary-Lagrangian-Eulerian (ALE) methods on
moving meshes, where the free surface of the fluid and the fluid-solid interface are exactly
solved by the moving computational grid, see e.g., [13, 25]; (ii) Eulerian sharp interface
methods on fixed meshes with explicit interface reconstruction; (iii) Eulerian diffuse inter-
face methods on fixed grids, where the presence of each material is represented only by a
scalar function, see e.g., [23, 32, 33, 35, 37, 39] and references therein.

The method presented in this paper is an extension in terms of multi-physics of the
semi-implicit mass and momentum conservative scheme for complex non-hydrostatic free
surface flows presented in [18, 34]. Whereas in the previous publications, the solid phase
was either completely absent or fixed, in this paper a more general method for the numeri-
cal solution of incompressible two-phase flows containing a moving liquid, a moving solid
phase and void is developed. According to the so-called diffuse interface approach, the
domain is covered by the liquid phase, the solid phase and by the surrounding void via a
scalar volume fraction function for each phase. The diffuse interface approach allows to
discretize arbitrarily complex geometries and complex free surface flows despite the fact
that simple uniform Cartesian meshes are used.

Similar to [18, 34], an operator splitting is employed and the equations are discretized
on a staggered Cartesian mesh, with the pressure defined in the cell centers and the veloci-
ties on the edges of the control volumes. The nonlinear convective and viscous subsystems
are discretized with the aid of an explicit finite volume (FV) method, while the pressure
subsystem is discretized using an FV implicit discretization over edge staggered grids. The
non-conservative transport equation for the solid volume fraction is solved via the path-
conservative approach of Castro et al. [16, 41]. Moreover, the algebraic velocity relaxa-
tion term may also become stiff and thus require an implicit discretization. This particular
choice of implicit and explicit discretizations removes the stability condition on the gravity
(pressure) wave speed and on the stiff relaxation source term. Thus, only a mild time step
restriction, based on the velocity of the fluid and on the velocity of the moving solid bod-
ies, is required to satisfy the Courant-Friedrichs-Lewy (CFL) stability condition.

The resulting semi-implicit FV discretization of the mass and momentum equations
leads to a mildly nonlinear system for the pressure which can be efficiently solved with the
nested Newton-type technique recently introduced and analyzed by Brugnano and Casulli
in [9, 10].

The rest of the paper is organized as follows: first, in Sect. 2 the governing equations for
the liquid and the solid phases are presented; in Sect. 3 the semi-implicit path-conservative
FV scheme is described on staggered Cartesian control volumes and according to the dif-
fuse interface approach. In Sect. 4 a thorough validation is carried out on a set of several
classical benchmark problems for the incompressible Navier-Stokes equations, ranging
from the Blasius boundary layer, the Hagen-Poiseuille flow, and the lid-driven cavity test
to more challenging test problems for incompressible two-phase flow problems where the
liquid interacts with moving solid bodies. Finally, in Sect. 5 some concluding remarks are
given.
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2 Governing Partial Differential Equations (PDEs)

The two-phase flows of interest in this paper can be mathematically described by a reduced
Baer-Nunziato-type model for incompressible two-phase flows. The model was origi-
nally introduced for compressible two-phase flows by Baer and Nunziato in [3] and was
subsequently studied and used by many authors, see e.g., [2, 27, 32, 39, 44, 45, 47] and
references therein. However, in the incompressible limit it can be strongly simplified to a
reduced three-equation model with an interphase velocity relaxation source term. The sys-
tem of partial differential equations (PDEs) is written in terms of a solid volume fraction o*
and a liquid volume fraction &', according to the so-called diffuse interface approach and
assuming the density as a constant p = const. It is given by the following non-conservative
system of PDEs:

oo’ da’

oo =0,
ar Tl oy M
ool 0(a'uy)
Lo =0,
a | ox @
6(alui) 6(aluiuk) ,0p  d(oy) ! (a®ah)? )
+ +ad— - ——=—-ag, — ;= U,
ot 0x;, “ ox;  ox; *8i € (t = 1) ©)

where u; is the velocity field of the liquid, ] is the (known) velocity of the solid phase,  is
the time, x; is the spatial coordinate vector, p is the normalized pressure with respect to the
constant density, g; = g(0,—1)T is the vector of gravity acceleration, € is a time scale for
the velocity relaxation kinetics, and the shear stress tensor is denoted by o, assuming a
viscous incompressible Newtonian fluid. It is given by

oy = alv—, C))

where v = u/p denotes the kinematic viscosity coefficient. Moreover, the liquid and the
solid volume fractions & and a* are related to the volume occupied respectively by the lig-
uid V! or by solid V* in a control volume £, by

V’=/ a'd2 and V“'=/ a’df. 5)
Q; Q.

i i

The relaxation source term, in (3), represents the mutual interactions between the two
phases, describing the fact that the fluid velocity tends to the solid one at the interface of
the phases, if € is small enough.

The non-conservative system (1)—(3) can be expressed in an even more compact nota-
tion by defining a column vector Q of state variables, a flux tensor F(Q) which includes
the purely conservative part of the PDE system, a so-called non-conservative product
B(Q) - VQ and the vector of potentially stiff algebraic relaxation source terms S(Q),

9,Q+V-FQ) +B(Q) - VQ=S5(Q). (6)
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As proposed in some recent works, in which new families of conservative pressure-based
semi-implicit schemes were introduced on staggered Cartesian and general unstructured
meshes, see e.g., [7, 12, 22, 24, 26, 31, 38, 50-52], the flux tensor is now split into a con-
vective flux tensor F,(Q) containing the hyperbolic part of the PDE system (1)—(3), a vis-
cous parabolic flux tensor F,(Q), and the remaining terms; hence, (6) can be rewritten as

9Q+ V- (F.(Q+F,(Q)+BQ)-VQ=S(Q). )

where the vector of state variables, the flux tensors, and the non-conservative products are
given as

at 0 0
Q=|d |, FQ=|dy [ FQ@=[ 0 | 8)
(xlu (xluluk —(Xl\/i
i i 0xy
s 9
k ox,
B(Q-vVQ=| 0 [, )
L
ox;

and S(Q), the algebraic source term corresponding to the right-hand side of (1)—(3), reads

0
S(Q) = 0 (10)

1 Lo osy2 (ol 1 .
—agegi—;((x‘) a'(a'u; — a'ul)

This flux splitting procedure is quite useful to decouple the complete evolution system (7)
into a convection-diffusion subsystem, a pressure subsystem, and an algebraic source term
subsystem, which will be discretized explicitly or implicitly according to their properties.
Note that, the resulting split convective fluxes represent the advection system of the flux-
vector splitting scheme of Toro and Vazquez-Cendén [57] also used in [4, 14, 15].

Throughout this paper, for simplicity the two-dimensional case is considered. The
computational domain is denoted by £ C R?in which x; = x and x, = y, where the x-axis
is horizontal and the vertical y-axis is oriented upward against the gravity direction.

3 The Semi-implicit Finite Volume (FV) Scheme

To solve the system (7) numerically, a pressure-based staggered semi-implicit scheme
is employed, similar to previous work presented in [18, 34]. To obtain a conservative
semi-implicit FV scheme, first a classical operator splitting strategy is applied by decou-
pling the convective and pressure terms. Consequently, the weak form of each subsystem
is discretized, where the non-conservative products are treated by a path-conservative
approach. The previous formulation is also extended to take into account the new stiff
algebraic relaxation source term in S(Q) related to the boundary condition between the
two phases.

In this numerical scheme, the dynamics of the liquid phase and the solid phase motion
are decoupled. By solving the solid advection equation (1), with a prescribed solid veloc-
ity field ui, one obtains the new solid volume fraction distribution a®, which is needed in the
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constitutive relationship of the liquid phase volume and in the relaxation source term. Fur-
thermore, to solve the liquid phase related subsystem (7), which can be obtained from the
flux splitting approach, a specific combination of explicit and implicit FV discretizations on
staggered Cartesian control volumes is introduced. An implicit FV discretization of the liquid
mass conservation is adopted while for the momentum equations a semi-implicit FV discre-
tization will be employed. The convective and viscous subsystems, referred to convective and
viscous fluxes F.(Q) and F (Q), are discretized with the aid of an explicit FV method, thus
obtaining an intermediate approximation of the conservative variables vector. The pressure
subsystem, related to the purely non-conservative part of the system B(Q) - VQ is discretized
using an implicit discretization over edge staggered grids, based on the path-conservative
approach of Castro et al. [16, 41]. Moreover, the new algebraic relaxation source term, in
S(Q), may also become stiff and thus require an integral implicit discretization again based on
an edge staggered volume. These implicit subsystems are then coupled to the implicit liquid
mass conservation law, leading to a mildly nonlinear system for the pressure. The diagonal
nonlinearity of this system stems from the definition of the volume of fluid, while the remain-
ing linear part of the system is symmetric and at least positive semi-definite. Hence, the pres-
sure can be efficiently obtained with the family of nested Newton-type techniques introduced
by Brugnano et al. in [9, 10, 20, 21].

3.1 Computational Grid and Constitutive Relationship for the Liquid Phase

Within the computational domain Q2 c R? three staggered overlapping Cartesian control vol-
umes are defined, a primal control volume and two staggered edge-based cells in the x- and
y-directions, see e.g., [30]. Figure 1 (left) shows all three types of control volumes with their
respective barycenters. The primal control volumes are

Qi =Ix_ 1, X  IX o1, 35,11 (11)
with the barycenters denoted by x;; = (x;, y;) and having width and height
AX; =Xyl =Xt A=Yt — VL (12)

The elements of the edge-based staggered mesh in the x-direction are denoted by

Q i | ‘
7% I . | 1 s
x, . av. Vipigiiy)
iy g ' i, |
J : Q... 1 (1-aj;) Axay 4 P
****** 4“52}1]'” x Q ¢p7] ou
j o i NN R "y /
Z; !
| | J/
/
iy av, . v ;
Q.5 7 B 0 P

Fig.1 Representation of the three overlapping Cartesian control volumes, in black the primal control vol-
ume, in red the elements of the edge-based staggered mesh in the x-direction, and in blue the volumes of the
edge-based staggered mesh in the y-direction (left). Location of the liquid and solid phase related variables
over the control volumes (center). Fluid volume is defined as a piecewise linear function of the local cell
pressure p;; and of the local solid phase volume fraction a;.‘;/. (right)
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Qi+%,j = [-xi’-x[+1] X [yj_%a j+15]’ (13)

having barycenters in X, 1 . = (x,, 1 +10) ). Their width is Ax; L= Xy T and their height is

l+ ,]
Ay;. The volumes of the edge based staggered mesh in the y- dlrectlon are denoted by

Qi = Dt X XD Y ) (14)

Their barycenters are located in X it L= (x,,yj +1) and they have width Ax; and height

ij+% = Y41 — ¥j» respectively.

In the following description of the numerical method and for all the tests that will be
presented, uniform Cartesian control volumes with uniform mesh spacing, at least accord-
ing to each direction, are taken into account, hence Ax;=Ax,: =Ax and

Ay; = ij 1= Ay. The discrete liquid phase related variables a’u, a'v, and p at a time level

" will be defined at staggered locations, within the three introduced overlapping Cartesian
control volumes, as represented in Fig. 1 (center). The discrete pressure p and the liquid
volume fractions all will be deﬁned as cell-averaged quantities over the prlmal control vol-

umes £2;;. The state variables a'u" | will be defined in the barycenters of the edge-based
* 115:/
staggered mesh in the x-direction Q15 while the state quantity associated with the verti-
-2

cal components of the velocity a’v" |, will be defined in the barycenters of the edge-based
l’]ii
staggered mesh in the y-direction €2, ., 1
-2
To preserve the non-hydrostatic properties of the system of equations (7) and to relate
the pressure to the volume of the liquid phase, it is necessary to introduce a closure relation.
Therefore, the pressure is assumed to be linear within each cell with respect to the value in the
center:

py. ") =pii+ 80—y, V(xy) € Q. (15)

For the sake of clarity, we specify that the cell-centered pressure values, p?., are the solu-
tion of the fully non-hydrostatic problem. The assumption of a cell-local lmear pressure
(15) is only needed to define the following integral of the liquid phase volume in the case
of partially wet cells in such a way that the overall method reduces to a semi-implicit
scheme for the shallow water equations in the special case where the fluid covers only one
single layer of cells, see [17, 18] for details. Then, according to [18], the volume of the
liquid phase VJ within the cell €2, ;, is related to the local cell pressure plf‘J and to the solid
volume fraction aw by the following constitutive relationship:

vir= [ (1= a2) 1oty + 0y =3 sy (16)

i
defined by the Heaviside step function

1, if p" + >0
H={ if p; + 80— ) an

0, 0therw1se.

Equation (16) can be more conveniently expressed in terms of a Jordan decomposition as

Vi = POl @iy + B = Qi iy = B). (18
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where f = g%, and P and Q are step functions defined as

Sii ) AX
P, o) = (l %ij ) o 1Py > = (19)
0, otherw1se
and
5,0 1—(X:C’<n>£, if p" > y
o, o) = ( i ) P> b (20)
0, otherwise.
The discrete solid phase volume fraction al " and also the velocities u;", v} related to this
phase are defined in the centers of the cells £, ;. Moreover, for ;. = 1 the corresponding

cell, obviously, cannot be occupied by the hquld phase Thus, as 1llustrated in Fig. 1 (right),
the liquid phase volume is defined, for each cell, as a piecewise linear function of the local
cell pressure p;'J and of the local solid phase volume fraction ais’i".

3.2 Implicit Finite Volume (FV) Discretization of the Liquid Mass Conservation

Within a two-dimensional physical domain, the liquid mass conservation equation,
which is the second equation in (7), reads

d,a' + 9. (a'u) + 0,(a'v) = 0. Q1

The integration of this mass conservation equation (21) over the primal space-time control
volume £;; = [x,-_1 ,xl.+1] X [y._l, .+1] x [", "] and the use of the Gauss theorem yield

/ / (@l y, ) - (v, ) dyd

L ”j

Vil
/ : (alu(xpr%,y, 1) — alu(xi_%,y, t)>dydt 22)
- 2

-3

N

rnJrl

tn+l
+
m

With the definitions of the liquid cell volume

/ a v(x,yj,ré, r)— a’v(x,yj_%, t))dxdt =0.

~

Sl [
:/ 2/ : al(x,y,t)dydx, (23)
o Jy
2 2
and the liquid fluxes
’ 1 tlH»l }j+% .
— . 1,y, Hdydt,
L aE / @ulinyy O 24
2

and
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1

1 xi+%
l _ 2 1
8ije1 T ArAx /, /x 1 VYL Ddrdr (25)

the following integral form of (21) is obtained:
Vi = v Aray <f’ -1 ) - ArAx(g’. 8 ) (26)
L i=3J t,}+5 T3

Introducing the liquid cell-average of the liquid volume fraction

al.J Ax Ay / / *d(x,y, Hdydx, 27
7 77
it is possible to rewrite (28) as
I+l _ in _ AL 4 ! Arf o
*j =% (f,+; j fi—;,j) Ay <gi,/'+; gi,j—;)’ (28)

which is a discrete form of (21). Assuming the liquid velocity field constant along each

edge, denoting these velocities at the new time ! by "' and vl "+1 , and defining the
i+ ;,]

effective edge lengths which are occupied by the liquid as

Vo X
j+3 3 41
syl = a1,y Ddy, st = a'(x,y., 1, " Ddx,
T A R N T R (29)
v -1

ol

it is possible to define the following edge-averaged liquid volume fractions:

5yn+1 5xn+1
s U R e e (30)
i+ Ay L+ Ax

Defining the liquid fluxes in terms of the edge velocities and the edge-averaged volume
fractions as
fl — al,n+l un+11 ' and g — al,n+ll Vn-,Hl , (31)

T PR . .. .
i+3y i+ +5d 1,]+— Ljt+s it
the liquid volume conservation equation (28) can finally be written as

yhl — Vl.’;“ - At((ayu)'?“ (5yu)"+1 ) - At((axv)'fﬂl — (8xv)"! > (32)
i+5 ,] L+ =3

Ly
2

Equation (32) represents an implicit FV discretization of the continuity equation, as the

semi-implicit method proposed in [18]. The effective edge-integrated volume fractions

6y”+1 and 5x"+11, available to liquid phase through the edges, can be evaluated from the
it

liquid volumes within the cells that share the edge by taking the average, the upwind, or the
maximum cell volumes. For instance, if the average is chosen, then zSy”+l and 6x"*! read

2 J 2
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Nk 1 T A
6yi:11 5( l(p +1)+al(p,:11,, )
1 1 +1 1 ntl +1 (33)
— n+ sn n+ SVl
_E<V(p ’ )+V(pt+l,/ i+1,j )>’
Fy n+1l =Ax= < l(pn+1) + l(pn )
’ (34)

Z 1+1 HH—I 1/ n+l s,n+1
ZA ( (19 ’ )+V(pu+1’ ij+1 )>’

using for the liquid cell volume V"’ the constitutive relationship defined in (18).

3.3 Semi-implicit Finite Volume (FV) Discretization of the Momentum Equations

As mentioned above the system (7) is discretized with the aid of a specific combination of
explicit and implicit FV methods on staggered Cartesian control volumes to solve the subsys-
tems which can be obtained from the flux splitting tensor introduced in the previous section.
The convective and viscous subsystems, which can be obtained considering convective and
viscous fluxes F.(Q) and F (Q), are discretized with an explicit FV method, and an intermedi-
ate approximation of the state variables is thus achieved. This intermediate approximation will
be denoted by the super-index, e.g., (5yu)* ~and (6xv)* , which will denote the intermediate

approximation of the conservative liquid ﬂuzxes expressed f)y the effective edge-integrated vol-
ume fractions.

Explicit discretization of the convective terms The convective, hyperbolic subsystem, which
has to be discretized explicitly, reads

0a s ot

+u 2 =,
or e 0x;,
ANalu)  Aawuy) (35)
—+ =
ot 0x;,

It contains a conservative and a non-conservative part. It is useful to integrate this sub-
system on the main grid to have a classical Godunov-type FV scheme, in which all state
variables are defined at the centre of the cells. Starting from the known solution Q;?A at
time 7", the integration of this subsystem (35) over the primal space-time control volume
QX [, 1] yields

At
TS R = (P
Q=i Ax< z‘—;J> Ay(giﬁ; gz\f—i)

_ﬂ DC|+DC1 _ﬂ D€_|+D?_| .
Ax \ i+34 =5 Ay \  ij+3 ij=3

Since the velocity components u" | , V' |
L

41
x5y

(36)

and the previous fluxes (5yu)"+' and (éxv)"“
+1 5d +5

in the discrete liquid volume conservation equation (32) are defined over the edges of the
primal control volumes, an interpolation of the velocity field or fluxes from one mesh to
another is needed. This interpolation, to evaluate centered fluxes on the primal control vol-
umes, is achieved as follows:
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@yu)!; = %((6yu)?+ J+(6yu);’_1J.> @37

1
2

and
n o __ 1 n n
(G, = 3 <(5xv)i‘/+; + ((SXV)iJ_% >, (38)

and an average of the same type can be used to return to staggered values on the edges of
the primal control volumes.

Moreover, to complete the FV scheme (36) the numerical fluxes and path-conservative
jump terms have to be defined. Here, a Rusanov-type flux is chosen in the x- and y-direc-
tions and is defined as

ko et ) - (or - o
—(reppere)) - dma(en, - e,) e

1
2

Lol
i+34
and

c _l e + _ 1 +  _ O
gl.].+l—2<g(QiJ+l) gQ J) zlsfmx|<Qm; Q> (40)

YT A

where the maximum signal speeds s* _and s}, are computed as the maxima of the eigen-
max

values of the explicit convective subsystem in x- and y-directions, respectively. The path-
conservative jump terms [16, 41] read

C — 1 C,X -
D, =3B Qy J)<Q+ QI+;J>7 1)
c _ 1 Y N —
D, =3B *(Q, J+;)<Q;+; - QW) 42)
with Q1 ; —(Q+ PR Q1 = (Q:+ Q. 1), and
u; 00 u; 00
B(Q=|0 00|. B¥@Q=[000|. 43)
000 000

Furthermore, to reach second order of accuracy the boundary-extrapolated and time-
evolved values are computed via a standard total variation diminishing (TVD) MUSCL-
Hancock scheme as follows:

Q7 = Q% 3400,Q) + 1 A0,Q), (44)

+3J

Q Q" —Aya Q" + = Ata,Q 45)

L)

with the gradient in space approximated using the classical minmod slope limiter
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71
iy~ QG Q -Q.
0,Q}; = minm0d< L ).

Ax Ax (46)
Qi —Qj Q -Qi,
a n — . d L lJ ,
/Q;; = minmo ( Ay A 47)
while the derivative in time is computed as
. 1 1
o = — F(Q;‘J + EAxdeZ].) —f (QZ/. - EAxaxQ:,’J)
v Ax

¢ 1 c 1

B g (QZ] + EAyayQ?J) —£ (QZ] - EAyayQZj) (48)

Ay
- B(Q))0.Q); - B(Q))0,Ql

see the Toro textbook [56] for details. From this explicit FV scheme the intermediate solu-

tion Q;‘J = ((6yu)z]., ((va)?‘J)T will be obtained, and from this average values on the primal

control volume it is possible to go back to staggered values on the edges by interpolation

obtaining (6yu)* | ,(6xv)* |

i+3J ij+3

Explicit discretization of the viscous terms The parabolic viscous subsystem, which will be
also discretized explicitly, reads

0Q+V-(F,(Q)=0, (49)

where the viscous fluxes can be written as F, (Q) = (f'(Q), g"(Q))T. The two equations
which constitute the viscous subsystem (49) have to be discretized over two different stag-
gered edge-based cells in the x- and y-directions, respectively. Indeed, at time #”, the veloci-

ties u” | ,v! | and the effective edge-integrated volume fractions (5y)” . ,((Sx) are
+ J =

= AN E =3
known at staggered locations, over the edges of the primal control volumes Therefore to

evaluate a second intermediate state (6yu)f*+*, ~which considers also the viscous terms, the
i+34

first equation in the x-direction has to be considered and integrated over the edge-based
staggered space-time control volume £2,, 1 1= [x;, x;11 X [yj_l, ) L] X2, £]; it reads
2 2

] _ * AI v v _ oY
(au)wr%,j - (au)i%‘/ A Ax ( i+ _fw) Ay (gi+;,f+; gi+;J—;> (50)

with the definitions

(au);‘:%‘/ = AxAy/ / ad'u(x,y, )dxdy, 51)

N

Pl }

v 1
i+1y - AtAy,/tn v f(x lyt)(jydl" (52)

and
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Fig.2 Representation of the I
discrete states over the different ' }
staggered control volumes, in i

black the primal control volumes,
in red the element of the edge- & )
based staggered mesh in the Q. or
x-direction over which the pres-
sure subsystem is integrated Q, 1J

tn+]

y 1 it y
Sirtjet = Atdx J, [ g@’yﬂ;’”dxm' (53)

As before, the liquid cell-average flux in the x-direction (au)f‘:

~can be expressed by the
J

=

effective edge-integrated volume fraction (éy)fk:‘ 1. as follows:

Hk _ sk _ 1 / i yH% 1 n
(6yu)i+%J = (au)”%JAy = /x /y | a'u(x,y, t")dxdy, (54)
i -1

and assuming constant fluxes along each edge, it is possible to rewrite the discrete equation
(50) in terms of effective volume fractions

ok _ * At v _fV At v _ oY
Gy, =@, + E( =t ) + 5 <g,~+;J+; g,-+;,,-_;>’ (55)
where we recall that (5yu)f‘:rl _are the preliminary quantities obtained from the explicit dis-
i+5y

cretization of the convective terms. To complete the FV scheme, classical two-point fluxes
based on the mid-point rule are chosen and they are defined in the x- and y-directions as

u ;. —u .
ey T (56)
i+1j i+1,j Ax
and
Tl 1. l_u’?
i+t i+2
g =y, : ’ 57
+5d+5 i+3J+5 Ay

. _1 _1
with 5y;.’+u = 5(5y;’+1/2J + 5y?+3/2J), 5y?+%J+% = 5(5y?+1/2,/+1 + 5y?+1/2,,‘)‘ The same can be

done in the y-direction. The discretization of the gravity contribution, included in the

source term, is explicitly added to these intermediate states (6yu)f*+*, R (6xv)f“ﬁ*+ "
i+ ij+5
Implicit discretization of the pressure subsystem and source term The contribution of the

pressure to the momentum equation has to be discretized implicitly. The two equations, in the
x- and y-directions read, respectively,

! 0, ! 0
—aau+a’—p=0 and _0av+a,_p=

0,
ot ox ot dy (58)
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and as for the previous viscous subsystem, the two equations have to be discretized over

two different staggered edge-based control volumes in the x- and y-directions. In the

x-direction, the PDE is integrated over the staggered edge-based cells €2, 1 ;X [, 1],
2

which is represented in Fig. 2, and reads

/ / / ff’a_“dxd dt+/ / / dxdydt 0. (59

./
Assuming that the discrete pressure is piecewise constant in each cell

t/l+] rn+l

pij if x<xi+%,

X) = . 60
) Piyj» if x> Xit 1 (60)
then
ap
5 = 06 =x, (Pt = p1),

and integrating in the x-direction, the non-conservative product reads

AxAy((a u)”Jrl —(a u)** > /

where @, [y is defined with the path integral along the straight-line segment path

t/1+]

w\

¥l P1+1J piJ)dydt= 0, 61)

@ =a; + s(a;; — ;) and results &, (al +1,; 1 @;;). Then introducing this definition

i+t ,1
in (61) and integrating, the followmg 1mphclt dlscretization of the pressure terms is
obtained:

2%

+l * +1 +1\ _
AxAy((a Wl — @, /) + Dby, (i - i) =0, (62)
= Ay %

the x- and y-dlrectlons, 1nclud1ng the dlscretlzatlon of the non-conservative pressure terms
therefore read

where dy,, L= = Aya,, 1 L i1+ o, ;). The two discrete momentum equations, in

1 | it —ry
(5yu)”+ = @yu)7r, = Atoy!) ———— (63)
i+34 i+3 4 Ax
and
pl’.“.rl —pt!
Gy = @Gy, - Arst! (64)
i+ i+ i+ Ay

The algebraic velocity relaxation source term contained in S(Q) still needs to be discre-
tized. It requires an implicit discretization on the same staggered control volumes, where a
simple backward Euler scheme is used. By adding this contribution to (64), the final semi-
implicit discretization of the momentum equations is obtained as
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At oy 1 1
(5th)"+1 (5yu)** - =& @i =P
Ax l'+%,j l+1J
At n+1 n+1 s,n+1y sn+l
__6.14(”{.14 VLR
€ i3 g i+3J7 ity 65)
2
Sxvytl = (Sxv)*r | — ==sxt (ptl - pt
( )i,j+i ( )i,j+l Ay ij+i (pw+1 )
2 y 2
_ A Sx n+l ( n+1 s,n+1y sn+1
€ t,/+— t,/+— i,j+% i,j+% ’
where o*"*! and o’ are referring to the edge, then they can be evaluated either as the

i+3d ij+
maximum or the average of the ones in the adjacent cells.
Manipulating the previous equations, (& yu)’”r1 and (6xv)”++1 can be expressed as follows:
ij

2

At
(6_)714)” b 1+ = X"+1 (6}7“)** _ 6 n+] (pn+ll _ n+l)
+-J € 5 A i+1) t/
g (66)
+ H n+1 s,n+1 _s,n+1
€ i iij iy’
At At
@yl {14+ = o) = @) = et (] = pih)
1 1 i 1
ij+3 € ijt; +2 Ay + ij+1
i (67)
Xn+l An+1as,n+l
e ij+3 1,]+% ij+1’
which can be rewritten as
€ At
5 n+l 5 ok 5 n+l1 n+l n+l
( yu)i%‘j A e Gyw s~y Viely Wiy, —ri; )
i+1y
@ )
+3J 5yn+1 s.n+1
" AL+ € Hyd iy
1 E‘]
€ ¢ At 1 1 +1
sxvy = Sxv)™ | — —ox"t (! - p™
Ot = Ty e\ Ot ™ Byt Wi =)
ij+3
o' At (69)
+ Wty 5Xn+1 sn+1
sn+1At+€ ,J+, l,]+*
lJ 2
Two different types of coefficients can be identified, for both equations, as ﬁf:’ B yf:rll ~and
1 E‘} l 51]

p*!. vt they read
Lty Wty
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oA
n+l __ € 7/n+] _ l+5’]
1 - .1 -
3l @ Arre T o Arte
3 3
a
ﬂn+l _ € n+l  __ l’]+5
L7 sntl > T ’
Wty @™ Ar+e W o Ar+e
ij+3 j+3

Note the behavior of these coefficients as e approaches to 0, assuming a® = 1, i.e., inside
the solid phase, or assuming a® = 0 in the liquid phase:

limp™! | =0, limy™ =1,
e—0 1+§J =1 e—0 t+5,/ w=1
(70)
imp! | =1, limy™' ] =o0.
e=0" i+34J| 5o =0 i34 g

Thus, when a cell is completely occupied by the solid phase, the momentum equations
automatically and naturally force the velocity of the residual liquid phase to tend to the
velocity of the solid phase.

3.4 Final Pressure System

Inserting the discrete momentum equations (69) into the FV discretization of the continuity
equation (32 ) yields the following system for the unknown pressure p"Jrl

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
V(p )— (ﬂ 6 (pl+lJ_piJ )_ﬂi—%,jéyi—%,j(pili P ]J)>

(7D

n+1 rL+1 n+l _ n+ly _ pntl +1 nt+l _ n+1

with the known right-hand side bﬁi
n o __ ny _ n+1 s,n+1 _ L ntl s,n+1
b= V@) AI(VH;,,-(‘SW)H;J V,-_;,,-(‘Sy“)i_;J)
_ n+1 s,n+1 _ o+l s,n+1
At<yi,i+ ' (éxv)i ! Vi 1 (6xv)i’i_ : >

) (72)

- At(ﬂ” | yw)? /3"“ (5yu)** )

= At Y (xv)* = B B ).
ijts3 t3 ij=3 =3

n+1 5 n+l

J+2 yl +34J
objects w1, v*"+1 implicitly, the system (71) becomes strongly nonlinear and thus diffi-
cult to solve. Actually, the solid related variables u*™*!, v*"*1 and a*"*! are known at time

Discretizing the edge-integrated volume fractions 6x and the velocities of the
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"+! due to the fact that the kinematics of the solid is decoupled from the dynamics of the
liquid phase, thus the non-linearity affects only the edge-integrated volume fractions.
Therefore, a Picard iteration technique has to be adopted to make the edge-integrated vol-
ume fractions 6x”+1 6y"+1J explicit again, as suggested in [20].

2

Introducing k to denote the index of the Picard iterations, the following mildly non-
linear system for the pressure p"“ K+ s obtained:

2
n+1,k+1 At n+1 n+1,k n+1,k+1 n+1 n+1,k n+1,k+1
V(piJ )_A ﬂléylApl _ﬂAl.(Sy.l4Ap.l.
X i+3d T it5d i+3J i=3d Tim5d i=3 ( 3)
7
_ A2 ﬂn+1 Sk ApIIRHL _ gl gLk ppntlktl ) _ g
Ay +1 i t,j+% ij-3  ij=%  ij-3% ij

n+lk+l nHLk+l Lk n+1k+l Lkl kL]
with Ap =Py Py and Ap =Py Py The system (73)
+3

needs to be solved for the pressure P at each Picard iteration. Using a more compact
notation, the above system can be written as follows:

n+1,k+1

V(pn+1,k+1) + Tpn+1,k+1 — bn (74)

, Lk+1
with the vector of the unknown new pressure p™tii+l = (p:’;r 1y and  where

V(p'+k+ly = (V(pz;rl’k“)) denotes the corresponding fluid volumes; b" is the known

right-hand side vector and T is a sparse, symmetric, and penta-diagonal matrix which
arises from the linear terms in (73). The matrix T in the system (74) is symmetric and at
least positive semi-definite. For the solution of system (74), we apply the nested Newton-
type technique introduced by Brugnano et al. [9, 10, 20, 21], associated with a matrix-free
implementation of the conjugate gradient method. For implementation details and the con-
vergence proofs of these Newton-type techniques applied to mildly nonlinear systems the
reader is referred to the above references.

Once the pressures p"+1 *+1 are evaluated, the quantities 6y:’:11f and éx;::l’lk at the next Pic-
ard iteration can be easily obtained from (33) and (34). As coriﬁrmed by nilmerical simula-
tions, only very few Picard iterations are needed to obtain an accurate solution. At the end of
the last Picard iteration p!t' := p/*"**!is set and the velocity field is easily obtained from
the discrete momentum equations (69). The time step is only limited by a mild CFL condition
based on the liquid and solid phase velocities and the kinematic viscosity. Since the solid
phase is also governed by an advection equation which is explicitly discretized and since the
velocity of the solid phase is prescribed a priori, a stability condition that is valid for both
phases can be easily formulated. For the explicit advection terms of both phases and all the
test problems shown in this paper the CFL time restriction reads

Ar< CFL ’
DS A (75)
Ax Ax? Ay Ay?

where the choice of the maximum wave speed is s7* =2max(|ul,|u’]) and
si = 2max(|v], [v*|) and v is the kinematic viscosity coefficient. The stability condition is
not affected by the gravity wave speed, thus the method is efficient for low Froude number
flows, too.
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Fig. 3 Representation of the main grid for the evaluation of the liquid phase related variables (left). Repre-
sentation of the sub-grid within the main grid for the evaluation of the refined solid phase variables (right).
In gray is depicted the variability of the solid volume fraction a; | over the sub-grid

3.5 Advection of the Solid Volume Fraction Using a Subgrid

The solid phase kinematics is prescribed and is evaluated through an advection equation, as
described in (1). However, it is necessary for the advection of the solid phase to be accurately
computed to preserve the properties of a solid, i.e., to remain sharply defined and to spread
only slightly over time due to the numerical viscosity of the scheme. Usually, a numerical
method is able to produce better solutions as the mesh size is refined. However, the adoption
of a too severe grid refinement, to ensure an accurate advection of the solid phase, can easily
become computationally prohibitive for the evaluation of the liquid phase dynamics, which
requires the solution of an implicit pressure equation. A practical solution, which is adopted in
all the test problems shown in this paper, is to keep the main computational grid at a reasona-
ble size and adopt a sub-grid strategy to evaluate the advection of the solid volume fraction a*

and the effective edge-integrated volume fractions 5y”+1 and 5x”trll, similar to the subgrid
t3

methods introduced in other contexts in [19, 28].

As represented in Fig. 3, starting from the main grid, which consists of rectangular control
volumes Qi [x;_ L 1 I1X[y._1, yj L ] with barycenters in (x;, ;) and having width Ax; and
height Ay;, a sub- grld consisting of NxM sub-elements for each rectangular control volumes
£2;;is defined.

The cell-averaged solid volume fraction &* is defined on this sub-grid as follows:

G = AxAy / / @’(x, y)dydx, (76)

5

while on the main grid, a cell-averaged solid volume fraction aisi can be evaluated by means
of the values in these subcells

1 NM
a;.‘;/. = ]W afl’m. (77)

n,m=1
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Furthermore, the edge-integrated effective volume fractions can be more accurately
assessed, in agreement with the more accurate distribution of the solid phase on the sub-

grid. Considering for instance the edge-integrated effective volume fraction 5)’?:;/ shown
in Fig. 3, it can be evaluated over the sub-grid as follows:
M
ity = sae 2 (Vi @)+ ViPiar o) ). 78)

m=1

where the liquid cell volume V' is evaluated by the constitutive relationship scaled for the
sub-grid and the sub-grid cell-averages of the solid volume fraction ; , which shares the
same edge are involved.

Moreover, a higher order method to evaluate the advection of the solid phase can be
used, in particular again in this paper the second order in space and time is achieved with
the aid of a MUSCL-Hancock TVD method, see [56] for details.

4 Numerical Results

In this section, the numerical scheme presented previously is validated on a set of differ-
ent classical test problems for the incompressible Navier-Stokes equations for which an
analytical or numerical reference solution exists. It is interesting to note that, most of the
tests are formulated in such a way that two phases, the solid and liquid phases, are always
present. This is to test the ability of the method to automatically solve two-phase flows, i.e.,
two phases are simulated quite often to assess that the boundary conditions between phases
are automatically well imposed by solving the PDE.

In all the tests, the time step Ar is computed according to the CFL condition
expressed in (75), based on the liquid and solid velocities and the kinematic viscosity,
assuming a CFL number set to 0.9. Moreover, the gravity is assumed to be constant
and equal to g = 9.81 and it is recalled that p was defined, in Sect. 2, as the normalized
pressure, i.e., the pressure divided by the density, which is assumed to be constant and
equal to p = 1000. Finally, after conducting various numerical tests, it was found that
it is enough to assume the scale for the velocity relaxation kinetics is equal to € = 1074,
Throughout this section, unless explicitly noted, we adopt SI units for all quantities.

4.1 The First Problem of Stokes

The first problem of Stokes [46] is one of the few test problems for which an exact
analytical solution of the unsteady Navier-Stokes equations is known. This problem
consists of the time-evolution of an infinite incompressible shear layer. The computa-
tional domain is £2 = [—0.5;0.5] X [-0.5; 0.5] with velocity imposed on the left and right
boundaries and periodic boundary conditions along the y-direction. The initial condi-
tions of the problem are given by

d,y,00=1, o'xy,0=0 pky0) =4,

0.1, if x>0,
Vi(x,y,00=0, u(x,y0) = { 0L i <0
<Ly A 9
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where f = g% as defined in Sect. 3.1. Simulations are performed assuming two different
kinematic viscosities v = 1072 and v = 1074,

The exact analytical solution of the incompressible Navier-Stokes equations for the
velocity component u is given by the following error function:

u(x, 1) = ugerf( 22 ). (79)

2w

The computational domain is covered by a uniform rectangular grid consisting of 100 X 100
elements with the mesh spacings Ax, Ay = 0.01 in both x- and y-directions.

The comparison between the computational results along the line y =0, up to the
final time r = 1.0, and the exact solution of the first problem of Stokes for the Navier-
Stokes equations are depicted in Fig. 4. Even with a quite coarse mesh the numerical
solution is in good agreement with the exact solution, also by varying the kinematic
viscosity.

4.2 Two-Dimensional Taylor-Green Vortex

The Taylor-Green vortex is another test problem for which an exact solution of the incom-
pressible Navier-Stokes equations with periodic boundary conditions can be found. This
test is widely used for testing the accuracy of numerical schemes, because it has a smooth
unsteady analytical solution, which is a two-dimensional decaying vortex. In other words,
the initial sinusoidal velocity field is smoothed over time by the viscous stresses. In a two-
dimensional space, the analytical solution reads

u(x,y, t) = sin(x) COS(y)e_z‘/”
v(x,y,1) = — cos(x) sin(y)e 2"/, o)
p(x,y, 1) = 1/4(cos(2x) + 005(2)/))674"’.

The computational domain is £ = [0; 2x]?> with periodic boundary conditions on all the
boundaries. To conduct a convergence study, the initial condition of the problem is given
by the exact solution (80), assuming ¢ = 0, and the kinematic viscosity is assumed to be
v = 107!, The standard way to get the numerical order of accuracy is to refine the mesh
spacing and to look at the ratio of the obtained numerical errors. Four simulations are car-
ried out and in Table 1 the meshes used are listed. For these tests a final time 7,y = 0.11s
considered and the time step At is determined following the CFL condition.

The computational results, for the coarsest mesh M|, are depicted in Fig. 5, where the
pressure contour and the velocity field are represented. A comparison of the two veloc-
ity components with the exact solution of the incompressible Navier-Stokes equations is
shown on the right. A simple qualitative observation shows excellent agreement between
the numerical solution and the reference solution for both velocity components. The L; and
L, norms of the error and the corresponding convergence rates are presented in Table 1 for
the variable u, and are defined as follows:

E(u)y, | hM[ ol
0 P b
£y, )/ 2 iy 81)

J

E(u) = ||u- MM‘.“(U’(Q))’ O(MM,/MJ.) = log
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Fig.4 Exact (solid line) and numerical solutions of the first problem of Stokes for the Navier-Stokes
equations for the velocity component u at time = 1. Different viscosities are simulated, from left to right,
v=10"2andv=10"*

where p denotes the order of the norm.

In Fig. 6 these two norms are represented graphically against the number of elements
of the mesh with respect to the optimal second-order convergence. The calculated conver-
gence rates, corresponding to the two norms, are also shown in Table 1, and, as expected,
the numerical scheme, here presented, essentially achieves the second order of accuracy.

4.3 Blasius Boundary Layer

The boundary layer equations of Prandtl [43] were solved for the first time in the particular
case of a steady laminar boundary layer over a flat plate by Blasius [5]. For an overview
of the boundary layer theory, see [46]. Blasius proposed a similarity solution that reduces
the boundary layer equations to the solution of a third order non-linear ordinary differential
equation (ODE), which reads

f/// +ﬁ// = O, (82)
where the prime denotes the derivation with respect to #, which is the introduced self-simi-
lar variable n =y % Then the boundary conditions which have to be imposed are the

no-slip condition, the impermeability of the wall, and the free stream velocity outside the
boundary layer, u(x, 0) = 0, v(x,0) = 0, and u(x, o) = U, where U is the free stream veloc-
ity and it is a constant. This ODE can be easily solved numerically, e.g., the reference solu-
tion in this paper is computed by a Runge-Kutta scheme of order four in combination with
a classical shooting technique.

The computational domain is £ = [-0.004;0.1] X [-0.5;0.5], hence, it includes the
solid wall, and is discretized with 2000 x 208 rectangular elements. The initial conditions
of the problem for each phase, are given by

1, if x>0,
MW%m:{lﬁ” if x<0

le7™,if x>0 (83)
s _ B > _
a (xsy90) - { 1, lf x < 0’ p(x7y!0) _pou[’

uw(x,y,0)=0, v(xy,0=0 ukxy0) =1

The kinematic viscosity is assumed to be very low v = 107, which leads to a very thin
boundary layer and then the Reynolds number of the flow is Re = 10°. At the right and
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15} — Exact
©  u - numerical
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Fig.5 Numerical solution for the Taylor-Green vortex at the final time ¢ = 0.1, for the coarsest mesh M, and
with a viscosity of v = 107! (left). One-dimensional comparison of the velocity components u, v, with the
exact solution of the incompressible Navier-Stokes equations along the x and y axes (right)

top outlet boundary conditions are set by imposing a constant pressure p,,, = 506 while at
x = 0 the inflow boundary condition is given by the initial conditions.

It is important to note that it is not necessary to impose the no-slip boundary conditions
along the flat plate, i.e., along the solid phase; the relaxation source term and the numeri-
cal method automatically impose these boundary conditions between the two phases in the
correct way by solving the PDE. As the shape of the solid phase becomes more complex,
this feature of the method will be of primary importance. In Fig. 7 (left), the computational
results obtained for the horizontal velocity field u, computed at time ¢ = 10, are shown,
together with a velocity profile at x = 0.1. A comparison of this numerical velocity profile
against the Blasius reference solution is made in Fig. 7 (right). The solid phase, character-
ized by u’(x,y,t) = v'(x,y,t) = 0, is shown in Fig. 7 in dark blue. A very good agreement
between these two solutions can be observed, despite the fact that the no-slip boundary
conditions along the flat plate are not imposed explicitly but just via the presence of a solid
volume fraction for y < 0 and the stiff velocity relaxation source terms are presented in the
PDE. This confirms the validity of the proposed numerical method to compute boundary
layers correctly and thus compute viscous incompressible two-phase flows in a correct way.

4.4 Planar Hagen-Poiseuille Flow

The Hagen-Poiseuille flow describes a steady-state velocity and pressure distribution for a
viscous fluid in laminar flow between two plates whose length L is much greater than the
constant distance d separating them. The flow is driven by a constant pressure gradient
—Ap prescribed by the boundary conditions, which is balanced by the viscous drag along

Table 1 Mesh name, mesh
’ Mesh El . E, E,

elements, L,- and L,-error norms . ements L ou © o
and their respective numerical M, 50 % 50 4.591 3E-02 8.842 0E—03
convergence rates, o, and o;,, for
the variable u, applied to the two- M, 100 x 100 1.250 8E—02  1.87 2.4232E-03 1.87
dimesional Taylor-Green vortex M, 200 x 200 3.3405E-03 190  6.5442E-04 1.89

M, 400 x 400 8.851 4E—04 1.92 1.739 4E-04 191
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Fig.6 L,- and L,-norms error 107"
against reciprocal of the cell —=—L, convergence
size. The dashed line shows —=—L, convergence
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Fig.7 Numerical solution for the laminar boundary layer over a flat solid plate (dark blue) with Re = 10° at
the final time ¢t = 10.0. The horizontal velocity u contours and a velocity profile in x = 0.1 are shown (left).
Comparison of the numerical velocity profile at x = 0.1 against the Blasius reference solution (right)

both plates. This test, which satisfies the Hagen-Poiseuille flow, has a well known parabolic
solution for the horizontal velocity profile u, given by

_IAP d2 2
u_2vL<4 > ) 84)

This test is simulated on a domain 2 = [-2.5;2.5] X [—0.3;0.3] which is discretized with
1000 x 120 rectangular elements, and the initial conditions for each phase are given by

1, if x| <0.25
l _ b
@ (x,y,0) = { le ', if |x| > 0.25,

1, if |x| > 0.25
. _ )
a’(x,y,0) = { le™™4, if |x| <0.25,

p(=2.5,5,0) =106 +2.4, p2.5,y,0)=108, u(x,y,0)=usx,y,0)=0.

The kinematic viscosity is assumed to be v = 1072. Therefore, the pressure gradient
imposed between the left inflow and the right outlet is Ap = 2.4. These conditions, accord-
ing to the Hagen-Poiseuille flow, result in a mean flow velocity of # = 1 and a maximum
flow velocity of u,,, = 1.5. At the left inflow and at the right outlet the boundary condi-
tions are given by the initial conditions, whereas, again, it is not necessary to impose the
no-slip boundary conditions along the flat plates, i.e., along the solid phase. The boundary
conditions are implicitly imposed via the stiff velocity relaxation source terms.
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Fig. 8 Numerical solution for the laminar flow between two solid plates (dark blue) at a final time of
t = 50.0. The horizontal velocity u contours is shown (left). Comparison of the numerical velocity profile at
x = 0 against the reference solution of the Hagen-Poiseuille flow (right)

Left Fig. 8 shows the computational results obtained for the horizontal velocity field
u, computed at time ¢ = 50, while in the right one a comparison of this numerical veloc-
ity profile against the parabolic reference solution is made. The numerical solution is in
good agreement with the reference solution of the Hagen-Poiseuille flow. The laminar
flow is very well reproduced and the boundary conditions between the two phases are well
resolved too.

4.5 Two-Dimensional Lid-Driven Cavity Problem

The lid-driven cavity is a fully two-dimensional classical reference problem for numerical
methods applied to the incompressible Navier-Stokes equations, see [30, 36, 49]. In this
test, a solid square cavity is considered, opened at the top and containing liquid which is
driven by a lid imposed at the top.

This test is simulated on a domain 2 = [—0.55;0.55] x [—0.55; 0.5] which is discretized
with 220 x 210 rectangular elements, and the initial conditions for each phase are given by

le7, if |x| > 0.5 or y <05
! = ’ ’
a'(x,y,0) = { 1, otherwise,

vy I i K> 05 or y<0,
a’(x,y,0) = { le~'4, otherwise,

px,y,0) =108, ui(x,y,0)=0, ux,y,0)=0.

The kinematic viscosity is assumed to be v = 1072, The lid velocity is assumed to be equal
to u(x,0.5,7) = 1. Therefore, the Reynolds number of the flow is Re = 100. Also in this
case it is not necessary to impose the no-slip boundary conditions along the solid phase
square cavity explicitly, but they are automatically taken care of by the stiff velocity relaxa-
tion source term.

In Fig. 9, the computational results are shown and a comparison against the Navier-
Stokes reference solution of Ghia et al. [36] is provided at time ¢ = 10. In Fig. 9 (left) the
velocity modulus contours are shown, while in dark blue the solid square cavity can be
distinguished. It is important to emphasize that the description of the two phases has still
been correctly resolved, automatically imposing the right boundary conditions. Again the
numerical solution is in very good agreement with the reference solution.
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4.6 Viscous Flow Over a Circular Cylinder

In this section, the viscous flow over a circular cylinder is considered for different Reyn-
olds numbers. In previous work [34], an inviscid flow around the cylinder has been pre-
sented, to obtain a steady potential flow. Here, the viscous case is considered to observe the
formation of the von Kdrmén vortex street.

The computational domain is taken sufficiently large £2 = [-3;15] X [-10;10], to ensure
that the boundary conditions affect the flow close to the cylinder the least. To obtain accurate
results, unstructured meshes, see for instance in [49], are usually used to ensure a good rep-
resentation of the geometry of the circular cylinder. However, in this work a simple uniform
Cartesian grid is used and this leads to a particularly demanding test, since the geometry is
only resolved via the diffuse interface approach. A rather large domain relative to the circu-
lar cylinder is required and at the same time a sufficiently refined grid is needed to represent
the object correctly and to ensure that numerical viscosity is as low as possible. The domain
is discretized with 720 x 800 rectangular elements. The initial conditions for each phase are
given by

! le?2, if Va2 +y2 <1,
,y,0) = ’ .
«(xy,0) { 1, otherwise,
€ (x,y,0) = 1-1e72, if v/x2+y2<1,
e 0, otherwise,

Py, 0)=po  w(xy,00=0, v(xy,0=0, ulxy0 =u,

where p,, is the pressure outside the domain while ; is the inlet velocity, taken with the
value 0.5. Different kinematic viscosity values are assumed to obtain simulations related to
different Reynolds numbers, Re = 75, 100, 125, 150. At the upper, lower, and right bounda-
ries, the outlet boundary conditions are set by imposing a constant pressure p,, = 500,
while at the left boundary the velocity u; is prescribed. It is not necessary to impose the
no-slip boundary conditions along the solid phase circular cylinder.

As a first result, in Fig. 10 the von Kédrman vortex street obtained at time ¢ = 300 is shown
for a Re = 100 flow. Here, to better visualize the typical structures of this viscous flow, the
contour plot of a tracer added to the in-flow is shown. Moreover, to provide a qualitative

10 1.0 P
© u- Ghia et al.
0.8 ° v - Ghia et al.
— v - Numerical
0.6[  —— u - Numerical /

=
U,

-0.50 -0.25 0 0.25 0.50 0.50 -0.25 0 0.25 0.50
x Xy

Fig. 9 Numerical solution for the lid driven cavity flow at time 7 = 10. The Reynolds number of the flow

is Re = 100. The velocity module llull contour plot and streamlines are shown (left). Comparison of one-
dimensional cuts of the velocity field against the Navier-Stokes reference solution of Ghia et al. [36] (right)
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Fig. 10 Numerical solution for
the laminar viscous flow past a
circular cylinder at time # = 300,
with Re = 100. The contour plot
represents the concentration of
the added tracer

comparison for this numerical test, the Strouhal number of the vortex shedding can be com-
puted as

St::J—(E
u

) (85)
where f is the frequency of the oscillating flow mechanisms, L is the characteristic length
of the cylinder, namely the diameter and u is the modulus of the flow velocity. The vortex-
shedding frequency can be evaluated from the time series of the drag and lift coefficients.
In fact, for a solid phase immersed in a viscous liquid phase, a net force can be evaluated
from the pressure differences due to the flow. The lift component of this force is the one
perpendicular to the incoming flow and the drag is the one parallel to the flow direction.
From these two components the lift and drag coefficients can be evaluated, which read
2F, 2F,

C = and C, = —,
7 pAu? Y

(86)

where F, is the drag force, namely the resulting pressure force along the x-direction, and
F, the lift pressure force, A is the projected cylinder area, and u again is the velocity of the
oncoming flow.

In Fig. 11 the lift and drag coefficients are represented for Re = 100. It is interesting to
see how this numerical method is able to evaluate in a smooth way the pressure forces act-
ing on the solid phase, and how the von Karmén vortex street develops over time to reach
a periodic signal with a constant frequency and amplitude. This is the vortex-shedding fre-
quency from which the Strouhal number of this oscillating signal can be computed. Carry-
ing out several simulations with different Re, it is possible to recover the Strouhal-Reynolds
number relationship.

Figure 12 shows a qualitative comparison between the numerical results obtained and
some reference solutions, which are those obtained with the staggered space-time DG
method [49] and the experimental data of Williamson and Brown [58].

It is possible to see that the Strouhal-Reynolds number relationship obtained with the
numerical method presented in this paper is in agreement with experimental data and
other numerical methods. However, a small discrepancy, which becomes more relevant as
the Reynolds number increases, can be seen from the reference solutions. This is due to
numerical viscosity, in fact achieving mesh convergence is computationally expensive for
such a large domain using a uniform Cartesian grid.
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4.7 Sloshing in a Moving Tank

In these last tests, some computational results are shown for incompressible two-phase flow
problems, such as water flows interacting with moving solids and vacuum. In particular,
this test considers the sloshing motion of a liquid phase in a partially filled solid tank, i.e., a
free-surface flow problem in a moving solid geometry. The resulting flow is quite complex,
characterized by the presence of high-amplitude oscillations and wave breaking, thus the non-
hydrostatic effects cannot be neglected. Furthermore, to solve such a problem, a numerical
method is required that is able to deal with the motion and interaction of two phases or with
moving geometries. Actually, the most common method to solve this kind of problem is to use
mobile geometries, i.e., to move the mesh according to the movement of the sloshing tank, as
it has been done, for example, in [13, 25]. A thorough description of the testcase, as well as
references to analytical studies and numerical results can be found in [13, 25] and references
therein. Laboratory measurements of the wave height and hydrodynamic pressure have also
been collected and reported such as those carried out by Faltinsen et al. [29].

As introduced earlier, to solve this problem through the numerical method presented in this
paper, the dynamics of the liquid phase and the solid phase motion are decoupled. By solving
the solid advection equation (1), with a prescribed solid velocity field u;, one obtains the new
solid volume fraction o distribution, which is needed in the constitutive relationship of the
liquid phase volume (18) and in the relaxation source term. From the solution of (1) it is there-
fore possible to solve the system for the liquid phase (7).

The simulations presented in this paper refer to the numerical solutions obtained in [13,
25], which in turn refer to the tests presented in the work of Shao et al. [48], who presented
an improved SPH method for the modeling liquid sloshing dynamics. The numerical methods
presented in these papers, although different, include some kind of turbulence model to prop-
erly describe the effects of turbulence, since in the tests that will be addressed, the Reynolds
number is of the order of Re = 10°. However, in the semi-implicit FV scheme presented in this
paper, a turbulence model has not been implemented, assuming that the eddy viscosity, as a
rough approximation, is proportional to the numerical viscosity (ILES).

In this article, an idealized two-dimensional case is considered, where the tank, i.e., the
solid phase, moves with a purely horizontal sinusoidal velocity and the vertical component of
the velocity is zero, namely

041
——C, numerical AR NEN ——C, Numerical
P Il il
[ c | . 114
/ i i I
02f 1 il l M‘ Il Il ““» ‘:
[ A “\“‘H"\\“HH\»‘ |
| :H““"\H‘w“‘u“\ Lol
| | [ O
- ol— UV o
oo I -
}H‘“'H“uﬂ<"‘\ |
FUH L \ r
‘\H\”H'HH‘\HW 0.9 | p
0.2 I \\ IRRIRRE I \ /
L L I T \
RN RRRE sk \ /
L I O O . .
04 1 1 1 1 1 1 e /\ 1 I I |
0 50 100 150 200 250 300 0 50 100 150 200 250 300
t t

Fig. 11 The lift (left) and drag (right) coefficients for the solid circular cylinder immersed in a viscous flow.
The Reynolds number of the flow is Re = 100
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u; = (—wéx, sin(wt), 0), (87)

where w = 2 is the frequency of the oscillation and T is the period, while 6x, represents
the amplitude of the horizontal tank displacement which is assumed constant for all the
tests and equal to 6x, = 0.032. The computational domain is taken large enough to include
the experimental material and its displacements used for the laboratory measurements car-
ried out by Faltinsen et al. [29], and large enough to describe the tank with a solid phase
distribution, thus is taken equal to 2 = [—1 + 6x,4;1 + 6x,4] X [-0.1;1.2]. The initial condi-
tions for each phase are given by

1 if y<h
i _ ) y X Py
a(x,y,0)= { le™*, otherwise,
1-10"%, if |x—6x, >0865 Vv y<O0
s — ’ A= |
a’(x,y,0) = { 0, otherwise,
2 (Xl s
p(x,y,0)=p 1— o -1), u(x,y0) =0, ulxy0) =0,

therefore, the fluid and the tank are set to be initially at rest and 4, is the initial free surface
elevation. The domain is discretized with 720 x 800 rectangular elements. The kinematic
viscosity is assumed to be v = 107°. Also in this test, the classical no-slip wall boundary
conditions for the liquid phase, on the solid one, are automatically well imposed via the
stiff velocity relaxation source terms.

Three simulations were carried out with three different parameter pairs, namely, the first
pair of parameters 7 = 1.3 and h,, = 0.6, the second one 7 = 1.5 and A, = 0.6, and the
last pair 7 = 1.875 and h,, = 0.5. The sloshing dynamics, for the parameter pair 7 = 1.5
and h,, = 0.6, is depicted in Fig. 13 by nine instants representing a period of oscillation
of the solid phase, namely the solid tank. Here, it is possible to see the presence of high-
amplitude oscillations of the free surface occurring as the solid geometry moves, and the
solid phase motion is also clearly detectable. Figure 14 shows a comparison, for the first
pair of parameters T = 1.3 and &,, = 0.6, between the computed numerical solution, the
experimental data provided by Faltinsen et al. [29] and the numerical results of Dumbser
and Boscheri [25]. AH is the perturbation of the free surface elevation with respect to the
initial at-rest condition. The numerical results were collected at the same probe point used
in the two reference papers, which is fixed with respect to the solid phase, hence, it moves
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Fig. 13 The sloshing dynamics, for the parameter pairs 7' = 1.5 and &, = 0.6, at times 3.0, 3.2, 3.4, 3.6, 3.8,
4.0,42,44,and 4.5s

together with the tank. This point is located 0.05 m away from the left wall and AH is
evaluated at each time step as

AH = Z al{dey —h,,, (88)
j

where i is the discrete index, in the x-direction, associated to the probe point which is
moving horizontally according to the solid phase. It can be seen that the liquid phase reacts
with a certain inertia to the movement of the solid phase. As the solid phase starts to move
towards the left, the free surface on the left tends to decrease and then increase as the solid
phase slows down to change direction around 1.2 s. The liquid phase keeps moving follow-
ing the described periodic cycle of the solid phase with a free surface perturbation which
is in overall good agreement with the experimental data and the numerically computed
results of Dumbser and Boscheri [25].

Two more comparisons, for the second pair 7 = 1.5 and h,, = 0.6 and the last pair
T = 1.875 and h,, = 0.5 of parameters, are depicted in Fig. 15. Here, it can be noticed how
the amplitude of the wave progressively increases over time, due to a resonance effect.
Again, results are in good agreement with the experimental data.

4.8 Water Entry of a Symmetric Wedge with Prescribed Velocity

In this last numerical simulation, a solid-fluid coupling problem is treated again in a free-
surface flow context. In this test case a symmetric wedge impacting the free surface with
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Fig. 15 Comparison for the sloshing in a moving tank test between the computed numerical solution, the
experimental data provided by Faltinsen et al. [29] and the numerical results of Dumbser and Boscheri [25].
For the second pair of parameters 7 = 1.5 and /,, = 0.6 and the last pair T = 1.875 and /,, = 0.5

prescribed velocity is considered. Indeed, the water entry of a solid through the free sur-
face is also a widely investigated field in the literature, since the knowledge of the pressure
field acting on objects is a fundamental criterion for their design. In addition, being able
to evaluate the pressure field acting on an object with sufficient accuracy could, in future
method development, allow the dynamics of the solid phase to be evaluated directly, rather
than imposing an a priori kinematic law. As for the sloshing phenomena studied in the pre-
vious section, the water entry of a two-dimensional symmetric wedge has been investigated
both through analytical studies and numerical simulations, which are validated by compar-
ing with experimental data, see e.g., the experiment which has been carried out by Zhao
et al. [59] and the SPH method of Oger et al. [40]. Actually, this test case of a symmetric
wedge impacting the free surface, refers to the experiment carried out by Zhao et al. [59],
for which the motion of the wedge, i.e., the solid phase, was experimentally recorded and
reported in Fig. 16.

The resulting flow and the solid-liquid interaction in general are even more complex
in this test than in the previous one. Here, the wedge impact against calm water gener-
ates a large free surface deformation, which is followed by the formation of two jets run-
ning out along the edges of the wedge. An important feature is that the flow separates in
a fixed separation point, which corresponds to the end of the edge, and it can be shown
that the flow leaves the edge tangentially in the initial stages of the flow separation.

@ Springer



Communications on Applied Mathematics and Computation

6.5

5|

6.0
“
o N — 05 m ——
“>55
\ [N
. (\?.,/
5.0
4.5 - - ’
0 0.005 0.010 0.015 0.020 0.025

t

Fig. 16 The vertical drop velocity of the wedge recorded experimentally and the geometry of the wedge
section having a deadrise angle of 30°

Then, at later stages it will no longer be a jet, the gravity will start to play a role and
as the wedge penetrates the liquid the flow separation will also no longer be tangent to
the edge. Considering pressure, as the wedge enters the water the maximum pressure
will be located along the side at the highest wetted point, whereas after the flow sepa-
rates, the pressure value near the separation point drops rapidly and the maximum pres-
sure moves towards the bottom of the wedge. It is expected that the numerical method
will be able to reproduce these resulting flow characteristics qualitatively. The compu-
tational domain is taken large enough to include the experimental material used for the
laboratory measurements carried out by Zhao et al. [59], thus the domain is taken equal
to 2 =[-0.5;0.5] X [-0.5;0.5]. The initial conditions for each phase, according to the
geometry of the experimental section, which consider a wedge with a dead-rise angle of
30° illustrated in Fig. 16, are given by

I, if y<0,
@'(x.y,0) = { le72, other\wise, (89)
) . x i
@ (x,y,0) = { I—1le™?, if |x] <025 A y2> xtan(g) /\y<0.25tan<g>,
) otherwise,
2al B
px,y,0)=p ] -—1, u'(x,y,0) =0, u,(x,y,0) = 0,
— aé 1
(90)

therefore, the fluid is set to be initially at rest while the wedge is entering the water free
surface with an initial vertical velocity of v*(x,y,0) =6.15 m/s. In this test, the motion of
the wedge, i.e., the motion of the solid phase, is the drop velocity experimentally recorded
by Zhao et al. [59] and reported in Fig. 16. The domain is discretized with 720 x 800 rec-
tangular elements and periodic boundaries condition are set. The kinematic viscosity is
assumed to be v = 1075, The numerical results, for this impact test, are represented in
Fig. 17. From the top to the bottom results for three different instants are shown, namely
for t =0.00437 s, t =0.0158 s, and r = 0.020 21 s. From the left to the right, the liquid
volume fraction «,, the pressure field p, and a comparison with the analytical local pressure
profile along the wedge boundary of Zhao et al. [59] are shown. The free-surface evolu-
tion, during the water entry of a wedge, illustrated in Fig. 17 on the left, shows quite well
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Fig. 17 From the left to the right, the liquid volume fraction a;, the pressure field p, and a comparison with
the analytical local pressure profile along the wedge boundary of Zhao et al. [59] are shown. From the
top to the bottom results for three different instants are shown, namely for r = 0.0043 s, r = 0.0158 s, and
t=0.0202s

the formation of two jets running out along the edges of the wedge. At time ¢ = 0.0158
these two jets reach the separation point, which corresponds to the end of the edge. It can
be seen that the flow leaves the edge tangentially at this initial stage of flow separation.
Then, at r = 0.0202 it is possible to see that the flow separation is no longer tangent to
the edge and a sort of breaking wave is developed. This shape of the jet is substantially
different from the one obtained through the SPH method of Oger et al. [40], however, it is
qualitatively similar to the experimental illustration given in the article of Zhao et al. [59].
Considering instead the pressure evolution, represented at the center of Fig. 17 it is pos-
sible to observe how the numerical method presented in this article succeeds in evaluating
a much more uniform, symmetrical, and smooth pressure field than the one obtained with
the SPH method of Oger et al. [40]. Furthermore, unlike SPH methods, where the estima-
tion of the pressure field is a complex procedure, mainly in near boundary areas, in this
pressure-based scheme the pressure field is obtained as directly and naturally as possible,
in every part of the domain. A comparison is shown in the right-hand column of Fig. 17
with Zhao’s analytical results, represented with a dashed line. The notation is the same as
the one used in the article of Zhao et al. [59], p denotes the local pressure, p, is the refer-
ence pressure assumed to be equal to f, v¥(¢) is the vertical velocity of the solid phase, z is
the vertical coordinate on the wedge edge, z; the vertical coordinate of the keel, and z,; of
the highest part of the solid phase. With respect to the first instant # = 0.004 3, the pressure
profile along the edge is in good agreement with Zhao’s analytical ones, then for later time
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frames the numerical results over-estimate the pressure values especially in the lower part
of the wedge. However, the values are still qualitatively comparable. As the wedge enters
into the water the maximum pressure values are located along the side at the highest wetted
point, whereas after the flow separates, the pressure value near the separation point drops
rapidly and the maximum pressure moves towards the bottom of the wedge.

5 Conclusions

In this paper, we have presented a semi-implicit mass and momentum conservative scheme
for complex non-hydrostatic free surface flows, extending previous work on the subject
presented in [18, 34]. Whereas in previous publications the solid phase was either absent or
only fixed and while no physical viscosity was considered, in this paper a simplified Baer-
Nunziato-type model in the incompressible limit is considered for viscous incompressible
two-phase flows containing a liquid, a moving solid phase, and surrounding void. Accord-
ing to the diffuse interface approach, the domain is covered by the liquid phase, the solid
phase, and the surrounding void via a scalar volume fraction function for each phase. Fur-
thermore, a simplified interphase velocity relaxation source term is considered. It has been
introduced to ensure that the boundary conditions between the two phases are automati-
cally well imposed by solving the PDE.

In our numerical scheme, the dynamics of the liquid phase and the solid phase motion
are decoupled. By solving the solid advection equation on a refined subgrid one obtains
a sharp resolution of the new solid volume fraction distribution. Then, to solve the lig-
uid phase related subsystems, which can be obtained from the flux splitting approach,
a specific combination of explicit and implicit FV discretizations on staggered Carte-
sian control volumes is introduced, where the non-conservative products are treated by
a path-conservative approach. The resulting semi-implicit FV discretization of the mass
and momentum equations leads to a mildly nonlinear system for the pressure which can
be efficiently solved with the nested Newton-type technique recently introduced and
analyzed by Casulli et al. in [9, 10, 20, 21]. Last but not least, the time step size is only
limited by the velocities of the two phases contained in the domain, and not by the grav-
ity wave speed nor by the algebraic relaxation source term, which may also become stiff
and thus requires an implicit discretization.

The resulting semi-implicit algorithm is first validated on a set of several academic
classical Navier-Stokes problems further complicated by the addition of the solid phase,
such as the Blasius boundary layer, Hagen-Poiseuille, and lid-driven cavity flows and
was compared with existing exact or numerical reference solutions. In all these tests,
good agreement was obtained between the numerical results and the reference solutions.
Furthermore, some rather challenging computational results are shown for two-phase
flow problems, such as free-surface flows which interact with moving solid bodies. For
these tests the numerical results are validated by comparing with experimental and
numerical results, which again are qualitatively in agreement. Last but not least, both in
the viscous flow on a circular cylinder and in the water entry of a wedge tests the result-
ing pressure field acting on the solid phase is computed and reported and seems to be
in agreement with the experimental reference solution. Thanks to this capability, in the
future, the dynamics of the solid phase could be evaluated directly, rather than imposing
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an a priori kinematic law. Moreover, further work will concern the extension of this new
numerical method also to more realistic and more complex three-dimensional two-phase
flows and moving elastic solids, to the fully compressible case at all Mach numbers, see
e.g., [6, 8, 26, 38, 42, 54, 55], and also to thermodynamically compatible discretiza-
tions, such as those recently forwarded in [1, 11, 53].
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