Journal of Functional Analysis 289 (2025) 111152

Contents lists available at ScienceDirect =

Journal of Functional Analysis

journal homepage: www.elsevier.com/locate/jfa

JOURNAL OF

Regular Article

A refined Lusin type theorem for gradients

Luigi De Masi, Andrea Marchese *

()

Check for
updates

Dipartimento di Matematica, Universita di Trento, Via Sommarive 14, 38123

Trento, Italy

ARTICLE INFO

ABSTRACT

Article history:

Received 31 December 2024
Accepted 16 July 2025
Available online 23 July 2025
Communicated by Guido De
Philippis

MSC:
49Q15
49Q20

Keywords:
Metric currents
Flat chains
Normal currents

We prove a refined version of the celebrated Lusin type
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replace the Lebesgue measure with any Radon measure pu,
and we obtain that the estimate on the LP norm of Dg does
not depend on p(FE), if the value of f is p-a.e. orthogonal
to the decomposability bundle of pu. We observe that our
result implies the 1-dimensional version of the flat chain
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R™ and we state a suitable generalization for k-forms, which
would imply the validity of the conjecture in full generality.
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1. Introduction

In this note, we improve the Lusin type theorem for gradients by Alberti [1, Theorem

1] and its generalization for Radon measures [11, Theorem 2.1], by proving the following

result. We recall that the decomposability bundle of a Radon measure g on R™, is a

Borel map V(p,-) : R = U<, Gr(k,n), taking as values vector subspaces of R", see
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Section 2 for the definition. Given a Borel map f : R® — R", we denote by fy the
projection of f on V(u,-), that is, the map fy : & +— Py(,)f(z), where, for every
subspace L of R™, Pj, denotes the orthogonal projection onto L. Similarly fi 1+ denotes
the projection onto the orthogonal complement of V (i, -).

Theorem 1.1. Let pu be a Radon measure on R™, let @ C R™ be an open set such that
w(Q) < oo and let f: Q — R™ be a Borel map. There exists a constant C(n) such that
for every € > 0 there exists a compact set K C Q and a function g: Q — R of class C*
such that,

PO\ K) <e,
Dyg(z) = f(z)  VeeK,

1_
IDgllzr( < Ce? ™ fvllzni@u + A+ e)llfvslliru for every p € [1,00].

Remark 1.2.

(i) The main result of [1] corresponds to the choice in which y is the Lebesgue mea-
sure. In this case V(u,-) = R"™, so that the second addendum in the estimate for
| DgllLr (0, vanishes.

(ii) Our result improves also Theorem 2.1 of [11], providing an estimate for || Dg||rr(q,u)
which remains bounded when ¢ — 0, if f(z) is orthogonal to V(u,x), for p-a.e.
x €.

(iii) In the latter case, since the Lipschitz constant of g does not depend on ¢, one could
be tempted to conclude that a stronger conclusion holds. That is, there exists a
Lipschitz function g such that Dy,)g(z) = 1, for p-a.e. x € Q. However, this con-
clusion is, in general, false. In fact, the natural choice for g could be a subsequential
limit as € — 0 of the functions g. (depending on ¢) produced by Theorem 1.1, but
being the limit ¢ only Lipschitz, its directional derivative in direction f(z) could
not exist, because f(z) ¢ V(u,x) for p-a.e. z, see [3, Theorem 1.1 (ii)]. Even in
the case in which Dy ,)g(z) exists at u-a.e. x, the conclusion above would still not
be legitimate because this directional derivative is not closable from the space of
Lipschitz functions to (L™ (€2, u), w*), see Theorem 1.3 of [2].

(iv) While the sharpness of the bound 05%71”][\/”[})(517#) is discussed in [1, Remark 4,
Proposition 5], it is natural to ask whether (1 +¢)||fy +||zr(,u) can be replaced by
|l fvllzr(o,u in the conclusion of Theorem 1.1. The answer is negative, as shown
by the following example in Q = (0,2)? C R2:

0,1) ifze(0,2)\{1},y=1
o= Hl\_((o,2) X {1}) + 5(1,1)7 f(xay) = (0’2) if ($7y) = (1v 1)
(0,0) otherwise.
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In fact, let us fix ¢ € (0,1) and any K, g satisfying the first two conclusions of
Theorem 1.1. Since p({D2g = 1}) > 2 — ¢ and Dyg(1,1) = 2, it holds

1
3 p
|\Dg||ip(97#) >2—e+ / |Dog(z,1)|Pda + 2P > 2 — e+ (1 — x0) <2) + 27,
T

where 2o = min{z € (0,1): D2g(t,1) > 3Vt € (x,1]}, which is strictly less than 1
by continuity of Dsg. On the other hand

Hf”il[),p(g’u) =2+ 2p7

thus

3 P
D00 = 10 = =2 + (120 (3)

which is positive for p sufficiently large.

In Section 4, we state a Conjecture which is a suitable generalization of Theorem 1.1
for k-forms and we show that its validity implies the truth of the Ambrosio-Kirchheim
flat chain conjecture, see [5], modifying a strategy outlined in [10]. In particular, we
observe that Theorem 1.1 implies the validity of the conjecture in dimension k = 1.
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2. Notation and preliminaries

We denote by L™ the standard Lebesgue measure on R™ and by H?® the s-dimensional
Hausdorff measure on R".

For any (possibly vector-valued) Radon measure p on R™ we denote by |u] its total
variation measure and by M(u) := |u|(R™). For any Borel set E C R™, we denote by
uLE the restriction of p to F, that is, the measure A — p(E N A), for every Borel set A.

IfeeS"!and ac [0, g}, we denote by C(e,«) the convex cone with axis e and
opening angle «, namely

Cle,a) ={z eR": z-e > cosalx|}.
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We recall the following definition; see §2.6, §6.1 and Theorem 6.4 of [3].

Definition 2.1 (Decomposability bundle). Given a positive Radon measure p on R™ its
decomposability bundle is any Borel map V(u,-) taking values in the set |, .,, Gr(k,n),
that is, in the union of the Grasmannians of vector subspaces of R™ of anyidimension,
with the following property. For p-a.e. x € R™, a vector v € R™ belongs to V(u, ) if and
only if there exists a vector-valued measure T with divl’ = 0 such that

lim M((T — vp)B(z, 1))

T aBe)

During the proof of the main result, we are going to use the notion of C-null sets and
two lemmas proved in [3]; we recall them for the reader’s convenience.

The notion of C(e, «)-null sets formalizes the idea of sets that are not seen by Lipschitz
curves with tangent vector in C'(e, ).

Definition 2.2 (C-null sets). Given a cone C = C(e,a) in R", a set E C R™ is C-null if,
for any Lipschitz curve v: [0,1] — R" satisfying 4(¢) € C for L!-a.e. t € [0, 1], it holds

H'(ENn~([0,1])) = 0.

If the tangent bundle of a measure p has trivial intersection with a cone C, then there
exists a C-null set of full y-measure, as stated by the following lemma.

Lemma 2.3 (/3, Lemma 7.5]). Let a Borel set B in R™, a cone C = C(e,a) in R™ and
a measure p be given such that V(u,x) NC = {0} for p-a.e. x € B. Then there exists a
C-null Borel set F' contained in B such that u(B\ F) = 0.

For a C(e, a)-null compact set K, the “width” of K seen by Lipschitz curves in the
directions of C(e,«) is null by definition. It is then natural to expect the existence of
smooth functions of arbitrarily small size which grow with derivative 1 in the direction
e in K and are almost constant in the other directions, depending on the angle a. This
is precisely the content of the following result.

Lemma 2.4 (/3, Lemma 4.12]). Let be given a cone C' = C(e,a) in R™ and a C-null
compact set K in R™. Then, for every e > 0, there exists a smooth function w: R™ — R
such that, for every x € R™, the following hold:

(i) 0 <w(z) <e;
(i) 0 < Dew(z) < 1, and Dew(zx) = 1 if x € K, where D.w(zx) is the directional
derivative of w in the direction e at point x;

(iii) |dzw(z)| < =, where Z == e*, dzw(x) is the derivative of w at x with respect

to the subspace Z and |dzw(x)| is its operator norm.
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3. Proof of the main result

Thanks to [11, Theorem 2.1], in order to prove Theorem 1.1, it is sufficient to prove
the following result.

Theorem 3.1. Let pu be a Radon measure on R™, let @ C R™ be an open set such that
w(Q) < oo and let f: Q — R™ be a Borel function satisfying f(x) € V(u,x)* for p-a.e.
x € Q. For every € > 0 there exists a compact set K C Q and a function g: Q@ — R of
class C* such that

WO\ K) <,
Dy(x) = f(z)  VreK,

1Dglle o,y < A+ fllern, for everyp e [1,o00].
The proof is based on the following lemmas.

Lemma 3.2 (quantitative version of Lusin’s theorem). Let p be a Radon measure on R™,
let @ C R™ be an open set such that p(2) < oo and let f: Q@ — R™ be a Borel function.
Then, for every e > 0, there exists h € C.(Q,R™) such that

p({z € Q: h(x) # f(2)}) <k,
IAllLe@,n < X+l fllze @, Vp € [1, +o00].

Remark 3.3. Notice that h depends only on f and € and does not depend on p.

Proof of Lemma 3.2. Of course, we can assume f # 0, otherwise there is nothing to
prove, and € < 1. Moreover, we can assume that f € LP(Q, i) for some p € [1, +0o0], oth-
erwise the thesis is just the classical Lusin’s theorem for Radon measures [9, 2.3.5 - 2.3.6],
up to performing a cut-off of the resulting continuous function in a small neighborhood
of 09 (see part 3 of this proof).

For every t > 0 we call

E(f.t) = {x € : | f(2)] > 1}.

e 1 - Truncation. We first observe that, since f € LP(Q, 1) for some p € [1,+0o0], there
exists ¢ > 0 such that either 0 < u(E(f,t)) <  or

w(E(f,t) = and w(E(f,s)) =0 Vs>t (3.1)

Wl M

In either case, we call E := E(f,t) and we construct f; by projecting f on the sphere
of radius t, that is, we define
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f(z) if [f(z)| <t
fi(z) =

; f(z)

| f ()]

Clearly || f1|lz>(q,.) =t and, since | fi(z)| < [f(z)] for every z € 2, we have

if |f(z)| > t.

Ifillze,my < Wfllzey VP € [1, +o0].

Moreover f; = f p-a.e. in case (3.1) holds, whereas

p({z € Q: fi(z) # f(2)}) < W(E) < (3.2)

€
3 )
in the other case.

2 - Continuous approximation. Chosing 0 < n < £-min { w(E), %}, by Lusin’s theorem

for Radon measures [9, 2.3.5 - 2.3.6] there exists a continuous function fo: 2 — R
such that the set F':= {x € Q: fi(x) # f2(x)} satisfies

n(F) <.

Up to projecting on B;(0), we can assume || fa||c(q) < ¢, thus

[ f2llze @ < If2llc@) <t = Ifillze@w < Ifllee@p)- (3.3)

We now estimate the difference || fal|zr(q,.) = |fllLr (0, uniformly for p € [1, +00).
We have

/ o) Pdpa(zr) < / (@) Pdu(z) + 7 u(F U E),
Q Q\(FUE)

while

/ (@) Pdp(z) > / (@) () + t7( ).

Q Q\(FUE)

By these estimates, using u(F) < eu(E) and the relation (where the first inequality
1

is due the fact that incremental ratios of the function s — s» are decreasing since it

is concave, while the second one follows by p > 1)

=

(a+(1+e)b)? —(a+b)r <br[(1+e)p —1] <ebs  Ya,b>0, ¥p € [1,+00),
we obtain

I follrpy = 1flleepn < etu(E)? <ellfllery VP € [1, 4] (3.4)
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Gathering (3.3) and (3.4) we get

Il f2lle @,y < (X + ) fllzr,um Vp € [1, +o0]. (3.5)

We moreover record that the choice of 1, (3.2) and the initial assumption & < 1 imply

w({z € Q: fol) # f(2)}) < gg. (3.6)

e 3 - Cut-off. Since (2 is open and p is a Radon measure, there exists p > 0 such that

g

u({x € Q: dist(x,00) < p}) < : (3.7)

We choose any cut-off function y € C.(Q) such that x(z) = 1 if dist(x,9Q) > p and
we define h := x fa. By |h| < |f2], (3.5), (3.6) and (3.7), h is the desired function. O

Remark 3.4. In fact, [|h||zr(0,) < [|fllzr(,u) can be obtained in the conclusion of
Lemma 3.2 if either x4 has no atoms or f is such that

Vn>03t>0: n>p(E(ft)>0

« In the latter case, if in the step 1 of the proof we choose A > 1 such that u(E(f, At)) >
0, then the projection f; of f on Bt(0) satisfies

112 g — 111 = O = DPU(E(SAD)) € [1, +00).

If we choose the set F' in the second step sufficiently small, one easily gets
||f2||’L’p(Q’H) < ||f\|ip(ﬂ’u) in the second step as well.

o Similarly, if g has no atoms, we can fix a set G C E(f,t) of small measure and
construct fi; by projecting f on the sphere of radius At in G, for some \ < 1. This
produces

LAy = 1112 = (L= A)P(G)  ¥p € [L,+00).
As above, a suitable choice of the set F' in the second step allows to conclude.
We recall that C(e, a) is the convex cone with axis e and angle «, see section 2.
Lemma 3.5. Let pu be a Radon measure on an open set Q C R™, let B CC ) be an open

ball and assume that there exists e € S"~1 and o > 0 such that V(u,x) N C(e, o) = {0}
for p-a.e. x € B. Let § > 0 and let f: Q — R™ be a Borel function such that

’f(x)_Hf”Loo(B“u)e’ <4 for every x € B. (3.8)
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Then, for everyn > 0,7 > 0 there exist an open set U C B and a function w: Q@ — R of
class C' such that

sup [w| <,
B

wW(B\U) <+,

I fll o (B,
t

|Dw(z) — f(z)| < 40 + for every x € U,

Dw(@)] < |l (50 <1+ ) for every @ € B.

tan o

Proof. By Lemma 2.3, there exists a C'(e, a)-null Borel set F' C B such that u(B\F) = 0.
Hence we can find a compact subset K C F such that u(B\K) < 7. Let wg be the smooth

function constructed in Lemma 2.4, with Combining properties (ii)

— ]
T MMhe=@m+
and (iii) of Lemma 2.4, we deduce that

1
|Dwo(x) — €] < ——, for every z € K
tan o
and
1 n
|Dwo(z)] <14+ ——, for every x € R"™.
tan «

By (3.8) the function w = || f|| e (5, wo satisfies:

sup |w| <7,
B
Dw(z) — f(@)] < | Dw@) — Ifll=(z0e| + [|fl=@me — F)
< ”fHLﬂ +4 Ve e K,
tan o
1
< - _
Dw(@)] < fllz=(50 (1 + tm) Ve B

Since w is of class C', we can take a sufficiently small open tubular neighborhood U of
K in B so that, for every x € U, denoting y a point in K which minimizes the distance
to x, we have

|Dw(z) — f(z)| < |[Dw(z) — Dw(y)| + [Dw(y) — f(y)| + [f(y) — f(2)]
<é+ sup |Dw(y) — f(y)| + oscp(f)

£ 1|z (,10)

<46 +
tan «

O
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Lemma 3.6 (approzimation of continuous functions with compact support). Let p be a
Radon measure on R™, let 2 C R™ be an open set such that (1(2) < oo and let h: Q@ — R”™
be a continuous function with compact support in Q satisfying h(z) € V(u, z)* for u-a.e.
x € Q. Then for every € > 0 there exists a compact set K C Q) and a function g: Q@ — R
of class C' such that

n(Q\K) <e,
supp g C supp h,
Dg(a) = h(z) ¥z eK,
[Dgllcoay < (1 +¢)llhllco)-
Proof. Of course we can assume € < 1 and h # 0. By the classical Lusin’s theorem for

Radon measures [9, 2.3.5 - 2.3.6], we find a compact set C' such that the map z — V(u, z)
is continuous on C, that h(z) € V(u,z)* for every z € C and

wQ\C) < . (3.9)

o

The idea is to construct a series of C' functions g,, such that h — ZZ:O Dg,, converges
uniformly to 0 on a compact set K C Q with large measure and define g = ;r:(’) n.-
More precisely we are going to inductively define a decreasing sequence of open sets V,
with V3 C supp h and a sequence of functions g,, € C}(V,,) with the following properties:

3

M(Q\vn)g(1—2*”*1)§ Vn >0, (3.10)
n 5 n
h—3" Dy, < (5) Ihlovey Vo 20, (3.11)
k=0 Cco(Vy)
g e\
IDgnllcoiy < (1+5) (5) Ihllco@y — ¥n =0, (3.12)

and finally we will fix a suitable compact set K C (1, cp Vi on which h = ZZS gn. As
base of the induction, we set

e Step 1: First approximation.
Let us choose 0 > 0,0 < a < 7 such that

[l co(a)
tan «

40 +

IN

19
§||h||00(n)~ (3.13)

Let = € C; we distinguish two cases.
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— If h(z) = 0, by continuity there exists r, > 0 such that

|h(y)| < g Yy € B, ().
— If h(z) # 0, we set
_ )
|h(z)]

By continuity of V and h, and using that h(z) € V(u, )"+ for every x € C, we can
find 7, > 0 such that B, (x) CC {h # 0} and

V(p,y)NCle,a) =0, Yy € CN B, (x), (3.14)
(h(y);e) > (L=0)[h(y)]  Vye€ By, (x). (3.15)

By classical covering arguments, see for instance [8, Theorem 1.29], there exists a
finite set of points z1,...,2y € C and radii r; € (0,r,,) for i = 1,..., N such that

the closed balls By, (z;) C Q are mutually disjoint and

N
i (C’\ U B,, (xl)> <2 %,

i=1

Let us call B; .= B,,(x;). We can choose 0 < d < min{r;:4 = 1,...,N} so that,
denoting B; == B,,_a(x;), it holds

W (C\ U Bz> <27%.

=1
We fix
n < dd.
Now, for every fixed i = 1,..., N, we construct a function w;:  — R as follows.

— If h(z;) = 0, we set U; := B; and we fix w; = 0. We clearly have

|Dwi(y) — h(y)| <9, vy € C'NB;,
[Dwi(y)| < [|hllco) Yy € Bi.
— If h(x;) # 0, then by (3.14) and (3.15) we can apply Lemma 3.5 to the measure

p(C N B;) in order to find, choosing v; < 55, open sets U; C B; and functions
u;: Q — R of class C! satisfying
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sup |ug| <1,
B;
w(CNB;\U;) <,

1A]lco )
tan «

|Du;(x) — h(z)] < 46 + for every x € U,

1
Dus(@)] < [l ongen (1 np m) for every @ € B,.

We now consider a cutoff function x € C.(B;,[0,1]) such that

x(z)=1 if z € By,
|Dx|(z) < 2. forallz € B;

and define the function
w; = XU
Thus w; satisfies
Sup |wi| <,

17 chm

|Dw;(x) — h(x)| < 40 + for every z € U; N B,

[Duwr(a)] < [x(@)||Dwi()] + [Dx (@) [us(@)] < [hllone (1 + tio) 2

for every = € B;.

Thus the function ¢;: Q — R, defined by gi(x) := Zivzl W;(x) is compactly sup-
ported in Ufil B,,(z;) and satisfies

N
||hHCO(Q) for every x € U(UZ N B;),

i=1

Bl ©
D <4+ ———
[Dgu(a) — h(w)| < 45+ <

1 €
|Dg1(z)| < [|h]lco) (1 + tana) +25 < (1 + 5) 12l co(ay for every x € Q,

N
supp g1 C | J By, (z:) C {h # 0} C supph.

i=1

Letting
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we notice that

|h(z) — Dg1(z)| < S|hllco) for every x € V4,

N ™

(3.9)

p(C\ W) <27% &2 o\ ) < (1 -2,

2

Step 2: Iteration.

We now assume that g,,, V;, are defined and satisfy (3.10), (3.11) and (3.12): we want
to construct gn41, Vat1-

We apply the same arguments of Step 1 with h — >°;'_, Dy, in place of h and V,
in place of 2; moreover we choose the new radii r; in such a way that the new balls
B;, Bi are contained in V,, and satisfy

N
1 (C NV \ U BZ') < 274,
i=1

We thus construct the open sets U; C V,,NB;, then V,, 11 the union of U;NB;, and the
function g1 € C}(V,,) as in the previous step, satisfying the following properties:

PO\ Vi) < (L= 277725,

supp gn+1 C Va,

h(z) - (Z Dgn<x>> — Dgoi (@)
k=0

(3.11) , g\ n+1
< (5) Ihllcoy Vo € Vi,

5 (5) e

<

h(z) =Y Dgn(x)
k=0

N ™

co(Q)

Dgasa(@)] < (1+35) h@) = Y Dygu(a)
k=0

CO (Vi)

Vo € V,.

Step 3: Convergence and estimates.
By (3.10) it holds 1 (Q2\ N,en Va) < 5. Hence there exists a compact set K C
Mnen Vi such that

p(Q\K) <e.

We define g = Zfil g; and we observe that the series converges in the strong
topology of C1(£2). Indeed each supp g, C V;,_1 C Q and, by (3.11), we get

> 3 > e\
> 1Pgallcoey < (1+5) Ihllosn - (5)
n=1 n=0
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€ 1 (e<1)
= (1+3) 7= llosiey < A+ &)lllcogey.
2

This estimate implies the strong convergence of the series Z:g gn to g in CL(Q)
and it moreover proves

[ Dgllco) < (14 €)llhllco)-

Finally, letting n — +oo in (3.11), the convergence of the series Z:g gn to g in
CL(Q) implies

h(z) = Dg(x) Vee K. O
Proof of Theorem 1.1. By Lemma 3.2, there exists h € C.(€2) such that

p({z € Q:h(z) # f(z)}) <

S
Iloiom < (145) 1fleriom P € [L+oc)

)

N ™

If h =0, then g = 0 is the desired function; otherwise we fix N € N such that

h h
g Plovey ey [ Mlr@n | (3.16)
N 4 pefl,+o0] w()»

and such N exists since the above infimum is strictly positive (by continuity of the map
1
p = ||l Lo,y /m(2) 7). We define N functions hy, ..., hx € C.(2,R™) as follows:

0 if |h(z)] < (i —1)n

hi(x) =  h(@) = (i = Dy i (0= 1y < |h(z)| < in

7]% if [h(x)| > in.

Hence the functions h; have the following properties:

supphy CC supphy_1--- CC supph; = supph,
0<h;<n Vi=1,...,N,
h=hi+ - +hy,

Now for every i = 1,..., N we apply Lemma 3.6 to h;, obtaining a function g; € C}(Q)
and a compact set K; C supp h; which satisfies the conclusions of the lemma with 5% in
place of €. Let C = ﬂfil K;.

We define g = ZZ]\LI g; and we claim that g satisfies the conclusions of the theorem.
First of all we have f = Dg on CN{h = f} and
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p@\(CNn{h=f}) <p@\C)+pu({n#f}) <e
By interior approximation, we can find a compact set K C (C N {h = f}) such that

w(Q\K) <e.
It remains to estimate the LP-norms of Dg: to this aim, we first claim that

IDg(z)| < |h(z)| +27 Vo€ (3.17)

Indeed, first of all clearly |Dg(x)| < |h(z)|+ 27 for every x € Q\ supp hy since supp g C
supp h = supp h; by construction. Moreover, for every x € supp h; \ supp h;1 it holds

|h(z)| = (i = 1)n, (3.18)
while g;(x) = 0 for every j > ¢ (since supp g; C supp h;) implies

(supp g; Csupp h;) i ) c (e<1) )
Dg@)| =Y IDg@) i (1455 )n £ G+ (3.19)
j=1

(3.18) and (3.19) prove (3.17), that in turn implies

1 (3.16) c
1Dl ) < Ihllr@ +20(u()7 < (14 2) [hlloian VP € [1,400),
concluding the proof. O
4. Flat chain conjecture

The question on which differential operator admits a Lusin type theorem as in [1]
has recently attracted interest, see [6]. We now focus on the case where the gradient is
replaced by the exterior derivative acting on (k — 1)-forms.

We conjecture that the following version of Theorem 3.1 holds, where f is replaced
by a k-form. Here V* is the equivalent of the decomposability bundle for k-vectors, see
[4]. We denote by I(h,n) the set of multi-indexes of length h in R™ i.e. the set of arrays
(i1, . ytp) with 1 <41 <idg, - <ip < n.

Conjecture 4.1. Let i1 be a Radon measure on R™, let Q C R™ be an open set such that
w(Q) < oo and let w: Q — A¥(R™) be a Borel k-form satisfying

(w(z), 7y =0 for every 7 € V*(u,x), for p-a.e. x € Q.

For every ¢ > 0 there exists a compact set K C Q and a (k — 1)-form ¢ =
Zlej(kfl’n) ordxy in Q of class C! such that
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12\ K) <e,
do(x) = w(x) Vo € K,
Lip(¢r) < C(n)||w|pee(a,u) for every I € I(k —1,n).

We note that a positive solution of the above conjecture would immediately imply
the validity of the Ambrosio-Kirchheim flat chain conjecture about the equivalence of
metric currents in R™ and Federer-Fleming flat chains with finite mass, see [5]. In par-
ticular, since Theorem 1.1 implies Conjecture 4.1 in the case k = 1, it also implies the
(already known) 1-dimensional version of the flat chain conjecture, see also [12,2,10].
The conjecture was also proved in dimension k = n in [7]. Here we show the implication
between the two conjectures, referring to [10] for the relevant notation. We only remind
the reader that T represents the classical current associated with a metric current 7' (of
finite mass).

Proof of the flat chain conjecture assuming the validity of Conjecture 4.1. Towards a
proof by contradiction of the flat chain conjecture, assume that there exists a non trivial
metric k-current T = 7 in R” such that T is not a flat chain. By subtracting the flat
chain (Pyx7)p (this current is a flat chain because of [4, Theorem 1.2]), we may assume
that 7(z) € V¥(u,z)* for p-a.e. x. Here both the projection Py« : Ax(R™) — Ax(R™)
on V* and the orthogonal complement (V*)1 are meant with respect to the Euclidean
scalar product on the space of k-vectors.

As shown in the proof of Theorem 4.4 of [10], u is singular with respect to Lebesgue
measure, and by Lemma 4.2 of [10], there exists a sequence of vectors v; € R™ such that
v; — 0 and, denoting, for every w € R", 7, : R®™ — R" the map = — =+ w, the currents
T and (ij)ﬁT, are mutually singular for every j € N. In particular, denoting

M.(T) := sup{(T\w) : w € C°(2L,A*(RY)), |w(z)| < 1, Ve € O},
where |w(x)| denotes the Euclidean norm of the k-covector w(z), we have
M (T — (Tv_j)ﬁT) = 2M(T) for every j € N.
For every j € N, let w; be a Borel k form such that |w;|req,,) <1 and
(T — (ij)ﬂT7 w;) = 2M, (7).
In particular for every j € N,
(wj, 7y =0 for every 7 € VF¥(u,2), for p-a.e. x.

Fix ¢ > 0 sufficiently small and let ¢; be the corresponding (k — 1)-forms obtained
applying Conjecture 4.1 with p = |T — (ij)ﬁﬂ. Possibly subtracting a constant, we can
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assume that ¢;(0) = 0, for every j, so that we can find a C(n)-Lipschitz (k — 1)-form
¢oo such that, up to non-relabeled subsequences,

©¢j = ¢oo locally uniformly. (4.1)

We deduce that for every j € N

[\)
=
—
~
~
I
—~
~
—~
<
g
T
S
AN
I
~
£
N
B
g
S
£

Thanks to the continuity of metric currents, the equi-Lipschitz continuity of the ¢,’s,
and (4.1), the quantity T'(1,¢;) — T(1,¢; o 7,,) tends to 0 as j — 400 and we reach a
contradiction, if € is chosen sufficiently small. O
Remark 4.2.
o Thanks to Proposition 3.2 and Proposition 3.3 of [10], in order to prove the flat chain
conjecture in full generality, it would suffice to prove Conjecture 4.1 for closed forms
w.
e In the previous proof we did not need the full validity of the equality
do(x) = w(x) Vo € K,
but only that, for a given k-vector field 7(z) € V¥(u,x)*, the (k — 1)-form ¢ yields
(dp(x),7(2)) = (w(z),7(2))  VrekK.
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