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Tracked vehicles distribute their weight continuously over a large surface area (the tracks). This distinctive
feature makes them the preferred choice for vehicles required to traverse soft and uneven terrain. From a
robotics perspective, however, this flexibility comes at a cost: the complexity of modeling the system and
the resulting difficulty in designing theoretically sound navigation solutions. In this paper, we aim to bridge
this gap by proposing a framework for the navigation of tracked vehicles, built upon three key pillars.
The first pillar comprises two models: a simulation model and a control-oriented model. The simulation
model captures the intricate terramechanics dynamics arising from soil-track interaction and is employed to
develop faithful digital twins of the system across a wide range of operating conditions. The control-oriented
model is pseudo-kinematic and mathematically tractable, enabling the design of efficient and theoretically
robust control schemes. The second pillar is a Lyapunov-based feedback trajectory controller that provides
certifiable tracking guarantees. The third pillar is a portfolio of motion planning solutions, each offering
different complexity-accuracy trade-offs. The various components of the proposed approach are validated
through extensive simulations and experimental evaluations on two different robotic platforms, namely the
MAXXII and the LIMO robots.
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1. Introduction and right tracks. However, the lateral friction force depends on both the
linear and angular velocities of the vehicle, resulting in challenging and
time-varying constraints [1].

To fully exploit the potential of these vehicles, we need accurate
and practical models that capture the terramechanics interaction, along
with control strategies that can take full advantage of such models.

Applications. Unmanned Ground Vehicles (UGV) are often deployed

Tracked mobile robots are known for their resistance to slippage,
thanks to the large contact area between their tracks and the ground.
This makes them well-suited for a wide range of robot-assisted agricul-
tural applications, including weed control, seeding, fertilization, pest
management, and crop harvesting. However, this flexibility comes at
a cost: the complex interaction between the vehicle and the ground

makes the system dynamics highly intricate, the parameters difficult to
estimate, and the system itself challenging to control.

Most of the difficulty lies in the so-called skid-steering mechanism.
Due to the lateral rigidity of the tracks, when a tracked vehicle follows
a curved path, the entire track assembly must rotate at the same
angular velocity as the vehicle. In other words, since the vehicle cannot
rely on the pure rolling assumption of differential drive systems or
a separate steering mechanism a la Ackermann, it is forced to skid
its tracks on the ground when turning. The motion of skid-steering
vehicles is determined by the two longitudinal track forces and the
lateral friction force. These vehicles control their heading similarly to
differentially driven systems — by varying the relative speeds of the left

in precision agricultural settings [2] to autonomously perform tasks
such as spraying [3,4], inspection [5], and harvesting [6]. Several
mobile robotic platforms have been developed for these purposes,
leading to significant improvements in productivity [7]. Enhancing con-
trol accuracy is crucial in those applications where stringent tracking
requirements must be met, particularly when automating routine or
complex tasks in orchards [8] and vineyards under varying terrain con-
ditions. In orchards, in particular, the environment is densely populated
with irregularly distributed obstacles and narrow pathways. In such
settings, tolerance for errors in trajectory planning and execution is
considerably lower than in open agricultural fields.
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Mass of the vehicle

Tensor of inertia expressed in the body reference
frame

Rotational inertia of the vehicle along the z-axis
Longitudinal velocity of the vehicle Center of
Mass (CoM) in the body reference frame

Lateral velocity of the vehicle CoM in the body
reference frame

angular velocity about z axis in the body
reference frame

angular velocity vector in body reference frame
Left/right sprocket wheel angular velocity
Sprocket wheel radius

Distance between the tracks’ center-lines

Yaw angle of the base x axis

Yaw angle of a point on a track

time needed for a point of the track to reach
a specific coordinate in the vehicle body frame
starting from the initial contact with the terrain
Longitudinal coordinate in the body reference
frame of a point of the left/right track

Lateral coordinate in the body reference frame of
a point of the left/right track

Angle (with respect to the base x axis) of the
shear velocity vector of the infinitesimal track
element

Friction coefficient

Shear-displacement in the inertial (world) refer-
ence frame along the x-axis

Shear-displacement in the inertial (world) refer-
ence frame along the y-axis

Shear-velocity in the inertial (world) reference
frame along the x-axis

Shear-velocity in the inertial (world) reference
frame along the y-axis

Shear-displacement magnitude

Shear-stress magnitude

Position of the center of mass in inertial frame
Velocity of the center of mass in the inertial frame
Projection of the center of mass on the bottom
track level

Projection of the center of mass on the terrain
level

ZYX Euler angles representing vehicle orientation
Normal component of the terrain frame
Tangential component of the terrain frame along
the x-axis

Tangential component of the terrain frame along
the y-axis

Terrain linear stiffness

Terrain linear damping

Terrain torsional stiffness

Terrain torsional damping

Auxiliary variable equal to ¢ + ¢4

Longitudinal slippage on the left/right track
Target slack for optimal control feasibility
Reference longitudinal velocity

? Reference angular velocity

k, Lyapunov control cartesian gain

kg Lyapunov control orientation gain

x4, 97, o Reference state (expressed in the inertial frame)

o Normal pressure for the ij patch

oFer/r Longitudinal force generated by the left/right
track in the body frame

o FyL/r Lateral force generated by the left/right track in
the body frame

oMz /R Moment about the z-axis generated by the

left/right track in the body frame
£, Normal force acting on the ij-th element of the
left/right track

F, Overall traction force generated by the terrain
F, Overall lateral force generated by the terrain
F, Normal force generated by the terrain

M, Moment generated by the normal terrain force
T, Duration of the planned trajectory

Note that unless otherwise stated, bold uppercase letters denote
matrices in R3*3, while bold lowercase letters represent vectors in
R3 throughout the paper. The subscript L/ R refer to the left/right
track, respectively. Components marked with the subscripts ij
denote the ith row and jth column of the tracks’ discretized
footprint.

Related work. Soil mechanics is often characterized by empirical shear
stress-slippage relationships, derived from massive amounts of experi-
mental data [11,12]. To obtain this relationship, one must determine
the deformation of soil elements and, using nonlinear stress—strain re-
lationships (i.e., the soil model), calculate a complex 3D stress field re-
sulting in soil-track interaction forces. Due to the difficulty of deriving
a full theoretical model of soil-track interaction, simplified analytical
soil models are typically developed to capture the key physics, often
under the assumptions of homogeneous soil and a uniformly distributed
load along the tracks. At the macroscopic level, the interaction forces
between the track and the soil result in motion and slippage. Although
traction and lateral forces can be used in the integration of dynamic
models [13], track slip can also be associated to purely kinematic
effects by comparing the odometry-based track velocity to the sprocket
wheel’s speed.

In this direction, different authors proposed an extended Kalman
filter [14,15] or a least squares approach [16] to identify, in real
time, the soil-track slip parameters. Moosavian et al. [17] proposed
approximating the longitudinal slip as an exponential function of the
turning radius, resulting in an approximation that proved effective at
low speeds.

In the papers mentioned above, longitudinal slip estimation is com-
pensated through a feed-forward controller using a kinematic model,
where the angular speed of the driving sprockets is calculated at
each time step and sent to the low-level controller as a set point.
Piccinini et al. [18] take a different avenue, using neural networks to
predict lateral slippage for wheeled vehicles. On a similar line, more
recently, [19] proposed learning a rapidly tunable model of residual
dynamics and disturbances, where a deep neural network maps terrain
features and vehicle states to the current actuation matrix.

Control solutions based solely on kinematic models are common-
place in the literature on nonholonomic vehicle control. Differential-
drive vehicles are often modeled using a nonlinear kinematic formula-
tion — such as the well-known unicycle — where trajectory control can
be achieved via Lyapunov-based strategies [20] or feedback lineariza-
tion [21]. In contrast to differential-drive robots, the vast majority
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Fig. 1. (left) Picture of the MaxxII tracked vehicle [9] and (right) of the LIMO robot [10] used for the experiments.

of control solutions for tracked vehicles rely on dynamic models [13,
22-24], owing to the difficulty of separating kinematic and dynamic
effects.

Initial efforts to compensate for the system dynamics and apply
kinematic control laws accounting for the system nonholonomic na-
ture rooted on nonlinear feedback control [25]. Zou et al. [22] em-
ployed nonlinear feedback to convert the dynamic control challenge
into a kinematic one. More recently, Sabiha et al. [24] combined back-
stepping with sliding mode control to design a trajectory tracking
controller accounting for track slippage. However, since their robot is
operated at very low advancing speeds, slippage effects are minor and
the advantages of their strategy are not evident.

The complexity of modeling the interaction between track and ter-
rain has pushed toward the adoption of pseudo-kinematic models, where
the dynamic effects are embedded into a small set of parameters [26].
Given the difficulty of accurately modeling the complex slip behavior
between the tracks and the terrain, pure kinematic approaches have
been recently presented based on the Instantaneous Center of Rotation
(ICR) [27].! Yamamuchi et al. [28] proposed various simplified lon-
gitudinal and lateral slippage models for both turning and straight-line
motions. They used approximations to reduce terrain-dependent param-
eters and employed regression analysis trained on inertial data. The
resulting models were used to achieve slip-compensated odometry on
loose and weak slopes. However, the use of pseudo-kineamtic models
in control is still an open problem and the advantages are still to be
shown.

The lessons learned in the literature mentioned above is that, given
the measurement of the vehicle velocity and the track drive sprocket
speeds, it is possible to determine key parameters of the soil model. An
important research direction is to find ways to integrate this knowledge
into control algorithms and motion planning that adapt to the soil
conditions, i.e., slippage-aware control and motion planning.

Paper contribution and summary. The purpose of this paper is to de-
velop a reliable framework to support robust navigation of tracked
vehicles across a range of terrains (of different slipperiness) and slopes.
The framework comprises three main components: 1. Accurate system
models that capture the complex effects arising from terramechanics
dynamics; 2. Motion control strategies that leverage these models
to ensure high-fidelity trajectory tracking; 3. Scalable motion plan-
ning methods that efficiently generate feasible trajectories, taking into
account the vehicle’s dynamic limitations.

Contributions to system modeling. Our modeling contribution is
twofold. First, we introduce a simulation model applicable to both
flat and inclined terrains. This model captures realistic terrain-vehile
interactions using a distributed parameter approach, accounting for

1 The instantaneous center of rotation is defined as the point in the
horizontal plane about which the motion of the vehicle can be represented
by a pure rotation and no translation occurs.

both uniform and non-uniform load distributions. Its primary aim is
to reduce the sim-to-real gap by enabling the exploration of operating
scenarios that would be difficult or costly to replicate in a laboratory
setting.

Second, we propose a control-oriented pseudo-kinematic model,
which significantly simplifies the design of trajectory-following con-
trollers and motion planners. Our approach is inspired by Moosavian
et al. [17], who model both lateral and longitudinal slippage as pseudo-
kinematic effects. In their formulation, lateral slippage depends solely
on the turning radius, however upon closer analysis, this model exhibits
a critical limitation: a singularity due to a vertical asymptote when the
turning radius approaches half the vehicle’s width. We address this is-
sue by adopting an isomorphic parametrization that relates longitudinal
slippage directly to the sprocket wheel speeds. Additionally, we intro-
duce a function approximator, based on machine learning techniques,
to estimate the slippage parameters for the pseudo-kinematic model.
The model has been validated using experimental data collected from
a MaxxII robot [9] (Fig. 1(left)).

Contribution to trajectory control design. We propose a trajectory
controller based on a pseudo-kinematic model of a tracked vehicle
that includes lateral slippage, inspired by [22] that incorporates feed-
forward compensation for longitudinal slippage. The slippage parame-
ters are estimated via the function approximators introduced earlier.
The controller design is grounded in a Lyapunov-based framework,
which provides theoretical guarantees on tracking performance by
dynamically compensating for lateral slippage during motion. The en-
hanced controller performance was experimentally validated against
a standard baseline unicycle controller on the LIMO tracked robot
platform [10] (see Fig. 1(right)).

Contribution to motion planning. We present a set of motion plan-
ning techniques with varying levels of sophistication and evaluate
their performance in conjunction with the trajectory control algo-
rithm proposed in this paper. The first class of methods is based on
Dubins manoeuvres and G1 curves (clothoids). In particular, Dubins
manoeuvres comprises circular arcs and straight-line segments, and are
known to be optimal for nonholonomic vehicles traveling at constant
speed [29]. G1 curves, characterized by linearly varying curvature,
offer a good approximation of minimum-time paths for car-like vehicles
subject to curvature limits and longitudinal and lateral acceleration
constraints [30]. These curve-based techniques enable the efficient
generation of paths through a large number of waypoints [31,32],
making them well-suited for rapid trajectory planning. However, due to
discrepancies between the unicycle model and the dynamics of tracked
vehicles, the resulting trajectories may not be exactly trackable. As an
alternative, we propose a slippage-aware motion planner based on nu-
merical optimization, which significantly improves tracking accuracy,
albeit at the cost of increased computational effort.

Finally, we present a thorough comparative analysis of the track-
ing performance achieved by the slippage-aware controller and plan-
ner against commonly used approaches based on Dubins paths and
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Table 1
State of the art approaches comparison.
Paper Slip prediction method Control type Exp. Validation Non Unif. Load Slopes Slip aware
planning
Ours Regression, Decision Trees Kin. Based Control (Lyapunov) v v v v
[1] Terramechanics equation Open Loop v v
[14] Ext. Kalman Filter Open Loop
[13] Terramechanics equation Feedback Linearization
[16] Newton Raphson/LS Open Loop
[17] Regression, exponentials Kin. Based (Lyapunov) v
[22] Terramechanics eq. Feedback lin. + Kin. Based Control (Lyapunov)
[23] Newton-Raphson (NR)/ Unsc. Kalman Filter dynamic state feedback + state comp.
[24] Terramechanics Kin. back-stepping + Sliding Mode Dynamic Control v
[15] Sliding Mode Observer Open Loop v
[26] Estim. of Track’s ICR via Generic Algorithms Open Loop v
[19] Visual Foundation Model + deep neural Non-linear Adaptive Controller v v
network
Table 2 the forces involved — specifically, the interaction forces between the
Model assumptions. vehicle and the terrain. To this end, we employ the terramechanics
Model Terrain interaction  Slip Distrib. = Load Distrib. ~ Terrain framework (brush-bristle model) presented in [12], which describes the
Dynamic (11) Distributed Uniform Uniform Flat relationship between shear stress® and shear displacement as
Dynamic (13) Distributed Uniform Non-uniform Sloped
Kinematic (27) Lumped - - Sloped T=c+ou (1 - e_j/K) s (€8]

clothoids. The improvements in accuracy are evaluated through sim-
ulations using the aforementioned distributed parameter models. Table
1 summarizes the overall improvements of our method with respect to
the other methods (listed in chronological order).

Outline. The remainder of the paper is organized as follows. Section 2
introduces the distributed parameter terrain models developed for flat
and sloped surfaces that will be used as basis for the simulations in
Sections 7 and 8. Section 3 provides a brief overview of the pseudo-
kinematic model for tracked vehicles upon which the controller will
be synthesized. Section 4 describes the machine learning framework
for slippage identification and details the experimental setup used to
collect data with the MaxxII robot. Section 5 presents the design of
the slippage-aware tracking controller, while Section 6 outlines the
optimization-based slippage-aware planner together with other state-
of-the art planning strategies. Sections 7 and 8 report the results of
simulations and comparative evaluations on flat and sloped terrain,
respectively, and discuss the limitations of the proposed approach. Ex-
perimental results with the LIMO robot are also reported in Section 7.2.
Finally, Section 9 draws the conclusions highlighting directions for
future work.

2. Dynamic modeling of tracked vehicles

We now introduce two dynamic models of a tracked vehicle: (a)
a model for simulating motion on flat terrain; and (b) an extension
of this model to 3D sloped terrain, incorporating progressively more
realistic terrain interactions, including the modeling of uniform and
nonuniform load distributions on the tracks. These models will be
used to generate the simulation results on flat (Section 7) and sloped
(Section 8) surfaces, respectively. The assumptions undertaken for each
model together with their features are summarized in Table 2.

2.1. Dynamic model for flat terrain

The dynamic model of a tracked vehicle for flat terrain corresponds
to that presented in [12], which is reported here for completeness.
This model carries the following assumptions: (a) horizontal terrain
with respect to gravity (i.e., no terrain slopes); (b) uniform slippage
distribution; (¢) uniform load distribution under both tracks; (d) no load
transfer between tracks during motion due to accelerations.

The system is modeled through the state variables x, y, and ¢
(yaw angle with respect to the z-axis), and assumes a constant robot
height from the ground. To build the model, we first need to compute

where u is the friction coefficient, ¢ is the terrain cohesion coefficient
that represents adhesion and between the track and the ground, ¢ is
the normal pressure, and K represents the shear deformation modulus,
i.e., the slope of the shear stress curve at the origin in the case ¢ = 0,
which indicates the magnitude of the shear displacement required to
develop the maximum shear stress.> On non-deformable terrains with
negligible adhesion between the track and the ground, the cohesive
forces of the ground are not present, hence term ¢ can be neglected.
To compute the shear stress r we need the magnitude of the shear dis-
placement (also called shear strain) j. First let us consider an arbitrary
point on either the left or the right track defined by the coordinate pair
(xp, y,) expressed in the body reference frame of the tracked vehicle.

We first present the development for the left track, as the same rea-
soning applies to the right one. Throughout this work, unless specified
otherwise, vectors are assumed to be expressed in the inertial frame.
A depiction of the tracked vehicle and its unicycle approximation, to-
gether with the standard definitions for frames and variables, is shown
in Fig. 2. The shear velocity ,j, € R? can be defined as the difference
between absolute velocity of a point on the left track (expressed in the
body reference frame) and the input sprocket wheel speed:

ij — [j'u,x:| - [mb - wzyp — Wy LT ) (2)
b .]v.y bUy + wzxp

where v, is the longitudinal, ,v, the lateral velocity in the body

reference frame, w, is the angular velocity w.r.t. the vertical axis, w,, ;

is the left sprocket wheel speed, and r is the sprocket wheel radius

(see Fig. 2). The time required for a point on the track to reach the

coordinate x, from its initial contact with the terrain is computed as

‘1 ¢ =x,
(= / dx, = 2, 3
Xp ww,Lr ww,Lr

2 In the context of a brush slippage model, shear stress refers to the force
per unit area acting parallel to the surface of the material, causing it to deform
or slide. This model simulates the interaction between a brush and a surface,
where the brush’s bristles deform and slide against the surface, generating
shear stress.

3 A higher shear deformation modulus K indicates that a soil will resist
more shear stress before deforming. In hard soils, the shear modulus is
generally higher, meaning they can withstand larger shear stresses without
significant deformation. It is worth noting that Coulomb’s law of friction
represents a special case of Eq. (1). According to Coulomb’s law, the maximum
frictional force is instantly mobilized as soon as any relative motion occurs
between the track and the ground. This corresponds to setting the value of K
to zero.
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Fig. 2. Top view of a differentially steered tracked mobile robot (left) and its
unicycle approximation (right). Standard definitions for frames and variables
are also provided for both models.

where 7 is the track semi-length. The angle that represents the angular
displacement of the vehicle during the time interval 7,, can be deter-
mined by the integration of the angular velocity (assumed constant)
with respect to time 1 that it takes for the point (x ) to travel from
the initial point of contact at the front of the track

» Yp

@, (¢ —x,)
@, = wztpdxp = Tﬂ (4)
If the ground is deformable and non-cohesive, the adhesion between
the track and the ground is negligible. Therefore, the shear displace-
ment, in the inertial frame, can be obtained via integration of the
shear-velocities

, /f whox (o /" wley )
Jx = — X, Jy = Xps
* X ww,Lr r 7 x wuqu r

P P

where
[ju,x] _ [COS(fp,, +@) —sin(e, + @) [ju,x]
. - . . s
w vy sin(p, + @) cos(@, + @) |, [y

and where ¢ is the heading angle of the robot. This integral can
be solved analytically and yields the following expressions for the
shear-displacement components

bJu,y €08(a) + bsin(a) — (v, + w, &) cos(¢p) — bsin(¢p)

X

wl
) bJv,y Sin(@) — beos(a) — (v, + ,?)sin(¢) — bcos(¢)
Jy = o, 5
w, (¢ — xp)
== = b= - 6
a= ot pUx = @V, 6)

whose magnitude is

TERVE

By applying (1), the magnitude T(Xps Vps Uy @7, @1/ R) € R of the shear
stress at (x,, y,) is obtained, where w; / are the wheel sprocket speed
of the left/right track. To obtain the lateral and longitudinal compo-
nents of the shear stress vector, the shear-velocity is used. Indeed, the
direction of the local contact force for a point is opposite to its shear
velocity vector. Hence, by denoting with § the angle with respect to
the base frame x axis (see Fig. 2 and refer to [12] for details on the
computation of §), we have

lladoll” lsoll”
As a consequence, the infinitesimal forces and moments exchanged
between the track and the ground by the terramechanics interactions

sin(8) = @

and cos(8) =
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Fig. 3. Left track discretization and vector-field of the shear velocity for a
right turn.

are obtained from the shear stress on infinitesimal contact areas dA of
the track, i.e., *

pdF, = —7cos(6)dA,
pdFy = —7sin(6) d4, (8)
pdM, = =¥y pdF + x, bdFy,

Since the integration over the whole tracks’ area cannot be solved
analytically, we discretize each track into n patches of area A, (refer to
Fig. 3), and the total forces and moments acting on the left (or right)
track are calculated as the summation of every contribution as

n n n
be=Zbde,i’ be =ZbdFy,i7 sz=Zbsz,i' (9)
i=1 i=1 i=1
Under the uniform load assumption, the normal pressure ¢ used to
compute the shear stress in Eq. (1) remains constant across all contact
patches and can be directly determined from the total load as
_ mg
O; = Z_A,’
where A, = nA, represents the contact area of each track. Then, for a
tracked vehicle of mass m with a moment of inertia I, about a vertical
axis (passing through the Center of Mass (CoM)®), the equations of
motion can be written in the body frame (c.f. Appendix for a detailed
derivation) as

Vi j, 10)

m(y0y — o, y0,) =, Fy p +,Fy g — (R +,RR),
—— S————
F, R;
m(bvy to, mb) = be,L + be,R >
S———— an

Fy

1

z

R B
W=y M, + M, g~ E(bRR +4Rp),
—_—
M, o

r

where F, is the total traction force, R, is the total longitudinal resistance
force to the track movement (i.e., due to rolling friction), F, the total
lateral resistance force, M, is the turning moment, M, the turning
resistance moment and B is the distance between the two centerlines
of the tracks. Eq. (11) represent the force equilibrium in each of the
three Degree of Freedom (DoFs) of the vehicle. We parametrize the 3D
configuration space and its tangent mapping as

x X v
] ) R 0 bYx

n=\y ERZXS’ n=\|yl|= [ (;_?) 1] »Uy |> (12)
® ? @

where ¢ is the vehicle heading angle (about the z-axis, which is
pointing up), and x and y its Cartesian position in absolute coordinates

4 Note that because of the definition of & the infinitesimal forces are
defined in the body frame. Defining forces and dynamics in the body frame
is instrumental to have a time-invariant inertia tensor, which simplifies the
dynamic equations (when considering the non-flat terrain case).

5 We assume that the CoM coincides with the origin of the body frame.
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Fig. 4. Side view of a differentially steered tracked mobile robot on a slope
highlighting the standard definitions for frames and variables. W is the inertial
frame, B is the body frame.

(see Fig. 2) and R € R? is a rotation matrix. The symbol R” represents
the Euclidean space of dimension n, S the set of Euler angles defined
on the interval [z, 7].

2.2. Dynamic model for sloped terrain

In this section, we present the model of the tracked vehicle in a 3D
environment, i.e., moving on sloped terrains. We model the robot as
a single rigid body, therefore the configuration space becomes 6D (see
Fig. 4 for the standard definitions) and the dynamics will be described
by the Newton-Euler equations. Extending the model (11) to 3D implies
a higher number of kinematic DoFs (from 3 to 6); however, the motion
of the robot is constrained on the terrain profile, reverting back the
number of unconstrained DoFs to be 3. For the sake of simplicity, we
choose to parametrize the orientation with Euler Angles, selecting the
ZYX sequence, a widely adopted choice in robotics. Then the Newton—
Euler equations for the vehicle, written in a local body frame attached
to the CoM (see Appendix for details on body computation), are

0 F,+ R,
m(pv+,0%x,v)=m RT|0[+,RIF, +| F, |,
-g 0
F 13)
bte
0
sl @ + 0 x )1 yo = ,RTM, + 0 ,
M, + M,

where ,v is the velocity of the vehicle’s CoM, , R, is the robot ori-
entation, its inertia tensor ,I, and ,®, ,& the angular velocity and
acceleration vectors, respectively. With respect to Eq. (11) new forces
appeared, that previously were canceling each other: the gravity force
vector ,F, and the terrain normal force F, with its moment M,, (about
the CoM). As in the flat-terrain case F,, F, are the traction and the
lateral resistance force, respectively, R, is the advancing resistance
force, M, is traction moment, and M, is the rolling-resistance torque.

Remark. It is useful to highlight that the interaction with the terrain is
now decomposed into two components: (a) the tangential component
(F,, F,), which results from terramechanics effects and is computed as
described in Section 2.1; and (b) the normal component ,F,, which
represents the reaction force generated by the track’s penetration into
the terrain. The normal force is perpendicular to the terrain surface
and ensures that the terrain constraint is satisfied. Its computation
depends on whether the load distribution is assumed to be uniform or
non-uniform. In the case of a uniform load distribution, the point of
application is fixed in the middle of the tracks. In the nonuniform case,
the application point may vary, but it is constrained to lie within the
convex hull of the tracks.
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2.2.1. Uniform load distribution

We consider first the case of uniform load distribution. This enables
us to obtain a much simpler model formulation where only a resultant
force (and moment) is representative of the overall normal interaction
with the terrain. We model terrain compliance with a spring-damper
model with linear/torsional stiffness K, ,K,, € R¥® and damping
D, ,.D,, € R¥3 and insert the resulting contact force/moment F,,M,, €
R? into the dynamics (13). We consider the contact unilateral and allow
the force to be generated only along the direction of the normal n, to
the contact (see Fig. 4).

- {n,nI(K,,xm ~P) =D, p) 0 (®,—p,) >0,
=

) (14)
0 otherwise,

where p, is the projection of the CoM at the terrain level and p, its
projection at the track level, respectively. p. is obtained evaluating the
terrain mesh under p,. The spring/damper generates a force whenever
there is penetration of p, inside the terrain, zero otherwise. A similar
approach has been taken for the rotational moment, with the difference
that the tangential components along t, and t, will be accounted for in
the dynamics

M, =[I-nn/] (K, e (R,  R/()) =D, ,0), 15)
R —
N

where e(-) is the function that computes the difference in orientation of
the robot , R, w.r.t. the terrain ,R,(n,) and N is a projection operator
which maps into the t, — t, plane. Note that there is no unilateral
constraint on the moments.

2.2.2. Nonuniform load distribution

Instead of assuming that the load is evenly spread, we consider a
more realistic distribution that better captures the actual force vari-
ations across the contact surface. The terrain is still modeled with a
spring-damper model. Since the track is not supposed to be deformable,
the stiffness of the terrain is the only determining one (being the two
stiffness in series). As for the case of terramechanics interactions, the
tracks’ contact surface is discretized in patches, computing, for each
patch, also the linear force due to the penetration with the terrain
(there is no need to compute moments because the patch size is small
with respect to the track dimension). The load distribution, i.e., the
distribution of the normal forces over the track surface, will naturally
emerge from the integration of the dynamics.

As in the case of uniform load, we need to: (a) evaluate the mesh
elevation at the position of the contact patches; (b) compute the linear
forces f, ;; from the terrain penetration for all the patches (¢) compute
the normal pressure o;; on each patch dividing f,;; for the patch area
A, and (d) compute the terramechanics interactions for that loading
condition from Egs. (8) and (9). For each patch, by forward kinematics
computations, we get the position p;; and velocity p;; of each patch of
the track (in an inertial frame W), and the projection p,;; of p;; onto
the terrain mesh using a ray casting algorithm [33]. The choice of the
projection direction has an impact on the resulting terrain forces f,,;;.
Possible options are: (a) the inertial frame z-axis, (b) the base frame
z-axis, and (c) the terrain normal n, (see Fig. 5). We found that proper
load transfer was only achieved when the projection was performed
along the world frame z-axis. Therefore, considering also the terrain
damping, the force interaction f, ;; for each patch will be

p =1, (Prij = Pij) (16)
p=1zpy; (€]
fn,ij =17y, (Hp>0Kt,ijp - Hp<0Dr,ij/’) A (18)

where p and p is the terrain penetration and its time derivative, respec-
tively, and I, I, are appropriate indicator functions that model the
unilaterality of the contact. Note that both terrain stiffness K, ;; and

damping D, ;; for the patch (ij) are normalized by the track area 4,.
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Fig. 5. Different projection directions for the ground reaction forces: (left)
along the z-axis of the inertial frame, (middle) along the z-axis of the body
frame, (right) along the terrain normal n,.

Velocity-dependent terrain stiffness. In real conditions the terrain is de-
formable and stiffens with the robot speed due to increased compres-
sion, as well as with its position relative to the track transversal middle
line. We model this phenomena by computing the ij-th patch stiffness
as follows

K. =K, [1+ K, p0x (pPijx + sign(,v,)¢)] , (19)

where K, is the nominal terrain stiffness, K, , is the rate of variation
of terrain stiffness with robot speed and ,p;; , is the x-axis coordinate
of the (i, j) patch in the body frame. More precisely, when the robot
is moving forward, in the back of the tracks ,p;;, = —¢ there is no
stiffness variation while there a maximum increase in the front. The
moment for each patch is computed as

m,;; = (pij - Pc) S T (20)

Note that the computation of the normal pressure o;; in (10) should be
replaced by
Rt
oy =" Vi.j, @
p

where A, is the patch area. The sum of the contributions for all patches
in both tracks gives us the total ground force F, and moment M,,.

2.2.3. Static friction

To compute the R, term (static friction) in (11) and (13), we start
by recalling that the static friction represents the resistance to rolling
(opposite to the motion), thus we compute it depending on the loading
of each patch

R, = Z £, ¢, signyv,), (22)
ij

where ¢, is the rolling friction coefficient.

2.3. Numerical integration of the equations of motion

After solving for ,v, ,& € R? in Eq. (13), we can then integrate the
states with a generic implicit or explicit Runge-Kutta method, i.e.,

s
F (Xk + hy, Z a;;K;, K;, 1, + c,-hk> =0,

=1
= (23)
X1 =X +h ) bK,
i=1
fori = 1,...,s stages, and k = 0,1, ..., m time steps of size h;, where
b; is the ith weight relative to K; stage estimated slope, g;; are the

coefficients of the Runge-Kutta matrix, and c; are the nodes and 4 the
size of the time-step interval [34,35]. Notice that (13) can be rewritten
as an implicit first-order Ordinary Differential Equation (ODE) to be
integrated as

. Pesr1 — Fayn(WRppVe )
Fx,x,0)=|"¢ Yo 00 e @24
b, —T(D) ]bmk

It is worthwhile to note that T(-) € R? is a nonlinear mapping from
Euler Rates @ to angular velocities.
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3. Kinematic modeling

In this section, we will present a pseudo-kinematic model that
captures the terramechanics interactions in few lumped parameters that
will be used for the synthesis of the control law in Section 5. Before
presenting the pseudo-kinematic model we first introduce the unicycle
model which is instrumental for the next derivation.

3.1. Unicycle model

A differentially driven mobile robot can be modeled as shown in
Fig. 2(right), where the speeds of the two wheels can be independently
controlled to provide a desired longitudinal speed ,v, (i.e., along
the body x, axis) and a yaw rate @, about the vertical axis. In this
derivation, we assume a flat ground. Let the state of the system be its
pose on a plane. If the pure rolling condition holds (i.e., the sway speed
»U, is identically zero), then the kinematic equations are notoriously
given by

X =0, cos(@)
y=pvcsin(p) (25)
@ =,

where x and y are the Cartesian coordinates (expressed in the world
frame) and ¢ is the angle between the robot body and the inertial frame
x-axis. It is possible to relate the kinematic inputs ,v,, w,, to the left
and right sprocket wheel velocities of the tracks, namely ,, ; and w,, g
respectively, by a linear mapping

[’253 ] - [_g% ]

where r is the wheel sprocket radius and B is the distance between
tracks.

ww,L:| , (26)

ww,R

CIRTSIRY

3.2. Pseudo-kinematic model for tracked vehicles

Getting inspiration from [22,28], we intend to extend (25), (26) to
tracked vehicles, lumping the terrain interactions into three parameters,
namely: the lateral slippage angle o and the left and right track longi-
tudinal slippages #; and Sy, respectively. The kinematics equations are
given by [22,24], i.e.,

% = b0x cos (@ + a)
cos;j(a)

y=-L2 Gin(@+a) > 27)
cos (a)

¢ =,

where the lateral slip angle « represents the deviation of the velocity
vector with respect to the x, axis due to the lateral slippage (i.e., due
to a velocity component ,v, along the y, axis, as in Fig. 2(left) which
derives from the skid steering behavior). « can be computed from the
actual velocity measurements as

a=tan"! <&> . (28)

»Ux
Note that the slip angle increases with the path curvature (i.e., de-

creases with the turning radius), it is positive (negative) for a clockwise
(counterclockwise) turn, and zero for straight line motions. The value of
the slip angle is also tightly interconnected to the (forward) shift of the
ICR during a turning manoeuvre [1]. On the other hand, the longitudinal
slippage (i.e., along x, axis, as in Fig. 2(left)) directly affects the wheel
speed by modifying the inputs to Eq. (27) as

r r Pr(®y, 1,0y R)
[ix] = [_ZL %] [%’L N ﬂR<w,,,.,’L,ww,R)] 29

z B @y R + p
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From kinematics, track velocities w.r.t. the ground can be related to ,v,
and o, by

B
pUR = pUx + ®2 5 (30)
the longitudinal slippage is the relative speed between the track and
the ground

U
bUL = pUx _sz’

1
BL =V} =@y 11 Br = pUg — @y R 31

where the left/right input sprocket wheel velocities w,,; and w,, g
are obtained by the encoder readings. Whenever the track velocity
w.r.t. the ground equals the input velocity the longitudinal slippage is
zero. This is defined to be positive when the traction effort produced
assists the longitudinal motion (i.e., outer turning wheel) and negative
otherwise (e.g., inner turning wheel). Note that while g; and f; affect
directly the inputs and can be compensated in a feed-forward fashion
in (26); in the case of a, there is an indirect dependency on the inputs
through the dynamics. This motivates our choice of accounting for this
effect directly in the controller design of Section 5.

3.3. Embedding of pseudo-kinematic model and dynamic model

The slippage parameters in the pseudo-kinematic model (27) can
be conceptually linked to the dynamic models (11), (13). In Fig. 2, it
can be noted that the presence of the lateral slippage is directly linked
to the presence of a lateral velocity component ,v,. This is due to the
lateral acceleration along the y, axis (i.e., body frame axis), generated
by the lateral force F,. On its turn, the lateral force is due to the effect
of the lateral component of the shear velocity ,j, , on the track surface
through (1). The longitudinal slippage, instead, can be directly related
to its longitudinal component ,j, .

4. Slippage identification

In this section, the experimental identification of the lateral and the
longitudinal slippage are presented separately due to their different
nature. The purpose is to show a promising matching between simu-
lation and experiments providing a good validation of the simulation
environment.

4.1. Hardware platform

The hardware platform used in this study is the MaxxIIx [9] tracked
robot shown in Fig. 1(left). To enable test ground-truth odometry, the
robot is equipped with marker tags mounted on top of its chassis, which
are detected by an OptiTrack Motion Capture System. Additionally,
it features motor encoders on its driving wheels, with wheel speed
commands provided through a ROS2 driver interface. The experiments
are executed on an onboard Intel NUC 11 Mini-PC with 16 GB RAM.
The control loop operates at a frequency of 200Hz, as well as the
OptiTrack system. All tests are conducted in an indoor robotics lab
featuring a slippery parquet floor. The actual speed of each track is
determined by differentiating the robot’s posture (position and head-
ing) over time and employing (30). Since numerical differentiation can
amplify noise, highly accurate and smooth localization is required. To
achieve this, we connected the motion capture system via a low-latency
wired network, capable of providing reliable data at 200 Hz. Further-
more, we applied mild filtering to the position signal, which proved
beneficial in mitigating the effects of quantization noise introduced by
the differentiation.

4.2. Longitudinal slippage

Moosavian et al. [17] claim that for limited speeds the slippage in
tracks is almost independent from vehicle speed and employ exponen-
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tial to approximate the relationship between wheel slippage and the
turning radius. Our findings highlight that there is also a dependency
on the vehicle’s absolute velocity in the range of speeds of our interest.
Additionally, the definition of the longitudinal slippage g = 1—-v,/w,,r
given in [17] has a singularity (shown as a vertical asymptote) when
the turning radius R is equal to half the distance from the two wheels
and the inner wheel speed becomes zero [17,28]. A more meaningful
function approximation should account for dependencies on both the
turning radius and the longitudinal speed ,v,. In this work, we propose
an alternative parametrization based on both wheel speeds, which,
thanks to (26), can be shown to be isomorphic to (,v,, ®,), therefore
also to the turning radius R = ,v,/w,. This approach has the added
advantage of avoiding singularities when the inner wheel speed crosses
zero. Hence, we propose to design a multiple-input regressor, based on
machine learning techniques, to estimate the values of §;, fz and «
(see next Section) receiving as inputs the wheel sprocket speeds ,, ;
and w,, g

[ﬁL] =fp (a)wyL,ww’R) . (32)
Br

We tested different types of regression method, namely decision trees,
neural networks and pure Radial Basis Function (RBF) interpolation.
Table 3 summarizes the different machine learning methods used for
slip parameter estimation, including the characteristics of the regres-
sion model and their pros and cons. The dataset has been split 80%
as train and 10% as validation set and 10% test set. The validation
dataset was employed to guide model training and prevent overfitting.
The performance evaluation was executed on the test set using the r?
score.

For the Decision Tree models, the CatBoost library was employed.
The model parameters were set as follows: a maximum depth of 6, 1000
iterations, a maximum of 31 leaves, and the Root Mean Squared Error
(RMSE) as the loss function. For the Neural Network, a Multi-Layer
Perceptron (MLP) was implemented using the PyTorch Lightning
framework. The network architecture consists of four fully connected
(Linear) layers with dimensions [5, 128, 256, 128, 3]. Each layer, ex-
cept the last, is followed by a ReLU activation function and a Dropout
layer with a probability of 0.2. All input features were standardized by
removing the mean and scaling to unit variance. The model was trained
using the Mean Squared Error (MSE) loss function and a learning rate of
1x10~*. The shortcoming of neural networks is that they do not capture
precisely the zero crossing of a for low angular velocities (e.g., wheel
velocities almost equal) and have an offset around zero. Decision trees
do not have this issue with the difference that are not able to extrap-
olate meaningful results out of the training region. This may lead to
inadequate compensation for slippage; however, it is not an issue if we
collect enough samples in the velocity range of interest. For the above
arguments, we chose to employ decision trees. For the collection of the
dataset for identification, we uniformly sample wheel speeds in the set
[-10, 10]rad/s with increments 0.65rad/s and send them in open loop
to the robot. In the accompanying video, we show the data collection
procedure. We kept the speed constant for each pair (v, ;,®,, g) for
2 s to achieve a steady state, estimated f;, fr with (31) and then
and averaged the estimates over the intervals. Since the regressor
provided jerky outputs when trained with a low number of samples,
we perform upsampling to increase the number of training samples
by interpolating a continuous and smooth function over a denser grid
(with 0.1 rad resolution), using a RBF interpolator with a smoothing
factor of 0.1. We train the regressor on the data thus acquired and
we compare its predictions — sampled from a test set distinct from
the training set — against the corresponding ground-truth values for
the left and right tracks, respectively, in both simulation and indoor
experiments. The results of this comparison is pictorially reported in
Fig. 6.The simulation was performed in an open-loop fashion using the
distributed parameter model (13), assuming flat ground with a friction
coefficient of 4 = 0.1 and shear deformation modulus K = 0.001 (these
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Table 3
Comparison of learning methods for slippage parameters’ estimation.
Method Training time [s] Advantages Limitations
RBF Interpolation 1.10 Provides geometrically interpretable model Requires loading of all data at runtime;
for low-dimensional problems; smooth scales poorly with dimensionality; limited
interpolation behavior generalization capability
Decision Trees 2.68 Interpretable and easy to visualize; Unable to extrapolate beyond the training
effectively captures nonlinear relationships; domain; prone to overfitting if not properly
insensitive to input feature scaling regularized
Neural Network (NN) 17.00 Highly scalable to large datasets; capable of May fail to capture small-scale behaviors
modeling complex nonlinear mappings (e.g., zero crossings); prone to overfitting;
requires extensive training data and tuning
BL B grtruth sim. B grtruth exps.
ﬁR B pred. sim. pred. exps.
B gr.truth sim. — . a
¥ gr.truth sim.
BEM pred. sim. W pred. sim. 0.6
0.4
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Fig. 6. Fitting of the longitudinal slippage parameters g, (left) and g (right)
as a function of the sprocket wheel speeds ,,; and w,, z. The top row reports
simulation results, while the bottom row the experimental results. The blue
surface and the yellow surface are the fit of the regressor predictions for
simulation and experiments, respectively, while the red dots are the acquired
data. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

values were chosen to match the experimental results). The simulation
results are shown in Fig. 6(top row). Since the RBF are able to manage
high-dimensional inputs, it is possible to directly perform predictions
directly querying the RBF interpolator for a single input. The RBF
interpolator provides predictions very similar to the decision trees. The
drawback is that the full dataset should be loaded at runtime before
each experiment, with a delay of about 1 s.

In the real experiments the speed range has been limited to the
range {—4.6,4.6} rad/s due to actuation limits of the robot platform that
prevented us to go at higher speed. The experimental results are shown
in Fig. 6(bottom row). The strong agreement between the regressor’s
predictions and the acquired data is demonstrated both in simulation
(coefficient of determination R? for pr =0.999, fr =0.999) and in real
experiments (R? for f; = 091, fz = 0.84).

4.3. Lateral slippage

The same identification dataset is employed to identify the function
f, to estimate the lateral slippage «

a=f, (ww,Lv“)w,R) . (33)

As can be seen in the green plot in Fig. 7(left) there is a big discontinu-
ity in the ground-truth data. This can still be captured by the function

Fig. 7. Fitting of the lateral slippage parameter « as a function of the sprocket
wheel speeds w,,; and w,, ; for simulation (left) and real experiments (right),
respectively. The blue and the yellow surface are the fit of the regressor
predictions for simulation and experiments, respectively, while the red dots
are the acquired data correspondent to positive longitudinal velocities ,v, > 0
that are considered for the fitting. The samples corresponding to both positive
and negative longitudinal velocities are presented in green just for comparison.
(For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

approximator at the price of low accuracy in the boundaries of the dis-
continuity. By inspecting the data, the discontinuity happens when the
longitudinal velocity ,v, changes sign (e.g., from forward to backward
motion). In this case, due to the definition of «, there is a flip of zrad
(or —zrad), which is responsible for the discontinuity. As mentioned,
in the discontinuity region, i.e., low speed, the identification accuracy
decreases. To account for this issue, we opted to split the training data
to identify two separate function approximators: one for ,v, > 0 and
another for ,v, < 0, this enabled us to have good a prediction also at
a low value of speed ,v,. In Fig. 7(left), we report the identification
results for the simulations (with ¢ = 0.1 and ,v, > 0), while, in Fig.
7(right), the results for real experiments show in both cases a good fit
on the validation test set (i.e., R? = 0.999 and R? = 0.961, respectively).

In simulation, we repeated the identification for three different
values of the friction coefficient 4 € {0.1,0.4,0.6}. The results are
reported in Fig. 8, which shows that lower values of y, i.e., a more
slippery surface, reflect in higher values of « for the same speed range.
Note that the plots for 4 = 0.4 and u = 0.6 are very similar, highlighting
the highly nonlinear behavior of the system.

4.4. Experimental validation

We compare in Fig. 9 the plots of the identified surfaces for simula-
tion (blue) and experiments (yellow). For a fair comparison the simula-
tion data is shown in the same (reduced) speed range {—4.6,4.6} rad/s
as in the experiments. The results present a good quantitative matching
for p confirming that the simulation accurately captures the trends
observed in real experiments. However the matching is only qualita-
tively in the case of a. We conjecture that this is due to the non trivial
rubber-rigid floor interaction, suggesting the need to perform further
outdoor experiments. The validation of the simulation model opens to
simulation results only, while the experimental validation is postponed
to future work.
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Fig. 8. Simulation: Plots of lateral slippage a as a function of the sprocket
wheel speeds w,, ; and w,,  for a friction coefficient u = 0.1 (blue plot) u = 0.4
(green plot), and u = 0.6 (red plot) for positive values of the longitudinal
velocity ,v,. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
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Fig. 9. Comparison of the predictions of the slippage parameters a (left),
B (middle), p(right) for simulation (blue) and experiments (yellow). (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

4.5. Identification on slopes: influence of gravity on slippage parameters

When moving on slopes, the primary difference compared to flat
terrain is the influence of gravity, which affects the direction of F, that
may no longer be directed outward from the curve but rather opposite
to the component of gravity parallel to the terrain. As a result, lateral
slippage becomes proportional to HFg’ )~ Fs Fy,O]T”. Therefore, when
operating on slopes, the identifications presented in Sections 4.2 and
4.3 should be repeated, incorporating the unit vector ,§ representing
the direction of the gravity vector (mapped in the based frame) as an
additional input to the function approximator, along with the wheel
speeds

_ 5 Pr| _ 5
a= [y (W1 041 58) - [ﬂR] =/fp (@1 @ ro ) - 34)

This is in accordance to [28] that claims the robot rotation behavior
changes with the robot inclination on the slope. The function approxi-
mator should be trained computing estimates of longitudinal and lateral
slippages (28), (31) employing ,v,, pUy I0 the local (base) frame. The
rationale behind this choice will become clear in Section 5.3. For
training, we conducted the same tests as on flat terrain (i.e., uniformly
varying wheel speeds within their bounds) but with the robot moving
on ramps. We collected samples by repeating simulations for ramps
with different inclinations, ranging from 0 to —0.3rad in increments
of 0.5, storing ,& and the wheel speed values. For these tests, we set
a friction coefficient of 4 = 0.6 and employed the model in (13). The
identification was performed only in simulation for both the uniform
and nonuniform load distribution models.

10
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5. Control design

A Lyapunov-based control law design is presented in this section.
We briefly subsume a trajectory following control law for the unicycle-
like model (25), which is then adapted to the case of the tracked
robot model (27). The development is initially performed for a flat
(horizontal) terrain assumption and will be extended to the 3D case
in Section 5.3.

Useful definitions. In the context of trajectory tracking, we denote with
the d superscript (e.g., (x?, y?, %) or (Y, w?)) desired quantities, which
act as reference for the system state (x, y, ¢). To not overload the
notation, only for this section, we will consider v = v, and v¢ =
pvd. The desired trajectory will be identified by the following virtual
model

x4 = v cos ()
7 = v sin (¢) (35)
9! = ot

where the initial conditions x?(0), y?(0), ¢“(0) are assigned and v9(r)
and w‘ZJ (1) are two known functions. It is therefore useful to define the
error vector

e, | [x—x4

e=fe, [=]|y—» (36)
e @ -9
ol L

In the remaining of this section, we use the following definitions

— /2 2
=4/ex tey,

ey = ey, cos(y),

v = atan2 (ey,ex) s

37

e, =ey,sin(y).
5.1. Lyapunov-based control for a unicycle

The following control law for a unicycle-like vehicle will be used as
a reference for the tracked vehicle control. Given the dynamics (25),
we aim to develop a control law that ensures the convergence of the
actual trajectory to the desired one. To this end, consider the Lyapunov
function

V=3 (G +)+(1-cos(e,)).

which is positive definite and radially unbounded for e, € [-x, x], and
whose time derivative is

(38)

14 =eé, +eé, + sin (eq,) e, =¢e, (Ucos (p) — v? cos ((pd)) + 39
+ e, (v sin (@) — b”z sin ((pd)) + sin (e(p) (w, — wg).

By considering the auxiliary inputs év and éw, in a back-stepping
fashion, we have

v=1v'+6v, o, =0?+ b0, (40)

and, by simple trigonometric manipulations and after substitution of
the dynamics of the error (36) along the system dynamics (25), leads
to

- i . (SN . (B i . [ B
V=-2v%,sin <7 sin 5 +2v%e,, sin > cos 5 +
+ v (e, cos (@) + e, sin () +sin (e,,) b,
with g being defined as § = ¢+ ¢?. Using (37) and after some algebraic

manipulation, we have,

, (% . B -
V= 2Udexy sin (7(”) sin (u/ - E) +sin (e, ) dw,+

+ dvey, cos (v — @),

(41)
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and hence, by setting the auxiliary inputs

ov = —kpey,cos(y — @),

Sw, = o Zeq,) <—2udexy sin <%¢> sin <v/ - g)) -k, sin (eq,)

(42)
—Udexy+ sin <y/ — g) —k,sin (e(p) ,
cos ( 7"’ )
with k, > 0 and k, > 0 design parameters, we have
V= —kpe)zcy cos? (p —y) — ky, sin? (ep) (43)

which is negative semi-definite. More precisely,

ey, =0,¢e,=0,

V =0 when ¢y =0, and(p=ll/i§~

The first case is the desired equilibrium. In the second case, by ap-
plying (40), we have v = 0 and dw, =

—Ude

i BY —
wysin(y—3) =

vt ey, sin (%‘” i% = 1Udexy, which is an equilibrium point only if
ey, = 0. This proves global asymptotic stability by Lasalle theorem.

5.2. Lyapunov-based control of the tracked vehicle

Let us consider the dynamics (27) where we modify the inputs (40)
to account for the lateral slippage «q, i.e.,

v= "+ 6v)cos(a), 0, = a)‘zf +bw,. (44)
We also modify the Lyapunov function (38) as follows

1
V=§<ei+ei)+(l—cos(e¢+ad)) (45)
where of = f, (a}ﬁ ;% o), with f(-) that could be the function

approximator defined in Section 4.3 and where the desired references
v?, wd are mapped into wi , L,wZL r and then to a“. The function (45)
is positive definite and has an equilibrium point in e,, = 0 and e, =
—a?, hence having a tracking reference for ¢ in ¢? — a? and giving
up the possibility to track @?. This is somewhat expected form the
dynamics (27): the effect of « is to make it impossible to simultaneously
track x?, y¢ and ¢?. Indeed, if ¢¢ = ¢, it is impossible to generate
a velocity that keeps x and y on x¢ and )¢, which are generated by
unicycle-like dynamics (hence, with « = 0). However, from a practical
point of view, it is not an issue to track ¢? — a? instead of ¢?, since
an appropriate reference for ¢ +a“ could be designed at the planning
level, based on desired values of v and cuj . By choosing the two control
values as per Eq. (44), following the same rationale of Section 5.1, we
find that the derivative of the Lyapunov function (45), obtained after
some basic trigonometric simplifications is given by

V=eé, +ee, +sin (e, +a?) (¢, +a’)
a+e

=20dexysin< ) (p)sin (w— #) +

+ Svey, cos (w — (@ + @) +sin (e, + a?) (6o, +af),

(46)

where again we set § = ¢ + @?. If we choose the new auxiliary

controllers as

ov = —kpe,,cos(y — (¢ +a)),

) sin <y/— #) —kq,sin (eq,+ad) —dd, 47

d
=—te, —mM8M
z xy a+te,,
Ccos >

we finally have

V =—k,é?

p€ay COS” (W — (@ + @) — kg, sin” (e, +a’) . (48)

which is negative semidefinite. Using Lasalle arguments, we can prove
convergence to the equilibrium e,, = 0 and ¢, = —a“. Note that for
the estimation of @ = f (w,,1,®, ) in (44), actual values should be
used. To show the global stability of the pseudo-kinematic model (27)
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Fig. 10. Simulation with pseudo-kinematic model. Cartesian tracking error
for a spiral-like reference trajectory. The blue line is the unicycle controller,
the yellow line is the slippage-aware controller. (For interpretation of the
references to color in this figure legend, the reader is referred to the web
version of this article.)

controlled by the designed controller (44), (44) we performed a sim-
ulation (see Fig. 10) where the aim is to track a spiral-like reference
trajectory (constant v? = 0.3 m/s) of decreasing radius of curvature
(! = 41,1 > 0) (i.e., where &/ is not null) starting with an initial state
[X0> Yo» @0l = [0.3,0.3,0.2]" different from the initial reference state
[0.,0.,0.]T. The figure shows the increased convergence performances
given by the slippage-aware controller that accounts for the slippage
present in the model with respect to a standard Lyapunov controller
designed for a unicycle.

Limitations. In practical applications, zero convergence of the tracking
error is impossible due to the unavoidable mismatch between the
pseudo-kinematic model and the real robot dynamics (or the more
accurate dynamic model, in the case of simulation). Additionally, the
parameters « and f; , B, estimated by the approximating functions, can
be uncertain and terrain-dependent. In practice, they can be determined
through visual odometry (e.g., using relative measurements obtained by
triangulation from inertially fixed features such as trees). The impact
of uncertainty in the model and/or in the estimation of a on tracking
accuracy can be assessed by analyzing the size of the control-invariant
set on the level set of the derivative of the Lyapunov function —
specifically (i.e., the set within which V is no longer negative definite)
for a certain bound of uncertainty on the parameters. It can be shown
that this set is convex and compact. However, computing the sensitivity
of the invariant set as a function of the uncertainty in the slippage
parameters is beyond the scope of this work and is left for future
research. As an alternative, in a separate study [36], we analyzed how
a set of tracked vehicles operating within a given area can collect
noisy estimates of the slippage parameters and reach a consensus that
enhances tracking accuracy.

5.3. Controller extension to 3D

The purpose of this section is to illustrate how the controller de-
signed for a 2D environment could be extended to 3D. We assume the
controller (44) is defined on local variables (i.e., the body frame or
Frenet frame). This is the reason in Section 4.5 slippages have been
estimated in a local (body) frame rather than in the world frame. In
this case, it only suffices to map the tracking errors (36) from the world
frame into the (local) body frame

e, 0
Be:WRE ey | Be(p:z; 0
0 »-o!

x

49

hence, the error e to be used in (44) should be [pe.» g€y, ge,l- No
additional mapping is required since the outputs v = ,v, and w, in (44)
are already defined in the body frame. Therefore, Eq. (29) can be
directly inverted to compute the reference wheel speeds. The reference
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trajectory x?,y?, ¢ remains defined in the world frame. As a result,
the modified controller is expected to naturally follow the terrain shape
while tracking the reference.

6. Slippage-aware motion planning (2D)

In this section, we will present point to point planning strategies (of
different levels of complexity) that can be used to generate references
for the two controllers presented in Section 5: (1) the unicycle con-
troller (40) and (2) the slippage-aware controller (44). The purpose
of this section is not to be exhaustive, but rather to provide an in-
troduction to the problem of motion planning for tracked vehicles. It
presents two state-of-the-art approaches and introduces a new method
that explicitly accounts for slippage. The advantages and limitations of
each approach will be quantitatively evaluated in Section 7.3, in terms
of performance degradation under slippage conditions. More precisely
our goal is to compare:

(A) a baseline planning strategy based on Dubins curves, which has
the assumption of constant velocity. Dubins curves are piece-
wise minimum time optimal curves that can be analytically
derived [37],

(B) a planning strategy based on G, clothoids, with linearly variable
curvature [31],

(C) a slippage-aware numerical strategy based on direct optimal
control which exploits the pseudo-kinematic model (27) of the
tracked vehicle.

As in the case of the slippage-aware controller, the slippage parameters
are estimated from sprocket wheel speeds via the function approxi-
mators identified in Section 4. For simplicity, we consider trajectory
planning on a horizontally flat ground, the generalization to slopes
being trivial as in the case of the controller. The planning based on
Dubins and Clothoids trajectories has the advantage of relying on
closed form solutions that involve little computation time but rely on
a unicycle model approximation, hence do not account for slippage.

6.1. Dubins planning

Dubins [38] showed that the minimum-time trajectory for a mobile
robot moving from an initial configuration ¢, = (xg y yg , (pg ) to a final
configuration ¢, = (x4, ¢, @4) under the assumptions of (1) constant
forward speed and (2) bounded path curvature (i.e., a minimum turning
radius), consists of at most three segments selected from six basic
motion primitives: straight line segments and arcs of circles.

To obtain the Dubins solution we only need to define the (constant)
longitudinal velocity ,v¢ and the maximum curvature k = w?/,0%.
This result has been obtained by solving an indirect optimal control
problem, that in this specific case, can be solved in closed form. This
provides the references for the robot position x?,y¢ and orientation
@9, for the whole duration of the trajectory T, = L/,v?, where ,v?
is the chosen (constant) longitudinal speed and L is the sum of the
3 arc lengths from the Dubins solution. To determine the bounds on
the maximum curvature k, we formulate and solve a linear program
that computes the feasible range of k given the desired velocity ,v¢ and
the bounds on the sprocket wheel speeds. The Dubins solution provides
also the corresponding vectors of ,v¢, »? that can be used as desired
reference velocities for the controller. The drawbacks of this planning
approach are that: (1) involves discontinuities in the time evolution of
the curvature and (2) requires a constant longitudinal velocity.

6.2. Clothoids planning

Another class of minimum time curves that avoids the discontinu-
ities in the curvature and assumes a linear variation of it, is the G,
Clothoid [31]. The curve is generated in curvilinear space, and the
reference trajectory is obtained by mapping it to time, assuming a
given discretization step d7" and a specified longitudinal velocity. The
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procedure is as follows: using the Clothoid library [39], we generate
the curve on curvilinear coordinates s with a total length L. We then
discretize it into N = L/(,v4dT) samples. Then for each sample, we
evaluate the curve x(s), y(s), @(s) and its derivatives dx(s)/ds, dy(s)/ds,
d@(s)/ds, assuming that we want to follow the curve at a constant speed

v = ds/dt the mapping is
x = /th,

‘= dx(s) ol
Tods b

o dy(s) 4 .

V=g b y=/ yds (50)
do(s) .

==~ s, (p=/(pdt.

6.3. Slippage-aware planning

The slippage-aware planner is based on an optimal control formu-
lation that makes use of the pseudo-kinematic model (27) leveraging
lateral/longitudinal slippage estimates. Optimal control produces tra-
jectories coherent with the given model while satisfying constraints
and boundary conditions and optimizing a performance index. We
employ a single shooting approach to transcribe the optimal control
problem into a Nonlinear Program (NLP). Specifically, we discretize the
vector of sprocket wheel inputs, U = [u,...,uy_,]7 into N = T;/dT
intervals, where u, = [0, [, .0, Rk]T and T, is the duration of the
trajectory. The decision variables are: (1) the control inputs U and (2)
the trajectory duration T,. These are mapped into ,v,, @, through (29)
and are given as inputs to (44), while the states x(k) € [0, N] with
X, = [X, Y @x] € R3 are computed as dependent variables from the
inputs, along the horizon. Likewise f; ,, g, @, are computed from
the inputs U via (32), (33). The resulting optimization problem is

N-1
{}liTﬂ w, Ty + w, Z (mb,/<+1 - b“x,k) + (wz.k+1 - wz,k) (51a)
s k=0
s.t. Xy =¢p, (51b)
Xy = f (kauk) , ke Hévfl, (51¢)
h(x,u;) <0, keI)™!, (51d)

where in the left-hand side of the cost function (51a), we minimize the
duration T, of the trajectory,® while on the right-hand side we add a
regularization term to smooth the variations of ,v, and w,. The initial
condition (51b) is expressed by setting x, equal to the initial state. The
pseudo-kinematic model (27) is integrated in (51c) to obtain the states
in a single-shooting fashion via a high-order method (i.e., Runge Kutta
4) starting from the initial state at sample 0. To reduce the impact of
integration errors, we integrate on a finer grid, performing a number
of integration N, sub-steps within two adjacent knots. This has the
advantage of improving the integration accuracy, without increasing
the problem size. For the inequalities (51d), we encode the following
constraints:
1. Bounds on the input variables: |w,, ; |, |0, g| < @ maxs
2. Bounds on the longitudinal speed: ,v, iy < pUx < pUsx max-
3. No explicit bound is set on w_, as it can be derived from 1. and
2.
4. Ensure the target configuration ¢, is reached at the end of the
trajectory, i.e., when t =T,

Xy —c/ll <s (52)

where s is a fixed slack variable to ensure feasibility. The opti-
mization parameters are summarized in Table 4.

6 Note that for a fair comparison with Dubins curves, it is essential to
minimize the time in the cost.
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Fig. 11. Block diagram of the control pipeline.
Table 4 Table 5
Optimization parameters. Simulation parameters of dynamic models.
Name Symbol Value Name Symbol Value
Discretization steps (NLP) N 40 Robot mass (kg) m 62
NLP interval (s) dt 0.01 CoM Height (m) h 0.25
Sub-integration steps N 10 Inertia moment (kg m?) I, 4.5
Smoothing weight wy 1 Inertia tensor (kgm?) oI diag (2.18,2.81,4.5)
Time weight w, 1 Track width (m) B 0.606
Integration method - RK4 Track length (m) 20 0.7
Constr. feas. tolerance € le-3 Track area (m?) A, 0.07
Max. wheel speed @y max 18 Number of Track patches longitudinal (-) - 10
Max. long. speed Unmax 0.4 Number of Track patches lateral (-) - 4
Target Slack s 0.02 Track patch area (m?) A, 0.00175
Prediction Horizon T, opt. Sprocket radius (m) r 0.0856
Rolling friction coefficient (-) ¢, 0.025
Cohesion c (Pa) 0
Shear deformation modulus K (= 0.001
Initialization We initialize the optimization variables leveraging Nominal terrain stiffness (N/m) K, 1e05
the Dubins solution, namely: ,v¢, ¢ to initialize the decision variables Nominal terrain damping (N's/m) " by 0-5¢04
. . X’ "z 4 o . Speed dependent stiffness increase (Ns/m?) K, 10.5
@, | ®, g via (26) mapping, and T, o = L/,v} to initialize the trajectory Simulation time interval (s) dt, 0.001
duration.
7. Experiments on flat terrain Table 6
Physical parameters of LIMO robot.
The block diagram depicted in Fig. 11 shows the control and plan- Name Symbol Value
ning pipeline. Differently from Fig. 10 where we simulate with the Robot mass (kg) m 4.36
. . . s . . Sprocket wheel radius (m) r 0.055
pseudo-kinematic model, in this simulation we use the more physically Track width (m) B 0.172
accurate distributed parameter model (11). The parameters for both Track length (m) Y 0.22

simulation models are reported in Table 5 and resembles the ones
of the MAXXII robot. We report also experimental tests performed
with the LIMO robot. Indeed due to physical actuation constraints, the
achievable speeds with the MAXXII robot were too limited to appreciate
significant slippages. The physical parameters of the LIMO robot are
reported in Table 6.

7.1. User defined reference: simulation

The goal of this section is to demonstrate that, despite we rely on a
simpler pseudo-kinematic model to synthesize the controller, this still
captures the key terrain interactions represented by a more detailed
distributed parameter model, leading to improved tracking perfor-
mance. We report in this section the simulation results comparing the
performances of the reference unicycle controller (UC) (40), with the
proposed slippage-aware control law (SLC)(44) for a given “chicane”
velocity reference defined in (53) The control law’s outputs ,v, and w,
are mapped into desired speeds »“ oL’ a) by inverting (26) and (29) in
case of UC and SLC, respectlvely, to obtaln the wheel speed inputs for
the simulator. In the case of SLC controller we also employ the wheel

13

speeds to estimate f;, fig, a, using (32), (33) and &? by differentiation.
Note that the estimation of the slippage parameters from wheel speed
can be done using desired (ww I ww g) or actual values (o, ;, ®
the latter bringing a more accurate prediction.

The simulation is part of the Locosim framework [40].” As terrain
model, we assume a firm ground (i.e., cohesion is null) with a very
low friction coefficient 4 = 0.1 to emulate a challenging environment.
As reference trajectory we created a chicane with a deliberately discon-
tinuous velocity profile in ,]uff and co‘z‘. The robot is meant to accelerate
forward in a linear motion then a sharp left turn at r = 7, is followed
by a right turn at ¢ = ¢,. The velocity reference is as follows

@R

( ) 0 0 0<t<t,
t—1t <t<1,
it = { o of ={of, nsrsn 63
v t <t<t x
max 1 end Pl <t <
-t 1 <t <ty

7 Source code is available at the following (link).


https://github.com/mfocchi/tracked_robot_simulator.git
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Fig. 12. Simulation: Trajectory plot for the closed loop control of the chicane
reference trajectory (53)(red line) with the MAXXII model (11) for flat terrain.
The friction coefficient is set to u = 0.1. Both the UC Unicycle controller (blue
line) and the SLC slippage-aware controller (yellow line) are reported. Green
and red dots are the desired initial and final configuration, respectively. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 13. Simulation: Comparison of tracking errors for the closed loop control
of the chicane reference trajectory (53) for the (blue) UC Unicycle controller
and the (yellow) SLC slippage-aware controller: Cartesian error (upper plot)
and orientation error (bottom plot). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)

12s and 1,9 = 20s, v = 02m/s and
of . = 03rad/s. The reference states are obtained by integration
of (35) with (53) as inputs, while the initial robot state has been set to
[X0> ¥0» @olT = [0.05m,0.03m,0.01 rad]", deliberately different from the
initial reference [0,0,0]T. We also simulate the presence of actuation
uncertainties by adding a Gaussian noise n ~ N'(0,0.02) rad/s to the
actuator inputs. We set gains k, = 10 and k,, = 1 for both controllers.
Fig. 12 reports the X —Y plots for the simulation experiments showing
the superiority of the SLC controller. Fig. 13, instead, shows that the
UC controller has a maximum Cartesian error of 10cm, while the SLC

with 7,
d

= 25, 1 = end

manages to keep it always below 3 cm. The tracking of the orientation
is also significantly improved with the slippage-aware controller.

Fig. 14 shows the results of the prediction of ; (upper plot), fz(mid-
dle plot) and a (bottom plot) parameters. The prediction for g, and fy
is accurate good except when there are velocity discontinuities, which
reveal a more complex dependency on acceleration. This behavior is
reasonable, as longitudinal slippage depends on inertia, and abrupt
changes in wheel speed (e.g., due to nonsmooth variations in w,)
can induce slippage. Our function approximator was trained using
only velocity terms and therefore could not capture these effects. The
prediction of «a is also correct (its sign is opposite to the steering speed
) just showing a slight under-compensation.
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Fig. 14. Simulation: Longitudinal slippage for (upper plot) left track (middle
plot) right track and (bottom plot) lateral slippage. The red plots are the actual
values while the yellow plot are the values predicted with (33), (32), used in
the slippage-aware controller. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

7.2. User defined reference: experiments

We repeated the previous chicane experiment on the indoor arena
with the LIMO robot (Fig. 1(right)) in two different terrain condition:
parquet and slippery terrain. The slippery terrain is achieved spreading
soap on a plastic sheet attached to the floor. The parquet flooring in the
indoor arena exhibited a friction coefficient significantly higher than
0.1. Consequently, we set higher target velocities (v = 0.5m/s and

max
o? = 0.5rad/s) than those used in simulation to induce sufficient slip-

max

page for evaluating the performance of our SLC controller. Conversely,
on the soapy terrain, due to its increased slipperiness, we reduced the
longitudinal velocity slightly to v¢_ = 0.4m/s. Before performing the
experiments, we run the identification of the function approximators in
Section 4 for both the parquet and the slippery terrain. Due to lab space
limitations, we did not sample the wheel speed uniformly because this
would make the robot unpredictably drift away, but we set a variation
of |w?| € [0,2] rad/s with 0.3 increments, performing right and left
spiral turns with angular velocity changing for different (forward)
longitudinal speed in the set v¢ € [0.23,0.32,0.4,0.5,0.6,0.7] m/s. For
all these experiments we recorded the desired wheel speeds w‘z, w‘j{
and the estimated values of a, f;, fg. For the experiment, a Motion
Capture System was employed to estimate the pose of the robot by
means of markers attached to its base. To avoid initial slippage of the
tracks the desired longitudinal speed was smoothly ramped up from 0
to the desired value v“. To reduce the effect of the noise, we passed
the timeseries through a non-causal filter before the training. Due to
the reduced number of samples, it was necessary to up-sample the
dataset with the RBF. In Fig. 15, we report the X —Y plots for the real
experiments. The SLC controller tracks the reference trajectory more
accurately, whereas the UC controller overshoots the final reference po-
sition on the parquet surface and accumulates a significant orientation
error on the slippery terrain. Throughout the trajectory, the Cartesian
tracking error is also larger in the UC case.

Quantitatively Fig. 16(upper and middle plot), shows that the SLC
controller achieves a 48% decrease of the average Cartesian error (from
7.2cm to 3.8cm), and a 24% of the average orientation error (from 4.2
degs to 3.2 degs) in the parquet floor case, and a 55% and a 22%
reduction for Cartesian and orientation error in the slippery terrain
case, respectively, showing that the overall tracking performance is
significantly improved with the slippage-aware controller. The lower
plot shows that the predicted a closely matches the value estimated
from the Motion Capture System using (28). It is worth noting that
the amount of slippage is comparable on both the parquet and slippery
terrains, as the higher slipperiness of the latter is compensated by the
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Fig. 15. Experiments: Trajectory plot for the closed loop control of the
chicane reference trajectory (red line) in (53) with the LIMO robot in the
experimental arena: (upper plot) parquet floor, (lower plot) slippery terrain.
Both the UC Unicycle controller (blue line) and the SLC slippage-aware
controller (yellow line) are reported. Green and red dots are the desired initial
and final configuration, respectively. The parameters v = 0.4 (slippery)/0.5
(parquet) m/s and ! = 0.5rad/s were set to achieve sufficient slippage to
appreciate the increased performance of the SLC controller. (For interpretation
of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Table 7
Planning strategy evaluation experiments.

Planner type Controller

Unicycle Slip. aware
Dubins UC-DP SLC-DP
Clothoids UC-CP SLC-CP
Slip. aware (fix. speed) UC-SLP SLC-SLP
Slip. aware (var. speed) X SLC-SLP (var)

lower operating speed. Experimental results are also reported in the
accompanying video.®

7.3. Planning strategies evaluation

In this section we want to compare the performance of the different
planning strategies presented in Section 6 in relation with the standard
UC and the proposed SLC controller. To appreciate the differences we
set a higher desired longitudinal speed of 0.4m/s. For this reason we
need to increase also the friction coefficient x4 that is now set to a less
slippery value of 0.4.

We perform the tests summarized in Table 7. In the case of the
optimal control SLP and SLP (var) planners, the optimization has
been implemented in Matlab using the fmincon function. To improve
performance, we used a C++ implementation of the Optimal Control
Problem (OCP) while the communication with the Locosim framework,
where the simulation models are implemented, is through ROS. We
set a starting configuration ¢, = [0,0, 0]" and a target configuration
¢, = [2.0,2.5,—0.4]". The speed is constant by definition in the case
of the Dubins. In the case of the Clothoid planner and the slippage
aware optimal planner (UC-SLP, SLC-SLP), we set artificial constraints

vl = vl = 04m/s to have a fair comparison. Then we show the

impact of relaxing this constraints in the case of SLC-SLP(var) where

we set v/ = 0and v? = 0.4m/s letting the optimizer free to vary
min max

the longitudinal speed along the trajectory, while still encouraging a

8 The accompanying video can be found at this (youtu.be/TyeZOvRkI04).
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Fig. 16. Experiments: Comparison of tracking errors for the closed loop
control of the chicane reference trajectory (53) with the LIMO robot in the
experimental arena: (left plots) parquet floor, (right plot) slippery terrain. The
blue line is the UC Unicycle controller while the yellow line the SLC slippage-
aware controller: upper plots show the Cartesian error while middle plot the
orientation error. Finally, the bottom plots illustrate the estimated (28) and
predicted (33) side slippage used in the SLC controller. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

forward motion. A bird-eye (XY) view of the results for (left) Dubins
and (right) Clothoids are shown in Fig. 17(upper plots) while the results
for the optimal planner in case of (left) fixed and (right) variable
longitudinal velocity are shown in Fig. 17(bottom plots). The Cartesian
tracking errors are shown in Fig. 18. In this figure time has been
normalized for a meaningful comparison because the trajectories can
have different durations.

Fig. 17(upper left) shows that the Dubins planner does a very abrupt
curve to reach the final orientation at the end of the trajectory. Even if
inside the actuation limits that change in orientation cannot be tracked,
because of slippage, by none of the controllers, with the robot ending
with a big orientation error. However, the SLC controller does a better
job managing to track better the trajectory along the way. Inspecting
Fig. 18 we can conclude that, in all the cases, a smaller tracking
error along the trajectory, is achieved by the use of the slippage-aware
controllers (solid lines). The worst results are obtained by using Dubins
with the unicycle controller. Intermediate accuracy is with the slippage-
aware controller paired with Dubins (SLC-DP) or by the slippage-aware
planner paired with the unicycle controller (UC-SLP). This shows that
taking into account slippage either in control of planning improve
performances. The best result, in terms of reducing the final error are
for the combination of slippage-aware planner/controller (SLC-SLP),
with even lower errors if the longitudinal velocity is left as a free
variable (SLC-SLPvar) because the robot can smoothly accelerate and
slow down at the beginning and the end, resulting in lower values
of the longitudinal slippage. The Clothoid planner behaves also very
well, achieving the best results in combination with the slippage-aware
controller, comparable with the SLC-SLPvar. The trajectory durations
for the Dubins and the SLC-SLPvar planner are 8.12 s and 8.4 s,
respectively, while for the Clothoid planner is slightly bigger (9.07 s).

7.3.1. Statistical analysis

To demonstrates that these trends are valid not only for a specific
target configuration, we repeated the tests for several configurations
sampled in a annular region whose radius ranges from 2 to 4 m around
the robot. We generated the sampling using the Halton low-discrepancy
deterministic sampling technique, which ensures good coverage even


https://youtu.be/TyeZ0vRkI04

M. Focchi et al.

2.5 [—Des 1 25 |[—Des —
—UC-DP —uc-cL S
o ll-sLc-DP o ll-sLc-cL
15 15
1 1
0.5 0.5
(s 0
0 1 2 0 1 2
X X
25 —Des 25 “Des
—SLP-UC — SLP-SLC(var)
2 [[~SLP-SLG 2
15 15
1 1
0.5 0.5
ok oL
0 1 2 0 1 2

X

Fig. 17. (Upper left) Bird eye view of the trajectory planned with Dubins
tracked with the unicycle controller UC-DP (blue) and the slippage-aware
controller SLC-DP (yellow). (Upper right) Bird eye view of the trajectory
planned with Clothoids tracked with the unicycle controller UC-CP (blue) and
the slippage-aware controller SLC- CP (yellow). (bottom left) Bird eye view of
the trajectory planned with the Slippage-aware Optimal planner tracked with
the unicycle controller UC-SLP (blue) and the slippage-aware controller SLC-
SLP (yellow). (Bottom right) the Slippage-aware Optimal planner where the
fixed speed constraint is relaxed, tracked with the slippage-aware controller
SLC-SLP (var) (magenta). Green and red dots are the desired initial and
final configuration, respectively. The desired initial and final orientation is
highlighted with a solid line, the actual with dashed translucid line. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

with small number of samples.’ Since the mapping is nonlinear, we
avoid sampling in polar coordinates and instead use the Halton sam-
pling in [0, 1] x 3. The first two columns represent the X,Y coordinates
of the target points, which can be scaled to cover a square of edge
R = 4 m. Points outside the inscribed annular region are then removed.
The third column is directly mapped to [0, 2z] and represents the target
orientation (p‘/{.

We generate 100 randomized target configurations following the
procedure described above. For each target c¢? in the set, we run a
simulation starting from cg = (0,0,0) and compute the integral of the
tracking error along the trajectory. We report the mean and standard
deviation of the computed integrals across all samples, repeating the
procedure for each planner/controller combination, as summarized in
Table 8. The results presented in this table serve to evaluate how
effectively the robot can track a trajectory for a given controller and
planner configuration. The reader should be aware that the planning

9 In contrast to non deterministic methods (i.e., random sampling methods),
such as Monte Carlo sampling with a uniform distribution that tend to produce
clustered points, the Halton technique distributes samples uniformly, ensuring
that the points are sufficiently close to one another without leaving any region
under-sampled.
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Fig. 18. Tracking (Cartesian) error for the different experiments. Time is
normalized for a fair comparison.

Table 8

Statistical analysis.
Exp llex, Il lleg Il T yom Non conv.
UC-DP 0.20 + 0.096 0.24 + 0.089 1 NA
SLC-DP 0.089 +0.062 0.40+0.12 1 NA
uc-Ccp 0.090 + 0.054 0.056 + 0.044 1.83 NA
SLC-CP 0.03 +0.022 0.038 + 0.046 1.83 NA
UC-SLC 0.11 + 0.046 0.18 + 0.062 1.31 22
SLP-SLC 0.055 +0.04 0.14 +0.043 1.31 22

durations can be different, therefore we also report the average plan du-
ration considering the Dubins as the nominal one T ,,,,- The Clothoids
planner has, on average, an 83% longer planning duration, while the
Optimal planner takes 31% longer compared to the nominal one. In
the case of optimal control planner, the convergence failure is also
reported, where the number of iterations is limited to 500. Inspec-
tion of the table confirms the outcome shown in Fig. 18, revealing
that the worst results occur with the unicycle controller paired with
the Dubins planner (UC-DP), where slippage effects are neglected at
both the control and planning level. The tracking performance of
the unicycle controller significantly improves when paired with the
slippage-aware planner (UC-SLP). In all cases, using the slippage-aware
controller enhances performance compared to the standard unicycle
controller. The optimal control approach failed to converge in 22
out of 100 experiments (22%). The analysis confirms that the best
results are achieved when the slippage-aware controller is paired with
either the slippage-aware planner (SLC-SLP) or the clothoid planner
(SLC-CP). This suggests that the Clothoid planner offers comparable
performance without incurring in high computational cost of optimal
control making it a preferable alternative and a promising approach
for enhancing sample-based navigation algorithms, which typically rely
on Dubins maneuvers. On the other hand, with respect to planning
with Clothoids, optimal control offers distinct advantages: (1) brings
lower trajectory duration, (2) produces references consistent with the
tracked vehicle considering slippage effects, by incorporating a more
physically accurate slippage-aware model than just an unicycle. (3)
it enables to handle variable speed profiles, (4) It allows enforcing
actuator constraints directly on wheel speeds. Point (3), (4) ensure that
the result is a physically feasible trajectory. On the downside, optimal
control methods may suffer from (possible) lack of convergence, the
solution is dependent on the initialization and can remain trapped in
suboptimal local minima (local optimality), the presence of integration
errors and a higher computational cost. The issue of local optimality
can be partially alleviated by warm-starting the solver with the sim-
pler, possibly infeasible trajectory generated using Dubins or Clothoid
methods.
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Fig. 19. Planning with optimal control for terrain of increasing slipperiness:
nominal (blue), medium (yellow) and high (red) slippage. In dashed black the
Dubins’s curve is reported for reference. For comparison the time is normalized
in [0, 1] for the 3 tests. In the high slippage case the desired orientation is
also highlighted with black arrows along the trajectory. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 20. Plot of the lateral a (first plot) and longitudinal f (second plot)
slippage parameters for nominal (blue), mid (yellow,) and high (red) slippage.
Plot of the planned angular velocity w‘z’_ (third plot) and robot orientation ¢¢
(fourth plot). (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

7.3.2. Different friction coefficients

Fig. 19 illustrates how different values of the slippage coefficient
— nominal (same as in the previous test), medium, and high — affect
the reference trajectory generated by the optimal planner. The function
approximators used in the pseudo-kinematic model has to be trained for
the different levels of slippage. To emphasize the effects of slippage, the
upper bound on longitudinal speed v¢_has been increased from 0.4 to
0.8 m/s, while the lower bound remains at 0m/s to encourage forward
motion. The Dubins curve is also included in the figure for comparison.
The planner results in the robot turning with lower curvatures under
higher slippage conditions because it requires lower centripetal force
causing lower slippages. The optimization results yield trajectories of
different durations: 5.2 s, 4.9 s, and 4.12 s for normal, medium, and
high slippage, respectively. Interestingly, the shortest duration corre-
sponds to the plan that employs the high-slippage model. This occurs
because the optimizer chooses to maximize speed while leveraging
slippage for turning, effectively reducing the total trajectory time.

Finally, the estimates of the slippage parameters, that has been used
in the slippage-aware controller are shown in Fig. 20. The upper plot is
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Table 9
Planner computation time comparison.

Planner Avg. comp. time (s)
Dubins Planner (DP) 0.06

Clothoids Planner (CP) 0.022

SLP: Exp. approx 1.64

SLP: Dec. Trees, Side Slip. est. 7.2

SLP: Dec. Trees, Side+Long Slip. est. 18

the lateral slip « whose sign is opposite with the sign of w(third plot).
The second plot is the g, (having f, an analogue trend but mirrored).
In coherence with the expectations, the slippages are higher for more
slippery terrain. The fourth plot shows that the target orientation is
achieved in all cases.

7.3.3. Exponential function approximation

The average computation time to solve the optimization problem
using the optimal control planner is 18 s. The bottleneck is due to
the multiple evaluation of the regressors. When less accurate results
are acceptable, an exponential approximation that considers only the
functional dependency on the turning radius R = ,v,/w,, can be used
in place of the decision trees in (32) and (33) to estimate the slippage
parameters, significantly reducing the optimization time. We propose
the following exponential parametrization

—cie 2R R>0
R

. (54)
otherwise

a,fr, fr = fa,ﬂL,pR(R) = {

cre
where ¢, > 0 and ¢, > 0 are two constants that embed the terrain
specificity and that are identified based on the type of track and
terrain. In this case, we employ the exponential function (54) to fit the
data for a, f;, and By, using the curvature radius as input. With this
exponential approximation, the computation time is reduced to 1.64 s.
Table 9 presents the average computation times for various planning
strategies, demonstrating that both the Dubins and Clothoid planners,
which feature closed-form solutions, have computation times that are
orders of magnitude lower.

8. Experiments on slopes

For experiments on slopes we employ, for the simulation, the dis-
tributed parameter model (13) whose parameters are reported in Table
5. A schematic open loop diagram of the simulator, highlighting the
computational steps, is presented in Fig. 21(left). The sloped terrain is
discretized into a mesh with triangular shapes using the Open3d [41]
library and a ray casting algorithm is employed [33] to query the
elevation of the terrain for a certain (x, y) tuple representing the robot
position. This is obtained finding the intersection between a vertical
ray passing through (x, y, b) and the mesh, where b = —10 m is the
baseline distance from which the rays are casted. To initialize properly
the simulation it is fundamental to initialize the robot state to a pose
that is consistent with the terrain inclination at the starting position
(i.e a pose in which the robot does not penetrate the terrain). This
means evaluating also of the terrain normal at the starting position to
get the initial values for the roll, pitch, yaw angles. At each simulation
loop, first the normal force distribution is computed via (18) querying
to the mesh evaluation routine, the projection of the track patches
on the terrain (for the actual robot state). Then normal pressure o; ;
on the track patches is computed via (21). Subsequently, the shear
displacements are computed from the input wheel speeds via (5) and
finally the horizontal terrain interactions with (9). All forces are then
used to compute linear and angular accelerations by inverting (13) and
forward integrating via the chosen integration method to obtain the
updated robot state. Properly setting the torsional damping is crucial
to avoiding simulation instabilities. We tested several integrators of
different orders and observed that the simulation becomes unstable
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Fig. 21. (Left) Block diagram of the distributed parameter dynamic simulator, highlighting variables and computational steps. (right) Snapshot of a down-slope

simulation with dynamic model with nonuniform loading. The blue arrow represents the normal terrain forces f,

color shifting towards red means softening of

nijs

the terrain due to speed. Because of the downward slope, the loading is shifted toward the front of the tracks. The resultant forces for each track are also shown
with red arrows. The base frame is also highlighted as solid lines, while the robot chassis is translucid. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

when either the damping or the simulation time step dT is increased.
Additionally, although the Runge—Kutta integrator and backward Euler
method are more computationally demanding, they did not appear to
offer significant improvements in simulation stability.

8.1. Nonuniform loading test

To appreciate the simulator capability of modeling nonuniform load
distribution, in the accompanying video, we show simulations of the
robot moving in open-loop on a 3D sloped terrain with stiffness K, =
100kN/m and damping D, = 50kNs/m and friction coefficient x = 0.6.
The sloped terrain has been randomly generated with Blender. We
give reference velocity commands to the robot generating a chicane
reference as in (53) but with higher longitudinal speed vﬁm =0.8m/s
and angular velocity o? = 0.6rad/s for 1,4 = 20s of simulation.
The forces £, ;; on each terrain patch are highlighted with blue vectors
applied at each patch location (see Fig. 21(right)). The resultant of the
forces for each track is also highlighted in red. To avoid the simulation
getting too slow a good compromise with accuracy has been found
discretizing the tracks into 10 x 4 patches. The accompanying video
shows realistic loading behavior according to the relative orientation
of the robot w.r.t. the slope: i.e., the downhill part of the track gets
more loaded while the uphill part gets unloaded. Despite the non
negligible speed, gravity still dominates the loading and the effects
due to centrifugal forces (e.g., higher loading of the outer track in a
turn) is not visible. The height 4 of the CoM influences load transfer,
resulting in different track loading for the same robot orientation at
different heights (not shown here for the sake of space). We repeated
the experiments also in the assumption of uniform load distribution
and compared the results in Fig. 22(left). The plot shows a vertical
difference of 4 m over a 15.6 m distance, corresponding to a cumulative
error of 25.6% when using the uniform load approximation compared
to the non-uniform case. In terms of computational time, the simulation
loop takes 0.49 ms on average (on a average of 2 10° calls) under
the uniform load assumption, while it requires 11 ms — two orders of
magnitude higher — for the non-uniform load case. The performance
gain in the uniform load scenario stems from the fact that the terrain
mesh is evaluated only once. The tests have been performed on a AMD
Ryzen 7 7700X4.5 GHz machine. This highlights a fundamental trade-
off between model fidelity and computational efficiency: while more
accurate models can capture complex terrain-vehicle interactions more
precisely, they may be infeasible for time-sensitive applications. On
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Fig. 22. (Left) Open loop simulation comparison of distributed model (13)
with nonuniform (blue) and uniform (yellow) load distribution. Desired
trajectory (red) is given just for reference. (right) Simulation of terrain speed-
dependent stiffness variation. The red plot is the maximum value of the
stiffness for the patches of the left track as a function of desired robot speed
ranging from O to 1.4 rad/s. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

the other hand, simplified models — although less precise — can offer
sufficiently accurate predictions at a fraction of the computational cost.

8.2. Speed dependent stiffness test

The stiffening behavior of the terrain with speed is visible only at
high speed and/or soft terrain. To show this effect we set a linearly
increasing speed from 0 to 1.4 m/s with the robot moving in a straight
motion on a soft terrain with nominal stiffness K, = 5000 N/m. We set
a speed dependent stiffness gain K, = 10.5 Ns/m?. The video shows
that the robot starts to pitch when speed increases due to the increased
stiffness in the front of the tracks. The stiffness increase is highlighted
by the color of the arrows representing the ground forces, with the
color changing from blue towards red when going from higher to lower
stiffness. We report in Fig. 22(right) how the maximum value of the
stiffness for the left track linearly changes with the vehicle speed, from
the nominal value of 5000N/m for ,v¢ = Om/s to a higher value of
23000N/m for ,v, = 1.4m/s.
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Fig. 23. Trajectory plot for the closed loop control of the chicane reference
trajectory (red line) on slopes. Both the UC controller (blue line) and the SLC
controller (yellow line) are reported. Friction coefficient is set to u = 0.6. Green
and red dots are the initial and final configuration respectively. The initial and
final orientation is highlighted with a black solid line. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

8.3. Closed loop tracking tests

In this section (dual of Section 7.1 for sloped terrain) we test in
closed loop the slippage-aware controller extended to the 3D case
introduced in Section 5.3, with function approximators (34) trained for
slopes. The reference to be tracked is the usual user-defined chicane
reference trajectory (53), the simulator model is the one for nonflat
terrain (13). With respect to the flat terrain case we increased the fric-
tion coefficient from y = 0.1 to 4 = 0.6 to avoid catastrophic slippage.
To have comparable slippages we adjusted the speed parameters of the
chicane to v¢, = 0.6m/s and o’ = 0.4rad/s, respectively. The initial
configuration is set to ¢, = [15,2, —2.91" m, a location where the robot
is on a downward slope. Fig. 23 is a bird-eye (XY) view showing of
the reference trajectory (red) and the plots of the actual trajectories
in the UC (blue) and SLC (yellow) case. The tracking results comparing
the proposed slippage-aware controller SLC with the reference unicycle
controller UC are reported in Figs. 23 and 24. Fig. 24 reports the plots
of the metrics used to evaluate the controller performance, which in
this case are the tracking errors mapped in body coordinates ,e,, and
»¢, (upper and middle plot). The mean and the final Cartesian errors are
both around 20 cm in the case of UC controller, while they are reduced
to 5.9 cm and 5.6 cm, respectively, in the case of the SLC controller
over a 13 m long trajectory. The bottom plot shows the robot pitch
indicating the slope inclination is continuously changing, ranging from
—0.1 to 0.2rad. In the accompanying video, we also demonstrate an
application of the SLC controller within a navigation framework that
generates planned trajectories to explore a sloped terrain and reach
user-defined goals.

9. Conclusions

In this paper, we have proposed a framework that enables reliable
navigation of tracked vehicles across challenging terrains. Our first
contribution is the development of a simulation model that provides
a physically accurate representation of ground contact forces, both on
flat and sloped terrains. This model offers a faithful digital twin of the
system. It has been validated against experimental data and is suitable
for realistic simulations across a wide range of operational scenarios.
However, the complexity of this model discourages its direct use in
control design.

To address this, we have also developed a simpler pseudo-kinematic
model, which condenses the sophisticated nuances of terramechanics
interaction into a small set of parameters. This control-oriented model
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Fig. 24. Plots of the tracking error (in local frame) for the closed loop
control of the chicane reference trajectory 7.1 on slopes. (upper) ,e,, Cartesian
error, (middle) »¢, orientation error, for the UC (blue) and SLC (yellow)
controller. (bottom) Plot of the robot pitch representing the slope inclination.
(For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

accounts for both longitudinal and lateral slippage. We have devised
an effective machine learning procedure to estimate these parameters,
and its accuracy has been confirmed through experimental validation.
Our analysis of the simulation model suggests that these parameters are
directly influenced by the velocities of the tracks. This insight has been
pivotal to our second and third contributions: a package of algorithmic
solutions for trajectory control and path planning.

For trajectory control, we have proposed a Lyapunov-based con-
troller, extended with feed-forward compensation. Our analysis reveals
that this controller effectively mitigates slippage effects with minimal
computational overhead, thereby enhancing the tracking capabilities of
tracked vehicles. The superior tracking performance, relative to a state-
of-the-art unicycle controller, is validated through real-world indoor
experiments conducted with a LIMO tracked robot operating on both a
parquet floor and a low-friction soapy surface.

The application of our control strategy allows the closed-loop sys-
tem to approximate unicycle kinematics, paving the way for the adop-
tion of simple and efficient planning algorithms based on Dubins ma-
noeuvres [37]. Equally straightforward is the use of a planning solution
based on the analytical interpolation of G' curves.

While these solutions offer simplicity and numerical efficiency, they
do not necessarily ensure high levels of accuracy or optimality. For
applications where such performance is a stringent requirement, we
have also proposed a motion planning approach based on numeri-
cal optimization, which can be warm-started using the Dubins-based
solution.

To conclude, we evaluated two families of planning strategies. The
first comprises approximate methods that rapidly generate reasonable
trajectories without feasibility guarantees, namely, they do not account
for slippage effects or actuation limits. As a result, the responsibility of
compensating for these shortcomings is shifted to the controller. These
strategies are widely used in the literature [37] and are typically based
on simplified models. For instance, the Dubins model assumes a virtual
unicycle with no constraints on angular velocity, allowing for discon-
tinuous angular acceleration. Slightly more advanced models, such as
those based on Clothoids, enforce a linear variation in curvature, better
approximating car-like behavior with continuous steering dynamics.
The second family consists of optimal control approaches, which lever-
age the proposed pseudo-kinematic model to compute feasible, high-
quality trajectories that explicitly account for physical constraints.
While this results in significantly more accurate and consistent plans, it
comes at the cost of increased computational time. This can be reduced
accepting less accurate function approximators based on exponential
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parameterizations to estimate the slippage parameters. The analysis in
Section 7.3 shows that Clothoid-based planners can achieve satisfactory
performance but remain suboptimal compared to more sophisticated
planner based on numerical optimization. This highlights an inherent
trade-off between the level of optimality and the computational reac-
tivity of the planner, allowing users to choose the most appropriate
method based on their application’s requirements.

Future work. This research has provided valuable insights into the
dynamics of tracked vehicles, laying the groundwork for future inves-
tigations. A first important direction for our forthcoming research is a
broader experimental validation of the models across different types of
vehicles and a wide range of terrains, weather conditions, and slopes.
Such conditions are difficult to replicate in a laboratory setting and
require a sophisticated and portable setup for data collection in the
wild. To achieve this objective, we aim to implement relative visual
odometry techniques as an alternative to the Motion Capture System,
thereby enabling accurate motion estimation without external track-
ing infrastructure and enhancing the system’s autonomy by reducing
dependency on external positioning equipment.

A second research direction is the investigation of trajectory control
algorithms capable of delivering high levels of performance for high-
dynamics tracked vehicles. The experimental data we have collected
align well with our theoretical findings, but were obtained using a
heavy and slow platform, suitable for typical agricultural applications.
Additionally, we are exploring new motion planning solutions that can
offer a better trade-off between performance and execution time than
the alternatives considered in this paper.

Finally, we plan to apply visual foundation models to estimate
ground parameters for our model, following the approach of the Magic-
VFM framework [19].
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Appendix A

A.1. Derivative of a vector in a moving frame

When computing the dynamics in (11) and (13) in the body frame,
the effect of the body’s rotation must be taken into account in the
acceleration computation. Consider two coordinate systems: the inertial
frame W, and the body frame /3 which is rotating w.r.t. W with angular
velocity w. The components of a vector v expressed in the inertial frame
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W are linked to the components ,v of the same vector expressed in the
body frame by

v=,R, ,v (55)

where , R, is the rotation matrix representing the orientation of B w.r.t.
W. The derivative of Eq. (55) is:

dv
di

Now, from mechanics, is well known that

dyv .
= waT + wabV (56)

Ry = @ X, Ry = S(@),R, (57)

where S(.) is the skew-symmetric matrix associated to the cross product.
By simple algebraic passages, exploiting the property RS(x)R? = S(Rx)
of skew symmetric matrices, we get
wRy = S(,R, @) R,
=R, SG®),R] R, (58)
=Ry S(0)
by substituting (58) in (56) we obtain

dv de
(5F). =Ry~ + Ry @ (59)
where
0 —p®; 0y
b® =] p®z 0 Tb®Px
~p@y »Px 0

if v is the body velocity then i—:)}

is called absolute or total accel-
eration, where the first term of (59)mis due to the translational motion
while the second term is due to the rotational velocity of the frame 3.
Now, by expressing everything in the body (moving) frame we get:

. d .
(6¥)in = wRy <d_:’)in =pVEp® XV (60)

Where we have the linear terms that appear in (13), a similar reasoning
applies to the angular terms. In the flat terrain case, by explicitly
writing the cross product, setting ,v, = 0, and considering only the
x and y components, we recover the terms shown in Eq. (11).

(be)in = bl.)x - CUzbvy

(bDy)in = bl.)y + @05

(61)

Appendix B. Supplementary data

+ Video of experimental results is available at:
youtu.be/TyeZOvRkI04

» The code to reproduce the all the figures in Sections 7 and 8 is
open-source and available at:
https://github.com/mfocchi/tracked_robot _simulator.git.
The dataset of the experiments and the models is available
through Git Large File Storage facility.

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.robot.2025.105282.

Data availability

I have shared data in the repository the code to reproduce the results
at this link: https://github.com/mfocchi/tracked_robot_simulator.git.
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