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1 | INTRODUCTION

Identifiability problems arise naturally in many fields of both applied and classical algebraic
geometry. A variety X C PV is said to be h-identifiable if the general point of its h-secant vari-
ety has a unique decomposition as a sum of & points of X. A classical application of identifiability
concerns particular polynomial decompositions. The Waring problem for forms asks for a unique
decomposition of a homogeneous polynomial F; € C[x, ..., X, |4 as a sum of dth powers of linear
forms, that is,

Fy=L{+ - +L{, (1.1)
with L; € C[x, ..., x,,];. A necessary condition for identifiability is secant non-defectivity: a vari-

ety X C PN of dimension dim(X) = n is said to be not h-(secant) defective if the h-secant variety
Secy,(X), defined as the Zariski closure of points in PV lying in the span of & points of X, has the
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expected dimension min{N, h(n + 1) — 1}. In [10], the authors proved that, for the Veronese case
X = v,(P") and for all subgeneric ranks h (i.e. such that Sec,(X) C€ PV does not fill up the space),
a general form F of rank h is identifiable, with a few well-known exceptions. In the case of generic
rank, the situation is almost the opposite: in [14], it is proved that all forms of generic rank are not
identifiable with the following exceptions: (n,d, h) = (1,2k — 1,k), (3,3, 5), (2,5, 7).

In [12], the authors initiated the investigation of a generalisation of the classical Waring prob-
lems for forms. In particular, they showed that a general form F; ; € C[x, ..., X,,] 4, can be written
as a sum of at most k" k-th powers of forms G;’s of degree d

Fiq =G+ +Gy, (1.2)

and that this bound is sharp, that is, when d is sufficiently large, k" computes the generic rank.
The secant defectivity of the varieties parametrising kth powers of forms of degree d remains an
open problem in general.

In this paper, we address both the secant defectivity and the identifiability problems for such
Waring decompositions. Denote with Vs’ , the variety parametrising kth powers of homogeneous
degree d forms in n + 1 variables:

Vi g 1= AFXIIF € Clxg, ., X, )}
Our first main result about secant non-defectivity is the following.

. ks Lo 1 (N+k-3 _ (n+d
Theorem 1.1. Thevariety V'  is not h-defective ifk > 3 and h < N_+1( \ ) whereN = ("1%) —
1.

Our second result is about identifiability. A bridge from non-defectivity to identifiability was
built in [8] first and then generalised in the recent [18]: whenever X is a sufficiently regular vari-
ety (with non-degenerate Gauss map), then if X is not h-defective, then X is (h — 1)-identifiable.
Using this and Theorem 1.1, we obtain what follows.

Theorem 1.2. A general form F € C[x,, ..., X,]4x of rank h with k > 3 is identifiable whenever

(n-;kd)

N+1

h<mind L (N+k=3)_,
N+1\ N

We remark that in [19], the author showed that the secant defectivity of Vﬁ, 4 can be bounded
asymptotically, using a direct algebro-computational argument, to k" — d". In Section 6, we show
that, for d > k, our bound of Theorem 1.1 extends the latter.

In order to prove Theorem 1.1, we brought together a Terracini-type argument and several dif-
ferent degeneration techniques. By a classical application of Terracini’s lemma, non-defectivity
problems for secant varieties translate into the study of particular linear systems of hypersurfaces
of projective space with prescribed singularities. The first systematic study was used in the proof
of the celebrated Alexander and Hirschowitz Theorem for the case of classical Waring problems
(1.1), where secant varieties of Veronese embeddings of P" correspond to linear systems of hyper-
surfaces of P" with prescribed double points in general position. In the setting of the generalised
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Waring problem, as in (1.2) for k > 2, a direct translation to linear systems of hypersurfaces with
only double-point singularities is not possible. In order to prove secant non-defectivity in this
case, it is necessary to impose a larger base locus to our linear systems. In particular, we will be
interested in studying the dimensions of linear systems £ := Ly, (V, 2y of hyperurfaces of PN of
degree k that are singular at h general points and that contain the dthVeronese embedding of P",
V C PN. The study of such linear systems is carried out by combining two types of degenerations
introduced in [21] and in [11] and [22], respectively. We start by degenerating the ambient space
PN to a scheme with two components and, in turn, the linear system L to a fibred product of two
linear systems, one on each component, which are somewhat easier to deal with than the original
one. In fact, one of them consists of hypersurfaces containing a linear subspace and a collection
of double points, the other one consists of hypersurfaces containing V' and just one fat point of
relatively large multiplicity with support on V. Now, in order to study the latter, we perform a
toric degeneration of the Veronese V' to a union of n-dimensional linear spaces, which will have
the effect of reducing further the study of the limit linear system.

It is worth mentioning that the study of Waring-type problems and identifiability of symmet-
ric tensors has been implemented also in the applied fields, from chemistry, biology to algebraic
statistics. Recently, in [6], the problem of identifiability for kth powers of forms was linked to the
identifiability of centred Gaussian mixture models in applied statistics.

1.1 | Organisation of the paper

Section 2 contains all definitions and our Terracini-type result that translates non-defectivity
of V’;, 4 to the study of £, Proposition 2.16. In Section 3, we explain in detail the degenerations
techniques, both in the classical and in the toric setting. In Section 4, we analyse two auxiliary
linear systems arising from the degeneration of £, Proposition 4.3 and Corollary 4.8. Section 5 is
devoted to the proof of the main technical result, that is, Theorem 5.2. Finally, in Section 6, we
explain to what extent our bounds are asymptotically better than the ones known before in the
literature.

2 | POWERS OF FORMS
In order to give a coherent and self-contained treatment of the subject, in this section, we recall
some preliminary definitions and results.

We will work over the field of complex numbers C.

2.1 | Veronese embeddings

Let W := C"*! and W* the dual vector space. With P" = P(W), we denote the projective space
over C of dimension n. We introduce the following integers:

Ny :=<”:d>—1, Nk := <N‘11V:k>—1.

We will indicate N, simply by N, when no confusion may arise.
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Notice that the following identities hold:
hO(P", Opn(d)) = Ny + 1,
h(PNe, Opn, (k) = NX +1,

where h’(P¢, Opa (b)) denotes the number of global sections of the twisting sheaf Op. (b) on P4, for

any integers a > 1,b > 0. In other terms, (azb) is the dimension of the linear systems of hypersur-

faces of degree b of P which, in turn, is the projectivisation of the complex vector spaces of forms
of degree b in a + 1 variables. With this in mind, we can make the following identifications:

pNa = p(symd(W*)), PV = P(Sym*(Sym(W™))).
Now we consider the following Veronese embeddings:
vy P"— V9 c P(Sym?(W*))
[L] — [L9]
and
v 1 PNe — V]If,d c P(Sym*(Sym“(W*))),
[F]+— [F"]

where L € C[x,, ..., X, ]; is a linear form and F € C[x,, ..., x, ], is a form of degree d. The image
of the embeddings are called Veronese varieties.

Remark 2.1. Note that both v; and v, are the maps corresponding to the complete linear systems
associated with the line bundles Opn(d) and Opn, (k), respectively. As elements of P(Symd(W*))
(respectively, P(Sym*(Sym%(W*)))), the image of v4(p) (respectively, v, (p)), with p a point, cor-
responds to the hyperplane parametrising hypersurfaces of degree d in P" (respectively, of degree
k in PNa) passing through p.

We want to parametrise forms in P" of degree dk, that is, elements in C[x,, ... , X,,] 45, Which can
be written as kth powers of forms of degree d.

Remark 2.2. Note that the Veronese varieties v, (P") are always contained in the set of all kth
powers of forms of degree d because, trivially, L4 = (L¢).

Now, we let

$ai + PV — PNik = p(Sym (W)

[F]— [F¥]

be the map that assigns to each form F € C[x,, ..., X, 4 its kth power.
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Definition 2.3. We call the scheme theoretic image
k N, N,
Vn,d = ¢ (Pd) C PHak
the (d, k)-Veronese variety.

Under the previous identification, the classical Veronese varieties correspond to the (d, 1)-
Veronese varieties. On the other hand, for k > 1, V”j d is not a standard Veronese variety; indeed,

B

it is easy to see that the target of ¢ 5, has dimension (";gk) , which is never equal to ( for any

a. A priori we do not know if the map ¢, is an isomorphism, as it happens for classical Veronese
varieties, see Lemma 2.11 below.

Ng+
daa)

2.2 | Secant varieties and identifiability

In this subsection, we recall the definition of secant variety and the notion of identifiability,
following [8].

Let X C PN be a non-degenerate reduced variety. Let X") be the hth symmetric product of X,
that is, the variety parameterising unordered sets of 4 points of X. Let Uif c X™ be the smooth
locus, given by sets of h distinct smooth points.

Definition 2.4. A pointz € Uf represents a set of h distinct points, say {z;, ..., z;, }. We say that
apoint p € P is in the span of z, p € (z), if it is a linear combination of the z;’s.

With this in mind, one can define the following object.

Definition 2.5. The abstract h-secant variety is the (hn + h — 1)-dimensional variety

secy(X) :={(z,p) € UX x PN|p € (z)} c X" x PV,
Let 7 : X" x PN — PN be the projection onto the second factor. The h-secant variety is
Sec,(X) := n(sec, (X)) C PN,

and 71'2( = Tigec,(x) - Secp(X) — PN is the h-secant map of X.
If the variety X is irreducible and reduced, we say that X is h-defective if

dim Sec;,(X) < min{dim sec;(X), N}.
The following is a classical result.

Theorem 2.6 (Terracini’s lemma). Let X C PN be an irreducible variety. Then, the following holds.

* Forany py,...,pxy € X and z € (p;, ..., P ), we have

(T, X, ...,Tka) C T,Sec,(X).

P1
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* There is a dense open set U ¢ XK such that

(T X, ... T, X) = T,Sec,(X),

for any general point z € (p;, ..., pi) With (py, ..., px) € U.
The following notions are related to the notion of secant variety.

Definition 2.7. Let X C PN be a non-degenerate subvariety. We say that a point z € PN has rank
h with respect to X if z € (p), for some p € Uif and z & (p') forany p’ € Uif,, with i/ < h.
Definition 2.8. A point z € PV is h-identifiable with respect to X C PN if z is of rank h and
(7 Y '(z) is a single point. The variety X is said to be h-identifiable if the h-secant map m) s
birational, that is, if the general point of Sec;,(X) is h-identifiable.

It is clear, by Theorem 2.6, that when X is h-defective, or more generally, when nif is of fibre
type, then X is not h-identifiable.

We now recall the recent result in [18], in which the authors generalise the approach in [8]
relating identifiability with the non-defectivity of the secant variety.

Theorem 2.9. Let X C PN be an irreducible and non-degenerate variety of dimension n, h > 1 an
integer, and assume that:

* (h+1n+h<N,
* X has non-degenerate Gauss map,
* X is not (h + 1)—defective.

Then X is h-identifiable.
In the next sections, we will see how to rephrase this theorem in the setting of powers of forms
in order to give identifiability results for k-th powers of forms of degree d.
2.3 | Geometric construction of (d, k)-Veronese varieties
Let us recall some facts from apolarity theory; the main reference is [16].

Notation 2.10 (Apolarity). We consider two polynomial rings in n + 1 variables, both endowed
with the standard grading:

R =Cl[xy, ..., X, @R 1= Clxg, e s X155
ieN

S =C[yg,->Ynl @S Clygs > Ynli-
ieN

Interpreting the elements of S as partial derivatives in the x;’s, the pairing S, X R; — C sends
(Fy,G)) to the derivative F; oG, € R of G;. If k =1 and if T C R is a homogeneous ideal, the
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orthogonal Ikl C Sy is the following space of polynomials:
I} ={F € §;|FoG = 0,YG € I;}.

It is a standard fact of representation theory for the linear group GL(W), see, for instance,
[17], that the space Symk(Symd(W*)) can be decomposed as direct sum of GL(W)-modules in
the following way:

Symk(Symd(W*)) = Symdk(W*) eE
where

£ =HPY, 1,4(k)

is the k-th homogeneous part of the ideal of forms that vanish on the Veronese vari-
ety fo = v4(P"), cf. notation of Section 2.1. In slightly different terms, we can describe
& =HOPN,Opn(k) ® I,4) as the space of global sections of the linear system of degree-k

hypersurfaces of P containing Vg. We have the following exact sequence:
0— Ivff (k) = Opng (k) = Oya(k) = 0

Considering the long exact sequence in cohomology and using the fact that every Veronese variety
is projectively normal, we have:

0 = H(Z,4(k)) = H(Opng (K)) = H(Oya(k)) — 0,

where we omit the indication of the underlying space in the expressions H°(-), since it is clear
from the context. This shows that

dim(e) = <Ndk+ k> _ (n dek)

It is easy to show that GL(V)-modules Sym?<(W*) and & are apolar, that is, for every pair of
forms F, G € C[x,, ...,de] with F € Sym‘“‘(W*) and G € &, one has that FoG = 0.
The constructions above fit into the following commutative diagram:

P(Sym"*(Sym‘(W*)))

o

P — P(Sym‘(W*)) | 7
|

I
Pa Y

vk, c PSym™ (W)

where the map 7 is the linear projection from the (projective) linear space E = P(E). We now
prove that the map ¢, is, in fact, an isomorphism.



8 of 30 | CASAROTTI and POSTINGHEL

Lemma 2.11. With the above notations, we have Secz(V;f]d) N E = @. In particular, the map ¢y is
an embedding.

Proof. Note that an element F € Secz(VIIf]d) is either of the form F = LK, F = L*"'M or F = M* +
N¥, where L, M,N € C[x,, ..., XN, 1, are linear forms in P(Sym*(Sym?(W*))), or equivalently
degree d hypersurfaces in P". In particular, if there exist such an F with F € € = HO(IVn LK),
then V,, ; would be contained in the vanishing locus of F. Moreover, the zero locus of F is either a
hyperplane ({L = 0}), a union of two hyperplanes ({L = 0} U {M = 0}) or the union of a hyperplane
and asubscheme S of degree k — 1 ({M + {N = 0} U S), where ¢ is a kth root of unity. Finally, since
V.4 is non-degenerate and irreducible, the claim follows. O

2.4 | Identifiability for (d, k)-Veronese varieties

From now on we will work with the projective notation, in particular, E has to be intended as the
projectivisation of the affine space £ introduced in the previous section. Let us start by character-
ising hyperplanes in E as particular linear subsystems of hypersurfaces in PV¢. Denote by 7, the
linear projection from the linear space P(Sym“ (W *)) to E, that is,

Tk - [P’(Symk(Symd(W*))) -> E.

Lemma 2.12. Let H(O Nk (1) ® Lp(symdky+y)) be the complete linear system of hyperplane
P
sections of P(Sym*(Sym?(W*))) containing the linear space P(Sym*<(W*)). Then,

v;(HO(OPNE(l) ® Ly symik(wey) = HO(Opng () ® Iy, ).

Proof. LetH € HO(OPNd k) ® Iy, d) be a degree k hypersurface in PNd that contains the Veronese

V,.4- Then, the linear span H of (v;),(H) is a hyperplane in pNd that contains Viodk -=
V)« (Vi.q)- Since (Vi) = P(Sym?*(W*)), we have that

H(Opvn, () ® Iy, ) C vZ(HO(OPNE (1) ® L (symek(r+y))-
To conclude, it is enough to observe that
h’(Opv, (k) ® Ty, ) = dim(€) = codim(P(Sym™ (W*))),

where codim here indicates the codimension in P(Sym*(Sym%(W*))), and VZ induces an
isomorphism of global sections. O

We need the following easy technical lemma.
Lemma 2.13. The linear projection
g PSym*Symd(W*)) - E = PAH'(Ty, ,(K)))

is generically finite when restricted to V k= Vk(IP(Symd(W*))).
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Proof. The map

T VvV -> E
Ky esymdaweyy T Naok

is induced by a linear subsystem F of the line bundle £ = © v (1) with
P

VZ(F) = |OSymd(W*)(1) ® IVn,d(k)L

Now the claim follows easily from the fact that HO(IVn 4 (k)) defines the Veronese variety V,, ; set
theoretically. ’ O

Let py, ..., p, € X C PN be general points. By Lemma 2.6, we have that Sec;,(X) has the expected

.....

.....

..... by I
Before moving on to the explicit description of the identifiability for Vfl o let us first prove a
general proposition about linear systems of projected varieties.

Proposition 2.15. Let X C PV be a smooth non-degenerate projective variety. Moreover, let PN =
(F, E) with F, E skew linear subspaces. Let wy : PN — Fandnp : PN — E be the natural projections.
If the projections restricted to X are generically finite and L), x has the expected dimension, then
Ly 7. (x) has the expected dimension if and only if L, ;. _(x) has the expected dimension.

Proof. Note that by symmetry of E and F, it suffices to prove only one of the implications. Let
qy,--»qy be general points on 7x(X), x; € 77 '(g;) a general point in every fibre and z; = 7x(p;).
By the generality assumption, we have that x,,...,x; are general and so are z,...,z;. Since
7y restricted to X is generically finite, the space of hyperplanes £, ; (x) = |O(1) ® sz

corresponds to £}, x ® I. Now the splitting PN = (F, E) induces the linear projection

such that Ker(xw) = £h’ﬂF(X). Since, by assumption, both the source and the kernel have the
expected dimension by the rank-nullity theorem the assertion follows. O

We are finally able to characterise the identifiability properties for the case of powers of forms.
Consider the following linear system of all hypersurfaces of PY¢ of degree k containing the
Veronese variety V,, ;3 C PNd and double at the points p,, ..., pj, thatlie in general position in PNd:

hy . _
L:Nd (Vn,d’ 2" = OPNd k) ® IVn,d ® Ipf .... ppzl.
Proposition 2.16. In the above notation, let p, ..., p, be general points in PNa = P(Sym?(W*)).
The linear system Ly d(Vn,d,Zh) has the expected dimension if and only if Sech(Vs ) has the
expected dimension.
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Proof. With the notations of Proposition 2.15, we have E = [F"(HO(IVn d(k))) and F = Symdk(W*).
We have that 7 restricted to X = V]’f]d is an isomorphism by Lemma 2.11, in particular, it is generi-

cally finite. The same holds for 7 = 74 by Lemma 2.13. Now £, ,,« has the expected dimension
VN,

by Alexander-Hirschowitz (see Theorem 4.1 below) and

.....

by Lemma 2.12. O

3 | DEGENERATION TECHNIQUES

In this section, we will discuss two types of degenerations that will provide main tools for the
proofs of the results of this article.

3.1 | The FP-degeneration

In this section, we recall a degeneration procedure introduced in [21], which consists in degen-
erating the projective space PN to a reducible variety with two components, and then studying
degenerations of line bundles on the general fibre.

3.1.1 | Degenerating the ambient space

Let A be a complex disc centred at the origin and consider the product Y = PN x A with the nat-
ural projections nly : Y — PN and nf : Y — A. The second projection is a flat morphism and
we denote by Y, := PN x {t} the fibre over t € A. We will refer to Y, and to Y,;, with ¢ # 0, as the
central fibre and the general fibre, respectively. Let f : X — Y denote the blow-up of Y at a point

(p,0) € Y, in the central fibre. Consider the following diagram, where ﬂiX = n'l.y of,fori =1,2:

The morphism 71';" : X — A is flat with fibres denoted by X, t € A. For the general fibre, we
have X, = Y, = PV, whereas the central fibre X, is the reduced union of the strict transform of
Y, that we shall denote with [, and the exceptional divisor P = PV of f. The two components P
and F meet transversally and we will denote by R the intersection: R :=F NP = PN~ We will
say that PN degenerates to X, = P UF.

We will now endow the general fibre X; with a line bundle, and we will describe its limits on X,
via this degeneration. In order to do so, we will give bases for the Picard groups of the components
of X,,.
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Notation 3.1. We denote by Hj the hyperplane class of P, so that the Picard group of the excep-
tional component is generated by Hp. Moreover, we denote with H the hyperplane class of F,
pull-back of a general hyperplane of Y, & PV, and with E := P| the exceptional class in F: Hp
and E generate the Picard group of F.

In these bases, R has class Hp in N!(P) and E in N'(F). A line bundle on X, will correspond to
a line bundle on P and a line bundle on F, which match on the intersection R. In other terms, we
can describe the Picard group of X, as a fibre product

Consider the line bundle O (k) = (nf )*(OPN (k)) and the following twist by a negative multiple
of the exceptional divisor:

My(k, ) := Ox(k) ® O(—aP).
The line bundle M y(k, a) will induce a line bundle on each fibre X, by restriction:
M;(k,a) := My(k, a)|Xl, t €A
For t # 0, since P N X; = J, we have
M,(k,a) = O, (K),
while on the components of the central fibre, we have

Mp(k,a) := My(k,a)|p = Op(aHp),
Mp(k,a) := My(k,a)|p = Op(kHp — aE).

The resulting line bundle on X, is a flat limit of the bundle Ox (k) = Opx(k), for t — 0.

3.1.2 | Degenerating the Veronese variety

We will use the same notation as in Section 3.1.1. Let us set

N:=N,; = <”:d>—1,

andletV 1=V, ; = vy(P") C PV denote the dth Veronese embedding of P" in PV, and consider
the 1-parameter family V = V X A C Y with the natural projections 71'%7 ly : V- PN and 71'3) [y :
VY — A. The second projection is a flat morphism and we denote by V; :=V x {t} the fibre over
t € A. We pick a general point (p,0) € V|, C Y, in the central fibre of 7137 : Y — Asupported on
the Veronese variety, and we consider the blow-up f : X — Y at (p, 0). This induces the blow-
up fly : VY -V of ¥ at (p,0) and the fibres of (7'[;7 of)|y are as follows: the general fibre is a
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Veronese variety

where V. is the strict transform of V', under the blow-up at p, whereas A & P" is the exceptional
divisor on V. Moreover, we can write

Ag :=VeNACA,

and observe that Ap = P"~1,
Consider the line bundle M ,(k, a) and twist it by the ideal sheaf of V:

My(k,a; V)= Myk,a) ® Iy = Ox(k) ® Ox(—aP) ® 1.
This restricts to the following line bundles on the fibres X;:

Mp(k,a;A) = Op(aHp) @ 1,,

Me(k,a;V) = Op(kHg — aE) ® I

The resulting line bundle on X, is a flat limit of the bundle Op. (k) ® I, on the general fibre.

3.1.3 | Degenerating a collection of points in general position

We continue to use the notation of Sections 3.1.1-3.1.2. On the general fibre of Y — A, that is, for
t # 0, we consider a collection of points {x; ; ..., X}, ;} C Y, in general position and that, in particu-
lar, lie off the Veronese variety V, C Y,. After choosing a point that lies generically on the Veronese
variety in the central fibre, p € V,, C Y|, we degenerate each point x; , € Y, to an infinitely near

. . . -1 .
point to p € V, as follows. For every i € {1, ..., h}, consider the curve (7‘[?7 ) (x;) C Yandits pull-
back C; on X. The union | J; C; intersects each fibre X, transversally in h distinct points. For t # 0,
the points  J; C; N X, are in general position. Moreover, by the generality assumption, the curves

(77.'%7 )_1(pi) C Y are not tangent to V) € Y ); therefore, the intersection points C; N X, lie on P but
not inside A.

Consider the blow-up of X along the union of curves U?:l C,, gn : & = X, with exceptional
divisors E. Since these curves are disjoint, the result does not depend on the order of blow-up.
The general fibre, that we continue to call X, by abuse of notation, is isomorphic to a P blown-up
at h points in general position and its Picard group will be generated by the hyperplane class and
by the classes of the exceptional divisors:

Pic(X,) = Z(H,Ey ;, .., Ep,)-
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The central fibre has two components, the pull-back of F and the strict transform of P & PV, which
is isomorphic to a PN blown-up at h points in general position: abusing notation, we call F and P
the two components, so that X, = P U F. The Picard group of P is

Pic(P) = Z(Hp, Ey 4, ..., Ep ).
For a vector m = (m,, ..., m;,) € N", consider the following sheaf on X:
Mz(k,a;V,m) 1= O(k) ® O(—aP) ® O(=(mE¢, + -+ myEc,)) ® Ly
It restricts to
M(k,a;V,m) = Ok) ® O(—=(mEy; + - + mpE ) @ Iy, t #0,
on the general fibre, and to
Mp(k,a;A,m) = Op(aHp — (M E; + - + mpEp)) @ 1,,
M (k, a; v, m) = Op(kHy — aE) @ 1.

on the components of the central fibre. The resulting line bundle on X, is a flat limit of the bundle
on the general fibre.

3.1.4 | Matching conditions
We will abbreviate the notation of the previous sections by setting

Mz = My(k,a; P, m)
and

M; 1= M, (k,a;V,m)

Mp 1= Mp(k,a; A,m)

Mg = Me(k,a;V,m).

We are interested in computing the dimension of the space of global sections of the line bundle
on the central fibre which, by semicontinuity, gives an upper bound to the dimension of the space
of global sections of the line bundle on the general fibre:

h%(X,, My) > h’(X,, M,). (3.1)

In order to do so, we consider the natural restrictions to the intersection R = P N F of the central
fibre:

0= Mp = Mp = Mplg =0,

0 - M; = Mg = M|z =0,
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where Mp = Mp(k,a; A, m) and My = My(k,a;V,m) denote the kernels of the restriction
maps. Since R = Hp on P and R = E on [, we have

Mg = Op((a — DHp — (myEy + - + muE) @ I

M = Op(kHg — (a + 1)E) ® Iy.
Consider the restriction maps of global sections:

rp - H'(P, Mp) = HO(R, My |R),

re ¢ HO(P, Mg) — HO(R, Mgg).

We notice that the spaces of global sections of the restricted systems are both subspaces of the
space of global sections of the degree-a line bundle on R = PN~

HO(R, M), H'(R, M¢|R) € HO(R, Ox(a)).

A global section of M, consists of an element of H(P, M;;) and an element of H(F, M) which
match in H(R, Og(a)), that is, the space of global sections H%(X,, M,) is described as a fibre
product via the following commutative diagram:

H'(Xy, My) ——— H'(P, Mp)

y b

H(F, M) ——> H'(R, Mplr 0 Melp).
This yields the formula for the dimension of the spaces of global sections
h°(X,, M,) = h°(P, Mp) + h°(F, M) + hO(R, My |z N MgR),
which, in terms of dimensions of line bundles, reads as follows:
dim M, = dim M + dim M + dim M|z N Mg|g + 2. (3.2)

Remark 3.2. There is an obvious isomorpshism between M, (k, a; V', m), line bundle on X, and the
line bundle Ly, (V,m) := Opn (k) ® Iy @ I, on PV, where Z is a union of fat points in general
position in PV with multiplicities, respectively, m, ..., m;,. Such isomorphism is given by taking
strict transforms of elements of Ly ,(V, m).

Similarly, since P is the blow-up of PN at h points in general position and A C P is a general
linear subspace, then there is an isomorphisms Mp(k,a; A,m) = Ly ,(A,m) 1= Opn(a) @ I\ ®
1,.

Finally, since F is a PN blown-up at a point p on the Veronese variety V C PV and since V
is the strict transform of V via this blow-up, then there is an isomorphisms M(k,a;V,m) =
Lyi(V,a) i=0pn(k) Q@ Iy @ I .
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FIGURE 1 Aregular triangulation of 3A,.

3.2 | Toric degeneration of the Veronese variety

We refer to [13] for details on projective toric varieties associated with convex lattice polytopes and
to [15] for details on coherent triangulations. Let A, C R" be the n-dimensional simplex obtained
as the convex hull of the points (0, ...,0),(1,0,...,0),...,(0,...,0,1). Consider dA, = Ay + -+ +
Ay, where + denotes the Minkowski sum of polytopes in R”. The polytope dA,, defines the dth
Veronese embedding of P" in PN, with N = N; = (N;d) —1, that weshall call V =V, ; asin the
previous section. Consider the lattice Z" C R" and the set of lattice points A :=dA, N Z". We

have 1.4 = N + 1 and each such point corresponds to a coordinate point of the ambient space PV .

3.21 | Degenerating the Veronese to a union of linear spaces

Take a regular triangulation of dA,,, which is a decomposition of dA, into a finite union of
simplices

di’l

Us:

i=1
where

* each S; is obtained as the convex hull of n + 1 non-aligned points of A,

s fS;NZ7"=n+1,

* fori# j,S;nS;isacommon faces of S; and S; (possibly empty),

* there is a strictly convex piecewise linear function 4 : R"” — R whose domains of linearity are
precisely the S;’s.

We can always assume that S; is the convex hull of the Ilattice points (0,...,0),
1,o,...,0),...,(0,...,0,1), so that it lies at a corner of dA,. Consider, for example, for n =2
and d = 3, the subdivision into nine triangles and the piecewise linear function inducing it, as
shown in Figure 1. In this figure, S; is the triangle with vertices (0,0),(1,0),(0,1).

Each S; defines a P" as a toric variety, which we will call IT;, for i = 1, ...,d". Since a regular
triangulation of dA,, induces a 1-parameter embedded degeneration of V,, ; C PV to the union of
toric varieties described by the S;’s (see [11] and [22] for details on the 2-dimensional case), we
have a degeneration of the n-dimensional Veronese variety V,, ; to a union of d" n-planes:



16 of 30 | CASAROTTI and POSTINGHEL

The intersection table of these planes is encoded in the combinatorial data described by the
triangulation, that is: if S; N S I is r-dimensional, then IT; N II ;= P, forO<r<n-1.

Remark 3.3. Because of the choice of S; made, we will say that I, is a sink. In practice, this means
that it is possible to choose a hyperplane of PV that contains every S;, i > 1, but that does not
contain Sj.

Moreover, the union of planes IT C PV is a torus invariant subscheme. In fact, consider the
simplex Ay, which defines PV as a toric variety, with an action of the algebraic torus (c*)N. Each
r-dimensional face of Ay corresponds to a torus invariant linear subspace of dimension r of PV.
In particular, vertices of Ay are in one-to-one correspondence with N + 1 linearly general points
of PN, which we may assume to be the coordinate points, after a suitable change of coordinates.
Each r-dimensional face of Ay corresponds to a P" spanned by r + 1 coordinate points. Since each
I1; is the linear span of n + 1 coordinate points of PV, then the union II is embedded in a copy of
PN and it is invariant under the action of the torus (C*)". In particular, each IT; will correspond
to a marked n-dimensional face of Ay and we have d” such marked faces.

3.2.2 | Degenerating a linear system intepolating the Veronese

We now consider the linear systems on PV of degree—k hypersurfaces containing the Veronese
variety on the one hand, and the union of n—planes II on the other hand:

[:N’k(vn’d) = OPN (k) ® Ivn’d,
Lemma 3.4. In the above notation, we have

dim £y, (V,, 4) < dim £,y (ID).

Proof. Since IT is a flat degeneration of V,, ;, then the statement follows by semi-continuity of the
function dim. L

4 | SOME AUXILIARY LINEAR SYSTEMS

4.1 | Hypersurfaces containing a linear subspace and h double points
in general position

It is a well-celebrated result of Alexander and Hirschowitz that if we impose h double points in
general position to the hypersurfaces of degree d of PV, there is only a finite list of cases where
the dimension is larger than that obtained via a parameter count, that is,

N+d

dim £ 4(2") = -1,
edim Ly 4(2") max{ < N

> —h(N +1)— 1} <dim £y 42N,

where the expression on the left-hand side is the expected dimension of the linear system.
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Theorem 4.1 (Alexander-Hirschowitz theorem). The linear system EN’d(zh) has the expected
dimension, except in the following cases:

e d=2andN >2,2<h <N;
* d=3and(N,h) =(4,7);
* d=4and(N,h) =(2,5),(3,9), (4,14).

The interested reader may see [1-5] for the original proof based on specialisation of points
(Horace method), and [7] and [9] for a simplified proof. An alternative proof via a different
degeneration construction can be found here [20, 21]. This inspired the degeneration approach
developed in Section 3.1 that will be used to prove the main result, Theorem 1.1.

In this section, we want to present an analogous result about linear systems with 4 imposed
double points in general position and a linear subspace. Let A C PN be a general linear subspace
of dimension n and let Z C PN be a double-point scheme with support of a set of points in general
position. Let T, be the ideal sheaf of A C PV and let 7, be the ideal sheaf of Z C PN. Consider
the sheaf

Ly (A2M) 1= Opn (k) Q@ I\ ® 1.

Since the Hilbert polynomial of A C PV at degree k is
n+k
n

h(Opn (k) ® T,) = <N; k) - <” :: k), (4.1)

or, in other terms,

and since the scheme given by h double points in general position of PN has length h(N + 1), we
can give the following definitions.

Definition 4.2. The virtual dimension of the linear system £ ; ,(2") of hypersurfaces of P" that

vanish along a linear subspace of dimension n, A C PV, and double at h points in general position
is the following integer:

vdim £ (A, 2") = <N; k) _ <” :: k> AN+ -1

The expected dimension of Ly (A, 2") is
edim £y (A, 2") = max {~1,vdim £, (A, 2")}.

Since A and the scheme of double points are disjoint, the virtual dimension provides a lower
bound to the actual dimension:

edim £y (A, 2") < dim £y, (A, 2). (4.2)
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Proposition 4.3. Let A C PN be a linear subspace of dimension n and let Z, C PN be a double
point scheme supported on a collection of points in general position in PV. Then, if

<;<N+k—1>, 4.3)
N+1 N

and (N, k — 1, h) is not in the list of exceptions of Theorem 4.1, and k > 2, then
dim £ (A, 2") = edim £, (A, 27). (4.4)

Proof. If k = 2 and h = 0, the conclusion follows from (4.1). If k = 2 and h = 1, it is easy to see
that all elements of £y ,(A, 2) are pointed quadric cones containing A, and hence, we have the
isomorphism Ly ,(A,2) = Ly_; ,(A). By (4.1), we have that dim £_; ,(A) = (N;q) - (";2). We
conclude noticing that the latter equals the expected dimension of Ly ,(A, 2).

Now, assume k >4 and consider the following exact sequence obtained by restricting
Ly (A, 2" to a general hyperplane H c PN such that A C H:

0= Lyp_1(2M) = Ly (A 2") = Ly (A2 © Ly_y k(D). (4.5)

Under the assumption (4.3) and using Theorem 4.1, the kernel system £ N,k_l(zh) has dimension
equal to its virtual dimension:

N+k-1

dim £, 2" = < N

)—h(N+1)—1,

and, in particular, H'(PN,dim £ ,_,(2")) = 0, so that we have the following exact sequence in
cohomology:

0 — HOPN, Ly, 2M) = HO®N, Ly, (A, 2") > HH, Ly 1 (A, 2)]) - .

Moreover, by (4.1),

e e = (N1 - (TEF)

and so,

N-1+k n+k
hO(H, L£x (A, 2D)]5) < - )
( ) N,k( ) )lH) < N-—1 > < n >

From the exact sequence of global sections, we obtain:
WO, Ly (A, 2%) = WPV, Ly (2) + hO(H, Ly 1 (A 2)]p)
< <N+k> 3 (n+k> _ RN+ 1),
N n

We conclude the proof of this case using (4.2).
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Finally, assume that k = 3. In this case, the bound on the number of points is h < % +1. We
consider the restriction to a general hyperplane containing A as in (4.5). The kernel system is
special by Theorem 4.1, and one can easily check that it has dimension

dim £ ,(2") = (N; 2> —h(N +1)+ (;’) -1,

see, for instance, [20, Section 1.2.1]. Moreover, as a simple consequence of Bézout’s theorem, the
linear system Ly 3(A, 2) contains in its base locus the lines spanned by pairs of points, each of
which intersects H in a point. We claim that the base locus of Ly 3(A, 2 is supported on the
union of A and these lines. This implies that the restricted system is the complete linear system
of cubics containing A and passing simply through the (Z) trace points:

h
Ly 5, 2y = Ly_13(A, 1(2)),

We claim that the linear system on the right-hand side of the above expression is non-special,
namely that the scheme given by A and the simple points impose independent conditions to the
cubics of PN, This shows that

h
dim Ly 5(A, 2") = dim £ ,") + dim £y_; 5(A, 1) + 1

=(("37) reven+ (3) )
2 2
N+2 n+3 h
- - —-1)+1,
A(C7)-00)-06) )
which implies that £y 3(A, 2") is non-special.
We are left to proving the two claims. For the second claim, first of all notice that there is a

hyperplane inside H, containing all (Z ) points. This can be taken to be the intersection with H of
a hyperplane of PN containing the h original points. Call H; C H the intersection and restrict the

h
linear system Ly_; 3(A, 1(2)) to it, giving rise to the following exact sequence:

0— EN_LZ(A) - £'N—l,?;(/\’ 1(2)) g £N_2,3(1(Z)).

Both external linear systems are non-special (for the restricted, one see, e.g., [21, Proposition 3.12]),
then so is the middle one, concluding the proof of the claim.

As for the first claim: we show that Ly ;(A, 2"") has no additional base locus other than A and
the lines spanned by pairs of points. Let us call p, ..., p,, the h assigned pints in general position.
Assume that q is a point in PV in linearly general position with respect to p,, ..., pj,. Since h <
% + 1 < N, there is a hyperplane A containing p,, ..., p;, but not containing q. Since n < N, there
is a hyperplane B containing A but not containing g. The cubic 24 + B belongs to Ly ;(A, 2M
proving that q cannot be a base point. Assume now that q is a point in PN not in linearly general
position with respect to p;, ..., p,, which means that there is a linear space spanned by some of the
p;’s containing g, but such that q does not belong to any of the lines (p;, p;). Let(p; : i €I;) be
the minimum such linear span and choose two distinct indices j;, j, € I,. Let A; be a hyperplane
containing all p;’s with i # j, and let A, be a hyperplane containing all p;’s with i # j,. Let B be
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a hyperplane containing A, p; and p; and not containing q. The cubic A; + A, + B belongs to
Ly (A, 2M), proving that g cannot be a base point. Finally, since the multiplicity of the general
element of the linear system of cubics along the line g € (p; : i € 1) is exactly 1, then the above
cases are exhaustive and this conclude the proof of the claim. O

4.2 | Hypersurfaces containing the Veronese variety and a fat point

Let V =V, ; C P" be the dth Veronese embedding of P" and let {p®} C V' C P" be a fat point
scheme with support on V. Let Z,, be the ideal sheaf of V. c PV and let 1. be the ideal sheaf of
Z c PN. Consider the sheaf

EN,k(V’ a) = OPN(k) ® ZV ® I a.

We are interested in computing the dimension of the space of global sections. The Hilbert
polynomial of V C PV at degree k is
n+kd
n
or, equivalently, we have

dim Opn (k) ® Ty = (N; k) - <” J;kd> —1

The scheme given by a point of multiplicity a of PN imposes

<N +]\‘]’ - 1) (4.6)

conditions to the hypersurfaces of PN of degree k. Therefore, the virtual dimension of L N,k(V, a),
obtained by a parameter count, is

<N+k> 3 (n+kd> 3 <N+a—1> .

N n N

It does not yield a satisfactory notion of expected dimension for the linear system Ly ,(V, a),
due to the fact that the two subschemes V and {p®} of PN have nonempty intersection so that
some of the conditions imposed by them individually to the hypersurfaces of degree k of PN
will overlap. For instance, if we first impose V, and then {p}, clearly, the latter will not give any
independent condition, because, by the containment relation p € V, p is a base point of the lin-

ear system Ly (V) = Opn (k) ® I;,. When the support of a fat point subscheme Z = {p?} C PN,
whose length is given in (4.6), lies on the n-dimensional subvariety V, the restriction Z|,, C V' is

a subscheme of length
n+a-1
" .

Therefore, we may define the following notion of expected dimension.
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421 | A notion of expected dimension
We introduce the following refined parameter count.

Definition 4.4. Let V C PV be the dth Veronese embedding of PV and let {p®} C PN be a fat
point scheme supported on V. The expected dimension of Ly (V, a), denoted by edim L , (V, @),
is the following integer:

N+k n+kd N+a-1 n+a-1
max | —1, - — — -1 5.
N n N n
That the integer of Definition 4.4 is a lower bound to the actual dimension of Ly ,(V, @) is not
an obvious statement. We will show that it does when a < k.

Proposition 4.5. Letv; : P" — PV be the dth Veronese embedding. LetV =V, ; :=v4(P") c PN
and let Z,, = {p®} C P" be an ordinary fat point of multiplicity a < k supported on V. Then

dim Ly, (V,a) > edim Ly, (V,a). 4.7)

Proof. We consider the linear system Ly ;(a) = Opy ® I, of the degree-k hypersurfaces of PN
with a point of multiplicity a with support on V. Restriction to V' gives the following Castelnuovo
sequence:

0— Ly(V,a) = Ly(a) = Ly r(a)ly.
It is an easy observation that a fat point of multiplicity a imposes independent conditions to

the hypersurfaces of fixed degree of PV, as long as the multiplicity does not exceed the degree.
Therefore, we can obtain the dimension of the linear system Ly ;(a) by a parameter count:

imeun= (5)-(7427)

In particular, h'(PV, Ly r(a)) = 0, so that we have the following sequence in cohomology:
0 — H(Ly,(V,a) - H(Ly () - H(Ly 1 (@)]y) = H(Ly 1 (V,a)) = 0.

Since the Veronese morphism v, : P* — PN gives an isomorphism of P" to its image V, then the
pull-back of Ly ;(a)ly is a linear system of degree-kd hypersurfaces of P":

VI(Ly(@ly) € Opn(kd) ® I =: L, k4(a),

where Z' C P" is a fat point of multiplicity a with support a general point of V. Since nk > a by
the assumption, the linear system L, ; ;(a) has dimension

dim £, (@) = <n + kd> 3 (n +a- 1> 1

n n
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From this, we obtain

dim £y (@)l < <" +nkd> - <" ta- 1) ~1L

Putting everything together gives the following inequalities:

WLy (V, @) = hO(Ly (@) = h(Ly p(@]y) + h' (L i (V, )

> hO(Ly (@) = h(Ly (@)ly)

(O (- 057)

which conclude the proof. ]

4.2.2 | Dimensionality via apolarity and toric geometry
Let V =V, 4 C PV be the Veronese variety and let IT C PN be a union of n-planes, degeneration

of V, asin Section 3.2. Let p € V and p, € II; C II be general points. Consider the linear systems
on PN

EN,k(V, a)  =0wk)QIL, ® Zpa,
Ly (L a) := Opn () ® 1, ® T .
Building on Lemma 3.4, we obtain the following result.
Proposition 4.6. In the above notation, we have
dim Ly, (V,a) < dim Ly (11, a).
Proof. Since p is a general point on V, we may assume that it degenerates to a general point
Py €S- Since IT U {pg} is a flat degeneration of the scheme V' U {p®}, then the Hilbert function of

the former is at most that of latter, by semi-continuity. This concludes the proof. O

Proposition 4.7. In the above notation and for any 1 < a < k, then

dim £y (L a) = (N;]-k>_<ntlkd>_<N+13_l>+<n+2_1>_1‘

Proof. Given the union IT := U?:"l IT; of torus invariant n-planes of P", with II; a sink and p,
supported generically on IT,, there is a torus invariant hyperplane H such that II, n H isan (n —
1)-plane and IT; C H for 2 < i < d" (cf. Remark 3.3). We can always assume that p,, is a coordinate
point of PN and we can call p,, ..., py the other coordinate (torus invariant) points of PV . Hence,
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we can choose, without loss of generality, that IT; = (p,, ..., p,)and H = (p,, ..., py), so that p, €
IT, and p; € I1; for i > 2.

Let R = C[x,, ..., Xy ] be the homogeneous polynomial ring of P and consider the ideals 7 o C
Clxg, ..., xy] and Iy, C Clxg, ..., Xy ]
1, =({x,...nN),
IHI = <xn+1, ey I’lN>,

in+1""’niN>’ i

\%

2’
Iy = (xp)-

By construction, for i > 2, we have 0 € {i,, |, ..., i’}. Using Notation 2.10, we compute:

1;; =Ry yn) C F €S, 0K I<a -1},
L £o 1k
Iﬁll = {F,0o»»Yy) : Fi €S,h,

»Iﬁil_ = {Feips9i,) : F €Sihi 2 2,

where fori > 2, the index set {i,

,i,}is the complement of {i,, ;, ..., iy} C {0, ..., N}. We have the
following intersections:

1 3] n [1—1] =fi>2,
[ Py 1k i Jje
-1 1] _ gkl .
[ng]k N [IH1]k ={y Fi(Y1s->Yy) : F] €S}
We compute the dimension of the latter intersection:
. -1 -1 _ g3 k-1 .
dim [ng]k N [IH1]k =dim {y; " F;(y;,...y,) : F;€S,0<I<a—1}
a—1

dim{F;(y,,...,¥,)  F| € S;}
1=0

where the last equality follows a standard relation of Newton coefficients, commonly known as
the hockey stick identity.

The number of conditions imposed to the linear system of degree-k hypersurfaces of PN by the
scheme {pg} U IT is the dimension of the linear span of [Z" ], and [Z7'], fori = 1...,d", which
0

i
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is the following integer:

dim [I;“l]k +dim < [Iﬁil]k,i =1 ...,d"> — dim [Iq—al]k n [Zﬁll]k

_(N+a-1 + n+kd\ (n+a-1
- N n n ' O

Corollary 4.8. The linear system dim Ly (V,a) has the expected dimension according to
Definition 4.4.

Proof. 1t follows from Propositions 4.5 and 4.7. O

5 | PROOF OF THE MAIN THEOREM

We are ready to prove our main theorem, Theorem 1.1. Thanks to Proposition 2.16, computing
the dimension of the h-secant varieties of the (d, k)-Veronese variety VE’ 4 C PN is equivalent to
computing the dimension of the linear system in PV of hypersurfaces containing the Veronese
variety and double at h general points.

LetV, 4 C PN be the dth Veronese embedding of P" and let Z C P" be a double point scheme
with support a set of points in general position. Let 7, be the ideal sheaf of V C PN and let 7, be
the ideal sheaf of Z C PV. Consider the sheaf

Ly (V,2") = Opn() Q@ Iy ® 1.

Since the Hilbert polynomial of V' C P in degree k is (”Jrnkd) or, in other terms,
dim Opy (k) ® T, = <N; k) _ <” tlkd> _1, (5.1)

and since h double points in general position of P impose h(N + 1) conditions to the
hypersurfaces of PV of degree k, we can give the following definitions.

Definition 5.1. The virtual dimension of the linear system £ N,W(zh) of hypersurfaces of P" that

vanish along the Veronese variety V = V,, ; C PN and double at h points in general position is the
following integer:

vdim £y (V,2") = <N§ k) - <" ’:lkd> —h(N+1)—1.

The expected dimension is
edim £ (V,2") = max {—1,vdim £y, (V,2")}.

Since V and the scheme of double points are disjoint, the virtual dimension provides a lower
bound to the actual dimension:

dim £ (V,2") > edim £ (V,2"). (5.2)
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Using a degeneration argument, we shall show that if the number of points A is not too large,
then the linear system Ly . ,(V, 2) has dimension equal to the expected dimension.

Theorem 5.2. Let vy : P" — PN be the dth Veronese embedding. Let V =V, ; :=vy(P") c PN
and let Z,, C P" be a double-point scheme supported on h points in general position of PN. Then, if
k > 3and

he L (Ntk=3), (5.3)
N+1 N
then
dim £, (V,2") = edim £y (V, 2"). (5.4)

Proof. Using (5.2), it is enough to prove that the inequality dim Ly ,(V, 2M) <
edim £ (V,2") holds.

If k = 3, then h = 0, so the statement follows from Equation (5.1). For k > 4, we will prove the
statement by means of the FP-degeneration introduced in Section 3.1.2, applied to the line bundle
Ly = Mzlk,k—1;7,2,..,2).

By Remark 3.2, the line bundle on the general fibre is isomorphic to
L, =Ly, (V,2M,

while on the central fibre, the linear systems on the two components are the following:

Lp =Ly (A, 2m,

Ly =Ly, (V,k=1).
We consider the restriction to R = P N F: the kernels on the two components are, respectively:
Lp =Ly oA, 2m,

Ly =Ly, (V,k).
Since R = PN, the two restricted systems satisfy the following:

Rp 1=Lplg C Ly_1,1(Ag),

Rp :=L¢lg C Ly_1x-1(Ag),

where we recall that Ay = ANR =~ P L.
We first look at the exceptional component P. By Proposition 4.3, since k — 2 > 2 and

h< 1 N+k—3,
N+1 N
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both linear systems £ and ﬁp have the expected dimension, that is,

dim £y = <N+£‘1>—<”+’;‘1>—h(zv+1)—1

dimﬁp=<N+1§_2>—<n+’l§_2>—h(N+1)—1. (5.5)

Moreover, we have a short exact sequence of spaces of global sections:
0 — H(P, L) » HO(P, L) — HOR, Rp) — 0.
In particular, we can compute
dimRp = dim £ — dim £, + 1
_ <N+k—2> B <n+k—2> .
N-1 n-—1
=dim Ly_y ;1 (Ag)-
We conclude that R is the complete linear system
Rp = £N—l,k—l(AR)-

On the component F, using Corollary 4.8, we have that both £ and £ have the expected
dimension, that is,

. (N+k> <n+kd> ((N+k—2> <n+k—2>>

dim Ly = - - - -1
N n N n

dim £, = <N+k> B <n+kd> 3 <<N+k—1> B <n+k—1>> ey (5.6)
N n N n

We claim that
R = Ly_qj—1(Ag)s
so that, together with the above argument, we have

RP N Rﬂ: = (DPN—I(k - 1) ® ZAR. (5.7)

In order to prove the claim, we observe that by semicontinuity, and precisely, Formula (3.1), and
by (5.2), we have

dim £, > dim £, > edim £, = <N§ k) - <” J;kd> —h(N+1)—1. (5.8)
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Using Formula (3.2), that is,
dim £, = dim £p + dim £ + Rp N Ry + 2 (5.9)

and observing that R, N Ry = Ry, we obtain

dimR; > edim £, —dim £, —dim £y —2 = N+k-2)_(n+k-2 -1
N-1 n—1

the proof of the latter equality is easy and left to the reader. Since

dim Ry < dim Opv-1(k = 1) @ I, = <N;EIZ> - <n:fzz> -

the claim follows and we have

. N+k-2 n+k—-2
dim R Rp = — -1 1
imRp N Ry < N o1 ) < ne1 > , (5.10)
Using (5.5), (5.6), (5.9) and (5.10), we obtain dim £, = edim L,. We conclude using (5.8). O

Theorem 1.1 is now just a corollary of what we just proved.
Corollary 5.3. Fork > 3, if(5.3) holds, then the (d, k)-Veronese variety Vﬁ, 4 C PNk js non-defective.
Proof. 1t follows from Theorem 5.2 and Proposition 2.16. O
Theorem 1.2 is an easy consequence of Theorems 1.1 and 2.9.

Corollary 5.4. Fork > 3, if

1 (N+k-3 (")
h < min tR= -1, I -1
N+1 N N+1

then the (d, k)-Veronese variety V’; 4 C PNak is h-identifiable.
Proof. 1t follows from Corollary 5.3 and Theorem 2.9. O

Remark 5.5. Note that the bound given in Theorem 1.1 can be strictly larger than the expected
generic rank for the (d, k)-Veronese Vk , see, for example, the computations in Section 6 below. In

this case, Theorem 1.1 proves the non- defect1v1ty of Vk 4 up to the generic rank. The identifiability
property instead is more subtle and in order to be able to use Theorem 2.9, we must ensure that
the embedded secant variety Sech(V ) has the same dimension as the abstract secant variety
sech(V 4)» see Definition 2.5. Equlvalently, we require that the (h + 1)-secant map is generically

finite. Because of this assumption, we are not able to prove generic identifiability and we must
restrict ourselves to the range given in Theorem 1.2.
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6 | ASYMPTOTICAL BOUND

In this section, we relate our bound in Theorem 1.1 with the one given in [19]. For the sake of
completeness, we recall Nenashev’s result first.

Theorem 6.1 [19, Theorem 1]. Let I be a homogeneous ideal generated by h € N\ {0} generic
elements of some nonempty variety D C Sym'(C") of r-forms that is closed under linear transfor-
mations. Fix an integer s > 0. If

h< <<r+s+n—1>/<s+n—1>>_<s+n—1>
= n—1 n—1 n—-1 )’
s+n—1).

then the dimension of I in degree (r + s) is maximal, that is, it equals h( 1

Note that when r = d(k — 1) and s = r, the component of I of degree r + s = dk gives exactly
the dimension of the h-secant variety Sech(V,'j 4)» Where D is the tangential variety of V’rf > that
is, ’ ’

D = {F*IG|F,G € C[xy, ..., X, 14}
We have the following consequence.

Corollary 6.2. The dimension of Sech(Vﬁ o) Is the expected one, that is,

dim Sec, (VK ) = h(” . d) ~1

n+dk +d
n
forh< (nd+kd) _( d )
d

Note that if we fix k, n and let d > 0, we have that
<n+dk)

dk n+d
(n+d) N < d > ~ K _dn’
d

and if d > k, the bound is trivial. In Theorem 1.1 and under the same assumptions, we get

1 N+k-3 o nle=4)
N+1 N ’

which gives non trivial bounds for d > k when k > 4.

Figure 2 shows in red the bound given by Nenashev, in blue the bound of Theorem 1.2 as a
function of d and in green the expected generic rank ("zgd) / ("Zd) of Vy’f’ ;- In this case, we have
set the values k = 5 and n = 2. For d > 3, our bound overtakes Nenashev’s and it continues to

give information also in the range d > 4.
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FIGURE 2 Asymptotic bounds for V3 ..

‘We also notice that for d big enough, our bound in Theorem 1.1 exceeds the expected generic

rank (”st)/ (”Zd) of V¥, as predicted in Remark 5.5. This shows that under the hypothesis of a

very high degree re-embedding of P, the variety V’;, 4 is never defective for every k > 3.
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