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Some Results About the Structure of
Primitivity Domains for Linear Partial
Differential Operators with Constant
Coefficients
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Abstract. Let G(D) be a linear partial differential operator on R",
with constant coefficients. Moreover let Q@ C R™ be open and F €
Li,.(Q,CN). Then any set of the form

At = {z € Q(G(D)f)(x) = F()}, with f € W (Q,C")

oc

is said to be a G-primitivity domain of F'. We provide some results
about the structure of G-primitivity domains of F' at the points of the
(suitably defined) G-nonintegrability set of . A Lusin type theorem for
G(D) is also provided. Finally, we give applications to the Maxwell type
system and to the multivariate Cauchy-Riemann system.

Mathematics Subject Classification. 47Fxx, 35Axx, 28A75, 26Bxx.

1. Introduction

Let:

e (G = [Gj;] be amatrix of polynomials in C[1, .. ., &,] of dimension N xk,
with deg G := max; ;(deg G;;) = g > 1;

o (z1,...,x,) be the standard coordinates of R” and G(D) denote
the system [Gj;(D)], where G (D) is the linear partial differential
operator with constant coefficients obtained by replacing each &, in
Gjl(gl; [SPEN ,gn) with —z@/@xq,

e ) CR" be open and F € Li (Q,CN);

e m be a positive integer and ¥, denote the family of all matrices S of
polynomials in C[¢q, ..., &,], with N columus, satisfying deg S < m and
SG = 0.

Then any set of the form
App = {2 € Q(G(D)f)(x) = F(x)}, withf € W (2,C")

loc
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is said to be a G-primitivity domain of F' and the following simple fact holds:
If Fe lelc’l(Q,CN) and there is an open ball B C 2 such that almost all
of B is covered by a G-primitivity domain Ay r (i.e., L"(B\Ay r) = 0), with
f e Watm™(Q, CF), then one has S(D)F = 0 a.e. in B for all S € %,,.

loc

This property, which can be readily extended to the case of f € WIZ’CI(Q, CF)

(cf. Proposition 3.1), has naturally led us to expect that the structure of the
G-primitivity domains of F' may be somewhat singular at the points of

Y#:= |J Trs, where Trs:={z € Q[(S(D)F)(z) # 0},
SeEXm

that (just for this reason) will be called the G-nonintegrability set of F'. To
confirm this intuition we first obtained the following results (cf. Corollary
3.2):
(1) If F € WmP(R",CN) and f € W9+tm»(R™ CF), with p € (1, +00), then
one has L"(As r NTH) = 0;
(2) If F € WmHbp(R® CN) and f € WItm+Le(R™ CF), with p € (1,n),
then the set Ay p N Y% is (n — 1)-rectifiable (cf. [13,17]), so that its
Hausdorff dimension is less or equal to n — 1.

Things can obviously improve if we consider a wider class of functions f. For
example, if F' € W{:CJ(Q7 C%) then it may very well happen to come across
f € W9P(R"™ C*) such that L"(Asr N TE) > 0 (cf. (4) below). However,
even in this case, the structure of Ay  at points of T’ is significantly affected
by the G-nonintegrability properties. In particular, the following fact holds
(cf. Corollary 3.5):

(3) Let F € W'P(Q,CN) and f € WZP (2, C¥), with p € (1,+00). Then,

loc

at a.e. point of T, the set A; p has density lower than n+pm/(p—1).
In Sect. 4 we provide a Lusin type result which extends [2, Theorem 1] to a
certain class of linear partial differential operators with constant coefficients
(cf. Theorem 4.1). The assumptions that define this class are quite stringent.
In particular, it is required that & = 1 and that the components of G be
different from each other. Moreover the following cohercivity condition is
required: there exist a nonnegative integer [ < g and a positive real number
¢, such that

[G(D)¢lloc.2 = ¢ max [[0%¢l|oo,0

a€eN

la]=1
for all ¢ € C(Q,C). Despite these limitations, we believe that Theorem
4.1 may have some interesting applications. In support of this assertion, in
Sect. 5 we actually provide two examples of application, respectively to the
Maxwell type system and to the multivariate Cauchy-Riemann system. In a
corollary to Theorem 4.1, we prove that (cf. Corollary 4.1):

(4) Under the assumptions of Theorem 4.1 with [ = g and F' € L{ (9, CN),
one has

sup [:n(AﬁF) = EH(Q)
fecg(.0)
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Thus, under suitable conditions, there are G-primitivity domains of F' arbi-
trarily close in measure to Q, even if F' € lelc’l(Q,CN) and L"(T) > 0
(even if TP = Q, which is the least favorable case for the “G-integrability of

).

2. Notation and Preliminaries

2.1. General Notation

B, (x) is the open ball in R™ with center  and radius r. The open cube of
side 2r centered at x in R™, that is (—r,7)" + z, is denoted by Q..(x). For
2= (21,...,25) € CV, we set |z| := (|z1]?> + - + |2n|?)"/2. The Lebesgue
outer measure and the s-dimensional Hausdorff outer measure in R™ will be
denoted by L£™ and H?, respectively. If £ C R" is a Lebesgue measurable
set and wj,v; : E — R (j = 1,...,N) are Lebesgue measurable functions,
we say that (ug +ivy,...,uy +ivy) : E — C" is Lebesgue measurable. If
f: E — CV is a Lebesgue measurable function and p € [1,+40o0), then we

define
Il i= ([ 1rac)
E

while || f|lco, £ is defined as the infimum (which is actually a minimum) of the
numbers M € [0, +o00] satisfying

£z e B |f(x) > MY) = 0.

If @ ¢ R™ is open and w,v :  — R are Lebesgue integrable (resp. p-
summable, locally p-summable; p € [1,+00)) on 2, then we say that u+dv is
Lebesgue integrable (resp. p-summable, locally p-summable) on Q and define
(omitting for simplicity to specify explicitly the measure, which is obviously
the Lebesgue measure £™)

/Q(quz‘v)::/Qquz’/Qv.

The space of p-summable functions on 2 and the space locally p-summable
functions on  will be denoted by LP(Q2,C) and L, (2, C), respectively. If
fis--s fx : @ — C are Lebesgue integrable (resp. p-summable, locally p-
summable) on €, then we say that f = (f1,..., fx)! is Lebesgue integrable

(resp. p-summable, locally p-summable) on 2 and define
t
[re ([ [ ).
Q Q Q

LP(Q,C") = {(f1,---, fu)' | f; € LP(Q,C) for 1 < j <k},
LY (Q,CF) = {(f1,-. -, fr)' | f; € L. (Q,C) for 1 < j < k}.

loc loc

We also set
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The coordinates of R™ are denoted by (x1,...,x,) and we set for simplicity
0; :=0/0z;. For a = (a1, ..., ) € N, define

olal
= n, li=ay!l !, 0% = .
ol =1+ ...+« «a o « F TR e
Simila’r1Y7 if (517 LR 7677,) € R™ then we write

g =g,

If @ C R™ is open, m € N and k € N\{0}, then we set
c™(Q,C) :={u+w|u,veC™(Q)}, CMQC):={u+iv|uveC(Q)}
and
C™Q,C*) == {(f1,- - 1) | frs oo fr € C™(Q,C)},
CoQ,CP) o= {(fr,- o fu) [ fry- oo fe € CEHQL 0
For « € N" and f = (fi,..., fx)! € C1°1(Q,CF), we set
0°f = (0°f1,...,0%fi)".
The norm in C™ (€2, C*) is defined as

Cm(Q(Ck) > f = fllem@cr) = Z 0% flo.02-

aeN™
la|<m

The closure of C2°(€2,C*) in (C™(Q,CF); || - [[cm(a,cr)) Will be denoted by
Cy (9, Ck). For simplicity, we will write C(Q2, C*), C.(Q,C*) and Cy(Q2, C*)
in place of C°(Q, C¥), C2(Q2, CF) and CJ(Q, C*), respectively. If m is a positive
integer and p € [1,+00), then we set

WP(Q,C) == {u+iv|u,v € WP (Q)}

loc loc

and
WP (Q,CF) o= {(fr,- o, f) [ fro- oo fo € WiP(Q,C)).

Iffe W{gc’l(Q, C) and a € N™ with || < m, then 0% f will denote the precise
representative of the a'® weak derivative of f (cf. [12,18]). In particular, 9° f
is the precise representative of f. If f = (fi,..., fx)! € W' (Q,CF) and
a € N with |a] < m, then 9%f := (9% f1,...,0%fi)t. If d > 0, p > 1 and
E C R", then Bg,(E) denotes the Bessel capacity of E (cf. Section 2.6 in
[21]). Recall that By, = L™.

2.2. Linear Partial Differential Operators
Let
P&, &) = Y cal® €Clér, ..., &l

aeN™
laf<d

If ¢, # 0 for some o € N” with |a| = d, then the number d is said to be
the total degree of P and is denoted by deg P. As usual (cf. [5,15]), P(D)
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is the differential operator obtained by replacing each variable &; with —id;,
namely

P(D):= Y (=i)lle, 0. (2.1)
fai<d
Also define
Pr¢)=P(=&) = > (-1, ¢ e Cléy, ..., &l

aeN"
|a|<d

Observe that if P,Q € C[¢1,...,&,] then these identities holds:
(P+Q)"=P"+Q", (PQ)"=PrQ" (2.2)
and
(PQ)(D) = P(D)Q(D). (2.3)

Now consider P € C[¢y,...,&,], with d := deg P > 1, an open set  C R
and

¢ € CHQ,C), p e WE(Q,C).

Then (P(D)v)yp and (P*(D)p)v are obviously Lebesgue summable on € and
a trivial computation shows that

/ (P(D))p = / (P* (D)) (2.4)
Q

Q

If M = [Pj;] is a matrix of polynomials in C[¢1,...,&,] of dimension N x k,
then we set

deg M := r(n;gcdeg Py, M(D) := [Pj(D)].
3,

For all (j,1) € {1,...,N} x {1,...,k} the polynomial Pj; can be written as

follows

Pu(&r,. .0 6n) = Y Ve,

aeN™
la|<m

where ¢¢" € C and m := deg M. If f € WIWP(Q,CF), with m = deg M and
Q C R™ open, then one has

MD)f= > (=i)*C0"f

aeN"
la|<m

where C,, is the matrix of dimension N x k whose entries are the numbers
Y with (5,0) € {1,..., N} x {1,... ,k}.
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2.3. Distributions

Let € be an open subset of R™. We recall that a linear functional T :

C>(Q,C) — C is said to be a distribution on € if one has lim;_ T'(¢;) =

T'(¢) for every sequence {;}52; C C°(£2,C) and ¢ € C°(2, C) such that
(1) There exists a compact set K C Q such that supp ¢; C K, for all j;
(ii) One has lim;_,o [|0%¢@; — 0Y¢llco,0 = 0, for all & € N™.

If conditions (i) and (ii) are satisfied we say that the sequence {¢;}%2; con-

verges to ¢ in C2°(§2, C). The set of all distributions on 2, denoted by D'(£2),

is obviously a vector space with addition and scalar multiplication defined by

(Ty + T2)(p) = Talp) + Tap),  (AT)(p) = AT(¢)

for all Ty, 75, T € D'(2), A € C and ¢ € C(£, C). For every u € L, (2, C)
one can define T}, € D'(Q) as

Tu(v) ::/pr7 v € CX(0,C).

We recall that, if P € C[&y,...,&,], T € D'(Q) and set
[P(D)T)(p) :=T(P*(D)g), ¢ CZ(Q,C)
then P(D)T € D'(Q). In particular, if u € L{ (£, C) then one has

loc
PO = [ (P'(D))u. ¢ € CX(@.C)
Hence, in the special case when v € C™(Q,C) with m = deg P, recalling
(2.4), we find the following regularity identity
P(D)Ty = Tp(Dyu- (2.5)
We shall use the weak topology in D’(Q2), according to which
lim T; =T (T,T; € D'(Q2))

j—)OO
means that

lim T;(p) = T(p), for allp € C°(Q2,C).

Jj—00
The map
Li (Q,C) 3> uw— T, €D'(Q)
is continuous. More precisely, if {u;}32; converges to u in L (Q,C), namely

loc
u;,u € L (Q,C) and

loc

lim luj —u| =0

j—o0

for all compact set K C €2, then one has

jll>nolo Ty, = Tu. (2.6)
Let G = [Gir] be a matrix of polynomials in C[¢y, ..., &,] of dimension N x k

and let
f = (flv- . '7fk’)t € Llloc(QaCk)v ¢ = ((I)la e 'a(I)N)t € Llloc(Q7(CN)



MJOM Some Results About the Structure... Page 7 of 29 39
be such that equality G(D)f = ® holds in the sense of distributions, that is

k
> Gi(D)Ty, =T,
g=1

foralll=1,...,N,ie.,

k
> [Cuein= [ v (2.7

for all p € C°(Q,C) and I = 1,...,N. Observe that if S = [S};] is another
matrix of polynomials in C[¢y,...,&,] of dimension h x N, then (2.7), (2.3)
and (2.2) yield

N k

> [(smn e =3 [ (@050 1

=1 qg=1
k

= ;/Q ((gslelq>*(D) @) fa

namely

3 /Q (S3(D)p) B =3 /Q ((5G):,(D)¢) f, (2.8)

= qg=1
for all p € C*(Q,C) and for all j = 1,...,h. In the special case when
fewrtsl(Q, CF), with g := deg G and s := deg S, identity (2.8) provides

—

loc N . )
/ (Z Sjl(D) [Z qu(D)fq1> Y= / (Z(SG)jq(D)fq> ¥
2 \i=1 q=1 Q \4=1
for all p € C°(Q,C) and for all j = 1,...,h, that is
S(D)[G(D)f] = (SG)(D)f a.e. in Q. (2.9)

2.4. Superdensity

A point x € R" is said to be a m-density point of E C R™ (where m €
[n, +00)) if

LBy (x)\E) = o(r™) (as r — 0+).
The set of all m-density points of E is denoted by E(™).

Remark 2.1. The following properties hold:

e Every interior point of E C R™ is an m-density point of F, for all
m € [n,400). Thus, whenever E is open, one has E ¢ E™) for all
m € [n,+00);

o If ECR" and n < my < mgy < 400, then E(™2) ¢ E(™) In particular,
one has E™) ¢ E™ for all m € [n, +00);

e If A, B CR" then (AN B)™ = At™) 0 B(™) for all m € [n, +00);

e For all A C R™ and m € [n, +00), the set A™) is £L"-measurable (cf. [7,
Proposition 3.1]).
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Remark 2.2. Let E C R™. Then one has the following inequality
LB ()N E) | L£M(Bu(a)\E)
L£(Br(z))  — L(By(x))

where equality holds if F is £”-measurable. Thus:

(r>0)

o If z € E(") | then z is a Lebesgue density point of E;
o If F is L™ measurable and x is a Lebesgue density point of F, then
ze EM.,
In particular, if E is £"-measurable then: z € E™ if and only if z is a
Lebesgue density point of F, hence
LY(EAE™) =0 (2.10)
e.g., cf. Corollary 1.5 in [20, Chapter 3]. It follows that £"(B,(z)\E™) =
L™(By(x)\E), for all > 0, hence
(B = g0,

A remarkable family of superdense sets is the class of finite perimeter
sets. Indeed Theorem 1 in [12, Section 6.1.1] states that almost every point
in a set F C R"™ (with n > 2) of finite perimeter is a mo-density point of E,
with

1
mg:=n+1+ T
The number mg is also the maximum order of density common to all sets of
finite perimeter. More precisely one has this result, cf. [6, Lemma 4.1] and
[7, Proposition 4.1].
Proposition 2.1. The following facts hold (n > 2):

(1) If E is a set of locally finite perimeter in R™, then L™-almost every point
in E belongs to E(™o);

(2) For all m > mg there exists a compact set Iy, of finite perimeter in R™
such that L(Fy) > 0 and F™ = 0.

2.5. A class of cut-off functions

Consider > 0, p € (0,1) and a function ¥ € C*°(R) such that
0<Y <1, Plog=1, =0.

If define ¢, : R™ — R by

©p.r( H1/J(|:CJ| ),forallxz(xl,...,xn)eR",

then one obviously has

Ppor € CTR™[0,1]),  @prlQ,0 =1 @orlrng, ) = 0. (2.11)
Moreover, a standard computation yields
|~TJ|
)7“

0% p.r(2)] =

)
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for all « € N and = = (x1,...,2,) € R", hence
Cla)
(]_ —p)|a‘r|0“

for all & € N, where C(«) is a number depending only on « (and n).

10%@p,rlloorn < (2.12)

3. Some structure results for G-primitivity domains
Throughout this section, €2 is an open subset of R” while G = [Gj] is a
matrix of polynomials in C[¢y,...,&,] of dimension N X k. Let us assume
g:=degG = r?;lx))qdengl > 1.
J
Moreover, for any couple of integers m, h > 1, let M,, j, denote the family of

all matrices S of polynomials in C[y,...,&,] of dimension A x N such that
deg S < m. We also define

+o0o
Smp = {8 € My p | SG =0}, Sp = S
h=1

Definition 3.1. Let F' € L (Q,CY). Then any set of the form

loc

Apr = {z € QU(G(D)f)(w) = F(x)}, with f € Wi (Q,C"),

loc

is called “ G-primitivity domain of F”. For F € I/Vf;”:l(Q, CN), with m > 1,
we define

m .= U Yrs, where Tpg:={z € Q| (S(D)F)(x) # 0}.
SeXm,

We shall refer to T as the “ G-nonintegrability set of F”.
Remark 3.1. If F € C(Q,CV) and f € C9(2,C*) then one has
Aprn Y% = 0. (3.1)

Indeed, let S' € ¥y and observe that it must coincide with a matrix M whose
entries are all in C. Then, for all x € Ay r, one has

(S(D)F)(z) = M(F(z)) = M((G(D)f)(z)) = (SG)(D)f)(z) =0
that is Af p N Trs = 0. Now (3.1) follows from the arbitrariness of S € X.

Remark 3.2. The family M,, j is a finite dimensional vector space on the
field C. Let us consider S = [S;;] € M, , with

Sjl<§1a'-'7£n): Z C((ljl)ga

aeN™
la|<m

I111:=> " 1e§V.

Jibyer

and define

Then S — ||S]| is a norm in M,,, . Obviously ¥, j, is a closed vector subspace
of (M, || - 1), normed by the restriction of || - || to X, 5. In particular it is
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separable, i.e., it has a countable subset X7, which is dense with respect to
the norm topology. Observe that for all F € W' (Q,CN) one has

loc
U o= U Tos =120
SEXm.n Sezrn,h
hence
+00 too
r=U U Trs=U U Trs
h=15€%,, 1 h=15€eX7,
that is
+oo
T?‘l = U TF7Sa Wlth E;kn = U Zi;hh- (32)
sexx, h=1

From (2.9) and (3.2) we get at once the following property, that
is the original reason why Y% is called G-nonintegrability set of F: Let
F e WY, CN) and assume that there is an open ball B C Q and

loc

f e W™, C*) such that G(D)f = F a.e. in B. Then L*(BNYT) = 0.
The next result extends such a property and will be further generalized in
Corollary 3.2 and Corollary 3.5 below (cf. Remark 3.5).

Proposition 3.1. Let F = (Fy,...,Fy)! € WZZLC’I(Q,(CN), with m > 1.
Assume that there is an open ball B C 2 such that almost all of B is covered
by a G-primitivity domain A g with f = (f1,..., fx)t € WEHQ,CF), ie.
L"(B\Af ) =0. Then L"(BNYTE) =0.

Proof. Let S be chosen arbitrarily in X7,, whereby there is h > 1 such that
S ey . From (2.4) and (2.8) (with ® = F'), we get

N N
/B SPIe=3 /B (SDIFN =3 /B (S3(D)e)

k
=3 [ (s6x,016) =0

for all p € C*(B) and j = 1,...,h. Hence S(D)F = 0 a.e. in B, that is
L"(BNTpg)=0. The conclusion follows from the arbitrariness of S € X7,
and (3.2). O
Remark 3.3. Let F € W2 (Q,CN) and f € W79 (Q,C*) be such that
G(D)f = F ae. in Q, ie., L"(Q\ Ay ) = 0. In this special case, Proposition
3.1leads to L™ (YH) = 0, i.e., the obvious compatibility condition S(D)F =0
a.e. in ), for all S € ¥,,.

Remark 3.4. In general, the problem of determining S such that SG = 0
is not easy and for an account about its resolution we refer the reader to
algebraic analysis literature, e.g., [5] (and the references therein), where it
is addressed also through the use of specific software. In this regard it must
be remembered that a particularly significant case is when S is the matrix
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yielded by the first syzygies of G, also considered in Corollary 3.3, Corol-
lary 3.7, Example 3.1 and in [10, Sect. 5.2] (Maxwell type system), [10,
Sect.5.3] (multivariable Cauchy-Riemann system). In this case, the identity
(S(D)F)(z) = 0 for each = € Q, under the further assumption that 2 is con-
vex, is a necessary and sufficient condition for the existence of a solution f to
the partial differential equation G(D)f = F in the frameworks corresponding
to a large class of sheaves of functions, cf. [5, Theorem 2.1.1].

3.1. Structure of Ay r at Points of the G-nonintegrability Set of F' &
Wm+d:P: The Case of f € W9tm+d.p

In paper [10] we have proved the following result.

Theorem 3.1. Let F' € C™(Q,CN) and f € CIT™(Q,CF). Define A% p as the
set of all x € Ay p satisfying the following property: There exists S, possibly
depending on x, such that 1 < degS < m, SG = 0 and (S(D)F)(z) # 0.
Then the set A} p is covered by a finite family of (n—1)-dimensional regularly
imbedded C' submanifolds of R™.

Corollary 3.1. Let F € C™(Q,CN) and f € C97™(Q,C*). Then the set
A pNYR s covered by a finite family of (n—1)-dimensional reqularly imbed-
ded C' submanifolds of R™.

Proof. Since {S € %,, | deg S = 0} = X, one has

o= J Yrs= |J Trs

SeXo SET
deg S=0

Then, also recalling (3.1), we obtain

A p=Appn U Trs | =Apr 0 (TRYY) = Af p TR

SE€EX
deg S>1

and the conclusion follows from Theorem 3.1. O

From Corollary 3.1 we get, quite easily, this result in the context of
Sobolev functions.

Corollary 3.2. Let F € Wm+dP»(R* CV) and f € WITm+dr(R" CF), with
m>1,p€ (1,+00) and d € {0,1}. The following facts hold:
(1) If d =0 then L™"(A;p NYTR) =0;
(2) If d =1 and p < n, then Ay p N YR is (n — 1)-rectifiable (cf. [13,17]),
so that its Hausdorff dimension is less or equal to n — 1.

Proof. Let d € {0,1} and p € (1,+00) be such that pd < n. Then, recall-
ing a well known Lusin-type approximation result for Sobolev functions (cf.
Theorem 3.10.5 in [21]), we can find

Fle c™@®R™,CY), ffe cs™™R",C* (1=1,2,..))
such that

" 1
Bap(RNE) < 7,
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where
E':=E!NE}
with
Ef = () {z €R":0°F(z) = 0°F' ()},
laf<m
and

El = m {z e R": 0“f(2x) = 0“f!(x)}.

la|<g+m
Now consider an arbitrary S € X7, define for simplicity
[ee]
Ag = Af7FﬂTF7s, Afg = Afl,FlmTFl7S, FE = UEl

=1
and observe that

E'nAsc E'nAy c Ay, (1=1,2,...).
Then
Ag = (AsNE) U (AS\E) C ( U Al ) (R™\E)

for all S € X7, hence

U 4sc| U UAl U(R™\E) = U U 45 ) u®m\E).

sexr, Sexr, 1=1 =1 Sez,

Recalling (3.2), we get

+oo
Apr N YR C | (Ap p NTR) U (RME). (3.4)
=1
But for all I = 1,2, ... there is a finite family of (n — 1)-dimensional regularly

imbedded C' submanifolds of R™ that covers Ap g NTT, by Corollary 3.1.
Moreover By ,(R™\ E) =0, by (3.3). Thus:
o If d =0 and p € (1,+00), one has L*(R™ \ E) = 0. Hence L" (A r N
T#) =0, by (3.4);
e Ifd=1and 1 <p<mn, one has H* }(R"\ E) = 0 (cf. Theorem 2.6.16
in [21]). Hence Ay p N Y is (n — 1)-rectifiable, by (3.4).

OJ

Corollary 3.3. Let us consider the special case when k = 1, namely G :=
(G1,...,GN)t and g = degG > 1. Moreover, let F = (Fy,...,Fy)t €
Wwotdp(R® CN) and f € W29+4P(R™ CF), with p € (1,+00) and d € {0,1}.
Assume that for H""%-a.e. x € Ay p there exist j,1 € {1,..., N} such that

(G (D)) (z) # (Gi(D)Fj)(x). (3.5)
The following facts hold:

(1) If d =0 then L"(A; ) =0;
(2) If d=1 and p < n, then Ay r is (n — 1)-rectifiable.
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Proof. Let S = [S;;] be the matrix yielded by the first syzygies of G (cf.
Example 2.1.1 in [5]), which can be obtained as follows. First of all, set
h:= N(N —1)/2 and let {(r;, s;)}"_; be the set of all the couples

(r,s)eNz, with1 <r<s<N

ordered in some way (e.g. lexicographically). Then S = [Sj;] is the matrix of

polynomials in C[&q,...,&,] of dimension h x N such that
st if l = Tj
Sji=4q -G, ifl=s; (j=1,...,h).
0 otherwise.

Observe that deg S = g. Moreover, by assumption (3.5), one has
H"(Z) =0, with Z := {z € A; p|(S(D)F)(z) = 0}.
Since Ay p\Z = A; r N T g, one also has
App=(AprNTpg)UZ C(ApprnNTL)UZ.
Hence (1) and (2) follow at once from Corollary 3.2. O

3.2. Structure of Ay r at Points of the G-nonintegrability Set of F' € W™ P:
The Case of f € W9-P

In Sect.3.1 we have proved that if I € W™P(R" CV) then every G-
primitivity domain A;p with f € W9+m™P(R" C*) intersects the G-
nonintegrability set of F' in a set of Lebesgue measure zero. Things change if
one considers f € W9P(R", C*). In fact, as we will see, it can happen to come
across functions f € W9P(R"™, C*) such that L"(A; pNYR) > 0 (cf. Theorem
4.1 and Corollary 4.1 in the next section). However, as Corollary 3.4 below
shows, even in this case the G-nonintegrability properties strongly shape the
structure of Ay r at points of Y'%. More precisely: if S € ¥,,, then, at a.e. point
of T g, the set Ay  has density lower than n+pdeg S/(p—1). Consequently,
at a.e. point of Y7, the set A; p has density lower than n + pm/(p — 1), cf.
Corollary 3.5.

Theorem 3.2. Let p € (1,+00) and consider
f=0f ) €L (Q,CF), ©=(P1,...,y5)" € L} (Q,CV)

loc

such that G(D)f = ® holds in the sense of distributions. Moreover, let F =
(Fi,....,Fn)t € WP(Q,CN) with m > 1 and define

loc
Be p:={z€Q|®(z) = F(z)}.
Then there exists a null measure set Z C Q) such that
S(D)F =0 in QN By \ Z,
for all S € ,,,, where g :=pdegS/(p—1).

Proof. First of all, we observe that:
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e There exists a null measure set Z; C Q) such that |F(z)], |®(z)| < +o0
and
1/p

1/p
ex(r) = (][T(I) |F — F(az)|p> + (][T(I) |P — @(w)|p) — 0, asr — 0+

for all x € Q\ Z; (cf. Corollary 1 in [12, Sect.1.7.1]);
e There exists a null measure set Zy C Q such that |0“F(z)| < +oo,

lim 0°F = 0°F(x)
r—0+ Qr(fv)
and

lim 0°F|P = |0°F(2)|P
=0+ JQ,(x)

for all € @\ Z3 and for all « € N with |a| < m (cf. Theorem 1 in
[12, Sect.1.7.1]);

e From (2.10) it follows that Z3 := Bgf;ﬂ\Bq%F is a null measure set, while
B N\Ba p C Zs, for all S € %, (3.6)
by Remark 2.1.
Let us define 7 := Z; U Zy U Z3. Moreover, consider S € 3,, and
x e QN B((I:;&S)\Z. Also, consider p € (1/2,1) and let r € (0,1) be small
enough so that Q,(xz) C Q. Recall from Sect.2.5 that a function ¢, ., €
C°(R™,[0,1]) has to exist such that

PoralQu@) =1, Ppralrm\@,x) =0

and

C(a)
(1 — p)‘a|r‘0‘|
for all & € N where C(«) is a number depending only on « (and n). In the
formulas below we set for simplicity

Qr = Qr(x)u Qpr = Qpr(x)7 Por ‘= Pora-:
Then, by (2.4), we obtain (for all j € {1,...,h}, where h is the positive
integer such that S € £,,, 1)

/ (S(D)F)J(ppr = Z/ (SJZ D)Fl)@pr = Z/ ( (D)@p T)Fl
= Z/ B S (D)pp,r) Fr + Z/ S5 (D)pp,r) @

||aa§0p,r,x ||oo,]R" S (37)

rNBg F
that is
| SOIF)ep =105+ Z / D)gu)(Fi—®)  (3.8)
r Q-\Bs,r
where

N

k
L;=Y /Q [CIEEBIEDS / (SO D) o) fi=0 (29

=1



MJOM Some Results About the Structure... Page 15 of 29 39

by (2.8) and the assumption SG = 0. By assumption and by (3.6), one also
has

x € B n+6s \Z3 C B(n+63) N Bo,

hence
®(x) = F(z), L"(Qw\Bar)=o(r""). (3.10)
From (3.7), (3.8), (3.9), (3 10) and Holder inequality, we get

‘/ F)jppr

D)y )(Fi — @)

~\Ba, F

< Z ( [ 18Dl R - R
Q-\Bs,r
T / 1S(D) oy 18 ‘I’z(x)|>
Qr\Bs,F

<
2(r

/QT |® — <I>(:E)|p>1/p} L7(Q\Bo.p) /P
)T

1
n/ n+dg\1—-1/
Po(rm eyt S (= p)lalylal

<
1
+
<e

that is

o (r)o(rmtose=1)/p ex(r)o(r"
/ (S(D)F)J’QPP,T < ((1)_(p)degsrdegs ) = (1 (_?O)Eiegé'

r

On the other hand

] | SF)e| >

/ (SO
/

<[ sorza / 0°F|
Qr\Qpr Z

o] <m Qr\Qpr

ST
Qr\Qpr

(S(D)F)j‘ -

/ (S(D)F);0pr
Qr\Qpr

pr

(3.12)
and

/ (S(D)F); 00
Qr\Qpr

1/p
<o ([ orrr) @A

lo|<m

1/p
<cu- ) Y (o)

laf<m
(3.13)
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where C; and C5 do not depend on 7 and p.
From (3.11), (3.12) and (3.13) it follows that
1

= gnpn (‘/Q,_(S(D)F)j%’r /Q,.\Qp )

T”(l _ p)degS

AN

p" +

]g o),

(S(D)F)jpp,r

lal<m

where C5 does not depend on r and p. Recalling that z € Q\(Z1 U Z2) and
passing to the limit for » — 04, we obtain

PIS(D)F) (@) < C3 (L= p™)' =17 Y7 |07 F(x)]

o] <m
for all j € {1,...,h}. We conclude by passing to the limit for p — 1—. O

Corollary 3.4. Let F € W,:P(Q,CN), with m > 1 and p € (1,+0c). Then
one has E”(AS:L;‘SS) NYrs) =0 forall f € WIP(Q,CF) and S € ,,, where
dg :=pdegS/(p—1).

Proof. Let us consider f € W2P(Q,CF) and S € %,,. Moreover set ¢ :=
G(D)f and observe that By r = Ay r. Then one has

(S(D)F)(x) =0 for all z € QN AL\ Z
by Theorem 3.2. It follows that
0=TrsN(QNAVEIN\2Z) = Tpsn AT\ Z
hence Tps N AV ¢ 2. 0

Corollary 3.5. Let F € W,.P(Q,CN), with m > 1 and p € (1,+0c). Then

oc

one has L"(A;tl;fpm/(pfl)) NY™) =0 for all f € WIP(Q,CF).

loc

Proof. Let f € W2P(Q,CF). By Remark 2.1 one has

loc

n+pm —1 n+ao
A (=D) ¢ getds)

for all S € %,,, with ds := pdegS/(p — 1). Hence and recalling (3.2), we
obtain

n+pm —1
Al (=1 pm

= U (A}?;”’"/(P‘”)QTF,S)C U (A%rés)mrm).
sexx, Sexy,

The conclusion follows from Corollary 3.4. O

Remark 3.5. For F € W/"P(Q,CN) and f € W2P(Q,CF), with p > 1, the

loc loc
property stated in Proposition 3.1 follows at once from Corollary 3.4. Indeed,

under the assumptions of Proposition 3.1, one has B C 2N Agcn;f 4 - Agcn; 4

for all d > 0. From Corollary 3.5 it follows that £L"(Yp s N B) = 0.
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Corollary 3.6. Let F € Wl{)’cp(Q, CN) with p € [n,+00) and assume that there
exist S and a set of locally finite perimeter E C § (of positive measure) such
that SG =0, deg S =1 and S(D)F # 0 a.e. in E. Then there is no function

f € W2P(Q,C*) such that G(D)f = F a.e. in E.

loc

Proof. Suppose (by absurd) that there exists f € W%?(Q,C*) such that
G(D)f = F ae. in E, that is L"(E\ Ay r) = 0. Thus E") C Agf} for all
r > n, in particular

n+n/(n— n+n/(n—1
Blwtn/(n=1) ¢ gltn/(n-1)

hence
E Br/m) ¢ g AQir/ D), (3.14)
On the other hand, Corollary 3.4 yields
cr (E Al “’*1”) —0. (3.15)

Moreover, since p > n, one has n+p/(p— 1) <n+n/(n — 1) so that
n+n/(n—1 n—+ —1
A/ =1 ¢ o/ -1) (3.16)

by the second point in Remark 2.1. From (3.14), (3.15) and (3.16) we get
now

Ln (E N E(7L+n/(n—1))) -0
which contradicts (1) of Proposition 2.1. O

Corollary 3.7. Let k = 1, namely G := (G1,...,GN)" and g = degG > 1.
Moreover let f € WZP(Q,C) and F = (Fy,...,Fy)t € WZP(Q,CN), with

p € (1,400). Then one has
G;(D)Fy = GI(D)F; a.e. in QN AY'EY
forall j,l € {1,...,N}, with 6 :=pg/(p —1).

Proof. Let S = [S;] be the matrix considered in the proof of Corollary 3.3.
Since S € ¥, the conclusion follows at once from Corollary 3.4.

Ezample 3.1. From Corollary 3.7 with N = n and G;(&1,...,&,) = i, ie.,
G(D) is the gradient operator, we get immediately the following result which
generalizes the obvious property of equality of mixed partial derivatives for
Sobolev functions (cf. (i) of Theorem 1 in [11, Sect.5.2.3]): Let f € W,2? (2, C)

loc

and F € W2P(Q,C"), with p € (1, 400). Then, for all j,1 =1,...,n, one has

oc

8jFl = 8[Fj a.e. in QN A;?;p/(p_l)).

4. A Lusin Type Result for a Class of Linear Partial
Differential Operators

The proofs of Lemma 4.1 and Theorem 4.1 below go along the lines of those
of Lemma 4.1 and Theorem 4.1 in [10], respectively. Several steps are actually
the same, but the intertwining of these replicas with the new arguments, as
well as the complexity of the proof, make it (in our opinion) impossible to
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cut the presentation without compromising clarity. For this reason we have
decided to provide them in full.

Lemma 4.1. Let Gy,...,Gy € C[&,...,&)] and define G(D) = (G1(D),
...,GNn (D). Assume that there exist oV, ... oY) € N* such that

AT L A
cr € C\{0} ifs=r
and 4
min [a)] > g := maxdeg G;. (4.1)
j J

Moreover consider an open set Q@ C R™ such that L(Q) < 400, a bounded
function f = (f1,...,fn)t € C(Q,CN), ¢ € (0,1/2) and n > 0. Then there
exist a compact set K C Q and a function v € C°(Q,C) such that
(1) L"(Q\ K) <eL™(Q);
(2) |G(D)v = flloo.x <
(3) |G(D)v|lpa < CE%_ngHp@ for allp € [1,400), where C is a constant
not depending on f,e,n,p.

Proof. According to the first steps in the proof of [2, Lemma 7], we can find
5 € (0,1) and a compact set K C £ with the following properties:

e The estimate (1) holds and
jeJ
where {Q,},es is a finite family of closed cubes of side (1 — &/2n)d,
whose centers y; belong to the lattice (6Z)";

e For j € J, let T} be the closed cube of side ¢ centered at y;. Then, for
all j € J, one has T C € and

F(@) — f(y)] <7, whenever z,y € Ty, (4.2)

Now, for all j € J and = € R™, set
€

Qj(w) := @, 5/2(x —yj), with p:=1— o

and observe that
@, € C¥R[0.1), Djlg, =1, Dl =0, (4.3)
by (2.11). Moreover
10°®, oo 2 < Cla)e1ol51o! (4.4)
for all & € N, by (2.12). Then define

Psj i= ][ fs wj = (g, png) = ][ f
T; T;

and the function

N
Hsj al®)
v(x) ::Z(bj(m)zc—J(x—yj) , xefdl
s=1 %

=
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One obviously has v € C°(2,C), by (4.3). To prove (2) and (3), we need the
explicit expressions of the polynomials G,., that is

Gr(&ry o 6n) = Y e () e

aeN™
la|<g

where the coefficients ¢!/ are assumed to be zero when || exceeds the degree
of G,. Recalling (2.1), we find (for z € Q)

‘alca 7Y Ca Psjga at®
G, ZZZ i ge [ () (2 — y;)

j€J s=1 aeN™
la|<g

where, for suitable integer coefficients kgx) (which coincide with 1 for 8 =0
and = «), one has

e al®) e a— @
0" [ (2)(x — ) ]:gezwké 07, () 0° P (x — ;)
BLa

— B, (2) 9°[(x —y;)*"]
+ 3 k00, (@) 0o (@ — y)).

BeN™
0<fB<

(s)

]

(s)

It follows that (for reQ)

D=y ewy ‘fj Go(D)[(w — ;)"

jeJ s=1
‘ Ica Hsj o— al®
b Y C 5 g 0 — g
j€J s=1 qeN” BeEN™
1<|e|<g 0<p<a
=D 2@
jeJ
a| )k(a)

oy 7B (x) 0P [(w — y;)*"].

sy Yy L

je€J s=1 aeN" BeN"
1<|o¢\<gO<ﬂ<a

(4.5)
In the formulae below, C, Cs, ... will denote constants which do not depend
on f,e 1, p. From the previous identity, we obtain (for all j € J and z € Q)

[G(D)](2)] <D @)yl

j€J

+clz|u]|§j SN 19%0(a) sup 07 B — )™l

jeJ s=1 a€eN" pBeN"
1<|a|<g 0<B<La

where - -
sup [0%P[(€ — ;)™ )| < Cp ol 1T lelFIAL
EET;
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Hence, by also recalling (4.4):
[G(DY](2)] < D xry (@)l

jeJ

N
+C3ZXT]\QJ(m)|l‘j|Z Z Z e 1Bl5—181 sla’®|=lal+|]

jed s=1 a€N" BeN"
1<]a|<g 0<B<a

for all z € Q. Since § € (0,1), € € (0,1/2) and (4.1) holds, it follows that

GDY@)] < S sl | x15(@) + Caxrpo, @ Y. S solel 37 1ol

jeJ s=1 aeN" BEN™
1<[al<g 0<B<a
<D Il (xy (@) + Cae™x,0\0, ()
jeJ

for all z € 2. Thus

IG(DYlpe < 1D luslxr ||, + Cae ™2 D sl xrpne 0 (46)
JjeJ jeJ

Moreover, by Jensen’s inequality, one has

HZ|MJ‘|XTJ-H;Q=/ <Z|MJ|XT) /Z\ujl X,

jeJ jeJ jeJ
=3 P L™(Ty) <> LT ][ Tk
JjeJ JjeJ
hence
1> il xr, 0 < 1 lne- 4.7)
jeJ

Analogously (recalling that 1—nt < (1—¢)™, forallt < 1, hence 1—(1—=)" <

2n —
5) we get

I sl xrna, |0 = S s PLr(m0\@5) < 32 £7(T)\Qy) ][ 17

jeJ jeJ jeJ
(T \Q
D MUY A
JG]
hence
2\ VP
I bibxraela < () 1flhe (45)
JeJ

Finally, inequality (3) follows from (4.6), (4.7) and (4.8). O

Remark 4.1. As we observed in Remark 4.1 of [10], when N > 2 the condition
assumed for G' in Lemma 4.1 forces the components G; to be different from
each other.
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Remark 4.2. Consider an open set 0 C R" with finite measure, F' €
L>(Q,CN) such that ||F|lec,o > 0 and recall that lim,— oo [|[Fllg0 =
| F'||co.2 (cf. Theorem 2.8 in [1]). Then, as it is outlined in [2], an easy argu-
ment shows that the function ¢ — L£L™(Q)Y/?/||F||,o has a finite positive
upper bound on [1,400).

Theorem 4.1. Let Gy,...,Gn € Cl&,...,&,] and Q C R™ satisfy the same
hypotheses as in Lemma 4.1. Moreover assume that there exist a nonnegative
integer m < g = deg G and a positive real number c, such that

IG(D)¢lloc,0 2 e max [[0%¢llco,0 (4.9)

|a]=m

for all ¢ € C(Q,C). Then, for every Borel function F : Q — CV and
for every e € (0,1), there exist an open set O C Q, f € Cy(Q,C) and
® € Co(Q,CN) N L>(Q,CN) with the following properties:

(1) £7(0) < e£7(Q);

(2) ®=F a.e in QO;

(8) The equality G(D)f = ® holds in the sense of distributions;

(4) In the special case m = g one has G(D)f = ® in Q, hence G(D)f = F

a.e. in Q\O. Moreover one has

|G(D)fllpa < C 2925~ 9||F ||, for all p € [1, +00) (4.10)

and
IG(D) flloc < C 2942 79| F o0, (4.11)
where C' is the constant of (3) in Lemma 4.1.

Proof. First of all observe that if F' = 0 a.e. in €2, then we can find an open
set O verifying

Flowo =0, LM0) <eL"(9),

so that statements (1-4) are obviously verified with f = 0 and ® = 0. Thus
we can assume ||F||s,o > 0. The proof below is divided into two steps.

Step 1: If F € C(Q,CN) N L>(Q,CY).

Let us define fy := F and show that there exist two sequences of func-
tions

{fi}2, co@,Cc)nL>=(Q,CY), {v;}52, CCr(Q,C)

and a sequence {Kj}?i1 of compact subsets of € satisfying the following
properties, for all j > 1:
() L7(Q\K;) < 277 L(Q);
(i) |G(D)vj— fi-1lloo,r; < 2779+ Vs~ where s := SUPge[1,+400) Lr(Q)ta)
|| F'|lq,0- Recall that 0 < s < 400, by Remark 4.2;
(iii) [|G(D)vjlp.a < 2260=YPICeV/P=9||f;_1|,q, for all p € [1,+0c), where
C' is the constant of (3) in Lemma 4.1;
(iv) fi(x) = fi-1(x) = [G(D)vs](2) for all z € K and ||fjlloc.0 = [ fi—1 —
G(D)vjlloe.k; -
Such a statement is proved by the following induction argument:
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e First of all, use Lemma 4.1 to get a compact set K1 C 2 and v; €
C*(Q,C) such that (i), (ii) and (iii) hold with j = 1. Then we get
fi € C(Q,CN) N L>=(Q,CN) satisfying (iv) with j = 1, by extending
the function

fo(z) = [G(D)un](z), =€ K,
by means of Tietze’s theorem [19, 20.4].
e Now suppose to have
{f;}iL co@,c)nLe@,cY), {v}L; C CX(Q,C)

and a family {K }le of compact subsets of €2 such that the properties
(i-iv) above are satisfied for j = 1,..., H, where H is any positive
integer. By using again Lemma 4.1 we can find a compact set K1 C Q)
and vy € C(Q,C) such that (i), (ii) and (iii) hold with j = H + 1.
Moreover, by Tietze’s theorem [19, 20.4], we get fry1 € C(Q,CV) N
L>(,CN) which satisfies (iv) with j = H + 1.
Now let -
0:=0\[)K; (4.12)
j=1
and note that (1) follows at once from (i) above. Moreover, from (iii), we get

e} o0
Y IGD)wjllpe < Ce7™0 Y 299 fj1llpa
j=1

j=1
Oo .
oty 2”9||fj||p,sz>

j=1

p+ 32 £l wmp)

Jj=1

= zgc*aég(np

< 2905é—9<||F

for all p € [1,4+00), where
1filloo0 £7(Q)7 < (27995 (s]|F,0) = 2790 Flp0
by (ii) and (iv). Thus

o
S TIGD)v; [l < C 291~ F|, 0, for all p € [1,+00) (4.13)
j=1
and hence (cf. [1, Theorem 2.8])
Y IG(D)vjllecn < C27 9| F|oc,n,
j=1

that is the series Y77, G(D)v; converges totally in L>(Q,CN). If define
up = Zszl v; € CX(Q,C) (for H=1,2,...), then:
e There exists ® = (®1,...,Px)" € Co(Q,CN) N L>(Q,CVN) such that
i [G(D)us — B = 0 (414)
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e By assumption (4.9) and Poincaré’s inequality (cf. Theorem 3 of [11,
Sect. 5.6]), we find that f € C§*(€, C) has to exist such that

I-}Enoo ||uH - fHCm(ch) =0. (415)

Now, recalling (iv) above, one can easily prove by induction on k that if
r € N52,K; and H > 1 then the following identity

H

F(z) = [G(D)un](x) = fr(x) = Y [G(D)vj](x)

j=k+1

holds for all K =0,..., H — 1. Hence, recalling also (4.12) and (ii) above, we
obtain
|1F' = G(D)unllc,o0n0 = [[F' = G(D)unlco,n, x,
= lfa-1 — G(D)vH | oo,n; K, (4.16)
< 9 Hg+D -1

for all positive integers H. From (4.14), (4.16) and the inequality
[F' = ®|lc,000 < |F — G(D)un|so,or0 + IG(D)ug — @lo.0\05

we get assertion (2).

By (4.14), (4.15), recalling the regularity identity (2.5) and the conti-
nuity property (2.6) for distributions, we obtain

G;(D)Ty = ngﬂoo Gi(D)Tlyy, = ngnoo T, (Dyuy = To,

J

(j=1,...,N)

which proves (3). In particular, if m = g then one has G(D)f = ® in Q.
Moreover, from (4.15) and (4.13), we get at once

IGD)fllp.0 = Jim [G(D)unlpe < C 29t F| 0, (4.17)

for all p € [1, +00).

Step 2: If Fis a Borel function.

Let ¢ > 0 be fixed arbitrarily. Then, proceeding as in the proof of
Theorem 1 in [2], we can find Fy € C(Q,CN) N L>(Q,C) and an open set
01 C Q satisfying

g
LM(0q) < 5/5"(9), Filovo, = Flo\o,

and
| Fillp.o < 2[|F|lpq, forall p € [1,400]. (4.18)
By Step 1 we obtain another open set Oz C £, f € CI'(Q2,C) and & €
Co(2,CN) N L (92, CN) such that
o L(0y) <e/2LM(N);
e & =Fy ae. in Q\Oy;
e The equality G(D)f = ® holds in the sense of distributions;
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e In the special case m = g one has G(D)f = ® in Q, hence G(D)f = I}
a.e. in Q\Os. Moreover, by (4.17), one has

IG(D) fllpa < C29% 79| Fy||q, for all p € [1, +00). (4.19)
Letting p tend to 400 in (4.19), we also find
IG(D) flloc.00 < C29* 9| Filloo 0 (4.20)
cf. [1, Theorem 2.8].

Now (4.10) and (4.11) follow from (4.19) and (4.20), respectively, by recalling
(4.18). The conclusion follows by setting O := Oy U Os. O

The following remark is a very slight variant of Remark 4.3 in [10], we
state it for the reader’s convenience.

Remark 4.3. The conclusions of Theorem 4.1 do not extend to families of
polynomials Gi,...,Gx in which there are repeated elements (compare
Remark 4.1). To prove it, let’s assume that there is a repetition, namely
G, = G4 with r # s, and consider any F = (F},...,Fy)! such that F,. = 0
and Fs = 1. Then at least one of statements (1),(2),(3) of Theorem 4.1 must
fail to be true. Indeed (3) yields Tg, = Tg,, hence @, = &, a.e. in Q. Then
1=0a.e. in Q\O, by (2). But this implies L"(O) = L£"(Q2), which contradicts
(1).

From Theorem 4.1 we get immediately the following property.

Corollary 4.1. Let Gy,...,Gy € C[&1,...,&,] and Q C R™ satisfy the same
hypotheses as in Lemma 4.1. Moreover assume that there exists a constant
¢« > 0 such that

[G(D)¢lloo. > cx max 0“0l 00,02
|al=g

for all p € C(Q,C). Then, for every F € L}, (Q,CN), one has

loc

sup  L"(Apr) = L"(Q).
fecg(9,0)

Remark 4.4. Corollary 4.1 states that, under suitable assumptions, there are
G-primitivity domains of F' arbitrarily close in measure to €2, even if F' €
W Q,CNY and £7(Y72) > 0 (even if Y2 = Q, which is the least favorable

loc

case for the “G-integrability of F”!).

5. Examples of Application

In this section we apply the theory developed above to three contexts already
considered in [10, Section 5], where we dealt with the case of smooth func-
tions. Some basic facts established in [10], including presentations of contexts,
will also be useful here and will therefore be recalled for the convenience of
the reader.
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5.1. Alberti’s Theorem

Given a positive integer k, let 7}, denote the set of n-tuples a € N™ such
that |a| = k and set N := #7;.. Moreover let j — a'9) be an arbitrarily
chosen bijection from {1,..., N} to 7. Then, by the same arguments as in
Section 5 of [10] with Theorem 4.1 in place of [10, Theorem 4.1], we obtain
the following well known result (cf. [2,14,16]).

Corollary 5.1. Let 2 be an open subset of R™ with finite measure and k be a
positive integer. Then, for every Borel function F : Q — RN* and for every
e € (0,1), there exist an open set O C Q and f € CE(Q) with the following

properties (let f*) = (80‘(1)f7 . ,aa““"f)t).-
(1) L"(O) < eL™(Q);
(2) f*) =F a.e. in Q\O;
(8) There exists a constant C' not depending on F,e,p such that
1/ Pl < 22657 H|[F,. 0, forallp € [1, +o0)
and
1F® oo < C 252 ¥ F oo -

5.2. Maxwell Type System
Let us recall that the electromagnetic field is characterized by the system
V-E=p
V-B=0
VxE+0B=0
VxB-0E=]
where E,B,p and j are the electric field, the magnetic field, the electric

charge density and the electric current density, respectively. The symbol of
this system is the following matrix of polynomials in C[{1, &2, &3, €4]

i &1 & &3 0 0 0
0 0 0 & & &
0 —i3 i& i€y 0 0
G(61,€2,63,81) = [Gj1(1,62, €3, 64)] = _ﬁ; ig 6& 8 Zf;l 224
—i§&4 0 0 0 —i&s il
0 —i&a 0 & 0 —i&
0 0 —i& —i& & 0

where &1, &2,&3 are the symbols of the spatial differential operators —id,,,
—30y,, —104,, wWhile &4 is the symbol of the time differential operator —id,,
(for consistency with the notation introduced in the previous sections, we
denote the time variable with x4). In this case, a remarkable example of
matrix in ¥ is the one associated to the first syzygies (cf. [5, Section 5.1])

0 €49 16216 0 0 0
§(€17£27§Sa§4) = [ﬁjl(§1a§27€37£4)} - ’Lf4 g4 gl 32 gS Zfl ng 153 .
Let us observe that deg G = deg S = 1.
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Corollary 5.2. Let Q be an open subset of R* with finite measure. Then, for
every Borel function F = (Fy,...,Fg)t : Q — C® and for every ¢ € (0,1),
there exist an open set O C Q and f € CL(Q,CC) with the following proper-
ties:

(1) £Y(0) < e£4(Q);

(2) G(D)f =F a.e. inQ\O;

(3) In the special case when F € Wll(;’;(Q,CS) with 1 > 1 and p € (1,+00),
one has

cr (Af e AT ~o.
Hence, in particular,

rn (Agcrgrp/(pfl)) n TF@) -0
that is

{ath +V, - (Fy, Fy, Fy)

=0
atF1+Vx'(F67F77FS):0

almost everywhere in £ N Ayf;p/(pfl)),
Moreover:

(4) Let F € WHAP(RY C8) and g € WITIHHAP(RY CO), with 1 > 1, p €
(1,400) and d € {0,1}. The following facts hold:
— Ifd=0 then L*(A, r NYYL) =0, hence L*(Ayr N YTrs) =0;
— Ifd=1andp < 4 then A, pNYY is 3-rectifiable, hence Ay pNY g
is 3-rectifiable.

Proof. As we observed in the proof of [10, Corollary 5.2], both matrices
H .= (H17H2,H3,H4)t = (G11,Ga1,G51,Ger)'

and
K = (K1, K2, K3, K4)" == (Gaa, G314, G7a,Gsa)".

verify the assumptions of Lemma 4.1 and satisfy condition (4.9) with m = 1.
Hence, by Theorem 4.1, there exist two open sets 01,02 C Q and fi, fs €
C3(£,C) such that

L£HO)) < 254(9), H(D)f1 = (Fy, Fy, F5, Fg)! ace. in Q\O;
and

LHO,) < gﬁ(g), K(D)fy = (Fy, Fy, Fr, Fs)! ae. in Q\Os.
Statements (1) and (2) follow by setting O = O; U Oy and [ :=

(f1,0,0, f1,0,0)t. As for (3), it follows immediately from Corollary 3.5.
Finally, we obtain (4) from Corollary 3.2. O
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5.3. Multivariable Cauchy-Riemann system
Let Gy,...,Gn € Cl&, ..., N] be defined as
i 1 .
Gji(&1y---5&N) =5 82j-1 - 5 & (j=1,...,N).
Then G = (Gy,...,GyN)! is the symbol of the Cauchy-Riemann system in N

complex variables z; = x9;_1 +iz9; (j =1,...,N), namely
o5 101 +30
GO)y=| : | = :
g $ON_1+ 50
OzZn 5 V2N—-1 5 V2N

Observe that deg G = 1. Analogously as we have done for the Maxwell type
system, we can consider the matrix associated to the first syzygies, namely
the one of dimension w X N used in the proof of Corollary 3.3. Also in
this case we denote such a matrix by S and observe that deg .S = 1.

Corollary 5.3. Let Q be an open subset of RN with finite measure. Then, for
every Borel function F = (Fy,...,Fyx)t : Q — CN and for every ¢ € (0,1),
there exist an open set O C Q, f € Cy(Q,C) and ® € Co(Q, CN)NL>(Q,CN)
such that:

(1) £3N(0) < L2V (9);

(2) ®=F a.e. in QNO;

(8) The equality G(D)f = ® holds in the sense of distributions;

(4) In the special case when F € Wl P(Q,CN) withl > 1 and p € (1,+00),

there exists a null measure set Z C §) such that

S(D)F =0 in QN By r 9\ Z

for all S € X, (where 6 = pdegS/(p — 1)). In particular one has
S(D)F =0 in QN BY 3w *N\Z, that is

OFy _ 0k g A BEN /01 g
32] 8Zk
forall j, ke {l,...,N}.

Moreover:
(5) Let F e WhP(Q,CN) and g € W2P(Q,C), with 1 > 1 and p € (1, +00).

loc
Then one has

2N (Aggﬂol/(p—l)) n T%) —0
Hence, in particular,

2N (ASNﬂ)/(p D) AT, S) 0
that is

7(16 m

(9% 0z,
forall j,ke{l,...,N}.

OF, _ OF; QAN /1)
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(6) Let F € WHAP(R2N CN) and g € WIHIHAP(REN C), with | > 1,
p € (1,+00) and d € {0,1}. The following facts hold:
— Ifd=0 then LN (A, p N YY) =0, hence L2V (Ay r N Ypg) = 0;
— Ifd=1 and p < 2N then A, r N YL is (2N — 1)-rectifiable, hence
Ay rNYpg is (2N — 1)-rectifiable.

Proof. Recall from the proof of [10, Corollary 5.3] that G, ..., Gy verify the
hypotheses of Lemma 4.1 and (4.9) holds with m = 0. Then (1), (2) and (3)
follow at once by Theorem 4.1. Assertions (4) and (5) follow from Theorem
3.2 and Corollary 3.5, respectively. Finally, we get (6) by Corollary 3.2. O
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