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Abstract

Single- and multi-thread gravel-bed ephemeral channels in semi-arid and arid regions

have a characteristic repeating, channel-wide pattern of low angle, fine-grained ‘flats’
alternating with steeper, coarse-grained ‘bars’. The genesis of these macroforms,

while a topic of ongoing discussion, has not been fully elucidated. We have docu-

mented the formation of these macroforms after both artificially homogenising the

bed material of a reach of the Nahal Yatir in the northern Negev, Israel, and ensuring

its surface was planar. Here, we integrate the empirical data gained from these field

experiments with a novel mathematical model. The model we propose, within a one-

dimensional framework, is based on the analysis of flow over an initially planar, erod-

ible bed consisting of a bimodal grain size mixture of sediment. We apply linear sta-

bility analysis to derive a solution that provides insight into the formational dynamics

of these macroforms. Our results indicate that bar-flat patterns may arise from a

free-instability mechanism driven by sediment size heterogeneity, provided that the

standard deviation of the sediment grain size distribution (GSD) is sufficiently large.

Application of the model to a selection of ephemeral channels of the northern Negev

suggests that repeating bar-flat patterns are likely to develop during the recession of

flash flood hydrographs, specifically when flow conditions approach the critical

threshold for bedload transport. Besides providing a possible explanation for the for-

mation of these macroforms, this study also contributes to a broader understanding

of geomorphic processes in dryland river systems.
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1 | INTRODUCTION

Upland gravel-bed ephemeral streams are characterised by a

sequence of repeating macroforms: steep and coarser-grained ‘bars’
and intervening, almost horizontal, fine-grained ‘flats’ (Laronne

et al., 1994; Powell et al., 2012). These are very clearly visible on the

dry channel bed (Figure 1). While several theories have been proposed

to explain the formation of macroform sequences in gravel-bed rivers,

such as that of pools and riffles (Chin & Wohl, 2005; Church &

Zimmermann, 2007; Curran, 2007; Golly et al., 2019; Hassan

et al., 2022; Montgomery & Buffington, 1997; Richardson &

Carling, 2021), an explanation for the flat-bar sequence has yet to be

tested.

High sediment supply has been suggested as the causal factor

explaining the lack of armour development in ephemeral channels

(Hassan, Egozi, & Parker, 2006; Laronne & Reid, 1993; Reid,
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Laronne, & Powell, 1995; Stark et al., 2021). However, a hitherto

hydraulically untested assertion is that fast hydrograph recession in

channels that have a wide range of sediment sizes may explain the

alternation of fine- and coarse-grained bedforms in both single- and

multi-thread channels (Laronne et al., 1994; Storz-Peretz et al., 2016;

Storz-Peretz & Laronne, 2018; Zapico et al., 2018).

We have conducted a series of field experiments, as described

in our companion paper (Laronne et al., 2025), to observe whether

the flat-bar macroform sequence would be re-established by flash

floods after mechanically homogenising the bed material. While

these field observations have provided important quantitative

insight into the characteristics of the restoration of this sequence,

they are not sufficient to elucidate the underlying mechanisms of its

formation.

Theoretical approaches are frequently used to fill this kind of

knowledge gap. So, for example, stability analysis has been instrumen-

tal in explaining the formation of well-sorted sediment macroforms,

including ripples, dunes and antidunes (Engelund, 1970;

Hayashi, 1970; Kennedy, 1963; Richards, 1980), and the dynamics of

fluvial bars under both steady flow conditions (Callander, 1969; Colo-

mbini, Seminara, & Tubino, 1987; Parker, 1976) and an unsteady

hydrological regime (Carlin, Redolfi, & Tubino, 2021; Redolfi, Carlin, &

Tubino, 2023). Here, linear stability analysis will be shown to serve as

a useful tool in providing information about the occurrence of bar-flat

macroforms and their essential geometric and granulometric

characteristics.

Such theoretical tools have been used by others to expand the

scope of research to include the impact of sediment-size sorting on

bedforms. The focus of these studies has been on understanding how

an instability mechanism is influenced by changes in roughness and

sediment transport because of the presence of poorly sorted bed

material. Noteworthy contributions in this area have come from

research on alternate bars (Lanzoni & Tubino, 1999), as well as

from investigations designed to understand the formation of bedload

sheets (Colombini & Carbonari, 2020; Seminara, Colombini, &

Parker, 1996). So, for instance, bedload sheets have been identified as

coherent migrating patterns of bed material and have been observed

in both flume studies and perennial stream environments to be

characterised by units of coarse sand and fine gravel. The phenome-

non has been linked intrinsically to the heterogeneous nature of the

sediment.

Like bedload sheets, the bar-flat pattern in ephemeral channels

displays a recurring sequence of coarse- and fine-grained sediment.

However, unlike the uniform bed-surface slope that is characteristic

of bedload sheets, the bar-flat pattern is uniquely defined by its alter-

nating segments of near-horizontal, fine-grained flats and steeper,

coarse-grained bars (Powell et al., 2012).

The aim of the present study is to identify, by means of a linear

approach, the specific conditions that lead to the development of bar-

flat sequences in ephemeral streams, as exemplified by those of the

northern Negev, Israel. We have demonstrated in a companion paper

that a bar-flat sequence that had been obliterated by artificially hom-

ogenising and planning the bed material of a channel reach began to

reform under successive natural flash floods (Laronne et al., 2025).

Here, we show that linear stability analysis can be used to explain the

mechanisms by which bars and flats evolve from the same initial con-

ditions, successfully predicting differences in both their surface gradi-

ent and their grain size. We also show that it can be used to define

the flow conditions during which formation will occur.

2 | FIELD DATA RE-ANALYSIS

Here, we describe the field sites selected for our analysis. This is

followed by a detailed assessment of the grain size distributions

(GSDs) of the streambed sediments at these sites. Key parameters,

including geometric mean and standard deviation of the GSDs, are

derived. In addition, we provide hydrometric data collected from the

Yatir and Eshtemoa streams. These data are critical to understanding

the hydraulic behaviour of the channels, a factor integral to the subse-

quent modelling analysis and discussion.

2.1 | Field sites and main features of the bar-flat
pattern

The field data considered in this study were collected and measured

in reaches of the Nahal Yatir, Nahal Eshtemoa and two other neigh-

bouring desert streams of the northern Negev: the Anim and Cryote

(Qeriyyot) (Figure 2).

These streams are ephemeral, single-thread, gravel-bed channels

that drain the southern flanks of the Judean Highlands, a region of

F I G U R E 1 Example of a
(a) bar unit and a (b) flat unit in
the Yatir channel.
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rolling topography underlain by Upper Cretaceous carbonate rocks

(Powell et al., 2012). The streambeds are characterised by a repeating

pattern of two dominant units: bars and flats. These units are primarily

distinguished by variations in slope, grain size and sediment sorting.

Flats are identified as low-gradient units with, variously, positive and

negative slopes. In contrast, bars are characterised by consistently

steeper slopes, averaging approximately twice the reach-average bed

slope. Furthermore, bars exhibit a coarser and less well-sorted sedi-

ment composition compared to flats, as described in detail elsewhere

(Powell et al., 2012).

2.2 | GSD of the bar-flat pattern

The granulometric dataset used in this study is sourced from the field

campaign described in Powell et al. (2012). This dataset includes sur-

face bed material samples from specific reaches of Nahal Yatir, Nahal

Anim and Nahal Cryote. The present study also considers the data col-

lected in the Nahal Eshtemoa during the field campaign described in

Powell, Reid and Laronne (2001).

Particle size characteristics of several channel units in Nahal Yatir

(seven flats and five bars), Nahal Cryote (five flats and five bars) and

F I GU R E 2 Location of the study area (Note: Nahal Cryote is labelled as Nahal Qeriyyot).

F I GU R E 3 Grain size distributions of the ephemeral streams considered in this study.
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Nahal Anim (three flats and four bars) were determined using Wolman

counts of sediment > 2mm diameter (Powell et al., 2012). The sam-

pling registered the number of clasts in grain size classes from 2 to

720mm for each unit. The resulting aggregate GSDs for these units,

obtained by combining all samples, are shown (in black) in Figure 3,

with flats and bars differentiated in green and red, respectively, to

highlight their particular granulometric characteristics.

A different method was used for Nahal Eshtemoa. Here, large

samples of bed material taken from a reach undifferentiated by bars

and flats were analysed, resulting in the generation of granulometric

curves for both the bed surface and the subsurface (shown as a solid

blue line and a dashed blue line, respectively, in Figure 3d). These cur-

ves show small differences, indicative of the unarmoured streambeds

typical of ephemeral streams in arid zones.

The bed material characteristics of the four channel reaches

examined are listed in Table 1. These parameters are fundamental to

the mathematical modelling and analysis presented in the following

section as they provide a crucial link between empirical data and theo-

retical interpretation. For the Yatir, the characteristic diameters are

comparable to those presented in Table 3 by Cohen (2019) from a

more recent field study. Additionally, it is noteworthy that the rough-

ness heights reported in the companion paper for Nahal Yatir

(Laronne et al., 2025) are coarser. This inconsistency is attributed to

the limitations of the image analysis used in that study, an analysis

which, inherently, does not account for the presence of finer-grained

sediment fractions.

2.3 | Hydrographs of the Yatir and the Eshtemoa

Several field measurement campaigns have focussed on the hydrologi-

cal behaviour of ephemeral streams in the northern Negev desert over

the last several decades. The earliest studies were conducted on

Nahal Yatir in 1989–90, with results documented in Laronne and

Duncan (1992) and Reid, Laronne and Powell (1995). Additionally,

Reid, Laronne and Powell (1998) analysed the hydrographs of Nahal

Eshtemoa during the four rain seasons of 1991 through 1995. In the

present study, we have used an up-to-date hydraulic dataset, specifi-

cally that of January 2018 for the Yatir and that from January 2017

through 2018 for the Eshtemoa.

Figure 4a shows five hydrographs from Nahal Yatir. The labels

attached to the flood events, T7 through T10, reflect those used in

the companion paper (Laronne et al., 2025). The only difference is that

T9 is divided into a pair of sub-events, T9a and T9b, as they are con-

sidered to represent two distinct floods. Water stage was monitored

using a Levelogger 5 (Solinst) equipped with a non-vented pressure

sensor having a full-scale accuracy of ±0.05%. Water depth was

established after compensating for changes in atmospheric pressure

(Laronne et al., 2025). The hydrographs exhibit a bore-like, rapid rise

in water level followed by a more gradual recession, common charac-

teristics of flow events in ephemeral streams of the northern Negev.

Three hydrographs recorded in the 2017 and 2018 winter seasons in

Nahal Eshtemoa have also been used (Figure 4b). These were

recorded using vented pressure transducers (Druck PTX 1730,

T AB L E 1 Bed material characteristics of the four study reaches derived from the respective grain-size distribution curves: Dg0 is the overall

geometric mean diameter of the distribution, σg is the geometric standard deviation and σ0 is the standard deviation of the distribution; Dg,bars and
Dg,flats represent the geometric mean diameters of grains in bars and flats, respectively.

Nahal Yatir Nahal Eshtemoa Nahal Anim Nahal Cryote

Dg0 [mm� 11 15 15 13

σg [�� 3.13 3.26 3.46 4.24

σ0 [�� 1.69 1.71 1.79 2.10

Dg,bars [mm� 25.4 - 16.9 24.3

Dg,flats [mm� 5.5 - 8.0 5.7

F I GU R E 4 (a) Nahal Yatir flood hydrographs during the winter season 2018 and (b) Nahal Eshtemoa flood hydrographs during the 2017 and
2018 winter seasons. In comparison with the hydrographs presented in the companion paper, the event of 19 January 2018 is truncated here
after 25 h, while that of 29 January 2018 is truncated after 5 h. The Eshtemoa hydrograph of 01 February 2017 ends abruptly above a depth of
10 cm because high concentrations of suspended solids led to clogging of the stilling wells, thereby impairing the record. Dates in the image are in

day/month/year format.
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±0.25% accuracy). They also demonstrate the distinctive rapid rise

and longer fall in water levels.

3 | MATHEMATICAL MODEL

In this section, we describe the mathematical model that we have

used to analyse the probable formation of bar-flat patterns. The for-

mulation follows closely that proposed by Lanzoni and Tubino

(1999) to investigate the effect of sediment heterogeneity on the

development of alternate bars. However, a simplified, one-

dimensional approach is adopted here, which is justified by the dom-

inant longitudinal character of the phenomenon under investigation.

The model is based on the solution of the steady Saint–Venant flow

equations and the Exner sediment continuity equation for each

grain-size fraction, coupled with a suitable model for the transport of

a sediment mixture, where Hirano’s (1971) concept of the active

layer is adopted.

3.1 | Formulation of the problem

For present purposes, we consider a straight channel with non-

erodible banks and constant width, the bed of which is composed

of a mixture of cohesionless sediment. We denote by f ϕð Þ the

probability density function of grain sizes in the mixture, where ϕ

is the sedimentological, base-2 logarithmic scale for particle size,

namely ϕ¼� log2 Dsð Þ, with Ds sediment diameter (in mm). We

assume that the distribution of grain sizes can change both in the

longitudinal direction x�ð Þ and in time (t*)1, while it is constant in

the vertical direction, as we do not expect significant effects of

vertical sorting because of the low relief of the bar-flat pattern.

Notably, field observations (Laronne et al., 1994) indicate the absence

of an armour layer.

The objective of our study is to determine the response of the

flow field and sediment transport to perturbations of the bed eleva-

tion and GSD by varying the reach-averaged flow conditions. These

conditions are defined, for a given value of unit water discharge, in

terms of the water depth D�
0 and velocity U�

0 of the uniform flow over

a flat bed with constant slope S0 and a longitudinally well-mixed,

cohesionless sediment with GSD f0 ϕð Þ. We then use the above aver-

age quantities to set the governing equations in the following dimen-

sionless form:

U
∂U
∂x

þFr�2
0

∂D
∂x

þ ∂η

∂x

� �
þCf

U2

D
¼0, ð1Þ

∂ UDð Þ
∂x

¼0, ð2Þ

f
∂η

∂t
þLa

∂f
∂t

þ ∂ fqsð Þ
∂x

¼0, ð3Þ

where U is the longitudinal velocity, D the water depth, η the bed ele-

vation, and the product fqs is the volume of bedload transport rate per

unit width of a grain size fraction. Furthermore, Fr0 is the Froude

number of the average uniform flow, Cf the friction coefficient, and La

the thickness of the active surface layer.

The system (1–3) is complemented by the overall mass balance

equation for the sediment mixture, which is obtained by integrating

Equation (3) over the grain sizes:

∂η

∂t
þ
ð∞
�∞

qs
∂f
∂x

dϕþ
ð∞
�∞

f
∂qs
∂x

dϕ¼0: ð4Þ

In Equations (1–4), variables have been made dimensionless

through the following scaling:

U¼U�

U�
0
, D, η, x, Lað Þ¼ D�, η�, x�, L�a

� �
D�
0

, t¼ t�q0
1�pð ÞD�

0
2

h i , qs ¼
q�s
q0

,

ð5Þ

where

q0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔgDg0

3
q

, Δ¼ ρs
ρ
�1

� �
, ð6Þ

and p is sediment porosity, g is gravitational acceleration, ρ and ρs

denote fluid and sediment density, respectively, and Dg0 is the geo-

metric mean diameter of the sediment mixture.

To solve the mathematical problem defined by Equations (1–4)

for the unknown variables U,D, η, fð Þ, suitable closure relations

are required to compute the friction coefficient and the bedload flux.

The friction coefficient Cf is expressed in terms of the local relative

roughness through the logarithmic formula (Keulegan, 1938; Parker,

1992):

Cf ¼ 6þ2:5ln
D�

ks

� �� ��2

, ks ¼ nDσ , ð7Þ

where the constant n is usually assigned in the range 2�2:5ð Þ, and
Dσ ¼Dgσg is a grain size representative of the coarser fraction, which

depends on the parameters of the local bed composition, namely the

geometric mean diameter Dg and the standard deviation σg . They are

defined in terms of the first and the second moment of the local GSD

f ϕð Þ in the form:

Dg ¼2�ϕ , σg ¼2σ , ð8Þ

where

ϕ¼
ð∞
�∞

f ϕdϕ, σ2 ¼
ð∞
�∞

f ϕ�ϕ
� �2

dϕ: ð9Þ

The bedload function qs is expressed through the following

relationship:

qs ¼ θg
3=2 G ζð Þ, ð10Þ

where θg is the Shields parameter associated with the geometric mean

diameter Dg0, namely

1Here and in the following, the * asterisk denotes dimensional variables that are

subsequently made dimensionless.
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θg ¼ u�2

ΔgDg0
, ð11Þ

in which u� ¼
ffiffiffiffiffi
Cf

p
U� is the friction velocity, and G ζð Þ is the transport

capacity function. Among the various empirical transport predictors

available in the literature, the Parker (1979) formulation is adopted

here:

G ζð Þ¼11:2 1�1
ζ

� �4:5

, ζ¼ θg
θc

Dg0

Dg
ghr

Ds

Dg

� �
, ghr ¼

Ds

Dg

� ��b

,

ð12Þ

where θc ¼0:03 is the critical Shields parameter for sediment motion.

The reduced hiding function ghr accounts for the effect of the differ-

ent mobilities of grain sizes in the mixture. Based on the calibration

performed for Nahal Yatir by Powell, Reid, and Laronne (2001) and

Powell, Laronne and Reid (2003), a value of b¼0:26 is set here.

Finally, the thickness of the active layer L�a is taken as equal to the

local roughness height ks.

3.2 | Linear stability analysis

The system described by Equations (1–4), and supplemented by the

closure relations (7) and (10), provides a steady uniform solution for

the flow of water and sediment transport for any specified combina-

tion of unit water discharge, bed slope and bed material characteris-

tics. Hereafter, we refer to this solution as the ‘reference state’ and
use the subscript ‘0’ to denote the corresponding variables.

We note that such a reference state is defined, in dimensionless

form, once the values of the Shields parameter (θg0Þ and of grain ratio

(dg0Þ are given, namely

θg0 ¼ S0D
�
0

ΔgDg0
, dg0 ¼Dg0

D�
0
, ð13Þ

and the standard deviation σ0 of the GSD f0 ϕð Þ is specified.
We proceed by employing a linear analysis to assess the stability

of the reference state in response to perturbations in both the bed-

surface configuration and the GSD. Our approach involves tracking

the temporal evolution of small-amplitude sinusoidal perturbations ini-

tially applied to the reference state’s bed elevation and GSD. Of note

is that a periodic variation of bed elevation entails an alternation of

steeper and less steep segments.

To carry out this analysis, we express the unknown variables in

the following form:

U,D, η, fð Þ¼ 1, 1, η0 xð Þ, f0 ϕð Þ½ �þε U1 x, tð Þ,D1 x, tð Þ, η1 x, tð Þ, f1 ϕ;x, tð Þ½ �
þO ε2

� �
,

ð14Þ

where ε�1 is a small parameter and η0 is the unperturbed bed eleva-

tion, that is, � dη0=dxð Þ¼ S0.

Using the closure relationships (7) and (10), a similar expansion is

obtained for the friction coefficient and the following bedload

function

Cf ¼Cf0 1þεCf1ð ÞþO ε2
� �

, qs ¼ qs0 1þεqs1ð ÞþO ε2
� �

, ð15Þ

where Cf0 and qs0 denote the friction coefficient and the bedload

function of the reference state.

On substituting from (14) into the governing Equations (1–4) and

neglecting higher-order terms, we obtain a linear differential system

for the unknown variables U1,D1, η1, f1ð Þ, the solution of which is

sought through a normal mode analysis (the mathematical procedure

to derive the linear system is reported in Appendix A). The solution

for the perturbations can be given in the following complex form:

η1,U1,D1, f1ð Þ¼ bη1 tð Þ, bU1 tð Þ, bD1 tð Þ,bf1 tð Þ
h i

exp iαxð Þþc:c: , ð16Þ

where α is the dimensionless wavenumber of the perturbations,

bη1, bU1, bD1,bf1	 

are complex functions that define the amplitude and

phase of each variable, and c.c. denotes the complex conjugate. The

structure of the solution (16) for the perturbation of bed elevation

implies a sinusoidal variation of the local bed slope:

S¼ S0þεS1, S1 ¼� ∂η1=∂xð Þ¼�iαbη1 exp iαxð Þþc:c: , ð17Þ

which represents an alternation of steeper and less steep segments.

The functions η1, f1ð Þ represent periodic oscillations in the longi-

tudinal direction between positive and negative values of the pertur-

bations of bed elevation (i.e. of local bed slope) and grain size.

Furthermore, the complex nature of the amplitude functions bη1,bf1	 

implies that the linear solution takes into account the possible phase

shift of the longitudinal variation of bed material composition with

respect to that of the bed profile.

In the following, we consider the simplest solution of the linear

problem—namely, that corresponding to a bimodal mixture composed

of two discrete grain sizes: a coarser Cð Þ and a finer Fð Þ fraction. The
analysis can, however, be readily generalized to account for a larger

number of fractions. In this case, the GSD can be expressed as

f ϕð Þ¼ fC0þε fC1ð Þ δ ϕ�ϕCð Þþ fF0þε fF1ð Þ δ ϕ�ϕFð Þ, ð18Þ

where δ is the Dirac function. The GSD must satisfy the integral

condition

ð∞
�∞

f dϕ¼
ð∞
�∞

f0þε f1ð Þdϕ¼1, ð19Þ

which implies that fF0 ¼ 1� fC0ð Þ and fF1 ¼�fC1: Therefore, in the

case of a bimodal mixture, the unknown distribution f1 can be rep-

laced by fC1:

Details of the mathematical procedure for solving the linear prob-

lem are given in Appendix B. It is sufficient to recall that, using

Equation (16), the linearized flow equations reduce to an algebraic

system, which allows us to express the unknown variables bU1, bD1

	 

in

terms of bη1,bfC1	 

. Upon substituting into the linearised form of mass

balance Equations (3) and (4), we derive a system of two linear differ-

ential equations governing the temporal evolution of the perturba-

tions of bed elevation and GSD, which takes the following form:
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dbfC1
dt

¼Ψ11
bfC1þΨ12bη1, dbη1

dt
¼Ψ21

bfC1þΨ22bη1, ð20Þ

where the complex coefficients Ψ kj k¼1, 2; j¼1, 2ð Þ depend on the

parameters of the reference flow θg0, dg0, σ0
� �

. The system (20) poses

an eigenvalue problem, which admits solutions that are exponentially

dependent on time:

bη1,bfC1	 

¼ bη1þ,bfC1þ	 


exp Ωþ� iωþð Þt½ �
þ bη1�,bfC1�	 


exp Ω�� iω�ð Þt½ �, ð21Þ

where Ω� and ω� are the growth rate and the angular frequency of

perturbations, obtained through the following dispersion relation:

Ω�� iω�ð Þ¼1
2

Ψ11þΨ22ð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ψ11�Ψ22ð Þ2þ4Ψ12Ψ21

q� �
: ð22Þ

When the perturbation of the GSD is neglected, that is, bfC1 vanishes,

the resulting eigenvalue has a negative growth rate. This implies that,

in the absence of sediment heterogeneity, the one-dimensional model

always predicts stability of the flat bed configuration.

4 | RESULTS

4.1 | Results of stability analysis

The dispersion relationship (22) represents the main outcome of the

linear stability theory. A negative value of the growth rate implies that

the initial perturbations decay over time and the reference state is sta-

ble, while a positive value means that perturbations of bed slope and

bed composition can grow, leading to the formation of a bar-flat pat-

tern, with an associated alternation of steeper, coarser patches and

finer-grained, less steep patches.

The homogeneous character of the governing system (20) high-

lights the free nature of the instability mechanism here investigated.

The bar-flat pattern arises spontaneously, without the influence of

external factors, such as channel curvature or width variations. The

initial small-amplitude perturbations in bed elevation and GSDs drive

linear perturbations in bed stress and sediment transport, which in

turn control the temporal evolution of bars and flats.

In the case of a bimodal mixture, for a given set of the parameters

of the reference state θg0, dg0, σ0
� �

and for any value of the

wavenumber of the perturbations α, we obtain two different values of

Ω. One of these Ω�ð Þ is invariably negative and coincides, as σ0 van-

ishes, with that of the uniform sediment case. The other Ωþð Þ,
obtained from (22) by choosing the positive root, is inherently associ-

ated with the heterogeneous character of the sediment; its value

mainly depends on the standard deviation σ0 of the sediment mixture.

Specifically, the value of Ωþ turns from negative to positive as σ0

increases, within a range of values of the Shields stress above the crit-

ical threshold that widens with σ0.

An example of a stability diagram is represented in Figure 5a,

where the growth rate Ωþ is reported on the (θg0=θc, σ0Þ parameter

space, for a given value of the grain ratio dg0. The results shown in

Figure 5a are obtained with an initial balanced composition of the

mixture, that is, fC0 ¼ fF0 ¼0:5, and a dimensionless wavenumber of

the perturbations α¼0:02: This value has been selected on the basis

of the observed longitudinal spacing of bar-flat sequences (Powell

et al., 2012), which is in the range of 30�70m, while the water depth

is in the order of a few decimetres, which implies that typical values

of α are in the range 0:01�0:04.

Figure 5a highlights the existence of three distinct regions on the

(θg0=θc, σ0Þ parameter space. For relatively low values of the standard

deviation of the mixture σ0, the growth rate Ωþ is negative (Stability

region) and the unform flow and transport of the sediment mixture is

stable. When the standard deviation exceeds a threshold value rang-

ing between 1:4and1:5, a region appears where the growth rate Ωþ
is positive (Instability region), and therefore, perturbations of bed

slope and bed composition can grow. The instability region is bounded

F I GU R E 5 Stability diagram for bar-flat patterns on the (θg0=θc, σ0) plane, for a given value of the grain ratio dg0 ¼0:01 and α¼0:02 :
(a) contour plot of the growth rate Ωþ of bar-flat patterns (the growth rate is negative in the blue-to-dark blue area, positive in the light-green-to-
green area, and vanishes in the homogeneous turquoise area); (b) the marginal curves delimiting the instability region where the linear theory

predicts the occurrence of bar-flat patterns for different values of the finer fraction fF0 in the sediment mixture.
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by an upper value of the ratio θg0=θc that increases as σ0 increases,

and by a lower value that keeps it in the range 1:4�1:6. The latter

value corresponds to the critical threshold for the sediment motion of

the coarse fraction within the mixture. Below this value, a condition

of partial transport occurs, because only the fine fractions are trans-

ported, and the growth rate Ωþ vanishes.

The above scenario does not change by varying the grain-size

ratio within the range of values that is typical of gravel-bed rivers, the

lower and upper limits of the instability region being almost indepen-

dent of dg0. Therefore, the linear stability analysis invariably predicts

the possible formation of a periodic variation of bed slope and bed

composition when the standard deviation of the sediment mixture is

sufficiently large, and the Shields parameter remains close to θc. The

region of possible formation of a bar-flat pattern considerably widens

when increasing the finer fraction fF0 of the mixture of sediments, as

shown in Figure 5b.

The linear stability theory, being restricted to infinitesimal pertur-

bations (ε�1), is obviously unable to yield information on the final

amplitude of perturbations. However, from the linear solution, it is

possible to compute the spatial distribution of local bed composition

for a given distribution of bed elevation. Indeed, such information is

crucial to being able to understand whether the theory is capable of

correctly reproducing the phenomenon under investigation, namely

the concurrence of steeper, coarser-grained channel-bed segments

and less steep, finer-textured segments.

As pointed out above, the functions η1, fC1ð Þ represent sinusoidal
variations in the longitudinal direction of the perturbations of bed ele-

vation and of the coarse fraction. Specifically, a positive (negative)

value of fC1 expresses a local excess (defect) of the coarse fraction in

the bed material composition with respect to the average composition

of the sediment mixture. To compute the phase shift of the longitudi-

nal variation of the coarse fraction with respect to that of bed profile,

we take advantage of the homogeneous character of system (20),

which implies that, by substituting the solution (21), we obtain two

linearly dependent equations. Thus, either of the equations can be

used to derive the relationship between the complex amplitudes

bη1,bfC1	 

. Considering the first term of the solution (21), we find

that, within the range of values of parameters corresponding to

the instability region Ωþ >0ð Þ, the phase shift is almost constant and

the function fC1 has its maximum positive value (i.e. the maximum

local excess of the coarse fraction) at about a quarter of the wave-

length downstream with respect to the peak of the bed profile. This is

shown in Figure 6a, where a value of the standard deviation typical of

the ephemeral streams of the northern Negev σ0 ¼1:7ð Þ is used.

Recalling Equation (17), this implies that the perturbation of the

coarse fraction is nearly in phase with the perturbation of the bed

slope.

Therefore, the linear solution predicts that the bed is coarser

where the bed slope is steeper (i.e. on bars), while it is finer-grained

where the slope is less steep (i.e. on flats). Furthermore, Figure 6b

suggests that, within the instability region, the amplitudes of the per-

turbations of bed elevation and of bed material composition are of

the same order of magnitude.

4.2 | Application to the ephemeral northern Negev
channels

The results of linear stability theory demonstrate that bar-flat patterns

may arise from an inherent free-instability mechanism driven by sedi-

ment heterogeneity when the standard deviation of the sediment mix-

ture is sufficiently large and the hydrodynamic conditions are not far

above the critical threshold for bedload transport.

F I GU R E 6 The dependence on the ratio θg0=θc of the (a) phase angle and of the (b) amplitude of the longitudinal oscillation of the coarse
fraction bfC1	 


with respect to those of the longitudinal oscillation of the bed profile, for given values of the grain ratio dg0 ¼0:01 and of the
standard deviation σ0 ¼1:7, and α¼0:02. The phase angle is expressed in radians: a phase angle equal to π=2 implies that the coarse fraction

peaks at a quarter of a wavelength downstream of the maximum of bed elevation.

T AB L E 2 Input parameters for the stability analysis.

Nahal Yatir Nahal Eshtemoa

ρ [kg=m3� 1,040 1,022

ρs [kg=m3� 2650 2650

S0 [�� 0.0087 0.0075

dg0 [�� 0.05 0.1
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We now test whether these theoretical findings can provide a

possible explanation for the formation of such repeating forms in the

ephemeral channels of the northern Negev described in the compan-

ion paper (Laronne et al., 2025). The bed material characteristics of

the four study reaches are reported in Table 1. Further parameters for

Nahal Yatir and Nahal Eshtemoa, for which water stage measure-

ments are also available, are presented in Table 2, where dg0 has been

computed using a representative mean value of the water depth D�
0.

In Figure 7, the values of the standard deviation of the GSD mea-

sured in the four study reaches (see Table 1) are reported on the sta-

bility diagram in the (θg0=θc, σ0Þ plane, together with the marginal

curves corresponding to two different values of the grain ratio, dg0 ¼
0:05 and dg0 ¼0:1, that are representative of Nahal Yatir and Nahal

Eshtemoa, respectively. Because the contour of the instability region

is almost independent of dg0, either curve can be taken as fairly repre-

sentative of the other two study reaches (Nahal Anim, Nahal Cryote).

Figure 7 shows that, in all four cases examined, the standard deviation

σ0 is larger than the threshold value, which implies that there is a

range of θg0=θc values, that is, of flow conditions, that promotes the

formation of bar-flat patterns. Specifically, the region of instability

occurs when θg0=θc falls in the range 1:44�1:96, for Nahal Yatir, and

in the similar range 1:44�2:0, for Nahal Eshtemoa, while a slightly

wider range of instability is predicted for Nahal Anim and a much

wider range for Nahal Cryote, as they exhibit larger values of σ0.

The instability ranges given above can be converted into the

equivalent ranges of water depth once a suitable estimate of flow

depth D�
0c corresponding to incipient sediment motion is given. A first

estimate is obtained from Equation (13), setting θg0 ¼ θc ¼0:03, which

results in D�
0c ¼0:063m for the Nahal Yatir and D�

0c ¼0:10m for the

Nahal Eshtemoa. Reid, Laronne and Powell (1998) suggest for both

ephemeral streams a similar value of the critical depth (D�
0c ffi0:10m).

The resulting range of water depths that promote the formation of

bar-flat patterns in Nahal Yatir is equal to 0:09�0:12m, with the

former estimate of D�
0c, and equal to 0:14�0:20m, with the latter.

The same range of water depths is obtained for Nahal Esthemoa.

A glance at the hydrographs of Nahal Yatir and Natal Eshtemoa

(Figure 4) suggests that these conditions can last several hours during

flow recession typical of these ephemeral streams. Computing for

each flood event the duration of flow states during recessions that fall

within the instability region, we obtain the results reported in

Figure 8. It appears that the formative conditions of bar-flat patterns

predicted by linear stability theory correspond, on average, to about

25�30% of the total duration of the recessions in the Nahal Yatir

and 50% in the Nahal Eshtemoa. Furthermore, the duration of forma-

tive conditions varies between 1and5 h.

The linear theory also predicts that, under unstable conditions,

the perturbation of the GSD is such as to produce grain size coarsen-

ing of steeper units, that is, bars, and grain size fining in areas of less

steep slope, with the amplitude of the bed material composition per-

turbation having the same order of magnitude as that of bed elevation

(Figure 6b). The field observations made in Nahal Yatir and reported

in our companion paper (Laronne et al., 2025) provide support for the

outcome of the theoretical analysis. Computing the mean value of

the differences in local longitudinal slope between bars and flats from

the data shown in Table 3 of Laronne et al. (2025) and using

Equation (17), we obtain ε bη1j j ffi0:12. A similar estimate results from

the distribution of heights derived from digital elevation models

reported in Table 2S of Laronne et al. (2025), where the values

corresponding to the 95th percentile of bars and to the 5th percentile

of flats have been used to estimate the maximum and minimum bed

elevation, respectively. Using Equation (18) and the graph reported in

Figure 6b to evaluate the ratio bfC1��� ���= bη1j j, we then obtain an estimate

of the coarse fraction of bars, fC,bars, ranging between 0.79 and 0.88,

and a complementary estimate for the bed material composition of

flats. The corresponding values of the geometric mean grain diameter

of bars and flats, which range between 2 1:7�26:7mm and

F I GU R E 7 The marginal curves delimiting the region on the (θg0=θc, σ0Þ plane where bar-flat patterns are developed, as predicted by the
linear theory with dg0 ¼0:05 (Yatir, blue line) and dg0 ¼0:1 (Eshtemoa, red line), and the values of the standard deviation σ0 of the bed material
GSD of four ephemeral northern Negev channels.
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4:5�5:6mm, respectively, are consistent with those observed in the

Nahal Yatir (Dg,bars ¼25:4mm,Dg,flats ¼5:5mm) reported in Table 1.

5 | DISCUSSION

The results presented in Section 4 suggest that a linear stability analy-

sis based on a 1-D model for the flow field and the transport of sedi-

ment mixtures is capable of predicting the formation of longitudinal,

alternating sequences of steep, coarse-grained bars and near-

horizontal, fine-grained flats that are observed in ephemeral channels.

Their occurrence is driven by a free instability mechanism that reflects

the different mobilities of grain sizes in the mixture. The mechanism is

promoted when the standard deviation of the sediment mixture is suf-

ficiently large, that is, above an approximate threshold value in the

range 1:4�1:5, and the Shields stress is not far from the critical

threshold for bedload transport. By increasing the Shields stress, the

flat-bed configuration turns out to be stable because the difference in

grain mobility diminishes as the asymptotic condition of equal mobility

is progressively met.

Various approximations have been included in the theoretical

analysis to make the problem manageable through an analytical proce-

dure. A simple bi-modal mixture composed of two discrete sizes has

been used to represent the GSD. Moreover, the solution has been

computed for fixed, albeit different, reach-averaged flow conditions,

thus neglecting the effect of flow unsteadiness that may be quite

relevant to the short-lived hydrographs typical of dryland channels.

Furthermore, the linear solution assumes a regular, periodic longitudi-

nal variation of bed elevation and bed material composition, while the

spacing of bars and flats observed in the reach chosen for the field

experiment appears irregular (see Laronne et al., 2025, Figure 10).

Images of other adjacent reaches of the Nahal Yatir clearly show a

more regular spacing (see Powell et al., 2012, Figure 2a, and Reid,

Laronne, & Powell, 1995, Figure 3). The irregular spacing may also

reflect the effect on bar-flat stability and spacing of width variations

that are peculiar to that reach and are controlled, in part, by protrud-

ing, dense, woody bank vegetation. In this respect, several theoretical

results and experimental evidence have highlighted the control

exerted by channel width changes on the development of sedimen-

tary patterns, such as riffle/pool sequences (Morgan & Nelson, 2021;

Nelson, Brew, & Morgan, 2015) and the transition of migrating alter-

nate bars to steady central bars (Repetto & Tubino, 1999). The analy-

sis presented here is restricted to a constant-width channel, although

it could be readily extended to account for width variations, following

the linearised approach proposed by Repetto, Tubino and Paola

(2002).

In spite of these approximations, the theoretical results show a

fairly good agreement with findings in the ephemeral channels of the

northern Negev and reproduce correctly the characteristic features of

the bar-flat sequences that are observed in the field. The model’s

F I GU R E 8 The percentage of hydrograph recession duration when the range of formative conditions of bar-flat sequences persists, as
predicted by (a and c) linear stability theory and the (b and d) absolute value of such durations, for the flood events in Nahal Yatir and Nahal
Eshtemoa reported in Figures 4 and 5, respectively. In the case of Nahal Yatir, blue and green bars refer to the ranges of water depths (D�

0)
obtained with different estimates of the critical depth D�

0c.
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premises do not account for the complex flow patterns that compli-

cate bed material entrainment and deposition, such as those induced

by pebble or cobble clusters (Reid, Frostick, & Brayshaw, 1992). A

future challenge would be to incorporate their impact in the model.

It is worth noting that various sedimentary and planform pat-

terns observed in both ephemeral and perennial gravel-bed rivers

have hitherto received a sound interpretation through the application

of stability theories (e.g. Seminara, 2010). The instability of the

liquid–solid interface may involve either the channel bed surface,

leading to the formation of bedforms at different spatial scales

(dunes, bars and so forth), or the channel banks, resulting in rhythmic

variations of channel curvature and width. Unlike these two cases,

where the resulting sedimentary patterns reflect the instability of the

boundaries themselves, the occurrence of bar-flat sequences appears

inherently associated with the spatial arrangement of distinctly

different GSDs.

In the case of fluvial bars (or dunes), the instability arises because

bedforms drive perturbations of the bed stress and of sediment flux,

which in turn enhance the growth of the bedforms, while sediment

heterogeneity plays a secondary, opposing role. For instance, field and

laboratory observations and theoretical results (Lanzoni &

Tubino, 1999; Lisle, Ikeda, & Iseya, 1991; Lisle & Madej, 1992) suggest

that bar instability is dampened as the standard deviation of the bed

material GSD increases, while the unequal response of different grain

sizes to spatial variations of bed stress promotes the occurrence of

sorting patterns, the coarser particles accumulating at bar crests and

the finer particles accumulating within pools. In this case, the pertur-

bation of the GSD is mainly driven by the perturbation of bed

topography.

The present 1-D analysis suggests a different scenario for bar-flat

patterns. Instability manifests itself as the growth of a longitudinal

perturbation of the spatial displacement of grain sizes of a poorly

sorted bed mixture. The perturbation of bed material composition

drives a variation in bed elevation and, consequently, a sequence of

steeper and less steep segments, which would otherwise not develop

spontaneously. A similar mechanism has been introduced to explain

the occurrence of fine-grained bedload sheets (Recking et al., 2009;

Seminara, Colombini, and Parker, 1996; Whiting et al., 1988),

although, in this case, the perturbation of bed elevation vanishes.

Based on the formulation of the problem presented in Section 3,

the role of sediment size heterogeneity in the linear solution is two-

fold. First, bed roughness depends on the local average grain size (see

Equation 7). Hence, a perturbation of local bed composition implies a

variation of bottom stress. Second, the bedload transport function

depends on the reduced hiding function ghr (see Equation 12) that

accounts for the effect of the different mobilities of grain sizes in the

bed material.

The former effect has been found to play a crucial role in deter-

mining bedload sheet instability (Seminara, Colombini, &

Parker, 1996), while it is almost negligible in the case of bar-flat

sequences. Our sensitivity analysis demonstrates that the boundaries

of the instability region do not change appreciably by setting either

variable or constant roughness (Figure 9b). Therefore, bar-flat instabil-

ity appears to be mainly driven by the selective transport of grain

sizes because of their different mobilities within the mixture, the

effect of which depends on the exponent b of the reduced hiding

function ghr. The lower the value of b, the narrower is the instability

region (Figure 9a). Results presented in Section 5 have been obtained

using the value (b¼0:26) calibrated on the ephemeral channels of

northern Negev (Powell, Laronne, & Reid, 2003; Powell, Reid, &

Laronne, 2001).

The analysis presented herein may shed some light on the condi-

tions that determine the occurrence of alternating bars and flats in

ephemeral channels. In general terms, although different sedimentary

patterns may also coexist, the occurrence of a dominant mode of

instability is more likely to hinder other forms of instability. For

instance, one may expect the sorting pattern to be constrained by the

stress distribution associated with bed topography when large-scale

alternating or point bars are present, as is often the case of perennial

gravel-bed streams.

F I GU R E 9 Effects of the (a) hiding coefficient b and of the (b) variability of the roughness coefficient Cf on the marginal curves delimiting the

instability region for bar-flat patterns. The curves are obtained with dg0 ¼0:05 and α¼0:02:
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The four channels of the northern Negev desert examined here

are characterised by narrow width, very low sinuosity and poorly

sorted bed material. Therefore, their aspect ratio is relatively small,

and the standard deviation of the bed material GSD is large. According

to previous studies (e.g. Colombini, Seminara, & Tubino, 1987;

Lanzoni & Tubino, 1999), these are not the most favourable condi-

tions for the formation of large-scale bars, which, on the contrary,

develop in much wider channels of the northern Negev (Storz-Peretz

et al., 2016; Storz-Peretz & Laronne, 2018), where bar-flat sequences

are not observed.

Furthermore, the very short-lived hydrographs typical of these

ephemeral channels, which exhibit a rapid rise in water levels and a

more gradual recession, may provide favourable conditions for the

occurrence of flat-bar patterns. In perennial streams, flats hardly exist

and large-scale bars are often very poor in fine-grained sediment

(although they may include some fine-grained patches), presumably

because the hydrograph recession is sufficiently extended such that

most of the fines are moved to pools or to other areas of the bed such

as side channels.

Finally, the high sensitivity of the model with respect to the value

of the standard deviation of the bed material GSD underlines the need

for a sampling technique that effectively includes the finest fraction

(down to 2mm). For the Nahal Yatir, Anim and Cryote, the dataset

(Powell et al., 2012) used for modelling incorporates finer grains for

the flats than that reported in the companion paper (Laronne

et al., 2025) and, therefore, has a higher value of the standard

deviation.

6 | CONCLUSIONS

In this study, we have developed a linear stability analysis based on

a 1-D model for the flow field and the transport of a sediment mix-

ture to provide a possible explanation for the formation of repeating

bar-flat sequences in ephemeral channels of the northern Negev,

Israel, and in other channels having comparable hydrological

regimes.

The theoretical results show that the occurrence of longitudinal

sequences of steep, coarse-grained bars and near-horizontal, fine-

grained flats may result from an instability mechanism driven by the

different mobilities of grain sizes within the bed material, provided

the standard deviation of the sediment mixture exceeds a threshold

value and the Shields stress is not far above the critical threshold for

bedload transport.

The four channels of the northern Negev desert examined exhibit

a value of the standard deviation of bed material GSD that is well

above the threshold. Moreover, application of the results of the model

demonstrates that conditions that are suitable for bar-flat formation

can last several hours during the recession typical of the flood hydro-

graph of these ephemeral streams. Despite various approximations

used in the model, the theoretical results show good agreement with

the field observations reported in our companion paper (Laronne

et al., 2025) and provide an estimate of the relative importance of the

variations of local bed material composition and local bed elevation,

as measured in the field.

It is argued that several factors, namely channel geometry

(i.e. low sinuosity, narrow width), poorly sorted bed material, and

short-lived hydrographs with gradual recession typical of these chan-

nels, are likely to create favourable conditions for the generation of

repeating bar-flat patterns that are strikingly visible on the dry river-

bed after the passage of a flash flood.

NOMENCLATURE

b Hiding coefficient [�]

Cf Friction coefficient [�]

D Water depth [m]

Dg Geometric mean diameter of the sediment mixture [m]

Ds Sediment diameter [m]

f Grain size distribution [�]

Fr Froude number [�]

G ζð Þ Transport capacity function [�]

ghr Reduced hiding function [�]

ks Roughness height [m]

La Thickness of the active surface layer [m]

p Sediment porosity [�]

qs volume of bedload transport rate per unit width [m]

S Bed slope [�]

t Time coordinate [s]

U Water velocity [m/s]

u� Friction velocity [�]

x Space streamwise coordinate [m]

α Dimensionless wavenumber of the perturbations [�]

Δ Relative sediment density [�]

δ Dirac function [�]

ϵ Parameter of the small perturbation [�]

ζ Dummy variable of the transport capacity function [�]

η Bed elevation [m]

θg Shields parameter associated with the geometric mean diame-

ter [�]

θc Critical Shields parameter [�]

ϕ Sedimentological, base-2 logarithmic scale for particle size [�]

ρ Water density [kg/m3]

ρs Sediment density [kg/m3]

σg Geometric standard deviation of the grain size distribution [�]

σ Standard deviation of the grain size distribution [�]

Ψ Complex coefficients [�]

Ω Growth rate of perturbations [�]

ω Angular frequency of perturbations [�]
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APPENDIX A: Linearised form of the governing equations

Here we provide a detailed derivation of the linear differential system

for the unknown variables U1,D1, η1, f1ð Þ.
On substituting from (14) into the closure relationships (7), (10)

and (12) and neglecting higher-order terms, we derive the following

expressions for the coefficients appearing in Equation (15):

Cf0 ¼ 6þ2:5ln
1

ndg02
σ0

� �� ��2

, Cf1 ¼CD D1þ ln 2ð Þ ϕ1�σ1
� �� 


,

ðA1Þ

qs0 ¼ θg0
3=2 G ζ0ð Þ, qs1 ¼ 1:5þGζð Þ Cf1þ2U1ð ÞþGζ 1�bð Þ ln 2ð Þϕ1,

ðA2Þ

where

CD ¼ 1
Cf0

∂Cf

∂D

����
1,σ0

¼�5
ffiffiffiffiffiffiffi
Cf0

p
, Gζ ¼ ζ0

G ζ0ð Þ
∂G
∂ζ

����
ζ0

¼ 4:5
ζ0�1

, ζ0

¼ θg0
θc

2b ϕ�ϕ0ð Þ, ðA3Þ

while ϕ1 and σ1 denote the linear perturbations of the first and the

second moment of the grain size distribution f ϕð Þ.
By further substituting expansion (14) into the governing equa-

tions (1–4) and keeping only the O εð Þ terms, we obtain D1 ¼�U1 and

the following linear differential problem for the unknown variables

U1, η1, f1ð Þ:

∂U1

∂x
1�Fr�2

0

	 

þFr�2

0
∂η1
∂x

þCf0 3U1þCf1ð Þ¼0, ðA4Þ

f0
∂η1
∂t

þLa0
∂f1
∂t

þqs0
∂f1
∂x

þ f0
∂qs1
∂x

� �
¼0, ðA5Þ

∂η1
∂t

þ
ð∞
�∞

qs0
∂f1
∂x

dϕþ
ð∞
�∞

qs0f0
∂qs1
∂x

dϕ¼0: ðA6Þ

where La0 ¼ ndg02
σ0 .

Finally, using Equation (A6), we can remove the time derivative of

η1 from the sediment mass balance for each size fraction (A5), which

takes the following form:

La0
∂f1
∂t

þqs0
∂f1
∂x

� f0

ð∞
�∞

qs0
∂f1
∂x

dϕþ f0 qs0
∂qs1
∂x

�
ð∞
�∞

qs0f0
∂qs1
∂x

dϕ

� �
¼0:

ðA7Þ

APPENDIX B: Solution of the linear system

We consider a bimodal mixture composed of two discrete sizes, with

GSD given by Equation (18). In this case, the linear perturbations of

the first and the second moment of the GSD can be expressed in

terms of the linear perturbation of the coarse fraction fC1 in the fol-

lowing form:

ϕ1 ¼�A1fC1, σ1 ¼A2fC1, ðA8Þ

where the coefficients A1 and A2 depend on the parameters of the

unperturbed GSD f0 ϕð Þ

A1 ¼ σ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fC0 1� fC0ð Þp , A2 ¼ σ0 1�2fC0ð Þ

2fC0 1� fC0ð Þ : ðA9Þ
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On substituting from (16), wherebf1 is replaced by bfC1, into the lin-

earised flow Equation (A4) and using (A1) and (A8), we obtain

bU1 ¼�bD1 ¼ a1bη1þa2bfC1, ðA10Þ

where

a1 ¼ �iα

Fr20Cf0 3�CDð Þ� iα 1�Fr20

	 
 , a2

¼ Fr20Cf0CD ln 2ð Þ A1þA2ð Þ
Fr20Cf0 3�CDð Þ� iα 1�Fr20

	 
 : ðA11Þ

On substituting from Equation (A10) into Equation (A2), and

recalling that Equation (16) implies a similar structure for the perturba-

tion of bed load function, we obtain:

bqs1 ¼ a3bη1þa4bfC1, ðA12Þ

where

a3 ¼ a1 1:5þGζð Þ 2�CDð Þ,
a4 ¼ a2 1:5þGζð Þ 2�CDð Þ� ln 2ð Þ 1:5þGζð ÞCD A1þA2ð ÞþGζA1 1�bð Þ½ �:

ðA13Þ

The coefficients a3 and a4, like the unperturbed bedload function

qs0, depend on the parameter ζ0, and therefore, their values change

by varying the grain size (see Equation A3).

By further substituting Equation (A9) into the mass balance

Equation (A7), as computed for the coarse fraction and the overall

mass balance equation for the mixture (A6), we derive the system (20)

of two linear differential equations that govern the growth of pertur-

bations of bottom elevation and GSD. The coefficients of the system

are

Ψ11 ¼ iα
La0

fC0 fC0qsC0a4C þ fF0qsF0a4F þqsC0�qsF0ð Þ�qsC0 1þ fC0a4Cð Þ½ �,

Ψ12 ¼ iα
La0

fC0 fC0qsC0a3Cþ fF0qsF0a3F �qsC0a3Cð Þ,

Ψ21 ¼�iα fC0qsC0a4Cþ fF0qsF0a4F þqsC0�qsF0ð Þ,
Ψ22 ¼�iα fC0qsC0a3Cþ fF0qsF0a3Fð Þ,

ðA14Þ

where the subscripts C and F denote the values of the bedload func-

tion qs0 and of the coefficient a3 and a4 corresponding to the coarse-

grained and the fine-grained fraction, respectively.
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