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Abstract

We provide a suitable generalisation of Pansu’s differentiability theorem to
general Radon measures on Carnot groups and we show that if Lipschitz maps
between Carnot groups are Pansu-differentiable almost everywhere for some Radon
measures [, then ; must be absolutely continuous with respect to the Haar measure
of the group.
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1. Introduction

Rademacher’s theorem asserts that Lipschitz functions defined on the Euclidean
space are differentiable almost everywhere with respect to the Lebesgue measure.
Obviously this result fails if the Lebesgue measure is replaced by an arbitrary
measure, for instance a Dirac delta, so it is natural to ask whether this is a rigidity
property of the Lebesgue measure, see [1-3,46]. Namely, does there exist a singular
measure for which Rademacher’s theorem holds? In [21], the first and the last author
showed that the answer to the previous question is negative (in two dimensions, this
also follows by combining the main result of [1,2] with [3]). Such a result opened
the road to a better understanding of the structure of Lipschitz differentiablility
spaces, RC D(K, N) spaces, certain types of Sobolev spaces and also some general
measures satisfying linear PDE constraints, see [11,13,15,19,20,27,33,41].

In [18], Cheeger generalized Rademacher’s theorem to the setting of metric
spaces endowed with a doubling measure and a Poincaré type inequality. This has
inspired a lot of research in the area of analysis on metric measure spaces. The
notion of Lipschitz differentiability space has been later axiomatised by Keith in
[32]. In [16], Bate characterized Lipschitz differentiability spaces in terms of the
existence of a sufficiently rich family of representations of the underlying measure
as an integral of Lipschitz curve fragments.
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Carnot groups are connected, simply connected, nilpotent Lie groups whose
Lie algebra is stratified. Referring to the next section for more details, we only
mention here that they are metric measure spaces whose ambient vector space is
R4, the metric allowing movements only along certain horizontal curves, tangent
to a given smooth non-involutive distribution of planes, the so-called first layer of
the Lie algebra stratification. One can define a natural notion of differentiablity for
functions between Carnot groups and a seminal theorem of Pansu, [43] , proves
the analogue of Rademacher’s theorem in this setting. In particular, Carnot groups
endowed with the Haar measure are Lipschitz differentiability spaces.

In this paper we prove the analogue in the Sub-Riemannian setting of the result
proved in [21], namely that the Haar meaesure is indeed the (essentially) unique
measure on a Carnot group, for which a Rademacher-type theorem can hold.

Theorem 1.1. Let G be a Carnot group, H an homogeneous group, and let i be a
Radon measure on G. If every Lipschitz function f : G — H is Pansu-differentiable
u-almost everywhere in the sense of Definition 2.7, then u is absolutely continuous
with respect to the Haar measure on C.

For the proof of Theorem 1.1 we refer to Theorem 7.6. In order to prove Theorem
1.1 we follow the same general strategy of its Euclidean counterpart. First we
generalize the work of Alberti and the second author [3] by associating to every
Radon measure i on G a decomposability bundle V (i, -), that identifies a set of
directions along which a Rademacher-type theorem, adapted to the measure w holds
true; see Sect. 3. More precisely, we obtain the following result:

Theorem 1.2. Let i be a Radon measure on a Carnot group G. Then, there exists
a u-measurable family of homogeneous subgroups V (i, x) such that for every ho-
mogeneous group H and every Lipschitz function f : G — His Pansu differentiable
at p-almost every x € G with respect to the V (i, x).

For the proof of Theorem 1.2 we refer to Theorem 6.6 and to Definition 2.7 for
the introduction of the notion of differentiability along a homogeneous subgroup.

Once this bundle is obtained, we exploit the work of Bate [16] to show that
for a measure p satisfying the assumptions of Theorem 1.1, V (i, x) = G for
wu-almost every x, see Proposition 7.4. Finally, we show that this forces u to be
absolutely continuous with respect to the Haar measure. This last step is obtained
by a PDE-type argument that extends some of the result of [21] to the hypoelliptic
setting.

We note that, although the general strategy follows the one used to prove the
Euclidean counterpart of Theorem 1.1, its adaptation to the Carnot setting requires
several non-trivial adjustments. In particular, one of the key step in the proof of
the converse of Rademacher theorem is the link between the fact that the decom-
posability bundle of a measure has full dimension and the existence of a suitable
family of normal currents, proved in [3, Section 6]. This is indeed a crucial point
in order to rely on the results in [21]. The key geometric property used to show the
existence of this family of currents is the fact that, given a compact set K C [0, 1]
and a Lipschitz fragment y : K — R" with y‘(¢) belonging to a cone C for al-
most every ¢ € K, the fragment y mostly coincides, locally almost everywhere,
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with a Lipschitz curve y : (a,b) C [0, 1] — R", which still satisfies y‘(t) € C,
for almost every ¢t € (a, b), see [3, (6.13)]. This property is in general false for
Carnot groups, see [10] and [29], and it requires specific assumptions to be true
[37,45,50,53]. We need thus to rely on a completely different construction which
we believe to be of independent interest, see Section 4.

The second key point is the extension of the theory established in [21] to the
setting of differential operators defined by Hormander type vector fields. Indeed, the
results in [21] strongly rely on the notion of wave cone associated with a differential
operator which is, loosely speaking, related to the notion of ellipticity. This notion
is too strong in this context and it should be relaxed to the notion of hypoellipticity,
which however is less "explicit". Luckily, for second order operators (which are
the only ones needed in this context), this notion can be characterized algebraically
and this allows to adapt the proofs in [21] to this setting, see Proposition 7.5. We
conclude by noticing that it is an interesting question to extend the full results of
[21] to a "hypoelliptic wave cone"; in this context also see the examples in [14].

Concerning application of the results obtained here, we mention the recent
extension of Cheeger’s conjecture originally proved by the first, second and last
author in [20] to the context of Pansu’s differentiability spaces by Antonelli, Le
Donne, and the third-named author in [8].

List of Notations

We add below a list of frequently used notations, together with the page of their
first appearance:

] Euclidean norm, 3

de Carnot-Carathéodory metric 6

Sy Intrinsic dilations 3

X; Canonical horizontal vector fields 6

MR, R™) Family of vector-valued measures of finite mass 3
endowed with the topology of weak™* topology

M(w) Total mass of a real valued or vector-valued 3
measure

B(x,r) Ball of centre x and radius r with respect to the 3
metric d,

Ux,r) Ball of centre x and radius r with respect to the 3
Euclidean metric

Gr(G) Grassmannian of homogeneous subgroups of G 5

Grg (G) Grassmannian of Carnot subgroups of G 5

Vu, ) Decomposability bundle of the Radon measure 11

N(w,-) Auxiliary decomposability bundle of the Radon 21
measure

aT Boundary of a current T 8

dy f(x) Differential of a Borel map f along the sub- 7

group V € Gr(G)
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2. Notation and Preliminaries

2.1. Preliminaries on Carnot Groups

In this subsection we briefly introduce some notations on Carnot groups that
we will extensively use throughout the paper. For a detailed account on Carnot and
homogeneous groups we refer to [35].

A Carnot group G of step s is a connected and simply connected Lie group
whose Lie algebra g admits a stratificationg = V| & Vo> & --- @ V;. We say that
Vi® Vo &---@ Vsisastratificationof gifg=V; & Vo &--- @ Vs,

[Vi,Vi]= Viy1, foreveryi=1,...,s—1, and [V}, Vs]= {0},

where [A, B] := span{[a, b] : a € A, b € B}. We call V| the horizontal layer of
C. We denote by n the topological dimension of g and by #; the dimension of V;
forevery j = 1, ..., s. Furthermore, we define 7r; : g — V; to be the projection
maps on the i-th strata. We will often shorten the notation to v; := m;v.

The exponential map exp : g — G is a global diffeomorphism from g to G.
Hence, if we choose a basis {X1, ..., X, } of g,any p € G can be written in a unique
way as p = exp(p1 X1+ - - + pnXp). This means that we can identify p € G with
the n-tuple (py, ..., pp) € R?, V| with R™! and the group G itself with R” endowed
with *, the group operation determined by the Baker-Campbell-Hausdorff formula.
From now on, we will always assume that G = (R", x) and, as a consequence, that
the exponential map exp acts as the identity. Further, for every z € G, we introduce
the left translations T, : G — G that are defined as t,(x) := z*x. The stratification
of g carries with it a family of dilations §; : g — g of g defined by

(Zvr, Ao, ..., A%0s), for every A > 0,
(—|rlvr, —=|A%va, ..., —|A|%vs), forevery A <O,

ey

(v, ..., v5) 1=

where v; € V;. The stratification of the Lie algebra g naturally induces a gradation
on each of its homogeneous Lie sub-algebras b, i.e., a sub-algebra that is §, -invariant
forevery A > 0

h=MViNnh &...(@®VsNh). 2

We say that h = Wy @ --- @ W; is a grading of b if [W;, W;] C W, ; for every
1 <i,j < s, where we mean that W, := {0} for every £ > s. Since the exponential
map acts as the identity, the Lie algebra automorphisms {3, : A > 0} are also group
automorphisms of G.

Remark 2.1. Let us note that the definition of dilations given in (2), is not the natural
one for A < 0. The natural definition would be

8, (V1 - .., vs) 1= (Wvp, Ava, ..., AB D), for every A € R.

However, in this work and purely for notations reasons, that will come apparent
especially in (6), it is convenient to define dilations as in (1).
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Definition 2.1. A subgroup V of G is said to be homogeneous if it is a Lie subgroup
of G that is invariant under the dilations §; with A > 0. A homogeneous subgroup
V C G is called horizontal subgroup if V C exp(V1) = V1.

The following general fact will play a crucial role later on:

Proposition 2.1. Suppose H is a closed subgroup of G = (R", x). Then H can
be identified with a vector subspace of R". In particular, homogeneous closed
subgroups of G are in bijective correspondence through exp with the Lie sub-
algebras of g that are invariant under the dilations §, with A > 0.

Proof. Thanks to [38, Theorem 3.6] we know that H is a Lie subgroup of G. In
particular its Lie algebra § is a Lie sub-algebra of g. Thanks to the definition of
the operation *, the exponential map exp acts as the identity and thus H, can be
identified with its Lie algebra in g = R” and in particular it can be viewed as a
vector subspace of R". O

From now on, since exp acts as the identity due to the choice of *, we will
always identify the elements of G, with their preimage under exp in g.
In what follows, if not stated otherwise, G will be a fixed Carnot group.

Definition 2.2. (Homogeneous left-invariant distance and norm) A metric d : G x
G — R is said to be homogeneous and left-invariant if for every x, y € G we have,
respectively

(1) d(6,x, 8, y) = Ad(x,y) forevery A > O,
(i) d(z* x,z*y) = d(x, y) forevery z € G.

Given a homogeneous left-invariant distance, its associated homogeneous norm is
defined by ||g|l4 := d(g,0), for every g € G, where 0 is the identity element of
C. Given a homogeneous left-invariant distance d on G, for every x € G and every
E C G we define dist(x, E) := inf{d(x,y) : y € E}.

The specific choice of the metric is not relevant for our purposes thanks to
the following result, [17, Proposition 5.1.4]. In the following we will leave the
dependence of the norm on the metric always implicit:

Proposition 2.2. Assume dy, d» are two homogeneous left-invariant metrics on G.
Then there exists a constant C > 0depending ondy and dy such that C~ Y (x, y) <
dr(x,y) < Cdi(x,y) forevery x,y € G.

We refer to [40, Lemma 3.6] for the proof of the following result:

Lemma 2.3. For every left-invariant and homogeneous distance and for every k >
0 there exists a constant C| := Cy(k, G, d) > 1 such that if x, y € B(0, k), then

Iy =l s x % yll < Cyllx) />,
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Remark 2.2. Let d be a left-invariant homogeneous distance on G. It is well known,
see for instance [17, Proposition 5.15.1], that for every compact subset K of R”
there is a constant C(K, d) > 1 such that:

CK,d) Yx—y| <d(x,y) <C(K,d)|]x —y|'/* foreveryx,y € K,

where || is the Euclidean norm. More precisely the constant C introduced above
depends only on dist(0, K) + diam(K) and d.

For every Lie algebra h) with stratification h = W; & ... @& Ws, we define its
homogeneous dimension as

dimpom (h) := Y i - dim(W)).
i=1

Thanks to (2) we infer that, if  is a homogeneous Lie sub-algebra of g, then

dimpom (h) = ) i - dim(h N V;).

i=1

It is well-known that the Hausdorff dimension, of a graded Lie group G with re-
spect to a left-invariant homogeneous distance coincides with the homogeneous
dimension of its Lie algebra, see [36, Theorem 4.4].

Definition 2.3. (Carnot subgroups) Let A C [0, 00). Given a collection . = {v, €
G : A € A} of elements of G we define the homogeneous subgroup &(%) of G
generated by .% as

&(F) = cl({(Sm(vM) *-- %08, (V) : N €N, p; € Rand
Aj € Aforevery every j € {1,..., N}}).

We say that a subgroup V of G is a Carnot subgroup if V.= &(V N Vy).

Definition 2.4. (Intrinsic Grassmannian on Carnot groups) Let Q := dimyg, (g)
andlet 1 < h < Q. We define Gr(h) and Grg (h) to be the family of all homoge-
neous subgroups W of G with Hausdorff dimension / and the family of all Carnot
subgroups W of G with Hausdorff dimension #, respectively. Finally, we denote
by Gr(0) and Grg (G) the sets

0 0
Gr(G) = |_J Gr(h)andGre (G) = _J Gre(h).
h=1 h=1

Since it will be occasionally used, it will be convenient to denote by Gr,, (G) the
Euclidean Grassmannian of the underlying space of G endowed with the topology
generated by the Hausdorff distance induced by the Euclidean distance. It is easy to
see that such topology and the one induced by the Carnot-Carathéodory Hausdorff
distance are the same.
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Proposition 2.4. Let V € Grg(G) and assume vy, ..., vy € V N V| are such that
V N Vj coincides with the linear span of {vy, ..., vy} when seen as vectors of R".
Then S({vy,...,vn}) = V.

Proof. The inclusion G({vy, ..., vy}) € V is obvious and thus we just need to
prove the converse. Since S({vy, ..., vy}) is a closed homogeneous subgroup
of G, it is also a vector subspace of G; see Proposition 2.1. Therefore, we have
span{vy, ...,ox} =V NV € &({vy,...,vN}), and thus

V=6MINV)<6{v,...,vn)),
where the first identity follows from the fact that V is a Carnot subgroup of G. O

As already remarked above, we can suppose without loss of generality that the
group operation * is determined by the Campbell-Hausdorff formula. It is well
known that * has a polynomial expression in the coordinates, see [25, Proposition
2.1], and, more precisely,

pxq=p+q+2(p,q), foral p,qeR",
where 2 = (Z2,...,2:)  R'xR" - Vi ® ... d Vs, and the Z;s are vector
valued polynomials. For every i = 1, ...s and every p, g € G we have

() Zi(Grp.drq) = 1A' 2i(p, q) for & > 0,
(i) Zi(p.q) = —2i(=q,—p).
(iii)) 2; = 0and the polynomial 2; depends only on the first i — 1 components of
p and q. Hence, we can write 2; with abuse of notation as

2i(p.q) = 2i(p1, -+, Pi-1:q1s -+ - gi—1)-
Therefore, we can represent the operation * as

pxq={P1+q,p2+q0+2(PLq),...,Ps+qs
+Qﬁ(p]9""p5717ql’"'7q57]))' (3)

2.2. Lipschitz Curves and the Horizontal Distribution and the
Carnot-Carathéodory Distance

In this subsection we introduce the horizontal distribution of ni-dimensional
planes in R” associated to G and we define the Carnot-Carathéodory distance.
Definition 2.5. Let {eq, ..., e,,} be an orthonormal basis of Vj. For every i =
1, ..., n1 we say that the left-invariant vector field tangent to e; at the origin,

. o x*x6;(e)) —x
X;(x) ;= lim Thbile) - x (4)
t—0+ t

is the i-th horizontal vector field. Furthermore, for every i = 1,...,n; we can
write the vector field X; as

Xi(x) =) ci(x0)d;.

J=1
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where c; (x) are smooth functions since the 2;s are polynomial functions. In the
following it will be useful to write the coefficients c"j in the form of the matrix

) )
€ (x) = : L
)Gt
We further let

HG(x) :=span(X1(x), ..., X, (x)). 5)

The distribution HG(x) of n{-dimensional planes is usually said to be the horizontal
distribution associated to the group G.

Remark 2.3. (Expression for the ¢;’s) Thanks to (4) and using the coordinate-wise
expression of the operation * given in (3), it is easy to see that

12

Xi(x)=¢ +
0gi

(x,0).

This shows in particular that the matrix %€’ (x) can be represented as

. id,,
€ (x) = <8q,@(xl, 0)> )

Definition 2.6. Let B be a bounded Borel subset of the real line. Given a map
y : B — G and a Lebesgue density point r € B of y, we denote that
t+r)—y(
v () = lirrz) M, whenever the right-hand side exists.
threB d
Furthermore, given a < b we say that an absolutely continuous curve y : [a, b] —
G is horizontal if there exists a measurable function % : [a, b] — V; such that

() y'(t) = € (y ()[h(t)] for L' -almost every ¢ € [a, b],
(ii) |h| € L*°([a, b]).

Following the notation of [42] we shall refer to % as the canonical coordinates of
y and if ||kl < 1 we will say that y is a sub-unit path. Finally, we define the
Carnot-Carathéodory distance d. on G as

de(x,y) := inf{T > 0 : there is a sub-unit path y : [0, T] — R" such that
y(0) = x and y(T) = y}.

It is well known that d..(-, -) is a left-invariant homogeneous metric on G. Finally
throughout the paper we will denote by || - || the homogeneous function x +— d.(x, 0)
and from now on and if not otherwise specified, G will always be endowed with the
distance d..
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Proposition 2.5. The distance d. is a geodesic distance, i.e. for every x,y € G
there exists a sub-unit path y : [0, T] — G such that y(0) = x, y(T) = y and
de(x,y)=T.

Proof. This follows immediately from Proposition 2.2 and [26, Lemma 3.12]. O

The following lemma allows us to characterise those Euclidean Lipschitz frag-
ments that are also Lipschitz fragments when R" is endowed with the
Carnot-Carathéodory distance d. introduced above:

Lemma 2.6. Let B be a bounded Borel subset of the real line. famap y : B — G
is L-Lipschitz with respect to the distance d. on G, then y is an Euclidean absolutely
continuous map such that

Yt) =FCHy)h®)]  for L almost everyt € B
for some h € L*°(B, Vy) with ||h|lcc < L.

Remark 2.4. With abuse of language, for every Lipschitz fragment y : B — G we
will refer to the function & yielded by Lemma 2.6 as the canonical coordinates of
y . For the original definition of canonical coordinates, see Definition 2.6.

Proof of Lemma 2.6. The proof of the lemma follows from [42, Lemma 1.3.3]
together with an elementary localisation argument. O

Definition 2.7. (Pansu differentiability) We say that a map f : G — H is Pansu
differentiable at the point x € G with respect to a homogeneous subgroup V of G
if there exists a homogeneous homomorphism L : V — H such that

d(f )~ % f(xh), L(h)) = o(llhllg) forall he V.

When it exists, L is called the (Pansu) derivative of f at x with respect to V and is
denoted by dy f (x). If V. = G then dy f (x) is the usual (Pansu) derivative, and is
simply denoted by df (x).

The next lemma can be proved with an immediate adaptation of the argument
used to prove [42, Lemma 2.1.4] that allows us to characterise the Pansu derivative
of Lipschitz fragments.

Lemma 2.7. Let B a bounded Borel subset of the real line and assume y : B — G
is a Lipschitz fragment. If h € L°° (B, V1) is the vector of canonical coordinates of
v, then for £ -almost every t € B we have:

Dy () := Sgrg+81/s(y(t)_l xy(t+95) = (D), ... hn (1),0,...,0).
t+seB

In particular Dy (t) exists for £ -almost every t € B.

Proof. The proof of this lemma follows from [42, Lemma 2.1.4] together with an
elementary localization argument. O
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Remark 2.5. Let us put ourselves in the notations of Lemma 2.7. It is useful to
observe that Pansu’s differentiability theorem and the uniqueness of the limit imply
that

i do(y ()~ %yt +5), Dy(t)s)
im =

s—0 [s]
t+seB

0 for.Z'-almostevery 1 € B,

where here Dy (t)s stands for the element (s h1(t), ..., s hy, (¢),0,...,0).

Definition 2.8. (C-curves) Let e € V| be a unit vector and o € (0, 1). We denote
by C(e, o) the one-sided, closed, convex cone with axis e and opening o in Vi,
namely

Cle,o) :={x eV :(x,e)>(1—02)|x|}.

Let B be a bounded Borel subset of the real line. A Lipschitz fragmenty : B — G,
is said to be a C (e, o )-fragment (or simply a C-fragment) if

w1y (s)) —mi(y(t)) € Cle,o) \ {0} forevery t, s € B witht < s. (6)

If the domain of a C(e, o)-fragment y is a compact interval, we will say that y is
a C(e, o)-curve (or simply a C-curve).

Proposition 2.8. Let B be a Borel subset of the real line and y : B — G be a
Lipschitz map. Then, the measures 7' Lim(y) and 1%’2}4 L im(y) are mutually
absolutely continuous.

Proof. Since |x — y| < d.(x, y) for every x, y € G the definition of Hausdorff
measure immediately implies that f%”ell] < . For the converse, let us note that for
every Lipschitz fragment y : B — G the area formula [39, Theorem 4.4] implies
that for every Borel set A € G we have

/ |Dy (1)|dt
BNA
1

<
~ minyeim) 1€ S na
A Lim(y)(A)

min eim(y) |16l

' Lim(y)(A)

1€’ (y ))[Dy (D]|d1

where the last identity follows from Lemma 2.4. This concludes the proof. O

Remark 2.6. Thanks to Lemmas 2.6 and 2.7 if y : B — G is a C-fragment, then
for .#!-almost every ¢ € B we have

(o)) =m @y ®) =m(€WhnH]) = Dy @),
where 4 is the map of canonical coordinates associated to y, see Remark 2.4.

Remark 2.7. Note that any C (e, o)-fragment is injective. Indeed, if we suppose by
contradiction that y (s) = y(¢) for some ¢ < s we would infer that 71 (y(s)) =
m1(y (¢)). This however is not possible thanks to (6).
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In the next lemma, given a Lipschitz curve I" we construct a Borel map that at
! -almost every point of I, selects a vector that spans the tangent to the curve at
that point.

Lemma 2.9. Let y : K — G be a Lipschitz fragment. Then, there exists a Borel
map v, : G — G such that v,,(x) € {Dy(t) : t € y 1 (x)} and v, (x) # 0 for
AV Lim(y)-almost every x € G.

Proof. Just apply Lemma A.6 to the singleton measure family {##' Lim(y)}. O

Definition 2.9. A Borel set E C G is called 1-rectifiable if there exists a countable
family of Lipschitz maps y; : K; — G, where K; are compact subsets of R such
that /' (E \ Ufil y;(K;)) = 0. A Radon measure ¢ on G is said to be 1-rectifiable
if there exists a 1-dimensional rectifiable set E such that ¢ <« 7' L E.

2.3. Euclidean and Horizontal Currents

We recall here the basic notions and terminology from the theory of Euclidean
currents. A k-dimensional current (or k-current) in R” is a continuous linear func-
tional on the space of smooth and compactly supported differential k-forms on R",
endowed with the topology of test functions.

The boundary of a k-current T is the (k — 1)-current 9T defined by (3T ; w) :=
(T; dw) for every smooth and compactly supported (k — 1)-form w on R", and
where dw denotes the exterior derivative of w. The mass of T, denoted by M(T), is
the supremum of (T ; w) over all forms w such that |w| < 1 everywhere. A current
T is called normal if both T and 9T have finite mass.

By Riesz theorem a current T with finite mass can be represented as a finite
measure with values in the space Ag (R") of k-vectors in R”, and therefore it can be
written in the form T = t where w is a finite positive measure and 7t is a k-vector
field such that [ |t|dp < 4o00. In particular the action of T on a form w is given
by

(T; 0) = /[Rn(f(x); w(x))dp(x),

and the mass M(T) is the total mass of T as a measure, thatis, M(T) = f |T|d . Note
that O-dimensional currents with locally finite mass are signed Radon measures and
the mass coincides with the total variation.

In the following, whenever we write a current T as T = ru we tacitly assume
that t(x) # O for u-almost every x; in this case we say that u is a measure
associated to the current T.

Moreover, if T is a k-current with finite mass and p is an arbitrary measure,
we can write T as T = 7u + v where 7 is a k-vector field in L' (), called the
Radon-Nikodym density of T w.r.t. £, and v is a measure with values in k-vectors
which is singular with respect to .

Let G be a Carnot group. In the previous subsection we have already observed
that G can be identified with R”, the underlying vector subspace of its Lie algebra,
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endowed with the operation given by the Baker-Campbell-Hausdorff formula. The
1-dimensional currents of finite mass in R” that are of particular importance for
this paper and for the geometry of G are those that are tangent to the horizontal
distribution of G or simply horizontal.

Definition 2.10. (Horizontal 1-dimensional currents of finite mass) Let G = (R", x).
A 1-dimensional current of finite mass T = tu on R” is said to be G-horizontal,
or simply horizontal, if for p-almost every x € R” we have t(x) € HG(x).

The following definition is a central concept throughout the paper, which is the
integration of a family of measures:

Definition 2.11. (Integration of measures) Let (1, dt) be a (o -)finite measure space
and for every ¢ € I let i be a real- or vector-valued measure on G = R” such that

(a) for every Borel set E in G the function ¢t — w,(E) is measurable;
(®) [, M(uy) dt < +o00.

Then we denote by || ; ¢ dt the measure on G defined by
[fl o dt](E) = /M,(E) dt for every Borel set E in G.
I

Note that for every Borel set E in G the function ¢t — u,(E) is measurable (Borel)
if and only if # — p, is a measurable (Borel) map from [/ to the space of finite
measures on G endowed with the weak* topology.

We now introduce some notation that will be used throughout the paper.

Definition 2.12. Let B be a Borel subset of R and y : B — G be a Lipschitz
fragment. We denote by [y] the current of finite mass that acts on compactly
supported smooth 1-forms w as

(Ir]; o) = /B(J/(t); w(y(1)))dt.

In the following it will be also useful to write [y ] = ©, p. 7 'Lim(y), where p
is a suitable non-negative function in L' (#! Lim(y)) and Ty (x) is a unitary Borel
vector field that coincides with %'(x)[v, (x)], up to a real (non-zero) multiple,
p#" Lim(y)-almost everywhere. For the definition of the vector field 0, see
Lemma 2.9.

With this notation at hand we can introduce the following result (essentially
due to Smirnov, see [49]):

Theorem 2.10. Let G be a Carnot group and let T = T be a 1-dimensional normal
and horizontal current with |t (x)| = 1 for u-almost every x € G. Then, there exists
a family of vector-valued measures t — W, satisfying the hypothesis (a) and (b) of
Definition 2.11 such that
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(i) for almost every t € I, where I is the real line with the Lebesgue measure £,
there exists a Lipschitz curve y; : [0, 11 — G for which p, = [y;] and

(T; w) = /I<[[Vz]]; w)dt = /I/pz(ry,; w)d A" Lim(y;) dt

for every smooth and compactly supported 1-form w;
(ii) if holds that

M(T):/IM([[y,ﬂ)dt=/I“Pt”Ll(jf‘Lim(yt))dt’

and, in particular, T(x) = t,,(x) for A -almost every x € im(y;) and for
almost every t € I;
(iii) the measure | can be written as |1 = fl 0: 2 Lim(y,)dt.

Further, one can also rewrite T as
(n@=///mﬁmeummmagmw (7)
RJI

where E; ¢ :== {x € im(y;) : p;(x) > s} and the map (t, s) > c%”lL(im(y,)ﬂEm)
satisfies the hypothesis (a) and (b) of Definition 2.11 relative to 1 x [0, 00). In
addition,

wnz//%%mmmammsam m

RJI

- / / AL Gm(y) 0 By ) drds, ®)
RJI

with Ty, (x) = t(x) for S -almost every x € im(y;) N E; s and for almost every
(s,1) e R x I.

Proof. Thanks to [44, Theorem 3.1], there exists a family of vector-valued measures
t > yu; satisfying the hypothesis (a) and (b) of Definition 2.11 such that for .#!-
almost every ¢ € [0, M(T)] there exists a Lipschitz curve y; : [0, 1] — G such that

w, = [y:] and

M(T) M(T) M(T) 1
T:/0 [y:]dt and M(T):/0 M([[y,ﬂ)dt:/o /0 ly/(s)|ds dt.
)

The proof of items (i), (ii) and (iii) can be obtained from the above discussion with
the same argument used for [3, Theorem 5.5]. The only variation on [3, Theorem 5.5]
is how to prove that the fragments y;, used to decompose the current are Lipschitz,
where the codomain is endowed with the Carnot-Carathéodory metric. This can be
obtained as follows. The argument in [3, Theorem 5.5] implies that for .#! -almost
every x € im(y;) and almost every ¢t € I we have

HG(x) 3 1(x) = 1y, (%),
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which coincides with v,, (x) up to real, non-zero multiples, for J7° I_almost every
x € im(y;) and almost every ¢ € I, see for instance Definition 2.12. This implies
thanks to [42, Proposition 1.3.3] that for /7 I im(y;)-almost every x € R" and
almost every ¢ the curve y; is horizontal and thus Lipschitz if seen as curve y; :
[0,1] — G.

The proof of (7) and (8) can be obtained defining applying the Cavalieri formula
writing ;2" Lim(y;) = [~ 2L (im(y,) N {p; = A})d. O

Remark 2.8. Let T be a horizontal normal current such that 9T = 0. Then, for every
smooth compactly supported 1-form we have

(0T; w) = /[R (t(x); do(x))du(x)

= /(f(X); dpo(X))gmdp(x) = (tp; dyw), (10)

where (-; -)rm1 denotes the dual coupling in R"! (we will drop the subscript R*! in
the scalar product in the first layer if not otherwise specified) and

ni ni
) =Y u®d and dyok) =Y Xo@)dx, an

i=1 i=1

where 7(x) = > 'L, 7;(x)X;(x). It will be convenient in the following to view
horizontal finite mass 1-dimensional currents as Radon measures T € M (G, R"™!)
which acts by duality on vector-valued smooth function w € C*°(G, R").

3. The Decomposability Bundle

In this section we introduce an intrinsic notion of decomposability bundle to
the setting of Carnot groups and we prove some of its elementary properties.

Proposition 3.1. ([9, Proposition 2.3]) Fix 1 < h < Q. For every Wi, W, € Gr(h)
let

de(Wi, W2) :=dyr c(W1 N B(O, 1), W2 N B(0, 1)),

where d yp G is the Hausdorff distance of sets induced by some homogenous left
invariant distance d on C. Then, dg is a metric on Gr(h). Moreover (Gr(h), dg) is a
compact metric space for every h € {1, ..., Q} and thus (Gr(G), dg) is a compact
metric space as well.

Lemma 3.2. Let G be a Carnot group. Let i be a Radon measure on G and let
4 be a family of Borel maps from G to Gr(G) which is closed under countable
intersection, in the sense that for every countable family {V;} C ¢ the map V
defined by V (x) := N; Vi (x) for every x € G belongs to 9.

Then G admits an element V which is j-minimal, in the sense that every other
V' € 9 satisfies V(x) C V'(x) for p-almost every x. Moreover this j-minimal
element is unique modulo equivalence [-almost everywhere.
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Proof. The proof of this lemma is identical to its Euclidean counterpart, see [3,
Lemma 2.4]. o

Definition 3.1. Let 1« be a Radon measure on G, let .# be a family of Borel vector
fields on G and let ¢ be the class of all Borel maps V : G — Gr(G) such that, for
every T € .% if holds that

T(x) € V(x) for u -almost every x.

Since ¢ is closed under countable intersection, see Proposition A.1, by Lemma 3.2
it admits a w-minimal element which is unique modulo equivalence w-almost ev-
erywhere. We call any of these minimal elements the u-essential span of .F.

Definition 3.2. (Decomposability bundle) Let G be a Carnot group. Given a Radon
measure y on G we denote by .%,, the class of all families of measures {y; : t € I}
where / is a measured space endowed with a o -finite measure d¢ and

(a) each yu; is the restriction of 77! to a 1-Lipschitz fragment y; : K; — G with
K; C R compact;

(b) the map ¢t — pu; satisfies the assumptions (a) and (b) in Definition 2.11;

(c) the measure f ; Mt dt is absolutely continuous with respect to .

We denote by ¢, the class of all Borel maps V : G — Gr(0) such that for every
{me = A" Lim(y,) : t € I} € F, itholds that

v, (x) € V(x) for u, -almost every x and almost every 1 € I, (12)

where v,, was introduced in Lemma 2.9 and the map (¢, x) + v,, (x) is Borel thanks
to Lemma A.6. Since ¥, is closed under countable intersection, by Lemma 3.2 it
admits a u-minimal element. We call any of these minimal elements the decom-
posability bundle of 1, and denote it by x — V (u, x).

Remark 3.1. If we substitute (a) with

(a*) each u, is absolutely continuous with respect to the restriction of . to
a Lipschitz fragment y; in G,

the definition of decomposability bundle does not change. Let us denote with
V*(u, -) the decomposability bundle that arises from the assumptions (a*), (b)
and (c). The inclusion V (i, x) € V*(u, x) is immediately seen to hold p-almost
everywhere. Therefore, we only need to prove the converse inclusion, i.e. that for
every family of measures u, satisfying (a*), (b) and (c) we have that

0y, (x) € V(u, x) for p,-almost every x and almost every ¢ € I. (13)

In order to see this, let y : K — G be a Lipschitz fragment and suppose
w is a finite measure on G such that 4 < 42! L im(y). The Radon-Nikodym’s
decomposition theorem implies that there exists a p € LY (" Lim(y)) such
that 4 = psZ' Lim(y). Let A € G be any Borel set and note that the map
t — A (AN{x : p(x) > t}) is monotone. Hence, the measures v; := ' (AN{x :
p(x) > t}) satisfy the hypothesis (a) and (b) of Definition 2.11 and thus their integral
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= fooo vie~'dt is well defined. It is an easy task to check that the measures
and [t are mutually absolutely continuous.

Thus, let {u,};c; be a family of measures satisfying the hypothesis (a*), (b)
and (c). For every ¢t € I and any s € [0, co) we denote by v, ; the measure vg ; :=
SC'im(y;) N{x : py(x) > s). Itis immediate to see that the measures (s, 1) — Vst
satisfy item (a) and a standard argument shows that they also satisfy item (b).
In addition, the above discussions proves that the measures f f vs e *dtds and
[ pedt are mutually absolutely continuous and thus the vy, satisfy also (c). By
definition of V (i, x) this implies that

vy, (x) € V(u, x) for v ,-almost every x and almost every (s, t) € [0, 00) x(14)

In fact, again by the above discussion we know that f vs e *ds and pu; are mutually
absolutely continuous, and thus from (14) we infer that (13) holds. This shows that

Lemma 3.3. Let u be a Radon measure on G. Then, V(u, x) € Grg(G) for -
almost every x € G. In other words V (i, x) coincides with the closed subgroup of
G generated by Vi NV (u, x) for p-almost every x € G.

Proof. Since v,,(x) € V| for u,-almost every x, by definition of V (i, x) we have
that

vy, (x) € V(u,x) N'Vy for pu,-almost every x and almost every ¢ € 1.

Furthermore since ¥ (x) := &(V; N V (i, x)), the homogeneous subgroup gener-
ated by VNV (u, x), is contained in V (i, x) forevery x € G, we just need to show
that the map W is Borel and thus it is a competitor in the definition of V (i, x). The
map x — HV (x) := Vi N V(u, x) is Borel measurable thanks to Proposition A.1
and hence, since every element W of Grg (0) is uniquely determined by W N V;
and (V1 NV (u, x)) € Gre(G), we infer that for every closed set C € Gr(G) we
have

U HC) = v H(CNGre(G) = HV I {Vi N W € Gr(V}) : W € C N Gre(G)})
=HV'{(VinW e Gr(Vy) : W € C)). (15)

Since C is closed, the set {Vi N W e Gr(Vy) : W € C} is easily proved to
be closed. Finally, thanks to the Borelianity of HV and (15) we thus infer that
S(ViNnV(u, x))~1(C) is Borel as well and the proof of the proposition is achieved.
O

Definition 3.3. Let us fix a Radon measure u on G. For every element F € %,
we consider the family of all Borel maps V : G — Grg(G) for which (12) holds.
Since this class by Proposition A.1 is closed by countable intersection, by Lemma
3.2 it admits a u-minimal element U(u, F, -) that is unique modulo equivalence
u-almost everywhere.

Proposition 3.4. Let v be a Radon measure on G, then
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(i) for every F € #,, there holds U(u, F, x) € V(u, x) for p-almost every x;
(ii) there exists G € F#,, such that B(u, G, x) = V(u, x) for p-almost every x.

Proof. The proof of the proposition is identical to its Euclidean counterpart, see
[3, Proposition 2.8]. |

Proposition 3.5. Let i, i’ be Radon measures on G. Then, the following statements
hold:

(i) [strong locality principle] if i/’ < w then V(u', x) = V(u, x) for u'-almost
every x. More generally, if 1g W' < u for some Borel set E C G, then
V', x) = V(u, x) for ' -almost every x € E,

(ii) there exists a G = {p, : t € 1} € F,, such that for p-almost every x we have
LB, G,x) =V(u,x)and

WL Vi x) # 0)) < /qudt~

Proof. The proof of (i) is identical to its Euclidean counterpart, see [3, Proposition
2.9].Inorderto prove (ii) let G € .%,, be the family of measures given by Proposition
3.4 (ii). The Radon-Nikodym decomposition of ' := ulL{x : V(u, x) # {0}} with
respectto v := fl udt yields a Borel set E such that u'LE < vand v(G\ E) = 0.
Observe that the choice of E implies that x4, (G \ E) = 0 for almost every ¢ € [.
We need to prove that /(G \ E) = 0. Assume by contradiction that this is not the
case, and observe that by point (i) the family G" := {u; L (G \ E)} € F . \£k)
satisfies that

{0} =BW'L(G\E),G ,x) =V(@'L(G\E),x)

for p/-almost every x € G\ E. This contradicts the fact that V (u, x) # {0} for
w’-almost every x € C. O

Proposition 3.6. Let v be a Radon measure on G and let T be an horizontal 1-
dimensional normal current, see Definition 2.10. Then

wi(t(x)) € V(u,x) for p-almost every x € G, (16)

where we write T = Tt + o, with p and o being mutually singular, and t is the
Radon-Nikodym derivative of T with respect to .

Remark 3.2. Note that if | T|| and p are mutually singular, then t = 0 for w-almost
every x € G and therefore the inclusion is trivially satisfied.

Proof. Let T = t/u/ with |t/(x)| = 1 for u/-almost every x € G and let {g,}ses
be the family of rectifiable measures yielded by Theorem 2.10. Thanks to Theorem
2.10, we know that for every € I we have g, = [y;] and for almost every 7 € [
and 57! -almost every x € im(y;) we have

7'(x) = 1y, (x) = A€ (x)[v,,(x)]  for some A # 0. 17)
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However, since u' = [ sl llde, this implies by definition of decomposability
bundle that

mi(t'(x)) € V(u',x)  for u'-almost every x € G. (18)
In order to conclude the proof, we need to check that
m1(z'(x)) € V(iu,x)  p-almost every x € G.

In order to do so, we just need to check that 7(x)/|t(x)| = 7/(x) and V(u/, x) =
V(w, x) for u-almost every x € G. To thisend, write T = '’ = Tu+ 0, where u
and o are mutually singular and where here the vector field t is the Radon-Nikodym
derivative of T with respect to w as in the statement of the proposition. Let A be
a Borel set, yielded by the Radon-Nikodym theorem such that u(A) = 0 and
0 (A = 0 and denote by T a u-measurable representative t. Finally, let E C A€
be the w-measurable where T # 0. It is immediate to see that T’/ L E = tu =
(t/|7])|t | and hence by the uniqueness of the polar decomposition, we infer that
/(x) = t(x)/|t(x)| on w-almost every x € E. Since 1gu’ < u, Proposition 3.5
(i) implies that V (i, x) = V (', x) for u-almost every x € E. This, together with
(18) implies that

mi(t(x)) € V(u,x)  for u-almostevery x € E.

This concludes the proof. O

4. Integrals of Lipschitz Fragments are Pieces of Horizontal Normal
Currents

This section is devoted to the proof of Proposition 4.1. Proposition 4.1 shows
that any vector-valued measure g which can be represented by integration of nat-
ural vector-valued measures associated to Lipschitz fragments can be closed to a
horizontal normal current by adding to  another integral of Lipschitz fragments o
whose total variation can be taken singular with respect to any given Radon measure
1. The strategy of the proof partially follows that of [4, Theorem 1.1], but here the
necessity to construct a horizontal normal current introduces substantial additional
difficulties.

Proposition 4.1. Let (I, dt) be a o-finite measure space, 1 be a positive Radon
measureandt — |, be afamily of vector-valued measures satisfying the hypothesis
(a) and (b) of Definition 2.11 and such that for almost every t € I there exists a
1-Lipschitz fragment y; . K, — G defined on a compact set K; of R such that
&, = [y¢]. Further more, we let

e /1 w, dt. (19)

Then, for every gy > 0 there exists a horizontal normal 1-current T on G = R"
such that 0T = 0, M(T) < 2f1 M(p,)dt + &9 and T = p + o, where o and n are
mutually singular and o is an integration of horizontal Lipschitz fragments as in
(19). In particular one can choose ¢ L ||i].



Arch. Rational Mech. Anal. (2025) 249:3 Page 19 of 76 3

Remark 4.1. Given a positive Radon measure 1 as in Theorem 7.6, we will construct
vector valued measures u as in (19) so that u© < ||||. However, in order to apply
the machinery of Section 7, we will need to improve the regularity of u to that
of a horizontal normal 1-current T without boundary, such that © < ||T||. The
possibility of this improvement is guaranteed by Proposition 4.1 with the choice

n = |pll.

Remark 4.2. (Heuristic for the proof of Proposition 4.1) We describe the strategy
of the proof in the simplified case in which the sets K; on which the fragments y;
are parametrized are finite unions of closed intervals (see Proposition A.4 for the
correct reduction). For each interval, one would like to concatenate the fragment
y; with its reverse path. Of course the corresponding measure ¢ could fail to be
singular with respect to 7. This however could be fixed by shifting the reverse paths
by a miniscule amount, (see Proposition 4.2 for the formal construction) and then
reconnecting in a suitable way to the original path to create loops, see Fig. 1.

Definition 4.1. (Distance on fragments) Denote by § the set of all 1-Lipschitz
fragments, i.e. the set of all those 1-Lipschitz maps y : K — G, where K is a
compact subset of the real line. Denoted with d,,, s~ the Hausdorff distance of the
graphs gr(y) = {(¢, y(¢)) : t € dom(y)}, where dom(y) is the domain of y. It is
immediate to see that § is a complete and separable metric space.

Let N € N. In the following we denote by Xy C § the family of the fragments
y :dom(y) — G where y is a 1-Lipschitz fragment and dom(y) is a union of at
most N disjoint compact intervals. In addition, we let X' := Uy ~An. Note that
Xy € Xy whenever N < M and that Xy is closed for every N € N.

In the next proposition we show how to approximate any element of 5, that is,
any 1-Lipschitz fragment y : K — G, with an element y of Xy for some N, in
such a way that the current [y ] — [7] has small mass. This is done by first extending
y to a 1-Lipschitz curve defined on /x := [min K, max K] and then restricting the
extension to the complement in /g of those intervals that constitute /x \ K and that
have sufficiently large measure.

Remark 4.3. By Remark 2.2, the Euclidean metric on G = R” and any left-invariant
homogeneous distance on G are locally Holder equivalent therefore the topologies
respectively induced by their Hausdorff distances of graphs on Xy are equivalent
as well.

Proposition 4.2. Let K be a compact subset of the real line of positive ' -measure
and assume that y : K — G is a Lipschitz fragment, let 1) be a positive and finite
Radon measure on C. Then, there exists a set of full measure of vectors v € G such
that n and 7" L (v * im(y)) are mutually singular.

Proof. Without loss of generality we can prove that 7 and 7! L (v % im(y)) are
mutually singular for almost every v € B(0, 1) and we can assume that 7 is finite
by restricting 7 to a ball that compactly contains U, g(o,1)v *im(y ). We can further
assume that n and " are mutually singular. Indeed, if we write n = n, + n; where
e K ZL"and ny 1L £", for every Lipschitz fragment y and for every v € B(0, 1)
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we have that %' L (v *im(y)) and 7, are mutually singular. Let A C G be a Borel
set such that Z"(A) = 0 and n(A€) = 0 and observe that by Tonelli’s theorem

/ ()2 L (m(»))(A)dL" (v)
B(0,1)

= / LNBO,1D)NA*w HaA (w) =0,
Jim(y)

where 1, is the left translation and the last equality follows from the right-invariance
of #". The Borelianity of the map v — ' Lim(y)(v~! % A) can be checked with
the standard techniques and it is omitted. We deduce that (7). L im(y)(A) =
0 for £"-almost every v € B(0, 1), so that for those v’s the measures n and
HVL (v im(y)) are mutually singular. O

Proof of Proposition 4.1. We divide the proof in several steps. As this is one of
the most technical proof of the paper, let us anticipate here the content of each
step, before entering into the technical details, see also Remark 4.2. In Step 1, we
approximate in mass the vector measure g with an integral of fragments in Xy .
In Step 2 we further approximate in flat norm such integral with a finite sum of
fragments in Xy . In Step 3 we perform the “shifting” described in Remark 4.2. In
Step 4 we iterate such construction and conclude the proof.

Throughout the proof we fix 0 < ¢ < fl M(us)dt/10. Without loss of gen-
erality, we can assume that the u,’s are supported on the closed ball B(0, R) for
some R > 0 and that / is R and dt is the Lebesgue measure, see [3, Remark
2.7 (iii)]. Thanks to the assumption that the masses of the u, are summable, i.e.
f[R M(p,)dt < oo, for every ¢ > 0 there exists a compact interval / such that
f[R\i M(p,)dt < g/12.

Step 1 (Approximation of g in mass with a continuous integral of fragments
in Xy) Since the family of measures {u,},  satisfies the hypothesis (a) and (b) of
Definition 2.11, Proposition A.4 implies that for every ¢ > 0 there exists a Borel
set I, C I, N € N and a Borel map ¢, : I, > .#(R", R") such that

e foreveryt € I, we have ¢, (t) = [['(¢)] where themap " : I, — X} is a Borel
map with respect to the metric d,,,  introduced in Definition 4.1;

o [i M) ds < e/12, [, M(p, — ce(s))ds < &/12 and [IM(ce(s)) |1,
< 00.

By property (b) of Definition 2.11 and the assumption that each u; is supported on
B(0, R), we may assume, that ¢, (s) are supported in the ball B(0, 2R). Furthermore,
since the measures ¢ (s) have uniformly bounded masses, we deduce that ¢, takes
values in a complete separable metric space. Thanks to Lusin’s theorem and by the
absolute continuity of the integral, guaranteed by property (b) of Definition 2.11,
we can find a closed subset J C I and a (possibly new and larger) N € N such
that f,E\J Mpg) ds < e/12, LU\ J) <L (1) and

(i) the maps ¢; : J — A (R",R") and " : J — X}y are continuous with respect
to the weak™ topology and d,,, » respectively, see Definition 4.1 and Remark
4.3;

(i1) analogously the function ¢t +— M(I"(¢)) can be supposed to be continuous on J;
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(iii) I'(J) € {y € Ay : dom(y) € [N, N]}.

(iv) denoting i := f 7 Ce(t) dt, we see that the vector-valued measure u — ji; is
an integral of (horizontal) Lipschitz fragments in the sense of (19) and that if
holds that

/ M(p,)ds <e/6  and / Mg —ce(s))ds < /6. (20)
nJ J

Step 2 (Flat approximation of &; with a finite sum N of fragments in Xy) In
this step we will prove the following claim. There exists § = §(¢) such that for
every 1o € J and every Borel set A C J N (19 — 3§, 79 + J) there exists fy € A such
that denoting N4 := 2! (A)[I"(to)] and T4 := J4 [T (s)]ds the following holds:

M(NA) < /A WA O]) dr. @1)

Moreover, there are a horizontal 1-current R4 and an Euclidean 2-current S 4 such
that
ZL1(A)

Ns—T4s =Ry +0S4 with M(S4) < ggl—(])’ (22)

andRy = || ;[v:] dt , where t — v, satisfies the hypothesis of Proposition 4.1 and

ZL1(A)
/I[T’l(v,)dt < 8.,2”1(])' (23)

In the next paragraph, we reduce the construction of ¢y, R4 and S,4 satisfying
(22) and (23) to the following claim. For every 0 < d < 1 and for every s, € J
such that d,, s»(I'(s), I'(t)) < d there are a horizontal 1-current R(z, s) and an
Euclidean 2-current S(¢, s) for which

[T@®] —[T(s)] =R, s) +3S(, s), with  M(S(t,5)) < C(N)d%, (24)

where C(N) is a constant depending only on N and R(z, s) := ZiL:(ll’S) vi’ s with
L(t,s) < C(N)and v;" ¢ 1s (the current associated to) a Lipschitz fragment defined

on a compact interval with values in G, and

L(t,s)

3 M) < C(Nds. (25)

i=1

Further, for every ¢ € J fixed, the currents R(z, s) and S(¢, s) can be chosen in a
Borel way on a sufficiently small neighbourhood of ¢ in J.

Taking for granted that the above claim holds true, we pick #p € J in such a
way that

M ()] < ]i M([F )] ds.
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‘We thus define that
Ry = / R(tg,s)ds and Sy := / S(ty, s) ds.
A A
With these definitions, let us note that
Na =Ty = 21 (AT (1)] - / [C(s)]ds
A
= / R(ty, s) + 0S(t0, s)ds = Rs + 9S4,
A

where the last identity follows from the fact that the boundary commutes with
integration. Note that thanks to the choice of #) we immediately infer that M(N4) <
JA M (s)])ds and hence (21) follows. Let us choose § > 0 sufficiently small in
such a way that dg,, s (I'(s), T'(10)) < (ZL1(J)"'C(N)~'e)® forall |s — 1] < 8.
Note that § is independent on 7y by the uniform continuity of s + I'(s) on J. Then

Z'(A)
20

M(S4) = II’I(/A S(1o, s)ds) < C(N)ds L' (A) <

This shows that the claim implies (22). Finally, letus note that Ry = [, Z,L:(? vids
and thus R4 is a horizontal 1-current and

L(t)

1
/ S MOh < CNdt 21 4) < e D
Ao

L)’
This concludes the proof of the fact that our claim implies the sought conclusion
of step 2.

Let us move to the proof of (24) and (25). Let s,¢ € J such that d,, s

(I'(s), I'(#)) < d, and observe that, forevery z € K, ; := dom(I'(s)) Ndom(I'(z)),
if holds that

IT(s)(z) =T () (2)] < 2d. (26)

Note that if K ; = &, then (25) follows easily from d,, ,»(I'(s), T'(¢)) < d.
Indeed, since K ; = &, on the one hand we know that dom(I'(¢)) and dom(I'(s))
are disjoint. On the other, that they are the union of at most N intervals and

dew, 7 (dom(I'(2)), dom(I'(s))) < deu,n(I'(s), I'(2)) < d.
This implies in particular that

sup  dist(x,dom(I'(¢))) <dand sup dist(y,dom(I'(¢))) <d.
xedom(T'(s)) yedom(I'(s))

The fact that the two sets are disjoint with the above estimates implies that
Z!(dom(T'(¢)) U dom(I'(s))) < 2Nd. Therefore, they satisfy [I"(t)] — [['(s)] =
R(z, s), with

M(R(z, s)) <2Nd,
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thanks to the 1-Lipschitzianity of the curves I'(s) and I'(¢), which is the sought
estimate (25).

Suppose now K ; # &. Consider now the map g : K, ; x [0,d] — G given
by

T T
g0 =(1- 5) L6)@) + ST 0©).

Let us observe that thanks to our choice of J and since s, ¢ € J we have that K ;
has the form K ; = Ulﬁil [ai, bi], for some number M < 2N. Moreover it is easy
to check that g is 3-Lipschitz, because it is 1-Lipschitz in the variable o, being
an Euclidean convex combination of 1-Lipschitz maps, and it is 2-Lipschitz in the
variable 7, due to (26). Let us further denote that

S0 .= g:[Ks. x [0,d]] = g#(el Aer iﬂZLKS’t x 10, d])’

M M
R” = "g(bi, )40, d1] = > g(ai, )50, d1] + [T'(t) L (dom(I"()) \ Ks.1)]
i=l i=1
— [ (s) L (dom(I" () \ Ky, 0],
(27

where g4 denotes the pushforward of currents through the map g, see [34, §7.4.2].
Note that since [Ky., x [0, d]] is a 2-dimensional normal current in R?, the 2-current
SO is well defined thanks to [22, §4.1.14] or [34, Lemma 7.4.3]. Notice also that by
definition of SY and R® we have

[T®)] — [C(s)] =R+ 38°, (28)

and this can be seen by recalling that pushforward and boundary are two commuting
operators, i.e. dg#gT = g#dT for every 2-dimensional normal current T. However
SY and R do not satisfy (24) and (25) since R? is not horizontal.

Therefore, forevery i = 1, ..., M let us denote ¥/, a geodesic joining g(a;, 0)
to g(a;i, d) and v, a geodesic joining g(b;, 0) to g(b;, d) and define

R’ = [V, ] — g(ai, ):[10, d1] — [Wn,] + &(bi, 210, 1],

fori =1, ..., M. Since we are working inside the fixed compact set B(0, R), there
exists a constant C (R, G) such that

M(R') < C(R. G)d*, (29)
and this is a consequence of Remark 2.2. Let S, and S, be 2-dimensional currents
with boundary g(a;, -)+[[0, d1] — [V, ] and g(b;, -):[[0, d1] — [¥, ], respectively,

and

M(Sq,) + M(Sp,) < Cds. (30)
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Uy,

Yy

Fig. 1. The image shows the filling 2-dimensional surfaces with horizontal boundaries at-
taching the curves I'(s) to I'(¢)

The choice of such S,,;’s and Sy,’s, with the above control on their mass, is
achievable thanks to the classical cone construction, see for instance [48, (26.26)].
We further define S' := S, — Sp, and

M M
S(t, s) := SO+ZS" and R(t,s) = R0+2Ri. (1)

i=1 i=I

Let us note that S(z, s) is an Euclidean 2-current, and since

R(t, s) = [[()L (dom(7) \ Ks.0)] — [T (s) L (dom(7) \ Ky 0)]
M M
= [Wal + D sl
i=1 i=1

we infer that R(z, s) is a horizontal 1-current and

M
M(T () L (dom (@) \ Ks.)]) + MIT () L (dom () \ Ks.)]) + Y M(Rq,)
i=l
M 1
+) MRy,) < C(N)ds,
i=l

where the last inequality follows from (29). Hence, the above bound shows that
(25) holds. In addition, (28) together with the definition of S, Sp;, Ro and R; we
have [['(1)] — [T(s)] = R(z, s) + 8S(¢, s). Thanks to [22, §4.1.14] we have that

M(S%) < Lip(g)*M([Ky, x [0, d]]) < 18Nd,

and thus by (30), we infer that M(S(z, s)) < C(N)d % This concludes the proof of
(24) and hence of the Step 2.
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Step 3 (Translating the curves of N infinitesimally to make them singular with
respect to 1) Let us take & as in the beginning of Step 2 and finitely many dis-
joint Borel sets A; of diameter less than 26 such that U Aj = J. Denote Ny;,
and 79,; € A; be the corresponding currents and times constmcted in Step 2 and
T := Z NAJ Z XI(A )['(0,/)]. Notice that by (20) and (21) there are a
horizontal 1-current R‘l“ and an Euclidean 2-current 8§ such that

M) = 32 APMT 0 )] < /jnu,n dr (32)
J

and by (22)
ity — T =R} + 0S¢, with  M(SY) < e, (33)

where ji, is the vector-valued measure defined in (iv) in Step 1, S§ is a 2-dimensional
(Euclidean) normal current, RY = f ; Ve dt and here v, are honzontal 1-currents
associated to Lipschitz fragments with values in G such that

/M(v,)dt <e.
1

Let y : [0, 1] — G be a Lipschitz curve. Note that applying Proposition 4.2 to the
curve y we infer that for .#"-almost every v € B(0, £2°) we have that v * ] and
1 are mutually singular since [v * ] and 7! L v x im(y) are mutually absolutely
continuous and that d,, s (y,v * y) < €2%. In addition, we can choose such
3y, < 2% so small that the argument in Step 2 with the choice d = 8, implies that
we can find a horizontal 1-current R, and an Euclidean 2-current S, such that

[yl = vyl =R, +3S,, with M(S,) <e/L' (), (34)

where R, := Zf‘zl vﬁy , and each v;" ¢ 1s a finite sum of Lipschitz curves defined on
compact intervals with values in G, and ZiL=1 M(vﬁ,s) < /6.2 (J). Since T =
> Y(A)[T(to, )], applying the above argument for each j we infer that there
are vectorsv; € B(0, £29) as above. Therefore, defined Z; := Zj fl(Aj)ﬂvj*yj]]
we infer that
pR=Zi=w—p)+@ —Z)=@w—-—pn)+p —Ti+T1 -7
= (n—it) +RY + 085 + Y 2N A [y - [v* ;D
J
=(n—jt) + R +0S8) + > L' (AR, +3Sy,)
J

— (- i)+ (Rg‘ n Zzl(A)Ryj) + a(s? + Zzl(A)asyj)
j j

=: (k. — 1) + Ry +0S;.
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In addition, note that

M(Zy) < ) LN APN([v; * T, )]
J

=Y 2 apr o b < /IM(;L,)dr.
J

Define for future convenience m, := (# — ft1) + R; and note that R; can be
written as f I [o:] dt where ¢ + o, is a suitable Borel map with values in § defined
on compact intervals and such that [, M([o;])dt < ¢/3. Note that 1 +— [o/]
coincides with a Borel thanks to Lemma A.3 up to negligible sets. With abuse of
notations we will denote by 7 +> [o;]] such Borel map. This implies that

By =p—j+ Ry =/ ﬂtd[+/(ﬂt_cs(t))dt+/[[atﬂdt:/MZ,tdt»
nNJ J I I

where in the last identity we reparametrized the integrals in the second term thanks
to [3, Remark 2.7 (iii)]. Furthermore, we note that

/M(Mz,,)dt <e.
1

Finally it is immediately appart that M(S;) < 2e.

Step 4 (Iteration of the previous steps) We obtain the current T by iterating on
the previous steps, as follows. Chosen ¢ = ¢o/4 and applying Steps 1, 2 and 3 to the
fragments {, };e; we obtain currents Z1, Ry, S| and a measurable family {u, ;}rer
of currents associated Lipschitz fragments with values in G with the properties
described in Step 3 above. In particular, Z; and n are mutually singular.

We can thus apply again Steps 1, 2 and 3 with the choice ¢ = &0/4% to the
fragments {t, ,};cs obtaining currents Z, Rz, S7 and a vector-valued measure i,
such that

Mo — 7o = (s — fin) + Ro+ 982, M(S2) < 260/4%, W(Zo) < / M(pa.,) d,
1

where p, = fl Mo dt and p3 := (my — ip) + Ry can be represented by 3 =
J; i3, dt where {3 ,};es is a measurable family of currents associated Lipschitz
fragments with values in G such that

M) < / M) di < g0/4
I
Note further that

=2 +7Zy)+ p3+93(S; +S2).

Iterating the procedure, we construct a sequence of horizontal 1-currents {Z;};cn,
a sequence of Euclidean 2-currents {S;};<n and a sequence of family of currents
{mj, 1 € I} such that, defined p ; := fl wj,drt forevery j € N, we have

u—izizuj+l+a(zsi), (35)
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we have M(S;) < 2¢eo/4 for every i € N and
M(Zi) < / M) de < eo/d and M) < / Mg, di < e0/4',
I 1

for every natural i > 2. Note that defined 0 := —) ;. Z; and S := Y, \'S;
these conditions imply that

p—— M(a)s/M(m)dtJrso, M(S) < o,
1

where the first identity holds since M(u j) converges to 0 as j — oo. Finally,
denoted T := p + o we get the sought conclusion since by construction each Z; is
mutually singular with respect to n and since T = 0 as T is already the boundary
of S. O

Corollary 4.3. Let (1, dt) be a o -finite measure space, 1 be a positive Radon mea-
sure and t — W, be a family of vector-valued measures satisfying the hypothesis
(a) and (b) of Definition 2.11 and such that for almost every t € I there exists a
1-Lipschitz fragment vy, : K, — G defined on a compact set K; of R such that
i, = [[yi]- Suppose, further, that there exists 0 € (0, 1) and e € V) such that

Dy;(s) € C(e, V) for L -almost every s € K; and almost every t € I.

Then, defined p := fl I, dt we have ||| and fl |, |l dt are mutually absolutely
continuous and for every g > 0 there exists a horizontal normal 1-current T on
G = R" such that 0T = 0, M(T) < 2f1 M(p;) dt+e9and T = p+0o, where o and
n are mutually singular and o is an integration of horizontal Lipschitz fragments
as in (19) and

dT(x)
d|T|

€ Cx)[C(e, )]\ {0} for ||p|l-almost every x € G. (36)

Proof. First of all, it is immediate to see that ||p|| < v where v := fl [le;l dt. Let
us then prove that v << ||t]|. Note that for every ¢ € I, for every Borel set we have
that || i, || is the measure that acts as

e, NI (E) :/ 1 ly/(s)|ds  for every Borel set E C G.
v (E)

Therefore let E be any bounded Borel set. By the very definition of total variation
we know that

wie = [ [ wedsal=([ [ yeddae) o
1)y N E) 1)y N E)

It is furthermore clear that

([, wodse= [ wwsead
v (E) (E)

14
_ / )//(S) . 1 /
= /y,1<5)|y’(s)|<|y;(s)|’ e>d.§€ L{y, # 0}(s). (38)
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However, let us note that for every s € yf] (E) such that y/(s) # 0, we have

/ . _ 92
( J/,/(S) : e>: (DV/(I), e) _— _ﬁ2)|DJ//t(t)| . (-9 )_
Ly ()] ly; ()] ly; ()] 1€ 0o, £
Therefore, from (37), (38) and (39) we infer that

(39)

/ Vt/(s) . 1 /
ez [ ol e i # o

1 — 2
o 1€l o, E

1—v?
=3 [ mlcerar.
JeN 00, E JI

This shows that if ||w|[(E) = 0, we deduce that f1||u,||(E) dt = 0. This shows
that v < ||p ]|

Thanks to Proposition 4.1 we know that for every g9 > 0 there exists a horizontal
normal 1-current T on G = R” such that T = 0, M(T) < 2fl M(um,) dt 4+ g9 and
T = p + o, where ¢ and p are mutually singular and o is an integration of
horizontal Lipschitz fragments as in (19).

We are left to check (36). Thanks to [6, Theorem 2.22], we know that

dT(x) lim TWx,r) lim pU(x,r))+oU(x,r))
dilpll =0 lpll(U(x, 7))  r—0 (U (x,r))
r(U(x,r))
= lim ————,
r=0 [|pl|(U (x, r))
where as usual U (x, r) denotes the closed Euclidean ball with centre x and radius
r > 0. Reasoning as above one immediately infers that
dT(x) _ .~ #Ux.r)
= lim —————,
diIT|  r—>0[ull(U(x,r))

>

[ wenag v # o ar
1 yt_ (E)

for || p||-almost every x € G,

for || p]|-almost every x € G. (40)

And further, since T is horizontal, we deduce by Proposition 4.1 that ‘gﬁ(Tx”) € HG(x)

for ||T||-almost every x € G. Finally, for ||p|/-almost every x € G and every r > 0
we have

(w(U(x,r)); e) :(// 1 yr/(s)dsdt;e>: // 1 <yrf(s); e)ds dt
Iy Uxr) 1y (Ux,r)
z(l—vﬂ)// 1 71 (v ()| ds d
SISy (Ux,r)

Z(l—ﬁz)‘ﬂl(/l/il(u( ))y,’(s)dsdt)’
Y U

= (1= 93|71 (U x, ).

The above computation and (40) show immediately that dd{%ﬁ € F(x)[C(e, )]\

{0} for || ||-almost every x € G. O
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5. Auxiliary Decomposability Bundle

In this section we relate the decomposability bundle to the existence of suitable
horizontal normal currents, which is the key step in the proof of the main theorem;
compare with [3, Section 6].

Definition S.1. (Auxiliary decomposability bundle) Let u be a Radon measure
on G. For every x € supp(u) we denote with N (u, x) the set of all vectors of
v € HG(x), see (5), for which there exists a horizontal 1-dimensional normal
current T with T = 0 such that

. MAT — o) LU (x,r))

lim sup =0

r—0 n(U(x,r))

where we recall that U (x, r) denotes the closed Euclidean ball centred at x of radius
r.

3

Remark 5.1. Let us recall that throughout the paper we have identified G with R”
by means of the exponential map. Therefore, the elements of N (u, x) are vectors
of R" and hence N (i, x) it is easily seen to be a linear subspace of G = R". More
specifically, N (u, x) is a vector subspace of ¢ (x)[V] = HG(x).

Lemma 5.1. For every Radon measure i, the map x — N (u, x) seen as a map
from G = R" to Gr,y,(0), see Definition 2.4, is universally measurable.

Proof. The proof can be achieved following the argument used to prove [3, Lemma
6.9]. (the only difference is that here the vector v is forced to lie in the smooth
distribution of nj-dimensional planes & (x)[V;] = HG(x)): |

Proposition 5.2. For every Radon measure u on G and every 1-dimensional hor-
izontal normal current T with 0T = 0, if we denote by t the Radon-Nikodym
derivative of T with respect to |1, we have

t(x) € N(iu,x)  for u-almost every x € G.
Proof. Indeed, let T = tu + o, where o and p are mutually singular. Then by
Lebesgue-Besicovitch differentiation theorem, see [6, Theorem 2.22], we have
MUT —t(x)w) LU (x, 1))

lim sup < lim sup][ [T(y) — t(x)|du(y)
r—0 ,bL(U()C, }")) r—0 U(x,r)

)
1 SASAC LR
m s U )

for p-almost every x € G, which in turn implies that t(x) € N(u, x). m|

’

The next lemma is the counterpart of [3, Lemma 6.11]. The main difference in
the proof of these two statements is that in Lemma 5.3 we are adding the requirement
that T is horizontal. In the proof we find disjoint Euclidean balls U where the
measure T i is well approximated by some boundary-less current Ty;. In [3, Lemma
6.11] the idea is to close each Ty on the boundary of U. This however is not
possible to obtain here, still maintaining T horizontal. Therefore, we must employ
Proposition 4.1 to suitably patch together all the Tys.
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Lemma 5.3. Let i be a Radon measure on G and suppose t is an L' (1) vector
field such that t(x) € N(u, x) for w-almost every x € G. Then, for every gy > 0
there exists an horizontal normal current T on G such that

(i) IT =Tl 1y = WTlipiu /2 where T is the Radon-Nikodym derivative of T with
respect to |,
(ii) T = 0 and M(T) < 2(1 + 2e0) Tl 1)

Proof. If t(x) = 0 for p-almost every x € G there is nothing to prove and hence
we may assume that 7 is non-trivial. Let0 < & < [|z||z1(,,)&0/(4M (1) +2) and note
that thanks to Lebesgue’s differentiation theorem, see for instance [22, Corollary
2.9.9], for u-almost every x € G there exists an ro(x) > 0 such that for every
0 < s < ro(x) we have

][ [T(y) —t()|du(y) <e.
U(x,s)

Therefore, thanks to [22, Corollary 2.8.15] and the fact that 7(x) € N(u, x) for
p-almost every x € G, we can find countably many closed and disjoint Euclidean
balls {U (x;, ri)};en such that

1. w(G\U; Uxi, 1)) =0,
2. for every i € N we have fU(x[_ rl_)|r(y) — t(x;)|du(y) < & and we can find a
1-dimensional horizontal normal current T; = t; u; such that 0T; = 0 and

M((Ti = T LU (xi, 1)) < epn(U (xi, 1) (41)

In the following we will take the currents T;, we will decompose each one in
curves thanks to Smirnov’s theorem Theorem 2.10 and we will restrict to each ball
U (x;, r;) the curves of the decomposition of T;. Then, we will be able to apply
Proposition 4.1 to patch together these curves and get the normal current T.

Thanks to Theorem 2.10 and [3, Remark 2.7 (iii)], for every i € N we can find
a family of vector-valued measures ¢ +— 17§ satisfying the hypothesis (a) and (b)
of Definition 2.11 with the measure space (R, .#’') and such that for every i € N
and for almost every ¢+ € R there exists a 1-Lipschitz curve yti : K; — G such
that ni = ﬂy,i]] =T, 011 L im(yti), recall that T, and p, ; were introduced in
Definition 2.12, and that

(T;; w) = / ([[yli ]; w)dt for every smooth and compactly supported 1-form w,
R

In addition, Theorem 2.10 tells us also that t; = T, for p; ; b im(y})—almost
every x € R" and almost every ¢ € R. Let / be the measure space defined as N x R
endowed with the measure /70 ® Z!. Here the parameter i € N indexes the ball
U (x;, r;) and for a fixed i € N, the parameter # € R indexes the curve yti. Let
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n@i, 1) := ' LU(x;, r;). Note, further, that

[y ds = YoM v e S Y ML Ut )
1 ieN ieN
+en(U(xi,ri))
< M) + Y 1 (Ui, r)) ()| < 26M()
ieN

+ Z/’L(U(xi’ ri)) e r.)lf(y)l dp(y) = 2eM(n) + Tl 1
ieN o

Therefore, thanks to Proposition 4.1 there exists a 1-dimensional horizontal normal

current T such that 0T = 0, M(T) < (4M(w) + 1)e + 2||r||L1(M) andT=v+o
where

yi= / 0, )dA°() @ L @),
NxR

and the measures ) ;.\ ITi L U(x;, )|l + p and o are mutually singular. This
guarantees that the Radon-Nikodym derivative of T with respect to w inside the
ball U (x;, ;) coincides with 7;. More precisely, thanks to the choice of ¢ and to
Radon-Nikodym’s decomposition theorem we can write T as

dT;
Tzzd—l;uLU(x,-,ri)—i-Zai—l-a, (42)
ieN ieN
where the o;’s are vector valued measures supported on U (x;, r;) singular with
respect to L U (x;, i), such that T; LU (x;, r;) = %u L U(x;, ri) + o;. Hence,

if we write T as T = T + 6, where u and 6 are mutually singular, then
. dT;
T(y) = d—(y) for p-almost every y € U(x;, ;).
n

Hence

170 = el =Z/U( 25 — TR ()
i=1

XisTi)

<Y [ ) = ol ey @)
i=1

(xi i)

eo]

:Z/U(Xi,ri)

i=1

dT;
— ) —t(xi)

7 du(y) + eM(p).
"

Inequality (41) can be rewritten, thanks to (42), as
en(U (xi,ri)) = M((Ti = t(x)p) LU (x;, 1))

dT;
> / L - ww|duto). (44)
U(xj,ri) 2
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Putting together (43) and (44) we conclude that

/|f(y> — 2 (ldp(y) < 26M().

Finally, thanks to the choice of ¢ > 0, we have
M(T) < @M + De +2[ITllpiy < 20+ 2e0) Tz (-
O

Proposition 5.4. Let 1 be a finite measure on G and suppose t is an L' () vector
field such that T(x) € N(u, x) for p-almost every x € C. Then there exists an
horizontal normal current T on G such that

(i) the Radon-Nikodym derivative of T with respect to u coincides p-almost ev-
erywhere with t, that is T = T + 0 where o and u are mutually singular;
(ii) 9T = 0 and M(T) < 4Tl p1(,)-

Proof. The proof of the proposition follows verbatim that of [3, Proposition 6.3]
where we replace [3, Lemma 6.11] with Lemma 5.3. m]

Remark 5.2. Note that if we substitute to item (a) of Definition 3.2 the assumption

(a**) each u, is absolutely continuous with respect to the restriction of 7 !
to the image of a fragment y; € § such that y; is 2-bi-Lipschitz as well, i.e.
d.(y;(0), (1)) > |0 — 7|/2 for every o, T € dom(y;).

then the notion of decomposability bundle does not change. Denote by V**(w, -)
the decomposability bundle arising from the assumption (a**) and items (b) and (c)
of Definition 3.2. Note that thanks to Remark 3.1 the inclusion V**(u, -) € V (i, -)
holds p-almost everywhere. Therefore, we just need to check the converse. In other
words, for every family of measures u; satisfying (a), (b) and (c) we need to show
that

0y, (x) C V**(u, x) for pu,-almost every x and almost every r € I.  (45)
However this is an immediate consequence of Step 1 of the proof of Lemma A.6.
The following is the Carnot counterpart of [3, Theorem 6.4]:

Theorem 5.5. Let 1w be a Radon measure on G. Then, for p-almost every x € G
we have Vi NV (u, x) = (N (i, x)).

Proof. Let us first prove the inclusion 71 (N (i, x)) € Vi N V(w, x). Assume by
contradiction that the inclusion does not hold on a set of positive p-measure. Then,
by [51, Theorem 5.2.1] we can find a bounded Borel vector field t : G = R" — R"
such that 71 (t(x)) € T (N(w, x)) \ V1 NV (i, x) on a set of positive p-measure.
Note that 71 (7 (x)) € w1 (N (u, x)) is equivalent to 7(x) € N(u, x) and therefore
Proposition 5.4 can be applied. Note further that here we will make use of the
measurability of N (i, x) provided by Lemma Lemma 5.1. Thanks to Proposition
5.4 there exists an horizontal 1-dimensional normal current T such that T = tu+o
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where o and p are mutually singular. Thanks to Proposition 3.6, we know that
wi(t(x)) € V(u, x) NV for u-almost every x € G which is in contradiction with
the choice of 7.

Let us prove the converse inclusion. Denoting by M the universally measurable
set of those x € G where dim(N (i, x)) = ny, thanks to the above discussion, we
infer that Vi = 71 (N (i, x)) € Vi N V(u,x) = Vp for u-almost every x € M.
The locality of V(u, x), proved in Proposition 3.5 and that of N(u, x), that is
apparent from its very definition, allow us to assume without loss of generality
that dim(N (i, x)) = k < nj for p-almost every x € G. Throughout the rest
of the proof we will identify without further mention the measure space (7, dt)
with (R, Z1) thanks to [3, Remark 2.7 (iii)]. In addition, since x > N (u, x) is
universally measurable we can assume, up to modifying it on a p-null set, that
x +— N(u, x) is Borel. Thanks to Remark 5.2, we just need to show that for every
family of measures ¢ — p, that satisfies items (a), (b) and (c) of Definition 3.2 with
the further constraint that the 1-Lipschitz fragments y; such that u; = ¢ "'Lim(y;)
are 2-bi-Lipschitz, we have that

vy, (x) € w1 (N(u,x))  for u,-almost any x € G and almost every ¢ € 1,(46)

where we recall that v, was introduced in Lemma 2.9. Let us assume by contradic-
tion that there is such a family for which (46) fails. Let ® be a family of one-sided
cones cones C = C(e, ) € V| with e ranging in a given countable dense subset
of the unit sphere in V| and o ranging in a given countable dense subset of (0, 1)
and define for every such C € ©® the sets

Fc = {xe@:Cﬂm(N(u,x)):{O}} and

Tc :={(t,x) e R x Fc 1 v,(x) € C\ {0}}.
Let us discuss the Borelianity of such sets. First of all, let us note that x +—
1 (N (1, x))is easily seen Borel, as x > N (u, x) is Borel. Further, (¢, x) > 0y,
is seen to be a Borel map thanks to Lemma A.6. The Borelianity of such maps di-
rectly implies the Borelianity of F¢ and 7¢ and observe that thanks to our reduction
we have u(G \ Ucee Fc) = 0. Let us note that the map ¢t — §; ® u; L 7¢, where
d; is the Dirac delta at ¢, is easily seen to be Borel and therefore, we can define v¢
as the Radon measure on G that acts as

ve(E) = /8, Qui(Zc N(R® E))dt  for every Borel set E C G.
In addition, for every Borel set £ € G we get for vc, the representation
ve(E) = /8; Qui(TcNR® E)dt = /,LL[(E N{x € Fc 10, € C\{0}}) dt
= /Hz LGc,(E)dt,

where Gc; := {x € Fc : vy,(x) € C\ {0}}. Note further that vc (F&) = 0 and that
the map 7 — ;L G¢ ¢ is Borel.
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Let us check that our contradiction assumption implies that there exists C, € ®
such that vc, is non-trivial. Suppose by contradiction that for every C € ® we have
vc = 0. This implies that for every C € © and for almost every t € I we have
8; ® p;(Z¢) = 0 and, in particular,

for every C € ®, almostevery ¢t € I and for p;-almost every x € Fc we have
0y, (x) € C, (47)

where we can exclude that v,, (x) = 0 on a set of y,-positive measure thanks to
Lemma 2.9.

Lusin’s theorem and the Borelianity of N (i, x) tell us that for every ¢ > 0
there exists a Borel set G, such that u(G \ G;) < ¢ and such that N(u, x) is
continuous on G.. In order to fix notations for every e € V; and o € (0, 1) we
let X(e,0) := C(e,0) U C(—e, o). Since N(u, -) is supposed to have constant
dimension k almost everywhere, we can write G as a disjoint countable union of
Borel sets A; C G such that for each j € N there exists a k-dimensional plane N
of V; for which 1 (N (u, x)) € X(Nj, ¢) for every x € A, where

X(Nj,e) =V \ U {C(e, v 1 — ¢2) : e is unitary and orthogonal to Njin Vj }

Let {wy, ..., wy, &} be a family of orthonormal vectors of V| orthogonal to N;.
Fix j, define C; := C(w;, v/1 — ¢?),and note that A ; C U'}‘z_lk(FC,. UF_c,). This,
together with (47), implies that

for almost every ¢ € I and for u,-almost every x € A; we have
ni—j
vy, () & | (C;U—C) € Vi \ X(N;. 4nye). (48)
i=1

This can be rephrased in the following more convenient way:

for almost every ¢ € I and p,-almost every x € A; we have
71 (N (i, x)) N C(vy, (x), 16n1€) # {0}.

However, thanks to the arbitrariness of ¢ > 0 we get a contradiction with our
assumption that (46) fails. This proves the existence of a cone C}, for which v, is
non-trivial.

Since the fragments y, are supposed to be bi-Lipschitz, we also infer that

wiLGo,u = H'LGc,. =2 Lim(nl, -1 g, )

Therefore by Lemma A.3(ii) we know that the map ¢ +— [y |y’l(gc )]] =y, 1S
t bt ’
Borel and thanks to the fact that the y;s are bi-Lipschitz, we also infer that

_ F0Oy)

= LGc, -
LW |‘€(~)(UV,)|M Cy.t
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Thanks to Corollary 4.3 we can find a 1-dimensional horizontal normal current T},
such that

sz/ﬂb,tdt+‘7=: n, +o,
I

where [|p, || and [;|lm, lldt = [, uiL G, dt = v, are mutually absoulutely
continuous, 0T, = 0 and T, = u;, + o, where o and p are mutually singular and
dT,
d|| Tyl

(x) € €(x)[Co]\ {0}  for ||u,||-almost every x € C. (49)

Since ||p;, || and vc, are mutually absolutely continuous, we infer by our choice
of C, that ||u, || is non-zero. In addition, since ||u, || < vc, K sz dt < p and
Iy I (F¢,) = 0, we infer that

dT,
d|| Ty

(x) € €(x)[Cu] \ {0} on a set of w-positive measure contained in Fc,.

Thanks Proposition 5.2 we finally infer that %(x) € N(u,x) on a set of u-

positive measure contained in F¢,. This however contradicts the definition of Fg,
and we have reached our contradiction. O

Remark 5.3. Note that since by construction N (i, x) is contained in ' (x)[V;], we
infer by Proposition 5.4 that N (u, x) = € (x)[V1 N V (i, x)] for w-almost every
x € G.

6. Differentiability Along the Decomposability Bundle

This section is devoted to the proof of Theorem 1.2. We shall remark here that
the results proved in the present section are independent on the proof of Theorem
1.1. Finally, we remark that even though here we assume the target H to be a Carnot
group, the proof of Theorem 1.2 extends to homogeneous groups, see Remark 6.2.
Throughout the rest of this section and if not otherwise specified, G and H will
always be fixed Carnot groups endowed with a homogeneous and left invariant
distance and we will always assume that the dimension of the first layer V| of the
Lie algebra of Gisnj.

6.1. Construction of Vector Fields of Universal Differentiability

First of all let us introduce some notation.

Definition 6.1. A function f : G — H is said to have derivative Df (x, ¢) at x
along ¢ € G if the following limit exists:

Df(x,§) = lim 81/, (f(0)™" x f(x8,(2))) € C.

Furthermore, f is said to be differentiable at the point x € G along ¢ € G, if
Df(x,¢) and Df (x, ¢ 1) existand Df (x,¢)~' = Df(x, ¢ 7).
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Remark 6.1. Note that if Df (x, {) exists, then for every A > 0 the derivative
Df (x,6,(¢)) of falongd,(¢) atx existsand Df (x, §,(¢)) = 6, Df (x, ¢).Indeed

gim 81 (£ o ) = 82 lim 1720 (£ F (8 (0)))
= 5.(Df(x, ).

Finally, note that a Lipschitz function f : G — H is Pansu differentiable at x € G
along a subgroup V € Gr(0), see Definition 2.7 if and only if Df (x, ) exists for
all¢ € Vand ¢ — Df (x, ¢) is an homogeneous homomorphism on V.

Proposition 6.1. ([9, Proposition 2.10]) Let L(G, G) be the set of linear maps from
the vector space underlying G into itself, endowed with the operator norm. Then,
the following are equivalent:

(i) V : G = Grey(G) is a Borel map, where Grey (G) was introduced in Definition
2.4;
(ii) the projection map wy : G — L(G, G), defined as wy (x) := Iy () where
[y (x) is the Euclidean orthogonal projection onto V (x), is Borel;
(iii) the projection map wy1 : G — L(G, O) defined as my 1 (x) := Iy )1 where
[y 1y is the Euclidean orthogonal projection onto VL (x), the Euclidean or-
thogonal space to V (x), is Borel.

Finally the Borelianity of wy is also equivalent to saying that for every v, w € G,
seen as vectors of coordinates, the map x — (v, wy (x)[w]) is Borel.

Proof. The proof of the proposition is omitted. It can be achieved by proving that the
map W associating an element of the Grassmannian V € Gre, (G) to its Euclidean
orthogonal projection ITy is an homeomorphism. Actually what can be shown is
that W is bi-Holder. O

This subsection is devoted to the proof of the following:

Lemma 6.2. Let v be a Radon measure on G. Then, there are ny Borel maps
81, - ooy Cny 2 G — Vi such that:

(0) V(u, x) = 8({¢1(x), ..., &n, (x)}) for p-almost every x € G,
(ii) every f € Lip(G, H) is differentiable at x along ¢;(x) for everyi =1, ..., n
and for p-almost every x € G.

Proof. Foreveryi =1,...,n; define

[Ty () () ei 1]

Ty, (Olei] . )
Gi(x) = { Lotk 20 and  w;(x) = C(x)[& ()]

otherwise.

where the ¢;s are the vectors of Definition 2.5 and the map my (,,.) is the projection
map associated to V (u, -) yielded by Proposition 6.1. Note that p-almost every
x € G the vectors ¢;(x) are contained V(u,x) N Vi and since ey, ..., e,, are
orthonormal, the Borel vector fields ¢; span V (i, x) NV} at u-almost every x € G.
Furthermore, by Remark 2.3 for p-almost every x € G on the one hand we have
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that the vector fields wi, ..., w,, span the vector space €' (x)[V (i, x) N V1] and
we also have that the identity 71[w; (x)] = &;(x) holds at every x € G. Further,
let us note that by Theorem 5.5 that wy, ..., w,, € N(u, x) for u-almost every
x € C. Therefore, for every i = 1,...,n1 we can apply Proposition 5.4 to get
horizontal normal 1-currents without boundary T; = t;n; = t;u + o, where o;
and p are mutually singular, and such that 7; = w; for p-almost every x € C.
Thanks to Theorem 2.10 for every i we can find a family of vector-valued
measures ¢ > ni satisfying the hypothesis (a) and (b) of Definition 2.11 and such
that T; can be written as T; = f ] nﬁ dt. Thanks to Theorem 2.10 we infer that
for every i and every ¢ there exists a Lipschitz curve y/ : [0, 1] — G such that
n’ = [y/] and v,, and 7; coincide up to a non-zero scalar for || [y, ]||-almost every
x € G. It is elementary to see that every Lipschitz map f € Lip(G, H) is Pansu
differentiable along | (t;) for || [[yti]] |-almost every x € G and almost every ¢ € I.
This implies in particular that every f € Lip(G, H) is Pansu differentiable along
71 (%) for [|I]y/ 11l dt-almost every x € G. However, since by Theorem 2.10 we
have that ||T;| = [I[y/]Ildt and that i (t;) = 71 (w;) = ¢ for u-almost every
x € R" we conclude that every f € Lip(G, H) is Pansu differentiable along ¢; for
p-almost every x € R”. Thanks to Proposition 2.4 and the fact that ¢, . .. {,, span
V(u,-) N Vi w-almost everywhere, the proof of the lemma is achieved. O

6.2. Partial and Total Derivatives

In this subsection we relate the existence of partial derivatives to the Pansu
differentiability along the decomposability bundle. Since the group operation is
not commutative, we cannot follow the proof of the Euclidean counterpart, see [3,
Section 3].

Proposition 6.3. Let i be a Radon measure on G and ¢ : G — G be a Borel map
such that any Lipschitz map f : G — W is differentiable p-almost everywhere
along ¢(-). Finally let B be any p-positive Borel subset of supp(n). Then, for
w-almost every x € B, we have

. diste(B, x % 8 (£(x)))

m =

li
t—0 t

0.

More precisely there exists a t(x) > 0 and a map x(-) : (—t(x),t(x)) — B such
that

. de(x (1), x % 8,(5(x)))

m =

li
t—0 1

0. (50)

Proof. Since in any Carnot group there is an isometrically embedded copy of R if
we prove the claim for H = R, the result follows in full generality. The first step of
the proof is to show that the function g(x) := inf{r > 0 : u(B(x,r)NB) > 0}isa
non-negative 1-Lipschitz function. Note that g(x) = 0 for p-almost every x € B.
Letx, y € G and note that B(y, r) € B(x, r+d(x, y)). Therefore, for every ¢ > 0
we have

w(Bx,g(y) +dx,y)+e)NB) > u(B(y,g(y) +e)NB)>0. (51)
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Inequality (51) implies that g(x) < g(y)+d(x, y) and thus, interchanging x and y,
g is seen 1-Lipschitz. Suppose by contradiction that there is a p-positive compact
set K € B for which (50) fails everywhere on K. This means that for every x € K
there is an infinitesimal sequence s; (x) and a A(x) > O such that

dist(x * 8;(x) (¢ (x)), B) = A(x)s;(x)  foreveryi € N. (52)

In order to discuss why (52) is false, we shall fix a z € K where g(z) = 0 and note
that (52) implies that

Jdistlex 6@ B) (53)

lim su
r—0 7]

We can also assume without loss of generality that g is differentiable along ¢ (z) at
z. Therefore, since we are assuming that Dg(z, {(z)) = —Dg(z, {(z)*1 ), we infer
that

8z*8,(¢() — 8@ _
= lim Su
I r—0 I

. 8(z % 8,(3(2)) > AQ).

Dg(z,¢(2)) = rlgr})

This, together with the fact that g is non-negative implies that g cannot be differen-
tiable along ¢ (z) at z, since the identity Dg(z, ¢(z)) = —Dg(z, £(z2)~") cannot be
satisfied even if both Dg(z, ¢(z)) and Dg(z, ¢(z)~") existed. The Borel regularity
of the measure p yields the desired conclusion. O

Proposition 6.4. Suppose  is a Radon measure on G and assume ¢1,¢ : G — G
are two Borel vector fields such that every f € Lip(G, H) is differentiable along
both £1(x) and & (x) for w-almost every x € G. Then, p-almost everywhere, every
f is differentiable along g“,-l(x)ﬂl g‘iz(x)ﬁZ, where i; € {1,2} and B; € {xl} as
Jj = 1, 2. Furthermore, we have:

Df(x, &, )P e, (1)) = Df (x, &, )P Df (x, &y (x))P2. (54)

Proof. Without loss of generality we can assume that the measure p is supported
on a compact set K. Therefore, thanks to Severini-Egoroff’s theorem and Lusin’s
theorem we can find a compact set K| such that:

(i) w(K\ K1) < en(K),
(i1) the incremental ratios Rf (x, ¢j(x); 1) := 81/t(f(x)_1f(x * 8;(¢i(x)))) con-
verge uniformly to Df (x, §;) on Ky as ¢ goes to O fori = 1,2,
(iii) the maps ¢;(-) and Df (x, ¢; (x)?) are continuous on K for every i = 1, 2 and
B e {£l1}.

Let 81, B> € {1} and iy, i» € {1, 2} and note that

Rf(x, &y ()P ¢, )P 0) = RE(x, 6y P 1) % RE (e % 80 (i, (0)PY, ¢y (0)P25 1),
(55)
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By (ii) we immediately infer that lim, o Rf (x, &, (x)P'; 1) = Df(x, &, (x)P1).
This implies in particular that in order to conclude the proof of the proposition, we
just need to show that:

Jim R (e 8 D, 8, (025 0) = DF (x, 8, (1)), (56)

Thanks to Proposition 6.3, for p-almost every x € K| we can find a map x(¢)
taking values in K| for which

oy Qe (0, X8, ()P) _
im =0

57
t—0+ t ( )

With the aid of the map x(¢), we can rewrite Rf(x&,(;,-l(x))ﬁl, Ciy (x)P2; 1) as
follows:

RF (x 8 (Giy (). 43y (1)211)
= 170 (£ (6 816, () T (@) % RF (20, (03 1) %
%)) In (58)
8176 (£ (1) 181G 7)1 F (8,6 0P 5 5, (0)) ).

(I

Let us separately estimate the norm of the terms (I), (I) and (IIT). Using that f is
Lipschitz we deduce that

fimg o ION _ (. e 86 (07, x(0) _
Lip(f)  ~ >0+ t N

0. (59)

Furthermore, thanks to (57) we infer that

limy o A (608G (0)), x .81 (6 (0P 4 5, (1))
Lip(f)  ~ =0+ t (60)
= Him 116y ()~ 8172 (x() ™1 x4 8,61y () £, (1) 1] = 0.

Finally, we can rewrite (I) in the following convenient way:

(1) = Rf(x(0), &y (x(0)P25 1)
8170 (f (x(0) % 8 Gy x)P2) ™ s £ (1) % 81 (51, (0)P2))
av)

(61)

Thanks to (ii) and the fact that x(t) € K, for every ¢ > 0 there exists a f, > 0
such that

IDf(x(1), ¢y ()P TR (x(2), iy (x(0))P25 1) < e,
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for every |t| < t.. Finally, the Lipschitzianity of f and (iii) imply that
lim [AV)]| < Lip(f) lim 15, (x(0) ¢, (1) = 0. (62)
t—0+ t—0+
Putting together the information we gathered, we infer that

lim (S)upllDf(x, i ()P TH s R (% 8,(Li, (1)), 61y ()P25 1) |
t—0+

= limsup|| Df (x, &, (1)) 7V % (1) % Df (x, ¢y (1)) % Df (x, iy (x)P) 7!
(58).61) 10+

* RECe(0), G (x(0)P25 1) % (IV) s (1) |

— ; . Bay—1 . Ba.
(59).(60).(62) lltn_l)(S)IiPHDf(X,é“zz(x) ) x RE(x(0), §ipy (x (@) )]

< lim S‘ip”Df(x’ ¢ ()P ke D (x (1), ¢ (x(0)P)I] 4+ 1D (x (1), Giy (x(1))P2) 7!
t—

% RE(x(1), G, ()P 1)) < e,

where in the last identity we also used Lemma 2.3 and where the last inequality
above comes from (iii). The arbitrariness of & concludes the proof. ]

Theorem 6.5. Suppose  is a finite family of Borel maps ¢ : G — G such that any
f € Lip(G, H) is differentiable at jt-almost every x € G along ¢(x). Then, every
Lipschitz map f € Lip(G, H) is Pansu differentiable with respect to the subgroup
S{¢(x) : ¢ € DY) for u-almost any x € G.

Proof. Letv : G — G be a map for which there exists an N € N, p; € Q and
v, € Y withi =1,..., N such that

v(x) =8y (V1 (X)) * - -+ % 8y (VN (X)). (63)

Let & be the countable family of maps that satisfy identity (63) for some choice of
N, p; and v; and let

é(x) :={w € G : there existsa v € & such that v(x) = w}.

Proposition 6.4 and Remark 6.1 immediately imply that for u-almost every x € G
every Lipschitz map is differentiable along v(x) whenever v € G and

Df (x, u(x)v(x)) = Df (x, u(x))Df (x, v(x))
for p-almost every x € G and any u, v € S. (64)

In particular this can be rephrased as follows. For p-almost every x € G, ev-
ery Lipschitz map is differentiable along any v € S(x) and Df(x,u x v) =
Df(x,u)Df (x, v) for u-almost every x € G and any u, v € é(x).

The next step in the proof is to show that for u-almost every x € G and any
w € cl(é(x)) every Lipschitz function is differentiable along w at x. Thanks
to the choice of w there exists a Cauchy sequence {w;}icn < S(x) such that
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for every k € NN there exists an M € NN such that for every i, j > M we have
de(w;, w;) < 1/k. Since wl-_1 w; € &(x), thanks to (64) we infer that

dp(Df (x, w;), Df (x, w;)) =dp(Df (x, w; ' % w;), 0)
- dp(fOO)™ % flx* 8w % w))), 0)

=l
t—0+ t

<Lip(f)de(wj, w;) < Lip(f)/k.

(65)

for every i, j > M. The bound (65) shows that the sequence {Df (x, w;)};en iS
Cauchy in H and thus there exists an element of H, that we denote by 0 f (x, w),
such that lim; o Df (x, w;) = 0 f(x, w). However, for every i € N we have that

i 18 @.f e, w) ™" s £ )™ s f (o % 8 (w)) |

im sup

t—0+ t

< IDf (e w) ™" %0 f (x, w) I

, 18:(Df . wi) " £ f (xS (wi) Il

+ lim su

t—0+ !

. ILf O s 8¢ (i) ™" s f (o % 8 (w)) [l
+ lim sup

t—0+ t

< IDf(x, w) ™" %0 f (x, )l + Lip(f)dg (wi, w).
(66)

The arbitrariness of i implies that

f (v w) = lim S1/0(f ()7 % fOx 6 (w) = Df (x, w),

and this shows that f is differentiable at x along w. Note in particular that the above
computations also prove that the function Df (x, -) : cl(é(x)) — [H is continuous.
Since it can be easily seen that S({v(x) : v € Z}) = cl(&(x)) for every
x € G, the only thing left to prove is that the map v — Df (x, v) is a homogeneous
homomorphism on cl(é(x)). To do to this, let v, w € cl(é(x)) and let v;, w; C
S(x) be two sequence converging to v and w respectively. Since the sequence
v *w; € cl(é(x)) converges to v * w, by the continuity of Df (x, ), we infer that
Df(x,v+*w)= lim Df(x,v; *w;) = lim Df(x,v;) * Df(x, w;)
11— 00

11— 00

Df(x,v)* Df (x,w).

This concludes the proof, since the homogeneity of Df (x,-) is guaranteed by
Remark 6.1. |

Theorem 6.6. Let 1 be a Radon measure on G. Then, for every Carnot group H
and for p-almost every x € G every Lipschitz map f € Lip(G, H) is differentiable
along the subgroup V (u, x) € Gre(G), the decomposability bundle of 1 defined
in Definition 3.2, for p-almost every x € C.
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Proof. The Theorem follows immediately from Lemma 6.2, which guarantees that
every Lipschitz function admits directional derivatives along a family of Borel
vector fields ¢1, ..., &, : G — G generating the decomposability bundle V (u, x)
at p-almost every x, and Theorem 6.5 guarantees that these directional derivatives
give rise to the Pansu differentiability with respect to the decomposability bundle.
]

Remark 6.2. Here below we list some observation on Theorem 6.6 and its proof.

1. Theorem 6.6 holds even if we suppose that H is just an homogeneous group.
Indeed, let H' = &(V(H)), where V;(H) is the first layer of the Lie algebra of H
and where G was introduced in Definition 2.3. Let us remark that even though &
was just introduced in Carnot groups, its definition makes perfect sense in general
homogeneous groups. Also, it can be easily checked that H’ is a Carnot group, as
by definition its Lie algebra is generated by the first layer.

Let y be a Lipschitz curve connecting 0 € G to any point w € G and note that
f(0) 7 % f oy is a Lipschitz curve in H connecting 0 to £(0)~! % f(w). It is not
hard to see, for instance by approximating y with Lipschitz curves that are piece-
wise flow lines of horizontal vector fields, that this implies that f(0)~! % f o y
must be contained in H and hence f 0)~ ! % f(w) € H'. This actually shows that
£(0)~!% £(G) € H and hence f(0)~! % f can be seen as a Lipschitz map from G
to H. Since a function f € Lip(G, H) is differentiable along V (u, x) if and only if
£(0)~! % f is differentiable along V (i, x), applying Theorem 6.6 to f(0)~" % f
the differentiability of f along V (i, x) is thus proved.
. Further, with few modifications to the proofs, the statement of Theorem 6.6 can be
strengthened to the following localized form.
Let 1 be a Radon measure on G and B C G be a Borel set. Then, for every
homogeneous group H and for p-almost every x € G every Lipschitz map
f € Lip(B, H) is differentiable along V (i, x), for p-almost every x € B,
ie.

. Idf @' yI7 fFO F WL
1m =

Oa
Bayx de(x, y)

for some homogeneous homomorphism df (x) : V. — H.
where here Lip(B, H) denotes the family of Lipschitz maps f : B € G — H. This
is a non-trivial extension as it is well known that maps between general Carnot
groups do not enjoy any extension property, see for instance [12, Theorem 1].

. At this stage it is not clear whether the decomposability bundle constructed here is
sharp in the sense that on the directions v on G not contained in V (i, x) there are
Lipschitz function f : G — R which are non-differentiable along v at x, compare
with [3, Theorem 1.1(ii)]. It seems however plausible that the same techniques
employed in [3] might yield the existence of a Lipschitz function f € Lip(G, R)
such that f is non differentiable along any v € G\ (V(u, x) Uexp(Vo @ ... D Vy))
for u-almost every x € G. This will be subject to further investigation.

Finally, it is a simple observation to note, see for instance [30, Remark 1.2], that
there are measures u for which V (u, x) is the largest subspace of differentiability
for Lipschitz functions, in the following sense: if V : G — Gr(G) is a Borel map
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such that for every Carnot group H every f € Lip(G, H) is differentiable p-almost
everywhere along V (x), then we have V(x) C V(u, x) for u-almost every x € G.

7. The Reverse of Pansu’s Theorem

7.1. Decompositions of a Measure Satisfying Pansu’s Theorem

Definition 7.1. (Lipschitz chart) Let (X, d, i) be a metric measure space. Let U C
X be a Borel set, and let ¢ : X — R” be a Lipschitz function. We say that (U, ¢) is
a Lipschitz chart with target R", or simply chart, when the following holds. Every
Lipschitz function f : X — R is differentiable p-almost everywhere in (U, ¢);
i.e., for p-almost every xo € U there exists a unique linear map Df (xg) : R* — R
such that

I | f(x) — f(x0) = Df (xo)[p(x) — p(x0)]l
im sup =
X3x—Xx0 d(x, xo)

0. 67)

Definition 7.2. (Lipschitz differentiability space) A metric measure space (X, d, ()
is said to be a Lipschitz differentiability space if there exist Borel sets U; C X such
that (X \ UjenU;) = 0, an N € N, and Lipschitz functions ¢; : X — R" with
n; < N, such that (U;, ¢;) is a chart for every i € N.

Definition 7.3. We say that a Carnot group G endowed with a Radon measure p
has the Pansu property with respect to a Carnot group H if for every Lipschitz
function f : G — H and for p-almost every xo € G there exists a homogeneous
homomorphism d f (xg) : G — H such that

; dp(f (x), f(x0) * df (xo)[xy 'x])
1m sup

xX—> X0 de(x, x0)

—0. (68)

Remark 7.1. Since df (xg) : G — Ris a group homomorphism then, thanks to [25,
Proposition 2.5], for every g € G we have df (xo)[g] = df (xo)[7w1(g)]-

Remark 7.2. Suppose p is a Radon measure on G with the Pansu property with
respect to some homogeneous group H. Let g : G — R be a Lipschitz map and e
be an element of the first layer V; of G. It is easily seen that the map f : G — H
defined as f(x) := 8g(x)(e) is Lipschitz and

o Ildf (xo)lxg %17 F (o)™ FOO) Iy

0 =limsu
X—x0 d.(x, x0) ©
= lim sup ”df(xO)[x(;Ix]_l‘sg(X)—g(xO)(6’)|||H
X—>X0 d.(x, x0)

This shows in particular that for every v € G we have

i $&08- () — g(xo)
m

r—0 r

e = df(xo)[v].
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Therefore, the image of the homogeneous homomorphism d f (xg) is contained in

the 1-parameter subgroup generated by e. This immediately shows together with

Remark 7.1 that d f(xg) = 8<L(x0) m(x_lx))(e), where L(xg) is a suitable element
’ 0

of Vj. It is thus immediate to see that defined dg(xp) := (L(xp), m(xo_lx)> we
have

i lg(x) — g(x0) — dg(xo)[xg 'x]|
1m sup

X—>X0 de(x, x0)

=0.

This shows that in order to prove Theorem 1.1 it is sufficient to restrict ourselves to
the case where H is the real line and that the definition of the Pansu property with
real-valued functions is the weakest possible.

Proposition 7.1. Suppose the Carnot group G endowed with the measure [ has
the Pansu property. Then, (G, d, jv) is a Lipschitz differentiability space with the
global chart wy : G — V.

Proof. Thanks to Remark 7.1, for every Lipschitz function f : G — R and u-
almost every x € G we have

0 =limsu

. | f(x) = f(xo) —df(xo)[xy ' x]l

X—> X0 dc(x, X())
Ly £ () = f(x0) — d f (o)1 (xg ' )]
= lim sup
X=X de(x, x0)
i |f(x) = f(x0) — df (o)1 (x) — 711 (x0)]|
= lim sup .
X—X0 de(x, x0)

The above computation shows that the hypothesis of the axioms of Lipschitz dif-
ferentiability space are satisfied by (G, d, n) with the global chart 7 : G — V.
]

Proposition 7.2. ([16, Theorem 9.5]) Suppose that (X, d, ) is a Lipschitz differ-
entiability space and assume that (U, @) is an n-dimensional chart. Let w € S"~!

and (0 < & < 1. Then, there is a family of measures t +— i satisfying the hypothesis
(a) and (b) of Definition 2.11 and such that

(i) for almost every t € I there exists a bi-Lipschitz fragment y; defined on a
compact set K; of R such that p; < KA im(y;) and

,u,LU=/,utdt.

(ii) for almost every t € I and almost everys € K; we have (poy;) (s) € C(w, &).

Corollary 7.3. Assume  is a Radon measure on G with the Pansu property. Then,
for every e € S" ! there is a family of measures t «— , satisfying the hypothesis
(a) and (b) of Definition 2.11 and such that
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(i) for almost every t € I there exists a bi-Lipschitz fragment y; defined on a
compact set K; of R such that u; < 1L im(y;) and

M=/Mtdt~

(ii) for almost every t € I and almost every s € K; we have Dy,(s) = (m] o
) (s) € Cle, &)

Proof. Thanks to Proposition 7.1 we know that (G, d., ) is a Lipschitz differen-
tiability space and that (G, 1) is a ny-dimensional chart. Finally, Proposition 7.2
immediately yields the conclusion. O

Proposition 7.4. Assume p is a Radon measure on G with the Pansu property. Then

(i) V(u, x) = G for u-almost every x € G,
(ii) for any j = 1, ..., n1 we can find a 1-dimensional horizontal normal current
T; = t;n; with 0T ; = 0 and such that © < n;j and

Tj(x) =FC(x)e;]l for p-almost every x € G,

where as usual {ey, . .., ey} denotes an orthonormal basis of V.
Proof. Let {ey, ..., e, } be an orthonormal basis of V;. Thanks to Corollary 7.3,
for every j = 1,...,n; there is a family of measures ¢ — pu;, satisfying the

hypothesis (a) and (b) of Definition 2.11 and such that

(o) for almost every ¢ € I there exists a bi-Lipschitz fragment y; ; defined on
a compact set K j ; of R such that u; , < A1 Lim(yj,) and pu = [ pj, dr;
(B) for almost every t € I and almost every s € K;, we have Dytj (s) =
(m oY) (s) € Clej, e).

Without loss of generality we can assume that p;; = J¢ L im(y; ). This can
be seen by arguing as in the proof of (7) and (8). With this assumption, we note
that i ; = ||[y}./]ll, thanks to the bi-Lipschitzianity of y;;s. This, together with
Lemma A.3(ii) implies that for every j = 1, ..., n; we have that the map ¢ +—
[y;.:] is Borel and satisfies items (a) and (b) of Definition 2.11. In addition, thanks
to (B), all the hypothesis of Corollary 4.3 are satisfied. Therefore, Corollary 4.3
implies that for every j = 1,...,n; and for every &g > 0 the measures u and
| f ] [y;j.:] dt|l are mutually absolutely continuous and there are horizontal normal
I-current T; = 7;n; on G such that 9T; = 0, T; = [,[y;.] + o, where ¢ and
L1 Jilyj. ]Il dr are mutually singular and

Tj(x) € €(x)[C(ej, e0)]\ {0}  for H /I[[yj,,]] dt H—almost every x € G.

However, since pu and || f ;[vj./] dt|l are mutually absolutely continuous thanks to
Proposition 3.6 we infer that

G({r1(x), ..., 7 (x)}) € V(u,x) for u-almostevery x € C.
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However, chosen g9 small we infer that the vectors 71(x), ..., 7,,(x) of V| are
independent p-almost everywhere. This implies by Lemma 3.3 that V (u, x) = G
for p-almost every x € C. This concludes the proof of (i). In order to conclude the
proof of (ii) it suffices to directly apply Proposition 5.4 and Theorem 5.5. O

We are now ready to prove the main result, which states that the existence of n;
independent representations for a Radon measure p in a Carnot group G implies
that u is diffuse. This is the analogue of [21, Corollary 1.12] and the proof follows
the same overall strategy of [21, Theorem 1.1], which was in turn inspired by the
strong constancy lemma of Allard [5]. As explained in the introduction, we have
however to adapt the proof to the “hypoelliptic setting”. As additional difficulties,
we note that in this context we can not rely on a Besicovitch covering theorem
and some classical Lebesgue point arguments need to be adapted. For the sake of
readability we report these proofs in the appendix.

Proposition 7.5. Suppose 1 is a Radon measure on G satisfying (ii) in Proposition
7.4. Then u K £L".

An immediate consequence of the above proposition is our main result which
is
Theorem 7.6. Let G, H be Carnot groups. Suppose further that u is a Radon mea-
sure on G with the Pansu property with respect to H. Then u < £".

Proof. The claim follows immediately from Propositions 7.5, 7.4 and Remark 7.2.
O

Proof of Proposition 7.5. We divide the proof in several steps.
(1) NOTATIONS. Thanks to Proposition 7.4 we know that

(x)forany j =1, ..., n; wecan find a 1-dimensional horizontal normal current
T; = 7tn; with 0T; = 0 and such that 4 <« n; and 7;(x)
= ¢ (x)[e;] for p-almost every x € C.
Thanks to Remark 2.8, we can think of T j as a vector-valued measure T; €
M(G, R™) acting by duality with the scalar product of R”! on the smooth function
® € C*(G, R™) and the boundary operator o on these currents acts as shown in

(10) and (11). Thus, the 1-currents Ty, ..., T,, above can be written in this notation
asT; =ejn; forevery j =1,...,n;.
Throughout the proof, we define on the measures v = (vi,...,v,)

€ M(G, R">"1) ie. the Radon measures taking values in R"!*"1 the differential
operator ‘B that acts as

<%v1 (p> = (<v13 dH(p1>’ IR (‘)n], dH§0n1>),
on every test function C* (G, R* x R™),

where dy isasin (11). Inthe above notations, if welet T := (Ty, ..., T,,) weeasily
see that BT = 0. Indeed, thanks to (10) and using the representation T; = ¢;7;,
we have

(BT; @) = (e1nt; duer), ..., {en My s dH@n,))
= ((0T1; @1), ..., (@Tu; ; @ny)) =0.
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In addition, we can write T as
T=(n,..., Tnlnnl) =FTE =3B+ 3TE°,

where ¥ : G — R™>*" is a Borel map in L'(Z) such that |T| = 1 for E-
almost every x € G, B¢ « .Z" and E° is mutually singular with respect to .Z".
Here, given an n; x n; matrix A the norm |A| is computed as follows: denoted

by ai,...,a,, € R" the columns of A we let |A|2 = n, -1 Z |a, , where
|a;| denotes the usual Euclidean norm of the vectors «;. Note that smce for every
Jj=1,...,n1 wehave E > n; and this shows in particular that 4 < &

(I) LOCALISATION AT A SINGULAR POINT. In the following, we will show by con-
tradiction that the conditions xg € supp(Z°¥) and the fact that ¥ (x¢) is invertible,
are incompatible, or more precisely that the conditions (i)-(iv) below cannot hold
together on a set of positive E°-measure. Let us assume by contradiction that there
exists an xo € supp(E*) for which there exists an infinitesimal sequence r such
that

(i) hm [Z(x) — T(xp)|dE(x) = 0;
B(x0,7%)
o E(B(x0,7%/5)) _
(i) limsuyp ———— > — for some jo € N;
ol BB ) o J
E(B
(iii) lim EY(B(x0.m) _
k—o00 B5(B(xq, rr))
(iv) Pp := T(xo) = diag(ky, ..., ky,) for some iy, ..., k,; € R\ {0}.

The contradiction that will prove the theorem will arise from the fact that the item
(iv), that holds thanks to (), cannot hold on a set of positive E° measure. Essentially,
the fact that that Py is invertible has two consequences. First, it allows us to promote
the weak* convergence E-1(B(xy, 7)) Txy,, T — v, to a stronger convergence in
mass. Secondly, it will force v « .Z". Therefore, the strong convergence in mass
to v will force E° to not be singular obtaining a contradiction, as xo was chosen
to be a density point for E°. This will be shown in the last line of the proof of the
theorem, under (93).

First of all, let us note that Proposition B.2 that (i), (ii) and (iii) hold E®-almost
everywhere. Define the normalized blow-up sequence

1

v i= —————1x., I, foreveryk e N. (70)
E(B(xo.r)) "

and note that ||vg || (B(0, 1)) = I and lim inf;_, oo || v« [|(B(0, 1/5)) > j(;l > 0 for
k sufficiently big. Without loss of generality we can assume that this holds for every
k € N. Up to the extraction of a subsequence, by (ii) we can assume that

Ivill = v in .4 (B(O, 1)) (71)

with v(B(0,1)) < 1 and v(B(0, 1/5)) > j(;l. The vector fields X; are left-
invariant, and thus their (formal) adjoints coincide with —X;, and this implies
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that

nj

%(ul,...,um:—(ZXi (m)Z}X(u)) )

i=1

with (. ..., m,,) € A#[R",R"),

where ;L’} denotes the ith entry of ;. In addition, since the vector fields X ; are
homogeneous, we also have

Xj<.0(51/r(x_1y)) = er(fﬂ(Sl/r(x_l-)))(y),

forevery j = 1, ..., ny, every smooth functions ¢ and every r > 0. This, together
with an elementary computation shows in particular that B[v;] = 0 for every
k € N. Then B[ Py||vi]] = —POT[V@Hka] where Vg := (X1, ..., Xp;). On the
other hand,

B[Pollvilll = BlPollvill — vl + By = B[Pollvell — vil. (73)

Let @ be a smooth positive function supported on B(0, 1) such that [ ®d.£" =1
and ®(-) = &~ = @ (—-). Let {ex}ren be an infinitesimal sequence of positive
real numbers to be fixed later, let &y, (-) 1= £k_Q¢>(81/8k (+)) and define that

up = g * ||vill € C*(B(0, 1)),

(74)
Vi i= @y [Pollvi |l — vi] € C(B(O, 1), R"™*™M),

where here * denotes the convolution with respect to the group law of G, i.e.
fxg = f Fxy™DHg(y)d L™ (y). It will be clear from the context when * de-
notes a convolution and when it denotes the group law of G. Then, if we let
x € C*(G, [0, 1]) be such that x = 1 on B(0, 1/2) and x = 0 on B(0, 3/4)¢, we
infer from the above discussions that

— Py Vg (xu)] = BIPoxur] = —ur P{ [V x] — x P{ [Vou
=~ PJ [Vox]1 — x PJ [V (@e, * [velD]
= —ug Py [Vox1— x Py [@e, * Volvilll = —ug Py [Vox] — x @y + Py [Velvil]
= —ug PL VG X1+ x Pey * BIPolIvill]
= —ug Py [Vox]+ x e, # BIPy vl — vi] + x Dey * Blv]
= —ui Py [Vox1+ x ey * BIPo[Ivill — vil.
(75)
Thanks to (72) and to the fact that for every i = {1, ..., n1} we have (X1, ¢)

= — (Y1, Xo) and X (Y1 *¥2) = Y1 % X, for every distribution ¥1, ¥, and every
test function ¢. It is possible to prove that

D, B[ Pyllvi| — vi] = B[Dg, * (Pollvill — vi)l,
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and hence (75) can be rewritten as

— P [Vo(xun)] = —ux Py [Vox1 + xBIVil
= —ur P{ [Vox] — ViBIx] + Blx Vil (76)

Define

Ry := —uk Py [Vox1 — ViBlx, (77)
and let us apply to both sides of (76) the differential operator —Vé Py, to obtain
VEPoPY Volxur]l = =VE PolBlx Vil + Ril = =V PolBlx Vill — V& Pol Re.

The matrix ' := POT Py = diag(/clz, ceey K,%]) is positively definite and diagonal.
Therefore, the operator Vé Py POT Vg can thus be rewritten as

ni ni
D= VEPP Ve =Y k2XP = (ki X))
i=1

i=1

Since ® is a sub-Laplacian it is well known (see e.g. [17, Proposition 5.3.2] and
[17, Proposition 5.3.11]) that © admits a fundamental solution K satisfying Ko €
C®(G\ {0}, Ky € L}OC(G) and Ko(x) = Ko(—x). In addition Ky is (2 — Q)-
homogeneous and hence the distribution X; K¢ is (1 — Q)-homogeneous for every

i =1,...,n;.Letus first note that

0 < xur = —VEPBIx Vill % Ko — V& Po[Ri] % Ko
= Lilx Vil * Ko + La[Ri] * Ko =: fi + &k, (78)

where we note that the convolutions above are well defined in the pointwise sense
since both —Vé Py[B[x Vi1l and —Vé Py[ Ry ] have compact support.
PRECOMPACTNESS OF {g} In this paragraph we prove that the sequence of functions
gr = Lo2[Ri] * Ko, defined in (78), is precompact in L'(B(0, 1)). Define the
operator F> (1) := Lo[u]*Koonu € C°(G, R"). Note that for every test function
¢ we have

(Fa(u). ¢) = {(Lalul, ¢ % K§) = (Lalul. @ % Ko) = 3 (ejul + (X K0)”. ¢)
j=1

= << — i/cju-/ * (XJ-KO)>, (p>,

j=1

where we denoted by u/ the jth component of the map u € C2°(G, R"'), and we
used repeatedly the fact that Ko = K, where W" denotes the distribution that acts
as (WY, @) = (¥, p(—-)). Since X; K¢ is an (1 — Q)-homogeneous distribution, by



3 Page50of 76 Arch. Rational Mech. Anal. (2025) 249:3

[23, Proposition 1.8(i),(ii)] we know that X; Ko € L}OC(G) and that the following
identity holds:

ny
R = [ (= Lk (07) )0 Ko 012" o)
j=1
for every u € C2°(G, R™) and x € C.

Thanks to [24, Proposition 6.2], we know that F7 is of weak type (1, Q/(Q — 1)),
i.e. F extends to a continuous linear operator from L 1(B) to the weak L2/(2=1D ()
space L2/(@=D.(G),

In order to prove that the sequence {g; : k € N} is precompact in L!(G), we
will employ Kolmogorov-Riesz-Frechet theorem. First of all, we prove that g is
bounded in L' (B(0, 1)) and secondly we will prove equi-continuity in L'. For the
exact statement of the theorem we are employing we refer to [28, Corollary 8].

Step 1: boundness. First of all, let us check that the sequence Vi converges to
0in L'(B(0, 3/4)). Thanks to the choice of x, we have

/ ANVDIAZL" (v) < /

Vie(»)1dZL" ()
B(0,3/4)

= / |De; * (Pollvill — vl (»)dL" (y) (79)
B(0,3/4)

5/ Py — T Iwell ().
B(O.1)

where vy = Tg||vi||. On the other hand, recalling the definition of vy in (70), we
conclude that

Js0.1)/Po — T(x08, (W) T, E(Y)
E(B(xo, 1))
Py —%(2)|dE
E llm fB(x,rk)| 0 (Z)I (Z) =O
k=00 E(B(x0, rt))

(79
klim WVin)1dZL"(y) = klim
— 00 B(O,3/4) —>00 (80)

3

which shows that V; — 0in L!(B(0, 3/4)) and in turn x V4 — 0in L!(G) by our
choice of x. Secondly, we prove that Ry is a bounded sequence in L'(G). Let us
now give a uniform upper bound on the L' (G, R"!) norm of the functions Ry. It is
easy to see that

/leld-i”" S/ uklpoT[VGX]l-i‘/ Vil B x1ldZL"
B(0,3/4) B(0,3/4)

< ||P07[v@x]||oo/

ukdf"-l-ll‘B[X]IIoo/ |VildZ"
B(0,3/4)

B(0,3/4)

< 1Pl Vol + ||%[x]||oo/ VildL",
B(0,3/4)



Arch. Rational Mech. Anal. (2025) 249:3 Page 51 of 76 3

where the first inequality comes from the very definition of Ry, see (77). The above
discussion together with the fact that Vy — 0 in LY(B(0,3 /4)) implies that

li;n supl| Rell 1. rry < I1Pg [Vexdllco + 1BIx1lleo = M. (81)
— 00

Finally, from (81) and the fact that F) is of weak type (1, Q/(Q — 1)), we infer that
gr = F2(Ry) is a sequence bounded in L2/(€@=1.20(G). However, an elementary
computation, shows that g is also bounded in L'(B(0, 1)).

Step 2: equi-continuity. The second and final step to prove the precompactness
of {gx} in L' (B(0, 1)) is to show that for every p € (0, 1) the sequence of functions
F>(Ry) are equi-continuous in L' (B(0, p)). In other words, we aim to prove that
for every € > 0 and every p € (0, 1) we want to find 0 < n < p/2 such that

llgr (- h) — gkl (Bo.py) <€  Whenever [[h] < 7.

It is immediate to see that whenever u € C2°(G, R"") is a smooth function support
in B(0, 1) we have

[F2) (- % h) — F2(u) ()l L1 (B0, p))

ni
<) ksl llud (X Ko % h) = ul % (X; KOOl g0, - (82)
j=1

(A))

For every j = 1 we now estimate A ;. In order to make the notation more readable
we will write u instead of u/, so that

flu (XjKO)(' *h) —u* (XjKO)(')”Ll(B((),p))

=/ I (X Ko)(yh) — u * (X Ko)(y)|d.ZL" (y)
B(0,p)
= . -1 (Y. -1 n n
—/B (O’p)(./B (O’p)u@((xmo)(z ¥ = (X K) ™ ))d. 2" @)|d 2" (7) 83)
< / / lu()I1(X ;KoY yh) — (X jKo) (™ ')IdL" (2)d 2" (y)
B(0,p) /B(0,p)
= / () / (XK@ vh) = (X Ko ™' »Id2" (1) 42" 2).
B(0,p) B(0,p)
Let us study the inner integral above. Note that
/ (X Ko)(z'yh) — (X Ko)(z ™' »)Id L (y)
B(0,p)

< / (X ;Ko (2™ yh) — (X Ko) (2~ W27 ()
llz=tyll<2|lA||

M
+ / [(X;K0) @™ 'yh) — (X;Ko) &' »IdL" (y)
2011l vl lyl<e

an



3 Page52of 76 Arch. Rational Mech. Anal. (2025) 249:3
In order to estimate (I) it suffices to recall that X ; Kg is (1 — Q)-homogeneous
e (X Ko) @ )Id2" ()
lz=Tyll=<2|All

+/ (X Ko)(z~ ' y)|dL" (y) <20 sup |X;Ko(p)! Ih(B4)
=" yhl <3|k Ipli=1

Let us estimate (II). Thanks to [23, Proposition 1.15], there exists a constant C =
C; > O such that |[X;Ko(a) — X;Ko(a x h)| < Cllal~2|\h| whenever ||h] <
llall /2, where we recall that Q is the homogeneous dimension of G. This implies,
in particular, that

(D] < CliA|l lz= 'y~ 2d.2" (y)
20al<lz"yll, lIyl<p

< Clhl Iz 'y~ 2d2" (v).
2|lhl<llz" yll<p+lizll

(85)

Note now that we mustimpose || z|| < p+2||%||, otherwise the domain of integration
of the second term of the above inequality chain would be empty and hence |(II)| =
0. This in turn implies that

,0+||h||)

(D = C i tog (%

(86)

where C depends on C and Q. Summing up all the information gathered above in
(82), (83), (84) ,(86), we have discovered that there exists a constant C; depending
on G and on K such that

P+ Al
IF2)C %) = Fa0 Ol a0, = ol o,y 111 (14108 (P55 ).

Finally, specializing the above inequality to our case, we infer
gk (- h) — k(L1 (B0, py) = IF2(RK) (- % h) — F2(R) (Nl L1 (B0, p)

= comn (14 10g (2 Hh” )

proving the equi-continuity of the sequence {g}.

Step 3. Thanks to the Step 1 and Step 2 completed above, we can apply

Kolmogorov-Riesz-Frechet theorem, see [28, Corollary 8], to infer that {g;} is
precompact in L (B(0, 1)).
(111) STRONG CONVERGENCE OF { f } TO 0. In this paragraph we aim to prove that the
sequence f; = —Vé Po[®B[x Vi1l * Ko defined in (78) converges to 0 in LIIOC(G).
The proof follows the following path. First we show that the fs converges to 0 as
distributions, secondly in the weak L' space L!°° and finally in L' (B(0, 1)).

Step 1. Convergence to 0 as distributions. We can rewrite fj as

(fro ©) = (L1lx Vil * Ko, ) = (x Vk, Lile * Kol),
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where L] is the adjoint operator of L. Since x Vi converge to 0 in L' (G), it is
immediately appart that

klim (fe, @) = I}in})(x Vi, Li[g x Kol) =0 for every test function ¢.
— 00 —

Therefore, by definition of weak* convergence of distributions we conclude that
3
fi —~0.
Step 2. Convergence to 0 weakly. We can rewrite the action of f; on test
functions as

(L1lx Vil % Ko, @) = (L1lx Vil, ¢ x K ) = (=V{ PoB(x Vi), ¢ * Ko)

ni
= Z Kj(XV;;l * (X; X;Ko), ¢),
i,j=1

where x Vk] denotes the jth entry of the vector valued function x Vj. It is easily
checked that the distribution X; X j Ko is —Q homogeneous and it coincides with
a smooth function away from 0. In the notations of [23, p.164], the distribution
X; XKy is said to be a Kernel of type 0 and by [23, Proposition 1.8] there is a
constant C > 0 such that

X,’XjK() =Cép + PV(XinKo),

where the distribution PV (X; X ; Ko) acts on test functions ¢ as

(PV(X;X;Kp), p) = lim XiX;Ko(x)p(x)dx.
620 J)x)|=e
In order to see that such distribution is well defined we refer to [23, p.166]. In
addition, [23, Proposition 1.9] tells us that the operator T; ; : u — u % X; X ;Ko is
bounded in L?(G) for every 1 < p < oo and thus the operator F that acts as

ny
Fi(u) := Z K;Ti ('),  whereu € C°(G,R™),
i,j=1

and u/ denotes the jth component of u, extends to a bounded in L? (G, R™) for
every 1 < p < oo.

For the sake of readability of the notation in the following we willlet T = T; ;.
To be precise [23, Proposition 1.9] gives us a little more. Indeed, defined T [u] =
u*x (X;X;Ko)® 4+ Cu where (X; X ; Ko)® is the function coinciding with X; X ; Ko
on B(0, £)¢ and 0 otherwise, we have that T, are uniformly bounded in L? for every
1 < p <ooand

lin})H Te[u]l = T[ulllpr@) =0  for every test function u. 87)
E—>

Let us now show that the operator u — u * X; X ;K¢ is of weak (1, 1)-type. The
above discussion shows that

Tu] — Cu = lin%) Te[u] — Cu = lim u(-* wil)XinKo(w)d.,?”(w),
£—>

=0 Jjw)>e
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where the limits above have to been understood in the L? sense. This in particular
implies that the operator

u > lim u(-x w X X Ko(w)dL" (w),
620 jlw|ze

defines an operator bounded on L?”. In addition, by [23, Proposition 1.15], there
exists a constant C > 0 such that

1XiX;jKo(w™'2) = X; XjKo(w™'2)| < Clw™ 2|7 @D~z
for every ||z7'z|| < lw™'z)1/2.

This implies that there exists a constant A > 0 such that for every ¢ > 0 we have
/ 1X; X Ko(w™'2) — X; X;Ko(w™'2)| <A forevery |z7'Z|| <e/4,
lw=zl|=e

which, thanks to the fact that the topologies induced by the Euclidean metric and
the sub-Riemannian one are the same together with the argument employed in the
proof of [52, Chapter 1, §5 Theorem 3], allows us to conclude that the operator
T[u] — Cu is of weak (1, 1)-type. Thus, T[u] is of weak (1, 1)-type as well and
so is F1, that is a linear combination of linear operators of weak (1, 1)-type. This
together with the fact that x Vj converge to 0 in L' (B), see (79) and (80), implies
that

lim || fill 1oy = lim |Fy(xVioll 1o gor) = 0. (88)
k—00 k—o00

Step 3: strong convergence to 0. We now promote the weak convergence to
0in L1'*® to a strong convergence to 0 in L! (B(0, 1)). Thanks to (78) we know
that fi + g« > 0 and in particular f; := max{0, — f¢} < |g«|. However, since g
is precompact in L' (B(0, 1)), the functions |g| are locally uniformly integrable,
namely for every ¢ > 0 there exists a §o(¢) > 0 such that for every Borel set
E C B(0, 1) such that £"(E) < 8o(e) we have [ f,” < [plgk| < &.Inaddition,
since fj converges to 0 in L!°°(G), we have in particular that for every n > 0 we
have

lim Z"({| il > nh) = 0. (89)
k— 00
Let n > 0 and pick a test function ¢ supported on B(0, 1). Then
lim /golfkldf" = lim /(pfkdf"—}-Z/(pfk_df”
k—o00 k— 00
= lim (XVk, Li(p = Ko)) + 2/g0fk7d$”
< hm (WX Vi X L7 (9 % Kp))
+2 / ol d 2" + 21l
{1 fil>n}

< lim IIJ_VkIILl(@)IIfﬁ (¢ * Ko)llL= )

42 / 18ldL" + 209l 1 6,
[ fl>n}NB(0,1)
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where L7 is the adjoint of the operator £;. Let us estimate the limit of the last
line above. First of all, (80) together with the fact that x is supported on B(0, 3/4)
implies that x Vi converges to 0 in L' (G). Secondly, by (89) we know that for every
& > 0 and for every n > 0 we have

"1 fx]l > n} N B0, 1)) < 8y(e), for every k sufficiently big.

This discussion implies that

Jim [ glAld.2" <26 + 20l

The arbitrariness of ¢ and of 7 imply that limy_, o [ ¢| fi|d£" = 0. This show in
particular that the sequence fj is converging to 0 in L'(B(0, 1)).
(IV) FINAL CONTRADICTION. Since g is precompact in L' (B(0, 1)), thanks to step
(IIT) above, we know that the sequence xu; = fr + gk is also precompact in
L'(B(0, 1)). However, since x u; has support contained in B(0, 3/4), we infer that
yuy is precompact in L'(G). This implies that there exists a v € L' (G) supported
on B(0, 3/4) such that xu; — vin L'(G).

Let us show that @, * [||vk] — |[vk]|*] converges to O in LY(B(0, 1/2)). By
definition, we have

llm ”Mk — q>5k k ||Vk||x||Ll(B(0’1/2)) = llm ¢sk % [HVkH — ||Vk||v]d$n
k—o0 k=00 JB(0,1/2)
< lim [[v]|*(B(0, 1)) (90)
k—o00

B E*(B(x0, %))
= 11m . =
k—oo B(B(xg, 1))

’

where the last line follows from the fact that item (iii) holds at x¢. This implies
in particular that the sequence ®,, * ||[v¢||® is precompact in L'(B(0,1/2)). In

addition, we also have that ® * [lvg]* A v, where v was introduced in (71).
Indeed, for every test function ¢ supported in B(0, 1/2) we have

lim (@, x [[vil*, @)

k— 00

(C)

=" lim (Pg * [[vill, @) = Hm ([[vill, Py * @)
k— 00 k—o00

= lim /(% x@)d|[vill = (v, ¢), o1
k— o0

where the last identity comes from the fact that the sequence of functions &, * ¢
converges uniformly to ¢. The above chain of identities also proves that

(v, ) = lim (xug, ) = lim (P * [[vell, @) = (v, @),
k— 00 k—o00

which means that on B(0, 1/2) the measure v is (represented by) the L' (B(0, 1/2))
function v.
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It is now the moment to choose the sequence {€j}ren that are the scales of
mollification used to define the functions uj; and Vj, see (74). Thanks to the lower
semicontinuity of the total variation we know that

el = vI(B(0, 1/2)) < lim inf| & Ivill® = vI(B(0,1/2)),

this means that for every k € N we can choose an ¢ such that
Ivill® = vI(B(O, 1/2)) < [®g s [|vell® — vI(B(O, 1/2)) + k" 92)

Let E be a Borel set of G such that #"(E) = 0, E°(G \ E) = 0. Thanks to (iii)
and to (i) we know that if k is sufficiently big, we have

. E5(B(xg, 1t /2)) ES(B(xg, 1t /2) N E) s _1
1 = = B0, 1/2) N8,y E
/o < S (BGo. ) =2 (B0 10) vl (B0, 1/2) N 81/, (xg E))

<[Ivell* = vI(BO. 1/2) N 81/, (g ' EN) + v(B(O, 1/2) N 81/, (x5 ' E)) ©3)

, _ 92) _
=|vell* = vI(B(0. 1/2) N 81/ (xg ' E))) < @y # [[vell® — v[(B(O, 1/2)) + k™!

Since [®g; * [[vill* — v[(B(0,1/2)) = [|Pg; * vill® — vllL1(B0,1/2))» We see
that if & is chosen big enough the inequality

jo < 1®e, * Ivell® — vl L1epo.1/2)) + 5

cannot be satisfied thanks to the fact that uy — v in LY(B(0, 1 /2)) and to (90).
This shows that the points where (i), (ii), (iii) and (iv) hold together form a E°-null
set.

(v) concLusiON. Thanks to Radon-Nikodym decomposition, we can write i as
= pu® 4+ uf, where u? <« £" and pu® L " and it is elementary to see that
' <« BY since u <« E. Furthermore, since 7; < & there are o; € L'(E) such
that n' = o; E. Hence, it is easy to see that

_dT(x) _ d(z'nh d(z"'n")
=" = (T W T W)

_d(t'a B) d(t" oy, E)

-(TE @ T w)

= (1 ()T (@), o (DT ()),
for E-almost every x € C. It is thus immediate to see that this implies that
T(x) = (@1(x)eq, ..., ay (x)e,,)  for pu-almost every x € C.
We now show that fqr w-almost every x € G the matrix T(x) is 'invertible. Let
us recall that © < n' foreveryi = 1,...,ny, see (*), and that n' = «; E. This

implies, in particular, that

w(@G\{laj| >0}) =0 foreveryi=1,...,ny,
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and hence p is supported on ﬁ:.’; {lei| > 0}, which therefore is a set of full u-
measure. However, thanks to the discussion in the paragraphs (I) to (IV) of this
proof, we know that

E'({x € G: T(x) = diag(ai(x)eq, ..., an, (x)ey,) and 0 < |o;| < 00

foreveryi =1,...,n1}) =0.

This, however, concludes the proof of the fact that u* = 0. O
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A. Measurability Results

In this appendix we collect some measurability results that are proved here in order to make
Section 3 and 4 more readable.

Proposition A.1. For every couple of Borel distributions of homogeneous subgroups V, W :
G — Grey(6), the intersection map V N W (x) := V(x) N W(x) is Borel, where we recall
that Grey (G) was introduced in Definition 2.4.
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Proof. Since for every V, W € Gr(G) we have VNW = vt 4+ whd, Proposition 6.1
implies that in order to prove the claim it suffices to show the Borelianity of the sum (as

vector subspaces of G = R") of the maps VL and Wi, Let e, ..., ey beabasis of R", that
as recalled above is underlying vector space of G, and define

gi(x) = ”Vl(x)[ei] and gy, (x) = ”Wi(x)[ei] foreveryi =1,...,n.

The vector fields ¢1, . .., ¢z, : G — G are Borel thanks to Proposition 6.1. In addition by con-
struction we know that the vector fields {¢1, ..., {x} span V (x)L while the {Cht1s -5 o}
span W(x)t for every x € . This implies in particular that {{1(x), ..., ¢z, (x)} span
Vl(x) + WL(x) for every x € G. Now, from the ¢;s we construct some other vector fields

w1, ...,y that still span VL + W defined in the following inductive way. As a first step
we define

otherwise.

_Ja®/is] ifgx) #0,
w1 (x) = 0

Notice that the vector field wq(x) is trivially seen to be Borel. As a second step, sup-
pose that we already defined the vector fields wy, ..., w;_1. Define &g (x) := g (x) —

Zi.:ll (¢ (x), wj (x))w; (x) and note that @y is a Borel vector field. Finally, we define wy as

O (x) /o ()] if wg(x) # 0,
0 otherwise.

wy(x) = {

Notice that wy is a Borel vector field as well. Thanks to its very definition, we see that for every
fixed x € G there are only dim(VJ- x)+ wi (x)) non-null elements of {w1 (x), ..., w2, (x)}
and those that are not null form an orthonormal basis of V- (x) + WL (x). In particular, for
every x € G the map Ty b+ Wl (x) is easily seen to be represented as

2n
Ty oL+wlx) = Zwi (x) ® w; (x),

i=1
which is a Borel matrix field. This concludes the proof by Proposition 6.1. m]

Proposition A.2. Let K be a compact subset of Randy : K — G be a 1-Lipschitz fragment.
Then, foreverye > Othereexists N = N (¢) € N, finitely many closed intervals {1} ;=1,... N
and a 1-Lipschitz fragment y € Xy such that

£V (dom(y) Adom(7)) < &2 (domy).

Proof. Since K is compact, we can find countably many disjointopenintervals {(a;. b;)} jeN
such that

K U J{aj. b)) : j € N} = [min K, max K.

Let ¢ > 0 arbitrary and choose N = N(g) € N in such a way that Zj>N(bj —aj) <e.
Then

[min K, max K]\ U (aj,bj) =KU U (aj,bj),
J=N j>N
and in particular K U | isnlaj, bj) is a finite union of closed intervals. Denote now by
nj :10,d(y(a;), y (b))l — G a geodesic joining v(aj) and y (b;) and note that if we let

ift € K,

) ifte @by, ©4)

. y (1)
y(t) = .<d(y(aj),y(bj))(tfaj)
nj

bj—aj
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then 7 satisfies ! (dom(y) A dom(7)) < &2 (dom7). In order to conclude the proof, we
just need to check that y is a 1-Lipschitz fragment. We check here only the most complicated
case in which s; € (aj;, bj;) for some j; # jp. Assume without loss of generality that
bj, < aj, and note that

d(y(s2), y(sD) =d(y(bj), y(s1)) +d (b)), v(ap)) +d(y(aj,), v(s2))
<d(y(ajl),y(bjl))

B bj, —aj,
N d(J/Zajz)yV(bjz))

(bjy —s1) +(aj, =bj;)

(52 —aj,) < (s2 —s1).
j2 T4
This concludes the proof. O

Lemma A.3. Suppose I is a Borel subset of the real line an T : I — § is a Borel map,
where § was introduced in Definition 4.1. Then the map ¥ : I — # (R", R") defined as
W(t) := [[(#)] and the map t — ||V (¢)| are Borel. Moreover

(i) Suppose t — . is a family of vector-valued measures satisfying the hypothesis (a) and
(b) of Definition 2.11 and such that for almost every t € I there exists a 1-Lipschitz
fragment y; : K; — G defined on a compact set K; of R such that p,; = [yt]. Then,
there exists a Borel map ® : I — § such that p, = [®(t)] for almost every t € I;

(i) if M . I — #(R") is a family of measures satisfying the hypothesis (a) and (b)
of Definition 2.11 and such that for almost every t € I there exists a bi-Lipschitz
fragment y; : K; — G such that M(t) = A1 Lim(y;). Then, there is a Borel map
1 — A# R, R") such that T\(t) = [[y¢]] and M(¢) = ||7(0) || for almost everyt € 1.

Proof. First of all, let us note that for every N € N the set Fy of those y € § such that
dom(y) € [N, N]isclosed in § and that § = Uy ¢S n- Note that for every y € §y, we
have M([[y]) < 2N, since the elements of § are supposed to be 1-Lipschitz. Let us remark
that Zn(R", R") := {v € 4 (R",R") : M(v) < N} and the space of the 1-currents in R"
with mass at most N, both endowed with the weak* topology, are isomorphic topological
spaces and from now on we will identify them.

In order to prove the proposition, we prove that the maps y + [y] and y — |[y]|l are
Borel and to do so, we need to introduce three maps. Let
(i) & : 8y — Lip;([—N, N], G) be a map that to each ¢ assigns an extension to [N, N]

of T'(¢);

(ii)) D:[—N,N]xLip;([-N, N], G) — R" be the map defined as

i o g .
y'(s) if y'(s) exists,
D(s,y) = .
(s:7) 4e1  otherwise.
(iii) M : A ([—N, N]) - #([—N, N]) be the map defined as K +— ZV LK, where we
recall that Z"([—N, N1J) is the family of compact sets of [N, N] endowed with the
Hausdorff distance and .Z ([— N, N]) is endowed with the weak* topology of measures.
We now check that that we can find an extension map & that is Borel, and that 9t and D are
Borel.
BORELIANITY OF & Let us prove that we can construct an extension map & that is Borel.
In order to do this, we will construct a multimap that assigns to each element of §y the
family of all its extensions. We prove that this multimap is measurable and conclude by
Kuratowski-Ryll-Nardzewski selection theorem that it admits a Borel selection that will be
our sought map &.
Asafirst step, we construct the (graph of the) extension multimap. Letd : §xLip; ([—N, N], G) —
R be the map defined as

o(y,m) = sup distey(z, gr(n)).
zegr(y)
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Let us note that if 0(y, n) = 0 where y € § and n € Lip; ([—N, N], G), then this implies

that gr(y) € gr(n). Therefore, if (y, n) € ! (0), then y € §y and n is an extension of the
map y to [—N, N]. Let us check that 9 is Lipschitz. Indeed

G, m1) —0(y2, n2)| < [P(y1, m) — (1, m2)| + [0(y1, m2) — 0(¥2, m2)|
< doy M1 m2) + dey (V15 V2)-
95)

Therefore, ! (0) is a closed set in § x Lip; ([—N, N], G). Finally, thanks to Proposition
A.2, the projection of o1 (0) on § coincides with § . This implies that that the multimap
that assigns to each y € §y the family of all its extensions in Lip; ([N, N], O) is closed,
i.e. it takes closed sets as values, as its (multi)graph coincides with 0_1(0). If the exten-
sion multimap is shown to be Borel measurable, the Borelianity of & is proven thanks to
Kuratowski-Ryll-Nardzewski selection theorem, see [S1, Theorem 5.2.1].

Now we check that the extension multimap is Borel. To do this, it is sufficient to prove that
for every closed set C C Lip|([—N, N], G) the family of those y € Fy that are extended
by some n € C is Borel, see [51, p. 184]. Without loss of generality we can assume that C
is compact. Indeed, we can write Lip; ((—N, N], G) = UgcLip ([—N, N1, B(0, R)) and
note that each Lip; ([—N, N], B(0, R)) is compact. This implies in particular that Cg :=
C NLip;([—N, N1, B(0, R)) is compact. Therefore, if we show that for every compact set
C C Lip;([—N, N], G) the family of those y € §u that are extended by some n € C is
Borel, the proof of the claim is achieved. However, if we take a sequence {yx}ren € SN
with the property that they are extended by some curve {y};¢ in the compact set C, up
to subsequences there exist y € §y and y € C such that limy_, oo dpy s (Vi ¥) = 0 and
limg s o0 doyy 72 (Vik» ¥) = 0. It is an elementary computation to see that y is an extension
of y. This shows that the set of those y € §y that are extended by some 1 € C is compact.
Therefore, this concludes the proof that the extension multimap is Borel and hence such
multimap admits a Borel selection that we denote by &.

Let us further check that the map (y,s) — &(y)(s) is Borel. First note that eval-
uation map Eg : Lip([—N, N],R") — R defined as Eg(y) := y(s) is continuous
on Lip([—N, N], R"™). Therefore the map s +— &(y)(s) is continuous for every y and
y > &(y)(s) = Es(&(y)) is Borel for every s € [—N, N]. The check of the joint Bore-
lianity is elementary. It suffices to observe that the above remarks imply that the Borel
maps

G (y)(s) == E(y)(Lks]/k)

converge pointwise to & (y)(s).
BORELIANITY OF D Fix a closed set C € R and ¢, § > 0. Let us note that the set Z; s c of
those (s, y) € [N, N] x Lip; ([—N, N1, G) for which there exists a v € C such that

ly (@) —y(s) — (0 —s)v| < glo — s, for every |0 —s| < § 96)

is closed. Let (s;, ¥;) € Z¢ s.c satisfy (96) for some v; € C and suppose (s;, ¥;) converge
to (s,y) € [-N, N] x Lip;([—N, N], G). Since the y;s are converging to y in deuﬁ%ﬂ,
we infer that there there exists a constant ¢ = ¢(g, y) such that ||v;|| < ¢ and thus, up to
subsequences, v; — v forsome v € C. This together with an elementary computation shows
also that 7, s ¢ is closed. Therefore, we infer that

Ze=() U Zs.c

eeQt seQt

is Borel. The set of those (s, ) where 3/ (s) does not exists is contained in _@u%,,, which is
clearly Borel.
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Let us check the Borelianity of D. First of all, let us observe since y € Lip;
([-N, N], G) we have that whenever y’ exists, we have |71(y’)| < 1 by the definition
of the group operation. Therefore the image under D of those points (s, y) such that y is
differentiable at s is contained in the cylinder ¥ := {z € R" : |7 (z)| < 1}. Therefore, the
Borelianity of D follows by observing that if C is a closed set not intersecting {4e1}, we
have D! (C) = Y¢, which is a Borel set as shown above. If on the other hand 4e1 € C,
we have

D7) =D (C Nk Uder)) = DTH(C Ny UD ({de1)) = Dere U Didey)

which is Borel.
BORELIANITY OF 9T Let us check that the map 9 is Borel. Recall that the sets

B g.e) i= e M(-N.ND: ]/«pdu—/ww] <el,

where v € #([—N,N]), ¢ € Co([—N, N]) and ¢ > 0, are a pre-basis of the weak*
topology of .Z ([—N, N1). Therefore, in order to check the Borelianity of 91 it is sufficient
to prove that the sets U(y; ¢, ¢) := Sm*l(B(l//; ¢, €)) are Borel for every v, ¢ and ¢ as
above. Thanks to the following chain of identities

Ui ¢.0) = {K € # (=N N : ’/qﬁd.,i”lLK —/¢d¢‘ <el
={Ke%/([—N,N]):/q.’)df]LK—/q)dw<e} 97)
N {K e #(-N,NJ)): /¢d1// —/¢d$1 LK < a},
in order to prove the Borelianity of U (¥/; ¢, ¢) itis therefore sufficient to show that the maps
f+:1<+—>/¢+d:/1LK and f_;K.—>/¢—d§flLK,

are upper semi-continuous, where as usual ¢ and ¢~ are the positive and negative parts of
b.
Let us prove that f is upper semi-continuous and the result for f_ will follow similarly.
Letn > 0 and {K,},c)y be a sequence of compact sets converging in the Hausdorff distance
to some compact set K. Finally, fix an open set A containing K such that

/A¢+d$1 §/K¢+d£/1+n.

Such open set A exists thanks to the continuity of ¢ and the Borel regularity of the Lebesgue
measure. On the other hand, it is immediately seen that the compact sets K, that converge
to K in the Hausdorff distance, are contained in A for ¢ sufficiently big. Therefore

tim sup £+ (K,) < / $TdL < fL(K) +.
1—00 A

The arbitrariness of 7 concludes the proof of the fact that U(y; ¢, €) is Borel for every
Y € #([—N, N]),p € Cc(R) and every ¢ > 0. This concludes the proof of the Borelianity
of M.

CONSTRUCTION AND BORELIANITY OF W Let Wy : §y — Z (R", R") be the map defined
as follows. For every y € §y and ¢ € C°(R", R") we let Wy (1) € 4 (R", R") be such
that

(Un(y); @) = /(D(s, EW): ¢E)(s))dvy(s) = f(¥),
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where vy, = 9t(dom(y)). Throughout the rest of this paragraph, in order to improve
readability with abuse of notations, we will let W := Wy as N will be fixed. In the following
we aim to prove that W is Borel. In order to do this, it is easy to check, in a similar way
to what we did in the proof of the Borelianity of 91, that it suffices to show that for every
¢ € Cc(R", R") and every r > 0 the set

{yedn (W) : @) =r}={y efn: fp(y) =r}  isBorel

Hence, the Borelianity of the map W is equivalent to that of all the maps fy. Therefore, here
below we check that the maps fy are Borel.

As afirst step, let us check that the map y > vy, is Borel. The map y +— dom(y ) is Borel,
and this can be checked by recalling that I" is Borel and that the projection of the graphs y on
the first component is a 1-Lipschitz map with respect to the Hausdorff distance. Further, since
21 was shown in the previous paragraph to be Borel, we infer that y +— v, = 9(dom(y))
is a Borel map.

Clearly, in order to prove that fys is Borel we now proceed in steps. Let us fix notations.
For every Borel function g : §y X [—N, N] — R bounded with bounded support we define
the map

gy > /g()/,s)dvy(s).

First we note that for every Borel sets £1 € §n and Ey € [—N, N] the map E]]-El 1p, is
Borel. This however is an immediate consequence of the fact that the map y +— v;, is Borel.
Indeed, it can be checked that this implies that for every Borel set E € R we have that the
map y > vy (E) is Borel. Compare with Definition 2.11.

Now we prove that for every continuous function g with bounded support we have that
the map E, is Borel. Let us note here that bounded and closed subsets of §» are compact.
First recall that g is uniformly continuous (having compact support) and therefore for every
& > 0 there exists § > 0 such thatif d,, ;7 (y1,y2) < 8 and |s; — 52| < & then

g1, s1) —g(v2,82)| < e.

Let {Ai. } jeiN be aBorel (countable) partition of §  such thatdiam(A ;) < & andlet yf € Ai. .
Then, we let L > —log,(§/N) and

2L

gy, 9) =y > g(yf,Nkz—LmAi,(y)ﬂ[Nkz_L,N(kH)z_L)(s)
JjeNk=-2L

+ 8] N (D1 ().
JjeN !

It is easy to see that gg has bounded support, since g has compact support, and that gs
converges to g uniformly. On the one hand, it is follows from the discussion above that the
functions Eg; are Borel, as they are sum of Borel functions. However, it is also immediate
to see that Eg, converge uniformly to E4 on § and hence E is Borel as it can be written
as a limit of a sequence of Borel functions.

However, this actually concludes the proof. Let us see why this is the case. We recall that
a function is of Baire class ¢ € N if it is the pointwise limit of a sequence of functions in
the Baire class { — 1. The Baire class 0 is by definition the family of continuous functions.

Let us prove that if g is bounded, boundedly supported and of Baire class 1, then E, is
Borel. By definition, we can find a sequence of continuous functions gy converging to g
pointwise. It is immediate to see that we can assume that the functions gy are uniformly
bounded and that their support is contained in a common bounded set. However, for every
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y € §p this implies that limy_, o Eg,(y) = Eg(y) by dominated convergence theorem.
This shows, since the functions Eg, are Borel, that E is Borel as well.
However, since every Borel function is in some Baire class, see [31, Theorem 24.3], arguing
as above inductively, implies that 2 is Borel whenever g is bounded with bounded support.
Let us conclude this paragraph with the proof of the Borelianity of W. The function

8¢ (. 5) == (D(s, E(¥)): ¢(E(¥)(9)),

is Borel since all the functions involved in the definition are Borel, and itis easy to check that it
has bounded support and itis bounded. Indeed D(y, s) < 1forevery (y, s) € §y X[—N, N1,
since the curves y are 1-Lipschitz, and hence [|gg [loo < [|¢loo- This proves that the functions

Egy = f¢ are Borel for every ¢ € Cc(R", R™). This concludes the proof that W is Borel.
We further observe that for every y € §y and ¢ € C.(R") we have that

Ml @) = /¢>(<50(V)(S))dvy(5)‘

Hence, the above argument proves also that ||\ (y)|| is Borel.
CONCLUSION OF THE PROOF. Since I' is Borel, we infer that Ty := F_I(SN) N[—=N, N]
is Borel, where I' is the curve of curves given in the statement of the lemma. Therefore, the
Borelianity of # — [['(#)] and that of 7 — |[[T'(#)]|| follow from the fact that [T'(z)] =
Wy (C(2)) forevery t € Ty.

Towards a proof of item (i) of the Lemma, consider the set 2 the set of those (¢, y) € I x§
such that g, = [y]. By assumption, there exists a Borel subset I C I of full measure, for
which for every t € I there exists y € § such that #; = [v] and such that the map

t — p, restricted to I is Borel. This is due to Lusin’s theorem. Define now the map
J1 : (¢, ¥) = Mlp; — []] and let us check that it is Borel. First of all, the mass M is lower
semicontinuous and the map IxF > (t,y) — m,—[y]isBorel. Therefore, 2" = 2 10)is
Borel and von Neumann measurable selection theorem, see [51, Theorem 5.5.2] guarantees
that there exists a universally measurable selection ® : I — § of 2. Therefore, there exists
a Borel map @ : I — F that coincides .Z L almost everywhere on I with & and hence

p, = [®@®)]  for £ -almostevery 1 € 1.

Finally, the proof of item (ii) can be obtained with the same argument, mutatis mutandis,
employed for item (i) by showing that with von Neumann selection theorem, we can extract
a universally measurable section of the set % of those (¢, y) € I x § such that u; = ||[y]-
The Borelianity of the set % is inferred from the Borelianity of the map I» (7, ¥) := M[p; —

Iy, since 2 = 35 1(0). B

Proposition A.4. Let (1, dt) be a (possibly unbounded) Borel subset of real line
endowed with the Lebesgue measure £ and t v p, be a family of vector-valued
measures satisfying the hypothesis (a) and (b) of Definition 2.11 and such that for
almost every t € I there exists a 1-Lipschitz fragment y; : K; — G defined on a
compact set K; of R such that p, = [y;]. Then, for every ¢ > O there exists a Borel
set I, C I, N € N and a Borel map ¢, : I, — .# (R", R") such that

(i) for everyt € I, we have cs(t) = [ (t)] where the map T : I, — Xy is a Borel
map with respect to the metric d,, y introduced in Definition 4.1;
(ii) fl\lg M) ds < &/2, f]e M(py — ce(s)) ds < &/2 and |M(ce) |l Lo,y < 00.

Proof. Throughout the proof, we identify without further comment G with its un-
derlying vector space R" as Lipschitz fragments in G, as it has been previously
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remarked, are Lipschitz in G = R" endowed with the Euclidean metric. Without
loss of generality, we can assume that the p,’s are supported on the closed ball
B(0, R) for some R > 0. Since ¢ +— IM(u;) is supposed to be measurable and
since f[R M(u,)dt < oo, for every & > 0 there exists a compact set I, such that
fl\ig M(p,)dt < &/6 and ||IM(;L,)||LOQ(I~£) < oo andt +— u, is Borel on I;.

Fix N € N. In the proof of Lemma A.3 we have showed that the map E :
I x§ — #[R", R") defined as (¢, y) — M(p, — [y]) is Borel. Let % x =
I; x Xy N 2710, 8/63(1;))) and note that by the Borelianity of E we infer that
%..n is Borel and that the set

Fe N ={t e I, : there exists y € Xy such that (r, y) € 4% .y}  is Suslin.

In particular .%  is universally measurable. We define %, := U;enFe,i \ He.i—1
and note that thanks to Proposition A.2 we have %! (I, \ ) = 0 and that .7, is
universally measurable. Therefore, there exists an N € N and a compact set I of
S n such that

/ M(p,)dt < /6.
JAVA

Recalling that both 7, and Xy are Polish spaces, von Neumann measurable selection
theorem, see [51, Theorem 5.5.2], implies that there exists a universally measurable
uniformization of I, x Xy N n, that is, a universally measurable map f‘g I —
Xy such that (¢, f‘g (t)) € 9% n. By Lusin’s theorem, there exists a map that we
denote with I'; that coincides with the map f‘s outside a .#!-null subset of I.
Therefore, applying Lemma A.3toI'; we getthatthemapc, : I, — .#(R", R")
defined as ¢, (¢) := [ (¢)] is Borel. Let us now check item (ii). First of all

/ M, )de < / W + / Mo )di < 26/6 < ¢/2.
\ e

I &

Secondly

1 &
/IE M(’LY — Cg(S))dS =< <z (Ig) . m < 8/2,

Where in the first inequality above we used the fact that by construction
Mr, = (1) = M, = [LO]) < £/62" (T).
Finally, for almost every ¢ € I, we have
M(ce (1)) = M(py) + My — ce(1)) < 00.
This concludes the proof. O

Lemma A.5. Let n, m € N. For every r > 0 the map E"™" « . #(R",R™) x R" —
R™ defined as E}"™ (v, x) := v(U (x, r)) is Borel, where U (x, r) denotes the closed
Euclidean ball with centre x and radius r > 0.



Arch. Rational Mech. Anal. (2025) 249:3 Page 65 of 76 3

Proof. First of all, let us prove that the map E;} : .#Z(R") x R" — R defined as
Ef(U(x,r)) := v(U(x,r)) is Borel. Without loss of generality we can restrict the

. . *
map E;! to a set of measures with equibounded mass. Let v; — v and x; — x and
note that for every ¢ > 0 we have

lim sup Ej (vi, x;) = limsup v; (U (x;, 1))

i—00 i—00
<limsupv;(U(x,r +¢)) <v(U(x,r +¢)), (98)
i—00

where the last inequality follows from Portmanteau’s theorem. However, thanks to
the arbitrariness of ¢, we conclude that E;! is upper semi-continuous. This concludes
the proof for positive measures.

For measures in .# (R", R), one just uses Hahn’s decomposition theorem and
applies the above discussion to the negative and positive part and recalls that the
sum of Borel functions is Borel.

Finally, to obtain the result for vector valued case we apply the above discussion
component-wise. O

Lemma A.6. Let I be a Borel subset of R. Suppose that I > t +— u; is a map
satisfying items (a) and (b) of Definition 2.11 and for which for almost every t € I
there exists a Lipschitz fragment v, : K; — G such that u, = €' Lim(y,). Then,
there exists a Borel map v : I x G — V| and a Borel set E C I x G such that for
almost every t € I we have

A (im(y)Afx € G: (t,x) € E}) =0,

v(t,x) € {ADy;(s) € Vi \ {0} : L € Rands € yfl(x)} and |o(x,t)| = 1 for
every (t,x) € E and v = 0 otherwise.

Proof. We divide the proof in several steps. First, since r — ,; is measurable, by
Lusin’s theorem there exists a Borel map coinciding with 7 — p, up to Lebesgue
null sets. Thus, in the following we will assume that the map ¢ — 1, is Borel and
that y1; = ¢! Lim(y;) for every r € I. This reduction is without loss of generality
because we are required to prove a statement up to sets of null .Z’! measure.

Step 1. In this first step we check that we can split in a Borel way each u,
as a sum of mutually singular measures that are .#°! restricted to the image of a
bi-Lipschitz fragment. We claim that there exists a Borel map (j, t) + uj, such
that for almost every t € I we have

1 wur = Zje[l\l wj where u;, = %lLim(yJ-,,) for some 2-bi-Lipschitz fragment
vii: Kji — G
(i) Dyj.(y;; () € (ADyi(s) € Vi\ {0} : L € R, s € y, ' (x)} for every j € N
and for p ; ;-almost every x € C.
In order to prove items (i) and (ii) let us observe that [7, Lemma 4.1] implies
that for every ¢ e I there exists a family of 2-bi-Lipschitz maps y;; : K;; — G
such that im(y; ;) are pairwise disjoint and

A (imoo\ Jim@0) =0 and Y7 A m(7.0) = A (m(n)).
JeN JjeN



3 Page66of 76 Arch. Rational Mech. Anal. (2025) 249:3

Denote by £ the space of 2-bi-Lipschitz fragments and note that % is complete
and separable when endowed with the metric d,,, ;. Further, it is also immediate
to see that 2, the space of sequences in 4, is Polish. Thanks to (the proof of)
Proposition A.3 we know that the map y +— ||[y]ll is Borel. Hence, let M :
I x BN — _#(R", R) be the function defined as

. _Ji = X enll I i X e A (m(yy) < oo;
M@ {yjtjen) =1 ;
Z'LB(O,1) otherwise.

Being a composition of Borel maps, it is immediate to see that M is Borel.
Hence, the set M ~1(0) is a Borel set and thus thanks to von Neumann measurable
selection theorem, see [51, Theorem 5.5.2] we can find a universally measurable
map ¢ > {yj}jen such that u, = ZjeN”[[Vj,t]]”- Summing up, so far we have
shown that there exists a universally measurable map W : ¢ = {y;,} ;e such that

W = ZH[)@,HH for #!-almost every ¢ € 1. (99)
jeN
Clearly, by Lusin’s theorem there exists a Borel map that we will call with abuse of

notations W, still satisfying (99) and coinciding with the original W on a set of full
2! measure. The metric that makes %N a complete and separable metric space is

deu H (V'17 V2>
i ”* J J
doo({y}}jens Y])jen) =D 27 —
jeN L+ dey, v <Vjv Vj)

and it can be easily checked that the projection on the kth component i ({y} jen) =
Y& is continuous from (%Y, dy) to (2, doy ). This implies that for every j € N
themap 1 — ||[y;.. ]Il = II[7; {¥x}xen) ]l is composition of Borel maps and hence
it is Borel. However, since N is countable, this also implies that (j, 1) = |[[y;]|l
is Borel. So, defined 14, := |[[y;.]Il we have by construction that for Z'-almost
every ¢t we have

A Limy) = =Y Nyl =) A" Lim(y;0),
jeN jeN

where the last identity follows from the fact that the curves y; , are biLipschitz.
The above identity implies that the measures w ; , are mutually singular. If this was
not the case there would be a Borel set of positive .7 -measure where the Radon-
Nykodim derivative of ) jeN Mj,r With respect to ' im(y;) would be bigger
than 2, which is excluded by the computation above. This concludes the proof of
item (i).

Let us check item (ii). Thanks to [39, Theorem 4.4], we know that

A im(y) \ vi(K) =0,
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where K, := {s € K; : Dy;(s) # 0} and fix a j € N. It elementary to see that
we-almost every x € im(y;) is a u, density point of im(y; ;). For such x’s can find
o0 € Kj,and 79 € K ¢ such that the points o and 7o are two Lebesgue density
points for K;; and I%, respectively with y;(t9) = x, y;:(00) = x and such that
Dy;(to) and such that Dy; ;(0p) exist; that 7o is a & ! density point of the set
Cjr={s e I%l : ¥ (s) € im(y;,)}. In addition, for every r € C;, there exists
o(r) € K;; such that y; ,(o(r)) = y,(r) and, since y;, is bi-Lipschitz, we infer
that if r — 70 then o (r) — o0¢. By Pansu’s differentiability theorem, see Remark
2.5, we know that

lim  dp(S g1 (7 (@) " % 1 (5), Dyi(10)) =0, (100)

Cj1o5—>10+

o(s) — oo ]>

lim 6 (311 (731 00~ #7300 51, Dyslon) [

Cj1o5—>10+

. -1
= nglxrgnﬁd@((s\g(s)_go\—l (vj,i(00)"" *yj:(0(5))), Dyj(0o0)o(s)) =0,
(101)

where in the second display equation above o(s) denotes the sign of o (s) — o9 and
since Dy; ;(09) is (or more precisely, can be represented by) a vector in the first
layer of the algebra V1, the element Dy ;(o0)o(s) has to be intended as Dy; ;(00)
if o(s) = 1 and as —Dy;(op) if o(s) = —1. Note, further, that since y;; is
2-biLipschitz, we also know that

lo(s) — ool _ 2dG(Vj,z(G(S)), j.1(00)) _ zde(%(S), v (10))
ls —7ol — ls — 7ol ls — 7ol

=2, (102

where the last inequality follows from the fact that y; is assumed to be 1-Lipschitz.
This implies in particular that

(10 . -1
0=" 1 IO — * .D
Crumat 6Oy —1 (Ve (20) ™" * ¥2 (). Dyi(70))
= lim dg (8 _ () g , D
Cj.,9~19~>1:0+ o ls—1o] 1 (v, (T0) vj.1(0(s5))), Dy (10))
= i dg (8 10()—opl (8 _1(vj00) ey .D
, dm  do( ‘”&‘LJO'( 0 6)—opi-1 (77,100 " 571,10 () ). Dy (7o) )

> lim d(8 o1 (Dy: 1 (00)0(s)), D r)
=g m oot (P @000). Do)

" lo(s) — ool
_ im oW ool

. —1 . .
Cjias—>1+ |5 — 70l e (ala(s)_"()‘_l (V"'[(UO) *Vjae (S)))’ DV,,;(TO))

(101), (102)

lim dg | 8 16(s)—onl (DY ¢(00)o(s)), Dy (1g) ).
o dm o oo (P340, D 0)

Since both Dy; ;(0¢) and Dy, (oy) are contained in the first layer V1, we know that
the above identity implies that

lo(s) —oolo(s)

Dy (00) = Dy:(70).
Cji3s—>10+ |S — ‘L’0|
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t % converges to some A € R and hence item

In particular this shows thai
(ii) is proved.

Step 2. In the next step we show that the map that associates to each pointx € G
and to any bi-Lipschitz fragment y; , the Radon-Nykodym derivative of [y; ;] with
respect to || [y;..] |l at x € Gis Borel. Thanks to Lemma A.3(ii) there is a Borel map
I': N x I — §such that (j,7) — [['(j,0)] is Borel and |[T'(j, O]l = p;,; for
A0 ® ZL'-almost every (j, 1) € N x I. Concerning the applicability of Lemma
A.3(ii) to the above situation, we note that the statements in Lemma A.3 requires that
the u,’s are parametrized by a Borel subset of R, however, either by skimming the
proof of Lemma A.3, or by recalling that we can reparametrize (N x I, 7#°® .Z")
as (R, .ZhH by [3, Remark 2.7 (iii)], we see that Lemma A.3(ii) is still applicable.

Let us denote by Iy a Borel subset of I of full measure such that ||[T'(j, ]|l =
wj,r on N x Iy and let us note that (j, 7) = 6; ® §; ® uj,, is Borel on N x Iy. To
see this, it is sufficient to check that for every Borel set G € N x Iy x R” the map
(j,t) = 8; ® 8; ® uj(G) is Borel, where §, and §; denote the Dirac deltas at ¢
and s respectively, compare with Definition 2.11. Note that

§j @8 @uji(G) = ///]lG(k»S’x)dgj(k)d&(s)d//«j,t(x)
=uj({xeG:(j,t,x) € G}) forevery (j,1) € N x .

Since N is countable, to check that (j, 1) — §; ® §; ® uj;(G) is Borel, it is clearly
enough to prove that for every fixed k € N we have that t — ur(fx € G :
(k, t, x) € G}) is Borel. This however can be proved arguing, mutatis mutandis, as
in the step construction and Borelianity of W of the proof of Lemma A.3. The fact
that the map (j,7) — 6; ® 8; ® j,, is Borel implies that we can therefore define
the measure

V= / 6 ®® Mo, s djfo(t)d&
Nx Iy

It is immediate to see that the set
Hy:={(,t,x) e Nx Iy x G:x €im(y;,) and yjf,,(y]ft] (x)) exists},

is a set of full v-measure and therefore it coincides up to sets of v-null measure
with a Borel set H,. Further, define the map

[T, 0l e~ ELN(rG, ol
wiaUG D) B ()

Je(j, 1, x) =

where Ez’,". and EZLI. are the Borel map introduced in Lemma A.5. Observe that
since J; is composition of Borel functions (on H»), itis Borel as well. By Besicovitch-
Lebesgue differentiation theorem, see [6, Theorem 2.22], for every j € N and every

t € Ip we have that
. . . -1
d[T' (. 0] (x) = lim [CG. DU, ) lim [Td, t)]](U(x:l; )
dpj r=0  pwj (U(x,r)) t—oo  pj(U(x,€77))

= lim J¢(j,t,x)  for pu;;-almost every x € C.
{— 00
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This shows that on Borel a subset of full v-measure H3 of Hj, the function
(j, t,x) — d[%—j:’:)]](x) coincides with a Borel function, being pointwise limit
of a sequence of Igorel functions. In addition, thanks to the definition of [I"(j, 7)],
Lebesgue differentiation theorem implies that for every j € N and ¢ € Ip we have

d[r(j. 0]

y (x) = y]’- l(yj_tl (x)) € HG(x) \ {0}, for 11 ,-almost every x € C.
Mt ’ ’

(103)

Summing up, this shows that we can find a Borel subset Hy of full v-measure in
N x Iy x G such that for every (j, ¢, x) € Hq we have
(a) x € im(yjz)'
d
(b) ¥}, (v} () € HOW) \ {0} exists and “GU0 ) = p7 (7] (x)) and
(J, t,x) — d[[drli—]_’:)](x) is Borel on Hy.
Js

Therefore, we define on N x I x G and on I x G respectively the maps

d
3,1, x) = G t)]]( R T > 56 1),
0 otherwise e

Both 0 and 9 are immediately seen to be Borel. However, since u j, , and 1, , are
mutually singular whenever j; # j», we infer that
o(t,x) =0(j,t,x) for W j.-almost every x € G,
for .21 -almost every t and every j € N. (104)

This immediately implies by item (i) of step 1 that we also have that d(z, x) €
HG(x) \ {0} for u;-almost every x € R" and .#!-almost every ¢.

Step 3. In this last step we introduce the map v and conclude the proof. Define

T @Ex) .
o(1,3) = { P ifo(t, x) #0;

otherwise.

and note that v is immediately seen Borel. Since d(f, x) = y}’t(y;tl (x)) on
(j,t,x) € Hy, we infer that for those (#, x) for which there exists j € N such
that (j, #, x) € Hs we have

) | T @)
T @@ x) [T, X))

_ Dyjalyj o)
Mm@, x))|

where in the first identity above we used the definition of v; in the second identity we
have employed item (b) of the properties of Hy in step 2, (104) and the definition of 0;

o(t,x) =

€ (ADyi(s) e Vi\ {0} : L € R, s € ¥, 1(x)}(105)
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in the lastidentity we used Lemma 2.6 and Lemma 2.7 that imply that Dy = &),
finally in the inclusion we have used item (ii) of step 1. The set E := jeN{(t, Xx) €
I x G: (j,t,x) € Hy}is Borel and he have therefore proved above that

o(t,x) € ADy(s) € VI \ {0} : L e R, s € y, L(x)}
for every (t, x) € E.

However, since Hj has full v-measure it is elementary to check that E has full
f 8s ® us ds-measure and this shows in particular that

o(t,x) € (ADy,(s) € Vi\{0}: L € R, s € y, 1 (x)}

for p,-almost every x € G for almost every ¢ € 1,

concluding the proof. O

B. Differentiation Properties for Non-doubling Radon Measures

In this section we prove that for every Radon measure v and v-almost every-
where there exists a sequence of scales on which v behaves like a doubling measure
and along such sequence of scales a Lebesgue differentiation type theorem holds.
The following Lemma is a Carnot analogue of [47, Lemma 2.4].

Lemma B.1. Let v be a non-negative Radon measure on G andlett € (0, 1). Then,
for every j € N the set

B ,tk+l
E, = {xe[R":limsuka)) '_1},
’ k—soo V(B(x,1%))

is Borel. In addition v(R" \ E}) = 0, where E|, = UjenE], .
Proof. Since the map x — v(B(x, X)) is upper semicontinuous, we infer that

k+1
t(x) := lim sup M

= is Borel.
koo V(B(x,1%))

This shows that the set El’)’j = {x € R" : v(x) > j~'} is Borel as well. Denote
P = R'"\U jeINE,t,, j and assume by contradiction that v(#) > 0. Since as

seen above, the functions x > v(B(x, t*t1)) /v(B(x, t*)) are Borel, by Severini-
Egorov’s Theorem there exists a compact set K C % with v(K) > 0 where for
every & > 0 there exists kp € N such that

V(B(x, 1)) < ev(B(x,*))  forevery x € K and every k > k.
For every such x € K it therefore holds that

v(B(x, %)) < v(B(x, t*0))ek=%0  whenever k > ko.
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Since K is compact, v is Radon and ¢ < 1, there exists a constant C > 0 such that
sup, g V(B(x, t%0)) < C. Therefore, thanks to Remark 2.2 there exists a constant
¥ € (0, 1) possibly depending on K such that

V(U (x, 91%%)) < CeF=%0 whenever k > ko,

where U (x, r) denotes the closed euclidean ball with centre x and radius r. If we
let 8§ € (0, 1) and ¢ := 81", there exists kg = ko(8, ¥, ) such that

v(U (x, 91%%)) < csk—kopsntk=ko) — cgh=kog=snkog=n 945Ky whenever k > k.

Let ki > ko + 2 and U := {U(x, 919y - x € Kandk > k1} and note that,
thanks to Besicovitch’s covering theorem, (see [22, Corollary 2.8.15]), there exists a
countable disjoint subfamilyZ:l = {U (xj, ri)} of U suchthat v(K \U;en B(xi, 7)) =
0. This implies that

v(K) =Y v(B(x;, 01°f)) < Crmomoy T N " gkithopokiyn

ieN ieN
<C8k1 —k() ﬁ—nt—snko Z(ﬁtski )n
ieN
=CL"(B(0, 1))~ g1 —Hog—mmenko N 2n (U (x;, 91°8))
ieN

<C.Z™"(B(0, 1))~ 1shi—koyg—ng=snko 21 (K | 1)).

where U (K, 1) denotes the closed Euclidean neighbourhood of radius 1 of the
compact set K. Since § € (0, 1) the arbitrariness of k; implies that v(K) = 0 and
in turn v(%) = 0. This is a contradiction. |

Proposition B.2. Let v be a Radon measure on G and let f € L'(v). Then, for
v-almost every x € G there exists an infinitesimal sequence ry; such that

fiming JBES) o i 1£O) = F)]dv(y) =0,
k—oo  V(B(x, 7)) k=00 J B(x,rf)

(106)

In addition, if we let v = v* +v* be the Radon-Nikodym decomposition of v where
Vv L L and v¢ L L, we have that

v (B(x,r}))

im ———%—- =0 or v*-almost every x € G.
k00 v (B(x, 1) f e

Proof. Letusfixt := 1/5, and note that thanks to Lemma B.1 it is clearly sufficient
to prove the proposition for x € E f) It Let j € Nand

Ui = {B(x,1*):x e E} ; and v(B(x, *y) > (B, tF ),

The covering %; is fine at every x € E, j and, applying [22, Theorem 2.8.17] with

the choice § := diam(-) to %; we see that %; is a v-Vitali covering of E i j»see [22,
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§2.8.16]. Therefore, by [22, Corollary 2.9.9] we infer that for every ¢ € Llloc(v)
we have

lim 7[ lp(y) — @x)dv(y) =0,
koo JB(x.ik)
B(x,t“)e%;

for v-almost every x € Ef) .. Finally, since v and v*® are mutually singular, there
exists a Borel set E such that v*(G \ E) = 0 and v*(E) = 0. This implies in
particular that for v-almost every x € E N E") j we have

v(B(x,t") \ENE' ) v(B(x,t")NENE' )
0= lim - —=1—  lim J
k—00 v(B(x, tk)) k— 00 v(B(x, tk))
B(x,t")e; B(x,t)e;
V(B(x, YN E! )
=1-— lim J
k— 00 v(B(x, lk))

B(x,t*)e;
The above computation shows in particular that
v4(B(x, %))

im —=
k—oo  V(B(x, t%))
B(x,t¥)e;

t
v,j?

0  for v-almosteveryx € ENE

that in turn immediately implies that

VI(B(x, t*)

1 _—
k—oo  VS(B(x, tk))
B(x,t*)e;

0, for v®-almost every x € Ef,]
This concludes the proof. O
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