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Motivation 
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Design to failure to not fail to design
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<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P

<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd

<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P

<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd

<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py
<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py

<latexit sha1_base64="C4DqdnQm4OhsyBt1oQXi851dzik="></latexit>

v̈b =
Pu

m

<latexit sha1_base64="x0uBkxuqbTSYwYl7811PQcskxrA="></latexit>

v̈d =
Pu − Py

m
<latexit sha1_base64="0T6ic7qX8gOnr01Fl4qrM9s2xAo="></latexit>

v̈d
v̈b

= 1− Py

Pu
→ 0
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<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd
<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd

<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P
<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P

<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py
<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py

<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=

<latexit sha1_base64="x0uBkxuqbTSYwYl7811PQcskxrA="></latexit>

v̈d =
Pu − Py

m

<latexit sha1_base64="urq+Oxn0D9ZTK5aRbZcVQaABfrY="></latexit>

v̈? =
Pu − Py

m

<latexit sha1_base64="gMsAP5XC6oUs8QZ49w8wNN+2udc="></latexit>

Pf
<latexit sha1_base64="fqCgIOhYCjfh2BJfYDAV5CEaKkU="></latexit>

Pf
<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=

http://marco-brocardo.com


marco-broccardo.com

Are the two design acceptable? 


Do they guarantee the same safety level? 
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Review Classical Structural Reliability

http://marco-brocardo.com


marco-broccardo.com

Classical concepts 

x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

<latexit sha1_base64="uzmLjDdpqVY11xc0urbz2dQc++s="></latexit>

x ∈ Rnx , y ∈ R

<latexit sha1_base64="bcGVoTHWxKTezWRD8pOIxl+uLdA="></latexit>

g(x) = 0

<latexit sha1_base64="sgVXXLSKl0kxJvoQ/JUkq9HQ+vY="></latexit>

F := {g(x)  0}

<latexit sha1_base64="nAkDNQrjVb+U05NgdeDfbxa4sI0="></latexit>

Y = g(X)

x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)
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Classical concepts 

x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

<latexit sha1_base64="bcGVoTHWxKTezWRD8pOIxl+uLdA="></latexit>

g(x) = 0

<latexit sha1_base64="2XfB4jTru62V6p8dkGijaU8C3Tc=">AAACoHicbVHLbhMxFHWmPEp4NIUlLKwmSCmLaAYhYIMUgYTKihSRNiIzjTweT2rVj5HtSRNZ/gW+im9AYttlt+0H4MkMiLZcydK5595rn3ucFoxqE4a/WsHGrdt37m7ea99/8PDRVmf78YGWpcJkjCWTapIiTRgVZGyoYWRSKIJ4yshhevKhqh8uiNJUiq9mVZCEo7mgOcXIeGrWOYKjmY05MscYMfvROQjfwZgK07Bpar+4I+ H+JJ8c7M/78YJgA5e7u9DmvnGdTZz7y2cNaM863XAQrgPeBFEDusNhXj47+/5zNNtuvYgziUtOhMEMaT2NwsIkFilDMSOuHZeaFAifoDmZeigQJzqxayMcfO6ZDOZS+SMMXLP/TljEtV7x1HdW++jrtYr8X21amvxtYqkoSkMErh/KSwaNhJWrMKPKL8xWHiCsqNcK8TFSCBvv/ZWbsgUtdKN6Wctux4KcYsk5ElltpptGiY0NWRrbi3kqlzZOJcsqXbbXjXrO9aqf8u5G1728CQ5eDqLXg1f73ub3oI5N8BTsgD6IwBswBHtgBMYAgx/gHFyAy2An2As+B/t1a9BqZp6AKxF8+w2UfdR9</latexit>

PF =

∫

Rn

I(g(x))fX(x)dx
<latexit sha1_base64="/d1KhglBeWBDaOOstpeE2SKNVNc="></latexit>

FY (y) =

∫

Rn

I(g(x)− y)fX(x)dx

x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="aVXl3wOWm2STwx7uFlzO81fk5F4="></latexit>

fY (y)

<latexit sha1_base64="Qf8vGA9ewCec0n1ZpsToUgTvGb8="></latexit>

FY (y)
<latexit sha1_base64="7u7ILS5IHQfXxj063ZHCqoi2VTs="></latexit>

1
<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)
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Classical concepts 

x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

<latexit sha1_base64="bcGVoTHWxKTezWRD8pOIxl+uLdA="></latexit>

g(x) = 0

<latexit sha1_base64="2XfB4jTru62V6p8dkGijaU8C3Tc=">AAACoHicbVHLbhMxFHWmPEp4NIUlLKwmSCmLaAYhYIMUgYTKihSRNiIzjTweT2rVj5HtSRNZ/gW+im9AYttlt+0H4MkMiLZcydK5595rn3ucFoxqE4a/WsHGrdt37m7ea99/8PDRVmf78YGWpcJkjCWTapIiTRgVZGyoYWRSKIJ4yshhevKhqh8uiNJUiq9mVZCEo7mgOcXIeGrWOYKjmY05MscYMfvROQjfwZgK07Bpar+4I+ H+JJ8c7M/78YJgA5e7u9DmvnGdTZz7y2cNaM863XAQrgPeBFEDusNhXj47+/5zNNtuvYgziUtOhMEMaT2NwsIkFilDMSOuHZeaFAifoDmZeigQJzqxayMcfO6ZDOZS+SMMXLP/TljEtV7x1HdW++jrtYr8X21amvxtYqkoSkMErh/KSwaNhJWrMKPKL8xWHiCsqNcK8TFSCBvv/ZWbsgUtdKN6Wctux4KcYsk5ElltpptGiY0NWRrbi3kqlzZOJcsqXbbXjXrO9aqf8u5G1728CQ5eDqLXg1f73ub3oI5N8BTsgD6IwBswBHtgBMYAgx/gHFyAy2An2As+B/t1a9BqZp6AKxF8+w2UfdR9</latexit>

PF =

∫

Rn

I(g(x))fX(x)dx
<latexit sha1_base64="/d1KhglBeWBDaOOstpeE2SKNVNc="></latexit>

FY (y) =

∫

Rn

I(g(x)− y)fX(x)dx

x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="7u7ILS5IHQfXxj063ZHCqoi2VTs="></latexit>

1

<latexit sha1_base64="uOvkFblVxuZ8rJt+WNRyovhXdtE="></latexit>

FȲ (ȳ)

<latexit sha1_base64="yhI+uk7J1kPs38EV79PbX5YKQGE="></latexit>

−µY

σy

<latexit sha1_base64="XivPL0i86g8CRpUGLXdihHer+Mc="></latexit>

fȲ (ȳ)

<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)
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Classical concepts 

x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>F

<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit> F

<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="+eZyyXA+XahWQ5QsBJ69IcRn8P8="></latexit>

z = T−1(x)

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="bcGVoTHWxKTezWRD8pOIxl+uLdA="></latexit>

g(x) = 0
<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)

<latexit sha1_base64="4Q2wT+tvfQ5tAwUhbW3XnPxBf34="></latexit>

G(z) = g(T (z)) = 0

<latexit sha1_base64="TqZ1hEMrdlOwDDYHvOZIRWNztYo="></latexit>

FY (y) =

∫

Rn

I(G(z)− y)ϕ(z)dz

<latexit sha1_base64="/dRWCR9PvF92faXXGyocHsetvJU=">AAACqnicbVHLbhMxFHWGVwmvFJawsEiQUoSiGYRaNkgRSDx2oSJt0ThEHo+nserHyPaEBMu/wKexRGLLN7AF4ZkMiLZcydLxuffa556blZwZG8ffOtGFi5cuX9m62r12/cbNW73t2wdGVZrQKVFc6aMMG8qZpFPLLKdHpaZYZJweZicv6vzhkmrDlHxn1yWdCXwsWcEItoGa9xZwMndIYLsgmLuX3kP4DCImbctmmdv3H6T/c3 nj4fDVEC0psfDTzg6ydGUbFU7T3Du0xLpcMP+3Im9Bd97rx6O4CXgeJC3oj8dFde/756+T+XbnIcoVqQSVlnBsTJrEpZ05rC0jnPouqgwtMTnBxzQNUGJBzcw1Yjx8EJgcFkqHIy1s2H87HBbGrEUWKuvJzNlcTf4vl1a2eDpzTJaVpZJsPioqDq2Ctb8wZzoMzNcBYKJZ0ArJAmtMbNjCqZfyJStNq3q1kd1Fkn4kSggsc9c459Nk5hqX3QCJTK0cyhTPa11u0E8G3g/qnQV3k7NengcHj0fJ7ujJ22Dzc7CJLXAX3AdDkIA9MAavwQRMAQFfwA/wE/yKHkX70fso3ZRGnbbnDjgVUf4bqX7ZvQ==</latexit>

PF =

∫

Rn

I(G(z))ϕ(z)dz

http://marco-brocardo.com
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Classical concepts 

<latexit sha1_base64="TqZ1hEMrdlOwDDYHvOZIRWNztYo="></latexit>

FY (y) =

∫

Rn

I(G(z)− y)ϕ(z)dz

<latexit sha1_base64="/dRWCR9PvF92faXXGyocHsetvJU=">AAACqnicbVHLbhMxFHWGVwmvFJawsEiQUoSiGYRaNkgRSDx2oSJt0ThEHo+nserHyPaEBMu/wKexRGLLN7AF4ZkMiLZcydLxuffa556blZwZG8ffOtGFi5cuX9m62r12/cbNW73t2wdGVZrQKVFc6aMMG8qZpFPLLKdHpaZYZJweZicv6vzhkmrDlHxn1yWdCXwsWcEItoGa9xZwMndIYLsgmLuX3kP4DCImbctmmdv3H6T/c3 nj4fDVEC0psfDTzg6ydGUbFU7T3Du0xLpcMP+3Im9Bd97rx6O4CXgeJC3oj8dFde/756+T+XbnIcoVqQSVlnBsTJrEpZ05rC0jnPouqgwtMTnBxzQNUGJBzcw1Yjx8EJgcFkqHIy1s2H87HBbGrEUWKuvJzNlcTf4vl1a2eDpzTJaVpZJsPioqDq2Ctb8wZzoMzNcBYKJZ0ArJAmtMbNjCqZfyJStNq3q1kd1Fkn4kSggsc9c459Nk5hqX3QCJTK0cyhTPa11u0E8G3g/qnQV3k7NengcHj0fJ7ujJ22Dzc7CJLXAX3AdDkIA9MAavwQRMAQFfwA/wE/yKHkX70fso3ZRGnbbnDjgVUf4bqX7ZvQ==</latexit>

PF =

∫

Rn

I(G(z))ϕ(z)dz

<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2 F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="hzuLgRQf5CufVCTB2F/BByOIg2s="></latexit>

G(z) = 0

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤
<latexit sha1_base64="Pv+9c5qNI9onfm8oN4s0CwTL4Ss="></latexit>

βHL = ‖z∗‖
<latexit sha1_base64="q+FO0Pq5oSNgsUae0WML9GvPSN8="></latexit>

β = −Φ−1(PF )

<latexit sha1_base64="L6CgBWNDfGAU5lWEtXF3xgeGxJA="></latexit>

z∗ = argmin
z

[
‖z‖

∣∣G(z) = 0
]

http://marco-brocardo.com
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Beyond Design point, Tail-Dependent Design (/Failure) Point
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Tail-Dependent Design (/Failure) Point

▪ Separate the design point from the probability of  failure 

▪ Which point in the failure domain shall we choose? 

- Think beyond the limit state and look into the failure domain

- The failure point (among all the failure points) that minimize
mean square error  

http://marco-brocardo.com
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Tail-Dependent Design (/Failure) Point

F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="aVXl3wOWm2STwx7uFlzO81fk5F4="></latexit>

fY (y)

<latexit sha1_base64="Qf8vGA9ewCec0n1ZpsToUgTvGb8="></latexit>

FY (y)
<latexit sha1_base64="7u7ILS5IHQfXxj063ZHCqoi2VTs="></latexit>

1

x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

<latexit sha1_base64="P3ptDGsJO4PdYfAZoKKWJSs8ev0="></latexit>

g(x) = y

<latexit sha1_base64="Py3oCnfFtnEvqWRq0ndjNfY0WCI="></latexit>

min
y

E
[
(Y − y)2|Y ≤ 0

]
= E[Y |Y ≤ 0] = y ≤ 0

http://marco-brocardo.com
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Tail-Dependent Design (/Failure) Point

x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit> F

<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

<latexit sha1_base64="P3ptDGsJO4PdYfAZoKKWJSs8ev0="></latexit>

g(x) = y

<latexit sha1_base64="Py3oCnfFtnEvqWRq0ndjNfY0WCI="></latexit>

min
y

E
[
(Y − y)2|Y ≤ 0

]
= E[Y |Y ≤ 0] = y ≤ 0

<latexit sha1_base64="X1mhsHiQ3+oHcCHFWbDo3B/YhnE="></latexit>

G(z) = g(T (z)) = y

<latexit sha1_base64="+eZyyXA+XahWQ5QsBJ69IcRn8P8="></latexit>

z = T−1(x)

http://marco-brocardo.com
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x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit> F

<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

<latexit sha1_base64="+eZyyXA+XahWQ5QsBJ69IcRn8P8="></latexit>

z = T−1(x)

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

<latexit sha1_base64="P3ptDGsJO4PdYfAZoKKWJSs8ev0="></latexit>

g(x) = y <latexit sha1_base64="X1mhsHiQ3+oHcCHFWbDo3B/YhnE="></latexit>

G(z) = g(T (z)) = y

<latexit sha1_base64="6D+jn8hQ2ZlwRFrWqhgGznB8rdI="></latexit>

x∗∗ = E
[
X

∣∣g(x) = y
] <latexit sha1_base64="vkMsv/oVdZlGi+3Au2piWici+Cg="></latexit>

z∗∗ = E
[
Z
∣∣G(z) = y

]

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

<latexit sha1_base64="r/4UjH1D3mWu5MmxnSUUCtiFQDQ="></latexit>

z⇤⇤
<latexit sha1_base64="rVnaqBs4hp6OFpmt8c1POOiTllc="></latexit>

x⇤⇤
<latexit sha1_base64="0pAHFa7Poz6qyYqR8uvTpZOeqIU="></latexit>

x∗

Tail-Dependent Design (/Failure) Point
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<latexit sha1_base64="yYPk1icw1Y356Kfl1WpTYsTLwaI="></latexit>

z⇤⇤ = E[Z | G(z) = y] =

Z

⌃y

z
'(z)

krG(z)k d⌃y(z)

Z

⌃y

'(z)

krG(z)k d⌃y(z)

<latexit sha1_base64="wcGGZR1i3bkR4S/ruOGb+6mZDX4="></latexit>

z∗∗ = E[Z | G(z) = y] =

∫

Rn

z δ(G(z)− y)ϕ(z) dz
∫

Rn

δ(G(z)− y)ϕ(z) dz

Tail-Dependent Design (/Failure) Point
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<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="r/4UjH1D3mWu5MmxnSUUCtiFQDQ="></latexit>

z⇤⇤

<latexit sha1_base64="rEf9OsTQL6GXpnUnV7Bs/Wt2GQQ="></latexit>

G(z) = y

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

<latexit sha1_base64="PT57r6f8fQJo8dia6inqHxv7DT8="></latexit>

z∗∗ = E[Z | G(z) = y] ≈ argmin
z

[
‖z‖

∣∣G(z) = y
]

Tail-Dependent Design (/Failure) Point

<latexit sha1_base64="odyK2cs7QOy5qzJsAo3xuyj1GlE="></latexit>

x∗∗ = T (z∗∗)
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<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd
<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd

<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P
<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P

<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py
<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py

<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=

<latexit sha1_base64="x0uBkxuqbTSYwYl7811PQcskxrA="></latexit>

v̈d =
Pu − Py

m

<latexit sha1_base64="urq+Oxn0D9ZTK5aRbZcVQaABfrY="></latexit>

v̈? =
Pu − Py

m

<latexit sha1_base64="gMsAP5XC6oUs8QZ49w8wNN+2udc="></latexit>

Pf
<latexit sha1_base64="fqCgIOhYCjfh2BJfYDAV5CEaKkU="></latexit>

Pf
<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=
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<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd
<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd

<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P
<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P

<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py
<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py

<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=

<latexit sha1_base64="x0uBkxuqbTSYwYl7811PQcskxrA="></latexit>

v̈d =
Pu − Py

m

<latexit sha1_base64="urq+Oxn0D9ZTK5aRbZcVQaABfrY="></latexit>

v̈? =
Pu − Py

m

<latexit sha1_base64="gMsAP5XC6oUs8QZ49w8wNN+2udc="></latexit>

Pf
<latexit sha1_base64="fqCgIOhYCjfh2BJfYDAV5CEaKkU="></latexit>

Pf
<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=
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<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="r/4UjH1D3mWu5MmxnSUUCtiFQDQ="></latexit>

z⇤⇤

<latexit sha1_base64="rEf9OsTQL6GXpnUnV7Bs/Wt2GQQ="></latexit>

G(z) = y

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

<latexit sha1_base64="PT57r6f8fQJo8dia6inqHxv7DT8="></latexit>

z∗∗ = E[Z | G(z) = y] ≈ argmin
z

[
‖z‖

∣∣G(z) = y
]

Tail-Dependent Design (/Failure) Point

<latexit sha1_base64="odyK2cs7QOy5qzJsAo3xuyj1GlE="></latexit>

x∗∗ = T (z∗∗)
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Linear Gaussian case

<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="rEf9OsTQL6GXpnUnV7Bs/Wt2GQQ="></latexit>

G(z) = y

<latexit sha1_base64="LCENOtja5Kn8mkEO5062vxH4G5Y="></latexit>

z∗∗ = E[Z | G(z) = y] = argmin
z

[
‖z‖

∣∣G(z) = y
]

<latexit sha1_base64="r/4UjH1D3mWu5MmxnSUUCtiFQDQ="></latexit>

z⇤⇤
<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

<latexit sha1_base64="BYihOVkvl/qg1WsF932g1G9Illo="></latexit>

G(Z) = b0 + bTZ

<latexit sha1_base64="Y0e4WwvSAziL1+qSkOVIlzaCIdM="></latexit>

‖z∗‖ =
b0
‖b‖ = β

<latexit sha1_base64="KrgNelcNzF5KsZeuYm2loptRjBE="></latexit>

z∗ =
b0
‖b‖

b

‖b‖ = βα
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<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="rEf9OsTQL6GXpnUnV7Bs/Wt2GQQ="></latexit>

G(z) = y

<latexit sha1_base64="LCENOtja5Kn8mkEO5062vxH4G5Y="></latexit>

z∗∗ = E[Z | G(z) = y] = argmin
z

[
‖z‖

∣∣G(z) = y
]

<latexit sha1_base64="r/4UjH1D3mWu5MmxnSUUCtiFQDQ="></latexit>

z⇤⇤
<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

<latexit sha1_base64="BYihOVkvl/qg1WsF932g1G9Illo="></latexit>

G(Z) = b0 + bTZ

<latexit sha1_base64="hVghGXf4Dk/StMf0dPmaVL6ssEo="></latexit>

‖z∗∗‖ = E[Z | Z > β] =
ϕ(β)

Φ(−β)

<latexit sha1_base64="/AWCtQWs9I+rDyw1PToMi7I+N1I="></latexit>

z∗∗ =
ϕ(β)

Φ(−β)
α = λ(β)α

Linear Gaussian case
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Beyond Reliability index, Tail-Dependent Reliability Index 

http://marco-brocardo.com


marco-broccardo.com

Tail-dependent Reliability Assessment

▪ Separate the tail-dependent reliability index from prob. of  failure   

▪ Structures with “more dangerous” failure point m.h. lower rel.

▪ Use the same principle of  conditional expectation

- consider the conditional expectation as the failure event 

- compute the threshold associated with this cond. expectation

- define a tail dependent reliability index

http://marco-brocardo.com
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<latexit sha1_base64="Onpo57/upAFRDItIicU16w7fii8="></latexit>

ȳ

<latexit sha1_base64="v5YcMBA+izkWQtQWgsN3J6U768Q="></latexit>

E[Y |Y ≤ ȳ] = 0

<latexit sha1_base64="Osuvbn38p6wRO5aITeKzKSbhdwk="></latexit>

BF = FY (ȳ)

<latexit sha1_base64="MqQo1Vt+1/DtCJaOfF8biQFx7BU="></latexit>

⇔ min
y

E
[
(Y − y)2|Y ≤ ȳ

]
= 0

<latexit sha1_base64="+1VHjUrQxyKXzXeaqE5eZmw66sU="></latexit>

PF = FY (0)

Tail-dependent Reliability Assessment

Rockafellar & Royset, On buffered failure probability in design and optimization of structures, RESS, 2010 
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x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="aVXl3wOWm2STwx7uFlzO81fk5F4="></latexit>

fY (y)

<latexit sha1_base64="Qf8vGA9ewCec0n1ZpsToUgTvGb8="></latexit>

FY (y)
<latexit sha1_base64="7u7ILS5IHQfXxj063ZHCqoi2VTs="></latexit>

1

<latexit sha1_base64="bHnc4EuGL10LXt8u/UupyV1tv2Y="></latexit>

E[Y |Y ≤ ȳ] = 0, ȳ ≥ 0

<latexit sha1_base64="BerTuqJwntQumgmVzbBfJpj7vDg="></latexit>

g(x) = ȳ

F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

Tail-dependent Reliability Assessment
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F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit> F

<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="+eZyyXA+XahWQ5QsBJ69IcRn8P8="></latexit>

z = T−1(x)

<latexit sha1_base64="bHnc4EuGL10LXt8u/UupyV1tv2Y="></latexit>

E[Y |Y ≤ ȳ] = 0, ȳ ≥ 0

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

<latexit sha1_base64="BerTuqJwntQumgmVzbBfJpj7vDg="></latexit>

g(x) = ȳ
<latexit sha1_base64="X1mhsHiQ3+oHcCHFWbDo3B/YhnE="></latexit>

G(z) = g(T (z)) = y

Tail-dependent Reliability Assessment
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x1
<latexit sha1_base64="A8zjyiaBYf3luGmmWttyzMY/pjc="></latexit>

F
<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit> F

<latexit sha1_base64="A3osSRu7zO7UlKauTY+7z0ubkP8="></latexit>

<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="AatnyD2KHsU+A/L41XyMvvGrVgY="></latexit>

fX(x)

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2x2
<latexit sha1_base64="Ri4eIYJXyvJ/TITkTmHsRwdM5eo="></latexit>

<latexit sha1_base64="P3ptDGsJO4PdYfAZoKKWJSs8ev0="></latexit>

g(x) = y

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤
<latexit sha1_base64="0pAHFa7Poz6qyYqR8uvTpZOeqIU="></latexit>

x∗

<latexit sha1_base64="kKbeix2IcL4CR6iwHVFA1gbd74Q="></latexit>

x⇤

<latexit sha1_base64="gpQaDqyoGmC/jRMOinf7eNsg4dg="></latexit>

G(z) = g(T (z)) = ȳ

<latexit sha1_base64="pqP9wx4hKZt9gdPagM2Ja+jxCsU="></latexit>

z⇤

<latexit sha1_base64="6te3R9pBJjcteNCi8LovRCL0A9s="></latexit>

z∗ = argmin
z

[
‖z‖

∣∣G(z) = ȳ
]

<latexit sha1_base64="4nxiT4p4cQqk1cs+6Q7hgp5mK5U="></latexit>

x∗ = T (z∗)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

<latexit sha1_base64="+eZyyXA+XahWQ5QsBJ69IcRn8P8="></latexit>

z = T−1(x)

Tail-dependent Reliability Assessment
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<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

Tail-dependent reliability index

<latexit sha1_base64="pqP9wx4hKZt9gdPagM2Ja+jxCsU="></latexit>

z⇤

<latexit sha1_base64="oqzuDDHii51d0eAUMeA48wQQ68E="></latexit>

BF =

∫

Rn

I(G(z)− ȳ)ϕ(z)dz

<latexit sha1_base64="1ryJ8D/a3Kq8GGJqL7K6q6T8xQk="></latexit>

G(z) = ȳ

<latexit sha1_base64="5sLbVB9l7FM8E6esdJ1vOSes8Xk="></latexit>

β = −Φ−1(BF ) ≤ β

<latexit sha1_base64="TSiur6bphIVdXlAtpGyECLZF1RQ="></latexit>

β
HL

= ‖z∗‖ ≤ β
HL

<latexit sha1_base64="UH4a7zKKGm7azX6fd2bXw92uThI="></latexit>

β ≈ β
HL
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<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd
<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd

<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P
<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P

<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py
<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py

<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=
<latexit sha1_base64="gMsAP5XC6oUs8QZ49w8wNN+2udc="></latexit>

Pf
<latexit sha1_base64="fqCgIOhYCjfh2BJfYDAV5CEaKkU="></latexit>

Pf
<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=

<latexit sha1_base64="efMDnzyEm5eZZ4V5+WZ/CoPvF1E="></latexit>

�
1
> �

2
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<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

Tail-dependent reliability index

<latexit sha1_base64="pqP9wx4hKZt9gdPagM2Ja+jxCsU="></latexit>

z⇤

<latexit sha1_base64="oqzuDDHii51d0eAUMeA48wQQ68E="></latexit>

BF =

∫

Rn

I(G(z)− ȳ)ϕ(z)dz

<latexit sha1_base64="1ryJ8D/a3Kq8GGJqL7K6q6T8xQk="></latexit>

G(z) = ȳ

<latexit sha1_base64="5sLbVB9l7FM8E6esdJ1vOSes8Xk="></latexit>

β = −Φ−1(BF ) ≤ β

<latexit sha1_base64="TSiur6bphIVdXlAtpGyECLZF1RQ="></latexit>

β
HL

= ‖z∗‖ ≤ β
HL

<latexit sha1_base64="UH4a7zKKGm7azX6fd2bXw92uThI="></latexit>

β ≈ β
HL
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<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="rEf9OsTQL6GXpnUnV7Bs/Wt2GQQ="></latexit>

G(z) = y

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

<latexit sha1_base64="BYihOVkvl/qg1WsF932g1G9Illo="></latexit>

G(Z) = b0 + bTZ

<latexit sha1_base64="oqzuDDHii51d0eAUMeA48wQQ68E="></latexit>

BF =

∫

Rn

I(G(z)− ȳ)ϕ(z)dz

<latexit sha1_base64="Nptmid+PubrPWcPqq7Xv2/TlgiU="></latexit>

‖z∗‖ =
b0 − ȳ

‖b‖ = β − ȳ

‖b‖

<latexit sha1_base64="tRoz2q/FfpmOCzfSOUhPT9UBK3M="></latexit>

z∗ =
b0 − ȳ

‖b‖
b

‖b‖ =

(
β − ȳ

‖b‖

)
α

<latexit sha1_base64="pqP9wx4hKZt9gdPagM2Ja+jxCsU="></latexit>

z⇤

<latexit sha1_base64="pp/xD1yhqiJm5/QDY5YfN4aeW1s="></latexit>

= Φ(−β) = Φ(−β
HL

)

Linear Gaussian case
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<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

<latexit sha1_base64="BYihOVkvl/qg1WsF932g1G9Illo="></latexit>

G(Z) = b0 + bTZ

<latexit sha1_base64="oqzuDDHii51d0eAUMeA48wQQ68E="></latexit>

BF =

∫

Rn

I(G(z)− ȳ)ϕ(z)dz

<latexit sha1_base64="pqP9wx4hKZt9gdPagM2Ja+jxCsU="></latexit>

z⇤

<latexit sha1_base64="pp/xD1yhqiJm5/QDY5YfN4aeW1s="></latexit>

= Φ(−β) = Φ(−β
HL

)

<latexit sha1_base64="PtSFfAduKqktXHpsGHKe0T2Usnw="></latexit>

E[Z | Z > β] = β

<latexit sha1_base64="HfnzMR+6RmhTwXt77urkiwn3C6M="></latexit>

λ(β) =
ϕ(β)

Φ(−β)
= β

<latexit sha1_base64="s6UfLXK8BFFoJtGsPM2I1UrYhSU="></latexit>

β = λ−1(β)
<latexit sha1_base64="1ryJ8D/a3Kq8GGJqL7K6q6T8xQk="></latexit>

G(z) = ȳ

Linear Gaussian case
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Linear case, Gaussian case

<latexit sha1_base64="yNmlVqrWogEsaDv+ZIoV8r4s17Q="></latexit>

β = λ−1(β) < β < λ(β)
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Structural Reliability problem 

<latexit sha1_base64="PPnP4GM1hV+XFSDftUjKYxkfA7c="></latexit>

Y = g(X)

<latexit sha1_base64="obGpb4ZM8z7qqDdkcFXX15yESiA="></latexit>

Pf

<latexit sha1_base64="cS3gKR6wkTcIyJzC8y/jUeoDih0="></latexit>

Y = G(Z)

<latexit sha1_base64="odyK2cs7QOy5qzJsAo3xuyj1GlE="></latexit>

x∗∗ = T (z∗∗)

<latexit sha1_base64="UH4a7zKKGm7azX6fd2bXw92uThI="></latexit>

β ≈ β
HL

<latexit sha1_base64="Fyz7kAy4IRKKb3RdjOIUVHCVKb8="></latexit>

Z = T (X)

<latexit sha1_base64="BoVZC49ri7K9ps4Swy6KOQ0sqk4="></latexit>

β = −Φ−1(Pf )

- measure “how likely” a failure occurs

<latexit sha1_base64="3/ANxZabwAASgiQdQi+MNd25BBg="></latexit>

(≈ βHL)

- understand how failure occurs (minimize the MSE among all failure events)

Probability of  failure or classical reliability index

Tail-dependent design (/failure) point

Tail-dependent reliability index

- measure reliability taking account on how failure occurs 

<latexit sha1_base64="FaCNauZxhVk68He1FOZRiFxUEts="></latexit>

(Pf , z
⇤⇤,�)
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Example 1
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Example 1

<latexit sha1_base64="RUCs+hpvZqsAeSy9K99U53eUH6Y="></latexit>

P(g(r, s1)  0) = 2.4501e� 04

<latexit sha1_base64="Ef+fb3vID7uUXVqbi39Enyg93U8="></latexit>

P(g(r, s2)  0) = 2.4501e� 04

<latexit sha1_base64="7rn8TPIlichnUFbk7U2fs3nBW4I="></latexit>

� = 3.4862
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Example 1
<latexit sha1_base64="7rn8TPIlichnUFbk7U2fs3nBW4I="></latexit>

� = 3.4862
<latexit sha1_base64="7rn8TPIlichnUFbk7U2fs3nBW4I="></latexit>

� = 3.4862
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Example 1
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<latexit sha1_base64="tQ/dCQSjAgRDGLY+eQTC8PWhJVg="></latexit>

S1 ⇠ GEV(µ,�, ⇠)

<latexit sha1_base64="HB6Jo0Bv7FDmgb/zj31dvPlo9Qc="></latexit>

z⇤
<latexit sha1_base64="qtxB3dKug3I9E7/IQA6Y7m7TBfo="></latexit>

z⇤⇤
<latexit sha1_base64="valIVezoYJHTAISlzimlix/dWC0="></latexit>

z⇤ <latexit sha1_base64="1o4QGvDW7RlVZIkGoOCahk3pC7Y="></latexit>

x⇤

<latexit sha1_base64="/xDbz9aA/K2O2V23MEWJjiWv4Dc="></latexit>

x⇤⇤

<latexit sha1_base64="D5KhFgy5VHO4Auz1t0XbX2RnMKI="></latexit>

x⇤
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0.0
2

0.02

0.04
0.06
0.08
0.1

0.12
0.14

Example 1

<latexit sha1_base64="HB6Jo0Bv7FDmgb/zj31dvPlo9Qc="></latexit>

z⇤
<latexit sha1_base64="qtxB3dKug3I9E7/IQA6Y7m7TBfo="></latexit>

z⇤⇤
<latexit sha1_base64="valIVezoYJHTAISlzimlix/dWC0="></latexit>

z⇤ <latexit sha1_base64="1o4QGvDW7RlVZIkGoOCahk3pC7Y="></latexit>

x⇤

<latexit sha1_base64="/xDbz9aA/K2O2V23MEWJjiWv4Dc="></latexit>

x⇤⇤

<latexit sha1_base64="D5KhFgy5VHO4Auz1t0XbX2RnMKI="></latexit>

x⇤
<latexit sha1_base64="HB6Jo0Bv7FDmgb/zj31dvPlo9Qc="></latexit>

z⇤
<latexit sha1_base64="qtxB3dKug3I9E7/IQA6Y7m7TBfo="></latexit>

z⇤⇤
<latexit sha1_base64="valIVezoYJHTAISlzimlix/dWC0="></latexit>

z⇤

<latexit sha1_base64="i2hpYuiuy8PJXo7WxldjIAdxKdU="></latexit>

S2 ⇠ lnN (µ,�)
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Example 1
<latexit sha1_base64="tQ/dCQSjAgRDGLY+eQTC8PWhJVg="></latexit>

S1 ⇠ GEV(µ,�, ⇠)

<latexit sha1_base64="iUl7Y7oQsPmjq9az574knO92VmM=">AAAE3HicfVNNb9MwGPa2AiN8bXDkYtFVQtOoEthgOyCNjQMXYEPsQ2q6yXGcNsyxM9vpWlzfuCHEDQnxa7jCL9gv4G/gpB1b0gkrH4/f57Hf14/tIKWxVK57OjU9U7ty9drsdefGzVu378zN392VPBOY7GBOudgPkCQ0ZmRHxYqS/VQQlASU7AVHmzm/1yNCxpy9V4OUtBPUYXEUY6Rs6HBuxc9YSEQ+3A+IQvA5HA7PY9oPEv </latexit>

β = ||z∗|| = 3.1940

<latexit sha1_base64="7rn8TPIlichnUFbk7U2fs3nBW4I="></latexit>

� = 3.4862
<latexit sha1_base64="4gD9PiLLB1fYa05tiIVXNyOCTUI="></latexit>

||z⇤⇤|| = 3.7687
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Example 1

<latexit sha1_base64="7rn8TPIlichnUFbk7U2fs3nBW4I="></latexit>

� = 3.4862

<latexit sha1_base64="E8UZP23MM+tzezR+AFIsgBy5qeM=">AAAE3HicfVNNb9MwGPa2AiN8bXDkYtFVQtOoko3BOCCNjQMXYEPsQ2q6yXGcNsyxM9vpWlzfuCHEDQnxa7jCL9gv4G/gpB1b0gkrH4/f57Hf14/tIKWxVK57OjU9U7ty9drsdefGzVu378zN392VPBOY7GBOudgPkCQ0ZmRHxYqS/VQQlASU7AVHmzm/1yNCxpy9V4OUtBPUYXEUY6Rs6HBu1c9YSEQ+3A+IQvA5HA7PY9oPEv </latexit>

β = ||z∗|| = 3.2083

<latexit sha1_base64="3YBqdSX2JHWhdEkK835WqtVwM/M="></latexit>

||z⇤⇤|| = 3.7463

<latexit sha1_base64="i2hpYuiuy8PJXo7WxldjIAdxKdU="></latexit>

S2 ⇠ lnN (µ,�)
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Example 1

<latexit sha1_base64="7rn8TPIlichnUFbk7U2fs3nBW4I="></latexit>

� = 3.4862

<latexit sha1_base64="E8UZP23MM+tzezR+AFIsgBy5qeM=">AAAE3HicfVNNb9MwGPa2AiN8bXDkYtFVQtOoko3BOCCNjQMXYEPsQ2q6yXGcNsyxM9vpWlzfuCHEDQnxa7jCL9gv4G/gpB1b0gkrH4/f57Hf14/tIKWxVK57OjU9U7ty9drsdefGzVu378zN392VPBOY7GBOudgPkCQ0ZmRHxYqS/VQQlASU7AVHmzm/1yNCxpy9V4OUtBPUYXEUY6Rs6HBu1c9YSEQ+3A+IQvA5HA7PY9oPEv </latexit>

β = ||z∗|| = 3.2083

<latexit sha1_base64="3YBqdSX2JHWhdEkK835WqtVwM/M="></latexit>

||z⇤⇤|| = 3.7463

<latexit sha1_base64="i2hpYuiuy8PJXo7WxldjIAdxKdU="></latexit>

S2 ⇠ lnN (µ,�)
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<latexit sha1_base64="tLqpGQYTl5lkKBPdNNyXBPK7q70="></latexit>

g(x) =
p
x1 � x2 � 6

<latexit sha1_base64="bX16Nux0k7J+3zkbRWxBc1/1hTE="></latexit>

X1 ⇠ lnN (µlog,�log)
<latexit sha1_base64="/PP2mpy+YCoxYUKryvjYi4RrQP0="></latexit>

X2 ⇠ Gamma(k, ✓)

<latexit sha1_base64="awaINEu7Mju0x3ytUjazvDT9fkg="></latexit>

fX1,X2(x1, x2) = �R0(Z1, Z2) ·
fX1(x1)

�(Z1)
· fX2(x2)

�(Z2)

<latexit sha1_base64="C4RlkXjfuw1qprKTBFJA8a9r854="></latexit>

Z1 = Φ−1(FX1(x1))
<latexit sha1_base64="Fgea/hzzp0YZFsKvme6dBWphiCw="></latexit>

Z2 = Φ−1(FX2(x2))

Example 2, nonlinear function with Nataf  distr.

http://marco-brocardo.com
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<latexit sha1_base64="tLqpGQYTl5lkKBPdNNyXBPK7q70="></latexit>

g(x) =
p
x1 � x2 � 6

<latexit sha1_base64="c34bwd+MARRZjAJsWtK76ChWzL8="></latexit>

µ =


1200
12

�

<latexit sha1_base64="LrotZIi1F0IXIQCDM71+Lrcdm+Q="></latexit>

D =


300 0
0 4.8

�

<latexit sha1_base64="r8VY4XZrEJdTKrybGBUVvXZJwnE="></latexit>

R =


1 0.5
0.5 1

�

Example 2, nonlinear function with Nataf  distr.
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Example 2, nonlinear function with Nataf  distr.

0.0
2

0.02

0.0
40.06

0.08
0.1

0.1
20.1

4

<latexit sha1_base64="1o4QGvDW7RlVZIkGoOCahk3pC7Y="></latexit>

x⇤

<latexit sha1_base64="/xDbz9aA/K2O2V23MEWJjiWv4Dc="></latexit>

x⇤⇤

<latexit sha1_base64="D5KhFgy5VHO4Auz1t0XbX2RnMKI="></latexit>

x⇤
<latexit sha1_base64="HB6Jo0Bv7FDmgb/zj31dvPlo9Qc="></latexit>

z⇤
<latexit sha1_base64="qtxB3dKug3I9E7/IQA6Y7m7TBfo="></latexit>

z⇤⇤
<latexit sha1_base64="valIVezoYJHTAISlzimlix/dWC0="></latexit>

z⇤
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Example 2, nonlinear function with Nataf  distr.

<latexit sha1_base64="yVZmGN2SSx+HChpVOzhpU0qJWoY=">AAAE3XicfVNNb9MwGPZYgRG+NjhysegqoWlUycQ+OCCNjQMXYEPsQ2pK5ThOG+bYme10La6P3BAcERK/hiv8gf0C/gZO2rElnbDy8fh9Hvt9/dgOUhpL5bqnM1dma1evXZ+74dy8dfvO3fmFe/uSZwKTPcwpF4cBkoTGjOypWFFymAqCkoCSg+BoO+cP+kTImLN3apiSdoK6LI5ijJQNdebX/IyFROTD/YAoBJ/B0eg8pv0g0R </latexit>

β = ||z∗|| = 2.70561

<latexit sha1_base64="XNjpYg7mRK/w7Fm0h36rYUwi7bo="></latexit>

� = 3.0185
<latexit sha1_base64="SA6yMTJOIR5fCdWAZnTqBhcoQkY="></latexit>

||z⇤⇤|| = 3.3067
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Conclusion

▪ Basel III, connection with Expected Shortfall, Super-quantiles 

▪ Computational developments (to be studied)

<latexit sha1_base64="FaCNauZxhVk68He1FOZRiFxUEts="></latexit>

(Pf , z
⇤⇤,�)

▪ Sensitivity analysis (to be studied)

▪ Much more….

▪  

▪ Partial safety factors (to be studied)
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▪ end
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Buffered failure probability 

<latexit sha1_base64="n1orBgHTPFLSiLcBIeSJjXZlv1Q="></latexit>

E[Y |Y > y] =

∫ ∞

y
xfY (x)dx = [FY (x)x]

∞
y −

∫ ∞

y
FY (x)dx

<latexit sha1_base64="XNm2ZzdYDXzF7NVlMiWezISQkTM="></latexit>

E[Y |Y > y] =

∫ ∞

y
xfY (x)dx = −[GY (x)x]

∞
y +

∫ ∞

y
GY (x)dx

<latexit sha1_base64="sNcIEKGuf3IksrPamMeJVvpHArU="></latexit>

E[Y |Y > y] =

∫ ∞

y
xfY (x)dx = GY (y)y +

∫ ∞

y
GY (x)dx

<latexit sha1_base64="99iNnOEuro6orsWqbfR0kfxiISc="></latexit>

E[Y |Y < 0] =

∫ 0

−∞
xfY (x)dx = [FY (x)x]

0
∞ −

∫ 0

−∞
FY (x)dx

http://marco-brocardo.com
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Buffered failure probability 

<latexit sha1_base64="Zpo4RUGHcxmZd5NSBzA/sLZ6zK0="></latexit>

E[Y |Y < 0] =
1

FY (0)

∫ 0

−∞
xfY (x)dx =

1

FY (0)
[FY (x)x]

0
−∞− 1

FY (0)

∫ 0

−∞
FY (x)dx

<latexit sha1_base64="FVwYIodPWlToTndK6BQ1+0aYyXA="></latexit>

E[Y |Y < y] =
1

FY (y)

∫ y

−∞
xfY (x)dx =

1

FY (y)
[FY (x)x]

y
−∞− 1

FY (y)

∫ 0

−∞
FY (x)dx

<latexit sha1_base64="+H+slh+TU4rr7BljcAOmtN4YmnU="></latexit>

E[Y |Y < y] =
1

FY (y)

∫ y

−∞
xfY (x)dx = y − 1

FY (y)

∫ y

−∞
FY (x)dx

<latexit sha1_base64="hCvMxXeNuGRa5+x4ijENRdsfUL8=">AAACx3icdVHdbtMwGHXC3yh/LdyxG4sWqUNalSC0cT </latexit>

E[Y |Y ≤ y] = y − E[ReL(y − Y )]

F (y)
=

E[I(y − Y )Y ]

E[I(y − Y )]
<latexit sha1_base64="bxkuna/FItSm+2xPXUq0D5M5+xc=">AAACwnicdVHLbhMxFPUMrxIKTUGwYWORIKVIjWYQAj </latexit>

E[Y |Y ≤ 0] = −E[ReL(−Y )]

F (0)
=

E[I(−Y )Y ]

E[I(−Y )]
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Buffered failure probability 

<latexit sha1_base64="sNcIEKGuf3IksrPamMeJVvpHArU="></latexit>

E[Y |Y > y] =

∫ ∞

y
xfY (x)dx = GY (y)y +

∫ ∞

y
GY (x)dx

<latexit sha1_base64="99iNnOEuro6orsWqbfR0kfxiISc="></latexit>

E[Y |Y < 0] =

∫ 0

−∞
xfY (x)dx = [FY (x)x]

0
∞ −

∫ 0

−∞
FY (x)dx

<latexit sha1_base64="hCvMxXeNuGRa5+x4ijENRdsfUL8="></latexit>

E[Y |Y ≤ y] = y − E[ReL(y − Y )]

F (y)
=

E[I(y − Y )Y ]

E[I(y − Y )]

<latexit sha1_base64="zJca+Ml6swUZgNQnaOCzKtHrEsE="></latexit>

E[Y |Y > y] = y +
E[ReL(Y − y)]

G(y)
=

E[I(Y − y)Y ]

E[I(Y − y)]

http://marco-brocardo.com
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<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd
<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd

<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P
<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P

<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py
<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py

<latexit sha1_base64="x0uBkxuqbTSYwYl7811PQcskxrA="></latexit>

v̈d =
Pu − Py

m

<latexit sha1_base64="urq+Oxn0D9ZTK5aRbZcVQaABfrY="></latexit>

v̈? =
Pu − Py

m
<latexit sha1_base64="hKiWsY76vJhEbrVgMDCqI8pXatc="></latexit>

v̈d
v̈b

= 1− Py

Pu
→ 1
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<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd
<latexit sha1_base64="5XUQx1Y5KEtV8+H8wxcpfQ0am7E="></latexit>εd, vd

<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P
<latexit sha1_base64="nOcKQ4QdEDtC1897EoK0GRNUtM0="></latexit>

σ, P

<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py
<latexit sha1_base64="bd/a2mbTzLZpHNyieTTF287YK1w="></latexit>

σy, Py

<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=

<latexit sha1_base64="x0uBkxuqbTSYwYl7811PQcskxrA="></latexit>

v̈d =
Pu − Py

m

<latexit sha1_base64="urq+Oxn0D9ZTK5aRbZcVQaABfrY="></latexit>

v̈? =
Pu − Py

m

<latexit sha1_base64="gMsAP5XC6oUs8QZ49w8wNN+2udc="></latexit>

Pf
<latexit sha1_base64="fqCgIOhYCjfh2BJfYDAV5CEaKkU="></latexit>

Pf
<latexit sha1_base64="DFk3uAhlfjZelgbZEdG9pRXiCms="></latexit>=
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Classical concepts 

<latexit sha1_base64="TqZ1hEMrdlOwDDYHvOZIRWNztYo="></latexit>

FY (y) =

∫

Rn

I(G(z)− y)ϕ(z)dz

<latexit sha1_base64="/dRWCR9PvF92faXXGyocHsetvJU=">AAACqnicbVHLbhMxFHWGVwmvFJawsEiQUoSiGYRaNkgRSDx2oSJt0ThEHo+nserHyPaEBMu/wKexRGLLN7AF4ZkMiLZcydLxuffa556blZwZG8ffOtGFi5cuX9m62r12/cbNW73t2wdGVZrQKVFc6aMMG8qZpFPLLKdHpaZYZJweZicv6vzhkmrDlHxn1yWdCXwsWcEItoGa9xZwMndIYLsgmLuX3kP4DCImbctmmdv3H6T/c3 nj4fDVEC0psfDTzg6ydGUbFU7T3Du0xLpcMP+3Im9Bd97rx6O4CXgeJC3oj8dFde/756+T+XbnIcoVqQSVlnBsTJrEpZ05rC0jnPouqgwtMTnBxzQNUGJBzcw1Yjx8EJgcFkqHIy1s2H87HBbGrEUWKuvJzNlcTf4vl1a2eDpzTJaVpZJsPioqDq2Ctb8wZzoMzNcBYKJZ0ArJAmtMbNjCqZfyJStNq3q1kd1Fkn4kSggsc9c459Nk5hqX3QCJTK0cyhTPa11u0E8G3g/qnQV3k7NengcHj0fJ7ujJ22Dzc7CJLXAX3AdDkIA9MAavwQRMAQFfwA/wE/yKHkX70fso3ZRGnbbnDjgVUf4bqX7ZvQ==</latexit>

PF =

∫

Rn

I(G(z))ϕ(z)dz

<latexit sha1_base64="fe6OWbW9EQVDOOdzoBOmZCxVeLw="></latexit>

ϕ(z)

<latexit sha1_base64="ri2naaR1D7svH6Z99KmNv67OCik="></latexit>z1

<latexit sha1_base64="YHcX7Ns2caa3Z+BPalv3KT3YFP4="></latexit>z2 F
<latexit sha1_base64="HdBb7CicVf01UCN+L2Mo48ruBqI="></latexit>

<latexit sha1_base64="hzuLgRQf5CufVCTB2F/BByOIg2s="></latexit>

G(z) = 0

<latexit sha1_base64="aMjz5xK9CVQ7X28IFblUTQWEjMI="></latexit>

z⇤

<latexit sha1_base64="LFVFxMRFDuT1XlC5a1QqcstrmvY="></latexit>y

<latexit sha1_base64="aVXl3wOWm2STwx7uFlzO81fk5F4="></latexit>

fY (y)
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