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Abstract

We introduce novel finite element schemes for curve diffusion and elastic flow in
arbitrary codimension. The schemes are based on a variational form of a system
that includes a specifically chosen tangential motion. We derive optimal L2— and
H'—error bounds for continuous-in-time semidiscrete finite element approximations
that use piecewise linear elements. In addition, we consider fully discrete schemes
and, in the case of curve diffusion, prove unconditional stability for it. Finally, we
present several numerical simulations, including some convergence experiments
that confirm the derived error bounds. The presented simulations suggest that the
tangential motion leads to equidistribution in practice.

Mathematics Subject Classification 65M60 - 65M12 - 65M15 - 35K55

1 Introduction

Curves endowed with a geometric energy, and gradient flows related to these ener-
gies, are of interest in differential geometry, materials science, continuum mechanics,
biological applications, microelectronics and computer vision, [20, 29, 32, 34, 39].
Two of the most frequently studied energies are the length functional
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L) = / 1ds (1.1)
r
and the elastic energy
E() = %/ ||* ds + AL(T). (1.2)
r

Observe that (1.2) combines a bending energy involving the modulus of the cur-
vature vector s of the curve I' with a length contribution that penalizes growth if
A > 0. In this paper we consider the case of closed curves evolving in R¢ with d > 2
arbitrary. The most natural gradient flows for (1.1) and (1.2) are their respective L?
—gradient flows, giving rise to curve shortening flow, [26, 30], and elastic flow (also
called curve straightening flow), [22, 35, 40]. In the case of (1.1) the H '—gradient
flow is also of interest, and leads to curve diffusion, [8, 22, 24, 25, 27, 28, 38]. In the
planar case, d = 2, this flow is often also called surface diffusion for curves and has
the important property of conserving the area enclosed by the curve. In fact, surface
diffusion was proposed in [34] as an evolution law for a free surface enclosing a solid
phase, which changes its shape due to the diffusion of atoms along the surface. Later
a derivation in the context of rational thermodynamics was given in [13].

In this paper, we investigate the numerical approximation of curve diffusion and
elastic flow. It turns out that both of these fourth order geometric evolution equa-
tions are closely related, and so our numerical analysis can be applied to both cases
with only minor modifications. From now on, and throughout this paper, we consider
a parametric description of the family of evolving curves (I'(t)):cjo,77, T > 0. In
particular, we assume that I'(t) = z(I,t), where I = R/Z is the periodic unit inter-
val and = : I x [0,7] — R% On letting -, denote differentiation with respect to
arclength, the unit tangent along the curve is 7 = x,. Then x parameterizes a family
of curves moving by curve diffusion if it satisfies the partial differential equation

Py = —V?s, (1.3)

where P = Id — 7 ® 7 and V¢ = P¢, for a vector field ¢. Similarly, elastic flow is
described by solutions to

Pry = —V2s — |5e?5c 4+ Ase. (1.4)

Observe that the tangential velocity, x; - 7, is not prescribed in (1.3) and (1.4), which
is a natural consequence of the fact that reparameterizations of the evolving family of
curves does not affect the geometric evolution.

It is the aim of this paper to introduce a suitable tangential motion in (1.3) and
(1.4) in such a way that the obtained system of partial differential equations

is strictly parabolic,
asymptotically exhibits solutions that are nearly arclength parameterizations,
admits a weak formulation that is amenable to discretization by finite elements
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with a corresponding error analysis.

Our approach will be first developed for the curve diffusion flow. The main idea is to
require the tangential motion to be such that x not only satisfies (1.3), but in addition
reduces its Dirichlet energy || I |z,|* dp in time, thus driving the parameterization
towards one that is proportional to arclength. This idea can be viewed as a natural
extension of similar approaches for the curve shortening flow ([15, 23]) to the fourth
order problem. Intuitively it is clear that on the discrete level this will yield nice dis-
tributions of mesh points, since large deviations in the length element |z ,| are penal-
ized. In fact, in practice we do observe asymptotically equidistributed discretizations
for the schemes introduced and analysed in this paper.

Let us briefly review the existing literature on numerical approximations of para-
metric formulations for curve diffusion and elastic flow, with a particular emphasis
on the available error analysis. Various numerical schemes for curve diffusion have
been proposed in [3-6, 8, 9, 22, 31, 33]. To the best of our knowledge, no error
bounds for such schemes have been proved so far. But we mention the results in [2,
17] for the error analysis of surface diffusion, for the case of hypersurfaces evolving
in R3, in the context of graph formulations. With regards to elastic flow, numerical
methods have been proposed in [6-8, 10, 12, 16, 22, 36]. In [16] error estimates are
shown, while [12] contains a partial convergence result for a scheme that approxi-
mates elastic flow of inextensible curves. Here we recall that the numerical methods
in [16, 22] discretize a purely normal flow, which can lead to very nonuniform meshes
and coalescence of vertices in practice. The BGN-schemes from the series of papers
[6-10], on the other hand, enjoy nearly uniform distributions of mesh points in prac-
tice, see also [5, 31] for related contributions and [21, 33] for alternative approaches
involving tangential motion. But for now there is no error analysis for these schemes.
A first step to combine error analysis and good mesh properties for fourth order flows
was recently achieved in [36]. There a gradient flow for an energy functional like

(1.2), but with the length of the curve replaced by the Dirichlet energy | I lz,]? dp,
was introduced and analysed. Since the Dirichlet energy is not invariant with respect
to reparameterization, the resulting flow is no longer geometric. Nevertheless, this
modified flow has the same stationary points as elastic flow. For more details on
discretization methods for geometric partial differential equations we refer to the two
review articles [11, 18].

We end this section with a few comments about notation. Throughout, C denotes
a generic positive constant independent of the mesh parameter 4. At times € will play
the role of a (small) positive parameter, with C; > 0 depending on ¢, but independent
of h.
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2 Mathematical formulation

Consider a family (I'(t))+c[o,7] of evolving curves that are given by I'(t) = x(I, 1),
where = : I x [0,T] — R? satisfies |x,| > 0 in I x [0, T]. Then the unit tangent on
['(t), the curvature vector of I'(¢) and the orthogonal projection onto the normal
space of I'(t) are given by the following identities in 7, see e.g., [11]:

1
P =t %:%:(%), P=li-rer
EA EX AN A o

With a view towards introducing variational discretizing methods for curve diffu-
sion, (1.3), and elastic flow, (1.4), we follow the common approach of rewriting these
fourth order problems in terms of two second order problems for the position vector x
and a further variable y. Rather than making the frequent choice y = s, in this paper
we take

Y=o @.1)

so that

Lop Lpp Tp Tp Py

B |xp|2 |xp‘3 |xp‘ -

The idea to use (2.1) as a second variable extends the approach from [15], where the

formulation x; = Ii% was used for curve shortening flow, to the fourth order flows
P
considered in this paper.

Observing that Py = -7, @ T — 7 ® 7, = —Py ® 7 — 7 ® Py, we calculate
Vs = (Py)s — ((Py)s . T)T = P(Pys + Psy) = Py, — (7 - y) Py,
and hence

VE%:P(Pyss+Psys> _P((Ts'y)Py+(T'ys)Py+(T'y)Psy+(T'y)Pys>
= Pyss — 2(1 - ys)Py — |Pyl*Py + (7 - y)*Py — (7 - y) Pys
= Pyss — 2(7 - ys)Py — [y’ Py + 2(7 - y)* Py — (7 - y) Pys.

(2.2)
Moreover, we have on noting (2.1) that
Yo 1 ( Yo ) 1 Yo
vo= 2 = () = e — 00 2 23
] ol \Jz, ), ~ Tz, 2P 2] (23)

Combining (2.2) and (2.3) yields that
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V2= p e (y -7) Py—2(y-)PLE 12y 7)2 Py — |y2Py
|xp‘ |xp| ‘$p|

1
= 1 F oo =200 )y = 20y )y + 2y -y — loPlyy] 2.4)

2.1 Curve diffusion

Our aim now is to introduce a system in such a way that (1.3) holds, while the tan-
gential part is chosen suitable to give desired properties. Starting from (2.4), the most
general ansatz would hence be to consider the system

1

n= (=Yop +2Wp - 2p)y +2(y - 20)yp — 2(y - 3,) %y + |2, lylPy) + JP‘Q., (2.5)
p p

whose solutions clearly satisfy (1.3),i.e. Px; = —Vf%andtherefore% f[ |z, dp <0

as a parameterization of the H ~'—gradient flow of length. Motivated by analogous
properties for the DeTurck trick applied to curve shortening flow, see [15], we now
attempt to find a coefficient « such that solutions to (2.5) satisfy in addition

d
T /1 |z,|* dp < 0. (2.6)

To this end, we compute with the help of (2.1) and (2.5) that
lg/|ac |2dp:/m cx,ed :—/ xylz,)? d
2qr J, " Ippnfp Iytpp
:*/l\:L/pIQdp*Q/Iyp'ﬂcp\yl2 dpf2/1(y~ffp)yp-ydp
2 [ a2l do= [ o Pl ao—a [ v a0

- / ol + 20, - 2yl + [z, 21yl dp

—/y-ﬂcp[?yp-y—2y~ﬂl?p|y|2 +al dp
I

—/l\prrIylzﬂcpl2 dp—/ly'fcp[2yp~y—2y-wp|y|2+a] dp.

Choosing
a=2y-z,lyl* —2y,-y

we find that solutions of the system
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1318 K. Deckelnick, R. Niirnberg

) (=Yop +2Wp - 2p)y +2(y - 2p)yp — 2(y - )%y + |2, YY)

B |z,[?

9
+ = (y-zly? —y -y ®
|xp‘2( P ﬂ) P (27)

satisfy (1.3) and have the desired property (2.6). In particular, solutions to (2.7) sat-
isfy the identity

d
@/I\xplu/llyﬁIylzwplzdPZO- (2.8)

Let us rewrite some of the terms on the right hand side of (2.7) in a more convenient
form, namely

W 2o)yp — (- 20)2y+ (y-2p)lyl2, — (¥ yp))
=W ®x,)y — (T, @yp)y + (- y) (2, @y)y — (y @ 3,)y).

Inserting this relation into (2.7) we obtain
|:Cp|2$t = —Ypp + ch(fﬂp, Y, yp)ya (29)
where Fq(a,b, c) € R9*4 is given by F.q = F| + F with

Fi(a,b,c) = (2a-c+ |a?b]*) Id, (2.10a)

Fy(a,b,c) =2(c®a—a®c)+2a-ba®@b—b®a), (2.10b)

which corresponds to a splitting of Fi4 into a symmetric and an anti-symmetric part.
In particular, it holds that

Fy(a,b,c)z-2=0 for all a,b,c,z € RY. (2.11)
In the planar case, d = 2, one has
Fs(a,b,c)b = 2((1l -c—(a-bat- b)bL7

with -+ denoting the anti-clockwise rotation through 5

Let us briefly give formal reasons why we expect the above chosen tangential
motion to have a positive effect on the discretization. Firstly, as indicated in the intro-
duction, the fact that the Dirichlet energy of x satisfies the estimate (2.6) means that
|z,| should in general only show small variations. Moreover, the diffusive term in
(2.8) gives some additional information. To make this more precise, we temporarily
assume that the solution x of (2.7) exists globally in time and satisfies 0 < |z,| < Cj
on I x [0,00). Then we deduce from (2.8) that
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o0 o0
/0 /I|(yp + |?J|2xp) 'xp|2 dpdt < Cg/o /I lyp + |y|2$p|2 dp dt

3 2
< 5 |z, (-, 0)|" dp < o0,
1

so that we expect (y, + |y|*z,) - =, to be small for large . Since
(yp + |y|2iﬂp) Tp=Yp Tpt+ Y- |xp‘2y =Yp - Tpt+ Y- Tpp

xT -
— (y-z,) :() — (log|z,]
p/p |xp|2 , ( p)pp

this will in turn imply that log |z, | and hence also |x,,| itself will be nearly constant
for large ¢ giving rise to an almost arclength parameterization. It is then natural to
expect that discretizations based on (2.7) will lead to almost uniform distributions
of grid points, and this is indeed what we will observe in the numerical experiments.
2.2 Elastic flow

On recalling that s = Py, we may write

—%\%\2%—0— A3 = —%\Py\QPy + APy = P [—%(|:L'p\2|y|2 —(y- ;L'p)2)y + )\|;L'p\2y] .

|z,
If we combine this relation with (2.9), we see that solutions to
|xp|2xt = —Ypp T+ Fcl(xpv Y, yp)y (212)

satisfy (1.4) if we choose Fy;(a, b, ¢) = F.q(a,b,c) + Fs(a,b), where

Fs(a,b) = (=3 (|lal*[b]* = (a - b)*) + Aa|*) I, a,b e R (2.13)
Clearly, (2.12) differs from (2.9) only in the additional term F5(z,,y)y on the right
hand side. Note, however, that (2.8), and the more general (2.6), will in general no
longer hold. Consequently, the heuristic argument regarding the asymptotic arclength
parameterizations shown at the end of the previous section no longer applies. Never-
theless we will see in the numerical experiments that our approach works very well
also in the case of elastic flow.
3 Discretization

We saw in the previous section that a solution of the system

|:CP|2$25 + Ypp = F(acp,y, yp)ya (3.1a)
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1320 K. Deckelnick, R. Niirnberg

|2,y — 2pp =0 (3.1b)

satisfies (1.3) if F' = F,4, and (1.4) if F = F;. Note that by inserting (3.1b) into
(3.1a), the system has the form

_ Zpppp
|z,

Ty = + lower order terms,

so that we obtain a strictly parabolic problem.
In what follows we assume that (3.1) has a unique solution (x, y) with
x € CY([0,T); H*(I,R%)) and x4 € L2(0,T; L*(I,R?)) satisfying

T
2o > co, |zpl+lyl < Co  on I x[0,T], / j2e]{ o dt < Co
0

for constants 0 < ¢y < Cj. Note that this implies y € C1([0, T]; H?(I,R%)).

In order to define a semidiscrete approximation, we choose a partition
O=qo<q1 <- - <gqyo1 <gqy=10f[0, 1] into intervals I; = [g;_1, ¢;] and set
hj = q; —qj—1 as well as h = max;—; . s h;. We assume that there exists a posi-
tive constant ¢ such that

so that the resulting family of partitions of [0, 1] is quasi-uniform. Within 7 we iden-
tify ¢; = 1 with go = 0 and define the finite element space

Vh:{XGCO(I):x\Ij is affine, j=1,...,J}, V"=[v"

Let{x;}7—, denote the standard basis of V"*. For later use, we let 7" : C°(I) — V" be

the standard Lagrange interpolation operator, and similarly for 7/ : C°(I, R%) — V",
It is well-known that for k € {0,1}, £ € {1,2} and p € [2, o0] it holds that

1_1
he = lnllo,r + hlnlpy < Clinllo,p vneVv"  relpoo, (32a)

|z — 7" 2|kp < CR*7F|2),, Yz e WhP(I). (3.2b)
In addition, for z € H*(I) it holds that
J
/ (z=7"2)pmpdp =) / (z—=7"2)pmpdp=0 ¥peVh (33
I =171

A natural semidiscrete finite element approximation for the system (3.1) is now
defined as follows: Let 2)) € V" be given. Then find x,, yp, : I x [0,T] — R? such
that 21, (-, ), yn (- t) € V", 21, (-,0) = 29 and for t € [0, T7 it holds that
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/xh,t X|2n,,|? dp — /yh,p “Xp dp = /F(xh,pyyh,yh,p)yh ~x dp
I I I
Vx €V, (34q)
/yh -n|a:h7p\2 dp+/xh7p-np dp=0 Vnezh. (3.4b)
I I

It turns out that for our main result, Theorem 3.1 below, the initial data mg € V" has
to be chosen very carefully, see also Remark 3.2. We observe that in the case of curve
diffusion, F' = F_4, a semidiscrete analogue of (2.8) holds. Indeed, choosing x = yp,
in (3.4a) and n = x5, ¢ in (3.4b) yields, on recalling (2.11), that

d
%* / |xh,p|2 dp= /xh,p “Tpp dp = */yh : xh,t|$h,p|2 dp
dt J; I I

= —/ [yn,p|? dp — /Fl(xh,p,yh,yh,p)yh “yp dp
I I
—/ lyn.o|? dp — Q/yh,p . plynl? dp
I I
= [l dp
I

_/1 Wn.p + [ynl*zn.,* dp < 0.

(3.5)

Our main result are the following optimal error bounds which are valid both for the
case of curve diffusion and for the elastic flow.

Theorem 3.1 Let F = F.4 or F = Fg, recall (2.10) and (2.13). Suppose that
x}? = aﬁ}? where :ﬁg S Xh solves

/Iiﬁ,p'npdp+/1£2-ndp:/lwhxo-ndp

x
_ /Wh[ )04)/}2} 'U\(tho)p|2 dp Vinevh
I |0,

(3.6)

Then there exists hy > 0 such that for 0 < h < hy the semidiscrete problem (3.4)
has a unique solution (zp, %) : 1 x [0, T] — R? x R? and the following error
bounds hold:

T
S —zp(5 )| + A% me St —zp(, ) / - 2 de
[, (-, t) —zn( D)o + s [z(-t) —zn (-, )7 + : lze — 2n.ello

< Ch*,(3.7a)

1) —yn (0|5 + b2 ) —yn(1))3 < Ch*.
tgfgé% ||y( at) yh( at)”O + trer%g:);“] |y( ’ ) yh( ’ )|1 = (37b)
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1322 K. Deckelnick, R. Niirnberg

Remark 3.2 Note that the initial datum y) = y,(-,0) is not prescribed, but is deter-
mined by x,(+,0) = z through the relation (3.4b), i.e.

/yﬁ-nlfff%}p\deJr/:r%,p-np dp=0 Vnevh
I I

We will show in the Appendix, see Lemma A.2, that with the choice 2 = 2 given

by (3.6) one has for sufficiently small 0 < h < hy that y) exists uniquely and satisfies
I1y(-,0) = yn (-, 0) [0 < CR?, (3.8)

which is crucial for obtaining optimal error estimates. It does not seem straightfor-

ward to prove the bound (3.8) for the more natural choice 29 = mhz.

4 Proof of Theorem 3.1

For w € H'(I; R%) we denote in what follows by R,w € V" the solution to

/I(Rhw)p “Xp dp+/IF(rp,y7 (Rhw)p)y‘xdp+v/IRhw'xdp

:/wp'Xp dp+/F(wp,y,wp)y-xdp+v/w-xdp Vxevh
I I I 4.1)
Note that the operator R;, depends on x and y. It is shown in Lemma A.1 that Rpw
exists uniquely provided that v > 18Cg + % Let us decompose the errors x — zy,
and y — yy, as

x_xh:(gj—ﬂ'h.r)—l-(ﬂ'hl’—xh) =:0+el,

y—yn=(y— Ruy) + (Rpy —yn) =: s +e¢".

Lemma A.1 yields for ¢ € [0, T that

lIsllo + Rlsl1 + [lsello < CR?, 4.2)

while e”, ¢" € V", As aresult of the particular form of Ry we shall be able to prove
the superconvergence property that e and ¢” are O(h?), which in turn will be crucial
in order to derive optimal L?—error bounds. Roughly speaking, our use of 7”2 and
R;,y can be viewed as a generalization of the use of the Ritz projection introduced by
Wheeler in [41] for the heat equation.

Taking the scalar product of (3.1a) with x € V", integrating over / and using (4.1)
we obtain
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/Ixt - X|@,|* dp — /I(Rhy)p'Xp dp

=/F(xp,%(Rhy)p)y-xdp—v/<-xdp Vxevh
I I 4.3)

Let us define

t
Ty = sup{t € [0,7T] : (zp, yn) solves (3.4) on [0,¢], with / h,¢]7 oo du < 2Cy
0

and 1co < |zp,,| and |z, + |yn| < 2Co, 0 < u < t}.

“4.4)

We will split the error analysis into a series of auxiliary results. To begin, let us derive
two error relations. Taking the difference of (4.3) and (3.4a) we obtain

/Ie? Xl|zh,p|? dp — /Ieg “xp dp = —/Iat Xz ol?

+ / 2o x[lzn 2 — |z,12] d
I

- /I(F(:cp, Yy (RaY)p)Y — F(Th.ps Yns Yn,p)Yn) - X dp

dp

—v/c-xdp vV x eV
I (4.5)
Furthermore, we infer from (3.1b), (3.4b) and (3.3) that
/Ieh “nn,p|? dp+/16f§ “np dp = —/I<~77Iwh,pl2 dp
+ [unllan,? =l dp ¥ney” o

Lemma 4.1 It holds that

enp < d

3o [ - ebro o dp el + Coh® + Culle |+ Cle

2dt

Proof Inserting 7 = el into (4.6) we infer with the help of integration by parts

@ Springer



1324 K. Deckelnick, R. Niirnberg

Sl == [ ehlan, P do= [ ehlan ot [y eliol dp
dt I I I

+ [y ebllon,? - 1 2),P) dp =2 [ - l)oy -0, dp
I I
< C(lcllo + lle*llo + [e" s + [lslols.oc) el

+2/(y-e?p)xp-Udp+2/(y-e?)xpp~Jdp+2/(yp-e?)xp~adp
I I I

< (e o + le"s +h2)||€?||0+2/1(y'€?p)33p'Udp,

where we also used (4.2), (4.4) and (3.2b). Finally, estimating

d
/I(y-ei’p)%ﬁdp:@ I(y‘eﬁ)xp'ddp*/l(yt~e’;)xp'0dp
*/(y‘e’;)wt,p~0dp*/(y~e’;)xp~Ut dp
I I

d h 2| _h
<5 [ b o anr catie

by (3.2b), we deduce the desired result with the help of Young’s inequality. [
Lemma 4.2 It holds that

"2 <ellel||Z+ C.l| ||+ Cht + Cleh3.

Proof Inserting y = ¢” into (4.5) and rearranging yields

jeh 2 = / el el dp + / o1 - Mny|? dp— / 2 anpf? — |z,/?] dp
I I I

- /I(F(army, (Rny)p)y = F(@h,p Yn, Yp)yn) - ¢ dp
5 ~
+W/<-ehdp::ZTi.
I i=1

Clearly, (4.4), (3.2b) and (4.2) imply that

IT1| + |To| + |T5] < C(lletllo + llotllo + llsllo) e [lo
< ellel]|2 + CL]le™ |2 + Ch. 4.7)

Next, let us write with the help of integration by parts
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T3 = —/Ixt . eh[|xh7p|2 - |(7rhx)p|2] dp — /Ixt o, |? dp
+ Q/I(xt Mo, -z, dp
== [ llan = ()] do= [ oo, dp
- Q/I(xtp Moz, dp
72/I(xt~e’;)a~xpdpf2/(xt~eh)o~zppdp.

I

Hence, (4.4) and (3.2b) imply
T3] < C(le" 1+ B?)[le"[lo + Ch?[e" |4

< gle"[ + Cnt + Cle" [} + O3

In order to treat the remaining term T4, we write

F(zp,y, (Bry)p)y — F(@hps Y Yn,p)Yn
= [(F(xm Y, (Rhy)p)y — F((th)m Y, (Rny)p)y)
— (F(z0,9,90)y — F((7"2),,9,9,)y)]
+ [F(Jcp,y,yp)y - F((th)p,y,yp)y]

+ [F((th)pa Y, (Rhy)p)y - F(zh,pa Yh, yh,p)yh}
= A1 + Ag + A3.

Using the intermediate value theorem we obtain that
[A1] < Clopl(lop] + Is,l)
so that (3.2b) and (4.2) yield
|/A1 - dp| < Clofi,eo(Is] + [al1) [€"[lo < CR?[le"[lo
I
< Ch* +C|le™||2.

Next, let us write

(4.8)

(4.9)

(4.10)

(4.11)

Ay = —Go, +r, where G := V,[F(a,y,Yp)Yla=z, and |r| < |0p|2, (4.12)

from which we deduce with the help of integration by parts and (3.2b) that
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[ e apl <1~ [ Gopedapl | [ e
I I I
< |/(Gpa-eh+Go~eZ dp| + CR||¢" o
I

< CR?[|e" |y < gle"[F + Ch* + [|e"|[5.

Finally, since |z, ,| + |yn| < 2C) and F depends linearly on ¢ we have
|4 < Clep] + Isl + [ + 1eg 1), (4.13)
so that (4.2) implies
\/IAs ~e" dp| < O(le" 1+ llsllo + [le" [lo + e" 1) " [lo
< "+ Cle"F + Ole"F + Cht.

In conclusion

|T4| < 21"} + Cle] + C|le"|§ + Ch™. (4.14)
Combining (4.7), (4.9) and (4.14) yields the desired result. [J
Lemma 4.3 It holds that

d
é—/|eh|2|xh,p|2 dp+/e?,,~ez dp

<cellef g + Ce(1 + |mneld o) (R + 1e"(I5 + l€"13).
Proof Direct calculation shows that
d
35 [P do= [t lany a1 P an, o dp. @19)
I I I

Moreover, differentiating (4.6) with respect to ¢ we obtain

/3? “n|zn,* dp + 2/(eh 1) Th,p * Thpt dp + / e?p 1 dp
I I I

= _/Ct : n|$h,p
I

+/yt -’f}[|xh7p|2 — |Ip|2] dp—‘rz/y-n[fljhm-xh’pt —l‘p.l‘pt] d
I I

-2 /(< ) Thp Thopt dp
I

p.
(4.16)
Combining (4.15) and (4.16) with = ¢” yields that
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2 a / |eh‘ |$h»p dp +/etp EZ dp
= _/gt : eh|$h,p|2 - / |eh|2xh,p “Th,pt dp — 2/(< : eh)xh,p “Thpt dp
I I I
o sl ~leol? do+2 [y oy s -l dp
I I

5
=: Z S.
i=1

To begin, we deduce from (4.2) that

[S1] +[S2] + 131 < Cllsillolle”llo + C (™ I3 + hZ[le"[lo) [z.¢ 1,00
Next, similarly to (4.8) and (4.9), we infer

18] < Clle"lole" |1 + Ch[le" [l < Ch* + Cle" [} + C|e" |}

4.18
< Lelleb|2 + Culle |3 + Ch* + CleM 2, 19

where we also used Lemma 4.2. Finally,

S5 = —2/(y Mz, - (o0, + efp) dp—2 /(y Mo, xy e dp
I I

-2 /(y : eh)eZ “ZThpt dp =1 551+ 552+ 553
I
Using integration by parts we deduce with (3.2b) that
15,11 < Clle" 11 (lloello + lletllo) < Felleflls + Celle™ T + Cn.

On recalling (3.3) we may write with ¢; = h;l flv y-edp
J

S5z = 722/ 105 @t dp < Chly - ¢*ilolfon lr.oo
< ChP|znl1colle” |11
Since |S5 3| < Clan,t]1,00]|¢"]Jo]e”|1 We thus have

S5

I /\

elledlls + Celle® 12 + O+ |znlf o) + Celanli oole™[F
geller 15+ Celle 5 + Ce( + |znalf )b + Co(U + |znili o)l T 4.19)

| /\
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where we again used Lemma 4.2. Combining the estimates in (4.17), (4.18) and
(4.19) yields the desired result. [J

Lemma4.4 Let G be as in (4.12). Then we have
1.2y ,h)2 h _h d h h
scolled s — Iep~etp dp < T ’ [2(xt~ep)0-scp+Go'ep} dp

+ Ch* + C(l + ||xtt|‘(2))|eh|% + C’Ileh\|3~

Proof Choosing x = e in (4.5) yields together with (4.4)
Sl = [ ety an
< —/Ut e |zn,l* dp + /Cﬂt e[|z,
I I
+ /(F(arp,y, (Rny)p)Yy = F(&n,pyYns Yn,p)yn) - € dp — 7/< ey dp
I I
4
= Z Tl‘.
i=1

Clearly, it follows from (3.2b), (4.4) and (4.2) that

2 - ‘xpﬂ dp

(4.20)

T3]+ |Tal < C(lloello + lisllo) lef lo < agllet(l5 + Ch*. (4.21)
Next, arguing in a similar way as for 75 in (4.8) we write

Ty = /xt et [|zn,p? = [(7"2),|*] dp + /xt el lo,? dp + 2/(1@ ceMo -z, dp
I I I

5

+2/(xt-e?p)a-xp dp+2/(:ct-e?)a-xpp dp =: ZTQJ.
I I

j=1
Clearly,

> |Tayl < Clietllole™ s + Chlef o,
jef1,2,3,5}

while we write for the remaining term
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d
T24—2& (24 - eg)a-xpdp

-2 /(xtt . (:’Z)U x4 (T eg)at X+ (4 - eZ)U - xyp dp
I

d
Qa ( Tt - 62)0’~£L'p dp+Ch2(1+”f£ttH0)|€h‘1,
I

so that

7, <25 [ (@)oo, dp+ Cllel ol + O el
+ Ch? (1 + ||zsello)l€” |1
<25 [ ey dp-+ Fe 1 +OW + O+ faul) e .
Finally, we write T5 = j 1 f I et dp with Ay, As, A3 as in (4.10). We obtain
with the help of (4.11) and (4.13) that

/(Al + As) - ef dﬂ' < C(loliosloly + lol1o0lslt + €1 + lIsllo + €™ [lo + [e"[1) e} llo,
I

while (4.12) yields

/A2 e Ydp = — /Gap ey dp—l—/r-efdp
/GPO' ey dp+/G0 e dp—I—/r-e?dp
/Gpa ehdp+ — /GO’ e dp — /Gt()' e dp
_/IGUt'ede+/IT’eth

<) Goen b dp+CR*(|lefllo + [e"1)-

Combining the above estimates we obtain with the help of Lemma 4.2
d
Ty < 4 [ Go-ch dps F5lel g+ Clet i + Il + Cle" + O
d/ h h)2 4
< & [ Go-chdp+ &l 3 + Cle" [ + Cllet |3 + Cht.
tJr g 2o 0 (4.23)

If we insert (4.21), (4.22), (4.23) into (4.20) we obtain the desired result. [
If we combine Lemmas 4.1, 4.3 and 4.4, we obtain after choosing ¢ sufficiently small
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d d
21 ,h12 h|2 h|2 2
Slel B+ h e+ 33 [ 164 Plan,f? oo

<)+ C(1+ |zny

T oo lzecll3) (b + 1€ + 11" 13),
where

<p(t):2/I(y-eg)xp-adp+2/l(xt-e};)a-xpdp—i—/lGa-egdp

satisfies |¢(t)| < Ch2le(t)|;. Observing that
e (0)[F + [[e" (01 < [7" 20 — 2G[F + 2 Ray(0) — y(0) |5 + 2[|y(0) — v (0)|[5 < Ch*

in view of (A.2), (A.la) and (A.4), we obtain after integration with respect to
we (0,8),0 <t <1y

t
%03/0 e 1§ du + gle™(OfF + ge3lle" O
t
< Ch' + CR2|eM ()] + C/ (L + nel? oo + leell§) (A" + [€" 3 + [le"[5) du.
0

Absorbing Ch?|e”(t)|; into the left hand side, and recalling (4.4) as well as our
assumption x; € L2(0,T; L?(I,R%)), we deduce that

t
/ le? I3 du + |e* ()3 + lle" (®)1I3
0

t
§0M+CAQ+Mmﬁm+WM®W%+WWQML

With the help of Gronwall’s lemma and (4.4) we infer that

t
/ lef g du+ sup (["@)F+ " @)F) <Ch*, 0<t<Th. (424
0 0<t<Ty

We are now in a position to prove that T, =T. Suppose that Ty < T. In view of
(3.2a) it holds that

_3
Loo < €} 1,00 + |0¢]1,00 + [T2]1,00 < B2 le} o + ch + [24]1,00

|$h,t

and so we deduce with the help of (4.24) that

s T
/ |2h,¢|7 0 dE < g/ |24]3 o dt + Ch™3||e} |5 dt + Ch® < $Co + Ch < 3C,
0 0
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provided that 0 < h < hg and hy is sufficiently small. In a similar way one shows
that |5,,(T3)| > Zeo as well as |z, (Th)| + |yn(Th)| < £Co. Continuing the dis-
crete solution beyond T}, then yields a contradiction to the definition of Th. The
bounds (3.7) now follow from (4.24), (3.2b) and (4.2), where we also use (3.2a) to
control supy<, <7 [¢"(t)]1. This concludes the proof of Theorem 3.1.

5 Fully discrete approximation
5.1 Curve diffusion

A fully discrete approximation of (3.4) in the case F' = F 4 is given as follows.
Form > 0, given (2}, yi*) € V" x V" find (2", y7" ™) € V" x V" such that

oyt —apy 2 1 1
/7 xlq,[* dp — /yz”j “Xp dp=2/(y?p+ “x,)unt - x dp

/m Ly Dy x dp + /Fz(mﬁ'fp,yf?,yh,p)y;?'“ x dp
JI

Vx eV (51a)

/y;’{““l nlzh, | do + /I?Zl npdp=0 VeV (5.1b)

The choice of semi-implicit treatment for the fully discrete approximation of the
term on the right hand side of (3.4a), recall (2.10), was guided by the aim to obtain a
linear scheme that is unconditionally stable. In fact, we have the following existence,
uniqueness and stability result.

Theorem 5.1 Assume that |z;" \ > 0 in I Then there exists a unique solution

() et y,T“) eVhx Vo (5. 1). Moreover, any solution to (5.1) satisfies the sta-
bzlzzfy bound

/IJC””rl 2dp+At/\y’”“ (i -y a2 dp < & /\l‘hp|2dp (5.2)

Proof As (5.1) represents a square linear system, it is sufficient to prove that only the

zero solution solves the homogeneous system. Let (X}, Y},) € K} b X Kh be such that

X}
h ‘m |2dp /Yvhp Xpdp—Q/(th 111/)) XdP

/ o2 PR YR x dp+ [ Pa(afl, i o, Vi xdo Ve

~ (5.3a)
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/Yh-nlﬂch,,l2 dp+/Xh,p-77p dp=0 VnelVl (5.3b)
I I

Choosing xy = —AtY}, in (5.3a), n = X}, in (5.3b) and summing the two gives, on
recalling (2.11), that

0:/‘Xh’p|2 dp—i—At/\Yh’pP dp+2At/(Yh’p LL‘h p)yzl Yn dp
I I 1
+at [ i P v o

- / X502 dp + At / Y, + @ Yol | dp.

It follows that X}, , = 0 in /, and so first (5.3b) implies that Y3, = 0, and then (5.3a)
implies that X, = 0. Hence we have shown that there exists a unique solution to

.1).
In order to prove (5.2), we choose x = y;" "' in (5.1a) and n = )" ™' — 27 in

(5.1b) to yield that

1 / 2 dp / 2 P dp < / ZH (@ - ) dp
— At / 2 dp — 24 / W2 )y dp
—At/\xhp\ gy dp

==t [l e dp <0,

where we have used once again (2.11). [

Observe that (5.2) is a fully discrete analogue of (3.5), recall also (2.8). We note
that a discrete analogue of the property % / 7 17, dp < 0, is much harder to prove.
For the simpler case of curve shortening flow, such a discrete analogue is shown in [1,
Lemma 4.1.3] for the scheme originally proposed in [15]. But at present it is not clear
if these techniques can be generalized from the second order flow to the fourth order
problem studied here. Nevertheless, we remark that in all our numerical experiments,
both [, [z} p|2 dpand [, |} ,| dp are monotonically decreasing.

5.2 Elasticflow

A fully discrete approximation of (3.4) in the case F' = F; is given as follows.
Form > 0, given (2}, yi) € V" x V" find (2", y7" ™) € V" x V" such that
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I;znﬂ —xy 2 +1
3 m _ m+1
/I At : X|‘I’.h,p dp /th,p Xp dp
- / (Wt - )y x dp + / o P - g x dp

+ | Paaitp it i x ot [ Falap oot xdp
I I

VX € V" (5 4a)

/Iy;’?“ g, * dp + /IxZ”j,Tl Mpdp=0  VneV (5.4b)

Existence and uniqueness of a solution to (5.4) can be shown as in Theorem 5.1.
However, as mentioned previously, solutions to (2.12) in general do not satisfy the
Dirichlet energy estimate (2.6), and so a stability bound of the form (5.2) does not
hold for solutions of (5.4).

6 Numerical results

We implemented (5.1) within the finite element toolbox Alberta, [37], using the
sparse factorization package UMFPACK, see [14], for the solution of the linear sys-
tems of equations arising at each time level.

For all our numerical simulations we use a uniform partitioning of [0, 1], so

that g; = jh, 7 =0,...,J, with h = % Unless otherwise stated, we use J = 512,

At = 10~* and choose 2 = 7"x. Given 29 € V", for the initial data 3 € V" we
always choose the solution of

/yﬁ'vilw%,p\deJr/w%,p'np dp=0 VneV"
I I

compare with (5.1b). For our computed solutions we will often monitor the ratio

m _ MaXj—1 .. J |$Zn(%) - J/'Zn(Qj—lﬂ
=— h L3 6.1)
minj—y,_ 7|2} (q;) — 27 (gj-1)]

Table 1 Errors for the convergence test for (6.3), with (6.4), over the time interval [0, 1]. We also display
the experimental orders of convergence (EOC)

S lz—znllo EOC |z —anlli EOC |y —ynllo EOC |y —wnlls EOC
32 3.5628¢03 — 7.2517e-01  — 3.9471e-03  — 3.8423e01  —
64 8430le-04 208  3.6239-01 1.00  9.3626e-04 208  19102¢-01 1.0l

128 2.0763e-04  2.02 1.8117e-01 1.00 2.3080e-04  2.02 9.5376e-02  1.00
256 5.1709e-05  2.01 9.0582e-02  1.00 5.7493e-05  2.01 4.7671e-02  1.00
512 1.2915e-05  2.00 4.5291e-02  1.00 1.4360e-05  2.00 2.3834e-02  1.00
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2 , . . , , , ,
-4 -3 -2 -1 0 1 2 3 4
300 18 28
280 17 26
260
16 24
240
20 15 22
200 14 2
180 13 18
160 12 16
140 " 14
120
100 10 2
1
& T Y I 7 N T s 3 7 T ] 3 7
m | m m
il * dp I v

Fig. 1 Curve diffusion flow for a 8:1 tube. On top we show I'"* at times ¢t = 0,0.5,...,2,T = 5.
Below we show the evolutions of f I |1Tp |2 dp (left), ™| (middle) and t™ (right) over time

Fig.2 T at times ¢ = 0,0.01, 0.02, 0.04, 0.1, 1
between the lengths of the longest and shortest element. Clearly " > 1, with

equality if and only if the curve is equidistributed. Moreover, at times we will also
be interested in a possible blow-up in curvature for the fourth order evolution we

approximate. To this end, given x}* € V", we introduce the discrete curvature vector
€ Zh such that

. Ty, T,
/Iwh[%zn.nh] |gch'fp|dp+/1"xpT|pdp:O Vnhezh.
h,p

In practice we will then monitor the quantity
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K2 :j:rrllf}?iJI%h (g;)] (6.2)

as an approximation to the maximal value of |»| = ‘;”I .

ol

6.1 Curve diffusion

We begin with a convergence experiment in order to confirm our theoretical results
from Theorem 3.1. To this end, on recalling (2.9), we construct the right-hand side

fcd = |xp|2xt + Yop — ch(fpa Y, yp)y7

in such a way, that the exact solution is given by a translated and dilated circle param-
eterized by

stot)= (o )+ (o). (63)

where

\
ks
o

0.007 0.002 0.003 0.004 0005 7 0.007 0.002 003 0.004 0.005 0.007 0.002 0.003 0,004 0.005

0.
Jrla | dp I ™
Fig. 3 Curve diffusion flow for a slit domain. I'™ at times t=0, 5 x 1076, 2 x 1075,

6x1075, 1.2x 1074, 2.3 x 1074, 4x 1074, 5x 104, 6 x 10~%, 7x 1074, 1.1 x 1073, T =5 x 10~3
Below we show the evolutions of f R |:c2’fﬂ |2 dp (left), ™| (middle) and ™ (right) over time
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2
16 02
14 1 0
T2 5 4 5 6 7 & § 10 T2 5 4 5 6 7 & § 10 T2 5 4 56 o
m m m
™ T 1/KZ

Fig. 4 Curve diffusion for the two interlocked rings (6.5). We show I'™ at times
t=0,1,3,3.5,3.7,4,5,6,T = 10. Below are plots of |I""™| (left), t"* (middle) and 1/ K2 (right)
over time

g(p) = 2mp + dsin(2mp), 6 =0.1. (6.4)

Upon adding the correction term

/ 7 [fodCr ) - 7] o

I
to the right hand side of (5.1a), we can perform a convergence experiment for our

scheme, comparing the obtained discrete solutions with (6.3). In particular, we define
the errors
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1.5 32 1.223

1 1.2228

0.5 29
1.2226

0
1.2224
05 26

25 oo 000000000

23 02 04 06 08 1222 0.2 0.4 06 0.8

E™ m

Fig.5 Elastic flow with A\ = 0 for a circle. We show I'"* at times t = 0,0.5, T = 1 (left) and plots of
E™ (middle) and t™ (right) over time

Table 2 Errors for the convergence test for (6.6), with (6.4), over the time interval [0, 1]. We also display
the experimental orders of convergence (EOC)

J lz—znllo EOC |z —anlli EOC |y —ynllo EOC |y —wnlls EOC
32 3.5251e-03 — 4.7691e-01 — 4.5301e-03 — 3.8484e-01 —

64 8.3378e-04  2.08 2.3843e-01  1.00 1.0831e-03  2.06 1.9109e-01  1.01
128 2.0533e-04  2.02 1.1921e-01  1.00 2.6766e-04  2.02 9.5385e-02  1.00
256 5.1137¢-05  2.01 5.9606e-02  1.00 6.6721e-05  2.00 4.7672e-02  1.00
512 1.2772e-05  2.00 2.9803e-02  1.00 1.6668e-05  2.00 2.3834e-02  1.00

[ = znllo = m:r{)lai{M (s tm) — z3"[|o,
|2 —2plli = max |lz(,tn) — 231,

m=0,...,M

and similarly for ||y — ynlo, ||¥ — yr|l1- The obtained errors are displayed in Table 1,
where we observe optimal convergence orders, in line with the results proven in
Theorem 3.1. Here we partition the time interval [0, T], with T = 1, into uniform
time steps of size At = h?, for h=J"'=2"% k=5,...,9. For the initial data
we choose 29 = 29 in line with the assumptions of Theorem 3.1. But we remark that
repeating the convergence experiment for 29 = 7”29 yields very similar errors, and
the same observed orders of convergence.

The next experiment is for an elongated tube of total dimension 8 x 1, and is
shown in Fig. 1. We can see that during the evolution the curve loses its convexity,
and eventually approaches the energy minimizing circle. We note that the ratio (6.1)
at first increases slightly, before it eventually converges to the optimal value of 1,
which corresponds to an equidistribution of vertices. We also observe that during the
evolution shown in Fig. 1, the enclosed area was nearly preserved, with a relative
difference of only 0.023%.

In order to investigate the benign tangential motion further, we start our next
experiment from an initial curve that consists of a unit semi-circle and a single addi-
tional node on the periphery of the unit circle, compare with [6, Fig. 5]. To better
highlight the movement of the vertices, we use JJ = 128 for this experiment. As can
be seen from Fig. 2, our scheme naturally moves the vertices tangentially so that in
the end an equidistributed approximation of a circle is obtained.

In our final planar simulation we demonstrate that our scheme can handle exam-
ples with sharp corners and concavities. Following [3, Fig. 16] and [6, Fig. 9], we
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4 3 2 1 0 1 2 3 4 10 20 30 40 0 10 20 30 40 0
Em m

Fig.6 Elastic flow with A = 0 for a 8:1 tube. We show ' at times ¢ = 0, 1, 2,10, 20, 7" = 50 (left)
and plots of E™ (middle) and " (right) over time

T 7 3 T 5 T 7 5 7z 5

E™ P

Fig. 7 Elastic flow with A = 0 for a 2:1 lemniscate. We show I'"" at times ¢t = 0,2,4,T = 6 (left)
and plots of E™ (middle) and ™ (right) over time

choose as initial data a 2 x 2 square minus a thin rectangle (0.02 x 1.8). Of course,
the chosen initial curve does not fulfil the regularity assumptions from Theorem 3.1.
However, for a fixed /4 it can be viewed as the polygonal approximation of a smooth
curve. In any case, our fully discrete approximation (5.1) can easily integrate the
required evolution. In Fig. 3 we plot the results from our scheme, using the finer time
step size At = 10~7. The observed relative difference in area for this experiment
was 0.009%. We note an excellent agreement of our results with the ones presented
in [6, Fig. 9].

We also present a numerical experiment for d = 3. To this end, we consider the
two interlocked rings in R? from [19, Fig. 5]. In particular, the initial curve is given
by

10(cos(2mp) + cos(6mp)) + cos(4dmp) + cos(8mp)

zo(p) = % 6 sin(27p) + 10sin(67p) pel. (6.5)
48in(67p) sin(5mp) + 4sin(8mp) — 2sin(127p)

The evolution of this curve under curve diffusion can be seen in Fig. 4. For this
experiment we also include a plot of the inverse of the maximal magnitude of the
discrete curvature, (6.2). This strongly indicates that during the shown evolution
the curve does not become singular, i.e. the curvature remains bounded. This is in
stark contrast to the corresponding evolution under curve shortening flow. In fact, the
authors recently numerically studied that particular example in [19, Fig. 5], where the
numerical evidence suggests that the flow undergoes a singularity.
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Fig.8 Elastic flow with A = 1 for the helix (6.7). We show ['"* attimes ¢t = 0, 1, 3,4,...,8,7 = 10.
Below are plots of E™ (left) and ¢ (right) over time

6.2 Elasticflow

In this section we will monitor the discrete elastic energy

Bl / PPy Rl | dp+ A / | dp,

xp xzp' .
where P = Id — 2% @ 1% Unless otherwise stated we choose A = 0 for the
h,p h,p

simulations presented in this section.

We begin with an experiment for a known exact solution. In fact, it is easy to see
that
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2000 2000 6000 8000 o009 2000 2000 5000 8000 70000
m P

Fig. 9 Elastic flow with A = 0.025 for the hypocycloid (6.8) with § = 0. We show I'" at times
t = 0,3000, 5000, 7" = 10000. Below are plots of £ (left) and ™ (right) over time

otp.t) = (120t Geote) ). (66)

recall (6.4), satisfies (1.4) with A = 0. We demonstrate the resulting evolution by
computing the numerical solution for our scheme (5.4). As can be seen from Fig. 5,
we see that the circle expands with the prescribed rate. Moreover, we observe that
our scheme induces a tangential motion that in this experiment leads to a slightly
better distribution of vertices. Hence the discrete functions x}* will in general not
approximate the particular parameterizations x(+, ¢, ), since these are strictly radial.

Nevertheless, we can use (6.6) to perform a convergence experiment for elas-
tic flow for our scheme (5.4). To this end, we construct the (tangential) right-
hand side fo; = |z,|*%t + Ypp — Fer(2, Y, Y,)y, and then add the correction term
I; 7 [fer(-;tm) - M) dp to the right hand side of (5.4a). We then compare the
obtained discrete solutions with (6.6). The results are displayed in Table 2, where
we once again observe the expected optimal convergence rates, similarly to Table 1.

We now consider an experiment for an elongated tube of total dimension 8 x 1, as
in Fig. 1. We can see from Fig. 6 that during the elastic flow the curve loses its con-
vexity, while it monotonically decreases its discrete energy. In fact, the curve evolves
towards an expanding circle. Moreover, the ratio (6.1) at first increases slightly,
before it eventually converges to the optimal value of 1. This indicates that also our
scheme (5.4) asymptotically achieves equidistribution in practice.

The next experiment is fora 2 : 1 lemniscate, and is a repeat of the numerical simu-
lations in [10, Fig. 1]. In particular, we choose .J = 100 and At = 10~ as there, and
start from an equidistributed parameterization. We show the results obtained from
our scheme (5.4) in Fig. 7, and once again observe the smooth evolution with a nice
distribution of mesh points throughout. This latter aspect is a clear difference to the
corresponding results shown for the scheme from [16] in [10, Fig. 1].
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Fig. 10 “Elastic flow with A = 0.025 for the hypocycloid (6.8) with § = 0.1. We show '™ at times
t = 0, 1700, 3000, 5000, 5500, 6000, 6500, 7300, 8000, 8500, 8700, T' = 10*. Below are plots of
E™ (left) and ™ (right) over time”

In our next experiment we consider a closed helix in R3, as in [8, Fig. 2]. Here the
open helix is defined by

z0(0) = (sin(16 7o), cos(16 7 0), 0)*, 0 €[0,1], (6.7)
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and the initial curve is constructed from (6.7) by connecting 2 (0) and z(1) with a
polygon that visits the origin and (0,0, 1)7. The evolution of the helix under elastic
flow with A = 1 can be seen in Fig. 8.

Our final experiments are for the hypocycloid as in [16, Example 4.3]. In particu-
lar, we let, for p € I,

zo(p) = (=3 cos(2mp) + 4 cos(107p), — 5 sin(2mp) + 4sin(107p), d sin(6mp)) ,
(6.8)

and choose A = 0.025. For the choice § = 0 the curve remains planar, evolving
towards a five-fold covering of a circle. When we choose § = 0.1, on the other hand,
the curve eventually begins to unfold and then converges to a single circle. For these
experiments we use the larger time step size At = 1073, See Figs. 9 and 10 for the
results.

Appendix A
For given functions z € H2(I,R%),y € H*(I,R%) we define f : R? — R? by
f(e) = F(zp,y,0)y = F(xp,y,0)y = 2(x, - )y + 2(x) - y)c — 2(y - ¢)z,.
Note, thatthe second equality holds both for F' = F.;and F' = F;,recall(2.10),(2.13).

Clearly, fislinearand itis easily seen that (4.1) holdsifand only ifa( Rpw, x) = a(w, X)
forall y € V", where the bilinear form a : H'(I;R%) x H'(I;R%) — R is given by

a(v, x) r=/lvp-xpdp+/1f(vp)-Xdp+7/jv-xdp.

LemmaA.1 Letz € H*(I,RY),y € H'(I,R%) with |z,| < Co, |y| < Cp and choose
v > 18CH + % Then, for every w € H2(I;Rd) there exists a unique Rpw € vh
such that

a(Rpw, x) = a(w, x) for all y € V"

and
|lw — Rpwl|lo + hlw — Rpw|; < C’h2||w||2. (A.la)

Moreover, if x € CY([0,T]; H*(I,R%)),y € C'([0,T); H*(I,R?))  then
Rpw € C([0,T]; V") and we have for ¢ € [0, 7]

Jwi (1) = (Rpw)e (-, t)llo + hlwe () — (Rpw)e (-, 1)1y

A.1b
< CR (-, 1)ll2 + el 0)]2). Y
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Proof Clearly, |f(c)| < 6CZ|c| so that

a(v,v) 2 [vff +7[lv]|§ = 6C3vl1llvllo = 30T,
and hence « is elliptic on H'(I;R?). The bound on ||w — Rpw||; follows upon
inserting Y = 7w — Rjw into the orthogonality relation a(w — Rpw, x) = 0 and
using standard interpolation estimates, see e.g. (3.2b). The L?-bound is obtained

with the help of the usual duality argument. It is not difficult to see that the dual prob-
lema(v,z) = [;v- (w— Ryw) dp forallv € H*(I;R?) is given by the equation

—2pp —2((y - z)mp)p —2((z, - y)z)p +2((z, - z)y)p +yz=w—Rpw in[.
Its solution z belongs to H?(I;R?) and satisfies ||z||2 < C|lw — Rpw||o. The L?
—bound in (A.1a) is then derived in the usual way. In the case that x and y depend on
t, the structure of f'and integration by parts imply that (Rjw)(+,t) is a solution of
the problem

a((Rpw)e(+,t), x) = a(we(-,t), x) + b((w — Rhw)(-,t),x) for all y € V",
where the bilinear form b satisfies

b((w = Rpw) (1), x)| < Cll(w = Rpw) (-, ) [lolIxlly < CR2[lw(-, )2l xIl1

in view of (A.1a). The bound (A.1b) is now obtained in a similar way as before. []

LemmaA.2 Letzg € H*(I,R%) suchthat0 < co < |29,,| < Cpinl, setyo = \igiTQ
and let 562 € V" be the solution of (3.6). Then

|7hze — 22| < Ch? (A.2)

and there exists hg > 0 such that %co < \552 p\ < 2C, for 0 < h < hg. Furthermore,

for 0 < h < hy there exists a unique solution §) € V" of
/@2 -n|2h,1* dp + /iﬁ,p Mpdp=0  VnpeV” (A.3)
I T

and we have the error bound

lyo — Giallo < Ch2. (A4)
Proof 1t follows from (3.3) that for all n € V" ¢ H*! (I,R%) it holds that

/(Wh:co)p “np, dp = /5507,3 1, dp = —/wo,pp ‘ndp= —/yo -|wo,,|* dp.
I I I I
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Taking the difference of this relation with (3.6) we obtain

/I(whxo —&9), M, dp+ /(77 zo—20)-ndp
= [0 =) im0l o+ [ o nlln ) 2 — oo 7] 4
= [0 =) im0, o
h 2 h
Jr/yO'77|(7T To — To))| dP—Q/yO'ﬁ[ﬂCo,p'(xo—7T 0),] dp.
I I

Choosing 1 = 7z — 29 and using integration by parts for the last integral we

deduce the bound (A.2) from (3.2b). Since ¢y < |z,,| < Cj it is in particular easily
seen that there exists hg > 0 such that %co < |5027p| < 2Cy for0 < h < hy.

Next, combining (3.6) and (A.3) we obtain
/yh nlah,1* dp = /1(562 —wl'xo) - dp + /W”yo -l (x"20),[* dp
and hence
/I(yo —95) - nlay ,1* dp = /I(yo —7"yo) - |} 1> dp

+ /(ﬂ’hl’o —i% .y dp+/77hyo '77[|552,p|2 - |<7Th550)p|2} dp.
I I

If we now choose 7 = 7y — 99 and use again the bound on 7z — 29 we deduce
(A.4) in a straightforward manner. O
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