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Stability and minimality of the ball for
attractive-repulsive energies with perimeter penalization

Marco Bonacini and Ihsan Topaloglu

Abstract. We consider perimeter perturbations of a class of attractive-repulsive energies, given by
the sum of two nonlocal interactions with power-law kernels, defined over sets with fixed mea-
sure. We prove that there exist curves in the perturbation-volume parameter space that separate
stability/instability and global minimality/nonminimality regions of the ball, and provide a precise
description of these curves for certain interaction kernels. In particular, we show that in small per-
turbation regimes there are (at least) two disconnected regions for the mass parameter in which the
ball is stable, separated by an instability region.

1. Introduction

In this note we consider the following minimization problem among sets of finite perime-
ter E C R¥ with fixed volume (d-dimensional Lebesgue measure) |E| = V:

min{F,(E): E CRY |E| =V}, (1)

where the functional ¥, is a perimeter perturbation of a prototypical attractive-repulsive
energy defined via power-law kernels

1
Fe(E) :=e:7’(E)~|—//—dxdy
EJE [x—y|*
+[/|x—y|ﬂdxdy, a € (0,d), p>0. 2)
EJE

Here J (E) denotes the perimeter of the set E in the sense of Caccioppoli—De Giorgi. For
notational convenience we write

ds(E) :://|x—y|°dxdy, foro > —d. 3)
EJE

With this notation, %, (E) = ¢ P(E) + $—«(E) + $p(E).
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Introduced in [5], purely nonlocal interaction energies of the form ¢_,(E) + g (E)
arise in descriptions of systems of uniformly distributed interacting particles—in particu-
lar, in models of collective behavior of many-agent systems related to swarming (see for
instance [2, 8, 19]). From a physical point of view, the inclusion of a surface penalization
in swarming or aggregation models is rather natural, since in most physical and biological
systems one would like to minimize the interaction between the bulk and the void. The
goal of this note is to characterize the parameter regimes (V, ) in which the ball is stable
or a global minimizer of the functional ¥.

Energies that include various combinations of the terms appearing in (2) have been
widely studied in the literature. For the purely nonlocal interaction energy o = $—qo
+ 43, in the large volume regime, in [13] the authors proved that for all 8 > 0 and 0 <
o < d — 1 there is a threshold Vi, € (0, 00) such that the ball with volume V' is the
only (up to translation) minimizer of ¥y for V' > V. It is also observed in [13] that for
o € [d —1,d), balls are never minimizers. Concerning the small volume regime, in [5] it
is shown that for § =2 and « € [d — 2, d) the energy F( does not admit a minimizer for V
sufficiently small. In [12] the same is proved for d = 3, @ = 1, and any 8 > 0. In a recent
joint work with Cristoferi [4], we investigate the stability and local optimality of the ball,
and characterize the exact range of volumes for which the ball is a volume-constrained
stable set for %y (in the sense of non-negativity of the second variation of the energy with
respect to smooth perturbations of the boundary of the ball). Moreover, we prove that the
strict stability of the ball yields its (quantitative) local minimality among sets with the
same volume and whose boundary is contained in a small uniform neighborhood of the
boundary of the ball.

The energy P(E) + $—o(E), on the other hand, appears in Gamow’s liquid drop
model for the atomic nucleus [15]. As a prototypical geometric variational problem, where
the competition between attraction and repulsion creates a dichotomy of existence and
nonexistence depending on the volume constraint |E| = V/, this model has received sig-
nificant interest in the last two decades (see [7, 10] for a review). Indeed, for any & € (0, d)
and for V sufficiently small, the energy P (E) + J—o(E) admits the ball as a unique min-
imizer. On the other hand, for V sufficiently large the energy does not admit a minimizer.
We refer to [3,6,9, 14, 17] for these results. More relevant to our work, in [3,9] the authors
investigate the stability of the ball. In particular, they establish a general criterion that
states that critical configurations with positive second variation are L!-local minimizers
of the energy P (E) + J—o(E) for a € (0, d). Moreover, these configurations satisfy a
stability inequality with respect to the L!-norm. As a result, this criterion provides the
existence of a (explicitly determined) critical threshold determining the interval of vol-
umes for which the ball is a local minimizer.

A combination of isoperimetric and attractive-repulsive energies of the form (2) (pos-
sibly with fractional perimeter) has already been investigated by Ascione in [1]. There the
author first proves that for d = 2, « € (0,d), B > 0 problem (1) admits a minimizer for ¢
and V sufficiently large, and then establishes that there exists a constant 1y > 0 and a
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function £(1') such that the ball of volume V' is the unique (up to translations) minimizer
of problem (1) forany ¢ = £(V) and V > V.

In a recent preprint [18], Ren, Wang, and Wei consider a similar problem in R2. For
E C R? with |E| = V, they study the stability of a single disk for the energy functional

1
8¢‘P(E)—§/E/;log|x—y|dxdy+/E/E|x—y|2dxdy.

In particular, they prove that for V' = 1/4, the disk of area V is stable for every ¢ > 0,
whereas for V' < 1/4 it is stable for ¢ > )/171(%)3/2 and unstable for & < y;l(%)yz,
where yy = (max{ W :n = 2})”!. Here we establish a similar result for

more general power-law kernels in any dimension d > 2.

In the following, it will be convenient to normalize the volume constraint and to work
with sets having the fixed mass |E| = wg, where wg := | B1| denotes the volume of the
ball in R? with radius 1. By a simple scaling argument this amounts to introducing a
parameter m = % in the functional %, that is,

(L)) = (L) i

wq wdq

where
Fem(E) = e P(E) + m@=otV/d g_ (E) 4 m@+P+D/d q4(F) 4)

for E C R? with |E| = wg. This heuristically shows that for fixed (small) &, we expect
two disconnected regions of stability of the ball of volume V. Indeed, when m is small, the
energy J, , is dominated by the perimeter term for which the ball is the global minimizer,
whereas for m large it is dominated by the attractive nonlocal energy g, which is also
minimized globally by a ball. Precisely, we establish the following as our main result:

Theorem 1.1 (Stability of By). Letd =2, o € (0,d — 1), B > 0. For every m > 0, there
exists e(m) = 0 such that the unit ball By is stable for the functional ¥, if and only if
& = g(m). The function m +— g(m) is continuous, €(0) = 0, e(m) > 0 for m € (0,my), and
e(m) = 0 for m = my, where my is defined by

my = my(d,, B)
(a(d —a)(2d +2+ B) ;z_a(Bo)aiﬁ

| Barpeita-o 560 ek
(a(d—a)ad—axd— 1+8) _g_a(Bo)aiﬁ 6 < b
B+ A+ Pd—1-a) F5(B)
and 6d +2+a(d—1
B = puld.a):= 221D (®)

d—1—-«
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Figure 1. Numerical plots of the curve e(m) dividing the stability/instability regions for the unit
ball B; as in Theorem 1.1; the ball is unstable in the shaded region. Left: the case § > B« (d = 3,
a =1, 8 = 30). Right: the case < B« (d =3, = 1, B = 4). Here Bsx = 22.

We refer to Figure 1 for numerical plots of the curve e(m) in the two cases > B and
B < Bx«. Stability in the previous theorem should be interpreted as the non-negativity of the
second variation of the functional ¥, ,, with respect to volume-preserving perturbations
of B; (see Section 2). The proof of Theorem 1.1 follows by combining Propositions 2.3
and 2.9, and is based on the analysis of the sign of the quadratic form associated to the
second variation, exploiting a spherical harmonics expansion in the spirit of [9].

In the case B > B, a more precise and explicit description of the function e(m) is
available; see Proposition 2.10. The case B < B« is significantly more involved, since
the function &(m) is defined as the supremum of an infinite family of curves; we discuss
conjectures about its behavior that are supported by numerical evidence in Section 4.

By Theorem 1.1, we have in particular that the ball B; is always stable for all m = m.,
for all € > 0; the constant m, has indeed been characterized in [4] as the stability threshold
of B for the functional ¥y s, without the perimeter perturbation. On the other hand,
denoting &, := max,,>¢ £(m), we have that By is stable for all &€ = ¢, for all values of m.
For a fixed € < €4, there are instead (at least) two disconnected regions for the parameter m
in which the ball is stable, separated by an instability region.

As is common in minimization problems for functionals given by the sum of a perime-
ter term and a bulk term, the strict stability of B; is expected to imply its local minimality
among sets that are close to the ball in the L!-topology—that is, sets whose symmetric
difference with B has sufficiently small volume. This has been established for Gamow’s
model in [3, 9]; for the functional %, due to the lack of the regularizing effect from the
perimeter term, we have shown in [4] that the strict stability of By ensures its local min-
imality among sets whose boundaries lie within a small uniform neighborhood of the
boundary of B;. Nevertheless, we do not pursue this question further here.

Regarding global minimizers, we prove the existence of solutions of (1) for all values
of ¢ and V (see Proposition 3.1), via a compactness result due to Frank and Lieb [11]
combined with the confining effect of the attraction term. Then we simply collect results
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from the seminal papers by Figallli, Fusco, Maggi, Morini, and Millot [9], and by Frank
and Lieb [13] to obtain the following for the rescaled energy F¢ :

Theorem 1.2 (Global minimality of By). Letd =2, « € (0,d — 1), B > 0. Then there
exists a function v (m) = 0, with epai(m) — 0 as m — 0T, such that the unit ball B,
is a global minimizer of ¢ m if and only if € = eva1(m). Moreover, there exists a constant
Mpal = Mpan(d, @, B) > 0 such that ey (m) > 0 for m € (0, mya) and gpa(m) = 0 for
m = Mpyl.

Denoting &, := mMaX,>o van(7n), we see that B; is the global minimizer of ¥ p,
for all ¢ > ¢, and for all values of m. If ¢ < g}, then there are instead (at least) two
disconnected regions for the parameter m where the ball is a global minimizer.

In the rest of the paper we will always assume that @ € (0,d — 1) and 8 > 0 are fixed
parameters. The paper is organized as follows: in Section 2 we study the second variation
of the functional ¥ ,, at the unit ball B; and we prove, in particular, Theorem 1.1. We dis-
cuss global minimizers in Section 3, which contains the proof of Theorem 1.2. In Section 4
we provide some additional numerical insights on the shape of the stability curve g(m).

2. Stability of the ball

In this section we discuss the volume-constrained stability of the unit ball By for the
family of functionals ¥ ,, introduced in (4). Given a set £ with finite volume and finite
perimeter, we say that E is a volume-constrained stationary set for ¥, p, if the first vari-
ation of the energy at E along any volume-preserving flow induced by any vector field
X € CX(R?;R?) is zero, that s, if

< e (@ ED]i=o = 0.

dt

where ®; is such that %CD;(X) = X(D;(x)), Oo(x) = x, and satisfies |D;(E)| = |E|
for all ¢. The set E is a volume-constrained stable set for ¥, p, if it is stationary and in
addition the second variation at £ along a volume-preserving flow induced by any vector
field X is non-negative, that is, if

2

d
m?s,m (®:(E))|t=0 =0,

where @, is as before.

2.1. Stability of the ball

The ball B; is a volume-constrained stationary set for ¥ ,,, since dB; has constant mean
curvature and the potential B, |X — »|? dy is constant for any x € 9B;. In order to study
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the stability of B; we introduce the following quadratic form:
QF o (u) = e[/ IVoul? d#d=" — (d — 1)/ u? dged- 1]
0B

4 - a+1)/d / / |u(x) —u(y) dged—1 ggpd—1
o Jom,  lx—yl© " 7

+ cza 9B, / uzde%d_l]
’ 9B,

+ m@+BD/d —/ / e =y Plux) —u(y)l> ded =" ded !
dB; J0B;

+c§,331/ w2 aged =,
0B,
@)

where
2 g, (x) = /BB lx — y[°|vg, (x) —vp, (W2 dHS ™ forallx € 0By, (8)
1

the symbol V; denotes the tangential gradient on dB;, and vp, the unit outward normal
to dB;. Notice that cg’ 9B, (x) is constant on dBj, and its value can be computed explic-
itly; see [4, Remark 2.3]. By [9, Remark 6.2] and [4, Theorem 2.1], the second variation
of ¥ m at By along a volume-preserving flow induced by the vector field X is given by
QFem(X -vp)).

The quadratic form @ ¥¢ ,, (1) can be expressed in terms of the Fourier decomposition
of u with respect to the orthonormal basis of spherical harmonics. If S; is the finite-
dimensional subspace of spherical harmonics of degree k € N U {0}, and {Y }i—y is an
orthonormal basis (of dimension d (k)) for 8 in L?(dB;) (see for instance [16]), then for
u € L?(0B), we let

al (u) :=/ u Y} dp! 9)
0B
be the Fourier coefficient of u corresponding to ka so that we have

oo d(k)

el 205, = D D@k ). (10)

k=0i=1
Combining the results in [1,9] (see also [4, Section 2.3]), one easily obtains the following:
Proposition 2.1. For u € L?(dB;), we have

oo d(k)

QFem(0) = 3 D[k = 2a) +m =V (1 () = i (~))

k=0i=1
+m @B (4 (B) — i (B) |(@h @) ()
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Here Ay = k(k +d —2) fork =1, Ao =0, and for o € (—(d — 1), 0),

d=140\(d=1 _ )
13 (0) == (d — Dwg_ 2947 1+0 (r(22:)22F+<<f)2 )[I_Eﬁ] (12)

fork =1, and po(o) = 0.

Remark 2.2 (Properties of (Ax)r and (ug(0))x). Clearly, the sequence (Ag) is strictly
increasing, by definition. By [4, Lemma 2.6], for any —(d — 1) < ¢ < 0 the sequence
(px (0))g is strictly increasing and u (0) — u1(0) = pa(0) — pu1(o) = —% > 0 for
all k = 2. If ¢ > 0, on the other hand, maxg>; ur(0) = p1(o) and p1(o) — pg(o) =
C4,c > Oforall k > 2, for some constant C; , depending only on d and o. Furthermore,
the sequence (ug (o)) is bounded, with limg_, o g (o) given by an explicit constant.

Finally, one has 11(0) = ¢ ;5 Where ¢ ;5 is the constant in (8).

For any k = 2, we define the functions & : [0, 00) — R by

m@=atV/A[ (1 (—a) — py (=) — m @B/ (1 (B) — i (B))]

ex(m) == , 13

K (m) p— (13)
and, for notational convenience, we also set e1(m) = 0. Let, form = 0,

g(m) = sup ¢ (m). (14)

k=1

Proposition 2.3. Letm > 0, « € (0,d — 1) and B > 0. The ball of unit volume B is a
volume-constrained stable set for ¥ , if and only if ¢ = e(m) with e(m) defined in (14).

Proof. Arguing as in [4, Theorem 2.7] and [9, Theorem 7.1], we have that B; is a volume-
constrained stable set for ¥ ,, if and only if Q¥ ,, (1) = 0 for every u € C°Y(dB;) with
Jom, U d#d1 =0.

Note that since faBl udJ?—1 = 0, we have a(l) (u) = 0. Hence, the sum in (11) starts
at k = 2 (since each difference also vanishes when k = 1) for every u € C°°(dB;) with
Jom, u d# =1 = 0. Then simply @ %, (u) = 0 for any u € C*®(3B;) with Jom, u djed-1
= 0if and only if ¢ = g(m). [

Remark 2.4. In [4, Theorem 1.1] we show that the ball B[V] of volume V' is a volume-
constrained stable set for the functional §_, 4+ ¢ if and only if V/wg; = m, where m.
is the explicit constant defined in (5) depending only on d, «, and

2.2. Properties of e (m)

Next we would like to investigate the properties of the functions &g (/) defined in (13),
and in turn of their supremum &(m). To this end, we introduce the following notation: we
rewrite the function e (m), for k = 2, as

ex(m) = m" (A — Bxym?),
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Figure 2. Left: numerical plot of the shape of one of the functions ¢ as described in Lemma 2.5
(the function plotted is e5(m) for the values of the parameters d = 3, « = 0.2, B = 15). Right:
the intersection of &5 and &3 is at the maximum point of £3; see Lemma 2.7 (here d = 3, @ = 1,

B =24).

where
_d—a+1 _a+p
r = d ) q - d ’ (15)
_ Pk (=) — pi(—@) _ pr1(B) — uk(B)
A= Be= (16)

Notice that, in view of Remark 2.2, the quantities Ay and By are strictly positive for all
k = 2. As a consequence of the simple form of & (m), we obtain some basic properties
of &x, which we list in the next lemma; see also Figure 2 (left).

Lemma 2.5. Foranyk =2, « € (0,d — 1), and B > 0, we have the following:

(i)  ex(m) has two roots: m = 0 and mg = (g—’;)l/q.

.. .. ., . rA 1
(ii)  ex(m) has one nonzero critical point: my = ((r+q’)‘Bk) /a,

(iii) ex(m) is increasing for m < mg, decreasing for m > my, and it achieves its
maximum value at my :

_ o rAg rla o qAg
s o = exnf) = () ™ ()

(iv)  ex(m) is strictly concave on (0, 00) if @ > 1, whereas if @ < 1, & (m) is convex
form < (%_i_;‘;)l/qmi and concave otherwise.

Remark 2.6. By the results in [4], see in particular equations (2.19) and (2.21) in [4,
Theorem 2.7], the constant m,. defined in (5) coincides with the supremum of the positive
roots of the function g :

My = supm,g. 17
k=2

Furthermore, the supremum in (17) is attained in the limit as k — oo if B < B, and is
attained for k = 3 in the case 8 = B, where B, is the threshold defined in (6) depending
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on d and «. Finally, by [4, Lemma A.1], we also have

0 _ : 0
m, = inf my,. 18)
27 gz K (
Another important value on [0, co) for our discussion is the intersection point of two
curves ¢ and gy. Clearly, &; and &y intersect when m = 0 for any k # £. If any two such
curves intersect at a nonzero point, then this point is given by

A — Ap\1/a
k ‘) . (19)

Mt = (Bk——Bg

We will show in Lemma 2.8 below that the sequence (Ag)xs, is strictly decreasing.
Hence, the existence of the intersection point my ¢ depends on the sign of By — By, which
might, however, change along the sequence.

In the following lemma we show that the curve €3 has its maximum exactly at the
intersection point m5 3 with the curve &;; see also Figure 2 (right):

Lemma 2.7. It holds that m» 3 = m§,.

Proof. We first introduce a convenient notation for the coefficients Ay and By, which will
also be useful later. We define

0 =——, t:=4——=, r:z@—i-g, (20)
and for k = 2,
k—1 k—1
ar =[]G+1-0. be=]]CG+I+0.
/= st 21
k-1 k-1 @D
a=[]G+1-0. de=]]G+1+0.
=1 j=1
Then, in view of (16) and (12), it is straightforward to deduce the following expressions
forall k = 2:

ak Ck
T T4
A = k , By = k , 22
k=Ko g Nk +d—1) k=R G T Dk +d - 1) 22)
for suitable positive constants k; , depending only on d and o.
We can now prove the identity in the statement. We first compute using (21)
by—a3=(d+2)(d-1-0a), d3s—c3=(d+2)(d~-1+p).
Then by (22),
A3 — A, _1_2_1_2(61"'2)_([72—!12)_12
A Az (d+1) (bz—az) b
2(d +2 d—1- d+1-
_,_2d+2) ( ) .(d+1_%):_u’ (23)
d+1) d+2)d-1—-a) d+1
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and by an analogous computation

Bi—B,  d+1+§p

= 24
B3 d+1 @4

Notice in particular that, from these expressions, A, > A3 and B, > Bj. Hence, by (19),
the two curves &, (m) and e3(m) always intersect at the point m5 3 > 0. Now, by comparing
the expression of m5 3 in (19) and that of m§ in Lemma 2.5, we have that m5 3 = m§ if
and only if

A3—A2 N (d+1-0[) A3

Bi;—B, (d+1+p8) B3’

and it is easily seen that this identity holds thanks to (23) and (24). [

In the technical preparatory lemma that follows, we prove the strict monotonicity of
the sequence (A )x=>2. Since g (m) = Agm” + o(m") asm — 07, where lim,,,_, o+ o(mm,r)
= 0, the coefficient Ay determines the behavior of the curve g () at the origin. In par-
ticular, as a consequence of the lemma, we have that ex (m) > ex41(m) for m in a right

neighborhood of the origin, for all k£ = 2.

Lemma 2.8. The sequence (Ay)r=» is strictly decreasing.

Proof. Notice that the inequality A, > A3 was already established in the proof of Lem
ma 2.7; see, in particular, (23). In view of expression (22) of A, the inequality Ay > Ag+1

is equivalent to
— Gkt1 ak

bry1 T b
Kk+d) “h=Dk+d=1) 25)

where the sequences (ay)x>» and (b)i>» are defined in (21). After some algebraic
manipulations, we see that (25) is equivalent to

(2k +d — D)bbg+1 — k(k + d)agbi+1 + (k — 1)(k +d — D)brag+1 > 0,
and in turn, dividing by ag b1, to

k+0—1)

@k+d—U%—kw+d%ﬂk—n@+d_”@?715>’

and finally, to
(2k+d—1)(bk _ )_2t(k+d—l)

k-1 \g k+L+1)

We therefore define the sequences

(2k+d—1)(bk 1) d 2tk +d — 1)
== - an =——
Tk k-1 \gq kT Tk i+

so that the conclusion Ay > Ay amounts to the inequality nx — o > 0 for all k = 2.
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Notice that n, — 0 > 0, as this inequality is equivalent to A, > A3, which has already
been established, as observed at the beginning of the proof. Moreover, it is easily seen
that (oy )x>2 is a strictly decreasing sequence. Therefore, if we show that n; = 5, for all
k = 3, it would follow that g — oy > 12 — 03 > 0 for all k = 3, which is the desired
conclusion.

To conclude the proof, it only remains to show the inequality n; = 5, for all k& > 2.
We proceed by induction. After some algebraic manipulations, the inequality nx = 75 is
equivalent to

by 21(d +3)(k—1)
x> . O
ax Ck+d—1D0+L—1) (O
Assume now that ([) is true for some k = 2, and let us prove ()4 1. We have
bi+1 B [l 2t(d + 3)k ]
Af+1 2k +d+ 1D +£E—1)
_(k+€+t)b_k_[1 2t(d + 3)k ]
Tk Ll—1t)ax k +d +1)(1+£—1)
- (k+€+t)[1 2t(d +3)(k—1) ]_[1 2t(d + 3)k ]
T (k+L—1) Qk+d—-1)(1+£—1) Qk+d+1)(1+L—1)

o hk+040  2d+3)k—1) 2(d + 3k
Sktl—t ktl—1) @ktd—DU1l—n @ktd+D(+l=1)

where we used the induction assumption ([J); in the second passage. The goal is to show
that the previous quantity is non-negative, that is, after converting to a (positive) common
denominator, to show that

Qualk) =1 +L—1)Qk+d— D)2k +d +1)
+ @k +d+ D)k +L41)d+3)k—1)
—Qk+d—1)(k+€¢—1)d +3)k = 0. (26)

Again by elementary algebraic manipulations, we find

Oualk) = (1+€—1)2k +d — 1)k +d + 1)
F(d +3)2ktQk +d —1) = (d + )k + £ +1)]
= Agok® + Baogk + Caq,

with

Ago =41 +€+2t +1td) >0,
Byo =4d(1+L—1)+(d +3)[2t(d — 1) —d —1].
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Hence, the sequence of points (Q 4,4 (k))k>2 are on a parabola whose vertex has x coor-

dinate v = —zid;"a . We can compute
2= : (—B 4A4.4)
v - ZAd,a d,a d,a
1
= 54+ 0+ (@ +3)(d + 1) =161+ £) = 21(d* + 8d +13)]
d,a
d+5)d+1
<« 4d0 10+ @+ D@+ D160 40 = EFIEED

244 0 2444 '

where we used the fact that t = £ — § > 0 and 44, > 0 in the third passage.

Hence, the x coordinate v of the vertex of the parabola is smaller than 2, so that the
sequence (Qg,4(k))k>> is increasing for k = 2 and, in particular, Qg4,4(k) = Q4.4(2)
for all k = 2. We can explicitly compute, using the definition in (20) of £ and # and the
assumption @ < d — 1,

Q42 =(d+3)[d*+3d —2—a(d + 3)]
>(d+3)[d*+3d —2—(d —1)(d+3)]=(d +3)d+1) >0.

We conclude that Q4 4(k) > 0 for all k > 2. This proves (26) and, in turn, (0)g41,
concluding the proof of the lemma. ]

2.3. Properties of &(m)

We now qualitatively describe the shape of the function &(m), defined in (14), which
according to Proposition 2.3 separates the stability/instability regions of the unit ball B
for the functional ¥; ;. In particular, in this subsection we complete the proof of Theo-
rem 1.1. We start by proving some general properties of the function e(m).

Proposition 2.9. Let m, > 0 be defined by (5), depending ond =2, a € (0,d — 1), § > 0.
Then e(0) = 0, e(m) > 0 form € (0,my), and e(m) = 0 for m = my.

For each m € (0, my), the supremum in (14) is attained at some finite k (m). The func-
tion e(m) is globally continuous and is locally Lipschitz continuous in (0, m«). Moreover,

one has the bound e(m) < Aym@—otD/d \hore A, is as in (22).

Proof. Obviously €(0) = 0, as g¢(0) = 0 for all k. Recalling identity (17), it is immediate
to deduce that, if m € (0, m4), we have m < m? for some k > 2 and hence, e(m) =
ez (m) > 0. On the contrary, if m = m, then all the functions & vanish at m, and therefore
g(m) = 0.

Next, notice that Ay — 0 and By — 0 as k — o0, as a consequence of definition (16)
of Ay and By, of the fact that Ay — oo, and of the boundedness of the sequences
(ur (—a))r and (g (B))k; see Remark 2.2. It follows that limg_, o £ () = O for any
fixed m > 0, and this convergence is uniform in [0, 714].
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Figure 3. The function e(m) in the case = P« is just the maximum between the first two
curves g3 (m) and e3(m); see Proposition 2.10 (the plot is obtained for d = 6, « = 3, B = 30).

Let us now prove that e(m) is Lipschitz continuous in each interval [m1,m3] C (0,m ).
Again by (17), there exists k > 2 such that ¢ := infynepmy ,my) € (M) > 0. Since gg (m) — 0
uniformly in [m1, m2] as k — 00, we have sup,,cpm, m,] k(M) < ¢ for all k sufficiently
large, that is, in the interval [m, m;] the supremum in (14) defining (m) is actually a
maximum of finitely many smooth functions. Therefore, £(m) is Lipschitz in [my, m5], as
claimed.

It only remains to show the continuity of e(m) at 0 and at m.. Fix n > 0. Then, by the
uniform convergence of g (m) — 0 as k — oo, we have sup,, ¢ (m) < n for all k = k,,, for
some k, € N. Moreover, by (17), for every k > 2 there exists §; > 0 such that g (m) < 7
for all m € [my — 8k, my]. Then, taking § = miny<x <k, 0k > 0, one has g (m) < 7 for all
m € [my — 8, my] and for all k = 2, and hence 0 < e(m) < n for all m € [m — §, my].
This shows the continuity from the left of e(m) at m..

The continuity at 0 follows by an analogous argument, using &g (m) — 0 as m — 0,
and the uniform convergence gy (m) — 0 as k — oo.

Finally, the bound e(m) < A,m@=2tD/4 follows by (13), (16), and Lemma 2.8. m

We can more accurately describe the profile e(m) when B = B, where B is the
threshold defined in (6) depending on d and «. Indeed, it turns out that in this case the
supremum defining &(m) in (14) is attained either at k = 2 or at k = 3. See Figure 3 for
an illustration.

Proposition 2.10 (Shape of e(m) in the case B = B«). Assume that § = B«, where By is
defined in (6). Then
e2(m) ifm € [0,mz 3],
e(m) = § e3(m) ifm € [my 3, my], 27

0 ifm = my,
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where my is defined in (5), and my 3 is the intersection point of €, and e3; see (19). The
function (m) is increasing for m € [0, m§] and decreasing for m € [m$, my], where m§
is the maximum point of the curve €, (see Lemma 2.5). The previous points are ordered as
0<m§ <mp3 < my.

Proof. First notice, as recalled in Remark 2.6, that by the results of [4] in the case 8 = B«
we have m, = mg, where m9 is the positive root of the function £3(m). Moreover, by (17)
mY < my forallk = 2.

We first claim that

ex(m) < e3(m) forallm € [0,m,], forall k > 3. (28)
Indeed, by Lemma 2.8 we have Ay < Aj for all k > 3. Since g (m) = Axm” + o(m")
asm — 01, where lim,,,_, o+ ”Snm,r) = 0, it follows that inequality (28) holds for all m in a

sufficiently small neighborhood of the origin. The two curves 3 and g intersect at most
once beyond the origin, at the point m3 x (see (19)). If by contradiction m3 y < m, which
would violate inequality (28), then necessarily mg > mY (or else the two curves would
intersect a second time beyond the origin). However, since m$J = m, as observed at the
beginning of the proof, this contradicts the inequality mg < my. The claim in (28) follows.

As a consequence of (28), we have
&(m) = max{ez(m),e3(m)} forallm € [0, m,]. (29)

By Lemma 2.7, the two functions &, and &3 intersect at the point m, 3 = m where £3 has
its maximum. In particular, e3(m2,3) > 0 and therefore m, 3 < my. Since A, > Az by
Lemma 2.8, we have as in the previous part of the proof that e, (m) > e3(m) close to the
origin, and since the two curves intersect only at m5 3, we obtain (27).

Clearly m§ < my_3, and (m) is increasing in [0, m$] and decreasing in [m, m> 3], as
it coincides with &, (m) in these two intervals. Since my 3 coincides with the maximum
point of e3(m), we have that £3(m) (that is, e(m)) is decreasing in [my 3, m.]. |

Remark 2.11. The picture in the case 0 < 8 < B is more involved, due to the fact that
one has to consider all curves g (m) when finding their supremum and not simply the
first two. We discuss this issue more in detail, and provide some numerical insights and
conjectures in Section 4.

3. Global minimality

Before we characterize the parameter regimes where the unit ball is the global minimizer,
we prove that a minimizer of ¥, ,, exists for any ¢,m > 0. This improves the existence
result in [1, Lemma 6.1] where the author obtains the existence of a minimizer only for
large values of m. For notational simplification, we state and prove the existence results
for the unscaled functional .
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Proposition 3.1. Letd =2, € (0,d), B > 0. Then for any ¢ > 0 and V > 0, the problem
in (1) admits a minimizer.

Proof. Let (Ex)x be a minimizing sequence for the problem in (1). Then Ej have a uni-
formly bounded perimeter. Since |Ey| = V for all k = 1, by [11, Proposition 2.1], there
exists a set Ey with positive measure V and a sequence (ay)x in R4 such that for a sub-
sequence, we have that E,, —ax — Eo locally, that is, X(En,—ax) = XEo in Llloc(]Rd).
Moreover,
Vo = |Eo| < liminf|E,, | =V.
k—o0

Now, denoting E,, — ay again by Ej with an abuse of notation, we assume toward a
contradiction that Vo < V. Fix Ro > O such that |Eo N Bg,| = Vo/2,andletn =V — V.
Then for any R > Ry, there exists Kr € N such that for any k > Kg, |Ex \ Br| = n/2.
Indeed, by the local convergence of E to Ey,

Vo= |EoN Br| = lim |Ex N Bgr| =V — lim |E; \ Bg|;
k—o0 k—o0

hence, limg o |Ex \ BR| =V — Vo = 1.
Using the uniform bound on the energy and the positivity of the perimeter and the
repulsive terms, for k = Kg, we obtain

CB?}(E;C)B/ / |x—y|’3dxdy2/ / |x — y|f dx dy
Ek Ek EknBRO Ek\BR

|4
> |R — Rolf 22,

8
Sending R — o0, this estimate yields the desired contradiction. Therefore, Vo = V. This
implies that no mass is lost in the limit k — co. Hence, by the lower semicontinuity of the

energy J,, E¢ is a minimizer. |

Proof of Theorem 1.2. Letd = 2, « € (0,d — 1), and B > 0. By [9, Theorem 1.3], for
any m > 0, there exists £(m) > 0 (also depending on d and «) such that if ¢ > g(m), then
the energy & P(E) + m@—2+D/d g_ (E) is minimized uniquely (up to translations) by
the unit ball B; among all sets of volume wg;. Since Jg(E) is an attractive energy, it is
clear (for example, via Riesz rearrangement inequality) that its global minimizer is also
the ball. Therefore, among all measurable sets of volume w,, the unique global minimizer
(up to translations) of ¥ ,, is given by the unit ball for any m > 0 and & > &(m).
We define

Epan(m) == inf{e > 0 : Bj is a global minimizer of ¥y ,, for all g > 8}.

Clearly, epan(m) < €(m) and B is a global minimizer of % ;, for all € = epy. It is easy to
see that, if By globally minimizes ¥¢,, for some ¢ > 0, then it also minimizes ¥ ,, for
all ¢ > ¢. Therefore, B; is not a global minimizer of F; ,, if & < &pap.



M. Bonacini and I. Topaloglu 16

Now, let Vi, be the volume threshold in [13, Theorem 1.1] that depends only on d, «,
and B. Then, taking my,; = (I;b—z“), we obtain that when m > my,, up to translations, the
energy Fom =m@-etV/d g_ (E) + m@+B+1/d ¢,(E) is uniquely minimized among
all measurable sets of volume wg, by the unit ball B;. Since the perimeter term is also
minimized by the ball, again, the global minimizer of (4) is given by the unit ball for any
& > 0 and for any m > myy. In particular, gy, () = 0 for all m = myy;.

We eventually show that ey, (m) > 0 for m € (0, mypy;). Indeed, notice that if B
globally minimizes the functional ¥y ,, for some m > 0, then it also minimizes Fg  for
m’ > m. It follows that the ball is not a global minimizer of %p, when m € (0, Mpa).
Then necessarily &y, () > 0 for such m.

Moreover, since ey, (m) < €(m), where (m) is the stability threshold in Theorem 1.1,
we also have that sy (m) — 0asm — 0. [

Remark 3.2. While the ball of volume V' is not a minimizer of the nonlocal interaction
energy §_o + Jp forany V when o € [d — 1,d) (see [13, Remark 3.2]), the result in [9]
covers the full range of «v-values; hence, the unit ball is also a minimizer of the energy ¢
for any ¢ and for m sufficiently small when « € [d — 1,d).

4. Numerical Insights

In this final section we discuss the difficulties of obtaining general properties of the func-
tion e(m) when 0 < B < B, and provide some numerical insight. At the root of these
difficulties lies the fact that, in the case 0 < 8 < B, the supremum of the positive roots
of the functions g, that is, ms = supgs, mg, is attained in the limit as k — oo (see
Remark 2.6). This implies that each curve & (m) crosses the m-axis at a point before m.,
that is, mg < my forall k € N. As a consequence, the value k (m) in Proposition 2.9 where
Supys &k (m) is attained switches infinitely many times. In other words, the curve &(m)
is determined by an infinite number of cascading curves & (m) (see Figure 4). More pre-
cisely, we claim that there exist values m§ < iy < -+ <inj < -+ < my withm; — my
and an increasing subsequence (k;); such that

e(m) = gg;(m) form € (mj,mj41).

Numerical plots indicate that for small values of 8 all curves g (m) may be active in
defining the curve g(m) as depicted in Figure 4 (left), while as 8 approaches B, some
functions & are “skipped” in forming &(im) as in Figure 4 (right). This is not unexpected,
since when 8 = B, only the curves g5 and €3 are used in the profile of &, while all other &
with k = 4 are “skipped”.

The numerics suggest that, as in the case § = B, also when 0 < 8 < B the func-
tion (/) coincides with &, (m) for m € [0,m5 3]. By Lemmas 2.7 and 2.8, it would suffice
to show that m3 ; > m¢ to establish this claim. We further conjecture that &(m) is increas-
ing for m € [0, m$] and has a global maximum at m$, where m is the maximum point of
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(

Figure 4. Numerical plots of some of the functions &z (7m) in the case f < B«. Left:d = 12,0 =9,
B =4 Right: d = 12, « =9, § = 40. Here S+« = 86.5. The picture on the right shows that some
of the functions &z can be “skipped” in the computation of the final profile £(m).

A

35

3.0

2.5

2.0

A

35F ¢

30

251

20L

Figure 5. Numerical plots of the sequence Ay in (30), whose positivity implies the inequality
Mi k1 > m,‘;_H. Left: d = 10, = 8, 8 = 10. Right: d = 10, « = 8, § = 130. Here B« = 134.

the curve &, (see Lemma 2.5). In particular, numerics indicate that max,,e(o,m,) €k (7) is
a decreasing sequence in k for any 8 > 0.

Finally, we conjecture that the stability separation curve e(m) is decreasing on the
interval (m$, ms). In order to establish this conjecture, it suffices to show one of the
following two equivalent claims: (i) the curve €4 is decreasing at the intersection point
of the curves ¢ and e if it exists, that is, s}cﬂ(mk,kﬂ) < 0 for all k£ = 3; or (ii)
the curves g; and g intersect past the positive critical point of &1, that is, mg g1
= my ., forall k = 3. Both claims require one to establish that

A B
ko d—a+1)—F

Ap=d+p+1) —(@+p8)>0 (30)

Ak11 Bi+1

under the assumption By ;1 < Bg. Indeed, if Bx41 > Bg, then e 41 (m) < g (m) for all
m > 0 and my x4 does not exist. Proving (30), however, does not seem to be an easy
task, since numerics suggest that the monotonicity of this sequence changes as 8 varies
on (0, B) (see Figure 5).
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