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Stability and minimality of the ball for
attractive-repulsive energies with perimeter penalization

Marco Bonacini and Ihsan Topaloglu

Abstract. We consider perimeter perturbations of a class of attractive-repulsive energies, given by
the sum of two nonlocal interactions with power-law kernels, defined over sets with fixed mea-
sure. We prove that there exist curves in the perturbation-volume parameter space that separate
stability/instability and global minimality/nonminimality regions of the ball, and provide a precise
description of these curves for certain interaction kernels. In particular, we show that in small per-
turbation regimes there are (at least) two disconnected regions for the mass parameter in which the
ball is stable, separated by an instability region.

1. Introduction

In this note we consider the following minimization problem among sets of finite perime-
ter E � Rd with fixed volume (d -dimensional Lebesgue measure) jEj D V :

min
®
F".E/ W E � Rd ; jEj D V

¯
; (1)

where the functional F" is a perimeter perturbation of a prototypical attractive-repulsive
energy defined via power-law kernels

F".E/ WD "P .E/C

Z
E

Z
E

1

jx � yj˛
dx dy

C

Z
E

Z
E

jx � yjˇ dx dy; ˛ 2 .0; d/; ˇ > 0: (2)

Here P .E/ denotes the perimeter of the set E in the sense of Caccioppoli–De Giorgi. For
notational convenience we write

J� .E/ WD

Z
E

Z
E

jx � yj� dx dy; for � > �d: (3)

With this notation, F".E/ D "P .E/C J�˛.E/C Jˇ .E/.
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Introduced in [5], purely nonlocal interaction energies of the form J�˛.E/C Jˇ .E/

arise in descriptions of systems of uniformly distributed interacting particles—in particu-
lar, in models of collective behavior of many-agent systems related to swarming (see for
instance [2, 8, 19]). From a physical point of view, the inclusion of a surface penalization
in swarming or aggregation models is rather natural, since in most physical and biological
systems one would like to minimize the interaction between the bulk and the void. The
goal of this note is to characterize the parameter regimes .V; "/ in which the ball is stable
or a global minimizer of the functional F".

Energies that include various combinations of the terms appearing in (2) have been
widely studied in the literature. For the purely nonlocal interaction energy F0 D J�˛
C Jˇ , in the large volume regime, in [13] the authors proved that for all ˇ > 0 and 0 <
˛ < d � 1 there is a threshold Vball 2 .0;1/ such that the ball with volume V is the
only (up to translation) minimizer of F0 for V > Vball. It is also observed in [13] that for
˛ 2 Œd � 1; d/, balls are never minimizers. Concerning the small volume regime, in [5] it
is shown that for ˇD 2 and ˛ 2 Œd � 2;d/ the energy F0 does not admit a minimizer for V
sufficiently small. In [12] the same is proved for d D 3, ˛ D 1, and any ˇ > 0. In a recent
joint work with Cristoferi [4], we investigate the stability and local optimality of the ball,
and characterize the exact range of volumes for which the ball is a volume-constrained
stable set for F0 (in the sense of non-negativity of the second variation of the energy with
respect to smooth perturbations of the boundary of the ball). Moreover, we prove that the
strict stability of the ball yields its (quantitative) local minimality among sets with the
same volume and whose boundary is contained in a small uniform neighborhood of the
boundary of the ball.

The energy P .E/ C J�˛.E/, on the other hand, appears in Gamow’s liquid drop
model for the atomic nucleus [15]. As a prototypical geometric variational problem, where
the competition between attraction and repulsion creates a dichotomy of existence and
nonexistence depending on the volume constraint jEj D V , this model has received sig-
nificant interest in the last two decades (see [7,10] for a review). Indeed, for any ˛ 2 .0;d/
and for V sufficiently small, the energy P .E/C J�˛.E/ admits the ball as a unique min-
imizer. On the other hand, for V sufficiently large the energy does not admit a minimizer.
We refer to [3,6,9,14,17] for these results. More relevant to our work, in [3,9] the authors
investigate the stability of the ball. In particular, they establish a general criterion that
states that critical configurations with positive second variation are L1-local minimizers
of the energy P .E/C J�˛.E/ for ˛ 2 .0; d/. Moreover, these configurations satisfy a
stability inequality with respect to the L1-norm. As a result, this criterion provides the
existence of a (explicitly determined) critical threshold determining the interval of vol-
umes for which the ball is a local minimizer.

A combination of isoperimetric and attractive-repulsive energies of the form (2) (pos-
sibly with fractional perimeter) has already been investigated by Ascione in [1]. There the
author first proves that for d > 2, ˛ 2 .0; d/, ˇ > 0 problem (1) admits a minimizer for "
and V sufficiently large, and then establishes that there exists a constant V0 > 0 and a
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function z".V / such that the ball of volume V is the unique (up to translations) minimizer
of problem (1) for any " > z".V / and V > V0.

In a recent preprint [18], Ren, Wang, and Wei consider a similar problem in R2. For
E � R2 with jEj D V , they study the stability of a single disk for the energy functional

"P .E/ �
1

2�

Z
E

Z
E

log jx � yj dx dy C
Z
E

Z
E

jx � yj2 dx dy:

In particular, they prove that for V > 1=4, the disk of area V is stable for every " > 0,
whereas for V < 1=4 it is stable for " > 
�1V .V

�
/3=2 and unstable for " < 
�1V .V

�
/3=2,

where 
V WD .max¹�1=.2n/C1=2�2V
n2�1

W n > 2º/�1. Here we establish a similar result for
more general power-law kernels in any dimension d > 2.

In the following, it will be convenient to normalize the volume constraint and to work
with sets having the fixed mass jEj D !d , where !d WD jB1j denotes the volume of the
ball in Rd with radius 1. By a simple scaling argument this amounts to introducing a
parameter m D V

!d
in the functional F", that is,

F"

�� V
!d

�1=d
E
�
D

� V
!d

�.d�1/=d
F";m.E/;

where

F";m.E/ WD "P .E/Cm.d�˛C1/=d J�˛.E/Cm
.dCˇC1/=d Jˇ .E/ (4)

for E � Rd with jEj D !d . This heuristically shows that for fixed (small) ", we expect
two disconnected regions of stability of the ball of volume V . Indeed, whenm is small, the
energy F";m is dominated by the perimeter term for which the ball is the global minimizer,
whereas for m large it is dominated by the attractive nonlocal energy Jˇ , which is also
minimized globally by a ball. Precisely, we establish the following as our main result:

Theorem 1.1 (Stability of B1). Let d > 2, ˛ 2 .0; d � 1/, ˇ > 0. For every m > 0, there
exists ".m/ > 0 such that the unit ball B1 is stable for the functional F";m if and only if
"> ".m/. The functionm 7! ".m/ is continuous, ".0/D 0, ".m/ > 0 form 2 .0;m�/, and
".m/ � 0 for m > m�, where m� is defined by

m� D m�.d; ˛; ˇ/

WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:

�
˛.d � ˛/.2d C 2C ˇ/

ˇ.d C ˇ/.2d C 2 � ˛/
�

J�˛.B1/

Jˇ .B1/

� d
˛Cˇ

if ˇ > ˇ�;

�
˛.d � ˛/.2d � ˛/.d � 1C ˇ/

ˇ.d C ˇ/.2d C ˇ/.d � 1 � ˛/
�

J�˛.B1/

Jˇ .B1/

� d
˛Cˇ

if ˇ < ˇ�;

(5)

and

ˇ� D ˇ�.d; ˛/ WD
6d C 2C ˛.d � 1/

d � 1 � ˛
: (6)
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Figure 1. Numerical plots of the curve ".m/ dividing the stability/instability regions for the unit
ball B1 as in Theorem 1.1; the ball is unstable in the shaded region. Left: the case ˇ > ˇ� (d D 3,
˛ D 1, ˇ D 30). Right: the case ˇ < ˇ� (d D 3, ˛ D 1, ˇ D 4). Here ˇ� D 22.

We refer to Figure 1 for numerical plots of the curve ".m/ in the two cases ˇ > ˇ� and
ˇ <ˇ�. Stability in the previous theorem should be interpreted as the non-negativity of the
second variation of the functional F";m with respect to volume-preserving perturbations
of B1 (see Section 2). The proof of Theorem 1.1 follows by combining Propositions 2.3
and 2.9, and is based on the analysis of the sign of the quadratic form associated to the
second variation, exploiting a spherical harmonics expansion in the spirit of [9].

In the case ˇ > ˇ�, a more precise and explicit description of the function ".m/ is
available; see Proposition 2.10. The case ˇ < ˇ� is significantly more involved, since
the function ".m/ is defined as the supremum of an infinite family of curves; we discuss
conjectures about its behavior that are supported by numerical evidence in Section 4.

By Theorem 1.1, we have in particular that the ball B1 is always stable for allm>m�,
for all " > 0; the constantm� has indeed been characterized in [4] as the stability threshold
of B1 for the functional F0;m, without the perimeter perturbation. On the other hand,
denoting "� WD maxm>0 ".m/, we have that B1 is stable for all " > "�, for all values ofm.
For a fixed " < "�, there are instead (at least) two disconnected regions for the parameterm
in which the ball is stable, separated by an instability region.

As is common in minimization problems for functionals given by the sum of a perime-
ter term and a bulk term, the strict stability of B1 is expected to imply its local minimality
among sets that are close to the ball in the L1-topology—that is, sets whose symmetric
difference with B1 has sufficiently small volume. This has been established for Gamow’s
model in [3, 9]; for the functional F0, due to the lack of the regularizing effect from the
perimeter term, we have shown in [4] that the strict stability of B1 ensures its local min-
imality among sets whose boundaries lie within a small uniform neighborhood of the
boundary of B1. Nevertheless, we do not pursue this question further here.

Regarding global minimizers, we prove the existence of solutions of (1) for all values
of " and V (see Proposition 3.1), via a compactness result due to Frank and Lieb [11]
combined with the confining effect of the attraction term. Then we simply collect results
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from the seminal papers by Figallli, Fusco, Maggi, Morini, and Millot [9], and by Frank
and Lieb [13] to obtain the following for the rescaled energy F";m:

Theorem 1.2 (Global minimality of B1). Let d > 2, ˛ 2 .0; d � 1/, ˇ > 0. Then there
exists a function "ball.m/ > 0, with "ball.m/! 0 as m! 0C, such that the unit ball B1
is a global minimizer of F";m if and only if " > "ball.m/. Moreover, there exists a constant
mball D mball.d; ˛; ˇ/ > 0 such that "ball.m/ > 0 for m 2 .0; mball/ and "ball.m/ � 0 for
m > mball.

Denoting "�ball WD maxm>0 "ball.m/, we see that B1 is the global minimizer of F";m
for all " > "�ball and for all values of m. If " < "�ball, then there are instead (at least) two
disconnected regions for the parameter m where the ball is a global minimizer.

In the rest of the paper we will always assume that ˛ 2 .0; d � 1/ and ˇ > 0 are fixed
parameters. The paper is organized as follows: in Section 2 we study the second variation
of the functional F";m at the unit ballB1 and we prove, in particular, Theorem 1.1. We dis-
cuss global minimizers in Section 3, which contains the proof of Theorem 1.2. In Section 4
we provide some additional numerical insights on the shape of the stability curve ".m/.

2. Stability of the ball

In this section we discuss the volume-constrained stability of the unit ball B1 for the
family of functionals F";m introduced in (4). Given a set E with finite volume and finite
perimeter, we say that E is a volume-constrained stationary set for F";m if the first vari-
ation of the energy at E along any volume-preserving flow induced by any vector field
X 2 C1c .R

d IRd / is zero, that is, if

d
dt

F";m.ˆt .E//jtD0 D 0;

where ˆt is such that @
@t
ˆt .x/ D X.ˆt .x//, ˆ0.x/ D x, and satisfies jˆt .E/j D jEj

for all t . The set E is a volume-constrained stable set for F";m if it is stationary and in
addition the second variation at E along a volume-preserving flow induced by any vector
field X is non-negative, that is, if

d2

dt2
F";m.ˆt .E//jtD0 > 0;

where ˆt is as before.

2.1. Stability of the ball

The ball B1 is a volume-constrained stationary set for F";m, since @B1 has constant mean
curvature and the potential

R
B1
jx � yj� dy is constant for any x 2 @B1. In order to study
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the stability of B1 we introduce the following quadratic form:

QF";m.u/ WD "
hZ
@B1

jr�uj
2 dHd�1

� .d � 1/

Z
@B1

u2 dHd�1
i

Cm.d�˛C1/=d
h
�

Z
@B1

Z
@B1

ju.x/ � u.y/j2

jx � yj˛
dHd�1

x dHd�1
y

C c2
�˛;@B1

Z
@B1

u2 dHd�1
i

Cm.dCˇC1/=d
h
�

Z
@B1

Z
@B1

jx � yjˇ ju.x/ � u.y/j2 dHd�1
x dHd�1

y

C c2ˇ;@B1

Z
@B1

u2 dHd�1
i
;

(7)
where

c2�;@B1.x/ WD

Z
@B1

jx � yj� j�B1.x/ � �B1.y/j
2 dHd�1

y for all x 2 @B1; (8)

the symbol r� denotes the tangential gradient on @B1, and �B1 the unit outward normal
to @B1. Notice that c2

�;@B1
.x/ is constant on @B1, and its value can be computed explic-

itly; see [4, Remark 2.3]. By [9, Remark 6.2] and [4, Theorem 2.1], the second variation
of F";m at B1 along a volume-preserving flow induced by the vector field X is given by
QF";m.X � �B1/.

The quadratic form QF";m.u/ can be expressed in terms of the Fourier decomposition
of u with respect to the orthonormal basis of spherical harmonics. If �k is the finite-
dimensional subspace of spherical harmonics of degree k 2 N [ ¹0º, and ¹Y i

k
º
d.k/
iD1 is an

orthonormal basis (of dimension d.k/) for �k in L2.@B1/ (see for instance [16]), then for
u 2 L2.@B1/, we let

aik.u/ WD

Z
@B1

uY ik dHd�1 (9)

be the Fourier coefficient of u corresponding to Y i
k

so that we have

kuk2
L2.@B1/

D

1X
kD0

d.k/X
iD1

.aik.u//
2: (10)

Combining the results in [1,9] (see also [4, Section 2.3]), one easily obtains the following:

Proposition 2.1. For u 2 L2.@B1/, we have

QF";m.u/ D

1X
kD0

d.k/X
iD1

h
"
�
�k � �1

�
Cm.d�˛C1/=d

�
�1.�˛/ � �k.�˛/

�
Cm.dCˇC1/=d

�
�1.ˇ/ � �k.ˇ/

�i
.aik.u//

2: (11)
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Here �k D k.k C d � 2/ for k > 1, �0 D 0, and for � 2 .�.d � 1/;1/,

�k.�/ WD .d � 1/!d�12
d�1C�

�
�
d�1C�
2

�
�
�
d�1
2

�
�
�
2d�2C�

2

� h
1 �

k�1Y
jD0

j � �
2

j C d � 1C �
2

i
(12)

for k > 1, and �0.�/ D 0.

Remark 2.2 (Properties of .�k/k and .�k.�//k). Clearly, the sequence .�k/k is strictly
increasing, by definition. By [4, Lemma 2.6], for any �.d � 1/ < � < 0 the sequence
.�k.�//k is strictly increasing and �k.�/� �1.�/ > �2.�/� �1.�/ D ���1.�/2dC�

> 0 for
all k > 2. If � > 0, on the other hand, maxk>1 �k.�/ D �1.�/ and �1.�/ � �k.�/ >
Cd;� > 0 for all k > 2, for some constant Cd;� depending only on d and � . Furthermore,
the sequence .�k.�//k is bounded, with limk!1 �k.�/ given by an explicit constant.
Finally, one has �1.�/ D c2�;@B1 where c2

�;@B1
is the constant in (8).

For any k > 2, we define the functions "k W Œ0;1/! R by

"k.m/ WD
m.d�˛C1/=d

��
�k.�˛/ � �1.�˛/

�
�m.˛Cˇ/=d

�
�1.ˇ/ � �k.ˇ/

��
�k � �1

; (13)

and, for notational convenience, we also set "1.m/ � 0. Let, for m > 0,

".m/ WD sup
k>1

"k.m/: (14)

Proposition 2.3. Let m > 0, ˛ 2 .0; d � 1/ and ˇ > 0. The ball of unit volume B1 is a
volume-constrained stable set for F";m if and only if " > ".m/ with ".m/ defined in (14).

Proof. Arguing as in [4, Theorem 2.7] and [9, Theorem 7.1], we have that B1 is a volume-
constrained stable set for F";m if and only if QF";m.u/ > 0 for every u 2 C1.@B1/ withR
@B1

u dHd�1 D 0.
Note that since

R
@B1

u dHd�1 D 0, we have a10.u/ D 0. Hence, the sum in (11) starts
at k D 2 (since each difference also vanishes when k D 1) for every u 2 C1.@B1/ withR
@B1

udHd�1 D 0. Then simply QF";m.u/> 0 for any u 2 C1.@B1/ with
R
@B1

udHd�1

D 0 if and only if " > ".m/.

Remark 2.4. In [4, Theorem 1.1] we show that the ball BŒV � of volume V is a volume-
constrained stable set for the functional J�˛ C Jˇ if and only if V=!d > m�, where m�
is the explicit constant defined in (5) depending only on d , ˛, and ˇ

2.2. Properties of "k.m/

Next we would like to investigate the properties of the functions "k.m/ defined in (13),
and in turn of their supremum ".m/. To this end, we introduce the following notation: we
rewrite the function "k.m/, for k > 2, as

"k.m/ D m
r .Ak � Bkm

q/;
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Figure 2. Left: numerical plot of the shape of one of the functions "k as described in Lemma 2.5
(the function plotted is "5.m/ for the values of the parameters d D 3, ˛ D 0:2, ˇ D 15). Right:
the intersection of "2 and "3 is at the maximum point of "3; see Lemma 2.7 (here d D 3, ˛ D 1,
ˇ D 24).

where

r D
d � ˛ C 1

d
; q D

˛ C ˇ

d
; (15)

Ak D
�k.�˛/ � �1.�˛/

�k � �1
; Bk D

�1.ˇ/ � �k.ˇ/

�k � �1
: (16)

Notice that, in view of Remark 2.2, the quantities Ak and Bk are strictly positive for all
k > 2. As a consequence of the simple form of "k.m/, we obtain some basic properties
of "k , which we list in the next lemma; see also Figure 2 (left).

Lemma 2.5. For any k > 2, ˛ 2 .0; d � 1/, and ˇ > 0, we have the following:

(i) "k.m/ has two roots: m D 0 and m0
k
WD .

Ak
Bk
/1=q .

(ii) "k.m/ has one nonzero critical point: mc
k
WD .

rAk
.rCq/Bk

/1=q .

(iii) "k.m/ is increasing for m < mc
k

, decreasing for m > mc
k

, and it achieves its
maximum value at mc

k
:

max
m2Œ0;1/

"k.m/ D "k.m
c
k/ D

� rAk

.r C q/Bk

�r=q� qAk
r C q

�
:

(iv) "k.m/ is strictly concave on .0;1/ if ˛ > 1, whereas if ˛ < 1, "k.m/ is convex
for m < . 1�˛

1Cˇ
/1=qmc

k
and concave otherwise.

Remark 2.6. By the results in [4], see in particular equations (2.19) and (2.21) in [4,
Theorem 2.7], the constantm� defined in (5) coincides with the supremum of the positive
roots of the function "k :

m� D sup
k>2

m0k : (17)

Furthermore, the supremum in (17) is attained in the limit as k !1 if ˇ < ˇ�, and is
attained for k D 3 in the case ˇ > ˇ�, where ˇ� is the threshold defined in (6) depending
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on d and ˛. Finally, by [4, Lemma A.1], we also have

m02 D inf
k>2

m0k : (18)

Another important value on Œ0;1/ for our discussion is the intersection point of two
curves "k and "`. Clearly, "k and "` intersect when m D 0 for any k ¤ `. If any two such
curves intersect at a nonzero point, then this point is given by

mk;` WD
�Ak � A`
Bk � B`

�1=q
: (19)

We will show in Lemma 2.8 below that the sequence .Ak/k>2 is strictly decreasing.
Hence, the existence of the intersection pointmk;` depends on the sign of Bk �B`, which
might, however, change along the sequence.

In the following lemma we show that the curve "3 has its maximum exactly at the
intersection point m2;3 with the curve "2; see also Figure 2 (right):

Lemma 2.7. It holds that m2;3 D mc3.

Proof. We first introduce a convenient notation for the coefficients Ak and Bk , which will
also be useful later. We define

` WD
d � 1

2
; t WD ` �

˛

2
; � WD `C

ˇ

2
; (20)

and for k > 2,

ak WD

k�1Y
jD1

.j C l � t /; bk WD

k�1Y
jD1

.j C l C t /;

ck WD

k�1Y
jD1

.j C l � �/; dk WD

k�1Y
jD1

.j C l C �/:

(21)

Then, in view of (16) and (12), it is straightforward to deduce the following expressions
for all k > 2:

Ak D �d;˛
1 �

ak
bk

.k � 1/.k C d � 1/
; Bk D �d;ˇ

1 �
ck
dk

.k � 1/.k C d � 1/
; (22)

for suitable positive constants �d;� depending only on d and � .
We can now prove the identity in the statement. We first compute using (21)

b3 � a3 D .d C 2/.d � 1 � ˛/; d3 � c3 D .d C 2/.d � 1C ˇ/:

Then by (22),

A3 � A2

A3
D 1 �

A2

A3
D 1 �

2.d C 2/

.d C 1/
�
.b2 � a2/

.b3 � a3/
�
b3

b2

D 1 �
2.d C 2/

.d C 1/
�

.d � 1 � ˛/

.d C 2/.d � 1 � ˛/
� .d C 1 � ˛

2
/ D �

d C 1 � ˛

d C 1
; (23)
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and by an analogous computation

B3 � B2

B3
D �

d C 1C ˇ

d C 1
: (24)

Notice in particular that, from these expressions, A2 > A3 and B2 > B3. Hence, by (19),
the two curves "2.m/ and "3.m/ always intersect at the pointm2;3>0. Now, by comparing
the expression of m2;3 in (19) and that of mc3 in Lemma 2.5, we have that m2;3 D mc3 if
and only if

A3 � A2

B3 � B2
D
.d C 1 � ˛/

.d C 1C ˇ/
�
A3

B3
;

and it is easily seen that this identity holds thanks to (23) and (24).

In the technical preparatory lemma that follows, we prove the strict monotonicity of
the sequence .Ak/k>2. Since "k.m/D Akmr C o.mr / asm! 0C, where limm!0C

o.mr /
mr

D 0, the coefficient Ak determines the behavior of the curve "k.�/ at the origin. In par-
ticular, as a consequence of the lemma, we have that "k.m/ > "kC1.m/ for m in a right
neighborhood of the origin, for all k > 2.

Lemma 2.8. The sequence .Ak/k>2 is strictly decreasing.

Proof. Notice that the inequality A2 > A3 was already established in the proof of Lem
ma 2.7; see, in particular, (23). In view of expression (22) ofAk , the inequalityAk >AkC1
is equivalent to

1 �
akC1
bkC1

k.k C d/
<

1 �
ak
bk

.k � 1/.k C d � 1/
; (25)

where the sequences .ak/k>2 and .bk/k>2 are defined in (21). After some algebraic
manipulations, we see that (25) is equivalent to

.2k C d � 1/bkbkC1 � k.k C d/akbkC1 C .k � 1/.k C d � 1/bkakC1 > 0;

and in turn, dividing by akbkC1, to

.2k C d � 1/
bk

ak
� k.k C d/C .k � 1/.k C d � 1/

.k C ` � t /

.k C `C t /
> 0;

and finally, to
.2k C d � 1/

k � 1

�bk
ak
� 1

�
�
2t.k C d � 1/

.k C `C t /
> 0:

We therefore define the sequences

�k WD
.2k C d � 1/

k � 1

�bk
ak
� 1

�
and �k WD

2t.k C d � 1/

.k C `C t /
;

so that the conclusion Ak > AkC1 amounts to the inequality �k � �k > 0 for all k > 2.
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Notice that �2 � �2 > 0, as this inequality is equivalent to A2 >A3, which has already
been established, as observed at the beginning of the proof. Moreover, it is easily seen
that .�k/k>2 is a strictly decreasing sequence. Therefore, if we show that �k > �2 for all
k > 3, it would follow that �k � �k > �2 � �2 > 0 for all k > 3, which is the desired
conclusion.

To conclude the proof, it only remains to show the inequality �k > �2 for all k > 2.
We proceed by induction. After some algebraic manipulations, the inequality �k > �2 is
equivalent to

bk

ak
> 1C

2t.d C 3/.k � 1/

.2k C d � 1/.1C ` � t /
: (�/k

Assume now that (�/k is true for some k > 2, and let us prove .�/kC1. We have

bkC1

akC1
�

h
1C

2t.d C 3/k

.2k C d C 1/.1C ` � t /

i
D
.k C `C t /

.k C ` � t /

bk

ak
�

h
1C

2t.d C 3/k

.2k C d C 1/.1C ` � t /

i
>
.k C `C t /

.k C ` � t /

h
1C

2t.d C 3/.k � 1/

.2k C d � 1/.1C ` � t /

i
�

h
1C

2t.d C 3/k

.2k C d C 1/.1C ` � t /

i
D

2t

k C ` � t
C
.k C `C t /

.k C ` � t /
�

2t.d C 3/.k � 1/

.2k C d � 1/.1C ` � t /
�

2t.d C 3/k

.2k C d C 1/.1C ` � t /
;

where we used the induction assumption (�/k in the second passage. The goal is to show
that the previous quantity is non-negative, that is, after converting to a (positive) common
denominator, to show that

Qd;˛.k/ WD .1C ` � t /.2k C d � 1/.2k C d C 1/

C .2k C d C 1/.k C `C t /.d C 3/.k � 1/

� .2k C d � 1/.k C ` � t /.d C 3/k > 0: (26)

Again by elementary algebraic manipulations, we find

Qd;˛.k/ D .1C ` � t /.2k C d � 1/.2k C d C 1/

C .d C 3/Œ2kt.2k C d � 1/ � .d C 1/.k C `C t /�

D Ad;˛k
2
C Bd;˛k C Cd;˛;

with

Ad;˛ WD 4.1C `C 2t C td / > 0;

Bd;˛ WD 4d.1C ` � t /C .d C 3/Œ2t.d � 1/ � d � 1�:
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Hence, the sequence of points .Qd;˛.k//k>2 are on a parabola whose vertex has x coor-
dinate v D � Bd;˛

2Ad;˛
. We can compute

v � 2 D
1

2Ad;˛
.�Bd;˛ � 4Ad;˛/

D
1

2Ad;˛
Œ�4d.1C `/C .d C 3/.d C 1/ � 16.1C `/ � 2t.d2 C 8d C 13/�

6
1

2Ad;˛
Œ�4d.1C `/C .d C 3/.d C 1/ � 16.1C `/� D �

.d C 5/.d C 1/

2Ad;˛
< 0;

where we used the fact that t D ` � ˛
2
> 0 and Ad;˛ > 0 in the third passage.

Hence, the x coordinate v of the vertex of the parabola is smaller than 2, so that the
sequence .Qd;˛.k//k>2 is increasing for k > 2 and, in particular, Qd;˛.k/ > Qd;˛.2/
for all k > 2. We can explicitly compute, using the definition in (20) of ` and t and the
assumption ˛ < d � 1,

Qd;˛.2/ D .d C 3/Œd
2
C 3d � 2 � ˛.d C 3/�

> .d C 3/Œd2 C 3d � 2 � .d � 1/.d C 3/� D .d C 3/.d C 1/ > 0:

We conclude that Qd;˛.k/ > 0 for all k > 2. This proves (26) and, in turn, .�/kC1,
concluding the proof of the lemma.

2.3. Properties of ".m/

We now qualitatively describe the shape of the function ".m/, defined in (14), which
according to Proposition 2.3 separates the stability/instability regions of the unit ball B1
for the functional F";m. In particular, in this subsection we complete the proof of Theo-
rem 1.1. We start by proving some general properties of the function ".m/.

Proposition 2.9. Letm� > 0 be defined by (5), depending on d > 2, ˛ 2 .0;d � 1/, ˇ > 0.
Then ".0/ D 0, ".m/ > 0 for m 2 .0;m�/, and ".m/ D 0 for m > m�.

For eachm 2 .0;m�/, the supremum in (14) is attained at some finite xk.m/. The func-
tion ".m/ is globally continuous and is locally Lipschitz continuous in .0;m�/. Moreover,
one has the bound ".m/ 6 A2m.d�˛C1/=d , where A2 is as in (22).

Proof. Obviously ".0/D 0, as "k.0/D 0 for all k. Recalling identity (17), it is immediate
to deduce that, if m 2 .0; m�/, we have m < m0

zk
for some zk > 2 and hence, ".m/ >

"zk.m/ > 0. On the contrary, ifm>m� then all the functions "k vanish atm, and therefore
".m/ D 0.

Next, notice that Ak ! 0 and Bk ! 0 as k!1, as a consequence of definition (16)
of Ak and Bk , of the fact that �k ! 1, and of the boundedness of the sequences
.�k.�˛//k and .�k.ˇ//k ; see Remark 2.2. It follows that limk!1 "k.m/ D 0 for any
fixed m > 0, and this convergence is uniform in Œ0;m��.
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Figure 3. The function ".m/ in the case ˇ > ˇ� is just the maximum between the first two
curves "2.m/ and "3.m/; see Proposition 2.10 (the plot is obtained for d D 6, ˛ D 3, ˇ D 30).

Let us now prove that ".m/ is Lipschitz continuous in each interval Œm1;m2�� .0;m�/.
Again by (17), there exists zk > 2 such that c WD infm2Œm1;m2� "zk.m/ > 0. Since "k.m/! 0

uniformly in Œm1; m2� as k !1, we have supm2Œm1;m2� "k.m/ < c for all k sufficiently
large, that is, in the interval Œm1; m2� the supremum in (14) defining ".m/ is actually a
maximum of finitely many smooth functions. Therefore, ".m/ is Lipschitz in Œm1;m2�, as
claimed.

It only remains to show the continuity of ".m/ at 0 and at m�. Fix � > 0. Then, by the
uniform convergence of "k.m/! 0 as k!1, we have supm "k.m/ < � for all k > k� , for
some k� 2 N. Moreover, by (17), for every k > 2 there exists ık > 0 such that "k.m/ < �
for allm 2 Œm� � ık ;m��. Then, taking ı D min26k6k� ık > 0, one has "k.m/ 6 � for all
m 2 Œm� � ı; m�� and for all k > 2, and hence 0 6 ".m/ 6 � for all m 2 Œm� � ı; m��.
This shows the continuity from the left of ".m/ at m�.

The continuity at 0 follows by an analogous argument, using "k.m/! 0 as m! 0,
and the uniform convergence "k.m/! 0 as k !1.

Finally, the bound ".m/ 6 A2m.d�˛C1/=d follows by (13), (16), and Lemma 2.8.

We can more accurately describe the profile ".m/ when ˇ > ˇ�, where ˇ� is the
threshold defined in (6) depending on d and ˛. Indeed, it turns out that in this case the
supremum defining ".m/ in (14) is attained either at k D 2 or at k D 3. See Figure 3 for
an illustration.

Proposition 2.10 (Shape of ".m/ in the case ˇ > ˇ�). Assume that ˇ > ˇ�, where ˇ� is
defined in (6). Then

".m/ D

8̂̂<̂
:̂
"2.m/ if m 2 Œ0;m2;3�;

"3.m/ if m 2 Œm2;3; m��;

0 if m > m�;
(27)
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where m� is defined in (5), and m2;3 is the intersection point of "2 and "3; see (19). The
function ".m/ is increasing for m 2 Œ0; mc2� and decreasing for m 2 Œmc2; m��, where mc2
is the maximum point of the curve "2 (see Lemma 2.5). The previous points are ordered as
0 < mc2 < m2;3 < m�.

Proof. First notice, as recalled in Remark 2.6, that by the results of [4] in the case ˇ > ˇ�
we havem� Dm03, wherem03 is the positive root of the function "3.m/. Moreover, by (17)
m0
k
6 m� for all k > 2.
We first claim that

"k.m/ 6 "3.m/ for all m 2 Œ0;m��; for all k > 3: (28)

Indeed, by Lemma 2.8 we have Ak < A3 for all k > 3. Since "k.m/ D Akmr C o.mr /
asm! 0C, where limm!0C

o.mr /
mr
D 0, it follows that inequality (28) holds for allm in a

sufficiently small neighborhood of the origin. The two curves "3 and "k intersect at most
once beyond the origin, at the pointm3;k (see (19)). If by contradictionm3;k <m�, which
would violate inequality (28), then necessarily m0

k
> m03 (or else the two curves would

intersect a second time beyond the origin). However, since m03 D m� as observed at the
beginning of the proof, this contradicts the inequalitym0

k
6m�. The claim in (28) follows.

As a consequence of (28), we have

".m/ D max
®
"2.m/; "3.m/

¯
for all m 2 Œ0;m��: (29)

By Lemma 2.7, the two functions "2 and "3 intersect at the pointm2;3 D mc3 where "3 has
its maximum. In particular, "3.m2;3/ > 0 and therefore m2;3 < m�. Since A2 > A3 by
Lemma 2.8, we have as in the previous part of the proof that "2.m/ > "3.m/ close to the
origin, and since the two curves intersect only at m2;3, we obtain (27).

Clearly mc2 < m2;3, and ".m/ is increasing in Œ0;mc2� and decreasing in Œmc2; m2;3�, as
it coincides with "2.m/ in these two intervals. Since m2;3 coincides with the maximum
point of "3.m/, we have that "3.m/ (that is, ".m/) is decreasing in Œm2;3; m��.

Remark 2.11. The picture in the case 0 < ˇ < ˇ� is more involved, due to the fact that
one has to consider all curves "k.m/ when finding their supremum and not simply the
first two. We discuss this issue more in detail, and provide some numerical insights and
conjectures in Section 4.

3. Global minimality

Before we characterize the parameter regimes where the unit ball is the global minimizer,
we prove that a minimizer of F";m exists for any "; m > 0. This improves the existence
result in [1, Lemma 6.1] where the author obtains the existence of a minimizer only for
large values of m. For notational simplification, we state and prove the existence results
for the unscaled functional F".
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Proposition 3.1. Let d > 2, ˛ 2 .0;d/, ˇ > 0. Then for any " > 0 and V > 0, the problem
in (1) admits a minimizer.

Proof. Let .Ek/k be a minimizing sequence for the problem in (1). Then Ek have a uni-
formly bounded perimeter. Since jEkj D V for all k > 1, by [11, Proposition 2.1], there
exists a set E0 with positive measure V0 and a sequence .ak/k in Rd such that for a sub-
sequence, we have that Enk � ak ! E0 locally, that is, �.Enk�ak/ ! �E0 in L1loc.R

d /.
Moreover,

V0 D jE0j 6 lim inf
k!1

jEnk j D V:

Now, denoting Enk � ak again by Ek with an abuse of notation, we assume toward a
contradiction that V0 < V . FixR0 > 0 such that jE0 \BR0 j> V0=2, and let � WD V � V0.
Then for any R > R0, there exists KR 2 N such that for any k > KR, jEk n BRj > �=2.
Indeed, by the local convergence of Ek to E0,

V0 > jE0 \ BRj D lim
k!1

jEk \ BRj D V � lim
k!1

jEk n BRjI

hence, limk!1 jEk n BRj > V � V0 D �.
Using the uniform bound on the energy and the positivity of the perimeter and the

repulsive terms, for k > KR, we obtain

C > F".Ek/ >
Z
Ek

Z
Ek

jx � yjˇ dx dy >
Z
Ek\BR0

Z
EknBR

jx � yjˇ dx dy

> jR �R0jˇ
V0�

8
:

Sending R!1, this estimate yields the desired contradiction. Therefore, V0 D V . This
implies that no mass is lost in the limit k!1. Hence, by the lower semicontinuity of the
energy F", E0 is a minimizer.

Proof of Theorem 1.2. Let d > 2, ˛ 2 .0; d � 1/, and ˇ > 0. By [9, Theorem 1.3], for
any m > 0, there exists ".m/ > 0 (also depending on d and ˛) such that if " > ".m/, then
the energy "P .E/Cm.d�˛C1/=d J�˛.E/ is minimized uniquely (up to translations) by
the unit ball B1 among all sets of volume !d . Since Jˇ .E/ is an attractive energy, it is
clear (for example, via Riesz rearrangement inequality) that its global minimizer is also
the ball. Therefore, among all measurable sets of volume !d , the unique global minimizer
(up to translations) of F";m is given by the unit ball for any m > 0 and " > ".m/.

We define

"ball.m/ WD inf
®
" > 0 W B1 is a global minimizer of F"0;m for all "0 > "

¯
:

Clearly, "ball.m/ 6 ".m/ and B1 is a global minimizer of F";m for all " > "ball. It is easy to
see that, if B1 globally minimizes F";m for some " > 0, then it also minimizes F"0;m for
all "0 > ". Therefore, B1 is not a global minimizer of F";m if " < "ball.
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Now, let Vball be the volume threshold in [13, Theorem 1.1] that depends only on d , ˛,
and ˇ. Then, takingmball WD .

Vball
!d
/, we obtain that when m > mball, up to translations, the

energy F0;m Dm
.d�˛C1/=d J�˛.E/Cm

.dCˇC1/=d Jˇ .E/ is uniquely minimized among
all measurable sets of volume !d , by the unit ball B1. Since the perimeter term is also
minimized by the ball, again, the global minimizer of (4) is given by the unit ball for any
" > 0 and for any m > mball. In particular, "ball.m/ D 0 for all m > mball.

We eventually show that "ball.m/ > 0 for m 2 .0; mball/. Indeed, notice that if B1
globally minimizes the functional F0;m for some m > 0, then it also minimizes F0;m0 for
m0 > m. It follows that the ball is not a global minimizer of F0;m when m 2 .0; mball/.
Then necessarily "ball.m/ > 0 for such m.

Moreover, since "ball.m/6 ".m/, where ".m/ is the stability threshold in Theorem 1.1,
we also have that "ball.m/! 0 as m! 0C.

Remark 3.2. While the ball of volume V is not a minimizer of the nonlocal interaction
energy J�˛ C Jˇ for any V when ˛ 2 Œd � 1; d/ (see [13, Remark 3.2]), the result in [9]
covers the full range of ˛-values; hence, the unit ball is also a minimizer of the energy F";m
for any " and for m sufficiently small when ˛ 2 Œd � 1; d/.

4. Numerical Insights

In this final section we discuss the difficulties of obtaining general properties of the func-
tion ".m/ when 0 < ˇ < ˇ�, and provide some numerical insight. At the root of these
difficulties lies the fact that, in the case 0 < ˇ < ˇ�, the supremum of the positive roots
of the functions "k , that is, m� D supk>2 m

0
k

, is attained in the limit as k ! 1 (see
Remark 2.6). This implies that each curve "k.m/ crosses the m-axis at a point before m�,
that is,m0

k
<m� for all k 2N. As a consequence, the value xk.m/ in Proposition 2.9 where

supk>1 "k.m/ is attained switches infinitely many times. In other words, the curve ".m/
is determined by an infinite number of cascading curves "k.m/ (see Figure 4). More pre-
cisely, we claim that there exist values mc2 < xm1 < � � � < xmj < � � � < m� with xmj ! m�
and an increasing subsequence .kj /j such that

".m/ D "kj .m/ for m 2 . xmj ; xmjC1/:

Numerical plots indicate that for small values of ˇ all curves "k.m/ may be active in
defining the curve ".m/ as depicted in Figure 4 (left), while as ˇ approaches ˇ�, some
functions "k are “skipped” in forming ".m/ as in Figure 4 (right). This is not unexpected,
since when ˇ > ˇ�, only the curves "2 and "3 are used in the profile of ", while all other "k
with k > 4 are “skipped”.

The numerics suggest that, as in the case ˇ > ˇ�, also when 0 < ˇ < ˇ� the func-
tion ".m/ coincides with "2.m/ form 2 Œ0;m2;3�. By Lemmas 2.7 and 2.8, it would suffice
to show thatm3;k > mc3 to establish this claim. We further conjecture that ".m/ is increas-
ing for m 2 Œ0;mc2� and has a global maximum at mc2, where mc2 is the maximum point of
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Figure 4. Numerical plots of some of the functions "k.m/ in the case ˇ < ˇ�. Left: d D 12, ˛ D 9,
ˇ D 4. Right: d D 12, ˛ D 9, ˇ D 40. Here ˇ� D 86:5. The picture on the right shows that some
of the functions "k can be “skipped” in the computation of the final profile ".m/.
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Figure 5. Numerical plots of the sequence ƒk in (30), whose positivity implies the inequality
mk;kC1 > m

c
kC1

. Left: d D 10, ˛ D 8, ˇ D 10. Right: d D 10, ˛ D 8, ˇ D 130. Here ˇ� D 134:

the curve "2 (see Lemma 2.5). In particular, numerics indicate that maxm2.0;m�/ "k.m/ is
a decreasing sequence in k for any ˇ > 0.

Finally, we conjecture that the stability separation curve ".m/ is decreasing on the
interval .mc2; m�/. In order to establish this conjecture, it suffices to show one of the
following two equivalent claims: (i) the curve "kC1 is decreasing at the intersection point
of the curves "k and "kC1 if it exists, that is, "0

kC1
.mk;kC1/ 6 0 for all k > 3; or (ii)

the curves "k and "kC1 intersect past the positive critical point of "kC1, that is, mk;kC1
> mc

kC1
for all k > 3. Both claims require one to establish that

ƒk WD .d C ˇ C 1/
Ak

AkC1
� .d � ˛ C 1/

Bk

BkC1
� .˛ C ˇ/ > 0 (30)

under the assumption BkC1 < Bk . Indeed, if BkC1 > Bk , then "kC1.m/ < "k.m/ for all
m > 0 and mk;kC1 does not exist. Proving (30), however, does not seem to be an easy
task, since numerics suggest that the monotonicity of this sequence changes as ˇ varies
on .0; ˇ�/ (see Figure 5).
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