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ARTICLE INFO ABSTRACT

Keywords: Numerous research efforts have been devoted to developing quantitative solutions to stochastic mechanical
Autoencoder systems. In general, the problem is perceived as “solved” when a complete or partial probabilistic description
Clustering on quantities of interest (Qols) is determined. However, in the presence of complex system behavior, there is
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a critical need to go beyond computing probabilities. In fact, to gain a better understanding of the system,
it is crucial to extract physical characterizations from the probabilistic structure of the Qols, especially
when the Qols are computed in a data-driven fashion. Motivated by this perspective, the paper proposes a
framework to obtain structuralized characterizations on behaviors of stochastic systems. The framework is
named Probabilistic Performance-Pattern Decomposition (PPPD). PPPD analysis aims to decompose complex
response behaviors, conditional to a prescribed performance state, into meaningful patterns in the space of
system responses, and to investigate how the patterns are triggered in the space of basic random variables.
To illustrate the application of PPPD, the paper studies three numerical examples: (1) an illustrative example
with hypothetical stochastic processes input and output; (2) a stochastic Lorenz system with periodic as well as
chaotic behaviors; and (3) a simplified shear-building model subjected to a stochastic ground motion excitation.

1. Introduction systems. In recent years, the development and formalization of Uncer-
tainty Quantification (UQ) [26-30] have provided a new framework
for addressing stochastic mechanical systems. UQ methods allow the
problem to be approached as a forward UQ problem, with non-intrusive
UQ methods [31,32] offering a practical solution. These methods treat
the deterministic solution of the governing equations as a “black box”
and focus on the statistical analysis of the input-Qol relationships. This

is particularly useful in engineering applications with complex legacy

The study of classical mechanics under uncertainty has become a
significant area of research in engineering, attracting increasing atten-
tion and diverse applications. Over time, this field has expanded to
encompass theoretical investigations into stochastic differential equa-
tions [1-7], stochastic dynamics [8-13], and risk and reliability the-
ory [14-17], among others. Concurrently, the number of engineering
applications in this domain has surged. Notable examples include [18—

23].

Likewise in deterministic mechanical systems, the analysis of
stochastic mechanical systems begins with the equation of motion,
typically expressed as stochastic differential equations. However, unlike
deterministic systems, a stochastic mechanical system is characterized
by a set of random variables (which may be infinite) and produces a
probabilistic description of Quantities of Interest (Qols) as its output.
Finding even approximate solutions can be challenging [1,2]. An alter-
native approach is to reformulate the equation of motion as an equation
for the probability density function (such as the Smoluchowski or
Fokker-Planck equation [24]), or as an equation for statistical moments
(such as the moment closure method [25]). Unfortunately, these equa-
tions are also difficult to solve for complex multi-degree-of-freedom

* Corresponding authors.

codes that are challenging to adapt for intrusive UQ analysis. Given
these advancements and the rise of high-performance computing [33-
361, Monte Carlo simulation methods [37-44] and metamodeling [45-
53] have become increasingly popular for forward UQ analysis and,
consequently, for solving stochastic mechanical problems.

The use of classic non-intrusive UQ methods has been a remarkable
advancement for the solution of stochastic mechanical problems. How-
ever, it has also stimulated an undesirable consequence: the problem
of interest is perceived as ‘“‘solved” once the probabilistic character-
ization of the Qols is obtained. In fact, the classic UQ analysis and
the following decision-making process are based on the statistics of
the Qols, losing de facto the physical information of the mechanical
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Fig. 1. Principles of PPPD. Direct arrows denotes direct transformations, dashed lines
denotes inverse reconstructions.

problem (hidden within the black-box solver). There is a critical missing
link in this context, that is extracting physical information and patterns
from the probabilistic characterization of the Qols. This is crucial,
especially in the presence of multi-degree-of-freedom (MDoF) systems
with complex behavior. A notable example in earthquake engineering
is the stochastic dynamic analysis of MDoF systems with first-passage
failure criterion, where the aim is to quantify the events that some
response quantities exceed specified thresholds during a time interval.
Computational methods for this problem focus on computing the first-
passage probability; however, detailed analysis on the possible patterns
and contributing factors of a first-passage event is rarely seen in the
existing literature. Such analysis is important for engineers because it
can facilitate the development of specialized design and retrofitting
solutions against specific failure patterns. In contrast, an aggregated
numeric output, like first-passage probability, does not provide this
information.

This study aims to establish a formal framework for deriving a
comprehensive physical characterization from the probabilistic struc-
ture of Quantities of Interest (Qols). Within the scope of non-intrusive
Uncertainty Quantification (UQ), the goal is to facilitate a physics-
informed decision-making process. This approach emphasizes not only
the statistical aspects of Qols but, more crucially, the physical pat-
terns that underlie their probabilistic representations. We introduce
this framework as Probabilistic Performance-Pattern Decomposition
(PPPD). The term “performance-pattern” is used because the frame-
work focuses on behaviors defined by performance states. Specifically,
the study develops methods to analyze the behavior patterns of com-
plex stochastic systems and to identify key domains of basic random
variables (which are the sources of randomness) that give rise to
these patterns. The response of the system can be represented as a
probabilistic reconstruction of the identified performance patterns.

The concept of establishing global characterizations of the behaviors
of stochastic mechanical systems has been investigated in the liter-
ature. For example, in the study of stochastic differential equations,
concepts such as random attractors and invariant manifolds have been
developed as global characterizations of stochastic systems [54,55].
However, definitions and identifications of random attractors or invari-
ant manifolds involve sophisticated (and often delicate) mathematical
considerations, and applications of these concepts to real engineering
problems are rare, and generally difficult to cast in a non-intrusive
framework. Moreover, for stochastic systems without random attractors
or invariant manifolds, they still may exhibit qualitatively different
behaviors subjected to certain domains of random input, and thus
there are needs to systematically analyze these behaviors. Another
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example for global characterization of stochastic mechanical systems is
the concept of mutually exclusive and collectively exhaustive (MECE)
set in system reliability theory [56,57]. In a system reliability approach
to stochastic mechanical problems, the state space of a mechanical
system is partitioned into various performance state levels (e.g., failure
or safe in a 2-level partition), and the performance state of the system
is contributed by combinations of performance states of components.
The MECE set of a system performance state is a set of component
performance states to give rise to the system performance state, and
the set is MECE. Simply put, the MECE set of a system performance
state corresponds to qualitatively different ways (with respect to com-
ponent performance states) to achieve a system performance state.
The limitation of the MECE set concept is that it is useful only if
behaviors of a mechanical system can be meaningfully decomposed as
combinations of behaviors of components, and such a decomposition
should be a prior knowledge. By contrast, the concept of performance-
patterns developed in this study is independent of decomposition of
the system. In general, compared with random attractors, invariant
manifolds, and MECE set, the concept of performance-pattern is more
flexible and has promising potential as an effective analysis framework
of a large variety of stochastic (not necessarily mechanical) systems.

In the context of structural reliability, there is another original con-
tribution, which attempts to extract physical characterizations from the
performance of a stochastic mechanical system. Starting from the idea
of critical excitation [58], the Tail Equivalent Linearization Method
(TELM) [59,60] was developed to study the reliability of hysteretic
mechanical systems. The method, however, goes beyond the statistics
of Qols, as it provides a characterization of the nonlinear mechani-
cal system in terms of a nonparametric Green’s function, the critical
excitation (named design point excitation), and the associated design
point response. The method later has been proved to be successful in
several applications (e.g., [61-64]). However, TELM is intrusive and
is confined to a particular range of systems (e.g., softening and non-
degradable systems, and first-order differentiable systems with respect
to the input random variables). On the other hand, PPPD is free from
these limitations, and generalizes the original idea of TELM for multiple
patterns and generic mechanical systems.

A flourishing area of research closely related to PPPD is the imple-
mentation of manifold learning [65] in the context of UQ analysis, such
as Probabilistic Learning on Manifolds (PLoM) [66-69] and surrogate
modeling using manifold learning [70-75]. PLoM generates realizations
from a latent space to mimic the unknown probability distribution of
a dataset consisting of both the input and output of a computational
model. Manifold learning-based surrogate modeling leverages hidden
low-dimensional structures in the high-dimensional input and/or out-
put of a computational model and builds surrogate models in the latent
space. PPPD differs from these approaches as it does not focus on
surrogate modeling but aims to uncover multiple physical patterns
with associated uncertainties. It is worth mentioning that various man-
ifold learning methods can be seamlessly integrated into the PPPD
framework to enhance its capabilities for both forward and inverse
uncertainty quantification in relation to the system’s physical patterns.

Finally, it is essential to note that the goal of the proposed frame-
work is fundamentally different from that of sensitivity analysis in
uncertainty quantification (UQ). In typical sensitivity analysis, the
objective is to determine which input random variable contributes
the most to the variability of the quantities of interest (Qols). While
this technique is crucial for understanding system behavior, it remains
incomplete from a physical perspective as it does not reveal the physical
patterns underlying the probabilistic structure of the Qols. Further-
more, it did not escape our attention that the proposed framework
can be utilized in a fully data-driven manner. In this approach, large
datasets (whether real or synthetic) of inputs and outputs are used
to uncover patterns and regularities, facilitating the construction of
data-driven models.
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Fig. 2. Autoencoder in PPPD analysis. The basic idea is: the output of the bottleneck layer should contain salient features of the original input, otherwise the reconstruction cannot be

satisfactory .

The structure of this paper is as follows: Section 2 introduces the
general concepts underpinning the proposed framework. Sections 3 and
4 respectively develop the theoretical and computational frameworks
of probabilistic performance-pattern decomposition (PPPD). Section 5
briefly discusses the nature and origins of performance patterns. Sec-
tion 6 applies the developed methods to the analysis of various mechan-
ical stochastic systems. Finally, Section 7 presents concluding remarks
and directions for future research.

2. General principles of PPPD

Consider a mechanical system with a finite' set of basic random
variables, denoted by X. The basic random variables correspond to
the source of randomness? for the system being considered. In general,
the basic random variables involve epistemic uncertainty as well as
aleatory variability present within the system or/and external exci-
tation. For classical mechanical systems X may include variables of
material properties, geometric quantities, initial and boundary con-
ditions, dynamic excitation, and environmental effects. The complete
description of stochastic dynamic systems is given by the joint probabil-
ity distribution of the state variables (i.e., momentum and position) of
all degree-of-freedom. However, in engineering applications the system
behavior is usually (and better) described by a finite set of response
variables, here denoted by Y (which are function of state variables). In
this study, response variables are considered instead of state variables
because response variables (by definition) are a direct description on
the engineering behavior of interest. Since the source of randomness is
captured by the basic random variables, the random response variables
are deterministic function of basic random variables, i.e.,

M:xeRXl sy e R (6]

where R!?l denotes the real number vector space with |a| being the
dimension of vector a. In general, Eq. (1) is a nonlinear mapping
(not necessarily injective) from outcomes of X to outcomes of Y,
and the dimensions of X and Y are generally different. Note that for
time variant systems we consider the variable time to be included
in definitions of X and Y (e.g., X and Y can represent discretized
stochastic processes).

In engineering applications, it is meaningful to introduce perfor-
mance states of the response variables. For example, in the design and
safety assessment of structural systems, it is vital to know how they

1 If a system with an infinite number of random variables is of inter-
est (e.g., systems involve random processes/fields), for practical purposes
one could discretize the random processes/fields by a finite set of random
variables.

2 The definition for “source of randomness” is subjected to confinement on
the specific physical/mathematical models used to describe the problem.

behave under different load and system properties. For these cases,
a performance state can be introduced to focus on critical domains
of the response variables. More abstractly, a performance state of
the response variables Y is defined as a measurable event Py C
RYI, Then, the preimage of Py in the sample space of X is Py :=
{x eRIXl : M(x) € Py}.

Provided with the joint probability density function (PDF) of the
basic random variables X, denoted by fx(x), the joint PDF of X
conditional on Py is

1 (x € Pyx) fx(x)
Jaxi 1 (x € Py) fx(x)dx '
where 1 (x € Px) is a binary indicator function that gives “1” if x €
Py, and “0” the otherwise. Using Eq. (1), the joint PDF of response

variables Y conditional on the performance state Py can be expressed
by the multiple integral

Fx(x|Px) = (2)

FryIPy) = /]R 30 = M@ X xIPy) dx @

where §(-) is the Dirac-Delta function.

If the joint PDF fy(y|Py) can be obtained from Eq. (3), a complete
statistical description on the response variables Y within a speci-
fied performance state is available. However, for nontrivial problems
(e.g., problems with M being nonlinear and computationally demand-
ing, and/or dimensionality of X or Y being high), a direct evaluation
of Eq. (3) is infeasible. As a consequence, instead of attempting to
obtain fy(y|Py), a common practice is to study statistical properties of
Y|Py using mean, covariance matrix, marginal distributions, and other
statistical measures that are relatively convenient to obtain.

In this study, an alternative path to systematically investigate the
probabilistic structure of the response variables Y (within a perfor-
mance state) is explored. Moreover, this study goes beyond a statistical
characterization of the response variables, since the critical domain of
the random input (i.e., basic random variables X) that generates the
probabilistic structure of Y will also be investigated. Specifically, given
the performance state of interest, this paper studies the procedure of
(a) determining meaningful patterns for response variables, and (b)
determining the critical domain of basic random variables that triggers
each pattern. This procedure is defined as Probabilistic Performance
Pattern Decomposition (PPPD).

Fig. 1 illustrates the principles of PPPD analysis. It involves the
interplay between the basic variables space and the response variables
space. Moreover, a feature space is introduced to uncover performance
patterns. The basic ingredients of PPPD are described as follows: (a)
The basic random variables X are mapped to the response variables
Y through a model M. Since a performance state is of interest, PPPD
focuses on Py and Py (marked as red regions in the figure). (b) The
structure of M(x|Py) is typically well-hidden in its embedded (possibly
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high-dimensional) Y space. To disclose its structure, we perform mani-
fold learning via constructing a nonlinear feature projection ¥ : Y — y
to identify meaningful patterns. The patterns identified in the feature
space are then mapped back to the Y space. (c) With the knowledge
of the performance patterns in the space of Y, we finally identify the
critical regions which trigger each pattern in the space of X.

3. Mathematical formulations of PPPD
3.1. Probabilistic decomposition

We investigate the structure of fy(y|Py) by introducing a latent
random variable® Z defined in an auxiliary sample space £, with dis-
tribution function F,(z). We define F,(z) as the latent distribution and
construct a joint distribution between the vector Y € Py and the latent
variable Z defined in the augmented sample space Qp, x 2, (where
we introduce Qp  to denote the sample space of the performance state
Py). It follows that fy(y|Py) can be written as*:

FrIPY) =By [y 012, Py)] = /Q FyOIZ, Py dF4 (), @
Z

where E, denotes expectation with respect to the latent variable. Ob-
serve that Eq. (4) can be interpreted as the Fredholm integral equation
of the first kind, where fy(y|Z, Py) is the kernel function. Now consider
a partition of 2, into a finite set of K mutually exclusive and collective
exhaustive events, i.e., 2, = UkK=1Ek’ E,NE =@, k#1, and K € N¥,
and define 4, = P(Z € E,) and fy(y|k,Py) = fy(¥|E;, Py). Given this,
Eq. (4) can be rewritten to:

K
FYOIPY) =B, [fyWIZ.Py)] = Y A fy Ik, Py). (5)

k=1
The density fy(y|k,Py) is defined as the kth component density and
A > 0, ZkK:| A = 1, is defined as the kth component weight. The
component density fy(y|k,Py) is the likelihood of the realization of
Y conditional to the event E, and performance state Py, while the
component weight 4, provides a direct measure on the importance of
fy(¥lk, Py). Note that K is generally unknown and to be determined in
the PPPD procedure. Although Egs. (4) and (5) are equivalent, Eq. (5)
offers the advantage of highlighting the decomposition of fy (y|Py) into
a finite set of component densities.

It is important to note that different from mixture model approx-
imation to distribution functions, Eq. (5) is by construction exact.
Although the structure of fy(y|Py) is an unknown to be disclosed, we
assume the structure exists in the space of latent variable. Provided
Eq. (5) to be a formalization for the concept of performance pattern,
and given fy(y|Py) to be decomposed in a conceptually meaningful
way,” we define the component density fy(y|k,Py) to be the PDF
of the kth performance pattern, the component weight A, to be the
relative importance of the kth performance pattern, and event EkZ to
be the label of the kth performance pattern. Moreover, the mean of
fy(¥lk, Py) can be regarded as a characteristic vector to represent the
performance pattern. Note that although Eq. (5) provides no hints on
how to decompose fy (y|Py) for a specific application, we are interested
in the nontrivial cases for which K > 1 and fy(y|k, Py) # fy (¥|Py).

3 In physics, latent variables are sometimes introduced to reflect the tan-
gible effects of hidden mechanisms which are difficult to observe (but in
principle can be observed). In this paper, however, the latent variable is
introduced to reflect the abstract concept of functional structure of fy(y|Py).

4 This equation posits Q(Z) = Q(Z|Py), because the sole purpose of
introducing Z is to identify patterns in Py.

5 By “conceptual meaningful”, we indicate that the resulting performance
patterns are manifestly different from each other for a specific application.
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For a given realization of y, y() belongs to the kth performance
pattern with the likelihood:

MfrOPNPy) A Sy 1k Py)
FyyO1Py) i 4y 61, Py)

The likelihood L(k) can be zero if y* ¢ Qp ,, where Qp , de-
notes the sample space of fy(y®|k, Py). A zero likelihood also implies
fr(y?lk,Py) is a truncated distribution, ie. Qp , C Qp,. If the
component densities are truncated distributions, the performance pat-
terns provide a “hard decomposition” (partition) of Py, otherwise they
provide a “soft decomposition” in which each realization of fy(y|Py)
has a nonzero probability to belong to any of the patterns.

Now, to identify the critical domains of basic random variables that
trigger each performance pattern, we can use Bayes’ rule as follow

P(k|x, Px)fx(x|Px)
_/R\xl P(k|x’, Px) fx(x'|Px)dx’ ’

LK) =Pk]y?D, Py) = 6)

Sx(xlk, Px) = 7)

Observe that for a given sample x®, P(k|x®,Py) = P(kly® =
M(@xD), Py = M(Py)) = L(k). Therefore, we can write:
1 SyM@)|k, Py)
K fy(M®)|Py)
where K is a normalizing constant. fy(x|k, Py) is named the generating

density for the kth performance pattern. Similar to Eq. (5), fx(x|Px)
can be written in the decomposition form:

Fx(xlk, Px) = Fx(x|Px), ®

K
Ix&Px) = Y hefxxlk, Px) . ©)

k=1

Note that the 4, in Egs. (5) and (9) are, by definition, identical.

3.2. Feature space representation

Eq. (5) should be constructed such that the performance patterns are
“manifestly different” from each other. To define manifestly different,
we first introduce the feature mapping of Y described as:

F:yeRV o yer®

10
F':yeR¥wjer 10

where the dimension of the feature vector y is typical much smaller
than y. Note that F~! represents the (approximate) reconstruction
function rather than the inverse function, because the inverse func-
tion may not exist. Ideally, we seek a low-dimensional feature vector
preserving salient properties of the original vector. In practice, the
trade-off between the dimension of y and the loss of information is
typically balanced by setting a threshold for the reconstruction error
of the dimensionality reduction algorithm. The feature mapping is
introduced to disclose the structure of fy(y|Py), and thus in the feature
space, similar to Eq. (5), the decomposition is:

K
SoWIPy) =Y Jy fowik, Py), an
k=1

where the 4, is, by construction, identical to that in Egs. (5) and (9).
This is because the weight of a performance pattern is a property of
fy(@|Py), which should be preserved by construction in the feature
space designed to uncover the pattern and in the preimage of Py that
generates the pattern. The corresponding mathematical construction is:
the same latent Z as well as its partition {E|, E,, ..., Ex} is used to
augment X, Y, and ¥, so that the weight 4, = P (Z € E,) is main-
tained. A natural requirement for the projected performance patterns
Su |k, Py) is: the expected within-pattern distance should be smaller
than the expected between-pattern distance. This is a widely adopted
principle in clustering analysis.
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4. Computational framework of PPPD
4.1. Realizations of basic and response random variables

In this section, we introduce the computational framework for PPPD
based on sampling methods. Specifically, the framework is developed
using a dataset of random realizations of X drawn from fy(x|Py) and
the corresponding realizations of Y = M(X). For later use, we intro-
duce the limit-state surface to describe the boundary of the performance
state Py:

G(y)=0, (12)
and G(y) < 0 denotes that y is within Py; therefore,

Py ={yeR" : Gy <0}. 13)
The preimage Py can be expressed as:

Py = {x e R¥l : GM(x)) <0} . a

A naive rejection sampling can generate samples from fy(x|Py),
such that it samples from fy(x) and only saves the points with
G(M(x)) < 0. This approach is effective if P(X € Px) is relatively
large. If {X € Py} is a rare event, the rejection sampling becomes
infeasible. For rare event simulations, an attractive approach is the
sequential Monte Carlo (SMC)/Subset Simulation [40,41,76-79]. A key
concept in SMC is to introduce a finite sequence of intermediate states,
denoted by Pg), j=1,2,...,m, that satisfies:

1 2
PYoPY 5 Py =Py (15)
The intermediate states can be constructed by:

PY = {x eR¥: GM) < gV}, (16)

where gl is a relaxation parameter that is monotonic with j, i.e., g >
g® > ... > g = 0. The constructions of Eqs. (15) and (16) are
not unique, alternative ways to relax the target sampling domain are
studied in [41]. The relaxation parameter can be either pre-specified
using certain rule of thumbs [78] or selected adaptively such that the
probability P(X & P;“HX e P)(P) is relatively large [76,77]. In
each intermediate step of the SMC simulation, a Markov Chain Monte
Carlo (MCMC) sampling is performed starting with seed samples within
Pg) to generate samples for ng“) . An SMC procedure that adaptively
specify Pg) to sample from fy(x|Py) is described in Appendix A.

The general principle for selecting the sample size is to generate a
sufficient number of representative points to ensure that the identified
dominant patterns are stable. This principle shares a common flaw
with global optimization: for a generic continuous problem, it is nearly
impossible to enumerate all patterns/optima. However, unlike optima
in global optimization, performance patterns have distinct statistical
meanings. For example, if 10° representative samples are generated
from a performance state, the patterns that are missed will have low
probabilities/importance compared to the identified patterns, propor-
tional to 1073, In the numerical examples studied in this paper, the
typical sample size is 2000.

4.2. Feature mapping via manifold learning

Let ¥ = {y} denote the dataset of N samples from fy(y|Py). We
apply feature mapping Eq. (10) to cast them into a low-dimensional fea-
ture space. Note that if Y involves components from different sources
with different scales, it can be beneficial to perform normalization on
Y before the feature space transformation. In this paper, two nonlinear
feature mappings based on manifold learning will be investigated, but
there exists alternative options [49,80,81].
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4.2.1. Diffusion map

Diffusion maps [82,83] are a manifold learning method for reducing
the dimensionality of data while preserving its essential structure. The
dimensionality reduction is based on the eigenfunctions of a Markov
matrix, which describes affinities within a dataset. As a manifold learn-
ing technique, diffusion maps can uncover the underlying manifold
from which the data has been sampled. In the context of physics-
driven problems, diffusion maps can reveal dominant physical patterns.
Central to this technique is the concept of diffusion distance, which
measures the similarity between data points based on their connectivity
and relationships. In the reduced-dimensional space created by diffu-
sion maps, known as the embedding space, this diffusion distance is
defined as the Euclidean distance, a noise-insensitive metric [82]. This
means that in the embedding space, the measure of similarity between
samples, which aims at capturing the intrinsic geometry of the data, is
defined by the simple L, norm of the vector connecting the two points.
In the context of physics-based problems, the similarity uncovered
by diffusion maps corresponds to the underlying physical patterns,
providing insights into the fundamental behaviors and properties of
the system under study. Detailed implementation steps for applying
diffusion maps to PPPD can be found in Appendix B.

4.2.2. Autoencoder

The autoencoder [84,85] is a manifold leaning method that uses
feed-forward neural network to generate simplified encoding of a
dataset. In the context of PPPD analysis, an autoencoder consists of
an encoder which maps each response vector y@) into a feature vector
w®, and a decoder which maps w” back to a reconstruction of y®,
denoted as . The autoencoder is trained to minimize the distance
between y@ and @, i.e., the reconstruction error. The basic concept
of the autoencoder in PPPD analysis is illustrated in Fig. 2. Owing to
the flexibility of artificial neural network techniques, compared with
the diffusion map, autoencoder can be more powerful in processing
complex dataset, at the cost of training effort. Implementation details
of the autoencoder for PPPD can be found in Appendix C.

4.3. Performance pattern identification

Given the set of feature vectors ¥, the subsequent step of PPPD is
to find patterns in ¥. The aim is to restore the distribution (Z,Y) from
samples of Y. This is a well-known unsupervised statistical learning
problem that can be tackled by clustering analysis.

4.3.1. Determine the number of patterns & clustering analysis

If a manifold learning technique can effectively map the original
samples into a two- or three-dimensional feature space, the num-
ber of patterns is expected to be visually identified. For a relatively
high-dimensional feature space embedding, to determine the number
of patterns, one can study a strict partitioning clustering problem
described as follows.

Given a dataset {y@W}¥ , find a partition, denoted by
P ={P,..., P}, of the N samples into K*, K* < N, subsets so as
to minimize a specified measure of the partition:

P* = argmin g(P), a7)
P

where the measure ¢(-) is defined to be independent of K* so that K* is
also an unknown to be determined from Eq. (17). In clustering analysis
practice, a two-step approach is typically used to solve Eq. (17). In the
first step, a measure g (P) is defined to find the optimal partition for
a specified number of clusters. For example, in the classical k-means
clustering, qx (P) is defined by the within-cluster sum of squares, i.e.,

LS R 2
P =Y ¥ v -u| . s

i=1 ‘I’(/)EPI
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where y; is the mean of y') in P,. With g (P) specified, the optimal
partition for a specified K, denoted as P}, is obtained from:

P = arg;nin qg(P). 19)

Even though the optimization problem defined by Eq. (19) is usually
NP-hard, various clustering algorithms [86] have proven to be effective
for practical applications.

In the second step, a measure £(Pg) is defined to find the optimal
number of clusters, K*, and consequently, the optimal partition P* via:

K* = argmin {f(PZ)}

KeN+ (20)
P* = P;:z X+
The specification of #(-) belongs to the problem of determining the
“exact” number of groups in a dataset, which is a fundamental, yet
largely unsolved challenge in clustering analysis. Numerous approaches
to this problem have been suggested over the past decades [87-89].
Essentially, the “exact” number of groups is an ill-defined concept,
unless an unambiguous criterion for similarity is proposed for a spe-
cific application. The approach considered in this paper is based on
information theory [88], where #(-) is defined as:

C(Pp)=d | —dy’, (21)

where the transformation power q is typically set to a = n/2, in which
n is the dimension, d,, is defined to be 0, and dy is the approximate
distortion expressed by:

N
dg = - .IN min ;(w“) w0 W - W), (22)
where X, denotes the covariance matrix for the kth cluster and ;45{")
denotes the cluster center that is closest to sample y(®, for a specified
k. The essential idea of the information theoretic approach is to use the
K versus £(Py) curve to investigate the influence of number of clusters
on the clustering quality. The distortion dy is a measure of the within-
cluster dispersion, and it is monotonically decreasing as K increases.
The information theoretic approach assumes that if K is approaching
the “true” number of clusters K*, the drop in distortion will attain
the maximum (and #(P;) will achieve the minimum), since adding
more clusters beyond K* simply partitions within rather than between
groups.

Once the partition P* is obtained, a participation factor of each
cluster can be evaluated by:

SN (w0 e B

n=22— 23)

The participation factor can be used as an approximation to the compo-
nent weight 1, of each performance pattern. Moreover, the mean vector
of each cluster, or the sample closest to the mean vector, can be used
as a characteristic vector to represent each performance pattern.

Other than hard clustering approaches, one could also use soft
clustering algorithms [86] to establish a soft decomposition. Recalling
concepts introduced in Section 3, a hard clustering corresponds to a
hard decomposition (partition) of fy(y|Py), and each sample can only
belong to one of the patterns; while a soft clustering corresponds to a
soft decomposition of fy(y|Py), and each sample is allowed to belong
to more than one pattern.

4.3.2. Parametric description of performance patterns

Given the results of a clustering analysis, one could construct a para-
metric model to describe the component densities fy(y|k, Py) for each
cluster/performance pattern. A typical approach to construct a para-
metric PDF model is to use mixture distribution. Specifically, fy (y|Py)
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can be written in terms of a parametric mixture model, and fy (y|k, Py)
is described by component of the parametric mixture model, i.e.
K*
fy(|Py) = Z A Sy (¥16,6,, Py)
k=1
fy(ylk, Py) 2 fy(y16, 6, Py)

where 0 is a set of global parameters, 6, is a set of component
parameters, and 1, is the component weight of the mixture model. Pa-
rameters of the mixture model can be estimated using the Expectation—
Maximization (EM) algorithm [90], guided by the partition and labeled
samples obtained from clustering analysis. Notice that, in principle, the
mixture model can also be used directly for clustering. However, in the
PPPD framework, we perform pattern recognition (e.g., with diffusion
maps or autoencoders) in the original space. This space is typically
high-dimensional for dynamical problems, making it intractable to use
the EM algorithm directly. The density can also be constructed using a
mixture model in the feature space. However, due to the unknown num-
ber of clusters, building a parametric model becomes more challenging
and results in multiple solutions that are less interpretable. Once the
number of patterns is identified, the probability decomposition in
the input space is conveniently modeled by a density mixture, with
parameter identification provided by the EM algorithm. In this case,
the solution is unique as the number of clusters is known.

Given the component density fy(y|0, 6, Py), the generating density
fx(x|k, Px) can be obtained by Eq. (8), in principle. However, since the
model M(-) is generally not explicit, Eq. (8) is particularly useful only
when a Monte Carlo approach is employed to sample from fy(x|k, Px).
If a parametric description of fy(x|k, Py) is of interest, one could
employ the mixture model approach.

Finally, it is important to note that parametric descriptions of
fy(ylk,Py) or fx(x|k,Py) are not always feasible. For generic prob-
lems incapable of parametrization, the numerical solutions obtained
from clustering analysis can be regarded as the final output of PPPD
analysis. In clustering analysis, instead of a parametric description, one
could only obtain statistical/geometrical descriptions on each perfor-
mance pattern and its generating density.

(24)

4.4. Procedures of PPPD

The basic computational procedures of PPPD analysis is summarized
as follows.

Algorithm 1 Procedures of PPPD analysis

Step 1: Problem statement

+ Define basic random variables X, and define the joint
PDF of X.

» Define the response random variables Y to describe the
behavior of the system.

+ Specify the computational model M(-) that maps X to Y.

+ Define the performance state of interest.

Step 2: Obtain random realizations of basic and response
variables
» Draw N pair of samples from PDFs fy(x|Py) and
fy@IPy).

Step 3: Feature mapping

+ Perform feature mapping on samples of Y.



Z. Wang et al.

Step 4: Performance pattern identification

» Determine the number of performance patterns in the
feature space.

+ Extract the performance patterns of Y in the feature
space and their generating densities fy(x|k, Px) via
clustering analysis.

+ (Optional) Obtain a parametric description on
performance patterns of Y and their generating densities
SFx x|k, Px).

5. Origin of performance patterns

In this Section, we discuss the possible causes that generate multiple
performance patterns. Clearly, a necessary but not sufficient condition
for observing multiple performance patterns is the random variability
within the system or/and the external excitation, otherwise the perfor-
mance of the system will be a deterministic event. Given that there is
randomness involved, the origin of multiple performance patterns can
be traced back to the following causes.

(a) Source: The existence of multiple patterns in the basic
random variables.
(b) Propagation: The existence of bifurcations or discontinuities
within the deterministic physical model.
(c) Constraint: The specific property of the performance state.
(d) Subjectivity: The specific property of the distance metric
defined in feature mapping.

To understand “(c) Constraint”, note that the performance state Py
applies a truncation to the original sample space of response variables,
and after the truncation the conditional distribution fy(y|Py) could
exhibit multiple patterns even if fy(y) is unimodal. To understand “(d)
Subjectivity”, note that a redefinition of the distance metric alters the
structure of the dataset, so that patterns that are not inherent in the
original dataset could be triggered. In the feature mapping procedure,
if a conventional distance metric is used (e.g., the Euclidean distance),
the manifold learning technique could, at best, make patterns that
are ambiguous in the original space easier to be identified. However,
if a problem specific distance metric is used, the metric introduces
additional prior knowledge (subjectivity) so that new patterns (that
do not exist within the original dataset) could be triggered. It follows
that the use of an inappropriate problem specific distance metric could
produce artificial performance patterns, thus the use of problem specific
distance metrics should be handled with cautiousness. In practical
applications, various distance metrics can be used to examine the sen-
sitivity of patterns to metric selection. If patterns are insensitive to the
metric, the results are considered robust. However, if high sensitivity
is detected, it becomes crucial to identify potential spurious modes
and carefully consider the choice of metric. Moreover, using meaning-
ful physics-informed distance metrics may assist in the discovery of
important, well-hidden structures. Investigations on the use of physics-
informed distance metrics will be addressed in follow-up studies. It can
be concluded from this section that the performance pattern reflects not
only the characteristics of the randomness source and the deterministic
physical model but also encompasses properties of the parametric
region of interest and understanding of system behaviors.
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6. Numerical investigations
6.1. An illustrative example of simple system identification

To illustrate the main ideas and procedures of PPPD analysis, con-
sider a hypothetical system with basic random variables X of the form
X = [X,.X,], where X, = [X(t)).....X ()], X(t;) ~ N(O.1), i =
1,...,n, repr