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Synopsis

Notches, wedges, cracks, stiffeners, inclusions and defects in plane elas-
tostatics are known to generate singular stresses and limit the overall
strength of a composite material.

In the present thesis, after showing experimentally that the singular
stress field predicted by the linear elastic solution for the rigid inclusion
model can be generated in reality and with great accuracy within a ma-
terial, attention is devoted then in achieving the out-of-plane response of
an infinite plane containing polygonal and hypocycloidal-shaped voids and
rigid inclusions subject to generalized remote loading conditions.

The analytical solution obtained for the case of polygonal inclusions
shows some unexpected and interesting features such as an infinite set of
geometries and loading conditions exist for which not only the singular-
ity is absent, but the stress vanishes (annihilates) at the corners. Thus
the material, which even without the inclusion corners would have a finite
stress, remains unstressed at these points in spite of the applied remote
load. Moreover, similar conditions are determined in which a star-shaped
crack or stiffener leaves the ambient stress completely unperturbed, thus
reaching a condition of ‘quasi-static invisibility’.

The solution in closed-form is also obtained for the case of hypocycloidal-
shaped voids and rigid inclusions, showing that cusps may in certain con-
ditions act as stress reducers, situations for which the stress at the cusp
tip in the presence of the inclusion is smaller than in the case when the
inclusion is absent.
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The obtained solutions provide closed-form expressions for Stress In-
tensity Factors and Notch Stress Intensity Factors at varying the inclusion
geometry and of loading conditions, fundamental quantities in defining cri-
teria of fracture initiation/propagation or inclusion detachment.

The findings of stress annihilation, stress reduction and inclusion invis-
ibility define optimal loading modes for the overall strength of a composite
and are useful in the design of ultra-resistant materials.
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Chapter 1

Introduction

The determination of the mechanical fields near a crack, a stiffener,
a notch, a wedge, an inclusion, or a defect in an elastic matrix material
is a key problem for the engineering design of composites. In fact, stress
fields around these types of inclusion exhibit strong stress concentrations,
leading to a severe limitation of the composite strength.

In the present thesis, the experimental validation of the rigid inclusion
model is proven through the comparison of the singular stress fields and the
photoelastic observations. Moreover, some unexpected and surprising fea-
tures such as stress annihilation, stress reduction, and inclusion invisibility
are discovered for special inclusion geometries and loading conditions.

Chapter 2 is dedicated to the presentation of analytical methods used
to obtain full-field solutions for mechanical fields. In chapter 3 asymptotic
and full-field solution have been reported for rectangular and rhombo-
hedral rigid inclusions, embedded in an infinite elastic matrix subject to
remote uniform tensile stress. The singular behaviour of the linear elastic
solution for the stress field at the tips of the rigid inclusion vertexes is ex-
perimentally confirmed by means of photoelastic tests1. This result shows
that elastic stress fields can be generated in reality with great accuracy, as
shown in figure 1.1 and that the rigid inclusion model is a reliable math-
ematical representation of stiff inclusion embedded in a soft matrix.

1All the experiments have been performed at the Instabilities Lab of the Department
of Civil, Environmental and Mechanical Engineering of the University of Trento.
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1 | INTRODUCTION

Figure 1.1: Photoelastic fringes revealing the stress field near stiff (made up of poly-
carbonate, Young modulus 2350 MPa) rectangular (large edge l1 =20 mm, edges aspect
ratios 1, 1/2, 1/4) and rhombohedral (large axis l1 =30 mm, axis aspect ratios 2/15,
4/15, 9/15) inclusions embedded in an elastic matrix (a two-component epoxy resin,
Young modulus 22 MPa, approximatively 100 times less stiff than the inclusions) and
loaded with uniaxial tensile stress σ∞

11 =0.28 MPa, compared to the elastic solution for
rigid inclusions (in plane stress, with Poisson’s ratio equal to 0.49).

In chapter 4, 5 and 6 attention is focussed in solving the generalized
out-of-plane problem in the presence of a polygonal and hypocycloidal in-
clusion. Via binomial, generalized binomial and multinomial theorems the
mechanical response under generalized out-of-plane conditions has been
obtained for star-shaped cracks/stiffeners and isotoxal star-shaped polyg-
onal inclusions (chapter 4).

The solution obtained for polygonal inclusions is exploited (chapter 5)
to show that beside the usual stress singularities at the vertexes of voids or

2 Ph.D. Thesis – Summer Shahzad
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∞(m)(a, 0)) near 3-

pointed star-shaped cracks, for different orders m of the applied remote polynomial
antiplane shear loading (m = 0 uniform, m = 1 linear, and m = 2 quadratic shear load-
ing). Some cases of invisibility and partial-invisibility are shown; note that invisibility
occurs only for certain combinations of n and m (while for the single crack invisibility
is independent of m, see Fig. 5.4).

rigid inclusions, unexpected features may occur for particular geometries
and loading conditions. Star-shaped cracks/stiffeners are found not only
to be non-singular but even to not perturb the stress field (and therefore
to be ‘invisible’), see figure 1.2. Isotoxal star-shaped polygonal inclusion
corners are found to may act as stress annihilators (namely, the stress
vanishes at inclusion vertex) instead of being singular, see figure 1.3.

Finally, closed-form formulae for Stress Intensity Factors and Notch
Stress Intensity factors are derived for star-shaped cracks/stiffeners and
for isotoxal star-shaped inclusions. In chapter 6 it is shown that the
hypocycloidal-shaped inclusion cusps may act as stress reducers, a sit-
uation for which the stress at the cusp tip in presence of the inclusion is
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1 | INTRODUCTION

a

=1m 2m==0m

Annihilation

n
=5

=2
S

n
=3

=1
S

Isotoxal Star-shaped Polygonal Void

-aPartial nnihilation-aPartial nnihilation

-aPartial nnihilation -aPartial nnihilation -aPartial nnihilation

0.5

1.0

1.5

2.0

2.5

3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

0.0
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pointed isotoxal star-shaped voids, for different starriness S (regular polygonal (n=3
and S = 1), regular star-shaped (n=5 and S = 2)) and orders m of the applied remote
polynomial antiplane shear loading (m = 0 uniform, m = 1 linear, and m = 2 quadratic

shear loading) for c
(m)
0 = 0. Some cases of stress annihilation and partial-annihilation

are shown, which occur only for certain combinations of n and m.

smaller than in the case when the inclusion is absent, see figure 1.4. Stress
Intensity Factors for generic loading and geometry are obtained showing
that a hypocycloidal inclusion can lead to a stress intensity factor higher
than that corresponding to a star- shaped crack, which, as intuition sug-
gest, usually produces a more severe stress field in the material.
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Chapter 2

Method of analytic

functions and plane

elasticity

Method of analytic functions is an elegant and powerful tool to solve
mechanical problems in plane elasticity. The method was originally derived
by Russian researcher Kolosov (1909) and then perfectioned by Muskhe-
lishvili (1953, 1963), Milne-Thomson (1960), Green and Zerna (1968),
and England (1971), and is based on the reduction of the boundary value
problem in elasticity to a formulation in the complex plane. The method,
together with conformal mapping, is presented and used in solving in-plane
and out-of-plane problems in linear elasticity.

Plane elasticity is a subcase of the general three-dimensional elasticity
for which the displacement components vary only within a plane, while are
unaffected by the position along the third direction, orthogonal to the con-
sidered plane. With reference to a plane containing the two Cartesian axes
x1 and x2, and orthogonal to the axis x3, the displacement components
(in function of (x1, x2)) are expressed as

u1, u2, u3. (2.1)

The plane problem can be decomposed as the sum of an out-of-plane

Ph.D. Thesis – Summer Shahzad 7



2 | METHOD OF ANALYTIC FUNCTIONS AND PLANE ELASTICITY

problem

u1 = 0, u2 = 0, u3 6= 0, (2.2)

while for an in-plane problem the displacement components are given by

u1 6= 0, u2 6= 0, u3 = 0. (2.3)

These two mechanical settings are specifically connected to the deforma-
tion and stress tensor components, in particular in out-of-plane elasticity
the non-null stress and strain components (in function of (x1, x2)) are

σ13, σ23 ; ε13, ε23 , (2.4)

while for and in-plane elasticity stress and strain components are given
as follows

σ11, σ22, σ12 ; ε11, ε22, ε12 . (2.5)

The two cases of out-of-plane problem and that of in-plane problem
are treated separately in the following.

2.1 Out-of-plane problem

When out-of-plane strain conditions prevail in a linear elastic solid, the
gradient of the only non-vanishing displacement component, orthogonal to
the x1–x2 plane and denoted by [1, 115] u3(x1, x2), defines the shear stress
components (through the shear modulus µ) as

σ13(x1, x2) = µ
∂u3(x1, x2)

∂x1
, σ23(x1, x2) = µ

∂u3(x1, x2)

∂x2
, (2.6)

which are requested to satisfy the equilibrium equation in the absence of
body forces,

∂σ13(x1, x2)

∂x1
+
∂σ23(x1, x2)

∂x2
= 0. (2.7)

In addition to the equilibrium equations, compatibility (or, in other words,
the Schwarz theorem for function w) requires

∂σ13(x1, x2)

∂x2
− ∂σ23(x1, x2)

∂x1
= 0. (2.8)

8 Ph.D. Thesis – Summer Shahzad



2.1 | OUT-OF-PLANE PROBLEM

Considering the constitutive relation (2.6), equilibrium in the absence
of body-forces (2.7) can be expressed in terms of the displacement field u3
as the Laplace equation

∇2u3 (x1, x2) = 0, (2.9)

so that, introducing a analytic function (or a complex potential) f(z),
function of the complex variable z = x1 + ix2, such that

u3 =
1

µ
Re[f(z)], (2.10)

and, considering the Cauchy-Riemann conditions for analytic functions,
the stress-potential relationship can be written as

σ13 − iσ23 = f ′(z), (2.11)

so that the out-of-plane resultant shear force F ⌢

BC
along an arc

⌢

BC is

F ⌢

BC
=

∫ C

B

(σ13 dx2 − σ23 dx1) = Im [f(zC)− f(zB)] . (2.12)

In addition for the antiplane problem, one eigenvalue of the stress tensor
is null and the other two have opposite signs. The absolute value of the
two non-null eigenvalues is

τ =

√
(σ13)

2 + (σ23)
2. (2.13)

Note that the out-of-plane problem being described by the single non-
vanishing displacement u3, is governed by the single analytic function f(z).
For this reason out-of-plane problem is also known as a scalar problem in
elasticity. So that the solution for the scalar problem is much simpler
than that for an in-plane or vector problem in elasticity, as for the latter
integral equations are involved to solve the problem.

Ph.D. Thesis – Summer Shahzad 9



2 | METHOD OF ANALYTIC FUNCTIONS AND PLANE ELASTICITY

2.2 In-plane problem

Considering the two-dimensional case, the small strains1 in x1 − x2
plane can be expressed in terms of the displacements are given by [3, 124]

ε11 =
∂u1
∂x1

, ε22 =
∂u2
∂x2

, ε12 =
1

2

(
∂u1
∂x2

+
∂u2
∂x1

)
, (2.14)

while the stress fields which are work-conjugate to the strain fields must
satisfy the equilibrium equations (A.3) in x1 − x2 plane

∂σ11
∂x1

+
∂σ12
∂x2

= 0,
∂σ21
∂x1

+
∂σ22
∂x2

= 0. (2.15)

In addition through differentiation of equations (2.14) the compatibility
equations are derived as follows

∂2ε11
∂x21

+
∂2ε22
∂x22

− 2
∂2ε12
∂x1∂x2

= 0, (2.16)

further using equations (A.26) in the subsection A.2.2 the compatibility
equation can also be expressed in terms of stress components:

∂2

∂x22
(σ11 − νσ22) +

∂2

∂x21
(σ22 − νσ11)− 2 (1 + ν)

∂2σ12
∂x1∂x2

= 0, (2.17)

where material constant ν is modified Poisson’s ratio in the case of
plane strain as summed below

ν =




ν for plane stress ,
ν

1− ν
for plane strain .

(2.18)

For further details about ν, plane stress or plane strain please see subsec-
tion A.2.2.

1For the basic equations in plane strain/stress, the reader is addressed to appendix
A.

10 Ph.D. Thesis – Summer Shahzad



2.2 | IN-PLANE PROBLEM

2.2.1 Airy Stress Function

The mechanical fields within a solid satisfy both the equilibrium and
the compatibility equations, so that, considering the linear elastic be-
haviour, Airy introduced a stress function Φ(x1, x2) for plane problem
which can be used to describe two dimensional stress fields, as

σ11 =
∂2Φ

∂x22
, σ22 =

∂2Φ

∂x21
, σ12 = − ∂2Φ

∂x1∂x2
. (2.19)

These equations guarantee that the two non trivial equilibrium equations
(2.15) are satisfied, while compatibility condition can be expressed in terms
of the Airy stress function as the following biharmonic equation [13]

∇4Φ(x1, x2) = 0. (2.20)

The method of analytic functions (also known as Kolosov-Muskhelishvili
complex potential method) is useful in solving boundary value problems
governed by equation (2.20) for which general solution can be written in
terms of two unknown analytic functions (also known as complex poten-
tials) ϕ(z) and ψ(z), as follows

Φ (z, z) = Re

[
z ϕ(z) +

∫
ψ(z) dz

]
. (2.21)

where z = x1 + ix2 and z = x1 − ix2 represent a complex variable and its
conjugate, respectively.

To find the ϕ(z) and ψ(z) certain boundary conditions must be im-
posed. Let us consider an infinite two-dimensional body containing a void
or a rigid inclusion of a generic shape, where the body is subjected to a
generic remote stress field. Herein is instrumental to define parameters Θ
and χ assuming different values for void and rigid inclusion, given as

(Θ; χ) =





(1; 1) for void,

(κ; −1) for rigid inclusion,

(2.22)

where κ is a parameter depending on the Poisson’s ratio, equation
(A.29).

Ph.D. Thesis – Summer Shahzad 11



2 | METHOD OF ANALYTIC FUNCTIONS AND PLANE ELASTICITY

Two fundamental boundary conditions are imposed on the contour of
the inclusion. The traction free (for a void inclusion) and displacement
(for a rigid inclusion) boundary conditions can be expressed in terms of
the complex potentials as

Θϕ(z) + χz ϕ′(z) + χψ(z) = (1− χ) iµǫz, (2.23)

where ǫ designate the rotational angle of the rigid inclusion induced
by the remote loading. Under non-trivial conditions, this angle can be
evaluated by imposing global equilibrium for the rigid inclusion, namely
null resultants acting on the inclusion.

The knowledge of the complex potentials lead to full-field solution in
terms of stresses and displacements in the complex plane z [11], as





σ11 + σ22 = 4Re
[
ϕ′(z)

]
,

σ22 − σ11 + 2 iσ12 = 2
[
z ϕ′′(z) + ψ

′

(z)
]
,

u1 + iu2 =
1

2µ

[
κϕ(z)− z ϕ′(z)− ψ(z)

]
.

(2.24)

While in polar coordinates (r, θ) the relations (2.24) are modified [4] as





σrr + σθθ = 4Re
[
ϕ′(z)

]
,

σθθ − σrr + 2 iσrθ = 2
[
z ϕ′′(z) + ψ′(z)

]
e2 i θ,

ur + iuθ =
1

2µ

[
κϕ(z)− z ϕ′(z)− ψ(z)

]
e− i θ,

(2.25)

where apexes
′

and
′′

indicate the first and second derivatives with
respect to the variable z, respectively. While ψ(z) represents the complex
conjugate of the function ψ(z).
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2.3 Conformal mapping applied to plane elastic

systems

Let’s suppose to have a complex z-plane or the physical plane in which
a problem is stated and let the complex ζ-plane (defined by one-to-one
mapping)

z = ω(ζ), ζ = ω−1(z), (2.26)

be a virtual plane into in which the problem is mapped [1, 11]. Let
z = x1 + ix2 and ζ = ξ1 + i ξ2 to be complex variables such that, the
mapping is the relation between Cartesian (x1, x2) and curvilinear (ξ1, ξ2)
coordinate system. The mapping is conformal at points where ω(ζ) and
ω−1(z) are analytic and ω′(ζ) and

(
ω−1(z)

)′
are nonzero. Then, the com-

plex potentials can be written as

ϕ(ω(ζ)) = ϕ(ζ), ψ(ω(ζ)) = ψ(ζ). (2.27)

2.3.1 Out-of-plane formulae transformation into conformal

plane

For an antiplane strain problem [115, 116] the complex potential

g(ζ) = f(ω(ζ)), (2.28)

is introduced, so that equations (2.10), (2.11) and (2.12) become

u3 =
1

µ
Re[g(ζ)], σ13 − iσ23 =

g′(ζ)

ω′(ζ)
, F ⌢

BC
= Im [g(ζB)− g(ζC)] .

(2.29)
The displacement and stress fields in the physical domain can be obtained
once the complex potential is known and the inclusion shape is specified.

2.3.2 In-plane formulae transformation into conformal plane

The boundary conditions (2.23) are transformed in the ζ-plane as

Θϕ(ζ) + χ
ω(ζ)

ω′(ζ)
ϕ′(ζ) + χψ(ζ) = (1− χ) iµǫω(ζ). (2.30)
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2 | METHOD OF ANALYTIC FUNCTIONS AND PLANE ELASTICITY

Knowing that z = ω(ζ) and dz = ω′(ζ)dζ, the first and second derivative
of the complex function ϕ(z) are given, as follows

ϕ′(z) =
ϕ′(ζ)

ω′(ζ)
, ϕ′′(z) =

1

[ω′(ζ)]3
[
ϕ′′(ζ)ω′(ζ)− ϕ′(ζ)ω′′(ζ)

]
, (2.31)

transformation of ϕ(z) and ψ(z) lead to the stress and displacement fields
(2.24) into the following [11]




σ11 + σ22 = 4Re

[
ϕ′(ζ)

ω′(ζ)

]
,

σ22 − σ11 + 2 iσ12 = 2

[
ψ′(ζ)

ω′(ζ)
+

ω(ζ)

ω′(ζ)3
[
ϕ′′(ζ)ω′(ζ)− ϕ′(ζ)ω′′(ζ)

]
]
,

u1 + iu2 =
1

2µ

[
κϕ(ζ)− ω(ζ)

ω′(ζ)
ϕ′(ζ)− ψ(ζ)

]
.

(2.32)

2.4 Schwarz-Christoffel conformal mapping

According to Schwarz-Christoffel (SC) transformation an infinite plane
containing a polygonal inclusion can be conformally mapped into an in-
finite exterior or finite interior region of the unit circle, see figure 2.1.
Moreover a simply connected finite polygonal domain can be conformally
transformed into an infinite exterior or finite interior region of the unit
circle [4, 5, 11, 72]. In the following, four different ways to map a polyg-
onal contour onto a unit circle are presented, which will be useful for the
latter calculations.

2.4.1 Exterior to exterior

SC formula mapping exterior region of the unit circle to exterior region
of the N -sided polygon and is given by the following equation [76]

ωee(ζ) = A

∫ ζ

1


 1

σ2

N−1∏

j=0

(σ − kj)
βj−1


 dσ +B , (2.33)
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1
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x2
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k0

0
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z-plane
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x2
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0 pb0

p jb
0

Exterior to exterior mapping

Interior to exterior mapping

Exterior to interior mapping

Interior to interior mapping

p jb

pb0

(I)

(II)

Figure 2.1: Schwarz-Christoffel transformation of an infinite plane containing a polyg-
onal inclusion having N vertices is conformally mapped into an infinite exterior or finite
interior region of the unit circle (upper part, I). A simply connected finiteN -sided polyg-
onal domain can be conformally transformed into an infinite exterior or finite interior
region of the unit circle (lower part, II).
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2 | METHOD OF ANALYTIC FUNCTIONS AND PLANE ELASTICITY

where complex constant A can be represented by

A = Rei δ, (2.34)

in whichR and δ represent scaling and rotation of the polygon, respectively
and B denotes translation of the given polygon. In addition kj for (j=0,
1,..., N−1) are pre-images of j-th vertex in ζ−plane and βj are fraction of
π of the exterior angle of j-th vertex, in z−plane, both in counterclockwise
order, see figure 2.1.

Noting that the sum of exterior angles2 of the given N -sided polygon
is

N−1∑

j=0

βj = N + 2. (2.36)

taking out the integration variable σ as a common factor from the inte-
grand of equation (2.33) one obtains

ωee(ζ) = A

∫ ζ

1


 1

σ2

N−1∏

j=0

(
1− kj

σ

)βj−1

σβj−1


 dσ +B. (2.37)

By developing the product
∏
σβj−1 in equation (2.37) and the knowledge

of relationship in equation (2.36) lead to

N−1∏

j=0

σβj−1 = σ2. (2.38)

Thus an alternative form of the SC formula (2.33) is obtained and it will
be useful in the latter calculations [72], as

(2.39)ωee(ζ) = A

∫ ζ

1



N−1∏

j=0

(
1− kj

σ

)βj−1

 dσ +B.

2While the sum of interior angles of the given N -sided polygon is given by the
following expression:

N−1
∑

j=0

βj = N − 2. (2.35)
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2.4 | SCHWARZ-CHRISTOFFEL CONFORMAL MAPPING

Note that integrands of equations (2.33) and (2.39) are not single val-
ued in general, their branch points kj are given by the vertices of polygon.
Therefore closed form expression for the conformal map ωee(ζ) cannot al-
ways be achieved, except for some simple geometries. So that in order
to obtain approximation of ωee(ζ) it is mandatory to perform series ex-
pansion of the integrand around ∞. Thus the function ωee(ζ) mapping
exterior region of the unit circle to exterior region of the polygon can be
expressed through Laurent series [11, 129], as

ωee(ζ) = A


ζ +

∞∑

j=1

dj
ζj


+B, (2.40)

where dj are complex constants obtained by integrating equation (2.33).

2.4.2 Interior to exterior

SC formula for a unit disc which maps the interior region of the unit
disk to exterior region of the N -sided polygon, see figure 2.1, is given by

ωie(ζ) = A

∫ ζ

1


 1

σ2

N−1∏

j=0

(
1− σ

kj

)1−βj


 dσ +B, (2.41)

where βj are fraction of π of the interior angle of j-th vertex, in z −
plane.

The series expansion of the integrand of equation (2.41) around the
origin of the unit disk i.e. 0. lead to the following approximation of
the conformal map ωie(ζ) mapping the interior region of the unit disk to
exterior region of the polygon expressed by the Laurent’s series

ωie(ζ) = A


1

ζ
+

∞∑

j=1

djζ
j


+B. (2.42)

Moreover, one can go back and forth from function ωee(ζ) to function
ωie(ζ) using a simple trick [72] of substituting variable ζ with 1/ζ.
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2 | METHOD OF ANALYTIC FUNCTIONS AND PLANE ELASTICITY

2.4.3 Exterior to interior

SC formula mapping the exterior region of the unit circle to interior
region of the N -sided polygon is given as follows

ωei(ζ) = A

∫ ζ

1



N−1∏

j=0

(σ − kj)
βj−1


 dσ +B. (2.43)

where βj are fraction of π of the interior angle of j-th vertex, in z −
plane.

Approximation of the map (2.43) is obtained by performing series
expansion of the integrand around ∞. Moreover the structure of equa-
tion (2.43) is similar with half-plane formula 3.

Function ωei(ζ) which maps exterior region of the unit disk to interior
region of the polygon can be expressed by the following Laurent’s series

ωei(ζ) = A


1

ζ
+

∞∑

j=1

dj
ζj


+B. (2.45)

where dj are complex contants obtained by integrating equation (2.43).

2.4.4 Interior to interior

At last SC formula mapping the interior region of the unit disk to
interior region of the N -sided polygon, see figure 2.1, is given by

ωii(ζ) = A

∫ ζ

1



N−1∏

j=0

(
1− σ

kj

)βj−1

 dσ +B. (2.46)

3Following Schwarz-Christoffel integral formula transforms interior region of the poly-
gon onto a upper half-plane [76].

ωuhi(ζ) = A

∫ ζ

1

[

N−1
∏

j=1

(σ − kj)
βj−1

]

dσ +B . (2.44)

where subscript uhi means transformation from upper half-plane onto interior region of
the polygon.
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2.5 | ISOTOXAL STAR-SHAPED POLYGONS: EXTERIOR TO EXTERIOR MAPPING

Figure 2.2: Infinite plane containing a n-pointed isotoxal star-shaped polygon in-
scribed in a circle of radius a. The polygon is defined by the semi-angle ξπ at the
isotoxal-points (z-plane) and is conformally mapped onto an infinite plane with a circu-
lar inclusion of unit radius (ζ-plane) using the Schwarz-Christoffel formula (2.49). Note
the local reference systems z∗ = z − a and ζ∗ = ζ − 1 defined in the two planes.

where βj are fraction of π of the interior angle of j-th vertex, in z −
plane.

The series expansion of the integrand of equation (2.46) around the
origin of the unit disk i.e. 0. lead the following approximation of the
conformal function ωii(ζ) mapping the interior region of the unit disk to
exterior region of the polygon expressed by the Laurent’s series is given
by

ωii(ζ) = A


ζ +

∞∑

j=1

djζ
j


+B. (2.47)

In addition, one can go back and forth from function ωei(ζ) to function
ωii(ζ) using a simple trick of substituting variable ζ with 1/ζ.

2.5 Isotoxal star-shaped polygons: exterior to

exterior mapping

An isotoxal polygonal star is defined by the number N of vertices and
a number n = N/2 of points. Note that N ≥ 4 is always even, while n ≥ 2
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2 | METHOD OF ANALYTIC FUNCTIONS AND PLANE ELASTICITY

is an integer, so that a polygon (for instance a triangle, characterized by
N = 6 and n = 3) is viewed as a degenerate star (for instance a three-
pointed star, having N = 6 and n = 3). Introducing βj as the fraction
of the angle π measuring the j-th angle exterior to j-th vertex of the
inclusion (for instance an equilateral triangle has β1 = β3 = β5 = 5/3 and
β0 = β2 = β4 = 1), the following property (2.36) holds true

2n−1∑

j=0

βj = 2(n+ 1). (2.48)

With reference now to a isotoxal polygonal star inclusion defined by n
points, and consider that inclusion does not rotate or translate i.e. δ = 0
and B = 0, respectively. The Schwarz-Christoffel conformal mapping
(2.33) is used to map the exterior region of the inclusion (within the phys-
ical z − plane) onto the exterior region of the unit circle (within the con-
formal ζ − plane), namely

ωee(ζ) = aΩ

∫ ζ

1


 1

σ2

2n−1∏

j=0

(σ − kj)
βj−1


 dσ, (2.49)

where constant R = aΩ with a denoting the radius of the circle in-
scribing the inclusion, Ω representing the scaling factor of the inclusion,
kj is the pre-image of the j-th polygon vertex in the ζ plane.

The first derivative of the conformal mapping (2.49) becomes

ω′
ee(ζ) = aΩ

1

ζ2

2n−1∏

j=0

(ζ − kj)
βj−1 . (2.50)

Further exploiting the identity (2.48), the first derivative of the conformal
mapping (2.50) can be rewritten as

ω′
ee(ζ) = aΩ

2n−1∏

j=0

(
1− kj

ζ

)βj−1

. (2.51)

With reference to a n-pointed isotoxal star polygon, see Fig. 2.2, the
pre-images and the exterior angles βj appearing in equation (2.51) are
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respectively given by

kj = e
i
jπ

n and βj =





2(1− ξ) if j is even

2 (ξ + 1/n) if j is odd
(2.52)

where j = 0, ..., 2n − 1 and the ξ is the fraction of π of the semi-angle at
the isotoxal-points, restricted to the following set

ξ ∈
[
0,

1

2
− 1

n

]
, (2.53)

and that can be used to define the inclusion sharpness, starting from ξ = 0,
which corresponds to zero-thickness (infinite sharpness) inclusion, ending
with ξ = 1/2− 1/n corresponding to n-sided regular polygonal case.

From the definition (2.52)1 of the pre-images kj (as the complex n-th
roots of the positive and negative unity), the following identities, which
will become useful latter, can be derived

n−1∏

j=0

(ζ − k2j) = ζn − 1,
n∏

j=1

(ζ − k2j−1) = ζn + 1, (2.54)

which can be written in an equivalent and useful form, for the future
calculations, as given below

n−1∏

j=0

(
1− k2j

ζ

)
= 1− 1

ζn
,

n∏

j=1

(
1− k2j−1

ζ

)
= 1 +

1

ζn
. (2.55)

The particular case of an n-pointed star polygon is identified through the
Schläfli symbol |n/S| involving the density, or starriness, S ∈ N1, which
is subject to the constraint S < n/2, see [52, 57]. Therefore, for star
polygons, the following relation

ξ =
1

2
− S
n
, (2.56)

holds true, so that a regular n-sided polygon is recovered when S = 1, see
equation (2.53). Now S controls the sharpness, so that the higher is S,
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n
=5

n
=7

n
=9

S=1 S=2

S=3

S=4

Isotoxal star-shaped polygon

Figure 2.3: n-pointed isotoxal star-shaped polygons (n = {5, 7, 9}, from the upper
part to the lower) inscribed in a circle of radius a can be used to describe inclusions
in the form of n-sided regular polygons and n-pointed regular stars with density S
(= {1, 2, 3, 4}, from left to right), within an infinite elastic plane. Note that, for a
fixed n, the density parameter S can vary only within a finite range of natural numbers
S < n/2.

n=2 n=3 n=4 n=5

x
=0

Star-shaped crack or stiffener

Figure 2.4: n-pointed star-shaped cracks/stiffeners, obtained in the limit of ξ = 0 of
isotoxal star-shaped polygons.
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the sharper is the star, as shown in Fig. 2.3. In the limit case ξ = 0 the
star-shaped crack or stiffener is obtained (Fig. 2.4).

The generic conformal mapping (2.49) can be expressed through the
following Laurent series (2.40)

ωee(ζ) = aΩ


ζ +

∞∑

j=1

dj
ζj


 , (2.57)

where dj are complex constants depending on the inclusion shape.
In the following, the conformal mappings for isotoxal star polygonal

voids or rigid inclusions (non-zero thickness, ξ 6= 0) and n-pointed star
shaped cracks and stiffeners (zero-thickness, ξ = 0) will be obtained as
special cases of the Laurent series as

ωee(ζ, ξ, n) = aΩ(n, ξ)
∞∑

j=0

d1−jn(ξ) ζ
1−jn , (2.58)

where the scaling factor Ω(n, ξ) and the constants d1−jn(ξ) will be given
specific expressions. It is noteworthy that ‘jn’ denotes the multiplication
j × n between the two indices j and n.

Exploiting equation (2.54), the first derivative of the conformal map-
ping (2.50) for an n-pointed isotoxal star polygon (in the case of ξ 6= 0)
is

ω′
ee(ζ, ξ, n) = aΩ(n, ξ)

(ζn − 1)1−2ξ (ζn + 1)2(ξ+
1
n)−1

ζ2
, (2.59)

where the scaling factor Ω is given by

Ω(n, ξ) =
1
n
√
4

Γ
(
1− 1

n
− ξ
)

Γ
(
n−1
n

)
Γ (1− ξ)

∈
[
1

2
, 1

)
, (2.60)

with the symbol Γ(·) standing for Euler gamma function defined via the
following convergent improper integral

Γ(u) =

∫ ∞

0
σu−1e−σdσ. (2.61)

Note that the lower value of Ω(n, ξ) in equation (2.60) is attained in the
line inclusion case (n = 2 and ξ → 0), while the upper limit is given by
circle limit n→ ∞.
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Integrating equation (2.59), it is possible to write the mapping function
through Appell hypergeometric function F1 [44], as

ωee(ζ, ξ, n) = aΩ(n, ξ) ζ F1

(
− 1

n
; 2ξ − 1, 1− 2ξ − 2

n
; 1− 1

n
;
1

ζn
,− 1

ζn

)
,

(2.62)

which, since |ζ| ≥ 1, becomes

(2.63)
ωee(ζ, ξ, n) = aΩ(n, ξ)

∞∑

v=0

∞∑

u=0

(
− 1

n

)
u+v

(−1 + 2ξ)u
(
1− 2ξ − 2

n

)
v(

1− 1
n

)
u+v

u! v!

× (−1)vζ1−n(u+v),

where, for x ∈ R and j ∈ N, the symbol (x)j denotes the Pochhammer
symbol expressed through the Euler gamma function, as

(x)j =
Γ(x+ j)

Γ(x)
. (2.64)

Transforming the index u+ v of equation (2.63) into a single index leads
to

(2.65)

ωee(ζ, ξ, n) = aΩ(n, ξ)
∞∑

j=0

j∑

k=0

(−1)j−k

k! (j − k)!

× Γ
(
1− 2

n
− 2ξ + j − k

)
Γ (−1 + 2ξ + k)

(1− jn) Γ
(
1− 2

n
− 2ξ

)
Γ (−1 + 2ξ)

ζ1−nj ,

which is the Laurent series (2.58) with the complex constants d1−jn(ξ)
identified as

(2.66)
d1−jn(ξ) =

1

1− jn

j∑

k=0

(−1)j−k

k! (j − k)!

× Γ
(
1− 2

n
− 2ξ + j − k

)
Γ (−1 + 2ξ + k)

Γ
(
1− 2

n
− 2ξ

)
Γ (−1 + 2ξ)

.

The conformal mapping (2.65) simplifies in the following particular cases
of n-pointed isotoxal star polygons.
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• n-sided regular polygon (so that ξ = 1/2 − 1/n, with n ≥ 2), for
which the scaling factor Ω and the constants d1−jn are

Ω(n) =

√
π

n
√
4 Γ

(
1
2 + 1

n

)
Γ
(
1− 1

n

) ∈
[
1

2
, 1

)
,

d1−jn =
Γ
(
j − 2

n

)

j! (1− jn)Γ
(
− 2

n

) ,
(2.67)

• n-pointed regular star polygon with density S = 2 (so that ξ =
1/2 − 2/n, with n ≥ 4; for instance n = 5 corresponds to a non-
intersecting five-point star), for which the scaling factor Ω is

Ω(n) =
sin
(
π
n

)

π

Γ
(
2
n

)2

Γ
(
4
n

) ∈
[

1√
2
, 1

)
, (2.68)

and the coefficients d1−jn are

d1−jn =
1

1− jn

j∑

k=0

(−1)j−k

k! (j − k)!

Γ
(
2
n
+ j − k

)
Γ
(
− 4

n
+ k
)

Γ
(
2
n

)
Γ
(
− 4

n

) . (2.69)

2.5.1 Special cases of star-shaped cracks and stiffeners

An n-pointed star-shaped crack or a star-shaped stiffener can be ob-
tained as the limit case of a isotoxal star polygon with an inifinte sharpness
i.e. ξ = 0, see Fig. 2.4.

Considering now a n-pointed regular star-shaped crack or rigid line
inclusion and introducing ξ = 0 in the definition (2.52)2, the first derivative
of the conformal mapping (2.51), together with equation (2.55), simplify
to

ω′
ee(ζ, n) = aΩ(n)

(
1− 1

ζn

)(
1 +

1

ζn

) 2−n
n

, (2.70)

where Ω(n) is a function of the number n of star points given as

Ω(n) =
1
n
√
4

∈
[
1

2
, 1

)
, (2.71)
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for which the lower bound is obtained for n = 2 (line inclusions, crack or
stiffener) while the upper bound corresponds to a circle, n→ ∞.

From the integration of equation (2.70), the mapping function can be
obtained as

ωee(ζ, n) =
a
n
√
4
ζ

(
1 +

1

ζn

) 2
n

, (2.72)

which, using the generalized binomial theorem, can be expressed as

(2.73)ωee(ζ, n) =
a
n
√
4

∞∑

j=0

[
j−1∏

k=0

(
2

n
− k

)]
ζ1−jn

j!
,

namely, the Laurent series (2.58) with the complex coefficients d1−jn de-
fined as

d1−jn =
1

j!

j−1∏

k=0

(
2

n
− k

)
. (2.74)

In the special case of a simple crack or a rigid line inclusions (n = 2),
equation (2.72), as well as the Laurent series (2.73), reduces to the well-
known conformal mapping function

ωee(ζ) =
a

2

(
ζ +

1

ζ

)
. (2.75)

2.6 Hypocycloidal inclusions: exterior to exte-

rior mapping

In the case of hypocycloidal inclusions, see Fig. 2.5 (upper part), with
a number n of cusps (n ∈ Z, n ≥ 2), the function ω(ζ) mapping the
exterior region of the inclusion (within the physical z − plane) onto the
exterior region of the unit circle (within the conformal ζ−plane, Fig. 2.5,
right) is given by [123]

ωee(ζ) = aΩ

(
ζ +

1

n− 1
ζ1−n

)
, (2.76)
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b

Interior to exterior mapping of elliptical inclusion

Exterior to exterior mapping of hypocycloidal inclusion

(I)

(II)
d

Figure 2.5: A n-cusped hypocycloid inclusion is inscribed in a circle of radius a, which
is embedded in an infinite elastic plane. The conformal mapping, eq (2.77), transforms
the exterior region of the hypocycloid inclusion into the exterior region of a circular
inclusion of unit radius (ζ-plane). Local reference systems z∗ = z − a and ζ∗ = ζ − 1
are introduced to define the asymptotics near the cusp with coordinates x1 = a, x2 = 0.
Moreover an interior to exterior ωie(ζ) (lower part, II) mapping of an elliptical inclusion
is also presented.

where a is the radius of the circle inscribing the inclusion, and Ω is the
scaling factor of the inclusion, function of the number n cusps,

Ω(n) =
n− 1

n
∈
[
1

2
, 1

)
. (2.77)

Note that the conformal mapping for the hypocycloidal inclusion (2.76)
provides the well-known conformal mappings for line inclusion (crack or

Ph.D. Thesis – Summer Shahzad 27



2 | METHOD OF ANALYTIC FUNCTIONS AND PLANE ELASTICITY

stiffener) in the case n = 2 and for a circle in the limit n→ ∞, which are
respectively given by equation (2.75) and by

ωee(ζ) = aζ. (2.78)

2.7 Elliptical inclusions

Exterior region of an ellipse can be transformed into the exterior or
interior region of the unit circle by the following formulae [11]

ωee(ζ) = C1

(
ζ +

C2

ζ

)
, ωie(ζ) = C1

(
1

ζ
+ C2ζ

)
, (2.79)

where constants C1 and C2 are given in function of geometric param-
eters a and b, see Fig. 2.5 (lower part), namely

C1 =
a+ b

2
ei δ > 0, 0 ≤ C2 =

a− b

a+ b
≤ 1. (2.80)

Note that δ is the angle of rotation of the inclusion measured with respect
the horizontal axes x1. Moreover the lower and upper bound of the pa-
rameter C2 represents the circle of radius a and a single crack of length
2a, respectively.
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Chapter 3

Experimental validation of

rigid inclusion model

Photoelasticity is employed to investigate the stress state near stiff rect-

angular and rhombohedral inclusions embedded in a ‘soft’ elastic plate.

Results show that the singular stress field predicted by the linear elastic

solution for the rigid inclusion model can be generated in reality, with

great accuracy, within a material. In particular, experiments: (i.) agree

with the fact that the singularity is lower for obtuse than for acute inclu-

sion angles; (ii.) show that the singularity is stronger in Mode II than

in Mode I (differently from a notch); (iii.) validate the model of rigid

quadrilateral inclusion; (iv.) for thin inclusions, show the presence of

boundary layers deeply influencing the stress field, so that the limit case

of rigid line inclusion is obtained in strong dependence on the inclusion’s

shape. The introduced experimental methodology opens the possibility of

enhancing the design of thin reinforcement and of analyzing complex sit-

uations involving interaction between inclusions and defects.

3.1 Introduction

Experimental stress analysis near a crack or a void has been the subject
of an intense research effort (see for instance Lim and Ravi-Chandar, 2007;
2009; Schubnel et al. 2011; Templeton et al. 2009), but the stress field near
a rigid inclusion embedded in an elastic matrix, a fundamental problem
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in the design of composites, has surprisingly been left almost unexplored
(Theocaris, 1975; Reedy and Guess, 2001) and has never been investigated
via photoelasticity1.

Though the analytical determination of elastic fields around inclusions
is a problem in principle solvable with existing methodologies (Movchan
and Movchan, 1995; Muskhelishvili, 1953; Savin, 1961), detailed treat-
ments are not available and the existing solutions (Chang and Conway,
1968; Evan-Iwanowski, 1956) lack mechanical interpretation, in the sense
that it is not known if these predict stress fields observable in reality2.

Moreover, from experimental point of view, questions arise whether
the bonding between inclusion and matrix can be realized and can re-
sist loading without detachment (which would introduce a crack) and if
self-stresses can be reduced to negligible values. In this chapter we (i.)
re-derive asymptotic and full-field solutions for rectangular and rhombo-
hedral rigid inclusions (Section 3.2) and (ii.) compare these with photoe-
lastic experiments (Section 3.3).

Photoelastic fringes obtained with a white circular polariscope are
shown in Fig. 1.1 and indicate that the linear elastic solutions provide
an excellent description of the elastic fields generated by inclusions up to
a distance so close to the edges of the inclusions that fringes result un-
readable (even with the aid of an optical microscope). By comparison of
the photos shown in Fig. 1.1 with Fig. 1 of Noselli et al. (2010), it can
be noted that the stress fields correctly tend to those relative to a rigid
line inclusion (stiffener) when the aspect ratio of the inclusions grows, and
that the stress fields very close to a thin inhomogeneity are substantially
affected by boundary layers depending on the (rectangular or rhombohe-
dral) shape.

1Gdoutus (1982) reports plots of the fields that would result from photoelastic in-
vestigation of cusp inclusions, but does not report any experiment. Noselli et al. (2011)
(see also Bigoni, 2012; Dal Corso et al. 2008) have only treated the case of a thin
line-inclusion.

2 The experimental methodology introduced here for rigid inclusions can be of inter-
est for the experimental investigation of the interaction between inclusions and defects,
such as for instance cracks, for which analytical solutions are already available (for
cracks, see Piccolroaz et al. 2012 a; b; Valentini et al. 1999).
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3.2 Theoretical linear elastic fields near rigid polyg-

onal inclusions

The stress/strain fields in a linear isotropic elastic matrix containing a
rigid polygonal inclusion are obtained analytically through both an asymp-
totic approach and a full-field determination. Considering plane stress or
strain conditions, the displacement components in the x1 − x2 plane are

u1 = u1(x1, x2), u2 = u2(x1, x2), (3.1)

corresponding to the following in-plane deformations εαβ (α, β=x1, x2) in
equations (2.14) which, for linear elastic isotropic behaviour, are related
to the in the in-plane stress components σαβ (α, β=x1, x2) via equations
(A.28). Finally, in the absence of body forces, the in-plane stresses satisfy
the two non trivial equilibrium equations (2.15).

3.2.1 Asymptotic fields near the corner of a rigid wedge

Near the corner of a rigid wedge the mechanical fields may be ap-
proximated by their asymptotic expansions. With reference to the polar
coordinates r, ϑ centered at the wedge corner and such that the elastic ma-
trix occupies the region ϑ ∈ [−α, α] (while the semi-infinite rigid wedge lies
in the remaining part of plane, Fig. 3.1), the Airy stress function Φ(r, ϑ),
automatically satisfying the equilibrium equation (A.3), is defined as

σrr =
1

r

(
Φ,r +

Φ,ϑϑ

r

)
, σϑϑ = Φ,rr, σrϑ = −

(
Φ,ϑ

r

)

,r

. (3.2)

The following power-law form of the Airy function satisfies the kinematic
compatibility conditions [Barber, 1993, his eqn (11.35)]

(3.3)Φ(r, ϑ) = rγ+2 [A1 cos(γ + 2)ϑ+A2 sin(γ + 2)ϑ+A3 cos γϑ

+A4 sin γϑ] ,

and provides the in-plane stress components as
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σrr =−(γ + 1)rγ [A1(γ + 2) cos(γ + 2)ϑ+A2(γ + 2)

× sin(γ + 2)ϑ+A3(γ − 2) cos γϑ+A4(γ − 2) sin γϑ],

σϑϑ=(γ + 2)(γ + 1)rγ [A1 cos(γ + 2)ϑ+A2 sin(γ + 2)ϑ

+A3 cos γϑ+A4 sin γϑ],

σrϑ =(γ + 1)rγ [A1(γ + 2) sin(γ + 2)ϑ−A2(γ + 2)

× cos(γ + 2)ϑ+A3γ sin γϑ−A4γ cos γϑ],

(3.4)

where A1, A2 and A3, A4 are unknown constants defining the sym-
metric (Mode I) and antisymmetric (Mode II) contributions, respectively,
while γ represents the unknown power of r for the stress and strain asymp-
totic fields, {σαβ, εαβ} ∼ rγ , with γ ≥ −1/2.

Imposing the boundary displacement conditions ur(r,±α) = uϑ(r,±α) =
0 leads to two decoupled homogeneous systems, one for each Mode sym-
metry condition, so that non-trivial asymptotic fields are obtained when
determinant of coefficient matrix is null, namely (Seweryn and Molski,
1996)

(γ + 1) sin(2α)− κ sin(2α(γ + 1)) = 0, Mode I;

(γ + 1) sin(2α) + κ sin(2α(γ + 1)) = 0, Mode II.
(3.5)

Note that, in the limit κ = 1 (incompressible material under plane strain
conditions), equations (3.5) are the same as those obtained for a notch,
except that the loading Modes are switched. Furthermore, according to
the so-called ‘Dundurs correspondence’ (Dundurs, 1989), when κ = −1
eqns (3.5) coincide with those corresponding to a notch.

The smallest negative value of the power γ ≥ −1/2 for each loading
Mode, satisfying eqn (3.5)1 and (3.5)2, represents the leading order term of
the asymptotic expansion. These two values (one for Mode I and another
for Mode II) are reported in Fig. 3.1 (left), for different values of κ, as
functions of the semi-angle α and compared with the respective values for
a void wedge, Fig. 3.1 (right).

For the rigid wedge, similarly to the notch problem:

• the singularity appears only when α > π/2 and increases with the
increase of α;
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Figure 3.1: The higher singularity power γ for a rigid wedge (left, angle α is the
semi-angle in the matrix enclosing the wedge) and for a notch (right, angle α is the
semi-angle in the matrix enclosing the notch) under Mode I and Mode II loading and
different values of κ.

• a square root singularity (σαβ ∼ 1/
√
r) appears for both mode I and

II when α approaches π (corresponding to the rigid line inclusion
model, see Noselli et al. 2010);

while, differently from the notch problem:

• the singularity depends on the Poisson’s ratio ν through the param-
eter κ;

• the singularity under Mode II condition is stronger than that under
Mode I; in particular, a weak singularity is developed under Mode I
when, for plane strain deformation, a quasi-incompressible material
(ν close to 1/2) contains a rigid wedge with α ∈ [12 ,

3
4 ]π.

Since the intensity of singularity near a corner is strongly affected by
the value of the angle α, it follows that the stress field close to a rectangular
inclusion is substantially different to that close to a rhombohedral one.
Therefore, strongly different boundary layers arise when a rectangular or
a rhombohedral inclusion approaches the limit of line inclusion.

3.2.2 Full-field solution for a matrix containing a polygonal

rigid inclusion

Solutions in 2D isotropic elasticity can be obtained using the method of
complex potentials (Muskhelishvili, 1953), where the generic point (x1, x2)
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is referred to the complex variable z = x1 + i x2 (where i is the imaginary
unit) and the mechanical fields are given in terms of complex potentials
ϕ(z) and ψ(z) which can be computed from the boundary conditions.

In the case of non-circular inclusions, it is instrumental to introduce
the complex variable ζ, related to the physical plane through z = ω(ζ)
with the conformal mapping function ω (such that the inclusion boundary
becomes a unit circle in the ζ-plane, ζ = ei θ), so that the stress and
displacement components are given by equations (2.32). The complex
potentials are the sum of the unperturbed (homogeneous) solution and
the perturbed (introduced by the inclusion) solution, so that, considering
boundary conditions at infinity of constant stress at infinity with the only
non-null component σ∞xx, we may write

ϕ(ζ) =
σ∞11
4
ωie(ζ) + ϕ(p)(ζ), ψ(ζ) = −σ

∞
11

2
ωie(ζ) + ψ(p)(ζ), (3.6)

where the perturbed potentials ϕ(p)(ζ) and ψ(p)(ζ) can be obtained by
imposing the conditions (2.30) (with ǫ = 0 due to the symmetry of the
problem) on the inclusion boundary, which are defined on a unit circle and
for a rigid inclusion3 (χ = −1 and Θ = κ) are

κϕ(p)(ζ)− ωie(ζ)

ω′
ie(ζ)

ϕ(p)′(ζ)− ψ(p)(ζ) =
σ∞11
2

(
1− κ

2
ωie(ζ)− ωie(ζ)

)
,

for ζ = ei θ, θ ∈ [0, 2π].
(3.7)

In the case of n-polygonal shape inclusions the conformal mapping ωie(ζ)
which maps the interior of the unit disk onto the region exterior to the
inclusion is given by the Schwarz-Christoffel integral (2.41). Assuming
that the perturbed potentials are holomorphic inside the unit circle in the
ζ-plane, ϕ(p)(ζ) can be expressed through Laurent series

ϕ(p)(ζ) = Rσ∞11

∞∑

j=1

ajζ
j , (3.8)

where aj (j=1,2,3,...) are unknown complex constants. Furthermore, since
the integral expression in eqn (2.41) cannot be computed as closed form

3 equation (3.7) holds when rigid-body displacements are excluded.
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for generic polygon, it is expedient to represent the conformal mapping
(2.42), considering B = δ = 0 and A = R.

In order to obtain an approximation for the solution, the series ex-
pansions for ωie(ζ) and ϕ

(p)(ζ) are truncated at the M -th term. Through
Cauchy integral theorem (B.14), integration over the inclusion boundary
of eqn (3.7) yields a linear system for the M unknown complex constants
aj , functions of the M constants dj , obtained through series expansion of
eqn. (2.41). Once the expression for ϕ(p)(ζ) is obtained, the integral over
the inclusion boundary of the conjugate version of the boundary condition
(3.7) is used to approximate ψ(p)(ζ), resulting as

ψ(p)(ζ) = Rσ∞11 ζ






M+2∑

j=1

bjζ
j−1


 /




M+2∑

j=1

cjζ
j−1




 . (3.9)

Rectangle In this case the angle fractions are βj = 1/2 (j=1,..., 4) while
the pre-images are

k1 = eηπ i, k2 = e−ηπ i, k3 = e(1+η)π i, k4 = e(1−η)π i, (3.10)

where η (likewise R) is a parameter function of the rectangle aspect ratio
l2/l1, with the inclusion edges l1 and l2. Parameters η and R are given in
Tab. 3.2.2 for the aspect ratios considered here.

l2/l1 1 1/2 1/4

η 0.2500 0.2003 0.1548
R/l1 0.5902 0.4374 0.3539

Table 3.1: Parameters η and R for the considered aspect ratios l2/l1 of rectangular
rigid inclusions.

The conformal mapping function and perturbed potentials obtained in
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the case of rectangle with l2/l1 = 1/4 are reported for M=15:

ωie(ζ) =R

(
1

ζ
+ 0.5633ζ − 0.1138ζ3 − 0.0385ζ5 − 0.0071ζ7

+0.0042ζ9 + 0.0052ζ11 + 0.0022ζ13 − .0006ζ15
)
,

ϕ(p)(ζ) =Rσ∞11

(
− 0.2420ζ − 0.0264ζ3 − 0.0071ζ5 + 0.0003ζ7

+0.0020ζ9 + 0.0012ζ11 + 0.0002ζ13 − 0.0001ζ15
)
,

ψ(p)(ζ) =Rσ∞11

(
− 2.4454ζ − 54.9115ζ3 + 6.4081ζ5 + 5.5545ζ7

+3.4073ζ9 + 0.6051ζ11 − 1.3007ζ13 − 1.0545ζ15

+0.2727ζ17
)
/

(
109.8986− 61.9012ζ2 + 37.5162ζ4

+21.1312ζ6 + 5.4989ζ8 − 4.1163ζ10 − 6.2272ζ12

−3.1597ζ14 + ζ16
)
.

(3.11)

Rhombus In this case the pre-images are

k1 = 1, k2 = i, k3 = −1, k4 = − i, (3.12)

while the angle fractions are

β1 = β3 =
2

π
arctan (l2/l1), β2 = β4 = 1− β1. (3.13)

The scaling parameter R is reported in Tab. 3.2.2 for the rhombus aspect
ratios l2/l1 considered here, where l1 and l2 are the inclusion axis.

The conformal mapping function and perturbed potentials obtained in
the case of rhombus with l2/l1 = 2/15 are reported for M=15:
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l2/l1 9/15 4/15 2/15

R/l1 0.3389 0.2841 0.2659

Table 3.2: Parameter R for the considered aspect ratios l2/l1 of rhombohedral rigid
inclusions.

ωie(ζ) =R

(
1

ζ
+ 0.8312ζ + 0.0515ζ3 − 0.0086ζ5 + 0.0068ζ7

−0.0028ζ9 + 0.0025ζ11 − 0.0013ζ13 + 0.0013ζ15
)
,

ϕ(p)(ζ) =Rσ∞11

(
− 0.1628ζ + 0.0071ζ3 + 0.0001ζ5 + 0.0009ζ7

+0.0001ζ9 + 0.0003ζ11 + 0.0001ζ13 + 0.0002ζ15
)
,

ψ(p)(ζ) =Rσ∞11

(
8.1122ζ + 28.1115ζ3 + 1.8150ζ5 − 0.6928ζ7

+0.4105ζ9 − 0.4451ζ11 + 0.1665ζ13 − 0.3417ζ15

+0.2727ζ17
)
/

(
− 53.0727 + 44.1156ζ2 + 8.2012ζ4

−2.2724ζ6 + 2.5225ζ8 − 1.3283ζ10 + 1.4453ζ12

−0.9307ζ14 + ζ16
)
.

(3.14)

3.3 Photoelastic elastic fields near rigid polygo-

nal inclusions

Photoelastic experiments with linear and circular polariscope (with
quarterwave retarders for 560nm) at white and monochromatic light4

4 The polariscope (dark field arrangement and equipped with a white and sodium
vapor lightbox at λ = 589.3nm, purchased from Tiedemann & Betz) has been designed
by us and manufactured at the University of Trento, see http://ssmg.unitn.it/ for a
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have been performed on twelve two-component resin (Translux D180 from
Axon; mixing ratio by weight: hardener 95, resin 100, accelerator 1.5; the
elastic modulus of the resulting matrix has been measured by us to be
22 MPa, while the Poisson’s ratio has been indirectly estimated equal to
0.49) samples containing stiff inclusions, obtained with a solid polycarbon-
ate 3 mm thick sheet (clear 2099 Makrolon UV) from Bayer with elastic
modulus equal to 2350 MPa, approximatively 100 times stiffer than the
matrix.

Samples have been prepared by pouring the resin (after deaeration,
obtained through a 30 minutes exposition at a pressure of -1 bar) into a
teflon mold (340 mm × 120 mm × 10 mm) to obtain 3±0.05 mm thick
samples. The resin has been kept for 36 hours at constant temperature of
29 ◦C and humidity of 48%. After mold extraction, samples have been cut
to be 320mm × 110mm × 3mm, containing rectangular inclusions with
wedges 20 mm × {20; 10; 5} mm and rhombohedral inclusions with axis
30 mm × {18; 8; 4} mm.

Photos have been taken with a Nikon D200 digital camera, equipped
with a AF-S micro Nikkor (105 mm, 1:2.8G ED) lens and with a AF-S
micro Nikkor (70180 mm, 1:4.55.6 D) lens for details. Monitoring with
a thermocouple connected to a Xplorer GLX Pasco©, temperature near
the samples during experiments has been found to lie around 22.5◦ C,
without sensible oscillations. Near-tip fringes have been captured with
a Nikon SMZ800 stereozoom microscope equipped with Nikon Plan Apo
0.5x objective and a Nikon DS-Fi1 high-definition color camera head.

The uniaxial stress experiments have been performed at controlled
vertical load applied in discrete steps, increasing from 0 to a maximum
load of 90 N, except for thin rectangular and rhombohedral inclusions,
where the maximum load has been 70 N and 78 N, respectively (loads have
been reduced for thin inclusions to prevent failure at the vertex tips). In
all cases an additional load of 3.4N has been applied, corresponding to the
grasp weight, so that maximum nominal far-field stress of 0.28 MPa has
been applied (0.22 MPa and 0.25 MPa for the thin inclusions).

Data have been acquired after 5 minutes from the load application time
in order to damp down the largest amount of viscous deformation, noticed
as a settlement of the fringes, which follows displacement stabilization.

detailed description of the apparatus.
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Releasing the applied load after the maximum amount, all the samples at
rest showed no perceivably residual stresses in the whole specimen.

Comparison between analytical solutions and experiments is possible
through matching of the isochromatic fringe order N , which (in linear
photoelasticity)5 is given by (Frocht, 1965)

N =
t

fσ
∆σ, (3.15)

where t is the sample thickness, ∆σ = σI − σII is the in-plane principal
stress difference, and fσ is the material fringe constant, measured by us to
be equal to 0.203 N/mm (using the so-called ‘Tardy compensation proce-
dure’, see Dally and Riley, 1965). These comparisons are reported in Figs.
3.2 and 3.3, where the full-field solution obtained in Section 3.2.2 has been
used under plane stress assumption and ν = 0.49. This assumption is con-
sistent with the reduced thickness of the employed samples, much thinner
than the thickness of the samples employed by Noselli et al. (2010), who
have compared photoelastic experiments considering plane strain.

The results show an excellent agreement between theoretical predic-
tions and photoelastic measures, with some discrepancies near the contact
with the inclusions where, the plane stress assumption becomes question-
able due to the out-of-plane constraint imposed by the contact with the
rigid phase. Moreover, some microscopical view (at 31.5×) near the ver-
tices of inclusion, shown in the insets of Figs. 3.2 and 3.3, reveals that
the stress fields are in good agreement even close to the corners, where
a strong stress magnification is evidenced near acute corners, while no
singularity is observed near obtuse corners.

The near-corner stress magnifications and comparisons with the full
field solution (evaluated with M =15) are provided in Fig. 3.4, where
the in-plane stress difference (divided by the far field stress) is plotted
along the major axis of the thin and thick rhombohedral inclusions (Fig.
3.4, upper and central parts, respectively) and along a line tangent to the
corner (and inclined at an angle π/6) of the rectangular thin inclusion.
In particular, magnification factors of 5.3 (upper part, α = 23π/24), 3.8

5 Differently from Noselli et al. (2010), a constant value for the fringe material
parameter fσ has been considered here since non constant values were found not to
introduce significant improvements.
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(central part, α = 5π/6), and 2.7 (lower part, α = 3π/4) have been
measured.

It is interesting to note that according to the theoretical prediction
(Section 3.2.1, Fig. 3.1), the singularity is stronger for acute than for
obtuse inclusion’s angles and that the stress fields tend to those corre-
sponding to a zero-thickness rigid inclusion (a ‘stiffener’, see Noselli et al.
2010), when the rectangular (Fig. 3.2) and the rhombohedral (Fig. 3.3)
inclusions become narrow (from the upper part to the lower part of the
figures).

According to results shown in Fig. 3.1, we observe from Figs. 3.2, 3.3,
and 3.4 the following.

• For Mode I loading the stress concentration becomes weak for angles
α within [π/2, 3π/4], see Fig. 3.3 (compare the fields near the two
different vertices).

• For Mode II loading the stress concentration is much stronger than
for Mode I. Stress concentrations generated for mixed-mode at an
angle α = 3π/4 are visible in Fig. 3.2 near the corners of rectangular
inclusions. These concentrations are visibly stronger than those near
the wider corner in Fig. 3.3 (upper part), which is subject to Mode
I;

• The stress fields evidence boundary layers close to the inhomogene-
ity, see lower part of Figs. 3.2 and 3.3: These boundary layers
are crucial in defining detachment mechanisms and failure modes.
Therefore, the shape of a thin inclusion has an evident impact in
limiting the working stress of a mechanical piece in which it is em-
bedded. This conclusion has implications in the design of material
with thin and stiff reinforcements, which can be enhanced through
an optimization of the inclusion shape.
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Figure 3.2: Monochromatic photoelastic fringes (with order number enclosed in a circle) revealing the in-plane principal
stress difference field near stiff rectangular inclusions (made up of polycarbonate, with large edge l1 =20 mm and aspect
ratios {1; 1/2; 1/4}) embedded in an elastic matrix (a two-component ‘soft’ epoxy resin, approximatively 100 times less stiff
than the inclusion) compared to the elastic solution for rigid inclusions (in plane stress, with Poisson’s ratio equal to 0.49),
at uniaxial stress σ∞

11 =0.28 MPa (0.22 MPa for the lower part).
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Figure 3.3: Monochromatic photoelastic fringes (with order number enclosed in a circle) revealing the in-plane principal
stress difference field near stiff rhombohedral inclusions (made up of polycarbonate, with large axes 30 mm and axis aspect
ratios {9/15; 4/15; 2/15}) embedded in an elastic matrix (a two-component ‘soft’ epoxy resin, approximatively 100 times
less stiff than the inclusion) compared to the elastic solution for rigid inclusions (in plane stress, with Poisson’s ratio equal
to 0.49), at uniaxial stress σ∞

11 =0.28 MPa (0.25 MPa for the lower part).
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Figure 3.4: Near-corner stress magnification (in-plane stress difference divided by the far field stress) for rhombohedral
(upper and central parts, respectively α = 23π/24 and α = 5π/6) and rectangular (lower part, α = 3π/4) rigid inclusions.
Experimental results are compared with the full-field elastic solution, evaluated with M = 15. Magnification factors of 5.3
(upper part), 3.8 (central part), and 2.7 (lower part) are visible.
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Chapter 4

Formulation and analytical

solution for nonuniform

out-of-plane problem

An infinite class of nonuniform antiplane shear fields is considered for a

linear elastic isotropic space and (non-intersecting) isotoxal star-shaped

polygonal voids and rigid inclusions perturbing these fields are solved.

Through the use of the complex potential technique together with the gen-

eralized binomial and the multinomial theorems, full-field closed-form so-

lutions are obtained in the conformal plane. The particular (and impor-

tant) cases of star-shaped cracks and rigid-line inclusions (stiffeners) are

also derived. Except for special cases (addressed in Part II), the obtained

solutions show singularities at the inclusion corners and at the crack and

stiffener ends, where the stress blows-up to infinity, and is therefore detri-

mental to strength. It is for this reason that the closed-form determination

of the stress field near a sharp inclusion or void is crucial for the design

of ultra-resistant composites.

4.1 Introduction

The investigation of the perturbation induced by an inclusion (a void,
or a crack, or a stiff insert) in an ambient stress field loading a linear
elastic infinite space is a fundamental problem in solid mechanics, whose
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importance need not be emphasized. Usually this problem is analyzed
with respect to uniform ambient stress fields [11, 43, 107, 54, 128, 110],
although inhomogeneous, self-equilibrated stresses have also been consid-
ered [106, 47, 53, 139, 73, 78, 141]. The interplay between stress inhomo-
geneities and singularities generated at inclusion corners is important in
the design of ultra-resistant composites, as stress singularities are known
to be detrimental to strength. In fact, an extreme stress concentration,
leading to material failure, has been shown by experiments to represent
the counterpart of the mathematical concept of singularity [124, 131, ?].
The determination of the conditions leading to stress relief around inclu-
sions may introduce new perspectives in the development of composite
materials.

The present article addresses the analytical, closed-form solution of
isotoxal star-shaped polygonal voids and rigid inclusions in an elastic
isotropic matrix loaded by inhomogeneous (but self-equilibrated) antiplane
shear fields (which are introduced as polynomial in an explicit mechanical
setting). The solution is obtained using the complex potential technique,
with conformal mapping [11, 128, 129], which leads to a full-field determi-
nation of the stress field. The particular cases of infinitely thin star corners
are also addressed, corresponding to star-shaped cracks and stiffeners (the
latter also referred to as rigid-line inclusions). These patterns of multi-
ple cracks are quite common, as three and four point star-shaped cracks
are induced by triangular and Vickers pyramidal indenters [50, 51, 109]
and can emerge during drying of colloidal suspensions in capillary tubes
[55, 58]. Multiple radial crack patterns are generated after low speed im-
pacts1 on brittle plates [77]. In Section 4.2, using the multinomial (and the
generalized binomial) theorem, the full-field closed-form solutions for iso-
toxal star-shaped polygonal voids and rigid inclusions (and for star-shaped
cracks and stiffeners) perturbing an inhomogeneous antiplane shear field
are obtained, after the problem is posed and solved in its asymptotic form
in Section 2.1. These results open the way to issues related to inclusion
neutrality and in particular allows the discovery of ‘quasi-static invisibil-
ity’ and ‘stress annihilations’, whose treatment is deferred to Part II of
this study [116], together with considerations of irregularities in the shape
of the inclusions and the finiteness of the domain containing the inclusion.

1High speed generates circumferential fractures in addition to radial.
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The presented results, obtained in out-of-plane elasticity, provide also
a solution for problems in thermal conductivity and electrostatics, due to
the common governing equations expressed by the Laplacian.

4.1.1 An infinite class of antiplane shear fields

A class of remote anti-plane loadings is considered for an infinite elastic
solid containing an inclusion, as defined by the following polynomial stress
field of m-th order (m ∈ N)

σ
∞(m)
13 (x1, x2) =

m∑

j=0

b
(m)
j xm−j

1 xj2, σ
∞(m)
23 (x1, x2) =

m∑

j=0

c
(m)
j xm−j

1 xj2,

(4.1)

where b
(m)
j and c

(m)
j are constants (j = 0, ...,m). Because the polynomial

stress field (4.1) has to satisfy both the equilibrium equation (2.7) and the

compatibility equation (2.8), all the constants b
(m)
j and c

(m)
j are linearly

dependent on b
(m)
0 and c

(m)
0 as follows

∀ even j ∈ [0;m]

b
(m)
j = (−1)

j
2

m!

j! (m− j)!
b
(m)
0 , c

(m)
j = (−1)

j
2

m!

j! (m− j)!
c
(m)
0 ,

∀ odd j ∈ [0;m]

b
(m)
j = (−1)

j−1
2

m!

j! (m− j)!
c
(m)
0 , c

(m)
j = (−1)

j+1
2

m!

j! (m− j)!
b
(m)
0 .

(4.2)

Note that the constants b
(m)
0 and c

(m)
0 represent a measure of the remote

(or, in the inclusion problem, the ‘unperturbed’) stress state along the x1
axis,

σ
∞(m)
13 (x1, 0) = b

(m)
0 xm1 , σ

∞(m)
23 (x1, 0) = c

(m)
0 xm1 , (4.3)

so that b
(0)
0 and c

(0)
0 are the loading constants defining the usual uniform

Mode III, Fig. 4.1 (upper part),

σ
∞(0)
13 (x1, 0) = b

(0)
0 , σ

∞(0)
23 (x1, 0) = c

(0)
0 . (4.4)
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Figure 4.1: The cases of uniform (m = 0, upper part) and linear (m = 1, lower part)

remote (self-equilibrated) loading conditions described by the constant b
(m)
0 (left) and

c
(m)
0 (right), eqn (4.1).

With the only exception of the case m = 0, the two remote shear stress

components are affected by both constants b
(m)
0 and c

(m)
0 . For example, in

the case of linear remote loading (m=1), Fig. 4.1 (lower part), the remote
field is defined by

σ
∞(1)
13 (x1, x2) = b

(1)
0 x1 + c

(1)
0 x2, σ

∞(1)
23 (x1, x2) = c

(1)
0 x1 − b

(1)
0 x2. (4.5)

Note that the introduced polynomial fields can be used to reconstruct
through series a general self-equilibrated remote loading. Therefore, due to
the superposition principle, the solution obtained in the next sections also
describes the mechanical fields under general Mode III remote loadings.

It is instrumental to express the polynomial stress field (4.1) in two
further reference systems, one Cartesian and the other polar. In particular,
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with reference to a x̂1–x̂2 Cartesian coordinate system obtained through
a rotation of an angle γ of a x1–x2 system, the polynomial stress field can
be expressed as

σ̂
∞(m)
13 (x̂1, x̂2) =

m∑

j=0

b̂
(m)
j x̂m−j

1 x̂j2, σ̂
∞(m)
23 (x̂1, x̂2) =

m∑

j=0

ĉ
(m)
j x̂m−j

1 x̂j2,

(4.6)

where the loading constants b̂
(m)
0 and ĉ

(m)
0 are linearly dependent on the

constants b
(m)
0 and c

(m)
0 as follows

b̂
(m)
0 = b

(m)
0 cos((m+ 1)γ) + c

(m)
0 sin((m+ 1)γ),

ĉ
(m)
0 = c

(m)
0 cos((m+ 1)γ)− b

(m)
0 sin((m+ 1)γ).

(4.7)

With reference to a polar coordinate system (r, θ) centered at the origin
of the x1–x2 axes, the polynomial stress field (4.1) can be rewritten as





σ
∞(m)
r3 (r, θ) = rm

[
b
(m)
0 cos ((m+ 1)θ) + c

(m)
0 sin ((m+ 1)θ)

]
,

σ
∞(m)
θ3 (r, θ) = rm

[
c
(m)
0 cos ((m+ 1)θ)− b

(m)
0 sin ((m+ 1)θ)

]
,

(4.8)
corresponding to the displacement

u
∞(m)
3 (r, θ) =

rm+1

µ(m+ 1)

[
b
(m)
0 cos ((m+ 1)θ) + c

(m)
0 sin ((m+ 1)θ)

]
.

(4.9)
Finally, it can be noted that the modulus of the principal stress (2.13) is
independent of the circumferential angle θ

τ∞(m)(r) = rm
√[

b
(m)
0

]2
+
[
c
(m)
0

]2
, (4.10)

so that the level sets of the modulus of the (unperturbed) shear stress are
concentric circles centered at the origin of the axes.
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4.1.2 Asymptotic expansion near the vertex of a void or a

rigid inclusion

A vertex of a void or a rigid inclusion is considered (defined by the
semi-angle α exterior to the inclusion, Fig. 4.2, right), with reference to
a polar coordinate system (ρ, ϑ) centered at the inclusion corner, where
ϑ ∈ (−α, α) measures the angle from the symmetry axis. Following
[66]–[70], the solution of the general out-of-plane problem can be decom-
posed in its symmetric uS3(ρ, ϑ) = uS3(ρ,−ϑ) and antisymmetric uA3 (ρ, ϑ) =
−uA3 (ρ,−ϑ) terms,

u3(ρ, ϑ) = uS3(ρ, ϑ) + uA3 (ρ, ϑ), (4.11)

which, considering equations (2.6)–(2.8), assume the following expressions
in polar coordinates,

uS3(ρ, ϑ) = DSρ1+λS
cos
[(
1 + λS

)
ϑ
]
,

uA3 (ρ, ϑ) = DAρ1+λA
sin
[(
1 + λA

)
ϑ
]
,

(4.12)

and, through the isotropic elastic constitutive relation (2.6), the following
stress field representations are obtained as

σSρ3(ρ, ϑ) = µDS (1 + λS)ρλ
S
cos
[
(1 + λS)ϑ

]
,

σSϑ3(ρ, ϑ) = −µDS (1 + λS)ρλ
S
sin
[
(1 + λS)ϑ

]
,

σAρ3(ρ, ϑ) = µDA (1 + λA)ρλ
A
sin
[
(1 + λA)ϑ

]
,

σAϑ3(ρ, ϑ) = µDA (1 + λA)ρλ
A
cos
[
(1 + λA)ϑ

]
,

(4.13)

where DS and DA are constants (to be defined in relation to the remote
loading), while λS and λA are the eigenvalues of the characteristic equa-
tions for the symmetric and antisymmetric problem, respectively, with
{λS, λA} > −1, to satisfy the requirement of finiteness of the local elastic
strain energy. These eigenvalues can be defined through the boundary con-
dition imposed at the inclusion boundary and are crucial to the asymptotic
description of stress fields around the inclusion vertex.
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The apexes ✩ and ★ will be used to distinguish between values assigned
to voids and to rigid inclusions, respectively. The null traction or null
displacement boundary conditions at θ = ±α, holding respectively for the
former and the latter problem, can be expressed as [75]

σ✩

θ3(ρ,±α) = 0, u★

3(ρ,±α) = 0, (4.14)

leading to the following characteristic equations

sin
[
α
(
1 + λ✩S

)]
= 0, cos

[
α
(
1 + λ✩A

)]
= 0,

cos
[
α
(
1 + λ★S

)]
= 0, sin

[
α
(
1 + λ★A

)]
= 0,

j ∈ N, (4.15)

and from which two countably infinite set of eigenvalues λ✩A
j , λ★A

j , λ✩S
j

and λ★S
j are obtained as





λ✩S
j (α) = λ★A

j (α) = −1 +
jπ

α
,

λ✩A
j (α) = λ★S

j (α) = −1 +
(2j − 1)π

2α
,

j ∈ N. (4.16)

The mechanical fields at small distances from the inclusion are ruled by
the leading-order term in the symmetric and antisymmetric asymptotic
expansions (4.12), which correspond to j = 1





λ✩S
1 (α) = λ★A

1 (α) = −1 +
π

α
≥ 0,

λ✩A
1 (α) = λ★S

1 (α) = −1 +
π

2α
≥ −1

2
,

(4.17)

and are reported in Fig. 4.2 (left) as a function of exterior semi-angle α.
Note that the following property holds true

λ✩S
1 (α) = λ★A

1 (α) > λ✩A
1 (α) = λ★S

1 (α). (4.18)

The range of variation of the values λ1 for different values of the exte-
rior semi-angle α is summarized in Tab. 1 and reported in Fig. 4.2 (left),
from which it can be noted that the stress field has:
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-
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1

0

= =

1

1
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Figure 4.2: (left) First eigenvalue λ1, guiding the leading-order term in the asymptotic
description of symmetric and antisymmetric parts of mechanical fields (4.12) in the
neighborhood of the inclusion vertex, as a function of the semi-angle α exterior to the
inclusion (right).

• a singular leading-order term for antisymmetric notch/symmetric
wedge problems when α ∈ (π/2, π] (in particular a square-root singu-
larity is attained for α = π, corresponding to antisymmetric crack/symmetric
stiffener problems);

• a constant (zeroth-order) term for antisymmetric notch/symmetric
wedge problems when α = π/2 and for symmetric notch/antisymmetric
wedge problems when α = π. Such a constant is usually called T-
stress in in-plane and S-stress in out-of-plane [56, 127, 137] crack
problems;

• a non-singular leading-order term for symmetric notch/antisymmetric
wedge problems when α < π and for antisymmetric notch/symmetric
wedge problems when α < π/2.

The above-listed observations are crucial for the understanding of the
occurrence of stress singularity or of stress annihilation at the vertices of
polygonal void and rigid inclusions, as shown in Part II.

52 Ph.D. Thesis – Summer Shahzad



4.2 | FULL-FIELD SOLUTION

α ∈
(
0,
π

2

) π

2
∈
(π
2
, π
)

π

λ✩S
1 (α) = λ★A

1 (α) > 1 1 ∈ (0, 1) 0

λ✩A
1 (α) = λ★S

1 (α) > 0 0 ∈
(
−1

2
, 0

)
−1

2

Table 4.1: Ranges of the first eigenvalue λ1, defining the leading-order
term in the description of symmetric and antisymmetric parts of the dis-
placement field u3, eqn (4.12)1, for different ranges of exterior semi-angle
α (Fig 4.2, right).

4.2 Full-field solution

The full-field solution for non-intersecting isotoxal star polygonal voids
and rigid inclusions embedded in an isotropic elastic material subject to
the generalized anti-plane remote polynomial stress field (4.1) is solved
through the complex potential technique generalizing the solution obtained
in [122]. The out-of-plane problem formulation is presented in section
2.1 in which the Laplace equation (2.9) governing the problem, a single
analytic function f(z) (2.10), the stress-potential relationship (2.11) and
the out-of-plane resultant shear force (2.12) are reported.

The complex potential f(z) can be considered as the sum of the un-
perturbed potential f∞(z), which is the solution in the absence of the
inclusion, and the perturbed one, fp(z), introduced to recover the bound-
ary condition along the inclusion boundary,

f(z) = f∞(z) + fp(z). (4.19)

Using the polynomial description (4.1) for the self-equilibrated remote

stress field σ
∞(m)
13 and σ

∞(m)
23 , the unperturbed potential is given as

f∞(z,m) = T (m)zm+1 , (4.20)
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where

T (m) =
b
(m)
0 − i c

(m)
0

m+ 1
, (4.21)

which in the particular case of uniform antiplane shear load, m = 0,
reduces to [122] (their equation (20)).

Considering now the presence of the inclusion, it is instrumental to
define the conformal mapping z = ω(ζ), which transforms the boundary
of the inclusion in the physical plane into a circle of unit radius within
the conformal plane. Also the mechanical fields (2.29) reported in the
subsection 2.3.1 are transformed into the conformal plane.

Isotoxal star-shaped polygonal voids and rigid inclusions are consid-
ered, see Fig. 2.2 (left), embedded in an infinite elastic matrix. In the
following subsections, solution for star-shaped crack or stiffener and iso-
toxal star-shaped polygonal inclusion is derived separately.

4.2.1 Closed-form solution for star-shaped cracks or stiff-

eners

To derive the complex potential (2.28) for star-shaped cracks and stiff-
eners, it is instrumental to introduce t and q, functions of m and n as

t =
2(m+ 1)

n
, q =

⌊
m+ 1

n

⌋
, (4.22)

where the dependence onm and n is omitted for simplicity and the symbol
⌊·⌋ stands for the integer part of the relevant argument. By means of
the generalized binomial theorem, equations (4.20) and (2.72), help us to
obtain the unperturbed potential which can be expressed as

g∞(ζ, n,m) =
am+1 T (m)

2t

∞∑

j=0

(
j−1∏

l=0

t− l

)
ζm+1−jn

j!
. (4.23)

By imposing the null traction resultant condition F ⌢

BC
= 0 for a crack

(χ = 1), or the rigid-body displacement condition u3B = u3C for a rigid
line inclusion (χ = −1), for every pairs of points B and C along the
boundary of the unit circle in the conformal plane, the perturbed complex
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potential gp(m) is obtained as

(4.24)

gp(ζ, n,m) =
am+1

2t



χT

(m)


−δm+1,qn

q!

q−1∏

l=0

(t− l)

+

q∑

j=0

(
j−1∏

l=0

t− l

)
1

j! ζm+1−jn




− T (m)
∞∑

j=q+1

(
j−1∏

l=0

t− l

)
1

j! ζjn−m−1



 ,

where δm+1,qn is Kronecker delta, so that ‘qn’ is a single index correspond-
ing to the multiplication q × n between the two indices q and n.

The complex potential follows from the sum of the perturbed and
unperturbed potentials as

(4.25)

g(ζ, n,m) =
am+1

2t



−χT

(m)

q!
δm+1,qn

q−1∏

l=0

(t− l)

+

q∑

j=0

1

j!

(
j−1∏

l=0

(t− l)
)[

T (m)ζm+1−jn+
χT (m)

ζm+1−jn

]
 .

Note that in the particular case when t = 2(m+1)/n ∈ N, the binomial
theorem can be exploited and the complex potentials (6.1), (4.24) and
(4.25) reduce to

(4.26a)g∞(ζ, n,m) =
am+1 T (m)

2t

t∑

j=0

t!

j! (t− j)!
ζm+1−nj ,

(4.26b)

gp(ζ, n,m) =
am+1

(
χT (m) − T (m)

)

2t


− t!

q! q!
δm+1,qn

+

q∑

j=0

t!

j! (t− j)!

1

ζm+1−jn


 ,
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(4.26c)

g(ζ, n,m) =
am+1

2t


− t!

q! q!
χT (m) δm+1,qn

+

q∑

j=0

t!

j! (t− j)!

(
T (m)ζm+1−nj +

χT (m)

ζm+1−nj

)
 .

In addition to the particular case (4.26), the complex potential (4.25)
also simplifies in some other special cases, which are listed below.

• n > m+ 1 (corresponding to the case q = 0)

g(ζ, n,m) =
am+1

2t

[
T (m)ζm+1 +

χT (m)

ζm+1

]
, (4.27)

a simple expression representing an infinite set of solutions, such as
that for a cruciform crack (n = 4, Fig. 2.4) subject to uniform,
linear and quadratic remote antiplane shear loads (m = 0, 1, 2);

• n = 2 (corresponding to the case of line stiffener or crack)

(4.28)

g(ζ, n,m) =
(m+ 1)! am+1

2m+1


−

χT (m)

q! q!
δm+1,2q

+

q∑

j=0

T (m)ζm+1−2j +
χT (m)

ζm+1−2j

j! (m+ 1− j)!


 ;

• m = 0 (corresponding to the case of uniform antiplane shear [140])

g(ζ, n) =
a
n
√
4

[
T (0)ζ +

χT (0)

ζ

]
, (4.29)

where the constant T (0) and its complex conjugate T (0) represent the re-
mote uniform antiplane shear loading given by the equation (4.21).
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4.2.2 Closed-form solution for isotoxal star-shaped polyg-

onal inclusions

Considering the Laurent series of the mapping function (2.58) for the
case ξ 6= 0 with the coefficients (2.66) to represent the unperturbed stress
(4.8), the corresponding unperturbed complex potential in the conformal
plane can be obtained through the multinomial theorem [65] as

g∞(ζ, ξ, n,m) = (aΩ(n, ξ))m+1 T (m)
∞∑

j=0

Lm+1−jn ζ
m+1−jn, (4.30)

where the coefficients Lm+1−jn are given in the form

Lm+1−jn =
∑

Cj(l0,l1,..,l∞)

(
m+ 1

l0, l1, · · · , l∞

) ∞∏

k=0

(d1−kn)
lk , (4.31)

with Cj (l0, l1, .., l∞) representing the double conditions applied on the sum,
as

Cj (l0, l1, .., l∞) :

{
∞∑

k=0

lk = m+ 1
⋂ ∞∑

k=1

k lk = j

}
, (4.32)

where lk ∈ N. Note that the symbol in brackets in equation (4.31) rep-
resents the multinomial coefficient defined through the factorial function,
as (

m+ 1

l0, l1, · · · , l∞

)
=

(m+ 1)!

l0! l1! · · · l∞!
. (4.33)

Introduction of the boundary conditions expressing either null traction
along the boundary of the star-shaped void (χ = 1) or allowing only
for a rigid body-displacement of the rigid inclusion along its boundary
(χ = −1), the perturbed complex potential gp(m)(ζ, ξ, n) is obtained as

(4.34)

gp(ζ, ξ, n,m) = (aΩ(n, ξ))m+1


χT (m)


−Lm+1−qn δm+1,qn

+

q∑

j=0

Lm+1−jn

ζm+1−jn


− T (m)

∞∑

j=q+1

Lm+1−jn

ζjn−m−1


 ,
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so that the complex potential, solution of the isotoxal star-shaped polygonal
voids and rigid inclusions, follows in a closed-form solution

(4.35)

g(ζ, ξ, n,m) = (aΩ(n, ξ))m+1


−χT (m)Lm+1−qn δm+1,qn

+

q∑

j=0

Lm+1−jn

(
T (m)ζm+1−jn +

χT (m)

ζm+1−jn

)
 ,

as the sum of a finite number of terms.
Note that the complex potential (4.35) displays a rigid-body motion

component for both the rigid inclusion and the void when q = (m +
1)/n. Furthermore, the complex potential (4.35) simplifies in the following
particular cases

• n > m+ 1 (equivalent to q = 0),

g(ζ, ξ, n,m) = (aΩ(n, ξ))m+1

[
T (m)ζm+1 +

χT (m)

ζm+1

]
. (4.36)

This case embraces an infinite set of solutions, for instance a 5-
pointed isotoxal star subject to uniform, linear, quadratic and cubic
remote antiplane shear load (m = 0, 1, 2, 3);

• m = 0 (remote uniform antiplane shear)

g(ζ, ξ, n) = aΩ(n, ξ)

[
T (0)ζ +

χT (0)

ζ

]
, (4.37)

corresponding to the solution for regular polygonal inclusions [122]).

4.2.3 Shear stress analogies between rigid inclusions and

voids

The purpose of this section is to highlight some special cases in which
the stress fields generated within a matrix by a rigid inclusion are analo-
gous to those generated when a void (of the same shape) is present.
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Figure 4.3: A five point star (n = 5, ξ = 1/10) polygonal void (left) is subject to

a remote uniform antiplane shear (characterized by c
✩(0)
0 and b

✩(0)
0 =0), while a rigid

inclusion (right) is subject to the same remote shear field but rotated of π/2 (so that

the remote stress field is characterized by b
★(0)
0 = c

✩(0)
0 and c

★(0)
0 = 0). Under these

conditions, the dimensionless shear stress fields (τ (0)(x1, x2)/τ
∞(0)) are identical for

both the void and the rigid inclusion.

Let us consider two remote stress fields of order m, equation (4.8),
remotely applied to a matrix containing a void and a rigid inclusion (with
the same shape) and which are defined respectively by the loading con-

stants b
✩(m)
0 , c

✩(m)
0 and b

★(m)
0 , c

★(m)
0 . From the obtained solution (4.35), if

these constants satisfy the conditions

b
✩(m)
0 = c

★(m)
0 , b

★(m)
0 = −c✩(m)

0 , (4.38)

then the following shear stress analogy occurs

σ
✩(m)
13 ≡ σ

★(m)
23 , σ

✩(m)
23 ≡ −σ★(m)

13 , (4.39)

while, if the loading constants satisfy

b
✩(m)
0 = −c★(m)

0 , b
★(m)
0 = c

✩(m)
0 , (4.40)

then another shear stress analogy occurs

σ
✩(m)
13 ≡ −σ★(m)

23 , σ
✩(m)
23 ≡ σ

★(m)
13 . (4.41)
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Considering the above analogies, whenever the loading constants satisfy
the conditions
∣∣∣b✩(m)

0

∣∣∣ =
∣∣∣c★(m)

0

∣∣∣ ,
∣∣∣b★(m)

0

∣∣∣ =
∣∣∣c✩(m)

0

∣∣∣ , b
✩(m)
0 c

✩(m)
0 = −b★(m)

0 c
★(m)
0 ,

(4.42)
the modulus of the shear stress, equation (2.13), within the matrix gener-
ated by the void or by the inclusion are the same

τ✩(m) ≡ τ★(m). (4.43)

An example of the identity of the fields of shear stress modulus generated
by a void and a rigid inclusion under the conditions (4.42) is shown in Fig.
4.3 in the particular case of uniform remote stress, m = 0.
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Chapter 5

Stress singularities,

invisibilities and stress

annihilations

Notch stress intensity factors and stress intensity factors are obtained

analytically for isotoxal star-shaped polygonal voids and rigid inclusions

(and also for the corresponding limit cases of star-shaped cracks and

stiffeners), when loaded through remote inhomogeneous (self-equilibrated,

polynomial) antiplane shear stress in an infinite linear elastic matrix.

Usually these solutions show stress singularities at the inclusion corners.

It is shown that an infinite set of geometries and loading conditions ex-

ist for which not only the singularity is absent, but the stress vanishes

(‘annihilates’) at the corners. Thus the material, which even without

the inclusion corners would have a finite stress, remains unstressed at

these points in spite of the applied remote load. Moreover, similar con-

ditions are determined in which a star-shaped crack or stiffener leaves

the ambient stress completely unperturbed, thus reaching a condition of

‘quasi-static invisibility’. Stress annihilation and invisibility define opti-

mal loading modes for the overall strength of a composite and are useful

for designing ultra-resistant materials.
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5.1 Introduction

The knowledge of the stress intensity factor (SIF) and of the notch
stress intensity factor (NSIF), respectively, for star-shaped cracks/stiffeners
and isotoxal star-shaped polygonal voids/rigid-inclusions is crucial as they
represent failure criteria in the design of brittle-matrix composites [80].
Therefore, results presented in Part I [115] of this study are complemented
with the analytical, closed-form determination of SIF and NSIF. In this
way, a full characterization of the stress fields near star-shaped cracks/
stiffeners and polygonal voids/rigid-inclusions is reached. This allows for
the analysis of the conditions of inclusion neutrality that occur when the
ambient field is left unperturbed outside the inclusion. The neutrality
condition has been thoroughly analyzed [81, 83, 91, 94, 95, 141, 96, 144]
because it provides a criterion for the introduction of an inclusion in a
composite without a loss of strength and because it is a problem linked to
homogenization techniques for composites [86].

Recently, elastic cloaking in metamaterials has demonstrated wave in-
visibility [84, 85, 87, 88, 89, 92, 93] and is, in a sense, a dynamic counter-
part to neutrality. Both neutrality and invisibility are strong conditions
that cannot be achieved in an exact sense for a perfectly bonded inclusion
[85, 94]. So neutrality, in statics, has been relaxed with the introduction of
‘quasi-neutrality’ [82], which allows rapidly decaying stress singularities at
the inclusion boundary to be neglected. In fact, considering a problem of
inclusion involving singularities (as for instance at an inclusion vertex) it
seems at a first glance impossible to achieve neutrality or invisibility. Nev-
ertheless, it will be demonstrated in this article that two special cases exist
for an infinite class of geometries and modes of loading in which the ‘usual’
stress singularity is absent. One of these situations occurs at the vertex
of a star-shaped void or rigid inclusion and will be termed ‘stress annihi-
lation’, while the other, occurring for a star-shaped crack or stiffener, will
be termed ‘quasi-static invisibility’ (or full neutrality). In the former case,
the stress vanishes at the corner of the void/inclusion, instead of display-
ing the singularity which would be usually expected at a sharp corner,
while, in the latter case, the star-shaped crack or star-shaped inclusion
leaves the ambient stress field completely unperturbed, so that the inclu-
sion becomes ‘invisible’ or ‘fully neutral’ (the word ‘neutrality’ is weak,
because in the case analyzed in this article the stress remains completely
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5.2 | STRESS AND NOTCH INTENSITY FACTORS

undisturbed everywhere in the matrix, so that the inclusion simply ‘dis-
appears’). Note that the conditions of stress annihilation and invisibility
imply that the material does not fail at the void/inclusion/crack/stiffener
points, but far from them and only when the material would break in the
unperturbed problem. It is also shown that there are specific situations
in which a partial invisibility and a partial stress annihilation is reached.
In these cases invisibility or stress annihilation are verified at some but
not all of the points of the star-shaped crack/stiffener or void/inclusion,
so that in these cases failure of the material occurs at the points where
the stress remains singular.

The results obtained in the present article (and in Part I) refer to regu-
lar shapes of inclusions/cracks and to an infinite elastic domain, so that it
is natural to address the question on how these two idealizations affect the
results, particularly for quasi-static invisibility and stress annihilation. It
is therefore shown that these situations can also be met for irregular star-
shaped voids and cracks. Moreover, a numerical (finite elements) analysis
shows that the features are present also for finite domains.

The present article is organized as follows. In Section 5.2 the SIFs and
NSIFs, respectively for star-shaped cracks and stiffeners and for isotoxal
star-shaped void and rigid inclusions will be determined. Note that the
determination is in a closed-form, so that the solution does not involve in-
finite series. In section 5.3 results will be presented in terms of stress fields
around voids and cracks. Also in Section 5.3 the conditions for quasi-static
invisibility and stress annihilation will be explained in detail, together with
the situations of partial invisibility and partial stress annihilation. Gener-
alizations to irregular star-shaped voids/inclusions (and cracks/stiffeners)
and inclusions in a finite domain will be covered in Section 5.3.3.

5.2 Stress and Notch Intensity Factors

A measure of the stress intensification at an inclusion vertex can be
obtained through the evaluation of the Stress Intensity Factor (SIF) for a
star-shaped crack or a stiffener and of the Notch Stress Intensity Factor
(NSIF), in the case of a polygonal void or rigid inclusion. The definition of
these factors is given in relation to the specific form of remote shear stress
(τρ3 and τθ3 in a polar coordinate system ρ, θ, and x3), in a way that
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the asymptotic singular fields are represented by a constant depending
only on the boundary conditions [137]. In particular, with reference to
the decomposition (considered in Part I) of the displacement field u3 in
its symmetric and antisymmetric parts,

σAρ3(ρ, 0) = σSϑ3(ρ, 0) = 0, (5.1)

the definition of SIF is introduced for star-shaped crack or stiffener

KS
III = lim

ρ→0

√
2πρ σρ3(ρ, 0), KA

III = lim
ρ→0

√
2πρ σϑ3(ρ, 0), (5.2)

while, for star-shaped void or rigid inclusion, the definition of NSIF is
introduced as

KS
III = lim

ρ→0

√
2π ρ−λS

1σρ3(ρ, 0), KA
III = lim

ρ→0

√
2π ρ−λA

1 σϑ3(ρ, 0). (5.3)

Note that, differently from the definition of SIF, the definition of NSIF
provides non-null values even in the case of non-singular leading-order
terms, corresponding to the case of a non-negative smaller eigenvalue,
λ1 ≥ 0 (see Table 1 in Part I of this study).

Following the procedure proposed in [122], a closed-form expression for

K
(m)
III is obtained, by considering isotoxal star-shaped voids or star-shaped

cracks and rigid-inclusions within an isotropic matrix subject to a remote
generic polynomial stress condition of order m (as introduced in Part I).
The SIF and NSIF, obtained with reference to the situation in which an
inclusion vertex lies on the positive part of x1 axis (see Fig.2 in Part I), are
crucial to predict fracture initiation (or propagation), via energy release
rate, [98, 99, 100].

5.2.1 Closed-form formulae of SIFs for star-shaped cracks

or stiffeners

Using the complex potential obtained in Part I for the case of n-pointed
star-shaped crack or stiffener (equation (51) of Part I), the stress field can
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be expressed in the transformed plane as

(5.4)

σ
(m)
13 − iσ

(m)
23 =

am 2
2
n
−t

(1− ζ−n) (1 + ζ−n)
2−n
n

q∑

j=0

(m+ 1− jn)

j!

×
(
T (m)ζm−jn − χT (m)

1

ζm+2−jn

) j−1∏

l=0

(t− l),

where χ = 1 (χ = −1) for a void (for a rigid inclusion). Equation (6.6)
can be expanded about the vertex of the inclusion (at x1 = a and x2 = 0),
by introducing ζ = 1+ ζ∗ with |ζ∗|→ 0 (corresponding to z = a+ z∗ with
|z∗|→ 0, see Fig. 2 in Part I), as

(5.5)
σ
(m)
13 − iσ

(m)
23 ≃

am
[
b
(m)
0 (1− χ)− i c

(m)
0 (1 + χ)

]

2t−1n(m+ 1)ζ∗

×
q∑

j=0

(m+ 1− jn)

j!

j−1∏

l=0

(t− l).

Considering now the conformal mapping [equation (42) of Part I], the
relationship between the physical coordinate z∗ = ρeiϑ and its conformal
counterpart ζ∗ can be expanded as

ζ∗ ≃ 2

√
ρ

na
e

iϑ
2 , (5.6)

so that the following asymptotic expansion in the physical plane is ob-
tained

(5.7)
σ
(m)
13 − iσ

(m)
23 ≃

am
√
a
[
b
(m)
0 (1− χ)− ßc

(m)
0 (1 + χ)

]

2t(m+ 1)
√
nρ

(
cos

ϑ

2

− i sin
ϑ

2

) q∑

j=0

(m+ 1− jn)

j!

j−1∏

l=0

(t− l),
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from which, according to the asymptotic description (Sect.2.2 in Part I),
the square root stress singularity at the star point is evident. Using defi-
nition (6.10), the SIF can be evaluated as

(5.8)

[
KS

III(n,m)

KA
III(n,m)

]
=

2
n−4(m+1)

2n am

m+ 1

√
πa

n

×




q∑

j=0

(m+ 1− jn)

j!

j−1∏

l=0

(t− l)





(1− χ)b

(m)
0

(1 + χ)c
(m)
0


 ,

so that the SIFs for a star-shaped crack K✩

III(n,m) or a star-shaped stiff-
ener K★

III(n,m) are

(5.9)

[
K★S

III(n,m)

K✩A
III (n,m)

]

=
2

3n−4(m+1)
2n am

m+ 1

√
πa

n
×




q∑

j=0

(m+ 1− jn)

j!

j−1∏

l=0

(t− l)





b
(m)
0

c
(m)
0


 ,

and K★A
III (n,m) = K✩S

III (n,m) = 0.
Taking into account the definition of remote applied shear stress τ∞13

and τ∞23 [see equation (7) of Part I], which provides the unperturbed stress

components as a function of the loading parameters b
(m)
0 , c

(m)
0 , the Stress

Intensity Factors (5.9) can be rewritten as

(5.10)

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
3n−4(m+1)

2n

(m+ 1)
√
n
×




q∑

j=0

(m+ 1− jn)

j!

j−1∏

l=0

(t

− l)


√

πa

[
σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)

]
.

The SIFs are reported in Fig. 5.1 as functions of the number n of the
tips and for different orders m of the applied remote polynomial antiplane
shear loading. Expression (6.18) for the SIFs simplifies in the special cases
listed below.
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• t = 2(m+ 1)/n ∈ N,

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
3n−4(m+1)

2n

(m+ 1)
√
n

q∑

j=0

t! (m+ 1− jn)

j! (t− j)!

√
πa



σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)


 .

(5.11)

• n > m+ 1 (and therefore q = 0),

(5.12)

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
3n−4(m+1)

2n

√
n

√
πa



σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)


 .

This case embraces an infinite set of solutions, one such solution is
that for a cruciform crack (n = 4, Fig.4 of Part I) subject to uniform,
linear and quadratic remote antiplane shear load (m = 0, 1, 2).

• n = 2 (crack or stiffener inclusions),

(5.13)

[
K★S

III(n,m)

K✩A
III (n,m)

]

=

√
πa

2m(m+ 1)

q∑

j=0

(m+ 1)! (m+ 1− 2j)

j! (m+ 1− j)!



σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)


 .

Note that, in the particular case of uniform antiplane shear (m = 0),
equation (6.15) provides the same result as equation (32) in [140].

5.2.2 Closed-form formulae of NSIFs for isotoxal star-shaped

voids and rigid inclusions

For the derivation of SIFs and NSIFs, different methods (FE analysis,
BE analysis, Singular integral equations etc.) are involved [137, 101, 102,
103, 104, 105], so that closed-form expressions of SIFs and NSIFs using
full-field information, to the best of authors’ knowledge, have only been
provided for the case of polygonal voids and rigid inclusions inclusions
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Figure 5.1: Stress intensity factors for both star-shaped cracks K✩
III and star-shaped

stiffeners K★
III as functions of the number n of crack or stiffener tips, for different orders

m of the applied remote polynomial antiplane shear loading. Note that, due to the
division by the unperturbed stress σ∞

β3 evaluated at the inclusion vertex (a, 0), cracks
(β = 1) and stiffeners (β = 2) display the same SIF, independently of the loading

parameters b
(m)
0 and c

(m)
0 . A single crack or stiffener corresponds to n = 2, which in all

cases does not correspond to the maximum SIF.

under uniform anti-plane condition (m = 0) [122]. The NSIFs at the
vertex of an n-pointed isotoxal star void or rigid inclusion within an elastic
material subject to remote polynomial loading are analytically evaluated.
For the considered n-pointed isotoxal star polygon, the external semi-
angle at each vertex is α = π(1−ξ), so assuming that the angle parameter
ξ ranges within [0, 1/2− 1/n], the leading-order terms in the asymptotic
expansion of the stress fields about a vertex are associated to the following
eigenvalues





λ✩S
1 (ξ) = λ★A

1 (ξ) =
ξ

1− ξ
≥ 0,

λ✩A
1 (ξ) = λ★S

1 (ξ) = − 1− 2ξ

2(1− ξ)
< 0.

(5.14)

Using the complex potential obtained in Part I, eqn (72), and the
derivative of the conformal mapping (56), the stress field in the trans-
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Figure 5.2: Notch stress intensity factors for both isotoxal star-shaped polygonal voids
K✩

III and rigid inclusions K★
III for S = 2, functions of the order m of the applied remote

polynomial antiplane shear loading. Note that, due to the division by the unperturbed
stress σ∞

β3 evaluated at the inclusion vertex (a, 0), voids (β = 1) and rigid inclusions

(β = 2) display the same NSIF, independently of the loading parameters b
(m)
0 and c

(m)
0 .

A uniform remote shear stress field corresponds to m = 0, which in all cases corresponds
to the maximum NSIF.

formed plane can be obtained from equation (30)2 as

(5.15)σ
(m)
13 − iσ

(m)
23

=

(aΩ(n, ξ))m ζ2
q∑

j=0

(m+ 1− jn)Lm+1−jn

(
T (m)ζm−jn − χT (m)

1

ζm+2−jn

)

(ζn − 1)1−2ξ (ζn + 1)2(ξ+
1
n)−1

,

which can be expanded about the neighborhood of the vertex (at x1 = a
and x2 = 0) by introducing ζ = 1 + ζ∗ with |ζ∗|→ 0 (corresponding to
z = a+ z∗ with |z∗|→ 0) as

σ
(m)
13 − iσ

(m)
23 ≃ (aΩ(n, ξ))m

m+ 1

[
(1− χ)b

(m)
0 − i(1 + χ)c

(m)
0

]

n1−2ξ (ζ∗)1−2ξ
21−2ξ− 2

n

q∑

j=0

(m

+ 1− jn)Lm+1−jn.

(5.16)
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A further exploitation of the first derivative of the conformal mapping (56)
discloses the asymptotic relation between the physical coordinate z∗ =
ρeßϑ and its conformal counterpart ζ∗

ζ∗ ≃ 2
n(1−ξ)−1
n(1−ξ) n

2ξ−1
2(1−ξ)

(
1− ξ

aΩ(n, ξ)
ρeßϑ

) 1
2(1−ξ)

, (5.17)

which leads to the following asymptotic expansion in the physical plane

(5.18)

σ
(m)
13 − iσ

(m)
23 ≃ (aΩ(n, ξ))m

(m+ 1)2
1

n(1−ξ)

(
aΩ(n)

n(1− ξ)ρ

) 1−2ξ
2(1−ξ)

×
[
(1− χ)b

(m)
0 − i(1 + χ)c

(m)
0

] [
cos

(
1− 2ξ

2(1− ξ)
ϑ

)

− i sin

(
1− 2ξ

2(1− ξ)
ϑ

)] q∑

j=0

(m+ 1− jn)Lm+1−jn.

From the asymptotic expansion of the stress field (5.18), the NSIFs associ-
ated to the (singular or non-singular) leading-order term can be evaluated
using definition (5.3) as

(5.19)

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
√
2π (aΩ(n, ξ))m

(m+ 1)2
1

n(1−ξ)

(
aΩ(n, ξ)

n(1− ξ)

) 1−2ξ
2(1−ξ)

×
q∑

j=0

(m+ 1− jn)Lm+1−jn

[
b
(m)
0

c
(m)
0

]
,

which, considering the value of the unperturbed stress components τ∞13 and
τ∞23 [see equation (7) of Part I] at the void/inclusion vertex (x1 = a, x2 =
0), can be rewritten as

(5.20)

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
√
2π (Ω(n, ξ))m

(m+ 1)2
1

n(1−ξ)

(
aΩ(n, ξ)

n(1− ξ)

) 1−2ξ
2(1−ξ)

×
q∑

j=0

(m+ 1− jn)Lm+1−jn

[
σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)

]
.
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The Notch Stress Intensity Factors (5.20) simplify in the special cases
listed below.

• n-sided regular polygon

(5.21)

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
√
2π (Ω(n))m

m+ 1

(
aΩ(n)

n+ 2

) 2
n+2

×
q∑

j=0

(m+1−jn)Lm+1−jn

[
σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)

]
.

• n-pointed regular star polygon with density S = 2 (with n ≥ 4),

(5.22)

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
n+6
n+4

√
2π (Ω(n))m

m+ 1

(
aΩ(n)

n+ 4

) 4
n+4

×
q∑

j=0

(m+1−jn)Lm+1−jn

[
σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)

]
.

Moreover, in the case that m + 1 < n (so that q = 0) the following
identity holds

q∑

j=0

(m+ 1− jn)Lm+1−jn = m+ 1. (5.23)

This case embraces an infinite set of solutions, one such solution is that for
a 5-pointed isotoxal star-shaped void or rigid inclusion subject to uniform,
linear, quadratic and cubic remote antiplane shear load (m = 0, 1, 2, 3).
Therefore, the Notch Stress Intensity Factors (5.20) for the generic n-
pointed isotoxal star polygon reduces to

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
√
2π (Ω(n, ξ))m

2
1

n(1−ξ)

×
(
aΩ(n, ξ)

n(1− ξ)

) 1−2ξ
2(1−ξ)



σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)


 ,

(5.24)

which simplifies in the following special cases to
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• n-sided regular polygon

[
K★S

III(n,m)

K✩A
III (n,m)

]
=2

√
2π (Ω(n))m

(
aΩ(n)

n+ 2

) 2
n+2



σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)


 .

(5.25)

• n-pointed regular star polygon with density S = 2 (with n ≥ 4),

(5.26)

[
K★S

III(n,m)

K✩A
III (n,m)

]

=2
n+6
n+4

√
2π (Ω(n))m

(
aΩ(n)

n+ 4

) 4
n+4



σ
∞(m)
13 (a, 0)

σ
∞(m)
23 (a, 0)


 .

5.3 Stress fields, annihilation and invisibility

Results obtained in terms of the full-field solution (Part I of this study)
allows for the complete determination of the stress field near an isotoxal
star-shaped polygonal void or rigid inclusion, including the limits of star-
shaped cracks and stiffeners. The purpose of this section is to present the
determination of stress fields and give full evidence for the important cases
when invisibility or stress annihilation occurs, two situations in which the
solution does not display a singular behaviour, so that the material is in
an optimal situation with respect to failure.

The stress fields that are presented in Figs. 5.3 – 5.9 refer for simplicity
to cracks and voids, but it is known from Section 3.3 of Part I that a stress
analogy holds for a void and a rigid inclusion of identical shape, so that
the presented results are also valid for rigid inclusions and stiffeners, with

the proper interchange between constants b
(m)
0 and c

(m)
0 as indicated in

Section 3.3 of Part I.
Level sets of the modulus of the shear stress are reported in Fig. 5.3 for

three and four pointed (n=3, 4) star-shaped cracks with uniform (m=0),
linear (m=1), and quadratic (m=2) remote stress field. Note that ‘nor-
mally’ the crack strongly perturbs the stress field and induces a square-root
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Figure 5.3: Level sets of shear stress modulus (τ (m)(x1, x2)/τ
∞(m)(a, 0)) near 4-

pointed star-shaped cracks (cruciform crack), for different ordersm of the applied remote
polynomial antiplane shear loading (m = 0 uniform, m = 1 linear, and m = 2 quadratic
shear loading). Some cases of invisibility and partial-invisibility are shown; note that
invisibility occurs only for certain combinations of n and m (while for the single crack
invisibility is independent of m, see Fig. 5.4).

singularity at each point of the star. In special cases ({m,n} = {2, 3} and
{m,n} = {1, 4} marked in the figure), however, the solution remains com-
pletely unperturbed (so that the level sets of the modulus of shear stress
displays a concentric circular structure). In these cases the star-shaped
crack (or stiffener, with the due changes in the loading coefficients, see
Section 3.3 of Part I) remains ‘completely neutral’ or ‘invisible’.

The single crack or stiffener is the only example of inclusion which
can remain invisible at every loading order m. This invisibility occurs for

c
(m)
0 = 0 and is shown (for m = 0, 1, 2) in the middle part of Fig. 5.4,
while in the upper part the ‘usual’ cases of stress singularity are reported,

for b
(m)
0 = 0. The situation of a single crack (or stiffener) is also detailed

in the lower part of Fig. 5.4, where the modulus of the shear stress is

Ph.D. Thesis – Summer Shahzad 73



5 | STRESS SINGULARITIES, INVISIBILITIES AND STRESS ANNIHILATIONS

Figure 5.4: Usual cases of stress singularity (b
(m)
0 = 0, upper part), versus invisibil-

ity (c
(m)
0 = 0, middle part) for a single crack evidenced by the field of dimensionless

modulus of shear stress (τ (m)(x1, x2)/τ
∞(m)(a, 0)). In addition, shear stress modulus

(τ (m)(x1, 0)/τ
∞(m)(a, 0), lower part) ahead of the crack tip is also detailed (lower part).

Different orders m of the applied remote polynomial antiplane shear loading are con-
sidered (m = 0 uniform, m = 1 linear, and m = 2 quadratic shear loading). The single
crack (or the single stiffener), n = 2, is the only case for which the invisibility holds at
every order of applied remote shear loading, m = 0, 1, 2, . . . ∈ N.

reported ahead of the crack (or stiffener) tip and the difference between
singularity and invisibility can be further appreciated.

Results for isotoxal star-shaped polygonal voids are reported in Fig.
5.5 in terms of level sets of the modulus of the shear stress for regular
polygonal (n=4 and S = 1) and regular star-shaped (n=6 and S = 2)
polygonal voids at uniform (m=0), linear (m=1), and quadratic (m=2)
remote stress field.

Fig. 5.6 shows the modulus of the shear stress ahead of the star-shaped
polygonal void (n=5, 6 and S = 2) and star-shaped crack (n=5, 6), at
different values of m (=2,4,5,9), and the difference between singularity,
annihilation and invisibility can be observed.

Two cases of stress singularity and stress annihilation along the perime-
ter of a pentagonal void and a pentagram-shaped void are reported in Fig.
5.7.

An isotoxal star-shaped polygonal void tends to a star-shaped crack
when the semi-angle at the inclusion vertex (ξπ) decreases and tends to
zero. It is therefore expected that the stress field generated near an iso-
toxal star-shaped void tends to that corresponding to a star-shaped crack.
This tendency is confirmed by the results shown in Fig. 5.8, where the
modulus of the shear stress ahead of a void vertex for different values of
ξ is presented. Note that in the right part of Fig. 5.8 the conditions have
been selected (n = 4, m = 1) for which the star-shaped crack becomes
invisible and the polygonal void exhibits the stress annihilation.

The same situation of a polygonal and star-shaped void for which the
stress annihilation is verified and the parameter ξ is decreased is also
reported in Fig. 5.9, where the level sets of the shear stress modulus
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Figure 5.5: Level sets of shear stress modulus (τ (m)(x1, x2)/τ
∞(m)(a, 0)) near n-

pointed isotoxal star-shaped voids, for different starriness S (regular polygonal (n=4
and S = 1), regular star-shaped (n=6 and S = 2)) and orders m of the applied remote
polynomial antiplane shear loading (m = 0 uniform, m = 1 linear, and m = 2 quadratic

shear loading) for c
(m)
0 = 0. Some cases of stress annihilation and partial-annihilation

are shown, which occur only for certain combinations of n and m.

τ (m)(x1, x2)/τ
∞(m)(a, 0) for n = 3, 6 and m = 2 are plotted. It may be

concluded from this figure that, for decreasing values of the semi-angle at
the inclusion vertex (πξ), a transition can be observed from stress anni-
hilation to a sort of ‘quasi-invisibility’, obtained in the proximity of the
limit of star-shaped crack, where the stress field is only slightly perturbed.

An interesting situation can be envisaged in the limit when the number
of points of a star-shaped crack grow and tend to infinity. This is explored
in Fig. 5.10, where the modulus of shear stress ahead of the crack tip
located on the x1-axis is reported. The stress field tends with increasing
n to the stress distribution corresponding to a circular void with radius
equal to the crack length.
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5.3.1 The rules of invisibility and annihilation

In the previous figures several cases of star-shaped crack (or stiffener)
invisibility and stress annihilation at the points of an isotoxal star-shaped
void (or rigid inclusion) have been presented. It is therefore now conve-
nient to establish the rules governing these two important situations.

The formulae of SIFs and NSIFs (5.9) and (5.19), respectively, high-

light that the loading coefficients b
(m)
0 and c

(m)
0 control the stress singular-

ity, which can be deactivated at the vertex aligned on the x1 axis in the
following two cases

• for a crack or a void χ = 1 when c
(m)
0 = 0,

• for a stiffener or a rigid inclusion χ = −1 when b
(m)
0 = 0.

The stress singularity can simultaneously be deactivated at all vertices
of the void or rigid inclusion, when the above conditions are verified to-
gether with the following constraints between the loading order m and
number of the star points n

m =





n j − 1 if n is odd,

n

2
j − 1 if n is even,

(5.27)

where j ∈ N1. Note that eqn (6.31) is equivalent to 2(m+ 1)/n ∈ N1.

In the case of star-shaped cracks or stiffeners, conditions (6.31) imply
that the perturbed potential, eqn (52)2 of Part I, is pointwise null gp = 0,
so that the deactivation of the singularity corresponds to ‘invisibility’ or
‘full neutrality’. In the case of isotoxal star-shaped voids or rigid inclu-
sions, setting γ = 2π/n in eqns (10) of Part I, conditions (6.31) imply that

the loading coefficients satisfy the conditions b̂
(m)
0 = b

(m)
0 and ĉ

(m)
0 = c

(m)
0 ,

so that the deactivation of the singularity corresponds to ‘stress annihi-
lation’. Note that the stress annihilation follows not only from the lack
of stress singularity, but also from the fact that the leading-order term in
the stress asymptotic expansion is a positive power of the radial distance
from the vertex (Section 2.2 of Part I).
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5.3.2 Partial-invisibility and Partial-annihilation

Partial invisibility or partial stress annihilation occurs respectively
when some of the crack/stiffener tips are invisible or when some of the
points of the star-shaped void/inclusion are stress-free. In these situa-
tions, which are more frequent than the cases of full annihilation and
invisibility, the material fails at one of the points where the stress remains
singular.

Cases of partial invisibility are reported in Fig. 5.3. In particular,

the horizontal crack is invisible for n = 3, m = 1, and c
(m)
0 = 0 and for

n = 4, m = 0, 2, and c
(m)
0 = 0; the vertical crack is invisible for n = 4,

m = 0, 2, and b
(m)
0 = 0. All examples reported in Fig. 5.5 present at least

partial stress annihilation, which occurs at all vertices located along the
horizontal x1-axis.

5.3.3 Beyond the hypotheses of infinite matrix and regular

shape inclusion

Inclusion invisibility and stress annihilation have been demonstrated
under the assumptions that the inclusions have a regular shape and that
the matrix is infinite. It is suggested in this Section that these two hy-
potheses can be relaxed, so that the two concepts of invisibility and stress
annihilation are more general than it has been demonstrated analytically.

A finite portion of an elastic body is considered ideally ‘cut’ from the
infinite elastic space subjected to the m-th order polynomial field con-
sidered in Part I of this study [equations (11) and (12)]. Therefore, the
boundary of the cut body is assumed subject to the traction conditions
transmitted by the rest of the elastic space. In this way, polynomial dis-
placement and stress fields are realized within the body in the absence of
any inclusion. When invisibility is achieved for the infinite body (as re-
lated to the presence of zero-traction or zero-displacements lines, inclined
at θ̂j = jπ/(m+1), j ∈ [0, ..., 2m+1]), it will also hold for the body ‘cut’
from the infinite body. This is shown in Fig. 5.11 (lower part), where
invisibility is achieved for a finite elastic body and irregular star-shaped
crack.

If now the cut body has an external boundary with the shape of a
regular polygonal shape, symmetric with respect to all the inclinations θ̂j ,
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the introduction of a n-sided regular polygonal void (or a rigid inclusion)
satisfying eqn (6.31), realizes a stress field which annihilates at the inclu-
sion vertices, as Fig. 5.11 (upper and central parts) shows for polygonal
voids.

The results presented in Fig. 5.11, in terms of modulus of shear stress
level sets near polygonal voids, have been obtained numerically (using the
finite element software Comsol Multiphysics© version 4.2a, by exploit-
ing the analogy between the antiplane problem and the 2-dimensional
heat transfer equation under stationary conditions), by imposing traction
boundary conditions at the external contour of the body. To avoid the
presence of a rigid-body motion, the open boundary condition available in
the software has been selected.

In the simulations, the domains have been discretized at two levels by
the free triangular user-controlled custom mesh. At the first level, the
entire domains are meshed with maximum and minimum element sizes
equal to 10−2R and 10−5R, respectively, where R denotes the unit radius
of the circle inscribing the domain. At the second level, the inclusion
boundaries have been meshed with maximum and minimum element sizes
equal to 10−3R and 10−5R, respectively.
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Figure 5.6: Cases of stress annihilation of a star-shaped isotoxal polygonal void and
star-shaped crack, for different values of m and n. The shear stress modulus ahead of
one of void vertex (τ (m)(x1, 0)/τ

∞(m)(a, 0)) is reported for the cases b
(m)
0 = 0 (red),

c
(m)
0 = 0 (green), and unperturbed (black). Note that the green curve coincides with
the black curve when inclusion invisibility occurs.
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Figure 5.7: Stress singularity (b
(m)
0 = 0, reported in red) and stress annihilation

(c
(m)
0 = 0, reported in green) for a regular pentagon-shaped (n = 5, S = 1, upper

part) and regular pentagram-shaped (n = 5, S = 2, lower part) void for the case of
fourth-order remote shear field m = 4. The modulus of the shear stress is reported
along the perimeter of the figures, measured by the coordinate s (made dimensionless
through division by the length of the perimeter p), so that s/p = j corresponds to
the j-th vertex. Note that the singularity produced by the pentagram-shaped void is
stronger than that produced by the pentagonal void, because the angles at the vertex of
the pentagram are sharper than that of the curvilinear coordinates along the inclusion
perimeter the pentagon.
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Figure 5.8: Effect of the reduction in the semi-angle of an inclusion vertex (ξπ) on
the modulus of the shear stress ahead of the vertex. The shear stress distribution tends
to that corresponding to a star-shaped crack when ξ tends to zero (note the boundary

layer). A uniform remote stress field (m = 0, c
(0)
0 = 0) is considered on the left for a

four-pointed star, while a case corresponding to stress annihilation and invisibility is
considered on the right (m = 1, c

(1)
0 = 0).
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Figure 5.9: Cases of stress annihilation of n-pointed isotoxal polygonal voids of star-

shaped cracks subject to a quadratic remote antiplane shear load (c
(m)
0 = 0) are shown

for different values of ξ. Level sets of shear stress modulus (τ (m)(x1, x2)/τ
∞(m)(a, 0)) are

reported, in particular the transition from stress annihilation to the invisibility occurs
when ξ tends to zero.
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Figure 5.10: Shear stress modulus (τ (m)(x1, 0)/τ
∞(m)(a, 0)) ahead of the crack lying

on the x1-axis of a star-shaped crack, subject to uniform (m = 0, upper part) and linear
(m = 1, lower part) antiplane shear. Several values of points n are considered, so that
it can be noted that the stress field correctly tends to the solution of a circular void
(obtained at n → ∞), which exhibits the well-known value of stress concentration factor
(SCF=2), independent of the loading order m.
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Figure 5.11: Effect of finiteness of the domain in which a polygonal void is embedded,
evidenced through the level sets of shear stress modulus τ (m)(x1, x2) (made dimension-
less through division by τ∞(m)(a, 0)) obtained numerically for three different geometries:
(upper part) a regular hexagonal matrix containing a concentric square void, (central
part) a regular triangular matrix containing a concentric triangular void, and (lower
part) a quadrilateral containing a three-pointed irregular star-shaped crack. Stress

singularity is obtained for b
(m)
0 = 0 (left), while stress annihilation (for star-shaped

polygonal void) and invisibility (for star-shaped crack) occurs for c
(m)
0 = 0 (right).
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Chapter 6

Stress singularities vs stress

reductions

Stress field solutions and Stress Intensity Factors (SIFs) are found for

n-cusped hypocycloidal shaped voids and rigid inclusions in an infinite

linear elastic plane subject to nonuniform remote antiplane loading, us-

ing complex potential and conformal mapping. It is shown that a void

with hypocycloidal shape can lead to a higher SIF than that induced by

a corresponding star-shaped crack; this is counter intuitive as the latter

usually produces a more severe stress field in the material. Moreover, it

is observed that when the order m of the polynomial governing the remote

loading grows, the stress fields generated by the hypocycloidal-shaped void

and the star-shaped crack tend to coincide, so that they become equivalent

from the point of view of a failure analysis. Finally, special geometries

and loading conditions are discovered for which there is no stress singu-

larity at the inclusion cusps and where the stress is even reduced with

respect to the case of the absence of the inclusion. The concept of Stress

Reduction Factor (SRF) in the presence of a sharp wedge is therefore

introduced, contrasting with the well-known definition of Stress Concen-

tration Factor (SCF) in the presence of inclusions with smooth boundary.

The results presented in this paper provide criteria that will help in the

design of ultra strong composite materials, where stress singularities al-

ways promote failure. Furthermore, they will facilitate finding the special

conditions where resistance can be optimized in the presence of inclusions

with non-smooth boundary.
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6.1 Introduction

The determination of the stress field near a crack, a stiffener, an in-
clusion, or a defect in an elastic matrix material is a key problem in the
design of composites [107, 111, 121, 119, 136, 138], as such stress fields
exhibit strong stress concentrations that can impose severe limitations on
the strength of composites.

In the present article a rigid inclusion or a void is analyzed with a
hypocycloidal shape of order n embedded in an elastic-isotropic plane sub-
ject to a remote loading condition of nonuniform antiplane shear repre-
sented as a polynomial of order m. For uniform remote load (m = 0),
this problem has been thoroughly investigated, for both the cases of rigid
inclusions and voids, when plane [109, 110, 112, 113, 117, 118, 128, 133,
134, 135] or antiplane [129, 130, 142, 143] conditions prevail; a case of non-
linear elastic behaviour has also been recently considered [144]. However,
the disuniformity in the applied load (m 6= 0), analyzed here for the first
time, yields unexpected and counter intuitive results, which are impor-
tant to understand the complexity arising form the highly-varying fields
that can develop in composite materials deformed in extreme conditions.
In particular, in the present work polynomial shear loading at infinity is
prescribed (as in [115, 116, 141]) to an elastic-isotropic plane, containing
a void or a rigid inclusion with an n-cusped hypocycloidal shape. This
problem is solved in an analytical form both for the stress full-field and
for the stress intensity factor, solutions which reveal several phenomena
of interplay between stress singularities and stress reduction, which re-
main undetected for uniform applied loads. The most important of these
phenomena are the following.

(i.) Under uniform stress conditions the stress intensity factor at a
cusp of an hypocycloidal void is always smaller than that at a tip of a
star-shaped crack, so that a crack tip is more detrimental to strength
than a cusp, the same is not true for certain orders m of polynomial fields
of remote loading. In these cases, a hypocycloidal void leads a material to
failure more easily than a star-shaped crack.

(ii.) While for uniform loading a stress singularity is always present
at a cusp, for certain orders m of polynomial fields of remote loading,
this singularity can disappear, so that the stress can lie below the value
corresponding to the unperturbed field. This effect has been quantified
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by introducing the notion of ‘Stress Reduction Factor’ (SRF), which is
shown to increase with the number n of cusps and to decrease with the
order m of the polynomial load. Note that the concept of SRF contrasts
with the well-known definition of Stress Concentration Factor, introduced
in the presence of inclusions with smooth boundaries and representing the
increase of the stress state at the inclusion boundary with respect to the
case when the inclusion is absent.

(iii.) For orders of polynomial loadingmmuch greater than the number
n of cusps of the hypocycloidal inclusion, the stress state generated in the
matrix tends to coincide with that generated by an n-pointed star-shaped
crack or rigid inclusion.

Some of the above concepts are elucidated in Fig. 6.1, where the
level sets of the modulus of the shear stress are plotted from the closed
form solution (obtained in Section 6.2) near three- and six- cusped rigid
hypocycloidal inclusions, for quadratic (m = 2) loadings. The ‘red spots’
visible near the inclusion cusps in Fig. 6.1 (left column) are the signature

of stress singularity generated when the loading is defined by c
(m)
0 = 0.

When the loading is defined by b
(m)
0 = 0 stress singularities disappear, so

that stress reduction occurs at all the vertices of the inclusion (Fig. 6.1,
right column), where the stress falls below the value that would be present
if the inclusion was absent (see also Fig. 6.6).

Photoelastic investigations [124, 131] confirm the severe stress fields
theoretically predicted for materials containing stiff inclusions and show
that these fields may yield failure instead of reinforcement for composite
materials [114, 120, 126, 132]. Therefore, the results given in the present
article show possibilities of greatly enhancing the strength of composites
through the careful design of the inclusion shapes careful design of the
inclusion shape, thus opening the way to the realization of ultra-strong
materials.

6.2 Closed-form solution for hypocycloidal-shaped

inclusion

In this Section, the closed-form solution is obtained for the out-of-plane
problem of a n-cusped hypocycloidal void or rigid inclusion embedded in
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Figure 6.1: Level sets of dimensionless shear stress modulus τ (m)(x1, x2)/τ
∞(m)(a, 0)

near n-cusped rigid inclusions (n = 3 and n = 6), subject to quadratic (m = 2)

remote out-of-plane shearing, showing stress singularity (left column, c
(m)
0 = 0) and

stress reduction (right column, b
(m)
0 = 0). In the figures a stress singularity corresponds

to the appearance of a ‘red spot’ at the inclusion cusp. In the cases showing stress
reduction, the stress singularity is absent and the stress at all the cusps is smaller than
that which would be attained without the inclusion.

an infinite elastic material with remote boundary conditions expressed by
the polynomial (4.9). The two-dimensional Laplace equation (2.9) for the
displacement field w can be solved through the complex potential tech-
nique. The boundary of an inclusion in an infinite plane can be mapped
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into a circle of unit radius in the conformal plane (where the position is
given by the variable ζ) by means of a conformal mapping z = ω(ζ). The
elastic out-of-plane problem can therefore be solved through a complex
potential g(ζ), related to the displacement u3, stresses σ13, σ23, and shear

force resultant F ⌢

BC
(along the arc

⌢

BC) given by the equations (2.29).

In the case of hypocycloidal inclusions, see Fig. 2.5 (upper part (I)),
with a number n of cusps (n ∈ Z, n ≥ 2), the function ω(ζ) mapping the
exterior region of the inclusion (within the physical z − plane) onto the
exterior region of the unit circle (within the conformal ζ−plane, Fig. 2.5,
(upper part (I)) is given by [123] equation (2.76).

Considering the superposition principle, the complex potential g(z)
can be decomposed as the sum of the unperturbed g∞(z) and perturbed
gp(z) potentials, the former describing the solution in the case that the
inclusion is absent while the latter defining the perturbation introduced by
the presence of the inclusion also mentioned in the previous chapters. With
reference to the polynomial expression (4.1) for the remote displacement
boundary condition, and taking into account equation (2.76) and (4.20),
by means of the generalized binomial theorem, the unperturbed potential
can be expressed as

g∞(ζ) = (aΩ(n))m+1 T (m)
m+1∑

j=0

(
m+ 1

j

)
ζm+1−jn

(n− 1)j
, (6.1)

where
(
·
··

)
is the binomial coefficient.

Considering that the null traction resultant condition F ⌢

BC
= 0 holds

for the hypocycloidal void (χ = 1), and the rigid-body displacement con-
dition u3B = u3C holds for (every pairs of points B and C along the
boundary of) the hypocycloidal rigid inclusion (χ = −1), the perturbed
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complex potential gp is obtained in the form

(6.2)

gp(ζ) = (aΩ(n))m+1



χT

(m)


− (qn)!

q! [q(n− 1)]! (n− 1)q
δm+1,qn

+

q∑

j=0

(
m+ 1

j

)
1

(n− 1)j ζm+1−jn




− T (m)
m+1∑

j=q+1

(
m+ 1

j

)
1

(n− 1)j ζjn−m−1



 ,

where the integer parameter q = ⌊(m+ 1)/n⌋ is introduced, with the sym-
bol ⌊·⌋ standing for the integer part of the relevant argument, so that the
complex potential g(ζ) follows from the sum of unperturbed and perturbed
complec potetials as

(6.3)

g(ζ) = (aΩ(n))m+1


− (qn)!

q! [q(n− 1)]! (n− 1)q
χT (m)δm+1,qn

+

q∑

j=0

(
m+ 1

j

)
1

(n− 1)j

(
T (m)ζm+1−jn +

χT (m)

ζm+1−jn

)
 .

It is worth noting that solution (6.3) simplifies in some special cases,
as

• n > m+ 1 (or, equivalently, q = 0)

g(ζ) = (aΩ(n))m+1

[
T (m)ζm+1 +

χT (m)

ζm+1

]
, (6.4)

which is similar to the solution in the conformal plane for the circular
and polygonal inclusions;

• m = 0 (corresponding to the case of uniform antiplane shear [112])

g(ζ) = aΩ(n)

[
T (0)ζ +

χT (0)

ζ

]
. (6.5)
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As in the cases of cracks and rigid line inclusions [115, 116, 122, 140], a
square root stress singularity at the cusps of an hypocycloidal void or rigid
inclusion is predicted in the theory of elasticity [112, 130, 117, 133]. In this
section the Stress Intensity Factors are derived as functions of the cusp
number n and of the polynomial orderm of the load. Moreover, conditions
for which stress singularities disappear are defined and a special feature is
observed, namely, the stress reduction, which corresponds to the fact that
the stress measured at the cusp is smaller than that present at the same
point in the absence of the inclusion.

From the solution (6.3) obtained in the previous Section, the stress
field near a n-cusped hypocycloidal void and rigid inclusion is given by

(6.6)

τ
(m)
13 − i τ

(m)
23 =

(aΩ(n))m

(1− ζ−n)

q∑

j=0

(
m+ 1

j

)
m+ 1− nj

(n− 1)j

(
T (m)ζm−jn

− χT (m)

ζm+2−jn

)
.

Focusing the attention on the inclusion cusp located at the point (x1 = a,
x2 = 0) and introducing a local reference system centered in the mapped
cusp (ζ∗ = ζ − 1), the stress fields (6.6) can be expanded about the cusp
in the limit of |ζ∗|→ 0 (corresponding to the limit z → a) as

(6.7)

τ
(m)
13 − i τ

(m)
23 ≈ (aΩ(n))m

n(m+ 1)ζ∗

[
b
(m)
0 (1− χ)

− i c
(m)
0 (1 + χ)

] q∑

j=0

(
m+ 1

j

)
(m+ 1− jn)

(n− 1)j
.

Expansion of the conformal mapping (2.76) leads to the asymptotics
between the relative coordinate z∗ = ρeiϑ and the conformal relative co-
ordinate ζ∗ in the form

ζ∗ ≃
√

2ρ

a(n− 1)
e

iϑ
2 , (6.8)

Ph.D. Thesis – Summer Shahzad 91



6 | STRESS SINGULARITIES VS STRESS REDUCTIONS

so that the shear stress components can be approximated around the cusp
as

τ
(m)
13 − i τ

(m)
23 ≃ 1√

2ρ

[a(n− 1)]m+ 1
2

(m+ 1)nm+1

[
b
(m)
0 (1− χ)− i c

(m)
0 (1 + χ)

](
cos

ϑ

2

− i sin
ϑ

2

) q∑

j=0

(
m+ 1

j

)
(m+ 1− jn)

(n− 1)j
,

(6.9)

highlighting the square root singularity in the stress field at the cusp, as
predicted by the asymptotics around sharp notch [128].

6.2.1 Stress Intensity Factors

Stress Intensity Factors (SIFs) for the symmetric and the anti-symmetric
out-of-plane problem are defined, respectively, as follows [137]

KS
III = lim

ρ→0

√
2πρ τ13(ρ, 0), KA

III = lim
ρ→0

√
2πρ τ23(ρ, 0), (6.10)

so that, considering the asymptotic stress field (6.9), the expression of the
SIFs for a n-cusped hypocycloidal inclusion can be analytically obtained
in the following closed-form expression

[
KS

III(n,m)

KA
III(n,m)

]

=

√
πa(n− 1)m+ 1

2am

nm+1(m+ 1)




q∑

j=0

(
m+ 1

j

)
(m+ 1− jn)

(n− 1)j





(1− χ)b

(m)
0

(1 + χ)c
(m)
0


 .

(6.11)

Recalling that the definition (4.1) for the remote applied shear stress
implies

τ
∞(m)
13 (x1 = a, 0) = b

(m)
0 am1 , τ

∞(m)
23 (x1 = a, 0) = c

(m)
0 am1 , (6.12)
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the particularization of eq (6.11) to the case of a void or a rigid n-cusped
hypocycloidal inclusion, leads to

[
K✦S

III(n,m)

K✧A
III (n,m)

]

=
2
√
πa(n− 1)m+ 1

2

nm+1(m+ 1)




q∑

j=0

(
m+ 1

j

)
(m+ 1− jn)

(n− 1)j



[
τ
∞(m)
13 (a, 0)

τ
∞(m)
23 (a, 0)

]
,

(6.13)

and

K✧S
III(n,m) = K✦A

III (n,m) = 0, (6.14)

where the apexes ✧ and ✦ have been introduced to distinguish between the
cases of voids and rigid inclusions.

Expression (6.13) for the SIFs simplifies in the special case n > m+ 1
(and therefore q = 0)

[
K✦S

III(n,m)

K✧A
III (n,m)

]
=

2
√
πa(n− 1)m+ 1

2

nm+1



τ
∞(m)
13 (a, 0)

τ
∞(m)
23 (a, 0)


 . (6.15)

The above case (6.15) embraces an infinite set of solutions, one of
such solutions is that for an astroid (n = 4) subject to uniform, linear
and quadratic remote out-of-plane shear load (m = 0, 1, 2). Moreover,
expression (6.15) reduces to the values obtained for SIFs in the case of
cracks or stiffeners (n = 2)

(6.16)

[
K✦S

III(n = 2,m)

K✧A
III (n = 2,m)

]
=

√
πa

2m(m+ 1)




q∑

j=0

(
m+ 1

j

)
(m+ 1

− 2j)





τ
∞(m)
13 (a, 0)

τ
∞(m)
23 (a, 0)


 .

Note that, in the particular case of uniform antiplane shear (m = 0),
equation (6.15) provides the same result as equation (4.142) in [112].
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2
3

n=6

Figure 6.2: Stress Intensity Factors for n-cusped hypocycloidal voids K✧A
III , eq (6.13),

normalized through division by the unperturbed stress evaluated at the inclusion cusp
τ∞

23 (a, 0), as a function of the order m of the remote loading. Note that the curves also
represent the Stress Intensity Factors for n-cusped hypocycloidal rigid inclusions K✦S

III ,
when normalized through division by the unperturbed stress evaluated at the inclusion
cusp τ∞

13 (a, 0). The inset shows the conformal mapping transforming the exterior region
of a hypocycloidal inclusion (inscribed in a circle of radius a) into the exterior region of
a circular inclusion of unit radius in the ζ-plane.

The SIFs for a n-cusped hypocycloidal inclusion (6.13) satisfy the fol-
lowing properties

K✧A
III (n,m)

τ
∞(m)
23 (a, 0)

≥ K✧A
III (n,m+ 1)

τ
∞(m+1)
23 (a, 0)

,
K✦S

III(n,m)

τ
∞(m)
13 (a, 0)

≥ K✦S
III(n,m+ 1)

τ
∞(m+1)
13 (a, 0)

, (6.17)

and are reported in Fig. 6.2 for different values of n and m. These values
are also reported in Fig. 6.3 through normalization with the respective
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values for n-pointed star-shaped inclusions [116]

(6.18)

[
K★S

III(n,m)

K✩A
III (n,m)

]
=

2
3n−4(m+1)

2n
√
πa

(m+ 1)
√
n




q∑

j=0

(m+ 1− jn)

j!

j−1∏

l=0

(
2(m+ 1)

n

− l

)

[
τ
∞(m)
13 (a, 0)

τ
∞(m)
23 (a, 0)

]
.

It can be noted from Fig. 6.3 that:

• differently from the uniform loading case (m = 0), the stress inten-
sification around a cusp can be higher that that occurring around a
crack, so that a cusp can be more detrimental to failure than a crack
for certain values of m. Moreover, the following relations have been
found numerically (an analytical proof looks awkward) to hold for
every value used for n and m

K✧A
III (n,m = n− 1) ≥ K✩A

III (n,m = n− 1), (6.19)

K✦S
III(n,m = n− 1) ≥ K★S

III(n,m = n− 1). (6.20)

• While the ratio between the SIFs for a hypocycloidal void and a
star-shaped crack displays a monotonic increase for m < n − 1, an
oscillatory behaviour around 1 is observed for m > n − 1. Such an
oscillation in the SIFs’ ratio evidences a decreasing amplitude, with
peaks corresponding to the values m = nj − 1 (j ∈ N1). Therefore,
when m ≫ n, the SIF for the hypocycloidal inclusion approaches
that for star-shaped inclusion, namely, the following relations have
been numerically found to hold

K✩A
III (n,m) ≃ K✧A

III (n,m), K★S
III(n,m) ≃ K✦S

III(n,m), if m≫ n.
(6.21)

Since the asymptotics for a cusp and a crack coincide, when m≫ n
the hypocycloidal void and the star-shaped crack tend to become
mechanically equivalent, thus inducing the same stress field in the
elastic plane. This property is also highlighted in Fig. 6.4, where
the level sets for the shear stress modulus

τ =
√
τ213 + τ223, (6.22)

Ph.D. Thesis – Summer Shahzad 95



6 | STRESS SINGULARITIES VS STRESS REDUCTIONS

around a hypocycloidal rigid inclusion and a star-shaped stiffener
are compared and shown to coalesce at high m.

2

3

4

5
6

10

25
n=2 n=3 n=4 n=5 n=6 n=10 n=25

Figure 6.3: Ratio between the Stress Intensity Factors for an n-cusped hypocycloidal
void K✧A

III , eqn (6.16), and that for an n-pointed star-shaped crack K✩A
III , eqn (6.18),

as a function of the order m of the remote loading. A mechanical equivalence for the
two geometries is observed when m ≫ n. Note that the curves also represent the Stress
Intensity Factors ratio for an n-cusped hypocycloidal rigid inclusion K✦S

III and for an
n-pointed star-shaped stiffener K★S

III .

6.2.2 Stress Reduction Factors

In the cases of a void (χ = 1), loaded with c
(m)
0 = 0, or a rigid inclusion

(χ = −1), loaded with b
(m)
0 = 0, the following equation holds

b
(m)
0 (1− χ)− i c

(m)
0 (1 + χ) = 0, (6.23)

and the asymptotic stress, eq. (6.9), loses the singular behaviour at the
considered cusp, (x1 = a, x2 = 0), so that the asymptotics is ruled by
the second-order term, the well-known S-stress ([127] and [137]). The
second-order expansion for the stress field (6.6) around ζ = 1 leads to

(6.24)τ
(m)
13 − i τ

(m)
23 =

(n− 1)mam

nm+1

q∑

j=0

(
m+ 1

j

)
(m+ 1− jn)2

(n− 1)j
[
T +χT

]
,
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Figure 6.4: Level sets of dimensionless shear stress modulus τ (m)(x1, x2)/τ
∞(m)(a, 0)

highlighting stress singularities near n-cusped rigid inclusions (left column) and n-
pointed star-shaped stiffeners (central column) at different orders m of shear load

(c
(m)
0 = 0). The right column shows comparisons between the two stress fields reported

in the left and central column near the inclusion vertex having coordinates x1 = a and
x2 = 0. The mechanical equivalence can be noted between the two inclusion geometries
for m ≫ n. Note that these level sets also represent the stress state near an n-cusped
hypocycloidal void (left column) and an n-pointed star-shaped crack (central column)

in the case when the loading is provided by b
(m)
0 = 0.
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so that, recalling eq (6.12), the stress state at the cusp point (a, 0) of
an hypocycloidal void or a rigid inclusion can be obtained from eq (6.24)
respectively as

{
τ

✧(m)
13 = A(n,m)τ

∞(m)
13 (a, 0),

τ
✧(m)
23 = 0,

{
τ

✦(m)
13 = 0,

τ
✦(m)
23 = A(n,m)τ

∞(m)
23 (a, 0),

(6.25)
where A(n,m) is the following function of the number of cusps n and the
loading order m

(6.26)A(n,m) =
2

(m+ 1)nm+1

q∑

j=0

(
m+ 1

j

)
(m+ 1− jn)2

(n− 1)j−m
.

When the loading condition (6.23) holds, a new parameter, the Stress
Reduction Factor (SRF), can be defined as a dimensionless measure of the
stress decrease at the hypocycloidal (void or rigid) cusp point with respect
to the stress measured at the same point when the inclusion is absent,1

SRF(n,m) := 1− τ (m)(a, 0)

τ∞(m)(a, 0)
= 1−A(n,m) ∈ [0; 1), (6.27)

so that the stress state at the cusp point is described by

τ (m)(a, 0) = [1− SRF(n,m)] τ∞(m)(a, 0). (6.28)

Values of the SRF, eq (6.27), are reported in Fig. 6.5 at varying number
n of cusps and for different orders m of the applied remote polynomial
out-of-plane shear loading. It can be noted from the figure that two limit
values are attained: (i.) SRF −→ 1, when n grows at fixed m (see Fig.
6.5 upper part) and (ii.) SRF −→ 0, when m grows at fixed n (see Fig.
6.5 lower part). These two limit values, SRF=1 and SRF=0 correspond
respectively to a stress annihilation and to an unchanged stress amount at
the cusp point. It can be observed that the latter limit value is achieved in
the case of n = 2 (linear inclusions, crack or stiffener), SRF(n = 2,m) =

1 The concept of Stress Reduction Factor introduced here should not be confused
with an analogous terminology used in rock mechanics [108] or in seismic engineering
[125].
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Figure 6.5: SRF reported as a function of the number n of cusps for a hypocycloidal
void or a rigid inclusion, for different orders m of the applied remote polynomial out-
of-plane shear loading. The graphs show the properties expressed by equations (6.29)
and (6.30).

0, corresponding to the condition of inclusion invisibility or neutrality
discussed in [116]. It is also worth to note that the annihilation condition
related to SRF=1 also occurs for a different type of inclusions, namely,
polygonal voids or rigid inclusions [116].
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The following properties for the SRF have been numerically verified
(while a rigorous proof seems to be awkward) to hold

SRF(n,m+ 1) ≤ SRF(n,m) ≤ SRF(n+ 1,m), (6.29)

SRF(n,m = n) = SRF(n,m = n− 1) = SRF(n,m = n− 2). (6.30)

Finally, singularities disappear, and therefore stress reduction occurs,
at all cusps of an hypocycloidal inclusion, whenever the following condition
is satisfied (for every j ∈ N1)

m = [3− (−1)n]
j n

4
− 1. (6.31)

Dimensionless shear stress modulus τ (m)(x1, x2)/τ
∞(m)(a, 0) level sets

near rigid hypocycloidal inclusions n = 3 (upper part) and n = 6 (lower
part) are reported in Fig. 6.1 for quadratic out-of-plane loading (m = 2).

The figure highlights cases of stress singularity (left column, c
(m)
0 = 0)

and stress reduction (right column, b
(m)
0 = 0). Stress reduction vs stress

singularity is also depicted in Fig. 6.6, through the representation of the
dimensionless shear stress modulus as a function of the distance from the
cusp tip along the x1-axis, for the cases considered in Fig. 6.1. While the

stress blows up to infinity as a square root singularity in the case of c
(m)
0 =

0, the stress approaches a finite value, smaller than that unperturbed, in

the case of b
(m)
0 = 0.

Cases of partial stress reduction occur when stress reduction is verified
at some cusps, but not at the other, namely, eq (6.23) holds while eq
(6.31) does not. Examples of such cases are reported in Fig. 6.7 for rigid
hypocycloidal inclusion with five and eight cusps. Uniform (m = 0) and
quadratic (m = 2) out-of-plane shear loadings are applied. These cases
feature cusps at which the stress falls to a value smaller than that would
be attained at the same point in the absence of the inclusion, while stress
singularities are still present at the other cusps.
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Figure 6.6: The shear stress modulus ahead of the cusp is reported as a function of
the radial distance x2 from the apex of three- and six- cusped hypocycloidal inclusions
for quadratic (m = 2) remote out-of-plane shearing (the same case is considered in Fig.
6.1). Stress singularity and stress reduction are visible at the inclusion cusp for the two

considered loading conditions, c
(m)
0 = 0 and b

(m)
0 = 0, respectively.
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Figure 6.7: Level sets of dimensionless shear stress modulus τ (m)(x1, x2)/τ
∞(m)(a, 0)

near n-cusped rigid hypocycloidal inclusions (n = 5 and n = 8), subject to uniform

(m = 0) and quadratic (m = 2) remote out-of-plane shearing (b
(m)
0 = 0), show partial

stress reduction, defined as the condition in which reduction occurs at some, but not all,
of the inclusion vertices. When stress reduction occurs, the stress singularity is absent
and the stress at the cusp is smaller than that which would be attained without any
inclusion. In the figures a stress singularity corresponds to the appearance of ‘red spots’
at the inclusion cusp.
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Appendix A

Fundamental equations in

linear elasticity

When loading or displacements are prescribed, a solid deforms and is
subject to a stress state. The kinematical and the statical fields are re-
lated each other through the constitutive relationship. Neglecting inelastic
behaviour, the elasticity theory properly describes the material behaviour
of a solid during a mechanical process. In the case that small deforma-
tions are involved and the material can be characterized by constant elastic
properties, a simplified constitutive behaviour can be considered, the linear
theory of elasticity, which is the linearization of the general theory of non-
linear elasticity. This simplified constitutive model is still nowadays widely
exploited to predict the stress state within solids, a fundamental concept in
the failure analysis and the engineering design of materials.

A.1 Basic Formulas

Let’s assume a fixed right-hand rectangular coordinate system O-x1x2x3
and define the displacement vector from the initial to the final configura-
tion u(x) = [u1(x), u2(x), u3(x)] of a generic point x = [x1, x2, x3] of an
elastic body. This kinematic quantity is fundamental to construct the
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infinitesimal deformation tensor ε, which components are defined as

ε11 =
∂u1
∂x1

, ε22 =
∂u2
∂x2

, ε33 =
∂u3
∂x3

, (A.1)

as stretch strains and

(A.2a)
γ12 =

1

2
ε12

=
1

2

(
∂u1
∂x2

+
∂u2
∂x1

)
,

(A.2b)
γ13 =

1

2
ε13

=
1

2

(
∂u1
∂x3

+
∂u3
∂x1

)
,

(A.2c)
γ23 =

1

2
ε23

=
1

2

(
∂u2
∂x3

+
∂u3
∂x2

)
,

as the shearing strains. From the static point of view, the stress tensor σ
can be defined as work-conjugate to the deformation tensor ε and must
satisfy the equilibrium equations, which, in the case of null body-forces,
are given by 




∂σ11
∂x1

+
∂σ12
∂x2

+
∂σ13
∂x3

= 0,

∂σ21
∂x1

+
∂σ22
∂x2

+
∂σ23
∂x3

= 0,

∂σ31
∂x1

+
∂σ32
∂x2

+
∂σ33
∂x3

= 0.

(A.3)

Note that, both deformation and stress tensor results to be symmetric,
therefore

ε12 = ε21, ε23 = ε32, ε13 = ε31,

σ12 = σ21, σ23 = σ32, σ13 = σ31.
(A.4)
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Moreover a traction vector t for a plane defined by the normal n is given
as follows

t = σ · n . (A.5)

In linear theory of elasticity, the fundamental Hooke’s law states that
the deformations are linear functions of the stresses and vice versa. In the
following paragraphs constitutive laws in linear elasticity are reported.

A.1.1 Direct constitutive law

For linear elastic and isotropic material the direct constitutive law is
given in the following form

σ = λ tr
(
ε
)
I + 2µ ε , (A.6)

where λ and µ are Lame’s constants, while I is an identity matrix and

tr
(
ε
)
represents the trace of the given tensor, as follows

tr
(
ε
)
= ε11 + ε22 + ε33 . (A.7)

Moreover equation (A.6) can be rewritten in function of Young’s modulus
E and Poisson’s ratio ν in index notation, as

σij =
E

1 + ν

[
σij +

ν

1− 2ν
εkkδij

]
. (A.8)

Some useful relations among the elastic constants are given below





E =
µ (3λ+ 2µ)

λ+ µ
,

ν =
λ

2 (λ+ µ)
,

λ =
Eν

(1 + ν) (1− 2ν)
,

µ = G =
E

2 (1 + ν)
.

(A.9)
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For an elastic solid storing positive strain energy during a loading process,
the following restrictions on the elastic constants hold

λ > −2

3
µ , µ > 0 , E > 0 , −1 ≤ ν ≤ 1

2
. (A.10)

Note that a tensor H can be decomposed in hydrostatic and deviatoric
parts. This decomposition differs on the dimension of the tensor H, and
is given below for the 3D and 2D cases,





H(3D) =
1

3
tr
(
H
)
I + dev(3D)

(
H
)
,

H(2D) =
1

2
tr
(
H
)
I + dev(2D)

(
H
)
,

(A.11)

from which the definition of the operator dev(·) in the 3D and 2D cases
is evident.

So that rewriting equation (A.6) by separating into hydrostatic part
(in function of bulk modulus K) and deviatoric part, as follows

σ = K tr
(
ε
)
I + 2µ dev

(
ε
)
, (A.12)

where K is a bulk modulus or Modulus of volume expansion and can
be expressed by the following two cases (three-dimensional strain state
and two-dimensional strain state) as

K(3D) = λ+
2

3
µ > 0 , K(2D) = λ+ µ > 0 . (A.13)

The following property on the bulk modulus for the 3D and 2D cases is
observed

K(2D) = K(3D) +
µ

3
> K(3D), (A.14)

which can be physically explained through the stiffening effects of the solid
when a plane strain condition is considered.

For rubber like material (ν → 1/2), which means in-compressibility or
no change in volume, then

K(3D) → ∞ , K(2D) → ∞ . (A.15)

While for cork like material with ν → 0 which means no lateral contrac-
tion, so that

K(3D) → E

3
, K(2D) → E

2
. (A.16)
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A.1.2 Inverse constitutive law

For linear elastic and isotropic material the inverse constitutive law is
given as follows

ε =
1

2µ
σ − λ

2µ (3λ+ 2µ)
tr
(
σ
)
I. (A.17)

Rewriting the above equation in function of E and ν, the following equa-
tion is obtained

ε =
1

E

[
(1 + ν)σ − ν tr

(
σ
)
I
]
. (A.18)

The inverse constitutive law in the index notation

εij =
1

E
[(1 + ν)σij − νσkkδij ] . (A.19)

A.2 Plane elasticity

There are two well known cases in the so-called in-plane elasticity:
plane stress and plane strain problems.

A.2.1 Plane stress problem

Let’s suppose a body in which two dimensions (transversal i.e. x1 and
x2) are very large compared to the longitudinal one i.e. x3. The plane
is made of linear elastic and isotropic material. Under the plane stress
hypothesis we assume that the longitudinal stresses in the fibers to be null
i.e. σ33 = 0 which doesn’t implicate that ε33 = 0, thus





σ33 = 0 ,

ε33 = − λ

λ+ 2µ
(ε11 + ε22) .

(A.20)
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Stress field under plane-stress hypothesis




σ11 =
4µ (λ+ µ)

λ+ 2µ
ε11 +

2λµ

λ+ 2µ
ε22 =

(
λ+ 2µ

)
ε11 + λε22 ,

σ22 =
4µ (λ+ µ)

λ+ 2µ
ε22 +

2λµ

λ+ 2µ
ε11 =

(
λ+ 2µ

)
ε22 + λε11 ,

σ12 = 2µε12 ,

σ33 = σ31 = σ32 = 0 ,

(A.21)

where 3D elastic constants λ and µ are permuted into 2D elastic con-
stants λ and µ respectively following the hypothesis of plane stress.

λ =
2µ

λ+ 2µ
λ , µ = µ . (A.22)

Note that, λ is softer than λ (i.e. λ ≤ λ) when the values of Poisson’s
ratio satisfy positive interval 0 ≤ ν ≤ 1/2, whereas µ remains unchanged.
Moreover it is possible to switch to plane strain by simply substituting
λ = λ and µ = µ in equations (A.21).

Strain field under plane-stress hypothesis




ε11 =
1

E
[σ11 − νσ22] ,

ε22 =
1

E
[σ22 − νσ11] ,

ε12 =
1 + ν

E
σ12 =

1

2µ
σ12 ,

ε33 = − ν

E
[σ11 + σ22] = − λ

2µ (3λ+ 2µ)
[σ11 + σ22] .

(A.23)

A.2.2 Plane strain problem

Let’s suppose a body in which one dimension (longitudinal i.e. x3)
is very large compared to the others (transversal i.e. x1 and x2). The
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cylinder is made of linear elastic and isotropic material. Under the plane
strain hypothesis we assume that the longitudinal deformation of the fibers
to be null i.e. ε33 = 0 which doesn’t implicate that σ33 = 0, thus





ε33 = 0 ,

σ33 = ν (σ11 + σ22) =
λ

2 (λ+ µ)
(σ11 + σ22) .

(A.24)

Stress field under plane-strain hypothesis




σ11 = (λ+ 2µ) ε11 + λε22 ,

σ22 = (λ+ 2µ) ε22 + λε11 ,

σ12 = 2µε12 ,

σ33 = λ (ε22 + ε11) .

(A.25)

Strain field under plane-strain hypothesis




ε11 =
1− ν2

E

[
σ11 −

ν

1− ν
σ22

]
=

1

E
[σ11 − νσ22] ,

ε22 =
1− ν2

E

[
σ22 −

ν

1− ν
σ11

]
=

1

E
[σ22 − νσ11] ,

ε12 =
1 + ν

E
σ12 =

1

2µ
σ12 ,

ε33 = ε31 = ε32 = 0 ,

(A.26)

where 3D elastic constants E and ν are permuted into 2D elastic con-
stants E and ν respectively. The latter constants are also called stiffened
elastic constants, because they are stiffer than the former ones, as follows





E =
E

1− ν2
=

4µ (λ+ µ)

λ+ 2µ
≥ E ,

ν =
ν

1− ν
=

λ

λ+ 2µ
.

(A.27)
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Note that, ν is stiffer than ν (i.e. ν ≥ ν) when the values of Poisson’s ratio
satisfy the positive interval 0 ≤ ν ≤ 1/2, while E remains stiffer for whole
interval of ν. Further it is possible to switch to plane stress by simply
substituting E = E and ν = ν in equations (A.26).

A.2.3 A general stress-strain relationship in in-plane elas-

ticity

It is possible to write the two-dimensional stress-strain relations in
alternative and an elegant form [13], as follows





ε11 =
(κ+ 1)σ11 + (κ− 3)σ22

8µ
,

ε22 =
(κ+ 1)σ22 + (κ− 3)σ11

8µ
,

ε12 =
σ12
2µ

,

(A.28)

where constant κ expressed by the Poisson’s ratio which distinguishes the
plane stress from plane strain is defined as follows

κ :=





3− ν

1 + ν
for plane stress ,

3− 4ν for plane strain .

(A.29)

Note that, by substituting 3D Poisson’s ratio ν with 2D stiffened value
ν = ν(1− ν) into equation (A.29)1, so that equation (A.29)2 is obtained.
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Appendix B

Some theorems in complex

analysis with related

examples

B.1 Cauchy Residue Theorem

Let f(σ) be analytic inside and on a simple closed contour γ, e.g. a unit
circle, except some finite number of isolated singular points σj (j ∈ N),
located inside γ, as given by [10]





1

2π i

∮

γ

f(σ)dσ =
n∑

j=1

Res (f ;σj) ,

f(σ) =
f∗(σ)

(σ − σj)n
,

(B.1)

where function f(σ) has n-th order pole, in particular when n = 0,
then the pole is denominated as a simple pole. While function f∗(σ) is
analytic in the neighborhood of the given pole, so that the residue

(B.2)Res (f ;σj) =
1

(n− 1)!
lim
σ→σj

[
dn−1

dσn−1
f∗(σ)

]
.
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Example 1: Cauchy Residue Theorem

A complex function analytic inside the unit circle (|ζ| < 1) except three
poles lying inside the given circle, is given by

f(σ) =
σ3 + 1

σ(σ − 1
2)

3(σ − ζ)
, (B.3)

in particular, two simple poles at the points 0 and ζ, and a third order
pole at the point 1/2, then using equation (B.2), one can easily obtain

1

2π i

∮

|γ| =1

σ3 + 1

σ(σ − 1
2)

3(σ − ζ)
dσ = Res (f ; 0) + Res (f ; ζ) + Res

(
f ;

1

2

)

= 0 .

(B.4)

as all three residues calculated through (B.2) are summarized underneath




Res (f ; 0) =
8

ζ
,

Res (f ; ζ) =
ζ3 + 1

(
ζ − 1

2

)3
ζ
,

Res

(
f ;

1

2

)
=

1

2

(
6

(
1
2 − ζ

)2 +
9

2
(
1
2 − ζ

)3 +
18

1
2 − ζ

)
.

(B.5)

Note that, poles that occurs outside the unit circle, in our case, become
the part of the function f∗(σ).

Example 2: Cauchy Residue Theorem

A complex function analytic inside a unit circle (|ζ| < 1) except some
isolated singular points

f(σ) =
σ
(
mσ2 + 1

)

(σ − ζ) (m− σ2)
(B.6)

has three poles inside inside the given circle, in particular, one simple
pole at ζ and two simple poles at σ = ±√

m with the value of parameter
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varying inside the interval 0 ≤ m < 1. Equation (B.6) can be rewritten in
order to highlight the three poles, so that

(B.7)
f(σ) = − σ

(
mσ2 + 1

)

(σ − ζ) (σ2 −m)

= − σ
(
mσ2 + 1

)

(σ − ζ) (σ −√
m) (σ +

√
m)

.

Through equation (B.2) one can easily obtain the following

(B.8)
1

2π i

∮

|γ| =1

−σ
(
mσ2 + 1

)

(σ −√
m) (σ +

√
m) (σ − ζ)

dσ = −mζ,

given the residues summarized beneath





Res
(
f ;

√
m
)
= − m2 + 1

2 (
√
m− ζ)

Res
(
f ;−

√
m
)
= − m2 + 1

2 (−ζ −√
m)

Res (f ; ζ) =
ζ + ζ3m

m− ζ2

. (B.9)

Note that the well-known formula for a unit disc [4]

1

2π i

∮

|γ|=1

dσ

σp(σ − ζ)
=

{
1 if p = 0

0 if p > 0
(B.10)

can be immediately verified through residue theorem, as follows

• p = 0

(B.11)1

2π i

∮

|γ| =1

dσ

(σ − ζ)
= Res (f ; ζ)

= 1.
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• p = 1

(B.12)

1

2π i

∮

|γ| =1

dσ

σ(σ − ζ)

= Res (f ; 0) + Res (f ; ζ)

= −1

ζ
+

1

ζ
= 0.

• p = 2

(B.13)

1

2π i

∮

|γ| =1

dσ

σ2(σ − ζ)

= Res (f ; 0) + Res (f ; ζ)

= − 1

ζ2
+

1

ζ2

= 0.

It is noteworthy that, for the case p = 2, the pole in the point 0 is of the
order 2 and therefore it is necessary to apply the formula B.2.

B.2 Cauchy Integral Formula

Let’s consider a domain bounded by the unit circle of contour γ. The
region inside and outside γ is denoted by D+ and D− respectively. So
that a complex function f(σ) analytic in D+ and continuous in D+ + γ,
except some points σj (j = 1, 2, ..., k ∈ N) of D+, where it may have poles
with the principal parts gj(ζ) (j = 1, 2, ..., k), as given by [11]





1

2π i

∮

|γ|=1
f(σ)

dσ

σ − ζ
= f(ζ)−

k∑

j=1

gj(ζ), if ζ ∈ D+

1

2π i

∮

|γ|=1
f(σ)

dσ

σ − ζ
= −

k∑

j=1

gj(ζ). if ζ ∈ D−

(B.14)
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A complex function f(σ) can be represented by

f(σ) =
f∗(σ)

(σ − σj)n
, (B.15)

where function f∗(σ) is analytic in the neighborhood of the given pole
and n represents the order of the pole.

So that the principal part gj(ζ) of the Laurent series expansion around
the pole can be expressed by the following expression

gj(ζ) = lim
σ→σj

[
n−1∑

i=0

1

i! (ζ − σj)
n−i

f∗(i)(σ)

]
(B.16)

where apex (i) is intended as the i-th derivative with respect to the
variable σ of the given function f∗(σ).

Example 1: Cauchy Integral Formula

A complex function analytic inside a unit circle D+ except some sin-
gular points is given as follows

(B.17)f(σ) =
σ3 + 1

σ(σ − 1
2)

3
.

The function above has two poles, in particular, one simple pole at 0 and
a 3rd order pole at 1/2 lying inside D+. Through equation (B.16) the
desired result is obtained, as

(B.18)
1

2π i

∮

|γ| =1

σ3 + 1

σ(σ − 1
2)

3

dσ

(σ − ζ)
=

ζ3 + 1

ζ(ζ − 1
2)

3
−

2∑

j=1

gj(ζ)

= 0,

given the principal part through Laurent series expansion equation (B.16)




g1(ζ) = −8

ζ
,

g2(ζ) =
9

4
(
ζ − 1

2

)3 − 3
(
ζ − 1

2

)2 +
9

ζ − 1
2

.

(B.19)

Note that, the result provided by (B.18) coincide with the result given by
(B.4) obtained via Cauchy Residue Theorem, as expected.
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Example 2: Cauchy Integral Formula

An complex function analytic inside a unit circle D+ except some iso-
lated singular points

(B.20)
f(σ) =

σ
(
mσ2 + 1

)

(m− σ2)

= − σ
(
mσ2 + 1

)

(σ −√
m) (σ +

√
m)

has three poles in D+, in particular, one simple pole at ζ and two simple
poles at σ = ±√

m with the value of parameter varying inside the interval
0 ≤ m < 1. So that

(B.21)
1

2π i

∮

|γ| =1

f(σ)

σ − ζ
dσ =

−ζ
(
mζ2 + 1

)

(ζ −√
m) (ζ +

√
m)

−
2∑

j=1

gj(ζ)

= −mζ,

as the principal parts given through equation (B.16) are summarized as





g1(ζ) =
−m2 − 1

2 (ζ −√
m)

,

g1(ζ) =
−m2 − 1

2 (ζ +
√
m)

.

(B.22)

Note that, the result provided by (B.21) coincide with the result given by
(B.8) obtained via Cauchy Residue Theorem, as expected.
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[95] Ru, C.Q., Schiavone, P., 1997. A circular inhomogeneity with cir-
cumferentially inhomogeneous interface in antiplane shear. Proc.
R. Soc. A 453, 2551-2572.

[96] Vasudevan, M., Schiavone, P., 2005. Design of neutral elastic inho-
mogeneities in plane elasticity in the case of non-uniform loading.
Int. J. Eng. Sci. 43, 1081-1091.

[97] Wang, X. Schiavone, P., 2014. Harmonic circular inclusions for non-
uniform fields through the use of multicoating. Quart. Appl. Math.
72, 267-280.

[98] Livieri, P., 2008. Use of J-integral to predict static failures in sharp
V-notches and rounded U-notches. Eng. Fract. Mech. 75, 1779-1793.

Ph.D. Thesis – Summer Shahzad 125



BIBLIOGRAPHY

[99] Weichen, S., 2011. Path-independent integral for the sharp V-notch
in longitudinal shear problem, Int. J. Solid Struct. 48, 567-572.

[100] Weichen, S., 2014. Equivalence of the notch stress intensity factor,
tip opening displacement and energy release rate for a sharp V-notch.
Int. J. Solid Struct. 51, 904-909.

[101] Duan, J., Li, X., Lei, Y., 2012. A note on stress intensity factors
for a crack emanating from a sharp V-notch. Eng. Fract. Mech. 90,
180-187.

[102] Lazzarin, P., Zappalorto, M., 2008. Plastic notch stress intensity
factors for pointed V-notches under antiplane shear loading. Int. J.
Fract. 152, 1-25.

[103] Noda, N.A., Takase, Y., 2003. Generalized stress intensity factors of
V-shaped notch in a round bar under torsion, tension, and bending.
Eng. Fract. Mech. 70, 1447-1466.

[104] Zappalorto, M., Lazzarin, P., Berto, F., 2009. Elastic notch stress
intensity factors for sharply V-notched rounded bars under torsion.
Eng. Fract. Mech. 76, 439-453.

[105] Zappalorto, M., Lazzarin, P., Berto, F., 2009. Stress concentration
near holes in the elastic plane subjected to antiplane deformation.
Materials Science 48, 415-426.

[106] Bacca, M., Bigoni, D., Dal Corso, F., Veber, D., 2013. Mindlin
second-gradient elastic properties from dilute two-phase Cauchy-
elastic composites Part II: Higher-order constitutive properties and
application cases. Int. J. Solid Struct.50, 4020-4029.

[107] Barbieri, E., Pugno, N.M., 2015. A computational model for large
deformations of composites with a 2D soft matrix and 1D anticracks.
Int. J. Solid Struct.77, 1-14.

[108] Barton, N., Lien, R. Lunde, J., 1974. Engineering Classification of
Rock Masses for the Design of Tunnel Support. Rock Mechanics 6,
189-236

126 Ph.D. Thesis – Summer Shahzad



BIBLIOGRAPHY

[109] Chen, Y.Z., 2013. Evaluation of T-stress for a hypocycloid hole in an
infinite plate. Multidiscipline Model. Materials Struct. 9, 450-461.

[110] Chen, Y.Z., 2014. Eigenfunction expansion variational method for
the solution of a cusp crack problem in a finite plate. Acta Mech.
168, 157-166.
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