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Yet an under-current of thought was going on in my mind, which gave
at last a result, whereof it is not too much to say that I felt at once the
importance. An electric circuit seemed to close; and a spark flashed
forth[...], the fundamental formula with the symbols, i, j, k; namely,

PP=2 =k =ijk=—-1

which contains the Solution of the Problem, but of course, as an
inscription, has long since mouldered away.

W.R. Hamilton
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1 Introduction

Hypercomplex analysis is a branch of mathematics that studies functions with domain in algebras
that extend complex numbers and aims to expand the richness of complex analysis to more general
settings. The first example of these extensions was discovered in 1843 by the Irish mathematician
W. R. Hamilton after long and fruitless endeavors to extend the theory of complex numbers to
a three dimensional algebra [62]. Hamilton realized that no multiplication without zero divisors
could be defined in R?, forcing him to add another dimension and renouncing to the commutative
character of multiplication. In this way he created the real associative, non commutative, division
algebra of quaternions, denoted with H in his honour. After that, new number systems were
rapidly discovered, through an iterative process: each step of the process consisted in doubling
the dimension of the algebra, by introducing an independent imaginary unit. This necessarily
entailed the loss of certain properties. In this way, quaternions could be obtained by complex
numbers, introducing the imaginary unit j; the following step would produce Octonions O, that
formed a real non associative and non commutative division algebra of dimension 8 and so on.
The number systems obtained through this construction were called Cayley-Dickson algebras
[13, 29]. A complete different direction was taken by W. K. Clifford. In his work [15] he
produced the so called geometric algebras, by defining an associative, anticommutative product
between an arbitrary number of imaginary units. These geometric algebras were named Clifford
algebras and its elements Clifford numbers. They were combinations of scalars, vectors and k-
vectors, generalizing exterior algebras previously introduced by Grassmann [58]. Beside all this
apparent flourish of hypercomplex algebras, mathematicians began to ask how much freedom do
generalizations of complex numbers have and which system of hypercomplex numbers exist that
preserved the basic properties of complex numbers. The answer was given by Frobenius [38] and
Zorn [83], setting important limits to these algebraic constractions. Indeed, apart from R, C, H
and O, no other real quadratic division algebras could exist.

After the discovery of all these hypercomplex algebras, there was the need to invent a proper
calculus involving these numbers, since their inventors didn’t delimit any special class of regular
functions. Indeed, that issue was not so easy to achieve, because the two fundamental definitions
of holomorphic functions, the existence of a complex derivative and the series expansion, could
not define a class of regular functions in the hypercomplex algebras that lead to satisfactory
theories. For example, in H, the requirement of the existence of a quaternionic (left) derivative
is too strong, since quaternionic affine functions of the form f(¢) = ga + b, with a,b € H, are
the unique functions to possess that property. On the other hand, any quaternionic function can
be writeen as quaternionic series and so the second condition does not pose restrictions at all,
leading to a theory equivalent to differentiable functions in R* [82].

The first of these new theories that successfully reproduced the richness of complex analysis
was conceived in 1935 by R. Fueter [39], by extending the complex Wirtinger operator 9/0z =
%(aa +i0pg) to the three imaginary units of quaternions, by 0/0q = %(aa +i0g + jOy + kOs),
known as Cauchy-Riemann-Fueter operator, where we represent ¢ = a + i8 + jy + ké. As
holomorphic functions belong to the kernel of /9%, he proposed as regular those quaternionic
valued functions that belong to the kernel of 9/9g, now known as Fueter regular functions. This
class of functions mimic many properties of holomorphic functions, such as Cauchy’s theorem,
Cauchy’s integral formula, Liouville’s theorem and Laurent series expansion [61, 26, 76]. The
idea of Fueter was then carried forward to Clifford algebras, by considering regular (now called
monogenic) those functions that belong to the kernel of the Dirac (sometimes called Weyl)
operator 0 = Oy, + > €0z, The study of monogenic functions is known as Clifford analysis,
which is a very well developed theory (see for example [12, 28, 27, 60, 59]) and can be considered a
refinement of harmonic analysis, as the Dirac operator factorizes the Laplacian operator A,, ;1 of



R™ 1 by A,q1 = 00, where 0 = Opy — Z:’;l €;0z,. While these theories are extremely successful
in replicating many important properties of holomorphic functions, the major disappointment
is that even the identity, and therefore polynomials and series of the form )" x"a,, fails to be
regular in the sense described above. Furthermore, unlike the complex case, the class of Fueter
regular or monogenic functions does not form an algebra, as they are not closed with respect
to the pointwise product. Hence, even producing examples of these classes of functions became
an issue. In order to solve the latter problem, Fueter devised a two steps method to generate
Fueter regular functions from holomorphic functions defined on open sets of the upper complex
half plane. Given an holomorphic function F': D C CT — C, F(a +i8) = Fo(a, 8) + iFy (o, B),
the first step of Fueter’s machinery produces the quaternionic valued function f = Z(F'), defined

by

for any ¢ € H such that go + i|Im(q)| € D. The second step of Fueter’s costruction consists in

applying the four dimensional Laplacian to the induced quaternionic functions: Fueter’s theorem

states that Ay f is a Fueter regular function. This construction was then extended by Sce [79]
m—1

Fi(qo, [Tm(g)]), (1)

to Clifford algebras R,,, with an even number of imaginary units, replacing Ay with A, 2, (the
constant -1 is called Sce exponent of the algebra R,,, [21]) and finally completed by Qian [77]
in the odd case, where he used techniques of Fourier analysis dealing with fractional powers of
the Laplacian operator. The relevance of this construction is also attested by the amount of
studies related to the Fueter mapping, see e.g. [30, 80, 17, 18, 4]

However, the algebraic poorness of the above-cited functions theories urged mathematicians
to propose a notion of regular hypercomplex function that contained polynomials, preserving also
the algebraic richness of complex analysis. For example, Leutwiler, Eriksson and their collabo-
rators developed a modification of classical Clifford analysis that incorporates the powers of the
variable into the kernel of the modified Cauchy-Riemann-Fueter and Dirac operator, respectively
in the quaternionic and Clifford setting [35, 67]. Another functions theory that overcomes the
algebraic challenge encountered by monogenic functions is the theory of holomorphic Cliffordian
functions, founded by Laville and Ramadanoff [66, 65], which are null solutions of a higher order
differential operator. More precisely, for any odd number m, holomorphic Cliffordian functions

m—1

are sufficiently differentiable function f : R™*! — R,, in the kernel of 5AmT+1. The class of
holomorphic Cliffordian functions contains the monogenic functions (by Fueter-Sce theorem),
together with polynomials of the form ) x"a, of any degree. Recently, a broader class of
functions has been considered: holomorphic Cliffordian functions of order k [24], i.e. functions
in the kernel of gAfjl_H, for0<k< mTfl

In 2006-2007, a new hypercomplex function theory was introduced by Gentili and Struppa
[41, 42], exploiting the complex-slice structure of H. Among quaternion-valued functions, they
selected the class of slice regular functions: real differentiable functions, which are slice by slice
holomorphic. They initially refered to this class as C-regular functions, in honor of Cullen,
who previously conceived the idea [25] and the class of slice regular functions was restricted to
functions whose domains are Euclidean balls with real centre. The main novelty of the theory was
that convergent power series, in particular polynomials, of the form > 7 z"a, are (left)-slice
regular on such open balls. This new subject has attracted considerable interest and experienced
a rapid growth over the last years. In fact, the theory was soon generalized to more general
domains of definition, the so called slice domains [16] and extended to octonions [44] and Clifford
algebras [23]. A new viewpoint took place after the work of Ghiloni and Perotti [52] with the
introduction of the notion of stem functions, which are complex instrinsic functions, closely
related to the holomorphic functions considered by Fueter in the first step of his construction.



Indeed, the quaternionic functions defined in (1) are examples of slice-preserving slice regular
functions. This approach gave slice analysis a crucial development, extending the theory to any
real alternative *-algebra with unity, embodying the aforementioned generalizations. Moreover,
from this formulation, it was possible to give a definition of slice function, without requiring any
regularity assumption. The theory of slice regular functions of one variable is nowadays well-
established and has found significant applications in the study of quaternionic quantum mechanics
and spectral theory of several operators, see e.g.[64, 22]. Without any claim of completeness, we
refer the reader to the monograph [40] or to [46, 47, 54, 31, 69, 49, 43, 56, 33, 20, 2| and the
references therein, for a comprehensive treatment of the theory of slice regular functions. The
stem functions’ approach paved the way to achieve an analogous theory in several variables in
the foundational paper [50], which is now of great interest (see e.g. [55, 51, 9, 19, 57, 32, 14]).
Despite the theory of monogenic and slice regular functions are very skew, namely only
locally constant functions join both theories (Corollary 8.2), they present some connections
[73, 45, 81], as Fueter construction in the first instance suggests. Indeed, beside including
slice regular functions in the class of holomorphic Cliffordian functions, we can infer in modern
terminology, that Fueter-Sce theorem is a bridge between the slice and the monogenic worlds,

m—1

which is constitued by the Fueter-Sce mapping A, % ;. Another link is provided by the relation
between the spherical derivative and the Dirac operator applied to slice regular functions: they
coincide up to a multiplicative constant which depends uniquely on the dimension of the algebra.
Thus, another formulation of Fueter-Sce theorem is that the spherical derivative of an R,,,-valued
slice regular function is polyharmonic of degree exactly the Sce exponent. But polyharmonicity
is not limited to spherical derivatives, but applies to slice regular functions, too. Indeed, since by

m—1
Fueter-Sce theorem, slice regular functions belongs to the kernel of EAE, they are in particular
mTH—polyharmonic.

It is clear that polyharmonicity plays an importan role in slice analysis and harmonic prop-
erties of slice regular functions has been intensively studied [74, 11, 3]. A peculiar property of
polyharmonic functions was proven in 1899, when E. Almansi [1] proved that any polyharmonic
function f of degree m, defined on a star-like domain centered at the origin of some R™ could be

written as a combination of m harmonic functions {S;(f)}," as

(@) = So(H)(@) + [2PS1(F)(x) + - + 2P VS 1 () ().

This is a very important theorem that establishes a bridge between harmonic and polyharmonic
functions [5]. Generalizations of Almansi decomposition have been studied both concerning
other type of iterated differential operators (e.g. in [78] for the Dunkl Laplacian and in [36] for a
discrete version in umbral calculus), both for more general classes of functions, especially in the
hypercomplex settings of slice regular [70, 71] and monogenic functions [68].

The aim of this work is to study in more depth the harmonic properties that concern the
theory of slice regular functions, both in one and several variables. As regards the theory in one
variable, we have found several formulas that express the iterative application of the Laplacian,
evaluated both on the spherical derivative and on the slice regular function itself. This makes
their harmonic properties evident, at least in the quaternionic case and in Clifford algebras
generated by an odd number of imaginary units. Furthermore, we investigate which functions
can be both slice regular and Cliffordian holomorphic of a degree lower than the critical index
determined by Sce exponent. At this problem we find a rather limited answer, namely that
only slice regular polynomials that are annihilated by the degree of the differential operator can
belong to both classes. However, the major contribution concerns the theory in several variables.
First, we study the properties of partial sliceness and extend the concepts of spherical value and
derivative. Then, we provide Almansi-type decompositions for slice regular functions of several



quaternionic and Clifford variables. Finally we extend Fueter and Fueter-Sce theorems in the
context of several variables.

We describe the structure of the work. Beside this introduction, in the following section we
give the algebraic preliminaries we will use throughout the notes. We recall the definitions of
the quaternionic and Clifford algebras and more generally of a real associative %-algebra. We
stress the definition of quadratic cone, which is the general setting in which slice analysis can be
studied.

The third section is dedicated to the definition of slice regular functions, in the context of
a general real associative x-algebra, exploiting the universality of the stem functions language.
We first recall the one variable theory, with the main definitions and a few results. Then we
introduce the several variables theory, that presents a heavier notation, but analogue ideas of
the one variable counterpart. Again, the definition of slice function goes back to stem functions,
where the even-odd properties of each component are preserved with respect to every variable.

In the fourth section we study partial sliceness of slice functions in several variables, namely
sliceness properties with respect to a specific variable or sets of variables. In particular, we
study conditions the stem functions must satisfy for their induced slice functions to be slice, slice
regular or circular with respect to some variables. For sliceness and circularity, these conditions
are given by the annihilation of some components of the inducing stem functions (Propositions
4.1, 4.4), while for slice regularity, holomorphicity, together with sliceness in such variables is
required (Proposition 4.2).

The study of these partial slice properties is useful to understand the generalization of spher-
ical value and derivative for several variables functions. Indeed, we introduce partial spherical
values and derivatives for slice functions in several variables by defining the inducing stem func-
tions. Thanks to the previous characterizations, it is immediate to see that partial spherical
values and derivatives of slice functions have circular and partial slice properties. Moreover, we
extend some features of their one variable analogues. The section ends recalling an important
characterization of slice regularity in several variables, that exploits the notion of partial slice
regularity. Indeed, it is possible to interpret the slice regularity of an n-variables slice function
in terms of the one-variable slice regularity of 2™ — 1 slice functions [50, Theorem 3.23], known as
truncated spherical derivatives, which are iterations of partial spherical values and derivatives.
This result establishes a bridge between the one and several variables theories, which has been
frequently used, for example in [75], where local slice analysis was naturally extended from one
to several quaternionic variables. A similar characterization will be given in section 6, through
the components of the Almansi decomposition.

Section 5 deals with harmonic properties of slice regular functions of one and several variables.
First of all, we recall that the spherical derivative of a quaternionic-valued slice regular func-
tion is harmonic (Proposition 5.1). Furthermore, we compute the k-th power of the Laplacian
applied to the spherical derivative of a R,,-valued slice regular function (Proposition 5.2). As
a consequence, we deduce the polyharmonicity of such spherical derivative, in Clifford algebras
generated by an odd number of imaginary units and the degree of polyharmonicity is exactly
the Sce exponent. Furthermore, we compute arbitrary powers of the Laplacian of a slice regular
function, deducing its polyharmonic character (Theorem 5.6). Finally, we propose a method to
generate polyharmonic functions from harmonic functions in the plane (Proposition 5.8). This
will allow to prove the same polyharmonic properties of slice regular functions in several variables
(Corollaries 5.9, 5.10).

In Section 6 we study Almansi decompositions for slice functions of one and several hypercom-
plex variables. First, we recall the classical Almansi decomposition for polyharmonic functions
(Theorem 6.1), that can be applied to slice regular functions, thanks to the computation of the
previous section. Then, we give an Almansi-type decomposition (we will call it slice-Almansi



decomposition to distinguish it from the classical one) for slice functions of one quaternionic and
Clifford variable (Theorems 6.3, 6.4). The components are given through spherical derivatives.
Then, we present slice-Almansi decompositions for slice functions of several variables in a unified
way. The extension to higher dimensions poses some new challenges, one of which is the expo-
nential growth of all possible decompositions. Indeed, for slice functions of n variables, we obtain
2™ decompositions (Theorem 6.6), as the cardinality of all possible choices of variables between
1, ...,Tn. Every component is circular with respect to the chosen variables that determine the
decomposition; if, moreover, the decomposing function is slice regular, they are harmonic in the
same variables, too. Every component of each decomposition is given explicitly and it is com-
pletely determined by the original function through its partial spherical derivatives, as in their
one variable counterpart. We also prove the unique character of these decompositions (Proposi-
tion 6.10), namely the functions performing the decomposition are unique, if specific symmetry
properties are required. Among these, we point out the class of ordered decompositions, corre-
sponding to integers intervals of the form {1,2,...,m} (Corollary 6.11). These components have
already been exploited to define strongly slice regular functions of several variables, which are
a generalization of slice regular functions defined on a not necessarily axially symmetric domain
[75]. Such special components are sufficient for characterizing the slice regularity of the slice
function they decompose (Proposition 6.12). We then show that the two characterizations are
essentially equivalent (Lemma 6.13). Furthermore, by exploiting the harmonicity of the compo-
nents of the slice-Almansi decompositions we give some mean value and Poisson formulas in the
quaternionic case.

Section 7 gives an interpretation of our studies through Clifford analysis, by exploiting that
spherical derivatives agree with the Dirac operator on slice regular functions. Thus, we can
prove Fueter and Fueter-Sce theorem by using the results of Section 5. Furthermore, we extend
these known results in the several variables setting splitting the cases of quaternions and Clifford
algebras. In both situations, we give two proofs, one makes use of the results of Section 5, the
other uses the ordered slice-Almansi decompositions, that can be written also in terms of the
Dirac operator J,, applied iteratively, instead of the partial spherical derivatives.

In Section 8 we investigates the kernel of JAX . restricted to slice regular functions. It is
found (Theorem 8.1) that the Sce exponent is a critical index, indeed, for any k less than mT’l,
polynomial of degree at most 2k are the only slice regular holomorphic Cliffordian functions of
order k. Instead, for k > %7 every slice regular function is holomorphic Cliffordian of order k
as Fueter-Sce theorem provides.

Finally, in Section 9, we outline possible directions for future research.



2 Preliminaries

We follow [34, 60] for a breaf presentation of quaternions and Clifford algebras, then we adapt
the notions of [52, 47] in the associative setting.

2.1 Quaternions

Quaternions were introduced by Hamilton in 1843 by adding a multiplicative structure to R*.
Any quaternion can be represented as ¢ = la + i + jy + kd, where {1,4, j, k} forms a basis of
R* and multiplication on the basis elements is defined as follows: 1 is the unity of the algebra,
while the other three elements satisfy

i? =52 =k? =ijk = —1.

The product is extended to the whole algebra by bylinearity. The vector space R*, endowed
with this product is known as the algebra of quaternions, denoted with H. Note that H is a
non-commutative, associative algebra. We can embed R C H as the subspace generated by 1.
Moreover, if Im(H) = span(i, j, k), we have that

H =R @ Im(H).
Im(H) is also characterized as Im(H) = {q¢ € H : ¢> € R~} U {0}. Moreover, let us define
Sy = {q € Im(H) | ¢*> = —1}.
We can define the conjugation of a quaternion, namely if ¢ = o + if8 + jv + kd, then § =

a —1if8 — jy — ké. This gives H the structure of a real associative x-algebra. Moreover, we have
Im(H) ={g € H:7 = —q}.

2.2 Clifford algebras

[34, 60] Let m € N and let {eg,e1,...,em} be an orthonormal basis of R™*1. Let us define the
following product rule

e;-eg=¢eqg-e =¢e;, Vi=1,...m

2)

ei'ej—i—ej '61':—2(51']'7 VZ,]:l,,m
The Clifford algebra R, is the vector space of dimension 2™ generated by

{€0; €1,y €mi€1 - €2y ;€1 €2 €3, .} €L e €}
={ea=ceq iy A={i, i € PHL . om}), 1<y < -0 < <mj,

i.e. by all the possible ordered products of eg,...,e, and it is endowed with the product
defined in (2), extended by associativity and bilinearity to the all algebra. For m > 2, R,, is an
associative, non commutative algebra, which is not an integral domain. For m = 1, it reduces to
the complex numbers, while Ry = H.

Any Clifford number xz € R,,, can be uniquely written as

T = Z TAEA,
AeP({1,....m})

where z4 € R and if A = {iy,...,ix}, with 1 <43 < -+ < ig, e4 = €;, -+ ¢€;,. We write
eo = eg = 1, the unity of the algebra. We can decompose the Clifford algebra R,, as

m

R,, = @anv
k=1



where
RE = {x = [z]), = zaea €R,, : |A| = k}.

With this decomposition, any Clifford number can be respresented as x = [z]o + [z]1 + - - - + [2]im,

where [z], is the projection of z in R . Elements contained in RY = span(eg) or R =
span(ey, ..., en) will respectively be called real numbers and vectors. Elements in their direct
sum RY @ Rl = span(eg,eq,...,en) are called paravectors and they are of the form z =

Lo+ Aj=1 TACA = To+ Z;n:l xje;. The subspace of R, consisting of paravectors is isomorphic
to R™*! by the isomorphism

m
1 0 1
R™ 3 (2o, 21,. .., Tm) »—>m0+2xjej eR,, ®R;,
i=1

For this reason, we will simply denote the subspace of paravectors with R™+1.
We can define a conjugations on Clifford numbers, too. If x = [z]o + [z]1 + - - - + [%]m, then

T =[z]o — [z — [z]2 + [x]s + [2]s — . .. (3)

This makes R,,, a real associative x-algebra.

2.3 Real associative *-algebras

Let A be a finite dimensional real associative algebra,'!. Suppose that A has a unity 1 and

denote with R the subspace of A generated by 1, i.e. R = span(1). Let Im(A4) .= {x € A\ R |
2?2 € R} U {0}. In general, Im(A) is not a subspace of A, but for finite dimensional associative
algebras A, Im(A) is a subspace of A and we can decompose A as [Frobenius Lemma, 10.8.2.1]

A=R®Im(A).

Let us endow A with an involutory antiautomorphism (or antiinvolution), namely a linear map
A > x+— x° € A such that

1. ()¢ =2z, Vo € A4
2. z° =z, Vxr € R;
3. (zy)® = y°ac, Va,y € A.

The couple (A4,°) is called *-algebra.
We can define two maps through the antiinvolution. For any z € A, define its trace and its
(squared) norm respectively as

t(x) = x4 2, n(z) = zz°.
Now, we can select the set of imaginary units compatible with the antiinvolution. Define
Sae)y ={J€A:t(J)=0,n(J) =1} ={J € A: J*=—J,J* = -1} C Im(A).

Even though S4 ) depends on the antiinvolution ¢, we will simply use the symbol S4. Note that
for any J € S4, the subspace C; := span(1, J) is a *-algebra isomorphic to C, via the *-algebra
isomorphism

¢J Z(C—>(CJ, (ZS](CL‘F’Lb) =a+ Jb. (4)

11n this notes we will consider only the cases A = H, R,,, but everything can be set in real alternative x-algebras

10



Finally, we can define the quadratic cone of A as

QA = U (CJ.

JESA

The quadratic cone truly relfects the book structure with complex pages of the algebra. Indeed,
for any x € Q4 \ R, there exist unique «, 8 € R, with § > 0 and J € S4 such that z = a+ JS.

Example 1. Let A = H, endowed with the quaternionic conjugation § = gy — iq1 — jg2 — kgs.
Then t(q) = 2qo = 0 if and only if ¢ € Im(H) and n(q) = 1 implies that ¢7 + ¢35 + ¢3 = 1. Hence,

Su = {iq1 + jgz + kqs € Im(H) : ¢ + 3 + ¢ = 1} =S~
In particular, Qy = H.

Example 2. Assume again A = H, but consider the antiinvolution given by the reflection on
the hyperplane orthogonal to a given a € Im(H):

It is easy to see that ¢ — ¢ is an antiinvolution and ¢(¢) = 0 if and only if ¢ € span(«). Thus,
in this case we have
S(H7c) = :I:{a/|a\}, Q(H7c) = (Ca.

As the previous examples underlines, the sphere of imaginary units and the quadratic cone
of the algebra A heavily depend on the antiinvolution. Moreover, in general it holds Q4 C A. It
can be proven that only for exceptional cases equality can hold, namely, if A is a (non necessarily
associative) x-algebra, we have

Qu=4 <= (4°)=(C,7),H,"),(0Q,7),
where ~ denotes the usual conjugation of complex numbers, quaternions or octonions respectively.
Example 3. Let A = R3, endowed with the conjugation defined in (3). By definition,
Sp, ={r €Rs: t(z) =0,n(z) =1} ={zr €Rz: 2 +T =0,2T = 1}.
Let us represent any = € R3 as
T =z + [z]1 + [z]2 + [2]5,

then
T=xo— [z]1 — [z]2 + [z]3
and so
t(z) =0 < z¢ = [z]3 =0.

Thus, if x € Sg,, © = [z]1 + [z]2 = Z§:1 T1€1 + E?<j:1 xije;;. Moreover,

3 3
2T = -2 = — E xrie1 + E Tijeij
=1

i<j=1

2 2 2 2 2 2
=] + 25 + 23 + 219 + 273 + To3 — 2(T1723 — T2T13 + T3T12)e123,

11



thus
T1T23 — Tox13 + 23712 = 0

T =1 <—
{ o} +as + a3+ aty +aiy + 233 =1

We have then

3 3
E E . _ 2 2 2 2 2 2
SR3 = Tri1€e1 —+ :zzijeij L X1X23 — T2X13 —+ T3T12 — O, 1'1 —+ 1'2 + I’S + I’12 —+ $13 + I23 = 1
i=1 1<j=1
Moreover,

3 3
Or, = U C;= E z1€1 + E Tij€ij 1 T1T23 — 2x13 + 23712 = 0

J €Sk, i=1 i<j=1
Note that, the paravector space R* = {x =x9+ 2?21 xiel} is contained in Qg,.

Remark 1. We can prove that the paravector space R™*! is always contained in the quadratic
cone of R,,. Indeed, the sphere

m m
S™ = {inei : Zw% = 1} C Sg,, ,
i=1 i=1
since, if x € S™, x +T = 0 and 2T = 1. Moreover,

RMHL = U CyC U (CJ:QRM.

Jesm JESk,,

Important remark. For the rest of the paper, (A,°) will stand for (H, ™) or (R, ).
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3 Slice regular functions on real associative *-algebras

3.1 One variable theory

We present the theory of slice regular functions of one variable as in [52], reducing it to an
associative setting.

Let (A,%) be a x-algebra with unity and let {1, e;} denote a basis of R?. Consider the algebra
A®R? = {a+eb:a,bec A}, where 1 is the unity of A ® R? and e? = —1, thus the product of
any elements of A ® R? is defined by bilinearity as

(a+eib)(a+eif) =aa—bB+ei(aB + ba),
where ao is just the product of A, whenever a,« € A. Equip A ® R? with the conjugation
a+eb=a—epb.
This makes (A ® R?,7) a x-algebra.

Definition 3.1. A set D C C is called symmetric if it is invariant with respect to conjugation,
i.e.
ze€D <= zeD.

A function F : D ¢ C - A ® R% where D C C is an open symmetric set, is called a stem
function if it is complex instrinsic, i.e. it satisfies

F(z)=F(z), VzeD. (5)

Note that if F' = Fy + ey F, with Fy, Fy : D — A, it is equivalent to require the components of
F satisfy the following even-odd conditions with respect to the imaginary part of z:

F()(Z) = F’o(z)7 Fl(g) = —Fl(Z), Vz € D.

The set of stem functions over D is denoted by Stem(D).
Multiplication by e; defines a complex structure on A@R?. Given a stem function F' € C(D),
consider the following Wirtinger operators

oF 1 <8F 6F> oF 1 (6F aF)

9z 2\0a 0B 9z 2\0a 08

A stem function is said to be holomorphic if F' € ker(9/0z). This is equivalent to require its
components Fy, F; satisfy the following Cauchy-Riemann equations:

oFy 0F OFy _ OF

oa 9B’ B Oda’
Note that 0F/0z and OF/0z are stem functions, too.

Definition 3.2. Given a symmetric set D C A, we define its circularization Qp as

Qp = |J ¢s(D)={a+JB:a+iB €D, J€Sa} C Qa.
JEeSa

A set Q is called circular, or axially symmetric, if Q = Qp for some symmetric set D C C. An
axially symmetric set Qp is called slice domain if DNR # @, while product domain if DNR = (.
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Every stem function F : D — A ® R? induces (uniquely) a function f : Qp — A as follows:

Definition 3.3. Let F = Fy+ e, F; : D —+ A®R? be a stem function. Given any z = a+ JS =
¢j(z) € Qp, define
f(@) = Fo(z) + JFi(2). (6)

We will say that f is induced by F' (f = Z(F)) and such induced functions are called (left) slice
functions. We denote by S(2p) the set of slice functions over Qp and

T : Stem(D) — S(Qp)
the map sending a stem function to its induced slice function.

Remark 2. We can also define right slice functions as functions satisfying f = Fy+ F1J, instead
of (6), for some stem function Fy + e Fy. Obviously, the theory of left and right slice functions
are equivalent. In this work we will only consider left slice functions, that will be simply called
slice functions.

Definition 3.4. Let f =Z(F) € S(Qp) be a slice function. We say that f is slice regular if F'
is holomorphic. SR(Q2p) will denote the set of slice regular functions over Qp.

Remark 3. Note that the even-odd properties of the components of stem functions make slice
functions well defined. Indeed, let f = Z(F), with F' = F + e1 F, then we can represent any
r=a+JB8=a+ (—J)(—pB), then

f@) = fla+ (=J)(=B)) = Fola —if) + (=) Fi(a — if) = Fo(a +iB) + (=J) (- Fi(a +iB))
=Fy(a+iB) + JFi(a+1iB) = f(a+ JB) = f(z).

We can also define slice derivatives of a slice function f = Z(F) € S(Q2p) NC*(p) as

af OF of OF
ax—z(az>’ axc—1<az)~
Note that they are well defined, since 0F/0z and 0F /0% are stem functions. Forthermore, a slice

function f is slice regular if and only if df/0x¢ = 0.

Proposition 3.1 ([52], Proposition 8). Let f € C1(Qp) be a slice function, then f is slice regular
if and only if it is slice by slice holomorphic, namely its restriction

f1:CinQps(a+Jf)— fla+JB)e A
is holomorphic for every J € S 4 with respect to the complex structure defined by left multiplication

by J, i.e. it satisfies
0 0
<8a + Jaﬂ) 15 =0.

This is equivalent to the original definition of slice reqular functions defined over slice domains
of the quaternionic algebra [42].

Alternatively, we can define slice functions through a commutative diagram too. For any
J € S4 define
P, AR’ a+eb—a+ JbeA.

Given F' € Stem(D), its induced slice function f = Z(F') is defined as the unique slice function
that makes the following diagram commutative for any J € S 4:

14



D r A®R2

Q42 0p 5 A.

Indeed, for any z € D and any J € S4, (6) means exactly f(¢s(z)) = @;(F(2)).
Every slice function is uniquely determined by its value on two distinct half planes (C}' and
(C}L(, if J — K is invertible.

Proposition 3.2 ([52], Proposition 6). Let f € S(Q2p), define its restriction on the complez half
plane fjr = f|<canD7 then, for any x = o+ I € Qp we have

fla+18)=(I-K)(J - K)" fi(a+JB) — (I = J)(J - K)"" fit(a+ Kp).

In particular, taking K = —J, we recover any slice function by its value on a complex plane Cy:

(F (ot JB)+ f5 (@ = JB)) = L LT (Ff (ot JB) ~ f(a—JB). (D

N =

fla+1p) =

Important remark. When A = R,,, we know (Remark 1) that Q4 D R™*!. In this case, we
can consider the restriction of any slice functions on domains Q = Qp NR™*!, for any symmetric
domain Qp C Qg, . Thanks to Proposition 3.2, this restriction uniquely determines the slice
function. We will use the same symbol to denote the slice function and its restriction, since no
confusion arises. Similarly, we will denote Qp = J ;cgm ¢s(D) C R™! for the restriction to the
paravector space of the domain of a slice function.

The previous formulas are known as representation formulas. On the slice C;, the previous
formula reduces to

Fla) = 5 (F@) + F@) + 5 (@)~ Fa)
with ¢ = a+ Jf and z¢ = a — JB. Note that, if x = ¢;(2), it holds
5 (F@) + ) = Fo(2)

and if Im(x) # 0,
2Im(2)] 7" (f(2) - f(2%)) = F1(2)/
with Fy(z) and Fy(z)/8 A-valued stem functions. This leads to the following

Definition 3.5. Given f =Z(F) € S(Qp), with F = Fy + e1 Fy, define the spherical value and
the spherical derivative of f respectively as

fol@) = T(F)(@) = 5 (@) + £), Ve e
fi(@) = T(F/Tn(2)) (@) = 2In(@)] 7 (f@) = S@)), Vo€ W\,

Since Fy(z) and Fi(z)/Im(z) are A-valued, fS(z) and fl(x) depends only on Re(x) and
|Im(z)|. This means that f¢ and f. are constant on every sphere So 3 = {a+ I8 : I € Sa}.
Moreover, they decompose f through

f@) = f°(x) + Im(2) ().
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Definition 3.6. Let f = Z(F') be a slice function. Suppose that F = Fy, i.e. F is an A-valued
stem function. Then we call f a circular slice function. Namely, circular slice functions are slice
functions which are constant over ”"spheres” S, 3 ={a+18:1 € Sa}.

Remark 4. Note that if A = H, then S, g are actually spheres. When A = R, they are not in
general. However, if we consider imaginary units in the paravector space, Sq.3 = {a+1I8:1 €
S™} are spheres, too.

By definition, the spherical value and the spherical derivative of slice function are circular
slice functions.

Proposition 3.3. Let f be a circular slice function. Then fo = f and f. = 0. In particular,
for any slice function f it holds (f{)s = (f3)s =0, (f)¢ = fS and (f0)S = fi.

We can give stem functions and slice functions the structure of algebras, by defining a product
of stem functions, that will induce one on slice functions.

Definition 3.7. Let F,G € Stem(D), with F = Fy + e1 Fy and G = Gy + e1G1. Define
F®G:=FGy— F1Gy + 61(F0G1 + F1G0).

It is easy to prove that FF ® G is a stem function, hence (Stem(D),®) is an algebra. Now, if
f=I(F) and g = Z(G), define
fOg=I(F ®G).

Thus, (S(2p),®) is an algebra, too and Z : (Stem(D),®) — (S(2p),®) is an algebra isomor-
phism.

With respect to this product, the spherical derivative satisfies a Lebniz rule, in which evalu-
ation is replaced by spherical value:

(fOg9)s=rfi0gs+ [ Oy,

3.2 Several variables theory

We follow [50] for the several variables version of the theory of slice regular functions. Note that
we restrict our attention to associative algebras.

Let n € N* be a positive integer and let P(n) := P({1,...,n}) denote all possible subsets of
{1,...,n}. Given a sequence x = (x1,...x,) € A", define its ordered product as [z] = x; if n =1
and for n > 2,

[z] = [T1,.. . Tp] =21 T2+ Tp_1 - Tp.

Moreover, given y € A, we denote
[xay] = [xla"'vxnvy] =T T2 Tp—-1"Tn Y.

Let K = {k1,...,k,} € P(n) be an ordered set of indexes, with k; < --- < k,. If K = {), then set
rg =0 and [zg] = 1; if K # 0, define xx = (24,,...,2x,) € AP, so by the definition above

[azK] = [(Ekl,. ..:Ekp} = Tpy Ty " 'LUka1 . SL'kp

and
[rr,y] = [$k17~~-$kp,y] =Tky * Thy " Thy_q " Thy " Y-
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Definition 3.8. Given z = (z1,...,2,) € C" and h € {1,...,n}, define

—h .__ —
z = (Zla"'vzh—l,zhazh-l-la"'7Zn)~

A set D C C" is called symmetric if it is invariant with respect to any complex conjugation, i.e.
if
zeD < 7" eD, Vh=1,..,n.

Let {e1,...,e,} be an orthonormal basis of R™ and denote with {ex } xep(n) a basis of R?".

Definition 3.9. Let D C C™ be an open symmetric set and consider a function F' : D C
C" — A ®R?", then there exist unique A-valued functions Fx : D — A, such that F(z) =
Y kepm) ek Pk (2). We call F' a stem function if Fr (") = (=1)EMM Py (2) or equivalently

_ Fr(z) ifh¢K
FK("’h):{ —IZ;E((),Z) ifhiK, ®

for every z € D, every K € P(n) and any h € {1,...,n}. Again, we use the symbol Stem(D) to
denote the set of stem functions F : D — A @ R?".
Equip R?" with the family of commutative complex structures J = {Jh S R2" 5 R2" }2:1 ’

where each J is defined over any basis element ex of R?" as

— (_1\IEN{R}| — ) €ru{n} ifh¢ K
Tnler) = (=1) RN —{ —er\(ny  ifh €K,

where KAH = (K U H) \ (K N H) and extend it by linearity to all R?". 7 induces a family
of commutative complex structure on A ® R2" (by abuse of notation, we use the same symbol)
J = {jh CAQR?Y -5 AR }:=1 according to the formula

Ih(z®a) =2 Jn(a) Ve A, VacR¥.

We can associate two Cauchy-Riemann operators to each complex structure 7p,.

Definition 3.10. Given a stem function F' € Stem (D) N C(D), we define

1/ 0F OF — 1/ 0F oF
OpF == — — — opLlF == — — .
h 2<8ah TIh (35h)>’ h 2(8ah+jh <3ﬁh>>
F=3 KeP(n) ex Fi is called h-holomorphic with respect to J if F € ker d;, and it is called
holomorphic if it is h-holomorphic for every h =1, ..., n.

We can give the definition of holomorphic stem function through a system of Cauchy-Riemann
equations.

Proposition 3.4 ([50],Lemma 3.12). Let F' be a stem function. Then F is h-holomorphic if and
only if

Oay, 9B 9B Oay,
For any Ji,...J, € S4, define
gbjl X ... X (;SJH :C"* > (21, ...,Zn) — (¢J1 (Zl),...,(]i]n(zn)) S Hn,

where ¢ is defined in (4).

OFk _ ko OFk _ OFkuy e cpiy g k. )
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Definition 3.11. Given a symmetric set D C C", we define its circularization Qp C (Q4)" as
Qp = U(Jl,‘.A,Jn)G(SA)”(¢J1 X -+ X ¢y,)(D), namely

QD:{(a1+J161,...,an+Jn5n) : (Oél +’L/81,,C¥n+lﬂn) GD,Jl,...,JRESA}.

A subset Q C Q4 is called circular if it is the circularization of a symmetric set D, i.e. Q = Qp
for some D C C™.

Definition 3.12. A map f : Qp C (Qa)™ — A is called a slice function if there exist a stem
function F = ZKep(n) exFx : D — A®R?", such that, for every = € Qp

f@) = Y [k, Fx(2)),

KeP(n)

where x = (¢, X - X ¢y, )(2) and J = (J1,...,Jp). A slice regular function is a slice function
induced by a holomorphic stem function. A slice function is called slice preserving whenever the
components of its inducing stem function are real valued. We denote with S(2p), SR(Qp) and
Sr(Q2p) respectively the set of slice, slice regular and slice preserving functions on Qp C (Q4)"
and Z : Stem(D) — S(Qp) will be the map sending a stem function to its induced slice function.

Remark 5 ([50], §2.1). Note that (8) is necessary to make slice functions well defined, indeed
any = (a1 + J151,...,an + JnfBrn) can be represented, for any H € P(n) as

TH = (041 + (61‘]1)(6151)7 ceey Qi F (Ean)(gnﬁn)%

where €, = —1, if h € H, otherwise €, = 1. Then, in order for f to be well defined we must have
f(z) = f(zm), for any H € P(n). In fact, let 2 = (a1 + 81, ..., an + JnSBn), then it holds

flag)= Y [(=D)EMH e Fe@E)) = > [(-)FH g, (—1)EH P (2)]

KeP(n) KeP(n)

= Y Uk, Fr(2)] = f(a).

KeP(n)

If F' is a stem function, so are 9, F and 05, F [50, Lemma 3.9], thus, if f = Z(F) € S}(Qp) :=
Z(Stem(D) N CY(D)), we can define the partial derivatives for every h =1,...,n

of of

=7 (0 F
Oxp, (ah ) ’ 8%2

=T (BuF).

and f € SR(Qp) if and only if 9f — 0 for every h=1,...,n.

ox§,
Equivalently, we can define f as the unique slice function that makes the following diagram
commutative for any Jy, ..., J, € Sy:

D—F 5 AR

Dy X XD, O Dy, T

Qp
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where

¢J17”.,Jn : A®R2n > Z eKaK —r Z [JK,GK] c A.
KeP(n) KeP(n)

Every slice function can be fully recovered by its values on n-slices.
Proposition 3.5 ([50], Proposition 2.12). Let f € S(Qp) and fix I,...,I, € Sa. Then, for
any x = (a1 + J1B1, ..., an + Jnfn) € Qp it holds
F@y=27" 3 (=) [ 1 (57)]] (10)
H,KeP(n)
with y = (a1 + 181, ..., + 1,8y). Furthermore, if f = Z(F), with F = ZKEP(n) exFy, it
holds
Fi(z)=2"" Y (=) MR (7).
HeP(n)

In particular, any slice function is induced by a unique stem function and so T : Stem(D) —
S(2p) is injective.

The following results correspond to [50, Corollaries 2.13, 2.16]

Corollary 3.6 (Identity principle). Let f,g € S(Qp) and suppose there exist Ir,...I, € Sy
such that f =g on Qp N (Cy, x --- xCy,). Then f =g.

Corollary 3.7 (Sliceness criterion). Let f: Qp — A be a function. Then f is slice if and only
if there exist I, ..., I, € Sa such that f satisfies (10) for any x = (a1 + J181,- -+, Qn + JuBn),
with y = (051 + 1181, a0 + Inﬂn)

Equip R?" with the product ® : R?" x R?" — R2", defined on each basis element as
en @ ex = (—1)H ey np,

and extended by linearity to all R2". This product induces a product on A ® R2": given a,b €
AR o= ZHEP(TL) egag and b= ZKG’P(n) exbi, with ag,bx € A, define
a®b:= Z (em ®ex)(anbr) = Z (~)H ey agamby,
H,KeP(n) H,KeP(n)

where agbk is just the usual product of A. Furthermore, we can define a product between stem
functions as the pointwise product induced by ®.

Definition 3.13. Let F,G € Stem(D), define (F ® G)(z2) := F(z) ® G(z). More precisely, if
F = ZHEP(n) BHFH and G = ZKEP(n) €KGK,
(F®G)(z):= Z (—)IH Kl ey A i Fry (2) G (2).
H,KeP(n)

The advantage of this definition is that the product of two stem functions is again a stem function
[50, Lemma 2.34] and this allows to define a product on slice functions, too. Let f,g € S(Qp),
with f =Z(F) and g = Z(G), then define the slice tensor product f ® g between f and g as

fOg:=I(F ®G).

In particular, Z : (Stem(D),®) — (S(2p), ®) is an algebra isomorphism.
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4 Partial slice regularity

The notion of partial sliceness was already given in [50]. The results of this section are taken
from [9)].
Let f:Qp C(Qa)" -+ Aand h=1,...,n. For any y = (y1,-..,Yn) € Qp, let

QDJ’L(:U) = {.T} € A | (ylv"ﬂyh—l)xvyh-‘rla ayn) S QD} C QA-
It is easy to see ([50, §2]) that Qp n(y) is a circular set of Q 4, more precisely Qp »(y) = Qp, (»),

where
Dp(z) :={w € C| (21, .ty 2h—1, W, Zh11, -y 2n) € D},

and z = (21, ..., 2,) is such that y € Q..

Definition 4.1. We say that a slice function f € S(2p) is slice (resp. slice reqular) with respect
to xp if, Yy € Qp, its restriction

f}?i : QD,h(y) - A7 f}?j(x) = f(yla o Yh—1, T, Yh+1, ,yn)

is a one variable slice (resp. slice regular) function, as defined in §3.1. We denote by S, (22p)
(resp. SR (2p)) the set of slice functions from Qp to A that are slice (resp. slice regular) with
respect to zj,. For H € P(n), define also

Su(Qp) = (] Su(@p),  SRu(Qp):= (] SRA(Qp)
heH heH
Note that, by definition, SRy (Qp) C Su(Qp) C S(Qp).

We say that f is circular with respect to xp, if Yy = (y1,....,yn) € Qp, f; is constant on
Sy, C Qa. The set of slice functions which are circular with respect to x, will be denoted by
Sen(Q2p) C S(Q2p). Moreover, if H € P(n), set S u(2p) = (g Se.n(2p). Note that in
euclidean spaces, circularity can be characterized through invariance with respect to orthogonal
transformations. Indeed, if Qp C H", or Qp C (R™H1)" f is circular with respect to z;, if and
only if for every orthogonal transformation 7' : H — H or T : R™*! — R™*! that fixes 1, it
holds

f(xla vy Lh—1, T(xh)a LThals-eey ajn) = f(xla ey In)a

for any (z1,...,2,) € Qp. In this case, if z;, = ap + JpBh, f does not depend on Jj,.

Every slice function is, in particular, slice with respect to the first variable [50, Proposition
2.23],i.e. S1(Qp) = S(Qp), but in general S,(2p) € S(Np). The next proposition characterizes
the set Sy (Qp) for any H € P(n) in terms of stem functions.

Proposition 4.1. For every H € P(n) it holds

Su(Qp) = I(F): F € Stem(D), F= Y exFx+ Y _ e > eoFnyuo

KeHe¢ heH QC{h+1,....n}\H
(11)
In particular, for any h € {1,...,n},
Sh(Qp) =<K Z(F): F € Stem(D), F = Z eaFx + e Z eqQFnyug
KeP(n),h¢ K QC{h+1,...,n}
(12)

Equivalently, f = I(F) € Sg(Qp) if and only if Fpuyipug =0, Vh € H, VQ C {h+1,...,n},
VP € P(h—1) with P # 0.
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Proof. Since Sy (2p) := (e Sn(2p), it is sufficient to assume H = {h} for some h = 1,...,n.

=) f € Sp(Q2p) means that Yy € Qp, the one-variable function f} is slice, thus, it must
satisfies representation formula (7): namely, if v = a+ Ib € Qp »(y) and J € S4, it holds
1
2

@) = 5 (Fat T0) + fla—T0) = 2 (la+ )~ fla—Jb). (13)

Set z = (21, ..., 2n), 2 = (21, ooy 2h=1), 27 = (Zhit1, ooy 2n), Y = (P, X ... X @, )(2), for some
iy Jp € Sa, w = a+ib, & = ¢r(w), Ly = My = J, for s # h, Ly, := I and M, := J.

Then we have

fi(x) = Z [k, Fr (2w, 2")] + Z [Lrugnys Frompny (2w, 2")], (14)
KeP(n),h¢ K KeP(n),h¢K
f}?i(a_F Jb) = Z [‘]KvFK(Zlvw’Zﬂ)} + Z [MKU{h}aFKU{h}(Z/awaZN)]
KeP(n),h¢ K KeP(n),h¢ K
and
fil(a—Jb) = Z [Jre, Fre (2, @, 2")] + Z [Mgugny, Frogny (2, @, 2")]
KeP(n),h¢ K KeP(n),h¢K
= Z [JKaFK(Z/awazN)] - Z [MKU{h}7FKU{h}(Z/awvz”)]a
KeP(n),h¢ K KeP(n),h¢ K

where we have used (8). Thus, the right hand side of (13) becomes

S (FLat T0)+ a— J0) — £ [ (Fa+Jb) ~ fla— J)] =

= Z [JKaFK(Z/aw7ZN)] —-1J Z [MKU{h}aFKU{h}(zlvwazu)}'
KeP(n),h¢ K KeP(n),h¢ K

(15)

Comparing (14) and (15), (13) is satisfied if and only if

> [Lrowmy Fromy (w2 = =17 Y [Mrugmy Fromy (2w, 2")].
KeP(n),h¢K KeP(n),h¢K
(16)
Since (13) is assumed to be true for every I, J, Ji, ..., J,, € S4 and every 2/, w, 2", (16) holds
if and only if VK C {1,....,n}\ {h}

[Liugny Fromy (2w, 2")] = =TT [Mguny, Frogny (2w, 27)]. (17)
Indeed, if (17) were not true, there would be a K C P({1,...,n} \ {h}) such that
[Lruiny Fropy (2w, 2")] # =TT [Mgogny, Fropny (2, w, 2")],
but for J; = ... = J, = J = I we would have
(71)‘KU{h}|FKU{h} (2/7 w, Z//) 7é (71)|KU{h}IFKU{h} (2/7 w, ZH)?

which is false. Let us represent {K € P(n) |h ¢ K} ={PUQ | P e Ph-1), QC
{h+1,...,n}}. Suppose P # (), then VQ C {h +1,...,n}), (17) becomes

[Lputnyug), Fromyuo(Z'sw, 2")] = —IJ[Mpuniue): Fromiue (2, w, 2")]

and this implies that Fpuin1ug = 0. Indeed, if Fpyugnyug # 0, the previous equation would
reduce to JpI = —IJJpJ which does not hold for every choice of I, J, Jp.
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<) Vice versa, suppose F takes the form

F = Z ex Fx + e, Z eQF{h}UQ-
KeP(n),h¢ K QC{h+1,...,n}

Following the notation above, it holds

f;f(iﬂ) = Z [JKvFK(Zlawvz//)] +1 Z [JQvF{h}UQ(ZlawaZH)}'
KeP(n),h¢K Qc{h+1,...,n}

Thus, consider the function G}, = GY , + e1GY ,,, with

GYw) = Y [k, Fr(Zw 2", Gy(w)= Y [Jo. Fuuele w,2")].
KeP(n),h¢K QC{h+1,...,n}

G} is a one-variable stem function, indeed,

Gh(w) = Z [Jre, Fr (2w, 2")] + 1 Z [Jq, Finyuq (2, @, 2")]
KEeP(n),h¢K QC{h+1,..,n}
= Z [Tk, Frx (2" w,2")] — e Z o, Finue (2, w, 2")] = G (w)
KeP(n),h¢K QC{h+1,...,n}

and f = Z(Gj), by construction, so f € Sp(Q2p).
O

Remark 6. By the previous proof, we can better understand the set Sy (Qp): let f = Z(F) €
Su(Q2p), then for any = € Qp with @ = (¢y, X ... X ¢s,)(2), f(z) takes the form

@)= U Fk@I+ > T > [T, Finyug(2)] -
KeHe heH QC{h+1,...n}\H

Moreover, for any h € H and any y = (y1,...,Yn), f; is a one-variable slice function, induced by
the stem function Gj, with components

GYw) = > [k Fr(Zw,2")),  GY,(w):= Y [Jo, Fiyue(z w, "),
KeP(n),h¢ K Qc{h+1,...,n}
(18)
where z = (2/,2,2”) and y = (¢, X ... X ¢1,)(2).

Now, we deal with partial slice regularity.

Proposition 4.2. For every H € P(n) it holds

SRu(Qp) = Su(Qp) N () ker(d/0x5).

Proof. Since SRi(2p) = ey SRa(Qp), it is sufficient to assume H = {h} for some h =
1,...,n.

22



)

By definition, SR, (Qp) C Si(Qp), so let f =Z(F), with

F = Z ex Fig + ep, Z eQF{h}uQa (19)
KeP(n),h¢K QC{h+1,...,n}
thanks to (12). For any y € Qp, f} is induced by the stem function G} = GY, +e1GY
with
Gih(w) = Z [JK,FK(Z/vwvzH)L Gg,h(w) = Z [JQaF{h}UQ(Z/awvz//)]'
KeP(n),hgK QC{ht1,....n}

By definition, f € SR;(Qp) means that Vy € Qp, the stem function G, is holomorphic,
i.e. recalling (18) it must hold that for every z = (2/, z,,2”) € D, w € Dp(z) and V.J; € Ss

that
> p.olIPuQ: Oa, Frug(#'s w, 2")] = 3-51Jq, 98, Finyu (7', w, 2")]
ZP,Q[JPUQv B,BhFPUQ(Z/7 w, Z,/)] == ZQ[JQ7 aah,F{h}UQ(zlv w, Z”)],
where in the above sums P € P(h—1) and @Q C {h+1,...,n}. Now, since that system is true
for every choice of imaginary unit J;, proceeding as in the proof of Proposition 4.1 we can
deduce that an equivalence between each term of the sum holds. Let any @ C {h+1,...,n}:
if P # (), equality can sussist only if 0, Fpug = 93, Frug = 0 and this trivially proves that
the components Fpyq satisfies (9), since Fpupyug = 0, by (12). Otherwise, let P = (),
then the previous system becomes
{ Oy, Fo = 95, Finyug
95, FQ = =0y, Finyuq
and (9) are satisfied too. This proves that F' is h-holomorphic, which means that f €
ker(0/0x¥).
Suppose f € Sp(2p) N ker(9/0z5), then F satisfies (19) and (9). As in the proof of
Proposition 4.1, represent K = P U Q, with P € P(h—1) and @ C {h +1,...,n}. Since,
by (19), Fputnyug =0, VP € P(h — 1)\ {0}, VQ C {h +1,...,n} the h-holomorphicity of
F reduces to the following conditions:
0o, Frug = 05, FPug =0
90, = g, Finyuq (20)
8ﬂhFQ = 8ahF{h}UQ-
On the other hand, f € SR,(Qp) if and only if G}, is a slice regular function Yy € Qp,
which means that 9,GY , = JsGY ), and JsGY ;, = —0.GY ,, which, by definition of Gj is
equivalent to
{ Do ZKep(n),th[JK»FK(Zﬂ = 0g, ZQc{h—i-l,...,n}[JQ’ F{h}UQ(Z)]
sy, EKGP(n),h¢K[JK7 Fi(2)] = —0a, ZQc{thl,‘..,n} [Ja: Finyue ()],
where y = (¢, X ... X ¢7,)(2), 2 = (21,..., Zn), 2; = aj +1f3;. Let us prove the first row

of the system. Using the first two equation of (20) and splitting K = P LU @), we can write
the left side as

O, > [Jpuqs Frug(2sw, 2")]
PEP(h—1),QC{h+1,...n}
= Z [‘]PUQv6OénFPUQ(Z/7w72”)] = Z [‘]QvaahFQ(Zlvva”)]
PEP(h—1),QC{h+1,...,n} QC{h+1,...n}
= > o0 Fuyue w2 =05 Y. o, Finyue(#,w,2")).
QC{h+1,...,n} QC{h+1,...,n}
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The second equation is proved in the same way.
O

Corollary 4.3. Let f € SR(Qp) and H € P(n). Then f € Sg(Qp) if and only if f €
SRy (Qp).

Proof. The 7if” part is trivial. Viceversa, note that by [50, Proposition 3.13], f € SR(Qp),
implies 0f /0zf; = 0, Vh = 1,...,n, hence Sg(Q2p) N SR(2p) C Su(Qp) N ,epy ker(9/0xf) =
SRu(Qlp), by Proposition 4.2. O

Finally, we characterize circularity.

Proposition 4.4. For every H € P(n) it holds

Se.n(p) = {I(F) tF € Stem(D),F = Y _ eKFK} . (21)

KCHe®
In particular, Sc.q(Qp) C Su(Qp).

Proof. Since S. 17 (2p) = \pen Sen(2p), it is sufficient to assume H = {h} for some h = 1,...,n.
Let any y = (y1,..-,Yn) € Qp, with y; := o; + J;5;, z; = aj + i, set 2/ = (z1,...,z5,—1) and
2 = (Zhg1s - 2n). [ € Sen(Qp) if for every @ = a + Ib, f/(x) does not depend on I. Let
w:=a+ib, My :=J, if p# h and M;, = I, then

fil(z) = Z [Jre, Fe (2, w,27)] + Z [Myugnys Frogny (2w, 27)].
KeP(n),h¢K KeP(n),h¢K

It is clear that f/(a 4 Ib) does not depend on I if and only if Fg 3 = 0 for every K € P(n).
Finally, comparing (11) and (21) we see that S¢ z(Q2p) C Su(2p). O

Note that functions of the form (21) were introduced in [50] as H°-reduced slice functions,
hence we can say that f € S, g (Qp) if and only if it is Hreduced. It is easy now to prove the
following property.

Corollary 4.5. For every H € P(n), the set Sc.;r(Q2p) is a real subalgebra of (S(Qp),®).
Proof. We need to show that if f,g € S g (Qp), then f © g € Sc,u(2p). Let f = Z(F) and
g € Z(G), with F =3, e ex F and G = ) ye erGr, by (21). Then
FoG= > (-0 MexarFrGr,
K, TCHe
with KAT = (KUT)\(KNT)C KUT C H¢. Then, again (21) implies f © g € S, u(2p). O

Note that the previous result does not apply to Sy (2p), nor SRy (Qp), unless for S1(Qp) =
S(2p) and SR1(Q2p). Indeed, for example, x1, 29 € SRa2(p), while 21 ® 29 ¢ S2(Qp).
Slice regularity and circularity are hardly compatible.

Proposition 4.6. Let f € S n(Q2p) NSRi(2p). Then f is locally constant with respect to xy,.
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Proof. Let xp, = ap, + Jpby, and f = Z(F). Since f € S.n(Qp), f does not depend on J;, and
Frugny = 0 for any K € P(n). Moreover, f € SR;(Q2p) C ker(9/0xf), by Proposition 4.2, so
by (9)

OFx  OFguny 0= OFugny _ OFk
oap, 0B Oayp,  OBn’

Thus, f does not depend neither on «j and B; and so it is locally constant with respect to
Tp. ]

Example 4. Consider the following polynomial function f : H® — H, f(xq,72,73) = x123 +
x222k, which happens to be a slice regular function, [50, Proposition 3.14]. We claim that f €
SR2(2p). Let us explicit the components of the stem function inducing f: let z = (21, 22, 23) €
C3, with z; := a; +1if;, then f =Z(F), with F = EKGP(S) ex Fy, where

Fy(2) = araz + az(a3 — B3)k, Fiy(2) = Bras, Fiay(2) = B2(03 — B3k,
Fis1(2) = au B3 + 2000383k,  Fyy23(2) =0, F(i.3(2) = B1Bs, F2.3)(2) = 2B20a353k,
F{1’2’3}(Z) = 0

Thus, F' has the structure required by (12) for h = 2, so f € S3(2p). Moreover, for K =
0,{1},{3},{1, 3} it holds

OFx _ 9Fku(a) OF _ OFguy

Oas dBs 7 0f2 Oay

so f € ker(0/0z5) and so f € SR2(Qp) = S2(02p) Nker(9/0x5).

We could have proven the claim by definition, through Remark 6, which explicitly gives us
the stem function that induces the corresponding one variable slice function, for every choice of
y. Fix any y = (y1,y2,y3) € H?, then f is a slice regular function, induced by the holomorphic
stem function G§ = GY , + e1GY 5, with

GY o(a+if) = yrys + ayik, GY (o +iB) = Bysk.
4.1 Partial spherical values and derivatives

For h € {1,...,n}, define Ry, := {(x1,...,2,) | #, € R} and for H € P(n), Ry := U,y R

Definition 4.2. Let F: D C C* — A® R2?" be a stem function. Define for h = 1,...,n and for
H = {hl, ...,hp} S P(n)

Fp(z):= Z erx Pk (2),

KeP(n),h¢K
F(z):= Y exF(z)= (... (Fy)7,- “)Zp (2)
KCH¢
and
Fi(z):=8" > exFrum(2), if z€ D\ Ry (22)
KcP(n),h¢gK
Fiy(2):=Bg" > exFruom(z) = (- (F})h, - ~)LP (2), if z€ D\ Ry, (23)
KCH¢

where z = (21, ..., zn) With z; = a; +if; and By = [[,cy Bn-
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Lemma 4.7. For every H € P(n), F§; and Fy; are well defined stem functions on D and D\Rp,
respectively.

Proof. Firstly, let us prove that F5; and F}; are well defined, i.e. their definition does not depend
on the order of the elements of H. Indeed, for any i,j = 1,...,n it holds

(F))j(2) = Z eKﬁj_lﬁi_lFKu{i,j}(Z) = (Fy)i(2)
KeP(n),ij¢K

and analogously for (F77);. Without loss of generality, assume H = {h}, for some h = 1,...,n.
Fy is trivially a stem function because its non zero components are the same of F'. Let us explicit
F}/L = ZKEP(n) GKGK, with

_f By Fromy if h¢ K
GK(Z)_{ 0 if h e K,

we will show that every component of Fj, satisfies (8). Let us consider only the components G,
with h ¢ K, otherwise (8) is trivial. For any m # h we have

Gr(z™) = By Fromy ™) = B, (1)K Frey gy (2) = ()M G (2),

while, for m = h

Gk (") = (=B, VFrupmy (Z") = (=B, ) (—Frumy(2)) = By, ' Frumy (2) = Gk (2).

The previous Lemma allows to make the following

Definition 4.3. Let f =Z(F) € S(Q2p). For h € {1,...,n}, we define its spherical xp,-value and
xp-derivative rispectively as

fon =T(FR),  fin=1L(F).
Analogously, for H € P(n), define

foun=I(Fg),  fou=I(Fp)
Note that fJ 5 € S(Q2p), while f{ ; € S(Qp, ), where Qp,, = Qp \ Ry.

The following proposition justifies the names given to f, and f;’ h» comparing them to their
one-variable analogues.

Proposition 4.8. Let f € Sp(Qp) and h =1,...,n. Then it holds

1. Ve =(21,...,2,) € QAp

fon@) =5 (F@) + £ (T") = (fi))s(@n);

DN | =

2. Vr € Qp \Rh
Flnl@) = [2Tm(za)] ™" (f(2) = F@") = (i) (@n)- (24)

In particular, if we assume f € SY(2p), then we can extend the definition of f;h to all
Qp, thanks to [52, Proposition 7, (2)].
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Proof. Let f =Z(F), with F' =3y cp(,y ex Fic. Then for any z € D and z = (¢, x... X ¢, )(2)
we get

@)+ @)=Y (Ux Fx(@)]+ Uk, Fx(z")])

KeP(n)

= > (kP + (CDE Fe)]) = Y @k Fr(R)]) = 2f2, ().
KeP(n) KeP(n),h¢K

Now, since f € Sp(€Q2p), then by (12)

f@) =Y Uk Fe@+ Y [Ja Fiue?)]

h¢ K QC{h+1,..,n}

and so

fl@)—f@") = Z [Jr, Fre(2)] 4 Jn Z (o, Finyug(2)]+

KeP(n),h¢ K QC{h+1,...,n}
- Y Uk Fk@E) = D o Fuyue(E)]
KeP(n),h¢ K QC{h+1,...,n}

I
=
(]

[Jo: Finyu(2)],

from which

QC{h+1,...,n}

2Im(zn)] " (f(2) = £ (")) = [2JnBn] " (2Jh > [JQaF{h}UQ(z)]>
= Y oBi Fyue()] = fia).

O

Remark 7. Point 1 of the previous Proposition holds for any f € S(Q2p). Indeed, in the proof
we didn’t used the hypothesis f € S,(Qp).

The next proposition presents some properties of partial spherical values and derivatives
peculiar of the several variables setting.

Proposition 4.9. Let f € S(p), h € {1,....,n} and H € P(n), with p = min H® if H #
{1,...,n}. Then

L fom€ Se.u(Qp) NS,(2p) and f;H €S, uQpy) NS, (py);
if f € Su(p), fon € Sht1(@py) NSe 1,0} (2py);

if £ €Sen(p), f2, = f and f, =0;

ifhe H, HN{l,...,h—1} # 0 and f € Sp(Qp), then f y = 0;

™ e
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5. ( f,h)z,h = f;,h and (f;,h);,h =0.

Proof. 1. If f = I(F), by definition f), = > ye[/K, Fi], hence by Proposition 4.4, f¢ ;y €

S

Sc, 1 (2p). Moreover, we can write it as

fon= Z Ik, F|+ Jp Z VK, Frup),
KC(HUp)® KC(HUp)®

so fop, € Sp(2p). In the same way one can prove that f{ ; € Se n(Qp,) N Sp(2py ).

2. By Proposition 4.1, F takes the form

F = Z ex P +eqn) Z eQFinue
KeP(n),he¢K QC{h+1,....n}

hence,

Fr=8" >  eqFumuq
QC{h+1,...,n}

This shows that f;’h € Scq1,...n1(2p,), by Proposition 4.4. Finally, by Proposition 4.1,
fon € Sn1(Qp,,).
3. By Proposition 4.4, F = ZKQ,(”)’WK exFk,s0 Fj =0and F = F.

4. Let i € HN{l,....h — 1} # 0, since f € Su(p), by (2) fi) € Sci(Qp,) and by (3)

( éh)/“ = 0. In particular, f;H = 0.

5. It follows from (1) and (3).

Partial values or spherical derivatives do not affect regularity in other variables.

Proposition 4.10. Let f € SY(Qp). Suppose that f € ker(0/0x§) for some t = 1,...,n, then
© o f1 € ker(8/0u5), Vh A .
Proof. Let f = I(F), with F' =} rcp(,) exFr, so fg, = I(Fy,), with Fy, = 3" cp(,) ek Gk,

Gk =0,if h € K and Gk = B, ' Fxuny, if h ¢ K. Let K € P(n), with h,t ¢ K, then by the
regularity of F' it holds

G 0B, "Frumn 19Fxuny o1 OFkunyugey  OG KUy

do ~ By " o M op 05

Gk _ 9B, Fruny _ g1 IFruiny _ g OFruimyugy _  9Gkum

OBt OBt 4 0Bt h day doy
This proves that [} is t-holomorphic, hence f., € ker(9/0zf). The spherical value case is
analogue. O

As recalled in §3.1, every one variable slice function f can be decomposed as

f@) = £ (x) + Im(2) fo(2).

We now give a similar decomposition for every variable, through the slice product.
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Proposition 4.11. Let f € §(Qp), then for any h = 1,...,n we can decompose
f=fon+Im(zn) © f (25)
Equivalently, if f = Z(F), it holds
F=F +1m(Z,) ® Fy, (26)
where Im(Zp) (a1 + 4581, ..., n +96n) := ep Py is the stem function inducing Im(xp,).

Proof. Let F' =3y cp(,) ex Fi. Suppose first z € Ry, i.e. Im(z)(x) = 0, then by (8), with the
usual notation, we have

f@)= Y UxFr@]l= Y Uk, Fx(2)] = fon(a).

KeP(n) KeP(n),h¢K

Now, suppose z € Qp \ R;, and define . Then

Fp+Im(Z,)®@ Fj = Y exFx+(enfBn)® > exBy Fromy
KeP(n),h¢ K KeP(n),h¢ K
= Z ex Fr + Z exu{nyFruny = F.
KeP(n),h¢K KeP(n),h¢K
Finally, f = Z(F) = Z(Fy + Im(Z),) @ F}) = ont Im(zp) © f;,h. O

Next proposition shows that the partial spherical derivatives satisfies a Leibniz-type formula,
analogue to the one-dimensional case.

Proposition 4.12 (Leibniz rule). Let f,g € S(p). For any h € {1,...,n}, it holds
(fo Q)Q,h = fé,h Ogen+ fon® g;,h' (27)
Equivalently, if F,G € Stem(D), with f =Z(F),g =Z(Q) it holds
(FeG), =F, oG5 + F, G, (28)

Proof. Let F = ZKep(n) exFix and G = ZKep(n) exGr. We have to show that (F ® G)}, =
Fy, ® Gy + Fy, ® Gj,. By [50, Lemma 2.34] we have Iy ® G = > xep(n) ner €5 (Ff © Gy )k,
where
(F, ® Gk = > (DN E) kK (GR) Uk,
K1 ,Ky,K3€D(K)
and D(K) := {(K1, K2, K3) € P(n)? | K = K1 U Ky, K3N K = (}. By definition of F} and GY,
the previous equation reduces to

(F, @ Gy)kx = Z (—1)|K3|FK1UK3u{h}GK2uK3,
Kl,Kg,K;;ED;I(K)
with D} (K) = {(K1, K2,K3) € P(n)® | K = K1 U Ky, K3 N (K U{h}) = 0}. In the very same
way, we get

(F}? ®G;L)K = Z (_1)‘KS‘FKlUKzGKQUlQU{h}’
Kl,Kz,K:ﬁeD;"(K)
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hence
FeoG+FeG,= > e > (—D)Hel (F, ireyuin Graurs +
KeP(n),h¢ K  Ki,K2,K3€D), (K)

+FK1UK3GK2UK3U{}L}) :

On the other hand, F'® G = } g cp(,) ex (F ® G)k, where

(F®G)k = Z (=) P, ke, Giyu,-
K,K3,K3€D(K)
Thus
(Foq), = Z ex B, (F @ G)gugny
KeP(n),h¢ K
= Z €K Z (=) Py, e, Gy -
KeP(n),h¢K  Ki1,Ko,K3€D(KU{h})
Note that
DK U{h}) = {(K1, Ky, K3) € P(n)* | KU{h} = K, UKy, K3N (K U{h}) =0}
= {(K1 U {h}, Ko, K3), (K1, Ko U {h}, K3) | (K1, K2, K3) € D (K)}
SO
(F®Q)), = Z ex Z (D) P, i, Gryu,

KeP(n),h¢K  Ki,Ka,KseD(KU{h})

Z ex Z (=) (Fr, U gnyors Graurs + Froiors G rauinius )
KeP(n),h¢K Ky Ka K€Dl (K)
=F] ® G}, + Fy, ® GY,.

Corollary 4.13. Let f € S(2p) and g € Sc.u(Qp) for some H € P(n), then

(fO9in=Ffin©g

Proof. We proceed by induction over |H|. Suppose first |[H| = 1, then it follows from Proposition
4.12 and Proposition 4.9 (3). Now, suppose by induction that (f ® g), y = fi gy © g and let
h ¢ H, then in the same way we have

(fo g).ls,HU{h} = (f;,h Ogsnt+ fon® gé,h)g,H = (f;,h © g)ls,H = f;,Hu{h} ©g.

4.2 One variable interpretation of slice regularity

The one variable interpretation of slice regularity is given in [50, §2.3 and 3.4]

We stress that the terms spherical value and spherical derivatives have been already used
in [50, §2.3] in the context of slice functions of several quaternionic variables, but they refer to
different objects. With respect to our definition, spherical values and derivatives are more related
to the truncated spherical derivatives.
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Definition 4.4 (Definition 2.24,[50]). Let Qp C (Q4)" and let f € S(p). Forany h=1,....n
and € : {1,...,h} — {0,1}, define the truncated spherical e-derivative of f of order h, D(f) :
Qp \Re—l(l) — A as
DI(f) =D --- DIV (f),
with
Dgl(f):f;),b D;l(f):fsl,l'
Alternatively, for given H € P(h), we call the truncated spherical H-derivative of f the truncated

spherical x g-derivative of f, where x g is the characteristic function of H, i.e. xu(j) =0ifj ¢ H
and xg(j) =1if j € H. Namely, we set

Dip(f) = D5, (f)-

Remark 8. For any given h = 1,...,n and any €: {1,...,h} — {0,1}, denote with H = e¢~*(1)
and K = ¢ 1(0) = {1,...,h} \ H. Then it holds

DI(f) =Dy (f) = (fin)ex-

Explicitely, if f = Z(F), with F = ZKep(n) ex Fi, for every h =1,...,n and any H € P(H),
it holds D% = Z(D¥), with

D} = By Z ex Frun.
Kc{h+1,...,n}

From Proposition 4.2 and Proposition 4.10 it is easy to see that if f € SR()p), then D (f) €
SRp+1(Q2p), for any h = 1,...,n and H € P(h). Next Theorem tells that also the converse
holds true.

Theorem 4.14 (One variable characterization of slice regularity, Theorem 3.23 [50]). Let Qp C
(Qa)™ and let f € S(QAp). Then, for any h = 1,...,n — 1 and any K € P(h), the truncated
spherical K-derivative of order h, D%(f) is a slice functions with respect to xp+1. Moreover,
f€SR(Qp) if and only if f € SR1(Qp) and D;K(f) € SRi+1(Qp), foranyh=1,...,n—1
and any K € P(h).
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5 Polyharmonicity in slice analysis

Most of the harmonic properties presented in this section are known, see [74], however we provide
some new formulas that appeared in [10].

5.1 Polyharmonicity of spherical derivatives

The spherical derivative of a quaternion valued slice regular function is harmonic.

Proposition 5.1. Let f: Qp C H — H be a slice reqular function. Then, f is harmonic, i.e.
2 2 2 2

Even if the result is known, we explicitly compute the Laplacian of the spherical derivative of
a quaternionic slice regular function, similar to the proof of [9, Proposition 4.9]. This will help
for future computations.

Proof. Suppose that f is induced by the holomorphic stem function F' = Fy+e1 Fy. In particular,
Fy is harmonic, i.e. AgFy = (02 + 8§)F1 =0. Let 8 = /2% + 23 + 23, then

f;(x() + 7:1’1 +]I2 + k‘r3) = ﬂil(zlax27x3)F1(x07B(zla Ian3))'
Let us compute Ay f!. Immediately we get 820 fi= B’lagoFl. Moreover, by
Ou, 8 =871, 0p, Fy = 2,871 0511,
we find for any ¢ = 1,2,3

05, (BT Fy) = —2;, 8P Fy + 2,8 %03 14

and
831 (,BilFl) = 8331 (—a:,ﬂngl + .Z‘i,B72a/3F1)
= (327 — B*)B7°FL — 2} B0 1 + (8% — 227)B 0 Fy + 7 P05
= (3x] — B*)BT°Fy + (B° — 337)B 05 Fy + 27 B P03 FY.
So
(02, +02,+02,) (B ') =B 105
and finally

Agfi =087 ) =871 (550 + 5/%) Fy=p"'AoFy = 0.
O

The previous Proposition is a special case of a more general result. The next formulas are a
slight variation of [74, Theorem 4.1].

Proposition 5.2. Let m be odd and let f = Z(F) : Qp C R™"t — R, be a slice regular
function, with F' = Fy + e1 Fy. Then, for any k =1,2,..., it holds

k
AE L Fix) = (m=3) - (m—2k—1)Y VB0 £l (x), (29)

Jj=1

32



or equivalently

k+1
AE L fix) = (m=3) - (m =2k —1) Y a2 290"V By (Re(x), | Im(2)]),  (30)
j=1

where A, 11 = 02 —1—2] 10 j is the Laplacian of R™t1 and

M = (2k —j— 1) -, (31)

DTG D ) R

In particular, f. is polyharmonic of degree mT_l, i.€.

m=1
A2 fi=0.
Before giving the proof of Proposition 5.2, we need some preliminary results.
Lemma 5.3. The coefficients a of the previous Proposition satisfy the following relations:

1. we can define iteratively agk) as

GEHD ) — (2 — )(“ Vi=1,...k

J =4

(32)
a,(f) =1, aék) =0.
2. forany 7 =0,...,k it holds
k+1 - Ik
Y =3 (1) ﬂ<> (33)
1=j ’
Proof. 1. To prove (32), we just compute
(k) (= 2k = (=27 F 12k —4)!  (=2)7 7R (2k —j)!
BTGkl (G- DR )
(e @k =) |
— D)= (=2)(k—j+1
G- _]+1),[(J )= (=2)(k —j +1)]
_ YT D
(3—1)(k—.7+1)- b
2. Note that ] ]
GF D _ (2k —5)! 2Rk (2K — j)!
L gk = N=2)k J! (k=)
while, on the other hand
z’“:( 1)l,ju *) z’“:( s 12k —1—1)1  27k(=1)i~Fk z’“: 211 Zk:f l - 1)
- —a =) (= . = . :
' VA gk = D(=2)k! ! iy

33



Thus, (33) holds if and only if

Consider the right hand side of the previous equation:

k k—1

2%(214;7171 211 21@71 24(2k —1-1)!

+ 2FE),
(k —

M

I
<.

=Jj

note that
2012k —1—1)! 212k —1)! 212k — (1+1))!

k-0~ k-0 G-0+1!

l
thus the sum Zf: y % is telescopic and gives

kol 21%171) 2002k —4)
E == _ okL1
= (k=)
and finally
k ; .
21( 2k—l—1) 292k -5, L 202k — j)!
= IS kgl obp = S T
2 (k=) (k=)

I=j
O

Proposition 5.4 (Theorem 4.1, [74]). Let f: Qp — Ry, be a slice reqular function and let A,41

the Laplacian of R™TY, then for every k =1,...,[Z5] and any x € Qp, it holds

A fil@) =2"m—=3) - (m — 2k —1)85G(Re(), | Im(2)[?), (34)
where G: D C C — R,, is defined by G(Re(x), |Im(z)[?) = fi(z)

The goal of the following Proposition is to express (34) in term of derivatives of f..

Proposition 5.5. Let f: Qp — R, be a slice function and let G as before. Then, for any
k=1,2,... and anyx =a+ JB € Qp

k
95G(a, 87) =275 3" alW B2 0] fl(x), (35)

j=1

Proof. Let us write G(a, 8) = f. (a,/B), since f. only depends on Re(z) and |Im(z)|. Let us
prove the result by induction over k. First, note that

0,Gl0, B) = 0 (0, /B) = ﬁaﬁu;)(a, NG
and so 1
160, 67) = 5509 £2)(a 6)
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which is (35) for £ = 1. Now, assume by induction that, for some & € N, it holds

oka )=2" kZa

o11: (0. VB).

SO

k j—2k __;
G0 p) = % [ﬂ > a8 04 (o, JB)]
j=1

k .
_ 9— (k:) j— 2k j-2k-2 2lc 2 (()" 1 1*227“ P G+l /

k 2k 2 j—2k—1 2k 1 9t
o s e B

j=1
and
8§+1G( ﬁ2 — 9—k— 1Za(k){ 5] 2k— 28({;]f( ﬁ)-i-ﬂj 2k— 1aaﬁj+1f(a 6)]
—g—k- 1Za(k) /33 2k—2 2 f’(a B)| +
opI
k+1 i
Jr2k12a |:ﬂj 2k— zaﬁgf( 5)]
R S A P g
Pl ! 0B’
oz (k 1)
—(k+1) + 2(k+1) 57
B I fela, B),
20
where we have used (32). O

Proof of Proposition 5.2. (29) immediately follows from (34) and (35). Let us prove (30) from
(29). Recall that f! = 371F; and that for any j = 1,2,... it holds

i .
8(]) Zl' o ] lﬂl Jj— la(l)F

|
=0
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Then by (29) we have

Al fl=(m=3) o (m—2k = 1) a9 (371 =

j=1
J
_ (k) pj—2k J! i—1 gl—j—14(1)
_(m—S)-...-(m—Zkz—l);;aj BI- FTASR AR 3
kEok
:(m—3) (m 2]{:71)22 k)ﬂl 2k— 1?'( )g la(l
1=0 j=I
k k l
= (m=3) - (m—2k—1)Y pi~2- 12 k’ ~1)'Y Ry
7=0

7=0
k+1 ‘ _
= (m—3)- - (m—2k—1)> TV gi2k-290 "V,
j=1
O
5.2 Polyharmonicity of slice regular functions
Theorem 5.6. Let Qp C R™*L and let f € SR(2p), then for any k € N it holds
k w ‘ ‘
AL = —2m 1) 2k =)Dl (g ), (36)
Jj=1
or equivalently, if f = Z(Fy+ e1F1),
k+1 9
k+1 i—ok—2a(j
ARFLF = —2(m —1).---. (m—2k 1) al** )% (57 2k 2ag”F1) , (37)
j=1
where for k =0 we mean
0
A = 9(m — 1) (f).
wind = —2(m = 1) 2 (1) (39)
m—+1

In particular, any slice reqular function f : Qp C R™+tY — R, is polyharmonic of degree e,

i.e.
m—+1

A f=0.
Next Lemma shows that for circular functions the Laplacian and the slice derivative commute.

Lemma 5.7. Let f € S3(Qp), then it holds

0 0
A (aj;) S APN) (39)
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Proof. Since f € S2(Qp), f(z) = F(zo, B(z1,...,2m)), where B(x1,...,2m) = V2 +...22,.
By definition, if z = o + JB8 € R™*1,

of
ox

Note that for any i = 1,...m, 9,,J = ;871 — 2;J372, so

() = % (0o — JOg) F (0, B) = % (OaF (w0, B) = JOsF(x0, 8)) -

Ou, (0aF — JOBF) = 2,8 030aF — ;7' 0sF + 2;J3720sF — x; JB~' 05 F
and
2. (0aF — JOgF) = B 0300 F — 278 2050aF + 7372050 F + ;8 °0sF — wie; 205 F+
+ JBT20sF + wieifP0pF — a7 JBT 0 F — 227 J B 0 F + a7 JBTP05F +
— xe;B205F + 2} JBPOZF — JBTIOFF + 2 JBRO5F — 2} JB 205 F.

Thus, if A, = >, 02, we have

i=1~x;?
A (0o F — JOgF) = mB ' 030 F — B 0p0uF + 030oF + JB 203 F — JB~ O3 F+
+mJB2pF + JBT20sF — B0 F — 2J 37204 F + JBTIOGF+
—mJBOFF + JBTOFF — JOGF
=(m—1) [87'0s0F + JB20sF — JB~'O3F] + 030, F — JOSF.
So, the left hand side of (39) becomes

Apta (gi) :% [O3F + 0300 F — JOgOLF — JORF+

+(m — 1)(B7 050, F + JB 205 F — JB~'03F)] .
On the other hand, d,, f = z;37'93F and
02 f =B 1OgF — a}BP0pF + B O5F,

SO
Amirf = O5F + (m —1)870gF + O3F

and finally the right hand side of (39) becomes

) 1 _
5y Bmr1f) = 5(0a — JOB) (O3 F + (m —1)B7 105 F + 93 F)
= % [O3F + 030oF — JOg0LF — JORF+
+(m — 1) (87050, F + JB20sF — JBO3F)] .
This proves (39). O

Proof of Theorem 5.6. The proof of (38) can be find in [72, Proposition 9, (f)]. Let us prove
(36). By (29), if f € SR(Qp) we have

k
Ak = (m—=3)- (m—2k 1) a{¥gi=20{) £
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Now, using (38) and Lemma 5.7, which applies, since f! is circular, we have

oy ) ,
AL = M@ f) = =2m = D8 (P2 ) = 2= 1)L (a1
k
_ (0 9 (gi-2k50) pr
= 2(m—1)(m—3) - (mekfl);aj o (w 29 fs) .

Finally, (37) follows analogously by using (30), instead of (29).

5.3 Polyharmonicity in several variables

We can actually prove something more, namely a method to construct polyharmonic functions,
starting by harmonic functions in the plane.

Proposition 5.8. Let m be odd and let F : D C R x Rt — R,, be harmonic function, i.c.
AsF(a,b) = (02 + 02)F(a,b) =0 and let f : Qp C R™ = R,

1

fla,zy,...,2m) = F(a, J;2+...m3n).
( ) 3+ .12, !

Then, for any k € N it holds

k+1
AE L Faan, o am) = (m=3) - (m =2k —1) > a2V Pa by, o)),
j=1

where A1 = 0% + Z;nzl 3§j is the Laplacian of R™*L. In particular, f is polyharmonic of

degree mT_l, i.e.

m—1
Ami—lf = O
Proof. N hat f = =——L_F N 3 i i hat for s
roof. Note that for k =0 we get f Ty ow, suppose by induction that for some k
it holds

k
Al f=(m=3)- - (m—2k+1)> Py a0V F
j=1

then let us compute 92, (bj’%@éj_l)F) for i = 1,...,n. Recalling that
0, (0") = nab" 2, 0y, F = ;b L0 F,

we have _ . _ ,
O, (b] 2k6(J 1)F) (G — Qk)xibjfmcanlgj—l)F 4 xiby—QkflalE])F

and

a2 (bj—2kal()j—1)F) =(j— Qk)bj—%_?al()j—l)F +(j —2k)(j — 2k — 2)x22bj—2k—4al§j—1)F+
+ (j — 2k)22p 2R 390 oy pi 2190 g
+(j—2k— 1)$22bj—2k—38l§j)F + x?bj—Qk—Qalngrl)F_
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Now, since b? = Y"1 | 2

DO (RO F) = m(j — 2k)p RO 4 (- 2k) () — 2k — 2)0 20 P
=1

+ (] _ Zk)bj—Qk—la(j)F + bj—2k—18(j)F+

—|—(j—2k‘ )b] 2k— 18 F+bj 2kaj+1

= (m+j—2k—2)(j — 200290 VF 4 (m 425 — 4k — )Y 2100 Py

+ o2

and by the harmonicity of F,

Ay (W 2ka] 1)F <32+Zaz> 721@5}9‘—1)1;)

= (m+j—2k—2)(j — 20290 VF + (m + 25 — 4k — )Y py

+ V2RI (9RF + 02 F)

= (m+j—2k—2)(j — 20020V VF 4 (m + 25 — 4k — DY 190 R,
b b

Letussplitm+j—2k—2=m—-2k—1+j—1land m+2j—4k—1=m —2k -1+ 25 — 2k,
so we have

At (V0P VF) = (m — 2k — 1)[(j — 2k)/ 200"V F + v/ 219
+(j = 1) - 20200V 42 — k)Y 9 R

and considering the whole function f we have

k
AE =B (AL ) = (m=3) o (m =2k + 1) al A (V207 TV )
j=1
k
=(m—=3) .- (m—2k+1)(m—2k—-1)>_ a{[(j pi—2k=290 " p 4 =21 90) g
j=1

k
+(m=3)- e (m—2k+1)> alV[(j — 1)(j — 20290V F 4 2(j — k)b 210l P,
j=1
Let us focus on the second sum and let us prove that it is actually zero. Indeed, we have

k k
S al (- 1) - 2k)b 200V F + 3 alP2(j — k)R lg R
P j=1

Il
MW N

af?(j = 1)(j — 2k)p>F 200V F + Za"“ (G — k- )pi—2-290 D p
j=2

<.
= |l
[\v]

20—k —1) +al® 2( — k — )220V F,

<.
Il
N}

39



but, by definition of a§-k)
af 20— k—1) +al 20— k- 1)

@k =j D'k

_ (2K — j)!
T G-k = )i(—2F

(G —2)(k — 5+ DI(—2)k—d+1

2(j —k — 1)

B —(2k — j)! . (2k — j)! 0
=2k =(=2)F (G =2k = =2~
So, finally
k
Ak f=(m=3) . (m—2k+1)(m—2k—1 Z k) k290D g pi=2k=1p(0)
k+1
=(m—=3) - (m—2k—1) |3 a’(j — 2k)p/ 2200~ 1)F+Za 29UV

|
_

j=1

k+1 bj 2k — 26(] 1F

= (m=3)- - (m—2k—1) ,

a;

-5

(
J

j=1

where we have used the property a T = a(k) +(j — 2k)a; () and that a =0ifj¢{1,...,k}.

Remark 9. Note that, f may not be a slice function. Indeed, consider F(a,b) = a* —6a%b? + b*,
then

Jié 5 (334)0
2 2 2 2\3 '
f(@o, 21,22, 73) = ———= —6ap\/2] + 25 + 25 + (2] + 23 +73)2 = ——ZF—
i+ a5+ i+ x5 + a3

is an harmonic function, which is not slice. This follows from the unicity of the stem function
and that f would be induced by F, which is not a Stem function, since it does not satisfy (5).

Corollary 5.9. Let Qp C H" and let f € SY(Qp). Suppose that gp{ =0, forsomeh=1,...,n
h
then the partial spherical xp-derivative of f is harmonic with respect to xp, namely

Proof. Let F = ZKEP(n) ex Fi such that f = Z(F). Since f € ker(9/0x%), Ay pFx = 0, for
any K € P(n). For any y = (y1,...,Yn), it holds A4’hfé)h( ) = Au(f)s(yn) and for any fixes
y=¢u... g, (Z,w,2"), it holds

1
(fi)la, @1, 22, 23) = WGZ (a, \/m> ;

Gz <CL,\/JC%+$%—|—[E§) = Z [JK,FKU{h}(Z/,w,Z”)].

KeP(n),h¢K

with

In particular, A»Gj = 0, and so, by Proposition 5.8, applied with m = 3, we get that Ahf;h =
0. O
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Corollary 5.10. Let Qp C (R™T1)"™ and let f € S'(Qp) Nker(9/0z%), for some h=1,...,n.
Then it holds -

A’rnTJrl,hfg,h == 0.
Proof. The proof is analogue to the proof of the previous Corollary, where we apply Proposition
5.8 for any m. 0
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6 Almansi decomposition

6.1 Classical Almansi decomposition

We present the Classical Almansi Theorem [1]. We give the proof, which is taken from [5,
Proposition 1.3], to understand the properties of the components in the classical decomposition.

Theorem 6.1. Let f: D C R" — R be a polyharmonic function, i.e. AP f =0 for some p, in
a star-like domain D with centre 0. Then, there exist unique harmonic functions hg,...hp—1 in
D such that

f@) = ho() + |2Pha(2) + ... |2 P72 Ry (2) = Z |2 * By (). (40)

Proof. Let us prove the theorem by induction over p. For p = 1, it means that f is harmonic,
so we can take hg = f. Now, suppose that AP f = 0 and that the theorem holds for p — 1. In
particular, since Af € ker A2~1 there exist unique harmonic functions go, . .. gp—2 such that

Apf = ZTQJg] Zr2j 2g;-1( Vz € D,

where r = r(z) = />, 27. Define for j =1,...,p—1

mw) =1 [ oty enie (41)

and

ho(x) = f(x) - Z r#hy (). (42)

Then, by (42) we have f(z) = Zj 0 r27hj(33) and, by (41), Aph; =0 for any j =1,...,p— 1.
We only need to prove that hg is harmonic as well, or equivalently that

Ay (r¥7h(2)) = r"2g; 1 (2). )
Note that
Ay (r¥hj(z)) = Ap(r¥)hj(z) + 1% Aphj(x) + 2 Z 8T gh
€T Zq
or?d Oh;
=A ( + 22 0x; Ox;’

since h; is harmonic. Let us compute the other terms:
2j 2,25
or ) o O0°r

= 2jxr¥ 2
8:@- g 8:53

and so A,r% = 2?21 2jr2=2 4 2j(25 — 2)x?r2j—4 = 2j(n +2j — 2)r¥~2. Thus, the previous
equation becomes

=2jr¥ 2 4 2j(2j — 2)adr? 1

. . n . h.
Ay (7’2th (z)) =2j(n+2j — 2)r#72h; 42 Z 2jzjr2J*2%

i=1

Oh;
— 22 — —J
=r {4](] 1+ )h +4jr(‘3r}’
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since & =" | 0 50, In particular, (43) reduces to

4](]—1+ )h —|—4j7"88i gj—1.

Let us multiply both sides of the previous equation by 77~21% and integrating with respect to
r, which is allowed since D is star-like, it becomes

. n " i_oamn " - E@ 1 r o, mn
(J—1+§)/0 I 2+zhj(pt9)dp+/0 I ”‘A‘afphj(p@dp:@/o P25 g1 (pf)dp.

We integrate by parts the second integral
" q4in O i qynqr . n P
/O protE 7, (P0)dp = [hi(p0)p? 2] = (] —-1+ 5)/0 PR (pf)dp

= h(ro)r’ =15 — (j -1+ E) / PP Sy (pB) dp,
2 0

so the previous equation reduces to

1

hy(r)ri =1+ = @/o PR g1 (p0)dp,

now, let & = p/r, then (43) holds if and only if
R T |
()7 = /O (€2 gy (Ert)rd = £ /0 &2 g, (Erb)de,
and setting « = 6, we conclude by (41). O

Corollary 6.2. Let Qp C R™! and let f be a polyharmonic slice function. Then, the compo-
nents of the Almansi decomposition are slice functions, too. Analogously, if f is a circular slice
function, the components of the Almansi decomposition are circular functions.

Proof. Recall that if f € S(Qp), then A1 f € S(Qp) and fol ¢ f(ex)de € S(Qp), for any 1.
Then, the result follows, since the components are given by taking powers of Laplacian of f and
line integrals as in (41). O

6.1.1 Examples

Example 5. Let f: RS — Rs, f(z) = 2t = a* — 6028 + B* + JB(4a® — 4a3?). By Theorem
5.6, f € ker A}, so A2f is harmonic. Note that fi(z) = 4a® — 4a3? By (36), it holds

Agf(x) = —2- 47( —4ap?) = -8 (;’Z(zxai” - 4aﬁ2))

= 87 ( j ) - 4a62)) = —8Z(6a* — 2% + 4iaf3)
= —16(3 52 + QaBJ) € ker A2,
) , )
Af(x)=—2-4- 25— (8710540 — 4ap?)) = 716%(78@ = 64 € ker Ag,
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Since AZf is harmonic, it has triavial Almansi decomposition. Let us find the Almansi de-
composition of Agf € ker A2, following twice the step of the proof of Theorem 6.1. Agf =
ho(x) + |z|?hy(z), with

I / AL f(¢a)dE =

and
ho(x) = A f () — (02 + B2)ha (z) = — 1§° o? 43 52_32W

Now, let us set gg := hg and g1 := hy and let us find the Almansi decompos1t10n of f:

f(@) = ho(x) + |z *hy (@) + |z[*ha(z),

with )
1 1 16 1 1
h - _ 2 _ — .. =z
2(2) 8/0 £ —243g1(&x)dg s 3 1°¢§
1t 1/ 160 32 1 8
h _ 1-2+43 _ 2OV 2 9450 < o? 2_7
@)= 7 [ €@ Pamtennd = § (~1Par 4 Fot - 32000) § = ~Jat+ 07 - Sasy
and finally,
ho(z) = f(x) — |2[*h1(x) — 2| ho(x)
=at — 60’82 + Bt + JB(4a3 — 4af?) — (® + B?) ( 2 2 +1 52 - 6J>
1
—(CM4+64+2O(252)*
= Tot = a4 gt B (28 5 _ 152a52>.
Explicitly, for any o+ J3 € R™ ! we have
(@) = ho(x) + |z[*ha () + |2[*ha (),
with L
hQ(x) =&
hi(z) = —8a% + 22— Safl, (44)

ho(x) = Sa* — 2?2 + 58 + BJ (Ba® - 2ap?).

Example 6. Consider f : R® — Rs, f(7) = 2° = o® —10a®3% +5a* +5a*8J — 100233 T + 3°J.
Then by Theorem 5.6, f € ker A3. Thus, Theorem 6.1 states that there exist hg, h1, he harmonic
such that

f(@) = ho(@) + [o*h1 (2) + |2 ha ().

We can find hg, h1, he by following the proof of Theorem 6.1. Since f € ker A}, A2f is harmonic,
so its Almansi decomposition is trivial. Thus, we can find the Almansi decomposition of Agf =
ho + |x|?h1, where

/ AL f(w)de,  ho(z) = f(x) — |2[ha(2).
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Let us compute Agf and A2f. Since f is slice regular, by (38) we have

of, __of!
or ox

Asf =2(1—5)

fi(z) = ba* —10a2p% + B4, where B = |Im(x)|. Then, for any z = a + J3 € RS, it holds

Ofc (0 v a 10252, oy _+(L(0 .0 4 10n2/2 1 a4

. I<az(5o¢ 10a°B8°+ 8% ) =1 > \3a '35 (5a* — 10a”B% + %)
=T (10a® — 10a8? — i(—10a?8 + 258%)) = 10a® — 10a5* + JB(10a* — 257),

and so
Asf = —8(10a° — 10a8> + JB(10a” — 2%)).

Now, we can compute A2 f thanks to (36):

) , )
AYf==2(6-1)(5 = 3)5 (8705 f1) = —165 (200" + 457)
1[0 )
= —16Z <2 (8& — iaﬁ) (—2002 + 462)> = —16Z(—20c — 4iB3) = 64(5ac + J3).

So, by (41), with p = 2 and go = A2f, we have

1 1 1
hi(z) = 1 / E2ALf(Ex)de = 16(5a + Jﬂ)/ €3d¢ = A(5a + JB) € ker Ag
0 0

and

ho(z) = g f(x) — |2[*ha (z)
= —8(10a® — 10aB? + JB(10a* — 23%)) — (a? + B%)4(5a + JB)
= 20(—50° + 3a?%) + 12(=7a?BJ + B3J) € ker Ag.

Then, hg and h; are the components of the Almansi decomposition of Agf. Now, let us set
go = ho and g1 = hq, then let us find the components that decompose f. By the inductive step
we have

1
hj = %/O g, 1 (Ex)de, j=12
ho = f(x) = (& + %) (z) — (0 + B%)*ha(x).
Thus, it holds

1

1 1
ha(a) = /0 €249, (€a)dt = 2 (50 + J) /0 ghde = - (50 + JP),

1 1 1
hi(z) = Z/ 1723 g0 (Ex)dE = (=250 4 15a8% — 21a2BJ + 3ﬂ3J)/ &hde
0 0

1
= £(~250% - 150” — 210787 + 35°J)
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and
ho(x) = a® — 10?82 + 5a8* + 5a*BJ — 10a?33T + 35T+
—(a® + 52)%(45043 + 15a8% — 2102BJ + 383J)+
~ (o* + 202" + §*) 15 (50 + J)
= %(7& — 140382 + 3a8%) + §J5(21a4 —18a%8% + %)
f(x) = ho(x) + |&2hy () + |2|*ho(z), with
ha(x) = 15 (5 + JB),

hi(z) = 2(=5a° + 3a%) + 3 JB(—Ta? + ?),

(e[S}

ho(z) = 2(7a® — 140 8% + 3aB?) + 2JB(21a* — 182232 + B*).
Note that hg, h1, hy are slice functions.

Remark 10. The harmonic components of the Almansi decomposition of a polynomial can be
obtained also through the so called Gauss or canonical decomposition. Indeed, the components
of a homogeneous polynomial p,, of degree n are given by [6, §2.1]

n_k ,
(m+42n—ak— D1 2 (C1)im 4 2n — 4k — 25 — 3)1
2K (m + 2n — 2k — 1! = 2N (m + 2n — 2k — )N

——
|z AT (pn),

hk(l‘) = m—+1

Withk::l,...mT‘H.

6.2 Slice-Almansi decomposition in H
The following Theorem is taken from [70].

Theorem 6.3. Let Qp C H be an azially symmetric set and let f : Qp — H be a slice function.
Then there exist two unique circular slice functions hy, ho : Qp — H such that

f(z) = hi(z) — Tha(x). (45)

If f is slice regular, hy and ho are harmonic. More precisely, the unique functions performing
the decomposition are hy = (xf), and hey = fI.
Viceversa, let hy,hy : Qp CH — H be slice and circular functions such that

f(z) = hi(z) — Tha(x), Vo € Qp

be slice. Then, hy = (zf). and hy = f.. Moreover, f € SR(Qp) if and only if hy and he satisfy
the following system
8ah1 - Otaahz — ﬁaﬁhg = 2h2
{ 85h1 — OéaﬁhQ + BOshs =0,

where as usual o« = xg and B = | Im(z)|. In this case, hy and he are circular harmonic functions.

(46)

Remark 11. In literature, the term zonal harmonic is referred to harmonic functions defined
on a sphere S, which are constant along parallels orthogonal to some point n € S™. Thus, in
this setting, circular slice functions are zonal harmonic with respect to n = 1.
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We give the first part of the proof using the stem function’s language. This proves also the
same decomposition for Clifford algebras (6.4).

Proof. Let us prove the first part of the Theorem. Note that f = (zf); — Zf; if and only if
F=(Z®F),—-Z®F!.. Since

ZQRF = (a + elﬂ) ® (F() + 61F1) = afy — BFI + el(OcFl + BFO),
it holds (Z ® F)., = B~ (aF} + BFy) = aB~'F, + Fy. Moreover,
ZRF =(a—e1f)@B'F=af 'F —e I,

thus
(Z@F),~Z®F.=af 'Fi+ Fy—aBf 'F, +e,F, = F.

Moreover, by definition, (zf), and f. are circular functions and by Propostion 5.1, (zf), and f!
are harmonic if f is slice regular.
Finally, suppose that hi, ho are circular functions such that f = hy — Thso, then

fo=(h1 = Tha) = (M) — (Tha), = —(@),(h2)S — (@)(h2)s = o
and

(2f)s = [x(hy = Thy)]; = 2 (h1 — Tha)g + 25 (h1 — Tha)
= hy — (Tha)g + o[ (T)5(ha); — (T)5(ha)i] = h1 — ahy 4+ ahy = hy.

Let us prove the second part. If f € S(Qp) and f = hy — The = (zf), — Tf], by the uniqueness
of decomposition (45) it must be hy = (xf), and he = f.. Moreover, let F = Fy + e1 F1, with

Fo(a+if) = hi(a+ JB) — aha(a+ JB), Fi(2) = Bha(a + JB),

for any J € Sy. Note that, since hy, hy are circular functions, they do not depend on the
choice of J, so Fy and F; are well defined. Morevoer, Fy(Z) = Fi(z) and F|(Z) = —Fi(z), so
F € Stem(D). Moreover, for any © = a + JJ3,

I(F)(z) = hi(z) — aha(x) + JBhe(z) = hi(x) — Tha(z) = f(z).

Thus, f € SR(2p) if and only if F is holomorphic. Note that (46) is equivalent to the holomor-
phicity of F', indeed

O0aFo = 0gF1 <= Ooh1 — ha — aOyhy = ha + BOgha
O 1 = _8BF0 < [0 h1 = —8,3}12 + aaghg.

Finally, since (zf), and f] are circular harmonic functions, so are hy and ha. O
6.3 Slice-Almansi decomposition in R,,

The results in this subsection are taken from [71].

Theorem 6.4. Let m be odd, let Qp C R™t! be an azially symmetric set and let f : Qp — R,,
be a slice function. Then there exist unique circular slice functions hy,hs : Qp — R, such that

f(x) = hi(x) — Tha(x). (47)
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m=3
If f is slice regular, then hi,hy € ker A, % ,. As before, the unique functions performing the
decomposition are hy = (zf). and hy = f1.
Viceversa, if hi,ho : Qp C R™TY = R, are slice and circular functions such that

f(x) = hi(x) — Tha(x), vz e Qp
is slice, then, h1 = (xf); and hy = f;. Moreover, f € SR(Qp) if and only if hy and hy satisfy

system (46) and in this case, hy and hs are circular polyharmonic functions of order mTfl

Proof. The decomposition is proven in the same way of Theorem 6.3. Finally, proceed as in

m=3
Theorem 6.3, but apply Proposition 5.2, instead of Proposition 5.1, to get that ho, hy € ker A 7 ;.
O

Corollary 6.5. Suppose that Qp C R™t! is a star-like domain, with centre 0, let f : Qp — R,,
be a slice reqular functions and let f(xz) = hy(x) — Tha(x) be the decomposition (47). Then, we
can further decompose

m—=3

f@)= ) lafPu(z) - T
§=0

m—3

2
> l2l¥v;(x),
=0

with w;,v; circular harmonic functions, forj =1,..., m=3 " Furthermore, there exist gg, . . ., gm—s

ker OA,, 11, where O is defined in (66), such that

w

m—

@)= 3 lafPg,(a). (48)

§=0
In particular, gg, ... ;gm—s are biharmonic slice functions.
Proof. By Theorem 6.4, h; and ho are circular and polyharmonic functions of degree mT—S on
the star-like domain Qp, hence by Theorem 6.1 there exist ug, ..., Um 3,00, Um_s circular
and harmonic functions such that
m=3 m=3
2 ) 2 )
hi() =Y |o[Pui(@),  ha(x) =Y [aPv;(x)
j=0 J=0
and so
m=3 m=3
2
flx) = ha(@) = Tha(z) = Y |2[Puy(@) =7 Y |27 vy(a)
Jj=0 Jj=0
Set g; = u; — Tv;. Thus, by the harmonicity of u; and vy, it holds
Am+1gj = Am_,_l(u]‘ — f’Uj) = Am+1u]' — Am_:,_l(f)’l}j - fAm_;_lUj —2Vx -V, = —28’()]‘,
and so )
5Am+1gj = —258?)j = _iAmij =0.
Finally, for every j =0, ..., m,T—37 the functions g; are slice, since u;, T, v; are slice functions and

biharmonic, since AZ ,,g; = 90A,419; = 0.
O

Remark 12. We can see that (48) is formally equivalent to (40), but the components in (48)
are only biharmonic. By the uniqueness of (40), they cannot be harmonic.
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6.3.1 Examples

4

Example 7. Let f : RS — Ry be the slice regular function f(x) = x* as in Example 5. Then,

the slice-Almansi decomposition of f is
f(x) = (2°), — (2*), = 5a* — 1062 + B* + (—a + JB)(4a® — 4aB?).

By Proposition 5.2, (2°), (%), € ker AZ, then there exist harmonic functions ug, u1, vo, vy such
that
(2°)s = uo + |z[Pur, (&) = vo + 2?01

Let us find them explicitly, through the Classical Almansi decomposition. Since (z°)’, € ker A2,
Ag(2°)] € ker Ag, with

Ag(2°)s = (5= 3)8719p(a"); = 287 195(5a" — 10a*p? + B*) = 8(5° — 5a?),

1 1
(@) = [ €AY ode = 38 —50%) [ €-¢ag = 267 — 20 e er

2
uo(z) = (2°)(x) — |z]?ui(z) = 5ot — 10026% + 5% — (® + 52)5(62 —5a%) =
=Ta* - %azb’z + gﬂ4 € ker Ag.
In the very same way, we have Ag(2*), € ker Ag, with
Ag(z)e = (5 —3)8710s(x*) = 2871054 — 4aB?) = —16q,
then
1! 1 !
vi(z) = 1/ §P NG () (Ex)dE = 71604/ % - €d€ = —a € ker Ag;
0 0

vo(z) = (2%)L(2) — 201 (2) = 4a® — 4aB? — (@ + B?)(—a) = 5a® — 3a8? € ker Ag.

S

Thus, we have
f(@) = uo(@) + |z[Pur(x) — Too(x) — |2[*Tv: (2),

with harmonic components
up(x) = Ta* — %0252 + %,84
ui(x) = —20° + 257

vo(z) = 5a® — 3a3?

v (z) = —a.

Moreover, by considering
= a4 27T 9.0 34 3 2 2
gozuo—]}UOZQOz —ga ,6 +56 +JB(50¢ —30(6 )EkerAG

and 5
g1 =u1 —Tv; = —a’ + 5ﬁ2 —afJ € ker A2,
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it holds
f(x) = go(x) + |z[*g1 (). (49)

Note that g; and gy are biharmonic, moreover, as stressed in Remark 12, (49) is formally equiv-
alent to Classical Almansi decomposition (44) and by the uniqueness of Almansi decomposition
(40) we can infer that go, g1 are not harmonic.

Example 8. Let f : R® — Ry be the slice regular function f(x) = z7. Then, the slice-Almansi
decomposition of f is

f(z) = (%), —z(z"), = 8a" —560° %2 +560°3* —8a B + (—a+JB)(7a’ —35a* B2 +21a2 5% — 5Y).

By Proposition 5.2, (x®)%, (27)% € ker AZ, then there exist harmonic functions ug, u1, v, v1 such
that
(@) = uo + |zfur,  (27); = vo + 2?01

Let us find them explicitly, through the Classical Almansi decomposition. Since (z8)’, € ker A2,
A6(Z‘8); € ker Ag, with

Ag(2®), = (5 —3)8710s(2%) = 287195(8a" — 56a° 5% + 560°B* — 8a3%)
= 32(~7a° + 14a33? — 3a8%),

then
1! 1 1
w(e) = [ €8 (ohde = 132(-Ta® + 140’8 —3a8") [ - e
0 0
= —70° 4+ 140> 5% — 308* € ker Ag;

ug(x) = (2°)(x) — |x[Pur ()
=8a" — 560°3? + 56038 — 8aB5 — (o 4 B2)(~Ta® + 14a°5? — 3a5?)
= 15a" — 63a° B2 + 450> 8* — 5a8% € ker Ag.

In the very same way, we have Ag(z7), € ker Ag, with
Ag(z™) = (5-3)8710s(z"). = 2871 05(7a® — 350" 8% +21a2 p* — 89) = 4(—35a* +42a° B> —35%),
then
1 ! 1-2+43 4\7 1 4 22 4 ! 2 4
v(@)=,/ ¢ Ao(a?);(Ez)dE = 7 4(=35a" + 420757 = 367) | € -€dE
0 0
= ;(—350/1 + 420257 — 38%) € ker Ag;
vo(x) = (27)y(x) — |z[*v1 (2)
=705 — 350* 3% + 21028 — 8% — (o + 52)%(—35044 +42025% — 364
=12a° — 36082 + 1—2804254 — éﬁﬁ € ker Ag.

Thus, we have
f(x) = uo(x) + |z[*ur (z) — Tvo(z) — |z[*Tv1 (2),
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with harmonic components
up(x) = 150" — 63a° B2 + 450>+ — 5a3°
up(z) = =70 + 140382 — 304

vo(z) = 1228 — 3604 3% + %azﬁzl — %66

vi(z) = —5a’ + 6a2p5% — 354

Moreover, by considering

207 31
go = Uy — Tvg = 3a’ —27a° B2 + 704364 — 7@66+

+ Jg (12046 —36a%p% + gcﬁﬁ‘l — 356> € ker AZ
and 18 5
g1 = w1 —Tvg = —2a° + 8a3B2% — 7aﬁ4Jﬁ <5a4 + 60232 — 7/34> € ker AZ,
it holds
f(z) = go(@) + |z]g1 ().
6.4 Slice-Almansi decomposition in several variables

We extend also to Clifford algebras results proved in [8] for several quaternionic variables.

Definition 6.1. Let Qp C H", or Qp C (R™TH)" with m odd, let f € S(Qp) and H € P(n).
For every K = {k1,...,k,} C H, with k1 < ... <k, define over Qp,, the slice functions

=1

p 1
SK(f)=(ax © flyn = (Hwk ®f> ;
s,H

and set Sg(f) = f. It H = [m] := {1,2,...,m} is an integers interval from 1 to some m €
{1,...,n}, we can write VK € P(m)

SIS = e @ O

s,m?

where y g is the characteristic function of the set K. Note that, in this case, we can use the
ordinary pointwise product as well as the slice product [50, Proposition 2.52]. If f = Z(F), every
SH(f) is induced by the stem function

GH(F) = (Zxk @ F)y,

where Z; € Stem(C") is the stem function Z;(aq + 61, ..., o +165) := ¢ + €;5;, inducing the
monomial z;, for any j =1,...,n.

We can now formulate the analogue of Theorems 6.3 and 6.4 in several variables.

Theorem 6.6. Let Qp C H", or Qp C (R™TH)™, withm odd, be a circular set and let f € S(Qp)
be a slice function. Fiz any H € P(n), then
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1. we can decompose f as

fl@) =Y (-)"E@) 4 © SE() (@), (50)
KCH
where (T), = szl Ty, if T=A{t1,...,ts}, with1 <ty <--- <ty <n.

2. if H # [n], SE(f) € Se.u(Qpy) NSp(Qpy,), for every K C H, where p = min H®, while
SE[?]] € Se.1n1(py,p ), for every K € P(n);
3. suppose f € SR(p), then
(a) ZfQD C Hn, A4’hSIIg(f) =0, Yh € H, VK C H;

(b) if @p C (R™H), A 2, SE(f)=0,Vhe H, VK C H;

4. [ € SR(Qp) if and only if SH(f) € SRy(Qpy,), VH € P(n) \ {1,...,n}, K C H,
p = min H¢;

5. f € Sr(Qp), i.e. f is slice preserving (see Definition 3.12), if and only if SE;LH (f) is real
valued, VK € P(n).

Remark 13. For any H € P(n) we can define the linear operator

ol H|

ST:8(p) > f = {SK(N} ey € Sen(Qpy) NSp(py))"
where p := min H°.
Before proving Theorem 6.6 we need some preliminary results.
Lemma 6.7. For every m =1,...,n, it holds

1. (xm);h = (Zm)}, = Ohm and (fm);h = (Zm)}, = —Onm, where §; ; is the Kronecker
symbol;

2. (xm)g,h = Tm,; (Em)z,h = Tm, (Zm»i: L, (7771)2 = Zp if h # m and (xm)(s),m(x) =
@) e m () = Re(@n), (Zm)p(2) = (Zm)p(2) = Re(zm).

Proof. Since z,, = Z(Z,,) and T, = Z(Z,,), it is enough to prove the properties for the slice
funtions or for the stem functions. By Proposition 4.9 (3), since z,,, Tm € Scn(Qp), Yh # m,
immediately it holds

(xm)(s),h = Tm, (jm):,h = Tm, (mm);,h = (fm);,h =0.

Finally, by direct computation,

and
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Proposition 6.8. Let F € Stem(D) and fix H € P(n). For every K C H, the functions GIL(F)
satisfy the following properties:

1. For every m ¢ H, it holds

GHL(F) = Glot ) (F) = Z,, @ GIOU (F). (51)

2. For every h € H it holds

!

Gl = (2" e G @) -

3. Explicitely, for z = (z1,...,2n) € D\ Ry, with z; = aj +if3;, we have

GR(F)(z)= ) er (Z OéK\LﬁH{LF(TUH)\L(Z)> : (52)
TCHe LCK
4. If F is holomorphic, then every GE(F) is m-holomorphic, Ym ¢ H.
Proof. 1. Apply (26), (28) and Lemma 6.7, then
Hu{m 2 HuU{m / 2
Gkuimi(F) ~Zn @G (F) = (Zxupmy @ F) Hupmy ~ Am ® (2K ® F)im) =
7\’ — ’
= (Zxom © F),,), ~Zn® ((Zx @ F),,)),
° ! 72 o o
= ((ZKU{m}):n ® F> + (ZKU{m})m ® Frln)H —Zm ® ((ZK);,1 QF) + (Zk)y, ® F,/n);l
= (Zxk @F% + amZig @ FL)y — Zm @ (Zx @ b))y
= (Zx @ F2 + amZk @ Fly — Zn @ Zi @ Fly) 'y
/

=(Zk ® (Fy, +1Im(Z,) @ F),))y = (Zx @ F)y = G (F).

2. Tt follows immediately by definition of G (F).
3. We procede by induction over |H|. Suppose first |H| = 1,i.e. H = {h} for some h € {1,...,n},

then we have two components G(}{)h} (F) and G}Z%(F ). Let us compute them explicitely:
i (F) = F} = > erBy Fromy,
TeP(n),hgT
GUY(F) = (Zn @ F)), = (Z4)), ® F + (Zn); @ F,

S erPr+ Y eranBy Frop-
TeP(n),hgT TeP(n),h¢T
Now, suppose that (52) holds for some H € P(n) and let us prove it for H' = H U {m}, for any
m ¢ H. Suppose first m ¢ K, then

GH(F) = ((Zx @ F)y) = < D er (Z QK\LBHiLF(TUH)\L>>

TCH® LCK
=B Z er (Z OZK\L/BIRLF(TUHU{m})\L>
TCHe\{m} LCK

—1
= Z er (Z OéK\Lﬁ(HU{m})\LF(TUHU{m})\L) .

TC(HU{m})e LCK
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Suppose now m € K, then

’ i
G (F) = (Zm® (Zicomy @ F)}y)

/

-1
Zm @ Z er Z a(K\{m})\LﬁH\LF(TUH)\L

TCHe LC(K\{m}) .
-1
- Z er Z a(K\{m})\L/BH\LF(TUH)\L +
TCH* LC(K\{m}) .
/
-1

tam | Y er Y aw B Frumn

TCH® LC(K\{m}) .

-1
- Z er Z AR\ mIN\LB g FrumnL | +
TCHNmY)  \LC(K\{m})

- -1
+ B E er E AR\ mI\LB g L FruaU{m)\L
TC(He)\{m} LC(K\{m})

-1
= Z €T Z aK\({m}UL)B(Hu{m}\(LU{m})F(TUHU{m})\(LU{m}) +

TC(HU{m})e LC(K\{m})

“1
+ Z er Z LB o gmn L FTUHUm\L

TC(HU{m})e LC(K\{m})
S PP |
TCH’ LCK

4. F and Zk are holomorphic, so is Zx ® F. Finally, GIZ(F) = (Zx ® F)’; is holomorphic with

respect to z,, for every m ¢ H, by Proposition 4.10.

Next Lemma will be used to prove 5. of Theorem 6.6.
Lemma 6.9. For every H € P(n) and every K C H, it holds on D \ Ry
Bt > erFrur =Y (=D)MarG, kum (F),
TCHe TCH\K
where, if H={1,...,n} we mean
Br'Fr = Z (—1)'T'aTGE[Z<HUT)C(F)~
TCKe

Proof. Let us proceed by induction over |H|. First, suppose H = {h}, for any h =1,
K =0,{h}. If K = (), we have

Yo )TarG) 1 (F) = GHAF) — anG (F) = (2, ® F), — anF,
TC{h}

= FP 4+ apF) — apF) = Z erFr,
TC{h}e
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where (28) and Lemma 6.7 has been used. If K = {h}, immediately we get
Gé{)h}(F) = F;L = ﬁ;l Z eTF{h}UT-
TC{h}e
Now, suppose that (53) holds for some H € P(n) and let us prove it for H' = HU{m}, with any

m ¢ H and any K C H'. Let us split m € K and m ¢ K. If m € K, let us set K’ := K \ {m},
then we have

> (DMarGigun(F) = > (=D)Mar (Zingeur) @ F) gy,

TCH\K TCH\K'
li /
/
= X WPar Zmuwun @F)y | ={ Y. (DTarGH cur(F)
TCH\K’ m TCH\K’ m
/
= (5;{} > eTFK’UT> =Bx" > erFrxur.
TCH¢ m TC(H')e
Finally, if m ¢ K
Z (*UlTI@TGg/\(KUT)(F) = Z (*U'TIOZTGgf\(KUT)(F)JF
TCH\K TCH\K
- Z (_1)‘T‘amO‘TGg\(KUT)(F)
TCH\K
I
= Y (DTar ((Zn® Emuxory @ F),,) = > (D) Mamar (Zingeor © F)y,,,,
TCH\K TCH\K
T ° Y
= Y )Ty ((Zmacor) @ F);, + o (Zinxeor © F))H +
TCH\K
/
- Y (Y Mamar (Ziyxur @ F)
TCH\K

o

= Z (—D)Mar G eum (F) | = (5;(1 Z eTFKuT) =Bx" Z er Frur.

TCH\K TCH¢ TC(H')e

m

O

Proof of Theorem 6.6. 1. Let us prove that decomposition (50) holds for stem functions, too,
namely that for any H € P(n) we have

F= Z (_1)‘H\K|7H\K ® G (F). (55)
KCH

We proceed by induction over |H|. Suppose first H = {h}, for some h = 1,...,n, then we have

GUYF) = Zh @ G (P) = (2 @ F)), — 21, @ F, = Fy, + oy Ff, — oy, Fj, + Tm(Z,,) ® Fj, = F,
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by (26) and Lemma 6.7. Now, suppose (55) holds for some H € P(n), let us prove it for
H' = HU{m}, with m ¢ H. We have

Z (*DIH’\K@H/\K ® Ggl(F)
KCH'

= > (Y)IEIZ @ GO () = Y () Z g 0 Z @ G ()
KCH KCH

= 3 ) Z o (GROTF) = Zn @ GO ()
KCH

= > ()"EIZgk ® GR(F) = F,
KCH

by (51) and the inductive hypothesis. Now (50) easily follows, indeed

f=I(F) =1 ( S (C)HEIZ G%(F))
KCH
= Z WK (Zik) © I (GR(F)) = Z (—1)!HE (@) ik © SE(f)-
KCH KCH

2. Forany K C H, S{(f) = (¢ © f)l ir € Se.u(Qpy) N Sp(Qpy, ), by Proposition 4.9 (1).

/
3. Write SE(f) = (xXK(h) QSH\{h}(f)) g By hypothesis, f € ker(9/0x¢), ¥t = 1,...,n, then,

E\{h}
by Proposition 4.10, Sg\\%,?i (f) € ker(9/0zf) and thanks to Leibniz formula [50, Proposition

3.25], 2} © SEVUY(f) € ker(9/0a5). Finally, by Corollary 5.9

/
ASE(F) = A (e W 0 ST ) =0

4. =) By hypothesis, rx © f € SR(p), then SE(f) = (v ® i € ker(9/0zf), for any
t ¢ H. In particular, SE(f) = (zx © f), g € ker(9/0z5) N Sp(2p) = SR,(p), by Proposition
4.2.

<) It is a particular case of Proposition 6.12, we will prove later.

5. f is slice preserving if and only if Fi is real VK € P(n), which by (54) is equivalent for
GE?]] (F) = Sggﬂ(f) to be real valued for every K € P(n).
[

We highlight the unique character of the decomposition, indeed for every choice of H € P(n),
the functions S (f) are the only H-circular functions that realize decomposition (50).

Proposition 6.10. Let f € S(Qp) and fixr H € P(n). Suppose that there exist functions
{hK}KCH such that hig € SC,H(QD)7 VK C H and

fla) =Y )M @) 4 g © hic ().

KCH

Then hx = SE(f).
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Proof. Apply (25) and the hypothesis hr € S g(2p) in the following computation

Sk(f):=(@r®f)on= <$K © Y (=DM @)y © hT)
TCH s,H

S T (a0 g 1)

/

= Z (_1)|H\T\ (xK ® (E)H\T) . ® hy.

87

57

!
Now we claim that (xK ©) (f)H\T) = (—1)\El 5y 7 which would reduce the prevoious

equation to SE(f) = hx. Suppose first that exists h € T\ K C H, then T O(T) g7 € Se,n(Qp),
I
thus in particular (xK o (7) H\T> y 0. Viceversa, suppose h € K\ T C H, but again

S,

T © (E)H\T S Sc,h(QD)7 indeed

2K O (T) g = ThTh © T\ (1) © (T) g (rogny) = (@0 + BT\ (hy © (T) g (rugny) € Sen(2p)-
Thus, the unique non trivial element of the sum refers to 7= K, for which we have

o= (oo (w)mK);K);H\K ~ (@re© @),

/

= ((E)H\K)&H\K = (-

where we have used (25) and Lemma 6.7 (1). O

(CUK © (E)H\K)

6.4.1 New one variable interpretation of slice regularity

We now give a one variable interpretation of slice regularity in terms of partial slice regularity

of the functions Sg(mﬂ (f)-
From Theorem 6.6, we emphasize the particular case in which H = [m] = {1, 2, ..., m}, that
leads to what we call an ordered decomposition of f.

Corollary 6.11. Let f € S(Qp) and fix any m € {1,...,n}, then we can orderly decompose f as

J@) = 3 ()@ S )@), (56)
KeP(m)
where K¢ = [m] \ K. Moreover,
1. ifm < n, SENF) € Semy (Qppy) N Smst (py,, ), for any K € P(m);
2. suppose f € SR(Qp), then

(a) if Qp C H", ASEV(F) =0, Vh < m, VK € P(m);

(b) if Qp C (R, A,

Strl(f) =0, vh < m, VK € P(m).
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We point out that formula (56) holds with the ordinary pointwise product [50, Proposition
2.52]. On the contrary, in (50) the slice product is necessary.

Proposition 6.12. Let f € S(Qp), then f € SR(Qp) if and only if S&m]](f) € SRim+1(2p),
Vm =0,...,n—1, K € P(m).

Proof of Proposition 6.12.

= ) We have already proved in Theorem 6.6 (4).

<= ) For any m € {1,...,n} consider the ordered Almansi decomposition (56) of f. Recall that
0%y /0x§ =0, Yh,k=1,..,n and 8/8x§1+1(8g(m]] (f)) =0, for every K € P(n), so applying [50,
(73)] it holds

P P . - C 95l
= DT @ SN | = 2 () (@) 0 DD g,
o ou ox
e mHL \Kep(m) KeP(m) m+1
O

The previous characterization resembles the one given in Theorem 4.14, in which iterations
of spherical values and spherical derivatives (also referred as truncated spherical derivatives
D.(f)) have been used. It is easy to see that truncated spherical derivatives can be expressed as

real combinations of the components S ;[(m]]( f) and viceversa, making the two characterizations
equivalent. Next Lemma provides, indeed, a twofold relationship between truncated derivatives
and the components of the ordered Almansi decomposition (Corollary 6.11).

Lemma 6.13. Let H € P(h), then it holds
h
D=3 (~DERe(rx)SHh k(). (57)
KC[h]\H

Viceversa, YK € P(h), we have

S = 3 Relwn) Dl xyon(f)- (58)
HEeP(K)

Proof. Let’s prove formula (57) by induction over m = 1,..., h.
For m = 1, we have two possibilities: H = () or H = {1}.

H=0:
Dé(f) = (f):,1 = (xlf);,l - Re(xl)fég
= (1) Re(2g)SEY () + (1) Re( 1) SE (),
where we have used (27).
H={1}:
Diy(f) = fla = (=) Re(a0) S5 ().

Assume now that (57) holds for m — 1, namely that VH' € P(m — 1) it holds

m— m—1
DRt N = Y (COERe(a)ST N ok (),
KC[m—1]\H")
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and let’s prove the formula is true for every H € P(m).

Suppose first m € H, then [m]\ H = [m—1]\ (H \{m}), thus define H' := H\{m} € P(m—

so we have
DE(f) = (DF (),
!/
m—1
KC[m—1]\H’ om
_ K [m—1] !
KC[m—1]\H’
= Z (_1)lKIRe(xK)S([[EZJ]]]\H)\K(f)-
Kc[m]\H)
Conversely, suppose that m ¢ H, then H € P(m — 1) too, so

Dy (f) = (Dg_l(f)):’m = (-rmDm 1(f))s m Re(wy,) (Dm l(f))s m

_(I"’ D (1>'KRe(mK>S?&?JJPH\H>\K(f)) ’

KC[m—1]\H)

)

—Re(xm>( > <—1>'K'Re@K)S&’”m‘l}]ﬂ\H)\K(f))

KC[m—1]\H)

m—1 '
= > (—1)‘K'Re(:vz<)< S E]H\H)\K(f)) o
KC[m—1]\H)

_ Re(.ﬁm) Z (—1)|K‘R€($K) (S(Hm_ll]]]]\H)\K(f))/

KC[m—1]\H)

>0 COMIRe@)SE ya()F
KC[m—1]\H)

+ > IR k) ST i oy ()
KC[m—1]\H)

= Y D)EIRe(a) ST vk (D)

KcC[m]\H)

s,m

Let’s prove, now, formula (58), again by induction.
Form =1, K C {1}) = {0,{1}}:

S5V = £l = Dy (f)

SEN) = @)y = 31+ Re(mn) £y = Dy(f) + Re(a1) Dy ().

Assume now that (58) holds for m — 1, namely that VK’ € P(m — 1) it is true that

Sﬁ[(nfil]] (f) = Z Re mH [[m 1]]\K/)UH(f)
HeP(K')
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let’s prove that it holds for every K € P(m).

Let K € P(m), assume first m ¢ K, then K € P(m — 1) too, therefore we have
!
/
SE{ ]](f) = (SIH< lﬂ(f))sm = Z Re(zm) Z[L»,;l_l]]\K)UH(f)
’ HeP(K sm
!/
= > Re(en) (Dt 111\K>uH(f))S .
HeP(K) ’
= > Relwn)Difupmun (/)
HeP(K)

On the contrary, if m € K, define K’ := K \ K € P(m — 1), then

= (sk=n)”

s,m

S[[mﬂ(f) ( S[[m 1] (f)) + Re(zm) (Sﬁ[(n/lil]] (f))l

s,m s,m

o]

( > Relzn) Dyt IH\K/)uH(f)) +

HeP(K)

s,m

+Re($m) Z Re CUH [ml,lﬂ\K/)uH(f)

HeP(K') s m

> Re@n) D, apxyon(H)+ Y. Re@augm) Difm apxnorommy ()
HEP(K') HEP(K')

> Re(wn)Diupoon(H + Y. Re@auim) Difmp kyuaopmy) ()
HEP(K') HEP(K')

Z Re(xH)D?[fm]]\K)uH(f)
HEP(K)

Let us examine the case in which f is slice with respect to xy,.
Proposition 6.14. Let f € §;,(Qp) for some h € {1,...,n}, then
Sy =0, VKeP(h-1),K+{1,.. h—1} (59)

In particular, the ordered decomposition of f of order h reduces to

F= 3 (0" laeesP o () —znsShl ().

KeP(h—1)
Proof. Assume K € P(h—1), with K # {1, ..., h—1}, then there exists m € {1,...,h—1}\ K. Let

H := {m,h}, then by (4) of Proposition 4.9 it holds f] ;; = 0. Since KNH =0, zx € S. u(2p),
then by (27) we have

SKYUE) =[x © Do pupo = @x © Foa)s g =0
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This proves (59). By this and Corollary 6.11 follows

f= Z (—1)‘”h“\K‘f[[hﬂ\KS£[?“(f)= Z (—1)'[[h“\K'T[[h]]\KSﬁ[?H(f)+

KeP(h) ey
h h}) K
n Z \[[ IN(EU{R}) |x[[h]]\(Ku{h})S£[(£{h}(f)
KeP(h—1)
:chS[[h 1]](f)+ Z (—1)/lr= 1]]\K|I[[h 1]]\KSKU{h}(f)
KeP(h—1)

6.4.2 Applications in H"

The first application we give of Theorem 6.6 concerns quaternionic (ordered) polynomials with
right coefficients, in which the components of the decomposition are given through zonal harmon-
ics. Note that Theorem 6.6 can be fully applied, since every polynomial with right coefficients is
a slice regular function [50, Proposition 3.14]. Before, we recall a result from [74, Corollary 6.7].

Lemma 6.15. For every m > 0, consider the slice reqular power ™ : H — H. Then it holds

(@™)s = Zm-1(2),

S

where (1)
Zk J,‘,l .
~ bk Rt >
Zu@) = k1 IR0
0 ifk=—1

and Zy(x,1) is the real valued zonal harmonic of R* with pole 1 (see [7, Ch. 5]).
Proposition 6.16. Let P € H[X1, ..., X,,] be any quaternionic polynomial with right coefficients

n n
— @ — a1 «a
P(xy,...,xn) = E %y = g E TPt T .

k=1 |o|=k k=1 |a|=k

Then, for every H € P(n) and K C H

SH(P)(x) =" Zoy 1o @) [ 25 aa, (60)

k=1 |a|=kjc€H i€H®e
where [, x5 is an ordered product.

Proof. By linearity of the spherical derivative, we can assume without loss of generality
P(z1,...;xy) = a* = z7*... 28", We will proceed by induction over |H|. Suppose H = {h},
for some h = 1,...,n, then, since z{*... z,;" f:z:iﬂl... 0 € Se.n(Qp), we have

85" (P) = (@) = (" O aft o I ),

_ ap\/ a1 Qp—1_ h41 o = a1 Qp—1_ h41 an
= (z}, )S7h®x1 cempt it L = Zq,—1(zp)zt 2,y B SURNE

where we have used Lemma 6.15, (27) and that ; is real valued. Similarly,

SN P) = (en 0 2%), 5 = (@M @ a2t el 2,

_ = Qp—1_ Oht1l oy,
= Zo, (xp)oft oz, g
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Now, suppose that (60) holds for some H € P(n) and let us prove it for H' = H U {m}, for any
m ¢ H. Suppose first m ¢ K, then, as before

SEP) = (SEP) o = | TI Zo-140xn (@) J] =2

JjeEH i€He
s,m
/
= | Il Ze-1oxn@anr © I] =
jEH ie(H)e om
— Qq
= H Z(Xj—l'f'XK(])(x]) am—1(Tm) H Ly H Zaj—1+XK(J) ;) H zy
jEH ie(H")e JEH i€(H')e

Ifme K, let K/ = K\ {m}, then

SE(P) = (@m O S (P = | [I Zoy-14ney@zsr o ]

jeEH i€(H")®

s,m

z (& Z ;g

= H Zaj—1+xK/ )(25) Za,, (Tm) H T H Zaj—l-i-xx ) () H Ty -
JjEH i€(H’)e JjeEH’ 1€(H’)e

O

Example 9. Let f € SR(H?), f(x1,72) := x1m5. We can give 22 decompositions of f for
H = (Z), {1}, {1,2}, {2}2 let x = (041 + J161, a0 + J252)7 then

fla) = S)() ()
= s (N@) -8 )@) = 2015 — T
= S, (@) = 71 SE (f)() — T2SES () (@) + 11Ty (£) ()

=4dojas — 20001 — 200171 + T1 X2

=S (D) -T2 087 (@) = 20001 — T2 © 21 = 20021 — 1172

Note that in the first three decompositions the slice product is not needed. On the contrary, the
last one, corresponding to H = {2} needs the slice product. Moreover, Sg(f) =feSR1(Qp)

and SJ(f), ST (f) € SR2(Qp). as f € SR(p).

Example 10. Let g € SR(H?), g(x1, 72, 23) = e“'xox3. Now we have 2% decompositions for
H € P(3). Let © = (a1 + J151, 0 + Jo2fB2, a3 + J303), so aside from the trivial decomposition
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corresponding to H = (), we have the ordered decompositions for H = {1},{1,2},{1,2,3}
f@) =S @) — 785 () (@) = e (cos By + an /By sin B )waal — Tre™ sin(By) /frvaa
= SEL, (D) = TS () (@) — TS (1) () + 71728y (f) ()
= e (cos B1 + a1 /B sin Br) 200z — T1e®t sin(B1)/Br 2005+
— Toe™ (cos B1 + a1 /By sin B1)ah + T1T2e® sin(f)/Prxs
= SE, 5 (N(@) = TS, (@) = 72SE (1) (@) = TaS[, () (@) +
+ T TS (1) (@) + TaTsS o) (f) () + TTsSE (f)(2) — TaTaTs Sy () ()
= e (cos B + a1 /By sin B1)200das(al — B2) — T1e™ sin(B1)/12004a3(a3 — B2)+
— Tpe™ (cos By + a1 /By sin Br)das (o — B3)+
— Tz (cos B1 + a1 /By sin B1)2a (305 — B3) + T1Tae™ sin(B1)/Brdas (s — B3)+
+ Z1 T3 sin(B1)/f1202(30% — B2) + ToTze™ (cos By + ay /B sin B1)(3a3 — B3)+
— T1T2T3e sin(B1) /1 (303 — B3)
and the remaining decompositions for H = {2}, {3}, {1, 3}, {2, 3}
f@) = SN @) = 720 8§ ()(@) = e 20025 — T2 © €™ 2
=S N@) — T30 S (f)(@) = e wadas(0d — B) — T © €™ (305 — B3)
=SHH(N@) 71 085 (@) — 75 0 S (@) + 7075 0 S ()(@)
= e®'(cos B1 + a1 /B sin By )wadaz(al — B2) — T @ et sin(B1)/Praadasz(al — B2)+
— T3 ® e (cos By + a1 /B1sin Br)x2(303 — B3) + T1T3 © e sin(By)/fraa (303 — B3)
=S5 (N@) -7 0 S N@) - 73 © S (@) + 7w © S () ()
= " 2a0da3(a3 — B3) — Ty ® e 4az(a3 — B3) — Tz © " 2a(303 — B3)+

+ T2T3 © € (3a3 — B3).

6.4.3 Mean value and Poisson formulas

Exploiting the harmonic properties of spherical derivatives of slice regular functions in the quater-
nionic case, we are able to derive mean value and Poisson formulas. They first appeared in [11,
70] in the one variable case.

Let o be the surface measure of S* = 9B* C H = R* such that o (S*) = 1, namely o(y) :=
H3(y)/ws, where * denotes the three-dimensional Hausdorff measure of R* and w3 := H? (S?) =
272, Again, by ¢! we mean the I-th power of o.

Important remark. Throughout the section we will always assume that f € SR(2p) is a slice
regular quaternionic valued function and for a = (ay, ...,a,) € Qp and r1,...,7, € RT U {0} it
holds

B, (a1) X ... x B, (a,) C Qp.

Proposition 6.17. Let f € SR(Qp), then for every H = {h1,...,hs} € P(n) and K C H it
holds

SH@ = [, (SH) ) (61)
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. !/
with @’ = (a1, ...,6p; + ThiAnyyevs Ohy FTho Anay ey Gn)-

Proof. By Theorem 6.6, every S (f) is separately harmonic with respect to zy, for every h € H,
thus, we can apply the classical mean value formula for harmonic functions for such variables

(SE) @ = [ (SED) @ov). vhen

with @’ = (a1,...,ap—1,an + ThA\n, @ht1,- .-, an). Thus, (61) follows applying the previous for-
mula for any h € H. O

Proposition 6.18 (First mean value formula). For any m =1,...,n it holds

Flay=>" (-)FTage [ S(f)(a)do™ (), (62)
(s3)m™
KeP(m)
with o' = (a1 + 1121, @ + P Ay Gt 1, -« -5 Q) -

Proof. Apply (56) and (61) with H = {1,...,m}
f@= Y D¥aesg (@ = Y (-)Flag. / SE(f)(@)do™ ().
KeP(m) KeP(m) Col
O]

We can give integral formulas through the general decomposition (50), but we must assume
that the centers of the spheres are real.

Proposition 6.19. With the notation of Proposition 6.17, let H € P(n) and assume ap, € R,
for any h € H. Then

fl@)= 3 (~1)M\Elgp i / SH(f)(a)do I ().

KCH ()11

Proof. By (50) and (61) we have
fl@= Y DM Eg g 0 SEN] (@)= Y (1) Flag kSE(f)(a) =

KCH KCH
= 3 )Ml [ (SEE) @) dol ),
KcH (Ss)\H\
where we have used that ap, € R, Vh € H. O]

We give another integral formula through decomposition (56). For m > 2, it highly differs
from (62), beacause of the components involved and the dimension of the domain of integration.
On the contrary, they coincide if m = 1.

Proposition 6.20 (Second mean value formula). For any m = 1,...,n it holds

m—1

f@) =i [ SnsP e ()

=0 (s3)7+1

wrtn [ RS ),

(63)

where @/ = (a1 + 111, ..., a5 +15Nj,Qj41,s- -, Qn), for every j=0,...,m and rg = Xy = 1.
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Proof. We prove the identity by induction over m, using the corresponding one-variable formula
[70, Proposition 2] that we can apply iteratively, since S}L’”“ (f) € SRim+1(Qp). For m =1, (63)

is precisely [70, Proposition 2|, indeed

fla)= [ fla1+ridi,a2,... an)do(Ar) +7“1/ A (Sgl]](f)) (a1 +7r1)1,0a2,...,a,)do()\)
S3 s3

= flar + 71, az,. .. an)do(N) + 1y / le,é,l(al +riA1, a2, ..., an)do(Ay).
S8 3

Now, suppose that the formula holds for some m, then, apply [70, Proposition 2] to S[[m]1 (f)m+l €
SR(Qpm+1(a"™)):

m—1
fl@=) / M SE () (@) dod T (0)+
j:() (ga)j+1

+ 7 /<> A Sy () (@)™ ()

m—1
— Z T[[j]]/ X[[j]]Sé[]]] (f)(a/,j+1)d0j+1(>\)+
j=0

(Ss)j+1

ert [ T | [ SEHO@ o )] dom 04

#rt [ T [ [ RS 0@ 00| )

] / Ne S (@) o™ ().
(53)m+1

O

In the rest of the section we mimic what has been done so far, but with the Poisson kernel:
first we find Poisson formulas for the components SLmH (f) and finally two types of formulas for

f-
Proposition 6.21. Let x1, ..., x,, € By, then it holds

m

sk = [ s [] Py &) ), (64)

(s%)m ot
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! ”
where ' = (a1+7r121, -« G Frm @y A1y - -« 5 An), @7 = (@1+7181, o, G FTmEm, Gmg 1y - - - Q)

1— 2
and P(z,§) := | |:§:4 is the Poisson kernel of B C R%.
T —

Proof. By Corollary 6.11, every Sg(mﬂ(f) is harmonic with respect to z1, ..., Z,,, so by Poisson
integral formula for harmonic functions it holds for any k =1, ...,m

SEV(f)(a) = / I (F) (@) Play, €0)do (€0),

SS
with @ = (a14+7r121, ..., G—1+Tk—1Tk—1, O +T8Ek, Akt 1 T 1Tha1, - - > T mTim, Qmtls -« -5 Ap)-
Thus, (64) follows by applying the previous formula for k =1, ..., m. O

Proposition 6.22 (First Poisson formula). With the notation of Proposition 6.21, let m =
1,...,n, then it holds

@)= 3 0 @ [ sEnE) ] Pl g)deme)

(s3)m

KeP(m) j=1
Proof. Apply (56) and (64) to every S&mﬂ(f), to get
fa)y= 3 () @+r7) . S @)
KeP(m)
= Y ()El@+ rf)KC/ SV @) T] Play.)do™ ().
KeP(m) (s3)m J=1

O

Proposition 6.23 (Second Poisson formula). Let m = 1,...,n and x1, ..., T,, € By, then it holds

m—1 ) ] Jj+1 4
fld) = Z 4] /(S3). (= T[] (ngﬂ(f))(al’ﬁl) H P($t>§t)d0]+1(f)+
j=1 it t=1

4 / € =) S ) @™ [ Plars&)do™ (©),
(s3)m t=1

where a7 = (a1 + &, ..., a; + 156,541, ..., a,), for every j =1,...,m.

Proof. The proof is analogue of the one of Proposition 6.20, but here apply [70, Proposition
3]. O
6.4.4 Applications in (R,,)"

Corollary 6.24. Suppose that Qp C (R™T1)" is a star-like domain w.r.t any variable, f : Qp —
R,, is a slice regular function and for H € P(n), let

f(z) = Z (*1)|H\K| (E)H\K O SE(f)(=z)

KCH
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be the Almansi decomposition of f with respect to H. Then, for any G C H, we can further

decompose
= > o ()G PT (@) g © ERT (@), (65)

KCHTGHO)MT—«?]]\G\)
T:(tl ..... t\G|)
. H,G
with Exp (f)(z) € ker Ay 1., where
|2T

R |2t

lza |2 g, “|ag,
ifG=1(g1,.-.,9s) and T = (t1,...,ts).

Proof. Let us prove (65) by induction over |G|. Suppose firts that G = {g} C H, then, since
SH(f) e ker A7
by classical Almansi decomposition (Theorem 6.1) there exist Eg,’ég }, e ,EI}{I g} } ckerAnii1g

’ 2
such that, for any K C H,

a1 H for any K C H and since Qp is a star-like domain with respect to zg,

m—3
2
j oH
=Y |ag [ e ()
j=0
and so

fla)= > () @)y e 0 SE(f)z) = Y Z DKy 25 () e © EE09) ()

KCH KCH j=0

Now, suppose that (65) holds for some G C H and let us prove it for G=GU {g}, for some
g € H\ G. By induction, we have that

=YY ) PTag g 0 E5E(F) (),

KCH Te[[O,%]]‘G‘,
T=(t1,...t|)c|)

m—1

with €§$(f) € kerA, %, ,, for every K C H and T C G. Thus, by Theorem 6.1, for any
K C H, T C G there exist {Egy’gﬁt{qg}( )}t o € ker A, 41,4 such that

m—3
2

ERS(N@) = Y Jzg e it (1) (@)

ty=0
and so
m=3
_ G

=3 > Ve PTEnk © Y Ja P e () (@)

KCHrefo, =53], tg=0

T=(t1,...,t|(;‘)
P H,G

=3 Y )My Ik 0 5 (F)(@)

KCHTE[[O,%]]‘GHJ,

T=TUt

3 Yoo )M agu PR © 557 (F) ().

KCH fefo, m3]161+1,
T=(t1,-t|c|+1)
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Example 11. Let f : (R®)? — Rs, f(z1,22) = af2l. Then, choosing H = {1,2}, we can
decompose f as
f(x1,22) = Z (*1){1’2}\KT{1,2}\K5§(1’2}(f)(fl?l,362)
KC{1,2}
=857 —msit —msit L mmsitY
= (27)5,1(25)5 0 — Ta(27)5 1 (25)5 5 — Ta(2})} 1 (25)5 5 + TaTa (7)1 (25)}
— (50 10035 + 1) (S0§ — 560333 + 560334 — Sas)+
— (a1 = Jif1)(4ad — 4o 57) (8 — 560535 + 560335 — 8aafy)+
(0 — i) (Bt — 100262 + 1) (Ta — 35362 + 210385 — )+
+ (a1 — J181) (g — Jo o) (40 — 4y B3) (TS — 350532 + 210385 — (S).

Note that by Proposition 5.2, for any K C {1,2}, Sg’z}(f) € ker AZ, hence we can further

decompose
SN = Y PP,
T=(t1,t2)€{0,1}2

with EETz}(f) € ker Ag. This correspond to the choice G = {1,2} in Corollary 6.24. Explicitely,
using the computation of Exalmples 7 and 8,

SR =13 00/ (D H1ePELS] 1o (D) + 1waPE S 00y (D) + leaPleaPELS 11 ()

42
= (70/1* — gafﬁf + 55;‘) (150 — 630335 + 450385 — 5w B9) +
2 -
+ |z |? (20@ + 55%) (1508 — 630552 + 4503 85 — S BS)+
2 442 500 3 4 5 332 4
+ |z2|* | Ta] — €041B1 + 551 (=To3 + 140585 — 3a285)+
2
o Ploaf? (<203 + 28} (70§ + 14035 ~ 3026

SSP ) = E57h 0/ () + 101 PEL o) (1) + 1222570 1 () + Pl PE 2 1) (F)
= (50} — 3a187) (1508 — 63035 + 450385 — 5awBy) +
+ |z1]? (—eu) (1503 — 630332 + 450585 — 5an3S)+
+ |z (5% —3a187) (—7a3 + 140385 — 30z 33)+
+ |21 [P|z2]? (—on) (—7a3 + 140385 — 30233);

STV = €700 (1) + [ PERh o) () + L2 PE LT <>+|x1|2|:c2|26“’2} )

{1},(0,0) {1} 1 0 {1},(0 1 {1},(1,1
108
= (70/1‘ - ga?ﬁf + 5ﬁf‘> (12a3 — 360303 + - % ﬁz)
2 108
+ |21 ]2 (—20@ + 5&%) (12ag — 3603035 + — azpBy — 53)

42 3
+laaP? (1t - Latt+ 2ot ) (st + o3y - 2o +

3
5
2|12 2, 2 4 2,0 3.4
+ |z |22 f2a1+5ﬂ1 75a2+6a2527? A
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S = ES (D) + | PES D (1) + |x2|26@“(5}1>< 1)+ e PloaPESE ()

108
= (5a3 — 3a1/3}) <12ag — 3603532 + — a3 52)

108
o (=) (120§ - 360353 + a3} - 763>+

+ |xo|? (505’ — 3041612) ( 5a; + 60252 — =y > +

3 4
7
T leaPlaaf? (~a >( 5a2+6azﬂz—/5§>

Thus, we can fully decompose f as

» s 1,2
F=EL3 0o+ PELD (o) (D) + aPEL S o) (D) + Pl PEL ) 1y (H+
— T ELh o () = Tl PEST o) (1) = TalwaPEL 1 () = Tl Pl PES L (1) +
— — — 1,2
— T o) () = Tl PELS o) (F) — Talwa P 1) () = Talwa PlaaPe 2 1 (D)
g{l 2} 5{1 2} 8{1 2}

+ .1311‘25% (b 0)(f) +f1§2|x1‘ 0,(1, 0)(f) +§1§2|x2| 0,(0, 1)(f) +§lf2|$1|2|$2| (1 1)(f)-
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7 Clifford Analysis and Fueter theorem in several variables

7.1 Fueter regular functions and Clifford Analysis

We recall two other operators on H, and R,,, known as Cauchy-Riemann-Fueter operators or
Dirac operators.

Definition 7.1. Let Q C H be an open set and let
1/0 0 0 0 = 170 0 9] 9]
19) = |=——i=—Jj=— —k— 9] = | —4i=+4+j— +k=—
CRF =5 (aa "8 oy aa)’ CRF =5 (aa'+’aﬂ'%]ay'* aa)’

where a, (3, v and ¢ denotes the four real components of a quaternion z = a + 18 + jy + kd. A
function f: Q — H in the kernel of dogp is called Fueter regular function.

Definition 7.2. Let Q C R™*! be an open set and let

1({ 0 oo _ 1( 8 L

=1

A function f : Q@ — R,, is called monogenic if 9f = 0. We will denote by M() the set
of monogenic functions with domain €. The symbol AM(Qp) = S(Qp) N M(Qp) is used for
monogenic functions that are also slice functions. They are known as axially monogenic functions.

The importance of these operators is evident as they factorize the Laplacian, indeed
40crrOcrF = 40cRFOCRF = A4, 400 = 400 = Ay 1. (67)

Next definition allows us to treat uniformly the quaternionic and the Clifford algebras case.
It was first introduced in [53].

Definition 7.3. A non empty subset S of A is called a genuine imaginary sphere of A if there
exist a vector subspace M of A, with R C M C Q4 such that S =S, N M. If such M exist it is
unique and it holds

M=Jcr.

Ies
If dim(M) > 2, we say that M is a hypercomplex subspace of A.
Remark 14. When A = H, the whole algebra itself is a hypercomplex subspace of H, with
S = Sy. Moreover, also the reduced quaternions H, = {a +i8 + jv | a, 8,7 € R} form an
hypercomplex subspace of H, with genuine imaginary sphere S = {i3 + jy € H | 8% +~+% = 1}.
More generally, when A = R,,, the paravector suspace R™*! is always contained in the

quadratic cone O (Remark 1) and it is a hypercomplex subspace, indeed we can take as
genuine imaginary sphere S = {z1e; +...xmen | 27 +... 22, = 1}.

7.2 Fueter and Fueter-Sce Theorem

Lemma 7.1 (Proposition 9, [72]). Let M be a hypercomplex subspace and let m + 1 = dim(M).
Let Qp C M, then for any slice reqular function f € SR(Qp) it holds

1. 9f =320l

2. Amyif =2(1 = m) g (1) = 2(1 = m)a(f2).
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Remark 15. When A = H, we take H itself as hypercomplex subspace, for which m = 3. Thus,
the previous relations become

0

dcrrf =—f1, Ayf = *4%0‘1) = —40crr(f})- (68)

Theorem 7.2 (Fueter theorem). Let Qp C H and let f € SR(Qp). Then Ayf € AM(Qp),
namely

dcrrAsf = 0.

Proof. Since f € SR(2p), by (68) and Proposition 5.1 it holds f. = —dcrrf and f. € ker Ay
and so

OcrrAsf = AOcrrf = —Asfl = 0.
O

Theorem 7.3 (Fueter-Sce theorem). Let m be odd and let Qp C R™L. Then A::T;lf €
AM(Qp), namely

m—

3Am+1f =0.
Proof. Proceed as in the proof of Theorem 7.2, but it holds 0 f = S fland fl € ker AmH, by
Proposition 5.2, so
1-m
m+1f Am+1‘9f = m+1f =0.

O

Remark 16. In [77], the previous result was exteded to Clifford algebras with an even number
of imaginary units, requiring techniques of fractional differential operators. We will not deal with
them in these notes.

7.3 Fueter Theorem in several quaternionic variables

We can extend these operators to H": for a slice function f : Qp — H, we define, for any
h=1,..,n, Oy, and 0, as the Cauchy-Riemann-Fueter operators with respect to xp = ap +

i8n + jyn + kdn:

g . L(O0 .0 .9 9 5 .1 i+i+ 0 .0
=9\ dan 08 oy oo, )’ T g 96, oy, "o, )
Then as before, B B
46zh6mh = 48:charh = Am+1 hs

where A, = % + a5 + 8v 862. Finally, denote by My (Q) :={f: Q — H:9,, f =0} the

set of monogenic functions w.r.t xy, and let AM;,(Qp) = My (Qp)NSH(Qp) be the set of axially
monogenic functions with respect to xp, i.e. the set of slice functions which are monogenic with
respect to xp. We extend from [74] properties of the spherical derivative of one-variable slice
regular functions to several variables.

Lemma 7.4. If f € SR,(Qp), the following hold:

1. 5ﬂtfhf: - ;,h;
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/

2 Af:—4a SN 40, (1)
. h al‘h Th\Js,h/*

Proof. 1. Note that Vy = (y1,...,un) € Qp, f; € SR(Qpx(y)), then we can apply (24) and
[72, Proposition 9] to get

Oan [ (y) = Ocrr (F)(yn) = —(fi)e(yn) = —FLn(y)-
2. By (24), [72, Proposition 9] and [48, Theorem 2.2 (ii)] we have

8nft) = AU = 42985 ) a0()00) = ~40eRe (Y. (0) = 402, 710 0)

where (0f)(z) = %(%(gj) + ‘11;1((;8))|2(5%(x) +7%(m) +6%(m))) satisfies 0f = % and
20f! = Ocrr fL for any slice function f.
O

Theorem 7.5 (Fueter theorem in several variables). Let Qp C H" be a circular set and let
f € SRL(OQp) be a slice function, which is slice reqular with respect to xp, for some h =1,...,n.
Then Ay f is an axially monogenic function with respect to xy, i.e.

Anf € ker(dy, ).
In other words, the Fueter map extends to
Ap : SRy(2p) = AML(Q2p).
Proof. Since f € SRi(Q2p), we can apply Lemma 7.4 1. and Corollary 5.9
O Anf = DpOa, f = —Anfi) = 0.
O

We now find other relations with the theory of Fueter regular functions in several variables,
thanks to Almansi decomposition. We also give another proof of Fueter theorem for several
variables through Almansi decomposition.

Proposition 7.6. Let Qp C H" and let f € SR(Qp). Then for every m = 1,...n, the
components of the ordered Almansi decomposition of f, Sg(mﬂ(f) can be written as

S (f) = (~1)™8,,, (a3 ™ B, (X5 f) ). (69)

Proof. Recall that if f € SR(Q2p), by Proposition 4.9 (1), f € S1(Qp) and fé;[[jﬂ € SR 41, for
any j = 1,...,n — 1. Then, we can iteratively apply 1. of Lemma 7.4 with h = 1,...,m to the
definition of Sg(mﬂ(f) to obtain (69). O

The components of the ordered decomposition provide examples of axially monogenic func-
tions.

Proposition 7.7. Let f € SR(Qp) and m =1,..,n—1. Then VK € P(m), S}Emﬂ(f) satisfies

1. 0y, (SIV(1)) € AM o (Q);
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2. At (SEL(F)) € AMp i1 (Q).

Proof. By Corollary 6.11, SI[[(h]](f) is harmonic with respect to «;, for any j = 1,..., h, VK € P(h),
SO

B 0r,y (SEI)) = 78 (SETD) = 0

and by Proposition 6.12

EIMHAW&I (Skmﬂ(f)) = Am+1596m+1 (Sg{mﬂ (f)) = _Am+1 (SE{erl]] (f)) = 0.
[

The following result highlights a difference between the one and several variables slice regular
functions: in the first case the Laplacian of a slice regular function is always an axially monogenic
functions (this is Fueter’s Theorem [39]), in the latter this happens only for the first variable.
But for any variable, we can at least write it as sum of axially monogenic functions.

Lemma 7.8. Let m = 1,....n and let f € SY(Qp) Nker(9/dzE,), then it holds

Apf==4 > (V@) 0, (SEND).
KeP(m—1)
Proof. By Propositions 4.9 (1) and 4.10, it holds S&mflﬂ(f) = (zx © f)! € ker(9/0x¢,) N

s,[m—1]

Smn(Qp) = SR(2p), VK € P(m — 1), then by (67) and Lemma 7.4 (1), it holds

/

AnSE ) = 100,80, 85N = a0, | (S| = -10n, (sE0).

s,m

with 9, (SE{mH(f)) € AM,,,(Qp), by Proposition 7.7, 1. So, applying (56), we have

Anf =A, Z (_1)|KC\(§)KCS£[<m—1]](f) _ Z (_l)lKC‘(i)KcAmSL[(m_l]](f)
KeP(m—1) KeP(m—1)
=1 Y O)EI@) ke, (SED).
KeP(m—1)
O

The issue changes if we assume the function slice regular in that specific variable, as already
proven in [9, Theorem 4.9], getting a generalization of Fueter’s Theorem in several variables. We
give another proof through the ordered decomposition of Corollary 6.11.

Proof of Theorem 7.5. By Proposition 7.7, Lemma 7.8 and (59) we get

Anf=-4 > (~)EN@)ke0,, (S}[(m]](f)) = —40,,, (S[[[[,,T]],lﬂ(f)> € AM,(2p).

KeP(m—1)

Corollary 7.9. Every slice regular function is separately biharmonic in each variable.
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Proof. Let f € SR(Qp), then thanks to Corollary 6.11 2, Lemma 7.8 and (67) we have

ALf=Ap |-t > ()G, o, (SE))

KeP(m—1)

=4 Z (_1)‘Hm_lﬂ\Klf[{m—l]}\K&cm (Am (Sg(mﬂ (f))) —0.

KeP(m—1)
O

7.4 Fueter-Sce Theorem in several Clifford variables
Let A =R,, and let Qp C (R™F1H)",
Lemma 7.10. If f € SR1(Qp), the following hold:

1. gmhf: I_Tm s/,h"

Ofin

2. Appinf =2(1- m>Tm =2(1 = m)0y, (fi,)-

Proof. The proof is equivalent to the one of Lemma 7.4. O

Theorem 7.11 (Futer-Sce theorem in several variables). Let Qp C (R™T1)" be a circular set
and let [ € SRi(Qp) be a slice function, which is slice reqular with respect to xy, for some

m—1

h=1,...,n. Then Aﬂ?l_hf 18 an azially monogenic function with respect to xp, namely it holds

m—1 —

A n T €ker(0y,).

Thus, the Fueter-Sce map extends to

ALE L SRL(QD) = AM(Qp).

Proof. Since f € SRy (Q2p), we can apply Lemma 7.4 and Corollary 5.10

m—1 m—1 1

_ m—1 m=1 _ —m  m=1
azh,Amil,hf = Amj—l,hal’hf = TAmj-l,hfs/,h =0.
O]

As before, we use Almansi decomposition for several Clifford variables to find new relations
with the theory of axially monogenic functions.

Proposition 7.12. Let Qp C (R™)" and let f € SR(Qp). Then for every h = 1,...n, the
components of the ordered Almansi decomposition of f, Sg(mﬂ(f) can be written as

SE) = (A52) Bun e BV ), (70)

Proof. The proof is analogue to the one of Proposition 7.6, but applying 1. of Lemma 7.10. O
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Corollary 7.13. With the notation of Corollary 6.2/, let

=Y Y )IMEaePT (@) © EE (H)(2)

KCH e[o,ms2]161,
T:(tl,...,t|c‘)

be the decomposition (65), with harmonic components Egg(f) For any T € [0, 253]IC!, define

2N =D ()N @) e © ELT () € Q).

KCH

Then we can write
@)= >l (), (71)
Tefo,2]1¢1,
T:(tl,...,t‘c‘)
with
A2 ,00C(f) =0,  VgeG.

Proof. Decomposition (71) follows by (65) and the definition of QZ,{I ’G, now let us prove that the
components are biharmonic in every variable x4, with g € G. Following the proof of Corollary
6.5 we have

AmH’gg;LG — Z (—1)IH\K] @) i\ © Dimrig (Sf([;?(f)) +

KCH,g¢K
" Z \H\(KU{q})\ (T) H\K OAmt1g (fg 6511?&9} T(f))
KCH, yéK
. H,G
KCH,g¢K

where we have used that A, 1, gEIIgT =0, for every g € G and that Ay, 41 4 (J}g ® SKU{g} T(f)) =

8%6Ku{g} +(f). Finally

m+1 ggT = Apmitg Z (_1)|H\(KU{9})|( Vi \K @axggKU{g}T(f)
KCH,g¢K

= Z (_1)IH\(KU{9})\ @)H\K ® Oy, Amti,g (ggﬁg}j(f)) =0.
KCH,g¢K

O

Remark 17. Note that in the one variable case (Corollary 6.5) the components were more than
biharmonic functions, namely they were in the kernel of the third-order differential operator
OA. In several variables, the same happens for x, but in general it doesn’t hold for the other
variables.

(0]



Example 12. Let us resume Example 11, where we decomposed the function f : (R%)? — Rs,
f(x1,m2) = 212l as

F=E83 0o () +1mPELS) 1o () + l22lPEl ) o () + e PlaalPEl ) oy (D)

— T 0 (F) = Tl PELT o) (D) = TalwaPELh 1) (F) — Tl PlaaPE 2 1 (1) +
2 {1,2 — 2 —_ 1,2
Tl o) (F) = TalerPEL o) (F) = TaleaPELT 1) (F) = Taloa PlaaPel ) (D)4

+ﬁm%@ﬁﬂ+@@wﬂ%ﬁ&ﬂ+mmmﬁ%wMﬁ+@@wWWﬁﬁfﬁﬂ
Following Corollary 7.13, for every T = (t1,t1) € {0, 1}? define

gr = Z (—1)IH2NE (@) (1001 5}{<1,’:r21}(f),

KeP(2)
explicitly, the four components are
G0y =Eat 0.0 () —T1ELH 0 (1) = TEL o) (1) + BTl (0h ()
= (70/1l - %a?ﬂf + gfﬁ*) (1508 — 630333 + 450385 — 5awBS) +
— 71 (50 — 31 87) (150 — 630385 + 450585 — bao39) +

42 108
—x2<7a‘11 5O a3B? + 51) <12a§—36a3ﬁ22 — 2By — 52>

108
+ 717 (5o — 3a1 57) (12a§ — 360333 + — a2ps — 52)

_ gl1.2} {1,2} 1,2} = = e11,2}
g(l,O) - 5{172},(170)(]0) 8{2} (1,0) (f) 5{1} 1 0)(f) + $1$25@7(170)(f)
2
= (—za‘f‘ + 5ﬁf> (150 — 6305335 + 450383 — 5oz B3)+
— 71 (—a1) (15a] — 630365 + 45036, — 5azf3)+

2 108
— T <2a§ + 553) <12ag — 360533 + - a2ps — 52>

108
+ Ty T (—ay) <12a3—36a355 — a3B5 — Bg>

{12} _ o{1,2} {1,2} — = o{1,2}
Go) = Eay o)) = T oy (F) = BEL3 oy () + T T2y o1y (F)
42 3
:@¢_5ﬁﬁ+¢@04@+m@£—Mﬁﬂ%
— 7 (503 — 301 82) (=703 + 140363 — 3a263)+
- 42 3 3
~y (ot = Patst+ 3at) (~sad+ o3t - 2ot +

3
+T1T2 (504:; - 3041512) (—50/2l + 6035335 — 753) ;
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Gan = 5?11:22]%,(1,1)“) xlg{{;ﬁ(}l 1) (f) - x25§11}2}1 1)(f) + xlz?g(;l(lz]i (f)
= (—20@ + iﬁf) (=705 + 140335 — 3283+
—T1 (—on) (=703 + 140385 — 3azf3)+
~a (<20t 252 <ok + o3 - 2t ) +
+ Ty T (—ay) <5o/21 + 60333 — iﬂ;‘) :
With these functions, we have
f(z1,72) = Go,0) + |$1|29(1,0) + |$2|29(0,1) + |$1\2|$2|29(1,1),

which corresponds to decomposition (71). Note that Gr € ker A%’j, for every T € {0,1}2,
j=1,2.

Proposition 7.14. Let Qp C (RmTfl)", f€SR(Qp) and let h=1,...,n—1. Then, for every
K € P(h), SI™I(f) satisfies the following:

1 0n, (8,51,8K0() &AM (2p);

2. Ami—l h+15H (f) € AMp11(92p).

Proof. 1. It holds
1 m—1

0000, A, 5 SKV) = 38,250, 1(D) =0,

by Theorem 6.6.

2. Similarly,

m—1 m—1

aTthlAmarl h+18[[h]] (f) = Amj—l h+167‘h+1‘5[[h]] (f) -

1- 1
= TAerl h+1a

1-m ﬂ%?1 h
TAm-&-l,h-'rlaThﬂ (‘S[[ ﬂ(f))

s =o,

s,h+1

Th+1

again by Theorem 6.6, Lemma 7.10 and Corollary 5.10.

Lemma 7.15. Let f € S'(Qp) Nker(d/0x5), then it holds

Amirnf =2(1=m) 3 (D)1 @) 0n, (SED).,
KeP(h—1)

with K¢ = {1,... . h — 1} \ K.

Proof. By Theorem 6.6, we can decompose f as

f= 3 DET@) g SsE0,

KeP(h—1)
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then

Apiinf =Bmiin ( > EHFN@) Sylﬂ(f))

KeP(h—1)

= Y @) Amgn (SETTD)

KeP(h—1)
Now, by Lemma 7.10 (1) we have
Am+1,h (Sﬁ[?il]] (f)) = 48{13h513h (Sﬁ[(hil]] (f)) = 2(1 - m>awh (S[H(h]] (f))
and so

Amiinf =200=m) 3 (DT @) 00, (SKID).

KeP(h—1)

Proof of 7.11. By Lemma 7.10 (2) it holds

Amsinf =201=m) Y (D)1 @) 0, (SED)

KeP(h—1)

and recall that, since f € SRy(Qp), Sg?]](f) =0, for every K € P(h—1)\ [h — 1] (Propositions
4.9 (1) and 4.10). Thus, the previous equation reduces to

A’r)’L-‘,-l,hf = 2(1 - m)aﬂ:h (Slllli};]]_l]] (f)) )

so, again by Lemma 7.10 (2)

m—1 m_3 m—1 m=3 h
Ami—l,hf = Amj—l,hAmi-l,hf =2(1—m)0,, (Am%‘rl,hS[Eh]]—l]] (f)>
and we conclude with Corollary 5.10. O

mt1
Corollary 7.16. Let f € SR(S:p), then A, %, , f =0, for every h=1,...,n.
Proof. By Lemma 7.10, it holds

m+l m—1 c m—1
Ami—l,hf = Amil,hAmH,hf =2(1—m) Z (_1)‘K | (E)KU Ami—l,haxh (SIH(h]] (f))
KeP(h—1)
=21-m) 3 V@) 0, (AdaSKD) =0

KeP(h—1)
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8 Slice regular Cliffordian holomorphic functions

Definition 8.1. Let 2 C R™"! be an open set. A function f : © — Ry, of class C**1 is called
holomorphic Cliffordian of order k if OA* f = 0 or, equivalently, A¥ f is monogenic. Holomorphic
m—1

Cliffordian functions of order *5— will by simply called holomorphic Cliffordian functions.

Note that monogenic functions are holomorphic Cliffordian of any order, since OAFf =
AFOf = 0, for any f € M(RQ), while by Fueter-Sce theorem slice regular functions are holo-
morphic Cliffordian of order k > mT_l

From here on we assume m odd and we denote 7, = m74 € N the Sce exponent. For every
k < Ym, let

Sk = 5A%+1|SR(QD): SR(QD) — ker AVmTF,

Theorem 8.1. Let f € SR(2p), be a slice reqular function on Qp C R™*L symmetric domain
and let k < vy = % Then f is holomorphic Cliffordian of order k if and only if it is a
polynomial of degree at most 2k. In other words

ker § = Ry T[], Yk < Y.

Remark 18. Fueter-Sce theorem asserts that ker § = SR(Qp), for any k > ~,,. Hence, we
can consider the following chain of inclusions, that ends with the Sce exponent 7, = 71:

2

ker§o = Ry, C ker§1 =Ry a] C - Cker s = RET3[0] C kerFmos = SR(Qp).

In the trivial case k = 0 the results (already proven in [74, Corollary 3.3 (b)]) becomes
Corollary 8.2. Let f be a slice reqular and monogenic function. Then f is locally constant.

Recall that we expressed the k*"-power of the Laplacian of the spherical derivative of a slice

regular function in terms of lower order derivatives of its spherical derivative. The coefficients

of the combination a§k) were defined in (31). Those coefficients are peculiar for producing a

differential equation, whose solutions are polynomial with only even powers.

Lemma 8.3. Let I C R be an open interval and let y: I — R satisfy the following linear
homogeneous differential equation of degree k

k
Za§k)xj_ly(-j)(x) =0, Ve e l, (72)
j=1
with aE-k) defined as in Proposition 5.5. Then y is the polynomial

k—1
y(z) = ¢,
j=0

for some ¢; € R. Furthermore, if = It UI~ CR, with I~ = —-I" ={-z |z €'} and I'*
open interval of [0, +00), then any even solution on I can be C*-extended to R.

Proof. Let us start with the case I connected. In this case, the space of solution of (72) is a
vector space of dimension k. Moreover, since {1,272, ..., x2(’“’1)} is a set of linearly independent
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functions, it is enough to show that 22" is solution of (72) for h =0, ...,k — 1. Let us compute
hin (72):

thk: ) (2h); =0 zk: p A2k m DL {(2h); = 0.
! j:1aj T = (G =Dk =)

It is easy to see that

k
Z j]—l?kj—l.)j)(2h)j = 4h((kQﬁl))Qlfl(l h,l*k,2*2k,2),

where o F is the hypergeometric function, defined by

+oo
(@)n(b)n 2"
oF(a,b,¢;2) = Z —
pr '
Finally, by [63, §8] we have that o Fj (—n, a,2a;2) = 0 if n is odd. Since, n = 2h — 1, we conclude.
Now, suppose that I = ITUI~. If 0 € I't, then I is connected and so y(x) = foé cszj,

for any z € R. Suppose that 0 ¢ IT, so I is disconnected. I and I~ are open intervals of R, so
there exist ¢;,d; € R such that y(z ) Zf:o cjz® for any x € I and y(z) = Zk : djx?l for

any x € I~. Since y is an even function, we have

j=1

k—1 k—1
Zdjx2j =y(z) =y(—x) = chx2j, Ve el™
=0 j=0

and this holds if and only if ¢; = d;, for any j = 0,...,k — 1. Thus, y(z) = Zf;& cjz®l for any
z eR. O
Remark 19. It is also possible to prove that for any h € N it holds

k

_ ju kk71 N

This immediately proves Lemma 8.3.

Corollary 8.4. Let m > 2k +1 and let f =Z(F): Qp — Ry, be a slice regular function. Then

k-1
AN f =0 = [i(x ch x)) | Tm ()|, (73)
=0
for some functions ¢j, j =0,...,k—1. In particular, f. can be extended to R.

Proof. f is slice regular, then from (29) it holds

k
_ A . .
0=0Ak 1 f(a) = Ak, 0f(0) = Al fi(a) = 3 ol Tm(a)P =20 fi(w).
j=1
Let us distinguish the case Qp slice domain or product domain. In the first case we immediately
apply Lemma 8.3 to y(8) = fi(a, 8) for any fixed a.. Indeed, f(«,-) is defined over I, which is
connected and it satisfies (72) and so f.(«a, 8) = Z;:é cj(a)B%, for any B € R. On the contrary,

if Qp is a product domain then I, = I UI, and I, = —I). Moreover, fi(a,-) is an even
function and so, thanks to Lemma 8.3, we conclude that fl(«, ) = Zf;é ¢j(a)B¥, for any
8 €R. O
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Now, we aim to reconstruct a slice regular function if its spherical derivative is of the form
(73).

Lemma 8.5. Let v: R? — C be the imaginary part of an entire function F: C — C. Suppose
that v(a, B) has the following form

k
v, B) =D M (a)p¥H,

for some functions cg.k)(a). Then, the function cgk) must be of the form

2k—2j—1
, ) al .
() = (-1 2k +1) -+ (2j +2) > PTG A 0,0k =1 (74)
n=0 "

for some complex numbers s; € C. In particular, F is the polynomial

2k

2k +1)! .
F(z) = Z #sj_lz],
=0

for some arbitrary real number s_y.

Proof. Note that, in order for v to be harmonic, the functions cgk) satisfies the relation

1"

cj(cu):—(2j—|—2)(2j—|—3)cj+1(04)7 j=0,...,k—2

. (75)
Cp1 = 0.
Indeed
k—1 k—1
Agv(a, B) = 020+ 03v = c; (a)BH ! + 372+ 1)(2)c; (o) 7
j=0 j=1
k—1 k—2
=3¢ (@) Y25+ 3)(25 + 2)ej 1 (a) B
j=0 j=0
k—2
=Y BFH(c; () + (25 +2)(2) + 3)esp (@) + ¢y () B
j=0
So .
c; =—(27+2)(2j +3)cjp1, j=1,...k—2
Asv(a, 8) =0 <—
c;;_l =0.

Note that the functions cgk) defined in (74) satisty (75): for every j =0,....k — 2

_ W21y
@)= (-1 2k +1)-- (2 +2) Y e
= =1
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‘ k21 noo
cj(@) = (-1 (2k + 1)+ (2 +2) Y DG

n=0
2k—2(j+1)—-1
. . ; . a
=—(2/+2)2i+3) [(-1Y/TRk+1)-- QU+ +2) Y —rspaag+
n=0 '

= —(2j +2)(2) + 3)cj41(@)

and moreover cj_1(a) = (—1)*712k(2k + 1)(sor_2 + asor_1) satisfies C;_1 =0.
Now, let us prove that the imaginary part of F(z) = Z% (%H)!sj_lzj is v. It holds

Jj=0 4!
1 B 1 2 Ck+1)!
Im(F(Z))=2—i(F(z)—F(z)):272) Uiz
j=
2k L];1J
(2k +1)! < J ) P _—
= . Sj—1 Z o 2= (1) g2
/ it 29 +1
Jj=0 0
k (2k +1)! j—1 9 o .
:z; @)t 12) 2 + 1 (=175
‘7: =
kD) N2+ 1 it _qyn gne1
Jrj:O (2j+1)!52j7§<2n+1)a (-1)"B
= (2k +1)! Ek:jil (_1)n32j710é2j_277_15277+1+
J=171=0 (2n+ 125 —2n —1)!
k=1 j

J i
(=1)7s950% 2132011
|
+(2k+1)'. Z (2n+ 1)1(25 — 2n)!

We can handle those two double sums for our purpose:

il (—1)"82j—1042j_2"_1527’+1 LY (—1)”82j+1042j—2n+1ﬁ2n+1
ZZ 2n+1D1(25 —2n—1)! Z (2n+ D)2 — 2n +1)!

j=0n=0

-1 i k—1k—1
(—1)”52j+1a23*2n+1ﬂ2n+1

(—1)"sg; 412 —20H1 g2+l
_Z (2n+ D125 —2n+1)! Z (2n+1)1(27 — 2n+ 1)!

j=0mn=0 n=0j=n

k—1k—1 ; iy ; k—1k—j—1 4 .
_ (—1)7 sy 41020~ 20+1 g2 +1 _ It (1) sy paj 10201 f2H

= D -2+t (27 + 1)!(2n + 1)!

and similarly

Ej: (—1)7s5 0221 g2n+1 k—1 kfl (1) 59,1202 62 +1
1027 — 9Vl ; o
iz G+ W22t (27 + 1)'(2n)!
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1

j . n+1 22i+1 k—1k—j— 2n R25+1
(=1)7san 4241077 5% 1)/ s912j0%1 3%
Im(F(2)) = (2k + 1)! : + .
(F(2)) = (2k+1) 2 nz:% 2j+ 12y + 1) ; n; (2 + 1)!(2n)!
k—1 k—j—1 k 1
_ Ny @D z]: San2jr10T z]: S2n2;0%"
X | |
ST 2o Tyl & ()
k—1 2k—25—1 k—1
(2K + 1) o, Spt2507 k j
=2 Wy X TN =L@ =),
§=0 n=0 j=0
O

Proof of Theorem 8.1. The case m < 2k + 1 is proved by Proposition 5.4, hence suppose m >
2k + 1. From Corollary 8.4 we have

IAF  f(x) =0 <= fl(x ch (Re(x))| Im(x)[¥,
thus
Fi(Re(z), | Tm(z)]) = | Im(z ch (Re(x))| Tm () [+,
Finally, by Lemma 8.5, F(z) = Z?io ZVe¢j and so f(z) =I(F) = ijo zie;. O

Example 13. Let us consider the slice regular function f : Rt — R, f(x) = 2°. Note
that 5 = 2, so we expect that f € kergs = SR(R®*!), but since deg(f) = 5 > 2k, for any
k < s, [ ¢ ker§y, for k = 0,1. Indeed, let us compute AL, | f = —4AL | fI for k = 0,1,2.

Let 2 = 2o + Z?:lejxj = a+ JB, with a = Re(x) = 2o, 8 = [Im(x)| = \/m and
J = 25:1 x; /8, then
f(x) = a® —=100°8% + 5ap* + JB(5a* — 10a°5% + B*).
Thus, we have
Fo(f) = —4f!(z) = —20a* + 400252 — 458* £ 0;
F1(f) = 4541 fi(z) = 1600 — 3232 # 0;
B2(f) = —4AZ,, fi(z) = 320 — 320 = 0.

Example 14. Let us consider again the slice regular function f(x) = x°, but with f : R9*! — Ry.
Now, 79 = 4. We expect that f € ker§s = iRgH[x] C SR(R™1) = ker 4, but f ¢ ker gy, for
k =0,1,2. Indeed, let us compute as before aAlgﬂf = —8A§+1f;, for k=0,1,2,3.

Fo(f) = =8fi(x) = —40a* + 800”3 — 83" # 0;

F1(f) = —8Ag11 fL(x) = 960a® — 192532 # 0;
Fa(f) = —8A2,, f1(x) = 1920 — 3456 # 0;
F3(f) = -84, fi(z) =
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9 Further directions

We can think of lines of research to carry forward the results found in the work.

1. Proceeding as the evolution of Fueter contruction, that has been extended first regarding
Clifford algebras R,,, generated by an odd number of imaginary units by Sce and then to
all Clifford algebras by Qian, we shall provide Almansi decompositions for slice functions in
several Clifford variables. In this work we did not deal with Clifford algebras R,,, generated
by even imaginary units. The problem is not in providing the decomposition, but in
identifying the harmonic properties of the components. This requires applying the Fourier
analysis methods exploiting by Qian in [77].

2. It would be appropriate to study an Almansi decomposition set in any hypercomplex space.
This would lead to uniformity in the formulation of the theorem, as well as generalizing
the result.

3. We can extend the new results we find in one variable to several variables, such as the
computations with the powers of Laplacian or the study conducted in Section 8.

4. The Almansi decomposition is a special case of the Fischer decomposition [37], which
concerns generic operators. One could produce different decompositions, following Fischer
duality, for other operators such as the Dunkl-Dirac operator.
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