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ABSTRACT

This paper aims to present a methodology for accurately describing transpiration by employing appropriate physical equations.
While some simplifications have been made, including the use of a simplified treatment of turbulence and the neglect of the
thermal capacity of transpiring leaves, it is argued that the chosen scheme has general validity in identifying the primary mech-
anisms governing transpiration. To achieve this objective, a traditional treatment involving five equations, including the mass
budget, is used. Initially, a simplified approach that does not consider the water budget is introduced to outline the general pro-
cedure to explicitly address canopies. Subsequently, the water budget is incorporated to appropriately account for water stress
in transpiration. In this context, a novel linearisation of the extended Clausius-Clapeyron equation, incorporating the Kelvin
effect, is employed. It is demonstrated that the well-known Penman formula emerges as one of the solutions within a system of
equations, providing estimates for temperature (T), vapor content in air (e) and the thermal transport of heat (H). The method,
initially conceived for homogeneous canopies, is expanded to encompass sun-shade canopy layers. By employing the water
mass balance, the trade-off between atmospheric evaporation demand and the water delivery capacity of the soil and stem is
elucidated. Notably, it is revealed that the pressure potential within leaves is not solely determined by capillarity, but rather rep-
resents the dynamic outcome of the intricate interactions within the soil-plant-atmosphere continuum. These findings highlight
differences from more simplistic approaches commonly employed, particularly concerning canopies. Overall, this study presents
a methodological framework to accurately describe transpiration, incorporating key equations and addressing the complex dy-
namics involved in the soil-plant-atmosphere continuum, and suggests various directions of research in the field.

1 | Introduction measurements and models (Mauder, Foken, and Cuxart 2020).

In practical applications, semi-empirical formulations are com-
Transpiration plays an important role in the hydrological cycle, monly employed, but their underlying rationale and limitations
accounting for an estimated 30% to 60% of the total water bud- are not fully understood by practitioners, particularly in tra-
get, depending on the location (Abera, Formetta, Borga, et al. ditional engineering hydrology, where the complexities of the
2017; Abera, Formetta, Borga, et al. 2017). However, quantify- soil-plant-atmosphere continuum (SPAC) are often overlooked

ing transpiration accurately can be challenging due to uncertain (Lawrence Dingman 2015; Jovanovic and Israel 2012).
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Although some researchers have adopted simplified models pro-
grammatically to gain an overview of the interactions within
the SPAC and explore the ecohydrological dynamics at hillslope
and larger spatial scales (Eagleson 1978; Rodriguez-Iturbe and
Porporato 2007; Daly, Porporato, and Rodriguez-Iturbe 2004a),
further progress in understanding transpiration required mov-
ing beyond idealised models. This epistemological shift, or de-
idealisation (Cassini 2021), is crucial to obtain specific answers
and compare them with experimental data, particularly for dis-
tinguishing the behaviour of individual plants or stands, which
is influenced by various factors such as radiation, atmospheric
conditions and soil water potential (Porporato and Yin 2022).
Physiological and phenological adaptations enable plants to op-
timise growth, and the concept of optimality has been invoked
in various aspects of the photosynthetic-transpiration process.
This includes the optimality of the water cycle in the con-
text of ecological webs (Eagleson 2005; Rodriguez-Iturbe and
Porporato 2007; Rodriguez-Iturbe 2000), the optimal adaptation
of the plant xylem to ensure uniform water distribution through-
out the canopy (Soriano et al. 2020) and the optimal photosyn-
thesis theory (Cowan and Farquhar 1977; Katul, Palmroth, and
Oren 2009; Medlyn et al. 2011) reviewed in Dewar et al. (2018)
and Joshi et al. (2022).

A robust foundation for the investigation of such complex topics
can be established on the basis of the principles of energy and
mass conservation, employing a ‘constructive’ approach that in-
crementally introduces complexity only as needed. While this
may involve a system of coupled partial differential equations
such as Navier-Stokes, heat and water vapor advection-dis-
persion (Monson and Baldocchi 2014) and Richards equations
(Tubini and Rigon 2022), it would be preferable to avoid obscur-
ing physical and physiological insights with numerical complex-
ities. The objective of this paper is to prioritise the capture of
essential system interactions through the use of a simplified, ex-
plicitly tractable framework. This approach is designed to clarify
key physical processes and to establish a foundation for the de-
velopment of more complex models in the future.

Overall, this paper aims to provide modellers with a blueprint
for developing SPAC hydraulic models of increasing complexity,
potentially integrating water, energy and carbon cycle budgets,
as needed by sophisticated laboratory setup (Werner et al. 2021,
2024). Our approach emphasises a thoughtful progression from
simplicity, and each added feature was carefully evaluated for
the trade-offs between complexity and model tractability. Thus,
we pay careful attention to the mathematical derivation to clar-
ify our methodology and make it more explicit.

While many aspects we address are known, they have not been
cohesively treated. For instance, the recent work by Porporato
and Yin (2022) does not cover what we discuss in Sections 4-6.
Although the topics related to conductance are addressed, for
instance, in Bonan (2019), there is no clear guiding principle
to introduce these topics as a hierarchy of choices. Similarly,
Monson and Baldocchi (2014) cover the relevant aspects but not
those specifically related to modeling. None of the aforemen-
tioned references adequately address nonstomatal behaviours.
Insightful reviews like Tyree and Ewers (1991), and more re-
cent ones as Venturas, Sperry, and Hacke (2017) and Lehnebach
et al. (2018), offer valuable physiological information but lack

the mathematical depth needed for quantitative hydrological
modeling. This limits their utility for hydrologists aiming to im-
plement SPAC models with a proper understanding of the un-
derlying processes.

Therefore, the starting point of this paper is a critical adoption
of the Penman-Monteith (PM) equation derivation. Section 2
presents this derivation in a revised extension, following the
approach of Schymanski and Or (2017), and addresses canopies
through the integration of a reliable radiation treatment, based
on de Pury and Farquhar (1997) and Ryu et al. (2011).

In Section 3, we examine transpiration conductance, as the ex-
plicit or implicit dependence of conductance on air temperature
can affect the solutions of the coupled transport and energy
budgets.

However, PM does not account for the water budget
(Bottazzi 2020) and introduces a bias in the transpiration esti-
mates when plants face limited water availability. This omission
has been historically corrected using empirical formulations
for conductances, or stress factors (Bonan 2019; Monson and
Baldocchi 2014), which evolved to include both physiological
feedback and limiting environmental factors. While these for-
mulations may have been effective, in Section 4, we propose that
explicitly incorporating the water budget, that is, plants hydrau-
lics, better clarify the physical and physiological processes in-
volved in transpiration.

Applying the mass budget, we find that water supply to plants
is limited by the decreasing pressure values inside xylem and
leaves due to increasing embolism, counteracted by the closure
of the stomata (Sperry, Stiller, and Hacke 2003). With the possi-
ble exception of Vesala et al. (2017), most of the literature does
not deal properly with these two concurrent actions introducing
distortions into the description of the transpiration phenomenon
and in parameter estimation, which, in Section 4 we suggest to
correct.

Section 5 demonstrates explicitly how the inclusion of the water
budget can be performed. In Section 6, we discuss conditions
under which the more physically accurate sun-shade model (de
Pury and Farquhar 1997; Wang and Leuning 1998) can be solved
under additional assumptions.

In the final Sections 7 and 8, we present discussion and con-
clusions, which address the open questions that our approach
raises.

The paper also includes appendices with a detailed derivation of
the energy budget for unit leaf area and discussions on parame-
terising hydraulic conductivity in plants.

2 | Plant Transpiration in Revised Big-Leaf/
Penman-Like Approach

To clarify our approach to estimating transpiration, we begin by
introducing the big-leaf approximation. This method assumes
that the entire canopy can be represented by its average proper-
ties and treated as a single, homogeneous layer, characterised by
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parameters such as leaf area index (L,), that is, the total leaf area
per unit ground surface area, stomatal conductance and photo-
synthesis rates (Deardorff 1978; Monteith 1981). This approach
dates back to Penman and Keen (1948) and Monteith (1981), and
one of its treatments can be found in Schymanski and Or (2017).
In the following, L. is considered a measured variable represent-
ing the canopy surface area per unit of projected ground area.
By explicitly accounting for it, our derivation of the Penman-
Monteith equation differs slightly from the treatments typi-
cally found in textbooks, such as Porporato and Yin (2022) and
Brutsaert (2023).

Although our derivation looks straightforward and familiar, it
serves an essential role by introducing key concepts: the role of
canopies, the distinction between conductance factors for water
vapor and sensible heat transport and the inclusion of canopy
radiation emission. The derivation itself clarifies the methodol-
ogy we use in subsequent sections, where we further extend our
results

The starting point for our derivation is the energy balance
equation, where thermal capacity is neglected, along with the
transport equations for temperature and water vapor and the
Clausius-Clapeyron equation. As shown by Schymanski and
Or (2017), these represent a system of four equations with four
unknowns that can be solved straightforwardly. The equations
are listed and discussed in detail below organised in reverse
order for sake of clarity.

« The Clausius—Clapeyron equation

The equation captures the relationship between the saturation
vapor pressure and temperature, providing the thermodynam-
ical basis for understanding the presence of water vapor in the
system (Bohren and Albrecht 1998):

(=T * (77) ®

where e* (Pa) is the water vapor tension at temperature T;
e; = 611 (Pa)is the water vapor pressure at the reference tem-
perature T, = 273.15 (K); A = 2.26 X 10° (J kg™") is the enthalpy
of vaporisation of water; R = 8.3144 is the universal gas constant
( k™ mol™); my o = 18.01528 (kg mol™) is the molar mass of
water and T (K) is the absolute temperature. All the symbols are
summarised for readers’ convenience in Table A1l of Appendix
A. In this study, Equation (1) accounts for water vapor genera-
tion and will be assumed to hold instantaneously in the vicinity
of liquid water under free thermodynamic conditions.

« The transport of water vapor into the atmosphere

The equation we use below, as well as the companion equa-
tion for the sensible heat transport, originates from the works
of Porporato and Yin (2022) and is justifiable under simplified
landscape geometries. It reads as follows:

ET=CELCI£)(el—ea): =CELC§eA @)

where Cy is the transpiration conductance which captures much
of the complexity of the transport processes and may include

corrections for atmospheric stability conditions and is detailed
in the next section; ¢; (Pa) is the water vapor pressure at the leaf
surface, and e, (Pa) is the water vapor pressure in the atmo-
sphere; L, (-) is the leaf area index of the whole canopy; & = 0.622
(-) is the ratio between the dry and wet air gas constants; p (Pa)
is the atmospheric pressure. To simplify subsequent manipula-
tions, the pressure gap between leaf and air, e,: = (e; — e,), has
also been defined. We introduce the idealised hypothesis that
all leaves of a canopy transpire equally. The equation obviously
returns null transpiration in the absence of a canopy.

« The transport of thermal energy (sensible heat) by turbu-
lence is as follows:

H= 2Cf(Lc)(Tl - Ta): = ZCﬂLc)TA (3)

where the factor “2” is required because leaves exchange heat
from their two sides; C = paacpa (m s71) is the heat transport
conductance, as derived for instance in Brutsaert (1982) and
Banerjee, De Roo, and Mauder (2017), with p, being the air den-
sity, C a dimensionless conductance derived from the analysis of
the turbulent behaviour in proximity of the leaves, ¢, (T kg™ K™)
the thermal capacity of air, and & (m s™!) the module of the mean
horizontal wind velocity; T; (°K) is the leaf temperature, and T,
(K) is the air temperature. To simplify the notation, the tempera-
ture gap, T: = (T; — T,), has also been defined.

Equation (3) returns a null sensible heat exchange in the ab-
sence of a canopy. The function f(L,) describes how the canopy
acts as a thermal radiator. If we consider f(L,) = min(L,, 1), this
would mean that when L, > 1, the canopy behaves as a single
layer (with heat exchange surfaces at the top and bottom) and
the effects of the multiplicity of leaves are neglected. A greater
efficiency in dissipating heat can be properly characterised after
appropriate studies, such as those in Muller et al. (2021) and
Banerjee, De Roo, and Mauder (2017), which include the pos-
sibility of a strong coupling of conductances/resistances with
atmospheric instability. The paper by Liu et al. (2007) offers a
comprehensive list of parameterisations that could be used for
this scope. The maximum efficiency of thermal dissipation is
obtained when each leaf dissipates as if it were not exchanging
heat with the other leaves and, in this case, L) = L..

It is important to note that Equations (2) and (3) provide a sim-
plified representation of the complex mixing processes that
occur at the surface layer. However, they can be viewed as a
zeroth-order approximation that is useful for practical purposes.
Given their simplicity, these equations allow for the problem to
be treated without relying on complicated numerical methods
while also retaining the core causal relations between the hydro-
logical quantities and the thermodynamic driving forces.

» The stationary energy budget with radiation emission from
canopy

The energy budget in the big-leaf approach is represented in
Figure 1. All the leaves in the canopy are treated in the same
way, and it is assumed that they share the same values for any
of the variables involved in the budget. The Extended Petri Nets
diagram (EPN) in (Bancheri, Serafin, and Rigon 2019) Figure 1
represents the budget inputs and outputs (as squares) and the
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. ' absorbed radiation
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FIGURE1 | The figureillustrates the extended petri net (EPN) depicting the energy budget interactions at the plant scale, as described in the text.
In the diagram, the circles represent the energy storage, while squares represent fluxes to and from the storage. The budget is noncapacitive, meaning
that changes in the boundary conditions instantaneously affect the water state within the plant compartments (this characteristic being indicated by
representing the energy storage circle in dashed). Triangles represent variables that control the fluxes, which can be either derived from the state vari-
ables controlling the storage or regulated by external/environmental conditions. Black dots mark quantities that are supposed to be given as known
time series. The internal energy of the plant system (U,) is determined by the radiation fluxes (R|), from which the longwave radiation emitted by
the plant (R?) is subtracted. Transpiration (E;) and the exchange of thermal energy (sensible heat) with the atmosphere (H) represent the energy
exchanged through turbulent transfer. Additionally, various transformations of the received energy are represented by S, including the storage of
chemical energy used to form the plant's structure, leaves and fruits. The variables controlling the energy budget include the canopy leaf area index
(L), wind velocity (1) and the temperature of the canopy, which is a byproduct of the plant's internal energy (U.) and the water vapor deficit of the

air, 8, itself a function of the air temperature, T,, but added here separately for completeness.

energy variation (as circles). Triangles with arrows exiting from
the circle indicate variables that are affected by the energy
content of the system and triangles with arrows entering the
squares indicate variables that controls the fluxes, like the leaf
area index controlling radiation and the air temperature con-
trolling the transpiration flux.

This budget is firstly composed by the radiation input that can
be expressed, for instance (de Pury 1995), as follows:

R*=R,(0)(1— ab)<1 —e_k;Lc> +R,(0)(1—- ad)<1 — e‘k:iL"’> )

where R? is the radiation absorbed by the canopy; R,(0) is the
direct sunlight at the top of the canopy; «, is the albedo for
the direct solar radiation; kf, is an extinction coefficient for the
direct solar beam; L, is the total leaf area index of the canopys;
and the quantities with subscript d are the analogous ones for
the diffuse radiation. Radiation contributions are null when

the leaves are not present and L, =0 (for more details, see
Appendix B).

With the above specifications, the energy budget for the bulk
canopy, as represented in Figure 1, reads as follows:

R*-2L, ecT} =H+bAE;+L.Sy
—— ©)

Ry

where H (Wm™2) (as in Equation 3) is the thermal energy ex-
changed via turbulence between the plant and the atmosphere
and E; (as in Equation 2) is the transpiration from vegetation.
In this formulation, it is assumed that the internal state of
the canopy, that is, its T}, changes when the radiation fluxes
change, but the adaptation to match the inputs is instanta-
neous. The triangles in the EPN are referred to as ‘controllers’
of the budget, which are the quantities that regulate the en-
ergy fluxes.
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The term S,; represents an energy sink that can account for
the energy absorbed by photosynthetic processes, which is typ-
ically neglected due to its relatively small magnitude. However,
we retain it for its conceptual significance and as a placeholder
for other potential energy sinks that may be relevant in specific
cases, providing greater flexibility in the model. The term U,
representing the internal energy in Figure 1 is not present in
the equation because it is considered instantaneously adapting
to the input and the output, meaning that the thermal capacity
of the canopy is neglected and oU/odt = 0.

The parameter bis b = 1 for epistomatous leaves (which have sto-
mata on one side) and b = 2 for amphystomatous leaves (which
have stomata on two sides). The numeric factor ‘2’ in front of the
radiative feedback appears because, as seen with Equation (3),
leaves exchange thermal energy through both their sides. The
presence of radiation canopy emission, R1, serves to prevent the
leaves from reaching excessive temperatures (Bottazzi 2020)
and to maintain them within the natural range (Bernacchi et al.
2009; Gabriel 2021).

In Equations 1,2,3,5, the water budget is missing, which means
that our system is not water limited, that is, water free to evap-
orate is thought to be always available. The unknown variables
in Equation (5) are as follows: E, e;, T)and H. Therefore, to find
them, we need all four equations.

Before manipulating the equations to find the solutions of the
system, we consider the Taylor expansion of Equation (1) around
the air temperature, as suggested by Penman and Keen (1948):

e*(T,):ej;+A)Ta T,+O(AT?) ©)

where e’ is the vapor tension in air, A T, is the derivative of the
Clausius-Clapeyron equation (Equation 1) estimated at the air
temperature T,, and O(AT?) are terms of the Taylor's expansion
higher than 1. For the sake of notational simplicity, in the fol-
lowing, we will denote A|; as A, the slope of the water satura-
tion curve without any further specification. That is to say,

R

_ Amy o le*e_M<L_i>

™

where all the quantities have been previously specified.

The e, can be further decomposed in terms of the vapor pressure
deficits close to the leaf and in the air:

en: =(e—e,)=(e—¢ +e —e,)~

®
—6+e+ AT —e,=6,—6+AT,
where the "« " indicates water vapor tension quantities to be es-
timated by the Clausius-Clapeyron equation, the quantities la-
belled with “I” are those relative to the leaves and those marked
with the subscript a are relative to the air.

In this way, the pressure gap becomes a function of the tempera-
ture gap, T, and the vapor pressure deficits, 5, and 6,. The latter,
in turn, are functions of the air temperatures (measured) and

temperature of the leaves (unknown). Therefore, there is a de-
pendence of e, on the temperatures of the leaves. The hypothesis
actually made by Penman and Keen (1948) was §; = 0, which
means that in the stomata, the vapor is at “saturation” pressure.
Under this hypothesis, we have reduced the unknowns to three
because the atmospheric water pressure deficit, §, is known,
depending on the measured e, and T,. For a simple solution of
the system, only one obstacle remains: the term es T}, which is
nonlinear. However, as in Bottazzi (2020), it can be conveniently
linearised by approximating it as follows:

Rt=eoT =ecT, T =ecTX(T)—T,+T,)=ecT:Ty+ecTs (9)

Having used this finite difference type of approximation,
Equation (5) is linear in the temperature gap, and the system
of Equations (2), (3) and (5) can be solved easily in terms of the
supposedly known variables, i.e., @1, 6,, T,, and R, (drawn as
‘controllers’ in Figure 1).

Substituting the expressions of the terms derived from
Equations (2), (3) and (6) into Equation (5) results in the
following:

RA- b/chcEf)&a ~L.S,—2L.ecT?

T, = - - (10)
2CAL,)+bACEL, ; A+2LeoT,

The result simplifies when f{L,) =1 and R, is assumed to be
proportional to L.. In this case, L, cancels out, but the solution
still differs from the standard Penman derivation because the
sink term and canopy radiation emission are included, which
are not accounted for in the original formulation. As a result,
the solution shows that T, # 0, even in the simplified cases
where the energy sinks are null and the radiative response of
leaves is neglected. It is easy to observe that any increase in the
conductance Cy decreases the temperature gap and, also, the
higher the air temperature, the lower the temperature gap. The
thermal energy exchange is simple to estimate by substituting
Equation (10) into Equation (3) as follows:

RA—bAL,Cy; faa ~L,S,—2L.ecT?
H=2CfL.)

z (11
2Cf(Lc)+bACELCI—)A+2LCeaTZ

In turn, Equation (10) substituted in Equation (8) gives the
following:

o - 2CfL)+2L.e0T, 5
A T a
2Cj(LC)+b/1CELc§A+2LCeaTZ
12
RU-LSy—2LeoTs 12

+
2Cj(Lc)+b/1CELC§A +2Le0T?

which has a dynamic that is also regulated by air vapor pressure
deficit, and

2CAL.)+2L.ecT?
By =CL.S N 6+
p ZCﬂLC)+b1CELC;A+2LceaTa

R*-L,S, —2L.ecT! A 13)
2Cf(L,)+bAC;L, EA +2L 0T
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Equation (13) can be considered a generalisation of the Penman-
Monteith equation (Brutsaert 1982). As such E, the solution of a
system of equations, as well as solutions for the leaf temperature
(from the temperature gap), the air humidity (from the pressure
gap) and the sensible heat transport out (or into) the canopy are
obtained. The independent variables are, besides radiation, the
vapor pressure deficit of air, §,, and those variables so far hidden
in C and Cy. Due to turbulent transport, both C and Cy, certainly
depend on the mean wind velocity, @1, but other dependencies
can be present. In particular, if C or C; depends on the leaves
temperature the linearisation process would be complicated
and other terms would appear in the solutions, as discussed in
the next section. To establish a connection with the traditional
approach, the PM formula can be derived from Equation (13) by
setting (L) = 1, b = 1, the factor “2” to 1, C, = C, and removing
the radiative response of leaves. The solution in Equation (13)
depends solely on the air temperature T, and does not consider
the leaf temperature. However, as indicated in Equation (10), it
is incorrect to interpret this as implying that the leaf tempera-
ture and air temperature are equal.

3 | The Expression of Conductances and the
Consistency of Previous Derivations

In Equation (2), it is crucial to consider the conductance of the
transpiring surface, taking into account the entire pathway of
water within SPAC, which is typically conceptualised as consist-
ing of five compartments: soil, roots, stem, leaves and air. In this
simplified representation, it is believed that the flux follows a sim-
ilar law as expressed in Equation (2) throughout the system, albeit
with varying conductances (Nobel 1991; Taiz and Zeiger 2014). By
assuming that no water mass accumulates within these compart-
ments, it can be easily demonstrated that the overall flux of the
system, spanning from soil to atmosphere, can be described using
a law of the same form as Equation (2) where the total equivalent
conductance is determined by taking the inverse of the sum of
the inverses of the individual conductances. This concept exhibits
a strict resemblance to the principles of electric circuitry (Bonan
et al. 2021) and is commonly referred to as the resistance model of
transpiration. Introducing water accumulation capacities would
be more realistic but would render the mathematical problem
not explicitly solvable. Therefore, the Cy in the transport law of
Equation (2) is now understood to be:

_ —1, -1 -1 -1 —1\~1
CE - (ISVKS +groots +gstem +gs + Cair) (14)

where the conductance in soil is given by the hydraulic con-
ductivity divided by a characteristic length of the soil-root in-
teraction, C,; = K,/l,, and, in accordance with the literature,
we have named the conductance of the leaves g. The conduc-
tance of the stem, g,,,, can be represented as a function of the
comprehensive hydraulic conductivity K of the stem, given by
8«em = K/, where | denotes the average length of flow paths
through the xylem to the leaves. C;, can be determined using
simplified assumptions, as described in Brutsaert (2023).

For simplicity, in the following discussion, we will focus on
the conductance of the leaves as it is the primary site of resis-
tance (i.e., the inverse of conductivity) (Soriano et al. 2020).

Additionally, we will examine its relationship with stem
conductivity.

The ultimate form of g depends on the concurrent processes
of transpiration and photosynthesis, or the water supply and
carbon assimilation, A,, which is sustained for a wide range of
temperatures, typically ranging from 0°C to 50°C (Bernacchi
et al. 2009; Gabriel 2021). Photosynthesis also depends on
other environmental factors, such as the amount of incident
light, the water potential in the soil, the water pressure defi-
ci,t and the CO, concentration (Lhomme 2001), and therefore,
it is obvious to think that Cy depends on all of these factors.
Of primary importance for our derivations, however, is that g
depends upon temperature (Gabriel 2021). Generally, optimal
temperatures for gross photosynthesis fall within the range of
15°C-40°C.

To account for these environmental effects, in the literature,
there are two main families of parameterisations of the con-
ductance of leaves (stomata conductance) g, (Damour et al.
2010). The Jarvis parameterisation (Jarvis, Monteith, and
Weatherley 1976) expresses g, as a product of factors, which
are dependent on environmental quantities such as photosyn-
thetically active radiation, PAR, temperature, T, vapor pressure
deficit, 6,, leaf water potential y, and C,, CO, concentration in
air. The form of Jarvis' g, is simply the result of complete expres-
sion of the influence of all the variables without any synergistic
interactions:

8= &5 max " JROPARfH(TDf5(8)f(COf, (W)
< ~ -/ (1 5)
8eff

where g .. is the maximum conductance, without any
kind of stress and in well-watered conditions (m s71),
FoPAR), (T, f5(6,). f,(wp) and fu(C,) are appropriate em-
pirical functions with codomain in [0,1]. For purposes of our
subsequent analysis, all the terms except for the one contain-
ing the dependence on y, are grouped in g, Other formula-
tions (Damour et al. 2010; Allen 1986) can also contain further
dependencies. The stress function for each influencing factor
has various forms in the literature as reported for instance in
Wang et al. (2016) and Liu et al. (2019) and Wang et al. (2020).
However, the form of the function for the temperature ap-
pearing in Equation (15) is a bell-Gaussian-parabolic type of
curve:

Tl - Tlow

Sr(T)=b; _(Tup T (16)

where b, =1/(T, - TiowXTyp— Ty and b, = (Typ = To)/(Ty = Tigyy) -
fr(T}) is a dimensionless conductance varying between 1 at T,
and zero at Ty, and T, the lower and higher leaf temperature at
which the curve meets the abscissa.

The forms of other stress factors in Equation (15) are presented
in Appendix C.

The second type of parameterisation for g, is due to the Ball-
Berry-Leuning (BBL) (Ball, Woodrow, and Berry 1987
Leuning 1990; Dewar 2002), and it has been modified in various
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ways since the original paper. For instance, in Dewar (2002), the
form given to it is as follows:

n

83=8o +gl—(CS—F)(1+‘Z—(‘:>

a7

where I'is the CO, concentration at the compensation point, that
is, at which the rate of photosynthesis equates the rate of respira-
tion; gy is the Ball-Berry-Leuning conductance; g, is the value
of gz at the compensation point, and g, and e, are empirical co-
efficients; A, is the net leaf CO, assimilation rate and either is
a time-varying measured variable or requires the modelling of
the carbon cycle; C;is the CO, concentration at the leaf surface;
and finally, §, is the water vapor pressure deficit. An interesting
form of the BBL was obtained in Medlyn et al. (2011), under the
hypothesis of optimal photosynthesis theory, which is as follows:

A
gB=1.6<1+g—\/:s_>F" (18)
a s

where all the symbols have been explained before. Interestingly,
Lin et al. (2015) provide values for the g; variable for various
types of vegetation in different locations, as reported in Table C1
of Appendix C.

In the above BBL formulas, it is usually assumed that A, can be
approximated by a downward parabola, dependent on T), typi-
cally represented as follows:

A(T)=Apax = b(T; = Ty 19

In Equation (19), A, represents the photosynthetic rate of
carbon assimilation measured at leaf temperature T}, A,
denotes the rate at the optimum temperature T, and the pa-
rameter b controls the sharpness of the parabolic curve. Also,
in this treatment, the dependence on environmental factors is
present, even if not usually explicated. For example, the three
parameters of Equation (19) exhibit dependencies from the
CO, content as justified in Yamaguchi et al. (2019), light satu-
ration, as in Woods and Turner (1971), and are relatively resil-
ient to direct water content, as in Cornic and Massacci (1996).
Undoubtedly, achieving a consistent utilisation of the Ball-
Berry-Leuning formula would necessitate the complete inte-
gration of the water budget and carbon budget, although this
aspect is beyond the scope of the present paper.

Therefore, the formulation of the temperature stress in
Equation (16) embeds a similar temperature dependence as in
Equation (19), and similarly violates the hypotheses under which
the solutions of the previous Section 2 was derived . The problem
can be circumvented by taking the Taylor expansion of the C, at
first order, around the air temperature. Thus, Equation (2) can
be rewritten as follows:

Ep  =(Cg(8,,T,, PAR,0)+Cy(3,, T,, PAR, 0, )ATA)LCE((SG +AT,)

% Cu(602 Tas PAR, 0.)L, 26, +
p (20)

(Cg(84, T4, PAR, H)ch + CfE(éa, T,,PAR,¥, )LCI%&Q)ATA

N

additional term

which introduces an additional term in the denominator for the
solution for T, in Equation (10), thus producing the solution:

R —bAL,Cy 55,1 —L.Sy—2L.ecT!

T, = i
= 2CL)+bACEL,E A+ 2Lee0TS +Cp(3, Tys PAR, O)L£6,)A

@D
Thus, accounting for the temperature dependence of conduc-
tance directly results in variations in leaf temperature. The ad-
ditional term can be positive for temperatures below optimal
temperature and negative for temperatures above it (Wang
et al. 2020). Once substituted into Equations (3), (8) and (5),
the above T, changes the solutions for E, H, e,. Notably, a
term at the denominator dependent on 6, is now present in
Equation (21), which complicates the dependence on the water
pressure deficit and could have some relevance under condi-
tions of global warming where §, is foreseen to increase (Xu
et al. 2024). Because of its form, the additional term CJ, brings
a negative contribution for T < T, and a positive contribution
for T> T,

In many implementations, such as in Bottazzi (2020), f;(T})
is often substituted with f(T,), which directly depends
on air temperature. However, as seen in comparison with
Equation (20), this assumption cannot be made approximately
equivalent to the original formulation, even by redefining cer-
tain parameters related to xylem water potential, and this sub-
stitution can potentially introduce biases in the transpiration
estimations.

The relative effect of stomatal conductance on T, can be quanti-
fied by the ratio of Equation (21) over Equation (10):

2CAL,)+bACLL, §A+2LceaTz

T = 2L +bACELE A+2L,e0T; + Cy(64, To PAR )L 26,00

(22)
In the conductance formulas, another important factor is the
conductance, C, associated with thermal energy exchange.
Similar to C,,, this conductance is influenced by turbulent
transport. The estimation of C typically assumes a similar-
ity between the vegetated landscape and the airflow over a
rough plane, where the air velocity may exhibit a logarithmic
profile. Under these assumptions, Liu et al. (2007) provide a
comprehensive review of various resistance expressions that
can also be applied in this context. The same formulas, with
appropriate parameter modifications, can also be used for Cy;,
in Equation (14).

4 | Concepts and Equations of Water-limited
Transpiration

The issue addressed in this section is how to effectively couple
energy and water balances to estimate plant water use under
stress conditions. This water-limited scenario, which respects
water budget constraints, can be represented by recognising that
plants sense water availability through water potential (Binks
et al. 2024) and by incorporating a model of plant hydraulics. To
begin, we can apply the Clausius-Clapeyron equation, account-
ing for the water-deficit-induced depression in the leaves due to
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the Kelvin effect (Vesala et al. 2017; Bohren and Albrecht 1998).
It reads as follows:

/lmHo 1 1 WIVHO
#(T)=e*(T S : 23
¢ ( ) ¢ ( rEf)eXPI: R (T Tref)]exp( RT > ( )

where e*(T,ef) = 0.611 (Pa) is the saturation water vapor pres-
sure at T,r=273.15 (K), a reference temperature; y, is the
(negative) water potential in leaves (Pa); Vy o is the molar vol-

ume of water (18 x 107% m3 mol~'); 1 = 2.2610° (J kg™!) is the
enthalpy (latent heat) of vaporisation of water; R is the univer-
sal gas constant, equal to 8.31446 (J K ~! mol™);
My, o = 18,01528 1073 (kg mol™) is the molar mass of water;
and T is the temperature (K).

The water budget was implicitly introduced in partial form
in Section 3 when we formulated the Jarvis parameterisation
of the conductances. In that context, we introduced the term
f,(w)), primarily on an empirical basis, to account for varia-
tions in the E; flux in response to changes in leaf water po-
tential y;, which is itself dependent on soil and xylem water
content. The rationale for including this term becomes clearer
when considering the need to incorporate a simplified model
of plant hydraulics, as explained below. The introduction of
the new variable y; in Equation (23) necessitates, in fact, add-
ing another equation to the system described in Section 2 in
order to balance the number of unknowns and equations. This
equation is the water budget of the plant which we write and
discuss below.

To keep the problem as simple as possible, it is assumed that
the SPAC can be split into two functional parts, one including
the soil and the stem (and where, with some loss of accuracy,
roots are treated as the stem), SP,, and the leaves with their sto-
mata and the atmosphere, P,A. SP, is treated as a single equiv-
alent pipe, and the resulting water flux (sap flow) is eventually
equalled to the transpiration out of the stomata. The resulting
coupling of the water and the energy budgets can therefore
be represented as in Figure 2 where S is the water storage in
the plant, J, is the water inputs from the stem and E; is the
transpiration in mass units. In Figure 2, the bridges, that is,
the dashed lines ending with small empty squares, connect
the same variables that are present in both the water and en-
ergy budgets after the appropriate transformation; thus, the
graphic representation highlights all the relevant connections
between the energy budget, the water budget and other vari-
ables that, at present, must be determined externally to the
system of equations to be solved. After these choices and as
shown in the figure, the water budget can be expressed by a
simple equality:

J,=E; (24)
where J, is the sapflow and E is the transpiration.

This approach overlooks time lags that have been observed
in plant response during sap-flow experiments (Kume et al.
2008; Ferraz et al. 2015), as well as phenomena such as water
storage, discharge and refilling (Phillips et al. 2009; Oliva
Carrasco et al. 2015; Wang et al. 2019). These factors can be
thought as responsible for the resilience of plants to water

stress and should be considered in a more refined approach
but would render the mathematical problem not explicitly
solvable.

We discuss the terms in Equation (24) separately. It is assumed
that the flow in the roots and stems (sap flow) through the xylem
occurs under laminar conditions and J, can be estimated as fol-
lows (McDowell et al. 2008; Lin et al. 2015):

Jo=8sp, W W) (Ws—v1): =8op (W WWA (25)

where the effect of the gravitational potential has been ne-
glected for simplicity and J, is the flow that feeds transpiration
rate; gsp (W, v,) is a generalised form of the hydraulic conduc-
tance of SP,, dependent on the average suction inside the xylem,
v,, and the soil, y. For the sake of simplicity, in this study the
v, is assumed either to be known or that it can be approximated
by a simple function of . gSPl((V/x’ y,)) can be expressed as
follows:

Ly, I -
+ (26)
Ks(Ws)Qspw kmaxKx(Wx)Qx

gspl(ll/x’ W

where [, - is a characteristic length of the soil-roots interaction;
Q. (m?) is the surface through which the flux of water moves
from the soil to roots (usually expressed as Q, = R; V; where R,
is the roots length (m m~3) for unit soil volume and V (m?) is the
root volume); p,, (kg m~3) is the water density; [ (m) is the stem
length, k,,,,, is the maximum value possible of specific sap flow
(kg m~2s7! Pa~!) and Q, (m?) is the cross-sectional area. Both K
and k,,,, K, are hydraulic conductivities but expressed in differ-
ent units, as customary of hydrology (the root term) and plant
physiology (the xylem term) and clarified in the Supporting
Information.

The xylem conductivity decreases when xylem becomes pro-
gressively embolised under increasing tension, proportionally
to the distribution of occluded pathways (Venturas, Sperry, and
Hacke 2017). Water stress induces embolism, freezing-thawing,
and pathogens cause embolism but no one of the causes is related
to stomatal functions (Tyree and Sperry 1989). The relationship
between relative hydraulic conductivity and stem tension, which
follows a sigmoidal form, see Appendix D, is well-documented
in the literature (Venturas, Sperry, and Hacke 2017; Lehnebach
et al. 2018).

As demonstrated in Manzoni, Vico, Katul, et al. (2013),
Equation (25) exhibits a behaviour illustrated by the continuous
grey curve in Figure 3, which displays a maximum value E; as
function of y,, depending on the physical structure of the plant.
This happens because ggp is an increasing function of y,, while
the driving force, (w, —w,)~ —y, is a decreasing function.
However, ggp, is also a function of y; and when the soil dries, the
grey curves lowers to the brown curves of Figure 3.

Therefore, when y, — — oo, the water flux to the leaves is lim-
ited by increasing embolism (Sperry, Stiller, and Hacke 2003;
Venturas, Sperry, and Hacke 2017) without any action being
necessary from the stomata. On the other hand, the stomatal
behaviour, as reflected by &;, is influenced by a set of feedback
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Uc internal energy

PA leaves water storage

SP root+stem water storage

Wa:ter BUdget Energy BUdget ' absorbed radiation

R T emitted longwave radiation

Snk energy sinks

BT
8 sapflow

H sensible heat

H ET transpiration

_TQ' air temperature

€q. air water vapor pressure
& canopy temperature
/L¢.  leaf area index
Vi's S. soil water potential

aq) vapor pressure deficit

Yo water potential in air

wind velocity

L:

FIGURE2 | The figure represents the combined water and energy budgets, and their interactions at plant scale. The red area of the EPN diagram

is effectively the energy budget seen in Figure 1, while the blue area of the diagram represents the water budget. The water budget is influenced

by two boundary conditions: the water potential in the soil (y¢) and the water potential in the air (y,), which is related to the water vapor pressure

through the Clausius-Clapeyron equation (e,). Two compartments of the SPAC are distinguished: the soil-root-xylem (SP;) and the leaves to air

(P,A). The flux between these two storages is represented by J,, which denotes sap flow, while E;. represents transpiration from leaves to atmosphere.

Transpiration appears in both the water and energy budgets, with the latter considering the transferred water mass multiplied by the latent heat of

vaporisation for water. The red area, encompassing the energy budget, the internal energy of the plant system (U.) was already described accurately

in the caption of Figure 1 and it is not repeated here.

mechanisms associated with the plant's biochemical and water
status (Taiz and Zeiger 2014; Buckley 2019). The role of the po-
tential control of the stomata on the E; can be understood when
equating the sap flow to evapotranspiration, that is, substituting
into Equations (24), (2) and (25), by posing the following:

g ¢
8sp, W WOW A =8p,a(W s WS)LCZ_)(el =€) = 8p, AWy ‘l’s)Lcl_)eA

N
S— ——
J, 5,
@7

where

grai =18 +Col™ (28)

Because e, =¢(y,, T;), that is, is estimated by means of
Equation (23), it is also a function of y, and not only of T}, as in
Equation (1).

It is important to note that the conceptual meaning of
Equation (27) is not always fully explored in the existing lit-
erature. Not only can a plant system be viewed as a pipe with
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FIGURE 3 | The figure illustrates the working point of a plant, depicting the relationship between leaves' water potential (abscissa) and daily
transpiration (ordinate). The grey line represents the optimal curve obtained using hydraulic conductivity as described in Krober, Heklau, and
Bruelheide (2015), while the xylem/leaves behaviour is estimated based on the approach outlined in Manzoni, Vico, Katul, et al. (2013). The stoma-
tal conductance is determined according to Daly, Porporato, and Rodriguez-Iturbe (2004a) for three different values of g ., Realistic values were
selected, as explained in the Supporting Information, although certain crucial parameters such as the cross-sectional area of the tree or root density
had to be assumed. The soil, assumed to be a silt loam, was characterised by estimating its conductivity using the Van-Genuchten Mualem parame-
terisation. The brownish curves indicate the limitations on transpiration due to decreasing soil pressure. Despite these limitations, the curve clearly
demonstrates that when the plant xylem behaviour is coupled with soil behaviour, the transpiration rate is significantly constrained (as reported also
in Carminati and Javaux 2020). The plant's working point, indicated by red dots, is determined by the intersection of the brownish curves with the
dashed bluish curves representing stomatal behaviour as a function of xylem pressure. Each bluish curve corresponds to a hypothetical value of g4

whose definition is in Equation (15).

distinct resistances (or conductances) that combine to form an
overall resistance, but the appropriate continuity relationships
must also be satisfied pairwise in adjacent plant and soil compo-
nents, and especially between soil and roots, stem and leaves and
leaves and air. As a result, the actual resistances (conductances)
and water potential need to be carefully adjusted pairwise to en-
sure coherence, as clearly stated also in Manzoni, Vico, Katul,
et al. (2013) and Manzoni, Vico, Porporato, and Katul (2013).
However, typically, parameterisations of hydraulic conductivity
in soil and stems and stomatal conductance are presented inde-
pendently without ensuring their consistency.

The basic principles of hydraulics indicate that when the stomata
are closed and the transpiration rate (Ey) is zero, there is no water
flow from the soil and the leaf water potential (y,;) equals the soil
water potential (y,). When stomata open the transpiration dy-
namic is constrained on the brown curves in Equation (3) and
ideally tends to gain the maximum rate (Manzoni, Vico, Katul,
2013). However, because this rate is quickly drying the soil, the
optimal evaporation level and related photosynthetic activity are
decreasing itself moving down from one brown curve to a lower
one. Isohydric plants react by closing stomata to maintain the
highest possible photosynthetic activity coherent with the water
supply, and ultimately preventing the disruption of water flow
and the plant's demise. The current understanding suggests that
this happens through a complex set of feedback mechanisms

(Eamus and Shanahan 2002; Buckley 2019; Sperry, Stiller, and
Hacke 2003) that exploit a safety-efficiency trade-off that obvi-
ously differs between plant species and, up to a point, between
individuals (Manzoni, Vico, Katul, et al. 2013; Manzoni, Vico,
Porporato, and Katul, 2013). Building on the discussion above,
it is evident that the role of stomata is not simply to “decrease”
E; but to “regulate” E; in alignment with a plant’s functional
strategy and the surrounding environmental conditions. This
process can be described as follows: when soil moisture dimin-
ishes, plants experience stem embolism, which reduces their
transpiration and carbon gain rate and triggers stomatal closure
to prevent further dehydration while maintaining a certain level
of photosynthetic activity.

Figure 3 presents a comparison between the shape of the left-
hand side of Equation (27), depicted by the brown curves, and
the right-hand side, represented using a simplified parameter-
isation of the variable g as a function of y, proposed by Daly,
Porporato, and Rodriguez-Iturbe (2004b). The figure considers
hypothetical variations of g, and is illustrated by blue dotted
curves. The intersection of the brown and dotted curves deter-
mines the operating point of the plant, visually represented as a
red point. The dotted curves are represented by varying value of
8> as defined in Equation (15) to account for the influence of
the other environmental stresses that change during the day and
through the seasons, thus determining different values of g,
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The overall result when there is an increase in evaporative de-
mand from the atmosphere is that the increase in evaporation is
less than linear (Sperry, Stiller, and Hacke 2003).

Another implication of the above analysis is that the water po-
tential in plants is not solely attributed to the presence of micro
or nano structures in leaves (as would be expected from an
equilibrium interpretation based on capillarity, as claimed in
physiology textbooks, e.g., Taiz and Zeiger 2014) but is primar-
ily determined by the dynamics of water flow whose qualitative
solution has just been illustrated.

One other important aspect of the aforementioned Figure 3 is
that at ordinary soil suctions, the sap flow curves are quite flat
and the working points return a quite constant sap flow with
varying xylem/leaves pressure.

5 | Penman-Type Solutions for the Water-Limited
Transpiration Case

To obtain the dynamics of transpiration from equations, we
can pursue the same strategy that we adopted in Section 2
but linearising Equation (23) around the potential of the soil
matrix, y;, besides the air temperature, T,. Arguably, such
a linearisation could introduce errors, but we are more in-
terested here in assessing the functional dependencies be-
tween variables rather than in obtaining accurate numbers.
Therefore, the aim is to transform all equations, including
the new Equation (27), into functions of the temperature gap,
T,, whose final expression is obtained by solving the energy
budget. This implies expressing the water potential gap, y,,
as a function of T, too. The details of the calculations are pre-
sented in Appendix E.

Accordingly, Equation (23) can be approximated in the form:
s
el(Tl’V/l)NEe'l'ATTA'l'AwWA (29)
with € = e(T,,w,) and

1
Agi == e(Tow) (im0 + Wil Vo). (30)

Ty =y,

where it should be recalled that y, is negative and, therefore, the
term in brackets is always positive. Furthermore,

A =@e*

1 RT (T) T=Ta’W=V’; (31)

Substituting the various terms in the energy budget, as in the
previous sections, results in the following:

R,—CyL, 5(1 +A,ACp)é, —2€0L, T ~L S,
T,=

= (32
C+ CELCE(AT+B)+2€6LCTZ

where A and B are complex functions of A, and Ay fully derived
in Appendix E and contain the effects of water stress. This ex-
pression is certainly more complicated than Equation (10), but

it is of the same type, and after substituting the temperature
gap Equation (32) in Equations (3), (29) and (E11), we obtain
the water-budget-aware thermal energy transport, transpiration
and pressure gap. Their complete expressions are presented in
Appendix E.

The equations derived from Equation (32) represent a further
generalisation of the PM equation that includes the water budget
and, to the best of our knowledge, has not been written or dis-
cussed before. The importance of water stress can be quantified
by evaluating the ratio between Equations (32) and (21).

6 | The Sun-Shade Model

The conventional big-leaf approach, though widely used, is
often regarded as inadequate for capturing the complexity of
the energy budget (de Pury and Farquhar 1997). Therefore, in
this section, we propose an extension toward a more realis-
tic model, aiming to clarify which additional assumptions are
necessary for improved accuracy. In detailed treatments of the
SPAC, the amount of sunlight that each leaf receives depends
on the position of the leaf within the canopy, the angle of the
sun and the orientation of the leaf itself. Multilayered mod-
els of canopies (Goudriaan 1977; Baldocchi and Harley 1995)
account for various factors such as leaf angle distribution,
leaf density, leaf area index and the angle and intensity of the
sun for a detailed computation of the light that reaches each
leaf and the amount of light that is absorbed, transmitted or
reflected.

A good compromise between the complicate multilayer mod-
els and the big-leaf approaches is dividing the canopy into two
distinct conceptual layers: the sunlit layer and the shaded layer
(Bonan et al. 2021). The sunlit layer represents the layer of
the canopy where the leaves receive direct sunlight, while the
shaded layer receives indirect or diffuse sunlight. It is important
to note that these layers are conceptual in nature, as illustrated
in Figure 4 and explained in detail in Appendix B.

Incoming radiation must be partitioned into two components to
account for the distinct energy budgets of the sun-lit and shaded
leaves, as depicted in the energy balance diagram in Figure 4.
Consequently, sun-lit and shaded leaves have different tempera-
tures Tg,,, and T, introducing an additional variable compared
to big-leaf treatments. The equilibrium values of water vapor
pressure in the sun and the shade, e; and e}, are also dis-
tinct variables, but their values can be derived by applying the
Clausius—Clapeyron equation twice.

While Figure 4 shows that the only feedback usually imple-
mented between the two canopy layers are the radiative ex-
changes, Rgg, (yellow) and Rg,s (orange) other exchanges of
energy due to thermal energy transport could also occur. They
depend, according to Stefan-Boltzman, on the fourth power of
the leaves’ temperature and by a partition coefficient that estab-
lishes which portion of the emitted radiation hits the other layer.
For instance, including feedback with the terrain radiation is a
straightforward extension that can be incorporated by adding a
third layer hit by the residual radiation but is neglected in the
present treatment for sake of simplicity.
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FIGURE4 | The photo on the left side of the figure illustrates the rationale behind the Sun-Shade model. The lighter leaves are those directly hit
by sunlight, while darker leaves are illuminated only by reflected and scattered light. Although not strictly categorised as sunlit and shaded layers,
the distinction between the two sets of leaves in this case is quite evident. In most cases, the differentiation between the two sets may be less pro-
nounced but still justifiable. This partition leads to a doubling of the elements in the combined water and energy budgets, and the EPN graph shown
here directly highlights some key points of the partition at the centre of the figure and made more visible by the black frames. One notable aspect
is the need to introduce a partition factor to divide the sap flow between shadowed leaves and sunlit leaves which needs to be addressed with some
assumption. Additionally, the radiation input must be appropriately divided, as described in Appendix B. In the sun-shade modeling, longwave ra-
diation exchanges between the two leaf compartments, that is, Rgg, and Rg,g, are also present and couple the two subsistems. The names used in the
EPN graph follow the same nomenclature as in the previous figures, with updated subscripts: Sh for shaded leaves and Sun for sunlit leaves.

To translate into equations what is represented in Figure 4, on the where j € {Sun,Sh} and where the total sap flow K,,,, is sub-
top right side of Figure 4, is represented the sunlit canopy budget: divided as in Kennedy et al. (2019), assigning to each compart-
ment a flow proportional to the respective leaf area index, that

RSun +RShS _RSSh = Hsun + b/lET,Sun +LSunSnk (33) is to say, C] = CLj/Lc'

where Rg,, is the radiation received by the sunlit leaves and Lg,,is ~ The latter hypothesis assumes that the pathways from roots to

the leaf area index of the sunlit canopy; Ry, is the radiative emis- leaves mix up the flows, and thus, we can attribute the same
sion of the shaded leaves towards the sunlit leaves, and Rgg, is the conductivity values to the xylems that feed sunlit and shaded
radiative emission of the sunlit leaves towards the shaded ones. leaves (Lehnebach et al. 2018). Therefore, the scheme applied in

deriving the big-leaf equations for water and energy budgets can
The second budget, on the top left side of Figure 4, refers to the  be replicated, as detailed in Appendix E. Eventually, for the sun-

shaded canopy: lit leaves temperature gap, we have the following:
Rgp = Rgps +Rssp =Hgy + biET’Sh +LgnSnk (34) Rs— aELs§P71 (1 + AwsAsaE>5a —2ecLgTa* —LgSy+ ZasneLshUT;h
Ty, = =
where Ry, is the radiation received by the shade leaves and Ly, ’ C+Cylsp (A +Bs) +2e0Ls T,
is the leaf area index of the canopy in the shade. The two en- (36)

ergy budgets must be resolved simultaneously because of the
feedback terms between them, which force an equalisation of
leaves temperature via the exchange of longwave radiation. As
in Section 4, the two energy budgets can be solved either with-

where the only variable previously unexplained is the term ag,
(-) which is the portion of longwave radiation emitted by the
shaded leaves towards the sunlit leaves. And for the shaded

leaves:
out the water budget to obtain the energy limited solutions or
coupled to the water budget to obtain the energy and water lim- Ry — CpLguép™ (1 +A,, AShéE),;a_ 260Lg,Ta* ~Lg, S,y +2ageLso T
ited solutions. The bottom part of Figure 4 shows the companion Tag, =

. C+CyLg,ép~'(Ag,, +Bgy ) +2¢0Lg, T3
water budgets for the shade leaves (left bottom) and the sunlit slanlp ( Tsh S“) €ohshla

leaves (right bottom). Equation (27) is no longer valid alone and @7
should be substituted with two separate equations: where the term ag (-) which is the portion of longwave radia-
tion emitted by the sunlit leaves towards the shaded leaves.
Equations (36) and (37) closely resemble Equation (32), each dis-

¢
Clywwa, =Cp =Ly 35
PR T T 35) tinguished by its respective input term. The equations presented
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above are not yet the solutions because Equation (36), and con-
sequently T, , depends on Tg,, which in turn depends on T,
creating a mutual dependence between the two equations. Both
temperature equations are quartic polynomials and they can be
simultaneously solved using appropriate formulas or numerical
methods for approximation. A key result of this derivation is
also that the coupled water and energy budget of the sun-shade
model can be solved explicitly, providing the temperature gaps,
only upon the clarification of the mechanism of partitioning the
water flux between the leaf layers. Further comments can be
found in Section 7.

7 | Discussion

The procedures outlined in the previous sections are undoubt-
edly approximations and idealisations, which is a common and
necessary practice in scientific modeling. Models are inherently
simplifications of reality, designed to emphasise key elements
while omitting complexities that are not immediately essential.
This approach is particularly relevant in land surface modeling,
where systems are highly complex, and researchers must balance
accuracy with practical feasibility in their simulations and predic-
tions. In this context, our work builds upon Penman'’s framework.

In pursuing our generalisations, we were guided by the princi-
ple of introducing only the minimum number of governing vari-
ables required, while maintaining a system of equations that
could be solved explicitly. Although the literature on the PM
formula spans 70 years and despite the simplifications required
to derive it, hundreds of researchers have successfully used it
to fit data. This has been possible for the ability of parameteri-
sations to compensate for biases and uncertainties and, maybe,
due to certain imprecision in the measures that should falsify
the formula. We can also hypothesise that plants possess physio-
logical mechanisms to maintain homeostasis around certain fa-
vourable conditions (Dewar 2002; Buckley 2005), which may not
heavily depend on the specific details of hydraulic processes and
may be readily described through suitably calibrated parame-
ters. However, the investigation of how this happens is beyond
the scope of this paper.

Our approach does not aim to produce a better fit to the avail-
able data but to theoretically refine and better define the
scope of parameters, particularly the parameterisations of
water conductance. Compared to the original PM formula, a
straightforward generalisation involves introducing the can-
opy through the leaf area index variable. Although it is not
easily measurable, extensive literature documents efforts in
this area (e.g., Chen et al. 1997; Fang and Liang 2008; Zheng
and Moskal 2009) indicating that it is a viable way to integrate
canopies into modeling. One remaining area for exploration is
determining the function f{L.)in Equation (3), which globally
characterises how the sensible heat H couples with the atmo-
sphere. This aspect cannot be separated from the analysis of
the conductances C and C,;,, to which it is conceptually linked.
Numerous studies on leaf-to-atmosphere coupling have been
conducted by micrometeorologists, with comprehensive re-
views available in Bonan (2019), which can be a further read-
ing to understand how these functions might be improved and
with what level of accuracy.

This paper also brings evidence that the simplification made
in the classical derivation of the PM formula, such as treating
the aerodynamic conductance for sensible heat transport (C)
and plant-to-atmosphere conductance (Cy) as equal, is probably
an oversimplification. This equality is only valid, in our math-
ematics, if all plant-related conductances, like stomatal con-
ductance (g,), root conductance (g,,,,) and stem conductance
(84em)» are very large, leaving the leaf-to-air conductance C,;, in
Equation (14) as the primary control over fluxes.

We also analysed the role of leaf temperature in conductance, as
discussed in Section 3, suggesting a need for a correction term
in deriving the temperature gap (i.e., in Equation 21). Although
this term might ultimately be negligible, its potential influence
warrants future investigation.

If models parameterise g, using air temperature instead of leaf
temperature, they risk introducing a significant bias, since this
difference, established in Equation (10), is never negligible and
has often been overlooked in traditional treatments of the PM
equation.

As a result of the derivations in Sections 4 and 5, the integration
of water availability into the SPAC dynamics is realised through
three mechanisms. The first, often neglected, involves the gen-
eralisation of the Clausius—Clapeyron equation to include leaf
water potential. The second aspect becomes significant when
considering xylem hydraulics, that is, Equations (25) and (26),
we need incorporating plant architecture and structure through
appropriate traits. The third mechanism involves the action of
stomata and its parameterisation, and it is the only considered
for in the most basic PM formula.

With regard to the first mechanism, it could be argued that
under normal conditions, the correction of the Clausius-
Clapeyron relationship is minor. However, during drought
conditions, this correction has been reported to reduce fluxes
by about 15% (Vesala et al. 2017), suggesting that its inclu-
sion could improve consistency in modeling plant physiology
and better assess conductances. However, even if we neglect
it, stem dimensions influence fluxes through variations in
sap flow. In fact, Equation (25) underscores the need to eval-
uate both root and stem hydraulic conductivities, dependent
on factors such as embolism levels and sap flow area, which
are influenced by the size of tree and its branches (Tyree and
Ewers 1991).

These geometric aspects are often overlooked in hydrological
modeling but are well-recognised in plant physiology through
concepts like leaf-specific conductivity (the hydraulic conduc-
tivity of a stem section divided by the leaf area distal to it) and
the Huber value (sapwood cross-section divided by leaf area dis-
tal to the stem) (Soriano et al. 2020).

Researchers such as Manzoni, Vico, Katul, et al. (2013) and
Manzoni, Vico,Porporato, and Katul (2013) have highlighted
these factors as critical in determining overall stem conduc-
tances, butitis evident that accurate modeling requires relying
on allometric relations between plant geometries and sapwood
area (Anfodillo et al. 2016; Berry et al. 2018; Lehnebach et al.
2018). Given these considerations, the traditional formulation
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of 8 might need rethinking or reparameterisation, as it was
developed without accounting for these additional factors. In
simplified approaches that neglect plant hydraulics, g, cer-
tainly acts as a comprehensive parameter that serves as a sur-
rogate for the missing elements.

Our model emphasises a stationary water budget rather than
amodified Richards equation, and it could be a reasonable ap-
proximation when plant water capacity remains relatively sta-
ble. However, the literature suggests (Tyree and Ewers 1991,
Binks et al. 2024) that this assumption may be unrealistic, po-
tentially overlooking aspects that contribute to plant resilience
during drought conditions. Incorporating plant capacitance
(Bonan 2019) would change the set of governing variables,
introducing the need for pressure-volume curves that relate
plant water content to xylem water potential (Binks et al.
2024), analogous to soil-water retention curves. This addition
would convert our algebraic equations into differential equa-
tions, requiring specialised numerical methods for solution.

Finally, the sun-shade model, described in Section 6, requires
assumptions about water flux partitioning from soil to different
radiation layers, and about the longwave radiation exchanges
as highlighted in Figure 4. We assume that the distribution of
water among leaves is uniform, although this may not always
be the case. Further insights from plant physiology studies
are required to refine the water and energy partitioning laws
(Lehnebach et al. 2018). For future improvements, we recognise
that certain assumptions in our approach, such as the use of a
nonstationary energy budget, the exclusion of plant hydraulic
capacitance (Meinzer et al. 2009), could be refined to enhance
model accuracy without introducing excessive complexity.
Additionally, incorporating the Richards equation for soil water
dynamics, as proposed by Tubini and Rigon (2022), and using
a little more complicate scheme of turbulent transport, as the
one proposed in Poggi et al. (2004), could further improve model
realism.

8 | Conclusions

This paper emphasises the essential role of adhering to mass and
energy conservation principles in modeling plant transpiration.
Its main achievements can be summarised as follows.

« It revisits the mathematical foundations of transpiration,
addressing aspects that are often overlooked yet critical in
traditional derivations.

« By reanalysing the big-leaf approach, we emphasise the sig-
nificance of considering the leaf area index's influence on
transpiration dynamics and the necessity for an appropriate
treatment of radiation.

+ Our derivation of the PM formula within the context of cou-
pled equations highlights that, alongside transpiration E,
key components such as sensible heat flux, H, pressure gra-
dients, e,, and temperature gap between air and leaves T,
can be derived. This temperature gap is an intrinsic feature
of the PM model and its generalisations.

« The water potential, as derived here, emerges primarily
from water dynamics rather than the capillarity of leaves,
as traditionally emphasised in some literature.

« By isolating the nonstomatal factors, such as the thermo-
dynamics of water vapor and the xylem's hydraulic limita-
tions, this work singles out the role of stomatal regulation to
its specific. Precisely, our results support the view that sto-
mata primarily maintain hydraulic continuity under high
transpiration demand, rather than directly reducing water
loss, thus reversing the conventional causal narrative found
in many textbooks.

« The derivation process allows us to identify the specific areas
where information derived from plant allometry is crucial,
particularly in the context of coupling sap flow with transpi-
ration processes at the stem-leaf-atmosphere boundaries.

« One detail concerns stress models, where temperature de-
pendence poses a challenge to the technical derivation of
Penman equation. We propose that a correction in the tem-
perature gap term can reconcile this discrepancy.

« By extending our analysis to the sunlit-sunshade model,
we demonstrate that the progressive methodology adopted
here applies to more realistic multilayer canopy structures
with the use of water and radiation partition assumptions.
However, the assumption of uniform water partitioning
across the canopy layers warrants further experimental val-
idation, as it may have significant implications for under-
standing plant physiological function.

« For field researchers, our method of explicitly solving water
and energy budgets emphasises the practical importance
of measuring the temperature gap between leaves and air.
This gap can be directly incorporated into our intermediate
equations, offering a valuable tool for comparing and refin-
ing different transpiration models.

While our mathematical framework has yet to be implemented
in a computational model, we believe it provides a clear pathway
for future model development. The advancements presented in
this paper offer new opportunities to enhance the precision and
depth of mechanistic ecohydrological research, addressing ex-
isting limitations and laying the foundation for further explo-
ration. Furthermore, clarifying the fundamental mechanistic
relationships, we believe that the paper has shed light on how
and where mathematically, the complex interactions between
physics, allometry and physiology align to produce plant re-
sponses that are simpler than their individual components sug-
gest when examined in isolation.
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Appendix A
Table of Symbols

Appendix A includes most of the parameters and symbols used in this
study. Table A1 includes symbols, their definitions and if available, their
values.

Appendix B

On the Parameterization of Radiation as it Interacts With
Canopies

A concise description of the incoming solar radiation reaching plants
is an essential ingredient for any transpiration model. A treatment of
radiation that is suitable for hydrological models without introducing
unnecessary complexities can be found in Corripio (2003).

Assuming that R, is the total downwelling, incoming, shortwave radi-
ation and R/, is the total downwelling, longwave radiation, then

Rl =R} +RE+RT (BD)

for i € {s,1} where the superscript A means absorbed, R is for reflected
and T is for transmitted. Of the three components, only the absorbed
radiation contributes to the energy budget of the canopy. Usually, it
is posed that RF = aR|;, where « is the albedo, while R is estimated
through variations of the Lambert-Beer law, as described, for instance,
in de Pury (1995), Chapter 6, Section 6.2.3.2.

The theory of how radiation impacts canopies goes back to Monsi
and Saeki (1953) and is best summarized in Goudriaan (1977) and
Hirose (2004). In the seminal papers, canopies are treated as an oriented
continuums, the direction of which is given by the sun beam downward
into the canopy. In this case, the cumulative amount of leaves going
deeper and deeper into the canopy can serve as a coordinate with values
that go from 0 at the top of the canopy to L, the total leaf area index
(LAI), at the bottom of the canopy.

Even though very complex and detailed models of canopies can be en-
visioned, an often-used, idealised compromise is the sun-shade model,
in which all the complexity of the canopy is reduced to two ideal layers:
one layer of leaves that are directly sunlit and the other of leaves that
are shaded. Besides, part of the radiation can pass through the canopy
and hit the soil. As shown in Figure B1, the two layers really are more
conceptual than geometrical, since in reality the set of sunlit leaves can
be quite sparse and spread deep into the canopy, depending on leaf dis-
tribution and orientation.

The sun-shade model first estimates the penetrating solar beam (direct
light) per unit ground area Ry (L), which decreases in accordance with
a Lambert-Beer type law (as taken from de Pury (1995), Chapter 6.2):

Ry(L)=Ry(0)e "2 (B2)

where R,(0) is the direct solar radiation on top of the canopy, k; is a
beam radiation extinction coefficient of canopy, function of the solar
elevation angle and Q is a correction factor, called the clumped can-
opy coefficient, that has been introduced in recent papers such as Ryu
et al. (2011) to account for the distribution of leaves. This “sunfleck”
contribution is represented in Figure Bl by the orange beams hitting
and passing through part of the canopy.

The determination of the absorption of all light fluxes per unit leaf area
is based on the alteration in radiation with depth, expressed mathemati-
cally as the first differential. The impact of leaf absorption is contingent
upon whether scattering is integrated into the flux or treated as a dis-
tinct component. In cases where a flux excludes scattering, the absorbed
light undergoes further reduction due to the absorptivity of the leaves,
denoted as (1 — o,), where o, represents the leaf scattering coefficient.
Conversely, when the flux is a net flux that already encompasses canopy
reflectance and scattering, the calculation of absorbed light is simply
derived from the differential.

Considering only direct beam sunlight, the average beam sunlight ab-
sorbed per unit leaf area (R’Sun(L)) is calculated by the first differential
of Equation (B2) by the leaf absorptivity:

R} (L)=(1-0.)Qk;R;(0)e 1 (B3)

which represents the sunlight absorbed by a layer of leaves between the
levels [L,y, Ly + dL ]

The fraction of leaves in sunfleacks, fg,,, is derived from the beam pen-
etration function:

founD)=e701¢ (B4)

The radiation absorbed by the sunlit leaf fraction of the canopy Rg,,,(L.)
is calculated as the integral of the absorbed radiation over the L. and the
sunlit leaf area fraction:

Le
Reun(L)=| Ry DL=Ry(0)1 - 001 -5 (5

Similar treatments to the one used to derive Equation (B5) are reserved
for the scattered and diffuse light, represented in Figure Bl by the blue
and dark yellow dashed lines. Unlike the direct beam, scattered light
and diffuse light are thought to be isotropic from all directions. The de-
tails of the calculations can be found in Section 6.2 of de Pury (1995),
with slightly different notation then that used here.

Although direct light and diffuse light are usually considered sep-
arately, the scattered light component is dealt with together with the
other two, as in equations (2) to (11) in Ryu et al. (2011), ensuring that
all the direct shortwave radiation, not only the photosynthetic active ra-
diation (PAR), is included so that the energy budget is considered in its
completeness. The leaves in shade are hit by scattered and diffuse light
but also by the radiation reflected by the soil (Ryu et al. 2011). Finally,
radiation is subdivided into its longwave and shortwave components, as
is quantified in Equations (12) to (21) in Ryu et al. (2011). Overall, we
have at least 10 different components of radiation. However, they still
do not contain the radiative feedbacks, which are essential in stabilising
leaf temperature. Any layer, because its temperature, emits a quantity
of radiation:

Rj}_ = —260'T? (B6)

where j = {sun, shade} and i = {shade, sun} and the same layer receives
from the other layer an amount of radiation:

Rg=eoT} (B7)

with the subscripts exchanged. Equation (B6) is thought equally likely
to be shared between other parts of the canopy and the external envi-
ronment. Therefore, each conceptual layer is receiving a radiation quan-
tity from any other layer as in Equation (B7).

Finally, with a sun-shade model, the residual radiation hits the terrain
and is partially reflected back, and, as mentioned before, this reflected
that radiation is added back to the shaded compartment of the model.

Similar arguments, with a few modifications, can be used to treat the
more complex case of the sun-shade model which is discussed briefly
in Appendix E.

Appendix C

Stomatal Conductance Functions

While there are many stomatal conductance functions in literature that
could be considered, here we present in more detail only two: the Jarvis
parameterization (Jarvis, Monteith, and Weatherley 1976), especially
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TABLE A1 | List of symbols used in this paper and their definition.

Symbols Unit Value Definition

ap, — — Albedo for direct solar radiation.

a, — — Albedo for diffuse radiation.

— — Parameter for epistomatous and amphystomatous leaves in Equation (5).

c ms™! — Heat transport conductance, derived as detailed in Brutsaert (1982) and Banerjee,
De Roo, and Mauder (2017).

¢ — — Dimensionless conductance derived from the analysis of turbulent behaviour in
proximity to the leaves.

Cair ms™! — Air conductance, it can be determined using simplified assumptions, as described
in Brutsaert (2023).

Cy ms~! — Transpiration conductance.

EE ms! — Transpiration conductance function of T, and y ..

[ JTkg1K! — Thermal capacity of air.

A — — Derivative of the Clausius-Clapeyron equation (1) estimated at air temperature T,.

a Pa — Vapor pressure deficit: (e} - e;)

) Pa — Vapor pressure gap in leaves: (¢] - ¢)

e Pa — Saturation vapor pressure at temperature 7.

€ Pa 611 Saturation vapor pressure at the reference temperature T,

e, Pa — Water vapor pressure in the atmosphere.

e Pa — Saturation vapor pressure in air.

ex Pa — Pressure gap between leaf and air, defined as (¢; — e,).

e Pa — Water vapor pressure at the leaf surface.

e* Pa — Modified water vapor tension in Equation (23).

€ — — Emissivity of the canopy.

g ms! — Conductance of the leaves.

S aWewy) — — Control parameter for stomatal conductance, dependent on average suction inside
the xylem, y,, and soil, .

8sp, (wow,) — — Generalised hydraulic conductance of SP,, dependent on average suction inside the
xylem, v, and soil, y.

H Wm2 — Sensible heat.

Hg, Wm2 — Sensible heat of the shaded leaves.

Hg,, W m™2 — Sensible heat of the sunlit leaves.

k; — — Extinction factor for direct solar beam.

k;z — — Extinction factor for diffuse radiation.

ke kgm~'s!Pal — Maximum possible value of specific sap flow.

K,(w,) — — Soil hydraulic conductivity, dependent on soil suction y.

K(w,) — — Xylem hydraulic conductivity, dependent on xylem suction y,.

L, — — Leaf Area Index of the whole canopy.

L, — — Leaf area index of the canopy in the shade.

Ly, — — Leaf area index of the sunlit canopy.

(Continues)
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TABLE A1 | (Continued)

Symbols Unit Value Definition
1 m — Length of the stem.
L, m — Characteristic length of the soil-roots interaction.
A Jkg! 2.26 x 10°  Latent heat of vaporization for water.
My o kg mol~! 18.01528  Molar mass of water.
O(AT?) — — Terms of Taylor's expansion higher than 1.
Q m? — Surface through which the flux of water moves from the soil to roots.
Q, m? — Cross-sectional area (CSA).
p Pa — Atmospheric pressure.
R JK~1mol! 8.3144 Universal gas constant.
RA W m™2 — Radiation absorbed by the canopy.
R,(0) Wm2 — Direct sunlight at the top of the canopy.
R,(0) W m™2 — Diffuse sunlight at the top of the canopy.
R? Wm2 — Radiation canopy emission.
R, mm~3 — Root length for unit soil volume.
Rg, w — Radiation received by the shaded leaves.
Ry w — Radiative emission of the shaded leaves towards the sunlit leaves.
Rggp w — Radiative emission of the sunlit leaves towards the shaded ones.
Ry w — Radiation received by the sunlit leaves.
Pa kg m~3 — Air density.
P kgm™3 1000 Water Density.
Sk W m™2 — Energy Sink for the energy absorbed by photosynthetic processes.
c Wm—2 K 5.67 x 10~% Stefan-Boltzmann constant.
K — Absolute temperature.

a K — Air temperature.
Ta K — Temperature gap, defined as (T, — T,).
T, K — Leaf temperature.
To=Ty K 273.15 Reference temperature.
7] ms™! — Module of the mean horizontal wind velocity.
Vi,o m3 mol~! 18 x 107  Molar volume of water.
Ve m3 — Root volume.
& — 0.622 Ratio between dry and wet air gas constants.
v, Pa — Negative water potential in leaves.
W Pa — Soil suction.

Note: When applicable, also, their value is present.

the one proposed by White et al. (1999) and by Macfarlane, White, and
Adams (2004) and a second interesting function proposed by Ball-
Berry-Leuning (BBL) (Ball, Woodrow, and Berry 1987; Leuning 1990;
Dewar 2002).

The Jarvis stress factor is a concept used in modeling the stomatal con-
ductance of plants under different water stress conditions. It is based on

the Jarvis model (Equation 15) which incorporates various environmen-
tal factors to estimate stomatal conductance. Several studies have ex-
plored the performance of different water stress indicators in the Jarvis
model. Yu et al. (2017) compared three indicators: soil water content,
Jg; leaf-air temperature difference, J; and leaf level water stress index
(CWSI,), Jo. They found that the J and J- models had better simulation
accuracy than the Jg model. Wang et al. (2013) developed an improved
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INCREASING-
L A(

FIGURE Bl | Schematic representation of a portion of a canopy be-
ing struck by a solar beam. The canopy is represented by the set of green
segments, the incoming sunlit is depicted in orange, the light scattered
by the leaves in yellow and the diffuse atmospheric light in light blue.

Jarvis model and found that it had better simulation results compared to
the original Jarvis model and an artificial neural network model. These
studies highlight, firstly, the importance of considering environmental
factors and using appropriate indicators in the Jarvis model to accu-
rately estimate stomatal conductance under water stress conditions and
secondly, the variety of studies that have been carried out on the Jarvis
model.

Jarvis, Monteith, and Weatherley (1976) introduced some functions to
parametrize the stress functions of the model. In literature, there are
several types of conductance models; however, the environmental stress
functions implemented in GEOET model (EvapoTranpiration model of
GEOframe), and especially in the geoet.stressfactor package,
follow the version of the model proposed by White et al. (1999) and by
Macfarlane, White, and Adams (2004), where the conductance is equal
to the following:

8s =8s,max 'ﬂRPAR) ‘fT(Ta) ﬂVPD) ’f(llll) (Cl)

where g .0, is the conductance without any kind of stress and in well-
watered conditions (m s7), while fiRp4g), fr(T,), AVPD) and f(y;) are
the normalised stress factors, empirical functions with codomain in
[0,1], induced, respectively, by the photosynthetically active radiation
(PAR), the air temperature, the water pressure deficit and the leaf water
potential. To simplify, one usually calculates f{y;) as a function of soil
water content, denoted as f(0).

« Total solar radiation stress

According to White et al. (1999), the solar radiation stress can be com-
puted as follows:

-1
fRpar)= [21—0 <aRSW+1—\/(aRSW+1)2 —49(1RSW>] 2

where « and 6 are the slope and shape parameters of the stress function
flRp4r) and are set equal to 0.005 and 0.85 (-), respectively. Ry, is the

total solar radiation, expressed in pmol m—2s~!. If we want to express it

. _ . . 1
in W m~2, we must include a conversion factor equal to ~ e

TABLE C1 | Estimates of g, by different classification schemes
according to Lin et al. (2015).

Classification
scheme Class g mean g SE

a_Pathway C4 1.62 0.03
C3 4.16 0.01

b_Plantform Gymno. tree 2.35 0.02
shrub 3.32 0.05
Angio. tree 3.97 0.02
Grass 5.25 0.13
Savanna tree 5.76 0.22
Crop 5.79 0.04

c_T region Artic 2.22 0.07
Boreal 2.19 0.02
Temperate 4.31 0.02
Tropical 4.43 0.08

d_W Region MI < 0.5 3.77 0.03
05<MI<1 4.69 0.04
1.0<MI<1.5 3.87 0.03
MI>1.5 4.02 0.02

e_PFTs C4 grass 1.62 0.03
Ever.gymno.tree 2.35 0.02
Deci.savanna. tree 2.98 0.39
Shrub 3.32 0.05
Ever. angio. tree 3.37 0.03
Trop. Rainforest tree 3.77 0.04
Deci. angio. tree 4.64 0.04
C3 grass 5.25 0.13
C3 crop 5.79 0.04
Ever. savanna tree 7.18 0.25

« Air temperature stress

Following Jarvis, Monteith, and Weatherley (1976) and White
et al. (1999), the air temperature stress factor can be computed as
follows:

F(T)=b(T, =TT, Ty)* (C3)

where b and c are defined as follows:

_Ty-Ty
€= To—TI €4
b= ; Cs
(To—TIXTy— Ty ¥ (C9)
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where T} is the temperature at maximum conductance (C) and T;and T},
are the lower and upper temperatures of the range for which a positive
stomatal conductance is predicted (C). White et al. (1999) assigned the
values for T}, Ty and T}, equal to 0°C, 17°C and 38°C, respectively. These
parameters can be set a priori or calibrated.

« Vapour pressure deficit stress

The vapor deficit stress factor can be estimated as in White et al. (1999):
fVPD)=1.1exp(-0.63-VPD) (C6)

where VPD is the vapour pressure deficit value and
when VPD = 0.2kPa, f{(VPD) = 1.

The second type of parameterization for stomatal conductance is
due to Ball-Berry-Leuning (BBL) (Ball, Woodrow, and Berry 1987;
Leuning 1990; Dewar 2002), and it has been modified in various ways
since the original paper. An interesting form of the BBL was obtained
in Medlyn et al. (2011), under the hypothesis of optimal photosynthesis
theory (Equation 18).

Lin et al. (2015) give values for the g, variable for various types of vege-
tation in different locations, reported in Table C1.

Appendix D

The Hydraulic Conductivity of Plants

To understand more about plant hydraulics, we recommend starting
with Venturas, Sperry, and Hacke (2017) and Lehnebach et al. (2018),
which is read as a complement. However, in this appendix, we con-
centrate on the decline of stem conductivity with stem suction.

Literature reports that it declines with stem potential according to a
sigmoid form (an exceeding probability like s function), and various
forms were used to parameterize this behaviour. In particular,

« the exponential-sigmoid (Pammenter and Van der Willigen 1998)

K) =Ky (1 1 ) (D)

"~ 1+exp(a(y b))

where a and b are a scale parameter and location parameter,
respectively.

« the Weibull (Rawlings and Cure 1985; Neufeld et al. 1992)

RIS

p
K(w):Kmaxe_( ) (D2)

where « is the water potential at which the hydraulic conductivity is
reduced to 1/e of its maximum value and f is a shape parameter that
determines the slope of the curve.

« the Gompertz (Mencuccini and Comstock 1997)

Ky)=1—ae™®™ (D3)

where b and c are the two parameters.

« the power law (Wang et al. 2017)

K(W)z(%)(%so)b (D4)

where y 5, is the value of water potential at which 50% of the maximum
conductivity is lost.

However, for historical reasons, in the literature on plant physiology,
the decline of water conductivity is modelled using PLC curves, which
represent the percent loss conductivity. PLC have a one-to-one relation
with hydraulic conductivity that is given by the formula:

PLC(W))

K(y)=K, 1-
(w) max< 100

(D5)

Some researchers have found it useful to treat the parametrization of
the previous curves differently. For instance, Ogle et al. (2009) prefer
to express the loss of conductivity in the Weibul probability distribution
function as a function of y 5, an indication that was taken in Duursma
and Choat (2017) to implement their R software fitplc. The latter paper
also tries to evaluate the error of estimation and the parameters that
they reproduce in their Table 1 for some plant species, information that
could be used as reference for typical estimations.

Appendix E

The Water Limited Case: Detailed Calculations

If we consider Equation (27), where we equated the sap flow to evapo-
transpiration, J, = E7, we can then obtain the following:

N 4
Cly,, u/s)u/AzcE;(e+ATTA+AWwA—ea) =CEI—)(5Q+ATTA+AWWA)

(E1)
where it has been assumed that € = e(y, T,) ~ e(T,), being the depen-
dence of Equation (23) on y, negligible for the normal range of its vari-
ation. Before moving further, however, we have to consider whether Cp
depends on the independent variables T, and y,, as we did in Section 3.

A proper linearization of Equation (E1) requires the Taylor expansion
of the conductance Cy;:

Cp(Ty w )~ Cp+ Cowa+CrTy (E2)

where Cp: = C(T,, w,), C,, is the first order partial derivative of Cy with
respect to y; estimated in y, and Cy is the first-order derivative with
respect to T estimated in T,

Introducing this into the first-order Taylor expansion of the right-hand
side of Equation (E1) results in the following:

(6E+CWWA+CTTA)§(6Q+ATTA+AWWA)z

[Cela+ArTa+8, W) +6,Cwa+Cra Ta| = (E3)

S e T v

(Cubo+@oAr+8,CPTy + @5, +6,C, 001 )

Therefore,

Clwy wdwa= Ié’ (6E6a + (6EAT +6,C)Ta+ (aEAq/ +6,Cy WA )
(E4)

To keep the derivation simple, we will assume here that y, = alpft_l),

with y, approximated as a fraction a of y; estimated at time t — 1. That is
to say, we update y (), at time ¢, using y, of the previous time step, t — 1.
This assumption seems justified by various empirical studies, such as
Lehnebach et al. (2018), because the equilibration of the water potential
of mesophyill cells and the xylem is rapid. Alternative simplifications
can be considered, but we do not dig into them here to maintain the
treatment simple and explicitly tractable.

The terms multiplying w , can now be collected as follows:

p A~ ~ ~
EC(W"’ w)—CpA, —6,C, |wa=Cpdy +(CgAr+5,Cp)T)  (E5)
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From which, we finally have the following:

Cpd, CpAr+68,Cyp
Va=75 = +3 = Ty
EC(Wxx Ws)_CEAq/_‘SaCu/ EC(WX’ l//s)_CEAu/ _5acv/ ( )
E6
or
wp=ACpé,+BT, (E7)
with
1
A: = —
2Cy, y)~Cph, —5,C, (E8)
and
CpAp+6,C
B = E=ST a“~T (Eg)

%C(Wx; V/s) - aEAW - 5acu/

After this treatment, the approximated expression for e; can be written
as follows:

el(T),y) N8+ ArTy +A, (ACES, +BTy)=+A,ACg6,+(Ar+B)T,
(E10)
leading finally to the following:

Ep=CuL,S (@— ea+A_gTy+4,ACES, +BTA) =
P : R (E11)
Cole s [a+4, 4806, +(Ar+ BT, ]

Analogously to what was done in Section 2, we can now use the energy
budget to obtain an expression for T,. It is as follows:

Ry—2e6L,T3T,= CT, + 6‘ELCS (1+AWA€‘E)6Q+(AT+B)TA] +2¢6L, T +L.Sy
——
H (E12)

JbE;

from the above Equation (E12), T, can be singled out:

R, = [C+ Cel, é(AT +B)+ ZeaLch] Tp+
: 4 (E13)
CELCI—)(l +A,AC)3, +2e0L, T4+ LSy

and thus,

R,—CyL, 5(1 +48,ACE)8, —2e0L, T —L Sy,
Th= r— S (E14)
C+ CELc;(AT+B)+ 2ecL, T,

After substitution of the temperature gap in Equations (3), (29)
and (E11), we obtain the water-budget-aware thermal energy transport:

R,— GELCf-)a +4,ACg)8, —2e0L, T —L Sy,

H =C P S (E15)
C+ CELC;(AT+B)+2eaLCTa
the water-budget-aware water vapor gap is as follows:
R Ry —CpL.E(1+4,ACy)6, ~2e0L, Tt~ LSy
ea=8+4,ACE8,+(Ap+B) P (E16)

c+ GELCf;(AT+B)+2eaLCTg

and finally, the water-budget-aware transpiration rate is as follows:

Ep =CgL, §€+ A, ACgS,+(Ap+B)

R,— GELC§(1 +4,ACp)8, —260L, Tt = LSy (E17)

C+Cyl, E(AT+B)+266LCT[31

The specific form of the above equations can be derived for the sun-
shade model with a little further effort which we sketch below.

First, let us consider Equation (E7) with all the coefficients specialised
for the sun-lit or shaded leaf. The subsequent calculation involves de-
termining the equivalents of Equations (E10) and (E11). Then, these
findings need to be substituted into the energy budgets Equation (33)
and 34. Itisimportant to note that the latter equations, in comparison to
Equation (5), introduce two terms that create a coupling effect, resulting
in a reciprocal dependence of the intermediate solutions. To simplify
understanding these steps, consider the coupling terms as additional
contributions to the sinks. Therefore, in Equation (32), where LcS,,, ap-
pears, substitute it with Ly, S, — 2“5507§un for the shaded leaf tem-
perature gap solution, and with LgSy;, — ZaSheaTg:h for the sunlit leaf
temperature gap solution.

The coefficients ag and ag), represent the fraction of longwave radiation
received by shaded leaves from sunlit leaves and vice versa. Determining
these coefficients remains an area for further research.
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