WEAK STATIONARITY OF A MATRIX VALUED DIFFERENTIAL
FORM AT SUPERDENSITY POINTS OF ITS VANISHING SET

SILVANO DELLADIO

ABSTRACT. A property of weak stationarity of a matrix valued differential form at su-
perdensity points of its vanishing set is proved. This result is then applied in the context
of the Maurer-Cartan equation.

1. INTRODUCTION

The main result of this work (cf. Theorem 3.1) establishes a property of weak statio-
narity of a matrix valued continuous differential form at the superdensity points of its
vanishing set. To make this statement more understandable, we now recall very briefly
some definitions and properties (referring the reader to Section 2, for a more complete
presentation). Let us consider an M-dimensional C* manifold M and recall that a matrix
valued C? differential hA-form on M is a square matrix whose entries are C? differential
h-forms on M. The classical formalism for differential forms, i.e., wedge product, exterior
differentiation, integration and pullback, extends naturally to matrix valued differential
forms (cf. Section 2.2). In this extended formalism it is easy to introduce a notion of
distributional exterior derivative, which will be denoted by § (cf. Definition 3.1). We also
recall that, if £ is a subset of M, then P € M is said to be an m-density point of £
relative to M if there is a C' chart (W, ®) such that P € W and

LM(B.(®(P))\ (ENW)) = o(r™) (as r — 0+),

where LM and B,(®(P)) are, respectively, the Lebesgue measure on RM and the ball of
radius r centered at ®(P). We observe that this definition does not depend on the choice
of the coordinate chart (cf. Section 2.4).

We are now able to state more precisely than before the result in Theorem 3.1:  Let M be
an M -dimensional C? manifold and let v be a matriz valued C° differential form on M
which has the distributional exterior derivative dv of class C°. Then we have (§v)g = 0,
whenever Q) is an (M + 1)-density point of {P € M |~vp = 0}.
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In Section 4, by a simple application of Theorem 3.1, we provide a new proof of the fol-
lowing property in the context of Frobenius theorem about distributions (cf. [5, Theorem
1.3] and [6, Corollary 5.1]): Let D be a non-involutive C* distribution of rank M on a C*
manifold N'. Then, for every M-dimensional C* open submanifold M of N, the tangency
set of M with respect to D has no (M + 1)-density points relative to M.

Section 5 presents an application of Theorem 3.1 in the context of Maurer-Cartan equa-
tion. To explain what we are talking about, let us first consider a matrix Lie subgroup G
of GI(L,R) with Lie algebra g and denote its Maurer-Cartan form by I'c. Recall that I'¢
is a left-invariant g-valued smooth differential 1-form on G and

dFG = _FG AN Fg.

We have the following well-known theorem, due to Cartan (cf [9, Theorem 1.6.10]): Let
M be a smooth manifold and let ¢ be a g-valued smooth differential 1-form on M verifying
the Maurer-Cartan equation

(1.1) do = —¢ A 6.

Then for all P € M there exist a neighborhood U of P and a smooth map f : U — G
such that f*I'c = ¢|y-

Relatively to this context, we will provide a structure result for the sets

{PeU|(fTe)r=¢r}

under the assumption that ¢ does not verify the Maurer-Cartan equation (1.1). In particu-
lar, let M be an M-dimensional C? manifold and let ¢ be a R¥*L-valued C* differential
1-form on M such that (d¢)g # —(¢ A ¢)q for all ) € M. Obviously this condition
prevents the possibility of ¢ being locally a C! pullback of I'¢ (cf. Remark 5.1). More
interesting information on the content of { f*I'¢ = ¢|ys} is given in Corollary 5.2, namely:
Ifd € M is open and f : U — G is a map of class O, then U does not contain
(M + 1)-density points of {f*T'q = é|u}-

2. BASIC NOTATION AND NOTIONS

2.1. Basic notation. The coordinates of R are denoted by (1, ... ,zas) so that dzy, . ..
dx )y is the standard basis of the dual space of RM. For simplicity, we set D; := 0/0x; and
dx := dxy A -+ Ndxy. If p is any positive integer not exceeding M, then I(M,p) is the
family of integer multi-indices & = (o, ... , ) such that 1 < oy < --- < o, < M. Given
a generic map ® : A — R™ and v € R", we set for simplicity {® =v} :={P € A|®(P) =
v}. Let LM and H* denote, respectively, the Lebesgue measure and the s-dimensional
Hausdorff measure on RM. The open ball of radius 7 centered at € RM will be denoted
by B,(x). Let RE%E be the vector space of all L x L real matrices and GI(L, R) be the Lie
group of nondegenerate matrices in RE*E. The Lie algebra of GI(L,R) will be denoted
by gl(L,R). Since RE*% ~ RE* we can denote the natural coordinates on GI(L, R) by the
matrix notation (z;;).

)
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2.2. Manifolds, differential forms. In relation to this topic, we will adopt the notations
commonly used in the main bibliographic references (see, e.g., [10, 12]). We report here,
quickly, just a few of them.

Let M be an M-dimensional C* manifold. Then a C* differential h-form (resp. C*
differential h-form, i.e., C* differential h-form with compact support) on M is a map
w: M — A"T* M with the following property: If

Z fadz, (dxg :=dxo, N+ Ndxy,)
a€l(M,h)
is any local representation of w, then f, is of class C* (resp. CF¥, i.e., C* with compact
support). For any given P € M, we will use the standard notation wp instead of w(P).
As we did for real-valued maps, let us set {w = 0} := {P € M |wp = 0} for simplicity.
The set of all C* differential h-forms (resp. C* differential h-forms) on M is denoted by
CEFMM) (resp. C*FM(M)).

Let M be a C* imbedded submanifold of a C*¥ manifold N and let + : M < N be
the inclusion map. If w € C* 1 F"(N), then the C*~! differential h-form (*w (i.e., the
restriction of w to M) will be denoted by w| .

We also need matrix-valued differential forms, i.e., matrices whose entries are differential
forms. If M is a C*¥ manifold and L is a positive integer then Mat;CPF"(M) is the set
of all L x L matrices
WA L 0L
(W) = A : . with w®™ € CPF(M).
1022 A 022 )

For the sake of convenience, we will sometimes (e.g. in Section 5 below) refer to the
members of Mat,CPF"(M) by simply calling them CP differential h-forms as well. The
subset of Mat;,CPF"(M) whose members have all the entries in C?F"(M) is denoted by
Mat,CPFH(M). If w = (W) € Mat,CPF"(M) then we set supp(w) := U, jsupp(w;;).

If w= (W) € Mat;CPF"(M), then we define
wp = (W), wpvr,... o) = (@ vy, ... )
for all P € M and vy,...,v, € TpM. If p > 1, we define the exterior differentiation
d : Mat, CP F"(M) — Mat, CP~LF"1(M) by
d(wWD) .= (dw'™).

Observe that d is linear and dod = 0. If N is another C* manifold and f : M — N is a
CP? map, the pullback

f*: Mat,C* F"(N') — Mat,CP ' F"(M)
is defined as follows

I (w(ij)) — (f*w(ij))'
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The exterior product of of two matrix-valued differential forms

A= (\D) e Mat,CPF (M), p=(u") € Mat,CPF™(M)
is the matrix-valued differential form A A u € Mat,CPF'*™ (M) whose entries are defined
by

L
/\/\M(’LJ . Z zq)/\lqu

A trivial computation shows that dlfferentlatlng the exterior product of matrix-valued
differential forms yields the usual formula (provided k& > 1):

AAAp) =dAA p+ (1) Adp.

A matrix-valued differential form w = (w)) € Mat,C°FM (M) is said to be integrable
on M if every w¥) is integrable on M. In this case we set

o= ()

Let us recall that a C' Riemannian manifold (M, g) with the associated Riemannian
distance function is a metric space whose topology coincides to the original manifold
topology, cf. [10, Theorem 13.29]. Hence one can define the corresponding s-dimensional
Hausdorff measure H7, cf. [8, Section 2.10.2], [13, Chapter 12]. The open metric ball of
radius r centered at P € M will be denoted by B, (P, r).

2.3. Hausdorff measure on manifolds. For the convenience of the reader, we recall
the following well-known properties of the Hausdorff measure H; on a C! Riemannian
manifold (N, g):

o If s = dim N, then H;(B) = V,(B) for all Borel sets B C N, where V, denotes
the standard volume form of (N, g), cf. [8, Section 3.2.46], [13, Proposition 12.6].

o If M is a C' imbedded submanifold of A/ and gn denotes the induced metric,
then one has H; (B) = H;(B) for all Borel sets B C M, cf. [13, Proposition
12.7).

e If g denotes the standard Euclidean metric on RY, then one obviously has Hy =
H?. In particular, ’Hé\’ is the N-dimensional Lebesgue measure.

Another property which follows readily from [8, Section 3.2.46] is this one.
Proposition 2.1. Let N be a C' manifold, € C N and s € [0,+00). The following are
equivalent:

(1) For every C' chart (W, ®) of N, one has H*(®P(WNE)) =
(2) For every C* Riemannian metric g on N, one has H(E) = 0.
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(3) There exists a C* Riemannian metric g on N such that H(E) = 0.

2.4. Superdensity. Also the following proposition is a consequence of [8, Section 3.2.46],
cf. [5, Proposition 3.3].

Proposition 2.2. Let N be an N-dimensional C* manifold, € C N, P € N and m €
[N, +00). The following are equivalent:

(1) There is a C* chart (W, ®) of N such that P € W and
LY(B.(®(P))\ ®(ENW)) = o(r™) (as T — 0+).

(2) For every C' Riemannian metric g on N, one has

HéV(Bg(P, r)\ &) =o(r™) (as r — 0+).

(3) There exists a C' Riemannian metric g on N such that
H;V(BQ(P, r)\ &) =o(r™) (as T — 0+).

Definition 2.1. If any or, equivalently, all of the conditions of Proposition 2.2 are sat-
isfied, then we say that P is an m-density point of &€ (relative to N'). The set of all
m-density points of € is denoted by E™, cf. [5].

Remark 2.1. Let N and € be as in Proposition 2.2. The following facts occur:

e Every interior point of € is an m-density point of £, for all m € [N,+o00). Thus,
whenever & is open, one has & C E™) for all m € [N, +00).
o If N <my < my < +00, then E™) C £ In particular, one has £ c EWN)
for all m € [N, 400).
o Let {&;}jes be any family of subsets of N and m € [N, +00).
— One has

(m)
(ne) cnem
jeJ JjeJ

— If J is finite, then

21 (ns)" = nam

jeJ jed
— If J is countable infinite, then (2.1) can fail to be true, e.g., N =R? and

Remark 2.2. For convenience of the reader, we recall some known results in the special
case when N = RN (which actually could be easily generalized):

o If E C RN is LN -measurable then: x € EWN) if and only if x is a Lebesque density
point of E, hence LY(EAEW)) = 0. In particular, it follows that (E™))N) =
EW),
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o If E C RN, then E™ is LN -measurable, for all m € [N, 4o00) (cf. [3, Proposition
3.1]).

e Every open set U C RY can be approzimated in measure by uniformly N-dense
closed subsets of U. More precisely: For all C < LN(U) there exists a closed set
F C U such that LN(F) > C and F'™ = 0 for all m > N (obviously one has
FN C F and LN(F\ F™N)) =0), cf. [4, Proposition 5.4].

o Let N > 2 and E C RY be a set of finite perimeter, so that HYN"1(0*E) <
+oo (where O*E is the reduced boundary of E, cf. [11, Theorem 15.9]). Then
LN(E\ EM)) =0, with

1
cf. Theorem 1 in [7, Section 6.1.1] (compare also |2, Lemma 4.1]). Moreover,
the number mq is the mazximum order of density common to all sets of finite
perimeter. More precisely, the following property holds (cf. [3, Proposition 4.1]):

For all m > my there exists a compact set F,, of finite perimeter in RY such that
LN(Fy) >0 and F™ = ().

3. THE MAIN RESULT

Throughout this section M and k will denote an M-dimensional manifold and the regu-
larity class of M, respectively. We will assume k& > 1, if not otherwise stated.

Remark 3.1. Let | < M and A\ € Mat,C°F(M). Then X\ =0 if and only if

/ AN =0
M
for all u € Mat,C*FM=Y(M).

From Remark 3.1 we get immediately the following proposition.

Proposition 3.1. Let A € Mat,C°F"(M), with h < M — 1, satisfy the following
property: there exists p € Mat,COF" (M) such that [\, A ANde = [y 1A, for all
© € Mat,C* FM=h=1(M). Then u is uniquely determined.

Definition 3.1. Let the assumptions of Proposition 3.1 be verified. Then we say that
A has the distributional exterior derivative (DED) in Mat,COF"*Y(M). The latter is
defined as 6X == (—1)""1p, so that

_ (1)t
(3.1) /M)\/\dgp—( 1) /M(S)\/\go
for all ¢ € Mat, C*FM=h=1(M).

Remark 3.2. Let [ be an integer such that 1 < | < k. Then a standard approximation
argument shows that Mat, C* FM="=Y( M) is dense in MatyC.FM="=1(M), with respect
to the C! topology. Hence in Definition 3.1 we can equivalently assume that (3.1) holds
for all ¢ € Mat, C!FM=h=1(M).
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The following propositions state some expected properties. We observe that the first three
are trivial.

Proposition 3.2. If A\ € Mat,C°F"(M) has the DED in Mat,COF"* (M) and U C M
is open, then |y has the DED in Mat, COF" ™ (U) and §(Ny) = (0N

Proposition 3.3. If A\ € Mat,C'F"(M) then X has the DED in Mat,C°F" (M) and
0N =dA.

Proposition 3.4. Let \, u € Mat;C°F"(M) have the DED in Mat, C°F" 1 (M). Then,
for all a,b € R, the matriz-valued differential form aX + by € Mat,C°F"(M) has the
DED in Mat,C°F"*Y(M) and 6(aX + bu) = ad\ + bdp.

Proposition 3.5. Let M be of class C*, with k > 2. If \ € Mat,C°F"(M) has the DED
in Mat,COF" (M), then 6\ has the DED in Mat,C°F"*2(M) and 6(6)\) = 0.

Proof. Let A € Mat,C°F"(M) have the DED in Mat;C°F"*1(M). Then, by Definition
3.1 and Remark 3.2 (with [ = k& — 1), we obtain

/ O A dip = (—1)h+1/ AAd(dp) =0 = (—1)h+2/ 0A g
M M M
for all p € Mat, CkFM-h=2( M), O

Remark 3.3. Combining Proposition 3.3 and Proposition 3.5, we obtain the following
property: If k > 2 and A € Mat,C*F"(M), then d\ has the DED in Mat;,C°F"2(M)
and 6(d\) = 0.

Proposition 3.6. Let M be of class C*, with k > 2. Moreover consider a C? manifold
N,aC'map f: M — N and w € Mat,C* F*"(N'), with h < M — 1. Then f*w has the
DED in Mat,C°F" (M) and 6(f*w) = f*(dw).

Proof. Consider ¢ € Mat; C*FM~="=1(M). Then for all x € supp(ip) there exists an open
set V*) € M and a countable family {f;x)} C C2(V@, N) such that f]@ — f(asj — o0)
with respect to the C*(V® A) topology. Since supp(y) is compact, there exists a finite
set {z1,... ,xn} C supp(p) such that

(3.2) supp(p) C V = U,V
By [12, Theorem 2.2.14] we can find {n,... ,ny} C C*(M) such that
20, supp(m) C VI Y only =1.

If we extend every f;zi) arbitrarily to all of M and define
fi=Smf" € CAMN) - (j=12...)

then f;ly — fly (as j — oo) with respect to the C*(V, ) topology. Moreover we have

L@y ne = [ dife) e =" [ () Ade.
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Hence, letting j — +00, we obtain
[ @) ne = (=11 [ (7w) ndg
1% %
that is (by (3.2))

J F@)ne= (10t [ (fw)nde.

The conclusion follows from the arbitrariness of ¢. U

Let us now state and prove the main result.

Theorem 3.1. Let M be of class C*, with k > 2. Moreover let h < M — 1 and consider
v € Mat,C°F"(M) which has the DED in Mat, C°F" Y (M). If define

ZWI:{PG./\/H’}/P:O}

then (07)g =0 for all Q € Z§M+1).

Proof. First of all, set for simplicity B, := B,(0) C RM and let p € (0,1). Then consider
g € C2(By) such that 0 < g <1, g|p, =1 and
2 .
|Dig| < —— (t=1,...,M).
I—p

For r > 0, define g, € C?*(B,) as

and observe that (for allz € B, andi=1,... ,M)
2
r(1—=p)

Now consider an arbitrary @) € ZA(YM 1 and let (U, ®) be a C? coordinate chart on M
such that Q € U and ®(Q) = 0 € RM. Observe that

(33) |1 Digr(x)] = i ‘Dig (i)‘ <

(3.4) LY(B N\ ®(Z,)) =o(r™*)  (as 1 — 04)

by Definition 2.1.

Now set for simplicity U := ®(U) and let § € Mat,C*F¥~'~"(U) be chosen arbitrarily.
Obviously there must be (Fy?)) € Mat,COF(U) such that

(3.5) (@1 (5)] A0 = (Fy? da),
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hence, for all 7, j, we have (provided r is small enough)

‘/Br Gr Fg(ij) dx| = / g ([(D7H*(67)] A 6))
- L » ) ((87) A (276))1)
- [p ¥ A[(gr o @) D*6])
:Al (v Ad[(g o ) ©*0)))
= A s, (1 g 0 ®) A 27O)D

+|f (9- 0 ®) (7 A &*(d6))"?
®-1(B,)\2,

®1)*y] A dg, A )
Lo, (@77 g 1 0)

e ([(@71) ] A df) )
1o, 9 (@72 A )

Recalling (3.3), we obtain

g 1
TF(”)d‘<C£MBT (2 1).
[ o B <0LMBARE) (ot
On the other hand, the triangle inequality yields

’ /B g FS) | > F dz| —

/ Jr Fe(ij) dx
’I‘\BPT

FS d| —

By

. F(ij) dr
/T\Bmg o

It follows that

M| ][B Fa(ij) dx| < CLM(B.\ ®(2,)) <r< 1 . N 1) . C(rM — M)

rM 11— rM

Then, by first letting » — 0+ (and recalling (3.4)) and then letting p — 1—, we ob-

tain Fe(ij )(0) = 0 (for all i,5). The conclusion follows from the identity (3.5) and the
arbitrariness of 6. O

The following simple corollary of Theorem 3.1 will be useful below.
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Corollary 3.1. Let M and N be two C? manifolds, let f : M — N be a C* map and
w € Mat,C*FM(N), with h +1 < M := dim M. Moreover consider u € MatyC°F"(M)
which has the DED in Mat,C°F"*Y(M) and define

Afpwp={P € Mlpp = (f'w)p}.
Then (0p)g = (f*dw)qg, for all Q € AL

frw,p

Proof. Define v := p — f*w € Mat,C°F"(M) and observe that Ay, = Z,, hence

(M+1) _ Z(M+1)
Ao =2, .
Moreover, by Proposition 3.4 and Proposition 3.6, the form v has the distributional ex-
terior derivative in Mat;C®F"*1(M) and

oy =dop — frdw.

The conclusion follows from Theorem 3.1. O

4. APPLICATIONS I

From Corollary 3.1 we can easily derive [6, Theorem 3.1], which states a low-density
property for the integral set of a submanifold with respect to a non-integrable exterior
differential system. Before showing this application, let us briefly set the context. Con-
sider a C? manifold N and an arbitrary family O of C! differential forms on A/. Moreover
let f:U C RM — N (where U is open), be any imbedding of class C! and define

Z(f,0) = ({f 'w=0}.
weO
Then [6, Theorem 3.1] states that
UNZ(f,0) M c N {fdw=0}.
weO

Now let Vi,(O), denote the set of all M-dimensional integral elements of O at y € N (cf.
Definition 1.1 in Section 1 of [1, Chapter III] and the first definition in Section 1 of [14,
Chapter II1]) and assume that

(4.1) For ally € N and ¥ € Vi (O), there is w € O such that (dw),|s # 0.

We naturally expect that condition (4.1) prevents the existence of interior points in
Z(f,O), but the structure of Z(f, O) can be described more precisely by using the notion
of superdensity. Indeed in [6, Corollary 3.2], which follows trivially from [6, Theorem 3.1],
we have proved that one has

(4.2) UNZ(f,0) M) =g,

We can finally apply Corollary 3.1 to prove the following result, which in turn served to
prove [6, Theorem 3.1] very easily.
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Theorem 4.1 (Theorem 3.2 of [6]). Let w € C'FMN) and f: U C RM™ — N (where U
is open) be a C* map. Then

Un{d\= ™ c {fdo=0}
for every A € C*F'=1(U).

Proof. Observe that u = (d\) € Mat;C°F"(U) has the DED in Mat; C°F"*1(U) and
oo = 0, by Remark 3.3. Hence and by Corollary 3.1 (with L = 1) we get (f*dw)g = 0 for

all Q € AV = U {dA = fro}r. O

Remark 4.1. If O is a family of linearly independent C differential 1-forms defining a
distribution D of rank M on N (cf.[10, Chapter 19]), then, for all y € N, the M-plane
D, is the only M-dimensional integral element of O at y, i.e., Vi (O), = {D,}. Hence:

o The set Z(f,O) coincides with the tangency set of f(U) with respect to D;
e The condition (4.1) is verified if and only if D is non-involutive at each point of
N, ¢f. [10, Proposition 19.8].

Thus the structure identity (4.2) proves that if D is non-involutive at each point of N
then the following property holds: For every M -dimensional C' open submanifold M of
N, the tangency set of M with respect to D has no (M + 1)-density points relative to M,
cf. [5, Theorem 1.3] and [6, Corollary 5.1].

5. APPLICATIONS II, THE CONTEXT OF MAURER-CARTAN FORM

Let us consider any matrix Lie subgroup G of GI(L,R) with Lie algebra g C gl(L,R) and
let ¢ : G — GI(L, R) be the inclusion map. Then let v € Mat;,C°F'(GI(L,R)) be defined
at z = (z;) € GI(L,R) as

Ve = (i) (dzyg)
and define the Maurer-Cartan form of G as

[g ="y € Mat,C*F(Q).

Observe that 7 is the Maurer-Cartan form of GI(L,R). Recall that I'¢ is left-invariant,
takes values in g and satisfies the Maurer-Cartan equation, that is
(5.1) dl'g = —Tg A Tg,
cf. [9, Section 1.6].
Remark 5.1. Consider a C? manifold M, ¢ € Mat,C*F'(M) and assume that the
following property holds: For all P € M there exist a neighborhood U of P and a C* map

f:U — G such that f*T'¢ = ¢|ly. Then, first of all, ¢ takes values in g. Moreover, by
Proposition 3.3, Proposition 3.6 and (5.1), one has

d(f'Tg) =0(f"Tg) = f(dl'q) = —f"TaAlq) = —(fTag) A (fTa)
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that is
() = —(9 A @)

Relative to the opposite implication, it is well known that a g-valued smooth differential
1-form satisfying the Maurer-Cartan equation is always, at least locally, a smooth pullback
of the Maurer-Cartan form. In fact the following theorem holds, cf [9, Theorem 1.6.10].

Theorem 5.1 (Cartan). Let M be a smooth manifold and let ¢ be a g-valued smooth
differential 1-form on M satisfying the identity dp = —¢ N ¢. Then for all P € M
there exist a neighborhood U of P and a smooth map f : U — G such that f*T'c = ¢ly.
Moreover, if fi, fo : U — G are any two smooth maps with this property, then there exists

a € G such that fo(Q) = afi(Q) for all Q € U.

Remark 5.1 shows that, if M is a C? manifold and ¢ € Mat;C'F'(M), the occurrence
of condition

(5.2) (dp)q # —(P A ¢)q, for all Q@ € M

prevents the possibility of ¢ being locally a C* pullback of the Maurer-Cartan form .
Thus, whatever the choice of C' map f: U C M — G, the set {f*T'¢ = ¢|i} cannot have
interior points. In Corollary 5.2 below we provide a structure result for this set, under
assumption (5.2), by using superdensity.

Now we provide an application of Corollary 3.1, which is the natural counterpart in this
context of Theorem 4.1 in Section 4.

Theorem 5.2. Let M be an M-dimensional C* manifold and let ¢ € MatyC°F(M)
have the DED in MatyC°F*(M). Moreover, let U C M be open and consider a C* map
f:U— G. Then (6¢)q = —(d A @)g for all Q e UN{f*Tq = ¢l MV,

Proof. Let Q € UN{f*Tq = ¢y} ™M+ and observe that

(5.3) (f'Te)o = 9q,

by continuity. We observe also that, by Proposition 3.2, ¢|;; has the DED in Mat; C°F?(U)
and 0(¢ly) = (0¢)]y. If we now apply Corollary 3.1 with

M::u, N:: G; w::FGJ M= ¢‘U;
then we get

(f*dla)q = (6(¢lu))e = ((00)u)q = (3¢)q-
Hence, by recalling (5.1) and (5.3), it follows that

00)q = =(f"Ta ATa))e = =((f'Ta) AfTa))q = —(¢ A dq-

Theorem 5.2 and Proposition 3.3 yield immediately the following property.
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Corollary 5.1. Let M be an M-dimensional C*? manifold and let ¢ € Mat,C* F*(M).
Moreover, letUd C M be open and consider a C* map f : U — G. Then (dp)g = —(dNP)q
for allQ e UN{f*Tq = ¢l MY,

Hence:

Corollary 5.2. Let M be an M-dimensional C* manifold and let ¢ € Mat,C*F* (M) be
such that (do)p # —(¢ AN @)p for a certain P € M. Then there exists a neighborhood U
of P such that U N {f*Tq = ¢y} M) =0 for all C* maps f: U — G. In particular, if
condition (5.2) is verified and f : U — G is any C* map (with U C M open), then one
has U N {f* Tq = ¢l M+ = .
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