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Implications of cosmologically
coupled black holes for pulsar
timing arrays
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It has been argued that realistic models of (singularity-free) black holes (BHs) embedded within an
expanding Universe are coupled to the large-scale cosmological dynamics, with striking consequences,
including pure cosmological growth of BH masses. In this pilot study, we examine the consequences

of this growth for the stochastic gravitational wave background (SGWB) produced by inspiraling
supermassive cosmologically coupled BHs. We show that the predicted SGWB amplitude is enhanced
relative to the standard uncoupled case, while maintaining the Qg,, oc f2/3 frequency scaling of the
spectral energy density. For the case where BH masses grow with scale factor as My,;, o< a®, thus
contributing as a dark energy component to the cosmological dynamics, 2., can be enhanced by
more than an order of magnitude. This has important consequences for the SGWB signal detected by
pulsar timing arrays, whose measured amplitude is slightly larger than most theoretical predictions for
the spectrum from inspiraling binary BHs, a discrepancy which can be alleviated by the cosmological
mass growth mechanism.
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One of the most significant open questions in physics is to determine the origin of the late-time accelerated
expansion of the Universe, first inferred in 1998, and now directly or indirectly confirmed by a wide variety
of probes"2. A number of models ascribe this to either a dark energy (DE) component, which could be the
manifestation of one or more new particles, or to the effects of large-scale modifications of General Relativity>~’.
Nevertheless, a compelling model of DE remains elusive, and this has triggered various novel lines of investigation,
where cosmic acceleration arises as a result of more exotic effects. In an intriguing line of research, a potential
solution to the problem of cosmic acceleration is connected to another major problem in theoretical physics: the
inevitable but undesirable existence of singularities following continuous gravitational collapse®~'%. Could the
physics of black holes (BHs), and in particular the mechanism eventually responsible for the resolution of BH
singularities, be connected to the physics of cosmic acceleration?

Attempts to embed BHs within an expanding Universe, thereby subject to cosmological boundary conditions
with a time-dependent geometry, have been ongoing since the early 1930s'!%°. The idea is that there should
be a global solution to the Einstein equations that can simultaneously describe a BH at small scales and an
expanding Universe at large scales. Surprising features characterize the resulting objects, which appear to be
singularity-free and are generally coupled to the large-scale cosmological dynamics: we shall hence refer to them
as cosmologically coupled BHs. In particular, there are known cosmologically coupled BHs which expand hand-
in-hand with the embedding cosmology, and whose mass increases with the expanding Universe independently
of accretion and mergers'>?!. In fact, the common assumption of static black hole horizons existing in time-
dependent metrics bears unphysical consequences, such as naked singularities and geodesic incompleteness??,
leading to the conclusion that BH event horizons have to be cosmologically coupled. Interest in the topic of
cosmologically coupled BHs has been largely theoretical so far, since one can argue that separation of scales
justifies considering BHs as asymptotically flat and decoupled from the cosmological expansion. However,
when dealing with supermassive BHs which have existed for a long time span, cosmological coupling effects can
become relevant.

Intriguingly, possible signs of pure cosmological mass growth were recently searched for and reported in
the growth of supermassive BHs hosted by red-sequence elliptical galaxies (where growth by accretion and
mergers is expected to be insignificant), with the preferred rate of mass growth in terms of the cosmological
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scale factor being consistent with My, ox a®?. Since their resulting physical density is constant, these
cosmologically coupled BHs would then contribute to the cosmological dynamics as a DE component, and
this intriguing possibility has spurred various follow-up theoretical and observational studies**~*°. However, a
putative cosmological coupling of BH masses would also have other important observational consequences. In
particular, cosmologically coupled BHs are expected to inspiral and undergo (binary) mergers throughout their
history, resulting in the emission of gravitational waves (GWs), whose incoherent superposition would result
in a stochastic GW background (SGWB) signal. These considerations become all the more relevant in light of
the SGWB signal for which evidence was recently provided by various pulsar timing arrays (PTAs), including
NANOGrav*’, EPTA*!, PPTA*?, and CPTA®. The origin of this signal (and of the earlier NANOGrav 12.5-
year signal) remains unknown, although several proposals, both astrophysical and cosmological (primordial) in
origin, have been put forward*4-6!. A natural question to ask is therefore what is the SGWB signal resulting from
a population of inspiraling, cosmologically coupled, supermassive BHs.

The aim of this pilot study is to take a first step towards working out the aforementioned signal. This allows
us to establish yet another observational channel towards testing cosmological couplings between BHs and the
large-scale cosmological expansion, and ultimately a potential mechanism for singularity resolution. Indeed,
the cosmological coupling allows to bypass the Penrose-Hawking singularity theorems and can lead to BH
solutions that are non-singular, even in the context of standard General Relativity*"*%. To work out the SGWB
signal from inspiraling cosmologically coupled BHs, we follow the seminal work of Phinney®, revisited in
light of a phenomenological parametrization for the cosmological mass growth mechanism resulting from the
cosmological coupling?***, Intriguingly, while astrophysical models of inspiraling supermassive BH binaries are
broadly able to reproduce the signal observed by PTAs, its amplitude is slightly high compared to the expectations
from virtually all models. We show that, under a very minimal set of hypotheses, inspiraling cosmologically
coupled BHs can naturally boost the amphtude of the SGWB signal, while keeping the spectral index unaffected,
thus maintaining the same Qg o< /3 frequency scaling of the SGWB spectral energy density parameter.

The rest of this work is then organized as follows. We briefly review the standard computation of the SGWB
resulting from inspiraling uncoupled BH binaries. The calculation is then generalized to allow for cosmologically
coupled BHs. Afterwards we provide a critical discussion of our results, focusing in particular on the amplitude
of the SGWB signal and contrasting it against the NANOGrav signal, before drawing concluding remarks.
Throughout our work, we set ¢ = 1, but for clarity we keep G in our formulae.

Stochastic gravitational wave background from inspiraling black hole binaries

Of interest to the present work is the stochastic gravitational wave background generated by a population of BH
binaries inspiraling due to gravitational radiation losses, assuming time-dependent masses provided purely by
cosmological mass growth as expected within the classes of solutions discussed in the Introduction. To do so,
we modify the work of Phinney®, by introducing z-dependent masses for the components of the binaries. The
main quantity of interest to PTA experiments, such as NANOGrav, is the timing residual power spectral density
O(f), itself related to the SGWB strain power spectrum h.(f), where f denotes frequency. The SGWB strain
power spectrum is related to the SGWB spectral energy density parameter Qg ( f), which measures the present-
day SGWB energy density per logarithmic frequency range, in units of the critical density of the Universe p..
Denoting by pgw(f) the present-day GW energy density, Qqw (f) is given by the following:

1 d/’gw

Oe(f) = pe dlog(f)’

(1)

where the critical density is given by p. = 3Hg /87 G, with Hy being the Hubble constant. Following the same
steps as the Phinney’s work?®? (steps which, so far, are unmodified by the cosmological mass growth mechanism,
aslong as this does not alter the amount by which the energy/frequency of gravitons redshifts with the expansion
of the Universe), the SGWB spectral energy density parameter can then be expressed as:

Qe (f) = l/ iz 2) _AEgn
0

; 2)
fr=f(1+42)

1+ z dlog f»

where n(z) indicates the comoving number density of events (number of mergers/remnants per unit comoving
volume), whereas f and f, are the frequency of the SGWB measured on Earth and in the source’s cosmic rest
frame respectively and are related by f. = f(1 + z). Finally Egyw(f) measures the total energy emitted in
GWs in a certain frequency band, and its functional form depends on the specific population of sources/events
producing the SGWB.

We now consider a binary system of supermassive BHs in circular orbit and with component masses M; and
M>. We assume that the BHs inspiral, and eventually merge, uniquely driven by gravitational radiation loss. For
such a system, we have®>%;

€)

dE g _ dE g 77r2/3G2/3///5/3f2/3
dlog f, " df, 3 m

where the so-called chirp mass .# is given by the following:
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Combining the above equations one finds, for the standard case with no cosmological mass growth®*:
_ 8(nG.4)°>'? VR A n(z)
ng(f) - 9H702 f dz 7(1 +2)1/3' (5)

Zmin

It proves convenient to introduce the quantity no = f OOO dzn(z), which quantifies the present-day comoving

number density of merged remnants, as well as the merger rate per comoving volume 7n(z), such that
n(z) = n(z)dt/dz. We further define the following quantity:

P T R T o S
(1+2) )= o /Zmin dz (1+2)1/3 Hono/ _ dz (1+ 2)*3E(z)’ ©)

Zmin

where in the second equality we have made use of the time-redshift relation in a Friedmann-Lemaitre—
Robertson-Walker Universe, and E(z) = H(z)/Hy is the unnormalized expansion rate, which in a ACDM
Universe is given by the following:

E(z) = \/Qm(1 + 2)? + Q. (1 + 2)4 + Q4 7)

with Q,,, 2, and {25 denoting the matter, radiation, and cosmological constant density parameters respectively
(although we note that the radiation component is negligible at the late times of interest to us). With these
definitions, Qgw (f) can then be written as follows:

8(nG.4)> >

Qg =
s 9H?

PR+ 278, )

within the range of validity fmin < f < fmax (relative to the source rest frame), where the lower and upper
limits are set by the separation of the system at birth and the final orbit prior to Roche contact respectively (the
latter is a proxy for the end of the inspiraling phase), with both limits mapped into the minimum and maximum
redshifts zmin and zmax through f. = f(1 4 z). In Eq. (8) we observe the well-known f2/ 3 scaling of the
spectral energy density parameter for the SGWB produced by inspiraling binary BHs.

The results of GW searches, including SGWB searches from PTA experiments, are often reported in terms of the
power spectrum of the characteristic GW strain h., itself related to the SGWB spectral energy density parameter
as follows:

_ 3Hj
T oom2

_ 4Gp.
T oon

he(f) I (f) F 2 (f), ©)

which, combined with Eq. (8), leads to the following expression:

HGA)**ng

oyl (O ) (10)

h2(f) =

Of particular interest to PTA experiments is the power spectral density of the timing residuals ®(f), related
to the power spectrum of the characteristic SGWB strain (and therefore to the SGWB spectral energy density
parameter) by the following:

1 3,0 Hi .5
¢ = = Q W . 11
(1) = sgma PR = 2% 20 (f) ay
It is customary to normalize ®( f) relative to a reference frequency fref, usually either 1yr~—' or (10yr) ™!, as
follows:
Aler / - -3
= == . 12
q)(f) 1272 (fref fref ( )

Combining Egs. (8, 10, 11) we see that the idealized case (in the absence of environmental effects — we will return
to this point later) corresponds to the well-known value for the spectral index v = 5 — 2/3 = 13/3, which is
indeed very often taken as a benchmark value in PTA SGWB searches. Finally, once more combining Egs. (8, 10,
11), we find that the amplitude A:f in Eq. (12) is given by the following expression:
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In what follows, we will implicitly set the reference frequency to frer = lyrf1 ~ 3.17 x 10~ % Hz, and to
lighten the notation we simply denote A, = Ayr = A

Inspiraling cosmologically coupled black holes

Up to now, we have not made any non-standard assumption concerning the BHs whose inspiraling produces
the SGWB signal with amplitude characterized by Eq. (13). We now posit that the BHs in question are non-
singular, cosmologically coupled vacuum energy objects, whose mass is subject to cosmological growth. We
recall once more that such a behaviour, while surprising, enjoys strong theoretical motivation and is somewhat
inevitable if one wishes to embed BH solutions within cosmological boundary conditions with a time-dependent
geometry!'!"20. Although explicit cosmologically coupled solutions are lacking, we follow a model-agnostic
phenomenological approach adopted earlier®, including in the work providing possible evidence for purely
cosmological mass growth from observations of supermassive BHs hosted by red-sequence elliptical galaxies?.
We parametrize the evolution of a BH mass as a function of redshift z as follows:

zi+1
z+1

M(z) = M¢®(z—z¢)+M¢( )kG(zi —2), (14)

where © is the usual Heaviside step function. Effectively, Eq. (14) describes a BH whose mass M is constant up to
a certain transition redshift z; when the BH becomes cosmologically coupled, at which point its mass scales with
the scale factor a as a power-law, M o< a”, where k is the couphng strength. We note that, because cosmological
mass and number densities for non- relat1v1st1c objects scale as a2, the case k = 3 (which is also the maximum
allowed value of k consistent with causal material with positive energy density) where BHs gain mass as M o a®
leads to their physical densities being constant (in the absence of production), and therefore to their entering the
Friedmann equations as an effective vacuum energy component. It has indeed been shown that vacuum energy
interior solutions with cosmological boundaries lead to k ~ 3%, We remark that, while phenomenological, our
parametrization in Eq. (14) nevertheless enjoys theoretical motivation.

In a binary system whose masses M1 and M> evolve as in Eq. (14), with z; being an universal parameter and
therefore equal for both components, the same evolution clearly characterizes the chirp mass - in other words,
we can replace M — .# in Eq. (14). In the derivation of the SGWB spectral energy density parameter, the key
equation which then gets modified is Eq. (3), since the energy emitted in GWs is altered as the masses of the two
components grow. In particular, Eq. (3) is then modified to the following:

2/3¥2/3 5/3 ) 5k/3
dBgw _ T G A 2/3 Oz —2i) +O(z — 2) <Z1+1) ] . (15)

dlog fr 3 " z+1

Motivated by both phenomenological and observational considerations, we now make the reasonable assumption
that the redshift at which the coupling switches on satisfies Zmin, Zmax < zi. Indeed, if cosmologically coupled
BHs are to play a role in the DE phenomenon, then the cosmological coupling must have already been active,
at the very least, at the onset of DE domination (z ~ 0.7), but likely much earlier. Moreover, observations of
supermassive BHs within elliptical galaxies are consistent with the cosmological coupling being in place at
redshifts as high as 2.52%, from which it follows that z; > 2.5. On the other hand, the sources of interest to PTAs
are high mass binaries at low-to-moderate redshifts (z < 2). Given that our work is centered around the SGWB
detected by PTAs, we can therefore safely assume Zmin, Zmax < zi. In other words, it is reasonable to assume that
the coupling is active throughout the whole redshift range of interest to PTAs. Under this assumption, the SGWB
spectral density parameter is then given by the following:

8(nGAM)"> 5 seys [0 n(z)
Qegw = Wf (zi +1) dz (14 2)GFO/3E(z) (16)

min

It is worth noting that the modification we 1ntroduced has altered the amplitude of the SGWB signal, but not its
frequency dependency, which remains Qgw o< f2/3. Since the amplitude of Qg is modified, we can expect the
same to occur for the amplitude of the timing residuals power spectral density. In fact, retracing the steps which
led to Eq. (13), we find that the (squared) amplitude is modified to the following:

4(@//)5/3 s [ A(2)
A= 2T (5 1) d .
37173 [, (zi+1) i S AT OBER) (17)

min

We note that the cosmological mass growth does not alter the frequency scaling of ®( f), which remains of the
®(f) o< f713/3 form, just as in the standard (idealized) case.
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Results and discussion

We now proceed to study the impact of the cosmological coupling on the amplitude of the timing residuals
power spectral density signal. To simplify the discussion, we assume that zmin — 0 and zmax =~ z;. In other
words, this means that the coupling is effective only in the redshift range of interest to PTAs (however, we
stress that this does not alter our results since, even if z; 7 Zmax, the contribution to Qgw from zZmax < 2 < 2
would be common to both the coupled and uncoupled scenarios). Moreover, since as shown by Phinney®® the
resulting signal is very weakly dependent on the merger rate n(z), for simplicity we assume 7n(z) =constant,
and assume that the constant is the same in both the cosmologically coupled and standard scenarios. With these
approximations in hand, we now quantify the effect of the cosmological coupling on logarithm of the amplitude
of ®(f). We therefore consider the logarithmic amplitude shift which, inspecting Eq. (17), we define as follows:

_ 5k 1 dz 1 % dz
Alogg Ak, i) = a logyo(2i +1) + 5108'10/0 E(z)(1+ 2)6GrtD/3 D) lOglo/o W' (18)

Within the adopted approximations, A log,, A quantifies the logarithmic difference between the amplitude of
®( f) in the cosmologically coupled scenario versus the standard case. We work within the assumption of a spatially
flat ACDM model, in excellent agreement with current data, so that E(z) ~ \/ Qm (1 4+ 2)3 + (1 — Q) with

Qm & 0.3. We show the resulting logarithmic amplitude shift A log,, A(k, z;) in Fig. 1, focusing on the range
k € [0, 3]: in particular, the left panel shows A log,, A(k, z;) versus z; for different values of k = 1 (red curve),
2 (blue curve), as well as the maximum allowed value 3 (green curve), whereas the right panel shows contours
of constant A log, A as a function of both k and z;. Obviously the k = 0 case, which implies no cosmological
growth, corresponds to Alog;, A(k, z;) = 0.

We see that for & > 0, the amplitude of the SGWB signal, and with it that of the timing residuals power spectral
density signal, both increase. This can be understood in terms of the cosmological mass growth enhancing
the energy lost to gravitational radiation [see the dependence on .#Z of Eq. (3)], which therefore increases the
strength of the resulting GW signal. For instance, we see that for z; < 2 (consistent with the expectations for
when DE starts to dominate), the signal can be amplified by up to a factor of ~ 1.8 fork = 1,~ 3 for k = 2,and
~ 8 for the theoretically favored case k = 3. We also observe that the amplification factor grows more slowly as
z; increases and k decreases.

The prediction that cosmologically coupled (mass-increasing) BHs increase the amplitude of the SGWB
signal is particularly intriguing in light of the SGWB signal for which evidence was recently provided by PTA
experimentsi’~*3. As already hinted to in the Introduction, the signal is broadly consistent with that predicted
from inspiraling supermassive BH binaries, but its amplitude is slightly too large to be explainable by known
astrophysical models with reasonable parameters, as recently emphasized by several works®”’~%: indeed, an

Zj

Fig. 1. Left panel: logarithmic amplitude shift to the amplitude of the SGWB from inspiraling supermassive
BHs in the presence of the cosmological coupling mechanism studied in this work, A log,, A, as a function
of the transition redshift z; at which the coupling becomes effective, and for three representative values of the
coupling strength k: k = 1 (red curve), 2 (blue curve), and 3 (green curve), with the latter value corresponding
to the one for which the cosmologically coupled BHs mimic dark energy. Right panel: contour plot of the
logarithmic amplitude shift A log,, A as a function of z; and k.
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explanation of the signal in terms of a population of standard inspiraling supermassive BHs requires either
several astrophysical parameters to be at the edges of their expected values, or a few among these parameters
to be extremely far from such values. It has been shown that, for standard (non-cosmologically coupled) BHs,
there is an upper limit to how much the signal can be amplified by modifications to the merger history, and that
the strength of the observed signal appears to require a factor of ~ 10 more BHs contributing to the PTA signal
compared to standard expectations®®.

To better appreciate the (slight but nevertheless noticeable) mismatch between theoretical expectations for
the signal strength and its observed value, in the bar plot of Fig. 2 we plot a selection of literature predictions
for the amplitude Ay,”%** (solid horizontal bars), confronted against the amplitude of the NANOGrav 15-year
signal®’ (red vertical shaded region). We stress that the horizontal bars are theoretical predictions constructed out
of model populations for supermassive BH binaries, with specific assumptions on the allowed range of values
for the population model parameters, and as such they can be directly compared against the NANOGrav signal.
In fact, a similar visual comparison has also been performed by the NANOGrav collaboration (see Fig. Al of
the NANOGrav supermassive BH binaries paper®, with theoretical predictions taken from Tab. A1l thereof).
As already noted by the NANOGrav collaboration, the signal is not dramatically inconsistent with theoretical
predictions, although one cannot help but notice that essentially all of these fall short of the observed amplitude
(typically by < 20, albeit in some cases by a larger amount).

For purely representative purposes, in Fig. 2 we show the impact on this discrepancy of an increase in the
SGWB amplitude. This could arise within the cosmological coupling scenario described here. To do so, we
augment, with increased transparency, the length of the bars corresponding to the theoretical predictions in
Fig. 2 by Alog;, A = 0.5 (left panel) and A log;, A = 1.0 (right panel), corresponding respectively to half an
order of magnitude and an order of magnitude increase in the amplitude of the SGWB signal. We stress that these
are chosen purely as benchmark values, and the goal of this exercise in the context of our exploratory work is to
visually and qualitatively guide the reader towards the range of values of A log,, A which can reconcile these
(otherwise slightly discrepant) literature predictions with the NANOGrav signal. In other words, Fig. 2 should
be seen as the qualitative first version of a statistically more rigorous analysis, which we reserve to future work.
Nevertheless, while chosen for representative purposes, these values of Alog;, A can be obtained for realistic
values of the cosmological coupling parameters, as can be seen in Fig. 1: for example, Alog,, A = 1.0 can be
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Fig. 2. Solid horizontal bars: selection of literature predictions for the amplitude of the SGWB from inspiraling
supermassive BHs Ay, (amplitude at the reference frequency 1 yr~')7%-%3, with the bars reporting 16th—84th
percentile uncertainty regions. Red vertical shaded region: 68% credible interval for the SGWB amplitude
inferred from a power-law fit to the NANOGrav 15-year data using the HD-DMGP model, with the red
vertical line indicating the central value. It is clear that most predictions fall slightly short of the NANOGrav
signal. The more transparent parts of the brown horizontal bars instead indicate values of Ay which can be
achieved in the presence of the enhancement due to cosmologically coupled BHs studied in this work, for the
representative values A log,, Ay = 0.5 (left panel) and A log,, Ayr = 1.0 (right panel). The transparent
bars represent a constant length augmentation to all the literature predictions for standard supermassive BH
models: this treatment is only valid if the model parameters for standard and cosmologically coupled BHs
remain unaltered. The figure should therefore only be interpreted as a qualitative visual guide.
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obtained if £ = 3 and z; 2 2.3, whereas Alog,, A = 0.5 can be obtained for a very broad range of values of
k Z 1and z; 2 1. We also stress that our treatment of adding A log,, A to the existing literature predictions is
valid only if the assumed population model parameters (BH mass function, merger rate, and so on) are unaltered
by the cosmological coupling. Such an assumption, while at first glance reasonable, is actually far from obvious,
and requires much more detailed follow-up work going well beyond the scope of our exploratory study.

Returning to Fig. 2, we observe at a qualitative level that an increase in the SGWB amplitude at the levels
considered therein would be sufficient to bring most predictions from theoretical models in good agreement
with the observed strength of the signal, although we reserve a statistically more rigorous analysis to future
work. In fact, even for Alog;, A = 0.5, only for three models’®’!:8> the 16th—84th percentile uncertainty
regions for the theoretical predictions fall significantly outside of the NANOGrav signal, whereas for other three
models®4#! the discrepancy is very mild: while cautioning that an assessment based on Fig. 2 can only be of
qualitative nature, it is clear already at this level that the cosmological coupling mechanism can potentially bring
currently discrepant theoretical predictions into better agreement with observations. Fig. 2 clearly highlights that
there is significant scatter across the predictions of astrophysical models for the SGWB signal from inspiraling
supermassive BH binaries, and that there is clearly the need for an improved consensus on the topic even in
the standard case: nevertheless we can safely draw the conclusion that, should a consensus model confirm the
present trend and fall short of the signal observed by NANOGrav, a model featuring cosmologically coupled BHs
whose mass increases with the expansion of the Universe can be invoked to address the discrepancy (in addition,
of course, to other new physics scenarios, either astrophysical or cosmological in origin).

It is also worth noting that, besides at the level of amplitude, the NANOGrav signal is moderately inconsistent
with the theoretical expectations for inspiraling supermassive BH binaries also at the level of spectral index
v. Indeed, v = 3.2 £ 0.6 has been inferred from the observed signal, nearly 20 away from the theoretical
expectationy = 13/3%%. With the caveat that the inference of v is very sensitive to minor details in the data model
of a few pulsars, we stress that the theoretical prediction v = 13/3 is an idealized one, and that environmental
effects will generally cause 7 to deviate from this value (moving towards smaller values). Such effects include
but are not limited to interactions with the binary environment®*, the discreteness of the binary population as
well as the underlying assembly scenario’?, orbital eccentricity’>*’~?, dynamical friction, and so on'%*10!, These
effects will of course be relevant in the cosmologically coupled scenario as well.

We close our critical discussion mentioning a few caveats to our analysis, besides all the approximations
extensively highlighted earlier. Firstly, recall our assumption that 72(z) takes the same (constant) value in both
the cosmologically coupled scenario and the standard one. This assumption may require revisiting, as it is in
principle possible that the increasing cosmologically coupled masses may lead to enhanced clustering of the
cosmologically coupled supermassive BHs, potentially increasing the comoving merger rate 1. In addition,
as stressed above, environmental effects which are expected to alter -y from its idealized value of 13/3 in the
standard scenario will certainly be operative in the cosmologically coupled case as well. Although we are far
from being able to model and study these effects from first-principles in the case at hand, it is not unreasonable
to expect that they might alter the spectral index of the SGWB signal to the same extent in both the standard and
cosmologically coupled scenarios (i.e. that astrophysical and cosmological effects “decouple”, though this is not
necessarily obvious), and similar considerations hold for environmental effects which alter the amplitude of the
SGWRB signal - nevertheless, we reserve a more detailed investigation to follow-up work.

In addition, we have assumed that the expression for d Egy, /df -, itself following from the quadrupole formula,
maintains its functional form in terms of f,, with amplitude modified by .# — .# (z). This tacitly assumes
that the cosmological coupling and mass growth mechanism do not alter the quadrupole formula. The validity
of such an assumption, however, is less obvious than the earlier ones (given that additional terms involving
time derivatives of the masses, which are absent in the standard case, may enter, although we can reasonably
expect them to be negligible with respect to the term we considered®). To fully explore the impact of such an
assumption requires studying the problem of a varying-mass binary merger, which is already highly non-trivial
in the Newtonian limit. In principle, modifications to dEgw /df, of this sort could alter the f /3 and f —13/3
dependencies of Qg (f) and ®(f) respectively, potentially competing with the aforementioned astrophysical
effects. Detailed investigations of this point are ongoing, and we hope to report on the matter in future work.
Moreover, while we have assumed the standard ACDM cosmological model with the (effective) DE component
in the form of a cosmological constant when specifying E(z) in Eq. (18), it has recently been pointed out that
the shape of the expansion history in the cosmologically coupled scenario is in fact different, as a result of the
effective DE component being “fed” by the baryonic one®®. This leads to an effective time-varying DE model,
which has been argued to be compatible with the DESI results!®2. Although the specific cosmological model
is not expected to play a major role in determining the predicted signal®, it may be interesting to make our
analysis more realistic by considering either the phenomenological parametrization recently adopted to model
the cosmologically coupled scenario®®. Finally, while here we have focused on positive values of k, other works
have argued that negative values of k may in fact emerge from different theoretical scenarios*:. We have checked
that considering values of —3 < k < 0 (with the lower limit set again by causality requirements®®), leading to
decreasing BH masses, results in a SGWB of lower amplitude, worsening the discrepancy with the PTA signal.

Conclusions

The possibility that black holes are cosmologically coupled has recently received renewed attention in both the
theoretical and observational communities, and is a relatively robust prediction of scenarios where BH solutions
are embedded within cosmological boundary conditions with a time-dependent geometry. The associated
surprising consequence of cosmological mass growth, recently argued to be potentially consistent with
observations of supermassive BHs within elliptical galaxies, could play a key role in the dark energy phenomenon.
Such a cosmological mass growth would also lead to other signatures. In particular, cosmologically coupled
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supermassive BHs will inspiral and undergo binary mergers throughout their history, leading to a stochastic
background of gravitational waves. Motivated by the recent SGWB for which evidence was recently provided
by various PTAs and the renewed interest in cosmologically coupled BHs, in this pilot study we have taken a
first step towards understanding how the SGWB signal produced by a population of inspiraling cosmologically
coupled BHs differs from that predicted within the standard uncoupled scenario.

We have demonstrated that a population of inspiraling supermassive BHs undergoing cosmological mass
growth would enhance the amplitude of the resulting SGWB signal relative to the standard case. In a nutshell,
such an effect arises from the (cosmological coupling-driven) increase in time of the chirp mass which controls
the strength of the emitted gravitational radiation. The amount by which the signal is amplified can be quite
large, depending on the coupling strength and redshift at which the coupling becomes effective (which we have
quantified by the parameters k and z;), potentially exceeding an order of magnitude (see Fig. 1). This prediction
is of significant interest in light of the PTA signal, whose amplitude exceeds theoretical predictions by a similar
margin (see Fig. 2 for a qualitative visual guide). Although several astrophysical and environmental effects
are at play and are, at present, not completely understood, our results open up the intriguing possibility that
cosmologically coupled BHs may be at the origin of the signal observed by PTAs.

We stress that our work represents only a first, exploratory step towards understanding the features of the
SGWRB signal resulting from a population of inspiraling cosmologically coupled BHs, and more work is required
to further understand such a signal. There are several other interesting potential follow-up directions one could
pursue beyond our pilot study. The most important follow-up direction is to conduct a statistically rigorous
analysis to constrain the cosmological coupling parameters z; and k against PTA data. Such a work entails
among other things understanding whether the model parameters for standard and cosmologically coupled
BHs can be taken to be identical, and will ultimately lead to a statistically rigorous version of Fig. 2, which at
present can only be a qualitative visual guide. On the more theoretical side, a form of vacuum energy similar
to that driving the present-day accelerated expansion presumably drove inflation: could a similar cosmological
coupling mechanism be at play then, leading to a population of cosmologically coupled primordial regular BHs
of potential relevance to the dark matter problem? While we plan to return to these and other interesting related
questions in follow-up work, including devising novel orthogonal probes of cosmologically coupled BHs we note
that the plethora of BH-related observations available to us at the time of writing open up the exciting prospect
of testing frameworks which belonged to the realm of theoretical conjectures up to a few years ago!*-1%. This
includes scenarios such as the one studied here, which very naturally merges two among the most important
open problems in physics: the nature of dark energy and the singularity problem.

Data availability
The datasets used and/or analysed during the current study available from the corresponding author on reason-
able request.
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