Mathematical Physics, Analysis and Geometry (2024) 27:13
https://doi.org/10.1007/s11040-024-09487-8

®

Check for
updates

Mgller Maps for Dirac Fields in External Backgrounds

Valentino Abram'® - Romeo Brunetti’

Received: 24 January 2024 / Accepted: 15 July 2024
© The Author(s) 2024

Abstract

In this paper we study the foundations of the algebraic treatment of classical and
quantum field theories for Dirac fermions under external backgrounds following the
initial contributions already present in various places in the literature. The treatment
is restricted to contractible spacetimes of globally hyperbolic nature in dimensions
d > 4 and to external fields modelled with trivial principal bundles. In particular, we
construct the classical Mgller maps intertwining the configuration spaces of charged
and uncharged fermions, and we show some of its properties in the case of a U(1)
gauge charge. In the last part, as a first step towards a quantization of the theory, we
explore the combination of the classical Mgller maps with Hadamard bidistributions
and prove that they are involutive isomorphisms (algebraically and topologically)
between suitable (formal) algebras of functionals (observables) over the configuration
spaces of charged and uncharged Dirac fields.
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1 Introduction

The main aim of this paper is to contribute to a by now well established framework for
the algebraic treatment of quantum systems made of fermions in arbitrary backgrounds
(metrics, external fields etc.) which aims at the rigorous determination of physical
effects (see, e.g., [1-13]). It is a known fact that especially for strong space-time
dependent external fields the mostly used theoretical frameworks suffer from several
deficits. In general, the lack of space-time symmetries implies a missing preferred state

Valentino Abram and Romeo Brunetti have contributed equally to this work.

B Valentino Abram
valentino.abram @unitn.it

Romeo Brunetti
romeo.brunetti @unitn.it

Dipartimento di Matematica, Universita di Trento, Via Sommarive 14, 38123 Trento, Italy

Published online: 24 July 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11040-024-09487-8&domain=pdf
http://orcid.org/0000-0002-3144-2317

13 Page2of44 V. Abram, R. Brunetti

(vacuum) with the related impossibility to use familiar tools as Fourier transformations
and Fock spaces. All these limit terribly the ability of physicists to deduce observable
effects in these quantum situations without making further drastic and simplifying
assumptions. Indeed, there exists a very large literature on the subject which is full of
interesting ideas, techniques and results (see, e.g., [14, 15]). Tipically, however, the
proposals are made without referring to general and deep basic concepts and hence
with a lot of ad hoc assumptions. A possible way out of these difficulties is to refer to
recent structural advances in quantum field theories using the algebraic approach. The
new perspective refers to deep conceptual advancements, for instance local covariance
[16], and technically, instead of Fourier transformations, uses its modern improvement
named micro-local analysis [17], in particular wave front sets [18, 19]. There have
been several recent interesting results that point towards the validity of this claim. For
instance, Frob and Zahn [10] have shown how to rigorously derive the trace anomaly
for chiral fermions using in particular the rigorous method of Hadamard subtraction.
At variance w.r.t. the literature in physics, this was done in Lorentzian spacetime,
and invoking physical principles as invariance of the stress-energy tensor to show the
cancellation of unwanted terms on which physicists debated for long.

Our main concern is to build up at first the classical tools that can be used later
to develop the formalism towards the quantum aspects. In the present paper we
concentrate basically only in the former aspects but make an initial step into the
latter. We demonstrate that the classical Mgller maps are involutive isomorphisms for
the various classes of mathematical objects of pertinence for us. Indeed, at first we
introduce various spinorial configurations spaces as sections of several bundles over
semi-Riemannian spaces, and prove that the Mgller maps are isomorphisms between
the charged and uncharged spinor bundles. Then, we extend the structure to (nonlinear)
Sfunctionals over such bundles forming (involutive) algebras. One should look at them
as the (abelian) algebras of observables of the theory. A first step forward is done here
by the construction of a Poisson algebra. This entails at first the selection of a “good”
subset of functionals. The term good refers to the fact that in order to rigorously define
a Poisson structure for such field theories one can make a covariant choice which is
determined by the use of the Peierls” backets (see, e.g., [20]). This implies the use
of causal Green operators (propagators) whose kernels, seen as distributions, do not
directly allow multiplications by generic functionals. It is here that microlocal anal-
ysis appears as the right tool. The good selection is indeed made out of the desire to
define the product of functionals, and their derivatives, with the propagators. A suffi-
cient criterion for those products to exist is the Hormander’s one based on wave front
sets. Hence, the so called microcausal functionals make their crucial appearance here.
These are functionals with prescribed singularities whose wave front sets combine
well with the wave front set of the propagators as to satisfy Hormander’s criterion.

We then develop the formalism doing a first step into the quantum realm by extend-
ing the algebras to the formal algebras of deformation quantization, by changing the
classical product with the use of the Hadamard prescription.

In the course of the paper we develop geometric and analytic descriptions by adopt-
ing a practical and precise view which has the merit of being rather explicit. The
resulting formalism has advantages which we do hope compensate the heaviness of
notations.
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2 Geometric and Analytic Preliminaries
2.1 Basic Notions in Spin Geometry on Pseudo-riemannian Manifolds

We begin the exposition by recalling some definitions and results in order to fix the
notation used throughout the paper. We refer the reader to [21], [22], [23] and [24] for
more details.

We shall work on n-dimensional spacetimes, that is, couples (M, g) consisting of
a connected, paracompact, orientable, time-orientable Hausdorff smooth manifold M
and a non-degenerate, pseudo-riemannian metric g. We shall further suppose that two
additional conditions hold:

(i) weassume (M, g) is globally hyperbolic: this entails that given a normally hyper-
bolic operator, this admits retarded and advanced Green operators (see, e.g., [25,
26]);

(ii) wealsoassume thatdim(M) > 4: this entails that there exists a universal covering
homomorphism & : Spin(r)’ | = SO(r), | between the identity component of the Spin
group Spin, ; and the identity component of the signature (r, 1) of the special
orthogonal group [24, Proposition 12.1.41].

On the manifold M modelling our spacetime, we shall consider fiber bundles, i.e.,
quadruples (B, M, w, F) where m: B — M is a smooth, surjective map and such
that there exists an open cover {Uy}yeca Of the base manifold M and an associated
collection {¢y : 7z Y U,) - Uy x F }aca of diffeomorphisms, called trivialization
of the bundle, such that

T 0 Py = 7T|n—'(Uo,) foreveryow € A . (2.1

Notice that given a point p € M, the fiber B, = 7~ (p) is diffeomorphic to F; this
is the reason why F is called typical fiber. We can consider the transition functions of
the bundle, that is, the maps

Qup: (Ue NUB) x F — (UyNUg) X F
(. )) (850 D)

By the condition (2.1), we have that ¢og(p, f) = (p, gep(p)(f)) for some gug: Uy N
Ug — Aut(F); the collection {gyg}«,pea is called cocycle.

In the context of quantum field theory, one usually deals with two kinds of fiber
bundles:

(i) vector bundles, that is, fiber bundles whose typical fiber is a vector space and
whose cocycle is such that g,5(p) € GL(F) forevery o, B € A, p € Uy N Ug;

(ii) principal G-bundles, that is, fiber bundles whose typical fiber is the group G,
whose total space Pg is a right G-manifold with right action r,: P — Pg and
whose trivialization {¢q : 7~ (Uy) — Uy x G} consists of right G-equivariant
maps. This entails that the cocycle {gos: Uy N Ug — Aut(G)} consists of left-
translations [21, Lemma 27.7].

@ Springer



13 Page4of 44 V. Abram, R. Brunetti

Given a principal G-bundle 7 : PG — M and arepresentation p: G — GL(V) of the
group on a finite-dimensional vector space V, we can construct the associated vector
bundle 7w : Pg x, V — M with typical fiber V. [21, Theorem 31.9] shows that there
exist linear isomorphisms

P QI(Pg, V) > T (MT*M @ Pg x, V)

2.2)
BT (MT*M ® P x, V) — QU(P6. V)

between the spaces Q% (Pg, V) of V-valued, tensorial g-forms of type p on Pg and
the space of g-forms on M with values in Pg x, V.

It is a well-known fact that gauge fields are represented by Ehresmann connec-
tions w € QI(P , @) on a suitable principal G-bundle [27, 28]. These connection
1-forms can be used to induce an exterior covariant differentiation D : Qg (Pg, V) —

It (Pg, V),

Dy =dp+w-,p 2.3)

where

1
(@ P)pvr, ... Vg41) = — Z sgn(0) px(@p (Ve ) Pp (Vs 2)s - - - » Vo (g+1)) -

GESq+1

We can then use the exterior covariant derivative to endow the associated vector bundle
PG x, V with a connection V: X(M) x I'(Pg x, V) = I'(Pg x, V),

Vs = (D(s%) (v) .

This section of the associated vector bundle can be expressed locally as

Vo) (p) = [0(p). v(p) (55 00) + pu (@0 (02 0) )@ (] 24)

where o : U — Pgy is a local section of the principal G-bundle Pg, usually deemed
local gauge choice. The pullback o*w € Q' (U, g) is called local gauge potential.
An important construction which can be carried out in the case of complex vector
bundles is that of the conjugate bundle. Let us recall that given a complex vector
space V, the conjugate vector space V is a vector space which is real-isomorphic to
V and whose complex structure is the conjugate complex structure. The antilinear
isomorphism bewteen V and V shall be denoted with C: V — V, and it can be used
to induce, starting froma linearmap L: V — V,alinearmap L: V — V by defining

L=Cc'oLocC.
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Given a basis {¢; };c; of V, the components {Z; }i,jer of L are the complex conjugates
of the components of L in the basis {Ce;}icy, i..
L' =Li
J i
If V is endowed with a sesquilinear form, then one can show that V ~ V*. These
facts can be extended to the case of complex vector bundles in the following way:
first of all, consider a vector bundle E —> M with typical fiber V, whose cocycle is
given by {gug}a,sea; then one can construct another vector bundle with typical fiber V
and whose cocycle is given by {gyg}«,pea; this vector bundle is the conjugate vector

bundle E = M. The conjugation map C': V — V can be extended to a vector bundle
anti-isomorphism C: E — E, and if E is endowed with a hermitian metric /4, then

(i) h, which assigns to every point p € M a sesquilinear form &, on E,, can be
understood as a map assigning to each p € M abilinearmap ), : £ X Fp — G
(ii) we have an isomorphism E ~ E*.

Let us now consider the tangent bundle w: TM — M on our spacetime; by the
assumptions on (M, g) this is an oriented vector bundle endowed with a Lorentzian
structure, and we can thus consider its oriented, time-oriented, pseudo-orthonormal
frame bundle, that is, a principal SO -bundle 7p: PSOO (M) — M naturally asso-

ciated to it. If we further assume that the second Stlefel —Whitney class w2 (T M)
vanishes, we can consider a spin structure on T M, that is, a principal Splnr’l—bundle
Tp Spmo (M) — M coupled with a 2-sheeted covering

E: P

Spin?,l - PSO?,1 (2.5)

such that & (rg(p)) = reyg (E(p)) for every p € Psying - 8 € Spin(r)’l, with
&: Spin(r)’l — SO(r)y1 being the universal covering map. This entails in particular
that the cocycle {gup: Uy NUg — Aut(SO(r),l)} of the principal SOE’ |-bundle is given
by {£0(sap)}, Where {sqg: Uy N Ug — Aut(Spin(r)’l)} is a cocycle for the principal
Spln .1-bundle.

By the fundamental theorem of Riemannian geometry, there exists a unique torsion-
free, metric-compatible connection w € Q! (Psoo ,sor 1), the Levi-Civita connec-

tion; us1ng the covenng map (2 5), this connection can be pulled back to a connection
1-form o € Q! (Pspmo ,5pmr 1> usually called spin connection.

We can then con51der the following: depending on the dimension + 1 of our space—
time M, there exists a complex representation of the Spin group Ar’ : Spmr’1 —
GL(V, C) which is irreducible in the odd dimensional case and reducible in the even
dimensional one [22, §1, Proposition 5.15]. In both cases, the representation descends
from a complex representation p: 6%, 1 — End(V, C) of the Clifford algebra €%, ;.
In [22, §I, Theorem 5.7] it is proved that there exists a unique Clifford algebra repre-
sentation if 7 4 1 is even, while there exist two inequivalent representations if 4 1 is
odd; the induced Spin representation in the latter case doesn’t depend on the chosen
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representation. These representations can be used to carry out the following construc-
tion:

(i) given a complex Spin representation ASI : Spin(r)y1 — GL(V, C), we can con-
sider the complex spinor bundle

S(M) = PSpin91 XAC, 14 (2.6)
(ii) we can also consider the Clifford algebra bundle

CUM) = Psop et Gl 2.7)

where c¢: SO(r)’1 — Aut(%%,.1) denotes the unique extension to the Clifford

algebra €%, | of the action of SO?g1 on (R” 1 qr,1). It can be shown that the fiber
of €¢(M) at p € M is isomorphic to %E(T;‘M, gp)-

These two bundles are related by means of the Clifford module multiplication

n: (M) ® S(M) — S(M)
which explicitly uses the fact that A;CJ descends from an algebra representation of
Cl 1.

Thanks to the spin structure, this map can then be extended to yield a Clifford module
multiplication

T X(M) @T'(S(M)) — T'(S(M)) 2.8)

between vector fields and sections of the spinor bundle.
We shall denote with

V(M) @ T(S(M)) — T'(S(M)) (2.9)
the covariant derivative induced as of (2.4) on the spinor bundle by the spin connection

*. This connection behaves well with respect to the Clifford multiplcation, in the sense
that it is a module derivation: given s € I'(S(M)) and v, u € X(M) we have

Viw-rs)=Vyv) rs+v-rVs. (2.10)
The Clifford multiplication can be combined with the covariant derivative V* and with
the musical isomorphism induced by the metric to yield a partial differential operator

acting on sections of the spinor bundle, the Dirac operator

D: I'(S(M)) — I'(S(M))

, @2.11)
s = D(s) =i (-r(VS(s))) .
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Given a local orthonormal frame {¢;} C I'(T M) and its dual {¢'} C T'(T*M) and

considering the local section o : U, — PSpinO 1 (M), (2.11) can be written locally as

r,

D)(p) =ie (p) 1 [0(p), e (p) (5% 00) + AT (@) (00,5 (p)) s (p)]
(2.12)

where we use Einstein’s convention.

Remark 2.1 The local expression above can be written even more explicitly as
. 1
DG)(p) = i€l (p) 1 | o (p).ej(p) (s* 00) + 2 3 Tiye“(p) v er(p) v s* o (p))
k.l

where F; « denote the Christoffel symbols of the Levi—Civita connection on M inducing
the spin connection w* via pullback. In the following, we present the derivation of the
explicit form of the Dirac operator in three different spacetimes.

(a) Let us consider (flat) Minkowski spacetime (M, g) = (R*, 5) and the embed-
ding of X(R*) into I'(¥¢(R*)) given by e; > y;,y;(p) = y; where {y;}1<j<4
are the usual Gamma matrices in the Dirac representation. By choosing the

global pseudo-orthonormal frame {0;}1<j<4 one can write, for a function s €
[(S(R*Y)) >~ C®(R*, CH

D(s) =iy/d;s
which is the usual expression of the (massless) Dirac operator.
(b) A more interesting example is that of the Dirac operator in Schwarzschild space-
time,
M =R x (rg, +00) x S!
T'e rg\ ! 2
g:—(l——)dl@dl—f—(l ——) dr @dr +r-gs
r r

To carry out the computations, one considers a (in this case global) pseudo-
orthonormal frame {e;}1<;<4,

e—(l—rg>_1/28 e—(l—rg)l/za es= Y0y es= 1 5
= r P r " 3_rg 4_rsin(G)q)

and the associated embedding e; + y; where, as before, {y;}1<j<4 are the
Gamma matrices in the Dirac representation. In this non-holonomic, pseudo-
orthornormal frame the Christoffel symbols are given by

;‘k = Enlm (ijk + Cmkj — cjkm)
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where 7 is the flat metric and
lei, ej] = cliem. cjkp = NpmcTy

One can also exploit the properties of Christoffel symbols and of the Clifford
module multiplication to write

1 . 1 .
7 2 Dmiie () v el (p) = 2 Ty, v
k,l k,l

A lengthy but straightforward computation then leads to

—-1/2 1/2 -1 1
D(s) = iy! (1—r—g) dys+iy? (1_r_g) <8,s—r—g2 ( _r_g> s——s)
r r 4r r r

1 1 cot(6
+iy3 <—89S — —CO( )s> +iy4
r 2 r

(c¢) Another interesting example is that of Friedman—Lemaitre—Robertson—Walker
spacetime,

0yS .
r sin(0) v’

M=1IxJxS g=51? (—dt®dt+dr®dr+f(r)2ggz) .

Proceeding in the same way as in the Schwarzschild case, a simple computation
leads to

(L 38O N (1 S0
Dis) =ty (S(r)a’s 2S(r>zs>+’y (S(r)a’s S(t)f(r)s>
.3 1 __cot(9) .4 1

N (S(t)f(r) o S(t)f(r)s) VSO0 sn@)

As one can see from (2.12), the Dirac operator is a first-order partial differential
operator whose principal symbol o (D) is given pointwise by

o (D) (Ps sp) (sp) = M'p(éps Sp) -

Owing to the properties of Clifford multiplication and of the principal symbol, it is
then evident that D? is a normally hyperbolic, second-order partial differential operator.
Therefore, D admits unique advanced and retarded Green operators

81 Te(S(M)) — T'(S(M)) (2.13)
i.e.DoSy = idr(s(my), S+0DIr.(s(my = idr,(s(my) and supp(8+(s)) C J T (supp(s))

[26], where J*(R) is, respectively, the causal future/past of the region R C M. These
operators can be extended to continuous linear maps

Xi: ch/pc(S(M)) - ch/pc(S(M))
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where the subscripts fc and pc denote sections with future-compact and past-compact
support respectively; we recall here that a subset S € M is past-compact if SN J~(p)
is compact for every p € M (future-compact are defined in an analogous way). We
remind, for later purposes, that we can also define the so-called causal Green operator

(or, more simply, propagator) by posing § = §_ — 8. .

Remark 2.2 In the example case of Minkowski spacetime (R*, 1) previously exam-
ined, the advanced and retarded Green operators for the (massive) Dirac operator can
be written explicitly by using the fact that

81 =(iy/d; + m)Ay

where A 1 denote the advanced and retarded propagators of the Klein-Gordon operator,
whose integral kernel can be written, in the sense of distributions, as

ko (" =y0)+i (k,x—y)

1
Ar(x — V) = —— lim
i( y) (27{)4 e—0 v/R“ _(ko + i8)2 + ||k||2 + m2

dkodk

Then

(—y'k; _i_m)eiko(xofyO)H(k,xfy)

" lim dkodk .
Qm)* o0 Jps  —(ko i) + [KIZ+m2

Bi(x —y) =

Explicit expressions for the advanced and retarded propagators in the more interesting
case of de Sitter spacetime can be found in [29].

By [24, Proposition 12.1.65], we know that S(M) admits a Hermitian metric such that
the Clifford multiplication by & € I'(T*M) is an Hermitian automorphism of S(M).
We shall denote the Hermitian metric by (-, -), and the associated two form by #4.

2.2 The Geometric Description of Charged Spinors

Following [8], the coupling of a Dirac field with an external gauge field exploits the
notion of direct product bundle, which we recall here:

Definition 2.3 Letnp: P — Mandng: Q — M betwo principal G- and H-bundles
respectively. The product space P x Q is a principal G x H-bundle over M x M;
by considering the diagonal A = {(x,x) € M x M, x € M} and the inclusion map
given by i : A<M x M, we can then consider the pullback bundle

P+Q=i"(PxQ)={x pq) €Ax(PxQ) st (x,x)=(p(p), 70@)} .

As A is diffeomorphic to M, we have that P + Q is a principal G x H-bundle over
M, called the direct product bundle.
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Notice that P + Q can be naturally viewed as a subset of P x Q; we can consider the
restriction of the natural projections

fp:PxQ—P for Px0— Q0

to P + Q. These are principal bundle homomorphisms, meaning that

I (rem(p.@)) =rep  fo (re.m(p.4) =raq -
If the two principal bundles in Definition 2.3 are endowed with the connections w” e

Ql(p, g) and w? e Q! (0, b) respectively, then by [30, Proposition 6.3] we have that
the 1-form

o= fro" @ fHo? (2.14)

is an Ehresmann connection on P + Q.
Let us now consider two representations

p1: G— GL(V) p: H— GL(V)

such that p1(g)p2(h) = pa(h)p1(g) for every g € G, h € H. Then one can construct
the representation

p: G x H— GL(V)
. (2.15)
(&, W) = p(g, h)=pi1(gp2(h)

whose adjoint representation is given by

Px: 8B hH— End(V)
(8. h) = p1,(8) + p2,(h)

and consider the associated bundle
(P+0)x,V

which will then be endowed with a covariant derivative.

In our case of interest we will deal with a principal Spin(r)’ -bundle 7 : PSpin? RS M

coupled with a principal G-bundle 7,: PG — M, where G is a compact Lie group
which admits a representation pg : G — GL(V) such that
C _ C .0
Ar’l(s)pg(g) = ,og(g)Ar)](s) for every s € Spmr’], gel.

By considering the direct product bundle Pgpin0 1 + Pg endowed with the connection
given by (2.14) as well as the representation givén by (2.15) we then can construct the
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associated vector bundle

S¢(M) = (Pgyin0 + PG) X V

r,

which we shall call charged spinor bundle. This can be endowed with the covariant
derivative

VIO X (M) @ T'(S6 (M) — T'(S6(M)))

locally given by

(VEO(P) = [0, v(0) (5 0.0) + pu( @0y @2 (p)) )57 (@ (p))]
= (o010 (7 0 0) 4 (851, (s, 007w} 00)

+ 6. ((f6 0 a)*w,?(v(p))))sﬁc; (o(p))}
(2.16)

whereo: U — P

Spin? | T P is a local section of the direct product bundle and

r,

26 D(AT*M ® Sg(M)) — Q4 (Pgy0 + Pg. V)

r,1

denotes the isomorphism as of (2.2). Notice that as V is a 6%, ;-module, even in this
case we have a Clifford module multiplication

T.G: X(M) ® I'(S6(M)) — I'(S6(M))

which we can use to construct a Dirac operator DY as in (2.11). Notice that the
highest-order term is analogous to that of D, therefore the principal symbols of these
two operators coincide: it follows that DY admits unique advanced and retarded Green
operators

8% : To(SG(M)) — T(Sg(M)) (2.17)

with the analogous properties of the uncharged operators as after (2.13). Again, we
can define the causal Green operator by posing §¢ = §¢ — Sg

Remark 2.4 Notice that the main difference between the local expressions (2.16) and
(2.4) of the covariant derivatives, apart from the different spaces of section they are
acting on, is given by the presence of the term

o). p6. ((fo 0 ) 0 WD) 5% (o (p))]
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which, when considering the Dirac operators D€ and D, amounts to

e (p) 1.6 [0(p). p6. ((fo 0 ) w0l e (p)) s (@ (p)] -

In the spirit of Remark 2.1, let us now exhibit an explicit expression in the simple case
of Minkowski spacetime (R*, 7). First of all, let us define the quantities

A;() = pou ((fo 0 00 0f (e (p))
which are maps A : R* — gl(C*). Then in the same way as before it follows that

DE(s)(p) = iy/ (35 + Ajs) .

3 The Classical Mgller Map on Field Configurations
3.1 The Entwining Maps Between Sections

In order to compare the uncharged theory and the charged one, we need a way to
relate two different spaces of functions: on one hand we have the smooth sections of
the spinor bundle I'(S(M)), while on the other we have the sections of the charged
spinor bundle I' (S (M)). Notice that these spaces are isomorphic, thanks to the linear
isomorphisms in (2.2), to the spaces

F = [ [t Pgyino — V., fright — Spin(r))1 equivariant}

r,1

Fg = {f: PSpinol + Pg — V, fright — Spin(r),l x G equivariant}

r,

respectively. We recall that owing to [31, Sect. IT] principal Sping’ -bundles over non-
compact spin spacetimes admit a global sectiono : M — Psping 1’ and are thus always
trivial. To simplify the computations and the definition in this first case, we then make
the following assumptions:

(1) we assume that the principal G-bundle Pg is trivial; this holds, for instance, if
we consider a contractible spacetime, or if we consider principal bundles Py (1)
whose first characteristic class ¢;(P) vanishes. On Pg, we assume that a fixed
Ehresmann connection wg € Q! (P, g) is given.

As Pg is trivial, there exists a global section og: M — Pg; we can use it to
define the global section

M3 ps (p.o(p).oG(p)
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(i)

(iii)

of the direct product bundle PSpinO + Pg. It follows easily that fSpinO 00 =o0,
fG oo = og.Moreover, notice that as the principal bundles PSme and PSme +

Pg are trivial, the associated fiber bundles are also trivial, with dlffeomorphlsms
given respectively by

¢’ (M x Spin(,),l) Xpc V> MxV
[(p.5),v] > (p. AL (5)V)
and

<pS‘G: (M x (Sping’1 XxG)x, V> MxV
[(p.s.8).v] > (p.p(s, v)’

As the vector bundles are trivial, the Hermitian metrics (-, -) on S(M) and (-, -)g
on Sg (M) can be induced by a Hermitian metric (-, -)y on V; notice that thanks
to [24, Proposition 12.1.27] the Hermitian metric can be chosen to be such that
Clifford multiplication satisfies

p@)* =—plph), ¢ =a(p)

where -': €%, | — €%, denotes the transpose and & is the extension of R” =
v — —Vvto 6%, 1. We shall denote the Hermitian matrix associated with (-, -)y
by (hij).

As a second core assumption, we shall assume that the global gauge potential

computed using the section6: M — PSpino1 + Pg,

(fo 06) 0% e Q'(M, g)

has past-compact support. Clearly, this requirement depends on the gauge choice
and is not gauge invariant; we shall expand on this in Remark 3.3.

We will assume that the representation pg: G — GL(V) commutes with the
Clifford algebra representation inducing AC Spln 1 — GL(V). Notice that
this greatly reduces the freedom in the group G: indeed, it can be shown [22,
Theorem 4.3] that

Tl =~ MUY C)ifr +1=0 mod 2
Clypy =~ MQUFD2L 0y M FTD2I C)ifr+1=1 mod 2

and that an irreducible C-module for 4%, 1 (which descends from an irreducible
module for CZ, 1 1) has complex dimension 2L +1D/2] ' We are therefore assuming
that the image of pg lies in the centre of the algebra M (2“’*1)/ 2], C), that is,
pG(G) C Cidy. Although it may seem rather restrictive, this case encompasses
the interesting case of G = U (1), that is, the case of electrically charged spinors.
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The global section og: M — Pg allows us to construct the following maps:

Definition 3.1 Let us define the maps p: Fg — F,

FG 3 fg > (Pfg)(PvS)ifg(P,&UG(P)) (3.1

andi: F — Fg,

F>fe (f)p.s.g)=pc@E )f(p,s) (3.2)

where g € G is the unique group element such that rzo6(p) = (p, g), which exists
as the action of G on Pg is free and transitive.

Notice that Definition 3.1 is well-posed, in the sense that given f, € Fg, pf, is

right — Spin(r),l equivariant, and given f € F, {f is right — Spin(r)’1 X G equivariant:

indeed,

(rF(pf) (P, $) = (P f) (P, 158) = fo(p, 755, 0G6(P)) = (15 i) [ (P 5,06 (D))
= pG~1id6) fo(p. s, 06(P) = AL G (P f) (p.5)

and

(r2UN) (5.8 = ()P r5s.rg8) = p6 @ PG @) F (. 159)

=06@E Dpc@ s f(p.s)
=pc@ Dpc @ HAL G f(p.s)
= A7 6@ NP6 f(ps)
= oGNP s ) -

We can combine the maps ¢ and p defined in Definition 3.1 with the linear maps in

(2.2) to yield maps

i: '(SM)) — I'(Sg(M))  p: T'(Sg(M)) — I'(S(M))

(3.3)

s > (ish)e S — (ps:IG)b
which are denoted with the same symbol for the sake of notational simplicity. Let us
now endow the spaces I'(S(M)) and I'(Sg(M)) with the Fréchet topology induced
by the families of seminorms

s = max su V‘Yis) H
sl 051’5;11,62 H( (P) S(M)RT*M®i

(34)

G 5,G1
s = max su v s)
19150 = guax sup [ (7's) )

SG(M)®T*M®
We shall indicate these topological spaces as £(S(M)) and £(Sg(M)) respectively.
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Lemma 3.2 The maps i and p defined in (3.3) are continuous with respect to the
Fréchet topologies on £(S(M)) and £ (Sg(M)).

Proof We need to exhibit, for each K CC M and for each n € N, constants
ki n: kg, € R and families {(K;, n)Y<i<m. {(K, nf")} ) <j<n6 such that

‘G G G
is <k max ||s N <k max ||s .
lisllg , < Kon max sl n,  losllgn < Ko X Il ”KIG’an
The case n = 0 is easy: indeed,
. G )
||lS||K,0 = sup ||(ls)(P)||sG(M)
pekK

= sup | oGr2(& (P))(is)* (& (p))]
PE

= sup | 0 (12 0 0 (PIAT, (12 0 0 (p))s* (@ (p)) |
pek \%4

IA

sup [16 (72 © 06 (P) lnacv) Sup | AF 12 0 0 ()5 ( (p))|
pek pek v
=kgollslix.o

where we use that K CC M and that pg is a smooth representations onto a matrix
algebra on V finite-dimensional vector space.

Consider now n = 1; in this case we compute Vgi’G(is)(p), where {e; }1<i<dim(m)
is a local pesudo-orthonormal basis for 7M. In particular, using a section o : M —

Psmng{l + Pg witho =r,6,

ViCin () = [E(p) ei(p)(p6 (16 0 gD 5 (fr 0T (p))
+(af1, (((r03) ), (o))
+064 (((fG 090f) (@ (p))) (i) @ (p) |
= [3(1?), pG (G o g(p)) ™! <€i([)) (s*0 fpo0)
+a51, (((fr o)), () '@ (o))
+[5 ). i) (p6 (16 0 g(p) ") 5*(fr 05 (p)

+064 (((fc °30?) (@ (p))) i) @ (p))] .

Notice that the first term is equal to ¢ o V(fis, while the second one can be written as

[E(m, PG ((—(nc ° )"0 + (fg09)0f) (e (p))) (is)" (8(p)>} (3.5)
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where 6 denots the Maurer—Cartan form of G. Using the notation ¢; = g(e;, ¢;) we
have

2 2
VS,G . — . VS,G ‘ H
A1 D L [vitael,,
dim M 5
<k Z & ||iijl_s(p)||SG(M)
i=1
dim M

+k Y e |0 208 pou((~(r6 0 96|
i=1
+(fo 08 e?) (@)}
Given a compact set K CC M, the first term can be bounded from above by
.
ki sup [ V55| 5 aneren < ki lsli
pek

while for the second term we have the upper bound

2 2 2
k2 sup ”s”S(M) =k ||S||K,0 <k ||S||K’1 .
peK

Therefore we can give the estimate
e
lislig 1 < kg alislixr -

We proceed by induction: suppose we have an inequality of the form ||1’,s||,((;)l. <
ki i llsllg ; foriupton—1 € N.Thenby the above discussion V“’Gn(is)canbe written
as ¢{V*"'s, which can be bounded by &, ||s|| k .n» Plus lower order terms in the covariant
derivative of s and of the map p¢ ., ((—(n(; 0 8)*0g + (fg o?)*wG)p (e (p))) which
are bounded in every compact set K CC M by the inductive hypothesis and the

smoothness of the involved maps respectively.
An analogous proof holds for the map p: I'(Sg(M)) — T'(S(M)): indeed,

||PS||K,0 = sup ||(PS)(P)||S(M)
pek

= sup | AF1(r2 00 ()3 (@ (p)|
pekK Vv

= sup | A%, (r2 0 0 (P50 G ()|
pek v

IA

sup | pG (2 0 oG (p)) ! H

pek End(V)
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sup | 012 0 G (AL (12 00 ()5 G (p)) |
pek Vv

= kK 0 sup ”S”SG(M)
pek

while for the case n = 1 we have

VL) = |o(p)e(p) (50 G () + A, (00" pe(p) )s* @ (p)]
= [0 ei(p) (50 G (p)) + AT (@70 @ (P57 G (p)
+06.((050%) (@ (p)) 5% G (p))
—~p64 (050 (D)5 G ()]
Notice that

o) eip)5% 06) + (85, (@70 p(e(p))
+ 06 (050D e (p) )50 G ()] = p (V5:%5) ()
Then

dim M

IV o)D) [5ngrn = 2 & 195D 50,
i=1

T (2ol

S(M)

dim M

+k Z &
i=1

2
p6((@50%) e (P) )5 G (p))

A5 (200 (p)|

As before, given a compact K CC M the first term can be bounded from above by

ki sup ” \ARER:
pekK

2
G
< ki (Is1€.1)
S6(MST*M k.1

and the second term can be bounded from above by

2 G 2
ko sup s,y = K2 (I51€.0)
pekK

By reasoning as above by induction we have the desired result. O
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Remark 3.3 Notice how a key object in the proof of Lemma 3.2 is given by (3.5),
which we recall here for a section s € I'(Sg(M)):

[3(19), PG+ ((—(na 08)"06 + (fc 03)*wG)p (e (p))> ste (3(19))] :

In the above expression, 6: M — PSpinO, + Pg is a section which can be written
r,

as 0 = ry6 in terms of the the global reference section and of a smooth function
g:M — Spin(r)1 x G. The above expression is gauge independent: indeed, given
another sectiono: M — PSpinol + Pg we have that & = ry 0 0 where g': M —

r,

Spin(r),1 x G and

fp(rg 00) = ruge) fP(©@)  fG(rg 0G) = rugen fc(@) .

The following relations holds between the different pullbacks of the connection form
% and of the Maurer—Cartan form 6g:

(f6 00) 0% = (rag(g) © fo 00) 0 = Ady (-1 0 (fo 00) 0w’ + (16 ()06 .

(16 (8806 = (rag(g) © G (8)) 06 = Ady, (o)1 © (16(8))*06 + (16 (') b6 -
Therefore,
[E(m, po((~(6(88)) 06 + (fo 0*0®) (ei(p))s*e (E(p))}
p

=[G, p(& (D) x PG (Adryer o ((f 07) 0

—(76(8)"06) )p(emp))p(g/‘1 (P50 @ (p) |
= [E(m,pc*((—(m(g))*ee+(fGoE>*wG) (e,-(p»)stG(E(p))} :
p

Notice moreover that if the section @ is such thato = & the above expression simplifies
to

[6— ). p0((050°) (erpp)s*e (&(p»]

asthemapg: M — Sping1 X G is constantly the identity. Clearly, whereas the above
expression is past-compactly supported by the assumption (ii), the same doesn’t hold
in general for

[ap), PG ((—(nc °®)"06 + (o 09)0”) (e,-<p>)> (is)"6 (8(p))] :

The compactness property holds for instance if rg og: M — G is constant outside of
a past-compact region of M. As this property is fundamental in the construction of the
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(retarded) Mgller map, we restrict ourselves to considering gauge potentials induced

by sections ¢ : M — PSpino 1 + Pg which are such that mg o g is constant outside of
r.

a past-compact set, where g: M — Spin‘r)y1 x G is such that ¢ = ry6 . Having made
this choice, we define the map A: £(Sg(M)) — E(Sg(M)) to act pointwise as

(A5)(p) =ie(p) 1. [3(p). p6s ((—(76 0 ©)"0c
+(fo o&*wG)p (ci (p))) $%0 (6(p))] : (3.6)

We define
supp(s/, g) = supp (— (76 © )"0 + (f 05)"07) .

Notice that under the restriction on the possible gauge transformations, supp(.<, g)
is always past-comapct. We now exhibit an important property of the map A defined
in (3.6): to do so, we first show that (: £(S(M)) — £(Sg(M)) commutes with the
Clifford multiplication by sections of the cotangent bundle, that is, we show that

e rg i) =i (e" T u) .

Consider the sectiono : M — PSpingY] + Pg inducing a section fpoo: M — PSpin‘)J ;

locally i (u(p)) = [6(p), pc ((m20h)(p))~'u*(fp oG (p))] where h: M — Spin; | x
G is such that ¢ = r;6. Then

¢ (p) 1.6 () = [F(p). (87(e; (1) v p6 (x20 (PN WA fr 0T (p))]
=60 p6 (oMD" (87 (P)e; () v w*(fr 05 (p) )|
=i(e" ru)(p) .

Notice that assumption (iii) was used in the second equality.
Thus, as shown in the proof of Lemma 3.2 we know that

Déoi=ioD+Aoci. (3.7)

3.2 The Explicit Construction of the Classical Mgller Map
We now use these maps, in particular ¢: £(S(M)) — E(Sg(M)) to give an explicit

formula for the retarded classical Mgller operator, whose definition in the examined
case we recall:
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Definition 3.4 Let us consider an admissible gauge potential (as of Remark 3.3),i.e. an

admissible sectiono: M — Pspino1 x Pg such that & = ryG. The retarded classical

Mgller map on field configurations is amap R, : E(S(M)) — £(Sg(M)) such that

(i) D°cR, =ioD,
(i) R;(S)|M\J+(supp(£f,g)) = (is)|M\J+(supp(JA/,g)) .

Remark 3.5 A similar construction can be made for the advanced Mpller map
RX : E(S(M)) — E(Sg(M)), which is defined analogously to Definition 3.4 except
that requirement (ii) now reads

R )b\ s=supp(er.0) = ()b s=upp(es. )
In the following, we shall focus on the retarded classical Mgller map which shall be
denote simply with R4: E(S(M)) — E(Sg(M)). The reader may refer to [32] for
furhter details.

In this case, as anticipated, the classical Mgller operator has an explicit form:

Theorem 3.6 The unique solution to the requirements in Definition 3.4 is given by
Ri=i—8%0A0ci (3.8)
where A: E(Sg(M)) — E(Sg(M)) is given by Eq. 3.6.

Proof First of all, notice that the composition X G 6 A o is well-defined thanks to the
fact that supp(.«Z, g) is past-compact: indeed, we know that

89 Epe(S6 (M) — Epe(Sc(M))
and as As vanishes outside of supp(«/, g) for every s € £(Sg(M)) we have that

(Ao i)(s) € Ec(SG(M)) for every s € E(S(M)).
Thanks to the properties of the retarded propagator $¢, we thus have that

supp (8% 0 A 0 )(5)) € J* (supp(A 0 )(s)) S I (supp(7, £))
and therefore the requirement (ii) in Definition 3.4 is fulfilled.
Using the property D¢ o §¢ = idg,.(s¢(m)) of the retarded propagator associated
to D¢ we have DY o (Xf o A o) = A o (; therefore, by (3.7),
Do(i—f8%cAo0i)=ioD.
Therefore, also the requirement (i) in Definition 3.4 is fulfilled. Thus we can say that

Ri=i—8%0Aci.
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As far as the uniqueness statement is concerned, we proceed as done in [33] and [34]:
givens € £(S(M)),letus define Rss = ¥ € £(Sg(M)); then we have that yr satisfies
the following:

DGIﬂ = (ioD)s, I/f|M\J+(supp(m/,g)) = (is)|M\J+(supp(W,g)) :
As M is globally hyperbolic, it is isometric to R x ¥, with {a} x ¥ Cauchy surface

for every a € R. In particular, we can assume that {0} x ¥ € M \ J T (supp(, g)).
Let {K, },en be an invading sequence of compact sets for {0} x X, and define

K, = D(K,) N[-n,n] x T

where D(K,) denotes the Cauchy development of K,. We then consider the family
{Xnltnen € D(M), with x, = 1 on K,,. Using these family, we consider

D% oD%¢, = (ioD)(xus) onM

b = (89 0 ) (ns) on {0} x =
V5O, = V3G ((89 0 1) (xns)) on {0} x .

Notice that D oD is normally hyperbolic, and thus the above system admits a unique
solution which depends continuously on the initial data [25]. Notice in particular that

on M \ JT(supp(<Z, g)) the map

(8% 0 O)(xns)

is a solution of the above problem, as there the part due to the gauge potential vanishes.
Therefore by the uniqueness of the solution we have

Onlm\J+supp(2.g)) = (5% o O XnS) M\ I+ supp(, 9)) -

By the properties of {I?n}ne/N\ and {x, }nen and an analogous reasoning, we have that
if m > n then ¢, = ¢, on K,,; therefore by defining

#(p) = ¢u(p) with n such that p € K,
and ¢ = D¢ we have that DYy = (D® o D¢)¢ = (i o D)s and
wlM\J‘*(supp(ﬂ,g)) = (DG o ¢)|M\J+(supp((%,g)) = (’:s)lM\J‘*'(supp(%,g)) .

By the uniqueness, the ¥ above is unique for every s, and therefore R4 is as well. O

Remark 3.7 Notice that R4 : E(S(M)) — E(Sg(M)) admits both a right and left
inverse. Let us consider the map

R\Aip—l—,g,opoA (3.9)
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and consider
RAoﬁA=iop+io$_opoA—Xgvoiop—,ggvoio,g_opoA.

Itis easy tosee that iop = idand poi = id on £(Sg(M)) and E(S(M)) respectively,
while by the previous proof we know that A o i = DY o { — i o D; combining these
observations we conclude that

RAoie‘A=id+io$,opoA—XSOA—XQO(DGoi—z’,oD)og,opoA.

Due to the properties of the propagators and of the support of A, using the fact that M
is globally hyperbolic and the fact that §9 o DY = idg, (s (a)) We then infer that

RioRp =idg(SG(M)+io$_opoA—XgoA—1ﬁoX_opoA+,g901ﬁopoA
= idgsg ) -

In the same way, using the fact that

(poM)s) =ie!(p) .o [a(p), p.((9607) ;)5 (6(p)>]

=poDP —Dop
one can show that
Ra o Ra = idg(sy) -
We shall thus write R A as RZI.

4 The Behaviour of the Classical Mgller Map in the Case of a U(1)
Gauge Charge

4.1 The Classical Mgller Map and Green Operators
If the gauge group G is U (1) the entwining maps ¢ and p defined in Sect. 3.1 and the

classical Mgller map on field configurations R4, whose explicit expression is given
in Theorem 3.6, enjoy some further properties which we now explore.
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First of all, notice that if we consider the hermitian inner products on S(M) and
S (M), then ¢ and p are the adjoint of one another: indeed,

(i), )6 () = (p(x2 0T (PN @ (P)), p(m2 0T (5™ G (p)),,
= (A% (fp 05 (p)) PG (fo 0T (P) (10 G (p)),
X AL (fr 0T (p)) p6(f6 0T (P)S™ G (p))),
= (A%, (fr 05 (P pa((P) '@ (p)),
x AT (0T (p) p(g(p) 5 @ (p))
= (&%) oo (P F@(P). AT (1200 (p) 5% G(p)
= (AF1 (20 0 (p) Fo(p). AT (1200 (p) () (@(p)))

=, (ps),) (p)

where we have used the fact that G = U (1) and the G-equivariance of the sections.

We now move on to the behaviour of the map A: £(Sg(M)) — £(Sg(M)) defined
in (3.6). First of all, recall that u(n) consists of skew-hermitian matrices, and thus u(1)
consists of purely imaginary complex numbers; therefore, if we define the quantity

Aup) = po. (((~76 0 866 + (fo 05) 0f ) (ex(p)) )
we have
(40, )6 (P) = (AN(P). 5(P)g
= (i (Pes () v AL G (p)). 55 G (p)))
= = (AP @ (p). 18V (Pej(p) v 550G (D)
= (F2 @ (. 1A (& (P () v 5 G (p)) )

= (1% @1 i(6" (Pe; () v (Ak(P)5 @),
= (1(p). (AS)(P)G = (As). )G (P) -

Let us then consider the formal adjoint Ro*: £(Sg(M)) — E(S(M)) of the classical
Mgller map on field configurations, which has the following behaviour:

fM (RaD), )6 () g = /M (. (Ra*s)) diug
forevery t € D(S(M)),s € D(Sg(M)) .
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Notice that as Ra: E(S(M)) — E(Sg(M)) is linear, using the antilinear isomor-
phisms between a vector bundle and its conjugate bundle

C:SM)— S(M) Cg:S¢g(M) = Sg(M)

we can naturally induce a linearmap R4 : E(S(M)) — E(SGg(M)), Ry = C&l oRjo0
C, whose formal adjoint is given by RA": E(Sg(M)) — E(S(M)). In particular, it
holds that R A* = R In light of the previous equalities, we can write

FA*zp—pvoﬂg R;‘;:C*]oﬁA*oCG.

Notice that the antilinear isomorphisms can be used to define

i E(S(M) — E(Sc (M) p: ESc(M)) — ESM)) .

These maps, as well as the map Ra: ES(M)) = E(Sg(M)) satisfy the same results
as the ones previously proven.

Proposition 4.1 The advanced and retarded propagators of DS and D are related by
$9=Rsof op SC=iof,0R, . 4.1)

where the composition of maps appearing on the right-hand sides are restricted to

D(S¢(M)).

~G
Proof Let us denote with §, the operators on the right-hand sides of the equalities in
(4.1). It is easy to see that on D(Sg(M)) it holds that

=G
DGoﬁ_=DGoRAoX_opDef':SAioDo,g_op=iop=id

and

~G
,g_oDG=RAo,8‘_opoDG=RAo,84_oDoR21=RA0R21
=id.

~G
The same relations for § . can be obtained in the following way: we know that DS* =

~G* ~G
Cal oD%o Cg andthat §_ = CEI o $+ o Cg; therefore given any u € D(Sg(M)),
v € D(SG(M))

_ G o _ 20 ~—1 G
/M(u,v)G d,ug—/M (D X?u,v)c d/xg—/M(,SLu,CG oD oCGv)G dig

-~G
:/M (u,Cal 0X+0DG0CGU> dig .
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As the above equality holds for any functions u € D(Sg(M)), v € D(Sg(M)), we

~G
infer that § Lo D¢ = idp(s,; (m))- The other equality can be obtained in a similar
fashion.
To conclude the proof, it suffices to show that

supp(}i(u)) C J T (supp(u)) for every u € D(Sg(M)) .

~G
We proceed for the retarded propagator §_, as the proof for the advanced one is entirely
analogous. In particular, we shall prove that

~G
M\ J 7" (supp(u)) € M \ supp($_(u)) .

~G
To this end, it suffices to show that M \ supp($© (1)) € M \ supp($_ (u)); therefore,
let p ¢ supp($¢(u)), and let us consider two Cauchy surfaces X1, > € M such that

i) Tp S JT(Z);
(i) =1 N% = 2;
(i) (supp(«?) U {p} U supp(u)) N J (X)) = @.

We then consider a smooth function ¢ € £(M) such that
p=1lonJ (%)), ¢=0o0nJ"(y)
which we use to define the maps

p: E(S(M)) — ESOD) 96: ESc(M))  — E(Sg(M))

s = (ps)(p) = o(p)s(p) t = (pct)(p) = e(p)t(p)

as well as the analogous maps 1 — ¢ and 1 — ¢g. Notice that { o ¢ = @G o ¢ and
po@g = ¢ o p and that supp(¢ o §_ o p(u)) is compact. Then

~G
(8_u) =(RaoS_op))=(Ryo(l—g+g¢)of_op)(u)
=(RAO(poS_op)(u)+(RAo(l—¢)o$_op)(u)
=(1f—$§voi)o((po,S‘,op)(u)—i—(RAo(l—(p)o,g,op)(u)
(XS;ODGOiOQDOX,OP)(M)—(XSOAO{,OQDOX,OP)(H)
+(Rao(l=¢)oS_op)
g?o1toDo<po$_op>(u)+(RAo(1—<p)o$_op)(u)

(
= (8%0ioDg)os op)w+($¢oiogpoDos op)w)
(

+(Rao(l=¢)oS_op)
$90ioD(g)os op) ) + 85w + (Rao (=908 op) .
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Now, notice that when evaluated at p, the above expression is zero: indeed, we know
that p ¢ supp($°(u)), and due to the properties of ¢ € £(M) we also know that
D(¢) = 0on J~(X;) and JT(X7), and therefore (i o D(p) o S_ o p)(u) is supported
in JT(Z1) N J~(Z,). But then Sg((i oD(p)o S_o p)u) is supported in the causal
future of that set; as p € J~(X1) we then have that the first term vanishes at p. Let
us then consider the last term: we have

((e(l—@)of_op)) = ((1—gg)eiof_op)w

which is equal to zero when evaluated at p, and
—(X?voio(l—(p)o,!Lop)(u):—(,S‘(jvo(l —(pg)oio,g,op)(u)

-~G
which vanishes as supp(Z) N supp(l — ¢) = @. Thus p ¢ supp(§_(u)), and we
conclude. O

Corollary 4.2 The causal propagators of D and D are related by

§6 =RAo$oEA*) 42)

D(Sg(M))
Proof Let us define o = —§_ o p o A; then

Ry—i=Ry—RaoR; oi=Ryo(id— R} oi)

=RAo(poi—(p+X_opoA)oi)
=Rpo(—f_opoAoi)=Rpo0o00i.

Analogously, R4 —i = {000 R 4; moreover, we also have the same relations concerning
the formal adjoints:

EA*—p=§A*OOTop ﬁA*—pzpooToEA*
where o = —Aoio S, . Now, using these equalities we have on D(Sg(M))
Rao($-—$1)0Rs" =(Raos o(p+poo oRy")
—(i+RAoooi)o$+o§A*) .
Proposition 4.1 then entails that on D(Sg(M)) we have that
RAOXOEA* :$§+RAo,g_opo(—Aoio,g_,_)oﬁA*—Xi

. - ¥
—RAoooLo$+oRA

:$G+RA000i0$+0EA*—RAOOOiO,g_;,_OEA*:SG.
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4.2 The Classical Mgller Map and Hadamard Bidistributions

Having assessed the properties of the classical Mgller map on field configurations
when coupled with the Green operators associated to the free and uncharged Dirac
operators D and DG, we now examine the behaviour of Hadamard bidistributions
when coupled with the Mgller maps. This is of particular signficance because of the
twofold importance of Hadamard bidistribution in the context of perturbative algebraic
quantum field theory: indeed, on one hand these are the 2-point functions of the
analogous of vacuum states in curved spacetimes, and on the other (as shall be shown
in Sect. 5.2) Hadamard bidistributions are the right tools to construct topological
x-algebras of observables containing meaningful interactions and to construct Wick
powers (see for instance [35, 36])

First of all, let us recall that the algebras associated to the Dirac field need to account
for both the spinor and cospinor field, that is, sections of both the vector bundle S(M)
and its conjugate bundle S(M). In order to do so, one considers the Whitney sum of the
two vector bundles S(M) & S(M) and Sg (M) @& Sg (M), which we shall denote with
S®(M) and Sga (M) respectively. A section u of S® (M) can be then understood as a
couple (i1, us) with u; € E(S(M)) and ur € E(S(M)); the same holds for sections
of SE(M).

The hermitian metric on S(M), which can be understood as a bilinear map

ESM) x E(S(M)) > u, v (u,v) € EM)

can be used to induce a symmetric and bilinear map (denoted with the same symbol)

ESO(M)) x ESOM)) 3 u,v > (u,v) = (v1, u2) + (U1, v2) € EM) .

One can also define an involution on the space of sections £(S®(M)) by using the
conjugation maps C: S(M) — S(M) and C~': S(M) — S(M):

ES®EM)) > u = (uy, ur) —~ u* = (Cuz, C"'uy) € E(S®(M)) .

Using the Dirac operator D: £(S(M)) — £(S(M)) and its adjoint D* = C~!oDoC
as well as the causal propagators §: D(S(M)) — £(S(M)) and §* we construct the
operators

D® Do -D* SP_sp-—g*.
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Notice that §®, which is the causal propagator for D®, is formally self-adjoint: indeed,
given u, v € D(S®(M)) we have

/ (8%u, v) djug = / (Sur, v2) — (o1, §*u2) djig
M M
:/M —(u1, § v2) + (Svi, u2) dpug
= [ (u, 8%)du,.
M

Therefore, the distribution §® € D'(S® (M) X S®(M)) given by the Schwartz kernel
theorem,

X@(us U) : /M()g@us U) d/’Lg

is symmetric. Analogous extensions can be made in the case of the charged spinor
bundle Sg(M).

The Mgllermap Ry : E(S(M)) — E(Sg(M)) as well asits conjugate R 4 : £(S(M))
— E(S¢(M)), which satisfy Definition 3.4 and Theorem 3.6 (with suitable modifica-
tions), can be combined into one Mgller map R4 : £(S®(M)) — S(SE'?(M)),

Ra=Ry®Ra=i®—59%04%0;%.
The same can be done with the formal adjoints of the Mgller maps, yielding
Ra* =R, ® R}, .

We now recall the definition of Hadamard bidistribution for spinor fields.

Definition 4.3 A distribution ¢ € D' (S®(M) X §®(M)) satisfies the Hadamard two-
point condition if given any two sections u, v € D(S®(M)) we have:

(i) ¢(D®u),v) = 0;
(i) ¢, v) + L, u) =i8% W, v);

(iii) we require that

WEQ) =y, & —8) € T"M2\ 2(MY) | (v, 80 ~ (,&,)

orx =y, & =§, ‘i:xDO}

where &, > 0 means that &, is future-directed and lightlike, and (x, &) ~ (¥, &)
means that x can be connected to y by means of a future-directed lightlike geodesic
y such that &, is the cotangent vector of y at x and &, is the cotangent vector of
y aty.

Notice that such distributions do exist; see for instance [8] and [12].
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Proposition 4.4 If¢ € D'(S®(M)RS®(M)) is a distribution satisfying the Hadamard
two-point condition, then

G () = C(RA™, RA™) (4.3)
is a distribution in D’(Sg9 (MK Sga (M)) satisfying the Hadamard two-point condition.

Proof First of all, notice that {; defined as in (4.3) is well-defined: indeed, Ej and
R4* are continuous with respect to the inductive limit topology of D(S¢(M)) and
D(Sg(M)), being linear maps which are sequentially continuous. Moreover, they
map compactly supported smooth functions to compactly supported smooth functions:
indeed, if we consider the expression of E: when acting on u € D(Sg(M)) we have

Ryu=pu—(poAosf)u
Recall supp(,ZS‘WGL (u)) € J~ (supp(u)); therefore we have that
supp((A o 89)(u)) S J~ (supp(w)) N J* ()

where ¥ is a Cauchy surface such that supp(«/, g) € JT(X), the support being
past-compact. But it holds [26, Corollary A.5.4] that

J (supp)NJT () cc M

and so supp((A o Sﬁ)(u)) is compact. This result directly translates to the map R ™.
Let us now prove that the three requirements are satisfied:

(i) itis easy to see that {g (DG®u, v) = 0; indeed, by Definition 3.4 and Theorem
3.6 we have

R oD% = D%0 Ry)* = (ioD)* =D* o i*
and therefore R4™ o ) - (D o p) & (—D* o *); this entails that
(6 D%u,v) = ¢ (Ra" D), Ra™v) = LOP((p @ ")), Ra™0) = 0.
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(ii) We know that £ (u, v) = £(Ra™u, R4*v), and by using Corollary 4.2 we have
¢, v) + (v, u) = L(RA™u, Ra™v) + L (Ra™v, Ra™u)
= I8 (Ra*u, Ra*v)
= i/ (B2 (Ra*u), Rp™v) dpg
M
= i/ (X o Ryui, Rflv2> - (E:vl, 8o RZuz) dig
M

=i /M ((RA o ,g OEZ)M], U2>
— (vl, (ﬁA o X* o RZ)uz) dug

=i /M (XGEBM, v)G ding = iXG®(u, v) .

(iii) We know that ¢¢ is a bisolution of DGGB, and that the principal symbol of pC®
coincides with that of D®; therefore by [37, Theorem 6.1.1] we know that the
wavefront set of {¢ coincides with that of ¢, being determined by the Hamiltonian

flow associated to the principal symbol of Do

5 The Classical Mgller Map on the Observable Algebras
5.1 The Poisson x-Algebras of Observables

Our goal is to pass the classical Mgller map on field configurations R4, presented
in Definition 3.4 and Theorem 3.6, to the algebras of observables of the charged and
uncharged Dirac field. We briefly recall the construction of said topological algebras,
as presented in [7, 8, 38] and in Sect. 2 of [13].

Let E 2 M be a vector bundle with typical fiber V, be it either S(M) & S(M) or
Sg(M) & Sg(M), endowed with a symmetric bilinear metric 4, and let us consider
the exterior algebra of £(E), that is, the graded algebra

A E(E) = @APS(E) )

peN
We can consider the spaces of homogeneous elements A”E(E) as embedded into
I'(M?,E Xp ) >~ ['(M, E)®P; then using the usual Fréchet topology (uniform con-

vergence of all derivatives on compact sets) on I'(M?, E Xr) we define the spaces of
p-antisymmetric sections

g MP, E¥PY Z APE(E)
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as well as the configuration space

—

C(E) = @peNga(Mp’ EIXP)

where @ denotes the algebraic direct sum. Notice that the involution defined in Sect.
4.2 can be extended to an involution -*: C(E) — C(E) by requiring the behaviour

(ul/\-n/\up)*iu;‘,/\n-/\u’f

on homogeneous elements in APE(E), by extending the above by continuity to
Ex(MP, E¥P) and by linearity to C(E).

We are interested in antisymmetric functionals on the space of sections £(E); these
can be interpreted as a sequence {F)}yen of linear and continuous functionals on
{APE(E)}pen, that is, a sequence of elements such that

F, e FP(E) = EV(MP, E®P) forall p e N,

where the (-)’ means the strong topological dual.
Thus we define the space of fermionic functionals as

F(E) = ]_[ FP(E).

peN

There exists a duality pairing between F (E) and C(E) given by

(F,u) = Z (Fp,up) forall F € F(E), u e C(E) .
peN

Notice that the sum is finite and thus always well-defined, C(E) being an algebraic
direct sum. We can endow F(E) with the weak topology 7., that is, the topology
given by the family of seminorms {p,}ucc(r), pu(F) = |F(u)|, thus making it a
locally convex topological vector space which happens to be nuclear and sequentially
complete.

F (E) can be endowed with an antisymmetric, pointwise product initially defined on
homogeneous elements in APE(E) by

p
. 1
(FAG)puy A+ Aup) =) sgn(o) ) ka(ug(l)/\-“/\ug(k))
k! !

o€S)

Gp—i(opt1y A+ Nito(p)) -

The object above is then extended by linearity and continuity to elements in
g4 (MP, E®P), thus yielding a well-defined object in & (E). Moreover, said product

@ Springer



13 Page 32 0f44 V. Abram, R. Brunetti

is continuous with respect to the topology on F (E). 7 (E) is also naturally endowed
with an involution -*: F(E) — F(E),

{Fp}pen > {F,’,‘}peN, (F5)(up) = Fprt) . (5.1)

One can then consider derivatives of fermionic functionals in the following way:
given F, € FP(E), p > 1, the left derivative of F, in the direction h € E(E) is
defined on AP~1E(E) as

dyFp(u) = Fp(h A u)

and is then extended by continuity to £4(MP~!, E Xp=1y. thus yielding a linear and
continuous map dj, F: gamr1, Exp—l) — C,ie. dyF), € FP~1(E). One can
then extend the map d,: FP(E) - F P=1(E) to the whole algebra 7 (E) by consid-
ering

dp: F ={Fp}pen — dpF = {dpFp}pen .

Itis easy to see that for any & € £(E), dj, is a graded derivation. One can also consider
higher order derivatives by iterating the left derivative: given F, € F7(E),k < p and
hi, ..., he € E(E), we define for u € AP~¥E(E)

dy o Fp) = Fy(hi Av Ay Au)
and then proceed by continuity as before, obtaining for each F € F(FE) a jointly
continuous map

d*F: E(E x C(E) — C

which is easily seen to be multilinear and alternating in the first k entries, that is,
equivalently, a continuous map

F®O . gapmk, E¥%Y x 0(E) - C

which is linear in the first entry. In particular, notice that these can be considered as an
F(E)-valued (compactly supported) distributional section of E*®% 5 Mk, that is,
an object of D’ (M* E m)@,ﬂ?’ (E), where ®, denotes the completion of the tensor
product in the projective topology'.

In order to proceed with the quantization, one needs to restrict the *-algebra of
fermionic functionals in order to endow it with a suitable x-product. To do so, one
needs to be able to control the wavefront set of derivatives of the relevant functionals;

I Asboth spaces are nuclear, the completion is independent on the chosen topology; we choose the projective
topology just to fix one.
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in particular, we consider the set of microcausal fermionic functionals A (E) € F(E)
consisting of those functionals F € F(E) such that

WF(Fu(”))gEnﬁT*M”\ U (V_[;ﬁxxV_;;)U(V_[;xxV_I;)
(p1,e p)EM™

for every u € C(E), where with V_,? we denote the closure of the future/past causal
cone in T;M . We endow this space with the initial locally convex topology induced
by the family of linear maps {€x ,},

o [(Fnec k=0
FP e &g (Mk E¥) k> 1

indexed by an integer k € N and a function in the configuration space u € C(E), and
where E‘ék’(M k E®ky denotes the inductive limit

. k Xk
h—n)lg?kﬂ/(M ’ E )

o
with {T'x »}neN a sequence of closed cones in T*M* such that I'tn C Tkpt1 and
UnTk.n = Ek, and where El@k n’(Mk ,E gk) is endowed with the usual Hormander

topology. Using the causal propagator § € D'(E X2 M?) one is then able to endow
A(E) with a Peierls’ bracket. First of all, given any homogeneous functional F' €
AP (E), we define the object (§ s F(1),

% FDyw) = /M S ). F 06 dpg (v) (5.2)

which is well-defined thanks to the wavefront set properties of both the causal propa-
gator § and of F\", as

WE(S) = { (3 6. —8) € T*M2\ 2(M7) | (.60 ~ (8] -

Moreover, notice that this object is actually a smooth function: indeed, using [17,
Theorem 8.2.13] one obtains that

WE(($ % FD)) € WEy($) UWF'(§) o WE(F(") = & for allu € £4(M?, E®P) .
Therefore, we can consider it as an object in £(E*) >~ £(E), where the isomorphism
is due to the existence of the symmetric bilinear metric 4. We can then compute, for
any other homogeneous functional G € A7(E), the object

GV A (S % FVy e aPT2(E)
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which is defined on an element uy A -+~ Aupyy—2

GOANE« FDYui A Aupig—2)

- 1
=D san(0)G ((X $ FD o mitgsnn) Ao () Ao A u(,(q_]))

O'ESPJquz

and then extended to the whole of £4(MP+4=2 E¥r+4-2) by continuity. This pro-
cedure is then extended to non-homogeneous functionals by considering GV A (§

FD) = {(Gm N F“)))p} .
pE

p
(GNCEVEROE 3 m (@A (85 FD)pmr)) @)

(5.3)
foru € E4(MP, Egp). Then the Peierls’ bracket is given by {F, G},s‘ =G A (§ %

FM): notice that on homogeneous elements F € AP(E), G € AY(E) we have the
desired graded anticommutativity

(G. F)y= —(=D* [F. Gy
as well as the graded Jacobi identity.

5.2 Deformation Quantization and the Classical Mgller Maps

Starting from the Poisson algebra (A (E), {-, -} 4), the quantization proceeds in the
following way: we consider the x-algebra A (E)[[h]] of formal power series in i with
coefficients in A (E), endowed with the product topology; clearly A (E) € A (E)[A].
One is then able to introduce a x-product on A (E)[[A]], that is, a product such that
given F € AP(E), G € AY(E)

FxG=F AG+o(h) FxG— (—1)""GxF = ih{F, Gly+ o(l?) .

Given a Hadamard bidistribution ¢ € D'(M?, E &2) (see Definition 4.3) and two
functionals F', G € A(E), we consider the fermionic functional

N
I}, F) = <l§> G™ A (;gn % F<">) VneN.

where the quantity on the right is defined component-wise as in (5.3) and ;“'z” x FV
is defined as in (5.2). Notice that due to the wavefront set properties of both F and
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™" the object above is well-defined. Then we define

G+F =) I'T}(G, F) € A(E)[R] . (5.4)
neN

This product can then be easily extended to the whole topological x-algebra of for-
mal power series. Now, let A (S)[[2]] and A (Sg)[] be the topological x-algebras of
microcausal fermionic functionals associated to the free and charged Dirac fields.
Suppose that the xg-product on A (Sg)[A] is constructed using the Hadamard
bidistribution induced by the one used to define *-product on A (S)[A], as illus-
trated in Proposition 4.4. We define the classical Mgller map Z4: A(Sg)[h] —
A(S)[[R] by considering the pullbacks induced by (Rgp: E4(MmP, S® (M)gp) —
EY(MP, Sga (M)gl’), where (RXP is the continuous extension of the map

Ry A Aup) = Ra(ur) A~ A Ralup)

to E4(MP, S®(M)®P). Now,
Theorem 5.1 Z4 is a well-defined x-isomorphism, algebraically and topologically.

Proof First of all, we need to show that given a functional F € A (Sg) € A(Sg)[A],
X4 (F) is a well-defined functional in A (S)[[A]]; that is, we need to show that

WF ((%’A(F)),(j’)> C g, for allu € C(S®(M)) and n € N. (5.5)
To do so, we need to compute the wavefront set of the classical Mgller map on field
configurations R 4, restricted to a continuous map R, : D(S®(M)) — D/(Sg (M)).

This is defined as the wavefront set of the distribution r4, where r4 € D' (S®(M) X
Sg (M)) is obtained thanks to Schwartz’s kernel theorem and satisfies

/ (Rau,v)g dug =ra(u, v) forevery u € D(S® (M), v e D(Sga(M)) .
M

To compute its wavefront set, we proceed locally, as presented in [17]. Namely, let
{ei }1<i<rank(sg (M) be a local? frame for Sc(M) and { f;}1<j<rank(s(m)) a local frame
for S(M); a local frame for S® (M) and Sga (M) is then given by

{f1,---, Frank(S(m))> F 15+ Franksoy) {ets - €rank(Sg (M))s €15 - - - Crank(Sg (M)}
(5.6)

respectively. Using these, we can write locally

rAerj,-f-/Xe’

2 Notice that as we are supposing that the principal bundle Pg is trivial, there exist global frames for both
S(M) and Sg(M).
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with r4;; € D'(M?) and where {e'}; and { f/}; denote the dual frames of S (M)* ~
Sc(M) @ Sg(M) and S®(M)* ~ S(M) @ S(M) with respect to those in (5.6). Then

WE(R4) = WF(ra) = U WF(ra5)

1<i <2rank(Sg(M))
I<j<2rank(S(M))

where WF(r4 j;) is given locally by
b (WE@5raji))
with aa :T*M [2}(1 - U 3 x RAIM(M?), Moreover, due to the properties of the wavefront

set, we can study WE((R 4) by studying separately the two terms (® and §% 0 A® 0 (® |
Let us thus first consider the map (®: D(S®(M)) — D/(SéB(M)); then we have that

/ (%, v) dpug =/ (i, v2)g + (v, u2) g dpug
M M
= [ (demn i en), du
M \%4
+ /M (vic@ . @), dug
_ fMut;f((f(p))h,ﬁvga’(&(p))dug

+ /M o¥ & (phijud (0 (p)) dig

that is,
, Sahji J <rank(S(M)), i < rank(Sg(M))
ljj = — :
7 SaT (G —rank(s(M))) i —rank(Sg M)y J > tank(S(M), i > rank(Sg(M))
Therefore,

WE(®) = {(x,x, k, —k) € T*M?\ z(Mz)} .

As far as the map §% o A® o (P is concerned, we just need to compute the wavefront
set of A®. In particular, by considering a gauge choice : M — Pspin, ,+P; and
defining

ALP) = po. (76 0 8)*06 + (f6 0 8) ) (ex(p)))
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we can proceed as done in the case of (®:

f (A%u, v)G dig =/ (16" (Ple; (o)) v AP @ (P, Vi@ () | ditg
M M '
+ /M (v @Y. 165 (re; () v (AP @ (p))) ), disg

. ! i i
= /M (1@ e () v Axp) ' @ I3 @ (p)) g

- ki ! ﬁci e~ ﬁcf =
+ /M (1T (P)e; () v Aup)) v @ (PN G (P -
Thus Aj; = 8 fji, fji given by

(i (ej(p) v Au(p))' s ji<d
jii = — L
" (G o) v AP, Rgan i = d

with d = rank(Sg(M)). Using the fact that (fg 0 5)*w? is assumed to be supported
in supp(<7, g), we then have that

WE(A®)C (nTj}Mz (supp(eZ, g)x M) \ z(M2)> N {(x, Xk, —k) € T*M?\ z(Mz)}
- {(x,x,k, —k) € T*M?\ 2(M?) | x € supp(, g)} .

We are now in a position to compute WF(R 4). First of all, notice that the composition

A® o (® is, as we expected, well-defined: indeed, as supp(i®) € A, we have that

supp(i®) 3 (x, y) > y is proper, and moreover

WF (®)n ={(. &) | (x,9,0,-§)) e WR(i®)} = &
WF(A®)y = {(x, &) | (x,7,4:.0) € WF(AD)} =2 .

Thus WF'(i®)y N WF(A®)y, = @, and [17, Theorem 8.2.14] gives us the well-
posedness of A® o (® as well as

WE(A® o (%) C [(x,x,k, —k) e T*M?\ 2(M?) | x € supp(#, g)} .
Let us now consider § GP 5 A® 6 (@ thanks to [39] we know that
@D
W) ={(, 3,8, —8,) € TM2\2(MD) | ¥ € T, (v, 6 ~ (,6)
orx =y,&x Z%.y} .

As evidently WF' (A® 0 (®)); = @ and supp(A® 0 i®) 5 (x, y) — y is proper, we
can then apply again [17, Theorem 8.2.14] and we have that WF’(,ZS‘(_}GB 0 A® 0 (®)is
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contained in
WF'($9%) 0 WF (4% 0 ®) U (WFETZ) 11 x M x (01) U (M x (0} x WF (4% 0®)) .
The first set is given by

{(x,z,sx,sz) 130, &) S.t. (¥, 3, Exy —£y) € WR(EC®), (3, 2,8, —&,) € WF(A® oL@)} .

Using the properties of WF(A® o {®) we conclude that the previous set is given by

{26080 (260 —6) € WRS9), 2 € supp(e/ 9] -

The second one and the third one are easily seen to be empty; therefore

WF($9® 0 A% 6i®) C {(x, 2, & —&) | (x, 2. &, —£2)
€ WF(X§®), Z € supp(«, g)} .

Therefore

WE(@R) € [ (20606 | (6.2, 60 —6) € WF(SS®), 2 € supp(e/. 9)}

u {(x,x,k, ke T*Mz\z(Mz)} .

As the map (%4 (F))" involves the composition of Fée":u with the map R4"", the

last step consists in computing WF(R 2”). This, according to [17, Theorem 8.2.9], is
a subset of

{(xl, V1, X2, Y25 o o5 Xppy ynvslv 7717527 n29~--7€n, nn) | 3[ g {1,...,”},1 ;é g s.t.
(xi, i, &,m) € WE(Ry) Vi € I and (x},y;,&;,n;) = (xj,¥;,0,0)

with (x;, y;) € supp(ra) Vj € {1,...,n}\1} .

Finally, we are able to check whether 24 (F) is well-defined. First of all, notice that
(BA(F)M = qu"ju o R is well-defined: indeed, thanks to [17, Theorem 8.2.13]

we know that the composition is well-defined if WF(Fg(en:u) NWF (R yn = O
but

{Gorn oo B ED | L Y1 X Y =10, L —E0, 00 EWFR(RAM) =2 .
We also infer that

WE ((%’A(F ))L”)) C WE(R4")pn UWF (Ra") o WE(FY) )
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i.e.

WE ((Za(FD) € {0t &1 6 |
(xl,YI, ey Xny ynaéla —N1, --‘95:”’ _r)l’l) € WF('-(R,//.\\n)

for some (Y1, ..., Yus M1, ---» Nn) € WF(F;Q":M } .

Using iis, we shall&ve (5.5) by contradiction. Assume then that (xy, ..., x,, &1, ...,
£,) € Vi x --- x V;': then there exists (Y1, ..., Yu, 1, - -+, 1) € WF(F&”:M) such
that

(xl’ yla ooy Xn, )’n,SI, —N1, ~--7§I’la —Un) € WF(mA/\n) .

Ifi € I, then (x;, yi, &, —ni) € WF(R,), that is, either

(xi. yi. & —ni) € WE(SS®) with y; € supp(7., g)

or
xi=y ni=4&.

In the first case, we would then need to have n; € V_yJ{, as n; is the cotangent vector to
a future-directed lightlike geodesic, while in the second one the same result follows
from the equality n; = &;. If i ¢ I, then

(xi, yi, &, mi) = (%, ,0,0)

ie.ni=0¢€ V_VT Thus, we conclude that (y1, ..., Yu, 71, ..., 1n) € V_yT X V_\t
but we reached a contradiction, as this is not possible by the definition of F. The case

X1, o0, x0,61,...,&) € V_x_l x -+ x Vy leads to a similar conclusion: indeed, if
i € I then (x;, yi, &, —ni) € WF(R4), which as before entails that either

(xi. yio & —ni) € WE(SS®) with y; € supp(Z, g)

or

xi=y &=mn.

The first case is not possible, as we require (x;, &) ~ (y;, n;) which is not possible if
&; is past-directed; thus from the second case we infer that (yq, ..., Yu, 01, ..., 1n) €
Vy, x ---Vy,, which is again a contradiction.

We thus have the well-posedness of the map Z4 : A(Sg)[A] — A(S)[1]. Recall
that R4 admits an inverse which is explicitly given by (3.9); it can be shown that by
defining an analogous Z4 : A(S)[h] — A(Sg)[/] we reach the same conclusion,
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and that Z5 0 Z5 = id 7 (s)[ny and RpoRp = id 7(s¢)rny- Therefore, Z 4 is a vector
space isomorphism.

The fact that Z4 is an algebra homomorphism is due to the following fact: we know
that the x-product in A (S)[/] is given by (5.4); given two homogeneous functionals
F e AP(S)and G € A4(S), the functional F? (G, F) appearing in the sum can be for-

mally written, on an homogeneous element uy A---Aupig-—20 € AP =28 (9 (M))
as

n

F?(G: FYuy A ANpyg-on) = <%> Z sgn(o)

o 6S[H»qun

. fMZn dpg(x1)dpg(yr) - - - dpug(xp)dpg(yn)

(n) (n)

(.X] 9 000y -xl’l)
Covry (X1, Y1)+ - Copty (s Y)Y o pfusn plngn

We are interested in computing FZ’ (ZA(G), Za(F)) with F € AP(Sg) and G €
A1(S¢); this amounts to substituting the formal integral above with

/MZn dﬂg(sl)dﬂ«g(nl) e 'dﬂg(én)dﬂg(nn)dﬂg(xl)dﬂg(}’l) te d,ug(xn)d,ufg(}’n)
(74 ) G
111y

RAN T (U (gnt 1) A Al (ptg—2n))

(6% ) )
ky-kn

(RANI_n(ua(l)/\"'/\ua(qfn))

T'A flu, (x1, él)rAglvl O,m) - T'A fou, (Xn, En)rAg,,v,, (Vns 7In)hllulhvlk1 s
hlnunhvnkn {Sltl (xls yl) . g—sntn (xi’h yn)hflslhtlgl . hfnsnhlngn .

By performing a simple computation one can notice that

/ . ditg () dpg (V)T A fuy (Xis EDT A grog Vs 1) Cspry (i, YT 180
M

= / it ()d g (5i)rag, g i X7 A (s )Gy (X7, y) TR
M
= $Gu;v; (is Mi)

@ Springer



Mgller Maps for Dirac Fields... Page41of44 13

and therefore we arrive at

/Mzn du,g(éjl)d,bbg(ﬂl) - 'd//«g(én)dﬂg(rln)

()

(F(RAM)_”(Mo(qfnJrl)A'“A”a(erqun)))[l‘..ln (é;-l, ey %—n)
(n)

<G!RANI7"(Ma(l)A“'/\“a(qfn)))kl..Akn (7]1 S rln)

CGuyoy E1 ) - EG v, Ens )R TRV L pylntin pnkn

which entails that
THRZAG), ZA(F) (Ui A=+ Nupyg—on) = BT (G, F) Ui A ANtpyg—on) -

The result can be extended to the whole £4 (M P42 | §® ()P +4-21) by continuity,
as well as to the whole algebra A (S¢) and thus to the whole algebra of formal power
series A (Sg)[[1]l. Therefore,

RANF ) K p(H) = Bp(FrgH)

and Z 4 is an algebra homomorphism as required.

As far as the behaviour of the classical Mgller map with respect to conjugation is
concerned, let us recall that on A (S)[[A]] and A (Sg)[/] the conjugation map is given
by the natural extension of (5.1) (with the appropriate conjugation map, that is, with
either C: E(S(M)) - E(SM)) or Cg: E(Sg(M)) — E(Sc(M))) to formal power
series.

Given F € A(Sg) € A(Se)[[A] and u € C(S®(M)) we thus have that

(Ba(F) () = ZaE) W) =) (Fp. Ra"Pu) .

peN
Now, if up = ujy A--- Auj,, ui, € E(SP(M)) we have that

fRA/\p(u;) = (/%Au;-kp Ao A fRAu;-‘I = ((RAu,-p)* A A(Rau)*

= (Ra™P(ur A= Aup))” .

By continuity then it holds that

D (Fp RaMNwh) =Y (Fp (Ra"Pup)*) = (Za(F*) (@) .
peN peN

Therefore, Z4: A(Sg(M))[[R]] — A(S(M))[[R]] is a well-defined algebraic *-
isomorphism. For what concerns the topological part, it is simple to understand that
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the sequential completeness of Hormander topology is satisfied, since pointwise con-
vergence holds term by term for the formal power series and that the wave front set
condition is as well satisfied by the construction seen before. O

6 Conclusions and Outlook

Our classic treatment of fermions in external backgrounds has proceeded with the aim
at establishing the most general framework possible for the passage to the quantum
case, having in mind perturbation theory, hence in the language of formal power series.
In doing so we have, however, taken shortcuts that is worth mentioning again. Two
of them are particularly important: the first is that we have dealt with contractible
spacetimes, which rules out topological effects (i.e. inequivalent spinor structures
[40] and Aharonov—Bohm like effects, for which see, e.g., [41, 42]), the second is our
assumption about the past-compactness of the support of the gauge potentials, which
rules out Coulomb potentials. Both assumptions can be relaxed, but to keep this paper
into a reasonable length we postpone any further discussion. However, notice that for
the first problem, the passage to Fredenhagen’s universal algebra [43] may help to
solve the issue and that, as far as the second is concerned, it is exactly due to the
compactness of the spatial support of the potentials that one rules out secular effects
in perturbation theory [44].

In this paper we have privileged the pointwise treatment of the geometric structures
(sections, potentials efc.) to guarantee a detailed and unambiguous discussion of their
features. In particular, our most interesting result has been to show how the classical
Mgller maps are algebraic and topological isomorphisms of the charged and uncharged
microcausal fermionic algebras, as formal power series. Here, the use of wave front
sets was essential. As for a possible next step, once the appropriate interactions are
introduced, one would construct the respective quantum Mgller maps (see, e.g., [33])
and proceed to the explicit computation of physical effects. One of the most ambitious
aims would be, for instance, to compute the Lamb Shift for hydrogenoid atoms [14]
from first principles, avoiding ad hoc assumptions and rigorously controlling eventual
approximations.
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