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Introduction

The notion of maximal class for p-groups was introduced in 1958 by Blackburn
[Bla58]. Let G,72(G),v3(G),. .. be the terms of the lower central series of a group
G with p™ elements. It is well known that all finite p-groups are nilpotent, namely
there exists an integer k such that 7,x(G) = 1. If k is the smallest among these
integers, G is said to be of nilpotency class k£ — 1. The nilpotency class for G is at
most n — 1 and, if this upper bound is reached, we say that G is of maximal class.

Finite abelian p-groups are easily classified. When one moves to class two
groups, one finds that there are simply too many of them, and a classification is
impossible. However, the situation is different if one looks at the coclass instead.

If G has order p™ and (nilpotency) class ¢, then its coclass is

ce(G) =n—c.

The notion of coclass can be extended to pro-p-groups. Let G be a pro-p-
group. We denote by G,7(G),... the terms of the lower central series and by
Gi = G/7(G). The coclass of G is defined as

ce(@) = lim ce(G;).

Aiming at classifying p-groups and pro-p groups, given p and the coclass r, in
1980 Leedham-Green and Newman formulated five conjectures. The proof of these
conjectures has involved many people and nowadays they are all proved. Details
about these results can be found in [LGMO02].

The notions of maximal class and coclass can be defined also for Lie algebras.
Let L be a residually nilpotent Lie algebra and L° the terms of the lower cen-
tral series. Suppose that dim(L’/L**!) are all finite and dim(L’/L**) < 1 for
sufficiently large ¢. Then we say that L has finite coclass and define

ce(L) =Y (dim(Lf/LH) - 1).

121
Li0
When cc(L) = 1 we say that L is of maximal class. Of special interest from a group-
theoretic point of view are N-graded Lie algebras of maximal class, L = @~ L;,
generated by L; and satisfying dim(L;) = 2 and dim(L;) = 1, for i > 1, since
graded Lie algebras arising from pro-p-groups of maximal class are of this type.
Shalev and Zelmanov [SZ97] developed a coclass theory for Lie algebras of
characteristic zero in analogy with the theory established by Leedham-Green and
Newman for groups. Shalev and Zelmanov first dealt with the N-graded Lie
algebras of finite coclass that are generated, as it happens for groups, by their

7



8 INTRODUCTION

first homogeneous component. They proved that there is only one just infinite
algebra, namely

a = (x,y:[yz'y] =0,for all i > 1).

Indeed such an algebra is of maximal class and metabelian.

In positive characteristic, there is exactly one infinite-dimensional metabelian
Lie algebra of maximal class. Shalev [Sha94] showed that there are countable
many infinite-dimensional graded Lie algebras of maximal class over a field of
positive characteristic p generated by the first homogeneous component.We will
refer to theses algebras as AFS-algebras.

In 1997, Caranti, Mattarei and Newman [CMN97| proved that, for each prime
p, there are 2% isomorphism types of N-graded Lie algebras of maximal class over
F,, generated in weight 1. Such algebras were constructed using the algebras in
[Sha94], by means of a technical process called inflation.

In 1999, Caranti and Newman [CNOO| proved that all N-graded Lie algebras
of maximal class in characteristic p > 2 generated in weight 1 are obtained via
possibly infinitely many inflation steps from some AFS-algebra.

Later the case of N-graded Lie algebras of maximal class in characteristic
p = 2 generated in weight 1 has been dealt by Jurman [Jur05]. The author
proved that, in addition to algebras obtained by inflations of AFS-algebras, there
is also a further family of infinite-dimensional graded Lie algebras of maximal
class.

There are other possibilities for a graded Lie algebra to be of maximal class.
One of them is that each homogeneous component of L has dimension one and
that [LyL;] = Liy1, for i > 1. We will refer to such algebras as algebras of type 2,
since they are generated by one element of weight 1 and one of weight 2. Shalev
and Zelmanov [SZ97] proved that over a field of characteristic zero there are three
infinite-dimensional algebras of this type, namely

m = (e}, ey: [eaelies] =0, for all i > 1),

me = (e; : [eje1] = ey, forall i > 2,
[eiea] = €40, for all i > 3,
lei, e;] = 0,for all 7,7 > 3).
and

W= (e,i=1:[eies] = (i — j)ei)-

In characteristic p > 2, the algebras m and ms are still graded Lie algebras of
maximal class, but the same does not hold for W. The other algebras of type 2 are
the algebras obtainable as subalgebra of an algebra generated in weight one, one
further family of soluble algebras and, for p = 3, one additional family of soluble
algebras [CVLO00].
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Caranti and Vaughan-Lee [CVLO03| have studied algebras of type 2 also in
characteristic two. This case is more uniform than the odd characteristic case.
The aim of this thesis is to begin the study of graded Lie algebras over a field

of odd characteristic -
L=1L & @ L;

where dim(Ly) = 1, dim(L;) = 1, for i« > n, and [LyL;] = L1, for each integer
1 > n. From now on, when we will write Lie algebra of maximal class, we will
refer to an algebra satisfying the conditions above.

In analogy with [CMN97] and [CVL00] in Chapter 2| the notion of constituent
is introduced for the algebras we study in our work. We denote by ex = [e,, e’f‘"]
the generator of the homogeneous component of weight £ of an algebra of maximal

class and say that the first constituent has length k if
leien] = 0 fori<k
lek,en] # 0.

In Chapter [2] it will be proved that there are some restrictions for the length [
of the first constituent of a graded Lie algebra of maximal class. In particular,
provided that p > 2n, there is no graded Lie algebra of maximal class such that
p +n <1< pttt —n+ 1, where p is the characteristic of the underlying field
and h a positive integer. The question about the existence of such algebras for
p <1 <pt+n—1andl < p—n+1isopen. We suppose that there are no algebras
of maximal class with such constituent length, except for [ = n+1. Computations
performed in GAP suggest that, for p > 2n, and an arbitrary choice of A € F there
is exactly one graded Lie algebra of maximal class such that [[e,e1]e,] = Aeapys.

The problem of the existence of graded Lie algebras of maximal class with first
constituent length [ in the range p" —n+2 <1 <pi+1lorl=2p" —n+1is
addressed in Chapter 3| In the latter case, it will be proved that such algebras are
obtainable as subalgebras of a graded Lie algebra of maximal class generated by
two elements of weight one. In the case p" —n+2 <1 < p" + 1, it will be proved
that there is an upper bound for the number of graded Lie algebras for any value
[ in the range.

In Chapter [ it will be shown that such bound is actually reached. Moreover
an explicit construction of such algebras will be provided.

We wish to mention that in a work not reported here we have considered the
case of graded Lie algebras of the form

L=L® é[zm
1=q

where dim(L;) = 1 and dim(L;) = 1, for i > ¢, and [L,L;] = L;;1, where ¢ = p",
for some prime p and positive integer h, over a field of characteristic p. We think
that, in analogy with the case of algebras of type 2 in characteristic two, such case
is more uniform than that of algebras generated in weight 1 and n.






CHAPTER 1

Preliminaries

1.1. Lie algebras
We begin this introductory section recalling the definition of Lie algebra.

DEFINITION 1.1.1. A Lie algebra L over a field F is a vector space over F
endowed with a binary operation

LxL — L
(z,y) — [|z,9]
called the bracket or commutator of z and y such that
(1) [z,z] =0, for any = € L;
(2) for any z,y, z € L, the Jacobi identity holds:
[z [y, 2]] + [y, [z, 2]] + [z, [z, )] = O
Remark. As an immediate consequence of the definition we have that
[z,y] = —[y,z], forany z,y € L,

namely the bracket operation is anticommutative.

Herein we point out that, given x,y,z € L, we will often write [xyz]| in place
of [[z,9], 2].

As a consequence of the Jacobi identity we have that

k
54 = -0 () oty
=0

1.1.1. Free Lie algebras. In this section we recall the notion of free algebra
and free Lie algebra. We follow the approach of Bourbaki.

Let X be a set. We can construct the free magma M(X) on X. We define
inductively the sets X,,, for n > 1. For n = 1 we define X; = X. Once we have
defined X7, X5,..., X,,_1 we say that X, is the union of the sets X; x X,,_;, for
1 <1 < n—1. We denote the union of the sets X, just defined by M (X). Consider
two elements w;, w; € M(X) and suppose that w; € X;,w; € X, respectively.
Denote n = 7 + j and consider the injection

L Xn X ani — Xn
(wi, wj) +—  o(w;,w;).
We denote ¢(w;, w;) by w; * w; and say that this is the product of w; and wj.

The algebra of the magma M (X)) with the coefficients in the ring K is denoted
by Libg(X), or Lib(X) when there is no ambiguity.

11



12 1. PRELIMINARIES

We are in a position to give the definition of free Lie algebra.
DEFINITION 1.1.2. The free Lie algebra over the set X is the quotient algebra
L(X) = Lib(X)/a,
where a is the ideal of Lib(X) generated by the elements of one of the forms:

a*a, for a € Lib(X)
ax(bxc)+bx(cxa)+cx(axb), fora,b,ce€ Lib(X).

1.1.2. Presentation of a Lie algebra. Let g be a Lie algebra and a =
(a;)ier a family of elements of g. Consider the homomorphism

fa:L(I) — g

1 — a;, foriel.

The elements of ker(f,) are called the relators of the family a. If f, is surjective
we say that a is generating.

Given a Lie algebra g, we say that the ordered pair (a,r) is a presentation of
g if the family a = (a;);e; generates g and r = (7;)es generates the kernel of the
homomorphism f,, between L(I) and g, defined above.

In general, if we take a set I, we can construct the free Lie algebra over I. If
r = (1;)jes is a subset of L([) and a, the ideal generated by r, then the quotient
algebra L(I)/a, is defined by the presentation (I, r).

1.1.3. Derivations of Lie algebras. Let L be a Lie algebra. We say that a
linear map D : L — L is a derivation if

Dla,b] = [Da,b| + [a, Db], for any a,b € L.

If we denote by juxtaposition the composition of two derivations, we can define
the commutator of two derivations D, E as

[D,E] = DE — ED.

Then, Der(L) is a Lie algebra. For any x € L it is possible to define the endomor-
phism
ad(z): L — L
y = [z

As a consequence of the Jacobi identity, it is easily seen that ad(x) is a derivation.
In fact [z, [y, 2] = [[z, 4], 2] + [y, [x, 2]].

A subspace I of a Lie algebra L is an ideal of L if, for any x € L and y € I,
the bracket [z,y] € I. An important example of ideal of L is the derived algebra of
L, denoted by [L, L], which consists of the all linear combinations of commutators

[z,y], for z,y € L.
We remind the following result on vector spaces.

LEMMA 1.1.3. Let U,V be vector spaces and W a vector subspace of U. Let
f:U — V be a linear map, whose kernel contains W, and m : U — U/W the
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projection onto U/W . Then there exists a unique linear map f : U/W — V such
that the following diagram commutes:

vy

I 7

u/w
Consider now a free Lie algebra L(X) over a set X. The following holds.

LEMMA 1.1.4. Every mapping of X into L(X) can be extended uniquely to a
derivation of L(X).

The following result holds.

LEMMA 1.1.5. Let D : L(X) — L(X) be a derivation and I an ideal of L(X)
such that I C ker(D). There exists and is unique a derivation D : L(X)/I —
L(X)/I such that the following diagram commutes:

L(X) 2 L(x)/1

I 4

L(X)/I

PROOF. Since D and mo D are a linear maps, as a consequence of Lemma|l.1.3
we have that there exists a unique linear map D : L(X)/I — L(X)/I making the
diagram commute. The map D takes an element x + I to D(z) + I . It is now
easy to verify that D is a derivation too. In fact,

D(lx+1L,y+1]) = D(x,y]+1)
= D([z.y)) +1 = [Dz,y] + [z, Dy + I
= [D(x+1),y+I]+[z,D(y+1I)].

O

1.1.4. Solvable, nilpotent and residually nilpotent Lie algebras. For
any Lie algebra L it is possible to define the derived series by L) = L, L(?) =
[L', L'] and more generally L = [L0—Y LO=Y]. We say that L is solvable, if
L™ = 0, for some n. For example, if [x,y] = 0 for any x,y € L (namely, L is
abelian), then L is solvable.

For any Lie algebra L it is also possible to define another sequence of ideals,
the lower central series, by L' = L, L? = [L, L] and, in general, L' = [LL""']. We
say that L is nilpotent if L™ = 0, for some n. As before, an abelian Lie algebra is
nilpotent and all nilpotent algebras are solvable.

Finally, we say that a Lie algebra L is residually nilpotent if N; L' = (.
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1.2. Graded Lie algebras of maximal class

We remind firstly what a graded vector space is. Denote by NT the set of
positive integers and let V' be a vector space. We say that V' is graded if it can be
decomposed as a direct sum

V=DV

n>1

where each V,, is a vector space.

A graded Lie algebra L is a Lie algebra endowed with a gradation compatible
with the Lie bracket. Therefore there exists a family {L,},cn+ of Lie algebras
such that L can be decomposed as a direct sum of vector spaces

L=@L.
n>1
and, for each e; € L; and ¢; € L;,
lei, ej] € Liyj.
It is always possible to grade a Lie algebra L. In fact, we can define, for i € N,
Li = Li/L+

and then consider the algebra

i=1

Now, consider a graded Lie algebra

L= é L.
=1

If dim(L?/ L) < oo, for each i, and dim(L/L*™') < 1, for all sufficiently large i,
then L has finite coclass. If this is the case, we define

ce(L) =) (dim(L'/L*) - 1).

’Lzl
Li£0
If cc(L) =1, then L is of mazimal class.
In [CMNO97|, [CNO00] and [CVLO0Q] the authors studied the following:

(1) infinite dimensional graded Lie algebras over a field of odd characteristic,
generated by two elements z,y of weight one, such that dim(L;) = 2,
dim(L;) =1, for any ¢ > 2, and [L;, L] = L;,1;

(2) infinite dimensional graded Lie algebras over a field of odd characteristic,
generated by two elements x,y of weights respectively 1 and 2, such that
dim(L;) = 1, for any 4, and [L;, L1] = L;41.

Of course, these are not the only possibilities for an infinite dimensional graded
Lie algebra over a field of odd characteristic to be of maximal class.
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We focused on another case. The object of study of our thesis has been the
infinite dimensional graded Lie algebras of maximal class over a field F of odd

characteristic p of the form
L=Le@@L,

where each L; has dimension one, L; = (e1), L, = (e,) and, for i > n, L; = (e;),
having defined inductively e; = [e;_1, e1].

From now on, when we refer to a graded Lie algebra of maximal class without
further specifications, we mean a graded Lie algebra as defined above.

1.3. Binomial identities and determinants

In the following we will use without further mention some identities for bino-
mial coefficients. Here we write down some of them.
Assume that m,n,r, s are integers.

() = (20
() = ()62

We will often rely upon the following Theorem, named after Lucas.

THEOREM 1.3.1 (Lucas’ Theorem). Let p be a prime and a,b two positive
integers. If

= app" +app" -+ ap + ag,
b = bpp"+bpp" -+ bip + by,

where h is a non-negative integer and 0 < a;,b; < p for 0 <1 < h, then
a ap, ap—1 Qo
1.3.1 = . o d p).
(e () e
As a consequence of Lucas’ theorem we deduce the following.

COROLLARY 1.3.2. If ¢ = p", for some prime p and positive integer h, and
0<a,b<q, then

(1.3.2) (q - “f B b) = (-1)** (q - 11) - a) (mod p).

PRrROOF. Suppose firstly that h = 1. Therefore 0 < a,b < p. Consider

=D = p-Dp-2)...(0—a) - (p—a—-'=(-1)%l(p—-a-1) (mod p)
=1 = (=-D@-2)...(p=b)-p-b-1)!=(=1)’(p—b—1)! (mod p).
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Then,
( ! )z @ _alp—=1)...(p—"b)
p—1-0 p—1-=b)la—p+1+b)! (p—1Dla—p+1+0b)
_ al(—1)!
T (—Deallp—1-a)l(a—p+1+D)!
— a+b b!
=0 (p—1-a)lla—p+1+b)

o,y ,) )

Now consider the case of h greater than 1. Let

a = ap1p" '+ +ap+ao;

b = bpip" '+ bip+ b
g—l-—a = (p—l—ap)p" '+ - +(p—1—a)p+ (p—1—ao);
g—1=b = (p=1=by)p" '+ +(@—-1=b)p+(p—1—bo).

By means of Lucas’ theorem we get:

() = TG T e )
1(—1)%”'(‘““’1‘)( b >z(—1)a+b( b ) (mod p).

p—1—a g—1—a

~

>

[e=]

7=

In some of our proofs it will be useful to evaluate the determinant of matrices
whose entries are binomials. The determinant evaluations we are going to write

down are taken by [Kra99].
The following holds.

THEOREM 1.3.3. Let n be a positive integer, and let Ly, Lo, ..., L, and A, B

be indeterminates. Then there holds

det <(BL¢ + A)) _
1<i<n \\ L; + j

_ hcigen @i = Li) 1 (BL; + A)! - ,
B [T (Li +n)! H((B—1)Li+A—1)!E(A_BZ+1)i—1’

where (A— Bi+1);_1 = (A—Bi+1)-(A—Bi+2)...(A— Bi+i—1), ifi > 1,

or (A—BZ+1)Z_1 = 17 ZfZ =1.
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If we set
L, = z—1
B = -1
A = 2r+y

we deduce immediately the following

COROLLARY 1.3.4. Let x,y be integers. Then,

((““?)F
1<ij<n \ \& — i + j

Hl<z<]<n I—i-y-i-l
= (2 1
Hfl(m—H—n' y+22—1'H THy+itl)ia

Another useful determinant evaluation is the following.

LEMMA 1.3.5. Let a,b be nonnegative integers and n a positive integer. Then,

a+b i+j+k—1
133’5((@—@#]’)) HHHz+j+k—2

=1k=1






CHAPTER 2

The length of the first constituent

Through this section L will denote a graded Lie algebra of maximal class,
generated by two elements of weights 1 and n respectively, over a field F of char-
acteristic p > 2n.

We define the length and the type of a constituent in a graded Lie algebra of
maximal class M = @, M; generated by two elements of weight 1 and n such that
[M;_1M,] = M; in analogy with [CVLOOJ.

Let e; and e, be the generators of the homogeneous components of weight
respectively 1 and n. We define inductively ;11 = [e;, e1], for i > n. Suppose that
lek—1,e,] = 0, but [ex, e,] = Aegyn # 0, for some integer k and non-zero A € F. Let
m,r be positive integers and suppose that [exim,en] = -+ = [€xrmir_1,€n] = 0.
Finally suppose that [egimir,€n] # 0. Let us denote [e;, e,] = Njesyy, for £ < i <
k+m —1.

DEFINITION 2.0.6. We call the pattern

[ek‘—laen] = 0
leiven] = Ne€yn fork<i<k+m-—1
leien] = 0 fork+m<i<k+m+r—1
[ek+m+raen] # 0

a constituent of length m + r and type (Mg, ..., Akrm—1) OF {)\Z}fj,g”_l
We define separately the first constituent.

DEFINITION 2.0.7. Let

leien] = 0 fori<n<k,
lex,en] # 0,

for some integer k. We say that the length of the first constituent is k.

Denote by [ the length of the first constituent of L. The following holds.

LEMMA 2.0.8. The length | is even if and only if n is odd.

19



20 2. THE LENGTH OF THE FIRST CONSTITUENT

ProoF. Take a positive integer n. If n is even, suppose that [ is even too,
otherwise suppose that [ is odd. In both cases [ £+ n is even. Then,

l—n

0 = [eHTn,enel2 ]
l—n
z l-n

_ 1yl 2
= [T (7 ) | e

i=0

l-n
= (1) 2 Newn,
in contradiction with the hypothesis that [ is the length of the first constituent.
Hence, [ is even if and only if n is odd. O

We begin proving a Lemma, we will use repeatedly through this and the fol-
lowing sections.

LEMMA 2.0.9. Suppose that the length of the first constituent of L is | > n+3,

namely [e;,e,] =0, forn <i <1, and [e, e,] = Neny, for some nonzero element
N €F.

Then
[€14ntis€n] =0, for0<i< l—n——3
More generally, zf{/\z}fi,?l_l 1s a constituent of length s+m and s > l—n_—l)
[erimasintis€n] =0, for0<i< l—n——3
PROOF. Since the length of the first constituent is [,
[enel, enet™] =0, for0<i< l—n——3

l—n—-3
Now we prove the thesis, in the general case, by inductionon 0 < i < ——.

The particular case follows taking k =n,m =0,s =1 —n.
When i = 0,

0 = [ek+m+5717 [Bn, enelﬂ
= /\k+m+s[6k+m+s+n7 en] - Ak—&—m-ﬁ-s : )\k+m+s+n * Ckt+m+s+2ns
hence Agymisin = 0.

Suppose that \pimisinei = 0, for all integers ¢ smaller or equal to r, where
0<r< I’"T’?’ Then,

0 = [€k+m+s—r—2>[eneq+1aeneq+2]]

r+1
r T+ 1 7
= (=1) +1/\k+m+s (Z ( . )(—1) )\k+m+s+n+i> Ck+m+s+2n+tr+1

: )
=0
= Mktmts * Mkbmtstntrt1Chimtst2ntr1-

Hence, A\ktmisiniri1 = 0 and we are done. |
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Given an integer r, we define the parameter

] 0 ifriseven
"1 1 ifrisodd.
We want to prove that the length of the first constituent takes the values

en—+1
o p ey, ph+ e, —2,...,p" — (n—2), for some positive integer h
e 2p" — (n — 1), for some positive integer h.

Firstly we prove the following.

LEMMA 2.0.10. There is no graded Lie algebra of mazimal class with the length
of the first constituent [, such that

4 n<I<(@+1Dpt—n, forl<r<p-1

ProOF. According to Lemma [2.0.9]

[l—mn—3
(2.0.3) Minpj =0 for0<j<———°
Now we can prove, by induction on ¢, that
(2.0.4) lerin—isen] =0 for 0 <i<n.

The base step is trivially true. We write | = (r + 1)p" — n — k, for some
non-negative integer k. Suppose that (2.0.4]) is true for all indices i smaller than
a given positive integer j < n. Consider

h .
pt—n—k—j+1y __
[€14n—j, €n€] | =
ph—n—k—j+1

h .
(Pt —n—k—j3+1
= Z (—1) ( . ))\l+n—j+i€l+nk2j+1+ph'

- 7
=0

We note that

l-n—-3  (r+1)p"—2n-3—k
2 B 2
2
. l—-n-3 )
We know that A,y =0, for 0 < ¢ < — At the same time, \jy, ; = 0,

for 0 <7 < 7.
Supposing that 0 <i <p"—n—k—j+1and j>1,

l+n—j+i < l+n—1+p"—n—k—j+1<l+n+@(p"—n—k-1)
k+3—5k+3)

< l+n+@("—n- 5
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Hence,

[el+nfj en e;zlah 7n7k*j+1]

Altn—j€lqn—k—2j+14ph

_ (r+1)ph—k—j—n
- _[6phfkfj+1> €n€y ]

(1Pt —k—j—n
= - Z (_1) ( i >‘ph—k—j+l+iel+n—k—2j+l+ph

T r ph_k—j—n . ph . k‘ _] —-n

= =S () X o (T T T T kst s
h=0 i=0

= 0.

Therefore, also A\j4,—; = 0. We conclude that all A\j,—; = 0, for 0 < j < n.
In particular A\; = 0, in contradiction with the fact that the length of the first
constituent was [. Ul

Consider the following.

LEMMA 2.0.11. There is no graded Lie algebra of maximal class with the length
of the first constituent [, such that
2 —n+2 < 1< 2",
rph—n < I <rpt, when3 <r<p-1.

PROOF. In Lemma we proved that, if \; =0, for i <[, and \; # 0, then
A =0, forl—l—n§i§l+n+l_"T_3.

Consider
[enell-i-(l—T)Ph—n’ ene?h] = (-1t <(r ip:)ph> ler, eneth] = (=1 - Clphin
T
+(1—r)ph—n
(2.0.5) = 57 (—1)i+1 (l +a _;)ph - n) Aiprphn * €ltphtn:

=0
We have that, for 0 <i <1+ (1 —7r)p" —n,
l+n<rp+n+i<l+ph

If r =2,
l—n—-3_ 2ph—1
>
R R
namely A\, = 0, for [ +n < k <1+ p", hence the sum in (2.0.5)) is 0. This implies
that \; = 0 and we are in contradiction.
f3<r<p-1,

l—-n—3_rp—3 h
> >
n + 5 = 5 P,
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hence the sum in (2.0.5) is 0 is zero too and we are in contradiction with the
assumption \; # 0. O

We proceed proving the following.

LEMMA 2.0.12. There is no graded Lie algebra of maximal class with the length
of the first constituent [, such that

rpt < l<rph+n, for2<r<np.

Proor. With the usual notation, suppose that A\; = 0, for ¢ < [ and \; # 0,
where [ is an integer greater than 7p” and smaller than rp" +n for some 2 < r < p.
Then \; =0, for Il +n <1 < l+n+mf3. We can write | = rp" + k, for some
integer 1 < k < n. Let ¢ = p™.

Consider
q—n
rq+k q—n _ ifd— 7N _
€n€1 s EnC } = E (—1) ( i ArgtktntiCnt(r+1)g+k = 0.
=0

The sum just written is zero, since the coefficients \,qyr+n+i are zero. In fact,
l+n<r¢g+k+n+i<(r+1l)g+k

and
l—n—3 +n—-3 rqg+k+n—-3

2 2
k+n-—3
> Tq+/£+q+—2 >rq+k+q,

since n > 2 and k£ > 1.
At the same time,

[eneqﬁk, enel "] = —[eg, ene§q+k] —

_ - (T . (K

= ) (-1 L > (-1 ;) Merngi
h=0 =0

= () D) A
Hence, \; = Arq+x = 0 and we are in contradiction with the initial hypothesis that
A # 0. O

. . — 246,
The cases | = q + ¢, — 2i, for ¢ a power of p and 0 < i < n—’ and

[ = 2g—n+1 have not been excluded. In fact, there exist Lie algebras of maximal
class for such values of [.

So far, we have not dealt with Lie algebras having first constituent length [
smaller than p — (n — 2) or such that p" < [ < p" + n, for a positive integer h. As
regards the latter case, we have not yet proved the non-existence of Lie algebras
of maximal class with such first constituent length. Computations performed in
GAP suggest that there are no Lie algebras with such first constituent length. The
case of Lie algebras with [ smaller than p — (n — 2) is still unsolved, but based on
a conjecture that we formulate in the subsection below.
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2.0.1. Length smaller than p-(n-2). Experimental results seem to support
the following

CONJECTURE 2.0.13. Let L be a graded Lie algebra of maximal class generated
by two elements of weights 1 and n over a field ¥ of characteristic p > 2n. If
leneren] = Aeany, for some non-zero A € F, then

ek, en] = Aegan, for all k > n.

Indeed, the conjecture is true for n = 2 (see [CVLOOQ] for the details).

Suppose that there exists a graded Lie algebra of maximal class L with length
of the first constituent [ such that n+1 <[ < p— (n—2). As usual, let us denote
the generators of the homogeneous components of weights 1 and n by e; and e,
and in general e; = [e,, €] "], for s > n. Define k = [ — (n + 1). We note that k
is even, so we can take the integer m = n + g Consider now the subalgebra M of
L generated by the elements e; and e, = [enelf/ 2]. Such an algebra is of maximal
class with first constituent length equal to m + 1. In fact

k)2

k)2 B
[6m+17 em] = [em—f—l; enelf/Q] = Z(_l)z( f ) [em—l-l—l-ienelf/Q ]
=0

= [el7en] = (_1)k/2/\l€l+n7

since [e4it1,€n] = 0, whenever m +i 4+ 1 < [.
Moreover, p > 2m. In fact,

om=2n+k=2n+l—(n+1)=n+l—-1<n+p—-(n-2)—1=p+1

Since 2m is even and 2m < p + 1, it follows that 2m <p — 1.

What we have just proved implies that M is a graded Lie algebra of maximal
class generated in weights 1 and m and such that the length of the first constituent
is m + 1, where p > 2m. Then,

ek, em] = (—l)k/Q/\leker, for k > m.

This fact implies that in L the following holds
(p—Fk/2—-1
(2.0.6) lerien] = (1) (p / ))\leHnﬂ- for0<i<p—k/2-1.
1

This can be proved by induction. The base step is obvious, since

[ez, en] = )\z€l+n-
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Now we prove the inductive step. To do that, suppose to have proved ({2.0.6)) for
0 <i<r—1. Then,

(_1)k/2)\l€l+r+n = [em—l—l—i-ra enelf/2]
k/2—1
k/2 i
- Z (_1)]( ; )[em-l-l-l-r—&-jenelfﬂ 1+ (_1)k/2[el+7’76n]
=0
k/2—1
. E/2\ (p—Fk/2—-1
= 0 S () (P e G0 e
=0

= (= e (P e )]

r

Hence,
—k/2—-1
[€l+ra en] = <_1>r (p ?{ )Alel+r+n-

We remind that n +1 < [ < p — (n — 2), so [e,ere,] = 0. It follows that
[€14n, €n] = 0. Moreover,

k
n+§+1:m+1<l<p,

namely n < p — (g + 1), so we are in contradiction with the fact that

p—k/2—1)

[€l+n7 en] = (_1)n( /\l€l+2n 7é 0.






CHAPTER 3

Lie algebras with given first constituent lengths

We will denote by L a graded Lie algebra of maximal class, generated in weights
1 and n, over a field F of characteristic p.

3.1. First constituent length 2¢ — n + 1

In all this section we assume that ¢ is a power of p, a prime integer greater
than 2n. In the following we will characterize the subalgebra, generated by the
elements of weights 1 and n, of a graded Lie algebra of maximal class generated by
two elements of weight one. The arguments used go back to [CVLOO0|. The reader
can find the relevant definitions and the classification of graded Lie algebras of
maximal class generated by two elements of weight one in [CMN97] and [CNOOJ.

Let L be a graded Lie algebra of maximal class generated by two elements x
and y of weight 1. Without loss of generality we assume that y generates the first
two-step centralizer, namely Cy = (y). Suppose that in L we have the following
sequence of two-step centralizers,

CZZCT72:C7"71707“:<?/_)\$> 7&027cr+l:"': r+n:CQ-

Note in passing that C,y1 = -+ = Ci4,—1 = Cy by the properties of the two-
step centralizers proved in [CMN97]. By our assumption p > 2n it follows that
Cr+1:"': T+TL:O2'
Let e, = [yz" '] and in general e; = [yx'~!], for i > 1.
We have that
[er—nt1s€n] = [€rnt1, yajn_l] =
= (=" M[er,y — Az] + [e,, Ax])
= (—1)nil>\€r+1.

More in general, for 0 <i<n —1,

e = (0 (" e

]

We have just proved that the subalgebra generated by the elements of weight
one and n of a graded Lie algebra of maximal class generated by two elements of
weight one has all constituents of type

{com ("L

27

for some \ # 0.
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Under certain hypotheses the converse holds too. Firstly we note that, as a
consequence of Lemma the following holds.

LEMMA 3.1.1. Let L be a graded Lie algebra of mazximal class generated by two
elements ey, e, of weight 1 and n with the length of the first constituent equal to
2q — (n —1). In the multiplication table, denote [e;,e,] = Ni€irn. Suppose that,
for some integer k > 2q — n + 1, the coefficient A\, # 0 and that \y_p_1 = -+ =
M—1=0. Then \pyp=---=k+2n=0.

LEMMA 3.1.2. Let g be a graded Lie algebra of maximal class generated by
two elements of weight 1 and n with the length of the first constituent equal to
2q — (n —1). Suppose that all the constituents are of type

' 1 n—1
i}y = {(—1)’(n . ))\j} forjeJCN and \; €F.

=0

Then g is isomorphic to a subalgebra of a graded Lie algebra of mazimal class
generated by two elements of weight one.

PROOF. For n = 2 the result has been already proved in [CVLO0Q]. Take
n > 2 and suppose that g is a graded Lie algebra of maximal class generated by
two elements eq, e, of weights respectively 1 and n. Such generators are related
by the relators [ej4, e,] + (—1)* (") Ajensjps, when j € Jand 0 < i < n—1,
and ey, e,] if k& is not one of the integers j + 4, for some j € J and 0 <i <n — 1.
We want to extend g by a derivation of weight n — 1 on g. In such a way we
get a graded Lie algebra of maximal class generated by two elements of weight
1 and n — 1, which, by inductive hypothesis, is isomorphic to a subalgebra of a
graded Lie algebra of maximal class generated by two elements of weight 1. Let
X ={ey,e,} and L(X) the free Lie algebra over X. Define

D:X — L(X)
€1 = €y

e, — 0

We can extend D uniquely to a derivation of L(X) according to Lemma [1.1.4]
Consider in L(X) the ideal I generated by the relators introduced above. The
quotient algebra L(X)/I is then isomorphic to g.

We can order the elements of J and say that j; < jo < .... Now we prove
that D(e;) = 0 for the integers k < j;. Of course the assertion is true for k& = n.
Suppose to have proved the assertion for an integer £ — 1 < j;. Then, D(ey) =

D([er—1,e1]) = [Dex—1,e1] + [ex—1, Der] = [er—1,en] = 0.
Suppose now to have reached the beginning of a constituent. That means that
we have k = j, for some j € J. We have that [e;_1,e,] = 0 and [e;,e,] =

€j+n. Moreover, D(e;j) = 0. Therefore D(ej11) = D(lej e1]) = [Dej,er] +
lej, Der] = [ej,en] = Ajejin. By inductive hypothesis, suppose that D(e;y;) =
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(—1)~! (7:12) Aj€jtitn, for some i such that 0 <i < n — 2. Then,

D(ejiiv1) = D([ejii,e1]) = [Dejii, ] + [ejri, Dei]

= ((—1)i_1 (?:f) + (_1)1.(71; 1)) Aj€jtitntl
= (-1) <n Z_ 2) Aj€jtitn+1-

This proves that
n—2

Deji = (1) (z 1

Now consider j; +n < k < ji11. If k= j; +n, then D(ey) = D([ej,4n-1,€1]) =
(—=1)" 2 + (—1)""'. If we have already proved that D(e;) = 0, for some j; + n <
k < jit1, then D(exi1) = [Deyg, e1] + [ex, €] = 0.

Now we check that I C ker(D). We do that considering the generators of I,
namely the relators defined above. If k # j,j+1,...,j+(n—1) for some j € J, it
is easily verified that D([ex,e,]) = [Dex, en] + [ex, De,] = 0. Conversely, suppose
that k = j + 14, for some 5 € Jand 1 =0,1,...,n— 1. Then,

))\jei+j+n for 0 S ) S n—1.

i1 fmn—2
Dllessinenl) = Desuivend = (=17 (72 lepssnea] =0.
Hence we have extended g to a graded Lie algebra of maximal class generated by
one element of weight 1 and n — 1, namely e; and D. O

Using the previous result we will prove that, if a graded Lie algebra of maximal
class L has the length of the first constituent equal to 2¢g—n+1, then it is obtainable
from a graded Lie algebra of maximal class generated by two elements of weight
one.

Let L be generated by the elements e; and e, of weight respectively 1 and n.
Suppose that the first constituent has length [ = 2¢g—(n—1), where ¢ = p", for some
positive integer h. With the usual notation it means that in the multiplication
table \; = 0 for ¢ < [, while \; # 0. Up to scaling e,, we can suppose that \; = 1.
We remind that A\, ; =0, for 0 <7 < n. Consider the following relations:

[eq+h,ene§+h_n} = 0 for1<h<n-1.

For a fixed h we have then

q+h—n
(q—(n—~h
Z (-1’ <q (z )> Agt+h+i€2g+2n = 0.
=0

We note that each integer ¢+ h+1 is not greater than 2¢g +n—2. Since A\gqp4; # 0
if and only if 2g — (n — 1) < ¢+ h + i < 2¢, we can consider the sum above over
a smaller range of indices, namely for ¢ — h — (n — 1) <1i < ¢ — h. Fix an integer
h. Theni=¢q— (n—1)— h+j, for some 0 < j <n — 1. By Lucas’ theorem

<q - (7; - h)> _ <p ) J(Jn—_(q)—_hli . j) (mod p).
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We can rewrite the previous sums as

n—1
. —(n—nh
> (—1y (p _f(’n _( - })L +j) Aog—(n_1)4;€2q00n =0 for 1 <h<n-—1.
=0

Taking into consideration the fact that Ago;—,, 41 = 1, such equalities can be
reformulated in the following non-homogenous linear system

) Y PRI ) (0
(pp—n ) _(Z—n-i-l) e <_1)n (pp—2 ) )\Qq—(n—S) _ 1
(pf2_111+3) - (pf2_711+4) T (_1)n (pf;il) )‘2‘1 1

We aim at evaluating the determinant of the matrix associated to this system.
By basic properties of the determinant of a matrix, it is equal to

(3.1.1) idet(( pndt )> .
p—n+l—i+y i,j=1,...n—1

If we prove that determinant is not congruent to zero (mod p), the (n —1)-
dimensional square matrix has full rank, hence the solution of the non-homogeneous
system is unique. We rely upon Corollary in order to evaluate determinant
According to the notation of the corollary we set z =p—n+1and y = —1.

( ( n Z ) ) 1,7= n—

_ eigenni =9 ﬁ (p—n+1)! ﬁ

Hi:ll ) (20 -2)! i=1
In this expansion no factor is divisible by p. In fact, 0 < 7 — i < n — 2, whichever
values of i, j we take in the range 1,...,n — 1. As regards the factors (p —n +1)!,
they are the product of integers not greater than p — 1. We must take care at the
factors

2p—2n+2+i);1=02p—2n+2+4)-2p—2n+2+i+1)...(2p — 2n + 21).

It is easily seen that each of the factors is greater than p, being p > 2n. Moreover,
each factor is smaller or equal to
2p—2n+20<2p—2n+2n—-2=2p— 2.

We can conclude that our non-homogeneous system admits exactly one solu-
tion. By means of elementary properties of binomial coefficients, we can determine
the solution. Indeed, the vector

N (_ <n - 1)7 (n - 1)7_ INEIS (Z _ D >

gets the job done.
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Our next goal is proving that all the constituents are of the form

A 1 n—1
(3.1.2) {(—1)’(n , )/\]} for some \; #0 € F
t i=0
and with length at least ¢ and not exceeding 2q. We suppose to have proved the
assertion up to a certain constituent ending with A\;_; = 0. Moreover suppose to
have proved that
n—1

)\Hi:(—l)i( ; ))\k for0<i<n-—1and \; #0 € F.

We want to prove that {\gi1}i—0.. 1 is the beginning of a constituent of length at

,,,,,

least ¢ and not greater than 2¢q. We begin proving that A\y4, = -+ = A\gpq—1 = 0.
By Lemma (3.1.1)) the coefficients Mg, = -+ = Agron = 0. Suppose to have
proved that M\ji9, = -+ = A1 = 0 for a certain r such that 2n < r < ¢ = p".
We prove that also \;,, = 0. We note that

0= [6k+(n—2)7 [671671"_(2”_2)671] )

which implies that

0= (Mern2 = (= (20 = 2D Aeso) = (=1 Ny ) A

If r is even we get (r — (2n — 2)) Mgy (n—1)Ar = 0, hence A, = 0.
We deal now with the case r odd. We get then

0= (2)‘k+(n*2) —(r—(2n- 2)))\k+(n—1)) A

Ifr # 0 (mod p), we have that (2Xg4(n—2) — (r — (2n — 2)) Mt (n—1)) Z 0 (mod p),
hence A, =0 (mod p).

Suppose now that 7 = 0 (mod p). We can write r = p’, for some integer 3 % 0
(mod p). Moreover 7 < g, hence p' < p" = q. Since r+p'—n = (8+1)p'—n < ¢—n,
the following holds:

0= [ek_pz, [enerpt_"en]} )

Since we have already proved that all the previous constituents are of type (3.1.2)
and have length at least ¢, this relation implies

n—1
r+pt—n\[(n-1
0:<;< Pt )( i )A’“>A“’“

Let us concentrate for a moment on the binomials which appear in the previous

(55 )= ()07 e

Hence we can rewrite the previous sum as

n—1
p—n\ [/ n—1
0 = Ak | Aegr
(S0 )
—1
= (p )mm.
p—n
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Since neither (;’:}1) nor )\, are equivalent to zero (mod p), we conclude that
Metr = 0 (mod p).

Now we prove that the length of the new constituent is at most 2¢g. Suppose,
on the converse, that A\yin = Agrns1 = -+ = Agroq = 0. Then,

. 2q—2n+1 2g—n+1
0= [erin_1,€n€] €n — €n€] ]

implies that A\g1,—1 = 0 and this is in contradiction with our hypotesis. Hence,
we have proved that the constituent has length not shorter than ¢ and not longer
than 2¢g. Let r be the length of the constituent. If r < 2¢ — 1,

(2n—2)

0= [ertn-2), [ener " “enl]:

With the same argument used above we deduce that » must be divisible by p. If
this is the case, r = 3p', for some positive integer ¢ and 5 # 0 (mod p). Consider

. 2q—2n+1 2qg—n+1
0 = [er—(29-Bpt—n)s €n€] €n — €n€] .

Firstly,

2q—2n+1 -
[ek—(2—ppt—n); €€l en] =

n—1
(Z (2q o 6p -n + k+i k4+rCk+r+n

=0

t 2ph71 o 1 n—1 ' p - 2n + 1
__1\Bp*+n N |
(—=1)P <2ph_1 — Bpt-1 — 1) (Z( 1) p—mti Meti | MegrChprin

i=0
= 0 (mod p).

Moreover,

2g—n+1
[€k—(2g—Bpt—n) €n€] ]

= (—1)ﬁpt+n (jz:;(—l)i (2(] iqﬁ—ptn_—i-nl+ Z) )\k-i-i) Chtr+n+1
+(=1)" (21:(—1)1 (Zz : Z—:_ 1) )\k+r+i> Chrntl

L (P 1 of (A (o I e
+(=1)" (Z_lj(—l)i (igj B Z: 1) )\k+r+i> €k+rint1  (mod p)

1
i(2qg—n+1
2(_1) <2q ot z) )‘k+r+i> Chirin+1 (mod p)

Il
T
—_
~—
3
7N
L
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Summing all up, we have that

0

2¢—2n+1

ene] (i

[6k7(2q7ﬂpf*n)
p—n-+1
—n+1

1=0

n—1
Hence Ak+7«+1 = —( 1 ))\k+r.

Suppose now to have proved that Ay, = (—1)° (”

— ene]
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2qg—n+1

]

)Ak+r+i> Chtrintl  (mod p)

) N, fori =0,1,.....

1 < n —1. With the same argument used before, we consider the relation

0 €k (2q—Bpt—n)+j- L et e e Q20
We observe that
ek (2g—ppt—n)4j1s En€ll e, =
h—1 _ n-1
= (2ph21p_ ﬁptll _ 1) (Z ( _pn _2?:11+ Z) )\k+i> Ne-trtj€htrtitn
= 0 (mod p).
Moreover,
[ (2¢—Bpt—n)+j— 1,€n€%q "H]

_ (_1)ﬁpt_n—j+1 §<_1)1< 26] —n+
— 2¢q—-pPpt—m—7+1+1
n—1
. , 2q — 1
+(_1)n+]—1 (_1)z< q 7’L.+
— 2g—nm—7+1+

n—1

>

=0

2ph_1 —1

ph—l _ ﬁpt—l —1

-
Summing all up, we have that

0

_1)Pp =i+l
(1) ,

2g—n+1
2g—n—j5+1+1

2g—n+1
2g—n—j5+1+1

2¢—2n+1
+j—1, €n€q

( p—n+1
p—n—j3+1+1

ler— (2q—Bpt—n) €n

;

> (1)
Hence Ajyrpj = (—1)7("

i=0
J

1) )\k:-i-r-

1

) >\k+i) €ktr+n-tj

Z) /\k+r+z‘> Chtrtntj
(

) /\k+r+i> Ckirintj (mod p)

p—n-+1 n—1

—-n—j7+1+1

?

) /\k+r+i> €trint; (mod p)

2g—nt1
—epestt

]

) /\k+r+i) Chtrintj (mOd p)



34 3. LIE ALGEBRAS WITH GIVEN FIRST CONSTITUENT LENGTHS

We deal now with the cases of a constituent of length 2¢ — 1 or 2¢. In both
cases, A\gtn = -+ = Appoq—2 = 0. If the length of the constituent is 2¢ — 1 consider
the relations

2q—2n+1 2q—n+17 .
|:€k:+2n—2+i7 €n€q €n — €n€q } - O, 0<i1<n-— 27

while, if the length is 2¢, consider

2q—2n+1 2q—n+17 .
[ekﬁn,lﬂ-, en€] €n — €n€] } =0, 0<1<n—2.

By Lemma , in the case of length 2¢ — 1, the coefficients \g19y—14n =+ =
Ait2g—1+42n = 0, while in the other case the coefficients A\pyog1n = =+ = App2gton =
0. As a consequence we have that in the former case [ek+2n_2+i, enefq_Z”Hen} =0,
while in the latter [emgn,lﬂ-, ene?qﬁnﬂen} = (0. Hence we have in the two cases

respectively
2g—n+1 .
[ek:+2n—2+i; €n€1q " ] = O, 0 S 7 S n — 2,

2g—n+1 .
[ht2n—1+i, €n€] ]=0, 0<i<n-2

As a consequence the following equalities hold respectively

n—1
, 2¢g—n+1
—1y A s
(=1) (2q—1—2n+2—i+j) freamte

I
(]

=0

n—1
. —n+1
(_1)] (p b )Ak+2q—1+j (mod p),

Il
(]

=0 —2n4+1—i+y
n—1
j p—n+1
0 = —1) \ | .
jgo( ) (p—2n+1—¢+j) kt2g+5  (mod p)
Let us denote vy = (Agt2g-1, Aags - - -, Azgrn—2) and v2 = (Aky2q; Agges - - -5 Aggan—1)-

Moreover, let p; = Ayy—1 and pe = Ay, and

p—n+1 p—n+1 p—n-+1
Cr = —yr - ) PRI )
s p—2n+1 p—2n p—2n—n+3

where r takes values 1 or 2.
The relations just written give rise to the following linear systems

(o) Glaie) o G )
_ (p—n+l p—n—+1 -1 n—1 p—n—+1

(p—2n+1) (p—2n+2) to ( ) (p—2n+(n—1)) . UT o CT
. . . . r T
B <p72€:;:3+1> <p72lil:nn—:13+2) T <_1)n_1 (p72nfr_t«z;i(nfl))

Denote by A the matrix of the coefficients of the system above. We want to prove
that A has full rank, namely n — 1. This will be done evaluating the determinant
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of the matrix B such defined

41
B= P=ntdt N ) forij=1,..n—1
p—2n+2—1+7 i

Since det(B) = £ det(A), the determinant of A is non zero if and only if det(B)
is different from zero. We rely upon Lemma ((1.3.5)) in order to evaluate det(B).
Using the notation of the Lemma, we set a = p —2n + 2 and b = n — 1. Then,

n—1p—2n+2n—1 .
i+j+k—1
det(B
¢ 11 JHI Hz—i—j—i—k—Q
We note that
l<itj+h-1<(n-1)+Fp-2n+2)+n-1)-1=p-1

Hence det(B) # 0 (mod p). So we are done. Now it is an easy matter to determine
the solution of the nonhomogeneous system, namely

(-1
UTZ{(—UJ(nj )W} for0<j<n-—-1.

Hence we have proved that all the constituents of a graded Lie algebra, with length
of the first constituent equal to 2g — (n — 1), are of type {(—1)9( Yutocicn—i.
By Lemma such an algebra is obtainable by a graded Lie algebra generated
by two elements of weight one.

3.2. First constituent length (¢ —n+4,q¢+1)
When p > 4n, the following result holds.
LEMMA 3.2.1. If p > 4n and the length of the first constituent of L is q+¢&,—21,
where 0 < 1 < ”*‘ETH, then
—1-2
Agrenziimin = 0 foro<h<I=-—°0

and at least one among the coefficients Ay, with 1 < k < n, is different from
zero.

PROOF. The first part of the Lemma is a direct consequence of Lemma [2.0.9
In fact, being q + €, — 2i > ¢ — n + 2, we have that
[l—n—3 S q—2n+2—3.
2 - 2
Hence, A\jic,—2i4ntr = 0 for 0 <k < #.
As regards the second part of the Lemma, suppose that ;4 =0, for 1 <k <
n. Take into consideration the following relations:

q722n+1 +Z g—2n+1 +Z

€n€y y En€q 2 ]:O,fOI‘lgzgn—l
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Such n — 1 relations give rise to a homogeneous system of n — 1 linear equations
in the indeterminates \;, for ¢ —n + 2 <17 < ¢. The n — 1 linear equations are

2n—2 . qg—2n+1 iy,
(3.2.1) > (-1y (q_anl . ﬂ_) Agntir; =0, for1<i<n—1.
j=1 2

We note that
h—1
g—2n+1+2 = (p—1+2-2n+2)+) pp—1)
1=1
h—1
g—2+1-2i+2j = (p—1+2-2n—-2i+2j)+» p(p—1).
=1
Hence, by Lucas’ theorem,

q—2n+1 . .
==+ = —(—i+n—1) )
2 = mod p).
(L;H—i—kj) (’?T— (—j+i+n—-1) ( P)
S

k<4 1 20 the coefficients a;; of the matrix A

Since Agye,—2i4n+k = 0 for 0
associated with the equations (3 are

p—1 .

(B —nt1)+i

az‘j:(—l)J( (_12 ) _), for1<i,j<n-—1.
(B —n+1)—i+j

We want to prove that the determinant of A is different from zero. We can
multiply each column of A by —1 and get the matrix B, having the same deter-
minant of A up to the sign. For the sake of the clarity, we write ¢ = p21 n+ 1.
So the entries of the matrix B are

bij:( C—?_Z.), forlgz,]gn_l
c—1+

It is possible to evaluate the determinant of B using the result given in Corollary
(1.3.4). The evaluation of the determinant of B is

. . -\ n—1
|| . —
1<ij<n—1 \\c — i +j [T (c—i+mn)!; H 22—1'

=1

The factors (j—14) are not divisible by p, whichever the values of 7 and j are. As
regards the factors (c+1)!, they are product of integers not greater than (p—1)/2.
Consider finally the terms (2¢ 4+ i 4+ 1);_1, for i not greater than n — 1. They are
defined as

(2c+i+1);1=2c+i+1) - (2c+i+2)...(2c+2i—1).
We note that
0<2c+i+1<---<2c4+21—-1<p—2.

Hence none of the (2¢+i+1);_; is divisible by p. We conclude that det(B) is not
divisible by p and the same holds for det(A). This implies that the n— 1 equations
in (3.2.1) are linearly independent over F, hence zero is the only element in F"
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satisfying them. But this implies that the coefficient A\; = 0, in contradiction with
the fact that [ is the length of the first constituent. O

The following holds

LEMMA 3.2.2. Letl be the length of the first constituent. Suppose that q¢— (n—
2) <1< q+e,. Letk be a nonnegative integer.

If k is odd suppose that at least one among A(x41)g: - - - s Ak+1)g+n 1S NONZETO.

If k is even suppose that at least one among A(x41)g4+1, - - - » A(k+1)g+n &S NONZETO.

If k > 0, suppose that one of the following holds:

(1) for 0 < h <k,

)\H-hq 7é 0
Alhgtn =+ = Nig(ht1)g—1 = 0
A+ (h+1)q 7 0;
(2) for 0 < h <k,
Aitng-1 # 0
Alhg—14n = " = N4 (ht1)g—2 = 0
and
)\l+n == >\l+q—2 =0
)\l+kq71 7é 0.
Then, in case (1) or k =0,
Altkgin = = Ntk 1)g—2 = 0,
while, in case (2),
/\l+kq—1+n == /\l+(k+1)q—3 =0

PROOF. Set ¢ =1+ kq, in case (1) or k = 0, or ¢ = |l + kg — 1 in case (2).
From Lemma [2.0.9]it follows that

)\c—i-n = Ac+n+1 == = AC—O—Z_”T_:S-FH - 0

Define r = max{(k+ 1)g <t < (k+ 1)g+n : A # 0}. We want to prove by
induction on ¢ that

)\C

l—n—3
0, foranyOSiSq—Q—T—n
The base case has been already proved. Suppose to have proved that X, plened gy =
0, for some 0 <t < q—2— =03 _p, Deﬁnes:c—l—l’"T’?’—r. We note that

2
s+t+1<l—1—n, hence

e A

[er, ene‘f““en} = 0.

If s+t is even,
_ st+1
0 = [er, €n€] en}

= 2M At st i1 Conprbsti4l
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and we get A\rjnysier1 = 0.
If s+t is odd and r even,

— Nt st 1€ s ipl =
_ r+s+t+1
= [en, ene }

= ()\n+r+s+t+1>e2n+r+s+t+17

hence A\, 4r4stt+1 = 0 and we are done. Here we used the fact that
rts+t4+1<(k+1)g+(1—2)

If s+t is odd and r odd,
—Antrtsttr26omtrtstti2 =
[em 6n611”+8+t+2]
= (=(r+s+t+2)Airrsrtr1 + Anrrrsttd2)Cntrtsttr2,
At the same time,

0 = [er enef™ e,

= M(=(s+t+2) Mirasitr1 2N anpsiire — (S +Ht+2))eantrisitin

Hence,

-(s+t42) 2 Antrtstid2 0
We remind that (k+1)g <r < (k+1)g+n and r can assume the value (k + 1)g
if and only if & is odd, namely r = (k + 1)q is even. In our case, r is odd, hence
r # 0 (mod p). Then, the matrix of coefficients of the system above has rank 2,
hence the unique solution of the system is A\p4rqsit41 = Anprtsttre = 0.

[{Hﬁﬁ+% 2}{&HHHH1}:{0}

U

Let ¢ = p" for some positive integer h and ¢ — (n — 2) <[ < ¢+ 1. Denote
by g(n,1) the number of graded Lie algebras of maximal class, up to a rescaling of
en, generated by two elements of weight 1 and n respectively and with the length
of the first constituent equal to [. The purpose of all the forthcoming results is to
prove that, under the assumption p > 4n:

1, fl=gq+1lorq—(n—2)
<
g(n,1) < { 2, ifn>3andl:qorl:q—l—an—Qiforsome1§i§"’4%
For the time being we have proved that, if the length [ of the first constituent
is such that ¢ — (n —2) <1 < g+ 1, then \jy,, = -+ = A\y4—2 = 0. Consider now

the following:

. +q—my _
—AiqClig = [€n, €ne | =
[—n

[—n
= <— (l B n) Al — (l o 1) Alyg—1+ )\l—l—q) eryq (mod p).

Hence, 0 = =\ — (I — n)Apq—1 + 2N, (mod p). Since A; # 0 (mod p) it is not
possible that both A\4,_; and )4, are congruent to zero modulo p. Then we have
two possible cases:
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(1) )\l 75 O, )‘l+n == )\l+q—2 =0 and )\H-q—l 7_é 0 (mod p)
(2) M # 0, N =+ = Npg-1 =0 and Ay, Z 0 (mod p).
We note that in case 1 also \jj(,—1) = 0. In fact,
0 = [€l+(n,1), ene?_%zen]

= 2N (n-1)N4q-1€14g—1+4n-
Let c=14+q—1in case 1 and ¢ = [ + ¢ in case 2. Then,
Mepn ==\
Suppose that
(3.2.2) Aog=ogp1 ==X == A 1-n-3 = 0.

etnt——

Define d =1 —1 in case 1 and d = [ in case 2.

Suppose firstly that 2i — ¢, = —1. This means that ¢ = 0 and ¢, = 1, namely
[ =q+ 1. In case 1 this implies Ay, # 0 and we are in contradiction with .
In case 2, we get Aoy = 0 and Ayp41 # 0 and we are still in contradiction with
(13.2.2)).

Suppose now that 2¢ —e,, = 0. This means that [ = ¢. In case 1, we have that
Aog—1 7# 0. At the same time, the following holds:

0= [6q+(n_1), eneq_l],

which implies that

q—1 g—1
0 = < (—1)]< j )/\q+(n—1)+j> €2¢+2n—2
0

j=

qg—1
= g—1-— (n - 1) )\2q—162q+2n—2-

Hence 3,1 = 0 and we are still in contradiction. In case 2, we have that Ay, # 0
and this is an absurd.
If 2 — €, > 0 consider the following relations:

[€dtn ene‘f] =0
(3.2.3) '
edtntaien—1, €n6611+2i7€n71] =0
and, if d =1 — 1, also
[ed+n+2i—€n ) eneil”i_an} = 0

More explicitly, ¢ = 2q + ¢, — 2i — 1 in case 1 and 2q + €,, — 2¢ in case 2.
The relations above can be expanded as follows,

d+r d +r
<Z<—1)J< } ))\d—l-n—i-'r-l-j) €92d+-2r+n for 0 <r<2i—e,—1
J

J=0
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and, ford=101—1and r =2i — ¢,

d+r
d+r
(Z(—l) ( ; >)\d+n+r+j> €2d+2r4n-

j=0
In case d =1 — 1 the relations (3.2.3)) give rise to the following linear system:
+ n_2._1 + n_2 1 + n_2 1
! Eq—nz ) ! 6—n—‘,—zl ) T (_1>6 (2 781 anz—i-2z)
<Q+5n72i) (q+€anZ> (_1)sn( q+en—21 )
qg—n—1 q—n e q—n—en+2i—1 T
. . U = 07
: B : B : : o
(qfanQiJrsn) - (qfnquiJranrl) Tt (_]'>E (gfn)
where v1 = (A14-1,. .., A2q—1). Define A the matrix of coefficients of the system.

Then det(A) = +det(B), where
n—20—2+Fk

(3.2.4) B:((]H6 ! +)> for k,j=1,...,2 — e, + 1.
p—n—k+j kj

We evaluate det(B) by means of Corollary (|1.3.4)) as usual. For the sake of
clarity we denote by m = 2i — ¢, + 1. Following the notation of the Corollary, set
r=p—nandy=n+e¢e, — 2t — 2. Then,

[lichejem(i — (x4+y+k)!
det(B - (2 k+1
et(B) = Hklm—z—l—m'Hy—f—Zk—l'H THY+EE D

Of course, the factors (j—k) are not divisible by p. As regards the terms (z+y+k)!,
we have that

(x+y+k)=(p+e,—2i—2+k)!

Such factorials are not divisible by p, since p+¢, — 2t — 2+ k < p—1. Let us
analyse the terms (2z +y + k + 1)x_1. We have that

er4+y+k+1r = 2p—n+e,—2i—24+k+ 1)k
= 2p—n+e,—2i—1+k)...2p—n+e, —2i — 3+ 2k).

We note that (2p—n+e, —2i—14+k)<--- < (2p—n+e, —2i —3+2k). Now,
2p—n+e,—20—14+k) > 2p—n—(n—1)=2p—2n+1>p.
Hence each of the factors above is greater than p. Now we prove that they are

also smaller than 2p. In fact,
2p—n+e,—2i—3+2k) < 2p—n+e,—2i—3+4i—2e,+2
= 2p—n+2i—¢,—1<2p—n—-1+n-2
= 2p—3.

Hence, det(B) is not divisible by p and the same holds for det(A). That means
that v; = 0 and this is absurd.
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Consider now the case d = [. The relations (3.2.3)) give rise to the system:

+en—2i +en—2i n—1 +en—21
(‘1 qe—n ) B (qq—en-i-l ) T (_1>6 (q—gt—in-i-?i—l)
(q+en—2z+1) _<q+sn—2z+1) (_1)5n—1< q+en—2i+1 )
q—n—1 q—n e q—n—en+2i—2 T
: » : » : : e
(qfnquiJranrl) - (qfnf(12i+sn+2) e (_1>E (;an>
where vo = (Aiyq, ..., Aog—1). With the same argument as before we get that
det(A) is not divisible by p, hence vy = 0 and this is an absurd.
All considered, we deduce that it is not possible that
)\gq = )\2q+1 == )\c == )\c+n+17373 =0.
This means that at least one among Aag, Aggt1, - - -, Aggtn is different from zero.
Then, we can apply Lemma ([3.2.2)) and deduce that, in case 1,
)‘l—l—q—l-l—n == /\l+2q—3 = 07
while, in case 2,
)\l+q+n == )\l+2q—2 = 0.
In case 1, consider
_)\2q+l—162q+l+n—1 =
— [€n7 €n€%q+lilin]
2q+l—1—n
(2q+1—1—n
= ( Z (—1) ( : >)‘n+j> €2g+l+n—1
=0 J
2q+1—-1—n 2¢q+1—1—n
= |- Agti—1 — A2gi—2 + Aogai ldn-
( (q+l—1—n) q+i—-1 (2q+l—2—n) 2q+1—2 T Aagi 1)€2q+l 1+
Hence,
(3.2.5) —2Xg41-1 — (L =1 = n)Aogpi—2 + 2X9441-1 =0 (mod p).

Since A\jy—1 Z 0 (mod p), the coefficients Agy4;—2 and Ay—1 cannot be simulta-
neously zero modulo p.
Summing all up there are three cases, we are going to deal with.

(1) Case (I+q-1, I+2¢-1).

ANgn—1=""=Ayq—2 = 0

ANrg-1 # 0

Apg—14n =" =Ng2g2 = 0

Aiv2g—1 # 0.

(2) Case (I+q-1, I+2¢-2).

Algn-1=""=ANyq2 = 0

Mitg-1 # 0

Mg—14n =" = Aig2g-3 = 0

)\l+2q72 7é 0.
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(3) Case (I+q, 1+2q).

)\l-l—n == >\l+q—1 = 0
/\l+q 7é
)\l+q+n == )\l+2q72 =

3.2.1. Case (14-g-1, 14+2qg-1). From (3.2.5) we deduce that A\jyq—1 = Aj24-1-
Now we prove by induction on 0 < j <[+ (n —2) — ¢ — 1 that

Alyn—2-j = Njqin—2-j-
Let 7 = 0. Then,
2q—2n+1
0= [el—l—n—Qa €n€q en} =
((Mign—2 = Miggan—2)Aig2g-1 = Apn—2(Migg—1 — Mig2g-1)) €142g-14m
= (>\l+n—2 - >\l+q+n—2)€l+2q—l+na

since A\jyoq—1 # 0 and N1 = Nyog—1.
Suppose now to have proved, for a fixed integer j greater than zero, that
)\lJrn,Q,i = )\l+q+n727i7 for 0 < 1 < j —1<l4+n—-2- q — 1. Then,

0= [6[+n_2_]‘, Gnefq_2n+j+1€n} =
q—2n+j+1 .
g—2n+j5+1
- < > (—1)k< I (Attn—2-j+k = Atgin—2-j+k) | Mt2g-1€142+n-1
k=0

F N2 (Nigg—1 — Nig2g—1)€ir2g4n—1

q—2n+j+1 .

qg—2n+7+1

= ( > (—1)k( I >(>\l+n—2—j+k - /\l+q+n—2—j+k)> Al+20-1€142q+n—1-
k=0

Since Ajyn—2-j1k = Nggin—2—j+k, for k> 1, we get Np_oj = Njgin_2_j-.
Hence, we have proved that
(3-2-6) )\q+1 = )\2q+1: )\q+2 = )\2q+2> ce >\l+(n—2) = >\l+(n—2)+q-

We remind that the length of the first constituent [ is odd if and only if n is
even and that ¢ — (n — 2) <1 < ¢+ 1. Since ¢ is always odd, ¢ — n is odd if
and only if n is even. All considered, it is easily seen that the length of the first
constituent can be expressed as

l=qg+s+¢e,—n, forsomel<s<n.

We note also that [+n—2=q+ecs+s—2 > q+s+%, unless s + e, = 2, in which
case | = q— (n —2). We will deal in a separate section with this case.
In addition to (3.2.6]), we remind that

(327) )\H_(n_l) — c = )\1+qu — 0

Alpg-14n = = Ag2q2=0
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Moreover, with he notation adopted,

/\l+(n—2) = )\q+s+es -2

)\lJrqfl = )\2q+s+65 —n—1

Consider now the following relations:

0 = [€q+17€n€l{+1in]
0 = [6q+2,€n€?+2_n]
(3.2.8)
stes
0 = [eq+s+%’enecll+ =]
0 = [egrn-1,enci ]

They can be expanded as follows:

s+es—3 q + 1 —-n
0 = Z (—1)j( . ))‘q+1+je2(ﬂr2

/=0 J

s+es—4 q+ 2 _n
0= > (—1)]( : )Aq+2+j€2q+4

J=0 J
(3.2.9)
g+ 5 ste
g+ =F5=—n
j=0

q—1
0 = Z(—l)] (q . 1) Agtn—1+j€2¢—2+n
§=0 J

Taking into consideration the fact that A\j;,—1 # 0, up to scaling e, we can
assume that A\j,-; = 1. The relations give rise to a non-homogeneous
linear system, whose matrix of coefficients is square and its dimension is n — 1.
We note that, due to , the binomial coefficients really involved in ([3.2.9))

are of the form
(1) (Q+I;7n>’ forlgk‘gn—landOéjgn_Q
(2) ("*57), forl<k<n—landg+s+e,—2n<j<qg—1.

By Lucas’ theorem, in case (1) we have

() (7)< ()
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As regards the binomial coefficients of the second form, we note that we can rewrite
each j as

j=q—2n+j where2<j<2n—1

and then each binomial

q+k—n _ p+k—n _ 2p+k—n (mod p)
j " \k+n—-37) \pH+k4+n—j p)-

Let us define the vectors

uy = [>\2q+s+€s—n7 ey )\2q]7
Ua = [)\qul; ceey >\q+s+5572]7
v o= [ul|wu2.

We note that v is a vector of length n — 1. We define also a vector w of length
n — 1, such that

9 — ,
wi:( pont ,>, for1 <i<n-1.
p+s+es—n—2—1

We are now in a position to translate the relations (3.2.9)) in the non-homogeneous
linear system

Avl = w7,
where the matrix A is defined as
4 2 — '
(32.10) A= ((-1) pmrtt ) forl<ij<n- 1.
prstes—n—1—-1+7//,

We want to prove that det(A) is nonzero. To do that we consider the matrix

o
B= Pl ) ri<ij<n—1
p+s+es—n—1—i47 i

having det(B) = £ det(A). In order to unravel a little the notation, we set
rT = ptstes—n—1
= p—s—¢cs+ 1.
Then,

n—1
|II@$+y+i+DFP

i=1

H1§i<j§n—1(j — 1) ﬁ (z+y+1i)!
15 (@ —i+n—1) Ty +2i-1)

We analyse the factors involved in the evaluation of det(B).

det(B) =

=

° H1§i<j§n—1(j — 1) is clearly not divisible by p.
o H?:_ll (x — 1+ mn —1)! can be divisible by p. In particular we expand each
(x —i+4+n —1)! We have that

(x—i+n—1=(p+s+e,—i—2)
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which is divisible by p if and only if ¢ < s+ ¢, — 2. We can conclude that

n—1

[Tt —itn 10 = om,

i=1
for some integer m; not divisible by p.
e Asregards [[I] (z +y +i)!, we have that each
(x4+y+i)l=2p—n+i) forsomel <i<n-—1

is divisible by p (but not by higher powers of p). Hence,

n—1

H(x +y+i) =p" " my,
i=1

for some integer ms not divisible by p.
° H?;ll(Zx +y+1i+ 1), can be studied looking at each of the
(2z+y+i+1);-1 = (3p+s+es—2n+i)-(3p+s+es—2n+i+1) ... (3p+s+e,—2n+2i—2).
Being
2p<Bp+s+tes—2n+i)<---<(Bp+s+es—2n+2i—2) < 4p,

we have that each (2x + y + i + 1);_1 is divisible by p if and only if
s+¢es—2n+ 2t —2 >0, or equivalently, t > n+1 — % We conclude
that
n—1
[[er+y+i+1Dii=p
i=1

s+es -1
2 . mS’

for some integer mg not divisible by p.
e Finally we focus on [/} (y 4 2i — 1)!. We have that
(y+2i—1)=(p—s—es+ 20)!

is divisible by p if and only if ¢ > == Hence,

n—1
_stes

H(y+2i—1)!:pn 2 My,

i=1
for some integer my4 not divisible by p.

Summing all up,

— Hléi<j§n—1(j — ) p"tmy p”%—l ‘

_stes

—2
pS+Es . ml pn 5 m4

This infers that det(B) is not divisible by p and the same holds for det(A). Then,
the solution of our non-homogeneous system is

‘ —1
Uj:(—l)J(nj ) for1<j<n-—1

det(B)

ms.
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In fact,

— (n—1 2p —n+i B
—\ j ptste,—n—2—i+j)
2 ,— 1  — 1
_ p T . ! ] =0 (mod p)
p+s+tes—n—2—1 pt+stes—n—2—1

sincei—1<n—-2andn<p—-2n+1<p+s+e,—n—2—1<p.

<

3.2.2. Case (14+qg-1, 14+2g-2). We will prove that

(3211) >\l+n717i = )\l+q+n727i7 for 0 <1< [ — q+ (77/ — 2)

Firstly we consider the following relations, only for ¢ even such that 1 < i <
l—qg+n—1:

—2n+1

0 = [el—i-q—l—(n—?)—i; eneg en]
qg—2n+1
(3.2.12)= (2/\z+q+(n—2)—i + Z(_l)k( L )/\l+q+(n—2>—z‘+k> €1+2—24n
E>1
and
0 = [erym1y—iencl e,
q—2n+1
(3.2.13) = (%H(nl)i - Z(—l)’“( . )AHW)M) €l g-14n
k>1
Consider now
0 = [€l+n—27 eneiq—?nen]

= (2n)\l+(n—1) - )\l+q+n—2) )\l+2q72€l+2q72+n'

Since Ay (n—1) = 0, also \j1g1n—2 = 0.
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Take 1 < i <1 — g+ (n—2) and suppose to have proved (3.2.11)) for indices
smaller than ¢. If 7 is odd,

2q—2n+1
0 = [el+(n71)7(i+1)76n61 6n]

= (2Agme1)—(+1) T (20 — D) A (no)—it

q—2n+1
+ Z ( ) )\l+(n—1)—(i+1)+k> €142¢g—2+n

k>2

qg—2n+1
- <>\l+Q+(n—1)—(i+1) + Z(—l)k< L >)\l+q+(n—1)—(i+1)+k> €l+2¢—2+n

k>1

= (2A ()= (1) T (20 = DA (n—1)—i — Mbgr(n—1)—(i+1)) €14+2q—2+n

—2n+1 q—2n-+1
+ <Z<—1)k ( 1 > + ( b1 >) )\l+(n—1)—(i+1)+k> €142g—24n

k>2

= (2Mm—1)—(+1) + (21 = DN (no1)—i — Metgt(n—1)—(i+1)) El+2g—24n

q—2n+i+1
+ (Z(_l)k< k )/\l+(nl)(i+l)+k> €l4+2¢9—24n
E>2

= ()\H-(n—l)—i - )\l—‘rq—i—(n—l)—(i—i-l))€l+2q72+n-

Hence /\H-(n—l)—i = /\l+q+(n—2)—i'
If 7 is even, we get from ([3.2.12))

q—2n+1
0 = 2MN4gi(mn-2)—i T Z ( ))\l+q+(n2)i+k-

k>1

Since Ay (n—2)—itk = Nt(n—1)—itk, for 1 <k < q—2n + 1,

qg—2n+1
0 = 2N4grtm-2)—i T+ Z < >)\l+(n—1)—i+k‘-

k>1

At the same time,

—2n+1
0 = 2XNqm-1)—i + Z (q ))\l—l-(n—l)—i—i-k-

k>1

Hence, A\j4g1(n-2)—i = Aix(n—1)—i and we are done.

Suppose now that A\jy44n—3) # 0. Up to scaling e,,, there is no loss of generality
in assuming that A\;;q4m-3 = 1. We remind that [ > ¢ — (n — 2), since it will be
useful in the following. Then,

—2n+2
0 = [erigt(n-3)€né] en)

= Ntgt(n-3) " (2N420-1 + (20 — 2)Niyog-2)€r142g-14n-
Since A\t gt (n—3) # 0, it follows that A\jjoq—1 = —(n — 1) \19-2.

Now we prove by induction on

0<j<Il+(n-3)—q
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that

fn—1
(32.14) ]

By hypothesis, the assertion is true for j = 0. Suppose that (3.2.14)) is true for all
the integers j such that 0 < j <k <Il+ (n—3) —q.

If % is odd,
0= [el+fJ+(n—3)—k,ene‘11+’“‘(2”—3)—2€n]
i1 J _;

and, being A\j94—2 # 0, it is easily seen that A4 44 (n—3)—r must assume the value
—(”;1). In fact,

g+k—2n—-3)—2\/n—-1
)\l+q+(n3)k_2( (j ) )(k—j)

Jj=1

BT
) )

n—1

If conversely k is even, consider the relation

q+k—(2n—3)—1 .
[€l+q+(n73)fk7 €n€q en] = 0.

It follows that

(3.2.15)<A,+q+(n_3)_k +3 (q Th=(n=8)- 1) (Z - j)) (—(n — 1)) Arsags

i1 J
= ANigrn-3)-k(@+ k= (2n=3) =1+ (n— 1)) Asoga.

Since Ajyo4-2 # 0, we can cancel A\jj 9,9 from both sides of (3.2.15) and deduce

that A\jyq4(n—3)—kr assume the value (";1). In fact, the left hand side of (3.2.15|),

after the simplification just mentioned, becomes

_(q—i—k—n—l—l)(n_l)E_(k—n+1)(k—n)...(2—n)

k o (n—1).
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The right hand side can be rewritten as follows:

(n_l)(q—i—k—n—l—l)z<n_1)(n_2>”'(n_k)(k—n+1)

k k!
_ (_Dkl(n—1)(2—;)...(k—n)(k_n+1)
(k—n+1)(k—n)...(2—n)

- L) (n - 1)7

being k even.
Hence, we have proved that

DY (_1)l+(n—3)—q< n—1 ) _ (_1)z+(n_3)_q< n—1 )

l+(n—-3)—q¢q qg—1+2
—1 n—1
A — (=)= n _ (1)
o =1) [+ (n—4)—q (=1) g—1+3
(3.2.16) SR
n—1 n—1
)\l+q—1+(n—2) = 0 = n—1 .
Our next step is to determine the coefficients A\j1,_1,..., Agq—1. This will be

done employing partially an argument already seen before. We remind that the
length of the first constituent [ can be expressed as

l=q+s+es—n, forsomel <s<n.

Moreover, with this notation,

>‘l+(n—1) - /\q+s+ss—1;
)\lJrqfl = )\2q+s+557n71-
Consider the relations
q+s+es—1-n
[eq+s+€s—1; €n€q ° }
_ q+stes—n
= [6q+s+es7 €n€1 ) ]

0 = [eq%,l,ene‘{*l].
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We can expand these relations as follows

(q+s+es—1—n
0 = (Z(—l)J( . >)‘q+s+as—1+j> €2g+2s+2e5—2

720 J
(q+st+es—n
0 = (Z(_D]( j ))\q+s+ss+]’) €2¢+25+2¢5
Jj=20
(g — 1
0 = (Z(‘DJ ( j ))‘q—‘rn—l—i-j) €2¢—2+2n-
Jj=20

As a consequence the following non-homogeneous linear system holds.

q—S—¢€s
(qg+s+e;,—1—mn
0= > (T T T s

j=g—n-1 J
(qg+s+es—1—n
T Z (=1) ( : >)‘q+8+es—1+j
qu_8_55+1 ]

—_

q—s—es—1
y (q +s5s+e,—n

B217) 0 = Y (- FAS)

fqg+Ss+es—n
+ Z (_1>j( . ))\q+s+ss+j

P — J

q—n

oz 3 <—1>J’(";1>Aqw+j

Jj=q—2n+s+es—1
(q— 1
+ Z (—1) ( : ))\q+n1+j-
j2g—n+1 J

Such a system is formed by n — (s +&5) + 1 equations involving n + 2 — s — &
indeterminates, namely Ajyq—2, Aiyg—1, ..., A2q—1. We have already determined the
values of Aog, ..., Nijgt(n—3)-

The matrix of the coefficients associated with this system is

A (_1)q7n7k71+j qg+s+es—2—n+k
q—n—l—k:+j k=1,..., n—(s+€s)+1.

j=1,...,n—(s+es)+2

We consider the matrix obtained eliminating the first column, having determi-
nant equal to

(3.2.18) det (T8 T e T onth
o q_n_ 1 _k+] k=1,..., n—(s+es)+1

j=1,...,n—(s+eg)+1
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up to the sign. Such a determinant has been already evaluated (see (3.2.4))) and
is not equivalent to zero modulo p.
One solution of the non-homogeneous system ((3.2.17)) is

1
Aipgooij = (—1)" 1 (nj )7 for0<j<n-1

Now we determine the general solution of the associated homogeneous system,
whose matrix of coefficients is A. Shifting the index j, A can be rewritten as

follows:
A= ((-1)9n M gtste—2-ntk
qg—mn— k +] k=1,...,n—(s+es)+1 '
J

=0,..., n—(s+es)+1

The general solution of the homogeneous system associated with A is
fn—(s+es)+1
Attg-24r = (—1) (

r
where 4 € F can be arbitrarily chosen. The general solution of the non-homogeneous
system can be expressed as follows:

—1 . D41
)\l+q_2+7,:(—1)"1+r(nr )+(_1)r(” (s+e)+ )u, for0 <r<mn-—1

r

),u for0<r<n-—(s+es)+1,

We remind that in the algebra, we are dealing with, A\;;,_2 = 0. This constraint
forces p to assume the value (—1)". In particular,

Mgt = (—1)"n—1—(n—(s+e)+1))

(3.2.19) = (=1)"(s+e,—2),
where 4 < s+e<n+1.
Now we remind that the coefficients A1 1 = Aoy, Adgr2 = Aagi1, -0 Aip(n—2) =

Aitq+(n—1) have been explicitly determined (see (3.2.16)). Moreover A\jjp-1y =
<o = Njq—2 = 0. We note that, being A\j41,..., A\iyq—2 assigned, also the coeffi-

cients A\;, A\i41, . .., Aq are determined, since they can be obtained from the following
relations

0 = |:6q7 6n6q_n}

0 = [eg,enel ']

0 = [el, enell_"} )

In Chapter 4| we will construct an algebra M generated by two elements e;
and e,, whose length of the first constituent is equal to [, with the same values
for Agy1,..., Ngg—2. If nis odd N\, = —("717({17“1)), otherwise \; = (nflf(fflﬂ)).

Now we note that A\;, \jy4—1, \i4 are related. In fact,

- l+q—n
~Ni4qCligin = [€n, €] ]

= (M- (+q- n))‘l-kq—l + )‘l+q)el+q+n
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and

_ q—2n+2
0 = [el+n727enel en]

= (Mg + (0 = DAg—1) Nsn—26€14g4n-
Taking into consideration the fact that \; ., o # 0, we have that

= =N = +q=n)Nyg—1+2N44

0 )\H_q ‘I— (TL — 1))\l+q_1.

Hence, if n is odd, A44—1 = 1, otherwise A\jy,—1 = —1. In any case we are in

contradiction with (3.2.19)).

We remind that we got such a contradiction assuming that A\, n-3) # 0.
Suppose now that Ay (n—3) = 0. This implies that A\;;(,—2) = 0. We know that
at least one among Agi1,..., Agt(n—1) must be nonzero. Let [ + (n — k) be the
greatest integer r € {¢+1,...,¢+(n—1)} such that A\, # 0. Since \j;,—1 # 0it is
a routine check to verify that £ must be even. Moreover, being 1 < k <[l—q+n—1,

we have that [ene‘f—%%en] =0.

Consider

_ q—2n+k
0 = [€l+(nfk)7€ne1 6n]

= Ni(n-k) (2M4q T (20 = ) Nig-1) €14 g4
We deduce that

Mg = —(n —k/2)N\iyq—1, for some even integer k > 2.

Since A\jy(n—r) 7 0, up to scaling e, there is no loss of generality in supposing
that A\jy(n—r) = 1. We are going to prove that

n—=k/2

), for0<i<li+(n—k)—q—1
i

(3.2.20) Nt (n—k)—i = (—1)%’(

Of course the assertion is true if ¢ = 0. Suppose then to have proved |3.2.20] for all
the indices ¢ such that 0 <i < j <+ (n—k)—q— 1.
If 7 is odd,
0 = [€z+(n—k)—j,€n€§7(2n7k)ﬂ71€n]

implies that

g—2n+j5+k—-1\[(n—£k/2
0 = 2)\l+(n—k)—j_Z( , >< j—7{ ;

r>1
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hence the value of A\;1(,_x)—; is uniquely determined, namely Ay (,—x)—; = — ("‘j’."’/ 2).
In fact,
g—2n+j+k—1\(n—k/2
0 = Na(nr)—j — .
L R P
= r j—r
~ (a—n+j+k2-1\ _ [(q-n+j+k/2-1
B j N g—n+k/2—1

)

Consider now

0 = legr1,eqr1] = [eq+lv€n€({+lin]
B Z(q—l—l—n)( n—k/2 )
P 1 l+(n—Fk)—qg—1—1
1—k/2 —k—2+1
_ (a+ [2\_ (P 1Y 2o
[ —k pH+e,—2i—k
n+en,—2

being | = ¢ 4 &, — 21, for some 0 < i < . Hence we are in contradiction.
We can conclude that it is not possible that A\;1,—1 # 0 and A\jy94—2 # 0.

3.2.3. Case (l+q, 14+2q). We begin proving that also A\j;2,-1 = 0. To do
that, consider

- [4+2g—1—n
_Al+2q—lel+2q—1+n - [ena €ntq ]

1+2g—1—n l+ 2q _1_np
= Z . )\n+i€l+2q—1+n

- )
=0
= >\l+2q—lel+2q—1+n~

We deduce that A\jy9—1 = 0.

At the same time, A\j;o, # 0. Suppose on the contrary that Ao, = 0. Since
at least one among Agi1,..., Ag4(n—1) is non-zero, we have that, for some & €
{1,...,n—1} and A\ y; € F different from zero,

q+k—n q+k|
€n€] €n — Ag+kCn€] =0.
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We have that

0 = [elﬂ,k, enefk*nen = )\q+;€ene‘1}+k}
= [etrq—k; [ene(lﬁk_n]v en] = [[etrq—k; €nl; [ene({+k_n]] — €1+t )‘q-irkene(frk]
(q+k—n
= (Z(—1)1< ; ))\l+q—k+i) Ar2g€ir2g4n — (—1)F Mg Agrkeisagin
>0

= (— 1)k)\l+q>\q+k€l+2q—m

being Ay, = 0. Hence Ay, = 0 and we are in contradiction.
We know that at least one among Agi1, Ag42, - . ., Ag+n must be non-zero. We
want to discard the possibility that

0 = Ag2=-=Nig1,
0 # Ao

If this is the case, consider

(3.2.21) 0= [egr1,ened ™.

Since the length of the first constituent is greater than ¢ — (n —2), we deduce that
[ > q—n+4. Expanding (3.2.21]) we obtain that

0= (Z(_l)i (q - TZL - 1) )‘q+1+i> €2¢+2-

i>0
We note that
g+14+1<2¢—n+2<2¢q—n+4<Il+q,
hence all A\j114; = 0, for ¢ greater than 0. But we get an absurd, because A\, # 0.
Therefore for some 1 < k <1+ n — (¢+ 2) we have that
0 = Npn=+""=Npnks1
0 = Aigin=""" = Njgtn—k+1

and one of the following holds:
(1) Mpn—t = 0, Ajgrn—i # 0;

(2) Mgn—k 7# 0, Miygn—i # 0;

(3) Atn—k # 0, Nijgn—k = 0.

In any case we note that £ must be odd. Suppose, on the contrary, that k is
even.
Consider, in case (1)

o q—2n+k
0 [el+q+n—k7 €n€1 en)

= 2 Niggen—k * Al42qCl42g+n-

We deduce that A\jjqyn—r Or A\i1oq = 0 and we are in contradiction.
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Similarly, consider in cases (2), (3)
0 = [6l+n—k7 eneg_zn_‘—ken]

2 Ngn—k * Ni4+qClaqen-

We deduce that A\, or A1 = 0 and we are still in contradiction.

Now we analyse separately the three cases. We begin showing that case (1) is
impossible.

To do that, consider

2q—2n+k
0 = [6l+(n—k)7€n€1 en]

= ((Nn—k = MNagr—i)Nt2g — Mt (nmk) (Mbg — Ait2q)) €r42g4n-
Being Aj4,—x = 0, we deduce that A4y (n—r)Ais2q = 0 and we get a contradiction.

Before dealing with cases (2) and (3) we prove two technical results.

LEMMA 3.2.3. Suppose that there exists an odd integer k such that 1 < k <
l4+n—(q+2) and that
)\l+n == )\l+n—k+1 =0
)\H-q—i-n == )\H—q-l—n—k—i-l = 0.
Finally, suppose that Niyn—k, Nit+gin—k 7 0.
Then, Agy2 = Aagg2, -+ At (n—1) = Alq(n—1)-
LEMMA 3.2.4. Suppose that there exists an odd integer k such that 1 < k <
l+n—(¢+2) and that
Ntn == Ngn—k+1 =0
)\l+q+n == )\l+q+n—k+1 = 0.
Finally, suppose that Njyn— # 0, while Ny qipn—r = 0.
Then, Agi1 = Aag2 =+ = Aigt(n—1) = 0.

PrOOF. (Lemma (3.2.3))) From

4+2g+1—n
0= €14+2¢+14n , €p€q
2

we deduce that

[+1—n l+1—n
(3222) 0= T)\l+q - )\l+q+1 - T)\lJrQq + )‘l+2q+1-
Moreover, from
(3.2.23) 0 = [errmony,enel e,
(3.2.24) 0 = [errgrmo1yenel e,

we deduce that

(3.2.25) 0 = Mgt + (n—(k+1)/2)Aisq,
(3226) 0 = )\l+2q_1 + (n — (k‘ + 1)/2))\l+2q-
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Combining (3.2.22)) - (3.2.26]) we have that
(3227) )\H_q = )‘l+2q and >\l+q+1 = /\l+2q+1'

The next step is to prove that
(3.2.28) Nt(n—k)—j = Ntgi(ni)—j> for 0<j <I4(n—k)—(q+2).
Before proceeding we note that
[e,ed 2" e =0, for 0<r <l+(n—1)—(¢g+2),
because ¢ —n+r+2 <1 —1.
We begin proving that A\ —r) = ANiygrn—k). Since

2q—2n+k
0 = [6[+(n,k),€n€1 en]

= (M) = M=) ) Ai2g — Mi(n—i) (Mg — Air2q)) €r2g4m

and A1y = Aiy2q we deduce that Ay —r) = Nggr(n—i)-

Suppose now to have proved for all the indices j < r, where r is a
positive integer not greater than [ + (n — 1) — (¢ + 2). We distinguish two cases,
namely r odd or r even.

If r is odd,
0 = [€l+(n71)fra 6n6?_2n+r+1en]
i(q—2n+r+1
= (2)\l+(n—1)—r + Z(_l) ( i )/\H—(n—l)—r—i-i) )\l+q€l+q+n
i>1
and
0 = [el+q+(n—1)—r) enez{—Qn-ﬁ—r—Flen]
fq—2n+r+1
= <2>\z+q+(n—1)—r + Z(—l) ( . >)‘l+q+(n—1)—r+i> Ni42¢€l4qn-
i>1

Hence, )‘H-(n—l)—r = >\l+q+(n—1)—r-
If r is even, from

q—2n+r+2
[€l+(n—1)—7'7 €n€q en]u
_ q—2n+r+2
- [el+q+(n71)fh €n€q en]

we get that
0 = CNagr1+2n—2=1) N Nrn-1)—r

i(q—2n+r+2
+ (Z(_l) ( i ))‘H—(n—l)—r-ﬁ-i) )\l+q+1a

1>1

0 = (2Naagr1 + (20 =2 = 71)Ap2g) Nggr(n-1)—r

i(q9—2n+r+2
+ (Z(—l) ( ; >)\l+q+(n—1)—r+i> Al42g+1-

i>1
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Taking into consideration (3.2.25)) - (3.2.28)), the fact that £ Z 0 (mod p) and the
inductive hypothesis, we deduce that also in this case Ay (n—k)—r = Nitgt(n—k)—r-

PrOOF. (Lemma ({3.2.4)) Since

2q—2n+k
0 = [6l+n—k76n€1q en]

(N — Nrgen—k) N2 — Nign—k (Mg — Niv2g)) €142+

)\H—n—k (2)\l+2q - )\H-Q)el-i-q-i-n

necessarily Ay, = 2494

In order to prove the thesis, we must prove that

Mgty =0 0<j<ld+n—(g+k+2).

We proceed by induction. The base case is trivially true. Suppose to have proved
the assertion for all the indices j smaller than r, where r is a positive integer not
greater than [ +n — (¢ + k + 2). As usual we distinguish the case r odd from r
even.

To start with, suppose that r is odd. Then,

- q—2n+k+r
0 [el+q+nfk7r7 €n€q en]

= 2)\l+q+n—k’—r /\l+2q €14-2¢+n-

In the case r is even, we begin considering that

0 = [€l+n—k—ra ene?_2n+k+T€n]
(a—2n+k+r
= (Z(_l) ( i ))\l+nkr+i> >\l+q€l+2q+n'
i>1

implies that

(q—2n+k+r
(3:2:20) 0= X (T v

1

i>1
Then,
2q—2n+k+r
0 = [el+n—k—r7 €n€q en}
(q—2n+k+r
= <)\l+nkr + E (_1)Z< i )\l+nfkfr+i )\l+2qel+2q+n
i>1
_)\l+n+q—k—r>\l+2q€l+2q+n
_)\l+n—k—r(/\l+q - )‘l+2q)€l+2q—|—n
= (Mgn—k—r = MNfntg—k—r — Ntn—k—r ) Ni+-2qC1+2q+n-
Being A9 # 0 we deduce that A\jj,14—x—r = 0 and we are done. O

Now we proceed proving cases (2) and (3).
Case (2). In this case the hypotheses of Lemma (3.2.3) are satisfied. We
remind that the length [ of the first constituent is of the form

l=q+s+¢es—n, forsomel <s<n,
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where 3 < s < n.
Suppose firstly that & = 1. Then Ao = Aogq2, -, Mr(n—1) = Mg (n—1)-
We will use an argument employed previously to prove that, if A\;y, = p, then

(3.2.30) Awﬁdz(—1y(";1)u, for 0 <i<mn— 1.
Then we consider the following n — 2 relations:
0 = [egra enef™ ]
(3.2.31)
0 = [egpese, enegpgs o
0 = [egin-1,ene] ]

We remind also that A\j,11 = —(n — 1) A4y
Let us define the vectors

Uy = [)\2q+s+ss—n+27 ey )‘2q+1]7
Uz = [)‘q+27 SRR >‘q+s+6571]7
vo=[ur | ug]

and the vectors w; such defined:

2p—n+ 141 2p—n+1+41
w; = . >‘l+q_ . )\l+q+17
ptst+es—n—1—1 pF+st+es—n—1

forl1 <i<n-2.
Relations (3.2.31)) give rise to the non-homogeneous linear system

AvT =T,
where

14
(32.32) A= ((-1y PmnHIFr N e l<ij<n-2.
ptstes—n—i1+73//,

We note that such a matrix is obtained from eliminating the first row
and the first column. In the same way we proved that the determinant of the
matrix (3.2.10]) is different from zero, it can be seen that also in this case det(A)
is non-zero.

We conclude that the solution of the non-homogeneous system is unique and
is .

v; = (_1)J+1(j+1)u for1 <j<n-—2.
Hence,
n—1
i

Altgti = (—1)i(

and Agra = Aagy2, -5 A (n—1) = Aitgt(n—1)-

)p for0<1<n-1
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Then we can easily obtain the values of Aj41,...,A; by means of
1—
0 = [€q+1, ene({—’— n],
0 = [enene ™.

Now we consider the case k > 3. Suppose that [ +n —k < ¢+ 25=.
We can now consider the following relations

0 = [€q+276n6?+2—n]7
0 = [€l+(nfk)aen€ll+(nik)in]'

Such relations give rise to a homogeneous linear system formed by [+(n—k)—qg—1

equations. Since Ajp(n—g)+1 = -+ = Aiyq—1 = 0, such equations involve only the
[+(n—k)—q—1 parameters Ag4o, . .., A\iy(n—k). Moreover, the equations are linearly
independent, being the system triangular. Hence, A\j12 = -+ = N4,—x = 0 and

we are in contradiction.
Suppose now that [ + (n — k) > q + % and consider the relations

0 = [€q+2, €n€({+27n]
(3.2.33)
stes
0 = [qurs,+%,eneli+ 27
0 = [€q+(n—k)+2; enetf—i-(n—k)—i-Q—n]‘
Define the vectors
Uy = P‘2q+s+€s—n7 s >\2q+1]
U = [)\q+2a cee )\l+(nfk)]
vo= [ug | ug]
Relations ((3.2.33)) give rise to the homogeneous linear system
AvT =0,
where
(3.2.34)

| % —n+14i
A= ((-1y Pttt V) e l<ij<n—k+l
p+s+es—m—2—i+4 i

Such a determinant is easily seen to be different from zero, hence v = 0. But this
is absurd, since A\j4(,—x) # 0.

Case (3) Since the hypotheses of Lemma (3.2.4) are satisfied, we have that
Aog+1 = Aog42 = =+ = Nygr(n—1) = 0. We remind that, with the notation previ-
ously adopted, [ + (n — k) =g+ s+¢e5s— k where 3 < s+, <n+ 1.
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Firstly we deal with the case s + ¢, = n + 1 or n, which means [ = ¢+ 1 or
[ = q. We have that

. q—2n+k+1
0 = [6[+(n,k),€n61 en]

= Nitn—k) (Mgt + (0= (K + 1)/2)Niig) €14g114n-

If | = g+ 1 it follows that A\jy(,—x = 0 and we are in contradiction. If [ = ¢, we
get
Al-(n—k) Atq = 0
and we are in contradiction, because neither A\jy,—r) = 0 nor A\jy, = 0.
We deal now with the case 4 < s+ e, <n — 1. Consider the relations

_ q+st+es—n
0 = legrstes Enel ]

(3.2.35)

0 = [6q+n—17 enegil]a
the vector

v o= [)\2q+5+£s_n’ ey )\Qq]
and the associated homogeneous linear system

AT =0,
where the matrix A is such defined:
(2 s—n—1+1 1<i<n-—s—e¢,,
(3.2.36) A= ((=1) D+ s+e .n ' + _.z_n s—¢€
p—n—i+7j 1<j<n—s—es+1
The rank of A is n — s — ;. If we denote A4, = p, for some non-zero p € F,
v = (—1)k(n_z_€s)p fork=0,...,n—s—¢,.

In particular,

S
At the same time, being
0= [el—i-(n—k)u 6n63_2n+k+16n]

we have that A\jpg41 = —(n— (k+1)/2)A\4,, where 1 < k < s+, —2 and we are
in contradiction.
For the time being we have proved the following intermediate result.

LEMMA 3.2.5. Let L be a graded Lie algebra of mazimal class generated by two
elements of weight 1 and n over a field ¥ of characteristic p > 4n. Suppose that

the length of the first constituent is
n—4
l=p'4e,—2 for0<i<l =%

and some positive integer h. Then, up to a rescaling of e,, there are two possibil-
ities for L.
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e Case 1:

0 = >\l+(n—1) = ... = )\l+q—27
= )\l+q71+n == )\l+2q72

and

n—1
)\Hqu:(—l)’(n . ), for0<i<n-—1.
)

e Case 2:
0 = ANjn=+-= )\H»qfl;
0 = ANggrn="""= Nyag1,
and
Alqri = (—1)i<n Z_ 1)7 Jor0<i<n-—1
Moreover, in both cases, Agy1 = Aagt1, - - -, Agtn = A2gin-

COROLLARY 3.2.6. Suppose that n is odd and that | = ¢+ 1, where ¢ = p",
for some prime p and positive integer h. Let L be a graded Lie algebra of mazimal
class with first constituent length l. Then, \gy, = 0 and L belongs to case 1.

PROOF. Since [e,e1e,] = 0, we have that [e,, [enere,]] = 0. This implies that
Ag+14n = 0. Now, consider

q+1
—Ag+1+n€q+2n+1 [en, enel ]
= (=Agtn + Agint1)eqrant1-

Hence, A\j4, = 0 and we are done. U
Using Lemma we prove the following.

LEMMA 3.2.7. In the same hypotheses of Lemma the following holds,
respectively for case 1 or 2.

e Case 1. For any positive integer h,
0= Njng—14n = " = Nf(ht1)g—2

and
n—1

)\l-‘rhq—l—i-i = (_1)i (

e Case 2. For any positive integer h,

. ), for0<i<n-—1.
)

0= ANishgin =" = Mg (ht1)g-1

and

, -1
)\l+hq+i:(—1)z(n, ), for0<i1<n-—1.

7
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ProoF. We prove this Lemma by induction on h. Of course the assertions are
true for h = 0 by Lemma [3.2.5] Suppose then that thesis is true for all integers
h smaller than a positive integer k. We set s = + (k — 1)g — 2 in case 1, while
s =1+ (k—1)g—11n case 2. In both cases, we have that A\j11,..., Agr(—g+(n-2))
are non-zero. In case 2 also A\jy(,—1) is non-zero. Such a fact means that

0 = [eneleen] _ )‘l+(n72) [6n6l1+n72]
and, in case 2, also 0= [eney " €n] — Ars(n)[enet™ .
We prove that
(3.2.37) Asti = Asiqri, for1<i<l—gq+(n—2)

and, in case 2, also Agp1—g(n—1) = Astit(n—1)-
We have that, taken i such that 1 <i <l —¢g+ (n—1),
q+i—n

0 = [es, [ene] ™ "en]]-
In fact,
e, [ened ™ "en]] = e, enel™ " en] = [eg, ey enel ]
n—1 .
g+i1—n\[(n—1
= - )\s iCs itn — 0
(Z( jri )( j )) paiCoraris
7=0
qg+i—1
= = n )‘s+q+i€s+q+i+n
o fi—1
=\, AstgtiCsiqritn (mod p)
= 0 (mod p),
being ¢ < n.
We proceed proving (3.2.37)). Consider firstly : = 1. We have that
0 = les, [ene?_l_nen] - >‘q+1[6n6({+1“

- _>‘q+1(_)\s+1 + )\s+q+1)6s+q+1+n-

Being A\j+1 # 0 we deduce that A\s1q = Agjgi1.
Suppose now to have proved (3.2.37)) for all integers 7 such that 1 <i < j <
l—q+ (n—2)incase 1 or such that 1 <i < j<l—q+ (n—1) in case 2. Then,

0 = [es, [ene(fﬂinen] — Ag+j [en‘f?ﬂ']]
j
= —Ag4j <Z<_1)Z()\s+i - )‘S+q+i)> Cs+q+j+n
i=1

and, being A,y; # 0, we have that As1; = A\giqyy.
We remind that in both cases A4, ..., Agg—1 are non-zero and, in case 1, also

Ai4q-1 7 0.



3.2. FIRST CONSTITUENT LENGTH (¢ —n+4,q+1) 63

In case 1 consider the relations

_ I+q—n—1 I+q—1
0 = [€l+(k—2)q+(n—l)> €n€q €n — /\l+q—16n€1 ]a
- 2q—1—n 2q—1
0 = [err(k-2)g+(n-1), €n€] en — Agg-1€n€y’ |

We have that [e;1(t—2)q+n—1); ene(fﬂen] =0,forl—-m—1<i<g—n-—1.1In
fact,

q+i
[el+(k—2)q+(n—1)7 €ntq en] =

-‘ri] 11+i]

= [el+(k72)q+(n71)a [enel{ ,Gn] - [el+(k72)q+(n71)7 €n, En€q

¥ ) Z
= <Z(—1)" <]) (Nt (h=2) g+ (n—1)4j — >\z+(k—1)q+(n—1)+j)> ALt (k= 1)q+(2n—1)+i €14 (k—1)g+3n—1+i

=0

and we note that all the A coefficients involved in the sum are zero by inductive
hypotheses. Hence,

)

(3.2.38) 0= [€l+(k—2)q+(n—1)a €n€(f+i]

for | — 1 <1 < q— 1. Expanding each of these relations we get:

L X 1)[ o) B o e ( R

Jj=q—n Jj=q—n
+n—1 : (i
() (S (e
i PILE () Er—
= 0—- ( Z (=1) <j) /\l+(k—1)q+n—1+j> (mod p).
Jj=q—n

Our goal is to determine the values of A\jyrq—14;, for 0 < 7 < n —1, or, with
the notation adopted,

As+q+]‘, for 1 Sj S n.

Indeed we have already determined the values of Agi 44, for 1 < j <l—qg+(n—2).
If | =g+ 1 all \j4yy; are determined, except Asi44r,, Which, for the moment, we
leave undetermined.

Suppose then that [ < ¢ + 1. We remind that [ is of the form ¢ + ¢, — 2f,
where 0 < f < ”’4%. For the sake of clarity let us denote t =1 — ¢+ (n — 3).
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Relations ([3.2.38) can be expanded as follows:

t n—1
pt+e,—2f—1\[(n—-1 'p+en—2f—1>
0 - . . _'_ _1] . )\S i 9
S AN e e (A T

j=0 J=t+1

' : :t n—1
p—1 n—1 S p—1 )
0 = . . + —1)/ A -
z(p_w)( ]) N >(p_n+]

=0 j=t+1
If we denote v = [Asigt2+¢, - - - Astq+n)» Such relations give rise to the non-homogeneous
linear system
At = —w?,
where
t t
o= (S0 ()00
j=0 Jj=0
and

AI(Gﬂyc%H%_Qf_l+?)
p_n+j ij7

for 0 <i<2f—¢,and j=t+1,...,n— 1. Being A in row echelon form, its
rank is 2f — ¢, + 1, while the length of v is m =2f — ¢, + 2.
One solution of the non-homogeneous system is

)]

The null space of the matrix A has dimension 1 and is spanned by

e e )]

In fact, the generic row of A, for 0 < i <2f — ¢, is

pt+e,—2f—1+1
pt+e,—2f—2+7

S \pten—2f =2+ J
P+
= =0 d p).
Q+1> (mod p)
Therefore the general solution of the non-homogeneous linear system can be
expressed as

, n—1 n—t—2 .
Aiykg—1+5 = (=1) <( j )—i—u(j_t_l)), for 0 <j<n-1,

for some p1 € F. Herein we note that, if u # —1, then A\jyzq—14(n—1) # 0, otherwise
/\l+kq71+(n71) = 0, while )‘l+kq71+(n72) # 0.

), for0<j<n—t—2

and
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In case 2 one can consider the relations

_ l+g—n l+q
0 = [el+(k—2)q+nv €n€q n — Altgny ',
2q—1—n 2q—1
0 = [el+(k—2)q+n7 €n€q €n — )\2q—len61 ]

Similarly to the case 1, we have that [e;} (k—2)g+n, eneifﬂ'en] =0,forl—-m<i<

qg—n—1
Hence,
(3239) 0= [el+(k72)q+na ene({+i]7

for | <1 < q— 1. Expanding (3.2.39) for any ¢ we get:

0 = (i: (1) C))\H(kl)qmﬂ) (mod p).

Jj=q—n
Even in this case we want to determine the values of A\j 4445, for 0 < j <mn—1,
or, with the notation adopted,
Astqrj, for1 <j<mn.

Indeed we have already determined the values of Ag; 44, for 1 < j <l—g+(n—1).
Ifl =q+1 all \q44; are determined.

Suppose then that [ < ¢ + 1. We remind that [ is of the form ¢ + ¢, — 2f,
where 0 < f < n=4ten, Denote t =1 —q+ (n — 2).

Relations can be expanded as follows:

t n—1
pte.n—2f\(n—1 : p+6n—2f)
O = . + _1] . )\S ) 9
Z(p—nﬂ)( j ) 2 )(p—nﬂ ot

j=0 j=t+1

. . :t -
p—1 n—1 o p—1
— —1)/ A, )
! Z(p—n+j)< j >+Z( )<p—n+j> Hab

=0 j=t+1
If we denote v = [Agtgt2+¢, - - - Astqt+n), Such relations give rise to the non-homogeneous
linear system

AT = —w T,
where
(00 5650)00)
=0 p—n+] J =0 p—n+] J

and

. o of 4
4= ((_W (]H;—Hfj+ ))

for 0<i<2f—¢e,—1land j=t+1,...,n— 1. The matrix A is in row echelon
form and has rank 2f — ¢,, while the length of vis m =2f —¢, + 1.
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One solution of the non-homogeneous system is

(e (22 2) (7Y

As in case 1 the null space of the matrix A has dimension 1 and is spanned by

= (" e (D),

Hence, the general solution of the non-homogeneous linear system can be ex-
pressed as

. n—1 n—t—2 .

where ¢ € F. In particular, if u # —1, then Ay 4g4 (n—1) 7 0, otherwise A\ g1 (n—1) =
0, while )\l+kq+(n_2) 7£ 0.

We have that in both cases at least one among Ajirgt(n—3),- - -, ANighgr(n—1) 18
non-zero. Since
l+kqg+(n—1)>14+kqg+(n—=3)>(k+1)g+e,—2f+(n—=3)> (k+1)g+1,

hypotheses of Lemma [3.2.2] are satisfied and we get that, in case 1

Alkgr(n—1) = *** = Aig(kt1)g—3 = 0,
while in case 2
Altkgtn =+ = Nt (kt1)g—2 = 0.
We want to prove that, in case 1, also A\j41)q—2 = 0. Suppose, on the

contrary, that A\ (x41)q—2 # 0. Since

_ q—2n
0 = [€l+kq+(n—2)uen61 en]

= 2)\l+kq+(n—2))\l+(k+1)q—2€l+(k+1)q—2+n7

then A kg4 (n—2) = 0. That implies, with the notation adopted above,
Mikgrmn-3) = (=1)"2(t +1).

Consider now the relation [e,e]? *"'e,] = 0. Then,

2q—2n+1
0 = [el—i— k—1)g+(n—3 76n61q en]
q

= ()\l+(k—1)q+(n—3) + (2n - 1)>\l+(k—1)q+(n—2) - >\l+kq+(n—3)))\l+(k+1)q—2€l+(k+1)q—2+n
F AL (k= 1) g+ (n—3) At (k- 1)g—2€1+ (+1)g—2+n
= 2Ntt-1g+m-3) + (20 = D)Xy (h—1)g+(n—2) — Ntk (n—3)) Nt (ot 1)g—2€14 (bt 1)g—2-4n

Since 2)\l+(k71)q+(n73) + (271 — 2))\l+(kfl)q+(n72) =0, we get that

(3.2.40) Al (k=1)q+(n—2) = A+kq+(n—3);

namely (—1)""! = (=1)""2(t+1). Sincet =l—q+(n—3) > (n—3)—(n—4) =1,
we get a contradiction.
Hence, Agy(kt1)g—2 = 0.
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In case 2, also Ajy(z+1)g—1 = 0. Suppose, on the contrary, that Ay (x41)q—1 7 0.
Since

o q—2n
0 = [el+kq+(n71)a €n€q en]
= 2Nkt (n= 1) Al (k1) g—1 €1+ (k+1)g—14n>

then A\jirg4(m—1) = 0. That implies, with the notation adopted above,
Netkgrn—2) = (=1)"2(t +1).

Consider now the relation [e e’ *"'e,] = 0. Then,

2q—2n+1
0 = [€l+(k71)q+(n72)7€n61 en]

= (2N h-1D)g+m-2) T (20 = D Ngth—1)g+(n—1) — Mithgt (n—2)) Nt (k+1)g—1 €1+ (k+1)g—1+n

Since 2Nl (k—1)g+(n—2) T (2n — 2))\l+(k71)q+(n71) =0, we get that
(3.2.41) ANt (k=1)g+(n—1) = Ntkq+(n—2),

namely (—1)""! = (=1)""%(¢t + 1) and, as before, we get a contradiction.
Hence, Ajy(k41)q—1 = 0. O

All the results proved in this section can be summarized by the following.

LEMMA 3.2.8. Let g(n,l) denote the number of graded Lie algebras of mazximal
class generated by two elements of weights 1 and n over a field F of positive
characteristic p > 4n and with the length of the first constituent . Let ¢ = p", for
some positive integer h. Then,

1, ifl=q+1
<
g(n,l)_{ 2, ifn>3andl=q orl:q+5n—2iforsom61§i§”_4%

3.3. First constituent length ¢ — (n — 2)

In this section we deal with one special case, namely the case of a graded Lie
algebra of maximal class, whose length of the first constituent is ¢ — (n — 2). It
will be proved that, with the usual hypothesis that p > 4n, there exists and is
unique a graded Lie algebra of maximal class with such first constituent length.

According to Lemma (3.2.2)), we have that

Ao =+ = Agg_n = 0.

Since at least one among A y1,. .., \g+, Mmust be non-zero, in this particular
case A1 # 0. This implies that Aoy, 41 = 0, because

0 = [eq+l> eneg_%en]

2>\q+1 /\2q—n+1 €2¢+1

and A\;41 # 0.
Moreover,

_ q+l-n

0= [€q+17 €nf1 ]

implies that A,11 = (=1)"" " Aggyon.
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Up to scaling e,,, we can suppose that [e,_n12, €,] = 2€442, namely A\;_,, 4o = 2.
That implies that A\g;_p12 = 1. In fact,

[ 2q72n+2]

_/\2q7n+262q+2 €n, €n€y

(_/\q—n+2 + >‘2q—n+2 ) €2¢4-2-

We prove the following.
LEMMA 3.3.1. Let k > 2. Suppose that

A(kfl)q+2 == )\kq—n-i-l = 0.
Then,
. —1 . -2
330 Mgonsaes = (" T Nt (10T ), for0<i<n-n

and puy, o arbitrarily chosen in F.
Moreover,

(1) (n - 2))‘kq—n+2 + /\k:q—n-i-?) + (—1)”71)\,6(14_1 = 0;

(2) (=1)" " Agons2 + Arg + (0 = 2)Agg1 = 0.

Proor. Consider the following n — 2 relations

0 = [e—1)g+2, ene(ffznﬂen — 26,16‘1’7”“]
(3.3.2)
0 = [ekh-1)gtn—1, ene({d"”en — 2ene§*"+2].
Since /\(k—l)q+2 == )‘kq—n—i-l = 0,
0 = [e(k—l)q+27 €n€§_2n+26n]
0 = [e(kfl)qun,l, enelf_2n+2en].
Define the vector
(333) v = [>\kq—n+27 ey >\kq+1]-
Relations (3.3.2)) yield the homogeneous linear system
Avl =0,
where
. 92—
(3.3.4) A= ((—1)J< pta—mn )) i=1,..n—2j=1,....n
p—m—1+)

In order to prove that A has rank n — 2, we compute the minor

. 92—
det<(—1)ﬂ< P+ Z)) ii=1,....n—2,
p—mn—i+]
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which, up to the sign, is equal to the determinant of the matrix

92—
(3.3.5) B:(( P 1)) ij=1,...,n—2
p—n—i+]

We can rely upon Lemma ((1.3.5)) and evaluate det(B). Using the notation of the
Lemma, we set a = p —n and b = 2. Then,

n—2p—n 2

k_
(3.3.6) det(B HHHzijik_;
i=1 j=1 k=1

Checking that such a determinant is non-zero is an easy matter, since
1<i+j+k—-2<i+j+k—-1<(n—-2)+(p—n)+2—-1=p—1.

Then we have proved that the null space of A has dimension 2. The general
solution can be expressed as

v; = puj + pow;j, for 0 <j<n—1and p,pus €F,

where
n—1
uj—(—l)](n , ) for0<j<n-1,
J
while
(n—2
w; = (—1)](7? 1)for 0<j<n-—1
j J—
From (3.3.1)) the last two equalities follow immediately. O
We have already proved that A\j1o = -+ = Agg_pnt1 = 0. That means that,

setting k = 2, hypotheses of Lemma are satisfied. Since Ayq_p42 = 1, also
11 = 1, with the notation of Lemma. Hence,

. —1 . -2
Aog—nt2+j = (—1) (n i ) + (—=1)7 (7;_ 1),u, for0<j<n-—1

and p € F.
Now we proceed proving the following.

LEMMA 3.3.2. Let k be an even integer greater than zero. Suppose that, for
2<h<k,
(n—1 _
Ahg—nt2+j = (—1)J< j >, for0<ji<n-—1

and that Agg—ni2 = 1. Suppose also that, for 1 < h <k,

>\hq+2 == )‘(h+1)qfn+1 = 0.
Then,
(3.3.7)
(n—1 (n—2
Mhgoniotj = (—1)3(n ‘ ) + (—1)3(7? 1),u, for0<j<n-—1andu€F.
J J—
Moreover

Abgt2 = = Ak+1)g—n+1 = 0.
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PROOF. Since hypotheses of Lemma are satisfied, we have that (3.3.7)
holds.

If AMgg+1 = 0 then = —1 and A\, = (—1)". Hence, whatever the value of Agy11
is, hypotheses of Lemma [3.2.2] are satisfied. It follows that

)\kq+2 == )‘(kJrl)qfn = 0.
In order to prove that also A(y41)q—n+1 = 0, consider

k+1)g—2n+1
[ (k+1)q ]

Akt 1)g—nt1€(kt1)g+l = [Ens €]

(k+1)g—2n+1
Ak+1)g—2n+1
= Z (—1) ( ; Anti | €(ka1)gr1
i=0
= A(k—i—l)q—n—&—le(k—&-l)q—i—l'
U

We prove now the following.

LEMMA 3.3.3. Let f be a positive integer and k = 2f. Suppose that the hy-
potheses of Lemma [3.3.9 are satisfied. Then,

Manis = —(n—1)—p
Mg = (=1)"((n = 1)+ (n—2)p)
M1 = (=1)" (1 +p)

for some p € F such that p# 1. Then, p =0 or, if f Z0 (mod p), pu = 22—}3
Moreover,

1
Ak+1)g—n+2 = T
n
Ak+1)g—n+3 = 1_1—,u'

PROOF. Since hypotheses of Lemma are satisfied we obtain Agg_ni3 =
—(n—1)—p, g = (=1)"((n—=1)+ (n—2)u), Aegr1 = (—=1)""1(1 + p). Moreover,

Mgtz = - = Agor1ygni1 = 0.

Consider the following;:

oy,

(3.3.8) [em%g,ene{‘” > " =,
Expanding (3.3.8) we get:

f

i S e

(3.39) 0= 20 (D legpungeripenet® el

i=0
Moreover,

q+3

[efq+%3+iq’ €n€1” I=

a3, 1
= (1)~ ! <<§ —(n— 1)> A(f+1+i)g—n+2 — )\(f+i+1)q—n+3> €(f+it1)g+3-
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We remind that A(jpi44)q-ny2 = 1, for 0 < @ < f, and that A\jii4ig—nt3 =
—(n—1), for 0 <i < f—1. Hence, (3.3.8) can be rewritten as:

— f o fa—ig - GE-n fa—iq
— 2 - 2 -
0= § <Z~)[€fq+qJ53+iq7enel er’ )+ E [efq+%3+iq»6n@1 ver’ ]
7

i=0 j=f—1

ar3_, 41
= (0 - D) s

qyatd 1
D (G - ) 0= D ) e

a3, 1
(-1 ((5 —(n— 1)> Al (kt1)g—n+2 — )\l+(k+1)q—n+3> €(k+1)g+3-

For the sake of clarity we will denote a = A\ (rt1)g—n+2 and b = Ay (kt1)g—nt3-
With this new notation, what we just got is:

1 1
(3.3.10) —§—fu+<§—(n—1))a—b_0.
Consider now the following relations:
3.3.11 0 = €k ’eneq—2n+2€n . 2eneq—n+2 ’
q 1 1
(3.3.12) 0 = [ergr1sencd e, — 2e,e1"7).

Expanding ((3.3.11]) we get
0 = ((Ag+ (0= DArg1 + (=1)")a = Aeg + (=1 + 2) Aig1) €k 1)g+2
(D) erngre = (1" + (=1)")a- egingra-
Hence, 1 — 1 # 0, and we get
(3.3.13) a=-—-.

Now, consider ([3.3.12]):
0 = 200gr1d = Mgt (=1 + 1)a = Agar — (=1)"(=n + 2)a — (—1)" Begenygs.
We deduce that
0 = (D" "1 +uwb+ (=D)"(—n+1)(1+pa+ (=1)"(1 + p)
+(=1)""(=n+2)a+ (—1)"b
= —ub+ (—n+1pa—a+ (1+ pu)

1 1
= —pub+(-n+1 - 1
pb+ (—n + W1—M 1_#+(+u)
= —pb+ u—’u.
1—p
Hence, provided that u # 0,
(3.3.14) b=1- "
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Substituting (3.3.13)) and (3.3.14)) in (3.3.10)) we obtain:

1 1 1 n
- S -1 — 1
0 5 fu+(2 (n ))1—u M
3 3 1
R sy
_ B —2f+2fp)
1—pu ‘
Hence, provided that f # 0 (mod p),
2f —3
3.3.15 0, — ;.
(3.3.15) we {02221

Now we prove the following.

LEMMA 3.3.4. Let f be a positive integer and k = 2f. Suppose that hypotheses

of Lemma are satisfied.
Let r be a positive integer and suppose that, for 0 < h < k +r,

Ahgt2 =+ = Aht1)g—n+1 = 0.
For 0 <14 < r, denote
a; = )\(k+i)qa b, = )\(k+i)q+17
C; = )\(k+1+z’)qfn+27 d; = )\(k+1+i)q7n+3-
Then, provided that a; + (n — 1)b; + (=1)" # 0 and b; + (=1)" # 0,
a; + (n — 2)b;
a; + (n—1)b; + (=1)"’
—(n—2)a; — ((n—2)2 = 1)y,
a; + (n—1)b; + (—1)"
Proor. Consider the relation

(3316) 0 — [e(k+i)q7 ene‘{_2n+2€n _ 26n61f—n+2]‘

c;, =

d; =

As a consequence we have that

(ai + (TL - 1>bz + (-1)”)01 =a; + (n — 2)[)1,
hence
a; + (n - 2)()z

(3.3.17) = = Th (T

Consider now the relation
(3.3.18) 0 = [e(k+1+4i)g> ene? e, — 2e,e0 .
We deduce that
bid; + bici(n — 1) — by + (=1)" " H(=n + 2)¢; + (—1)"d; = 0.
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Hence,
by — (n—1)bic; + (=1)"(—n + 2)¢;
b, + (—1)»

(a; + (n— Db + (=1)")b; — (n — D)ab; — (n — 2)(n — 1)b3+
(a; + (n = 1)bi + (=1)")(b; + (=1)")

(=D)"(=n+2)a; + (=1)"*"(n — 2)°b,

(a; + (n— )by + (=1)") (b + (=1)")

—(n = 2)a;i(bi + (=1)") = ((n = 2)> = Db;(b; + (=1)")
(a; + (n = 1)bi + (=1)")(b; + (—1)") '

+

Finally we get
—(n—2)a; — ((n—2)2 = 1)b,

(3.3.19) d; =

Our next step is proving the following.

LeEMMA 3.3.5. Suppose that hypotheses of Lemma|5.5.2 and|5.5.4) are satisfied.
With the notation of Lemma suppose that

® a; + (n - 1)[), + (-1)” 7é O,
e b+ (—1)"#0
for0<i<r.
If by # 0, then
(1) ¢; #0, for0 <i<r;

bifl .
2) b= (—1)" , 0 <r
( ) ( ) ;-1 -+ (n — 1)[)2',1 + (—1)” fO’r' <! "

— n bo ; .
1

for0<i<r.

(4) e = (_Dn(z’ + Dbo + (=1)"(1 +2)°

PROOF. (1) We proceed by induction on i. Let i = 0. Since Agy—ni2 = 1, we
deduce from Lemma [3.3.7] that

ag+ (n —2)by + (=1)"t = 0.

Being
ag + (77/ — 2)[)0
ap+ (n —1)by + (—1)"’

Co =

we have that ¢y # 0.
Suppose to have proved that ¢; # 0, for 0 < ¢ < j, where j is an integer smaller
than r. From Lemma [3.3.1] we deduce that

Q; + (n — Q)bj + (—1)n_1Cj_1 = 0.
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Hence, being

o a; + (n — 2)b; _(—1) Cj1
YT gt =D+ (D g (= Db+ (1)

also in this case ¢; # 0.
(2) From Lemma we have that (n —2)¢;—1 +d;—1 + (—1)""*b; = 0. Using
formulas obtained for ¢; and d; in Lemma [3.3.4] we have that
(n—2)a;_1 + (n—2)%1 — (n—2)a;_1 — (n—2)* = 1)b;_4
;1 + (TL — 1)()1',1 + (—1)”

+ (=1)""'p; = 0.

It follows that
bi—1

(3.3.20) b= (=)' — EES T e

(3)-(4) We prove both formulas for b; and ¢; by induction on .

If + = 0, there is nothing to prove for by. As regards ¢y, from Lemma |3.3.4] we
have that
B ag + (n — 2)by (=
Cag+(n—1)by+ (=1)" by +2(=1)"

Co

and we are done.
If © = 1, we have that

n bo
bl - (_1) ao + (n — 1)b0 + (_1)n
n_ bo
= bo + (—1)"2
From Lemma [3.3.4
B a; + (n —2)hy B (=1)™co
DT Tt (—D)" b+ (—1)rc + (—1)n
(_1)n (_1)n . bO + (_1)n2
bo+ (=1)"2 (=1)"by + 1+ (—1)"by + 2
n 1
= Vg3 (—1)"3

Suppose to have proved the assertions for b;, ¢; for all 7 not greater than j , for
some 1 < j < r. Then, consider

aj_14+ (n—1)bj_1+(=1)" =
= bj1+(=1)"¢j2 + (=1)"
oy bo . 1
(J—=Dbo+ (=1)"j (= Dby + (=1)"j
(=1)"jbo + (j + 1)
(7 = Dbo + (=)
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Now, using (2) and the inductive hypotheses
bi—1
aj—1 + (n — 1)bj_1 + (—1)"
bo (J = Dbo + (=1)"j
(= Dbo + (=1)"5 (=1)"jbo + (j + 1)
bo
= (=1)"- , .
S G+
As regards c;, from Lemma and inductive hypothesis
Q; + (n - Q)bj
Q; + (n — 1)[)3 + (_1)n
1bo + (—1)"(j + 1
_ (_1)ncj—1 . (_1)n.7 .0 ( ) (-7 )
(J +1)bo+ (j +2)

b= (1)

Cj:

ol byt (1" +1)
o+ CPG+D) G+ Db+ (+2)
1
= (v

G+ Dbo+ (j+2)

Finally, consider the following technical Lemma.

LEMMA 3.3.6. Let k be an integer greater or equal to 2 and suppose that, for
1< h<k,

)\qfnJrQa )\q+1 7& 07
)\hq—i—Q = ... )\(h—i-l)q—n-‘rl = 0,

At 1)g-nt2 At ygrr 7 0

Then,
Mgtz =+ = At 1ygns1 = 0.

PROOF. Indeed, this result follows easily from Lemma|3.2.2, In fact, being the
hypotheses of Lemma satisfied with [ = ¢ — n + 2, we have that

Akgta =+ = /\(k’+1)q—n = 0.
Then, from
0 = [erg+1s ene‘f_%en]
it follows that Argr1A(k+1)g—nt+1 = 0, hence Agi1)g—ns1 = 0. O

We remind that in this section we are dealing with a graded Lie algebra of
maximal class, whose length of the first constituent is ¢ — n + 2, where ¢ = p”, for
some prime p > 4n and h > 0. Up to scaling e,, we can suppose that A\;_, 412 = 2.
We have already proved, at the beginning of the section, that

)\q+2 == )\Qq—n-l—l =0
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and that Agy_p42 = 1.
Suppose now to have proved that, for some positive integer f and k = 2f,

(n—1
(3.3.21) Mng—ntot+j = (1) (nj ), for2<h<kand0<j<n-—1
and that, for 1 < h < k,

)\hq+2 == )\(h+1)q—n+1 = 0.
Then, according to Lemma |3.3.2,
fn—1 (n—2
(3.3.22)  Angonszss = (—1) (” , ) +(=1) (7,1 1)% for 0<j<n—1
J J—

and some p € F. Indeed, being hypotheses of Lemma [3.3.2| and |3.3.3| satisfied,
there are at most two possible values for u, namely

(1) Case 1: 1 =0.
(2) Case 2: = %}3, provided that f # 0 (mod p).

We will deal separately with these two cases.

Case 1: p=0. Being =0,

n—1

(3.3.23) Mhgoniot = (—1)3’( ) for 0 <j<n-—1.

J
In particular Agy41 # 0. From Lemma it follows that
)\kq+2 == /\(kJrl)qfn = 0.
Then, being [exgi1,ene? *"e,] = 0, it follows that Meg+1 A (k+1)g—nt+1 = 0, hence
Ak+1)g—nt+1 = 0.
Since [erg, ened e, — 26,647 "?] = 0, we have that
Akg + (1 = 2)Akgi1 (=)
Ak+1)g—nt2 = = =1

Mg+ (0= DAgger + (=17 (=1)"
According to Lemma [2.0.9

)\kq+2 == )\kq+2+n = 0.

Now, consider the following n — 1 relations:

(k+1)a+3
— 2
0 = [€(k+1)q+3,€n61
2

(k+1)Q+37(n7i)
0 = [€(k+12)q+3+i,€n61

(k+1)g+3 o
— 2
0 = [€(k+12)q+3+(n72), €n€;
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Expanding the i-th relation, for some 0 < i < n — 2, we get

/ 2i+1 —1 .
f A =4 2—n+i
0 = (Z(—l)h (h Z(—l)] % +22 1t )‘(f+1+h)qfn+2+j

h=0 =0
f 2i+1 b1 .
f) ( E—42—n+1 )
= —1)" —1)/ 2 \ )
(;( ) (h ]Z:;( ) p%l +2—n—-1—1+7 (f+1+h)g—n+2+j

applying Lucas’ theorem and taking into consideration the fact that p > 4n.
Since, for 0 < h < f,

fn—1
)‘(f+1+h)q—n+2+j = (—1)J( j )7

the expansion above reduces to:

2i+1 p—1 .
. -4 2—m+:1
§ (_1>3 ( 2 )A(k+1)q—n+2+j

—1 . .
pre ELi2—mn—1—i+j

B 22“( Pl b2 —nti )(n—l)

- p—1 . . . .
=0 T—i—?—n—l—z—l—] J

We remind that A(x41)g—nt2 = 1. In order to unravel a little the notation, denote
T; = Ni41)g—nt24j, for 1 <j<n—1, and = [21,...,2,-1]. Finally, denote

35< Pl ni )(n—l)
Y = p—1 . . . .
= T+2—7’L—1—Z—|—j i
We can construct the non-homogeneous linear system Az’ = y, where
p—1 ;
o S t+l—-n+i
A= (—1)3(_12 , > , for1<i,j<n-—1.
et 2—n—i+j y
Since we are interested in the determinant evaluation of A, we consider the matrix
p—1 ;
=4+ 1-n+1
(3.3.24) B = (f , > , for1<i,j<n-—1,
pT +2—n—1+ ] i

having the same determinant of A up to the sign.
In order to evaluate det(B) we rely upon Corollary We have that

Tcicjen -1 T4 (5 —n+i)! T
det(B) = —=~1=" . 2__ p+3—2n+1i). ..
D ey e 1 -
It is easily verified that det(B) # 0 (mod p). In fact, foreach 1 <i < j < n-—1,
the difference 1 < j —7 <n —1 < p. Then, since p > 4n,

p—1 . _p—1
1< =— — S —
n+1< 5 n—+11< 5
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n—1
p—1_ Al
‘1( 5 n+z).

1=

Hence,

is not divisible by p.
Finally, consider

(p+3—2n+i)i1=0(@+3-2n+14)...(p+1—2n+2i).

Since,
I<(p+3-2n+i)<---<(p+1-2n+2i)<(p—1),

we have that also
n—1
H (p+3—2n+1i), , #0 (mod p).

i=1

We can conclude that det(B) # 0 and the same holds for det(A). Hence, the
non-homogencous system Az’ = y has exactly one solution. Summing all up, we
have that

(n—1
Atk+1)g—n+2+j = (—1)]< ]

In particular, being A(i41y44+1 7 0, we can apply Lemma and get that

), for0<j7<n-—1.

Akt1)g+2 = " * = Ak+2)g—n+1 = 0.

Finally, with the same argument used before, we get that A 1)g—n42 = 1.

2f -3
2f
later. Set ap = Mg and by = Aggt1. Since 1 + p # 0, we have that by # 0.

Set ¢ = 0 and consider the following iterative procedure.

Case 2: = . We suppose that 1+ p # 0. We will deal with this case

Step 1. Being hypotheses of Lemma|3.3.6[satisfied, A(x1i)g = - -+ = Apy14i)g—nt1 =
0.
o Ifa;+(n—1)b;+(—1)" # 0 and b; + (—1)" # 0, according to Lemma
B3 set
c =
g = —(n—2)a; — ((n—2)2 = 1)

a; + (n—1)b; + (—=1)»
e Otherwise break the iteration.

Step 2. Set 1 =4+ 1. Since (—1)""'b; + (n — 2)¢;_1 + d;_; = 0, we have that

bi—1
0
a;—1 + (n — 1)[)171 -+ (-1)” 7&

Hence, b; = A(j+i)q+1 7 0. Go to step 1.

(=1)"b; =
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A priori, such a procedure could run indefinitely. We want to prove that after
some iterations it will be interrupted because one of the two conditions in Step 1
has not been verified.

Suppose that, for some positive integer j,

a;+(n—1)b+(—=1)" # 0 for0<i<j,
b+ (—1)" # 0 for0<i<y,
b+ (~1)" = 0.
Since
bo
jbo + (=1)*(j +1)

by = (-1)"
and b; = (—1)""!, we have that
(G+Dbo = ()" G+ 1).

That implies that either j = —1 (mod p) or by = (—1)""'. The second case is
impossible, since we have supposed at the beginning that by # (—1)""!. Hence j =
—1 (mod p). That means in particular that b; + (—=1)" # 0 for ¢ =0,1,...,p— 2.
We prove now that, for some i < p — 1,

in contradiction with our initial hypotheses. To do that, consider
a; + (n — 1)bz + (_1)n = bl + (—1)” + (—1)”01',1
(=)™ + 1)bg + (i + 2)
iby + (—1)"(i + 1)

We have that a; + (n — 1)b; + (—1)" = 0 if and only if (—1)"(i 4+ 1)by + (i +2) = 0,
namely

, (—1)"bg + 2 1
T 1 T 17 L (med)
Hence, for some 0 < i < p — 2, we have that a; + (n — 1)b; + (—=1)" = 0, in
contradiction with our initial hypotheses.
At the same time, we have proved that b;+(—1)" # 0, for all integers 7 such that
0 <4 < p—2, while, for some 0 < j < p—2, the relation a;+ (n—1)b;+(—1)" = 0.
But also in this case we have a contradiction. In fact, with the usual notation,

(3.3.25) (a; + (n—1)b; + (=1)")¢c; = a; + (n — 2)b,.

Hence, a; + (n — 2)b; = 0. But, a; + (n — 2)b; = (—=1)"cj_1 # 0.

We conclude that, provided that 1+ p # 0, we cannot have an infinite dimen-
sional graded Lie algebra of maximal class.

Consider now the possibility that 1 + g = 0. Firstly we note that f # 1. In
fact, if f =1, then p=—1/2# —1 (mod p).

Then,
n—2

1

)\kqn+2+i:(—1)i( ), for 0 <i<n-—2,
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while Apg11 = 0. According to Lemma [3.2.2]
Akgr2 = = Ag1)g—n = 0.

It is easily seen that also A(i11)g—nst1 = 0. In fact,

k+1)g—2n+1
[ (k+1)q ]

_)\(k+1)q7n+1€(k+1)q+1 = [6n,€En€
k q—2n+1
k (q—2n+1
- Z(_l)h <h) ( Z (1) < i )Ahq+n+i> €(k+1)g+1
h=0 i=0

= )\(k—&-l)q—n—i—le(k—kl)q—&—l‘

Therefore, A(x41)g—nt1 = 0.

—2n+2 q—n+2]

en—2ene]

()\kq + (_1)n))‘(k+1)q—n+2 = )\kq-

Being A\yq = (—1)", we deduce that Ai1)g—nt2 = 1/2. Since [e(x+1)q—n+1, €ncin] =
—n+1en+( 1) enetlﬁ-l]

Now, consider the relation [exq, e,e] = 0. As a consequence,

0, it follows that A(y41)4+2 = 0. Moreover, from [exq11, €n€]
0, we deduce that

", en] = lengr1, €n, [ened "] + (=1)"[exgr1, enef ]

0 = [ektﬁ-lv [enel
= (_ ) q)‘(k+l)q+1€(k+1)q+2+n-
Hence, Agi11)g41 = 0. According to Lemma m,

1 /n—2 ,
A(k+1)Q—n+2+i—<_1)l'§< ; >; for0<i<n-—2

Since [epel” " Me, 4 (—1)e, et = 0, for 1 < h < k and k > 4, in particular we
have that [en 2o+ (—1)"e,ei”] = 0. Consider the following:

0 = [ege—ngst; [ne?" " e + (1) enei™ ]
- [e(k’—l)q—i-hene% n+17€n] _[ (k l)q+176na6n6§q n+1] + (_1)n[6(k—l)q+l>6n€%q+1]

2g—n+1
(2q—n+1
= ( Z (1) ( . ))\(k—l)q—i-l—l-i) A(k+1)q+2€ (k+1)g-+nt2

- 2
=0

A g—n-+1 n—2
€ n
A(k—1)g+1 2 \g—2n+1+i ; (k+1)g+n+2

n—1
g—n+1 1 (n—2 "
Atk—1)g+1 Z (q Com 14 2) 5 < ;) CkDatnt2 F (= 1)" Mh—1)g+1€(k+1)q4n+2

=

o L 1{q—1 1
= e (T e (U0 - Dewtasnse = —genenina

Therefore also in this case we have a contradiction.
All what we have proved through this section can be summarized in the fol-
lowing.
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LEMMA 3.3.7. Let L be a graded Lie algebra of mazimal class generated by two
elements of weight 1 and n over a field F of characteristic p > 4n, whose first
constituent length is | = ¢ —n+ 2. Suppose, up to scaling e, that [e;, e,] = 2e14y.
For k > n, denote |eg, e,] = Agegin. Then,

A = 0 forn <k <l,
Mgontar; = (=17("71) forh>2and0<j<n-—1,
Ahgea = -+ = /\(h+1)q—n+1 =0 for h >1
and N, ..., Ag+1 are uniquely determined by means of the relations

0=lex,ex], forl<k<qg+1

PROOF. The proof of this Lemma is straightforward using all the facts proved
through this section. Supposing that \; = 2, we have proved that A2, ..., Aog—nt1 =
0 and that Ayy_ni2 = 1. Then, by means of the relations [eg,e;] = 0, for
Il <k < g+ 1, the coefficients \; are uniquely determined.

Now we prove the assertions about the coefficients A\pg_ni24; and Apgio, ...,
A(h4+1)g—n+1, for b > 2 and 0 < j < n — 1. We proceed by induction on h = 2f.
Take f = 1. Since hypotheses of Lemma hold for & = 2,

n—1 n—2
peasasy = 0 (" T e (0 )n prosi<net

2f -3
where p = 0 or pu = f2f ,if f Z£ 0 (mod p) (see Lemma [3.3.3)). If p = 0, we
proved that
n—1 ,
Ahg—nt2+j = Ah+1)g—n+2+j = i for0<j<n-1,
)‘hq+2 == )‘(h-‘rl)q—n—i-l = 0,
A)g+2 = = Ahg2)g—ns1 = 0,
Ah+2)g—nt2 = L.
2f — _
If u= T we come to a contradiction.

As regards the inductive step, let f > 1 and suppose to have proved the
assertions for h smaller than 2f. Then, setting h = 2f, it is possible to repeat
verbatim the proof above replacing f = 1 with the current value of f. O

Hence, in the initial hypotheses of this section, we proved that there exists at
most one graded Lie algebra of maximal class.






CHAPTER 4

Construction of the Lie algebras

In Chapter[3|we defined g(n, 1) as the number of graded Lie algebras of maximal
class over a field F of odd characteristic p > 4n with first constituent length equal
to [, up to a rescaling of e,,. What we got is that

1, fl=gq+1lorqg—(n—2)
g(n,l)g{ 2, ifn>3andl:qorl:q—l-é?n—%forsome1§z’§”T"l,

where ¢ = p" for some positive integer h and

| 0 ifniseven
"1 1 ifnisodd.

In the following we show that the upper bounds for g(n,l) are reached for any
choice of [ contemplated above.

In the following Section of this Chapter, the reader can find the explicit con-
struction of the following:

(1) g.(p, h,n), a graded Lie algebra of maximal class over a field of odd char-
acteristic p > 2n and odd n with first constituent length equal to p" + 1,
for some positive integer h;

(2) g,(p, h,n), a graded Lie algebra of maximal class over a field of odd char-
acteristic p > 2n and even n with first constituent length equal to ¢ = p”,
for some positive integer h.

If n = 2 we have only to consider the case [ = p"—(n—2) = p". Since g,(p, h,n)
is a graded Lie algebra of maximal class with [ = p", we have that g(n,[) = 1.

If n = 3 we have only to consider the cases [ = p"+ 1 or [ = p" — (n — 2). For
the moment consider the case [ = p" + 1. We have that g,(p, h,n) is a graded Lie
algebra of maximal class with [ = p"+1, hence g(n,l) = 1. The case | = p"—(n—2)
will be dealt with at the end of this section.

Consider now an odd integer n > 5. Even in this case g(n, p"+1) = 1, for each

€, — 4 )
positive integer h. Let 1 <17 < HT and [ = g + 1 — 24, where ¢ = p". We

want to prove that g(n,l) = 2. We consider g,(p, h, m), where m = n — 2i, and,
in it, the subalgebra generated by the elements ey, ¢, = [e,,, €¥]. This is a graded
Lie algebra of maximal class, generated in weights 1 and n, with first constituent
length equal to [. Looking at the multiplication table of g,, we have that

[64—2i+n, €n] = [€g+(n-20), emey] =0,

being [ex, €] = 0, for ¢ + (n — 2i) < k < n.
We can also consider g,(p, h, m), where m = n+1-2¢, and, in it, the subalgebra
generated by the elements e, e, = [em,e%’_l]. This is a graded Lie algebra of
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maximal class, generated in weights 1 and n, with first constituent length equal
to [. As before, we look at the multiplication table of g,. Here we see that

[eq—2itn; €n] = [eq+(n 2i) eme%z 1] # 0,

because [€q(n—2:); €m] # 0, while [ex, ;] =0, for ¢ —2i+n+1<k<qg+n—1

Consider now an even integer n > 4. Let 0 <17 < and | = g — 21, where

q = p" for some positive integer h. We want to prove that g(n,[) = 2.
Take g,(p, h,m), where m = n — 2i — 1, and, in it, the subalgebra generated
by e1, e, = [em, e%”“l] This is a graded Lie algebra of maximal class, generated in

weights 1 and n, with first constituent length equal to [. We have that

2i+1
[€q+(n—2i—l) Em€q ] Oa

because [eg, e,] =0, for ¢+ (n—2i —1) <k < qg+n.

Now consider g,(p, h, m), where m = n—2i, and, in it, the subalgebra generated
by e, e, = [em,e}’]. This is a graded Lie algebra of maximal class, generated in
weights 1 and n, with first constituent length equal to [. We have that

[6q+(n72i 1) em‘el] 7é 0
because (€ (n—2i—1); €m] # 0, while [eg, er,] =0, for ¢+ (n —2i) <k < g+n— 1.
Finally, consider the case | = ¢ — (n — 2), where ¢ = p", for some positive
integer h. We want to prove that g(n,l) = 1. Take into consideration the algebra
a.(p, h,2) and in it the subalgebra generated by the two elements ey, e,, = [ea, €7 2].
Such an algebra is of maximal class and has first constituent length equal to
q — (n — 2), hence gets the job done.

4.1. Lie algebra with first constituent length ¢ or ¢ + 1

Let ¢ = p", for some positive integer h. In this section we give a construction
of the Lie algebra generated by two elements of weight 1 and n with the first
constituent of length ¢, if n is even, or ¢ + 1, if n is odd. In both cases p > 2n.

Let V be a vector space of dimension ¢ over the field F,(¢) of rational functions
over the field F, with p elements. We grade V' over the cyclic group of order ¢,

V= (vo) ® (v1) ® -+ D (vg-1)-
Let D and E be endomorphisms of V' defined as follows:
{ v v ifi#qg—1
E =
Vg—1 — tUQ

v (= 1)’+1(Z+1)vz+n fo<i<n-—-2
D = v; — 0 ifn—1<i<qg—2
Vg—1 tvn—l
Consider the Lie algebra M spanned by D and F in the endomorphism algebra

of V. In M, the endomorphism D and E have weights respectively n and 1.
Now we prove that, for every 0 < j < ¢,

(4.1.1) v;[DE™D] =0, for0<m<g—n-—1.



4.1. LIE ALGEBRA WITH FIRST CONSTITUENT LENGTH g OR ¢+1 85

Suppose first that 0 < j <n—1 and that m+n+j < ¢— 1. In this case, [DE™ D]
is a linear combination of monomials of the form E*DEPD and DE*DE”, being
a+ 3 =m. Then, v;E°DEP = ¢ vjimin and v;DE* = d - vj4, 44, for some
¢,d € Fy. Hence we conclude that v;[DE™ D] = 0.

Now we deal with the case ¢ — 1 < m +n + j(< 2q).

v;,[DE™D] =

(B D6 o)

— (1) (7;; 11) .j4§m(_1>g‘+n—q+1 (k ﬁ;i 1) (k: B (?;LJr n))) V4 m2n

k=j+n

- e (S ) Gt
S () B i ) (0
= (e G ) oo Jp )
- (?l i) (q U, 1))) W
(G )
Al V) [ RS ERINY ) [ER
= (e ) ()
0y ) (s T g )

_ (_1>j+1( 2n+m—1—q>( n+m—1 >(1+(_1)m+1(_1)m)‘

m+j+1—q+n)\g—1—(n—1)
= 0.

This proves for v; such that 0 <j <n —1.

To complete our proof we consider the case n < j < ¢— 1. For the moment we
exclude the case j = ¢ — 1. As considered before, [DE™D] is a linear combination
of monomials of the form E“*DE’D and DE“DE”, being a + 3 = m. Since
n < j < q— 2, we have that v;D = 0 and ijEaDEﬁ =0.

Consider now the monomials E*DESD. If v;E*D = 0 we are done. So,
suppose that v; E“D # 0. Hence v;E“D = c - tvy, for some c € F, and k > n — 1.
Therefore v; E*DEP = d- vy, where d € F), and k = j+n+m —q. Now we observe
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that n—1<j+n+m—-qg<qg—2+n+q—n—1—¢q < g—3. That means that
v D = 0 and this proves our assertion.

As regards j = ¢ — 1, we have that v;E*DE® = ¢ tv,, 4,1, for some ¢ € F,,.
As before, n—1 <m-+n—1< g—2, hence v; E*DEPD = 0, whenever a+ 3 =m
and 0 <m < ¢ —n — 1. Similarly we conclude that v; DE*DE? = 0.

Now we proceed proving that

[DET"] = (—=1)""'t- 1.
We distinguish two cases. Supposing that 0 < 7 <n — 2,

wlDE] = (ni(—l)’f“ ()0 (ij?)) i,

k=j
= (=1)* a1 tv; = (=1)" 'tv;  (mod p).
n — j ) J J
Finally, suppose that n —1 < j < ¢ — 1. Then,

e (jﬂzn(_”k(k "l (i:?» "

k=j

-y (Z (s ) (s n)) "

— (_1)j( a1 )tvjz(—l)”_ltvj (mod p).

j—n+1
Hence, all the [D E‘] are non-zero, for 0 < i < g—n and are linearly independent
over F,,, because have distinct weights n,...,q. Moreover, [DE™D] = 0, for

0 <m < q—n— 1. Therefore,
M = (E,[DE']:0<i<q—n)

is a (¢ —n + 2)-dimensional Lie algebra.
Now consider the semidirect product V + End(V') and in it the Lie Algebra L
over F), generated by

61:E, €n =

Forn <i < gqlet
Vi—1

€, = [6’1’_1, 61] = + [DEl_n]

If we take i = g we have that

Vg—1
_Yq
€q =

+[DE™") = % (=1 1L
Moreover, e,11 = vp and, for 0 <r <g—1and k > 1

Ckgtr+1 = tk_lvr-
Since [DE™D] = 0, for 0 < m < ¢ —n — 1, we conclude that
leien] =0, forn <i<gq.
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Finally, consider the case ¢ = ¢. Then,

Vg Up— n
g en] = LD+ (<1 = (1 (1) )egen,

Then,

[ = 0 if n is odd,
€aEn) = 2e,4, otherwise.

In general, if 0 <r <n—2and k > 1,

_ Un—1 n—1 _
; 1=y, D]:_1r+1 =ty
[ekq+ +17€] |: Ur, n + ( ) r+1 Up 4
i fn—1
= (—1) + <T—|— 1>6kq+r+n+17

while, forn —1 <r<g—1and k > 1,

[ekq—l—r—l-la 6n] = 0.
Finally, if r=q¢—1 and k > 1,

[e(k-f—l)q? Gn] = tkvnfl = €(k+1)g+n-

We have defined two graded Lie algebras of maximal class, respectively for n
even and odd:

(1) If n is even,

(0 fori=n...q—1
2€i1n fori=gq
i, en] = (—1)’”(";1)ei+n ifi=kqg+r,forr=1,...,.n—1land k>1
0 ifi=kqg+r,r=n,...,q—1land k> 1
[ 1 if i = kg and k > 2.
(2) If n is odd,
(0 fori=n...q
lex, 0] = (—1)T(";1)ei+n ifi=kq+r,forr=1,...,.n—1land k> 1
) 0 ifi=kqg+r,r=n,...,q—land k>1
(1 if i = kg and k > 2.

Note in passing that both the algebras above are ultimately periodic. There-
fore, they are also soluble, namely [e,,es] = 0, for r,s > ¢ + n. In fact, write
s —n = aq + b for some 0 < b < ¢ and positive integer a. Then,

[era 63] = [67“7 enelllq+b]
: a\ < b
= —1)h —1y . e (a=h)gt+b=i7 _ (
> () > () e enee e 0,

since [e,4, €n] = [€r4hg+j, €nl, for any 0 < h < aand 0 < j <b.
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