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Abstract

We present the universal Slippage calculator (US1ip), an extension of the universal Fieldline Tracer (UFiT),
which computes magnetic field line slippage rates from an input magnetic field defined on a structured grid. The
slippage rate provides a local, physically grounded diagnostic of nonideal evolution, directly quantifying
departures from ideal frozen-in motion. We outline the theoretical formulation and describe an efficient numerical
implementation. The method is validated against analytical solutions and applied to simulations using three
coronal codes treating varying spatial scales, all of which are standard inputs for US1ip. In all the examples
considered, the slippage rate not only identifies where magnetic connectivity changes occur but also accurately
reproduces the observed direction of field-line slippage. The consistency of the results across analytical tests and
multiple simulation platforms demonstrates that US1ip is a robust and versatile tool for diagnosing 3D

reconnection in dynamically evolving systems.

Unified Astronomy Thesaurus concepts: Solar corona (1483); Open source software (1866); Computational

methods (1965); Solar magnetic reconnection (1504)
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1. Introduction

The solar corona is a highly structured, magnetically
dominated plasma in which the evolution of the magnetic field
governs a broad spectrum of dynamic phenomena. A funda-
mental feature of the coronal magnetic field is its organization
into regions of distinct connectivity, commonly described in
terms of magnetic topology (D. W. Longcope 2005). On
sufficiently large scales, and away from strong gradients in
connectivity, the evolution of the magnetic field can be
approximated by ideal magnetohydrodynamics (MHD), under
which magnetic field lines are frozen into the plasma flow.

This approximation breaks down at the boundaries between
topological regions. At such locations, sharp gradients or
discontinuities in magnetic connectivity are preferential
locations for the dynamic development of small scales in the
magnetic field—these enhance the role of nonideal terms in
Ohm’s law, allowing for departures from flux conservation. As
a result, magnetic field lines may change their connectivity
over time, connecting different plasma elements at different
instants. This process, referred to as magnetic reconnection, is
central to the dynamics of the solar corona (D. I. Pontin &
E. R. Priest 2022).

While classical studies of reconnection focused primarily on
null-point configurations in two and three dimensions, it is
now well established that many coronal reconnection events
occur in the absence of magnetic nulls. Such nonnull
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reconnection is inherently 3D and cannot be fully character-
ized by null-point theory alone. Consequently, a range of
diagnostic tools has been developed to identify and quantify
3D reconnection processes. These include topological and
geometrical measures such as separatrix structures and quasi-
separatrix layers (e.g., V. S. Titov et al. 2002; D. W. Longcope
2005; R. B. Scott et al. 2017), which indicate regions that
exhibit rapid changes in field-line connectivity and are thus
likely sites for reconnection to occur.

However, most existing diagnostics are primarily predictive.
That is, they identify locations where reconnection may occur,
rather than directly quantifying the local rate at which
magnetic field lines depart from ideal evolution. This
distinction is particularly important in complex, time-depen-
dent coronal configurations, where reconnection is spatially
distributed and dynamically evolving.

To address this issue, the concept of the magnetic field line
slippage rate, hereafter the slippage rate (D. MacTaggart
2025), has been introduced as a local, physically grounded
measure of nonideal behavior. The slippage rate quantifies the
instantaneous deviation of a magnetic field line from motion
that is frozen into the plasma, thereby providing a direct
measure of the rate at which field-line connectivity changes
relative to the bulk plasma velocity (i.e., ideal motion).

As a local diagnostic, the slippage rate complements global
topological measures such as the squashing factor Q of quasi-
separatrix layers (V. S. Titov et al. 2002) and the related slip-
squashing factor (V. S. Titov et al. 2009), which characterize
the deformation of field-line mappings. Detailed field-line
mappings, such as the so-called slip-back mapping method,
can provide a direct measure of changes in the field-line
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connectivity between two surfaces and have been used
extensively by R. Lionello et al. (2020) and E. I. Mason
et al. (2026) for analyzing interchange reconnection in
simulations of the evolution of the solar global field. A similar
approach has been used by J. T. Dahlin et al. (2025), who used
changes in field-line length as a measure of reconnection in
flare simulations. The issue with these mapping methods is that
many field lines need to be computed in order to obtain an
accurate measure, which can be numerically costly, and the
location of where reconnection occurred between the two
surfaces defining the mapping is not determined. In fact, recent
work by S. Stanish & D. MacTaggart (2026) has demonstrated
that whereas QO and the related mapping methods identify
regions that are geometrically favorable for reconnection, the
slippage rate identifies where reconnection is actively
occurring at a given time.

Another important framework for the study of reconnection
is general magnetic reconnection (GMR; K. Schindler et al.
1988; M. Hesse & K. Schindler 1988), in which a key
diagnostic is the field-line voltage, defined as the integral of
the nonideal electric field along magnetic field lines. While
both the field-line voltage and the slippage rate characterize
departures from ideal evolution, they may diagnose different
aspects of nonideal behavior. Appendix A illustrates this
distinction through a simple force-free example. Further
discussion of the relationship between field-line slippage and
GMR may be found in G. L. Eyink (2015).

In this work, we extend our previous computational
framework, the universal Fieldline Tracer (UFiT; V. Aslanyan
et al. 2024b) for magnetic topology, to include the calculation
of field-line slippage rates. Building on earlier tools for global
diagnostics such as connectivity and the squashing factor, we
introduce the universal Slippage calculator (US1ip), which
computes spatially resolved slippage rate fields from numerical
or observational magnetic data. This enables a unified analysis
of magnetic topology and nonideal dynamics within a single
framework.

The purpose of this work is to demonstrate the capabilities
of this framework by applying field-line slippage diagnostics
to a range of representative magnetic configurations. Using the
different classes of input supported by UFiT, we show that the
approach provides a flexible and robust tool for identifying and
quantifying 3D magnetic reconnection in complex datasets.

The layout of this article is as follows: First, we briefly
summarize the key results related to the slippage rate,
particularly in relation to coronal applications. We then
demonstrate the application of US1ip to four representative
cases, each corresponding to one of the input classes of UFiT.

2. Theory
2.1. Magnetic Field Line Slippage Rate

The concept of the slippage rate has been introduced and
discussed in previous studies (G. L. Eyink 2015; D. MacTaggart
2025; S. Stanish & D. MacTaggart 2026). For completeness,
however, we briefly summarize the key results required for the
present work.

The local (i.e., point-wise) evolution of the magnetic field B,
in relation to the bulk plasma velocity u, is governed by the
induction equation

OB

— =Vx@xB)—V xR, (D)
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Figure 1. Sketch showing two particular blobs of plasma, labeled (&) and (#),
in the solar corona above the photosphere; they are stationary in a region of
fluid stagnation, where u = 0. Consider a passive observer particle on the
photosphere that lies on a magnetic field line connected initially to (). It
moves to a new position at a later time 7. (a) In the limit of ideal MHD under a
smooth velocity field, the field line must remain frozen-in to blob ().
Deformation of the field line can be affected only by the velocity field u. (b)
The field line can appear to slip if ideal MHD is violated, so that the observer
particle becomes connected to (&) at time 7. The field line slips relative to its
ideal motion under the vector field X. In this example, X is initially nonzero
along the upper portion of the field line, including in the stagnation region. It is
the cumulative effect of X, captured by vy, in equation (6), that causes the
field line to slip from (&) to ().

where R represents any nonideal terms from Ohm’s law (i.e.,
E +u x B =R, for electric field E). At a given time, it may be
shown (D. MacTaggart 2025) that the instantaneous deviation
of a magnetic field line from ideal motion (i.e., motion frozen
into u) is given by

5. (VxR

2
B

where ( - ), indicates the projection orthogonal to B, defined

for any vector V as

V=Vv- % 3)

The slippage rate X has dimensions of [T]', where T
represents time.

In applications to the solar corona considered here, we adopt
a resistive form for the nonideal term

R =1y, “

where 7 is the resistivity and

j:LVxB ()]
Ho

is the current density in SI units, with pu, being the
permeability of free space (other systems of units replace
with a different constant; see below for examples). A
conceptual illustration of the role of the slippage rate 3 in
3D reconnection is displayed in Figure 1.

A cumulative measure of the slippage rate along a field line
from point x to point x; may be provided through the slippage
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“velocity”
X
wip(eo, x1) = [ T e, (©)
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resulting in a quantity with dimensions [LI[T)"", where L
represents length. The quantity vg;, is a unique diagnostic of
the resultant slippage of a field line relative to ideal motion.
This quantity, like X itself, is an instantaneous measure based
on the location of the field line at a given instant in time.

An illustration of what X' and vg;, measure is given in
Figure 1. In Figure 1(a), the motion satisfies ideal MHD and
so, although the field line is dragged along the solar surface, it
must remain fixed at (#) since u = 0 at this location. In
Figure 1(b), however, the motion is nonideal and there are
nonzero values of X along the field line. The directions of X
along the field line result in a nonzero vy, encoding that the
field line is slipping, relative to ideal motion overall in a
particular direction. In this illustrative example, the footpoints
of the field line are still dragged at the photosphere, but the
resultant motion of the field line higher up is to slip from (&)
to (), and it is slipping relative to ideal motion, which, in this
case, corresponds to u = 0.

2.2. A Comparison to Flux Velocities

It is useful to compare the slippage rate diagnostics X' and
vqip With the notion of a flux velocity. A flux velocity w is a
velocity field (in this description, constructed from the
nonideal part of Ohm’s law) into which magnetic flux is
frozen (e.g., G. Hornig & K. Schindler 1996; G. Hornig &
E. R. Priest 2003; E. R. Priest et al. 2003; A. L. Wilmot-Smith
et al. 2005). Being global quantities, flux velocities are not, in
general, guaranteed to exist or be unique.

Even when a flux velocity exists, the information provided
by X and vy, can be quite different from that provided by w.
The examples of A. L. Wilmot-Smith et al. (2005) demonstrate
that a nonunique flux velocity may exist while ¥ = 0 and
vaip = 0. In these examples, magnetic diffusion changes
the field strength but not the geometry of the field lines.
Equivalently, the magnetic field direction b = B/|B| remains
fixed, i.e., 0b/0t = 0, even though the same evolution may be
represented through a nonzero flux velocity. Consequently,
and in conjunction with # = 0 for these cases, (V x R);, =0
and the slippage rate diagnostics vanish.

This comparison highlights an important distinction. A flux
velocity provides a transport description of the magnetic
evolution, whereas the slippage diagnostics are determined by
(V x R), the component of the nonideal evolution associated
with changes in the geometry of the magnetic field relative to the
bulk plasma velocity. In the examples of A. L. Wilmot-Smith
et al. (2005), this quantity vanishes because the field lines
remain unchanged geometrically.

In localized 3D reconnection, a globally defined flux velocity
generally does not exist (G. Hornig & E. R. Priest 2003;
E. R. Priest et al. 2003). Instead, two flux velocities, w;, and
Wou, May be constructed by integrating field lines from opposite
sides of the diffusion region. Their difference, Wy — Win,
quantifies the mismatch between the two ideal continuations of
the magnetic flux through the diffusion region and, hence, the
continuous change of field-line connectivity characteristic of 3D
reconnection.

Aslanyan et al.

While, as indicated above, neither X nor vy, is a flux
velocity, v, may identify 3D reconnection in the same way as
Wour — Win. Integrating along field lines that pass through the
diffusion region, both wg, — wi, and vg;, will typically be
nonzero, indicating field-line slippage. Calculating these
quantities on field lines that do not pass through the diffusion
region will lead to them both being zero (the plasma is ideal
outside the diffusion region).

Since the slippage diagnostics are derived from local (point-
wise) quantities, they always exist and are unique. Flux
velocities are global and so have more constraints in relation to
existence and uniqueness.

Further, the slippage diagnostics do not require the existence
of a localized diffusion region. Examples will be given later in
which resistivity is present throughout the plasma and the
geometry of the field dictates where X is strongest, thus
indicating where field-line slippage is most prominent.

2.3. Current Density Decomposition

When modeling nonideal coronal dynamics using resistive
MHD, additional insight into the structure of the slippage rate
may be obtained by decomposing the current density according
to the local magnetic geometry. Following D. MacTaggart
(2025), we exploit the geometrical properties of the Lorentz
force and the field-aligned twist to write

tof = ABy + aB, @)
where
. (V X B) . BfL

ij_ =B X er, A |B|2

, ®)
with unit vector ey in the direction of the Lorentz force
F =j x B, and

_(VxB)-B

IBP ©

This decomposition separates the current density into two
geometrically distinct components: one perpendicular to both
the magnetic field and the Lorentz force, and one aligned with
the magnetic field itself. The associated scalar coefficients
have clear physical interpretations. The parameter A measures
the local rotation of the magnetic field about By, while «
corresponds to the familiar field-aligned twist, representing the
local rotation of B about itself.

Substituting Equations (4) and (7)—(9) into the definition of
the slippage rate in Equation (2) yields a series of contributions
involving spatial gradients of the resistivity, the Lorentz force,
and the field-aligned twist. The full expression is given in
Appendix B. For applications to large-scale coronal simula-
tions, we focus strictly on uniform 7 in this work.

Of particular importance for coronal applications is the term
arising solely from gradients in a,

2 =-——1 _vaxB. (10)

tol Bl
Unlike the remaining contributions, 3, depends exclusively
on cross-field gradients of the field-aligned twist and is entirely
independent of the Lorentz force. This property is especially
relevant in the solar corona, which is often close to being
force-free on large scales. In such regions, 3D reconnection is,
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therefore, directly linked to the spatial structuring of « rather
than to strong forces. This connection between the slippage
rate and the intrinsic magnetic field geometry has been
exploited recently in S. Stanish & D. MacTaggart (2026),
where the magnitude |X,,| is used as a proxy for 3D magnetic
reconnection in nonlinear force-free field extrapolations.

In the remainder of this paper, we focus on the numerical
calculation of the full slippage rate X and its force-free
approximation X, both for constant 7. These are the main
quantities determined using US1ip. From the decomposition
in Equation (7), any differences between these quantities arise
from Lorentz-force-related effects.

3. Numerical Calculation of the Magnetic Slippage Rate

The calculation within USLip of the magnetic field line
slippage rate ¥ and its force-free approximation X, forms
part of the broader UFiT framework (V. Aslanyan et al.
2024b). UFiT is designed as a post-processing tool and is able
to ingest magnetic field data that are either supplied directly by
the user, computed internally using the potential field source
surface (PFSS) model (K. H. Schatten et al. 1969; 1. I. Virtanen
et al. 2020; K. J. Knizhnik 2024) from an input magnetogram, or
produced by a range of widely used numerical magnetohydro-
dynamic and magnetofrictional solvers, including the ARMS
(C. R. DeVore 1991), Lare3D (T. Arber et al. 2001), and
DUMFRIC (A. R. Yeates & P. Bhowmik 2022) codes. The
package is entirely self-contained and does not require any of
these external codes to be installed locally, facilitating
straightforward offline analysis.

The USlip package calculates the following scaled
diagnostic quantities:

Jj¥ =V x B, (11)

F _[VX(|V+B)]{ (12)

> — _Lv M < B (13)
“ |B| \BI* ’

which are returned on the same spatial grid as the input. The
relative magnitudes of X~ and X* indicate regions of rapid
slippage rate, while their directions indicate the directions of
field-line slippage. It supports Cartesian, spherical, and
cylindrical coordinates (see Appendix C for the method of
calculating the squashing factor in the latter).

The physical units of the magnetic field are not required for
operations based solely on magnetic topology, such as field-
line tracing or squashing factor calculations (in UFiT), and
therefore are ignored in those contexts. For the computation of
absolute slippage rates, however, the system of units is
important. The scaled outputs of US1ip are related to their
dimensional counterparts by

= (14)
0
/3
2, (15)
pol?
%, = M”Lzzz, (16)
0
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where L is the length scale of the supplied grid (e.g., spherical
grids may be implicitly in units of R.), 1 is the constant in the
definition of the current density, and 7 is the plasma resistivity.

One factor of L appears for every derivative taken, as
US1ip uses the intrinsic grid units. The scaled current density
should be multiplied by a uniform factor of 1/ug, which
depends on the units of the input B, to obtain the true current
density. The two slippage rates do not require the units of B to
be known, as both are normalized by the field strength; instead,
multiplication by a factor of n/ug (also independent of
electromagnetic units) is used to obtain a true slippage rate.
This requires a value of the resistivity 7 to be specified. In
realistic plasmas, this may depend on properties such as
density p and temperature 7, while in simulations numerical
resistivity may also depend on grid spacing Ax. USlip
returns its outputs directly on the input grid, and therefore the
fully dimensional values of ¥ and X, are obtained through
multiplication by n defined on that same input grid; it may be
known a priori (e.g., as a simulation parameter), or computed
using local simulation parameters from first principles.

To compute the slippage rate diagnostics, US1lip first
obtains the full magnetic field B on a structured grid. In many
numerical codes, the components of B are stored on staggered
grids (e.g., face-centered or cell-centered discretizations) in
order to improve numerical stability or accuracy during time
integration. Since the definitions of the slippage rates involve
vector norms and derivatives that assume colocated field
components, US11ip first regularizes the magnetic field onto a
common grid, in line with how this is done by the codes
themselves. This step is essential for evaluating the normal-
izations appearing in Equations (2) and (10) and ensures
consistency across different simulation outputs.

Once the magnetic field has been regularized, USlip
performs two sequential passes over the grid. In the first pass,
spatial derivatives of B are calculated in order to evaluate
V x B and the field-aligned twist .. In the second pass, these
quantities are used to compute the full slippage rate 3 and its
force-free approximation X, with each derivative evaluated
only once per pass. Where available, shared-memory paralle-
lism is exploited via OpenMP to accelerate the calculation.

Spatial derivatives are evaluated using finite differences in
the coordinate system appropriate to the input data: Cartesian,
(x, y, 2); spherical, (r, 0, ¢); or cylindrical, (r, ¢, 7). In ARMS
simulations, the magnetic field is sometimes defined on a
spherical exponential grid, with In(r) stored as the radial
coordinate. In such cases, US1ip automatically converts the
grid to physical radius r prior to computing derivatives.

For a grid point indexed by coordinates (i, j, k) in the chosen
coordinate system, e.g., (x;, y;, zx) for Cartesian coordinates,
US1lip identifies all six adjacent points (i = 1,7 = 1, k = 1)
whenever possible. Away from nonperiodic boundaries, first
derivatives are then evaluated using second-order central-
difference formulae. At nonperiodic boundaries, appropriate
first-order forward or backward differences are used instead.
Further details are given in Appendix D. Note that this
approach avoids the need to interpolate directly, as derivatives
of the magnetic field are computed at the same grid points
where the field is defined precisely. Interpolation may be used
for post-processing tasks, such as visualization or calculation
of slippage along field lines as shown in Section 4.
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3.1. Analytical Test

To validate the numerical implementation of the slippage
rate diagnostics, we consider a simple analytical test problem
that admits closed-form solutions in both Cartesian and
cylindrical geometries. Specifically, we examine a magnetized
Z-pinch (sometimes referred to as a “screw pinch”) config-
uration in which a strong, spatially localized current flows
parallel to a uniform background magnetic field.

In cylindrical coordinates (r, ¢, z), the background magnetic
field is taken to be Bge,, together with an imposed current
density

L0 pr/ig (17)
Ho

j:

where jo and / are constants. The total magnetic field can then
be written as B = By(r)e, + Boe,, where the ¢-component
must satisfy pugj = V x B. In cylindrical coordinates, this
yields

%(rBw)) = jore P, (18)

which can be integrated to give

_ P
By(n=cl=¢"" (19)

r

where C = jI? /2. Note that a Taylor expansion shows that this
expression is not singular at » = 0.

The corresponding slippage rate may be written in closed
form as

WB; WB, B,

k= — e e,
(B} + B> (B + BT

(20)

where W = 2rj, exp(—r?/I?)/I>. These expressions can be
straightforwardly recast in Cartesian coordinates by noting that
r=x*+y* and ey = —e,y/r + ex/r.

This configuration requires only the magnetic field to be
defined on a grid and therefore provides a clean test of the
numerical procedure; in this case, the grid has equal spacing in
each dimension. Using the analytically constructed field as
input, US1ip accurately reproduces the scaled quantities j,
X', and X% in both Cartesian and cylindrical coordinates.
Representative results are shown in Figure 2 for the set of
parameters By = [ = 1, C = 0.5. In this example, a single
Python script is sufficient to construct the magnetic field,
invoke USlip, and visualize the output, without external
input.

The resulting field lines are helical and are found to slip in the
direction opposite to their pitch (i.e., By and Y4 have opposite
signs), in precise agreement with the analytical solution. A
quantitative assessment of the accuracy of the numerical
calculation, as well as those of the other quantities produced
by US1ip for this example, is shown in Figure 3. For most of
the domain, the relative error | JZ* — j;analyﬁc| /| j;analyﬁc| < 1073,
with increased error at the grid edges, where a lower finite-
difference formula is used, while the error is minimized in the
middle of the domain. Furthermore, E;analyﬁc — 0 and

Zianalytic — 0 at the inner grid edge. Increased spatial resolution
reduces the relative error.

Aslanyan et al.

By 1771 Ry

Figure 2. Magnitudes of the nonaxial component of the magnetic field, the
axial current density, and the resulting field-line slippage in a magnetized Z-
pinch with By = [ = 1, C = 0.5. Black filled arrows indicate the direction of
the field, while white filled arrows indicate the direction of the slippage. These
quantities are constant along the z-axis (left to right in this figure). The field
lines slip in the opposite direction to the field. The current and slippage, as
well as the trajectories of the field lines, are computed by the UFiT package
(including US1ip).
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Figure 4. At the start of the fully spherical simulations with the ARMS code
described here: (a) sample of open (blue) and closed (red) magnetic field lines
around a midlatitude coronal hole; (b) corresponding last closed flux surface,
which separates open and closed field lines; (c) map of the squashing factor
slog(Q) = +log|Q| at r = R..,, where (+) denotes closed and (—) denotes open
field lines.

4. Examples of Magnetic Slippage in Simulations

In this section, we illustrate the application of USLip to the
analysis of magnetic reconnection in outputs from simulations
using three codes currently supported by UFiT (in addition to
fields passed in as a UFiT-specific binary file, or directly as a
numpy array in Python): ARMS, DUMFRIC, and Lare3D.

4.1. Field Lines under Supergranular Motion (ARMS)

We have previously reported simulations of the dynamics of
a coronal hole, the boundary of which is driven by super-
granular motion, in V. Aslanyan et al. (2021). The initial
magnetic field is based on one considered by V. S. Titov et al.
(2011), in which a region of open magnetic field lines is
bounded from the south by a streamer belt and from the north
by a pseudostreamer arising from parasitic flux. We show a
selection of open and closed magnetic field lines near the
boundary of the midlatitude coronal hole under consideration
here, as well as the two ordinary polar coronal holes at the
poles, in Figure 4. The 3D surface that separates these two
classes of field lines, which we call the last closed flux surface,
is also shown.

One tool used to analyze the magnetic geometry is the
squashing factor Q, which is shown for the initial time ¢ = 0 in
Figure 4(c). This quantity is a measure of the nonlocal mapping
of field lines (V. S. Titov et al. 2002; R. B. Scott et al. 2017),
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with larger values corresponding to larger deformations. We use
the sign of Q to denote the ultimate connectivity, where Q0 > 0
denotes closed field lines (both ends terminate on the photo-
sphere) and Q < 0 denotes all others, including open (precisely
one end at the photosphere) and fully disconnected field lines.

The ARMS code is used for this study. The corona is
assumed to be constantly isothermal at 7 = 2 MK. The starting
magnetic field of Figure 4 is imposed initially and allowed to
relax for 5000 s of simulation time. The nonideal effects result
purely from numerical resistivity, which is inherent in any
numerical solver. MHD variables in the ARMS code are stored
in blocks of 8 x 8 x 8 points, tiled into an entire grid. The
resolution in selected regions of space can be refined using the
Paramesh toolkit (P. MacNeice et al. 2000); this is done by
taking an existing block and subdividing it into two along each
dimension (therefore, evenly breaking up one block into eight).
The refinement can be performed recursively, therefore
doubling the resolution locally for every level. We have
manually chosen to refine the grid in the region of the
dynamically important pseudostreamer by a factor of 4 (hence
a 16-fold linear resolution increase) at the start of the
simulation and thereafter disabled dynamic refinement to
simplify the following analysis.

We consider the setup and initial relaxation period to end at
t = 0, and thereafter we drive the system using surface flows
resembling supergranules, albeit larger and more rapidly
moving than solar values owing to computational limitations.
The surface flows are divergence-free, taking the form of

1
vo = viGO — 0.)G (¢ — ¢.)—f (1), (21
sin 0

v = —viG(¢ — 4. )G (0 — 0:.0)f; (D), (22)

where the Gaussian function G(x) = exp(—cx?) and its
derivative G'(x) = dG/dx. For the ith flow, v; is a constant
(positive or negative), and 0., and ¢, ,; are coordinates of the
flow center. Each flow has a time envelope

ﬁ(t):%[l—cos(w)] L<t<t+T, (23)

with individual start time #; and a period 7 = 2000 s for all
flows. Thus, each of the surface flows is wholly either
clockwise or anticlockwise, but equal numbers of both types of
flow are selected so that total helicity injected is approximately
zero. The magnitude of the time-dependent surface velocity is
shown in Figure 5, as well as a detail of a single supergranule.

The surface motion transports flux and twists up magnetic
field lines. Its effect, therefore, qualitatively resembles the
situation in Figure 1, whereby footpoints at the photosphere
are moved rapidly, while the field lines they seed connect to
almost stationary plasma far above. A line showing the
instantaneous open/closed boundary on the solar surface is
also shown in Figure 5. It is to be expected that the surface
motion deforms this open/closed boundary, as, for example,
some open field lines may be transported south, while
corresponding closed field lines are transported north. In the
limit of ideal MHD, however, these field-line motions should
only occur as a result of driving at the photosphere and
conversely should persist unaltered when the velocity there
returns to zero. Instead, as we reported previously, interchange
reconnection occurs between the two classes of field lines,
which causes the open/closed boundary to smooth out and
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Figure 5. (a) Magnitude of the surface velocity boundary condition over the surface of the Sun at r = R, approximately midway through the simulation at
t = 3500 s, indicated in red. The black line indicates the instantaneous coronal hole boundary (separating the footpoints of open and closed field lines at that time).
(b) Detail of one supergranular vortex, including the flow direction indicated by the arrows. The animated version of this figure shows these quantities in time from
t = 0to t = 6000 s at times indicated. The real-time duration of the animation is 11 s. Note that at later times the coronal hole boundary continues to move; this
would be forbidden by ideal MHD and is due to slippage and reconnection discussed in the text.

(An animation of this figure is available in the online article.)

continue deforming after the driving is switched off, as seen in
the animated version of Figure 5. We now have local
diagnostics for the rate of the nonideal motion of the field
lines in the form of X and X,

Given that ARMS relies purely on numerical resistivity for
nonideal effects, we assume that the resistivity 7 is linearly
proportional to the grid spacing. This is in turn determined by
the local grid refinement. We therefore assume a resistivity

n=2"Rn, (24

where R is the local refinement level and 7 is some constant
to be determined. This relative variation in refinement has been
compensated for in the following section. Note also that length
measurements in ARMS are scaled to solar radii, so that
L=R;~ 696 x 10" cm in Equations (14)—(16). ARMS uses
the CGS system of units where j = (V x B)/4m, in units of
abA cm % 7o is defined in units of abQ) cm. The scaled
quantities output by USlip are therefore related to their
dimensional counterparts by

N T
== J*, (25)
- 4”;22*, (26)
TR
3, = 4:222:‘;. 27

The supergranular nature of the flows causes the twisting up
of field lines in roughly cylindrical bundles. An isosurface of
constant || = 50 part way through the simulation, shown in
Figure 6(a), is composed of tubes of high slippage rate
extending upward from each supergranule. Figure 6(b) depicts

field lines colored by | 3| along their length, showing exactly
where a given field line slips most. For example, in some cases
a short pseudostreamer arc may slip near each footpoint, but
not at its apex. The animated version of this figure shows the
dynamic situation at every 100 s. The footpoints of certain
field lines are initialized at # = 0 and thereafter advected along
the surface according to the known imposed velocity field
discussed above; field lines are then traced upward at
subsequent times. The field lines appear to deform from those
places along their length where the slippage rate is higher
(brighter segments). Selected field lines at either end of the
pseudostreamer are seen to undergo interchange reconnection
due to their slippage, as depicted.

A slice of the magnitude |X| at a constant radius is shown
in Figure 6(c) at £ = 3300 s and at every 100 s in the animated
version. In its southern portion, where the field lines are close
to radial, there are regions of high slippage rate that are round
and hollow, very similar to the underlying supergranular
drivers; the slippage therefore forms radial tubes here. In the
northern portion, above the pseudostreamer where the field
lines curve sharply, these tubes are likewise curved; they are
bisected by a slice at constant radius at an oblique angle,
resulting in long filamentary structures. At later times when the
surface driving is switched off, the slippage rate begins to fall
as the system relaxes to a new equilibrium.

Figure 7 displays |X* — X% at 1.1 R, and t=3300s,
analogous to the map in Figure 6(c). This difference map
shows that cross-field gradients in « provide the dominant
contribution to the slippage rate magnitude. Even in locations
where the difference between the full slippage rate and its
force-free approximation is most pronounced, it remains less
than approximately one-fifth of the maximum value of |X'].
Thus, the contribution omitted from X generally acts as a
correction to the full slippage rate rather than contributing at
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Figure 6. (a) Isosurface of the slippage rate at |X'| = 50 above the Sun sphere. (b) A selection of field lines, colored by the slippage rate, above the Sun sphere,
colored by the squashing factor. (c, d) Slippage rate and signed logarithm of the squashing factor, respectively, in a slice at a constant radius r = 1.1 R. Note that the
slippage color scale is consistent across panels (a)—(c). This is the situation at = 3500 s, while the animated version of this figure shows these quantities in time from
t =0tot = 6000 s at times indicated. The real-time duration of the animation is 11 s. The footpoints of the field lines in panel (b) are advected in time by the surface

motion shown in Figure 5.
(An animation of this figure is available in the online article.)
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Figure 7. During the ARMS simulation, magnitude of the difference between
the vector fields of full slippage, and slippage due to field-aligned currents at
t = 3300 s. The animated version of this figure shows these quantities in time
from t = 0 to t = 6000 s at times indicated. The real-time duration of the
animation is 11 s.
(An animation of this figure is available in the online article.)

the same order of magnitude. This behavior is consistent with
the coronal magnetic field being close to force-free on large
scales. Note that some artifacts are present owing to a jump in
grid refinement.

The supergranular driving creates a combination of fields
and currents qualitatively similar to those in Section 3.1 and

Figure 2. Initially straight field lines are driven helical, a
centrally peaked current is established, and the resulting field-
line slippage rate is therefore directed around this current.

We compare the slippage rate to two other key diagnostics
for magnetic reconnection and nonideal behavior—the squash-
ing factor and the current density—in Figure 8. The top row of
panels gives an overview above the entire coronal hole under
consideration, while the lower three rows show regions of
interest. At a time ¢ = 1500 s, the supergranular driving has
begun to advect field lines, alter the field topology, and
establish currents.

The second row from the top shows the region around
r=12R., 6 =20°, ¢ = —14°, above the middle left of the
coronal hole. The field lines are approximately radial there.
The squashing factor shows that the coronal hole boundary has
been deformed. Moreover, the surface flows have created an
S-shaped disturbance in the squashing factor due to the twist
imparted on the field lines. In the panels depicting the current
density and slippage rate, the arrows indicate their respective
direction within a surface of constant radius (i.e., excluding the
radial component; the magnitude still includes it, however).
The direction of the current flow is not meaningful here, but
the slippage rate shows a clear counterclockwise circular
motion, as driven by the surface flow.

The third row from the top, centered around r = 1.2R.,
0 = 26°, ¢ = 26°, is located at the pseudostreamer, where the
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Figure 8. Slices of squashing factor (left column), scaled current density (middle column), and scaled slippage rate (right column) at constant radius r = 1.2 R, at
time ¢ = 1500 s, after driving by the initial supergranules has begun. The arrows indicate the direction of the components of the appropriate vector field within these
slices.

field lines are strongly inclined. The slice at constant radius Resolved in this way, the field lines are therefore slipping over
therefore intersects the field lines at an oblique angle. The the top of this structure as to be expected from Equation (2).
projection, therefore, indicates the direction of the current The lowest row of panels in Figure 8 is in a region above
more clearly; a strong current tube is flowing diagonally two neighboring vortices, so there is no single clear circular
upward and to the right, flanked by two return flows opposite. pattern in any of the diagnostics. Nonetheless, the slippage rate
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Figure 9. Slice of the squashing factor Q at constant radius » = 1.2 R, at the
end of the simulation, # = 6000 s. The footpoints of two field lines have been
ideally advected on the photosphere (r = R), and the path where those field
lines intersect this radial slice is given by the dashed line. The direction of the
slippage vector field X is indicated by the orange arrow at the end and by gray
arrows part way through the simulation. The animated version of this figure
displays Q at times from ¢ = 0 to t = 6000 s as indicated; the path of the field
lines is shown from the start up to that point in time, and the instantaneous X
direction is denoted by the orange arrows. The real-time duration of the
animation is 11 s.

(An animation of this figure is available in the online article.)

shows a rough oval “O” shape, with counterclockwise motion
around it.

One key advantage of the slippage rate over the other two
diagnostics is that, in addition to showing where nonideal
effects for the field-line motion are strongest, it gives a clear
indication of the direction in which the slip actually happens.
Let us examine the counterclockwise slippage around the “O”
shape mentioned above in more detail. Consider a footpoint on
the photosphere, which moves ideally under the imposed
surface velocity shown in Figure 5. A magnetic field line can
be traced into the corona from wherever this footpoint is
located. If the field line is long enough, it will intersect a
sphere at » = 1.2 R at a given time and therefore form a
trajectory over the course of the simulation. From the point of
view of the footpoint, the resulting trajectory is quite arbitrary
and a function of the space- and time-dependent magnetic
field. A pair of such trajectories are shown in Figure 9. The
static version of Figure 9 shows the situation at the end of the
simulation, with two field lines denoted by different symbols.
The animated version of Figure 9 shows the situation
every 100 s.

It is also possible, at each time and field-line intersection
point, to calculate the local direction of the slippage rate X.
This is a local quantity, which does not require knowledge of
long-range motion of the field line, or its footpoint. Arrows in
both the static and animated versions of Figure 9 show the
direction of the slippage rate (ignoring, again, the radial
component). For the two field-line intersections denoted by the
triangle and pentagon, which fall into the “O” shape of the
bottom right panel of Figure 8, both the trajectory and the
direction of slippage rate align almost perfectly, indicating that
the field line is indeed slipping as described by the vector field
Y. Note that in this simple case the direction of X is
approximately constant from r = R, to the height of Figure 9
atr = 1.2 R...
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4.2. Solar Eruption (DUMFRIC)

The DUMFRIC code has recently been used to simulate the
solar corona for a continuous period of 47 yr (V. Aslanyan
et al. 2024a). In this model, magnetic flux is injected into the
corona at r = R, based on observational magnetograms. The
simulation grid is initialized with a PFSS model. Thereafter,
the magnetic field B = V x A is obtained by solving

oA _
ot
E=—-—vxB+N,

-E (28)

(29)

where E is the electric field and v is the implied plasma

velocity
115
v — V xB) xB V| —- e . (30)
Here v is a frictional coefficient, v,, = 100 km s~ is the solar

wind speed, and NV is a hyperdiffusion term representing the
macroscopic effects of small-scale turbulence. The simulation
grid in (r, 6, ¢) has 61 x 181 x 361 points, extending in a fully
spherical shell from 1 R, < r < 2.5 R,

The system of units used by the DUMFRIC code is
comparable to ARMS: L = R, current density is in units of Bi
with the constant 47 replacing 1, and 7 is in units of ab$2 cm.
Consequently, the scaled quantities output by US11ip are related
to their dimensional counterparts by Equations (25)—(27). As
with the study in Section 4.1, the effective numerical resistivity
is a constant to be determined.

The long-term simulation of the corona was started at 12:00
on 1975 September 25. NOAA Active Region 12672 emerged at
r = R at 12:00 on 2017 August 25, causing an eruption and
subsequent relaxation of the coronal magnetic field. During this
dynamic reorganization of the magnetic field, US1ip identifies
regions of field-line slippage. Figure 10(a) shows an isosurface
of constant |X'| = 500, which consists of a smaller, partially
spherical structure surrounded by larger arcs intersecting the
outer boundary. In the animated version of the figure, which
shows the situation every 6 hr, a slippage “bubble” (visually
reminiscent of bubble gum) expands outward from where the
active region emerges, suggesting that this is the mechanism by
which nonideal effects modify the field structure dynamically. A
cut at a constant radius r = 1.5 R, is shown in Figure 10(c),
which displays the cross section of this “bubble”; it expands and
contracts in the animated version. Some fine structure is seen to
the southwest of the center.

Such a transient event is accompanied by strong twisting of
the field lines and rapid variation in the squashing factor.
Figure 10(b) shows such twisted field lines colored by |X'|
above a sphere at r = R, colored by the squashing factor there.
In the animated version of the figure, the twist propagates from
the inner to the outer simulation boundary. The squashing
factor is also shown at a constant radius r = 1.5 R in
Figure 10(d). A number of regions of high, rapidly varying
squashing factor with intermingled open and closed field lines
correspond to the “bubble” of high slippage rate, with the fine
structure of both diagnostics matching. This comparison of the
slippage rate and squashing factor maps provides another clear
example that while Q indicates where the magnetic field is
susceptible to reconnection, X indicates where reconnection is
active at a given time (S. Stanish & D. MacTaggart 2026).
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Figure 10. An eruption occurring in a DUMFRIC simulation. (a) Isosurface of the slippage rate at |X'| = 500 above the Sun sphere. (b) A selection of field lines,
colored by the slippage rate, above the Sun sphere, colored by the squashing factor. (c, d) Slippage rate and signed logarithm of the squashing factor, respectively, in
a slice at a constant radius r = 1.5 R.,. Note that the slippage color scale is consistent across panels (a)—(c). We denote 12:00 on 2017 August 24 as t = 0, well before
the start of the eruption, and show the situation at = 42 hr. The animated version of this figure begins at = 0 and shows these quantities over 6 days, at times

indicated. The real-time duration of the animation is 5 s.
(An animation of this figure is available in the online article.)

Figure 11 displays a map of |X* — X%|, similar to Figure 7,
corresponding to the same time and location shown in
Figure 10(c). As with the example in Section 4.1, the cross-
field gradients in o dominate the slippage rate magnitude.
Although localized differences between X and X* are
present, these remain small compared with the characteristic
magnitude of ||, never exceeding approximately one-fifth of
its peak value. The neglected terms, therefore, contribute only
a subdominant correction to the slippage rate.

This example demonstrates that the theoretical and numer-
ical framework laid out in this article is applicable to a range of
models, remaining useful even when the full MHD equations
are not solved. We anticipate that X will prove a useful
diagnostic for locating regions of magnetic reconnection in
studies where the topology is complicated and rapidly varying.
The precise mechanisms of slippage and reconnection during
eruptions, including the expanding nonideal “bubble,” identi-
fied in this model require further study.

4.3. Magnetic Geometry under Photospheric Motion
(Lare3d)

To observe slippage rate on a smaller scale, we use the
Lare3d MHD code (T. Arber et al. 2001) to simulate the
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Figure 11. During the DUMFRIC simulation, magnitude of the difference
between the vector fields of full slippage, and slippage due to field-aligned
currents at t = 42 hr. The animated version of this figure begins at t = 0 and
shows these quantities over 6 days, at times indicated. The real-time duration
of the animation is 5 s.

(An animation of this figure is available in the online article.)

interface between the photosphere and lower corona with a
Cartesian grid. The simulation grid in (x, y, z) measured
15 x 15 x 22.5 Mm, with 256> grid points. A set of magnetic
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Figure 12. Initial conditions of the Cartesian simulations with the Lare3d
code outlined here. (a) Magnetic polarity at the photosphere, above which are
a sample of open (blue) and closed (red) magnetic field lines. The magnetic
null is indicated by a green sphere. (b) Map of the signed logarithm of the
squashing factor in the simulation domain. (c) Initial temperature (red solid
line) and density (blue dashed line) profiles at heights above the photosphere
as indicated, showing a sharp transition from the relatively cold, dense
photosphere to the hot, tenuous corona.

dipoles is used to initialize a region of parasitic polarity at the
photosphere (located at z = 0), leading to a region of closed
field lines (defined as those that connect to the photosphere at
both ends) embedded within the open field (defined here by
field lines that connect from the photosphere out to z > 20
Mm). This forms a “dome” of closed field lines as shown in
Figure 12(a). This geometry admits a magnetic null above the
photosphere at the apex of the dome. The closed-field region is
initially approximately 10 Mm in lateral size, as shown by the
squashing factor map in Figure 12(b). The initial background
plasma temperature and density are intended to mimic the
sharp transition region from the relatively cold photosphere to
the hot corona. The temperature and density profiles, initially
constant in x and y, are shown in Figure 12(c). The Lare3d
code solves the resistive MHD equations under gravity,
including heat conduction.

The domain is periodic in x and y, allowing the system to be
driven laterally, simulating photospheric flows. The simula-
tions presented here are very similar to those described in
D. I. Pontin et al. (2024)—wherein the overall dynamics are

12

Aslanyan et al.

described in detail—except that in that earlier study no
chromospheric layer was included. To initiate the photospheric
flow, at the layer of the lowest grid cells in z, we have imposed
an additional force term composed of three Gaussian functions

3 2
F=> pTiWieXP(ﬁ),
i=1

i

€29

where w; is each corresponding width in y. Each of the time
envelopes is sinusoidal,
. t— 1t
T = SIH(WT), <t + T

i

(32)

7; =0, otherwise, (33)

where t; is the individual start time and 7; is the period of each
envelope. The envelope in x is given by

—(x — L)?
W, = exp((xif’)), x < L (34)
Oi
W, =1, Li<x<U (35)
—(x — U)?
W,:exp(i(x ) ) > U, (36)

where o; is the corresponding width, while the force is chosen
to be constant between two limits L; and U; and to fall away as
a Gaussian outside them.

The effect of this applied force is to move the plasma in the
+x-direction, most intensely through the middle of the
photosphere at y = 0. After 7000 s, the force is switched off
and the system is allowed to move freely under the resulting
velocity. In the limit of ideal MHD, this would cause a lateral
shift in field lines, which would remain frozen-in to the flow.
On the other hand, the explicit and numerical resistivities
cause the field lines to slip and, in many cases, to oscillate
more intensely than under the strict influence of the fluid
velocity. We have modified the Lare3d code to output the
resulting surface velocity at sufficient frequency to allow us to
track the footpoints of selected field lines.

Figure 13(a) shows an isosurface of constant |X'| = 1000,
which extends vertically upward from the region of closed
flux. The shape of this closed-field region has been deformed
from its initial state under the effect of the surface velocity, as
shown in Figure 13(b). The dome of closed field lines and their
surrounding open field lines is also shown, their footpoints
having been advected by the surface flow. The field lines are
colored by |X'|, with some field lines experiencing strong
slippage close to, but not immediately at, the photosphere.
Figure 13(c) shows |X| in a slice at a distance z = 0.73 Mm
above the photosphere. Regions of high slippage form
something resembling a “wake” around the moving dome of
closed field lines. Figure 13(d) shows the squashing factor at
this same height. One wake region forms just behind the
leading open—closed boundary, and the other forms at the
trailing boundary.

The full dynamics are visible in the animated version of
Figure 13, which shows the relative quantities every 1000 s.
The displayed field lines are first seen “dragged” by their
footpoints and begin to slip close to the photosphere.
Thereafter, the slippage extends further up the field lines,
and they begin to oscillate as they move in the +x-direction.
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Figure 13. Photospheric surface motion in the +x-direction (left to right on the page) leads to the motion and slippage of field lines. (a) Isosurface of the slippage rate
at | X'| = 1000 above the photosphere. (b) A selection of field lines, colored by the slippage rate, above the photosphere, colored by the squashing factor. (c, d)
Slippage rate and signed logarithm of the squashing factor, respectively, in a slice at a constant height z = 0.73 Mm. Note that the slippage color scale is consistent
across panels (a)—(c). Note that the 3D plots make use of the fact that the grid is periodic (and therefore infinitely repeating) in x. This is the situation at = 9000 s,
while the animated version of this figure begins at = 0 and shows these quantities up to # = 20,000 s. A magnetic null, when it is identified, is indicated by a green

sphere. The real-time duration of the animation is 5 s.
(An animation of this figure is available in the online article.)

The shape of the wake of slippage expands in time out from
the closed-field region.

Lare3d normalizes quantities by a set of user-defined
constants defined in SI units. We have chosen to set the length
scale to L = 7.5 Mm and the resistivity to n = 11.9 Q m, while
the vacuum permeability takes the usual value of g = 47 X
1007 N A~ Note that the length scale has already been
accounted for in the axes of the figures shown here. These can be
used with Equations (14)—(16) to obtain the absolute values of
US1ip outputs, in particular

> = u”Lz >k (37)
0
—1.681 x 10°73*, (38)

where X is in units of s~ .

We choose a particular open field line from Figure 13, at the
rear (lower x) of the moving closed-field region, for further
analysis. With the normalization constants above, we calculate
¥ and X, dimensioned in units of s~' at points along the field
line, as shown in Figure 14. We have cut off the field line at a
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height of z = 5 Mm above the photosphere, so that its total
length is 6.3 Mm; the magnitudes of ¥ and X, are low above
there. This allows a cumulative slip “velocity” in Equation (6)
to be calculated by integration up along the field line for both
measures of slippage rate. At the peak height shown here, we
have

vaip = (7.45, —11.2, —=3.94)7 x 10~ Mm s/, (39)
bipl = 1.4 x 10 Mm s, (40)
Vastp = (6.82, =7.22, —1.56)T x 10-4 Mm s~ !, (41)
Vo stipl = 1.0 x 107> Mm s~ L. (42)

The quantities in Equations (39)—(42), together with an
inspection of the vectors in Figures 14(a) and (b), show that
X, dominates other contributions to X' on this field line, being
ultimately responsible for both the strength and direction of the
field line’s slippage.

We can make further use of vy, to estimate the distance of
field-line slippage (always relative to ideal motion), at least
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Figure 14. At = 9000 s in the Lare3d simulation, a selected field line is
projected onto the (a) x-z plane and (b) x-y plane. The arrows indicate the
magnitudes and directions of ¥ and X, at points along the field line. (c)
Variation of the components of X with height z. Note that the field line is
shown up to a height of z = 5 Mm, though the simulation grid extends above
this. The field line slips most strongly between heights of 1 < z < 2, directed
toward +x (parallel to the imposed flow), —y (toward the center of the
simulation region), and —z.

over suitably small time spans. Assuming that v;, does not
vary substantially over a time period At, the slippage distance
relative to ideal motion may be estimated as

Tyiip & Viip AL (43)

In the present example, if Ar = 107 s, the total slip of the field
line at its top (here 5 Mm above the photosphere) would be
1.4 Mm relative to its ideal motion. We stress that rg;, is a
simple estimate. However, it provides useful quantitative
insight that would otherwise be computationally impractical to
obtain.

5. Conclusion

We have presented US11ip, a numerical tool for calculating
the slippage rate of magnetic field lines and diagnosing
nonideal evolution in coronal magnetic fields. The method
extends the UFiT framework to compute scaled versions of
both the full slippage rate, X, and its force-free approx-
imation, X*, providing spatially resolved and physically
grounded diagnostics directly from magnetic field data inputs.

The theoretical formulation underlying the slippage rate,
based on the nonideal contributions to the induction equation,
has been summarized, together with its interpretation as an
instantaneous and local measure of the deviation from ideal
frozen-in motion. In contrast to geometrical diagnostics such
as the squashing factor, which identify regions favorable for
reconnection, the slippage rate directly quantifies where
reconnection is actively occurring and provides the local
direction and magnitude of changes in field-line connectivity.

The numerical implementation has been validated against an
analytical magnetized Z-pinch configuration (sometimes
referred to as a “screw pinch,” an approximation to a large
major radius tokamak), where US1ip accurately reproduces
both the magnitude and direction of the slippage rate across
coordinate systems, with controlled errors arising primarily at
grid boundaries. This confirms the consistency of the
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discretization procedure and its suitability for practical
applications to structured simulation grids.

Applications to three different numerical simulations (based
on the ARMS, DUMFRIC, and Lare3d codes) demonstrate the
capability of USlip to analyze complex, time-dependent
magnetic configurations.

In the MHD ARMS simulation, supergranular driving
generates twisted bundles of magnetic field lines and spatially
localized regions of enhanced slippage rate. These regions
form coherent tubular structures aligned with the underlying
flows, with their geometry reflecting the topology of the field:
radial tubes in regions of nearly radial field, and curved,
filamentary intersections where strongly inclined field lines are
sampled on spherical shells. The slippage rate further reveals
the direction of field-line motion, capturing both rotational
patterns driven by surface flows and the deformation of field
lines at specific segments along their length.

In the magnetofrictional DUMFRIC simulation, USlip
identifies the emergence of a spatially extended “bubble” of
high slippage rate associated with an eruptive event. This
structure expands and evolves dynamically. Its slippage rate
signature refines that of its squashing factor signature, isolating
the regions where nonideal behavior is active rather than
where it is potentially active.

At smaller scales, the MHD Lare3d simulation shows how
photospheric driving produces a wake-like distribution of high
slippage rate surrounding a moving dome of closed flux. The
slippage rate initially develops near the photosphere and
subsequently propagates along field lines, consistent with the
progressive breakdown of ideal evolution.

Across all examples, US1ip not only localizes regions of
strong nonideal behavior but also provides a consistent
description of the direction and magnitude of the field-line
slippage rate. The agreement between the inferred slippage
direction and the observed evolution of field-line trajectories
(e.g., Figure 9) further supports the interpretation of X as a
physically meaningful diagnostic of connectivity change.
Calculations also show that 3, dominates other contributions
to X for the examples presented, as is to be expected in
coronal applications.

The results demonstrate that US1ip is a robust and versatile
tool for the analysis of 3D magnetic reconnection in complex
systems. Its ability to operate on a wide range of inputs,
including full MHD simulations, magnetofrictional models,
and analytically constructed fields, makes it well suited for
both detailed analysis and comparative studies across different
modeling approaches. It also shows promise for future
simulations and observational studies where the 3D magnetic
field is known. Regions of high scaled slippage rate X would
indicate changes in magnetic connectivity, reconnection, and
other dynamic events. Where the resistivity is known, the
absolute measure of slippage rate ¥ may be calculated to
compare directly to observations, with implications for
turbulence, the release of solar wind, and coronal heating.

It may furthermore be desirable to invert the problem
presented here. Suppose that high-resolution, time-dependent
maps of the magnetic field were obtained from observations.
Simultaneously, particular loops of plasma could be identified
and tracked in time based on their density or temperature
contrast with the background plasma. Thus, by comparing the
slippage rate and the true slippage of the plasma relative to field
lines, the approximate resistivity of the plasma could be inferred.
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Appendix A
Comparing the Diagnostics of GMR and the Slippage Rate

A key diagnostic in the theory of GMR (K. Schindler et al.
1988; M. Hesse & K. Schindler 1988) is the field-line voltage,

E:LR'BM

B
where L is a parameterization of the field line (typically
through a nonideal region in the context of GMR theory).

It is common to calculate = in simulations as a measure of
reconnection. While on many occasions this measure will
diagnose reconnection, it is not, by itself, sufficient to imply
changes in magnetic connectivity. To illustrate this, consider a
linear force-free field satisfying

VXB:()(()B,

(Al)

(A2)

for constant o, together with u = 0 and constant resistivity 7.
In this case,

R=nj =B, (A3)
Ho
and so
nag
V x R =B (A4)
Ho
Hence, (V x R), = 0 and
X=0 (AS)

everywhere. At the same time, = is generally nonzero.

Thus, in this example, = measures magnetic diffusion along
field lines but does not imply changes in field-line connectiv-
ity, since the slippage rate is identically zero. This illustrates
that the field-line voltage and the slippage rate may diagnose
different aspects of nonideal evolution: a nonzero field-line
voltage may be present without field-line slippage, whereas the
slippage rate directly measures departures from frozen-in
evolution.
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Appendix B
Slippage Rate under Resistivity

For completeness, we display the full expansion of the
slippage rate ¥ with R = 7jj and the decomposition identified
in Equations (7)—(9). Following D. MacTaggart (2025), we
have

1

S = ———(C + 90, (BI)
1olBI
where

Ci=aVnxB—AVn-Ber (B2)

and

C = (w — VA -Bep + Mo+ w)Bs, + Va x B,

(B3)

with
w1 =V X By, -ep, wzzm. (B4)

B

In this work, since our focus is on large-scale coronal
simulations, we have only considered constant resistivity, so
the terms that constitute C; are zero. The rest of the terms are
based on the geometric scalars A and «, with the last term in
C, contributing the “force-free” slippage rate X,.

Appendix C
Squashing Factor Calculation in Cylindrical Coordinates

In cylindrical coordinates (7, ¢, z), the position along a field
line, parameterized by the distance [ along said field line, is
given by

ar _ B, 1
dt  |B|

do _1 8 (C2)
dt  r|B|’

dz_ B (C3)
dt  |B|

We have extended the theoretical and computational formal-
ism for the squashing factor Q outlined in V. Aslanyan et al.
(2024b) to cylindrical coordinates. Following the approach
outlined there, a pair of tangent vectors (U, V) are transported
along the magnetic field according to the Lie transport

B-VYU=U"-V)B, (C4)

where V3 = ¢ _gifaxfﬂ is the gradient of an arbitrary scalar
field 8, with g" representing the inverse of the coordinate
metric. Decomposed into its components, this expression takes
the form

BIS-U = B - V)l = U V)B+ (B - UB)T,

(C5)
where F’J‘»i = glme,, - axje,» are the Christoffel symbols that
describe the local variation of the coordinate bases.
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In cylindrical coordinates, the gradient of a scalar field 3 is
given by

V3= (e,@, + % e,0p + ezaz),é’, (Co)
and the Christoffel symbols admit only two nontrivial entries,
arising from the fact that 94, = e4 and Jye, = —e,. Of these
two entries, only the off-diagonal term I‘¢r contributes to the
final expression (since B,U, — U,B, = 0). Consequently, the
complete set of transport equations in cylindrical coordinates is
given by

d

B|—U, = (U - V)B, C7
1B Ur = (U - V) €7
d 1
|B|%U¢ = U - V)B, + —(UsB, — B;U,) (C8)
r
|B|iU =U-V)B (&)
de " -

Given solutions to these equations for initialized values of U
and V, which are taken to be initially orthonormal and
orthogonal to B, the squashing factor Q is found in the same
manner as for the other coordinate systems.

Appendix D
Numerical Derivatives

Calculation of ¥ requires the computation of the curl of a
pair of vector fields, while X, additionally requires the
gradient of a scalar field. These are defined in Cartesian,
spherical, and cylindrical coordinates through their usual
formulae, e.g., the gradient in cylindrical coordinates is given
by Equation (C6).

Suppose that in a 3D system of coordinates (p, o, 7) some
quantity A is defined on a grid. On such a grid, for point
(pi» 0j, i), we assume that there exists at least one neighbor
out of (piy1, 0, T), (Pi—1> 0}, Tx), and similarly for the other
coordinates. In some cases, such as the DUMFRIC code, this is
true of the entire simulation grid, while for the adaptive mesh
of ARMS this is true for subsets of the grid at constant
refinement. For a derivative with respect to coordinate p at the
point (p;, 0, Tx), we seek an “upper” point p; at (p;1, 0, Ty) if
it exists, or the point itself, and a “lower” point at (p;_1, 0, T),
or the point itself, with the derivative taking the usual form

O0A N AT _Al

— , (D1)
dp pr— P

020> Tk

and similarly for the other coordinates o, 7. This reduces to a
first- or second-order method, respectively.

Outside of Cartesian coordinates, the gradient and curl
require the division by scale factors, e.g., 1 /r in Equation (C6).
We find that, for the desired mixture of speed and accuracy,
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the functions within the respective scale factors are evaluated
at the midpoint of the upper and lower points, as

Fd

D2
5 (D2)

Nf(PT + pl)AT — A
Do 2 Jp—p

and similarly for the other coordinates. As stated above, the
second-order derivatives in the definition of X and X, are
calculated by two successive passes over the simulation grid.
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