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We discuss Q-absolutely continuous functions between Carnot 
groups, following Malý’s definition for maps of several vari
ables ([43]). Such maps enjoy nice regularity properties, like 
continuity, Pansu differentiability a.e., weak differentiability 
and an area formula. Furthermore, we extend Stein’s result 
concerning the sharp condition for continuity and differentia
bility a.e. of a Sobolev map in terms of the integrability of the 
weak gradient: more precisely, we prove that a Sobolev map 
between Carnot groups with horizontal gradient of its sections 
uniformly bounded in LQ,1 admits a representative which is 
Q-absolutely continuous.
© 2025 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In this paper we study Sobolev regularity, continuity and Pansu differentiability for 
maps f : Ω ⊂ G1 → G2 satisfying suitable intrinsic notions of absolute continuity or 
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bounded variation, called Q-absolute continuity and bounded Q-variation, where G1 and 
G2 are Carnot groups and Ω is an open set in G1. In particular, we will apply such a study 
for extending in this setting an analogous of the remarkable Euclidean Stein’s result [55] 
concerning the sharp condition providing continuity and differentiability a.e. in terms 
of integrability of the weak gradient, thus paving the way to the study of the gradient 
regularity of solutions to the sub-Laplace Poisson equation, see e.g. [34]. Moreover we 
will prove an area formula for Q-absolutely continuous maps between Carnot group.

The definition and main properties of a Carnot group are collected in section 2. Let 
us quickly recall here that a Carnot group G is a simply connected nilpotent Lie group 
which can be represented as G ≡ (Rn, ·) equipped with:

• a family of intrinsic dilations (δλ)λ>0 : G → G, which are automorphisms of G;
• a subbundle HG of the tangent bundle TG, called horizontal subbundle, which gen

erates by commutation the whole TG;
• a Carnot-Carathéodory (or, also, control) metric dc associated to the horizontal sub

bundle HG, which is left-invariant and homogeneous with respect to the intrinsic 
dilations.

The Haar measure of G turns out to be the n-dimensional Lebesgue measure Ln on 
Rn and the metric (Hausdorff) dimension of (G, dc) coincides with its homogeneous 
dimension Q. If G is commutative, then G ≡ Rn as Euclidean vector space; if G is not 
commutative, then Q > n. In particular, we will see that the homogeneous dimension Q
will play the same role of the topological dimension n in the Euclidean setting.

A Carnot group is a sub-Riemannian structure, where several classical differential 
notions and results of the Euclidean/Riemannian geometry do not apply (see [25,26]). 
Thus new intrinsic notions are needed in this setting, such as, for instance, the ones of 
differentiable and Sobolev regular function between Carnot groups (see Definitions 2.5
and 2.18, respectively). Nevertheless, from the intrinsic point of view, some important 
analogous results to Euclidean setting still hold for maps between Carnot groups, such 
as a Rademacher differentiability result due to Pansu (see Theorem 2.6) and a Sobolev
Morrey embedding theorem (see, Theorem 2.21).

Let us stress that the intrinsic notion of differentiability for mappings between Carnot 
groups, and the related results, cannot be always recovered within the theory of differ
entiation for mappings between metric spaces (see Section B).

The notions of n-dimensional absolutely continuous function and n-variation for a 
map f : Ω ⊂ Rn → Rm were initially introduced by Malý in [43]. They have been 
studied in several papers (see, for instance, [13,29--31]). An historical account as far as 
the concept of absolute continuity for functions can be found in [43] and the references 
therein.

These notions can also be introduced in a metric measure setting, thus it is immediate 
to extend them to maps between Carnot groups. In the following the balls involved are 
the ones with respect to the CC distance dc.
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Definition 1.1. Let G1 = (Rn, ·, d1) and G2 = (Rm, ∗, d2) be two Carnot groups, let Q
be the homogeneous dimension of G1 (see (1)) and let f : Ω ⊂ G1 → G2, with Ω open 
set in G1.

(i) f is said to be Q-absolutely continuous if for each ε > 0 there exists δ = δ(ε) > 0
such that, for each finite disjoint family of open balls U1, . . . , Uk contained in Ω,

if 
k∑

i=1 
Ln(Ui) < δ then 

k∑
i=1 

(oscUi
f)Q < ε

where

oscUf := diamG2(f(U)) .

(ii) The Q-variation of f is defined as

VQ(f,Ω) := sup
{

k∑
i=1 

(oscUi
f)Q : {U1, . . . , Uk} disjoint family of balls in Ω 

}
.

We say that f has bounded Q-variation if VQ(f,Ω) < ∞.

We will denote by BV Q(Ω,G2) the class of functions f : Ω ⊂ G1 → G2 with bounded 
Q-variation and with ACQ(Ω,G2) the class of Q-absolutely continuous functions. We 
use the notation BV Q

loc(Ω,G2) for functions which are locally of bounded Q-variation 
and ACQ

loc(Ω,G2) for the family of functions which are locally Q-absolutely continuous. 
It actually holds that ACQ(Ω.G2) ⊂ BV Q(Ω,G2) if Ω ⊂ G1 is a bounded open set (see 
Proposition 3.1).

The study of absolutely continuous functions has been extended from the Euclidean 
framework to the one of metric measures spaces: firstly, the study of real-valued functions 
defined on measure metric spaces (see, for instance, [50,51]), and then the one of metric 
space-valued maps (see, for instance, [61,62,44,35]). We are going to compare later our 
results with the previous ones.

Note that also in this context the homogeneous dimension Q of the Carnot group 
G1 plays the same role of the Euclidean dimension. Indeed, we will see that, roughly 
speaking, the class ACQ

loc(Ω,G2) locally lies between the class of Sobolev maps which 
admit weak horizontal gradient with summability Q, that is the class W 1,Q

loc (Ω,G2) (see 
Definition 2.18), and the union over p > Q of the spaces W 1,p

loc (Ω,G2). Moreover it shares 
good properties with the maps in W 1,p

loc (Ω,G2) with p > Q.
In section 3 we begin our study by stressing some simple classes of functions contained 

in ACQ(Ω,G2). In particular we will see that, if f satisfies the so-called (RR) condition, 
then f ∈ ACQ(Ω,G2) and we will show that, if f is a Sobolev map with exponent 
p > Q, that is f ∈ W 1,p(Ω,G2), then f ∈ ACQ(Ω,G2) (see Theorem 3.6). Moreover 
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we will prove that maps with finite Q-variation between Carnot groups, that is maps 
in BV Q(Ω,G2), are Pansu-differentiable a.e. and admit weak horizontal gradient (see 
Theorems 3.7 and 3.10). As a consequence, since ACQ

loc(Ω,G2) ⊂ BV Q
loc(Ω,G2), also 

functions in ACQ(Ω,G2) share the same properties.
In section 4 we will prove that a Sobolev function f : Ω ⊂ G1 → G2 admitting weak 

gradient in the Lorenz space LQ,1(Ω) admits a representative in ACQ(Ω,G2) (Theo
rem 4.2), extending in this way Stein’s result on Euclidean spaces. Moreover we will 
discuss this result also for maps in a suitable class of Orlicz-Sobolev spaces between 
Carnot groups (see Appendix A and in particular Theorem 6.7).

In section 5 we will show an area formula for functions in ACQ(Ω,G2) (see Theo
rem 5.7 and Corollary 5.8), which extends the one proved independently in [39] and in 
[59] for Lipschitz functions.

Eventually in Appendix B we will collect, for sake of completeness, some relevant 
notions and results about the differentiability and Sobolev regularity of metric spaces
valued maps defined on a metric measure space, in order to compare our results with 
the previous ones.

Acknowledgments. The authors are members of Gruppo Nazionale per l’Analisi 
Matematica, la Probabilità e le loro Applicazioni (GNAMPA), of the Istituto Nazionale di 
Alta Matematica (INdAM) and they are partially funded by the European Union under 
NextGenerationEU. PRIN 2022 Prot. n. 2022F4F2LH. The authors would like to thank 
B. Franchi, R. Serapioni and V. Magnani for very useful discussions on the topics of the 
present paper. We would like to thank the referee for carefully reading the paper and for 
giving such constructive comments which substantially helped improving the quality of 
the paper.

2. Preliminaries

2.1. Carnot groups

A Carnot group (G, ·) is a simply connected and nilpotent Lie group whose Lie algebra 
g of left-invariant vector fields has dimension n and admits a stratification of step s ∈ N, 
that is

g = V1 ⊕ V2 ⊕ · · · ⊕ Vs,

where the vector spaces V1, . . . , Vs ⊂ g satisfy

Vi = [V1, Vi−1] for i = 2, . . . , s, [V1, Vs] = {0}.

We set mi = dim(Vi) and hi =
∑i

j=1 mj for i = 1, . . . , s. We fix an adapted basis of g, 
i.e. a basis X1, . . . , Xn such that
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Xhi−1+1, . . . , Xhi
is a basis of Vi, i = 1, . . . , s.

The subspace V1 of g is also called horizontal layer, while X1, . . . , Xm1 are the generating 
vector fields of the group. We endow the algebra g with the left-invariant Riemannian 
metric 〈·, ·〉 that makes the basis X1, . . . , Xn orthonormal. Exploiting the exponential 
identification p = exp (

∑n
i=1 piXi), we can identify G with Rn, endowed with the group 

law determined by the Campbell–Hausdorff formula. In particular, the identity e ∈ G

corresponds to 0 ∈ Rn and the inversion map becomes ι(p) = p−1 = −p for any p ∈ G. 
Moreover, it is not restrictive to assume that Xi(0) = ei for any i = 1, . . . , n. Therefore, 
by left-invariance, we get

Xi(p) = dτpei, i = 1, . . . , n,

where τp : G → G is the left-translation by p ∈ G, i.e. τp(q) = p · q for any q ∈ G. 
The subbundle of the tangent bundle TG that is spanned by the vector fields X1, . . . , Xm1

plays a particularly important role in the theory and it is called the horizontal bundle 
HG; the fibers of HG are

HGx = span {X1(x), . . . , Xm1(x)}, x ∈ G.

For any i = 1, . . . , n, the degree d(i) ∈ {1, . . . , s} of the basis vector field Xi is d(i) = j

if and only if Xi ∈ Vj . The group dilations (δλ)λ≥0 : G → G are hence given by

δλ(p) = δλ(p1, . . . , pn) = (λp1, . . . , λ
d(i)pi, . . . , λ

spn) for all p ∈ G.

The Haar measure of the group G coincides with the n-dimensional Lebesgue measure Ln. 
The homogeneity property Ln(δλ(E)) = λQLn(E) holds for any measurable set E ⊂ G, 
where

Q :=
s ∑

i=1 
idim(Vi) ∈ N (1)

is the homogeneous dimension of G. For notational convenience, we will use also the 
shorthand |E| = Ln(E). 
In the following proposition (see [20]) we collect some fairly elementary properties of the 
group operation.

Proposition 2.1. The group product has the form

x · y = x + y + Q(x, y), ∀x, y ∈ Rn (2)

where Q = (Q1, . . . ,Qn) : Rn × Rn → Rn and each Qi is a homogeneous polynomial of 
degree d(i) i.e.
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Qi(δλx, δλy) = λd(i)Qi(x, y), ∀x, y ∈ G.

Moreover Q is anti-symmetric, which means

Qj(x, y) = −Qj(−y,−x),

and also

Q1(x, y) = ... = Qm1(x, y) = 0,

Qj(x, 0) = Qj(0, y) = 0, (3)

Qj(x, x) = Qj(x,−x) = Qj(−x, x) = 0, for m1 < j ≤ n,

Qj(x, y) = Qj(x1, . . . , xhi−1 , y1, . . . , yhi−1), if 1 < i ≤ s and j ≤ hi.

Definition 2.2. An absolutely continuous curve γ : [a, b] → G is horizontal if there exist 
u1, . . . , um1 ∈ L1[a, b] such that

γ′(t) =
m1∑
j=1 

uj(t)Xj(γ(t)) for a.e. t ∈ [a, b].

We define the horizontal length of a horizontal curve γ by L(γ) =
´ b

a
|u(t)|dt, where 

u = (u1, . . . , um1) and | · | denotes the Euclidean norm on Rm1 .

Chow-Rashevskii Theorem asserts that any two points of G can be connected by 
horizontal curves [7, Theorem 9.1.3]. Actually, any two points can be connected by a 
geodesic, despite such a curve can be not unique [45, Theorem 1.4.4]. This allows us to 
define the Carnot-Carathéodory distance (CC distance) as follows.

Definition 2.3. The CC distance between x, y ∈ G is

dc(x, y) := inf{L(γ)| γ : [0, 1] → G horizontal joining x to y}.

This CC metric induces the Euclidean topology and it is an invariant distance, since it 
satisfies dc(zx, zy) = dc(x, y) (left translation invariance) and dc(δr(x), δr(y)) = rdc(x, y)
(homogeneity) for x, y, z ∈ G and r > 0. Every invariant distance d induces a homoge
neous norm, simply defining ‖x‖ := d(x, 0). We denote the CC open ball with center x
and radius r by Ur(x) or by U(x, r) and in particular we use the shorthand U1 = U(0, 1). 
When convenient, we will consider the closed CC ball of center x and radius r, denoted 
by B(x, r). It can be proved that Ln(Ur(x)) = rQLn(U1(0)), where Q is the homoge
neous dimension of G (see (1)). Therefore Q turns out to be the Hausdorff dimension of 
the metric measure space (G, dc,Ln). In particular note that, if the step of G is s ≥ 2, 
then Q > n, which means that the Hausdorff metric dimension of G is larger than its 
topological dimension n.



A. Pinamonti et al. / Journal of Functional Analysis 289 (2025) 110948 7

Following [20, Thm. 5.1], we also introduce the left-invariant and homogeneous dis
tance d∞(p, q) = d∞(q−1 ·p, 0) for p, q ∈ G, where, identifying G = Rn = Rm1×· · ·×Rms

and letting πRmi : Rn → Rmi to be the canonical projection for i = 1, . . . , s,

d∞(p, 0) = max{εi|πRmi (p)|1/iRmi
: i = 1, . . . , s} for all p ∈ G, (4)

with constants ε1 = 1 and εi ∈ (0, 1) for all i = 2, . . . , s depending on the structure of G. 
We use the shorthand ‖p‖∞ = d∞(p, 0) for p ∈ G. Consequently, for p ∈ G and r > 0, 
we define the open and closed balls with respect to this metric as

U∞(p, r) = {q ∈ G : d∞(q, p) < r}, B∞(p, r) = {q ∈ G : d∞(q, p) ≤ r}.

2.2. Differential calculus on Carnot groups

This section is taken from [20] and [38, Chapter 3]; we refer to [40] for a generalization 
of these contents. The notion of P-differentiability for functions acting between Carnot 
groups was introduced by Pansu in [47].

Definition 2.4. Let G1,G2 be Carnot groups, with homogeneous norms ‖·‖1, ‖·‖2 and di
lations δ1

λ, δ2
λ. We say that L : G1 → G2 is H-linear, or is a homogeneous homomorphism, 

if L is a group homomorphism such that

L(δ1
λg) = δ2

λL(g), for all g ∈ G1 and λ > 0.

Definition 2.5. Let Ω ⊂ G1 be open. We say that f : Ω → G2 is P-differentiable at 
x0 ∈ Ω if there is a H-linear function dP f(x0) : G1 → G2 such that

‖
(
dP f(x0)(x−1

0 · x)
)−1 · f(x0)−1 · f(x)‖2 = o

(
‖x−1

0 · x‖1
)
, as ‖x−1

0 · x‖1 → 0

where o(t)/t → 0 as t → 0+. The H-linear map dP f(x0) is called the Pansu’s differential 
of f at x0.

The fundamental result where P-differentiability applies is the following generalization 
of Rademacher theorem and it is due to P. Pansu [47]. Other possible proofs of this result 
were obtained by S.K. Vodopyanov [59] and by V. Magnani [39], see also [45]. Pansu’s 
theorem was later extended by Magnani in [40], in which a general homogeneous group as 
target space is considered. In [42] the authors proved the result for Banach space valued 
mappings (with the Radon-Nikodym property on the first layer); see also the subsequent 
works [41,48].

Theorem 2.6 (Pansu [47]). Let G1 = (Rn, ·) and G2 = (Rm, ∗) be two Carnot groups 
equipped with two CC metrics denoted, respectively, by d1 and d2. Let f : Ω ⊂ G1 → G2
be a Lipschitz continuous function with Ω an open set. Then f is P-differentiable at 
Ln-a.e. in Ω.
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A version of the classical Stepanov’s theorem [56] holds for maps between Carnot 
groups, which extends Pansu-Rademacher theorem (see [59, Theorem 3.1]).

Theorem 2.7 (Stepanov’s theorem for Carnot groups). Let G1 = (Rn, ·) and G2 = (Rm, ∗)
be two Carnot groups equipped with two CC metrics denoted, respectively, by d1 and d2. 
Let f : Ω ⊂ G1 → G2 and assume that

Lip(f)(p) := lim sup
q→p 

d2(f(q), f(p))
d1(q, p) 

< ∞ for Ln-a.e. p ∈ Ω. (5)

Then f is P-differentiable at Ln-a.e. p ∈ Ω.

Let X1, . . . , Xm1 be a generating family of vector fields. For j = 1, . . . ,m1, we say 
that f : G → R is differentiable along Xj at a point x0 if the map λ �→ f(τx0(δλej)) =
f(exp(λXj)(x0)) is differentiable at λ = 0, where ej is the j-th vector of the canonical 
basis of Rn. In other words, f is differentiable along Xj at x0 if there exists

Xjf(x0) := lim 
t→0

f(exp(tXj)(x0)) − f(x0)
t 

.

Even if f is not differentiable, we can still define the discrete difference quotients:

Definition 2.8. Let f : Ω → R, i = 1, . . . ,m1. We define the difference quotient at x in 
direction Xi as

Dh
i f(x) := f(exp(hXi)(x)) − f(x)

h 

defined for x ∈ Ω′ ⊂⊂ Ω with 0 < |h| < dist(Ω′, ∂Ω).

Notice that, if f : Ω ⊂ G → R is P-differentiable at a point x0, then it is also 
differentiable along Xj at x0 and

Xjf(x0) = dP f(x0)(ej).

For any function f : G → R for which the partial derivatives Xjf exist, we define the 
horizontal gradient of f , denoted by ∇Gf , as

∇Gf :=
m1∑
i=1 

(Xif)Xi.

We will represent the horizontal gradient in coordinates ∇Gf = (X1f, . . . ,Xm1f).
We conclude this section by recalling the notion of convolution in Carnot groups; we 

address the interested reader to [16, Proposition 1.20] for the proof.
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Lemma 2.9. Let G = (Rn, ·) be a Carnot group and let 
 ∈ C∞(Rn) be such that 0 ≤

 ≤ 1, 

´
Rn 
 dLn = 1, spt
 ⊂ U1 and 
(x−1) = 
(−x) = 
(x) for all x ∈ Rn. Let us 

denote


ε(x) := ε−Q

(
δ1/ε(x)

)
x ∈ Rn ; (6)

(f � 
ε)(x) :=
ˆ

Rn


ε(x · y−1) f(y) dLn(y) =
ˆ

Rn


ε(y) f(y−1 · x) dLn(y) (7)

Then

(i) if f ∈ Lp(Rn), 1 ≤ p < ∞, then f � 
ε ∈ C∞(Rn) and f � 
ε → f in Lp(Rn) as 
ε → 0;

(ii) spt f � 
ε ⊂ spt f ·B(0, ε);
(iii) Xj(ϕ � 
ε) = Xjϕ � 
ε for any ϕ ∈ C∞

c (Rn) and each j = 1, . . . ,m1;
(iv)

´
Rn(f � 
ε) g dLn =

´
Rn(g � 
ε) f dLn for every f ∈ L∞(Rn), g ∈ L1(Rn);

(v) if f ∈ L∞(Rn) ∩ C0(Ω) for a suitable open set Ω ⊂ Rn then f � 
ε → f uniformly 
on compact subsets of Ω as ε → 0.

2.3. Lorentz space

Let Ω ⊂ G ≡ Rn be an open set, let Q denote the homogeneous dimension of G
and let A := Ln(Ω). If g : Ω → R̄ is a measurable function, Ln-a.e. finite, we define its 
distribution function λg : [0,∞) → [0,∞] as

λg(s) := Ln ({x ∈ Ω : |g(x)| > s})

and the nonincreasing rearrangement g∗ : [0,∞) → [0,∞] of g as

g∗(t) := inf {s ≥ 0 : λg(s) ≤ t} .

It is well-known that λg and g∗ are nonincreasing and right-continuous. Moreover g∗ is 
the nonincreasing function which is equimeasurable with |g|, namely

Ln({x ∈ Ω : |g(x)| > s}) = L1({t ∈ R+ : g∗(t) > s}) for all s > 0.

The Lorentz space LQ,1(Ω) is defined as the class of all measurable functions g : Ω →
R̄, Ln-a.e. finite, for which the quasi-norm

‖g‖LQ,1(Ω) := 

A ˆ

0 

t
1−Q
Q g∗(t) dt

is finite. Note that it is not a norm since the triangle inequality may fail. A systematic 
study of Lorentz spaces is carried out in [54] whereas a simpler recent account can be 
found in [31].



10 A. Pinamonti et al. / Journal of Functional Analysis 289 (2025) 110948 

Let us recall some properties of the Lorentz space LQ,1(Ω) whose proof can be found in 
[6] and [31].

Proposition 2.10. 

(i) For any measurable function g : Ω → R,

‖g‖LQ,1(Ω) = Q

∞ ˆ

0 

λg(s)1/Q ds .

(ii) LQ,1(Ω) ⊂ LQ(Ω); moreover, if |Ω| < ∞, it holds that Lp(Ω) ⊂ LQ,1(Ω) for each 
p > Q.

(iii) If |g1| ≤ |g2| a.e. in Ω, then

‖g1‖LQ,1(Ω) ≤ ‖g2‖LQ,1(Ω) .

Notice that, in view of point (ii) of the previous Proposition, the Lorentz space LQ,1(Ω)
is, locally, an intermediate space between LQ(Ω) and Lp(Ω) for all p > Q. 
Let us also recall the following remarkable characterization of LQ,1(Ω) in terms of Orlicz 
integrability conditions, contained in [31, Corollary 2.4], which we will need later.

Theorem 2.11. Let g be a measurable function on Ω. Then the following properties are 
equivalent:

(i) g ∈ LQ,1(Ω).
(ii) There is a positive nonincreasing function ϕ ∈ L1/Q((0,∞)) such that

ˆ

Ω 

Fϕ(|g|) dx < ∞ , (8)

where

Fϕ(s) :=
{
s ϕ(s)

1 
Q−1 if s > 0

0 if s = 0.
(9)

2.4. Sobolev spaces on Carnot groups

In this section we introduce and study Lp and Sobolev spaces for maps between Carnot 
groups.

2.4.1. Sobolev functions from a Carnot group to R
Sobolev spaces for scalar functions defined on a Carnot group G are constructed in 

the usual way by considering distributional derivatives along the basis X1, . . . , Xm1 of 
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the horizontal layer of G: a function g ∈ L1
loc(Ω) is the weak (or distributional) derivative 

of f along Xi if

ˆ

Ω 

gϕ dx = −
ˆ

Ω 

fXiϕ dx for all ϕ ∈ C∞
c (Ω).

As usual we will write Xif also to denote the weak derivative of f along Xi and ∇Gf =
(X1f, . . . ,Xm1f) for the weak horizontal gradient.

Definition 2.12. Let Ω be an open subset of G ≡ Rn and 1 ≤ p ≤ ∞. We define the 
(horizontal) Sobolev space W 1,p

G (Ω) as the space of all the functions with finite norm

‖u‖W 1,p
G

:= ‖u‖p + ‖∇Gu‖p, (10)

where ∇Gu denotes the horizontal distributional gradient of u.

The following result is well-known, see e.g. [16], [19], [23].

Proposition 2.13. For any 1 ≤ p ≤ ∞, (W 1,p
G (Ω), ‖ · ‖W 1,p

G
) is a Banach space, reflexive 

if 1 < p < ∞. Moreover, W 1,2
G (Ω) is a Hilbert space.

Another way to define the W 1,p
G with 1 ≤ p < ∞ is to take the closure of C∞ functions 

w.r.t. the norm (10). As in the Euclidean case, the two approaches are equivalent. This 
was obtained independently in [19, Theorem 1.2] and [23, Theorem A.2]. However, the 
method goes back to the classical result by Friedrichs [22]. The result can be stated as 
follows.

Theorem 2.14. Let 1 ≤ p < ∞. We have

C∞(Ω) ∩W 1,p
G (Ω) is dense in W 1,p

G (Ω).

For functions in W 1,p
G (Ω), the difference quotients are uniformly bounded by the Lp

norm of the weak gradient. This is expressed by the following Lemma, whose Euclidean 
counterpart is a classical result (see for instance [24]).

Lemma 2.15. Let f ∈ W 1,p
G (Ω). Then, for every i = 1, . . . ,m1 and for every Ω′ ⊂⊂ Ω it 

holds

‖Dh
i f‖Lp(Ω′) ≤ ‖Xif‖Lp(Ω)

for every 0 < |h| < dist(Ω′, ∂Ω).
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Proof. By Theorem 2.14, it suffices to prove the statement for f ∈ C∞(Ω) ∩W 1,p
G (Ω). 

Fix i = 1, . . . ,m1, Ω′ ⊂⊂ Ω and 0 < |h| < dist(Ω′, ∂Ω). Consider x ∈ Ω′ and define

γx(s) := exp(hsXi)(x).

Then γx is a horizontal curve satisfying γx(0) = x, γx(1) = exp(hXi)(x) and, by con
struction, γ̇x(s) = hXi(γx(s)). Then the result follows by a direct computation:

‖Dh
i f‖pLp(Ω′) =

ˆ

Ω′

∣∣∣∣f(exp(hXi)(x)) − f(x)
h 

∣∣∣∣p dx =
ˆ

Ω′

∣∣∣∣f(γx(1)) − f(γx(0))
h 

∣∣∣∣p dx

= 1 
|h|p

ˆ

Ω′

∣∣∣∣∣∣
1 ˆ

0 

d 
ds

(f ◦ γx)(s) ds

∣∣∣∣∣∣
p

dx

= 1 
|h|p

ˆ

Ω′

∣∣∣∣∣∣
1 ˆ

0 

〈
∇Gf(γx(s)), γ̇x(s)

〉
γx(s) ds

∣∣∣∣∣∣
p

dx

= 1 
|h|p

ˆ

Ω′

∣∣∣∣∣∣
1 ˆ

0 

hXif(γx(s)) ds

∣∣∣∣∣∣
p

dx ≤
ˆ

Ω′

1 ˆ

0 

|Xif(γx(s))|p ds dx

=
1 ˆ

0 

ˆ

Ω′

|Xif(γx(s))|p dx ds =
1 ˆ

0 

ˆ

Ω′·δhs(ei)

|Xif(z)|p dz ds

≤
1 ˆ

0 

ˆ

Ω 

|Xif(z)|p dz ds = ‖Xif‖pLp(Ω). �

Proposition 2.16. Let 1 ≤ p < +∞. Let f : Ω ⊂ G → R and suppose that

(i) f is P-differentiable a.e. in Ω;
(ii) f ∈ W 1,p

G,loc(Ω).

Then

Xif(x) = lim 
t→0

f (exp(tXi)(x)) − f(x)
t 

for a.e. x ∈ Ω 

for each i = 1, . . . ,m1, where Xif denotes the distributional derivative of f along the 
vector field Xi.

Proof. Let us first show that, since f ∈ W 1,p
G,loc(Ω), then

Dh
i f → Xif in Lp

loc(Ω).
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Let Ω′ ⊂⊂ Ω and u ∈ C∞(Ω) ∩W 1,p
G (Ω). We write

Dh
i f −Xif = Dh

i (f − u) + Dh
i u−Xiu + Xi(u− f)

and using the previous lemma for h sufficiently small

‖Dh
i f −Xif‖Lp(Ω′) ≤ ‖Dh

i u−Xiu‖Lp(Ω′) + 2‖Xi(u− f)‖Lp(Ω).

Now the claim follows by Theorem 2.14, since for u ∈ C∞(Ω) it is well known that 
Dh

i u → Xiu (which coincides with the classical directional derivative) uniformly on 
compact sets. On the other hand, by assumption (i), Dh

i f converges pointwise almost 
everywhere to the classical derivative of f along the vector field Xi. Hence the conclusion 
follows. �

We conclude this section by recalling a well-known estimate on the Riesz potential 
that will be helpful later on. The proof easily follows using the Poincaré inequality in 
Carnot groups [28], [18] and [21] and we omit it.

Theorem 2.17. Let U = U(x, r) and let f : G → R be a continuously differentiable 
function. Then there exists C > 0, independent of U and f , such that

|f(x) − fU | ≤ C

ˆ

U

|∇Gf(y)| 
d(x, y)Q−1 dy (11)

for all x ∈ U , where fU := −́
U
f dx. Moreover, if f ∈ W 1,1

G,loc(U), then (11) holds for a.e. 
x ∈ U and ∇Gf(y) denotes the weak horizontal gradient of f at y.

2.4.2. Sobolev functions between Carnot groups
We are now going to introduce the notions of Lp functions and Sobolev functions with 

values in a Carnot group. These concepts actually work for mappings between general 
metric spaces and can be introduced in several different ways (see Section B). A possible 
approach relies on upper gradients (this is for instance the case discussed in [35]), while 
here we use the definition by sections of mappings. These notions go back to Ambrosio [3] 
and Reshetnyak [52] for functions defined on open sets of Rn or a Riemannian manifold 
and have been extended by Vodop’yanov [58] to the setting of Carnot groups. A recent 
account containing different approaches to this argument is due to Kleiner, Müller and 
Xie [32,33].

Definition 2.18. Let G1 = (Rn, ·, d1) and G2 = (Rm, �, d2) be two Carnot groups and let 
Ω ⊂ G1 be an open set.
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(i) We say that a map f : Ω → G2 belongs to Lp(Ω,G2), and we will write f ∈
Lp(Ω,G2), if f : Ω ⊂ Rn → Rm is measurable and the map Rn � x �→ d2(0, f(x)) is 
in Lp(Ω).

(ii) We say that a map f : Ω → G2 belongs to the Sobolev space W 1,p(Ω,G2), and we 
will write f ∈ W 1,p(Ω,G2), if
(•) f ∈ Lp(Ω,G2);
(•) for all z ∈ G2 the functions uz : Ω → R

uz(x) := d2(z, f(x)) if x ∈ Ω , (12)

are in W 1,p
G1,loc(Ω);

(•) there exists a nonnegative function g ∈ Lp(Ω) (independent of z) such that

|∇G1uz| ≤ g a.e. in Ω, for each z ∈ G2 . (13)

In the following we will refer to a function uz as a section of f .

As usual, we will denote by W 1,p
loc (Ω,G2) the set of functions f : Ω → G2 such that 

f ∈ W 1,p(Ω′,G2) for each Ω′ ⊂⊂ Ω.

Remark 2.19. The stability condition requested in (13) with respect to the family of 
1-Lipschitz maps ϕ : G2 → R, ϕ(y) := d2(z, y), can be extended to all Lipschitz maps 
between G2 and R. Indeed the following characterization holds (see [58, Proposition 1] 
and [32, Proposition 2.31], see also Lemma 7.4): f ∈ W 1,p(Ω,G2) if and only if there 
exists a nonnegative function g ∈ Lp(Ω) such that, for each Lipschitz function ϕ : G2 →
R, the composition map ϕ ◦ f : Ω → R is in W 1,p

G1,loc(Ω) and |∇G1(ϕ ◦ f)| ≤ Lip(ϕ) g a.e. 
in Ω.

Notice that, exploiting this remark, it is easy to see that Definition 2.18 does not 
depend on the specific distance d2 on G2 which appears in (12). In fact, suppose d̃2 is 
another invariant distance on G2. Then d2 and d̃2 determine the same Sobolev spaces. 
Indeed, since d2 and d̃2 are both invariant, they are equivalent as distances (see [7, 
Corollary 5.1.5]), namely there exists a constant L > 1 such that

L−1d2(x, y) ≤ d̃2(x, y) ≤ Ld2(x, y) (14)

for every x, y ∈ G2. Suppose now f ∈ W 1,p(Ω,G2) according to the distance d2. Then

• The map Rn � x �→ d̃2(0, f(x)) is in Lp(Ω) by (14);
• For every z ∈ G2, the map ϕz : (G2, d2) → (R, | · |) defined by ϕz(y) := d̃2(z, y) is 

L-Lipschitz since

|ϕz(x) − ϕz(y)| = |d̃2(z, x) − d̃2(z, y)| ≤ d̃2(x, y) ≤ Ld2(x, y).
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Hence we can apply Remark 2.19 and deduce that the composition d̃2(z, f(·)) =
ϕz ◦ f ∈ W 1,p

G1,loc(Ω);
• Again by the previous considerations and Remark 2.19, we conclude that |∇G1(ϕz ◦

f)| ≤ Lg a.e. in Ω for each z ∈ G2.

Thus f ∈ W 1,p(Ω,G2) with respect to d̃2: this shows that Definition 2.18 does not depend 
on the specific invariant distance on G2.

P-differentiability and Morrey embedding theorem for real-valued Sobolev spaces on 
Carnot groups when p > Q (see, for instance, [46] and [23, Theorem 1.11]) can be ex
tended to Sobolev maps between Carnot groups. Here Q always denotes the homogeneous 
dimension of G1.

Theorem 2.20 (P-differentiability with p > Q, [60, Corollary 2]). Let f ∈ W 1,p(Ω,G2)
with p > Q. Then f is P-differentiable a.e. in Ω.

The following theorem can be found in [33, Lemma 2.7].

Theorem 2.21 (Morrey-Sobolev embedding with p > Q). Let f : U(x, r) ⊂ G1 → G2
and p > Q. There is a positive constant Cp (depending on p) such that, if f ∈
W 1,p(U(x, r),G2) and g is as in (13), then f has a continuous representative and for 
each y ∈ U(x, r) it satisfies

d2(f(x), f(y)) ≤ Cp r
1−Q

p 

⎛⎜⎝ ˆ

U(x,r)

gp dLn

⎞⎟⎠
1/p

. (15)

3. Absolutely continuous functions between Carnot groups and some properties

Let us collect in this section some interesting properties of Q-absolutely continuous 
functions and functions of bounded Q-variation. 
Let us begin to observe that, on bounded open sets (with finite measure would suf
fice), the class of Q-absolutely functions is contained in the one of bounded Q-variation 
functions.

Proposition 3.1. Let Ω ⊂ G1 be a bounded open set. Then ACQ(Ω,G2) ⊂ BV Q(Ω,G2).

Proof. The strategy of the proof is inspired by [35, Lemma 2.16], where the authors 
prove a local version of this result for abstract metric measure spaces. Let’s denote by 
A := Ln(Ω) < +∞ and let f ∈ ACQ(Ω,G2). Fix ε = 1: by Q-absolute continuity, there 
exists δ > 0 such that, for each finite disjoint family of open balls U1, . . . , Uk contained 
in Ω,
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if 
k∑

i=1 
Ln(Ui) < 2δ then 

k∑
i=1 

(oscUi
f)Q < 1. (16)

Let n ∈ N be sufficiently large so that A < nδ. Let now F = {U1, . . . , Uk} be a disjoint 
family of balls in Ω and write F = F1 ∪ F2, where

F1 = {Uj ∈ F : Ln(Uj) ≥ δ},
F2 = {Uj ∈ F : Ln(Uj) < δ}.

Notice that the elements in F1 are at most n and their radii are equibounded. For any 
U = U(x, r) ∈ F1 and any y ∈ U consider a geodesic joining x and y. On such a curve 
pick points x = x0, x1, . . . , xN−1, xN = y such that xi and xi+1 live in a common 
small ball (contained in U) of measure less than 2δ. Note that it is possible to find N
independent of y and U since all the elements in F1 have equibounded radii. By (16) we 
can now estimate

d2(f(x), f(y))Q ≤ (d2(f(x), f(x1)) + · · · + d2(f(xN−1), f(y)))Q

≤ C(Q)(d2(f(x), f(x1))Q + · · · + d2(f(xN−1), f(y))Q) ≤ C(Q)N := K.

By the triangular inequality the same estimate holds (with a greater constant K̃) for 
any y, z ∈ U . We conclude that 

∑
U∈F1

(oscUf)Q ≤ nK̃. 
Collect instead the elements of F2 into at most n sets F2,1, . . .F2,n with 

∑
U∈F2,j

Ln(U) <
2δ, so that by (16)

∑
U∈F2

(oscUf)Q =
n ∑

j=1 

∑
U∈F2,j

(oscUf)Q < n

Hence VQ(f,Ω) < n(K̃ + 1) and the thesis follows. �
It is clear that a Q-absolutely continuous function is actually continuous; here we 

provide a first example of a class of Q-absolutely continuous maps.

Remark 3.2. Let f : Ω ⊂ G1 → G2 be Lipschitz continuous. Then f turns out to be 
Q-absolutely continuous. Indeed,

oscUr(x)(f) := diamG2(f(Ur(x))) ≤ Lip(f) diamG1(Ur(x))

for each x ∈ G1 and r > 0. Using the previous inequality we immediately get that there 
exists L1 > 0 such that

oscU (f)Q ≤ (2 Lip(f))Q rQ = L1 |U | (17)

for each (open) CC open ball U ⊂ G1 and the conclusion follows.
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Definition 3.3. A function f : Ω ⊂ G1 → G2 satisfies the condition (RR) if there is a 
nonnegative function w ∈ L1(Ω), called weight, such that

oscUr(x)(f)Q ≤ 
ˆ

Ur(x)

w dy (18)

for every ball Ur(x) ⊂ Ω, being Q the homogeneous dimension of G1.

Remark 3.4. The acronym (RR) stands for Rado and Reichelderfer [49], who introduced 
a similar condition for proving an area formula in Rn. The condition (RR), as stated in 
Definition 3.3, is a generalization to Carnot groups of the one due to Malý [43].

Remark 3.5. It is immediate to check that if f : Ω → G2 satisfies the condition (RR), 
then f ∈ ACQ(Ω,G2), by the absolute continuity of the Lebesgue integral. The viceversa 
is known in Euclidean spaces for functions f ∈ ACn(Ω,Rm) [13, Thm. 9] and it is still 
open for maps between Carnot groups.

As observed in Remark 3.2, Lipschitz functions are Q-absolutely continuous. Also 
Sobolev functions with a high order of summability share the same property. This result 
was shown in [43, Thm. 4.1] for the Euclidean case and the proof can be carried out in the 
same way by exploiting Morrey-Sobolev embedding Theorem 2.21. Here we mention an 
alternative approach which relies on an equivalent definition of Sobolev spaces through 
upper gradients.

Theorem 3.6. Let Ω ⊂ G1 be an open bounded set and let f ∈ W 1,p(Ω,G2) with p > Q, 
where Q is the homogeneous dimension of G1. Then, for a suitable representative, f ∈
ACQ(Ω,G2).

Proof. By the following Corollary 7.6, we can assume f ∈ N1,p(Ω : G2), where N1,p(Ω :
G2) denotes the Newtonian Sobolev space between Ω and G2 (see Appendix B). Applying 
[35, Theorem 1.4] we immediately get the conclusion. �

We are now interested in studying some differentiability properties of absolutely con
tinuous maps between Carnot groups. We start with the following

Theorem 3.7 (Differentiability a.e.). Let f ∈ BV Q(Ω,G2). Then

(i) f is P-differentiable for a.e. p ∈ Ω;
(ii) Lip(f) ∈ LQ(Ω), where Lip(f) is the function defined in (5).

Remark 3.8. Note that Pansu’s differentiability for maps in BV Q(Ω,G2) does not follow 
from differentiability result à la Cheeger-Kleiner proved in [35, Proposition 1.3] for maps 
between metric spaces, of which the target metric space is biLipschitz embedded into a 
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Banach space satisfying the Radon- Nikodym property (RNP). Indeed it is well-known 
that Carnot groups may not be biLipschitz embedded into a Banach space satisfying 
(RNP) (see Appendix B.1)

Proof. We can follow the same proof of [43, Thm. 3.3] with suitable changes. For the 
sake of completeness, we collect here the main steps. Let g : Ω → R be a nonnegative 
upper semicontinuous function such that

0 ≤ g(x) ≤ [Lip(f)(x)]Q for all x ∈ Ω.

For any x ∈ {g > 0}, there exists a unique integer k = k(x) such that 2k ≤ g(x) < 2k+1. 
Furthermore, since g is upper semicontinuous, there exists 0 < r = r(x) < 1 such that 
U(x, 5r) ⊂ {g < 2k+1}. In addition, from the fact that g(x) ≤ [Lip(f)(x)]Q, we can 
assume, up to reduce r, that

2krQ ≤ g(x)rQ < 2( osc
U(x,r)

f)Q. (19)

Applying Vitali’s covering Lemma, we can extract a disjoint (hence at most countable) 
family {U(xi, ri)}i ⊂ {U(x, r(x))} of balls such that

{g > 0} ⊂
⋃

x∈{g>0}
U(x, r(x)) ⊂

⋃
i 
U(xi, 5ri).

We define, for all k ∈ Z, Ik := {i : k(xi) ≥ k} and Ek := {x ∈ Ω : 2k ≤ g(x) < 2k+1}. 
Notice that Ek ⊂

⋃
i∈Ik

U(xi, 5ri). In fact, let x ∈ Ek. In particular g(x) > 0, hence 
x ∈ U(xi, 5ri) for some i. If it were i �∈ Ik, then k(xi) < k, which implies x ∈ U(xi, 5ri) ⊂
{g < 2k}, contradicting x ∈ Ek. Thus we get

Ln(Ek) ≤
∑
i∈Ik

Ln(U(xi, 5ri)) ≤ C
∑
i∈Ik

rQi

(19)
≤ C

∑
i∈Ik

2−k(xi)( osc
U(xi,ri)

f)Q.

Finally we use this estimate to bound

ˆ

Ω 

g(x) dx ≤
+∞ ∑

k=−∞

ˆ

Ek

g(x) dx ≤
+∞ ∑

k=−∞
2k+1Ln(Ek)

≤ C
+∞ ∑

k=−∞

∑
i∈Ik

2k+1−k(xi)( osc
U(xi,ri)

f)Q

= C
+∞ ∑
i=1 

∑
k≤k(xi)

2k+1−k(xi)( osc
U(xi,ri)

f)Q
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= 4C
+∞ ∑
i=1 

( osc
U(xi,ri)

f)Q ≤ CVQ(f,Ω),

where we exploited the properties of the Q-variation and the fact that 
∑

k≤k(xi) 2k =
2k(xi)+1. It follows that

ˆ

Ω 

[Lip(f)(x)]Q dx = sup
{ˆ

Ω 

g(x) dx : g u.s.c., 0 ≤ g ≤ Lip(f)Q
}
≤ CVQ(f,Ω).

Thus (ii) follows and also that Lip(f)(x) < ∞ for a.e. x ∈ Ω. From Theorem 2.7, (i) 
follows, too. �

We will now focus our attention to the case when G2 = (Rm,+). Note that in this case, 
since Rm is abelian, a map f = (f1, . . . , fm) : Ω ⊂ G → Rm is Q-absolutely continuous 
(respectively of finite Q-variation) if and only if each component fi : Ω ⊂ G → R is 
Q-absolutely continuous (respectively of finite Q-variation), for each i = 1, . . . ,m. Thus 
we can reduce the study to real-valued functions defined on an open set of a Carnot 
group. We will denote

BV Q
G (Ω) := BV Q(Ω,R), ACQ

G (Ω) := ACQ(Ω,R) ,

BV Q
G;loc(Ω) := BV Q

loc(Ω,R), ACQ
G;loc(Ω) := ACQ

loc(Ω,R) .

The following theorem can be proved mutatis mutandis as its Euclidean counterpart, 
and the proof relies on standard arguments.

Theorem 3.9. If f ∈ LQ(Ω) ∩BV Q
G (Ω) let us denote

‖f‖Q,BV := ‖f‖LQ(Ω) + VQ(f,Ω)1/Q.

Then (LQ(Ω) ∩BV Q
G (Ω), ‖ · ‖Q,BV ) is a Banach space. Moreover LQ(Ω) ∩ACQ

G (Ω) is a 
closed linear subspace of LQ(Ω) ∩BV Q

G (Ω).

Proof. It is easy to see that ‖ · ‖Q,BV is a norm on LQ(Ω)∩BV Q
G (Ω). Let us prove that 

it is a Banach norm. Let (fh)h ⊂ (LQ(Ω) ∩ BV Q
G (Ω), ‖ · ‖Q,BV ) be a Cauchy sequence. 

It is sufficient to prove that there exist f ∈ LQ(Ω) ∩BV Q
G (Ω) and a subsequence (fhk

)k
satisfying

fhk
→ f in LQ(Ω), as k → ∞ , (20)

and

lim 
k→∞

VQ(fhk
− f,Ω) = 0. (21)
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Since (fh)h ⊂ (LQ(Ω) ‖ · ‖LQ(Ω)) is also a Cauchy sequence, we can suppose the re exists 
a function f∗ ∈ LQ(Ω) such that (20) holds with f ≡ f∗ and h ≡ hk. Let us now prove 
that, up to a subsequence,

(fh(x))h is a Cauchy sequence in R for every x ∈ Ω. (22)

Indeed, we can assume that, up to a subsequence, there exists a Ln-negligible set N ⊂ Ω
such that

fh(x) → f∗(x) ∈ R, as h → ∞, for each x ∈ Ω \N . (23)

Since (fh)h is a Cauchy sequence with respect to the norm ‖ · ‖Q,BV , we can assume 
that, for each ε > 0 there exists h̄ = h̄(ε) ∈ N such that

m ∑
i=1 

|fh(x(i)) − fk(x(i)) − fh(y(i)) + fk(y(i))|Q

≤
m ∑
i=1 

oscUi
(fh − fk)Q

≤ VQ(fh − fk,Ω) < ε,

(24)

for each h, k > h̄, for any finite disjoint family of balls U1, . . . , Um in Ω, for each 
x(i), y(i) ∈ Ui and i = 1, . . . ,m.

Fix now a ball U(x, r) ⊂ Ω. By the density of Ω \N in Ω, there exists x0 ∈ U(x, r) ∩
(Ω \N). By (24), the sequence

gh(x) := fh(x) − fh(x0) h ∈ N ,

is a Cauchy sequence. On the other hand, by (23), the sequence (fh(x0))h is a Cauchy 
sequence. Thus (22) follows. From (22), it follows that there exists a function f : Ω → R

defined as

f(x) := lim 
h→∞

fh(x) for each x ∈ Ω ,

and, by (23),

f(x) = f∗(x) for each x ∈ Ω \N .

In particular, (20) immediately follows. Let us now prove that f ∈ BV Q
G (Ω), that is,

VQ(f,Ω) < ∞ . (25)

By passing to the limit in (24) as k → ∞, we get, for each ε > 0 there exists h̄ = h̄(ε) ∈ N

such that
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m ∑
i=1 

|fh(x(i)) − f(x(i)) − fh(y(i)) + f(y(i))|Q ≤ ε,

for each h > h̄, for any finite disjoint family of balls U1, . . . , Um in Ω, for each x(i), y(i) ∈
Ui and i = 1, . . . ,m. Taking the supremum on each ball Ui, and then the supremum 
on all finite, disjoint family of balls in Ω, it follows that, for each ε > 0 there exists 
h̄ = h̄(ε) ∈ N such that

VQ(fh − f,Ω) ≤ ε for each h > h̄ . (26)

Observe now that f �→ VA(f,Ω)1/Q satisfies the triangle inequality. Thus, from (26), if 
h > h̄

VA(f,Ω)1/Q ≤ VA(f − fh,Ω)1/Q + VA(fh,Ω)1/Q

≤ ε1/Q + VA(fh,Ω)1/Q ,

and (25) follows since VA(fh,Ω)1/Q < ∞. Applying again (26), (21) follows, too.
Finally let us show that LQ(Ω) ∩ ACQ

G (Ω) is a closed linear subspace of (LQ(Ω) ∩
BV Q

G (Ω), ‖ · ‖Q,BV ). Let (fh)h ⊂ LQ(Ω)∩ACQ
G (Ω) and assume there exists f ∈ LQ(Ω)∩

BV Q
G (Ω) and limh→∞ ‖fh − f‖Q,BV = 0. In particular note (26) holds. Now observe 

that, by (26), if h > h̄, given a finite, disjoint family of balls U1, . . . , Um in Ω,

(
m ∑
i=1 

oscUi
(f)Q

)1/Q

≤ 

(
m ∑
i=1 

oscUi
(f − fh)Q

)1/Q

+
(

m ∑
i=1 

oscUi
(fh)Q

)1/Q

≤ VQ(f − fh)1/Q +
(

m ∑
i=1 

oscUi
(fh)Q

)1/Q

≤ ε1/Q +
(

m ∑
i=1 

oscUi
(fh)Q

)1/Q

.

(27)

Since each fh ∈ ACQ
G (Ω) for each h, by (27), it follows that f ∈ ACQ

G (Ω), too. �
Theorem 3.7 states that BV Q-functions are P-differentiable pointwise almost every

where. We will now prove that such maps enjoy additional differentiability properties, 
namely they are weakly differentiable according to Definition 2.18. More precisely,

Theorem 3.10 (Weak differentiability). If Q > 1, then

BV Q
loc(Ω,G2) ⊂ W 1,Q

loc (Ω,G2).

Remark 3.11. Note that from [35, Theorem 1.2] it follows that BV Q
loc(Ω,G2) ⊂ D1,Q

loc (Ω :
G2), where D1,Q

loc (Ω : G2) denotes the (local) Dirichlet class of maps between metric 
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spaces (Ω, d1,Ln) and (G2, d2) according to [27, Chap. 7] (see Appendix B.2). It is also 
straightforward from definition that BV Q

loc(Ω,G2) ⊂ L∞
loc(Ω,G2). By definition, D1,Q

loc (Ω :
G2) ∩ LQ

loc(Ω,G2) = N1,Q
loc (Ω : G2), where N1,Q

loc (Ω : G2) denotes the (local) Newtonian 
Sobolev space of maps between the previous metric spaces. On the other hand, from 
Corollary 7.6, it follows that N1,Q

loc (Ω : G2) = W 1,Q
loc (Ω,G2). Therefore Theorem 3.10 can 

be shown also by this strategy.

Here we propose an alternative proof of Theorem 3.10 with respect to the one in [35, 
Theorem 1.2], by using the intrinsic convolution in Carnot groups and in the same spirit 
of [43, Theorem 3.2]. In order to prove Theorem 3.10 we need the following technical 
lemma. Point (i) establishes a uniform estimate on the distance between the images 
of integer points after a right-translation. Point (ii) provides a way to cover G with 
arbitrarily small balls centered at suitable dilations of the integer lattice.

Lemma 3.12. 

(i) For every R0 > 0, it holds that

σ0 := inf{dc (ξ · p, η · p) : ξ, η ∈ Zn, ξ �= η, p ∈ B(0, R0)} > 0 . (28)

(ii) Given a positive integer k, let Zk be the set of all points z ∈ G ≡ Rn such that δk(z)
has integer coordinates, that is,

Zk := δ1/k(Zn) . (29)

Then there exists a positive constant σ1 > 0 such that

∪z∈Zk
U(z, σ1/k) = G .

Proof. (i) Since dc and d∞ are equivalent distances, it is sufficient to show that

σ∗
0 := inf{d∞ (ξ · p, η · p) : ξ, η ∈ Zn, ξ �= η, p ∈ B∞(0, R0)} > 0 . (30)

By contradiction, if σ∗
0 = 0, there exist three sequences (ξh)h, (ηh)h in Zn, (ph)h

in B∞(0, R0), with ξh �= ηh and limh→∞ d∞ (ξh · ph, ηh · ph) = limh→∞ ‖p−1
h · η−1

h · ξh ·
ph‖∞ = 0. Let xh := η−1

h · ξh. We observe that (xh)h is bounded in (Rn, d∞). In fact, 
for all h,

‖xh‖∞ = ‖ph · p−1
h · xh · ph · p−1

h ‖∞
≤ ‖ph‖∞ + ‖p−1

h · xh · ph‖∞ + ‖p−1
h ‖∞

≤ 2R0 + ‖p−1
h · xh · ph‖∞.
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Hence, up to a subsequence, we can assume that ph → p∗ and xh → x∗ as h → ∞. This 
implies, by the continuity of the norms and of the group operation, that

0 = lim 
h→∞

‖p−1
h · xh · ph‖∞ = ‖p−1

∗ · x∗ · p∗‖∞, (31)

‖x∗‖Rn = lim 
h→∞

‖η−1
h · ξh‖Rn . (32)

From (31) it follows that x∗ = 0. 
Let us now show that

‖η−1 · ξ‖Rn ≥ 1 for each ξ, η ∈ Zn, with ξ �= η , (33)

thus a contradiction will follow from (32). Let us represent now ξ, η ∈ Zn by means of 
the layer representation

ξ = [ξ1, ξ2, . . . , ξs] and η = [η1, η2, . . . , ηs] ,

with ξi, ηi ∈ Zmi (i = 1, . . . , s) and, since ξ �= η, we can assume that ξi0 �= ηi0 for a 
suitable i0. Here we recall that g = V1 ⊕ · · · ⊕ Vs and mi = dim(Vi). Meanwhile, we can 
represent the element η−1 · ξ as

η−1 · ξ = [(η−1 · ξ)1, (η−1 · ξ)2, . . . , (η−1 · ξ)s] ,
(η−1 · ξ)1 = ξ1 − η1, (η−1 · ξ)i = ξi − ηi + Qi(−η1, . . . ,−ηi−1, ξ1, . . . , ξi−1)

with i = 2, . . . , s and Qi := (Qhi−1+1, . . . ,Qhi
). It is clear that if ξ1 − η1 �= 0, then 

‖η−1 · ξ‖Rn ≥ ‖ξ1 − η1‖Rm1 ≥ 1 and (33) holds. If ξ1 − η1 = 0, then, by the prop
erties of Qi’ s (see (3)) Q2(−η1, ξ1) = Q2(−ξ1, ξ1) = 0, which implies ‖η−1 · ξ‖Rn ≥
‖(η−1 · ξ)2‖Rm2 = ‖ξ2 − η2‖Rm2 . Thus if ξ2 − η2 �= 0, (33) holds. Otherwise, in the 
baddest case, it could happen that ξ1 − η1 = · · · = ξi0−1 − ηi0−1 = 0. This implies that 
Qi0(−η1, . . . ,−ηi0−1, ξ1, . . . , ξi0−1) = Qi0(−ξ1, . . . ,−ξi0−1, ξ1, . . . , ξi0−1) = 0. Thus 
‖η−1 · ξ‖Rn ≥ ‖(η−1 · ξ)i0‖Rmi0 = ‖ξi0 − ηi0‖Rmi0 ≥ 1 and (33) holds.

(ii) It is well-known that it is possible to construct a pavage in a Carnot group (see, for 
instance, [17, Sect. 2.3]). More precisely, if Y := {x = (x1, . . . , xn) : −1/2 < xi ≤ 1/2}
denote the unit cube in Rn centered at the origin, denote

Qε
ξ := δε(τξ(Y )) if ε > 0, ξ ∈ Zn .

Then, it holds that, for each ε > 0, the family of sets {Qε
ξ : ξ ∈ Zn} is a pavage of 

G = (Rn, ·), that is, the sets are disjoint and

Rn = ∪ξ∈ZnQε
ξ . (34)

It is easy to see that there exist σ∗
1 , σ1 > 0 such that
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Y ⊂ U∞(0, σ∗
1) ⊂ U(0, σ1) . (35)

Thus, choosing ε = 1/k, from (34) and (35), we get the desired conclusion. �
Proof of Theorem 3.10. 1st step. Let us first show our conclusion in the case G1 ≡ G

and G2 = R. Proof’s strategy will be the same as [43, Theorem 3.2]. We will point out 
in the following the main changes and differences which need in the setting of Carnot 
groups. First assume that f ∈ BV Q

G (Rn) ∩ LQ(Rn). Let σ1 be as in (ii) of the previous 
lemma and find σ0 as in (i) for R0 = 2σ1. This means that, for each y ∈ B(0, 2σ1),

σ0 ≤ inf{dc(ξ · y, η · y) : ξ, η ∈ Zn, ξ �= η}.

This also implies that, for every integer k and every y ∈ B(0, 2σ1/k),

σ0

k
≤ inf{dc(p · y, q · y) : p, q ∈ Zk, p �= q}.

Hence, for every y ∈ B(0, 2σ1/k), the family of CC balls {U(z · y, σ0/3k) : z ∈ Zk} is 
disjoint. In addition, up to increase σ1, we can assume σ1 ≥ σ0. 
Let (
k)k be the sequence of mollifiers defined in (6), where ε = 1/k, 
k ≡ 
1/k and 
suppose that spt(
) ⊂ B(0, σ0/6). Observe that it holds that

∇G
k(x) = kQ+1 ∇G
(δk(x)) for each x ∈ Rn, k ∈ N , (36)
ˆ

Rn

Xi
k(rx(y)) dy = 0 for each x ∈ Rn, i = 1, . . . ,m1 , (37)

∇G(g � 
k)(x) = 
ˆ

Rn

∇G
k(rx(y−1)) g(y) dy

= 
ˆ

Rn

∇G
k(w−1) g(�x(w)) dw

for each g ∈ L1
loc(Rn), x ∈ Rn .

(38)

Indeed (36) follows by the definition of 
k and homogeneity of intrinsic gradient ∇G :=
(X1, . . . , Xm1); (37) follows by the properties of 
k, the structure of the horizontal vector 
fields Xi and the right-invariance of n-dimensional Lebesgue measure Ln; (38) follows 
by the definition of convolution and by the left invariance of the horizontal vector fields.

Thus, given y ∈ B(0, 2σ1/k), by (37), (38) and the fact that the family {U(z · y, σ0/3k) :
z ∈ Zk} is disjoint,
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z∈Zk

ˆ

U(z·y,σ0/6k)

|∇G(f � 
k)(x)|Q dx =

= 
∑
z∈Zk

ˆ

U(z·y,σ0/6k)

∣∣∣∣∣∣
ˆ

Rn

∇G
k(w−1) f(τx(w)) dw

∣∣∣∣∣∣
Q

dx

= 
∑
z∈Zk

ˆ

U(z·y,σ0/6k)

∣∣∣∣∣∣
ˆ

Rn

∇G
k(w−1) (f(τx(w)) − f(x)) dw

∣∣∣∣∣∣
Q

dx

= 
∑
z∈Zk

ˆ

U(z·y,σ0/6k)

∣∣∣∣∣∣kQ+1
ˆ

Rn

∇G
(δk(w−1)) (f(τx(w)) − f(x)) dw

∣∣∣∣∣∣
Q

dx

= 
∑
z∈Zk

ˆ

U(z·y,σ0/6k)

∣∣∣∣∣∣∣kQ+1
ˆ

B(0,σ0/6k)

∇G
(δk(w−1)) (f(τx(w)) − f(x)) dw

∣∣∣∣∣∣∣
Q

dx

≤ c1
∑
z∈Zk

(oscU(z·y,σ0/3k)f)Q ≤ c1 VQ(f,Rn) .

By integrating the previous inequality with respect to y ∈ B(0, 2σ1/k), it follows that 
there exists a positive constant c2 > 0 such that

kQ
ˆ

B(0,2σ1/k)

⎛⎜⎝∑
z∈Zk

ˆ

U(z·y,σ0/6k)

|∇G(f � 
k)(x)|Q dx

⎞⎟⎠ dy

≤ c2 VQ(f,Rn) for each positive integer k .

(39)

Notice also that, writing g(x) = |∇G(f � 
k)(x)|Q, we get, for each z ∈ G,
ˆ

U(z,σ1/k)

g(x) dx =
ˆ

U(0,σ1/k)

g(z · x) dx

= c3k
Q

ˆ

U(0,σ0/6k)

⎛⎜⎝ ˆ

U(0,σ1/k)

g(z · x) dx

⎞⎟⎠ dy

= c3k
Q

ˆ

U(0,σ0/6k)

⎛⎜⎝ ˆ

U(0,σ1/k)·y−1

g(z · x · y) dx

⎞⎟⎠ dy

≤ c3k
Q

ˆ

U(0,σ0/6k)

⎛⎜⎝ ˆ

B(0,2σ1/k)

g(z · x · y) dx

⎞⎟⎠ dy
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= c3k
Q

ˆ

B(0,2σ1/k)

⎛⎜⎝ ˆ

U(0,σ0/6k)

g(z · x · y) dy

⎞⎟⎠ dx

= c3k
Q

ˆ

B(0,2σ1/k)

⎛⎜⎝ ˆ

U(z·x,σ0/6k)

g(y) dy

⎞⎟⎠ dx.

In these passages we performed some changes of variables (which are allowed being 
the n-dimensional Lebesgue measure both left and right invariant), we noticed that 
U(0, σ1/k) · y−1 ⊂ B(0, 2σ1/k) for every y ∈ U(0, σ0/6k) and applied Fubini-Tonelli 
theorem. 
Let us now notice that, by applying Lemma 3.12 (ii) and the previous estimates, it 
follows that

ˆ

Rn

|∇G(f � 
k)(x)|Q dx ≤ 
∑
z∈Zk

ˆ

U(z,σ1/k)

|∇G(f � 
k)(x)|Q dx

≤ c3 kQ
ˆ

B(0,2σ1/k)

⎛⎜⎝∑
z∈Zk

ˆ

U(z·y,σ0/6k)

|∇G(f � 
k)(x)|Q dx

⎞⎟⎠ dy .

(40)

From (39) and (40), we get that there exists c4 > 0 such that
ˆ

Rn

|∇G(f � 
k)(x)|Q dx ≤ c4 VQ(f,Rn) < ∞, ∀ k ∈ N . (41)

Since W 1,Q
G (Rn) is a reflexive space and f � 
k → f in LQ(Rn), as k → ∞, we can 

infer that f ∈ W 1,Q
G (Rn). In the general case f ∈ BV Q

G;loc(Ω), it is sufficient to show that 
f ϕ ∈ W 1,Q

G (Ω) for each ϕ ∈ C∞
c (Ω) which is a cutoff function in a small neighborhood of 

a point. Using zero-extension, since f ϕ ∈ BV Q
G (Rn)∩LQ(Rn), by the previous argument, 

f ϕ ∈ W 1,Q
G (Rn) and we are done.

2nd step. Let us now show the conclusion in the general case. We assume f ∈
BV Q

loc(Ω,G2) and prove that f ∈ W 1,Q(Ω′,G2) for every Ω′ ⊂⊂ Ω. Let uz : Ω → R

be the function in (12). Then, by the triangle inequality for distances, it follows that

oscUd1 (x,r)(uz) ≤ oscUd1 (x,r)(f)

for each ball Ud1(x, r) ⊂ Ω and z ∈ G2. In particular, uz ∈ BV Q
G;loc(Ω) and

VQ(uz,Ω) ≤ VQ(f,Ω) for each z ∈ G2 .

From Theorem 3.7 and the previous step, uz : Ω → R is P-differentiable a.e. and 
uz ∈ W 1,Q

G1,loc(Ω) (implying uz ∈ W 1,Q
G1

(Ω′)). Thus, by Proposition 2.16,
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|Xiuz(x)| = 

∣∣∣∣lim 
t→0

uz (exp(tXi)(x)) − uz(x)
t 

∣∣∣∣
≤ Lip(uz)(x) ≤ Lip(f)(x)

for a.e. x ∈ Ω and for each z ∈ G2. Since Ω′ ⊂⊂ Ω and f ∈ BV Q
loc(Ω,G2), by Theorem 3.7

it follows that Lip(f) ∈ LQ(Ω′). To conclude notice that f ∈ LQ(Ω′,G2): indeed f ∈
BV Q

loc(Ω,G2), so it is locally bounded and Ω′ ⊂⊂ Ω. Hence f ∈ W 1,Q(Ω′,G2) according 
to Definition 2.18. �
4. Sobolev maps between Carnot groups with horizontal gradient of sections in LQ,1

In this section we deal with the sharp condition on the summability of the weak 
gradient of a Sobolev function which ensures continuity and differentiability almost ev
erywhere. It is well known that these properties hold for maps in the Sobolev space 
W 1,p

loc (Rn) provided that p > n (in the limit case p = n the answer is negative, see also 
Remark 4.3). Such a result has been extended to the case of Carnot groups (see The
orem 2.20 and Theorem 3.6). In his article [55], Elias M. Stein sharpened the previous 
result on Euclidean spaces: if a weakly differentiable function admits weak gradient in 
the Lorentz space Ln,1(Rn), then it is continuous and differentiable a.e. This is a re
markable improvement since, by Proposition 2.10, Ln,1 is locally an intermediate space 
between Ln and Lp (for all p > n). The approach of Stein makes use of the machinery of 
harmonic analysis, while later Kauhanen, Koskela and Malý [31] obtained an alternative 
proof exploiting tools of real analysis and, in particular, the already discussed notion 
of n-absolutely continuous functions. Next we will follow this last strategy in order to 
discuss Stein’s result for maps between Carnot groups. 
Continuity and differentiability have been already studied also for real valued Sobolev 
functions on metric measure spaces with upper gradient in the Lorentz space LQ,1, 
where Q denotes the Hausdorff dimension of the metric space (see, for instance, 
[51,50,63,61,62]). Here we are going to prove that a Sobolev map f : Ω ⊂ G1 → G2, with 
horizontal gradients of its sections uz : Ω → R uniformly bounded in LQ,1(Ω) (see (12)), 
actually satisfies the condition (RR), if Q denotes the homogeneous dimension of G1.

Let us first recall an estimate of the Riesz potential in Carnot groups in terms of the 
Orlicz conditions, which extends the Euclidean one first introduced in [31, Theorem 3.1].

Theorem 4.1. Let G ≡ Rn be a Carnot group, d the associated CC distance, Q its 
homogeneous dimension and Ω ⊂ G. Let g be a nonnegative measurable function on 
Ω and let ϕ be a nonincreasing positive function on (0,∞). If Fϕ(s) is defined as in (9), 
then for any z ∈ Ω and any measurable set E ⊂ Ω, we have the inequality

⎛⎝ˆ
E

d(x, z)1−Qg(x) dx

⎞⎠Q

≤ CQ

⎛⎝ ∞ ˆ

0 

ϕ
1 
Q ds

⎞⎠Q−1 ˆ

E

Fϕ(g) dx
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where CQ := (1 + |∂U(0, 1)|G(G))Q and |∂U(0, 1)|G(G) denotes the G-perimeter of the 
CC open ball U(0, 1).

Proof. The proof follows the Euclidean one in [31, Theorem 3.1], with suitable changes. 
We provide here the details for the reader’s convenience. 
Up to a left translation, we can assume z = 0. Moreover, we can suppose the integral on 
the left-hand side to be positive, since otherwise there is nothing to prove. For notational 
simplicity, let’s write

I1 =
+∞ˆ

0 

ϕ
1 
Q (s) ds, I2 =

ˆ

E

Fϕ(g(x)) dx. (42)

Similarly as before, we will assume I1, I2 < +∞, otherwise the proof is over. 
Let 0 < c < +∞ be an arbitrary value such that c ≤

´
E
‖x‖1−Qg(x) dx, where ‖ · ‖

denotes the homogeneous norm associated to the distance d. 
Let S := {(x, s) ∈ E ×R : 0 < s < g(x)}. We can write, by Fubini-Tonelli theorem

ˆ

E

‖x‖1−Qg(x) dx =
ˆ

S

‖x‖1−Q dx ds.

Define

λ = I
1/Q
2

c I1/Q
1

and

S′ =
{

(x, s) ∈ S : ϕ(s) <
(
‖x‖
cλ 

)Q
}

S′′ = S \ S′.

If (x, s) ∈ S′, then ‖x‖Q > cQλQϕ(s) ≥ cQλQϕ(g(x)) since ϕ is nonincreasing. 
Hence we estimate

ˆ

S′

‖x‖1−Qdx ds ≤ c1−Qλ1−Q

ˆ

S′

ϕ
1−Q
Q (g(x)) dx ds

≤ c1−Qλ1−Q

ˆ

E

⎛⎜⎝ g(x)ˆ

0 

ds

⎞⎟⎠ϕ
1−Q
Q (g(x)) dx

= c1−Qλ1−Q

ˆ

E

Fϕ(g(x)) dx = c1−Qλ1−QI2.

(43)
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Now we bound the integral over S′′ by using Fubini-Tonelli theorem and the integration 
formula in polar coordinates in Carnot groups (see, for instance, [46, Corollary 4.6]):

ˆ

S′′

‖x‖1−Qdx ds ≤
+∞ˆ

0 

⎛⎜⎝ ˆ

B(0,cλϕ1/Q(s))

‖x‖1−Q dx

⎞⎟⎠ ds

=
+∞ˆ

0 

⎛⎜⎝ cλϕ1/Q(s)ˆ

0 

⎛⎜⎝ ˆ

∂U(0,1)

‖δr(y)‖1−QrQ−1d|∂U(0, 1)|G(y)

⎞⎟⎠ dr

⎞⎟⎠ ds

≤ |∂U(0, 1)|G(G)
+∞ˆ

0 

cλϕ
1 
Q (s) ds = |∂U(0, 1)|G(G) cλI1.

(44)

Combining (43) and (44), we get

c ≤
ˆ

E

‖x‖1−Qg(x) dx =
ˆ

S′

‖x‖1−Q dx ds +
ˆ

S′′

‖x‖1−Q dx ds

≤ c1−Qλ1−QI2 + |∂U(0, 1)|G(G) cλI1

= (1 + |∂U(0, 1)|G(G))I
Q−1
Q 

1 I
1 
Q

2 ,

which implies

cQ ≤ CQI
Q−1
1 I2 = CQ

( +∞ˆ

0 

ϕ
1 
Q (s) ds

)Q−1 ˆ

E

Fϕ(g(x)) dx.

Since this inequality holds for every c ≤
´
E
‖x‖1−Qg(x) dx, we get the conclusion. �

Theorem 4.2. Let G1 ≡ Rn, G2 ≡ Rm, Ω ⊂ G1 be an open set and let Q denote the 
homogeneous dimension of G1. Assume that f ∈ W 1,1

loc (Ω,G2) and the function g in (13)
belongs to LQ,1(Ω). Then, a suitable representative of f is continuous and satisfies the 
condition (RR). In particular f ∈ ACQ(Ω,G2) and then it is P-differentiable a.e. in Ω.

Proof. 1st step. First assume G1 = G, G2 = R with f ∈ W 1,1
G,loc(Ω) and |∇Gf | ∈

LQ,1(Ω). We stress that this case was already studied in the general case of measure 
metric spaces (see, for instance, [61, Thm. 6.6]) by extending the strategy exploited in 
[31]. However we are going to repeat this strategy since we will use it in the second step, 
which is still open to our knowledge. 
First of all notice that we can apply Theorem 2.11 inferring that, since |∇Gf | ∈ LQ,1(Ω), 
there exists a nonnegative nonincreasing function ϕ : (0,+∞) → [0,+∞) such that
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+∞ˆ

0 

ϕ
1 
Q (s) ds < +∞, (45)

ˆ

Ω 

Fϕ(|∇Gf(x)|) dx < +∞. (46)

Let’s apply now Theorem 2.17, finding a negligible set N such that

|f(z) − fU | ≤ C

ˆ

U

|∇Gf(y)| 
d(z, y)Q−1 dy (47)

for each CC open ball U ⊂ Ω and z ∈ U \N . This implies that, for every CC open ball 
U ⊂ Ω,

(oscU\Nf)Q ≤
ˆ

U

w(x) dx, (48)

where

w(x) = 2QCQCQ

⎛⎝ +∞ˆ

0 

ϕ
1 
Q (s) ds

⎞⎠Q−1

Fϕ(|∇Gf(x)|).

In order to prove (48) we can assume the left-hand side to be positive, and choose 
0 ≤ c < oscU\Nf . By definition of oscillation and the triangular inequality, there exists 
z ∈ U \N such that c ≤ 2|f(z) − fU |. Combining this fact with (47) and Theorem 4.1, 
we infer that

cQ ≤ 2QCQ

⎛⎝ˆ
U

|∇Gf(y)| 
d(z, y)Q−1 dy

⎞⎠Q

≤ 2QCQCQ

⎛⎝ ∞ ˆ

0 

ϕ
1 
Q ds

⎞⎠Q−1 ˆ

U

Fϕ(|∇Gf(x)|) dx

=
ˆ

U

w(x) dx.

By arbitrariness of 0 ≤ c <oscU\Nu, we conclude that (48) is satisfied. As a consequence, 
f is locally uniformly continuous on Ω\N and can be extended to a continuous function 
f̃ on the whole space Ω which satisfies the (RR) condition with weight w.

2nd step. Let us now prove the general case. For given z ∈ G2 ≡ Rm let uz : Ω → R

denote a section of f , that is, the function defined in (12). By definition uz ∈ W 1,1
G1,loc(Ω)
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and satisfies (13) with g ∈ LQ,1(Ω). Thus, by the 1st step, there exists a continuous 
function ũz : Ω → R and a negligible set Nz ⊂ Ω, found as in (47), such that

ũz(x) = uz(x) = d2(z, f(x)) for each x ∈ Ω \Nz . (49)

Now we proceed again as in the 1st step: since g ∈ LQ,1(Ω), we know that there exists 
a nonnegative nonincreasing function ϕ : (0,+∞) → [0,+∞) such that

+∞ˆ

0 

ϕ
1 
Q (s) ds < +∞, (50)

ˆ

Ω 

Fϕ(g(x)) dx < +∞. (51)

We want to show that

(oscU\Nz
ũz)Q ≤ C̃

⎛⎝ +∞ˆ

0 

ϕ
1 
Q (s) ds

⎞⎠Q−1 ˆ

U

Fϕ(g(x)) dx (52)

for each CC open ball U ⊂ Ω and each z ∈ G2. If the left-hand side is 0, clearly there is 
nothing to prove. Otherwise pick any 0 ≤ c < oscU\Nz

ũz. This implies that there exists 
x ∈ U \Nz such that c ≤ 2|ũz(x) − (ũz)U |. Hence, using Theorem 4.1,

cQ ≤ 2Q|ũz(x) − (ũz)U |Q
(47)
≤ 2QCQ

⎛⎝ˆ
U

|∇G1 ũz(y)| 
d1(x, y)Q−1 dy

⎞⎠Q

≤ 2QCQ

⎛⎝ˆ
U

g(y) 
d1(x, y)Q−1 dy

⎞⎠Q

≤ 2QCQCQ

⎛⎝ +∞ˆ

0 

ϕ
1 
Q (s) ds

⎞⎠Q−1 ˆ

U

Fϕ(g(x)) dx.

Since this estimate holds for every 0 ≤ c < oscU\Nz
ũz, we get (52). 

From the fact that ũz is continuous on Ω, the same estimate holds replacing oscU\Nz
ũz

with oscU ũz. Let N = ∪z∈QmNz. Then N is still negligible and, by (49), it follows that

|d2(z, f(x)) − d2(z, f(y))|Q ≤ (oscU ũz)Q

≤ C̃

⎛⎝ +∞ˆ

0 

ϕ
1 
Q (s) ds

⎞⎠Q−1 ˆ

U

Fϕ(g(x)) dx
(53)
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for each x, y ∈ U \N and z ∈ Qm, for each CC open ball U ⊂ Ω. Now observe that, by 
the triangle inequality and density of Qm in G2 ≡ Rm, it follows that

sup 
z∈Qm

|d2(z, f(x)) − d2(z, f(y))| = d2(f(x), f(y)) (54)

for each x, y ∈ U \N . Thus, from (53) and (54), it follows that

d2(f(x), f(y))Q ≤ C̃

⎛⎝ +∞ˆ

0 

ϕ
1 
Q (s) ds

⎞⎠Q−1 ˆ

U

Fϕ(g(x)) dx, (55)

for each x, y ∈ U \N and each CC open ball U ⊂ Ω. This implies that f : Ω \N → G2
is locally uniformly continuous and, since Ω \ N is dense in Ω, it can be extended to a 
(unique) continuous function f : Ω → G2. Moreover, from (55), it follows also that

(oscUf)Q ≤ C̃

⎛⎝ +∞ˆ

0 

ϕ
1 
Q (s) ds

⎞⎠Q−1 ˆ

U

Fϕ(g(x)) dx,

for each CC open ball U ⊂ Ω. This means that f satisfies the condition (RR) with weight

w(x) = C̃

⎛⎝ +∞ˆ

0 

ϕ
1 
Q (s) ds

⎞⎠Q−1

Fϕ(g(x)). �

Remark 4.3. Let us recall that Theorem 4.2 is sharp already in the Euclidean case. 
Indeed, Stein [55] pointed out that, if ∇f / ∈ Ln,1, then both continuity and differ
entiability of f may fail. For instance, an explicit example is given by the function 
u(x) := log(log(1/|x|)) on B(0, 1/3) extended in a smooth way on Rn with compact 
support. By a direct computation it is easy to prove that u ∈ W 1,n(Rn) and moreover 
|∇u| ∈ Ln,q for every q > 1 (see [54] for the definition of general Lorentz spaces). If 
{qk}k∈N is an enumeration of the rational points in Rn, we set fk(x) = u(x − qk) and 
define

f(x) =
+∞ ∑
k=0

2−kfk(x).

Then such a map f , and its weak gradient, have the same summability properties of u, 
but it is essentially unbounded (thus discontinuous and not differentiable) around any 
point. Hence Theorem 4.2 is sharp also in the refined class of Lorentz spaces.

Remark 4.4. Note that Theorem 4.2 is not invertible, in the following sense: even though 
Ω is a bounded open set of an Euclidean space Rn, it is well known that a function 
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f ∈ ACn(Ω) need not admit weak gradient ∇f in Ln,1(Ω) (see, for instance, [30, Theorem 
3.7]).

5. Area formula and change of variables for absolutely continuous functions between 
Carnot groups

An important property of Lipschitz functions between Euclidean spaces is the so called 
area formula, relating the Hausdorff measure of the image of a Lipschitz map (counted 
with multiplicity) to the integral of the Jacobian on the domain. Such a formula holds 
also in the setting of Carnot groups (Theorem 5.3); we will extend this result to the case 
of absolutely continuous functions (see Theorem 5.7).

5.1. Area formula between Carnot groups

The content of this section mainly relies on [39].
An important tool in Euclidean geometric measure theory is the so-called area formula 

for Lipschitz maps, which turns to be true also for Lipschitz maps between Carnot groups.

Definition 5.1. [H-Jacobian] Given two Carnot groups (Gi, di), i = 1, 2, endowed with 
an invariant distance di, let L : G1 → G2 be a H- linear map. Let Q denote the 
homogeneous dimension of G1. The horizontal jacobian of L is defined by

JQ(L) :=
HQ

d2
(L(B1))

HQ
d1

(B1) 

where B1 denotes the unit open ball in (G1, d1) and for i = 1, 2, HQ
di

denotes the Hausdorff 
measure w.r.t. di.

Remark 5.2. In the previous definition it is possible to replace B1 with any other mea
surable subset of G1 of positive finite measure, by the H-linearity of the map L.

The following Theorem is taken from [39, Theorem 4.4].

Theorem 5.3. (Area formula for Lipschitz maps) Let f : E ⊂ (G1, d1) → (G2, d2) be a 
Lipschitz continuous function with E measurable set. Then

ˆ

E

JQ(dP f(x)) dHQ
d1

(x) = 
ˆ

G2

N(f,E, y) dHQ
d2

(y)

where N(f,E, ·) denotes the multiplicity function of f relatively to E, that is N(f,E, y) =
#{f−1(y) ∩ E} ∈ N ∪ {+∞}.
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Remark 5.4. The original definition of P-differentiability (cf. Definition 2.5) requires 
E to be an open subset of a Carnot group G1. However, it is possible to extend this 
notion to the set of density points of a general measurable set. In particular, the Pansu’s 
differential, if it exists, is uniquely determined at a density point of E. Moreover, a 
generalization of Theorem 2.6 holds: it has been proved by Magnani in [39, Theorem 
3.9] that a Lipschitz map f : E → G2 is HQ

d1
a.e. P-differentiable, where E ⊂ G1 is 

measurable, while Q and d1 denote the homogeneous dimension and the CC distance of 
G1 respectively.

Aim of this chapter is to extend Theorem 5.3 to the case of maps in ACQ(Ω,G2), 
which are not necessarily Lipschitz continuous. The following useful result is proved in 
[35, Lemma 2.12] in the general setting of metric measure spaces.

Proposition 5.5 (Lusin’s (N) condition for ACQ). Let G1 ≡ Rn and G2 ≡ Rm be Carnot 
groups and let Ω ⊂ G1 be an open set. Let f ∈ ACQ(Ω,G2), where Q denotes the 
homogeneous dimension of G1. Then, for every measurable subset E ⊂ Ω, it holds

Ln(E) = 0 =⇒ HQ(f(E)) = 0.

The next result is inspired by Theorem 3.1.9 in [15] and adapted to our setting.

Theorem 5.6. Let Ω ⊂ G1 ≡ Rn be an open set and A ⊂ Ω be measurable. If f : Ω →
G2 ≡ Rm has the property that

lim sup
y→x 

d2(f(y), f(x))
d1(y, x) < +∞ for all x ∈ A,

then there exists a countable measurable partition {Ak}k of A such that f↾Ak
is Lipschitz 

continuous.

Proof. For every j ∈ N, we define

Cj := {z ∈ Ω : d2(f(y), f(z)) ≤ jd1(y, z) for every y ∈ Ud1(z, 1/j)}. (56)

It follows that A is contained in ∪jCj . Indeed, let a ∈ A, so that

lim sup
y→a 

d2(f(y), f(a))
d1(y, a) 

< +∞.

This implies that there exists j ∈ N and r̄ > 0 sufficiently small such that d2(f(y),f(a))
d1(y,a) < j

for every y ∈ Ud1(a, r̄). Hence, up to increase j, we deduce that the previous inequality 
holds for every y ∈ Ud1(a, 1

j ), which means that a ∈ Cj . 
Notice that each Cj is closed in Ω. In fact, let xn ∈ Cj which converge to x ∈ Ω as 
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n → ∞ and let y ∈ Ud1(x, 1
j ). If n ∈ N is chosen sufficiently large, we can assume 

{x, y} ⊂ Ud1(xn, 1/j). Hence

d2(f(y), f(x)) ≤ d2(f(y), f(xn)) + d2(f(xn), f(x))

≤ jd1(y, xn) + jd1(xn, x)

and, passing to the limit as n → ∞, we get d2(f(y), f(x)) ≤ jd1(y, x), so that x ∈ Cj . 
Exploiting the Lindelöf property of G1 ≡ Rn, we can write Cj as a countable union of 
closed sets Ci

j , for i ∈ N, each of which of diameter less than 1
j . If we relabel {Ck}k =

{Ci
j}j,i, it follows that f↾Ck

is Lipschitz by (56). To conclude, define Ak := Ck ∩A which 
are still measurable and notice that we can suppose the sets Ak to be disjoint (hence a 
partition of A) by the usual differences procedure. �

We now combine Theorem 5.6 and Theorem 5.3 to get an area formula for absolutely 
continuous maps between Carnot groups.

Theorem 5.7. Let Ω ⊂ G1 be open and f ∈ ACQ(Ω,G2). For every measurable subset E
of Ω, we have

ˆ

E

JQ(dP f(x)) dHQ
d1

(x) =
ˆ

G2

N(f,E, y) dHQ
d2

(y) (57)

where JQ is the Jacobian introduced in Definition 5.1, while N(f,E, ·) denotes the mul
tiplicity function of f relatively to E.

Proof. We note that, by Theorem 3.7, Lip(f) is finite almost everywhere, which means

Lip(f)(x) := lim sup
y→x 

d2(f(y), f(x))
d1(y, x) < +∞ for Ln − a.e. x ∈ Ω.

We can therefore apply Theorem 5.6 and write Ω as a disjoint union of measurable 
subsets

Ω = A0 ∪
+∞ ⋃
k=1

Ak,

with Ln(A0) = 0 and f↾Ak
Lipschitz. 

Moreover we know, again by Theorem 3.7, that f is P-differentiable almost everywhere. 
In the negligible set where f does not satisfy this condition, we can define dP f(x) to be 
for instance the zero map. 
Let now E be a measurable subset of Ω and denote Ek := E∩Ak. Applying Theorem 5.3
we get, for every k ≥ 1,
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ˆ

Ek

JQ(dP f↾Ek
(x)) dHQ

d1
(x) =

ˆ

G2

N(f,Ek, y) dHQ
d2

(y).

Moreover this identity trivially holds for k = 0 in view of Lemma 5.5. Note that, if x is 
a density point of Ek and f : Ω → G2 is P-differentiable at x ∈ Ek, then also f↾Ek

is 
P-differentiable at x in the sense of Remark 5.4 and the two differentials coincide. Hence, 
summing over k ∈ N we find, by a simple application of monotone convergence,

ˆ

E

JQ(dP f(x)) dHQ
d1

(x) =
+∞ ∑
k=0

ˆ

Ek

JQ(dP f↾Ek
(x)) dHQ

d1
(x)

=
+∞ ∑
k=0

ˆ

G2

N(f,Ek, y) dHQ
d2

(y) =
ˆ

G2

N(f,E, y) dHQ
d2

(y). �

Through standard arguments of approximation by simple functions, it is easy to ex
tend formula (57) to a more general form:

Corollary 5.8. If f ∈ ACQ(Ω,G2), then for any measurable subset E of Ω and each 
summable function u : E → R, it holds

ˆ

E

u(x)JQ(dP f(x)) dHQ
d1

(x) =
ˆ

G2

∑
x∈f−1(y)

u(x) dHQ
d2

(y).

As a straightforward consequence of Theorem 4.2 and Theorem 5.7, we get the fol
lowing

Corollary 5.9. Let Ω ⊂ G1 be an open set and let f ∈ W 1,1
loc (Ω,G2) such that the function 

g in (13) belongs to LQ,1(Ω). Then a suitable representative of f satisfies
ˆ

E

JQ(dP f(x)) dHQ
d1

(x) =
ˆ

G2

N(f,E, y) dHQ
d2

(y)

for every measurable subset E ⊂ Ω. Moreover, for every u : E → R summable,
ˆ

E

u(x)JQ(dP f(x)) dHQ
d1

(x) =
ˆ

G2

∑
x∈f−1(y)

u(x) dHQ
d2

(y).

Appendix A. Orlicz-Sobolev spaces on Carnot groups

Orlicz spaces arise naturally in many applications in real, harmonic or functional 
analysis. Such spaces were introduced by the Polish mathematician Władysław Orlicz 
in 1932 and are generalizations of the classical Lp spaces. Indeed, the role played by the 
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function tp is replaced by more general convex maps, called N -functions. 
We recall now the main definitions and basic properties of Orlicz spaces: see for instance 
[1], [36] or [37] for an exhaustive treatment.

Definition 6.1. A map A : [0,+∞) → [0,+∞) is called an N-function if it is convex, 
vanishes only at 0 and has the following limit properties:

lim 
t→0+

A(t)
t 

= 0, lim 
t→∞

A(t)
t 

= +∞.

It is easy to verify that a map satisfying these properties is actually continuous on 
[0,+∞) and strictly increasing. Given an N -function A : [0,+∞) → [0,+∞), its Young 
conjugate Ã is defined as the N -function

Ã(t) := sup
s>0 

{st−A(s)}.

Examples of N -functions and associated conjugates are for instance

A(t) = tp

p 
, Ã(t) = tp

′

p′

(
1 < p < +∞, p′ = p 

p− 1

)
;

A(t) = et−t− 1, Ã(t) = (1 + t) log(1 + t) − t.

Definition 6.2. Let Ω ⊂ Rn be measurable and let A be an N -function. For every mea
surable map u : Ω → R, we define its Luxemburg norm as

‖u‖LA(Ω) := inf

⎧⎨⎩λ > 0 :
ˆ

Ω 

A

(
|u(x)|
λ 

)
dx ≤ 1

⎫⎬⎭ .

The Orlicz space associated to the N - function A is defined as

LA(Ω) := {u : Ω → R measurable : ‖u‖LA(Ω) < +∞}.

Equipped with ‖ · ‖LA(Ω), the Orlicz space LA(Ω) is a Banach space. Moreover, an 
interesting relation between an N -function and its Young conjugate is expressed by the 
following Hölder-type inequality:

ˆ

Ω 

u(x)v(x) dx ≤ 2‖u‖LA(Ω)‖v‖LÃ(Ω).

Notice that, when considering A(t) := tp, for 1 < p < +∞, we get that LA(Ω) coincides 
with the classical Lp(Ω) space. Moreover in this case we get ‖ · ‖LA(Ω) = p−1/p‖ · ‖Lp(Ω). 
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In order to establish an inclusion relation similar to the classical one for Lebesgue spaces 
on domain with finite measure, we introduce two new concepts: if A and B are N
functions, we will say that B dominates A globally if there exists a positive constant k
such that A(t) ≤ B(kt) for all t ≥ 0. If this estimate holds only for large values of t, we 
will say that B dominates A near infinity. An interesting result is that the embedding 
LB(Ω) ↪→ LA(Ω) holds if and only if either B dominates A globally or B dominates 
A near infinity and |Ω| < +∞. Hence functions which are globally equivalent, i.e. each 
one dominates the other globally, determine the same Orlicz space (and clearly the same 
holds if we require that they are equivalent near infinity and |Ω| < +∞). 
Note that, if 1 < p < q < +∞, then the map B(t) := tq dominates the function A(t) := tp

near infinity, so that Lq(Ω) ⊂ Lp(Ω) if Ω has finite measure. 

In the same spirit of Sobolev space, it is now straightforward to define Orlicz-Sobolev 
functions by means of Orlicz integrability conditions on the weak derivatives. We give 
this definition directly in the general setting of Carnot groups:

Definition 6.3. Let Ω ⊂ G ≡ Rn be open and let A be an N -function. We define the 
Orlicz-Sobolev space

W 1,A
G (Ω) := {u ∈ LA(Ω) : ∃Xiu ∈ LA(Ω) i = 1, . . . ,m1},

where Xiu are the distributional derivatives of u computed along the generating vector 
fields of the group. We also set

‖u‖W 1,A
G (Ω) := ‖u‖LA(Ω) + ‖∇Gu‖LA(Ω).

Equipped with such a norm, it is easy to see that (W 1,A
G (Ω), ‖ · ‖W 1,A

G (Ω)) is a Banach 

space. If G is the Euclidean Rn, we will use the notation W 1,A(Ω). 

The classical embedding theorems for Sobolev spaces have been extended also to Orlicz
Sobolev spaces in the Euclidean setting. In particular, the condition p > n has to be 
replaced by a more general requirement on the growth of the N -function which induces 
the space. In [1] or [14] it has been proven that, if Ω ⊂ Rn is sufficiently regular and A
is an N -function, then W 1,A(Ω) is embedded in the space of continuous and bounded 
maps provided that the condition 

+∞ˆ

1 

A−1(t)
t1+1/n dt < +∞ (58)

is satisfied. In the case of A(t) = tp, we recover the classical embedding theorem for p > n. 
However, as remarked in [11], this condition is not sharp, since it can be improved by 
requiring
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+∞ˆ

1 

Ã(t) 
t1+n′ dt < +∞, (59)

which is a weaker assumption than (58) (see [57]). Indeed, G. Talenti proved in the same 
work that (59) is a sufficient condition for boundedness (see also [12]), while A. Cianchi 
showed in [11] that it is also the sharp condition for continuity. Moreover the same author 
proved in [2] that this condition is also the correct one to ensure differentiability almost 
everywhere. 
The strategy of Cianchi relies on rearrangement tools, while in the following we will 
provide an alternative way to extend this result in the setting of Carnot groups, following 
the approach introduced by Kauhanen, Koskela and Malý in [31], in the same spirit of 
Theorem 4.2. 
In order to reach this result, we need first to extend Definition 6.3 to the case of group
valued maps, inspired by Definition 2.18. This generalization is not straightforward as 
for Euclidean spaces (in which it suffices to work in components), since a Carnot group 
cannot be seen in general as direct product of subgroups.

Definition 6.4. Let G1 ≡ Rn,G2 ≡ Rm be Carnot groups. Let Ω ⊂ G1 be open and let 
A be an N -function.

(i) We say that a function u : Ω → G2 belongs to the space LA(Ω,G2) if u : Ω ⊂ Rn →
Rm is measurable and the map u0 : Ω → R defined by u0(x) = d2(0, u(x)) is in 
LA(Ω);

(ii) We say that a function u : Ω → G2 belongs to the Orlicz-Sobolev space W 1,A(Ω,G2)
if
• u ∈ LA(Ω,G2);
• for all z ∈ G2, the functions uz : Ω → R defined by

uz(x) := d2(z, u(x)) if x ∈ Ω (60)

are in W 1,A
G1,loc(Ω) (according to Definition 6.3);

• There exists a nonnegative function g ∈ LA(Ω) (which does not depend on z) 
such that

|∇G1uz| ≤ g a.e. in Ω, for each z ∈ G2.

We provide now the natural extension of Theorem 3.6 and Theorem 4.2 to the case 
of Orlicz-Sobolev maps: under a sufficient growth condition on A, functions in the space 
W 1,A(Ω,G2) are Q-absolutely continuous and so enjoy nice regularity properties.

The following Lemma represents the key step in order to apply the strategy proposed 
by the authors in [31] also to the case of Orlicz-Sobolev spaces.
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Lemma 6.5. Let Ω ⊂ G ≡ Rn be open with Ln(Ω) < +∞. Let A be an N-function 
satisfying

+∞ˆ

1 

(
t 

A(t)

) 1 
Q−1

dt < +∞, (61)

and let g be a nonnegative function in the space LA(Ω). Then there exists a nonincreasing 
function ϕ : (0,+∞) → (0,+∞) such that

ˆ

Ω 

Fϕ(g(x)) dx < +∞ (62)

and

+∞ˆ

0 

ϕ1/Q(t) dt < +∞. (63)

Proof. Notice first that we can assume that

1 ˆ

0 

(
t 

A(t)

) 1 
Q−1

dt < +∞, (64)

since it is always possible to replace A with another N -function which is equivalent near 
infinity (so that it determines the same Orlicz space) and decays sufficiently slow to 0. 
Since g ∈ LA(Ω), there exists for sure λ̄ > 0 such that 

´
Ω A(λ̄g(x)) dx < +∞. Define 

ϕ : (0,+∞) → (0,+∞) as

ϕ(t) :=
(
A(λ̄t)

t 

) Q 
1−Q

.

By definition ϕ is positive and also nonincreasing. In fact, by convexity of A, we know 
that A(λt1 + (1 − λ)t2) ≤ λA(t1) + (1 − λ)A(t2) for every λ ∈ (0, 1), t1, t2 ∈ [0,+∞). 
Consider 0 < t < s and apply this inequality with t1 = λ̄s, t2 = 0, λ = t 

s . We get 
A(λ̄t) ≤ t 

sA(λ̄s) and, by simple rearrangements, ϕ(t) ≥ ϕ(s). Moreover we can calculate

ˆ

Ω 

Fϕ(g(x)) dx =
ˆ

{g>0}

g(x)

⎡⎣(A(λ̄g(x))
g(x) 

) Q 
1−Q

⎤⎦
1−Q
Q 

dx

=
ˆ

Ω 

A(λ̄g(x)) dx < +∞
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and also, exploiting (61) and (64),

+∞ˆ

0 

ϕ1/Q(t) dt =
+∞ˆ

0 

(
A(λ̄t)

t 

) 1 
1−Q

dt = λ̄
Q 

1−Q

+∞ˆ

0 

(
t 

A(t)

) 1 
Q−1

dt < +∞. �

Remark 6.6. It is proved in [12] that condition (61) is indeed equivalent to the following:

+∞ˆ

0 

Ã(t) 
t1+Q′ dt < +∞, (65)

which clearly extends (59) in the case of Carnot groups of homogeneous dimension Q.

Under condition (61), or equivalently (65), functions in the space W 1,A(Ω,G2) are Q
absolutely continuous. Actually, only an Orlicz bound on the weak horizontal gradient 
of the sections is needed. This is expressed by the following result.

Theorem 6.7. Let G1 ≡ Rn, G2 ≡ Rm be Carnot groups and let Ω ⊂ G1 open. Suppose 
also that Ln(Ω) < +∞ and denote by Q the homogeneous dimension of G1. Let A be 
an N-function satisfying (61). If f ∈ W 1,1

loc (Ω,G2) and there exists a function g ∈ LA(Ω)
such that

|∇Guz| ≤ g for all z ∈ G2,

where uz are defined as in (60), then there exists a representative of f which is continuous 
and satisfies the (RR) condition. In particular f ∈ ACQ(Ω,G2) and is P-differentiable 
a.e. in Ω.

Proof. The proof of this result can be achieved using the same strategy exploited in The
orem 4.2. In particular the existence of a nonincreasing function ϕ : (0,+∞) → (0,+∞)
satisfying properties (62) and (63) is ensured by Lemma 6.5 instead of Theorem 2.11. 
The other steps of the proof are unchanged. �
Remark 6.8. Equivalently one can observe that, combining Lemma 6.5 and the charac
terization given by Theorem 2.11, a function g as in the assumptions belongs actually 
to the Lorentz space LQ,1(Ω) and then apply Theorem 4.2.

We deduce that, under condition (61), Orlicz-Sobolev maps between Carnot groups are 
actually in ACQ(Ω,G2): hence they share properties like continuity, P -differentiability 
a.e. (Theorem 3.7) and area formula (Theorem 5.7 and Corollary 5.8).
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Appendix B. Differentiation for maps between metric spaces and metric space-valued 
Sobolev maps

B.1. Differentiation for maps between metric spaces

In this section we will assume that the metric measure space X ≡ (X, dX , μ) admits 
a p-Poincaré inequality with p ≥ 1, the ambient measure μ is doubling and Y ≡ (Y, dY )
is a (separable) metric space. 
Let us recall that a general differentiation theory has been carried out for maps 
f : X → Y , whenever Y can be isometrically embedded into a Banach space V sat
isfying the Radon-Nikodym property (RNP) (see [9,10]). We recall that a Banach space 
V satisfies (RNP) if each Lipschitz function f : R → V is differentiable a.e. The first 
pioneering result is due to Cheeger [8] when Y = R, who was able to endow the metric 
measure space X by a so-called Cheeger differentiable structure and proved a Rademacher 
differentiability theorem for Lipschitz function in this context. This result was remark
ably extended by Cheeger and Kleiner to maps with target space Y = V satisfying 
(RNP). Then, whenever the target space Y can be bi-Lipschitz embedded into a Ba
nach space V satisfying (RNP), a differentiation theory can be carried out also for maps 
f : Ω ⊂ X → Y ⊂ V and one can get a Stepanov’s type theorem (see, for instance, 
[62]). Moreover metric space-valued Sobolev functions can be introduced by means of 
the notion of upper gradient in this setting as in [27, Chap. 7]). 
This approach may not work, as concern the differentiability issue, if the target space is 
a Carnot group. Indeed, as showed in [9, Theorem 6.1], the simplest Carnot group H1

does not admit a bi-Lipschitz embedding into any Banach space satisfying (RNP).

B.2. Metric space-valued Sobolev maps

As far as the notion of metric space-valued Sobolev mapping is concerned, different 
equivalent approaches can be introduced. Let us point out here two ones related to our 
arguments: the approach by embedding of the target space and the one by sections of 
mappings. From now on we can weaken the assumptions on the involved metric spaces. 
More precisely, we assume that X ≡ (X, dX , μ) is a metric measure space with ambient 
measure μ finite on bounded sets, that is μ(E) < ∞ for each bounded E ⊂ X, and 
Y ≡ (Y, dY , y0) is a pointed complete and separable metric space. Moreover, we will 
denote by B(x, r) and U(x, r) the closed and open ball of X centered at x with radius 
r, respectively.

Approach by embedding of the target metric space: This approach extends the one 
due to Shanmugalingam [53] who introduced the notion of Newtonian Sobolev space 
N1,p(X) for real-valued functions defined on X and it was carried out in [27, Chap. 7]. 
Let us briefly recall here the main notions and results. We first introduce vector-valued 
Sobolev functions on metric spaces. If V is a Banach space and 1 ≤ p < ∞, we say that 
a mapping f : X → V belongs to the Dirichlet space D1,p(X : V ) if f is measurable and 
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it possesses a p-integrable p-weak upper gradient (see [27, Section 6.2]). When V = R, 
we simply denote D1,p(X) := D1,p(X : R). It is clear that D1,p(X : V ) is a vector space. 
We denote as Sobolev space of V -valued functions on X the space N1,p(X : V ) :=
D1,p(X : V ) ∩ Lp(X,V ) and N1,p(X : V ) turns out to be a Banach space with respect 
to the norm

‖u‖N1,p(X:V ) := ‖u‖Lp(X,V ) + ‖
u‖Lp(X),

where 
u denotes the minimal p-weak upper gradient of u guaranteed by [27, Chap. 6 
and Theorem 6.3.20]. 
Consider now the Kuratowski isometric embedding of Y into V := �∞(Y ), with respect 
to the base point y0. More precisely, let �∞(Y ) denote the Banach space of bounded 
functions from Y to R, equipped with the norm

‖ϕ‖
∞(Y ) := sup 
y∈Y

|ϕ(y)| if ϕ ∈ �∞(Y ) .

Then the mapping

Y � y �→ ϕy ∈ �∞(Y )

ϕy(z) := d(z, y) − d(y0, z) z ∈ Y

is an isometric embedding (see [27, Theorem 4.1]). According to [27], we can introduce 
the Sobolev and Dirichlet classes of mappings between metric spaces X to Y (depending 
on the base point y0) as follows:

N1,p(X : Y ) :=
{
f ∈ N1,p(X : �∞(Y )) : f(x) ∈ Y μ-a.e. x ∈ X

}
and similarly

D1,p(X : Y ) :=
{
f ∈ D1,p(X : �∞(Y )) : f(x) ∈ Y μ-a.e. x ∈ X

}
.

Moreover we denote as N1,p
loc (X : Y ) (D1,p

loc (X : Y ), respectively) the class of all maps 
f : X → �∞(Y ) such that each x ∈ X has a small radius r > 0 for which f |U(x,r) ∈
N1,p(U(x, r) : Y ) (f |U(x,r) ∈ D1,p(U(x, r) : Y ), respectively). Eventually we denote 
as Lp

loc(X,μ) the class of measurable maps f → R̄ such that 
´
E
|f |p dμ < ∞ for each 

bounded set E ⊂ X. Let us recall the following characterizations of N1,p(X : Y ) and 
D1,p(X : Y ).

Theorem 7.1. ([27, Theorem 7.1.20]) Let V be a Banach space and let f : X → V be a 
measurable function. The following conditions are equivalent:

(i) f has a μ-representative in the Dirichlet class D1,p(X : V );
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(ii) there exists a p-integrable Borel function 
 : X → [0,∞] with the following property: 
for each 1-Lipschitz function ϕ : V → R there exists a μ-representative fϕ of the 
function ϕ ◦ f in D1,p(X) so that the minimal upper gradient 
fϕ of fϕ satisfies 

fϕ ≤ 
 μ-a.e. in X.

Theorem 7.2. ([27, Proposition 7.1.38]) A map f : X → Y is in D1,p(X : Y ) if and 
only if there is a non-negative p-integrable Borel function 
 on X such that whenever 
γ : [0, �(γ)] → X is a non constant rectifiable curve in X

dY (f (γ(�(γ))) , f (γ(0))) ≤ 
ˆ

γ


 ds ,

where �(γ) denotes the length of γ and

ˆ

γ


 ds := 


(γ)ˆ

0 


(γ(t)) dt .

Moreover, if μ(X) is finite, then f ∈ N1,p(X : Y ) if and only if f ∈ D1,p(X : Y ) and 
the function X � x �→ dY (y0, f(x)) is p-integrable for some (and hence every) y0 ∈ Y .

Theorem 7.2 shows that there is an intrinsic way of determining membership in 
D1,p(X : Y ) and N1,p

loc (X : Y ) that is independent of the embedding of Y into a Banach 
space. Instead, membership in N1,p(X : Y ) (as well as in Lp(X : Y )) depends on the 
specific embedding and, in particular, on the base point y0.

Approach by sections of mappings: It is an extension of the one exploited in Defi
nition 2.18, first introduced by Ambrosio [3], for the case of BV functions, and then 
by Reshetnyak [52], for the case of Sobolev functions. More precisely, first one provides 
the notion of a suitable real-valued Sobolev space W 1,p(X) and, for each u ∈ W 1,p(X)
a notion of modulus of the ``weak gradient'' |∇Xu| is introduced. For instance, by us
ing the previous Newtonian Sobolev space N1,p(X), the minimal p-weak upper gradient 

u plays the role of |∇Xu| (see, for instance, [4,5]). In the following we assume that 
W 1,p(X) = N1,p(X). Then, given a mapping f : X → Y , we say that f ∈ W 1,p(X,Y ) if

• the map X � x �→ dY (y0, f(x)) belongs to Lp(X,μ);
• for each y ∈ Y , the section uy : X → R, 

uy(x) := dY (y, f(x)) if x ∈ X belongs to D1,p(X) (66)

and there exists g ∈ Lp(X,μ) such that


uy
≤ g μ-a.e. in X, for each y ∈ Y , (67)
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denoting by 
u the minimal p-weak upper gradient of u ∈ D1,p(X). A function g as 
in (67) will be called a p-weak upper gradient of f .

As usual, let us denote by W 1,p
loc (X,Y ) the class of all maps f : X → Y such that each 

x ∈ X has a bounded open neighborhood Ux for which f |Ux
∈ W 1,p(Ux, Y ).

As a consequence of Theorem 7.1, for fixed y0, we get the following coincidence of 
spaces:

Theorem 7.3. Let 1 < p < ∞. Then W 1,p(X,Y ) = N1,p(X : Y ).

Before the proof of Theorem 7.3, we will introduce a preliminary result, which is an 
extension of [32, Proposition 2.31] to metric spaces.

Lemma 7.4. Let 1 < p < ∞, f ∈ W 1,p(X,Y ) and let ϕ : Y → R be Lipschitz. Then

(i) X � x �→ ϕ(f(x)) − ϕ(y0) is in Lp(X,μ).
(ii) If fϕ := ϕ ◦ f , then fϕ − ϕ(y0) ∈ N1,p(X) and fϕ admits a minimal p-weak upper 

gradient 
fϕ ≤ L g μ-a.e. in X, being g the function in (67) and L := Lip(ϕ).

Proof. (i) By definition of W 1,p(X,Y ), the map X � x �→ dY (y0, f(x)) is in Lp(X,μ). 
Being ϕ Lipschitz,

|ϕ(f(x)) − ϕ(y0)| ≤ L dY (y0, f(x)) for each x ∈ X ,

and we get the desired conclusion. 
(ii) Let Z := {zi : i ∈ N} ⊂ Y be a dense set. Let us denote

f̃ϕ := fϕ − ϕ(y0) : X → R and ui := ϕ(zi) + L uzi : X → R ,

where uz is the section of f defined in (66). Note that we can represent fϕ as

ϕ(f(x)) = inf 
i∈N

ui(x) for each x ∈ X . (68)

Indeed, being ϕ Lipschitz,

|ϕ(f(x)) − ϕ(zi)| ≤ L dY (zi, f(x)).

This means that

ϕ(f(x)) ≤ ϕ(zi) + L dY (zi, f(x)) = ϕ(zi) + L uzi(x) = ui(x).

Moreover, consider a sequence (ik)k∈N such that zik → f(x). We get
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|uik(x) − ϕ(f(x))| = |ϕ(zik) + L dY (zik , f(x)) − ϕ(f(x))|
≤ |ϕ(zik) − ϕ(f(x))| + |L dY (zik , f(x))| ≤ 2L dY (zik , f(x)) → 0,

which implies (68). Thus, from (68), it also follows that

f̃ϕ(x) = ϕ(f(x)) − ϕ(y0) = inf 
i∈N

(ũi(x)) , (69)

where ũi := ui − ϕ(y0). Note also that ũi ∈ D1,p(X) ∩ Lp
loc(X,μ) with


ũi
≤ Lg μ-a.e. in X for each i ∈ N (70)

where 
ũi
denotes the minimal p-weak upper gradient of ũi and g a p-weak upper gradient 

of f , that is a function satisfying in (67). Let vj := inf1≤i≤j ũi. From [27, Proposition 
7.1.8]), D1,p(X) is a lattice, that is vj ∈ D1,p(X) for each j and


vj ≤ L g μ-a.e. in X, for each j . (71)

Now observe that, since

f̃ϕ ≤ vj ≤ v1 for each j , (72)

from (69) and (72), by applying Lebesgue dominated convergence theorem, it follows 
that

vj → f̃ϕ in Lp
loc(X,μ) as j → ∞. (73)

Let x0 ∈ X and Ωn := U(x0, n), if n ∈ N. Then (Ωn)n is an increasing sequence of open 
balls of X and X = ∪∞

n=1Ωn. From (73) and (71), by the locality of Sobolev functions 
in N1,p(X) (see [27, Lemma 7.3.22]), there exists

f̂ ∈ N1,p(X) such that f̂ = f̃ϕ μ-a.e. in X (74)

and f̂ admits a p-weak upper gradient 
∞ in X satisfying


∞ ≤ L g μ-a.e. in X. (75)

By (74) and (75), it follows that f̃ϕ admits a μ-representative f̂ ∈ N1,p(X) with minimal 
p-weak upper gradient 
f̂ ≤ L g μ-a.e. in X. Thus we get the desired conclusion. �
Proof of Theorem 7.3. Let us first show the inclusion

N1,p(X : Y ) ⊂ W 1,p(X,Y ) .

Let f ∈ N1,p(X : Y ). From Theorem 7.2,
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f ∈ N1,p(X : Y ) ⊂ D1,p(X : Y ) ⊂ D1,p(X : �∞(Y )) , (76)

and the map

X � x �→ dY (y0, f(x)) is in Lp(X,μ) .

For a given y ∈ Y , let ϕy : Y → R be the function, ϕy(z) := dY (y, z). Then by applying 
Theorem 7.1 (ii)

fy := ϕy ◦ f ∈ D1,p(X) and 
fy ≤ 
f μ- a.e. in X, for each y ∈ Y . (77)

Thus, combining (76) and (77), it follows that f ∈ W 1,p(X,Y ). 
Let us now show the inclusion

W 1,p(X,Y ) ⊂ N1,p(X : Y ) .

Let f ∈ W 1,p(X,Y ). By definition, we can assume X � x �→ dY (y0, f(x)) is in Lp(X,μ). 
By applying Lemma 7.4 and Theorem 7.1 (ii), we can conclude that there exists a μ
representative of f such that f ∈ N1,p(X : Y ). �

We are going to apply Theorem 7.3 in the setting of Carnot groups. In particular, 
for maps between Carnot groups, we have chosen to fix y0 = 0G2 (see Definition 2.18). 
Let us first recall the coincidence between the Newtonian Sobolev space and the hori
zontal Sobolev space of real valued functions, which is well-known (see, for instance, [32, 
Proposition C.12]).

Theorem 7.5. Let 1 < p < ∞ and Ω ⊂ G be an open set of a Carnot group G ≡ Rn. 
Then

N1,p
G (Ω) = W 1,p

G (Ω)

where N1,p
G (Ω) and W 1,p

G (Ω) denote the Newtonian Sobolev space defined before between 
metric spaces X = (Ω, dc,Ln) and Y = R and the horizontal Sobolev space defined in 
Definition 2.12, respectively.

As an immediate consequence of Theorems 7.3 and 7.5 and Definition 2.18, the fol
lowing result follows (see also [32, Proposition C.13])

Corollary 7.6. Let Ω ⊂ G be an open set of a Carnot group G ≡ Rn and let Y ≡
(Y, dY , y0) be a pointed complete separable metric space. Then

N1,p(Ω : Y ) = W 1,p(Ω, Y )
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where N1,p(Ω : Y ) and W 1,p(Ω, Y ) denote the Newtonian space between metric space 
X = (Ω, dc,Ln) and Y , and the metric space-valued Sobolev space defined by sections 
introduced before, respectively.
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