Journal of Functional Analysis 289 (2025) 110948

Contents lists available at ScienceDirect =

JOURNAL OF

Journal of Functional Analysis

journal homepage: www.elsevier.com/locate/jfa

Regular Article

On some intrinsic differentiability properties for
absolutely continuous functions between Carnot
groups and the area formula

L))

Check for
updates

Andrea Pinamonti*, Francesco Serra Cassano, Kilian Zambanini

Dipartimento di Matematica, Universitd di Trento, Via Sommarive, 14, 38123
Povo TN, Italy

ARTICLE INFO ABSTRACT
Article history: We discuss Q-absolutely continuous functions between Carnot
Received 10 May 2024 groups, following Maly’s definition for maps of several vari-

Accepted 14 March 2025
Available online 19 March 2025
Communicated by Laurent

ables ([43]). Such maps enjoy nice regularity properties, like
continuity, Pansu differentiability a.e., weak differentiability

Saloff-Coste and an area formula. Furthermore, we extend Stein’s result
concerning the sharp condition for continuity and differentia-
In Memory of Jan Maly bility a.e. of a Sobolev map in terms of the integrability of the

weak gradient: more precisely, we prove that a Sobolev map
between Carnot groups with horizontal gradient of its sections
uniformly bounded in L®' admits a representative which is
Q-absolutely continuous.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords:

Carnot groups

Sobolev spaces

Pansu differentiability
Q-absolutely continuous functions

1. Introduction

In this paper we study Sobolev regularity, continuity and Pansu differentiability for
maps f : Q C G; — G- satisfying suitable intrinsic notions of absolute continuity or
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bounded variation, called Q-absolute continuity and bounded Q-variation, where G and
G+ are Carnot groups and 2 is an open set in G;. In particular, we will apply such a study
for extending in this setting an analogous of the remarkable Euclidean Stein’s result [55]
concerning the sharp condition providing continuity and differentiability a.e. in terms
of integrability of the weak gradient, thus paving the way to the study of the gradient
regularity of solutions to the sub-Laplace Poisson equation, see e.g. [34]. Moreover we
will prove an area formula for @-absolutely continuous maps between Carnot group.

The definition and main properties of a Carnot group are collected in section 2. Let
us quickly recall here that a Carnot group G is a simply connected nilpotent Lie group
which can be represented as G = (R", ) equipped with:

o a family of intrinsic dilations (0x)x>0: G — G, which are automorphisms of G;

¢ a subbundle HG of the tangent bundle T'G, called horizontal subbundle, which gen-
erates by commutation the whole T'G;

e a Carnot-Carathéodory (or, also, control) metric d. associated to the horizontal sub-
bundle HG, which is left-invariant and homogeneous with respect to the intrinsic
dilations.

The Haar measure of G turns out to be the n-dimensional Lebesgue measure L™ on
R™ and the metric (Hausdorff) dimension of (G,d,.) coincides with its homogeneous
dimension Q. If G is commutative, then G = R" as Euclidean vector space; if G is not
commutative, then @ > n. In particular, we will see that the homogeneous dimension @
will play the same role of the topological dimension n in the Euclidean setting.

A Carnot group is a sub-Riemannian structure, where several classical differential
notions and results of the Euclidean/Riemannian geometry do not apply (see [25,20]).
Thus new intrinsic notions are needed in this setting, such as, for instance, the ones of
differentiable and Sobolev regular function between Carnot groups (see Definitions 2.5
and 2.18, respectively). Nevertheless, from the intrinsic point of view, some important
analogous results to Euclidean setting still hold for maps between Carnot groups, such
as a Rademacher differentiability result due to Pansu (see Theorem 2.6) and a Sobolev-
Morrey embedding theorem (see, Theorem 2.21).

Let us stress that the intrinsic notion of differentiability for mappings between Carnot
groups, and the related results, cannot be always recovered within the theory of differ-
entiation for mappings between metric spaces (see Section B).

The notions of n-dimensional absolutely continuous function and n-variation for a
map f : Q C R®™ — R™ were initially introduced by Maly in [43]. They have been
studied in several papers (see, for instance, [13,29-31]). An historical account as far as
the concept of absolute continuity for functions can be found in [43] and the references
therein.

These notions can also be introduced in a metric measure setting, thus it is immediate
to extend them to maps between Carnot groups. In the following the balls involved are
the ones with respect to the CC distance d..
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Definition 1.1. Let G; = (R",-,d;) and Go = (R™,*,d3) be two Carnot groups, let Q
be the homogeneous dimension of Gy (see (1)) and let f: Q C G; — Go, with © open
set in G1.

(i) f is said to be Q-absolutely continuous if for each € > 0 there exists § = d(e) > 0
such that, for each finite disjoint family of open balls Uy, ..., Uy contained in (2,

k k
if ZE”(Ui) < ¢ then Z (ochif)Q < e
i=1

i=1

where

oscy f = diamg, (f(U)).

(ii) The Q-variation of f is defined as

k
Vo(f,Q) :== sup {Z (ochif)Q :{Uy,..., Uy} disjoint family of balls in Q } .

=1

We say that f has bounded Q-variation if Vi (f, Q) < oo.

We will denote by BV?(£2, G5) the class of functions f : Q@ C G; — Gy with bounded
Q-variation and with AC?(£, G3) the class of Q-absolutely continuous functions. We
use the notation BVI?C
and ACI%C (Q, Go) for the family of functions which are locally @-absolutely continuous.
It actually holds that AC?(Q.G2) C BV?Q(Q,Gy) if Q@ C G, is a bounded open set (see

Proposition 3.1).

(Q,Gy) for functions which are locally of bounded Q-variation

The study of absolutely continuous functions has been extended from the Euclidean
framework to the one of metric measures spaces: firstly, the study of real-valued functions
defined on measure metric spaces (see, for instance, [50,51]), and then the one of metric
space-valued maps (see, for instance, [61,62,44,35]). We are going to compare later our
results with the previous ones.

Note that also in this context the homogeneous dimension @ of the Carnot group
G1 plays the same role of the Euclidean dimension. Indeed, we will see that, roughly
speaking, the class ACﬁC(Q, G2) locally lies between the class of Sobolev maps which
admit weak horizontal gradient with summability @, that is the class VVI}DCQ (22, G2) (see
Definition 2.18), and the union over p > @ of the spaces VV]%;? (Q, Go). Moreover it shares
good properties with the maps in VV&)CP(Q, G2) with p > Q.

In section 3 we begin our study by stressing some simple classes of functions contained
in ACQ(Q, Gy). In particular we will see that, if f satisfies the so-called (RR) condition,
then f € AC?(Q,Gy) and we will show that, if f is a Sobolev map with exponent

p > Q, that is f € WLP(Q,Gy), then f € ACY(Q,Gy) (see Theorem 3.6). Moreover
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we will prove that maps with finite @Q-variation between Carnot groups, that is maps
in BV?(Q,Gy), are Pansu-differentiable a.e. and admit weak horizontal gradient (see
Theorems 3.7 and 3.10). As a consequence, since AC’I%C(Q,GQ) C BVI(?C(Q,GQ), also
functions in AC?(Q, G) share the same properties.

In section 4 we will prove that a Sobolev function f : Q C G; — G2 admitting weak
gradient in the Lorenz space L?(§) admits a representative in AC?(£), G3) (Theo-
rem 4.2), extending in this way Stein’s result on Euclidean spaces. Moreover we will
discuss this result also for maps in a suitable class of Orlicz-Sobolev spaces between
Carnot groups (see Appendix A and in particular Theorem 6.7).

In section 5 we will show an area formula for functions in AC?(Q2, Gy) (see Theo-
rem 5.7 and Corollary 5.8), which extends the one proved independently in [39] and in
[59] for Lipschitz functions.

Eventually in Appendix B we will collect, for sake of completeness, some relevant
notions and results about the differentiability and Sobolev regularity of metric spaces-
valued maps defined on a metric measure space, in order to compare our results with
the previous ones.

Acknowledgments. The authors are members of Gruppo Nazionale per l’Analisi
Matematica, la Probabilita e le loro Applicazioni (GNAMPA), of the Istituto Nazionale di
Alta Matematica (INAAM) and they are partially funded by the European Union under
NextGenerationEU. PRIN 2022 Prot. n. 2022F4F2LH. The authors would like to thank
B. Franchi, R. Serapioni and V. Magnani for very useful discussions on the topics of the
present paper. We would like to thank the referee for carefully reading the paper and for
giving such constructive comments which substantially helped improving the quality of
the paper.

2. Preliminaries
2.1. Carnot groups

A Carnot group (G, -) is a simply connected and nilpotent Lie group whose Lie algebra
g of left-invariant vector fields has dimension n and admits a stratification of step s € N,
that is

g=VieolV,®- - oV,
where the vector spaces Vi,..., Vs C g satisfy
V;:[Vh%—l] fori:Q,...,s, [V17V9] :{0}

We set m; = dim(V;) and h; = 23:1 mj for i =1,...,s. We fix an adapted basis of g,
i.e. a basis X1,..., X, such that
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Xh, 1+1,---,Xp, isabasisof V;, i=1,... s

The subspace V; of g is also called horizontal layer, while X1, ..., X,,, are the generating
vector fields of the group. We endow the algebra g with the left-invariant Riemannian
metric (-,-) that makes the basis Xi,..., X, orthonormal. Exploiting the exponential
identification p = exp (Y ., piX;), we can identify G with R", endowed with the group
law determined by the Campbell-Hausdorff formula. In particular, the identity e € G

1

corresponds to 0 € R™ and the inversion map becomes ¢(p) = p~+ = —p for any p € G.

Moreover, it is not restrictive to assume that X;(0) = e; for any i = 1,...,n. Therefore,
by left-invariance, we get

Xi(p) =drpe;, i=1,...,n,

where 7,: G — G is the left-translation by p € G, i.e. T,(¢) = p- ¢ for any q € G.

The subbundle of the tangent bundle T'G that is spanned by the vector fields X1, ..., X,
plays a particularly important role in the theory and it is called the horizontal bundle
HG; the fibers of HG are

HG, =span {X1(z),..., Xm, ()}, z e G.

For any ¢ = 1,...,n, the degree d(i) € {1,...,s} of the basis vector field X; is d(i) = j
if and only if X; € V;. The group dilations (dx)r>0: G — G are hence given by

ox(p) = dx(p1,-.-,0n) = ()\pl,...7)\d(i)pi,...7)\‘9pn) for all p € G.

The Haar measure of the group G coincides with the n-dimensional Lebesgue measure £™.
The homogeneity property £"(6x(E)) = A?L"(E) holds for any measurable set E C G,
where

Q:= Zidim(%) eN (1)

is the homogeneous dimension of G. For notational convenience, we will use also the
shorthand |E| = L™(F).

In the following proposition (see [20]) we collect some fairly elementary properties of the
group operation.

Proposition 2.1. The group product has the form
x-y=z+y+ 9x,y), Vz,y € R™ (2)

where @ = (Q1,...,9y) : R® x R™ — R"™ and each Q; is a homogeneous polynomial of
degree d(i) i.e.
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Q;(0ax,0xy) = XD Qi(x,y), Va,y€G.

Moreover Q is anti-symmetric, which means

Qj(xﬂy) = —Qj(—y, —),

and also

Ql(xuy) = .. = le ($7y) = 07
Qj(.]?,l'):Qj(x,—l'):Qj(—.I‘7l'):0, fO?" m1<j§na

Qj(xay):Qj(xlv"'7xh7‘,—17y1a"',yh7’,—1)3 ,Lf 1<i§3 and ]Shl

Definition 2.2. An absolutely continuous curve 7: [a,b] — G is horizontal if there exist
Uty .., Um, € L'[a,b] such that

v (t) = Zuj(t)Xj (v(t)) for a.e.t € [a,b].
j=1

We define the horizontal length of a horizontal curve v by L(y) = f; |u(t)|dt, where
w=(Uy,...,Un,) and | - | denotes the Euclidean norm on R™*.

Chow-Rashevskii Theorem asserts that any two points of G can be connected by
horizontal curves [7, Theorem 9.1.3]. Actually, any two points can be connected by a
geodesic, despite such a curve can be not unique [45, Theorem 1.4.4]. This allows us to
define the Carnot-Carathéodory distance (CC distance) as follows.

Definition 2.3. The CC distance between z,y € G is
de(x,y) ;== inf{L(vy)|v: [0,1] — G horizontal joining x to y}.

This CC metric induces the Euclidean topology and it is an invariant distance, since it
satisfies d.(zz, zy) = d.(x,y) (left translation invariance) and d.(d,(x), 6, (y)) = rd.(z,y)
(homogeneity) for z,y,z € G and r > 0. Every invariant distance d induces a homoge-
neous norm, simply defining ||z|| := d(z,0). We denote the CC open ball with center x
and radius r by U,(z) or by U(z,r) and in particular we use the shorthand U; = U(0, 1).
When convenient, we will consider the closed CC ball of center x and radius r, denoted
by B(z,r). It can be proved that L*(U,.(z)) = rQL"(U;(0)), where @ is the homoge-
neous dimension of G (see (1)). Therefore @ turns out to be the Hausdorff dimension of
the metric measure space (G, d., £L™). In particular note that, if the step of G is s > 2,
then @ > n, which means that the Hausdorff metric dimension of G is larger than its
topological dimension n.
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Following [20, Thm. 5.1], we also introduce the left-invariant and homogeneous dis-
tance doo (p, q) = deo (¢~ 1+p, 0) for p, ¢ € G, where, identifying G = R™ = R™1 x - - . x R

and letting gm,; : R™ — R™i to be the canonical projection for ¢ =1,...,s,
doo(p, 0) = max{e;|mrm: (p) ]}Q/Tf” ci=1,...,s} forallpeGgG, (4)

with constants e = 1 and &; € (0,1) for all ¢ = 2, ..., s depending on the structure of G.
We use the shorthand ||p|lcc = doo(p,0) for p € G. Consequently, for p € G and r > 0,
we define the open and closed balls with respect to this metric as

Uss(p,r) ={q € G 1 doc(q,p) <7}, Boo(p,1) ={q € G :ds(q,p) <7}
2.2. Differential calculus on Carnot groups

This section is taken from [20] and [38, Chapter 3]; we refer to [40] for a generalization
of these contents. The notion of P-differentiability for functions acting between Carnot
groups was introduced by Pansu in [47].

Definition 2.4. Let G1, G be Carnot groups, with homogeneous norms || - ||1, |- ||z and di-
lations &3, 63. We say that L : G; — Go is H-linear, or is a homogeneous homomorphism,
if L is a group homomorphism such that

L(8yg) = 63L(g), forall g€ G; and \ > 0.

Definition 2.5. Let 2 C G; be open. We say that f : Q — Gg is P-differentiable at
xo € Q if there is a H-linear function dp f(xg) : G; — Go such that

T fwo) T F @) = o(leg - 2lly), s llagt - all - 0

| (dp f(zo)(xg " - x))

where o(t)/t — 0 as t — 0. The H-linear map dp f(x¢) is called the Pansu’s differential
of f at xg.

The fundamental result where P-differentiability applies is the following generalization
of Rademacher theorem and it is due to P. Pansu [47]. Other possible proofs of this result
were obtained by S.K. Vodopyanov [59] and by V. Magnani [39], see also [45]. Pansu’s
theorem was later extended by Magnani in [40], in which a general homogeneous group as
target space is considered. In [42] the authors proved the result for Banach space valued
mappings (with the Radon-Nikodym property on the first layer); see also the subsequent
works [41,48].

Theorem 2.6 (Pansu [47]). Let G = (R™,-) and Gy = (R™, %) be two Carnot groups
equipped with two CC metrics denoted, respectively, by dy and ds. Let f: Q C G; — Go
be a Lipschitz continuous function with € an open set. Then f is P-differentiable at
L"-a.e. in Q.
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A version of the classical Stepanov’s theorem [56] holds for maps between Carnot
groups, which extends Pansu-Rademacher theorem (see [59, Theorem 3.1]).

Theorem 2.7 (Stepanov’s theorem for Carnot groups). Let Gy = (R™,-) and Go = (R™, %)
be two Carnot groups equipped with two CC metrics denoted, respectively, by di and ds.
Let f: Q C Gy — Go and assume that

da(f(q), f(p))

Lip(f)(p) := limsup < 0o for L™-a.e. p € Q. 5
() q—p di(q,p) )
Then f is P-differentiable at L™-a.e. p € €.

Let Xi,..., X, be a generating family of vector fields. For j = 1,...,m;, we say

that f: G — R is differentiable along X; at a point x¢ if the map A — f(74,(dxre;)) =
f(exp(AX;)(zo)) is differentiable at A = 0, where e; is the j-th vector of the canonical
basis of R™. In other words, f is differentiable along X; at z if there exists

X;f(2) := lim f<exp<th><txo>> — f(xo)

Even if f is not differentiable, we can still define the discrete difference quotients:

Definition 2.8. Let f: Q@ — R, i =1,...,m;. We define the difference quotient at = in
direction X; as

fexp(hXi)(z)) — f(x)

D! f(a) = )

defined for z € ' CC Q with 0 < |h| < dist(', 99).

Notice that, if f : Q@ € G — R is P-differentiable at a point zg, then it is also
differentiable along X; at x¢ and

X f(xo) = dpf(xo)(ej)-

For any function f : G — R for which the partial derivatives X;f exist, we define the
horizontal gradient of f, denoted by Vg f, as

miy

Vef =) (Xif)X:.

i=1

We will represent the horizontal gradient in coordinates Vg f = (X1f,..., Xm, f)-
We conclude this section by recalling the notion of convolution in Carnot groups; we
address the interested reader to [16, Proposition 1.20] for the proof.
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Lemma 2.9. Let G = (R™,:) be a Carnot group and let o € C>*(R"™) be such that 0 <
0 <1, [gnodl™ =1, spto C Uy and o(x™Y) = o(—x) = o(x) for all x € R™. Let us
denote

o:(x) := e % (51/5(x)) reR"; (6)

(Fre@ = [ ooy )WL W = [0 6 L) ()
R?L R'IL
Then
(i) if f € LP(R™), 1 < p < o0, then f*p. € C®(R"™) and f x 0 — f in LP(R™) as
e — 0y
) spt fx 0. Cspt f-B(0,¢);
(i) X;(p*0:) =Xjp* o for any ¢ € C°(R™) and each j=1,...,mq;
) Jgn(fx0:) gdL™ = [p.(g*0:) fAL™ for every f € L®(R™), g € L'(R™);
) if f € L (R™) N C%Q) for a suitable open set Q C R™ then f % 0. — f uniformly
on compact subsets of Q as e — 0.

2.3. Lorentz space

Let 2 € G = R™ be an open set, let () denote the homogeneous dimension of G
and let A := L"(Q). If g : © — R is a measurable function, £"-a.e. finite, we define its
distribution function Ay : [0,00) — [0, 00] as

Ag(8) == L"({zx € Q: |g(x)| > s})
and the nonincreasing rearrangement g* : [0,00) — [0, 00] of g as
g*(t) :==1inf {s > 0: A\g(s) < t} .

It is well-known that A, and g* are nonincreasing and right-continuous. Moreover g* is
the nonincreasing function which is equimeasurable with |g|, namely

Lr{z e Q:lgx)] > s}) =L {t eRT: g*(t) > s}) for all s > 0.

The Lorentz space L2 (Q) is defined as the class of all measurable functions g : Q —
R, L£"-a.e. finite, for which the quasi-norm

A
1-Q
lollzonm = [+ g (0)dt
0

is finite. Note that it is not a norm since the triangle inequality may fail. A systematic
study of Lorentz spaces is carried out in [54] whereas a simpler recent account can be
found in [31].
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Let us recall some properties of the Lorentz space L?:*(2) whose proof can be found in
[6] and [31].

Proposition 2.10.

(i) For any measurable function g: Q — R,
lollsosimy = Q [ A(s)/2ds.
0

(ii) LLY(Q) c L9 (Q); moreover, if |Q| < oo, it holds that LP(Q) C L2(Q) for each
p>Q.
(iii) If |g1| < |g2| a-e. in Q, then

lg1llzer(@) < llgallLer(q)-

Notice that, in view of point (ii) of the previous Proposition, the Lorentz space L% ()
is, locally, an intermediate space between L?(Q) and LP(€) for all p > Q.
Let us also recall the following remarkable characterization of L?1(Q) in terms of Orlicz
integrability conditions, contained in [31, Corollary 2.4], which we will need later.

Theorem 2.11. Let g be a measurable function on 2. Then the following properties are
equivalent:

(i) g € L(Q).
(ii) There is a positive nonincreasing function ¢ € LY2((0,00)) such that

/F@(|g|)dm< 00, (8)

where

sw(s)é_l ifs>0
0 if s = 0.

2.4. Sobolev spaces on Carnot groups

In this section we introduce and study LP and Sobolev spaces for maps between Carnot

groups.

2.4.1. Sobolev functions from a Carnot group to R
Sobolev spaces for scalar functions defined on a Carnot group G are constructed in
the usual way by considering distributional derivatives along the basis Xj,..., X,,, of
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the horizontal layer of G: a function g € L}, () is the weak (or distributional) derivative
of f along X; if

/ggodx = —/in(pdl’ for all p € CZ°(Q).
Q Q

As usual we will write X; f also to denote the weak derivative of f along X; and Vg f =
(X1f, ..., Xm, f) for the weak horizontal gradient.

Definition 2.12. Let €2 be an open subset of G = R™ and 1 < p < co. We define the
(horizontal) Sobolev space Wép () as the space of all the functions with finite norm

[ullwzr = lully + [V ullp, (10)
where Vgu denotes the horizontal distributional gradient of w.
The following result is well-known, see e.g. [16], [19], [23].

Proposition 2.13. For any 1 < p < oo, (Wé’p(Q), Il - ||Wé’P) is a Banach space, reflezive
if 1 < p < oo. Moreover, Wé’Q(Q) is a Hilbert space.

Another way to define the Wé’p with 1 < p < oo is to take the closure of C'*° functions
w.r.t. the norm (10). As in the Euclidean case, the two approaches are equivalent. This
was obtained independently in [19, Theorem 1.2] and [23, Theorem A.2]. However, the
method goes back to the classical result by Friedrichs [22]. The result can be stated as
follows.

Theorem 2.14. Let 1 < p < co. We have
C>=(Q) NWEP(Q) is dense in WgP ().
For functions in Wé’p (Q), the difference quotients are uniformly bounded by the L?
norm of the weak gradient. This is expressed by the following Lemma, whose Euclidean

counterpart is a classical result (see for instance [24]).

Lemma 2.15. Let f € Wé’p(Q). Then, for every i =1,...,m1 and for every ' CC Q it
holds

IDY fllpocary < 1Xiflleo)

for every 0 < |h| < dist(€Y,00Q).
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Proof. By Theorem 2.14, it suffices to prove the statement for f € C*°(2) N Wé’p(ﬂ).
Fixi=1,...,mq, ¥ CcC Qand 0 < |h| < dist(Q',9). Consider = € Q' and define

Va(8) 1= exp(hsX;)(2).

Then 7, is a horizontal curve satisfying v,(0) = =, 7,(1) = exp(hX;)(z) and, by con-
struction, 4, (s) = hX;(7.(s)). Then the result follows by a direct computation:

/ flexp(hX;)()) — f(2) dm_/’f Y1) = f(e () [*

h P _
IDEFIE ) = )

_ L/
e
Q/
_L/
e
Q/
1 )P
:W hX; f(v:(8))ds| dx < \Xf v ($)|" ds dz
ol Q0
1
//\Xf’yx |pd$d8—/ / | X f(2)]P dzds
0

Q' -0ns(es)

(forz)(s)ds| dx

&=

P

(V6 [(1(9) 4als)),, ) ds| da

S °O~—_ °—_

1

s//WfIWM&memm 0

0

Proposition 2.16. Let 1 < p < 4+o0. Let f: Q C G — R and suppose that

(i) f is P- diﬁerentz’able a.e. in Q;
( ) fGWG loc(Q)

Then
tX; -
Xif(z) = lim I (exp(tX)(x)) = () for a.e. x € Q
t—0 t
for each i = 1,...,mqy, where X;f denotes the distributional derivative of f along the
vector field X;.

Proof. Let us first show that, since f € W5 (Q), then

Dif — X;f in L (Q).
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Let ' cCc Qand u € C™®(Q)N Wé’p(Q). We write
DI'f — Xif = DM f —u) + Dl'u— X;u+ Xi(u— f)
and using the previous lemma for h sufficiently small

|IDrf — X fll ooy < 1D — Xgu|| pory + 211 Xi(w — £)llLo0)-

Now the claim follows by Theorem 2.14, since for u € C*°(Q) it is well known that
D!y — X;u (which coincides with the classical directional derivative) uniformly on
compact sets. On the other hand, by assumption (i), D f converges pointwise almost
everywhere to the classical derivative of f along the vector field X;. Hence the conclusion
follows. O

We conclude this section by recalling a well-known estimate on the Riesz potential
that will be helpful later on. The proof easily follows using the Poincaré inequality in
Carnot groups [28], [18] and [21] and we omit it.

Theorem 2.17. Let U = U(x,r) and let f : G — R be a continuously differentiable
function. Then there exists C > 0, independent of U and f, such that

Ve f(y)l
|f($)_fU|§CU/Wdy (11)

for all x € U, where fy := §;; f dx. Moreover, if f € Wé’joc(U), then (11) holds for a.e.
x €U and Vg f(y) denotes the weak horizontal gradient of [ at y.

2.4.2. Sobolev functions between Carnot groups

We are now going to introduce the notions of L functions and Sobolev functions with
values in a Carnot group. These concepts actually work for mappings between general
metric spaces and can be introduced in several different ways (see Section B). A possible
approach relies on upper gradients (this is for instance the case discussed in [35]), while
here we use the definition by sections of mappings. These notions go back to Ambrosio [3]
and Reshetnyak [52] for functions defined on open sets of R or a Riemannian manifold
and have been extended by Vodop’yanov [58] to the setting of Carnot groups. A recent
account containing different approaches to this argument is due to Kleiner, Miiller and
Xie [32,33).

Definition 2.18. Let Gy = (R",-,d;) and Gy = (R™, x,ds) be two Carnot groups and let
Q) C G4 be an open set.
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(i) We say that a map f : Q — Gg belongs to LP(Q,Gs), and we will write f €
LP(Q,Gy), if f: @ C R™ — R™ is measurable and the map R™ > x +— da(0, f(x)) is
in LP(Q).

(i) We say that a map f: Q — Gy belongs to the Sobolev space WP(§, G,), and we
will write f € W1P(Q, Go), if
(o) f e LP(Q,Gy);

(o) for all z € Gy the functions u, : @ = R

uy(z) = da(z, f(z)) if z € Q, (12)

are in W57 .(Q);

1,loc
(o) there exists a nonnegative function g € LP(Q) (independent of z) such that

Vg, uz| < g ae. in Q, for each z € Go. (13)
In the following we will refer to a function u, as a section of f.

As usual, we will denote by Wl’p(Q, G2) the set of functions f : Q — G2 such that

loc

f € WhP(Q,Gy) for each Q' CC Q.

Remark 2.19. The stability condition requested in (13) with respect to the family of
1-Lipschitz maps ¢ : Go — R, ¢(y) := da(z,y), can be extended to all Lipschitz maps
between Gy and R. Indeed the following characterization holds (see [58, Proposition 1]
and [32, Proposition 2.31], see also Lemma 7.4): f € WYP(Q, Gy) if and only if there
exists a nonnegative function g € LP(Q) such that, for each Lipschitz function ¢ : Go —
R, the composition map po f : Q2 — R is in Wé’ﬁloc(Q) and |Vg, (po f)] < Lip(p) g a-e.
in Q.

Notice that, exploiting this remark, it is easy to see that Definition 2.18 does not
depend on the specific distance dy on Go which appears in (12). In fact, suppose dy is
another invariant distance on Gy. Then dy and ds determine the same Sobolev spaces.
Indeed, since ds and dy are both invariant, they are equivalent as distances (see [7,
Corollary 5.1.5]), namely there exists a constant L > 1 such that

L_1d2<.’17, y) < 622(51,‘7:1]) < Ld?(xvy) (14)
for every z,y € Ga. Suppose now f € WP (Q, G3) according to the distance dy. Then

o The map R™ > z + da(0, f(2)) is in LP(Q) by (14);
e For every z € Go, the map ¢, : (Ga,d2) — (R,|-|) defined by ¢, (y) := da(z,y) is
L-Lipschitz since

[p:(2) = @2 (y)] = lda(2,2) — da(2,y)| < da(,y) < Lda(z,y).
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Hence we can apply Remark 2.19 and deduce that the composition dy(z, f(-)) =
1, .
p.o0f¢€ WGlp,loc(Q)’
o Again by the previous considerations and Remark 2.19, we conclude that |Vg, (¢ o

f)| < Lg a.e. in Q for each z € Ga.

Thus f € WHP(Q, Gy) with respect to do: this shows that Definition 2.18 does not depend
on the specific invariant distance on Gs.

P-differentiability and Morrey embedding theorem for real-valued Sobolev spaces on
Carnot groups when p > @ (see, for instance, [46] and [23, Theorem 1.11]) can be ex-
tended to Sobolev maps between Carnot groups. Here @) always denotes the homogeneous
dimension of G.

Theorem 2.20 (P-differentiability with p > Q, [60, Corollary 2]). Let f € W1P(Q, G2)
with p > Q. Then f is P-differentiable a.e. in €.

The following theorem can be found in [33, Lemma 2.7].

Theorem 2.21 (Morrey-Sobolev embedding with p > Q). Let f : U(z,r) C G1 — Ggo
and p > Q. There is a positive constant C, (depending on p) such that, if f €
WP (U(x,7),Ge) and g is as in (13), then f has a continuous representative and for
each y € U(x,r) it satisfies

1/p

do(f (), () < Cpr'=% /gpdcn . (15)

U(z,r)
3. Absolutely continuous functions between Carnot groups and some properties

Let us collect in this section some interesting properties of @Q-absolutely continuous
functions and functions of bounded Q-variation.
Let us begin to observe that, on bounded open sets (with finite measure would suf-
fice), the class of @-absolutely functions is contained in the one of bounded Q-variation
functions.

Proposition 3.1. Let Q2 C Gy be a bounded open set. Then AC?(2,Gy) C BV?(,Gy).

Proof. The strategy of the proof is inspired by [35, Lemma 2.16], where the authors
prove a local version of this result for abstract metric measure spaces. Let’s denote by
A:=L"(Q) < +oo and let f € AC?(Q,G,). Fix € = 1: by Q-absolute continuity, there
exists § > 0 such that, for each finite disjoint family of open balls Uy, ..., Uy contained
in €,
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if Zﬁ" ) < 26 then Z oscy, He (16)

i=1

Let n € N be sufficiently large so that A < nd. Let now F = {Uq,..., U} be a disjoint
family of balls in Q and write F = F; U Fa, where

Fir={U; € F: L"(U;) > 6},

Fo={U; € F: L"(Uj) < 0}.
Notice that the elements in F; are at most n and their radii are equibounded. For any
U=U(z,r) € Fi and any y € U consider a geodesic joining « and y. On such a curve
pick points z = =z, 1,..., ny-1, zxy = y such that z; and x;4; live in a common
small ball (contained in U) of measure less than 20. Note that it is possible to find N

independent of y and U since all the elements in F; have equibounded radii. By (16) we
can now estimate

da(f(z), F(y)9 < (do(f(z), f(21)) + -+ da(f(xn_1), f(¥))C
< C(Q)(da(f(2), f(21))? + -+ do(flan-1), f¥)?) < C(Q)N := K.

By the triangular inequality the same estimate holds (with a greater constant K ) for
any y,z € U. We conclude that Y, 7 (oscy f)% < nk.

Collect instead the elements of F» into at most n sets Fa 1, . .. Fa,, with ZUG}-QJ, LrU) <
24, so that by (16)

Z ochf Z Z ochf <n
j=1U€eFs,

UeFs
Hence Vo (f,Q) < n(K +1) and the thesis follows. O

It is clear that a (-absolutely continuous function is actually continuous; here we
provide a first example of a class of @-absolutely continuous maps.

Remark 3.2. Let f : Q@ C G; — G2 be Lipschitz continuous. Then f turns out to be
@-absolutely continuous. Indeed,

0scy, (z) (f) = diamg, (f (Ur(2))) < Lip(f) diamg, (Ur(z))

for each x € G; and r > 0. Using the previous inequality we immediately get that there
exists L; > 0 such that

oscy (f)? < (2Lip(f))?r9 = L1 |U] (17)

for each (open) CC open ball U C G; and the conclusion follows.
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Definition 3.3. A function f : Q© C G; — Go satisfies the condition (RR) if there is a
nonnegative function w € L'(2), called weight, such that

oscu, ) ()@ < / wdy (18)
UT(I)

for every ball U,(x) C Q, being @ the homogeneous dimension of Gj.

Remark 3.4. The acronym (RR) stands for Rado and Reichelderfer [49], who introduced
a similar condition for proving an area formula in R™. The condition (RR), as stated in
Definition 3.3, is a generalization to Carnot groups of the one due to Maly [43].

Remark 3.5. It is immediate to check that if f : Q — G satisfies the condition (RR),
then f € AC?(Q, Gy), by the absolute continuity of the Lebesgue integral. The viceversa
is known in Euclidean spaces for functions f € AC™(Q,R™) [13, Thm. 9] and it is still
open for maps between Carnot groups.

As observed in Remark 3.2, Lipschitz functions are Q-absolutely continuous. Also
Sobolev functions with a high order of summability share the same property. This result
was shown in [43, Thm. 4.1] for the Euclidean case and the proof can be carried out in the
same way by exploiting Morrey-Sobolev embedding Theorem 2.21. Here we mention an
alternative approach which relies on an equivalent definition of Sobolev spaces through
upper gradients.

Theorem 3.6. Let Q C Gy be an open bounded set and let f € WHP(Q, Go) with p > Q,
where Q) is the homogeneous dimension of Gy. Then, for a suitable representative, f €

ACQ(Q, Gy).

Proof. By the following Corollary 7.6, we can assume f € N1P(Q : Gy), where N1P(Q :
G2) denotes the Newtonian Sobolev space between Q and G2 (see Appendix B). Applying
[35, Theorem 1.4] we immediately get the conclusion. O

We are now interested in studying some differentiability properties of absolutely con-
tinuous maps between Carnot groups. We start with the following

Theorem 3.7 (Differentiability a.e.). Let f € BV?(Q,Gy). Then

(i) f is P-differentiable for a.e. p € Q;
(ii) Lip(f) € L9(), where Lip(f) is the function defined in (5).

Remark 3.8. Note that Pansu’s differentiability for maps in BV?(Q, G2) does not follow
from differentiability result & la Cheeger-Kleiner proved in [35, Proposition 1.3] for maps
between metric spaces, of which the target metric space is biLipschitz embedded into a
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Banach space satisfying the Radon- Nikodym property (RNP). Indeed it is well-known
that Carnot groups may not be biLipschitz embedded into a Banach space satisfying
(RNP) (see Appendix B.1)

Proof. We can follow the same proof of [43, Thm. 3.3] with suitable changes. For the
sake of completeness, we collect here the main steps. Let g : 2 — R be a nonnegative
upper semicontinuous function such that

0 < g(z) < [Lip(f)(x)]? for all x € Q.

For any = € {g > 0}, there exists a unique integer k = k(z) such that 2% < g(x) < 2~k+1,
Furthermore, since g is upper semicontinuous, there exists 0 < r = r(x) < 1 such that
U(x,5r) C {g < 2FF1}. In addition, from the fact that g(x) < [Lip(f)(z)]?, we can
assume, up to reduce r, that

2572 < g(a)r? < 2(U<g§g)f) (19)

Applying Vitali’s covering Lemma, we can extract a disjoint (hence at most countable)
family {U(z;,7:)}: € {U(z,r(2))} of balls such that

{g>00c |J Ulr@)c UU(a:i,5ri).

z€{g>0}

We define, for all k € Z, Iy, := {i : k(x;) > k} and Ey, := {z € Q: 28 < g(z) < 2FF1}
Notice that Ey C U, U(zi,5ri). In fact, let © € Ej. In particular g(x) > 0, hence
x € U(x;, br;) for some 4. If it were ¢ & I, then k(x;) < k, which implies z € U(x;, 5r;) C
{g < 2¥}, contradicting x € Ej,. Thus we get

Ey) <Y LM(U(ws,5m) <C Y rf

i€l 1€l

(19)
< C’ZQ Fad( osc f)9.

U iTi
i€l (@rs)

Finally we use this estimate to bound

“+o0 +oo
/g(x)dx§ Z /g(z)dx§ Z k1 Ln(Ey)

Q k:—ooEk k=—oc0
<C Z ZQ’“H k@) ( osc f)
k=—occ i€l Ulzi,rs)

_CZ D akrik( U((;fcm e

i=1 k<k(z;)
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—4CZ osc fQ<CVQ(f, Q),

U(xi,ri)

where we exploited the properties of the @-variation and the fact that >, <k(w:) 2k =
2k(@i)+1 Tt follows that

/ [Lip(H)(@)? dx = sup { / ga)dr g use, 0< g < Lip(f)?} < OVo(£.9).

Q Q

Thus (ii) follows and also that Lip(f)(z) < oo for a.e. z € Q. From Theorem 2.7, (i)
follows, too. O

We will now focus our attention to the case when Gy = (R™, +). Note that in this case,
since R™ is abelian, a map f = (f1,..., fm): @ C G — R™ is Q-absolutely continuous
(respectively of finite Q-variation) if and only if each component f; : @ C G — R is
Q-absolutely continuous (respectively of finite Q-variation), for each ¢ = 1,..., m. Thus
we can reduce the study to real-valued functions defined on an open set of a Carnot
group. We will denote

BVE(Q) := BVY(Q,R), ACE(Q) := AC?(Q,R),
BVE,0.(Q) i= BVZ(QR), ACE,. () = ACZ(R).

loc loc

The following theorem can be proved mutatis mutandis as its Euclidean counterpart,
and the proof relies on standard arguments.

Theorem 3.9. If f € L2 () N BVGQ(Q) let us denote

Ifla.ev = IfllLew) + Valf, Q)Y

Then (L2(2) N BV(?(Q)7 | |lg.5v) is a Banach space. Moreover L9 () N ACg(Q) is a
closed linear subspace of L2(Q) N BVGQ(Q).

Proof. It is easy to see that || - |, pv is a norm on L2(Q) N BVé”(Q). Let us prove that
it is a Banach norm. Let (f3,), C (L9(Q) N BV@(Q), Il - llo,Bv) be a Cauchy sequence.

It is sufficient to prove that there exist f € L?(2) N BVGQ(Q) and a subsequence (fp, )k
satisfying

fn, = fin L9(Q), as k — oo, (20)
and

lim Vo(fu, — f,9) = 0. (21)
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Since (fa)r C (L9(Q) || [|re(q)) is also a Cauchy sequence, we can suppose the re exists
a function f* € L2(Q) such that (20) holds with f = f* and h = hy. Let us now prove
that, up to a subsequence,

(fn(x))n is a Cauchy sequence in R for every x € €. (22)

Indeed, we can assume that, up to a subsequence, there exists a L"-negligible set N C 2
such that

frn(x) = f*(z) e R, as h — oo, for each x € Q\ N. (23)

Since (fy)p is a Cauchy sequence with respect to the norm || - ||g, By, we can assume
that, for each € > 0 there exists h = h(e) € N such that

for each h, k > h, for any finite disjoint family of balls Uy,...,U,, in €, for each
2@y cU;andi=1,...,m.

Fix now a ball U(z,r) C Q. By the density of Q\ N in §, there exists z¢ € U(x,r)N
(Q\ N). By (24), the sequence

gn(x) == fa(@) = fu(zo) heEN,

is a Cauchy sequence. On the other hand, by (23), the sequence (fj,(xo))n is a Cauchy
sequence. Thus (22) follows. From (22), it follows that there exists a function f: Q — R
defined as

flx):= hli_}n;o fr(x) for each x € Q,
and, by (23),
f(z)= f*(z) foreachaz e Q\N.
In particular, (20) immediately follows. Let us now prove that f € BVCé;2 (Q), that is,

Vo(f, Q) < oo (25)

By passing to the limit in (24) as k — oo, we get, for each € > 0 there exists h = h(¢) € N
such that
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m

Do) = f(@D) = fuly®) + FGO < e,
=1

for each h > h, for any finite disjoint family of balls Uy, ..., Uy, in Q, for each (9, () ¢
U; and ¢« = 1,...,m. Taking the supremum on each ball U;, and then the supremum
on all finite, disjoint family of balls in 2, it follows that, for each € > 0 there exists
h = h(e) € N such that

Vo(fn— f,9) < e for each h > h. (26)

Observe now that f — V4 (f, Q)9 satisfies the triangle inequality. Thus, from (26), if
h>h

Va(f, QY2 < Valf — fu, OYQ 4+ Va(fn, Q)Y
< VR 4 Va(fn, MV,

and (25) follows since Va(fn, )9 < oco. Applying again (26), (21) follows, too.

Finally let us show that L?(Q) N ACS(Q) is a closed linear subspace of (L2(Q) N
BV@(Q), | -llg.5v). Let (fa)n C L9(Q) ﬂACg(Q) and assume there exists f € L2(Q)N
BV(?(Q) and limp_o0 || fr — fllo,Bv = 0. In particular note (26) holds. Now observe
that, by (26), if h > h, given a finite, disjoint family of balls Uy, ..., U,, in ©,

m 1/Q m 1/Q m 1/Q
(Z osCUi(f)Q> < <Z oscy, (f — fh)Q> + <ZOSCUi(fh)Q>
i ) m ) 1/Q
< Volf - fh)l/Q + <Z OSCUi(fh)Q> (27)

IA

m 1/Q
el/Q 4 (Zochi(fh)Q> .

i=1
Since each fj, € ACg(Q) for each h, by (27), it follows that f € ACg(Q), too. O

Theorem 3.7 states that BV @-functions are P-differentiable pointwise almost every-
where. We will now prove that such maps enjoy additional differentiability properties,
namely they are weakly differentiable according to Definition 2.18. More precisely,

Theorem 3.10 (Weak differentiability). If Q > 1, then

BV®

loc

(Q,Gy) € WE2(Q,Gy).

loc

Remark 3.11. Note that from [35, Theorem 1.2] it follows that BV;% (Q,Gy) C DL

loc

Gs), where DE9(Q : Gy) denotes the (local) Dirichlet class of maps between metric

loc



22 A. Pinamonti et al. / Journal of Functional Analysis 289 (2025) 110948

spaces (2,dy, L™) and (Gg, ds) according to [27, Chap. 7] (see Appendix B.2). It is also
straightforward from definition that BVIOQC(Q, Gs) C L2 (9, Gy). By definition, DL9(Q :

loc loc
Go) N LgC(Q,Gg) = N'9(Q: Gy), where NE9(Q ¢ Gy) denotes the (local) Newtonian

loc loc
Sobolev space of maps between the previous metric spaces. On the other hand, from

Corollary 7.6, it follows that N29(Q : Go) = Wh%(, G,). Therefore Theorem 3.10 can

loc loc

be shown also by this strategy.

Here we propose an alternative proof of Theorem 3.10 with respect to the one in [35,
Theorem 1.2], by using the intrinsic convolution in Carnot groups and in the same spirit
of [43, Theorem 3.2]. In order to prove Theorem 3.10 we need the following technical
lemma. Point (i) establishes a uniform estimate on the distance between the images

of integer points after a right-translation. Point (ii) provides a way to cover G with
arbitrarily small balls centered at suitable dilations of the integer lattice.

Lemma 3.12.
(i) For every Ry > 0, it holds that
0o i= inf{de (€-p,n-p): Em €L, €4, p € BO,R)}>0.  (28)

(ii) Given a positive integer k, let Zy, be the set of all points z € G = R™ such that §i(2)
has integer coordinates, that is,

Zk = (51/k(Zn) . (29)
Then there exists a positive constant o1 > 0 such that
UzEZk,U(z701/k) =G.

Proof. (i) Since d. and d are equivalent distances, it is sufficient to show that

U—Z)k = 1nf{doo (5 pﬂ?P) : 5777 € Zna g 7& n,pe BOO(OaRO)} > 0. (30)

By contradiction, if oy = 0, there exist three sequences (&,)n, (Mn)n i Z™, (pn)n
in Boo(0, Ro), with &, # np, and limp—yeo doo (& Py Mk - pr) = limpoo [0 -1 " - En -
Phlloo = 0. Let j, := 1, " - &,. We observe that (z3,)), is bounded in (R",dw). In fact,
for all h,

lnlloo = llpn -2y " @h - h - Dy oo
< lpnlloo + P57 " - zn - phlloo + 1P5 oo
<2Ro+ |Ip;, " zh - phlso-
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Hence, up to a subsequence, we can assume that py — p. and x; — z, as h — oo. This
implies, by the continuity of the norms and of the group operation, that

h—o0
< ]|rn = lim It - Enllrn- (32)
—00

From (31) it follows that z, = 0.
Let us now show that

[t - &||gn > 1 for each &, n € Z", with &€ # 17, (33)

thus a contradiction will follow from (32). Let us represent now &, n € Z™ by means of
the layer representation

E=16h¢,. & and n = [n', 0%, ... 0%,

with &, n' € Z™ (i = 1,...,s) and, since £ # 7, we can assume that £ # n' for a
suitable iy. Here we recall that g =V; @ --- @ V5 and m; = dim(V;). Meanwhile, we can
represent the element 71 - £ as

=1 ON O ()],
O ==, (O = ="+ Q(—n',..., L, g

with i = 2,...,s and Q' := (Qp,_,+1,---,9Qn,). It is clear that if &8 — ! # 0, then
In=t - &llgn > [|€F — nYlrm: > 1 and (33) holds. If €& —n! = 0, then, by the prop-
erties of Q;” s (see (3)) Q*(—nt,¢l) = Q(—¢L, €Y = 0, which implies ||p~! - &||gn >
(=t - &)?||rm2 = [|€% — n?||gmz. Thus if €2 — 7% # 0, (33) holds. Otherwise, in the
baddest case, it could happen that ¢! —n! = ... = ¢o=1 —pio—1 = (. This implies that
Qlo(—nt ..., —plo=t gl gy = Qio(¢l  _glo=l ¢l ¢y = (. Thus
=t Ellrn = [(n™" - &) llrmi0 = € = n™[lgmic > 1 and (33) holds.

(ii) It is well-known that it is possible to construct a pavage in a Carnot group (see, for
instance, [17, Sect. 2.3]). More precisely, if Y := {& = (21,...,2,) : —=1/2 < xz; < 1/2}
denote the unit cube in R™ centered at the origin, denote

Qf == 0c(re(Y))ife > 0, £ € Z™.

Then, it holds that, for each ¢ > 0, the family of sets {QZ : & € Z™} is a pavage of
G = (R™, ), that is, the sets are disjoint and

It is easy to see that there exist 0,01 > 0 such that
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Y CUx(0,07) CU(0,0q). (35)
Thus, choosing e = 1/k, from (34) and (35), we get the desired conclusion. O

Proof of Theorem 3.10. 1st step. Let us first show our conclusion in the case G; = G
and G2 = R. Proof’s strategy will be the same as [43, Theorem 3.2]. We will point out
in the following the main changes and differences which need in the setting of Carnot
groups. First assume that f € BVg(R”) N LP(R™). Let oy be as in (ii) of the previous
lemma and find o as in (i) for Rg = 207. This means that, for each y € B(0, 207),

o] S 1nf{dc(€ya77y) 15777 S Zn,g 7é 77}

This also implies that, for every integer k and every y € B(0, 201 /k),

g .
?0 <inf{de(p-y,q-y) : p,q € Zi,p # q}.

Hence, for every y € B(0,201/k), the family of CC balls {U(z - y,00/3k) : z € Zy} is
disjoint. In addition, up to increase o1, we can assume oy > 0.

Let (ox)x be the sequence of mollifiers defined in (6), where ¢ = 1/k, ox = 01,1 and
suppose that spt(9) C B(0,00/6). Observe that it holds that

Vgor(z) = k9 Vg o(dr(z)) for each z € R", k€ N, (36)

/Xigk(rw(y)) dy= 0foreachz e R", i=1,...,mq, (37)
R~

Ve (g o)(z) = / Ve or(ra(u") g(y) dy
R‘n.

- / Ve or(w) gl (w)) dw (38)

Rn
for each g € LiL .(R™), z € R™.

Indeed (36) follows by the definition of g, and homogeneity of intrinsic gradient Vg :=
(X1,...,Xm,); (37) follows by the properties of g, the structure of the horizontal vector
fields X; and the right-invariance of n-dimensional Lebesgue measure £"; (38) follows
by the definition of convolution and by the left invariance of the horizontal vector fields.

Thus, given y € B(0,201/k), by (37), (38) and the fact that the family {U(z -y, 00/3k) :
z € Zy.} is disjoint,
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Z / Ve (f * ox)(z)|9 do =

2€Zk17 (2y 00 /6k)

Q

= [ | Veatw ) st | ds

ZEZkU(z-y,UO/Gk:) n

Q

= > / /VGQk(wfl)(f(Tz(w))ff(x))dw dz

Zeku(z"pr/Gk) n

Q

-y kQ“R[ Ve ol (w ™)) (Fre(w)) — f(@) du| d

Zeku(z~y,0'g/6k)

- Z / EQ+1

Q

Veo(k(w™) (f(re(w) = f(2)) dw| dz

2€Zk11 (4. 00 /6k) B(0,00/6k)

IN

z€Zy,

1 Z (0SCU (.00 /30y [)© < €1 Vo (f,R™).

By integrating the previous inequality with respect to y € B(0,201/k), it follows that
there exists a positive constant co > 0 such that

kQ/ >

B(0,201/k) \*SZrU(z.y.00/6k)

Ve (f * o1)(@)|? da | dy

< ¢ Vo (f,R™) for each positive integer k.

Notice also that, writing g(z) = |V (f * ox)(7)|?, we get, for each z € G,

g(x)de = g(z-x)dx
U(z,01/k) U(0,01/k)
= c3k® g(z-z)dx | dy
U(0,00/6k) \U(0,01/k)
= c3k@ gz -z -y)dz | dy
U(0,00/6k) \U(0,01/k)-y—1
< e3k@ g(z-x-y)de | dy

U(O,G'Q/Gk)

B(0,201 /k)
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= ¢3k@ / / g(z-z-y)dy | dx

B(0,201/k) \U(0,00/6k)

= c3k® / / 9(y)dy | dz.

B(0,201/k) \U(z-z,00/6k)

In these passages we performed some changes of variables (which are allowed being
the m-dimensional Lebesgue measure both left and right invariant), we noticed that
U(0,01/k) -y~ C B(0,201/k) for every y € U(0,00/6k) and applied Fubini-Tonelli
theorem.

Let us now notice that, by applying Lemma 3.12 (ii) and the previous estimates, it
follows that

[IWetro@PRar< Y [ Volrso@)|?ds

Rn 2€2k11 (2 00 /K)
(40)
<ak [ X [ INetre@Rdr | dy.
B(0,201/k) ZGZkU(z-y,ag/ﬁk)
From (39) and (40), we get that there exists ¢4 > 0 such that
/|V(;,(f*gk)(:r)|de§ caVo(f,R") < o0, Vk e N. (41)

R~

Since Wé’Q(R") is a reflexive space and f % g, — f in L9(R"™), as k — oo, we can
infer that f € Wé’Q (R™). In the general case f € BV& 1oc(€2), it is sufficient to show that
foe WéQ(Q) for each ¢ € C(£2) which is a cutoff function in a small neighborhood of
a point. Using zero-extension, since f ¢ € BVGQ (R™)NLP(R™), by the previous argument,
fee Wé’Q(R") and we are done.

2nd step. Let us now show the conclusion in the general case. We assume f €
BV,“ (©2,G3) and prove that f € WHQ(Q,Gy) for every Q' cC Q. Let u, : © — R

loc

be the function in (12). Then, by the triangle inequality for distances, it follows that
08¢y, (z.r)(Uz) < 08cy, (2. (f)
for each ball Uy, (z,7) C 2 and z € Gs. In particular, u, € BV&IOC(Q) and
Vo(u,, Q) < Vo(f, Q) for each z € Gy

From Theorem 3.7 and the previous step, u, : £ — R is P-differentiable a.e. and
U, € Wé’lQlOC(Q) (implying u, € Wé’lQ(Q')). Thus, by Proposition 2.16,
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|Xjus ()| = |lim 2 (exp(tX)(x)) — u-(z)
e t—0 t

< Lip(u.)(z) < Lip(f)(w)

for a.e. x € Q and for each z € Go. Since ' CC Qand f € BVI(?C(Q, G2), by Theorem 3.7
it follows that Lip(f) € L2(®). To conclude notice that f € L2(€),Go): indeed f €
BVIOQC(Q, G»), so it is locally bounded and Q' cC Q. Hence f € WHQ(Q, G,) according

to Definition 2.18. O
4. Sobolev maps between Carnot groups with horizontal gradient of sections in L@-!

In this section we deal with the sharp condition on the summability of the weak

gradient of a Sobolev function which ensures continuity and differentiability almost ev-
erywhere. It is well known that these properties hold for maps in the Sobolev space
VVl};f (R™) provided that p > n (in the limit case p = n the answer is negative, see also
Remark 4.3). Such a result has been extended to the case of Carnot groups (see The-
orem 2.20 and Theorem 3.6). In his article [55], Elias M. Stein sharpened the previous
result on Euclidean spaces: if a weakly differentiable function admits weak gradient in
the Lorentz space L™!(R™), then it is continuous and differentiable a.e. This is a re-
markable improvement since, by Proposition 2.10, L™! is locally an intermediate space
between L™ and LP (for all p > n). The approach of Stein makes use of the machinery of
harmonic analysis, while later Kauhanen, Koskela and Maly [31] obtained an alternative
proof exploiting tools of real analysis and, in particular, the already discussed notion
of n-absolutely continuous functions. Next we will follow this last strategy in order to
discuss Stein’s result for maps between Carnot groups.
Continuity and differentiability have been already studied also for real valued Sobolev
functions on metric measure spaces with upper gradient in the Lorentz space L%,
where @ denotes the Hausdorff dimension of the metric space (see, for instance,
[51,50,63,61,62]). Here we are going to prove that a Sobolev map f : @ C G; — Gg, with
horizontal gradients of its sections u, : € — R uniformly bounded in L2(Q) (see (12)),
actually satisfies the condition (RR), if @ denotes the homogeneous dimension of Gj.

Let us first recall an estimate of the Riesz potential in Carnot groups in terms of the
Orlicz conditions, which extends the Euclidean one first introduced in [31, Theorem 3.1].

Theorem 4.1. Let G = R" be a Carnot group, d the associated CC distance, Q its
homogeneous dimension and Q0 C G. Let g be a nonnegative measurable function on
Q and let ¢ be a nonincreasing positive function on (0,00). If F,(s) is defined as in (9),
then for any z € Q and any measurable set E C ), we have the inequality

Q@ oo

Q-1
[z @dn) <o | [otas] [ R
E 0 E
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where Cg = (1+ 10U (0, 1)|g(G))? and |0U(0,1)|g(G) denotes the G-perimeter of the
CC open ball U(0,1).

Proof. The proof follows the Euclidean one in [31, Theorem 3.1], with suitable changes.
We provide here the details for the reader’s convenience.

Up to a left translation, we can assume z = 0. Moreover, we can suppose the integral on
the left-hand side to be positive, since otherwise there is nothing to prove. For notational
simplicity, let’s write

Similarly as before, we will assume I, Is < 400, otherwise the proof is over.

Let 0 < ¢ < 400 be an arbitrary value such that ¢ < [, ||z~ ?g(x) dz, where || - ||
denotes the homogeneous norm associated to the distance d.

Let S:={(z,s) € ExR:0< s < g(x)}. We can write, by Fubini-Tonelli theorem

[l 2gwydo = [ ol do ds.
E S

Define

/e

1@

and
x Q
S/:{((E,S)ESQO(S)<<%> } S”:S\Sl.

If (z,5) € S, then [|2]|2 > c?A%¢p(s) > c¥A%¢p(g(z)) since ¢ is nonincreasing.
Hence we estimate

/||a:||1*deds < clfQ/\lfQ/cp%(g(:r)) dx ds
SI

S/
g(x)
< (=210 / / ds | 9@ (g(2)) de (43)
E 0

=c17Q)\1-¢ /Fg,(g(x)) de = 17N,
E
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Now we bound the integral over S” by using Fubini-Tonelli theorem and the integration
formula in polar coordinates in Carnot groups (see, for instance, [46, Corollary 4.6]):

+oo
/||z||1*deds§/ / lz||*~Qdx | ds
s 0 \BO.Az/e)

+oo C/\LPI/Q(S)

- [ | ] 1w taerenicw | |

0 0 oU(0,1)
+o00
< 0U(0,1)[6(C) / eAp® (s) ds = U (0,1)|¢ (G) eALL.
0

Combining (43) and (44), we get

CS/Ilell‘Qg(x)dx=/IIle‘Qd:cder/|\m||1—deds
E S’ S
< ONRLL +10U(0,1)|6(G) eAlL

Q-1

1
= (1+1[0U(0,1)|c(G))I,° Iy,
which implies

—+o0

Q< CQIfT', = CQ< / 10 ds) o /F¢(g(x))dx.
0 E

Since this inequality holds for every ¢ < [ ||lz||'=%g(z) dz, we get the conclusion. O

Theorem 4.2. Let G; = R™, G, = R™, Q C Gy be an open set and let () denote the
homogeneous dimension of Gy. Assume that f € I/Vlicl (2, Go) and the function g in (13)
belongs to L21(Q). Then, a suitable representative of f is continuous and satisfies the
condition (RR). In particular f € AC?(Q,Gs) and then it is P-differentiable a.e. in Q.

Proof. 1st step. First assume G; = G, Gy = R with f € Wéi}c(Q) and |Vgf| €
L21(Q). We stress that this case was already studied in the geﬂeral case of measure
metric spaces (see, for instance, [61, Thm. 6.6]) by extending the strategy exploited in
[31]. However we are going to repeat this strategy since we will use it in the second step,
which is still open to our knowledge.

First of all notice that we can apply Theorem 2.11 inferring that, since |Vg f| € L@ (Q),
there exists a nonnegative nonincreasing function ¢ : (0, +0c0) — [0, +00) such that
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+oo
/ cp%(s) ds < 400, (45)
0

/Fw(\ng(m)D dz < +oo. (46)

Q

Let’s apply now Theorem 2.17, finding a negligible set N such that

F2) — ful<C / %dzj (47)
U

for each CC open ball U C  and z € U \ N. This implies that, for every CC open ball
U cCQ,

(och\Nf)Q < /w(x) dx, (48)

U

where

+o00 Q-1
w(z) = 2209, / pi(s)ds | FL(Vef@)).

0

In order to prove (48) we can assume the left-hand side to be positive, and choose
0 < ¢ < oscy\ v f- By definition of oscillation and the triangular inequality, there exists
z € U\ N such that ¢ < 2|f(z) — fu|. Combining this fact with (47) and Theorem 4.1,
we infer that

Ve /()

Q <« 9Q0Q |G— d

= d(z,y)@1
U

oo

Q-1
<0090, | [otas] [ R(Ves@has
0 U

= /w(az) dzx.

U

By arbitrariness of 0 < ¢ <oscy\ yu, we conclude that (48) is satisfied. As a consequence,
f is locally uniformly continuous on Q\ N and can be extended to a continuous function
f on the whole space Q which satisfies the (RR) condition with weight w.

2nd step. Let us now prove the general case. For given z € Go = R™ let u, : 2 - R
denote a section of f, that is, the function defined in (12). By definition u, € Wé’iloc(Q)
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and satisfies (13) with g € L?!(Q). Thus, by the st step, there exists a continuous
function 4, : 2 — R and a negligible set N, C ), found as in (47), such that

Uy () = uy(x) = da(z, f(z)) for each z € Q\ N, . (49)

Now we proceed again as in the 1st step: since g € L?1(Q), we know that there exists
a nonnegative nonincreasing function ¢ : (0,4+00) — [0, +00) such that

—+o00
/ 09 (s)ds < +00, (50)
0
/Fw(g(x)) dr < +o0. (51)
Q
We want to show that
+o0 Q-1
oscow1? < C | [ e [ Fulg)as (52)
0 U

for each CC open ball U C 2 and each z € Gs. If the left-hand side is 0, clearly there is
nothing to prove. Otherwise pick any 0 < ¢ < oscy\ v, %.. This implies that there exists
x € U\ N, such that ¢ < 2|4,(x) — (4,)y|- Hence, using Theorem 4.1,

) Ve, @:(y)]

2Q (@
dl (.17, y)Q_l
U

47
@ < 29a,(2) - (@)u|? <

Q

< 9QQ g(y)
s e /d1($,y)Q_1 a
U

Since this estimate holds for every 0 < ¢ < oscyn\ n, Uz, we get (52).
From the fact that 4. is continuous on 2, the same estimate holds replacing oscyn\ v, .
with oscy @,. Let N = U,ecqmN,. Then N is still negligible and, by (49), it follows that

|da(z, f(x)) = da (2, f(1))|? < (oscurz)?

e (53)
< /w@w /&wmw
0 U
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for each z, y € U\ N and z € Q™, for each CC open ball U C Q. Now observe that, by
the triangle inequality and density of Q™ in Gy = R™, it follows that

sup |da(z, f(2)) — d2(z, f(y)| = da(f(2), f(y)) (54)

zeQm

for each x, y € U \ N. Thus, from (53) and (54), it follows that

+o0 Q-1
hlf@. f) <O [ebas| [ Fulow)ds (55)
0 U

for each x, y € U \ N and each CC open ball U C Q. This implies that f: Q\ N — G,
is locally uniformly continuous and, since Q \ N is dense in 2, it can be extended to a
(unique) continuous function f : Q@ — G,. Moreover, from (55), it follows also that

+o00 Q-1
(oscy )@ < C goé(s) ds F,(9(x)) dz,
[roe) ]

for each CC open ball U C 2. This means that f satisfies the condition (RR) with weight

+00 Q-1

w(z) =C /@5(5) ds F,(g9(x)). O

Remark 4.3. Let us recall that Theorem 4.2 is sharp already in the Euclidean case.
Indeed, Stein [55] pointed out that, if Vf ¢ L™! then both continuity and differ-
entiability of f may fail. For instance, an explicit example is given by the function
u(z) = log(log(1/|z|)) on B(0,1/3) extended in a smooth way on R™ with compact
support. By a direct computation it is easy to prove that u € W™ (R") and moreover
|[Vu| € L™7 for every ¢ > 1 (see [54] for the definition of general Lorentz spaces). If
{qk}ren is an enumeration of the rational points in R™, we set fi(z) = u(x — gx) and
define

+oo
fl@)=> 27 fi(a).
k=0

Then such a map f, and its weak gradient, have the same summability properties of u,
but it is essentially unbounded (thus discontinuous and not differentiable) around any
point. Hence Theorem 4.2 is sharp also in the refined class of Lorentz spaces.

Remark 4.4. Note that Theorem 4.2 is not invertible, in the following sense: even though
Q is a bounded open set of an Euclidean space R™, it is well known that a function
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f € AC™(Q) need not admit weak gradient V f in L™ () (see, for instance, [30, Theorem
3.7]).

5. Area formula and change of variables for absolutely continuous functions between
Carnot groups

An important property of Lipschitz functions between Euclidean spaces is the so called
area formula, relating the Hausdorff measure of the image of a Lipschitz map (counted
with multiplicity) to the integral of the Jacobian on the domain. Such a formula holds
also in the setting of Carnot groups (Theorem 5.3); we will extend this result to the case
of absolutely continuous functions (see Theorem 5.7).

5.1. Area formula between Carnot groups

The content of this section mainly relies on [39].
An important tool in Euclidean geometric measure theory is the so-called area formula
for Lipschitz maps, which turns to be true also for Lipschitz maps between Carnot groups.

Definition 5.1. [H-Jacobian] Given two Carnot groups (G;,d;), i = 1,2, endowed with
an invariant distance d;, let L : G; — Gy be a H- linear map. Let @ denote the
homogeneous dimension of Gy. The horizontal jacobian of L is defined by

H (L(BY))
Tl = g,y

where B; denotes the unit open ball in (G1,d;) and fori = 1,2, ’Hin denotes the Hausdorff
measure w.r.t. d;.

Remark 5.2. In the previous definition it is possible to replace By with any other mea-
surable subset of G of positive finite measure, by the H-linearity of the map L.

The following Theorem is taken from [39, Theorem 4.4].

Theorem 5.3. (Area formula for Lipschitz maps) Let f : E C (G1,d1) — (Go,d2) be a
Lipschitz continuous function with E measurable set. Then

E

[ Jaldef@) ang s = [ N1, E.) i)
Go

where N (f, E,-) denotes the multiplicity function of f relatively to E, thatis N(f, E,y) =
#{fW)NE} € NU {+o0}.
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Remark 5.4. The original definition of P-differentiability (cf. Definition 2.5) requires
E to be an open subset of a Carnot group G;. However, it is possible to extend this
notion to the set of density points of a general measurable set. In particular, the Pansu’s
differential, if it exists, is uniquely determined at a density point of E. Moreover, a
generalization of Theorem 2.6 holds: it has been proved by Magnani in [39, Theorem
3.9] that a Lipschitz map f : E — Gg is HdQl a.e. P-differentiable, where £ C Gy is
measurable, while ) and d; denote the homogeneous dimension and the CC distance of
G respectively.

Aim of this chapter is to extend Theorem 5.3 to the case of maps in AC?(Q, G,),
which are not necessarily Lipschitz continuous. The following useful result is proved in
[35, Lemma 2.12] in the general setting of metric measure spaces.

Proposition 5.5 (Lusin’s (N) condition for AC?). Let G; = R™ and Gy = R™ be Carnot
groups and let Q@ C Gy be an open set. Let f € ACQ(Q,Gy), where Q denotes the
homogeneous dimension of G1. Then, for every measurable subset E C €0, it holds

LM(E)=0 = HYf(E)) =0.
The next result is inspired by Theorem 3.1.9 in [15] and adapted to our setting.

Theorem 5.6. Let 2 C Gy = R"™ be an open set and A C Q be measurable. If f : Q —
Go = R™ has the property that

o sup 2 F(2)

< 400 forallx € A,
Yy—x dl (ya ‘T)

then there exists a countable measurable partition { Ay} of A such that f)a, is Lipschitz
continuous.

Proof. For every j € N, we define

Cj={2€Q:d:(f(y), f(2)) < jdu(y,2) foreveryy € Ua(2,1/5)}.  (56)

It follows that A is contained in U;C}. Indeed, let a € A, so that

da(f(y), f(a))

lim sup —————*- < 4o0.
y—a di(y, a)

a2/ (y).f(a) _ ;
d1(y,a) J
for every y € Uy, (a,7). Hence, up to increase j, we deduce that the previous inequality

This implies that there exists j € N and 7 > 0 sufficiently small such that

holds for every y € Uy, (a, %), which means that a € Cj.
Notice that each Cj is closed in Q. In fact, let xz,, € C; which converge to z € §2 as
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n — oo and let y € Uy, (z, %) If n € N is chosen sufficiently large, we can assume
{z,y} C Ug, (2,,1/7). Hence

d2(f(y), f(2)) < do(f(y), f(zn)) + do(f(2), ()
< jdi(y,zn) + jdi(zn, )

and, passing to the limit as n — oo, we get da(f(y), f(x)) < jdi(y,x), so that x € C;.
Exploiting the Lindeléf property of G; = R", we can write C; as a countable union of
closed sets C’}, for ¢ € N, each of which of diameter less than ]l If we relabel {Ci}r =
{C;}j,i, it follows that fic, is Lipschitz by (56). To conclude, define Ay := C N A which
are still measurable and notice that we can suppose the sets Ay to be disjoint (hence a
partition of A) by the usual differences procedure. 0O

We now combine Theorem 5.6 and Theorem 5.3 to get an area formula for absolutely
continuous maps between Carnot groups.

Theorem 5.7. Let Q C Gy be open and f € AC?(2, Gy). For every measurable subset E
of Q, we have

[ ot i@y ang @) = [ N1.E.p aHg (57)
G

E

where Jg is the Jacobian introduced in Definition 5.1, while N(f, E,-) denotes the mul-
tiplicity function of f relatively to E.

Proof. We note that, by Theorem 3.7, Lip(f) is finite almost everywhere, which means

Lip(f)(z) := lim sup 2/ W): /@)

<400 for L —a.e.x €.
y—w di(y, z)

We can therefore apply Theorem 5.6 and write 2 as a disjoint union of measurable
subsets

+o0
Q=AU A,
k=1

with £"(Ap) =0 and f;4, Lipschitz.

Moreover we know, again by Theorem 3.7, that f is P-differentiable almost everywhere.
In the negligible set where f does not satisfy this condition, we can define dp f(z) to be
for instance the zero map.

Let now F be a measurable subset of €2 and denote Ey, := ENAg. Applying Theorem 5.3
we get, for every k > 1,
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[ Jotdnfie, @) and @) = [ Nt B S 0).

Ey G2

Moreover this identity trivially holds for k = 0 in view of Lemma 5.5. Note that, if = is
a density point of Fj and f : Q@ — Gy is P-differentiable at x € Ej, then also fig, is
P-differentiable at = in the sense of Remark 5.4 and the two differentials coincide. Hence,
summing over k € N we find, by a simple application of monotone convergence,

+oo
[ Jatde st g ) =3 [ Joldr i () aHS, (@

I k=0,

=Y [N B = [N B HE). o

k= OG2 G,

Through standard arguments of approximation by simple functions, it is easy to ex-
tend formula (57) to a more general form:

Corollary 5.8. If f € AC%(,Gy), then for any measurable subset E of Q and each
summable function v : E — R, it holds

[ u@iotdrs@)an @ = [ 3 ulx)andw.
E G, T€f1 ()

As a straightforward consequence of Theorem 4.2 and Theorem 5.7, we get the fol-
lowing

Corollary 5.9. Let 2 C Gy be an open set and let f € VVllocl(Q, G2) such that the function
g in (13) belongs to L91(Q2). Then a suitable representative of f satisfies

[ Jatdes @) and @) = [ N By ang o
E Go
for every measurable subset E C 2. Moreover, for every u: E — R summable,
/u(x)JQ(de( ) dHS (x / Z (y).
E G, TS

Appendix A. Orlicz-Sobolev spaces on Carnot groups

Orlicz spaces arise naturally in many applications in real, harmonic or functional
analysis. Such spaces were introduced by the Polish mathematician Wtadystaw Orlicz
in 1932 and are generalizations of the classical LP spaces. Indeed, the role played by the
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function t? is replaced by more general convex maps, called N-functions.
We recall now the main definitions and basic properties of Orlicz spaces: see for instance
[1], [36] or [37] for an exhaustive treatment.

Definition 6.1. A map A : [0,4+00) — [0,+00) is called an N-function if it is convex,
vanishes only at 0 and has the following limit properties:

lim M:0, lim M:—+-oo

t—0t+ ¢t t—oco

It is easy to verify that a map satisfying these properties is actually continuous on
[0, +00) and strictly increasing. Given an N-function A : [0, +00) — [0, +00), its Young
conjugate A is defined as the N-function

A(t) := sup {st — A(s)}.

s>0

Examples of N-functions and associated conjugates are for instance

A(t) = —, g(t):% <1<p<+oo, p’z%);
Alt)y=et—t—1,  A(t) = (1+1)log(1+1) —t.

Definition 6.2. Let 2 C R™ be measurable and let A be an N-function. For every mea-
surable map u : 2 — R, we define its Luzemburg norm as

H’LL”LA(Q) =inf {A>0: /A <@> dx S 1

Q

The Orlicz space associated to the N- function A is defined as
LA(Q) := {u: Q — R measurable : ull La@) < +oo}.

Equipped with || - [|14(q), the Orlicz space LA(Q) is a Banach space. Moreover, an
interesting relation between an N-function and its Young conjugate is expressed by the
following Holder-type inequality:

/U(x)v(x) de < 2||ullpa@) vl Laq)-
Q

Notice that, when considering A(t) := P, for 1 < p < +o0, we get that LA(Q) coincides
with the classical LP(£2) space. Moreover in this case we get |- |14y = p~ V7|« | 1r(q)-
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In order to establish an inclusion relation similar to the classical one for Lebesgue spaces
on domain with finite measure, we introduce two new concepts: if A and B are N-
functions, we will say that B dominates A globally if there exists a positive constant k
such that A(t) < B(kt) for all ¢ > 0. If this estimate holds only for large values of t, we
will say that B dominates A near infinity. An interesting result is that the embedding
LB(Q) — LA(Q) holds if and only if either B dominates A globally or B dominates
A near infinity and || < +o00. Hence functions which are globally equivalent, i.e. each
one dominates the other globally, determine the same Orlicz space (and clearly the same
holds if we require that they are equivalent near infinity and || < +00).

Note that, if 1 < p < ¢ < 400, then the map B(t) := t? dominates the function A(t) := ¢?
near infinity, so that L(2) C LP(Q) if Q has finite measure.

In the same spirit of Sobolev space, it is now straightforward to define Orlicz-Sobolev
functions by means of Orlicz integrability conditions on the weak derivatives. We give
this definition directly in the general setting of Carnot groups:

Definition 6.3. Let @ C G = R™ be open and let A be an N-function. We define the
Orlicz-Sobolev space

Wt (Q) == {ue LAQ) : IXu e LAQ) i=1,...,mi},

where X;u are the distributional derivatives of u computed along the generating vector
fields of the group. We also set

”u”Wé’A(Q) = |lullpa) + IVeullLa)-

Equipped with such a norm, it is easy to see that (W(é’A(Q)7 II- HWé,A(Q)) is a Banach
space. If G is the Euclidean R", we will use the notation W4(Q).

The classical embedding theorems for Sobolev spaces have been extended also to Orlicz-
Sobolev spaces in the Euclidean setting. In particular, the condition p > n has to be
replaced by a more general requirement on the growth of the N-function which induces
the space. In [1] or [14] it has been proven that, if & C R™ is sufficiently regular and A
is an N-function, then W14(Q) is embedded in the space of continuous and bounded
maps provided that the condition

+oo
A1)
/ A1/n dt < 400 (58)

1

is satisfied. In the case of A(t) = tP, we recover the classical embedding theorem for p > n.
However, as remarked in [11], this condition is not sharp, since it can be improved by
requiring
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400 ~
/ A®) 1 oo, (59)

t1+7z/
1

which is a weaker assumption than (58) (see [57]). Indeed, G. Talenti proved in the same
work that (59) is a sufficient condition for boundedness (see also [12]), while A. Cianchi
showed in [11] that it is also the sharp condition for continuity. Moreover the same author
proved in [2] that this condition is also the correct one to ensure differentiability almost
everywhere.

The strategy of Cianchi relies on rearrangement tools, while in the following we will
provide an alternative way to extend this result in the setting of Carnot groups, following
the approach introduced by Kauhanen, Koskela and Maly in [31], in the same spirit of
Theorem 4.2.

In order to reach this result, we need first to extend Definition 6.3 to the case of group-
valued maps, inspired by Definition 2.18. This generalization is not straightforward as
for Euclidean spaces (in which it suffices to work in components), since a Carnot group
cannot be seen in general as direct product of subgroups.

Definition 6.4. Let G; = R", Go = R™ be Carnot groups. Let 2 C G; be open and let
A be an N-function.

(i) We say that a function u :  — Gy belongs to the space LA(Q,Gy) if u: Q C R* —
R™ is measurable and the map ug : © — R defined by ug(z) = d2(0,u(z)) is in
LA(9);

(ii) We say that a function u :  — Go belongs to the Orlicz-Sobolev space W14(€, G5)
if
o uc LAQ,Gy);

e for all z € Go, the functions u, : 2 — R defined by

uy(x) :=da(z,u(z)) ifzeQ (60)

are in Wé’Al (Q) (according to Definition 6.3);
1,l0¢C
o There exists a nonnegative function g € LA4(Q) (which does not depend on z)
such that

Vg, u:| <g a.e. inQ, foreach z € Ga.

We provide now the natural extension of Theorem 3.6 and Theorem 4.2 to the case
of Orlicz-Sobolev maps: under a sufficient growth condition on A, functions in the space
WHA(Q, Gy) are Q-absolutely continuous and so enjoy nice regularity properties.

The following Lemma represents the key step in order to apply the strategy proposed
by the authors in [31] also to the case of Orlicz-Sobolev spaces.
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Lemma 6.5. Let @ C G = R™ be open with L"(Q) < 4oo. Let A be an N-function
satisfying

—+oo

1/ (ﬁ) o dt < o0, (61)

and let g be a nonnegative function in the space L*(Q). Then there exists a nonincreasing
function ¢ : (0,400) — (0, +00) such that

/ F(g(x)) de < 400 (62)
Q

and
+o00
/ O/ Q(t) dt < +o0. (63)
0

Proof. Notice first that we can assume that

Oj%)cfl P o

since it is always possible to replace A with another N-function which is equivalent near
infinity (so that it determines the same Orlicz space) and decays sufficiently slow to 0.
Since g € LA(Q), there exists for sure A > 0 such that [, A(Ag(z)) dz < 4oc. Define
@ : (0,400) = (0,400) as

oty - (A0) ",

By definition ¢ is positive and also nonincreasing. In fact, by convexity of A, we know
that A(At1 + (1 — N)t2) < AA(61) + (1 — M) A(t2) for every A € (0,1), t1,t2 € [0, +00).
Consider 0 < t < s and apply this inequality with t; = \s, ta = 0, A\ = % We get
A(t) < %A(S\s) and, by simple rearrangements, ¢(t) > ¢(s). Moreover we can calculate

Q

Q

[ Fatstanaz = [ g (M)_ o

g(x)
{g>0}

= /A(S\g(a:)) dz < +00
Q
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and also, exploiting (61) and (64),

e TrAGONTE o [t \
/SOUQ(t)dt: / <T> dt = AT°@ / (%) dt < +00. O
0 0 0

Remark 6.6. It is proved in [12] that condition (61) is indeed equivalent to the following:

+oo

/ AW 1t < too, (65)

$t1+Q’

0

which clearly extends (59) in the case of Carnot groups of homogeneous dimension Q.

Under condition (61), or equivalently (65), functions in the space W14(Q, G5) are Q-
absolutely continuous. Actually, only an Orlicz bound on the weak horizontal gradient
of the sections is needed. This is expressed by the following result.

Theorem 6.7. Let Gy = R", Go = R™ be Carnot groups and let  C Gy open. Suppose
also that L™(Q) < 400 and denote by @Q the homogeneous dimension of Gi. Let A be
an N-function satisfying (61). If f € Wlicl (2, Gy) and there exists a function g € LA ()
such that

[Vou:l <g for all z € G,

where u, are defined as in (60), then there exists a representative of f which is continuous
and satisfies the (RR) condition. In particular f € AC?(Q,Gs) and is P-differentiable
a.e. in .

Proof. The proof of this result can be achieved using the same strategy exploited in The-
orem 4.2. In particular the existence of a nonincreasing function ¢ : (0, +00) — (0, +00)
satisfying properties (62) and (63) is ensured by Lemma 6.5 instead of Theorem 2.11.
The other steps of the proof are unchanged. O

Remark 6.8. Equivalently one can observe that, combining Lemma 6.5 and the charac-
terization given by Theorem 2.11, a function g as in the assumptions belongs actually
to the Lorentz space L9 (2) and then apply Theorem 4.2.

We deduce that, under condition (61), Orlicz-Sobolev maps between Carnot groups are
actually in AC%(£2, G5): hence they share properties like continuity, P-differentiability
a.e. (Theorem 3.7) and area formula (Theorem 5.7 and Corollary 5.8).
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Appendix B. Differentiation for maps between metric spaces and metric space-valued
Sobolev maps

B.1. Differentiation for maps between metric spaces

In this section we will assume that the metric measure space X = (X, dx, ) admits
a p-Poincaré inequality with p > 1, the ambient measure y is doubling and Y = (Y, dy)
is a (separable) metric space.
Let us recall that a general differentiation theory has been carried out for maps
f X = Y, whenever Y can be isometrically embedded into a Banach space V sat-
isfying the Radon-Nikodym property (RNP) (see [9,10]). We recall that a Banach space
V satisfies (RNP) if each Lipschitz function f : R — V is differentiable a.e. The first
pioneering result is due to Cheeger [8] when ¥ = R, who was able to endow the metric
measure space X by a so-called Cheeger differentiable structure and proved a Rademacher
differentiability theorem for Lipschitz function in this context. This result was remark-
ably extended by Cheeger and Kleiner to maps with target space ¥ = V satisfying
(RNP). Then, whenever the target space Y can be bi-Lipschitz embedded into a Ba-
nach space V satisfying (RNP), a differentiation theory can be carried out also for maps
f:QC X =Y CV and one can get a Stepanov’s type theorem (see, for instance,
[62]). Moreover metric space-valued Sobolev functions can be introduced by means of
the notion of upper gradient in this setting as in [27, Chap. 7]).
This approach may not work, as concern the differentiability issue, if the target space is
a Carnot group. Indeed, as showed in [9, Theorem 6.1], the simplest Carnot group H*
does not admit a bi-Lipschitz embedding into any Banach space satisfying (RNP).

B.2. Metric space-valued Sobolev maps

As far as the notion of metric space-valued Sobolev mapping is concerned, different
equivalent approaches can be introduced. Let us point out here two ones related to our
arguments: the approach by embedding of the target space and the one by sections of
mappings. From now on we can weaken the assumptions on the involved metric spaces.
More precisely, we assume that X = (X, dx, u) is a metric measure space with ambient
measure p finite on bounded sets, that is u(E) < oo for each bounded E C X, and
Y = (Y,dy,yo) is a pointed complete and separable metric space. Moreover, we will
denote by B(x,r) and U(xz,r) the closed and open ball of X centered at = with radius
r, respectively.

Approach by embedding of the target metric space: This approach extends the one
due to Shanmugalingam [53] who introduced the notion of Newtonian Sobolev space
N1P(X) for real-valued functions defined on X and it was carried out in [27, Chap. 7].
Let us briefly recall here the main notions and results. We first introduce vector-valued
Sobolev functions on metric spaces. If V' is a Banach space and 1 < p < oo, we say that
a mapping f : X — V belongs to the Dirichlet space D*P(X : V) if f is measurable and
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it possesses a p-integrable p-weak upper gradient (see [27, Section 6.2]). When V = R,
we simply denote DVP(X) := DV (X : R). It is clear that D?(X : V) is a vector space.
We denote as Sobolev space of V-valued functions on X the space N'P(X : V) =
DY(X : V)N LP(X,V) and NYP(X : V) turns out to be a Banach space with respect
to the norm

[ullnrexvy = lullzexvy + loullLe )

where g, denotes the minimal p-weak upper gradient of u guaranteed by [27, Chap. 6
and Theorem 6.3.20].

Consider now the Kuratowski isometric embedding of Y into V := £°(Y), with respect
to the base point yo. More precisely, let £°(Y) denote the Banach space of bounded
functions from Y to R, equipped with the norm

[@lle=(vy == sup [p(y)] if ¢ € £2(Y).
yey
Then the mapping

Yoy—e, el>(Y)
wy(2) == d(z,y) —d(yo,2) z€Y

is an isometric embedding (see [27, Theorem 4.1]). According to [27], we can introduce
the Sobolev and Dirichlet classes of mappings between metric spaces X to Y (depending
on the base point yg) as follows:

N'"P(X:Y)={feN"P(X:02()): f(x) €Y prae z € X}
and similarly
D'YP(X:Y):={feD"P(X:4>()): f(z) €Y prae.z€X}.

Moreover we denote as NivP(X : V) (DP(X @ Y), respectively) the class of all maps
[+ X — £°(Y) such that each x € X has a small radius r» > 0 for which f|y() €
NP (U(z,r) : Y) (flu@r € DYP(U(x,r) : Y),irespectively). Eventually we denote
as L}, (X, p) the class of measurable maps f — R such that [, |f[?du < oo for each

bounded set E C X. Let us recall the following characterizations of N**(X :Y) and
DYP(X :Y).

Theorem 7.1. ([27, Theorem 7.1.20]) Let V be a Banach space and let f: X —V be a
measurable function. The following conditions are equivalent:

(i) f has a u-representative in the Dirichlet class DYP(X : V);
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(ii) there exists a p-integrable Borel function o : X — [0, 00] with the following property:
for each 1-Lipschitz function ¢ : V. — R there exists a p-representative f, of the
function @ o f in DYP(X) so that the minimal upper gradient or, of f, satisfies
of, < o p-a.e. in X.

Theorem 7.2. ([27, Proposition 7.1.38]) A map f : X — Y is in DVP(X : Y) if and

only if there is a non-negative p-integrable Borel function o on X such that whenever
v : [0,4(7)] = X is a non constant rectifiable curve in X

dﬂf@MWWMNKMDS/@%,

v
where £(7) denotes the length of v and
£(v)
[edsi= [ ooy,
v 0

Moreover, if u(X) is finite, then f € NVP(X :Y) if and only if f € DVP(X : Y) and
the function X 3 x — dy (yo, f(x)) is p-integrable for some (and hence every) yo € Y.

Theorem 7.2 shows that there is an intrinsic way of determining membership in
DY?(X :Y) and Nllo’f(X :Y) that is independent of the embedding of Y into a Banach

space. Instead, membership in N?(X :Y) (as well as in LP(X : Y)) depends on the
specific embedding and, in particular, on the base point yg.

Approach by sections of mappings: It is an extension of the one exploited in Defi-
nition 2.18, first introduced by Ambrosio [3], for the case of BV functions, and then
by Reshetnyak [52], for the case of Sobolev functions. More precisely, first one provides
the notion of a suitable real-valued Sobolev space WP(X) and, for each u € WP(X)

«

a notion of modulus of the “weak gradient” |V xu| is introduced. For instance, by us-

ing the previous Newtonian Sobolev space N1'7(X), the minimal p-weak upper gradient
0. plays the role of |Vxu| (see, for instance, [4,5]). In the following we assume that
WP(X) = N1P(X). Then, given a mapping f : X — Y, we say that f € WhP(X)Y) if

o the map X >z — dy (vo, f(x)) belongs to LP(X, p);
o for each y € Y, the section u, : X — R,

uy(z) := dy(y, f(z)) if 2 € X belongs to D"P(X) (66)
and there exists g € LP (X, 1) such that

Ou, < g pra.e. in X, for each y €Y, (67)
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denoting by o, the minimal p-weak upper gradient of u € DV'P(X). A function g as
in (67) will be called a p-weak upper gradient of f.

As usual, let us denote by Wll’p (X,Y) the class of all maps f: X — Y such that each

oc

x € X has a bounded open neighborhood U, for which f|y, € WY?(U,,Y).
As a consequence of Theorem 7.1, for fixed yg, we get the following coincidence of
spaces:

Theorem 7.3. Let 1 < p < co. Then WHP(X,Y) = NLP(X :Y).

Before the proof of Theorem 7.3, we will introduce a preliminary result, which is an
extension of [32, Proposition 2.31] to metric spaces.

Lemma 7.4. Let 1 < p< oo, f € WYP(X,Y) and let ¢ : Y — R be Lipschitz. Then

(i) X3z o(f(x)) —elyo) is in LP(X, p).
(ii) If f, :== po f, then f, — o(yo) € N'P(X) and f, admits a minimal p-weak upper
gradient oy, < L g p-a.e. in X, being g the function in (67) and L := Lip(p).

Proof. (i) By definition of WP(X,Y), the map X > z — dy (yo, f(z)) is in LP(X, u).
Being ¢ Lipschitz,

lo(f(x)) — w(yo)| < Ldy (yo, f(z)) for each z € X |

and we get the desired conclusion.
(ii) Let Z := {z;: i € N} C Y be a dense set. Let us denote

fo = fo—w(yo): X = Rand u; :=¢(2) + Lu,, : X =R,
where u, is the section of f defined in (66). Note that we can represent f, as
o(f(x)) = ii&g u;(x) for each x € X . (68)
Indeed, being ¢ Lipschitz,
lp(f(2)) — ¢(zi)| < Ldy (2, f(2)).
This means that
o(f (@) < ¢(zi) + Ldy (2, f(2)) = ¢(2i) + Luz, (z) = ui).

Moreover, consider a sequence (ig)ren such that z;, — f(x). We get
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|ui, (2) = o(f(@))| = [¢(zi) + Ldy (zir, [(2)) = p(f(2))]
< le(zi) = o(f(@)] + [Ldy (ziy, f(2))| < 2L dy (2, f(x)) = 0,

which implies (68). Thus, from (68), it also follows that

Folw) = (7(a)) ~ pl) = inf (@), (69)
where @; := u; — ¢(yo). Note also that @, € D*P(X) N LY (X, p) with
0a; < Lg p-a.e. in X for each i € N (70)

where g;, denotes the minimal p-weak upper gradient of 4i; and ¢ a p-weak upper gradient
of f, that is a function satisfying in (67). Let v; := infi<;<; @%;. From [27, Proposition
7.1.8]), DVP(X) is a lattice, that is v; € DVP(X) for each j and

0v; < Lg p-ae. in X, for each j. (71)
Now observe that, since

fo < vj < vy foreach j, (72)

from (69) and (72), by applying Lebesgue dominated convergence theorem, it follows
that
v; = fpin LP (X, 1) as j — oo. (73)

loc

Let g € X and Q,, := U(xg,n), if n € N. Then (Q,), is an increasing sequence of open
balls of X and X = U2 ,Q,,. From (73) and (71), by the locality of Sobolev functions
in NP(X) (see [27, Lemma 7.3.22]), there exists

f € N'P(X) such that f = f, p-a.e. in X (74)
and f admits a p-weak upper gradient g, in X satisfying
0o < Lg prae. in X. (75)

By (74) and (75), it follows that f, admits a u-representative f € N'7(X) with minimal
p-weak upper gradient o p < Lg p-a.e. in X. Thus we get the desired conclusion. O

Proof of Theorem 7.3. Let us first show the inclusion
NY(X:Y)Cc WHP(X,Y).

Let f € NY?(X :Y). From Theorem 7.2,
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fENY(X:Y)C DY"(X:Y)C D"(X :4>(Y)), (76)
and the map
X >z dy(yo, f(z)) is in LP(X, p) .

For a given y € Y, let ¢, : Y — R be the function, ¢, (2) := dy (y, z). Then by applying
Theorem 7.1 (ii)

fy = @yofeD"(X)and gs, <oy ae. in X, for each y €Y. (77)

Thus, combining (76) and (77), it follows that f € WP(X,Y).
Let us now show the inclusion

W'P(X,Y)C NYP(X :Y).

Let f € WhP(X,Y). By definition, we can assume X > x — dy (yo, f(z)) is in LP(X, ).
By applying Lemma 7.4 and Theorem 7.1 (ii), we can conclude that there exists a pu-
representative of f such that f € NM?(X :Y). O

We are going to apply Theorem 7.3 in the setting of Carnot groups. In particular,
for maps between Carnot groups, we have chosen to fix yo = Og, (see Definition 2.18).
Let us first recall the coincidence between the Newtonian Sobolev space and the hori-
zontal Sobolev space of real valued functions, which is well-known (see, for instance, [32,
Proposition C.12]).

Theorem 7.5. Let 1 < p < o0 and Q C G be an open set of a Carnot group G = R™.
Then

Ng"(9) = Wg(9)

where N(l;’p(ﬂ) and W(l;’p(Q) denote the Newtonian Sobolev space defined before between
metric spaces X = (Q,d.,L™) and Y = R and the horizontal Sobolev space defined in
Definition 2.12, respectively.

As an immediate consequence of Theorems 7.3 and 7.5 and Definition 2.18, the fol-
lowing result follows (see also [32, Proposition C.13])

Corollary 7.6. Let Q0 C G be an open set of a Carnot group G = R" and let Y =
(Y,dy,yo0) be a pointed complete separable metric space. Then

NYP(Q:Y)= W(Q,Y)



48 A. Pinamonti et al. / Journal of Functional Analysis 289 (2025) 110948

where N¥P(Q 1Y) and WP(Q,Y) denote the Newtonian space between metric space
X = (Q,d., L") and Y, and the metric space-valued Sobolev space defined by sections
introduced before, respectively.
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