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Gauge-field configurations with nontrivial topology have profound consequences for the physics of

Abelian and non-Abelian gauge theories. Over time, arguments have been gathering for the existence of

gauge-field configurations with fractional topological charge, called fractons. Ground-state properties of

gauge theories can drastically change in presence of fractons in the path integral. However, understanding

the origin of such fractons is usually restricted to semiclassical argumentation. Here, we show that fractons

persist in strongly correlated many-body systems, using the multiflavor Schwinger model of quantum

electrodynamics as a paradigm example. Through detailed numerical tensor-network analysis, we find

strong fracton signatures even in highly discretized lattice models, at sizes that are implementable on

already existing quantum-simulation devices. Our work sheds light on how the nontrivial topology of

gauge theories persists in challenging nonperturbative regimes, and it shows a path forward to probing it in

tabletop experiments.

DOI: 10.1103/lpwm-65hr

I. INTRODUCTION

The topology of the vacuum plays a crucial role in some
of the most fundamental theories of nature, including gauge
field theories [1] and supersymmetric models [2]. It
governs the subtle mechanisms behind such phenomena
as charge confinement and chiral symmetry breaking, and
topological theta vacua [3] are intrinsically connected to the
strong CP problem in quantum chromodynamics (QCD) in
34 1D [4]. Vacuum sectors with distinct topological
charge arise naturally from gauge-field configurations with
different windings [5]. While naive analysis may suggest
the relevance of only sectors with integer windings,
configurations with deconfined fractional topological
charge—called fractons—can exist [6,7] and are in fact
vital in resolving paradoxes related to nonvanishing gluino
condensates in supersymmetric Yang—Mills theory [8,9].
Similarly, in non-Abelian gauge theories, they can explain
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the mechanisms behind the formation of a fermion con-
densate where considerations based on only integer topo-
logical charges fall short [7,10]. However, existing insights
into the importance of fractons derive from exactly solvable
models or semiclassical arguments. It is not clear if and
how signatures of fractons persist in nonperturbative
regimes of strongly correlated theories.

In this work, we demonstrate the presence of fractional
gauge-field configurations in the full nonperturbative
quantum many-body regime of a paradigmatic gauge
theory. Our study dives into the Schwinger model of
quantum electrodynamics (QED) with two fermionic fla-
vors, which captures the essence of more complicated
quantum field theories, such as QCD, in a simpler, more
tractable form. The Schwinger model is a well-established
paradigm to facilitate insights into phenomena such as
charge confinement, topological theta vacua, and chiral
symmetry breaking [11]. A more recent condensed-matter
perspective has also revealed new phenomena [12—-14] such
as quantum many body scars [15-19], disorder-free locali-
zation [20,21], or dynamical topological phase transitions
[22-24]. The multiflavor version permits for flavor-twisted
boundary conditions, which fundamentally modify the
symmetry properties of the theory. Analytical calculations
at perturbatively small fermion mass [7,25] have shown that
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these lead to the deconfinement of fractons. They become
visible through a nonzero chiral condensate as well as a
fractional dependence of the ground state on the topological
theta angle.

Based on tensor network (TN) calculations and exact
diagonalization, we demonstrate the persistence of these
fracton signatures in the nonperturbative regimes of sig-
nificant rest mass as well as sizable lattice spacing. In the
limit of vanishing rest mass, even coarse lattice discretiza-
tions quantitatively recover the perturbative continuum
predictions. Our numerics demonstrates the robustness of
fractons against strong quantum fluctuations, lattice arti-
facts, as well as a cutoff on the gauge-field Hilbert space.
Leveraging this considerable robustness toward discretiza-
tion, we propose a variational quantum algorithm for
exploring fractons in a qudit quantum simulator, as has
recently been demonstrated in trapped ions [26,27]. Strong
fracton signatures can be observed in such a device with
already existing resources, and in the future, it may enable
to proceed into regimes beyond the capacities of classical
numerics. Our results thus demonstrate the importance of
fractional gauge-field configurations in the nonperturbative
regime of strongly coupled models, and they present a clear
avenue for probing them in quantum hardware.

In the following, we give a brief review of how fractional
gauge fields arise in the continuum in the presence of
flavor-twisted boundary conditions. The main part of this
work consists of our numerical calculations, which reveal
fractons in nonperturbative regimes of the truncated lattice
Schwinger model. After an analysis of discretization
effects, we discuss a variational scheme to probe fracton
physics on an existing quantum-simulator platform, before
presenting our conclusions.

II. FRACTONS IN THE MULTIFLAVOR
SCHWINGER MODEL

We consider (1 4 1)-dimensional QED [28,29] with N
fermionic flavors, living on a cylinder R x S; that is closed
in the spatial direction. We denote its circumference as L
and its volume as V = R x L. The continuum action of the
theory is (for details, see Appendix A)

1 ) N B N B
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where D, = 9, — ieA, is the covariant derivative, capturing
the gauge-field—matter interactions.

Fractons are gauge-field configurations in the Euclidean
path integral for which the topological invariant, the two-
dimensional equivalent of the Pontryagin class,

e
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is a fraction. Often, the symmetry group restricts the
possible values of v, to integers, as happens, e.g., for
Abelian anyons in condensed-matter systems [30]. For the
multiflavor Schwinger model, deconfined fractons are
allowed by the gauge group, and thus, the model provides
an intriguing testbed for probing their properties.

However, even if fractons exist in a given theory, they
can be difficult to observe. In the multiflavor Schwinger
model, fractons can be revealed by imposing flavor-twisted
boundary conditions for the fermionic fields on the spatial
circle, y,(x 4+ L) = ey ,(x), where a, = 2zp/N. For
this choice of boundary conditions, the fractons become
visible in the Euclidean path integral [7], thanks to a
symmetry that emerges from the explicit violation of
flavor symmetry and ‘“large gauge transformation”; see
Appendix A. One consequence of the presence of fractons
is a change of periodicity of the ground state with respect to
the 6 angle. Conversely, such an increased periodicity can
be used to detect the fractons.

Fractional gauge field configurations also influence speci-
fic observables. For example, the chiral condensate at zero
temperature and vanishing fermion mass m can be calculated
through the path-integral partition function Z(m) as

) = =2 Z(m)ge Zlm) mb. (3)
om
From Eq. (3), it follows that a nonzero chiral condensate can
only be obtained due to gauge-field configurations with a
fractional topological charge v, = 1/N. Thus, the sponta-
neous formation of a chiral condensate is another fingerprint
of the existence of fractons.

By including fractons in the path integral, in the limit of
vanishing rest mass, one obtains analytic predictions for the
full L-dependent chiral condensate [7]:
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with u> = Ne?/n the photon mass, y Euler’s constant, and
I(L,u) a Bessel function given in Appendix B.

The above analysis holds strictly speaking for the
continuum Schwinger model in the exactly solvable limit
m/e < 1. It is not a priori clear that a nonperturbative
regime will exhibit the same physics. For example, in the
opposite limit of e/m <« 1, the gauge and matter sectors
decouple. Chiral condensation then occurs not due to
fractons but due to an explicit breaking of chiral symmetry.
This motivates the question of how the role of fractons
persists into the nonperturbative regime of intermediate
couplings e/m. Similarly, it remains open whether signa-
tures of fractons carry over to strongly interacting many-
body lattice versions of the Schwinger model. As an
additional complication of such lattice models, they typ-
ically employ a finite cutoff on the gauge-field Hilbert
space. This cutoff makes it impossible to define a vector
potential (analogous to the difficulties in defining a phase
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operator) [31] and thus obstructs arguments relying on
windings of gauge fields.

In this article, we dedicate our effort on answering this
question: Can we find signatures for fracton contribution to
the ground state physics of a nonperturbative many-body
system and, in particular, one that can be implemented in
present day quantum hardware?

III. TRUNCATED LATTICE SCHWINGER MODEL

To make the continuum theory suitable for simulation
techniques developed for many-body systems, we formu-
late it as a lattice Hamiltonian, following the prescription
due to Kogut and Susskind [32]. In the continuum, after
performing a Legendre transformation on the Lagrangian in
the action of Eq. (1) (see also Appendix A), one obtains the
Hamiltonian of the multiflavor Schwinger model as

i

+mpw;<x>wp<x> 5B+ 0] 5)

x)70iy1(0x + ieA; (x))y,(x)

The gauge symmetry of the Lagrangian survives in the
Hamiltonian formulation as an operator constraint; the so-
called Gauss’s law

G(x) = VE(x)—eY y'(xw(x) =0 (6)

p=1

is fulfilled on the “physical” Hilbert space. States in the
Hilbert space with G(x) # 0 are termed “unphysical.” The
Hamiltonian commutes with the Gauss’s law generator G(x)
and, therefore, the dynamics is gauge invariant, meaning it
connects physical states only to other physical states.

Following Ref. [32], the above continuum Hamiltonian
1s discretized onto a lattice with spacing a by putting matter
with creation and annihilation operators wj,, p» respectively,
Wy, p Onto lattice sites labeled n = 1...N and electric fields
E, on the links from site n to n + 1. A subtlety of the lattice
formulation with respect to the continuum is that instead of
the vector potential A,,, the lattice Hamiltonian is defined
through the so-called link operator or parallel transporter
U, = exp(ieaA,). The link operator describes the dynami-
cal Peierls phase [33] picked up by a fermion moving from
lattice site n to n 4 1. Acting on a state, it raises the electric
field by one unit. The resulting Hamiltonian is

(fn p‘//n pUnWuirp —He.). (7)

The first term represents the electric field energy and the
second the topological € angle, equivalent to a background
field. We also included a constant proportional to 67 in
order to be able to more clearly compare ground-state
energies at different 0 angles. The term in the second line
represents the fermionic rest masses. Here, we use stag-
gered fermions and chose to stagger the two flavors in
opposite ways. Namely, the first flavor’s particles (anti-
particles) live on even (odd) sites, and opposite for the
second flavor. This trick allows us to preserve a discrete
chiral symmetry on the lattice, present in the continuum
Schwinger model [34,35]. Finally, the third line represents
the fermionic kinetic energy, which is coupled to the gauge
field. For f, , = 1, the system is under standard boundary
conditions, while f, , = —1,if n = L and p = 2, and +1
otherwise implements the flavor-twisted boundary condi-
tions in our many-body lattice model.

On the lattice, states are considered physical if they obey
the discretized Gauss’s law G, |w) = 0, where

Gn = En - En—l +1- ezl//;,ﬂl//n,p' (8)
r

The constant 1 is added to the Gauss’s law due to the
particular staggering of the charges.

In view of implementation in a numerical or quan-
tum simulation, we further truncate the infinite Hilbert
space of each gauge field. One common possibility
is the Quantum Link Model [31] representation, where
the local Hilbert space on each link is given by that of a
spin-S object. In that formulation of quantum electrody-
namics, the electric field operator E, on a link is replaced
by the spin-Z operator eS%; the link operator U, is replaced
by [S(S+ 1)]7/2S;" with matrix elements (m'|S; |m) =
St mi1y/1 —m(m+1)/[S(S + 1)]. Here, instead, we con-
sider the so-called truncated Schwinger model (TSM)
[19,36,37], where U, is replaced by the operator S,
whose matrix elements are given by (m/|S)|m) :=
O’ m+1> Up to a sharp cutoff at £S.

The Hamiltonian of the resulting TSM reads for two
flavors (p = 1,2) and including the 6 angle

2
Hrsw =5 D (53" S+

+Z(—

1)11+p—1 mp‘//jl.pl//n,p

i
2Cl (fnpl//nﬁ nl//nJrlp_HC) (9)
Both QLM and TSM formulations alter the gauge field
operator algebra. Within the TSM, the gauge-field com-
mutation relations are modified from [E,, U, ] = €6,,,U,,
and [U,, UI,,] =0to
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S+ Sl = Bum (IS)(S| = | = $)(=S).  (10b)
Nonetheless, exact U(1) gauge invariance is retained, as
can be checked by noting that with the replacement
E, — eSZ%; the Gauss’s law generator given in Eq. (8)
commutes with the TSM Hamiltonian given in Eq. (9).
Importantly, despite the lattice discretization and electric-
field truncation, the TSM thus preserves key properties of
the Schwinger model such as confinement, chiral symmetry
breaking, etc.; see, e.g., [38—41].

Somewhat more quantitatively, Eq. (10b) differs from
zero only at the cutoff levels of the electric field. Even
though the commutators do not smoothly converge to those
of lattice Schwinger model as for the QLM [37], one may
thus speculate that the TSM captures well the low-energy
properties of the (untruncated) lattice Schwinger model,
something that we indeed confirm below. To quantify the
deviation from the lattice Schwinger model, we introduce

AU =Y (555 = Yo+ P

n n

where P") = |m)(m|. This quantity essentially measures
how strongly the link operator fails to be unitary and is
applicable in any dimension and with arbitrary number of
flavors.

In the following, we present compelling evidence for the
presence of fractons in the TSM already at small trunca-
tions (S > 2). Furthermore, we will show that for S > 3, the
chiral condensate in the ground state of the TSM coincides
with the semiclassical continuum prediction, with devia-
tions correlated with the strength of the quantitiy defined
in Eq. (11).

IV. NUMERICAL RESULTS

Our numerical simulations are based on exact diagonal-
ization (ED) [with system sizes up to L = (4sites +
4links) and truncation up to S = 2] and tensor networks
(TN) [with up to L = (20sites + 20links) and S = 4]; see
Appendix C for details.

To obtain a direct evidence for fractons in the TSM, we
study the lowest energy states as a function of the
topological @ angle. For small nonzero fermionic mass,
m, = m # 0, continuum path-integral calculations predict
the N lowest energy levels of the N-flavor Schwinger
model to oscillate as a function of the @ angle as [25]

2
E(0) = —2mexp (— N:eL> cos <6 +N ”k> . (12)

where k€ {0, ..., N — 1}. That is, the fracton configura-
tions become manifest through a 2z periodicity of /N,
rather than only € as one is used to from the single-flavor

Schwinger model. This fractional € dependence is the
precise signature we are looking for.

In Fig. 1, we compare the three lowest energy levels of the
TSM as a function of the topological 8 angle for flavor-twisted
(upper panel) and flavor-independent (lower panel) boundary
conditions. We observe a clear gap closing at the points
0 = £z, which suggests that ground and first excited states
switch roles in a nonadiabatic fashion. To corroborate this
result, we compute the fidelity susceptibility [42—45] of the
ground state. The fidelity susceptibility measures how dras-
tically a quantum state changes as a parameter in the model is
modified (see Appendix E) and has become a use-
ful tool to identify phase transitions without, e.g., a priori
knowledge of the order parameter. As the deltalike peak
shows, at & = =+, the properties of the ground state change
rapidly, indicating a true level crossing. In accordance with
Eq. (12), this implies a fractional € dependence of the ground
state. In contrast, for flavor-independent boundary conditions,
the gap remains nonzero even at § = +xz. Accordingly, the
fidelity susceptibility shows only a broad peak at these points,
indicating no drastic property change in the ground state, in
accordance with an integer € dependence. Remarkably, the
fracton signature derived from perturbative continuum cal-
culations in the small-m limit persists in a wide range of values
of Hamiltonian parameters, including significant rest mass,
small system sizes, small gauge-field cutoffs, and large lattice
spacing [parameters used in the figure: m/e = 0.4,
L = (4sites + 4links), S = 2, and ea = 1].
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FIG. 1. Integer vs fractional 0 dependence in the multiflavor

TSM. Lowest three energy levels of the TSM Hamiltonian
(ground and first excited state: blue and red; second excited
state: black) for flavor-twisted (upper panel) and flavor-indepen-
dent (lower panel) boundary conditions, as a function of the 0
angle. In the former case, at § = =+, the two lowest lying states
cross, and the fidelity susceptibility (blue dotted line) exhibits a
strong peak. This indicates a rapid change in the properties of the
ground state, suggesting that the periodicity of the ground state is
4z. In contrast, in case of flavor-independent boundary con-
ditions, avoided crossings occur at € = +x with only a broad
feature in the fidelity susceptibility, rendering the period of each
energy level 2z.
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V. TENSOR NETWORK CALCULATION OF THE
CHIRAL CONDENSATE

We obtain further evidence for the presence of fracton
configurations by investigating the chiral condensate,
which on the lattice with staggered fermions becomes

) =7 31 v, (13)

n

(here, we suppressed the flavor index). Figure 2 displays
the main results of our TN simulations, for the range
of physical volume eL€[0.4,9.0], lattice spacings
ea€]0.1,0.5], and spin truncation S = 3. As the flavor-
twisted boundary conditions induce chiral symmetry break-
ing, a finite volume can support a nonvanishing chiral
condensate. Strikingly, lattice calculations agree quantita-
tively with the analytical prediction for the continuum
Schwinger model [7] in the entire range of volumes
considered, even for the coarse truncation of S = 3. The
insignificance of lattice artifacts on the chiral condensate is
quite remarkable, considering we do not take the con-
tinuum limit [46] and that lattice spacings used are as large
as ea = 0.5. In the next section, we will devise a strategy
for quantum simulation of the fracton physics on a trapped-
ion qudit quantum device. In that setting, one can think
of choosing improved Hamiltonians [47,48] for even faster
convergence of the chiral condensate results to the

O N=2ea=1x10"! 0 N=2eca=5x10"
O N=2ea=2x10" X N=lea=5x1072
N=2ea=3x10" % Ne=lea=2x10"
N=2ea=4x10" X N=1lea=5x10"!
_____ B
0.15 o
N8 e
= /./‘/‘ ——=full analytical, N =1
‘ﬂ X full analytical, N =2
/
~ X semi-classical, N =2
0.10 80040 i
g & E e T periodic bc, N =2
8 / /‘/ o
© - ¢' /X """""""""" Q¢ o
e 0.05 / /
= / X
S ? /'/
o "
® 7
0.00{ <=
0 2 i 6 g 10
Volume eL

FIG. 2. Chiral condensate as a fingerprint of fractons in the
zero-mass limit. Throughout a large range of volumes, the TN
expectation values of the chiral condensate for the TSM (cutoff
S = 3) coincide with the analytic predictions from the continuum
Schwinger model. This result holds true also beyond the semi-
classical approximation and is robust with respect to the lattice
discretization and gauge-field cutoff. For a single flavor, a chiral
condensate appears due to the chiral anomaly. In the case of two
flavors with standard boundary conditions, chiral symmetry is
preserved in the ground state. With flavor-twisted boundary
conditions, a chiral condensate is allowed and generated by
the presence of fractons.

continuum limit. Such improvements could even often
come with no overhead in terms of measurements count
and therefore deliver more accurate results almost for free.
For the purpose of this work, however, we do not need to
take extra care of finite lattice spacing scaling, as rather
coarse lattices already give excellent agreement with
continuum predictions.

In Appendix D, we discuss the influence of the finite
bond dimension on the MPS results, and we show that the
numerically accessible system sizes permit one to further
improve the accuracy by extrapolations to vanishing lattice
spacing at fixed volume.

The same analysis as above can be made for the single-
flavor Schwinger model. Again, the lattice results with
S =3 and ea < 0.5 already essentially coincide with the
continuum prediction. The single-flavor Schwinger model
explicitly breaks chiral symmetry, leading to convergence
of the chiral condensate to a nonzero value at e, — oo. In
contrast, for the two-flavor model with standard boundary
conditions, chiral symmetry is preserved. Flavor-twisted
boundary conditions break this symmetry weakly and
induce the formation of a chiral condensate, but its strength
falls off with L, highlighting the fact that the effect of
boundary conditions disappears for infinite volume. As
considerations based on the path integral show [Eq. (3)],
the presence of a chiral condensate at vanishing rest mass
reveals the contributions due to configurations with frac-
tional topological charge.

Finally, Eq. (11) allows us to monitor finite cutoff errors
in the TSM. In Fig. 3, we show AU? in a range of lattice
volumes for cutoffs § =2,3,4. Already for § =3, the
occupation of the cutoff levels of the gauge fields is below a
per mille. The data suggests a suppression of the error
that is exponential in the cutoff, thus leading to a
rapid restoration of the commutation relations of the
Schwinger model.

107 1% S=2 X X X X
[Nl
D
<1 10774
S
] 1075<
.G
S
5
Q10774
X X x
x S=4 X
1079 T T T T T
2.5 3.0 3.5 4.0 4.5
Volume eL
FIG. 3.  Effect of finite gauge-field cutoff. For very small gauge-

field truncations, the violation of the unitarity of the link operator,
measured through Eq. (11), is sizable, but already for S = 3, this
deviation falls below a per mille. The data suggests an expo-
nential improvement with the cutoff size. (Data for the ground
state of the TSM from TN calculations for m = 0 and ea = 0.25).
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VI. QUANTUM SIMULATION

Quantum simulators are rapidly evolving to access ever
more complex gauge-theory phenomena [49-57], since
recently also including the multiflavor Schwinger model
[58]. While the ultimate goal is to perform large-scale
simulations of non-Abelian gauge-theory models and
tackle the mysteries of quantum chromodynamics, studying
intricate physical phenomena as a consequence of gauge
symmetries, such as fracton signatures, are an important
intermediate stepping stone for demonstrating the capabil-
ities of quantum simulation platforms. In this section, we
detail a variational protocol based only on existing tech-
nology to provide a direct demonstration of fractons in an
experimental setting.

A. Local qubit-qudit encoding
of the two-flavor TSM Hamiltonian

To perform quantum simulations in the NISQ era, it is
essential to minimize the experimental overhead.
Therefore, we make use of the redundancy in the TSM
model due to the Gauss’s law, by extending the methods of
Refs. [59,60] to the multiflavor case. Specifically, by
formulating a unitary transformation and applying it on
the two-flavor TSM Hamiltonian, we show how to map a
system of L = (nsites + nlinks) onto a system of n qubits
and n qudits, saving, in total, n qubits with respect to the
naive encoding.

The first step toward the qubit-qudit Hamiltonian con-
sists of performing a Jordan—Wigner (JW) transformation
[61], in which the fermions are replaced by spin-1/2
particles,

7z -
Yn1 = Hgi,lan,l’
i<n
z -
Wpo — PIHUi,Zan,Z’ (14)

i<n

where P; is the parity of the flavor —1 fermions (at half
filling, P; = +1). The JW transformation preserves the
locality of the Hamiltonian in one spatial dimension. (In
higher dimensions, one could exploit Gauss’s law to map
the fermions to hard-core bosons while maintaining locality
of the model [62]).

We further use the Gauss’s law in order to unitarily
eliminate one of the two spins per lattice site. The key
observation is that the Gauss’s law permits one to keep
track of the total number of particles present on each site n
by evaluating the divergence of the electric field Sj — S%_,
Therefore, knowing the divergence and the state of the first
flavor directly gives us information about the second flavor.
One can then formulate a unitary transformation on the
physical Hilbert space that decouples the spins representing
the second flavor from the Hamiltonian and maps them to
their vacuum state. The wunitary that achieves this

transformation is
U = H Sn S, +i(1= "n]) (15)

The transformed TSM Hamiltonian reads

Hysm = UH s
eza e*ad eta

= S? — ) T4 02
2 ( ) v 4 ; nt T

e S5
1
+%Z( +S,-lF ,_H_I—FH.C.)

1
1 1
+2a§ (PLSiPl, +Hc), (16)

n

where we have suppressed the flavor index of the remaining
spin-1/2 particle, and P} denotes the projector of the
operator S5 —S%_, 44 (1 —0%) onto the eigenstate with
eigenvalue +1. The content on the links has not changed,
but we have reduced the number of spins per matter site
from two to one. Precisely this is the Hamiltonian that will
serve as our cost function for the variational algorithm we
employ below.

B. Numerical tests for a variational state preparation on
a trapped-ion qudit quantum platform

To provide further evidence for the near-term imple-
mentability of our proposed setup, we present numerical
simulations of ground and excited state preparation using
the variational quantum imaginary time evolution
(VarQITE) algorithm [63]. These simulations were con-
ducted on a proof-of-principle system consisting of (2 sites
+2 links), further corroborating the feasibility of our
approach in small-scale scenarios.

As we will show in the following, a spin truncation of
S =1 already allows for observing the characteristically
different behavior for periodic and for flavor-twisted
boundary conditions. In particular, the gap closing at a
topological angle of @ =z for flavor-twisted boundary
conditions, evidencing the altered periodicity of the ground
state energy as a function of 8, can be clearly observed in
that spin truncation.

The variational circuit we use here is composed of gates
that are easy to implement on state-of-the-art trapped-ion
qudit platforms [26]. The circuit is designed in a layered
structure, where each layer consists of entangling two-body
and single-body operations as depicted in Fig. 4. In order to
create entanglement between the qubits that represent the
matter sites and the qudits representing the gauge links, we
employ the so-called controlled rotation (CROT) gates:
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FIG. 4. Individual layer of the variational circuit used for
ground- and excited-state preparation. After a sequence of
entangling two-body gates between the qubits representing the
sites and the qutrits representing the links of the lattice, a sequence
of single-qubit and single-qutrit gates is applied. Each quantum
gate is parametrized by a variational parameter. The software used
for drawing the quantum circuits is taken from [64].

CROTy;;(4) = (1 = |k)(k|) ® 1+ [k) (k| ® exp(—ilc¥).
(17)

In the expression above, aé{ is the two-level ¢ matrix,
defined as follows:

ij 1,
(6 = {

0, otherwise.

ift (m,n) = (i.j) or (j.i) (1)

In addition, we entangle the qubits on the sites with the

so-called flip-flop gate

FF,,.(1) = exp|—il(c) o7, + 05,07%)]. (19)
Here, o;F is the raising (lowering) operator on the nth qubit.
At the end of each layer, single qubit and qudit rotations are
applied. Specifically, we find that simple 67 rotations are
sufficient

U,(A) = exp(—ilo%). (20)

In the equation above, 6% is the Pauli-Z matrix in case of a
qubit and the spin-1 Z-operator in case of a qutrit.

To find a variational approximation to the ground state,
we employ the usual VarQITE protocol, where the initial
state corresponds to a random initialization of the quantum
circuit with two layers as in Fig. 4 on top of the product
state |¥,) = [1011) (nomenclature: qubit 0, qubit 1, qudit
0, qudit 1). Subsequently, evaluating the cost function given
by the Hamiltonian in Eq. (16) and optimizing the
parameters of the various gates iteratively until conver-
gence is reached delivers the desired approximation of the
ground state. To prepare the first excited state, we add a
penalty term to the Hamiltonian with respect to the
(variationally found) ground state. Notably, all four relevant
states—ground and first excited states for periodic and for
flavor-twisted boundary conditions—can be prepared with

high fidelity using the same quantum circuit, for all values
of @ used. The only difference is the gate parameters to
which the algorithm converges.

In Fig. 5, we display the results of the variational state
preparation in comparison to exact numerical results.
Strikingly, already for S =1 and for only three layers,
the variational state preparation allows for clearly distin-
guishing the distinct behavior of the gap for periodic and
for flavor-twisted boundary conditions. The above algo-
rithm uses only standard gates and the number of entan-
gling two-qudit gates for the circuit with two layers is
Nene = 27, well within the coherence time limit of current
trapped-ion devices. The actual bottleneck for an accurate
quantum simulation on the trapped-ion device is the fidelity
of an individual entangling gate. In case we assume this
fidelity to be 99%, the total fidelity of a quantum circuit
with N, = 27 entangling gates as in Fig. 4 will be roughly
(99%)%" ~ 76% [27]. Moreover, since already very coarse
truncations of the electric field are sufficient, the dimen-
sionality of the qudits can be as small as d = 5 (S = 2) for
qualitative signatures and as small as d =7 (S = 3) for
quantitative agreement with continuum results. The frac-
tionalization can thus be observed with existing technology.

At last, we would like to draw to the attention of the
reader the existence of alternative variational simulation

X X
~0.50 s 8
b ]
—0.75
) =X =X
e —10
S X - X
S 1% = X X X b X
20 100 =075 —050 —0.25 000 025 050 075 100
A
o 0] @ ®
c ® ®
L 05 ® a
-2 ® = ®
~1.0
X X
-15 X X hxd X P [
100 =075 —050 —0.25 000 025 050 075 100
Topological angle (6/27)
FIG. 5. Results from variational state preparation for a system

of two sites and two links. Using a quantum circuit with three
layers as shown in Fig. 4 and applying the VarQITE algorithm,
we prepare the ground and excited state of the model with
periodic (green crosses) and with flavor-twisted (blue crosses)
boundary conditions. Even for only three layers, fidelities of >
99% with the ground state and > 90% with the first excited state
(black and red crosses, respectively) are achieved. The found
energy values agree extremely well with the numerical values
from exact diagonalization (colored squares). The gap closing for
flavor-twisted boundary conditions versus the open gap for
periodic boundary conditions can be clearly identified (note
the 7 shift of the 6 angle with respect to Fig. 1, which can be
performed by changing the sing of the fermion mass due to the
chiral anomaly). The slight asymmetry with respect to & — —6 in
the energy value is due to the random choice of the starting point
of the variational minimization procedure.
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algorithms, such as AVQITE [65] and SC-ADAPT-VQE
[66]. Those algorithms have been shown, in some cases, to
perform even better than the VarQITE algorithm used here,
where the second one even enabled large-scale simulations
for simple gauge theory models. Further improvements
may be achieved by employing preoptimization techniques
[67,68], where an initial optimization is performed on a
classical device and the set of variational parameters is
given as a warm start to the quantum device. While the
effort for quantum simulation of gauge theory models,
such as the one we presented in our work, could de-
finitely benefit from such sophisticated algorithms,
this is not the focus of our work here. Instead, our work
shows that fracton signatures are so robust that even simple
algorithms such as VarQITE can reveal them on a quantum
device.

VII. CONCLUSIONS

In this article, we have investigated fractional gauge field
configurations—a version of instantons with a fractional
topological charge—and how they contribute to the buildup
of a chiral condensate in the multiflavor Schwinger model.
Going beyond semiclassical approximations [7], we have
demonstrated the presence of fractons in a strongly corre-
lated many-body lattice model for various system sizes and
in a range of values for the mass and the coupling constant.
We have identified the smallest spin truncation (S = 3), for
which the results for the chiral condensate in the zero-mass
limit agree quantitatively with the predictions from the
continuum theory. The fingerprints of fractons are thus
remarkably robust against nonperturbative effects and
discretization and truncation artifacts. As we have shown
through numerical benchmark simulations of a VarQITE
algorithm, this robustness makes it possible to experimen-
tally observe fracton signatures in already existing quantum
simulators.

In this work, we have restricted our analysis to two
flavors coupled to a U(1) gauge field. Immediate exten-
sions could investigate large number of fermionic flavors—
a test bed for probing phenomena like chiral phase
transition in QCD [69-71]. Even though we have revealed
signatures of gauge configurations with fractional topo-
logical charge in nonperturbative settings, understanding
their origin beyond semiclassical arguments remains a
long-standing problem. A future research direction could
be to develop a characterization in terms of topological
invariants valid for an interacting many-body system with
local gauge symmetry, in analogy to a similar effort in
condensed matter systems [72-74].
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APPENDIX A: LAGRANGE FORMULATION,
PATH INTEGRAL OF THE SCHWINGER
MODEL, AND FRACTIONAL GAUGE
CONFIGURATIONS

In this section, we briefly summarize the main notation
useful for understanding the path integral formulation of
QED in (1 + 1) dimensions. We also explain how fractons
arise in the Euclidean path integral of this theory. The
Lagrange density of the multiflavor Schwinger model,
including the topological 6 angle, on a torus
T=S;xS,, where f=1/T is the inverse temperature
and L is the spatial volume, reads

ied 1

‘Cé‘(x) = _eﬂUFﬂU(X) _Z

= Fulx)

+ iZ l/_/p (X)D(X)Wp (X) - Z mpl/_/p (X)Wp (X>7
(A1)

where x = (z, x) with 7 being the Euclidean time. Here, we
use Buclidean signature with €, being the total antisym-
metric tensor in two dimensions, F,, = d,A, —d,A, the
field strength tensor of the U(1) gauge field A, y, the two-
component Dirac field of the p’th flavor with bare mass
my, e the coupling constant, and N the number of flavors.
Without loss of generality, the € angle can be restricted to
values in the interval 6 € [0,2z]. The Euclidean action is
defined as the integral over the volume of the Lagrange
density Sy = [; d®xLy(x).

The object of central interest is the Euclidean path
integral (or the partition function) of the Schwinger model,
which is defined as an integral over all configurations for y
and A,

Z= / DA, Dy Die= Sl w4, (A2)

In the differential of the integral, a product over the fermion
flavors is implied. Via the anomaly, the 8 term in the action
can be traded for a summation over partition functions Z,
deriving from sectors with distinct topological charge
Uy = n, 1.€.,

Z=>27,=) e / DA, Dy Digre SWw4l. (A3)

Here, S = [; d*>xLy_y(x), and we use the index 7 to denote
integration only over gauge-field configurations with
specified winding corresponding to topological charge .
The topology in the gauge sector is determined by the
boundary conditions. Gauge-field configurations with inte-
ger topological charge v, = n € Z, or “instantons,” satisfy
standard boundary conditions (sbc) in time direction

Ag(t+ T,x) = Ay(z, x),

2zn
e—L’
w,(r+ T,x) = ey (7,x).

Al(t+T,x)=A (7, x) +
(A4)

However, this is not the only possible choice for boundary
conditions of the gauge fields. In the presence of multiple
fermionic flavors, the “large gauge transformation” allows
for boundary conditions that correspond to a fractional
topological charge v, = m/N,me Z:

Ao(t+T,x) = Ay(, x),

2wm
A T,x) =A(r, = 7
1(7"‘ x) l(T x)+NeL
wy(t+T.x) =y, (r,x) for pe{l,...N-1},
wn(t+T.x) = e by (7,x). (AS)

The gauge field configurations that satisfy Eq. (A5) are
called fractons. By including them in the Euclidean path
integral, the summation in Eq. (A3) is taken over n = m/N,
with m € Z. In contrast, for the single-flavor Schwinger
model, the summation is directly over integer n € Z. As
Eq. (A3) shows, the periodicity with respect to the € angle
increases accordingly to N2z. The existence of fractons can
thus modify the properties of the ground state in a
profound way.

APPENDIX B: DETECTING FRACTONS VIA THE
CHIRAL CONDENSATE IN THE PRESENCE OF
FLAVOR-TWISTED BOUNDARY CONDITIONS

The fractons in the multiflavor Schwinger model can be
revealed by detecting their contribution to observables like the
chiral condensate. When flavor-independent (“standard”)
boundary conditions in space direction are imposed on the
fermions, ie., y,(x+L)=e“y,(x) V pe{l,....N},
potentially with a flavor-independent phase «, the system
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has a SU(N); ® SU(N) flavor symmetry in the zero mass
limit, prohibiting the generation of a chiral condensate due to
the Mermin—Wagner—Coleman theorem [76]. However, in
case the phase a is flavor dependent, e.g., a, = 2zp/N, the
chiral symmetry is explicitly broken and chiral condensation
can be allowed even for vanishing rest masses [7].
Semiclassical analytics for small volumes (eL < 1) as
well as exact path-integral calculations at arbitrary volumes
[7] (both at vanishing rest mass) show that such flavor-
twisted boundary conditions (fbc) indeed result in a non-
vanishing chiral condensate. The main ingredient of this
analysis is a new symmetry that the ground state obeys
under fbc, induced by the “fractional” transformation

2w

AT SA] = A+

fbc ~ _ 2nx
v (0 8ly, (0] = e Fy (), (BY)
in contrast to the symmetry transformation for standard
boundary conditions

A OBSIA ] = A+

W (1) STy, ()] = ey (x). (B2)

The “fractional” transformation is a combination of
broken chiral symmetry and forbidden “large gauge trans-
formation” and has a period 1/N times smaller than for sbc.
The existence of this new symmetry requires one to impose
a new superselection rule, one in which the length of a
noncontractable circle in the space of gauge fields is
reduced by the number of flavors N. On the level of the
path integral, this symmetry leads to the increased 6
periodicity discussed in the previous section.

Exploiting this symmetry, path-integral calculations that
are possible in the limit of vanishing rest mass lead to the
analytic predictions for the L-dependent chiral condensate
[7], as given in the main text:

o) — 1| ttw)2
(py) = 6nL® :

with y?> = Ne?/n the photon mass, y Euler’s constant, and

0 /2 2
I—/ dw <cothL @ tH -1
0 Va? 4 p? 2

(B3)

). (B4)

APPENDIX C: NUMERICAL IMPLEMENTATION

Our numerical simulations are based on two tech-
niques: exact diagonalization (ED) using the QuSpin pack-
age [77] in Python, employed for system sizes up to

L = (4sites + 4links), with a spin 1/2 on each site and
up to spin S = 3 on each link; and tensor network (TN)
calculations using the DMRG method in the library ITensors
[78] in JuLIA, with system sizes up to L = (20sites +
20links) and similar spin sizes as for ED. For the TN
calculations, the maximal bond dimension used in the MPS
representation of the variational state is y,,« = 400, which
we found sufficient for obtaining converged results; see
Appendix D for discussion on convergence. In our numeri-
cal simulations, we implement the dimensionless version
[46] of the Hamiltonian of Eq. (5)—H — H/é’a.

A main observable that serves as a signature for the
presense of fractons is, as elaborated in the main text, the
chiral condensate. Due to the degeneracy of the ground
state that occurs for zero fermionic mass and also at
topological angle 6 = x, the chiral condensate has to be
extracted from a particularly chosen superposition of the
two ground states found numerically. Denoting the two
numerical ground states with |¥,) and |¥,), respectively,
we define the superposition |¥,) = cos(a)|¥;)+
sin(a)|¥,). Then, the chiral condensate plotted in Fig. 2
in the main text is (py) = max, (¥, |py|¥,).

APPENDIX D: FINITE BOND DIMENSION AND
LATTICE SPACING EFFECTS

In the main text, the results shown in Fig. 2 are calculated
for a fixed bond dimension y, lattice size N, and lattice
spacing ea. In order to extract continuum physics, one
ideally needs to extrapolate to infinite bond dimension
(y = o) and zero lattice spacing ea — 0, while keeping
the physical volume eL = eaN, constant. The former
extrapolation ensures that the result is independent of
the MPS approximation and the latter that the result is
independent of lattice artifacts. In this section, we inves-
tigate the effects that a finite bond dimension y of the MPS
ansatz and finite lattice spacing ea have on the value of the
chiral condensate.

We calculate the chiral condensate at fixed physical
volume and lattice spacing for five different values of the
maximal bond dimension during the DMRG procedure
(y = 200, 250, 300, 350, and 400). In Fig. 6, we show the
bond dimension extrapolation results for four different
combinations of lattice size and lattice spacing.
Following the prescription of Ref. [46], we estimate the
order of magnitude of the error due to finite bond
dimensions on the chiral condensate A(py) as the differ-
ence in the results for the largest two values, y = 350
and 400.

In the remainder of this section, we comment on the
extrapolation to the zero lattice spacing limit (ea — 0 and
N, — o) at fixed finite volume eL = eaN,. One way to
calculate the continuum value is to fit a polynomial to the
results for the chiral condensate obtained at fixed volume
and different lattice spacings,
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FIG. 6. Extrapolation with bond dimension. The numerical
value of the chiral condensate is plotted as a function of the
inverse maximal bond dimension used in the DMRG calculation,
for fixed lattice size N, and lattice spacing ea. As done in
Ref. [46], the value for the chiral condensate at infinite bond
dimension (dashed line) is taken as the one for largest calculated
bond dimension (here, y,.x = 400) and the error bars are the
difference between the values for y = 400 and y = 350. Lower
values of the bond dimension ensure that the true value for y = co
lies in the uncertainty interval (shaded area). The determined
values and error bars are 0.096426(4) for N, = 8,ea = 0.3,
0.095735(14) for N;=10,ea =0.24, 0.087686(4) for
Ny =10, ea = 0.36, and 0.086982(23) for N, = 12,ea = 0.3,
respectively. The maximal relative error for these values is on the
order of 2 per mille or less.

(pw)(ea) = x, + yL(ea)™, (D1)
where x;, y;, and z; are fitting parameters. The subscript L
indicates that, in general, they are functions of the physical
volume eL.

In Fig. 7, the value of the chiral condensate is plotted for
two different values of the physical volume (eL = 2.4 and
3.6) and for varying lattice spacings. Fitting the polynomial
of Eq. (D1) allows us to calculate x;, y;, and z; at each
physical volume and thus to extrapolate to the continuum
value of the chiral condensate by evaluating the function
(wy);(0). We obtain the following polynomials at eL =
2.4 and eL = 3.6:

(Ww),4(ea) = 0.0941 +0.0170 x (ea)!6

()5 6(ea) = 0.0849 + 0.0146 x (ea)!2. (D2)
Strikingly, the extrapolation yields precise agreement with
the analytics (relative error of 1073). In comparison, the
relative error for the points in Fig. 2 in the main text,
obtained at small but fixed lattice spacing, is of the order of
1072, which we deem sufficient for our purposes. Notably,
the lattice artifacts can be identified as the dominant source
of discrepancy between numerics and analytics.
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FIG. 7. Chiral condensate scaling for different lattice spacings
at fixed physical volume. The numerical value of the chiral
condensate is plotted for different lattice sizes and lattice spacings
so that the physical volume is fixed (procedure done for two
different physical volumes, eL = 2.4 and eL = 3.6). The
numerical results converge toward the continuum prediction as
the lattice spacing ea decreases. Fitting the finite lattice spacing
values as explained in the text allows us to calculate the
continuum value of the chiral condensate for both physical
volumes (black triangles).

APPENDIX E: FIDELITY SUSCEPTIBILITY

In Fig. 1 of the main text, we show the fidelity
susceptibility of the ground state as a function of the 6
angle. It is defined as

@) &

= SO WO+ )Py (B

Taking an information theoretical point of view, the fidelity
susceptibility quantifies the change of the distance in the
Hilbert space under an infinitesimal change of the control
parameter (in our case, the topological angle 0) [42,43].
The possibility to use this quantity is another advantage of
the Hamiltonian lattice formulation assumed in this work.

In the Lehmann representation, it can be written explic-
itly as

@), Holy (o)
2 (E)(0) — Eo(0)7

(E2)

where |y(0);), # > 0 are the excited energy eigenstates at
topological angle @ with energy E4(6), and Ey(0) is the
ground-state energy. In our case, the driving Hamiltonian is
Hy = e;_’? >, S5 In spirit, it is therefore similar to the static
susceptibility, which measures the change of the ground-
state energy as a Hamiltonian parameter is modified, but—
as the above formula shows—the fidelity susceptibility is
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more sensitive toward small gaps in the ground state, as the
static susceptibility has only a linear dependence in the
denominator on (Ez(0) — Ey(0)) [79].

For this reason, and because it does not require any
a priori knowledge of order parameters, the fidelity
susceptibility has become a valuable tool for identifying
quantum phase transitions, characterized by universal
divergencies [43-45] (though, as for other quantifiers,
the characterization of Berezinskii—Kosterlitz—Thouless
transitions is subtle [79,80]). In this work, we exploit these
features to distinguish an avoided crossing, where the
fidelity susceptibility will show only a broad peak, from
a true level crossing. In the latter case, as the properties of
the ground state on the left of the crossing point are
drastically different from the ones on the right, we expect a
deltalike peak, as we indeed observe in our numerics.

In practice, to circumvent issues with numerical deriv-
atives, we compute the discretized version of the second
derivative,

FP(0.5) = 5 [w@)l(0+ )P
I Ol(o- )P -2)

for a sufficiently small 6 = 0.025. Further decrease of o
shows a narrowing of the peak and exploding of the
amplitude in case of flavor-twisted boundary conditions
and no significant change in case of flavor-independent
boundary conditions. The fact that the fidelity susceptibility
behaves differently for fbc with respect to sbc means that
the periodicity in € in the former case is 4z, whereas in the
later case, it is 2x.
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