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We present a Generalised Riemann Problem-based reconstruction method (GRPrec) for high-order finite volume
schemes applied to hyperbolic partial differential equations. The method constructs spatial polynomials using
cell averages at the current time level and GRP solution data from the previous time level. The resulting GRPrec
stencil is as compact as that of discontinuous Galerkin (DG) schemes, but unlike DG, our finite volume schemes

obey a generous CFL stability condition that is independent of the order of accuracy. We assess the method’s
performance through test problems for smooth and discontinuous solutions of the linear advection equation
and the Euler equations of gas dynamics in one space dimension. Results are compared against exact solutions
and against numerical results from well-known spatial reconstruction finite volume and DG schemes, with all
methods implemented in the fully discrete ADER framework. The performance of GRPrec is very promising,
especially in terms of efficiency, that is, the error against CPU cost.

1. Introduction

Modern finite volume schemes for hyperbolic partial differential
equations achieve high-order accuracy by performing a reconstruc-
tion step at each time level (or stage in the case of semi-discrete
schemes) [1,2]. Reconstruction methods compute a spatial polynomial
from available cell averages at the current time level. Notably, the
stencil of the reconstruction method, and thus of the numerical scheme
in general, grows with the desired order of accuracy.

While spatial reconstruction methods are a necessary ingredient of
high-order finite volume schemes, they pose several challenges. First,
their implementation can become cumbersome, especially in three-
dimensional unstructured grids [3,4]. Furthermore, reconstruction op-
erators will in general not preserve desirable properties of the un-
derlying numerical scheme, such as well-balancing properties, i.e. the
capacity of the numerical scheme to preserve certain steady state
solutions of PDE systems being discretised. Restoring well-balancing
for standard reconstruction operators can be rather technical [5-7].
Another aspect of interest is the application of one-dimensional (1D)
hyperbolic PDE systems on network structures. Such applications can
regard traffic flow [8], pipe networks [9] or the human circulatory
system [10-12]. In many of these cases, the length of 1D domains
can be highly heterogeneous, with small domains discretised by only
a few computational cells. Achieving high-order accuracy with finite
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volume schemes in these contexts can be challenging and requires
substantial adjustments [13,14]. Moreover, a distinguishing feature
of spatial reconstruction schemes is non-linearity; such a property is
an attempt to circumvent Godunov’s theorem [15], with the aim of
computing solutions without, or with much reduced, spurious oscil-
lations in the vicinity of large gradients. In this paper, however, we
focus fundamentally on reconstruction schemes on compact stencils to
obtain schemes of high order of accuracy. Still, some preliminary ideas
are put forward to produce a non-linear version of our reconstruction
procedure, GRPrec.

A well-established approach that offers high order of accuracy and
compact stencils is that of discontinuous Galerkin (DG) schemes [16,
17]. In this case, the numerical methods evolve a polynomial approx-
imation of the sought solution in time, without requiring a spatial
reconstruction step at each time level. The stencil for DG schemes of
any order of accuracy and in any number of space dimensions reduces
to the computational cell of interest and its neighbours, needed to
compute numerical fluxes at the cell interfaces. However, in these
schemes the allowed time step size depends on the order of accuracy,
and thus not only on the mesh spacing and the wave speeds of the PDE
system being discretised, as is the case in finite volume schemes. In fact,
the higher the order of accuracy of the scheme, the lower the maximum
Courant number allowed for stability. However, for strong shocks addi-
tional work is needed in order to reduce spurious oscillations. Cockburn
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and collaborators, in a series of pioneering papers [18-22], developed
a framework to incorporate TVD limiters in DG schemes. Such limiters
are required to preserve the theoretically expected accuracy in smooth
regions and to control spurious oscillations in the vicinity of disconti-
nuities. Furthermore, WENO reconstructions have been used in the DG
framework [23-26]. The Multidimensional Optimal Order Detection
(MOOD) method [27,28] has also been applied in this context.

These considerations reveal that compactness of the stencil and
generous linear stability conditions have not been reconciled in the
context of numerical methods for hyperbolic PDEs. Our goal is to
design a reconstruction method strategy with a compact stencil, similar
to that of DG schemes. Furthermore, when applied to standard finite
volume schemes, the stability constraints should resemble those of
such schemes. For example, in the case of one-dimensional problems,
the stability constraint should be a Courant-Friedrichs-Lewy number
smaller than unity, for any order of accuracy. Although the method-
ology proposed in this work could be applied to any fully-discrete or
semi-discrete method, it fits naturally in the context of discretisation
approaches that reach high-order accuracy in space and time using the
Generalised Riemann Problem GRP,, as the building block [29,30]. For
a numerical scheme of order m+1, GRP,, is an initial value problem that
admits source terms in the equations and where the initial condition
is given by polynomials of degree m > 1. Often in the literature, the
notation GRP is meant to be GRP, (m = 1) and no source terms [31,32];
in such a case, the corresponding schemes are at most second-order
accurate. For notational convenience, however, in this paper we shall
often use GRP to mean GRP,,.

In our reconstruction approach, we enrich the information avail-
able at time level ' and construct spatial polynomials by combining
information from GRP solutions at cell interfaces from time level #"~!
and cell averages from the current time *. We call our reconstruction
operator GRPrec, for GRP-based reconstruction. Notably, our recon-
struction procedure uses information of past time levels, and is there-
fore related to the Time Reconstruction (TR) scheme for solving the
GRP [33]. However, in that work, the resulting ADER-TR scheme had
a Courant stability limit smaller than unity that depended on the order
of accuracy. For example, for the linear advection equation solved to
fifth-order of accuracy, the reported Courant stability limit was around
0.45. In the present case, we do not observe a reduction in the CFL
stability limit below unity, in line with all standard ADER finite volume
schemes, apart from ADER-TR [33]. While in this work we do not
explore the well-balanced properties of our reconstruction approach,
we note that using GRPrec will, by construction, result in well-balanced
schemes for polynomials of degree one and two, provided that the GRP
solver is well-balanced itself.

We will restrict our presentation to the class of methods proposed
by Toro and collaborators, called ADER (Arbitrary DERivative Riemann
problems) [29,30,34-38], a fully discrete non-linear method charac-
terised by an accurate computation of integrals for source and flux
terms, obtained by solving GRPs. In particular, we use the ADER-DET
solver for the GRP [39]. This method reduces the solution of the GRP
to (i) numerical evolution of polynomial data via a space-time discon-
tinuous Galerkin approximation and (ii) interaction of evolved data at
time integration points via classical Riemann solvers for numerical flux
evaluation. Often, the time-evolution step is called the predictor step.
See [30] for a recent review of all methods available to solve the GRP.

Here we compare our results with those obtained using the fully
discrete ADER-DG scheme proposed in [38]. This scheme shares the
space-time evolution step of the DET solver for the GRP in the finite
volume ADER-DET method [39], making a head-to-head comparison
with ADER-DET reasonable. Furthermore, ADER-DG has similar stabil-
ity constraints to those of standard semi-discrete DG schemes. In order
to assess the performance of our method in the case of discontinuous
solutions for nonlinear problems, we present a non-linear version of
GRPrec, called GRPrecNL, that is based on the class of WENO recon-
struction operators proposed in [40]. While GRPrecNL is only a starting
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point in the design of non-oscillatory schemes based on GRPrec, it
allows us to apply the proposed methodology to standard test problems.
Future work will address this aspect. In particular, we shall explore the
MOOD approach [27] and other methods that have been applied to DG
schemes [41].

The rest of the paper is structured as follows. We introduce gen-
eral GRP-based high-order finite volume schemes in Section 2. In
Section 3 we present our GRP-based reconstruction procedure in its
linear and non-linear versions. Section 4 follows with numerical results.
Conclusions are drawn in Section 5.

2. High-order finite volume methods

In this work, we deal with the discretisation of N hyperbolic systems
of balance laws in one space dimension (1D) of the following form

2,Q+9,F(Q) =5Q), @

where Q(x, 1) is the vector of unknowns, taking values from the space
of admissible states A ¢ RV, F(Q) : A — RY is the physical flux and
S(Q) : A — RY is the source term.

The discretisation of systems like (1) by means of high-order numer-
ical methods has flourished over the last fifty years, with finite volume
schemes and, more recently, discontinuous Galerkin schemes, playing
a prominent role. Within this context, we will focus on fully discrete
finite volume schemes based on the GRP solution, yet to be formally
defined.

Without loss of generality, we define the computational cell Q; =
[xi_%,xi+%], with mesh size Ax = Xl =X 1 and the time interval
I" = [",t"*1], with time step 4¢" = ¢"*! — ¢". The computational cell,
together with the specified time interval, defines the space-time control
volume V" = Q; x I".

After these preliminary definitions, we proceed with the description
of high-order finite volume schemes. These schemes emanate from the
exact integration of (1) in the control volume v, namely

n
Q' =qr - i‘\—lx <F7+1 - F;’_1> +AS! (2
2 2

Finite volume schemes seek approximations to the emerging integrals
in (2), that is

Q~ / Q(x,Mydx , @
Ax 2

w1
Moy~ an [ "y @
and

w1
Si AxAtr /1n ‘/Qi S(Q(x, 1))dxdt . ©)
Consequently
Qf’+1 ~ L/ Q(X,t""'l)dx. ©
! Ax Jq

In order to achieve high order of accuracy in space and time, finite
volume schemes of the form (2) need to approximate space, time, and
time-space integrals with suitable accuracy. Generally, all finite volume
approaches of interest here share the two following building blocks:
(i) spatial reconstruction, (ii) high-order accurate approximation of
integrals.

In order to compute numerical fluxes (4), an ADER scheme of order
m + 1 in space and time relies on the solution of the GRP, formally
defined as

PDEs: 0,Q+0,F(Q =SQ), xeR,t>1",
GRP,, : Pl i x<xus @)
IC: Q.1 =1 pn i 2
H_l(x) i x>xi+%.
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Here, P!(x) denotes a spatial polynomial of degree m at time #", con-
structed from cell averages Q;’, with je S, ={i—1I,....i,...,i+r}, with
I,r € N, and where S; is the stencil of a reconstruction method.
Note that the solution of (7) at the fixed interface position x = x, il
depends on time and will be denoted as Qn+ (r); in practice, locazl
coordinates are used, with new variable 7 = 1 — t” so that = € [0, 4r"].
The suffix z+ = indicates that Q” (7) is evaluated at cell interface x. i+l

Evaluation of the time 1ntegral (4) to the appropriate order gives the
required numerical flux in (2). A similar but simpler approach is used to
determine the numerical source from (5), thus completely determining
the one-step scheme (2).

Remark. The generalised Riemann problem GRP,, in (7) is a two-fold
generalisation of the classical, homogeneous piece-wise constant data
Riemann problem [29]. That is (i) the initial conditions are polyno-
mials of arbitrary degree m and (ii) the equations admit source terms.
Regarding notation, as already pointed out, we shall often use GRP to
mean GRP,,, as defined in (7).

Different ADER schemes adopt various strategies to compute the
high-order GRP solution Q" | (7). The Toro-Titarev GRP solver [29] is

i+d
based on analytical evolution of the solution by means of Taylor-type
series expansions, use of the Cauchy-Kovalevskaya procedure and so-
lution of conventional linear Riemann problems for spatial derivatives.
In [42], the Harten, Engquist, Osher and Chakravarthy (HEOC) GRP
solver was proposed by re-interpreting the method of Harten et al. [43]
as an ADER method, with a corresponding solver for the GRP. In
this case, the limiting values of the spatial polynomials from the left
and right neighbouring cells with interface x, 1 are evolved in time
locally using Taylor series expansions and the Cauchy Kovalevskaya
procedure. Then, Q" (@ is computed at any time integration point 7

by solving classical non-linear Riemann problems. DET is another suc-
cessful solver for the GRP, due to Dumbser, Enaux and Toro [39]. This
solver is a generalisation of HEOC, in which the spatial polynomials are
evolved in time numerically through a locally implicit discontinuous
Galerkin method, thus delivering a space-time polynomial defined in
V/". This polynomial, available in each computational cell, is then used
to compute Q"+ (r) by solving classical non-linear Riemann problems

at time 1ntegratlon points. Moreover, the space-time polynomial distri-
bution in each cell is also used to compute source terms to the required
accuracy. Importantly, the time-evolution step via a locally implicit
method results in a high-order ADER method that admits stiff source
terms [39].

We will compare results from our methods with those obtained
from the fully discrete discontinuous Galerkin scheme proposed in [38],
since this scheme shares the time-evolution step (space-time predictor
step) of our finite volume scheme. For full details on available solvers
for the high-order GRP, see for example [30,44], and references therein.
Noteworthy, all existing schemes to obtain Q" (r) depend on poly-

nomials P(x) and P 1), which in turn are obtalned by applying a
reconstruction method to cell averages of the current time level.

In the next section, we propose a novel compact reconstruction
method that, besides using current time level cell averages, makes use
of previous time level GRP solutions at cell interfaces.

3. A novel GRP-based reconstruction

In this section, two new reconstruction procedures are presented.
The first one is linear, in the sense of Godunov [15], and is called Gen-
eralised Riemann Problem-based reconstruction (GRPrec). The second
one is called GRPrecNL, since nonlinearity is introduced in the recon-
struction operator in attempting to circumvent Godunov’s theorem.
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3.1. GRPrec reconstruction procedure

The presentation of our novel reconstruction method is provided
for polynomials of degrees one to four. Later, these polynomials will
be used to construct one-step second to fifth-order space-time accurate
ADER finite volume schemes. Without loss of generality, we consider
a scalar problem, so that, for time 7", the reconstructed polynomial
at the ith cell is p/(x) and the GRP solution at interface i + % is

q" | (r). Furthermore, we assume that at time 1", the set of cell av-
i+
2

erages {q;.’}j.:'i_l, and GRP solutions {g 7+1 (A"~ 1)}
Additionally, we implement a centred approach to construct odd-degree
polynomials, following previous work on WENO-type reconstruction
operators [26,40]. Throughout this work, when dealing with systems
of equations, we use spatial reconstruction in terms of characteristic
variables. The need for this, instead of component by component,
was first established by Qiu and Shu [45], especially for schemes of
accuracy above two. See also [2].

_,» are available.

Before proceeding with the definition of spatial polynomials with
our GRPrec approach, we note that in this paper we limit ourselves
to defining mth degree polynomials that result in schemes of accuracy
m + 1 in space and time and linear stability |c| < 1 for the linear
advection equation. The subject of a systematic exploration of all
possible combinations of data (cell averages and GRP states) will be
treated in future work.

First degree GRPrec polynomial. A first degree polynomial p!(x) has
two degrees of freedom. A natural way to compute them would be to
enforce

P, 1) =4q") l<Az" oF ®
and
Pl ) = (Ar" . ©)]

However, these two conditions result in a polynomial that violates the
conservation property

—/ "3 pdx = 4 (10)

N\

To overcome this, we employ a least squares approach and compute
the desired degrees of freedom as those that minimise the functional

2 2
fW )= <p¢(x,._l)—q_"*}(m"-‘)> + <p7'(xA 1)—4_"1‘<Ar"-‘)>
2 =3 x/ 2 i+3

+ul qf —;/x : pj(x)dx |,

1)

in which y is the Lagrange multiplier coefficient. Notably, one could
compute the degrees of freedom by simply imposing conservation
property (10) and choosing one of the two interpolatory conditions (8)
and (9). Fig. 1 provides a schematic representation of the information
used by GRPrec to construct a first-degree polynomial.

Second degree GRPrec polynomial. In order to define a second-degree
reconstruction polynomial, we impose the conservation condition (10)
and both interpolatory conditions (8) and (9). Fig. 2 provides a
schematic representation of the information used by GRPrec to con-
struct a second-degree polynomial.

Third degree GRPrec polynomial. In this case, we proceed as for the
first-degree case, but including two additional conservation properties,
namely, we compute the polynomial coefficients as those that minimise
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the functional

1 X3 2 1 x, 2
S i) = (A—x/x l'p?(X)dx—qgl) +<A_"/x,; "(x)dx — g 1)

2 2
+<pl”(x[7%)— "’I(At“’l)> + p“(xH.)—q[";l(At"*')) 12)

+/4<q - —/ )4 (x)dx) .

- f
Also in this case, one could have chosen to directly impose conser-
vation in the ith cell and in one of its neighbouring cells, as well as
interpolatory conditions (8) and (9). Fig. 3 provides a schematic repre-
sentation of the information used by GRPrec to construct a third-degree
polynomial.

Fourth degree GRPrec polynomial. Here, we adopt the approach used
for the second-degree case. Namely, we enforce the two interpolatory
conditions (8) and (9), as well as the conservation property for cells i—1,
i and i+1. Fig. 4 provides a schematic representation of the information
used by GRPrec to construct a fourth-degree polynomial.

3.2. Uniqueness of the grprec polynomials

In this section, we are interested in the issue of uniqueness of the
polynomial obtained from the combination of cell averages, g7 with
j €S, :={i-1,i,i + 1} and GRP values at cell interfaces, q:;]l(At"“)
with k € C; :={i—2,i—1,i,i+1}. For instance, let p;(x) = a0+alzx+a2x2
and p,(x) = by + b, x + byx?, be polynomials satisfying the conservation
property for one cell average, let us say ¢! with iy € S, and the
interpolation condition on two GRP values at cell interfaces, let us say

q" (At) and q | (4n), with iy, i3 € C;. Then, one can demonstrate that
ir+ +

the two polynomlzals are necessarily identical. Indeed, let us define
q(x) 1= p1(x) = pp(x) .

This polynomial satisfies

atx, , 1 )=0
and
II(X,.; +1)=0
373
Thus, X, 41 are two roots of g(x) so this can be expressed as

2
469 = (v =, , (6= x, Do) 13)

for some function r(x).
On the other hand, since the ¢(x) is a continuous function, the
primitive

X
0(x) 1=/ q(§)dé
Xil _%

is differentiable and satisfies O(x, 1) = 0 and Q(x 1) = 0. Further-
more from the Mean Value Theorem *there exist some ;1 € (x 1 X, 41 )
such that Q'(n) = 0; since Q'(x) = q(x) we have r(n) = 0 and so 7 is a
root of r(x), then we can write r(x) = (x — )d, with d a constant value.
Therefore, g(x) has the form

400 = (v = x, 0= x, 0=

Since ¢(x) is built from the sum of two polynomials of degree two,
q(x) = ¢g + ¢;x + ¢;x% with ¢; =a; —b;, also has degree two. Therefore,
the only possibility to have the three roots Xopls X, 41 and #, is that
d =0, or g(x) = 0. Therefore, ¢; =0 and so0 q; = b for j =0,1,2, which
means p;(x) = py(x).

The same procedure can be adopted to demonstrate, in general, the
uniqueness of polynomials built from combinations of elements of .S;
and C,.
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3.3. A non-linear GRPrec reconstruction procedure

The reconstruction method presented in the previous section is
linear, in the sense of Godunov. In order to reduce spurious oscillations
near discontinuities, while still aiming at a high order of accuracy,
we introduce a non-linear reconstruction approach. In particular, we
present a preliminary attempt to construct a non-linear version of
GRPrec, hereafter called GRPrecNL. We consider three polynomials
p;f 100, p;i c™® and p;i ™) where pl’." ™ corresponds to the linear GR-
Prec reconstruction presented in the previous section. In order to obtain
the sought polynomial, we use a convex combination of the three
aforementioned polynomials, following the approach devised in [40].

Briefly, we look for
P} ) =p}; (B + p} c()Bc + P ()P - a4

Here, the weights are computed as

—®L g 0 g op

Pr="L fo="C pp="%, (15)
with

wp=—2%_  ke(L,C,R}, ®=0; +0c+0g. (16)

(e+OIy °

We take r = 4 and ¢ = 107'* in (16); OI, denotes the oscillation
indicator

=5 (5

2
Additionally, we set 4, = Az = 1 and A, = 10°, following [40].
Now we proceed with the description of how to compute Pl ) and
P} g).

(x)> AxHdx, ke {L,C,R}. a7)

First degree GRPrecNL polynomial. We compute coefficients for p!, (x)
by enforcing conservation on the ith cell

x+|
Alx/ 1 L(x)dx—q (18)

=2

and the interpolatory condition (8), at interface i — %, namely
PlLGi1) = g (4. (19)
2

Similarly, to define P} x(x), we again enforce conservation in the ith cell

= | P rdx = 20)

X1
2

and the interpolatory condition (9), at interface i + %, which is
n _ n—1 n—1
P,-,R(XH%) = qi+%(Al ) - 21

Fig. 1 shows a sketch for stencils associated with the left, central and
right polynomials.

Second degree GRPrecNL polynomial. In this case, coefficients for P ()
are defined by enforcing the conservation property in cells i and i — 1,
as well as the interpolatory condition (9), on interface i + 1 Similarly,
Pl p(x) is constructed by requiring the conservation property to be
fulfilled on cells i and i + 1, as well as the interpolatory condition (8),
at interface i — 5. Fig. 2 shows a sketch for stencils associated with the
left, central and right polynomials.

Third degree GRPrecNL polynomial. In this case we compute coefficients
for p} | (x) by imposing conservation in cells i — 1, i and i + 1, as well as
the interpolatory condition (8) at interface i — % In turn, for coefficients
of pl’.i r(¥), we use conservation in cells i — 1, i and i + 1, as well as the
interpolatory condition (9) at interface i + % Fig. 3 shows a sketch for
stencils associated with the left, central and right polynomials.
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Fig. 1. Sketch for first degree GRPrec and GRPrecNL: Stencils for left, centred and right polynomials. Circles represent cell-interface point values of GRP solutions

at the previous time level, full lines indicate the use of cell averages for the conservation property.
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Fig. 2. Sketch for second degree GRPrec and GRPrecNL: Stencils for left, centred and right polynomials. Circles represent cell-interface point values of GRP

solutions at the previous time level, full lines indicate the use of cell averages for the conservation property.
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Fig. 3. Sketch for third degree GRPrec and GRPrecNL: Stencils for left, centred and right polynomials. Circles represent cell-interface point values of GRP solutions

at the previous time level, full lines indicate the use of cell averages for the conservation property.

Fourth degree GRPrecNL polynomial. For the fifth degree polynomial
p};(x) we use conservation in cells i — 1, i and i + 1, as well as the

interpolatory condition (8) at interfaces i — % and i — % Similarly, for
P R(x) we enforce conservation in cells i — 1, i and i + 1, as well as
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Fig. 4. Sketch for fourth degree GRPrec and GRPrecNL: Stencils for left, centred and right polynomials. Circles represent cell-interface point values of GRP
solutions at the previous time level, full lines indicate the use of cell averages for the conservation property.

the interpolatory condition (9) at interfaces i + Loand i+ 2. Fig. 4
shows a sketch for stencils associated with the left, central and right
polynomials.

3.4. Additional considerations on GRPrec

It is worth noting that the left and right stencils used in GR-
PrecNL could be used as linear reconstruction stencils. While any
of these choices would deliver accurate reconstruction methods, the
central stencil is always the spatially most compact. In fact, for first
and second-degree polynomials, this stencil uses information from the
current cell and its interfaces.

Remarkably, the GRPrec method is by construction applicable to
systems of balance laws, where the source term is present. In fact, the
definition of GRPrec polynomials is informed about the underlying PDE
system by interface states qf’+ , (r) and cell averages, so that the capacity

i+l

of the overall scheme to deal with source terms will depend solely on

the ability of the GRP solver to correctly treat such terms. Following the

same reasoning evidences another interesting property of the proposed

reconstruction method. In fact, up to second degree polynomials, GR-

Prec will deliver well-balanced reconstructed polynomials if the GRP

solver used to compute interface states q_"+1 () is well-balanced. This
il

follows from the fact that to construct GRPrec polynomials of degree
1 and 2, we only use GRP states at cells interfaces, which would be
well-balanced if the GRP solver is so, and the spatial average of our
approximation in the cell of interest, computed using the same well-
balanced polynomial. The application of the proposed reconstruction
methods to systems of balance laws, as well as the exploration of
well-balanced properties of schemes that use the methods proposed
in this work, are pending issues and an in-depth discussion is left for
future work; nonetheless we stress that such properties are particularly
valuable in the context of 1D blood flow in complex blood vessel
networks [5,6,13], a topic of special interest to the authors.

We conclude this section by noting a potential limitation of GRPrec,
namely the need for GRP interface states, which may not be readily
available in methods other than ours.

In the tests presented in the next section for the Euler equations, we
show that simple approximate Riemann problem solvers can be used to
compute such states.

4., Numerical results

This section is devoted to the assessment of the numerical methods
presented in this paper, as compared to exact solutions and numerical
solutions from other similar numerical schemes in the literature.

The codes used for all tests have been written in Fortran 90 and
compiled with gfortran. All computations have been carried out on a

LENOVO ThinkPad 20Q1SCDROO, Intel(R) Core(TM) i7-8665U CPU @
1.90 GHz, an 8 GB Samsung RAM of DDR4 type.

4.1. Numerical schemes

Table 1 summarises all the numerical methods implemented in this
paper, which include three finite volume methods (first 3 rows) and
one fully-discrete discontinuous Galerkin method without limiter [3]
(fourth row). All finite volume methods have a Courant linear stability
limit of one; the fully discrete DG scheme has the same stability condi-
tion as the semi-discrete version, and depends on the order of accuracy
m + 1, or alternatively the degree m of the underlying polynomial. For
example, for a second-order accurate DG scheme (m = 1), the stability
limit is 1/3 and for a fifth-order method the stability limit is 1/9. All
methods use the DET solver for the generalised Riemann problem [39],
which automatically renders the schemes suitable for dealing with stiff
source terms, though this capability is not demonstrated here.

We recall that the DET solver for the GRP includes a numerical time-
evolution step within each cell (the so-called predictor step) and an
evolved-data interaction step at the cell interface at integration points,
through classical non-linear Riemann problem solutions; this second
step is used for evaluating the DET numerical flux. In this paper, this
interaction step is also used for providing reconstruction data at the
interface through

« the exact solution of classical Riemann problems, for calculations
concerned with the linear advection equation,

+ the two-rarefaction approximation of the classical Riemann prob-
lem, for applications concerned with the Euler equations [1].

The time step size for finite volume schemes (2) (FV+GRPrec/
GRPrecNL/WENO-DK) is computed using the Courant stability condi-
tion

4
Mtpy =Copps— . (22)

where S, is an estimate of the maximum wave speed at time ¢". The
time step for DG is obtained according to [38], namely

Ccrr Ax
2m+1 Spax

dtpg = , (23)

where m is the degree of the underlying polynomial for the DG scheme
of accuracy m + 1.

Remark (Courant Number of the Computation). It is noted that for the
finite volume schemes, the Courant number of the computations is
Ccrr», while for the DG schemes it is ;f,i L. Here, unless otherwise
stated, the Cp; safety coefficient is set to 0.9.
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ADER fully discrete methods in the finite volume (first 3 rows) and discontinuous Galerkin finite
elements (fourth row) frameworks considered in this paper. The first two methods are new. All
schemes use the solution of the generalised Riemann problem GRP,, (also denoted as GRP in the
paper) as the building block; the approximate solution of GRP,, is obtained here through the DET
solver. All schemes have a Courant-number stability limit of one, except for the DG scheme, for
which the stability limit depends on the degree m of the underlying polynomial for the scheme
of accuracy m+ 1.

Method notation Reconstruction type GRP,, solver Stability limit
FV + GRPrec GRPrec DET 1

FV + GRPrecNL GRPrecNL DET 1

FV + WENO-DK WENO-DK DET 1

DG No reconstruction DET !

Convergence rates for linear advection with initial condition (27). Solution obtained with FV+GRPrec for second, third, fourth

and fifth orders of accuracy. Parameters: 7, =4, Ccpp = 0.9.

Theoretical order : 2, GRPrec

Mesh L, - ord L, -err L, -ord L, - err L, - ord L, - err CPU
16 - 9.12¢-02 - 8.18e—02 - 7.33e-02 0.0002
32 1.50 3.23e-02 1.39 3.11e-02 1.49 2.61e—02 0.0006
64 1.91 8.59¢—03 1.88 8.47e-03 1.89 7.01e-03 0.0023
128 1.97 2.19¢-03 1.97 2.17e-03 1.97 1.79e-03 0.0086
256 1.99 5.52e-04 1.99 5.46e-04 1.99 4.51e-04 0.0350
Theoretical order : 3, GRPrec
Mesh L, - ord L, - err L, - ord L, -err L, - ord L, - err CPU
16 - 4.00e—-02 - 5.26e—-02 - 3.99¢-02 0.0002
32 2.67 6.29¢—03 2.96 6.77e—03 2.89 5.38e—-03 0.0008
64 3.10 7.34e—04 3.15 7.61e—04 3.14 6.09¢e—04 0.0031
128 3.12 8.46e—05 3.12 8.77e—05 3.12 6.99¢—-05 0.0122
256 3.08 1.00e—05 3.08 1.03e—05 3.08 8.25e—06 0.0495
Theoretical order : 4, GRPrec
Mesh L, -ord L, - err L, - ord L, - err L, - ord L, - err CPU
16 - 3.49e—-02 - 4.74e—-02 - 3.48e—02 0.0003
32 3.89 2.36e—03 4.04 2.87¢-03 3.96 2.23¢-03 0.0011
64 4.17 1.31e-04 4.23 1.53e-04 4.20 1.21e-04 0.0045
128 4.10 7.64e—06 4.10 8.96e—06 4.10 7.06e—06 0.0180
256 4.06 4.59e—-07 4.06 5.39e-07 4.06 4.25¢e-07 0.0708
Theoretical order : 5, GRPrec
Mesh L, - ord L, -err L, -ord L, -err L, - ord L, - err CPU
16 - 1.12e-02 - 1.78e—02 - 1.28e—02 0.0007
32 4.82 3.98¢—04 5.09 5.22¢-04 4.99 4.01e-04 0.0026
64 5.26 1.04e—05 5.37 1.26e—05 5.34 9.86e—06 0.0111
128 5.29 2.64e—-07 5.31 3.17e-07 5.30 2.50e-07 0.0393
256 5.20 7.17e-09 5.21 8.60e—09 5.21 6.76e—09 0.1610

As to estimates for .S,,,, strictly speaking, these must constitute
bounds for the true maximal wave speed, as discussed in [46]. Here,
however, we use the following simple estimates:

« for the linear advection equation we set .S
characteristic speed of the PDE (exact),

max

= |A|, with 4 the

+ for the Euler equations we set S, = max;;|4;(Q})|, with i =

I,...,M and j = 1,...,N, with N the number of eigenvalues of

the non-linear system under consideration.

4.2. The linear advection equation

In this section, we consider the linear advection equation

0,q+ Ad g =0,

(24)

with x € [-1,1], 4 = 1 and periodic boundary conditions. We consider
initial conditions for two test problems, a solution featuring a complex

profile, evolved for long simulation times, a square wave test, and an
empirical convergence rates test for a smooth solution.

4.2.1. Multi-wave test
We solve the classical multi-wave test of Jiang and Shu [47], with
the initial condition given by

0.0009
1 ,—04<x<-02
q(x,0) = 1—[10x — 1| ,0<x<02 (25)

exp<—1n(2) (0.1 ) ,—08<x<-06

2
<1—100(x—%)2> ,04<x<06

0 otherwise .

This test is employed to evaluate the performance of schemes for long
simulation times, for which diffusion and dispersion errors propagated
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Convergence rates for linear advection with initial condition (27). Solution obtained with FV+GRPrecNL for second, third, fourth

and fifth orders of accuracy. Parameters: 7, =4, Copp = 09.

Theoretical order: 2, GRPrecNL

Mesh L, - ord L, -err L, -ord L, - err L, - ord L, - err CPU
16 - 9.19e—-02 - 8.66e—02 - 7.58e—02 0.0005
32 0.95 4.77¢-02 1.30 3.50e—02 1.21 3.29¢-02 0.0021
64 1.06 2.28e-02 1.53 1.21e-02 1.51 1.15¢-02 0.0099
128 1.13 1.04e-02 1.87 3.31e-03 1.62 3.76e—03 0.0535
256 1.26 4.33¢-03 1.88 9.02¢—04 1.70 1.16e-03 0.3201
Theoretical order: 3, GRPrecNL
Mesh L, - ord L, -err L, -ord L, - err L, - ord L, - err CPU
16 - 5.03e-02 - 6.44¢-02 - 4.91e-02 0.0005
32 2.70 7.73e-03 2.96 8.25¢-03 2.90 6.57¢—03 0.0024
64 3.08 9.15e—04 3.12 9.46e—04 3.11 7.60e—04 0.0114
128 3.09 1.08¢—04 3.09 1.11e-04 3.10 8.89¢—05 0.0597
256 3.06 1.29¢-05 3.06 1.34¢-05 3.06 1.07¢-05 0.3547
Theoretical order: 4, GRPrecNL
Mesh L, - ord L - err L, - ord L, - err L, - ord L, - err CPU
16 - 3.74e-02 - 5.20e—-02 - 3.82¢-02 0.0006
32 3.97 2.38e—03 4.16 2.92e-03 4.08 2.25e-03 0.0028
64 4.18 1.31e-04 4.24 1.54¢—04 4.22 1.21e-04 0.0130
128 4.10 7.65¢—06 4.10 8.99¢—06 4.10 7.08¢e-06 0.0671
256 4.06 4.60e—07 4.06 5.40e-07 4.05 4.26e-07 0.3836
Theoretical order: 5, GRPrecNL
Mesh L, -ord L, -err L, - ord L, - err L, - ord L, - err CPU
16 - 1.25e-02 - 1.69e—02 - 1.25e-02 0.0010
32 5.55 2.68¢e—04 5.75 3.15¢-04 5.69 2.43¢-04 0.0046
64 5.89 4.52¢-06 5.92 5.22¢-06 5.88 4.12¢—06 0.0196
128 6.03 6.92e—08 5.97 8.31e—08 5.98 6.53e—08 0.0931
256 6.05 1.04e—09 6.05 1.25e-09 6.05 9.85e—010 0.5016

in time and space become more evident, thus revealing more clearly
the limitations/strengths of the methods under study.

Fig. 5 shows results for DG and FV+GRPrec using 100 cells, and
Fig. 6 shows results for the same schemes using 400 cells. We observe
that results obtained with both linear schemes are similar, except for
fifth-order results, for which the proposed reconstruction delivered
superior accuracy, providing empirical evidence on the fact that the
proposed reconstruction method results in a scheme with similar per-
formance to DG, while allowing for a large, finite volume-like, CFL
condition. Results obtained with the finer mesh evidence that second-
order linear schemes are completely inadequate for computing accurate
solutions to problems with long evolution times, even for fine meshes.

4.2.2. The square wave test
Here, we solve the linear advection equation with the initial condi-
tion

q(x,0)={ 1 ,-03<x<03, 26)

0 otherwise .

See [48], for example. This test is employed to evaluate the ability of
schemes to reproduce discontinuous profiles in which the Gibbs phe-
nomenon affects high-order schemes. Fig. 7 shows results for DG and
FV+GRPrec. Furthermore, Fig. 8 presents results for the FV+WENO-
DK and FV+GRPrecNL. We see that the results obtained with DG
and FV+GRPrec are similar, with typical under- and overshoots near
discontinuities, exhibiting an antisymmetric pattern in the location
of spurious oscillations. We also observe that the use of GRPrecNL
effectively attenuates spurious oscillations for the second-order scheme,
but is less effective in doing so than WENO-DK, for higher-order
schemes, with marginal beneficial effects. These results evidence that

there is ample room for improvement in the nonlinear version of our
reconstruction method.

4.2.3. Convergence rates and efficiency for linear advection

Here we study empirical convergence rates for the linear advection
equation using the demanding test problem suggested by Shu [49]. The
aim is to demonstrate empirically that the proposed schemes attain the
theoretically expected orders of accuracy. The initial condition is given
by

q(x,0) = sin*(zx) . 27)

As for all other tests of this section, the spatial domain is x € [-1,1]
with periodic boundary conditions, 4 =1 and 7, = 4.

Tables 2 and 3 show computed empirical convergence rates for
FV+GRPrec and FV+GRPrecNL. Furthermore, we provide Tables 7 and
8 in Appendix A of the Appendix, which contain empirical convergence
rate results for FV+WENO-DK and DG schemes. We observe that the ex-
pected order of accuracy is always obtained for all schemes and orders,
with the exception of second-order FV+GRPrecNL. Interestingly, the
same suboptimal behaviour is observed for FV+WENO-DK (see Table
7). We also observe super convergence for FV+GRPrecNL. This is not
unusual in ADER schemes. See for example [36], Table 1. Empirical
convergence rate results may depend on the tests used. In addition,
this phenomenon may also be partly explained by the fact that the
underlying WENO polynomial, formed as a linear combination of m+ 1
polynomials p,,(x) of degree m, is forced to coincide with the extended
polynomial of 2m + 1 cells of degree 2m at a cell interface. In the
ADER scheme used with WENO, the time accuracy is restricted by the
degree m of the polynomials p,,(x) that form the WENO polynomial.
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Convergence rates for Euler equations with initial condition (33). Solution obtained with FV+GRPrec for second, third, fourth
and fifth orders of accuracy. Parameters: t,,, = 12, Ccpp = 0.9.

Theoretical order: 2, GRPrec
Mesh L, - ord L, -err L, - ord L, - err L, - ord L, - err CPU
40 - 5.64e—02 - 7.19e—-02 - 5.65e—02 1.0588
80 1.99 1.42¢-02 1.99 1.81e—02 1.99 1.42¢-02 0.9665
160 2.02 3.51e—03 2.02 4.48e—-03 2.02 3.51e—03 3.9799
320 2.01 8.75e—04 2.01 1.11e-03 2.01 8.75e—04 16.7539
640 2.00 2.18e—04 2.00 2.78e—04 2.00 2.19¢—04 75.5874
Theoretical order: 3, GRPrec
Mesh L, - ord L, -err L, -ord L, - err L, - ord L, - err CPU
40 - 1.37¢-03 - 1.74¢-03 - 1.37¢-03 1.0884
80 3.23 1.46e—04 3.23 1.86e—04 3.23 1.46e—04 1.5466
160 3.07 1.74e—05 3.07 2.21e-05 3.07 1.74e—05 6.4663
320 3.02 2.14e—06 3.02 2.73e-06 3.02 2.14e—06 25.4359
640 3.00 2.67e—07 3.01 3.40e—07 3.01 2.67e-07 102.5059
Theoretical order: 4, GRPrec
Mesh L, - ord L, - err L, - ord L, - err L, - ord L, - err CPU
40 - 3.85e—04 - 4.93e—-04 - 3.87e—04 1.3020
80 4.30 1.96e-05 4.30 2.50e—05 4.30 1.96e—05 2.4040
160 4.11 1.14¢-06 4.11 1.45¢-06 4.11 1.14e-06 9.6728
320 4.03 6.98¢—08 4.03 8.88e—08 4.03 6.98¢—08 38.0699
640 4.01 4.34e-09 4.01 5.52e—09 4.01 4.34e-09 145.9692
Theoretical order: 5, GRPrec
Mesh L, -ord L, -err L, - ord L, - err L, - ord L, - err CPU
40 - 6.24¢—06 - 7.960—06 - 6.25¢-06 2.1063
80 5.96 10.00e—08 5.97 1.27e-07 5.97 1.00e—07 5.8938
160 5.92 1.65¢—09 5.92 2.10e—09 5.92 1.65¢—09 24.4946
320 5.75 3.06e—011 5.76 3.89¢—011 5.76 3.06e—011 97.4251
640 5.30 7.75e—013 5.49 8.64e—013 5.49 6.80e—013 368.7965
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Fig. 5. Linear advection, multiwave-wave test with initial condition (25): profiles for second, third, fourth and fifth order of accuracy for DG and FV+GRPrec.
Parameters: ¢, = 2000, 100 cells and Cr; = 0.9.

Therefore, the expected accuracy would be m + 1, but the underlying
WENO polynomial used has potential spatial accuracy of 2m + 1.

Fig. 9 is an efficiency plot; it shows the L,-error versus CPU time
for FV+WENO-DK (empty circles), DG (full squares), FV+GRPrec (full
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Fig. 6. Linear advection, multiwave-wave test with initial condition (25): profiles for second, third, fourth and fifth order of accuracy for DG and FV+GRPrec.

Parameters: 7,,, = 2000, 400 cells and C.,; =0.9.
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Fig. 7. Linear advection, square-wave test with initial condition (26): profiles for second, third, fourth and fifth order of accuracy for DG and FV+GRPrec.

Parameters: t,, =4, 50 cells and C.r; = 0.9.
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Convergence rates for Euler equations with initial condition (33). Solution obtained with FV+GRPrecNL for second, third, fourth

and fifth orders of accuracy.Parameters: tz,, = 12, Ccpp = 0.9.

Theoretical order: 2, GRPrecNL

Mesh L, -ord L, -err L, - ord L, - err L, - ord L, - err CPU

40 - 6.58e—02 - 9.49¢—02 - 7.23e—02 0.9683

80 1.86 1.81e—02 2.08 2.24e—02 2.05 1.75e—-02 1.0463

160 1.69 5.62¢—03 1.96 5.78e—03 1.92 4.61e-03 4.4493

320 1.60 1.85e—03 1.89 1.56e—03 1.93 1.21e-03 19.0080

640 1.58 6.19e—04 1.98 3.95e—04 1.93 3.19e—-04 80.5597
Theoretical order: 3, GRPrecNL

Mesh L, - ord L, - err L, -ord L, -err L, - ord L, - err CPU

40 - 1.28e—03 - 1.63e—03 - 1.29e-03 1.1142

80 3.55 1.09¢-04 3.55 1.40e—04 3.56 1.10e-04 1.3888

160 3.22 1.17e-05 3.22 1.50e—05 3.22 1.17e-05 6.0211

320 3.06 1.40e—06 3.07 1.79e-06 3.07 1.40e—06 24.9329

640 3.02 1.73e-07 3.02 2.21e-07 3.02 1.73e-07 103.2699
Theoretical order: 4, GRPrecNL

Mesh L - ord L, - err L, - ord L, -err L, - ord L, - err CPU

40 - 3.86e—04 - 4.99¢-04 - 3.90e—04 1.2993

80 4.29 1.98e—05 4.30 2.53e—-05 4.30 1.98e—05 1.9955

160 4.10 1.15e-06 4.11 1.46e—06 4.11 1.15e—06 7.7314

320 4.03 7.04e-08 4.03 8.96e—08 4.03 7.04e—08 34.3729

640 4.01 4.38¢—09 4.01 5.57e—09 4.01 4.38¢—09 142.3519
Theoretical order: 5, GRPrecNL

Mesh L, -ord L, -err L, - ord L, - err L, - ord L, - err CPU

40 - 2.79e—-05 - 3.54e—05 - 2.79e—-05 2.1213

80 4.95 9.01e-07 4.95 1.15e—06 4.95 9.01e-07 5.2640

160 4.99 2.84¢-08 4.99 3.61e—08 4.99 2.84¢-08 23.859

320 5.00 8.89¢-010 5.00 1.13¢e-09 5.00 8.89¢-010 102.0512

640 3.76 6.58e—011 4.92 3.73e—011 4.88 3.02e-011 390.4961

Table 6

Data for Riemann problems for the Euler equations. Initial conditions in terms of density, velocity
and pressure (L/R); x, denotes the position of the initial discontinuity.

Test 2 uy, Pr PR ug Pr X
Sod problem 1 0 1 0.125 0 0.1 0.3
123 problem 1 -2 0.4 1 2 0.4 0.5

circles), and FV+GRPrecNL (empty squares). Between two schemes, the
more efficient one for a fixed error is the scheme that satisfies the
error criterion at the lowest computational cost. We note that GRPrec
yields the best results, followed by the other schemes considered here.
Notably, DG is always less efficient than FV+GRPrec. These observa-
tions are confirmed by results reported in Fig. 10, which shows relative
CPU times with respect to that needed by the fifth-order FV+GRPrec
to obtain L-errors of 1078 and 10~!6. Importantly, CPU times for
the error 10716 were not directly computed, but extrapolated from
data used to produce the efficiency plots shown in Fig. 9. Besides
evidencing the higher efficiency of higher-order schemes over lower-
order ones, Fig. 10 shows that, for all orders of accuracy considered,
FV+GRPrec turns out to be significantly more efficient than the others.
We note that GRPrecNL is the least efficient among all the schemes
tested, for orders of accuracy up to four. Interestingly, the method’s
performance improves as the order increases, with the fifth-order FV-
GRPrecNL version outperforming FV-WENO-DK and DG schemes. This
might be due to the fact that DG requires increasingly smaller time steps
as order increases, while the computational cost seems to grow faster in
FV-WENO-DK with respect to what is observed for FV-GRPrecNL. This
highlights a further limitation of our proposed non-linear variant of
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GRPrec, which merits future investigation. Nonetheless, we emphasise
that for the Euler non-linear system, our GRPrecNL scheme yields
encouraging results for solutions with discontinuities. More effective
strategies for obtaining non-oscillatory schemes will be explored in
future works; see also related Sections 5 and 4.3.

4.3. The Euler equations

In this section, we apply our numerical methods to the one-
dimensional Euler equations of gas dynamics

0,Q+9.FQ) =0,

with conserved variables and physical flux vectors, respectively, given
as

28)

p pu
Q=| pu | .FQ=| pP+p (29
E u(E + p)

Here p is density, u is velocity, p is pressure and E is total energy given
as

E = p(%uz +e), (30)
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Fig. 8. Linear advection, square-wave test with initial condition (26): profiles for second, third, fourth and fifth order of accuracy for FV+WENO-DK and

FV+GRPrecNL. Parameters: 7, = 4, 50 cells and C.p; =0.9.

where e is the specific internal energy given by an equation of state (a
closure condition)

e=e(p,p). (€29)

Other forms of the equation of state exist [1]. Here, we adopt the ideal
gas equation of state

e=e(p,p) = (32)

_r
(r="Dp"
where y is the ratio of specific heats, which under appropriate physical

conditions may be taken as y = 1.4.

4.3.1. Convergence rate study for the Euler equations
We solve the Euler equations in the spatial domain [0, 1], with
periodic boundary conditions and the following initial conditions

p(x,0)=1+0.2sin2zx) ,u(x,0)=1,p(x,0)=2. (33)
This problem has the exact solution
p(x,t) =1+ 02sinxa(x — 1)) ,u(x,t) =1,p(x,1) =2. (34

As for the linear advection equation, we compare results for FV+GRPrec
and FV+GRPrecNL, with those for FV+WENO-DK, as well as for DG. As
in all other tests, the Courant number for FV+GRPrec, GRPrecNL, and
WENO-DK is close to 1. For the DG scheme, the admissible Courant
number depends on the order of accuracy (see Table 1).

Tables 4 and 5 show empirical convergence rates for the schemes
FV+GRPrec and FV+GRPrecNL. Furthermore, we provide Tables 9 and
10 in Appendix B of the Appendix, which contain empirical conver-
gence rate results for FV+WENO-DK and DG schemes. We observe how
the proposed reconstruction method results in schemes that provide
the expected order of accuracy for all considered orders. Fig. 11 shows
efficiency plots for this test. As for the linear advection case, also here
we have that FV+GRPrec turns out to be the most efficient scheme,
followed in this case by FV+GRPrecNL and then by DG. In this test we

12

see that the least efficient scheme is FV+WENO-DK. This is expected
since WENO-DK is the most computationally intensive reconstruction
method. The efficiency of our novel FV+GRPrec scheme can be further
appreciated in Fig. 12, which provides relative CPU times with respect
to that needed by the fifth-order FV+GRPrec to obtain L,-errors; 1078
and 10716, Importantly, as for the linear advection equation, CPU times
for the error 10716 were not directly computed, but extrapolated from
computed data used to produce the efficiency plots shown in Fig. 11.
Relative CPU times show that, especially for lower orders of accuracy,
FV+GRPrec is orders of magnitude more efficient than other schemes
considered in the exercise. Notably, also in this case, we observe that
FV+GRPrecNL performance improves with the order of accuracy, with
this method outperforming FV-WENO-DK and DG schemes when the
order of accuracy is five.

4.3.2. Riemann problems for Euler equations

In this section, we solve Riemann problems for the Euler Egs. (28)-(29),

with initial conditions

x < X,
x> X, .

(pr.prur,Ep),

(35)
(P> PRUL: ER)

Q(x,0) = {
Table 6 shows the initial conditions for the two tests considered here.
The first one is Sod’s problem [50] and the second one is the so-called
123 problem [51].

Fig. 13 shows the density for the Sod problem at 7, = 0.2s obtained
with FV+WENO-DK and FV+GRPrecNL reconstructions. The solution of
this problem contains three waves: a left rarefaction, an intermediate
contact discontinuity and a right shock. We observe that FV schemes
using WENO-DK and GRPrecNL generate very similar results, with
Cepr =09,

Fig. 14 shows the density for the 123 problem at 1, = 0.15s,
obtained with FV+WENO-DK and FV+GRPrecNL reconstructions. The
solution of this test consists of two strong rarefactions and a trivial
stationary contact discontinuity. Notably, pressure and density reach
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for L,-errors of 1078 and 1076, and for second-, third-, fourth- and fifth-order schemes. Parameters: ;,, =4, Ccpy = 0.9.

very small values, which represents a numerical challenge. We observe
that the solutions obtained with FV+GRPrecNL are very similar to those
computed with FV+WENO-DK. We also note that for the fourth and
fifth orders of accuracy all schemes used the reduced CFL coefficient,
namely Ccp; = 0.7; for Cor; = 0.9, negative densities are generated
by the schemes.

5. Conclusions

We have presented a new spatial polynomial reconstruction proce-
dure, called GRPrec, suitable for high-order finite volume methods in
both the semi-discrete and the fully discrete frameworks. The novelty of
the reconstruction scheme consists of adding new data at cell interfaces
to the classical cell averages, resulting in very compact stencils for
prescribed orders of accuracy. For example, for schemes of fifth order
of accuracy, the stencil of the corresponding fourth degree polynomial

13

involves the cell of interest and its immediate neighbours. This property
makes GRPrec analogous to the classical DG scheme. However, empiri-
cal evidence reported in this work suggests that finite volume schemes
based on GRPrec have a much more generous stability limit of unity for
all orders, instead of —! which depends on the order of accuracy

2ml)’
m+ 1, or the degree m of the underlying polynomial.

Our reconstruction scheme GRPrec has been combined with a fully
discrete high-order ADER finite volume scheme, whose building block
is the solution of the generalised Riemann problem GRP,,. In this paper,
we have used the solver DET to compute an approximate solution to
GRP,, at the interface in order to determine the numerical flux, noting
that DET makes it possible to reconcile high order of accuracy with
stiffness of source terms, if present. Fully discrete one-step schemes of
up to fifth order of accuracy in space and time have been implemented
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for both GRPrec and its non-linear version GRPrecNL, for solving the
linear advection equation and the Euler equations of gas dynamics.

For smooth solutions, convergence rate studies have shown that
the theoretically expected orders of accuracy are attained by the new
schemes, while for solutions including shock waves, the schemes are
seen to be sufficiently robust and to cope satisfactorily with discon-
tinuities. Computed results have been compared with exact solutions
and with numerical solutions obtained from two established high-order
ADER methods, one in the finite volume framework and another in the
DG framework. Regarding efficiency, that is, the error against CPU cost,
GRPrec has been shown to be the most efficient of all schemes tested.

14

The design of non-linear versions of the reconstruction scheme
remains a challenge. Surprisingly, results from our preliminary ver-
sion GRPrecNL applied to the Euler equations are quite satisfactory,
but not so much for the linear advection equation. This aspect of
the methodology will be the subject of future work, which may also
consider the alternative MOOD approach [27] as a distinct possibility,
as well as limiting techniques applied to the conventional semi-discrete
DG schemes [41]. The inclusion of additional interface knots in the
reconstruction procedure, a key contribution of this paper, opens a wide
range of possibilities, also for multidimensional meshes, structured or
unstructured. The current version of GRPrec uses approximate solutions
of generalised Riemann problems GRP,, at the previous time level.
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Table 7
Linear advection - quartic sinus wave. Solution obtained with FV+WENO-DK for second, third, fourth and fifth order of accuracy.
Parameters: t,, =4, Copp =0.9.

Theoretical order: 2, WENO-DK

Mesh L, - ord L, -err L, - ord L, - err L, - ord L, - err CPU

16 - 1.95¢-01 - 1.88e—01 - 1.57e-01 0.0004
32 0.90 1.04e-01 1.72 5.70e-02 1.37 6.05¢—-02 0.0014
64 1.18 4.61e-02 1.53 1.98e—02 1.49 2.15¢-02 0.0051
128 1.35 1.81e—-02 1.93 5.19¢-03 1.68 6.72¢—03 0.0198
256 1.46 6.55¢—-03 2.07 1.24e-03 1.83 1.88¢—-03 0.0801

Theoretical order: 3, WENO-DK

Mesh L, - ord L, -err L, -ord L, - err L, - ord L, - err CPU

16 - 1.27e-01 - 1.25¢-01 - 1.04e-01 0.0005
32 2.15 2.86e—02 2.31 2.52¢-02 2.29 2.12¢-02 0.0017
64 2.82 4.07e-03 2.70 3.87e-03 2.73 3.19¢-03 0.0064
128 2.97 5.19¢—04 2.84 5.39¢-04 2.89 4.30e—04 0.0264
256 2.98 6.57e-05 3.01 6.70e—-05 2.99 5.40e-05 0.1022

Theoretical order: 4, WENO-DK

Mesh L, - ord L - err L, - ord L, - err L, - ord L, - err CPU

16 - 9.00e—02 - 9.22¢-02 - 7.59¢e-02 0.0006
32 3.50 7.95e—-03 4.14 5.23e-03 4.00 4.75e-03 0.0020
64 3.86 5.46¢—04 4.17 2.90e—04 4.18 2.62e—04 0.0079
128 2.73 8.26e—05 3.85 2.02¢-05 3.32 2.62¢e—05 0.0317
256 3.03 1.01e-05 3.86 1.39e—06 3.46 2.38e—06 0.1279

Theoretical order: 5, WENO-DK

Mesh L, -ord L, -err L, - ord L, - err L, - ord L, - err CPU

16 0.00 5.19e—-02 0.00 5.70e—02 0.00 4.41e-02 0.0010
32 2.49 9.22¢-03 3.38 5.46¢-03 3.15 4.97¢-03 0.0039
64 6.42 1.08e—04 5.40 1.29¢-04 5.61 1.02¢e—04 0.0139
128 4.97 3.45e—06 4.97 4.13e-06 4.97 3.25e—06 0.0531
256 5.00 1.08e—07 5.00 1.29e-07 5.00 1.01e-07 0.2126

Table 8

Linear advection - quartic sinus wave. Solution obtained with DG for second, third, fourth and fifth orders of accuracy. Parameters:
tepa =4 Coprp =09.

Theoretical order: 2, DG

Mesh L, -ord L, - err L, - ord L, - err L, - ord L, - err CPU

16 - 4.93¢-01 - 5.70e-01 - 4.51e-01 0.0005
32 0.76 2.91e-01 1.17 2.54e—01 1.00 2.26e—01 0.0018
64 1.30 1.18e-01 1.18 1.12e-01 1.27 9.34e-02 0.0070
128 1.87 3.22¢-02 1.82 3.16e—02 1.84 2.62¢e—02 0.0274
256 1.98 8.19¢—03 1.97 8.07¢—03 1.97 6.67e—03 0.1041

Theoretical order: 3, DG

Mesh L, - ord L, -err L, - ord L, - err L, - ord L, - err CPU

16 - 5.43e-02 - 7.17e-02 - 5.38e—02 0.0017
32 2.36 1.05¢—02 2.64 1.15¢—02 2.56 9.12¢—03 0.0065
64 2.88 1.43¢e-03 2.95 1.49¢-03 2.93 1.20e-03 0.0248
128 2.98 1.82¢e—04 2.98 1.89¢—04 2.99 1.51e—04 0.0996
256 3.00 2.28¢—05 3.00 2.37¢—05 3.00 1.89¢—05 0.4008

Theoretical order: 4, DG

Mesh L, - ord Ly - err L, - ord L, -err L, - ord L, - err CPU

16 - 5.50e—-03 - 5.71e-03 - 5.10e-03 0.0044
32 3.98 3.48e—04 3.83 4.03e—04 3.98 3.23e—04 0.0172
64 4.01 2.17e-05 3.99 2.54e-05 4.01 2.00e—05 0.0698
128 4.00 1.35¢-06 4.00 1.59¢-06 4.00 1.25¢-06 0.2799
256 4.00 8.45¢—08 4.00 9.92e—-08 4.00 7.82e—-08 1.1235

(continued on next page)
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Table 8 (continued).

Theoretical order: 5, DG

Mesh L, -ord L, -err L, - ord L, - err L, - ord L, - err CPU

16 - 2.71e—-04 - 3.04e—-04 - 2.59¢—-04 0.0116

32 4.84 9.48¢—06 4.77 1.11e-05 4.85 8.96¢—06 0.0493

64 4.95 3.06e-07 4.93 3.65¢-07 4.96 2.89¢-07 0.1905

128 4.99 9.65¢—09 4.98 1.16e—08 4.99 9.10e—-09 0.7531

256 5.00 3.03¢-010 5.00 3.63¢—010 5.00 2.85¢—010 2.9046
Table 9

Convergence rates for Euler equations with initial condition (33). Solution obtained with FV+WENO-DK for second, third, fourth
and fifth order of accuracy. Parameters: 1, = 12s, Ccpp = 0.9 ( Copp = 0.7 for fifth order only).
Theoretical order: 2, WENO-DK

Mesh L, -ord L, -err L, - ord L, - err L, - ord L, - err CPU

40 - 1.89¢-01 - 2.43e-01 - 1.91e-01 1.0936

80 0.70 1.17e-01 0.88 1.32¢-01 0.82 1.08e—01 1.2252

160 1.39 4.46e—02 1.72 4.02e—-02 1.66 3.42¢-02 5.0603

320 1.31 1.80e—02 1.45 1.47e-02 1.39 1.30e-02 20.5157
640 1.37 6.93¢—-03 2.00 3.68¢—03 1.73 3.94e-03 86.7846

Theoretical order: 3, WENO-DK

Mesh L, - ord L, - err L, -ord L, - err L, - ord L, - err CPU

40 - 4.71e-02 - 6.08e—02 - 4.76e—02 1.1132
80 2.79 6.82¢—03 2.80 8.72e-03 2.80 6.84¢—03 1.8443
160 2.97 8.72¢—-04 2.97 1.11e-03 2.97 8.72¢—-04 7.3015
320 3.00 1.09¢—-04 3.00 1.39¢e—-04 3.00 1.09¢—-04 27.0575
640 3.00 1.37¢-05 3.00 1.74e—05 3.00 1.37¢—05 104.8304

Theoretical order: 4, WENO-DK

Mesh L - ord L, - err L, - ord L, -err L, - ord L, - err CPU

40 - 8.59¢-03 - 1.11e-02 - 8.67¢—03 1.4206

80 4.64 3.44e—-04 4.66 4.39e—-04 4.65 3.45e—04 2.4708

160 4.41 1.62e—05 4.41 2.07e-05 4.41 1.62e—05 9.4315

320 4.16 9.09¢-07 4.16 1.16e—06 4.16 9.09¢-07 37.1746

640 4.05 5.51e—08 4.05 7.01e—08 4.05 5.51e—08 155.4573

Theoretical order: 5, WENO-DK

Mesh L, - ord L, - err L, - ord L, -err L, - ord L, - err CPU

40 - 1.43e—03 - 1.85e-03 - 1.44e-03 2.5085

80 4.95 4.61e—05 4.97 5.90e—-05 4.96 4.63e—05 6.9937

160 4.99 1.45¢—-06 4.99 1.85e-06 4.99 1.45¢-06 25.7010

320 5.00 4.55e—08 5.00 5.79e—-08 5.00 4.55e—08 103.7334

640 5.00 1.42e—09 5.00 1.81e—09 5.00 1.42e—09 401.6974
Table 10

Convergence rates for Euler equations with initial condition (33). Solution obtained with DG for second, third, fourth and fifth
orders of accuracy. Parameters: tp,, = 125, Ccpp = 0.9 ( Copp = 0.7 for fifth order only).

Theoretical order: 2, DG

Mesh L, - ord L, - err L, - ord L, -err L, - ord L, - err CPU

40 - 3.16e-03 - 3.71e-03 - 2.92¢-03 2.3277

80 2.26 6.61e—04 2.21 8.03e—04 2.20 6.34e—04 6.0261

160 2.08 1.57¢-04 2.05 1.94¢—04 2.05 1.53e—04 24.4942

320 2.02 3.85¢-05 2.01 4.80e—05 2.01 3.79¢-05 103.3990

640 2.01 9.59¢—06 2.00 1.20e—05 2.00 9.45e—06 416.2141
Theoretical order: 3, DG

Mesh L, - ord L, -err L, - ord L, - err L, - ord L, - err CPU

40 - 1.53e—04 - 1.92e—04 - 1.52e—04 3.9881

80 2.99 1.93¢-05 2.99 2.43¢-05 2.99 1.91e-05 12.47077

160 3.00 2.41e-06 2.99 3.05e—06 3.00 2.39¢-06 55.7678

320 3.00 3.02e—07 3.00 3.82e—-07 3.00 3.00e—07 219.3321

640 3.00 3.78¢—08 3.00 4.77¢-08 3.00 3.75¢—08 885.8146

(continued on next page)
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Table 10 (continued).
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Theoretical order: 4, DG

Mesh L, - ord L, - err L, - ord L, -err L, - ord L, - err CPU

40 - 8.04e—07 - 1.00e—06 - 7.91e-07 7.3087

80 4.01 4.99¢—08 4.01 6.21e—08 4.01 4.91e-08 27.1410

160 4.00 3.11e-09 4.00 3.88¢e—09 4.00 3.06e—-09 109.0513

320 4.00 1.95e-010 4.00 2.42e-010 4.00 1.91e-010 461.3226

640 4.00 1.22e—011 4.00 1.51e=011 4.00 1.20e—011 2100.1705

Theoretical order: 5, DG

Mesh L, - ord L, -err L, - ord L, - err L, - ord L, - err CPU

40 - 2.51e—08 - 3.12e—08 - 2.46e—08 33.5383

80 4.90 8.39¢—010 4.89 1.05¢—09 4.90 8.25¢-010 127.3769

160 4.97 2.67e—011 4.97 3.35e—011 4.97 2.63e—011 490.2949

320 4.94 8.72¢—013 4.99 1.06e—012 4.99 8.29¢—013 1790.9428

640 2.61 1.43e-013 3.85 7.31e=014 3.73 6.26e—014 6413.4435
Simplifications of this aspect of the methodology are desirable, as are References

modifications of the approach to produce well-balanced versions of the
schemes.

Here we have limited ourselves to implementations of GRPrec to
high-order finite volume schemes in the fully-discrete, one-step ADER
framework; in future works we shall implement and asses GRPrec for
high-order finite volume schemes in the framework of semi-discrete,
multistep methods, such as in [2,52].
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Appendix A. Empirical convergence rates for the linear advection
equation

In this section, we report empirical convergence rates for the test
presented in Section 4.2.3, for FV+WENO-DK and DG schemes.

Appendix B. Empirical convergence rates for the Euler equations
In this section, we report empirical convergence rates for the test

presented in Section 4.3.1, for FV4+WENO-Dk and DG schemes.
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