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Abstract: We define a strict deformation quantization which is compatible with any
Hamiltonian with local spin interaction (e.g. the Heisenberg Hamiltonian) for a spin
chain. This is a generalization of previous results known for mean-field theories. The
main idea is to study the asymptotic properties of a suitably defined algebra of se-
quences invariant under the group generated by a cyclic permutation. Our point of view
is similar to the one adopted by Landsman, Moretti and van de Ven (Rev Math Phys
32(10):2050031, 2020, https://doi.org/10.1142/S0129055X20500312), who considered
a strict deformation quantization for the case of mean-field theories. However, the meth-
ods for a local spin interaction are considerably more involved, due to the presence of a
strictly smaller symmetry group.
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1. Introduction

In this paper we provide a rigorous C*-algebraic framework for the study of the semi-
classical properties of any Hamiltonian with local spin interaction for a spin chain. This
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covers, for example, the Heisenberg Hamiltonian. This result is achieved by means of
a suitable strict deformation quantization, whose construction is the main result of this
paper—cf. Theorem 24.

Strict deformation quantization originates with Berezin [3] and Bayen et al. [1,2] and
it is based on the idea of “deforming” a given commutative Poisson algebra represent-
ing a classical system into a given non-commutative algebra modelling the associated
quantized system. In Rieffel’s approach [17] the deformed algebras are C*-algebras.

Notably, the “classical-to-quantum” interpretation of a strict deformation quantiza-
tion is not the unique point of view which can be taken. In Landsman’s approach [10,11]
the starting point of a strict deformation quantization is often taken to be a continu-
ous field of C*-algebras. The latter models an increasingly larger sequence of quantum
physical systems, whose limit defines a macroscopic classical theory. The advantage of
this point of view is that it leads to a rigorous notion of the classical limit of quantum
theories [11]. This in turn yields a mathematically sound description of several physi-
cally interesting emergent phenomena, e.g. symmetry breaking [14,18,19]. This paper
is considering this “micro-to-macro” point of view on strict deformation quantization.

From a technical point of view a strict deformation quantization is defined by the
following data:

1. A commutative Poisson C*-algebra Ay, namely a commutative C*-algebra A
equipped with a Poisson structure { , }: Ao x A — Ax defined on a dense
x-subalgebra Ay, C As—cf. Sect.3.3.

2. A continuous bundle of C*-algebras [7] [ [ y o5 An, Where N = NU{oo}; (Thorough
the whole paper we will stick to the case of continuous bundle of C*-algebras over
N, see [11] for the generic case.)

3. A family of linear maps, called quantization maps, Oy : Zoo — AN, N € N, such
that
(@) Qoo = Idjw and Oy (a)* = Qn(a™) foralla € Aso. Moreover, the assignment

N> N Oy € Ay,

defines a continuous section of the bundle [ ], .5 An-
(b) Forall a,a’ € Ay it holds

jm |9 ({a. a'}) —iN[Qn(a), On(@)]llay = 0. D

(c) Forall N e N, O N(.Zoo) is a dense *-subalgebra of Ay .

The algebra A, represents the classical (macroscopic) observables of the physical sys-
tem. Likewise, the fibers Ay, N € N, of the bundle [] NeN Ap recollect the quantum
observables of the (increasingly larger) quantum system.

A relevant example is the strict deformation quantization described in [12,16] for
the C*-algebra [B]3° of (equivalence classes of) symmetric sequences—cf. Sect.2 for
further details. In this scenario the role of the commutative C*-algebra A is played by
[BIe° = C(S(B))—here B = M, (C), « € N, while S(B) denotes the states space over
B. The continuous bundle of C*-algebras [ | NeN BJJTV is such that, for N € N, Bf,v c BN
is the N-th symmetric tensor product of B.

From a physical point of view the ensuing quantization maps Qy are of particular
interest as they relate to mean-field theories like the Curie-Weiss model [9, §2], for which
the interaction between N spin sites is described by
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N N—-1
J . ) ) .
e E : J J _ E : N—-1-j J
Hew y = IN I"Ro317 Q03 h' 1 ®o1®1, (2)
Ji+jp=N=2 j=1

where 03, 01 € M»(C) denote the Pauli’s matrices while I € M,(C) is the identity
matrix and I/ := I®/ Here J € R represents the strength of the spin interaction
whereas 7 € R models an external magnetic field acting on the system. As observed in
[12] one may recognize that

Hew,N/N = On(hew) + Ry,

where hcw € C(S(B)) while Ry € BJITV is such that |[Ry ||y = O(1/N).

The physical interpretation is that C(S(B)) is the algebra containing macroscopic
observables, i.e. observables of an infinite quantum system describing classical ther-
modynamics as a limit of quantum statistical mechanics. This has furthermore led to a
significant contribution in the study of the classical limit of ground states [12—14,18].
More precisely, in such works a mathematically rigorous description of the limit of
ground states wy of Hcw, y in the regime of large particles N — oo is given. In par-
ticular, a classical counterpart o (i.e. a probability measure) of the quantum ground
state wy € S (BJITV ) is constructed with the property that wx(a) := Nlim wn(Opn(a))

—> 00

for alla € C(S(B)). Additionally, this algebraic approach has revealed the existence of
several physical emergent phenomena, see [19] for an overview. These results are consis-
tent with the point of view of [11]—which is also the one considered in this paper—for
which a quantum theory is pre-existing and the classical limit is computed in a second
step, not vice versa.

As characteristic for mean-field models, the Curie-Weiss Hamiltonian describes the
energy of a system of N spin sites under the assumption that the interaction is non-local,
namely that every spin site interacts with all other spin site. This leads to interesting
results, but it is ultimately an approximation as one would rather expect each spin site to
interact with finitely many neighbouring spin sites. An exemplary model based on such
a local interaction is the celebrated quantum Heisenberg Hamiltonian (for a spin chain)
[6, §6.2]

N—-1 — 3
Hpgy i=—» IV @ Z Mo, @0, @17 — ZIN_I_j(X)ZhPO’p@Ij,
Jj=0 p.q=1 =

3)

where JP? is the symmetric matrix describing the spin interaction while 47 are the
components of an external magnetic field—here for j = N — 1 the contribution in the

3
first sumreads Y. J?90, ® IN~? ® 0. For this model the interaction is restricted to
p-q=1
two neighbouring sites.
Similarly to what happens with mean-field models one may wonder whether there
exists a strict deformation quantization of a suitable C*-algebra such that

Hye,n/N = On(hue) + O(1/N).

The purpose of this paper is to prove that this is in fact the case, cf. Theorem 24. In [15]
a different (though similar in spirit) point of view is taken, and a strict deformation is
considered such that Hyg v = Qi (hne, n) + O (1/k) where the semi-classical parameter
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k corresponds to the increasing dimension of the single site algebra B = M, (C) for a
fixed number N of lattice sites. In contrast, this paper deals with an arbitrary but fixed
dimension k € N considering instead the increasing number N of spin sites as the
semi-classical parameter.

Our result is particularly relevant because it provides an excellent basis for studying
the classical limit of local quantum spin systems. Similarly to the case of mean-field
theories [12,14,18,19], one may now consider a rigorous C*-algebraic formalization of
the limit of ground states or Gibbs states [8,9]. The latter can be used for the study of
spontaneous symmetry breaking and phase transitions in realistic models such as the
Heisenberg model.

From a technical point of view, the methods of this paper profit of those of [12,16]
for mean-field models. Nevertheless the results obtained therein do not apply straight
away to our case. As a matter of fact the strict deformation quantization for mean-field
models (like the Curie-Weiss Hamiltonian) profits of:

1. A large symmetry group, that is, mean-field models are symmetric under the permu-
tation group Gy of all N spin sites. This leads to a high symmetry property which
can be exploited in several steps of the construction, cf. [12,16].

2. A fairly explicit description of the classical algebra [B]3° = C(S(B)). One may
define [ B]S° in terms of equivalence classes of “symmetric sequences”—cf. Remark
3— but the description in terms of C(S(B)) simplifies the discussion, e.g. it allows
to identify a Poisson structure in a rather direct way.

Contrary to this case, local quantum spin Hamiltonians (e.g. the Heisenberg model
defined in (3)) are invariant under the strictly smaller subgroup generated by a fixed
cyclic permutation of N objects. This spoils the possibility of applying the arguments
of [12,16]. The latter have to be reconsidered to take into account the smaller symmetry
group. Moreover, the classical algebra [B ];ﬁo for such models does not have a “simple”
explicit description. As a matter of fact, [ B]S° is defined as the C*-algebra generated by
(equivalence classes of) “y-sequences”—cf. Definition 5. Nevertheless it is still possible
to prove all properties of [B];’f’ relevant for the discussion of its strict deformation
quantization.

The paper is structured as follows. In Sect. 2 we introduce the notion of “y -sequences”—
cf. Definition 2—and discuss their properties. The main result in this section is the proof
that the C*-algebra [B])” generated by (equivalence classes of) y-sequences is a com-
mutative C*-algebra. The latter will play the role of the classical algebra Ay, for which
we will present a strict deformation quantization.

In Sect.3 we state and prove the main theorem of this paper, which provides a strict
deformation quantization of the commutative C*-algebra [B]7°. To this avail, Sect. 3.1
is devoted to prove Proposition 12 which provides the continuous bundle of C*-algebra
[B], needed in the formulation of Theorem 24. The main technical hurdle of this sec-
tion is to prove that, given a y-sequence (ay)n, the sequence of the norms (|lay||n)n
is convergent. While this is straightforward for symmetric sequences (i.e. those used
when dealing with mean-field models) for y-sequences this is non-trivial and has to
be discussed carefully. Sections 3.2-3.3 discuss further relevant properties of (equiva-
lence classes of) y-sequences as well as the Poisson structure on the C*-algebra [B];o.
Eventually Theorem 24 is proved by recollecting all results from the previous sections.

For the sake of clarity the following theorem recollects in a concise fashion the content
of the main Theorem 24 together with the other relevant results of the paper.
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Theorem 1 (main results). The algebra [B])",O = [B];io of equivalence classes of y -

sequences—cf. Definitions 2-5—is a commutative C*-algebra which is also endowed
with a Poisson structure {, },—cf. Propositions 6-22.

Moreover, the data [B];Zo and B,I/V = 7N(BN)—cf. Eq. (7)—define a continuous
bundle [B], of C*-algebras—cf. Proposition 12.

Finally, there exists a family of quantization maps Qn : [15.3];3o — [BIY, N e N
such that the data [B];io, [Bly, {On}yex define a strict deformation quantization—cf.
Theorem 24.

2. The Algebra of y-Sequences

2.1. Definition of y-sequences. In this section we will introduce y-sequences and dis-
cuss their properties.

To fix some notations, let k € N and set B := M, (C). For the sake of simplicity we
shall denote by BY := B®N where N € N, with the convention that B® = C. The state
space over BY will be denoted by S(BN): Given n € S(B) we set nN = n®N e S(BM).
Whenever needed we will denote N = N U {oo}.

Following [12] we denote by I, by, ..., b.2_;, I € B being the identity matrix, a
basis of B (as a R-vector space) abiding by the requirements

(b)) =0, by=bj, [bj.bd=icTbny, Vjl=1,...=1. (&

where c;f’l denotes the structure constants of su(x). In the particular case x = 2 we may
choose b; = 0;/2 while ¢, = ¢, &;jx being the Levi-Civita symbol. We will

denote by B the vector space generated by {b; };2:_11. The latter corresponds to the ker t,
being 7: B — C the normalized trace defined by t(a) := tr(a)/k.

We then consider the linear operator (left-shift operator) yy: BY — BY uniquely
deﬁnedlby continuous and linear extension of the following map defined on elementary
tensors

ywan ® - Qaw)) i=ap) ®---Qaw)®aqay  aqy.....aw) € B.  (5)

The operator yy is an algebra endomorphism, moreover, yf\}’ = Idg,Idg: B — B

being the identity operator. We denote by 7, : BY — B the averaged yy operator,
defined by

=

_ l —
YN = N VI(" (6)
i=0

~
Il

Clearly yn oYy =¥ n = ¥ n © ¥~n: We denote by
B) :=yy(BY), ()

the C*-subalgebra of BY made by yy-invariant elements.

Through this paper we will mostly consider sequences (ay)y = (any)nyen With
ay € BY forall N e N. A sequence (ay)ny=xk Wwill be implicitly extended to (a}v) NeN
where a), = ay for N > K anda)y, =0for N < K.

! In the forthcoming discussion we will use the notation a to denote an element ay € BN . When we will
need to use a subindex without necessarily stating the degree of the element we will use the notation ax) so

thatagy € BM®, M(k) e N.
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Definition 2. A sequence (ay)y is called y-sequence if there exists M € N and ay; €
BM such that

— YUV M@ay) Nz=M
ax =Tyaw=)o" N<M

®)

where I € B denotes the identity of B and IV = 1%V,
Remark 3.

(i) For fixed N,M e N, N > M, y¥: BM — B}’,V is a linear operator with operator
norm smaller than 1. This implies that, (7% ay)n is bounded with

—M . M
(¥ yamInlloo := sup [Yyamlln = llamlim,
NeN

where || ||y denotes the norm on BM.

(i1) It is worth comparing our construction with the one presented in the literature
[11,12,16], based on symmetric sequences. We stress that the latter are exploited to
deal with the Curie-Weiss Hamiltonian—or more generally with mean-field theories
[11, §10]— which prescribe a non-local interaction between spin sites. On the other
hand we are interested in models compatible with Hamiltonian describing a local
interaction between spin sites—e.g. the Heisenberg Hamiltonian, cf. Remark 4. To
describe the non-local interaction algebraically one considers the symmetrization
operator Sy : BN — B" defined by continuous and linear extension of

1
Snlay ®@ - ®aw) = 5 Y acay ®--®aewy A, ---.aw) € B,
" ceBy

where Gy is the set of permutation of N objects [11,16]. Considering the C*-
subalgebra BY := Sy BY C B one then defines a symmetric-sequence (shortly,
m-sequence) to be a sequence (ay )y such that there exists M € N and ay € Bf,”
fulfilling

(an)n = @ am)n = SnUIV ™ @ ay))ysm -

One immediately sees the relation with Definition 2: Actually a y-sequence is
defined in a way similar to -sequences but averaging over a strictly smaller sub-
group of Gy . In fact y-sequences and 7 -sequences share many similar properties,
although m-sequences are generally speaking better behaved.

2.2. Asymptotic properties of y -sequences. Inwhat follows we will be mainly interested
in the asymptotic behaviour as N — oo of the sequences under investigations. For this
reason, following [16], we introduce the ~-equivalence relation

(an)n ~ (by)N = ngnoo lay —bnylly =0. &)
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For a given sequence (ay)y we will denoted by [ay]n := [(an)n] the corresponding
equivalence class with respect to (9). The ~-equivalence relation (9) has a nice interplay
with the full C*-product [] . BY defined by

[1 8" =t | Uayln)y € €M)} . (10)
NeN

Asitis well-known [4] ]—[NeN BNisa C*-algebra withrespect to sup norm || (ay) § [l o :=

sup |lay ||y . Moreover, the direct C*-sum
NeN

N ._ N . —
D BY =t{@vy e [[BY] Jim Jay|y =0}, (11)
NeN NeN

is a closed two-sided ideal in [ ]y B" and thus we may consider the quotient

(B].:= [ BN/ Ep B". (12)

NeN NeN

which is nothing but the space of ~-equivalence classes [ay ]y for bounded sequences
(ay)n. Importantly, [B]~ is a C*-algebra with norm

llan]nliiB). = limsup flay (v . (13)

N—o00

Remark 4. (i) Since both y- and -sequences are bounded—cf. Remark 3-(i)—they lead
to well-defined elements [7% apmln, [ ]1\‘,’1 ay]n € [B]~. One may wonder whether
[7%’ ayly = [0]y foranon-zero ay € BM. This is in fact possible, but we postpone
this discussion to Sect. 3.2 where we will prove that, for a given equivalence class
[VAN” ap]n itis possible to extract a “canonical representative”—cf. Definition 16—
with the property that [VAN/I ayly = [0]y if and only if the canonical representative
vanishes—cf. Proposition 18.

(i1) With reference to Eq. (3) we have (considering k = 2)

3 3
1 _ _
ey =7 (X oo, 00,) 47X we, ).
p.q=1 p=1

showing the relation between y -sequences and the Heisenberg Hamiltonian. Simi-
larly, as discussed in [12], Eq. (2) leads to

1
5 Howw = =73 (Jos ® 03) + 7wy (ho) + O(1/N),

showing that (Hew,n/N)n>1 is equivalent to a w-sequence. At this stage it is
worth observing that y-sequences model an arbitrary Hamiltonian with local spin
interaction. We say that Hy € B}[,V is a (translation invariant) Hamiltonian with
local spin interaction if and only if

3 N 3
Hy= Y Y JMo,(i)o,(j)+Y_ > hlo,(), (14)

li—jl=t p.g=1 i=1 p=1
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were 0, (i)o,(j) is a short notation for I' ' ® 0, ® I' "' ® 6, ® I~/ and
similarly 0, (i) = I' '®0,® IV ~'. The parameter £ € N determlnes the number of
spin sites which interact Wlth afixed spin site i—e.g. for the Heisenberg Hamiltonian
£ = 1. The strength of the interaction and of the external magnetic field is determined
by JP4, hP. Notice that the latter do not depend on the spin site: This entails that
we are considering translation invariant local spin interactions. Any Hamiltonian
Hy as per Eq. (14) leads to a y-sequences as per Definition (2). Indeed, we have

£—1 3 3
Hy/N = Zﬁym< > Mo, @ 1" ®aq> +7}V(thap> .

m=0 P.q=1 p=1

(iii) The ~-equivalence relation (9) provides a first example showing the different be-
haviour of y -sequences with respect to 7 -sequences. To this avail, letay, € Bg” and

let us consider the m-sequence (7'[1{‘,’[ ay)n. By direct inspection one immediately
sees that, forall N > N > M

NN am = Sny [IN’N ®Sy(I" Mo aM)} = 7yaum.

which shows that the family of maps =¥/ N : B¥ — BN is “consistent”, namely

}1\\,’/ om ]’\‘,” =M - The same property does not apply for y-sequences, but it holds

only asymptotically. Indeed for ay; € B one has, for N > M,

1 N-—M )
yNay = N N M @ay) + Ry
j=0
1 N-M M—
==Y I"Migay®l/+Ry. |Ryly < llantllnr -
N
j=0
It then follows that
1 N-—-M
VNTNam = ﬂ’[ﬁ Y IV eay ,,} +7N Ry =V Nam + Ry,
j=0

where we used the y -invariance while

M —

/ _ =N 1—M -1 _
IRy NN = ||V N RN — N Ywam| < | RnllN + llamlixe = O(1/N).

N’

This shows that, although ¥, o ¥ # ¥, one still has
lim ||[7N7Namly — [7yamlyls. =0. (15)
N—>o0

As we shall see, naively speaking most the results obtained for 7 -sequences holds
true also for y-sequences but only asymptotically—in the sense of relation (9).
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2.3. The algebra generated by y-sequences. In what follows we will consider the *-
algebra B}‘,’o Cllyen B N generated by v -sequences together with its projection [B];',O C
[B]~. As we will see, the latter algebra enjoys remarkable properties, in particular, it
can be completed to a commutative C*-algebra [B]J‘ZO.

Definition 5. Let B)‘f" be the x-algebra generated by y-sequences—cf. Definition 2. We
denote by [].’?];’,o C [B]~ the projection of B)‘fo in [B]~, that is, []E?];’,O is the x-algebra
generated by equivalence classes of y-sequences. Thus, [ay]n € [B];io if and only if

Mk _ Mk
lan]lnv = Z Ck""kl[)/%( ')(a(ku))m)/ANl( [)(a(kz))]Ny

where aq ) € BM&j) while the sum over £, ky, .. ., k¢ is finite. We denote by [BI :=

[1?])‘3o the closure of [B];io in [B]~, that is, the C*-algebra generated by equivalence
classes of y-sequences. To wit, an equivalence class [ay ]y belongs to [B];io if and only

if for all ¢ > 0 there exists N, € N and [a) ]y € [B];',O such that |lay — alylly < & for
all N > Ng.

Proposition 6. Let ayy,, ..., am,, £ € N, be such that aum; € BMj, j=1,...,L Then:

1 . r o 1
[7%‘(aM1>...7%f<aMz>]N=[”(W > 1"®“M1®"'®’”®“’”‘)] ’
[Jle=N—|Ml¢ N
(16)

where |jlg := j1+ -+ jo, IM|¢ = My + - - -+ My is a short notation while

- r - 1 1 . .
"@ay, @ - @I ®ay, = 7 Z MQay,, ® 1" @au,. (17

€Sy
denotes “total weighted symmetrization” over the factor ay,, . . ., aMzz. In particular
[B];jo is a commutative C*-subalgebra of [ B]~.
Proof. Letay, € BM', ... ay, € BMt, ¢ € N. We will prove that, for N large enough,

_ _ _ 1 . ! . \
yAN/II(aMl)...)/%é(aMg)ZJ/N(W Z 1“®aM1®~--®1”®aMK>+RN,
[jle=N—IM|¢
(18)

where Ry € BN issuchthat |Ry|xy = O(1/N).On account of (9) this implies Eq. (16).

We proceed by induction over £ € N. For £ = 1 the right-hand side of Eq. (18)
reduces to V%aM + Ry so that we may choose Ry = 0. For £ = 2 we find, for N large
enough (say, N > 2(M; + M>)),

2 For example I/l @ apyy @ 112 @ apyy, = (11 @ay, @ 12 @ ay, + 11 @ ap, @ 172 @ apyy) /2.
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TN @75 (@) = 7N( (1" @ aw, ) Fu (VM aM2>>
1 N—-1 }
= 7N( (IN_M1 ® aMl) N Z vV " @ aM2)>
j=0
| VMl
= 71\/( (IN_M‘ ®0M1) N Z v N ®aM2)) + Ry
J=M
1 . .
=7N(ﬁ > 1?2 @ay, ® 1! ®aM1)+RN,
Ji+j2=N—M—M,
1 . ———
=7N(ﬁ Z Ijz®aM2®Ijl®aM|>+RN’

Jitj2=N—-M—M;

where in the last line we used the symmetry of ji, j as well as the yy-invariance of the
whole term. The remainder Ry coincides with

Fva IN—M] 1 J IN—M2 < CM],MZ
Y| ( ®aM1)ﬁ Z VN( ®aM2) —_—

IRNIIN = <
N N

)

where C,, M, > Oisaconstant depending on ay, , au, . Roughly speaking, we removed
the values of j for which aps, and ay, have "overlapping positions". This happens in
M + M cases, whose fraction vanishes as N — oo.

This proves Eq. (18) for £ = 2. Proceeding by induction on ¢, we now assume that
Eq. (18) holds for all £’ < ¢ and prove it for £. To this avail we consider, for N > 2| M|,

—M —M
le ((,ZMI)...)/NK (aMg)

_ 1 : T P 1 —
yN(W Z 17 ® any, ®"'®IJ[1®CIM@1>V%Z("M£)
[jle—1=N—|M]|¢—1

M
+RnYV ' (ap,)

_ 1 . 4 1 B
- yN(m Yo N eaw® @1 ®aMe_1)y%£(aMe))+R}v,
[jle—1=N—|M|¢—1

where ||Ry Inv < lIRnIInllap, || = O(1/N). Thus, we focus on

2 S : .
)/N<NE—2 (]]l ®aM1 ®R--® J/-1 ®aM51)y%[(aMg))

N-1

A TN — _—

= yN(N(Z—l (I]l ®61M1 R ® ]! ®aMg,1) Z y](/'Z(IN M, ®aM[)>,
Je=0

where ji, ..., je—1 are such that |j|,—1 = N — |M|y,—1. We now proceed as in the case

£ = 2 by considering only those values j, for which the position of ay;, “overlaps” with

the ones of /1, ..., I/t and not with those of ay,, . .., aum,_,. Notice that, in focusing
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only on these ji’s we are neglecting a contribution R}, with [|RY |y = O(1/N). We
obtain

N—-1
1 . T - : :
7N< (I ®ay, ® - ® ' @ay, ) Y v VM @ aM»)

Nt-1
Je=0
1 Jj1—M . ! i :
:7N<W Z Ih] ®aMg ®1/1*M@*h1 ®aM] ®,,,®1/l—1 ®aMg_1) +"'+7N
h1=0

1 . r n — 1
(NZ—I M@ay, @ - ® Z Jhe-t ®am, ® [ 1—Me—he ®aMZ—1> +R;<,,

0<he—1=je—Mq

19)

where || R;(, ln = O(1/N) while the sum over the &, is empty if j, < M;—notice that
at least one of these sums is not empty if N is large enough. Notice that each of the £ — 1
sets of £ indexes

{hi, i = Me¢—ha, joo ooy je—1} {1 hoy jo = My — ho, j3, ..., Je—1},
v Ut s Je—2s he—ty Je—1r + My — by}
is such that its elements sum to N — |M|,. Considering now the summation over

Ji,---, je—1 and using the yy-invariance each subset of indexes provides the same
contribution. We are lead to

_ 1 . T ; 1 —
VN<W Z IM"Q@apy, @ - I'! ®aMe_1)V?v/ll(aM£)>
[jle—1=N—|M|¢—1

-1 . - .
:7N<W Z 111®&M1®"'®1141®21M51®I]€®QM@>+RX/,

ljle=N—IM|,
1 : ! —
7 J1 . Je "
_VN(NKI . Z I''®ap ® ®1 ®aM@)+RN,
lile=N—IM]|¢
where in the last line we used that for all ¢ € G, there are £ permutations which are
equivalent to ¢ up to a cyclic permutation. Indeed, for any permutation of ayy,, .. ., aum,
we may use the yy-invariance to write the corresponding contribution fixing the position
of the factor ayy, . This boils down to a permutation of ayy, , ..., ap,_, which is repeated
£ times.

By induction this proves Eq. (18) for all £ € N and thus Eq. (16). O

Remark 7. (i) The appearance of the total weighted symmetrization (17) ensures that,
when ay; = IMi for all j € {1, ..., £}, the right-hand side of Eq. (16) coincides
with [7V]y. This is related to the fact that —7— Y"1, —y_ a1, = (€ — D!+ O(1/N).

(ii) A closer inspection to the remainder term Ry of Eq. (18) reveals that

[RN- 7o @) v @ )]y, = OC1/N), (20)

forall &', M{, ..., Mé, e N,anday € BM.Roughly speaking, the reason for this is
due to the estimate ||Ry ||y = O(1/N) together with the fact that both (Ry )y and
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_M; _M . . . ce
Yy'a M-V ta M;/) N are sequences with "an increasing number of identities".
In more details, Eq. (18) implies
__M; M, 1 . . .
Vv @) 7 ) = < D TN @ay; ® @I @ay,) + Ry,

N1
lilg=N—IM"|y

where || R, [y = O(1/N). This implies

U

=M —Mé’ _ !
[Rnv. ¥y (app) -V (ay )] =[RN, Ry]

1 o R
+[RN’ ST Y Tl ®ay @@ WM;,)}'
ljlg=N—|M'|y '

The first contribution is estimated by [|[[Ry, Ry]lly = O(1/N 2y while for the
second contribution we have

1 o —
[RN’W 2 VNU‘“WM;@“'@’“®"Mé/)]H

[Jlg=N—IM'|y
N I 1
A3 | ¥ Aereige e o)
p=0 |1|y=N—IM’\g/
L
< N2 —Cmy....My-
where Cy, .., My > 0 does not depend on N. In the last inequality we used the

estimate | Ry ||y = O(1/N) and that, on account of the structure of Ry—cf. the
proof of Proposition 6—and of /! ® a M ® -1 v ®a M the sum over p

is non-vanishing for finitely many values, say L, where L is N- mdependent This
proves Eq. (20).

(iii) In complete analogy with Definition 5 one may introduce the C*-algebra [B]3° C
[B]~ generated by equivalence classes of w-sequences [16, Def. II.1]. Moreover,
as shown in [11,12,16], for any ay € Bf,” and ayy € B,’:’I/ one finds

¥ () @)y = [ MM (Sprenr (am ® ap)n, 1)

which shows that also [B]° is a commutative C*-algebra. In fact, the product
of m-sequences is (asymptotically as N — o0) a w-sequence. Additionally, one
may prove that the system {BfTV Inen, {7 ]{‘,’1 }n>m is a generalized inductive system

[4,5]. This streamlines the identification of a bundle of C*-algebras [ | NeN Bfrv out
of which a strict deformation quantization can be constructed [12,16]. The situa-
tion for y-sequences is slightly different. Indeed, Eq. (16) shows that the product
of y-sequences is not a y-sequence, even if its ~-equivalence class is considered.
Nevertheless, Eq. (16) shows that the product of equivalence classes of y-sequences
is commutative. As we shall see in Sect. 3.1 this will be enough to identify a continu-
ous bundle of C*-algebras [ [ y .y B}’/V out of which a strict deformation quantization

is obtained. Finally it is worth observing that, for all @ € B, one finds V}Va = 111"

so that, given the results of [12,16], [B]S® € [B];io.
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(iv) By standard Gelfand duality [4, § I11.2] we find
[B])® =~ C(K(IB]}")),

where K ([B];O) denotes the character space over [B ];30. Anelementg € K ([B])‘ZO)
is completely characterized by

omlam) = o((VNamly), am € BY,

which identifies a sequence {¢ys}pen of states with gy € S (BM). These states are
“asymptotically equivalent” because of Eq. (15). Indeed considering 7% : BM —

B)I,V, yMay =7 N(IVM ® ay), we find
lim (o 07N (@) = Jim o (NN anly) = o (Zhharly) = ewlan) .
N—oo N—oo

A similar argument goes for [ B]3°, where K ([ B]2°) can be explicitly characterized.
In particular K ([B]3°) > S(B) [16, Lem. IV.4]. This identification may also be seen
as a consequence of the prominent quantum De Finetti Theorem [11, Thm. 8.9]. As
shown in [12], S(B) is a stratified manifold which carries a Poisson structure.

3. Strict Deformation Quantization of y-Sequences

The goal of this section is to construct a strict deformation quantization of the commuta-
tive algebra [B])°. To this avail in Sect. 3.1 we will identity a suitable continuous bundle
of C*-algebras [B], by means of a standard construction [10,11]. In Sect.3.2 we will
introduce the notion of "canonical representative” for an element [ay]y € [B])‘fo—cf.
Definitions 16—19. Eventually, in Sect. 3.3 will show that [ B]S° carries a Poisson struc-

ture and we will prove Theorem 24, which provides the strict deformation quantization
of [BIS°.
1

3.1. The continuous bundle of C*-algebras [B], associated with [B];o. In this section

we will define a continuous bundle of C*-algebras [B], over N = NU{oo} whose fibers
are [B])I/V = B)I/V for N € N and [B];O, defined as per Definition 5, for N = oo.

To this avail we briefly recall the main definitions and results we need—cf. [11, App.
C.19], [4, §IV.1.6]. We denote by C (N) the space of C-valued sequences (o) yeN such

that aoo 1= Nlim ay € Cexists. A continuous bundle (or field) of C*-algebras over
— 00

Nisatriple A, {AN} v (YN} y oy made by C*-algebras A, Ay, N € N, and surjective
homomorphisms ¥y : A — Ay such that:

(i) The norm of A is given by ||a|| 4 := sup I (@l ays
NeN
(i) Forall o = (an)y5 € C (N) and a € A there exists a wa € A with the property
_ thatyy(ea) = anyn(a). _
(iii) For all a € A, v @l ay) yey € CN).
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A continuous section of A is an element a € [ ] 5 An such that there exists a’ € A

fulfilling ay = ¥y (a’) for all N € N. Clearly A can be identified with its continuous
sections, therefore, in the forthcoming discussion we shall always regard a € A as an
element a € ], An- For this reason from now on we will implicitly identify ¥y,

N € N, with the projection [y Av — An.

Remark 8. In applications, it is often difficult to identity a continuous bundle of C*-
algebras by assigning the triple A, {An}y . {¥n}ycy directly. However, a useful
result—cf. [10, Prop. 1.2.3], [11, Prop. C.124]—shows that it is in fact sufficient to iden-

tify a dense set of (a posteriori) continuous sections of A. Actually, let Ac [Iyex AN
be such that:

I.Forall N € N the set {ay |a € .A} is dense in Ay ;

2. Ais a*- algebra; _

3.Foralld € A it holds Nlim lanllay = lasll Ay ie. (lanllay) yeg € CON).
— 00

Then defining A by

A= {a e [] AnIVe > 03N. €N, 3a’ € A: lay — aylla, <8VN2N8},
NeN
(22)

one may prove that A is a continuous bundle of C*-algebras over N 10, 11]. In fact, A
is the smallest continuous bundle of C*-algebras over N which contains A

We will now prove that [ | N eN[B]y identifies a continuous bundle of C*-algebras
where [B]J[,V = Bf,v for N € N while [B]J‘jo denotes the C*-algebra introduced in Defini-

tion 5. To this avail we will identity a subset Ac [Iyex[B ])1}’ fulfilling conditions 1-2-3
of Remark 8. From a technical point of view, condition 3 will require to prove that, for
all [ay]y € [B];", the sequence (|lay||y)n has a limit as N — oo: This is proved in
Proposition 10. To this avail, the following Lemma comes in handy.

Lemma 9. Let (an) nyeN be a bounded sequence of real numbers such that
1 K
3C1,C2€R,3N0€N:OtNEOlK+C1E+C2NVN2K2N0. 23)

Then (an)y € C(N), i.e. ao := Nlim oy € R exists.
—00

Proof. Let (ozNj)jeN be a convergent subsequence of (ay)yen. Then for all K > Ny
we find

1 C
lim aN; > Iim (ag +C1— +Cr— :aK+—1.
j—o0 j—o00 K Nj K
Since this holds true for all convergent subsequences we conclude that

C
liminf an zaK+—l VK > Ny.
N—00 K
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Considering again a convergent subsequence (o K; )jeN of (o) neN the above inequality
implies

: . o C o

lim ag, < lim (| liminf ay — 1) = liminf opy .
j—o00 J j—o00 N—oo j N—o0

Since this holds for all convergent subsequences we conclude that

limsupay < liminf oy,
N— o0 N—oo

therefore, lim oy = liminf oy = lim sup oy exists and it is finite. O
N—oo N—oo N—00

Proposition 10. Foralllay]y € [B])‘Zo the sequence (|lay || N) N isin C(N). Inparticular
we have

llan]nligie (= llanInlig) = lim Jlaylly .
N—o0

Proof. To begin with we prove the claim for [ay ]y = [7% ay ] n. We will then move to
l[an]n € [B])o/Q eventually discussing [ay]y € [B])",O.

V%aM Letay € BM, M € N, and let us consider [V%aM]N. Let N, K €e N, N >

K > M and consider wg € S(BX). We decompose wg in a finite convex
combination of product states

g = Y o Ty ® - @1y

where n,, € S(B) forall £ =1, ..., K. We then consider

WK N ‘= Z a)?‘”pl(l'r®(77pl ®"'®77p,<)q € S(BN)’

where N = r+¢gK,q € Nandr € {0,..., K — 1} while T € S(B) is
normalized the trace state. We consider

N-1

1 . )
—M _ - N—-M—j J
CUK,N(VNaM)—CUK,N<NZI Qay 1 )
j=0
By direct inspection we have that, forall £ € {0, ..., K — 1},
1
N|: Z wl];l..‘I’Krr®(npl ®._.®77PK)qi|(IN—M—[ ®aM®I€>

Pls--es PK

1
= ﬁwK(y,é(l"—M ® an)).

The same contribution arisesif j < N—r—M =gK—Mand j = ¢ mod K.
The number of such j’s is roughly

¢g—M/K=N/K—r/K—-M/K=N/K+0(l),
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_ _ _ K _
I7Mamln > ok N TN amn)| = ‘wm%am +Cy| 2 lox ¥ am)| — C

where the O (1) contribution is bounded both in N and in K. The net result is

K—1
wk N TN am) = ZZ_; (% + 0(1)>%w1<(3/f;(1k“ ®am))
i Ni:] » (—j (INfM Qa ))
+Nj:N—r—M+l o "
= wg (7§ am) + O(K/N),
where we observed that the sum over j € [N —r — M + 1, N — 1] contains at

most 7 + M — 1 = O(K) terms each of which is bounded by |lay || . Overall
we find

K

N 9
where C > 0 depends on M but not on N or K. The arbitrariness of wg €
S(BX) leads to

17N amlly = 17K amllx = C -
Thus, Lemma 9 applies to the sequence ( ||71,{,’I ayp|ln)n proving that Nlim
—> 00
||7§‘\,”aM || ;v exists.
‘We now consider an arbitrary element [ay ]y . Although our proof works for an

arbitrary element of [ay]y € [B];’,O, for the sake of (notational) simplicity we
restrict ourself to the case

—M(k —M (k:
lanly = [ Y ARl a7y 2)(a(k2))] :
ki.ka N

where the sum over ki, k> is finite. To prove that ([lay||y)y has a limit as
N — oo we rely on Eq. (16) together with an argument similar in spirit to the
one used for the case of a single y-sequence. In fact, Proposition 6 implies that

’ N

—M(k —M (k
Z Ck]kzyN( 1)(a(k1))7/1v( 2)(a(k2))

ki,ky
1 . ‘
= > c’”kzﬁ > 2% (IJ' @au) ® 17 ® Cl(kz)) H
ki.ka Ji+r=N—M(k1)—M (k2) N
+O(1/N),

so that we may restrict to the first factor on the right-hand side. As for the case of
single y-sequencelet N, K € Nbesuchthat N > K > }cnz}(x{Z(M(kl)+M(k2))}
1,K2

where the maximum is taken over all pairs k1, k» € N appearing in the sum
defining [ay]y. We consider wg € S (BX) and, as above, we set

oy k= Y R @y ® - ®np)? € S(BY),
p Pk
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where N =r+gK,q € Nandr € {0, ..., K —1}whilewg = Y. wp' """
P1yeees PK

Np, ® -+ - @ 1Npg is an arbitrary finite convex decomposition of wk into product
states. We then evaluate

1 , .
wK,N( 3 Cklkzﬁ > 7n(I ®ag,) ® 17 ®“(kz)))

ki,k2 Jitja=N—M(k1)—M (k2)
1 . ,
= Z Cklkzﬁ Z wK.N (VN(I“ ® ) ® 172 ®a(k2))) .
ki,ka Ji+j2=N—M(k;)—M (k)

To this avail we fix k1, k2 and split the sum over j, in two cases:
(a) Let consider the sum for 0 < j, < N — M(k;) — M(ky) —r.For0 < £ <
K —M (k1) — M (k) we find, with the same argument used for a single y -sequence,

. <7N(1NM(1<1>M(1<2>€ Qag) 1'® a(kz)))
. <7K(11r<—M<1<1)—M<k2>—‘Z ®au @1 ® a<k2>)> + O(K/N),

The number of j’s suchthat 0 < j, < N — M(k;) — M(ky) —r and j, = £
mod K is roughly ¢ = N/K + O(1), therefore, summing over such j,’s leads to
a contribution of

1 o 4
CUK,N(ﬁ > V(7 ®aw) ® 17 ®a(k2)))
Ji+ja=N—M (k;)—M (k)
0<ja<N—r—M(k;)—M (k)
J2<K—M(k;)—M(k;) mod K

1 o ‘
=wk| — > vx () ®Cl(k1)®”2®a(k2))>+0(K/N).
Ji+ja=K—M(ky)—M (k2)

It remains to discuss the sum over 0 < j» < N — M(k;) — M (k) — r with
j2 € [K — M(ky) — M(ky), K — 1] mod K: In this case we find

1 . .
kv J1 J2
wg N| = I''"®Qag)® 1 agx
< N > 7 ( ) *))
Ji+jo=N—M(k1)—M (kz)
0<jp<N—M(ky)—M(k2)—r
K—ME&)—M(k)<jp<K—1 mod K

1
< > i) Nl ey i) | v ko)

N
Ji+ja=N—M (k1)—M (k2)
0<jp<N—M(k1)—M(kp)—r
K—M(k1)—M(k)<jp<K—1 mod K

1 /N
< N(E + 0(1)> (M (ky) + M(k2) — Dllagp M lag) I,y = O1/K),

where we observed that, for each of the M (ky) + M (kp) — 1 values of £ € [K —
M((k1) — M (k2), K — 1], thereareq = N/K + O (1) values of j, < N —M(ky) —
M(K>) —r such that j, = ¢ mod K. Loosely speaking these contributions arise
when j; is such that “a,) overlaps with the (translated) position of a,)”. This
does not allow to reconstruct wg , therefore, these cases are estimated by O (1/K).
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b)) Ifjpe[N—M(k))—M(ky) —r+1, N— M(k1) — M (ka)]—which is empty if
r = 0—we have

1 . .
wK,N(ﬁ N > vn(I ®auw) ® 17 ®a(k2))>
Ji+jp=N—M(k1)—M (k2)
N—M(k1)=M (ko) —r<jp<N—M{k1)—M (k)

= O(K/N).

Recollecting our result we have

1 ; .
wK,N( 3 Cklkzﬁ > v ®ag) ® 17 ® a(@))'

ki,k2 Jitj2=N—M(ky)—M(k2)
1 _ . )
= ‘w(Zc"”‘ZE > VU ®ag,) ® 17 ®a(k2))>
ki,k2 Ji+ja=K—M(k1)—M(k2)

+0(1/K) + O(K/N)‘

1 . .
kik -
Z“‘)K<Z"”f X VK(I“®a<k1>®1”®a(kz>)>‘
ki,k2 Ji+ja=K—M(k1)—M (k2)
Ci K
- —Cy—.
K N

where C1, C2 > 0 do not depend neither on N nor on K. The arbitrariness of
wg € S(BX) leads to

1 , .
> N > 7N<1“ ® agy) ® 17 ®a(kz)) H
N

kika  ji+jp=N—M(k1)—M(kz)
1 _ . :
> e > )/1<<1" ®aw) ® 17”7 ®a(k2)>
kiky  jitja=K—M(k1)—M (k)
Ci

K
— o=
K N

Thus, Lemma 9 applies and the limit

K

>

. —M(k —M(k
lim 75 * (@) 7 h 2 (@)l
N—o0

exists and it is finite.
[B1S° | Finally, let [ay]y € [B];io. Then, for all ¢ > 0 there exists N, € N and

layln € [B];° such that
lay —aylly <& VN > Ng.
Moreover, since (|laj, ||n)n is convergent, there exists N, € N such that

llayln = llayllm| <& VN, M > N;.
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For N, M > max{N,, N/} we then have

Nanlin = llaslinl < |lanlin = llaylin |+ [llay iy — lahllae| + |llay o = llanelln|
< llay —aylIn + [llayllv — lajylla| + llay, — amlm < 3e.
proving that (Jlay||x)n is a Cauchy sequence. O
Remark 11. The result of Proposition 10 applies also for w-sequences. For this latter
case the proof streamlines because
ey amlln = 7§ wg amlln < g amlk,
so that (||7111\‘,’1aM||)N is decreasing. The difficulties in moving from [B]Z° to [B];io is

twofold. On the one hand, for y-sequences ||7% apy ||y is not decreasing, although it

fulfils a similar properties asymptotically. On the other hand, the product of y-sequences

is not a y-sequence, even when equivalence classes are considered. This requires a

different strategy to ensure the existence of the limit Nlim llay||n for [an]y € [B ];io.
—> 00

The following proposition proves the existence of the continuous bundle of C*-
algebras of interest.

Proposition 12. Let {B)I,V INeN be the family of C*-algebras introduced in Eq. (7). Let
{[B]}IY}NEN be defined by [B]f/v = B)I,V for N € N while [B];io is the C*-algebra gen-

erated by equivalence classes of y -sequences, cf. Definition 5. Let [B]y C HNGN[B]];Y
be the subset defined by

. - 00 . a N eN
[Bl, = {(AN)NGN € R[B])I/v | an)n € B,": Ay = {[aNN]N N =00
S

Then [B]y fulfils conditions 1.-2.-3. and thus it leads to a continuous bundle of C*-
algebras

}. 24)

[my:{mNMﬂeITWEWW>O$W€NHﬁewbﬂMN—AMm<sWVzM}
NeN

(25)

Proof. We will prove conditions 1-2-3 of Remark 8. The space [B]y is a x-algebra,
therefore, condition 2 is fulfilled. Concerning condition 1, we have to prove that

Zu = {Am € [B) | (AN) yoi € [B],} S [BL),
is dense in [B]y forall M € N. For M € N it is enough to observe that, for all
ay € [B]y = BJJ,VI, we may consider (An) yox € [B],, defined by
=M
N eN
AN = y_NMaM € ,
[yyvamln N =00

which leads to Ay = ¥ yyam = ay,ie. Zy = [B]Q’I. If M = 0o we have Zo, = [B];i<>
whose closure is per definition [B];O—cf. Definition 5.
Finally condition 3 is equivalent to

Nh_f)noo lANIIN = Nll_ffloo lanlin = llan]nliigire = Al Y(AN) yey € [Bly,

where the existence of lim |lay| y is ensured by Proposition 10. O
N—o0
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3.2. Canonical representative of [an]n € [B’]}o,o. To proceed further in the construction

of the deformation quantization of [ B]}” we have to discuss the possibility of identifying

a canonical representative of an element [ay]y € [B])O,o. This is required for both

endowing [B]}° with a Poisson structure as well as for defining the quantization maps
On: [BI3® — [B]Y —f. Theorem 24.

To begin with, we address the following problem: Given [7% ayln € [B];’f does it
hold

TMaply =[0ly < apy =072

A positive answer in this direction would imply that, given an equivalence class [7% apln,

one is able to determine uniquely the y-sequence (71,‘\,’1 ayr) y - Unfortunately, the answer
to this question is negative because

xanly = [Py A* @ aw)ly = 7y (an ® 1)1,
although the associated sequences are not the same. Indeed
Vi (X ®ay) =0 # Y yau = Vigan -

This counterexample suggests to focus on the C*-subalgebra BM where B = kerr,
T € S(B) being the trace state—cf. Sect. 2. In fact, therein the situation is slightly better
as shown by the following Lemma.

Lemma 13. Let Gy € BM be such that [7¥ a1y = [0ln. Then @y = 0.
Proof. Per definition [y @y1y = [0]y if and only if th I7Mamly =0.Letwy €
—00

S(BM) andlet T € S(B) be the normalized trace state 7(a) := tr(a)/k.Let N > M +1,
geNandr €{0,..., M} besuchthat N =r + g(M + 1). We consider the state

omy =1 @ (t Qwy)! € S(BY).
By direct inspection we find that

wm, N TN am)

a N ) N
="er® wM)q]<N ;) V;(z(IN_M ®aM)) = mwM(ClM) + O(1/N),

(26)

Indeed, for j = 0 the resulting contribution is wps(dp)/N. The same contribution
appears when j = 0 mod M + 1: Since j € {0,..., N — 1} this happens ¢ times,
moreover, g = N/(M + 1) + O(1) leading to the right-hand side of Eq. (26). Whenever
J #0 mod M +1 the resulting contribution is 0, on account of the fact that z vanishes
on B.

Equation (26) implies that, for all wy; € S(BM),

loy (@m)! -

0= lim |7¥ay| >
N Iy amll = M+1

The arbitrariness of wys leads to ||dy|lp = 0, thatis,ay =0. O
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Thus, although the equivalence class [7% ay ]n does not identify a unique sequence
624 v am)n,Lemma 13 suggests that a (a posteriori unique) canonical representative may

be extracted by working with the “B irreducible components” of the y-sequence. To this
avail, we introduce the notion of B- -irreducibility. This identifies those elements in BM
which cannot be written as I ® ay—; oray—; ® I for some ay—; € BM~L,

Definition 14. An element ay; € B is called B-irreducible, and we write ay € B,
if either M = 0 or

(Tt ®@owu-1)(ay) = (wy—1 ®1)(ay) =0, (27)

forall wy_; € S(BM—1).

Remark 15. Notice that, per definition, ¢y € C is E-irreducible, moreover, Bﬁm = E,
Bﬁm = B2. For the sake of completeness, Appendix A provides a complete characteri-
zation of B, forall M € N.

The notion of B-irreducible elements leads to a proper definition of “canonical
representative” for a y-sequence—cf. Definition 16. Indeed, let consider an arbitrary
ay € BM. By considering a basis I, by, ..., b.2_; of B fulfilling (4) we may decom-
pose ajy as

— M J J2
ay = apl™ + E ]]]2[ Rbr®1
Ji+j2=M—1
k

kik:
+ Z 111122131]1 ® br, ®Ijz®bk ® I3

j|+jzzj3=M*2

1,k2
. ki..ke rj1 . Je Je+1

+ + Z Cj1~~jz+11 ® bkl ® ®I"® bkf ®1

it jeri=M—t
ki,..., ke

ot Yy MM @ @by, (28)

kiyekng
where ag, ¢ k ke € C and the sum over ki, ..., k¢ is finite. At this stage we observe

wJexl
that (yNaM)N = (yMa},)n where a), € BM is defined by

Jitja=M—1 Jitjatjz=M-2
k ki,k2
ki..ke pj1+jest Je
+ + Z Cj1~~jz+11 ® by, ® ® I ® by,
Jitetjeri=M—t

_ZIM ' ®d] e@IM /' ® By . (29)
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We stress that some of the a;- ’s may vanish in the process. However, it is important to
observe that, moving from ay to a,, the y-sequence (and thus its equivalence class) does
not change. Notice that, if we replace ay; with 1 K @ ay oray @ IX, the B-irreducible

elements {a}}?’lz o do not change.
Definition 16. Let (7%’ apr) N be a y-sequence and let Zﬁ/lzo M-i@ a} be the element
defined as per Eq. (29), where a} € BI{(R forall j € {0, ..., M}. The sequence

M .
Y @ydpn € By,

j=0
is called the canonical representative of [7% apmln.

Remark 17. (i) Tt is worth pointing out that, while (7%aM)N = (V%a;M)N for aj, =
Z;W: ol M-j® a}, for the canonical representative we only have equality of equiva-

lence classes, i.e. [7%’(1/\/1]1\/ = Zﬁo[ﬂ\,a}]/\/. In particular we have

M
Fxam)n = Fnayn =Y Fyan + Ry, (30)
j=0

where |Ry| = O(1/N*°). For example if ay; = agI™ then the canonical represen-
tative is the constant sequence ay = agl N N € N, which coincides with (711‘\,’1 ay)n
only for N > M.
(i1) On account of the previous discussion we observe that the algebra generated by
y-sequences of the form (7% ay)n for ay € BIII‘{IR, M e N, exhaust the whole

23
space B)*.

The following proposition shows that the canonical representative introduced in Def-
inition 16 is unique.

Proposition 18. Let M € N and a; € Biy forall j =0, ..., M. Then

=0&=ap=0,...,ay =0. 31)

Proof. The proof is similar to the one of Lemma 13. By direct inspection we have

M M
0= lim _ja' v _ja- = l|ag| .
N—>00H2)VN j > 2)3/1\/ j lao|

J= J=

> lim
N N—
Letnow n € S(B) andlet w, y 1= 1" R (?M-1@n)? e S(BN), where N = r +2Mgq,
geNandr e€{0,...,2M — 1}. We have

0= hm ”Z)/Naj
N

> hm

wy, N(ZVWH)

37 M@l
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whichimpliesa; = Obecause of the arbitrariness of € S(B). Notice thatw;) v (75;,61 i) =
0 for all j > 2 on account of the assumption a; € Biix.

Proceeding by induction we may assume that a; = --- = ay—1 = 0 and prove that
ay = 0. To this avail let nq, ..., n¢ € S(B) and set
2M—2¢

Oy, N =T @ (T QM- - Qn)? e S(BY),

where N =r +2Mq,q € Nandr € {0, ...,2 M — 1}. Using the inductive hypothesis
we find

0= hm HZ)/NaJ

where, with the same argument as above, the contributions arising from a;, j > £+ 1,
vanish. The arbitrariness of 01, ..., ny € S(B) impliesa, =0. O

> hm
N

1
Oni,.ome, N(ZVN“J)’ M|(771®"'®77£)(a/z)|,

j=t

Summing up, every equivalence class [7% apyln € [B])‘Zo has a unique canonical

representative obtained by decomposing ay, into its B-irreducible components.
We shall now discuss the notion of canonical representative for a generic element
lanlny € [B ]°°. Proposition 6 and Remark 17-(ii) lead to the following definition.

Definition 19. Let [ay ]y € [B ] be such that

lanin =Y Ry (@) 7y @)y
k... ke

1 _ . T - 1
= Z ckl“‘kZ—N/Z_1 Z NI ®aw) @@ I ®aw,))n-
Lk, ke [ile=N—IM&)e

where ai; € Blng(kj) for all k;, while the sum over £, k1, ..., k¢ is finite and |M (k)|¢ :=
M(ky) +-- -+ M (k). The sequence

1 i ’ ] ‘
Z chi-ke <W Z v ®ap)®--- 1" ® a(ke))> ’

Cki,ke jle=N—M&)l¢ NzIM&)le
(32)

is called the canonical representative of [ay]y.

Similarly to Proposition 18 we have the following result, showing that the canonical
representative introduced in Definition 19 is unique.

Proposition 20. It holds

1 : ! - 1
. ik = (7 Y -
im ‘ >, ENK—I ' Y. ' ®ap)® ®”®a(kz))HN—0
Lk, ke [/le=N—|MK&)|¢
—= Z ckr- k“ Z PN ®@ag) ® - I @ aw,)
Lk, ke \/\ZZN—\M(k)lz
=0 VN €N, (33)

. . M (k;
where the sum over £, ky, ..., k; € Nis finite and a; € BIRR( ’)for all k;.
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Proof. For the sake of clarity, we will discuss the proof for £ < 2. This simplifies
the construction without affecting the validity of the argument. We thus consider the
sequence

1 o ‘
ay =) cklkzﬁ Yo vn ®@aw) ® I @ agy)), (34)
ki,k2 [jI=N—=|M&)|2

where the sum over ki, k> is finite and ay) € BIJI‘{IR(]‘) for all k. Notice that, whenever
M (k1) = 0 or M (k2) = 0 the corresponding contribution reduces to a single y-sequence
up to a remainder O (1/N). We have to prove that Nlim lan|ly = 0 implies ay = 0
—> 00
forall N € N.
We observe that ||ay ||y —> 0 entails
N—o00

0= lim fayly > |2V = kika :
N—>oo|| Ny = 1t7 (an)l €Ak ) Aky)
ki: M(k1)=0
ko M(ky)=0

so that we may assume (M (k1), M (kz)) # (0, 0) in (34).
We now analyse (34) with the help of the following parameters:

M := max max{M (k1), M (k2)},
ki,k2

M := min max{M (k1), M (k2)}, M, = min min{M (ky), M (kp)}.
ki,k2 ki: M(k))<M,
ky: M(ka)<M,

(35)

Roughly speaking M is the maximal degree of the a(ky’s appearing in (34). The parameter
M, < M is the minimal "bigger length" among all pairs (k, k») appearing in (34). Notice
that M ; > 0 on account of the hypothesis (M (k1), M (k2)) # (0, 0). Finally M, < M,
is the minimal length of the a(,’s appearing when considering only those pairs (k, k2)
for which max{M (ky), M (ky)} < M ;—notice that this implies M (k) = M for at least
one between k € {ki, kp}.

Let oy, € S(BM1), wy, € S(BM2) and let wy, m,,n € S(BY) be defined by

oM, M, N =T ® (rﬁ® om, ® ‘L’M® wm,)?, (36)

where N = r+ QM +M,+M,)q,q € N,r € {0,...,2M + M +M, — 1}. We consider

1 - . )
om, My N@N) = Z Ck'kzﬁ Z wMI,MZ,N[VN(I" ®aw)®I1"”® a(kz))]
ki ljI=N=1M®K)]2

| L .
= Z ckikz — Z wM],Mz,N[VN(I“ ® agy) ® 1 ®a(k2))},

N
kit M(k))<M, [jI=N—=IM )2
kot M(ka)<M,

(37

where in the second line we observed that

M, My N [mlh ®ag) ® 1 ® a<k2>>] =0 if min{M(k), M(k2)} > M, ;
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This follows from the fact that, if M; < M, < M, for all a M, € B%% we have
oM, M, NV n@n-—m, ® an,)) =0,

no matter the choice of ay_py, € BN—M2 1p fact, for all j€{0,..., N — 1} one finds
that

o, N Vi an—m @ a) ] =177 @ (M @ oy, ® ™ ® W) [y (an—m, ® amy)],
is non vanishing only if the position of ay, “overlaps completely” with either wy,
or with oM, however, this is not possible because M, > M; > M,. Notice that

overlapping with both states is impossible since each pair wy, , wp, is separated by ™

and M, < M.

We now analyse the remaining contributions (37) of wp, m,, v (an)- Notice that the
condition M (k1) < M, and M (k) < M, implies M (k) = M for at least one between
ki, ko. In fact, we also have M (ky), M (k) > M, which implies M (k) = M, or
M (k1) = M, for at least one pair (ki, k2). Moreover, by direct inspection:

(@) If j, =M mod 2M + M, + M, then

wM, ,MZ,N[VN(Ij' Qag) @12 ® ay)]
1

_ M, —M(ky) My—M (k)
= — |y, (7! ® ag))wy, (172 ® A(kr))
2M+M1+M2|: M, (k1))®M, (k2)

+ou, (I2ME) @ a4 Doy, (1P ME) g a(kz))i| +O0(1/N), (38)

with the convention that the contribution vanishes if, say, M, < M (k1)—this may
happen if M, < M; and M (ki) = M. This restrict the non-vanishing contributions
to those pairs (k1, k2) such that {M (k1), M (k2)} = {M,, M,}. Notice that there exists
at least one such pair on account of the definition of M,—cf. Eq. (35). To prove (38)
it suffices to observe that for all £ € {0, ..., N — 1} we have

om, N[V T ® agy) ® 172 ® awy))]
oy, (=MD @ ag )y, IH2~M ) @ agy))
= you, M0 @ ag oy, (1M~ @ ag,))
ifl=M;+M mod M;+M,+2M
0 otherwise

Since the number of £ € {0, ..., N — 1} suchthat¢ =0 mod 2M+Ml + M, (resp.
€=M, +M mod 2M + M, + M,) is roughly N/(2M + M, + M,) + O(1) the
formula for le,Mz,N[VN(I-"I ®aw,) ® 12 ® a(kz))] follows.

(b) Similarly, if j, =2M + M, mod 2M + M, + M, then

oM, ,MZ,N[VN(N' Qag) @17 ® aiy)]

1 M, —M(k) M, —Mky)
= —— |y, (7! V& ag,y) oy, (IH 2 ® aky))
2M+M1+M2|: M, (k1)) ®M, (k2)

+a)M2(1M2_M(k1) ® a(kl))wMZ(IMQ—M(kz) ® a(kz))] +O(1/N),
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where again the contribution is non-vanishing if and only if {M(k1), M(k2)} =
(M, M,}.
(c) In all other cases the contribution vanishes.
The number of j, € N such that j, < N — [M(k)|» and j, = M mod 2M+Ml +M,
(resp. jp =2M + M, mod 2M + M, + M,) is roughly N/(2M + M, + M,) + O(1).
Moreover, we have
ou, (1M @ agy) = (@u,—u, ® oy, MO @ ay),

where wy —m, € S (BM1—My) g arbitrarily chosen.
Thus, combining cases (a)—(b) we find
CklkZ

oM, M, N(an) = E
(ky,k2):
{M(k1),M (ko) }={M,M,}

QM + M, + M,)?

1 1 oy _
<§0)M1 +§wM1*M2 ® CUMZ) |:IM1 M (k1) ® ag,) ® M =M (k2) ®a(k2)] +O(1/N).

Since |lan |y = |lom, m, n(an)| and |lally —> O we find
N—o00

2
1
chlk’( Op, + S OM, M, ®wM2) |:1M1_M(k‘) ® agy @ MM a(kz)] =0,

(ky.k2):
(M (k1), M (k)}={M,M,}

(39)
for all oy, € S(BM1), wy, € S(BM2) and wpy,—m, € S(BX17M2). Choosing
WM, = OM—-M, Q OM,,
we have

3 M opr, i, ® on, ) [,Ml—mkl) ® ag,) ® [M1-Mk) g a(kz)} —0.

(k1,k2):
{M(k1),M (k2)}={M, . M5}

(40)

for all wy, € S(BM2) and wy,—y, € S(BY1~M2) This implies that in the general

case, unfolding (wy, + Wy, —m, ® a)Mz)2 and using Eq. (40) we have

> 2 (o, ® ou,) [IMI_M“” ®ag) ® 1M1 @ a(/m}
(ky,k2):
{M ki), M (k2)}={M; .M}
+ Z chike (le ® oy -m, ® wMz) |:(1M1_M(kl) ® aw,)) O (IMI —Mk) ® a(kz)):l =0, (41)

(ky.k2):
(M (k1) M (k2))=(M, M)
for all oy, € S(BY), wy, € S(BM2) and wy,—m, € S(BY1~M2) while a ® o’
a®a'+a’ ®a Equation (41) is now linear in wps, — g, ® wp, - Since convex combmatlons
of states in S(BM1~M2) @ S(BM2) generate S(BM1) we find that

> M @y, ® o, )[IM' M @ agy) @ MM @ a(kz)]
(ky,ka):
(M), M) =M, M)
+ > M oy, ® “’/Ml)[(lﬂ'_mk') ® agy)) @ (IM~ME) g a(kz)):| =0, (42)

(ky.k2):
{M (k1) M (k2)}={M, M5}
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/ M : _
for all oy, w), € S(B=1). Choosing wy, = @y, we find

)3 b (a0 ®wﬂl)[1M1—M(k1) ® a,) @ 1M1-MG) ®a(k2)} _o.

(ki,k2):
(M (k1), M (k2)}={M, M}

out which Eq. (42) simplifies to

> M (wp, ® w)y) [(IMI—M("“ ®ag) @ (MM @ a(kz))} =0,

(ky.k2):
(M (k1), M (k2)}={M,M,}

(43)

for all wyy, , a);wl € S(BMy),
The arbitrariness of wyy, , a);ul € S(BM1) and the fact that any M, € S(B*M1) can
be written as a convex combination of product states in wy, ® a);wl lead to

> MMM @ ag)) @ (MM @ agy) =0, (44)

(ky,k2):
(M k1), M (k2)}={M | ,M>}

On account of the symmetry in ky, k2 in the sum, we may assume that M (k;) = M| and
M (ky) = M, for all pairs (k1, k2). Equation (44) reduces to

Z Cklkza(kl) ®JT (IM] _Mz ® a(kz)) = 0 . (45)

ki: M(k))=M,
ky: M(k2)=M,

Let oy, € S(BM1) and wy, € S(BM2) and let

1 1
. M,—M M,—M
OM, M, = S OM; @ TTETE @ oy, + ST @ op, © O, -

Then Eq. (45) leads to

0= “)Ml»Mz< Z cklkza(kl) Ry (IM1—M> & a(kz))>
ki: M(ky))=M,
ka: M(ka)=M,

= (ou, ®wM2)< Y. fMRag) @ aam)),
ki M(k1)=M,
ko: M(k2)=M,

with the convention that wy, (ak)) = 0if M (k) # M. This shows that Eq. (45) implies

Y MPag) @ Bagy) = 0. (46)

ki: M(k))=M,
ka: M(k2)=M,
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We now observe that Eq. (46) is equivalent to

1 . 1
Yo Y () ®au 817 ®ag) =0, YN =M, — M,.
ki M(k))=M, J1+jp=N—-M—M,
ka: M(k2)=M,
“47)

Indeed, by direct inspection Eq. (46) implies that

. 1
Yoo MR Rap @12 ®agy =0, Vi €N, (48)

ki: M(k))=M,

ky: M(k2)=M,

and thus it implies Eq. (47). Conversely, if Eq. (47) holds true then evaluation on the
state 71 ® op, ® ™ ® wpy, leads to

. .1
0=(r"Qwy, @2 ® wM2)<Zkl cmy=ary F SNy, PN (T ®ag) ® 172 ® a“‘”))
ky: M(k2)=M,

= y(oy, ® wﬂz)(Zkl M=, M g ag) @n a(k2)>,
ky: M(k2)=M,
where £1, £ are such that £y + £, = N — M| — M, while wy, € S(BM1) and oM, €
S(BM2) are arbitrary states. This implies Eq. (45).
By comparison with (34) we conclude that Eq. (47) is nothing but the sum of the
terms in ay whose pairs ki, k2 fulfils {M (k1), M (k2)} = (M, M,}.
At this stage we may either argue that this is in contradiction with the definition
of M, M,—unless ay = O—because min min{M (k1), M (k2)} > M,. Alter-
ki: M(ky)<M,
ky: M(k2)<M,
natively we may consider the remaining contribution to ay and argue again as above
identifying new values M|, M,, M. In either case we have ay = O forall N € N as

claimed. O

Remark 21. The notion of canonical representative applies also for symmetric sequences.
Indeed, let [ aply € [BIZ where ay € BY. As for y-sequences one has

[w¥amln = [w¥ (X ® ap)lw so that the -sequence generating [ ap ]y is not
uniquely determined. Nevertheless, since ayy € BM, one obtain the following unique
decomposition:

ay = SM(H()IM+IM_1 Qa+---+dy)
M . M . .
= 5M<ZIM—J ®a‘j> € SM(@IM—J ®B,f,).

j=0 J=0

With this decomposition at hand the canonical representative of [ 11\‘,’1 apy]n is defined by

M .
J~.
(i) -
j=0 N

This point of view is equivalent to the one adopted in [12].
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3.3. The Poisson structure of [B])O,o. In this section we will endow [B];Zo with a Poisson

structure defined on [B’])of’. Eventually we will discuss the deformation quantization of

[B], .
We recall that a Poisson structure over a C*-algebra A4 is given by a bilinear map
{,}: Ag x A9 — Ag defined on a dense *-subalgebra Ay C .4 which fulfils:

la,d'} = —{d',a}, la,d'}* ={a*, a"*} (49)
{a,d'a’} ={a,ad'}a" +ad'{a,d"}, (50)

{a.{a',a"Yy = {{a,a'},a"} +{d', {a,d"}}, (51)
foralla,d’,a” € Ayp.

Proposition 22. Let { , }, : [BI® x [BI® — [BI° be the bilinear map defined by

{lan1n. layIn}y = [iNla™, ayNlv, (52)

where (a$f™N)y denotes the canonical representative of [an]y—cf. Definitions 16-19.

Then {, }, is a Poisson structure on [B];o.

Proof. Notice that {, }, fulfils condition (49) because so does the pointwise commmu-
tator i[, ].
The non-trivial part of the proof is to prove that {, }, is well-defined, namely that

{lan]n, [a§\,] N}y is a well-defined element of [B]OO. Moreover, we also have to prove
conditions (50)-(51): The latter do not follow from the properties of the commuta-
tor because Eq. (52) uses the canonical representative and in general [a§{™, a{™] #
[a§™, afy*™]“AN. For these reasons we proceed in several steps:

As afirst step, we prove that {[an ]y, [ay]n}, € [153]70/o for the case of two equiva-
lence classes of y-sequences. Since the commutator is linear, on account of Remark
17-(ii)) we may reduce to the case [ay]y = [V%aM]N, [a}V]N = [75‘\,4 ay ]y for

ay € BM and ayy € BI%Q. In this latter case we find, for large enough N, say
N >2(M+ M),

iINMay, 7% ay] = iN7N<[1N*M®aM,?N(1N’M' ®aM/)]>

= im( > [IN—M ®a. v (1" ®w>])

Jjef0,...M—1}

= i7N<IN‘M‘2M’® > [IM’®aM®1M’,y1£,+2M,(IM’+M®aMf>D

. SM+2M'
= VN

aAM+2M’ s
which implies

(T ain. (78 awnly = IN[TNau. 7i awlly = (707 ayonly € B

This proves that the Poisson bracket between [7%’ ayly and [7%/61114/] N 18 an
element of [B])",o.
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We now consider the general case of [ay]y, [a}\,] N € [B];Zo. Using again lin-
earity and Remark 17-(ii) we may restrict to case

/ 1

M _M , _M _M,
lanIn = Py 'am -V am N, layly = [J/N'dM{-nVNZ amy,Ins

where ay, a), € Bj forall M’s and ¢, ¢’ € N are arbitrary but fixed.
We observe that Eq. (18)—cf. Proposition 6—Ileads to

/
CAN —M =M, ICAN _M; _My ’
(ayn = y'am, -V am)n + Ry, (ay™ v =y ay .7y amyIN + Ry,

where || Ry |y = O(1/N) = |[R}, || y. This implies

CAN _/CAN7 _ =M =My —M| = é/
lay ", ay™ 1 =Yy am -V amy- ¥y ay- Yy aMé/]

_M{ _Mé/ —M —M@ !/
+[RN, VN ay--¥y aMé,] +[Yy amy -V y am,, Ryl
/
+[Ry, Ry].

At this stage we observe that

=M —M _M; _M, ;
[iN[yy'am .-V am,. leaMi...yNe ale/]]N € [B1).
Indeed, this is due to the identity
lan, ayay] = lan, aylay +aylay, ayl,

together with the fact that the result holds true for ¢ = ¢/ = 1. Moreover, we
have | N[Ry, R;V]HN = O(1/N) so that it remains to discuss the term

/ M/,
INIRN, 7N a7y ana Wy = OO/,

where the latter estimate is due to Remark 7-(ii). Overall we have shown that
. CAN _/CAN7 __ - arr=Mi =M, — M My ”
iNlay",ay™ 1 =iN[yy am -V am ¥y ay ¥y aMé/]+RN,

where || R} |y = O(1/N) and by direct inspection fulfils Eq. (20). This implies
in particular that

. . M M _M/ _M’, .
[iN[a$™, a}SAN]]N =[iNV N am -V 5" am,. leaMf SVN aMé,]]N € [B1).
so that {, }, is well-defined.
(50) — (51) | By proceeding in a completely analogous way one also proves conditions
(50)—(51). Indeed, considering without loss of generality
— — _M _M,
lanly = [V%laMl-n)/%eaMg]N, layIn = V' am; -V aMé,]Ny

@1y = [7 o gy |
ayin = VN%aMl//"‘VN aMZ,, N>
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we find

(N a™, (™, ar ™)
_M/ M/ // M//
= iN[ay™ iN[Vy ap -7 5" ay,. V' amy- 7N apy, 1 +iN[ay™, RN]

/ "

. —M; —My . — 1 —M(Z’ M” _M[//

=iN[yy am -V am,, iN[Yy ay--¥y aM/ )/N ayy--¥y aMZ’/]]
M! _M, M _My,

. 1M ¢ CAN

+N[Ry,IN[Y y ay .. yN aM )/N ayy--Vy aMZ”]]+1N[a , Ry].

The first contribution fulfils (51). With an argument similar in spirit to
Remark 7-(ii), the second contribution can be estimated by

/ 1"
M

R iN —Mi —Me/ =" —Me’/ = 0( N2
IRy iNTY N @y ¥ N ar,» Viy amy--¥ - amg, Nliv = OA/N7).
Finally | N[a§*, Ry1lly = O(1/N) because of Remark 7-(ii) so that

21 CAN /CAN  ,//CAN
IN)lay™, lay™, ay ™11

U4 "

M1 —M, =M My —My My "
=iN[yy am .-V y am, iIN[Vy ay; ¥y aM/ yN amy -V n LIM// 11+ Ry,

with |RY/|x = O(1/N). This proves condition 51 for {, },.
By proceedmg in a similar fashion we also have

CAN /CAN /ICAN
iN[ay™,ay™ ay™]

’ ” ”

— inNM —My —Mi My M My m
=iN[Yy am -V am, ¥V y ami--YnN M, YN am)--VY N aMZ//]+RN,

where ||RY/||y = O(1/N) while the first contribution fulfils (50). This
proves condition (50) for {, },. O

Remark 23. The proof of Proposition 22 shows that, if ay € BM, and ap € B, then

(P amIn, 7% awin)y = oM ayomn,

where ayson € BM*2M' is not B-irreducible in general.
At last, we can finally state and prove the main theorem of this paper.

Theorem 24. Let [B], C I N EN[B])IY be the continuous bundle of C*-algebras defined
as per Proposition 12. For K € Nlet Qk : [B];io — [B])If be the linear map defined by

_JatY K eN
Ok (lan]n) = {[a v K = oo (53)

where (aIC\,AN)N is the canonical representative of [ay]n as per Definitions 16—19. Then
the family of maps {Q N}y i defines a strict deformation quantization of | B ];’,o
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Proof. Notice that Q is well-defined for all N € N on account of the uniqueness of
the canonical representative—cf. Propositions 18-20.
With reference to Sect. 1 we have
[Bl, & [[Av.  [Bl) & Ay, (Bl & Ax,  [BI © Ax.
NeN
We will now prove conditions 3(a)-3(b)-3(c).
3(a) Per definition we have Qoo := Id( g1 as well as On (lan]n)* = On([ay]n) for
Y

all [ay]y € [B];O. Moreover, Eq. (53) defines an element in the space [B]y—cf.
Eq. (24)—and thus a continuous section of [B],, as per Proposition 12.
3(b) By direct inspection one has

i K[Qk(anIn). Ok (layIn) 1k = [iK[a™, ax ™ Nk = {[an]In. [ayInly.

which implies Eq. (1). Notice that, on account of Remark 23, in general

Ok (lanin, [ayIn}y) # iK[a$, ag™N],

despite the fact that the equivalence classes of the associated sequences are equal.
3(c) By direct inspection one finds that Qy ([B])°) = B)’,” for all M € N. Indeed, by

proceeding as in the proof of Proposition 12, let ay € B)’/V’ , for M € N. Then we
haveay =y (am) = Zﬁ/]zo Vfwaj fora; € Bjrr—f. Eq. (29). This implies that

M M
ay =Vyulam) =Y Vya; = QM([ZW\/“J} )
j=0 N

j=0
thus proving that QM([B];O) = B)I,VI. O
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A. Characterization of B-Irreducible Elements

This section is devoted to characterize the set B, of B-irreducible elements in BY —cf.
Definition 14. To this avail, we introduce the following convenient family of linear maps.

Definition 25. Let M, £ € N, £ > 2, and jj, ..., je—1 € Nsuchthat ji +--- + je—1 =
M — €. We denote by ¢};"': B — BM the linear map defined by

/1 Je— l(a) _ Z ki k/bk ®111®'~'®[ﬂ_1®bk£, (54)
ki,....kg
where I, by, ..., b.2_isabasisof B fulfilling (4)anda, = ) ckl'"k%kl ®: - -Qbg,,
ki,....kg
the sum over ki, . .., k; being finite.

Remark 26. (1) If £ = M one has Lﬁl["'jM (@y) = dpy. Moreover, by direct inspection

Lﬁ,‘,"'”*l does not depend on the chosen basis I, by, ..., b.2_;.
(ii) On account of Definition 14 we have L] 1-Je= 1(BZ) C BM.. Moreover, ¢}, /7" is
injective. Indeed, if ¢}y /"' (@) = O then for all 51, ..., ¢ € S(B) we have

0=[meT" @ - @/ @nelWly " @) = (m ® - @ ne)@p) .

The arbitrariness of 11, ..., n¢ entails w¢(dy) = 0 for all wp € S (BY), therefore,
ap = 0.
Let I,by,...,b._; be a basis of B fulfilling (4) and let ayy € BY, M > 2. By

considering Eq (28) for ap € BM, we find

M-=2 ~ J1j2 o~
ay =ty @+ Y " @)
Ji+jp2=M-3
Jlede=1 > ~
o > oy @y jeoy) F o+ A, (55)
Ji+tje—1=M—L

where a@y|j,...j,_, € B forall ¢, Jlseons Jo—1-

Equation (55) provides a description of B, in terms of “B -components”. To this avail
we consider the vector space

~M ~ ~ ~ ~
B" =Feo (K Be--o & Be--aBY (56
Jitjpa=M-3 Jittje—1=M—1

0
where B = Cand B = B. We then define the linear map

~M
dy: B — BM D@y

a M=0
. a M=1 57)
I Al ’

JieJe=1 g ~
+Zj1+---+jg_|:M—£ by @ejjy..je) +--+ay M =2
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~ ~M ., .
where ayy € B is given by

a M=0
ay=1{a, M=1
DO Q= m—3Bljijp D O Qs =M Ul jiatjo D Dy M =2

(58)

Equation (55) can be rephrased by saying that for all ay; € B, there exists @y <
~M ~ . ..
B such that ®p(ay) = apy. The following lemma shows that @, is in fact an

isomorphism, proving that BM, ~ B

~M
Lemma 27. Forall M € N, the map ®y: B — BIIKIR is an isomorphism.

Proof. There is nothing to prove for M € {0, 1}, therefore, we assume M > 2.

From Egs. (55), (57), we have that &, is linear and surjective: Thus, it remains to
prove that ® (@) = 0 implies @y = 0. We now prove that, if ® (@) = 0, then all
components of dy; appearing in Eq. (58) vanish.

To this avail let n, 72 € S(B). By direct inspection we have

0=(m @M 2@ n)[®@wm)] = (m ®n)@).

Notice that no other term from & (@) provides a non-vanishing contribution because
7(B) = {0}. The arbitrariness of 11, 7o € S(B) leads to ws(a>) = 0 for all w; € S(BY)
and thus a; = 0.

We now proceed by proving that @3, j, = 0 for all j; + j» = M — 3. To this avail let
Jj1, jo be such that j; + jo = M — 3 and let 51, 2, n3 € S(B). Since we already proved
that @» = 0 it follows that

0=t @ ®T2@N)P@m)] = (1 @ m @ n3) @), 1,) -

Once again, the arbitrariness of 11, 72, 73 € S(B) (as well as the one of ji, j») leads to
as|j, j, = 0 forall ji + j» = M — 3. Proceeding by induction we find @y ;. = 0 for
all jy+---+ji_1 =M —{ Thusay =0. O

~Je-1
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