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ABSTRACT Geometrical discontinuities such as notches need to be carefully analysed by engineers
because of the stress concentration generated by them. Notches become even more
important when the component is subjected, in service, to very severe conditions, such
as high-temperature fatigue and imposed viscoplastic behaviour such as creep. The
knowledge of strains and stresses in such stress concentration zones is essential for an
efficient and safe design process. The aim of the paper is to present an improvement
and extension of the existing notch-tip creep stress–strain analysis method developed
by Nuñez and Glinka, validated for U-notches only, to a wide variety of blunt
V-notches. The key in obtaining the extension to blunt V-notches is the substitution
of the Creager–Paris equations with the more generalized Lazzarin–Tovo solution,
allowing a unified approach to the evaluation of linear elastic stress fields in the
neighbourhood of both cracks and notches. Numerous examples have been analysed to
date, and the stress fields obtained according to the proposed method were compared
with appropriate finite element data, resulting in a very good agreement. In view of the
promising results discussed in the paper, authors are considering possible further exten-
sion to sharp V-notches and cracks introducing the concept of the strain energy density.

Keywords creep; non-localized creep; stress fields; U-notches; V-notches.

NOMENCLATURE a = notch depth
Cp = plastic zone correction factor
d = distance from the coordinate system origin at which the far-field contribution is

evaluated
KI = mode I stress intensity factor
Kt = stress concentration factor
KΩ = strain energy concentration factor
r = radial coordinate
r0 = distance within notch tip and coordinate system origin
rp = plastic zone radius
t = time

2α = notch opening angle
Δrp = plastic zone increment
Δtn = time increment
Δεcn22 = creep strain increment at the notch tip at step n
Δεcfn22 = incremental far-field creep strain
Δεtn22 = increment of total strain
Δσtn22 = stress decrement at the notch tip at step n

ε0ij = actual elastic–plastic strain
εcf22 = creep strain at the far field
εcn22 = creep strain at the notch tip
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εeij = hypothetical strain components obtained from linear elastic analysis

εp0 = plastic strain at time t = 0
εt22 = time-dependent notch-tip strain
θ = angular coordinate
ρ = notch-tip radius

σ0ij = actual elastic–plastic stress
σeij = hypothetical stress components obtained from the linear elastic analysis
σf22 = far-field stress
σf022 = far-field stress, t = 0

σmax = maximum stress at the notch tip
σnom = applied nominal stress
σt22 = time-dependent notch-tip stress

I NTRODUCT ION

Analysis and design of mechanical engineering objects
means the application of acceptable engineering procedures.
Such procedures are used to verify the integrity and/or func-
tionality of the entire object and its components. Because of
technological progress demanding service conditions,
engineering components are becoming more complex
geometry-wise including various geometrical discontinuities
(e.g. notches) that generate localized high stress concentra-
tion zones.1–4 Therefore, geometrical discontinuities in a
component are regions that have to be carefully considered
by the engineers. They become even more important when,
in operating conditions, the component is subjected to very
demanding conditions such as high-temperature fatigue.5,6

This situation is currently very important when considering
the aerospace and automotive industry.

The high-temperature environment induces time-
dependent and temperature-dependent deformations
resulting in a nonlinear stress–strain response such as creep
(viscoplasticity). When the creep phenomena are localized
or concentrated in a small region near the notch root, they
can be considered as localized creep cases. However, creep
strains (although low) can also occur away from the
notch tip, resulting in a non-localized creep. Non-localized
(or gross) creep condition refers to situations in which the
far stress field also experiences some creep, and this may
contribute to more intense creeping around the notch tip.
This situation is not so rare in components working at high
temperature. Numerous components in different applica-
tions are subjected to non-localized creep, such as power
plant, gas turbine and nuclear pressure vessel industry.
Gas turbine blades and disks are particularly subjected to
creep phenomenon. Considering power plant, between
start-up and shutdown, there is a period of on-load run-
ning. Thematerial at the surface of the stress concentrating
feature may be at constant strain during this period, and
stress relaxation will take place by creep. In many other
cases, pressure or centrifugal stresses may also be present,

resulting in general creep deformation.7 If these compo-
nents are subjected to high temperature during constant
load situation, non-localized creep must be considered.

To the best of the authors’ knowledge, only a limited
number of solutions concerning localized time-dependent
creep-plasticity problems are available in the literature.
Chaudonneret and Culie proposed an extension of
Neuber’s theory8 in order to evaluate instantaneous
viscoplastic notch-root behaviour under an arbitrary type
of loading (i.e. creeping around notches). Several exam-
ples were presented and compared with results of numer-
ical viscoelastic computations. However, the procedure
has shown to be computationally intense. Kubo and Ohji9

extended the concept of small-scale creep to notch
problems, to develop a method for predicting the stress
and strain behaviour at notches under plane-strain axi-
symmetric conditions. It must be underlined that, in spite
of good results obtained, their method was limited to
strictly localized creep, neglecting the creep effect far from
the notch tip. In the work of Moftakhar et al.,10 another
method for predicting localized time-dependent creep
stresses and strains was presented. That method was based
on strain energy density considerations: it was assumed that
under steady load the total strain energy density at the
notch tip does not change in time even if creep is taking
place around the notch tip. Therefore, the strain energy
density at the notch tip can be obtained from the linear
elastic solution even if the creep phenomenon is in reality
taking place around the notch tip. The solution method
has been derived in a general form so that it may be applied
to multiaxial notch-tip stress states. Creep strains at the
notch tip based on the strain energy equivalence have
shown good agreement when compared with appropriate
finite element data. The computation time for calculating
notch-tip stresses and strains in the latest case was shorter
than that one required for the finite element analysis. In
the work by Härkegård and Sørbø,11 a differential form
of Neuber’s rule, originally proposed by Chaudonneret
and Culie,12 has been reformulated with the purpose to
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analyse a generic viscoplastic notch problem. It was shown
that the stress–strain history at the notch root in a
viscoplastic body can be determined directly from the elas-
tic stress–strain response, provided that far-field viscoplastic
strains could be neglected. Predictions were in good agree-
ment with results of detailed finite element analyses.

Recently, Zhu et al.13 presented singular fields near
sharp V-notch for power law creep material under
plane-strain condition. The theoretical solution, based
on the C-integral, and the iterative method were com-
pared with numerical simulation. Under steady-state con-
dition, the absolute singular order only depends on the
creep exponent and the V-notch angle and becomes larger
with the decrease of the exponent and the angle. But for
the transient, the order corresponds to the time either.

Nuñez and Glinka have recently presented in one of
their papers14 a solution for non-localized creep strains
and stresses at the notch root, based on the linear elastic
stress state, the constitutive law and the material creep
model. The method was derived by using the Neuber
total strain energy density rule.8 This approach yielded
very good results when applied to U-notches (2α = 0 and
ρ≠ 0). The aim of the present work is to introduce an ex-
tension of the method proposed by Nuñez and Glinka14

to blunt V-notches. The base of the extension to blunt
V-notches is the substitution of the Creager–Paris equa-
tions15 with the more general Lazzarin–Tovo equations16

allowing a unified evaluation of linear elastic stress fields
in the neighbourhood of both cracks and notches.

The new methodology extended for V-notches, pre-
ceded by a brief introduction of the original Nuñez and
Glinka14 method and Lazzarin–Tovo’s equations,16 is
discussed in the succeeding sections. The new approach
has been illustrated with a number of examples showing
good agreement with a set validation data obtained from
detailed finite element (FE) analyses. The proposed method
permits a fast evaluation of the stresses and strains at notches
under non-localized creeping condition, without the use of
complex and time-consuming FE nonlinear analyses. The
obtained stresses and strains can be used as input parameters
for life prediction creep models based on local approaches.

Some comments on the extension of the method to
sharp V-notches and cracks based on the average strain
energy density concept, as well as on the applicability of
linear elastic approaches under creeping conditions, are
discussed at the end of the paper.

NUÑEZ AND GL INKA METHOD FOR EVALUAT ION
OF STRESSES AND STRA INS UNDER
NON-LOCAL I ZED CREEP

The method presented in the paper by Nuñez and
Glinka14 is based on the Neuber8 concept, and it was

applied to stress–strain analysis of notched bodies with
U-notches experiencing non-localized creep deforma-
tion. As stated in the introduction, the non-localized
creep condition refers to a situation in which the creep
takes place not only locally around the notch tip, but
the far field is experiencing some creep as well. This
phenomenon can be interpreted as an additional amount
of energy to be added at the notch tip because of the
constraint loss imposed. It will be discussed in detail later
in this section. This contribution representing the non-
localized effect is introduced into the original Neuber’s
rule for time-dependent problems.

In general, the extension of Neuber’s rule to time-
dependent plane stress problems can be summarized as
follows:

Ω ¼ σe22ε
e
22 ¼ σ022ε

0
22 ¼ σt22ε

t
22 (1)

where σeij are the hypothetical stress components obtained
from the linear elastic analysis and εeij are the correspond-

ing elastic strain components, σ0ij and ε0ij are the actual
elastic–plastic stress and strain components and σt22 and
εt22 are the respective time-dependent notch-tip stress
and strain components. Equation (1) holds when inelastic
deformations occur locally, including creep relaxation.
This is due to the invariance of the total strain energy
density at the notch tip ( Ω ¼ σeijε

e
ij ) discussed by

Moftakhar et al.10

In case of non-localized creep, far-field creep contri-
bution has to be considered and Eq. (1) assumed the
following form:

σ022ε
0
22 þ KΩσf22ε

cf
22 ¼ σt22ε

t
22 (2)

where σf22ε
cf
22 represents the total strain energy density

due to local and far-field creep.
The far-field stress in the case of a body subjected to

pure axial load is assumed to be equal to the elastic stress
found at a distance of three times the notch radius. In the
case of pure bending load, instead, the far-field stress is
defined as one-half of the nominal simple bending stress.
The distance from the coordinate system origin at which
the far-field contribution is evaluated is called d.

The KΩ parameter10 is the strain energy concentration
factor defined as the ratio of the total strain energy
density at the notch tip obtained from the linear elastic
analysis to the total strain energy density at the distance
d in the far field, also obtained from the linear elastic
solution. This parameter takes into account the energy
contribution at the notch tip due to the gross creeping
condition. In fact, as briefly mentioned at the beginning
of the present section, the non-localized creep can be
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interpreted as an additional amount of energy to be added
at the notch tip, because of the constraint loss imposed. It
can be assumed that the total strain energy density changes
occurring in the far field produce identical but magnified
effects at the notch tip. For this reason, the total strain
energy density concentration factor is introduced in order
to magnify in the appropriate way the energy at the notch
tip. The introduction of this parameter and of the far-field
stress and strain contribution in Neuber’s time-dependent
formulation is themain difference within the non-localized
and localized creep formulations, which, instead, can be
easily derived directly by extending Neuber’s rule.14

Because of the complexity of differential equations
derived analytically for the notch stress–strain creep
problem, Moftakhar et al.10 proposed a special time inte-
gration method necessary for obtaining the numerical
solution, namely the integration time period was divided
into a finite number of discrete steps, Δtn, and then
solutions were generated for subsequent time steps. Such
an approach resulted in a set of equations formulated in
incremental form. The set of equations to be solved for
each increment are as follows:14

• The creep strain increment at the notch tip at step n:

Δεcn22 ¼ Δtn� ε̇c22 σ; tð Þ (3)

This is the incremental form of the creep law used in
the proposed procedure, where ε̇c22 σ; tð Þ ¼ Aσαtβ is the
Norton creep power law.17

• The stress decrement at the notch tip occurred
because of the creep at step n:

Δσtn22 ¼
KΩCp
� �

σf022Δε
cfn
22 � σtn�1

22 Δεcn22
2
E σ

tn�1
22 þ εp0 þ εcn22

(4)

with the introduction of the Glinka plastic zone correc-
tion factor Cp.18 The correction factor Cp is a function
of the plastic zone size rp and the plastic zone increment
Δrp. It compensates for the stress redistribution occurring
at the notch tip because of the plastic yielding; KΩ is the
strain energy concentration factor10 discussed previously;
σf022 is the far-field stress at the time t = 0 (assumed to be
constant during the hold time); σtn�1

22 is the stress at the
notch tip at time t for step n� 1; Δεcfn22 is the incremental
far-field creep strain while εp0 and εcn22 are the plastic
strains at time t = 0 and the creep strain at the notch tip
at step n, respectively. It must be underlined that the
time-depending strain can be considered as the composi-
tion of the elastic, initial plastic and the creep strain
contribution. In the last equation, the effect of the non-
localized creep becomes evident and is represented by

the contribution of the far field in terms of
KΩCp
� �

σf022Δε
cfn
22 . Neglecting this term, one obtains the

localized creep formulation.

• Increment of the total strain:

Δεtn22 ¼ Δεcn22 �
Δσtn22
E

(5)

Defined as the difference between the creep strain incre-
ment at step n and the elastic strain (replaced by stress
according to the Hooke law) at time t for step n.

The general stepwise procedure to generate the
solution is as follows:

(1) Determine the notch-tip stress, σe22 , and strain, εe22 ,
using the linear elastic analysis.

(2) Determine the elastic–plastic stress, σ022 , and strain,
ε022 , using the Neuber rule8 or other methods
(e.g. Equivalent Strain Energy Density ESED19 and
FE analysis).

(3) Begin the creep analysis by calculating the increment
of creep strain, Δεcn22 , from Eq. (3), for a given time
increment Δtn. The selected creep hardening rule
has to be followed.

(4) Determine the decrement of stress, Δσtn22 , from
Eq. (4), due to the previously determined increment
of creep strain, Δεcn22.

(5) For a given time increment,Δtn, determine fromEq. (5)
the increment of the total strain at the notch tip, Δεtn22.

(6) Repeat steps from 3 to 5 over the required time
period.

The method can be easily programmed and yields
good results for various creep data and creep hardening
models, especially for notched components under con-
stant load. However, the method can be also extended
to variable loading processes. More details concerning
the theoretical formulation and the description of the
solution algorithm are available in the given references.14

Regarding the applicability of the method, the main
points are the definition of the plastic zone correction
factor, Cp, that is, a function of plastic zone size rp and
plastic zone increment Δrp. Once the Creager–Paris
stress distribution is assumed,15 for θ = 0 in Cartesian
coordinates, we have the following:

σx
σy

( )
¼ KIffiffiffiffiffiffiffiffi

2πr
p

1� ρ
2r

1þ ρ
2r

2
64

3
75 (6)

σz ¼ 0 plane stressð Þ

σz ¼ υ σx þ σy
� �

plane strainð Þ

STRA INS AND STRESSES AT BLUNT V -NOTCHES UNDER NON- LOCAL I ZED CREEP 295

© 2015 Wiley Publishing Ltd. Fatigue Fract Engng Mater Struct, 2016, 39, 292–306

 14602695, 2016, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/ffe.12374 by U

niversita D
i T

rento, W
iley O

nline L
ibrary on [16/04/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



The origin of the coordinate system is centred at a
distance from the notch tip equal to ρ/2, where ρ is the
notch-tip radius, as shown in Fig. 1. Imposing r = ρ/2,
one obtains the peak stress σmax and a good approxima-
tion of the stress concentration factor Kt:

σmax ¼ 2KIffiffiffiffiffi
πρ

p (7)

Kt ¼ σmax

σnom
¼ 2KI

σnom
ffiffiffiffiffi
πρ

p (8)

KI ¼
Ktσnom

ffiffiffiffiffi
πρ

p
2

(9)

Substituting Eq. (9) into Eq. (6), one obtains the stress
distribution as a function of the stress concentration
factor Kt and the notch-tip radius ρ:

σx
σy

( )
¼ Ktσnom

2
ffiffiffi
2

p
ρ
r

� �1
2 � 1

2
ρ
r

� �3
2

ρ
r

� �1
2 þ 1

2
ρ
r

� �3
2

2
666664

3
777775 (10)

It is suggested to use a stress concentration factor Kt

obtained independently from Eq. (8), in order to improve
the solution of Eq. (10).

Referring to Fig. 1, considering the Mises yield
criterion,20 that is,

σys ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2x � σxσy þ σ2y

q
(11)

and introducing Eq. (10) into Eq. (11), it is possible to
obtain a first approximation of rp solving numerically
the following equation:

σys ¼ Ktσnom
2

ffiffiffi
2

p ρ
rp

þ 3
4

ρ
rp

� �3
" #1

2=

(12)

Once rp is known, the force F1 (depicted in Fig. 1) can
be evaluated by means of the following integral:

F1 ¼ ∫
rp

ρ=2
σydr � σy rp

� �� rp � 1
2
ρ

� �
(13)

where σy(rp) is the stress evaluated at a distance r = rp,
through Eq. (10).

Because of the plastic yielding at the notch tip, the
force F1 cannot be evaluated directly in the plastic zone
defined by rp. But in order to satisfy the equilibrium
conditions, F1 has to be carried through by the material
beyond the plastic zone rp. For this reason, stress
redistribution occurs, increasing the plastic zone by the
increment Δrp.

It should be specified that the stress σy(rp) is assumed
to be constant inside the plastic zone, which means
elastic-perfectly plastic behaviour of the material has
been assumed. Therefore, the correction factor may
slightly overestimate the effect of stress redistribution.

Because F1 =F2 = σy(rp) ·Δrp (all the variables are
depicted in Fig. 1), the plastic zone increment Δrp can
be expressed as the ratio between F1 and σy evaluated at
a distance equal to the previously calculated rp. By simple
substitutions, one obtains the following explicit form of
plastic increment for tension load case:18

Fig. 1Coordinate system and symbols used for the elastic stress field
redistribution for U-shaped notches.
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Δrp ¼ F1

σy rp
� � ¼ ρ

2 rp=ρ
� �1=2 � ρ=rp

� �1=2h i
ρ=rp
� �1=2 þ 1=2 ρ=rp

� �3=2h i� ρ
rp
ρ
� 1
2

� �

(14)

At last, the correction factor for the energy density Cp

at the notch tip can be written as follows, for the tension
load case:

Cp ¼ 1þ Δrp
rp

¼ 1

þ ρ
rp

� � 2 rp=ρ
� �1=2 � ρ=rp

� �1=2h i
ρ=rp
� �1=2 þ 1=2 ρ=rp

� �3=2h i� rp
ρ
� 1
2

� �8<
:

9=
;

(15)

It should be noted that the procedure to determine the
plastic zone adjustment is analogous to that proposed by
Irwin21 for sharp notches and cracks.

More details and the bending load case are exhaus-
tively treated by Glinka et al.18

EXTENS ION OF NUÑEZ–GL INKA METHOD FOR
EVALUAT ION OF STRESSES AND STRA INS
UNDER NON-LOCAL I ZED CREEP TO BLUNT
V -NOTCHES

The key to extend the Nuñez–Glinka method also to
blunt V-notches is the introduction of the Lazzarin–
Tovo equations.16 Lazzarin and Tovo proposed in 1996
an unequivocal mathematical justified approach for
notched and cracked components, with parallel or V-
shaped edges. General expressions of the stress field were
proposed, taking into account both the notch-tip radius
and opening angle variations. It must be pointed out that
the stress fields valid for sharp cracks,22 V-cracks,23

notch-tip radii higher than zero15 and parallel edges24

can be derived from the general solution, imposing approx-
imate values to the free parameters. The Lazzarin–Tovo
equations, in the presence of a traction loading, along the
bisector, can be expressed as follows, as a function of the
maximum stress (Fig. 2):

where σmax can be expressed as a function of stress concen-
tration factor Kt and the applied load σnom,

σmax ¼ Ktσnom (17)

The notch radius, ρ, and the origin of the coordinate
system, r0, are related by the following equation:

ρ ¼ q�r0
q� 1

(18)

where q ¼ 2π�2α
π .

When q = 2 (and so α = 0), the origin of the coordinate
system is centred at a distance r0 = ρ/2 behind the notch
tip, and the Lazzarin–Tovo equations immediately return
the Creager–Paris equations.15 Moreover, when r = r0,
one determines the stress concentration factor Kt and
the elastic peak stress σmax. In Table 1, the values of the
parameters introduced previously are reported for the
main opening angles under mode I loading.

σθ
σr

	 

¼ σmax

4
r
r0

� �λ1�1 1þ λ1ð Þ þ χ1 1� λ1ð Þ þ r
r0

� �μ1-λ1
3� λ1ð Þ � χ1 1� λ1ð Þ½ �

3� λ1ð Þ � χ1 1� λ1ð Þ � r
r0

� �μ1-λ1
3� λ1ð Þ � χ1 1� λ1ð Þ½ �

2
6664

3
7775 (16)

Fig. 2 Coordinate system and symbols used for the stress field com-
ponents in Lazzarin–Tovo equations.

Table 1 Reference values for (mode I and mode II) power of the
stress at the free surface

2α (°) λ1 μ1 χ1

0 0.5 �0.5 1
30 0.5014 �0.4057 1.0707
60 0.5122 �0.4057 1.3123
90 0.5448 �0.3449 1.8414
120 0.6157 �0.2678 3.0027
135 0.6736 �0.2198 4.1530
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The main steps to extend the method to blunt
V-notches can be summarized as follows:

• Assumption of Lazzarin–Tovo equations to describe
the stress distribution ahead the notch tip instead of
Creager–Paris equations;

• Calculation of the origin of the coordinate system, r0,
as a function of the opening angle and notch radius,
as described by Eq. (18);

• Redefinition of the plastic zone correction factor Cp,
that is, a function of plastic zone size rp and plastic
zone increment Δrp.

The definition of the parameters Cp, rp and Δrp is not
so different as clearly reported by Glinka,18 except for the
assumption of different stress distribution equations. In
fact, once the Lazzarin–Tovo equations are assumed,
these variables are redefined automatically as briefly
reported hereafter. Referring to Fig. 3, considering the
Mises yield criterion20 in polar coordinates, that is

σys ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2r � σrσθ þ σ2θ

q
(19)

and introducing Eq. (16) into Eq. (19), it is possible to
obtain a first approximation of rp that can be solved
numerically.

Once rp is known, F1 can be evaluated by means of the
following integral:

where σθ(rp) is

σθ rp
� � ¼ Ktσnom

4
rp
r0

� �λ1�1
�
1þ λ1ð Þ þ χ1 1� λ1ð Þ

þ rp
r0

� �μ1�λ1

3� λ1ð Þ � χ1 1� λ1ð Þ½ ��

(21)

The stress σy(rp) is still be considered to be constant
inside the plastic zone (elastic-perfectly plastic behaviour)

as commented also in the previous section. It must be
underlined that, unlike what is proposed by Glinka18, in
this case, the lower integration limit is r0, which depends
on the opening angle and notch-tip radius.

As already explained in the previous section, because of
the plastic yielding at the notch tip, in order to satisfy the
equilibrium conditions, F1 has to be carried through by the
material beyond the plastic zone rp, and a stress redistribu-
tion occurs, increasing the plastic zone by the incrementΔrp.

Because F1 =F2 = σθ(rp) ·Δrp, the plastic zone incre-
ment can be expressed as the ratio between F1 and σθ

F1 ¼ ∫
rp

r0
σθdr � σθ rp

� �� rp � r0
� �

¼ Ktσnom
4

(
r0 � rp
� � rp

r0

� �λ1�1

λ1 � 1ð Þ þ χ1 1� λ1ð Þ 1� rp
r0

� �μ1�λ1
" #

þ 3� λ1ð Þ rp
r0

� �μ1�λ1
" #

�
λ1 þ 1ð Þ þ χ1 1� λ1ð Þ½ � r0 � rp

rp
r0

� �λ1�1
� �

λ1
þ

χ1 1� λ1ð Þ � 3� λ1ð Þ½ � r0 � rp
rp
r0

� �μ1�1
� �

μ1

)

(20)

Fig. 3Coordinate system and symbols used for the elastic stress field
redistribution for blunt V-notches.
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evaluated (through Lazzarin–Tovo equations) at a dis-
tance equal to the previously calculated rp:

Δrp ¼ F1

σθ rp
� � (22)

Substituting in Eq. (22) the formula given in Eq. (20) for
F1 and the explicit form of σθ represented by Eq. (21),
one obtains the expression for the evaluation of Δrp:

At last, the plastic zone correction factor, Cp,18 is de-
fined as

At this point, the general stepwise procedure to be
followed to generate a solution is identical to that pro-
posed by Nuñez and Glinka14 and briefly reported in the
previous section.

Examples of Nuñez–Glinka method applied to
U-notches: considerations and comparison between
numerical and finite element method analyses

The Nuñez–Glinka method has been applied to a hypo-
thetical plate weakened by lateral symmetric U-notches,
under mode I loading. The notch-tip radius ρ and the
notch depth a has been varied. Three values of the notch
depth, a, have been considered: 10, 15 and 20mm.

Notch-tip radius assumed for every notch depth are as
follows: 0.01, 1 and 6mm. Figure 4 depicts the consid-
ered geometry. The plate has a constant height, H, equal
to 192mm and a width, W, equal to 100mm. The
numerical results have been obtained thanks to the
implementation of the method and its equations in
the MATLAB® software (MathWorks, Inc., Natick,
MA, USA). In order to conduct the analysis, it is
necessary to define quantitatively the distance d (from

the coordinate system origin) representing the ‘far field’
at which the elastic contribution is evaluated. Glinka

et al.14 proposed a value of three times the notch radius
in case of a body subjected to pure axial loading. How-
ever, this solution has been found to generate good
results only when the notch-tip radius is approximately
bigger than 2mm. Because for a smaller tip radius the
generated d is too small, the distance at which the elastic
contribution is evaluated has to be larger than three times
the notch radius, in order to be in the elastic field. The
correct values have been determined through a FE linear
elastic analysis applying the desired load and are reported
in Table 2, where d expresses the distance measured from
the origin of the coordinates system, while x(ρ) expresses
the distance measured from the notch tip as a function of
the notch radius.

Δrp ¼

(
rp
r0

� �1�λ1
"

r0 � rp
� � rp

r0

� �λ1�1

λ1 þ 1ð Þ þ χ1 1� λ1ð Þ 1� rp
r0

� �μ1�λ1
" #

þ 3� λ1ð Þ rp
r0

� �μ1�λ1
" #

�
λ1 þ 1ð Þ þ χ1 1� λ1ð Þ½ � r0 � rp

rp
r0

� �λ1�1
� �

λ1
þ

χ1 1� λ1ð Þ � 3� λ1ð Þ½ � r0 � rp
rp
r0

� �μ1�1
� �

μ1

#)

= λ1 þ 1ð Þ þ χ1 1� λ1ð Þ 1� rp
r0

� �μ1�λ1
" #

þ 3� λ1ð Þ rp
r0

� �μ1�λ1
( )

(23)

Cp ¼ 1þ Δrp
rp

¼ 1þ

(
rp
r0

� �1�λ1

"
r0 � rp
� � rp

r0

� �λ1�1
"
λ1 þ 1ð Þ þ χ1 1� λ1ð Þ 1� rp

r0

� �μ1�λ1
" #

þ 3� λ1ð Þ rp
r0

� �μ1�λ1

#

�
λ1 þ 1ð Þ þ χ1 1� λ1ð Þ½ � r0 � rp

rp
r0

� �λ1�1
� �

λ1
þ

χ1 1� λ1ð Þ � 3� λ1ð Þ½ � r0 � rp
rp
r0

� �μ1�1
� �

μ1

#)

=

(
rp λ1 þ 1ð Þ þ χ1 1� λ1ð Þ 1� rp

r0

� �μ1�λ1

þ 3� λ1ð Þ rp
r0

� �μ1�λ1
" #" #)

(24)
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At the same time, a FE analysis has been carried out
through an ANSYS code. The plate has been modelled
with a Solid 8 node 183, and the plane stress condition
is assumed.

The material elastic (E, ν, σys) and creep (n, B) proper-
ties are reported in Table 3. The creep law has been
modelled as follows:

ε̇ ¼ B � σn (25)

Equation (25) is very similar to that proposed by
Nuñez–Glinka14 by imposing the parameter β = 0:

ε̇ ¼ Aσαtβ (26)

A uniform load equal to 345MPa has been applied. In
order to simulate the creep relaxation, the load has been ap-
plied in different load steps: in the first one, the load has
been applied instantaneously, approximately in t=10–5 h;
subsequently, in a second load step, it has been maintained
constant for the desired time t. At regular intervals during
the relaxation process, the stresses and strains were stored.

The obtained results are summarized in Figs 5–7, listed
as a function of the notch depth a for the sake of clarity.
The results suggest a very good agreement between the
numerical finite element method (FEM) values and the
theoretical solution proposed in the present paper. The
stresses of all of the considered geometries have been pre-
dicted correctly, also when considering the small tip radius
of 0.01mm. Furthermore, the strains present a good agree-
ment. For the sake of brevity, the tip radius case of 0.01mm
and the strains of all of the cases are omitted here.

Fig. 4 Plates weakened by lateral symmetric V-notches.

Table 2 Distance d (measured from the origin of the coordinates
system) at which the elastic contribution is evaluated; x is the
distance from the notch tip

ρ (mm) x(ρ) (mm) d (mm)

0.01 / 20
1 18 * ρ 18.5
6 3 * ρ 21

Table 3 Mechanical properties

E (MPa) ν σys (MPa) n B (MPa�n/h)

191 000 0.3 275.8 5 1.8

E is Young’s modulus, ν Poisson’s ratio, σys the yield stress and n and
B the creep exponent and the creep constant, respectively.

Fig. 5 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for U-notch
geometry, a = 10mm.

Fig. 6 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for U-notch
geometry, a = 15mm.
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Examples of the new method applied to blunt
V-notches: considerations and comparison between
numerical and finite element analyses

The proposed new method, based on the Lazzarin–Tovo
equations,16 has been applied to a hypothetical plate
weakened by lateral symmetric V-notches, under mode
I loading. The notch-tip radius ρ and the opening angle
2α have been varied, while for the notch depth a, a
constant value equal to 10mm has been assumed.

Three values of the opening angle 2α have been
considered: 60°, 120° and 135°. The notch-tip radius
assumes for every opening angle three values: 0.5, 1 and
6mm. Figure 8 depicts the considered geometry. The
plate has a constant height, H, equal to 192mm and a
width, W, equal to 100mm.

The numerical results have been obtained thanks to
the implementation of the new developed method and
its equations in the MATLAB® software. As discussed
earlier, for small tip radius the distance at which the
elastic contribution is evaluated has to be larger than
three times the notch radius, in order to be in the elastic
field. All these values have been determined through a FE
linear elastic analysis applying 345MPa of nominal stress
and are reported in Table 4, where r expresses the dis-
tance measured from the origin of the coordinates system
(the so-called d in the original formulation), while x(ρ)
expresses the distance measured from the notch tip as a
function of the notch radius.

An FE analysis has been carried out through the
ANSYS code following the modelling setting
summarized in the previous section. The material elastic
(E, ν, σys) and creep (n, B) properties are reported in
Table 3. The creep law has been modelled as reported
in Eq. (25). The procedures to simulate the creep relaxa-
tion are the same presented previously: a load has been
applied instantaneously in a first load step and subse-
quently, in a second load step, it has been maintained
constant for the desired time t. The obtained results are
summarized in Figs 9–20, ordered as a function of the
notch opening angle 2α for the sake of clarity.

For the sake of brevity, only few examples are re-
ported, showing the best and worse results. In detail,
Figs 9–17 depict the stress relaxation for different
opening angles and notch-tip radii, while Figs 18–20 give
examples of the strain evolution considering an opening
angle of 120° and notch radius equal to 0.5, 1 and
6mm, respectively. All the other cases present the same
trend and are here omitted in order to not be redundant
with the number of figures.

The theoretical results are in good agreement with the
numerical FE values. All the stresses and strains as a
function of time have been predicted with acceptable
and quite limited errors.

However, from the analyses emerges a repetitive
behaviour: regardless of the opening angle, the stresses
of the notch radius of 0.5mm are slightly overestimated,
while the stresses of the notch radius of 6mm are slightly

Fig. 7 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for U-notch
geometry, a = 20mm.

Fig. 8 Plates weakened by lateral symmetric V-notches.

Table 4 Distance r (measured from the origin of the coordinates
system) at which the elastic contribution is evaluated; x is the
distance from the notch tip

ρ
(mm) x(ρ)

r (mm)

2α = 60° 2α = 135° 2α = 120°

0.5 40 * ρ 20.2 20.125 20.1
1 18 * ρ 18.4 18.25 18.2
2 9 * ρ 18.8 18.5 18.4
6 3 * ρ 20.4 19.5 19.2

STRA INS AND STRESSES AT BLUNT V -NOTCHES UNDER NON- LOCAL I ZED CREEP 301

© 2015 Wiley Publishing Ltd. Fatigue Fract Engng Mater Struct, 2016, 39, 292–306

 14602695, 2016, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/ffe.12374 by U

niversita D
i T

rento, W
iley O

nline L
ibrary on [16/04/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



underestimated. The best solution is shown for the notch
radius equal to 1mm. Moreover, it is evident that the
stresses present, after the relaxation phase, a plateau

reached after almost the same time, that is, approximately
5 h, regardless of the specimen geometries. This means
that the relaxation is mostly governed, as expected, by

Fig. 9 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.

Fig. 10 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.

Fig. 11 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.

Fig. 12 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.

Fig. 13 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.

Fig. 14 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.
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the creep law, while the geometries only act on the values
reached by stress and strain. Once the properties of the
material is known or assumed, only one geometry must

be analysed, because the trend of stress and strain and
the plateau are almost the same regardless of the speci-
men geometries.

Fig. 15 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.

Fig. 16 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.

Fig. 17 Comparison between theoretical and finite element method
(FEM) evolution of stresses as a function of time for V-notch
geometry.

Fig. 18 Comparison between theoretical and finite element method
(FEM) evolution of strains as a function of time for V-notch
geometry.

Fig. 19 Comparison between theoretical and finite element method
(FEM) evolution of strains as a function of time for V-notch
geometry.

Fig. 20 Comparison between theoretical and finite element method
(FEM) evolution of strains as a function of time for V-notch
geometry.
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Considering the examples of the strain prediction
depicted in Figs 18–20, from the analyses, a repetitive
behaviour emerges as previously stated for the stress evo-
lution: the best solution is obtained for the notch radius of
0.5mm, while the error increases as the notch radius be-
comes bigger, with an overestimation of the strain values
by the theoretical solution. The discrepancy within
numerical and predicted solution can be considered ac-
ceptable for all the geometries with the exception of the
last case where a notch-tip radius of 6mm is considered.
For this configuration, the strain is clearly overestimated
by 20%. This error is most likely due to different approx-
imations introduced in the theoretical formulation, such
as the assumption of the elastic-perfectly plastic behaviour
of the material inside the plastic zone and the employment
of the Irwin’s method to estimate the plastic radius.
Among them, enhancement in the estimation of the plas-
tic zone can lead to the major improvements of the strain
results. However, other researchers have found bigger
discrepancy within FE results and theoretical prediction
when dealing with notch strains under creep condition.
Just to name one example, Hatanaka et al.25 studied the
high-temperature creep damage caused by voids gener-
ated at grain boundary. In that paper, notched compo-
nents of 2.25% Cr–1% Mo steel, whose microstructure
was prepared to be characteristic of the heat-affected zone
in the welded joint by heat treatments, were creep tested
at 630 °C. The stress/deformation state around the notch
was calculated using FEM. The strains obtained from
experiment and FEM calculation were not in good
agreement, showing a very high error. However, all the
parameters related to the stress state (and also the
minimum creep strain rate) were in good agreement com-
paring numerical/theoretical and experimental results.

DISCUSS ION

The main advantage of the proposed method is that it
permits a fast evaluation of the stresses and strains at
notches under non-localized creeping condition, without
the use of complex and time-consuming FE nonlinear
analyses. In fact, even if the theoretical formulation seems
to be complex, once the equations are implemented
numerically in any commercial software, the evaluation
of stress and strain is really fast and easy. The obtained
stresses and strains can be used as input parameters for
creep life prediction models for components subjected
to mode I loading and in general on creep models based
on local approaches. Moreover, the method has good
potentialities to be extended to multiaxial fatigue.

It is clear that stress and strain are evaluated under
non-localized creep only at the notch tip and not at some
points ahead of the notch tip. The local values of stress

and strain are useful when local approaches have been
selected as the tool for life assessment or design. This is
true not only in case of creep but, for example, also for
fatigue life assessment. As well known, local approaches
based on stresses and strains failed when the stress fields
tend towards infinity (such as for crack or sharp notches).
In these cases, the evaluation of stress and strain at some
points ahead of the notch tip may be a possible way to
address the problem.

Different methods are available in literature dealing
with this matter, for example, the theory of critical dis-
tances or energy-based approaches such as strain energy
density. These methods, even if defined for linear elastic
conditions, have shown recently some good potentialities
also under nonlinear conditions.

The strain energy method has been recently proposed
by the authors as the characterizing parameter for high-
temperature fatigue of different materials26–32 with very
good results in fatigue assessment. This parameter could
be useful also to characterize creeping conditions if
combined with the present model, giving the possibility
to include in the analysis also sharp V-notches and cracks.
In these geometries, a localized approach in terms of
stress/strain is no longer suitable because of the stress
concentration effect, but a strain energy density averaged
over a control volume-based method33,34 could lead to a
very good solution, overcoming the problem that, at the
notch tip, the stress tends towards infinity.

The theory of critical distances35–38 has been recently
applied also at high temperature, showing good capability
in the fatigue strength assessment under nonlinear
condition.39

In light of these recent and promising findings, fur-
ther investigations on creep, fatigue at high temperature
and their interactions are surely necessary.

With the aim to better support the reliability of the
method proposed here, experimental validation and dis-
cussion on constitutive laws are also ongoing. Moreover,
the estimation of the strain should be improved consider-
ing a better formulation of the plastic zone than the one
proposed by Irwin and used here.

CONCLUS IONS

The present paper proposed an extension of the method
presented by Nuñez and Glinka.14 The method was pro-
posed originally for the estimation of stress and strain at
U-notches tip under non-localized creep. Non-localized
(or gross) creep condition refers to situations in which
the far stress field also experiences some creep and this
may contribute to more intense creeping around the
notch tip. In the present paper, the original work has
been extended to blunt V-notches. The key to obtaining
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the extension to blunt V-notches is the substitution of the
Creager–Paris equations15 with the more general
Lazzarin–Tovo equations16 that allow a unified approach
to the evaluation of linear elastic stress fields in the
neighbourhood of crack and notches.

The results have shown a good agreement between
numerical and theoretical values. Thanks to the extension
to blunt V-notches, all geometries can be easily treated
with the aim of the numerical method developed.

The main results are as follows:

• The solution proposed by Nuñez and Glinka14 pre-
sents good results for U-shaped notches. However,
for small tip radii, the distance d at which the far-
field contribution is evaluated has to be larger than
three times the notch radius, in order to be in the
elastic field;

• The distance d at which the far-field contribution is
evaluated can be considered as a function of the
geometry of the notch tip;

• From the analyses, it emerges a repetitive trend of the
strain evolution: regardless of the opening angle, the
best solution is obtained for the notch radius of
0.5mm, while the error increases as the notch radius
becomes bigger, with an overestimation by the theo-
retical solution of the strain values. However, even if
a few cases are not in good agreement with the FEM
analysis (error less than 20%), it does not affect the
reliability of the procedure as shown also by other
authors;

• The error found in some cases for the strain estimation
is most likely due to different approximations intro-
duced in the theoretical formulation, such as the
assumption of the elastic-perfectly plastic behaviour
of the material inside the plastic zone and the employ-
ment of Irwin’s method to estimate the plastic radius;

• The original solution proposed by Glinka14 cannot be
directly extended to sharp V-notches. In fact, because
the method is Neuber’s rule based, in case of sharp
notches, the peak stress tends towards infinity;

• By introducing the Lazzarin–Tovo equations, the
method has been extended beyond the validity of the
Creager–Paris equation, to blunt V-notches. All the
results show a very good agreement within the numer-
ical and FEM stresses;

• It is evident that the stresses present, after the relaxa-
tion phase, a plateau reached after almost the same
time, that is, approximately 5 h, regardless of the spec-
imen geometries. This means that the relaxation is
mostly governed, as expected, by the creep law, while
the geometries only act on the values reached by stress
and strain. Once the properties of the material are
known or assumed, only one geometry must be
analysed, because the trend of stress and strain and

the plateau are almost the same regardless of the spec-
imen geometries. Moreover, if in addition, the peak
stress is known for every geometries (thanks to Kt),
all the trends can be easily reconstructed starting from
a single analysis;

• The Creager–Paris equation can be derived from
Lazzarin–Tovo equations. For this reason, the solution
proposed in the present paper for blunt V-notches can
be considered as a general solution for different notch
geometries (also U-notches);

• Neglecting the far-field contribution, it can be easily
derived the localized creep formulation.
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