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Timescales in many-body fast-neutrino-flavor conversion
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Timescales associated with many-body fast neutrino flavor conversions in core-collapse supernova are ex-
plored in the context of an effective two-flavor model with axial symmetry. We present a preliminary study of
timescales obtained from a linear stability analysis and from the distributions of Loschmidt echo crossing times
(intimately connected to dynamical phase transitions in nonequilibrium systems) determined by time evolution
with the exact many-body Hamiltonian. Starting from a tensor-product initial state describing systems of N
neutrinos, with N/2 electron type and N/2 heavy type, with uniform angular distributions, the Loschmidt echo
crossing times, tL× , are found to exhibit two distinct timescales that are exponentially separated. The second peak
structure at longer times, effectively absent for N = 4, develops with increasing N . When rescaled in terms of
ln tL× , the distributions are found to become increasingly well described by the sum of two stable distributions.
The distribution of Loschmidt echo crossing times differs somewhat from the results of the (numerical) linear
stability analysis, which exhibits a peak at finite frequency and a second peak consistent with zero frequency.
The exact analysis suggests that the zero-frequency instability manifests itself as a modest flavor-conversion
timescale.
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I. INTRODUCTION

Neutrinos play a fundamental role in extreme astrophysical
environments, such as core collapse supernovae and neu-
tron star binary mergers, where they, in part, determine the
dynamical evolution of the explosion and set the ambient
conditions for the ensuing nucleosynthesis, e.g., Refs. [1–16].
Important neutrino-matter processes active in these scenar-
ios proceed through weak charged-current reactions, and can
therefore be strongly affected by inhomogeneities in the
flavor composition of the neutrino flux. It is well known
that neutrinos can experience flavor oscillations in vacuum
(for a recent review, see Ref. [17]) but, for neutrinos with
MeV energies, these occur over length scales that are typ-
ically large compared to the size of the supernova core.
In these environments, flavor oscillations are modified by
charged-current scattering with charged leptons, leading to the
Mikheyev-Smirnov-Wolfenstein (MSW) effect [18,19], and
neutral-current neutrino-neutrino forward scattering which
can lead to collective flavor oscillations [20–28] (see also
Refs. [29–31] for reviews) which can dramatically reduce
the oscillation length scales and thus possibly have important
impact during the explosion [32,33]. The physics of col-
lective flavor oscillations is typically discussed in terms of
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mean-field Boltzmann kinetic equations [34–36] which as-
sume that neutrinos decorrelate between successive collisions
among themselves. A better understanding of correlation ef-
fects beyond mean-field descriptions has been a topic of
interest since the beginning of this research area [37–40],
and has recently seen a resurgence of efforts [41–53] (see
Ref. [54] for a recent review, and also Refs. [13,55] for recent
discussions concerning the many-body approaches) aided in
part by the use of available noisy intermediate-scale quantum
(NISQ) era [56] quantum computers and by quantum infor-
mation tools more generally [57–61] (see also Refs. [62–64]
for recent reviews). A direct connection was made recently
between the presence of unstable collective modes, whose
amplitude grows exponentially at early times, with the pres-
ence of dynamical phase transitions (DPT) [45,47]. This led
to a proposal [47] of a unified description of unstable modes
generated by asymmetries in the vacuum term, the so-called
“slow modes” in the neutrino literature, with unstable modes
generated by asymmetries in the flavor dependent angular
distribution of neutrino velocities, the so-called “fast modes”
This identification was later shown to hold rigorously at the
mean-field level [65]. In this work, we consider the flavor
evolution within multiple beams of neutrinos oriented with
randomly selected angles with respect to the z axis and
with conical symmetry. This extends the previous analysis
of Ref. [47], which considered the flavor evolution of three
neutrino beams, with two of the beams back to back.

Neglecting the nonforward scattering processes between
neutrinos and the external matter and neutrinos amongst
each other, the Hamiltonian describing flavor evolution of
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FIG. 1. Schematic of the region relevant for collective neutrino flavor oscillations in core collapse supernova.

neutrinos in dense environments contains three main contribu-
tions (see Ref. [29] for a review): a one-body term responsible
for neutrino flavor mixing in vacuum, a one-body term de-
scribing forward scattering between neutrinos and a static
matter background (which gives rise to the MSW effect) and,
finally, a two-body interaction term describing weak neutral-
current forward scattering among neutrinos. In the two-flavor
approximation, neutrinos can be described in terms of a SU(2)
flavor isospin, with the convention |νe〉 = |↑〉 for the electron
flavor and |νx〉 = |↓〉 for the heavy flavor. In terms of flavor
isospin, the Hamiltonian for N neutrinos can then be written
in the flavor basis as [66,67],

H =
N∑

i=1

�2
m

4Ei

�B · �σi + λ

2

N∑
i=1

σ z
i + μ

2N

N∑
i< j

(1 − cos θi j ) �σi · �σ j,

(1)

where �σi = (σ x
i , σ

y
i , σ z

i ) is a vector of Pauli operators act-
ing on the ith neutrino and Ei is the energy of the ith
neutrino. Neutrino masses are included by the squared-
mass difference �2

m = m2
2 − m2

1 and the mixing angle θmix

in the normalized vector �B = ( sin(2θmix), 0,− cos(2θmix)),
reflecting the mass basis. Assuming a negligible density of
heavy charged leptons, the coupling constant of the matter
term is λ = √

2GF ne with GF Fermi’s constant and ne the
electron-number density. The interaction term has a coupling
constant μ = √

2GF nν , with nν the total neutrino-number
density, while θi j is the relative angle between the momenta
of the ith and jth neutrinos, and encodes the geometry of
the problem.

In this work, we are interested in the region close to the
neutrino sphere where the neutrino-neutrino coupling μ is
much greater than the typical vacuum-oscillation frequency so
that the first term in Eq. (1) can be neglected. In this regime,
since the matter term commutes with the interaction term, for
initial flavor states we can also neglect the presence of matter
since it will not contribute to the ensuing flavor oscillation.
Finally, we consider a geometry with axial symmetry with

respect to some direction ẑ, which we take to be normal to a
spherically symmetric neutrino-sphere, and average over the
azimuthal angle φ. The Hamiltonian then becomes

Hνν = μ

2N

N∑
i< j

(1 − cos θi cos θ j ) �σi · �σ j = μ

2N

N∑
i< j

Ji j �σi · �σ j,

(2)
with θi the polar angle of the ith neutrino momentum, and
where we introduce, for later convenience, the neutrino-
neutrino coupling matrix Ji j . Construction of Ji j is based
on systems seeking to approximate conditions found in the
50–100 km region from the center of a supernova. A model
of such systems is sketched out in Fig. 1 and follows sim-
plifications similar to those first introduced in Ref. [28]. In
our numerical simulations, we use a forward-peaked uniform
angular distribution with θi ∈ [−0.5, 0.5]. We have verified
that the conclusions reached with this choice of distribution
remain unchanged qualitatively when adopting a different an-
gular range or other smooth nonuniform distributions (such
as triangular or Gaussian). As pointed out in previous works
[51,53], the use of uniform grids of angles can lead to undesir-
able artificial degeneracies in the Hamiltonian’s energy level.
To prevent such (lattice) artifacts, the angles θi are randomly
distributed uniformly on the interval [0,0.5], and ensemble
calculations with different realizations are performed. As
shown in Ref. [65], the Hamiltonian in Eq. (2) is integrable, in
the sense that it allows for an extensive number of conserved
charges, and is therefore not able to thermalize the reduced
one-body density matrices to a Boltzmann distribution [53].
Nevertheless, it is a model commonly employed in studies of
fast-flavor conversion [13,65,68], and provides a useful and
interesting test case to analyze the timescales associated to
flavor oscillations in the many-body setting. We wish to em-
phasize that, even though we are considering an homogeneous
neutrino gas, we do not expect to observe stable oscillations
in analogy to the flavor pendulum solutions that are typi-
cally found at the mean field level (see, e.g., [13,65,68]). The
reason for this is that in the full many-body calculation the
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system develops entanglement and, as a result, the polariza-
tion vectors are not conserved as in a mean field calculation.
In many-body simulations that consider beams of NB parallel
neutrinos with the same flavor (as in Ref. [44,45,47,49]) this
effect is removed in the semiclassical NB → ∞ limit; in the
calculations presented here we have NB = 1 and this does not
happen (see also [53]).

For the calculations described in this work, an initial
tensor-product state of N neutrinos given by

|�0〉 = ⊗N/2
i=1 |νx〉i ⊗N

j=N/2+1 |νe〉 j = |νx · · · νxνe · · · νe〉, (3)

composed of N/2 electron neutrinos and N/2 heavy-flavor
neutrinos, is employed. While it is understood that equal
number densities of electron and heavy-flavor neutrinos may
be atypical of supernova-like settings, such a simplifica-
tion carries investigative benefits. This is a common initial
state used in previous works on many-body flavor evolution
[44,45,49,50], and has the advantage of enabling a focus
on effects beyond mean-field as the state |�0〉 is invariant
under mean-field evolution, and at the same time simplifies
the analysis of DPT(s) in the model (see e.g., Ref. [45]).
This is because a DPT is signaled by nonanalyticities in the
Loschmidt echo [69–71], the probability of observing a time
evolved state |�(t )〉 = e−iHt |�0〉 in its initial condition |�0〉,
which presents itself as a crossing of two separate Loschmidt
echoes associated with |�0〉 and its time-reversal counterpart
[72]. This makes the numerical analysis easier to carry out
than in the case where the Loschmidt echo shows a zero
instead (as in Ref. [47]).

In this work, Sec. II presents a linear stability analysis
of the collective modes supported by the axially symmetric
Hamiltonian in Eq. (2) with the initial flavor state |�0〉 from
Eq. (3). In Sec. III, a more detailed characterization of dy-
namical phase transitions in terms of the Loschmidt echo is
presented, specializing the discussion to the model considered
in this work. In Sec. IV, the results obtained for the Loschmidt
echoes crossing time for an ensemble of neutrinos systems
with sizes ranging from N = 4 to N = 14 are presented, along
with a statistical analysis of the observed timescales. We
summarize our findings in Sec. V, and comment on potential
directions of future research.

II. LINEAR STABILITY ANALYSIS

In order to shed light on the expected collective modes
present in the system, we use the standard tool of linear
stability analysis [73–75] (see also Ref. [47]). This starts with
the evolution equations for the expectation values 〈�σi〉 within
the mean-field approximation. For our model Hamiltonian
Eq. (2), these are

d

dt
〈�σi(t )〉 = μ

N

∑
j �=i

(1 − cos θi cos θ j )〈�σ j (t )〉 ∧ 〈�σi(t )〉. (4)

For initial states aligned along the z direction and up to linear
order in deviations from the initial condition, the third com-
ponents 〈σ z

i 〉 remain static, while the transverse components

evolve via

i
d

dt
〈σ±

i (t )〉 = μ

N

∑
j �=i

(1 − cos θi cos θ j )

× [〈
σ z

j

〉〈σ±
i (t )〉 − 〈

σ z
i

〉〈σ±
j (t )〉]

=
N∑

j=1

Mi j〈σ±
j (t )〉, (5)

where σ±
i = (σ x

i ± iσ y
i )/2, decoupling the remaining two

equations. The matrix M appearing in the right-hand side is

Mi j = δi j

⎡
⎣μ

N

∑
k �=i

(1 − cos θi cos θk )
〈
σ z

k

〉⎤⎦

− (1 − δi j )
μ

N

(
1 − cos θi cos θ j

)〈
σ z

i

〉
, (6)

which is manifestly not symmetric. Since the equations are
linear, the solutions can be expressed as linear combinations
of the N fundamental solutions,

s(n)
i (t ) = ψ

(n)
i e−iωnt , (7)

where ψ (n)i is the component of the nth eigenvector of M
of the ith neutrino and ωn the corresponding eigenvalue. The
eigenvalues can be either real or complex conjugate pairs,
the latter case indicating the presence of unstable collective
modes whose amplitude can grow exponentially in time. We
will use the notation ω = � + i
, with real � and 
, to denote
the real and imaginary parts of the eigenvalues.

In order to perform the linear stability analysis associated
with the collective oscillation spectrum in this model, cal-
culations of the eigenvalues for systems of even size from
N = 4 to N = 16 were performed, using angles θi sampled
uniformly in [0,0.5]. For each system size, we performed 106

calculations corresponding to different random samples of the
angles, starting in the initial state from Eq. (3). The results
of these calculations are displayed in Fig. 2. There are several
points to note from these results. First, as shown in the inset on
the left panel of Fig. 2, the fraction of stable eigenvalues (with
imaginary component 
 = 0) decreases exponential with the
system size. This means that for large systems of neutrinos,
the model described by Eq. (2) and with initial state |�0〉 from
Eq. (3) will contain unstable collective modes with high prob-
ability. This is in contrast to more geometrically symmetric
systems such as the case of bipolar oscillations [44,49,50] or
of fast oscillations in systems with three neutrino beams [47].
A somewhat unexpected result is the presence of two distinct
types of unstable modes, as shown by the left main plot in the
left panel of Fig. 2, which shows the observed frequency of oc-
currence (i.e., a histogram normalized so that the sum over the
bin values times the bin width is unity) of unstable modes of
different magnitudes of the imaginary part 
 for N = 14. The
same behavior is observed for all values of N examined. These
two classes of modes are characterized by typical growth
rates of either 
 ≈ 10−4–10−5μ or 
 ≈ 10−9–10−10μ. Within
our system, the neutrino beams are configured in a relatively
forward peaked cone. This contributes to the slower growth
rates of the modes compared to the rates seen in systems with
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FIG. 2. The left panel shows a histogram of the observed frequency of eigenvalues with a given imaginary component 
 (in units of μ) for a
system with N = 14, and using 106 independent realizations of the angles θ j . The inset in the left panel shows the fraction of stable eigenvalues,
with imaginary component 
 = 0, as a function of system size. The right panel shows the observed frequency of unstable eigenvalues with
a given magnitude of the real part � and imaginary part 
 for the same system. In both panels the presence of modes with small values of
|
| and |�| is a numerical artefact, with the correct mode at zero frequency. We indicate the boundary of the region where numerical errors
become important with red lines in both plots and on the right panel we show it also as a grey area.

different geometries [47], as demonstrated in Fig. 6. In order
to shed light on the structure of these two classes of modes, we
present in the right panel of Fig. 2 a heat map, for the same
ensemble of systems used in the main plot of the left panel,
showing the observed correlation between the magnitude of
the real part � and imaginary part 
 of the unstable modes.
Unstable modes with large growth rates 
 are associated with
large real frequencies � and, conversely, modes with a small
growth rate also have typically very small real frequencies.
The observed values of the eigenvalues with small imaginary
part are found to be strongly affected by floating-point errors,
and should be regarded as eigenvalues with ω = 0.

The importance of considering both the real and imaginary
part of unstable modes in the context of collective neutrino
oscillations was recently pointed out in Ref. [68], where it was
shown that, for a class of angular and flavor distributions, the
oscillation depth quantifying the magnitude of flavor conver-
sion was directly linked to the ratio |
/�|: small values lead
to a small oscillation depth, while, conversely, large values
can lead to complete flavor inversion. In the present work,
we use similar techniques (see also Ref. [65]) to provide a
more concrete characterization of the observed two classes
of modes in this model. We start by rewriting the linearized
equations of motion Eq. (5) as

i
d

dt
〈σ±

i (t )〉 = μ

N

N∑
j=1

(1 − cos θi cos θ j )

× [〈
σ z

j

〉〈σ±
i (t )〉 − 〈

σ z
i

〉〈σ±
j (t )〉]

= μ
[
Sz

0〈σ±
i (t )〉 − 〈

σ z
i

〉
S±

0 (t ) − cos θiS
z
1〈σ±

j (t )〉
+ cos θi〈σ z

i 〉S±
1 (t )

]
, (8)

where the moments (equivalent to the vectors Dn in
Refs. [65,68])

�Sn(t ) = 1

N

N∑
j=1

cosn θ j〈�σ j (t )〉, (9)

have been introduced. We note that �S0 is a conserved quantity
owing to the global SU(2) symmetry of the Hamiltonian Hνν

in Eq. (2) (a property maintained at the mean-field level), and
Sz

n are also conserved in the linear regime, as the third compo-
nent of the flavor isospins is not dynamical. Furthermore, for
our initial condition |�0〉 in Eq. (3), S±

0 = 0 since the initial
state has only components along z and also Sz

0 = 0. Using
these constraints, we finally have[

i
d

dt
+ μ cos θiS

z
1

]
〈σ±

i (t )〉 = μ cos θi〈σ z
i 〉S±

1 (t ). (10)

By noting that the right hand side is proportional to cos θi〈σ z
i 〉,

the solutions take the general form [65,68],

〈σ±
i (t )〉 = Aω cos θi〈σ z

i 〉
ω + μ cos θiS

z
1

e−iωt , (11)

with coefficient Aω independent of i, and ω corresponds to
the eigenvalues of the matrix M from Eq. (5). Inserting these
solution into Eq. (10), together with the condition S±

0 = 0, the
eigenvalues satisfy

1 = μ

N

N∑
j=1

cos2 θ j
〈
σ z

j

〉
ω + μ cos θ jS

z
1

and

0 = μ

N

N∑
j=1

cos θ j
〈
σ z

j

〉
ω + μ cos θ jS

z
1

. (12)
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Two types of solutions can be identified: a uniform solution
corresponding to ω = 0 with amplitudes essentially indepen-
dent of the propagation direction θi, and coherent solutions
corresponding to higher frequencies and for which the eigen-
functions in Eq. (11) have amplitudes that are correlated with
the propagation direction. The presence of a collective mode
with ω = 0 has already been pointed out [65], but it’s structure
was connected to the presence of amplitudes with cos(θ j ) = 0
which we do not have. For our initial conditions however, this
mode is still physical thanks to the fact that Sz

0 vanishes.

III. LOSCHMIDT ECHOES

In this section, we provide a brief introduction to quantum
quenches, the Loschmidt echo, and how Loschmidt echoes
can characterize DPTs via nonanalyticities in Loschmidt rate
functions. For a brief summary of the computational methods
used for the simulations of our neutrino system Eq. (2) and
a generalization of Loschmidt echo-defined DPTs for our
system; see Sec. IV.

When studying real-time dynamics of an initial state
|�(t = 0)〉 generated by a Hamiltonian H ,

|�(t )〉 = e−itH |�(0)〉, (13)

it is convenient to describe the evolution as a two-step process:
for time t < 0, the system is prepared in the ground state of
some initial Hamiltonian HI and allowed to evolve trivially
under the action of e−itHI ; at time t = 0, the Hamiltonian
is instantaneously changed to H , and the system is evolved
forward in time. This process of instantaneously changing the
Hamiltonian HI → H at some t = 0 is commonly called a
“quantum quench.” “Quenching” a system can include any-
thing from suddenly turning on a �B field, to altering some
aspect of the system’s geometry. For a review of quenches and
recent theoretical advances; see Refs. [76,77]. In this setting, a
DPT is associated with the nonanalytic behavior of a suitably
defined out-of-equilibrium free energy. As initially proposed
in Ref. [69], the Loschmidt echo L(t ) [78] can serve such a
purpose. It is defined as

L(t ) = |〈�(t )|�(0)〉|2 = ∣∣〈�(0)|e−itH |�(0)〉∣∣2 = e−Nλ(t ),

(14)
and can be interpreted as probing the likelihood that the
system returns to the initial state |�(0)〉 after the quantum
quench. The Loschmidt rate function λ(t ) serves the function
of a intensive free-energy in this out-of-equilibrium process.
In this setting, a DPT can be detected by the formation of a
zero in L(t ), which corresponds to a divergence in the rate
λ(t ), as the system reaches the thermodynamic limit [69,70].

The discussion of DPTs becomes more involved when the
initial ground state is degenerate, as in our model. Here we
present the required generalization proposed in Ref. [72], and
used already in the collective neutrino oscillation setting in
Ref. [45]. Assume that HI has two degenerate ground states:
|�α〉 and |�β〉, and we initialize our system HI at t → −∞ to
|�β〉. Then, at t = 0, we apply a quench to the system, where
we instantaneously change HI → H , and then time evolve
|�β〉 under the quenched H . Two separate Loschmidt echoes

can be defined,

Lβ,β (t ) = |〈�β |e−itH |�β〉|2,
Lα,β (t ) = |〈�α|e−itH |�β〉|2, (15)

where the first, Lβ,β (t ), is analogous to the previous defini-
tion of the Loschmidt echo from Eq. (14), while the second,
Lα,β (t ), corresponds to the probability of transitioning to the
orthogonal ground state |�α〉. The full out-of-equilibrium par-
tition function is then defined as the sum of the two Loschmidt
echoes [72]. Up to exponentially small corrections in the sys-
tem size N , only one of the two rate functions will contribute
to the free energy, and the overall rate can be defined as [72],

λN (t ) = min[λβ,β (t ), λα,β (t )]. (16)

With this definition, a nonanalytic behavior, and thus a DPT,
can present itself as a “kink” in the free energy when the
dominant rate function switches between λβ,β (t ) and λα,β (t )
at some crossing time tL× . We display this behavior for a
system of neutrinos with N = 12 neutrinos evolving under
the Hamiltonian in Eq. (2) in Fig. 3. The left panel shows
the two rate functions λβ,β (t ) and λα,β (t ) as a function of
time, with the inset focusing on the kink in λN (t ) formed by
their crossing. The same behavior is of course paralleled by
the crossing of the Loschmidt echoes, as shown in the right
panel of Fig. 3. Note that the typical timescales for flavor
evolution shown in Fig. 3 are orders of magnitude smaller
than the predictions from the linear stability analysis, sug-
gesting that the nonlinear regime is attained on timescales of
order μ−1.

Similar to the discussion of slowmodes in a neutrino sys-
tem [45], the Loschmidt echo crossing times that we compute
are associated with the two ground states |�α〉 and |�β〉,

|�α〉 =
(

N/2⊗
n=1

|↑〉n

)
⊗

(
N⊗

m=N/2+1
|↓〉m

)
,

|�β〉 =
(

N/2⊗
n=1

|↓〉n

)
⊗

(
N⊗

m=N/2+1
|↑〉m

)
, (17)

where we took the state |�β〉 as the initial state for evolution
at the quench, which is the same as the initial state |�0〉 from
Eq. (3) that is used in the linear stability analysis of Sec. II.
For N even, these are degenerate ground states of an initial
Hamiltonian HI ,

HI =
N/2∑
i=1

N∑
j=N/2+1

σ z
i σ z

j . (18)

At t = 0, the system is quenched to evolve under the Hamil-
tonian Hνν given in Eq. (2). The initial state |�β〉 is evolved
forward, with overlaps onto itself and onto |�α〉 computed,
and the first crossings of the Loschmidt echoes, Lα,β (t ) and
Lβ,β (t ), are subsequently determined.

The above discussion is directly relevant to initial condi-
tions with an equal number of neutrinos of each flavor. In the
more general case where there is a flavor imbalance, a DPT
could still be meaningfully defined by using instead the single
Loschmidt echo defined above in Eq. (14) and looking for it’s
zeros (see e.g. Ref. [47]). Further detailed studies of the more
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FIG. 3. The left panel shows λβ,β (t ) (red curve) and λα,β (t ) (blue curve) as a function of time in units of μ−1. The thick green lines mark
the time when the rate functions first cross. The inset zooms in on the lowest λ’s first (nonanalytic) cusp. The right panel shows Lβ,β (t ) (teal
curve) and Lα,β (t ) (purple curve). Orange lines mark the first crossing time, tL× , in units of μ−1, with the inset focusing on the evolution
around tL× . The adopted neutrino angles used for this particular system are given in Table II.

realistic initial conditions with asymmetric distributions are
important to perform in the future.

IV. ANALYSIS OF LOSCHMIDT ECHO CROSSING TIMES

Ensembles of independent Ji j configurations with N = 4,
6, 8, 10, 12, and 14 neutrinos were generated using Monte
Carlo uniform sampling in θi for 0 � θi � 0.5. These pro-
vided ensembles of Hνν defined in Eq. (2). The initial state
in Eq. (17) was evolved forward in time for each member
in an ensemble, and the times of the first crossing of the
Loschmidt echoes Lα,β (t ) and Lβ,β (t ), given in Eq. (15),
were determined. For the systems with N � 10, the systems
could be evolved in time and the Loschmidt echoes deter-
mined exactly using Mathematica, without the need for time
decimation. For larger systems (and the smaller systems for
verification purposes), matrix product states (MPS) were used
to simulate dynamics via iTensor’s Julia package [79]
using Trotterization of the evolution operator, implemented
via the Time Evolving Block Decimation (TEBD) method
[80–82], with a tolerance of 10−9. A maximum evolution
time interval of 50(2N/μ) was selected, with a Trotter step
size of �t = 0.05(2N/μ).1 This was guided by previous nu-
merical results [38,39] which demonstrated collective flavor
oscillations taking place on timescales typically ranging from
tlong = μ−1

√
N to tshort = μ−1ln(N ). To account for the in-

creased complexity in the system introduced by our random
selection of neutrino momenta, the maximum simulation time
was increased by 10×, as similarly estimated in Ref. [47].

The observed heavy tails of the obtained distributions,
reminiscent of those found in lattice QCD calculations of
baryon correlation functions (see, e.g., Ref. [83]), prompts us
to change variables from tL× to w×, where

w× = ln tL× . (19)

Figure 4 displays the associated histograms as functions of
w× (with uniform bins width) for each N . As the systems

1Step sizes of �t = [0.02, 0.07, 0.1](2N/μ) were also profiled,
and furnished consistent results.

are evolved forward in time up to a maximum time, Tmax,
there are a small number of elements in the ensembles that
do not experience a Loschmidt Echo crossing (during that
time interval). Qualitatively, for the sizes of ensembles we
have generated, the N = 4 system exhibits a single skewed
distribution, with a heavy tail for increasing w×. The N > 4
systems show the emergence of a second peak on the shoulder
of the first.

For small system sizes, the discreteness of the systems fur-
nish “sectors” of Loschmidt echo crossing times, as suggested
in Fig. 5. As a result, the distributions are not expected to be
smooth functions for small N . However, they are expected
to become smooth with increasing N . Therefore, fitting to
smooth functions should describe results for large N , but
become increasingly poor descriptions at small N . In order
to quantify these distributions, the sum of two stable distri-
butions are fit to each histogram, in particular, type-1 stable
distributions,

h(w) = a1S1(α1, β1, μ1, σ1,w) + a2S1(α2, β2, μ2, σ2,w),

(20)

where ai denote their amplitudes and are real numbers. As
defined in Mathematica, the type-1 stable distribution is

S1(α, β, μ, σ, x) = eiμt−|tσ |α (1−iβ tan ( πα
2 ) sgn(t)) : α �= 1

= eiμt−tσ (1+2i β

π
ln |t | sgn(t)) : α = 1, (21)

where sgn(x) is the sign of x. α is the stability parameter, β

is the skewness parameter, μ is the mean of the distribution,
and σ is twice the variance. The results of fitting h(w) in
Eq. (20), with a total of ten fit parameters, are shown in
Table I, including the uncorrelated weighted χ2/dof to indi-
cate the goodness of fit.Monte Carlo sampling was used to
perform the fitting and in determining the 68% confidence
intervals (CIs). For each histogram, the global minimum of
the uncorrelated weighted χ2/dof value2 was found by a

2The weights corresponded to the inverse variance of each his-
togram bin, determined by bootstrap resampling.
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FIG. 4. Histograms of the Loschmidt-echo crossing times for system sizes of N = 4, 6, 8, 10, 12 and 14 neutrinos evolving under the
dynamics described in the text. They show the number of events in a given bin normalized to the total number of events, as a function of
w×, defined in Eq. (19). A bin width of δw× = 0.100 is employed in each histogram. All distributions were formed from 10.5k independent
samples of Ji j . The red points with error bars correspond to the height of each bin and uncertainty estimated by bootstrap re-sampling over the
10.5k independent samples. The dark-blue curves show the best fit of the sum of two stable distributions (given in Eq. (20)) to the histograms,
with fit parameters and uncertainties given in Table I. The 68% confidence intervals associated with the fits are shown by the green-shaded
regions.

search in the ten-dimensional parameter space, first using a
coarse lattice of points then followed by a stochastic gradient
descent. The 68% CI was determined by sampling parameter
space to identify the surface for which χ2

min → χ2
min + 11.55,

appropriate for a ten parameter fit. In some instances, a
second minimum lay within this upper value of χ2, giving
outliers in the sampling. Their impact was mitigated by us-
ing the median average deviation (MAD) of the parameter
sample, with an appropriate re-scaling factor [computed to
be 4.855(9)]. While the presented results use bin widths of
δw× = 0.100, a range of bin widths were examined, δw× =
0.060, 0.065, . . . , 0.140, over which the resulting fit parame-
ters were found to be consistent.

There are some interesting points to note from our results.
The first is that the locations of the two peaks, μ1,2, become
approximately independent of the number of neutrinos, and
the variances also appear to be approximately stable. Further,

the relative strength of the two distributions appears somewhat
stable to increasing neutrino number. The goodness of fit to
two stable distributions depends on the number of neutrinos,
as can be seen in the last column of Table I. For the systems
with N � 8, there are two peaks in the histograms that are
reasonably well reproduced by the sum of two stable distri-
butions. However, as the χ2/dof > 1 for each, this does not
constitute a perfect description of the systems, as expected. It
is found to be a superior hypothesis to that of a single stable
distribution for N � 8, which have χ2/dof > 10.

It is enlightening to compare the results for the Loschmidt
echo crossings with the results of the stability analysis that we
presented above, in particular the distributions of imaginary
parts of the frequencies. In both instances, there are two peaks
in the distributions associated with the sampled Ji j matrices.
The slower and faster modes correspond to the long-timescale
and short-timescale Loschmidt echo crossings, respectively.

TABLE I. Best-fit parameters obtained from fitting two stable distributions, given in Eq. (20), to the histogram distributions of Loschmidt
echo crossing times for systems with N = 4, 6, 8, 10, 12, 14 neutrinos, as displayed in Fig. 4. The histogram bin size is δw× = 0.100. All
distributions were formed from 10 500 independent samples of Ji j .

N a1 α1 β1 μ1 σ1 a2 α2 β2 μ2 σ2 χ 2/dof

4 0.0849(54) 1.34(10) 0.976(76) 1.64(16) 0.275(23) 0.0231(29) 0.892(43) 0.621(76) 0.35(31) 0.313(34) 2.03
6 0.0840(35) 1.842(86) 0.914(61) 1.333(35) 0.2474(93) 0.0184(11) 1.049(20) 0.389(28) 4.32(66) 0.358(22) 6.54
8 0.0793(29) 1.866(81) 0.918(41) 1.326(37) 0.2531(96) 0.0231(11) 1.175(62) 0.468(22) 2.76(16) 0.226(11) 1.69
10 0.0785(27) 1.854(86) 0.0785(41) 1.330(23) 0.2397(91) 0.0230(10) 1.366(78) 0.898(59) 2.630(90) 0.1893(88) 3.56
12 0.0843(36) 1.349(83) 0.00277(15) 1.346(21) 0.2268(9) 0.0237(12) 1.121(57) 0.613(35) 2.97(27) 0.1952(99) 2.01
14 0.0771(31) 1.447(72) 0.213(12) 1.389(25) 0.1966(76) 0.0283(15) 1.079(48) 0.313(16) 2.80(27) 0.1987(83) 2.31
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FIG. 5. Scatter plots of the median Ji j for each element in the ensembles versus w×, defined in Eq. (19), for the systems corresponding to
the histograms shown in Fig. 4 and described in the text.

Interestingly, while the distributions associated with faster-
modes and the shorter Loschmidt echo crossing times occur
at the same w×, those associated with the slower modes
(consistent with zero frequency) are at a disparately larger
value of w× than the corresponding longer Loschmidt echo
crossing times. The well-separated slower- and faster-mode
distributions differ from the overlapping distributions in the
Loschmidt echo crossing times. So while the linear instability
analysis describes well the fast modes, it is only qualitatively
reflective of the longer Loschmidt echo crossing times.

V. SUMMARY

Neutrinos play a key role in core-collapse supernova. After
creation in the core, neutrino flavor evolves in complex ways
through interactions with matter and with other neutrinos,
and because the mass eigenstates are combinations of the
weak eigenstates. Our work builds upon current research into
the quantum evolution of model neutrino systems in the full
many-body treatment. Starting with a tensor-product state
of equal numbers of electron-type and heavy-type neutrinos,
small- and modest-sized systems are evolved forward by the
Hamiltonian describing neutrino-neutrino forward scattering,
neglecting vacuum mixing. Though an even partitioning of
νx, νe species may not be characteristic of supernova settings,

the simplification allows probing of effects that are beyond the
mean-field approximation, and streamlines the DPT analysis.
However, similar bimodal behavior emerges in systems with
asymmetric distributions of νx, νe, though it is only appar-
ent after extending the total evolution time significantly, by
over 400 time steps. This is another advantage of studying
the even-partitioned case, as it appears to be the most time
effective way to study distributions of couplings, as the same
multimodality behavior occurs independently of the flavor
partitioning. In this setting, the forward-scattering interactions
with matter only contribute a global phase factor and are
therefore neglected. Attention is paid to the timescales for
flavor conversion under this evolution, both through a linear
stability analysis and also using the crossing of Loschmidt
echoes. We consider Loschmidt echo crossings because of
their relation to dynamical phase transitions in nonequilibrium
systems.

Through Monte Carlo sampling over a uniform distribu-
tion in neutrino angles, we generate ensembles of neutrino
coupling matrices in the context of an axially symmetric bulb
model (Fig. 1), a commonly used simplified model for ana-
lyzing neutrino flavor evolution in core-collapse supernova. In
our linear stability analysis, both zero-frequency and nonzero
frequencies instabilities are found, while two modes are ob-
served in the crossings of the Loschmidt echoes, both with
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FIG. 6. Observed distribution of unstable timescales μ/|
| obtained through linear stability analysis of systems with size ranging from
N = 4 (top left) to N = 14 (bottom right). Each panel shows two curves: the blue line corresponds to angles θ j sampled uniformly in [0,0.5]
while the orange line corresponds to angles sampled on a wider interval [0, π/2]. Results showing timescales longer than 108µ−1 are strongly
affected by numerical errors and correspond to zero-frequency modes. In order to highlight the region affected by numerical precision, we
show it with a grey background and indicate its boundary as a vertical red line.

finite timescales. The locations of the peaks in the Loschmidt
echo crossings appear independent of the number of neutrinos
for N � 14. While the distributions for the N = 4, 6 systems
reflect the underlying discreteness of the systems, we found
that they become increasingly well described by smooth dis-
tributions, in particular the sum of two stable distributions.
As a mean-field analysis identifies only one fast mode of
flavor conversion for such systems, our fully quantum me-
chanical analysis has revealed the presence of a second mode.
Further work is required to better understand the impact of
this second mode, and its connection to the linear stability
analysis. In future work, it would be interesting to understand
the role played by the integrability of the axially symmetric
Hamiltonian, and whether a rich multipeaked spectrum could
be expected also in the chaotic multiangle regime studied
in Ref. [53]. In this context, the zero mode may potentially
show it’s presence in thermalizing systems as a quan-
tum many-body scar, creating unusually long thermalization
times.
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APPENDIX A: STATISTICS OF THE Ji j NEUTRINO
COUPLING MATRICES

To gain further insights into the presence of two peaks in
the Loschmidt echo crossing times, the medians of the Ji j

coupling terms are examined. Figure 5 shows the distributions
of the median Ji j for each ensemble as a function of w×.
For N = 4 there is essentially a one-to-one correspondence
between the median Ji j and tL× , and a single peak in the
histogram of crossing times follows naturally. As the number
of neutrinos increases, the distribution forms from an increas-
ing number of bands, that merge into regions. While two
distributions are seen to emerge, it remains the case that the
shortest times correspond to the largest median values. While
we have not explored this in detail, and leave it to future
work, we anticipate that the band structure is related to the
integrability of these systems, and the overlap of the initial
state onto different sectors.
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TABLE II. The conic angles θi used to generate Fig. 3 with N = 12.

0.037 0.100 0.129 0.140 0.192 0.194 0.219 0.303 0.317 0.351 0.430 0.472

APPENDIX B: FURTHER RESULTS FROM THE LINEAR
STABILITY ANALYSIS

In this Appendix, we show further results produced using
the linear stability analysis described in Sec. II. As noted
there, the results are qualitatively independent of the size of
the system and the choice of angular distribution: we always
observe unstable modes with relatively large imaginary part
|
| and a second set of modes with much lower values of
|
| which, within numerical precision, correspond to the zero
mode. The typical values of |
|, or equivalently the instability
timescale 1/|
|, are seen to be independent of the system
size, while they are shifted by changing the angular range
and shape. This is shown in Fig. 6 for a range of system
sizes, ranging from N = 4 to N = 14 (the same considered
in the full simulation presented in Sec. IV), and for two angu-
lar distributions where θ j is distributed uniformly in [0,0.5],
shown as blue lines and corresponding to the results shown
in Sec. IV, and a wider distribution with θ j uniform in the
range [0, π/2], shown as orange lines. As expected from the
definition of the coupling matrix Ji j in Eq. (2), the second

set of results corresponding to a wider angular distribution
are found to produce faster modes (on average). In order to
more clearly highlight the region of timescales affected by
numerical errors, it is shown by a grey background with a
boundary indicated by a vertical red line: results found in this
region are numerically indistinguishable to the zero mode. Fi-
nally we note that the fraction of observations corresponding
to the zero mode is progressively reduced as we increase the
size of the system; this a consequence of the fact that the
number of unstable modes with finite frequencies grows as
a function of system size while the zero mode remains 1 (or,
within numerical precision, a single pair of complex conjugate
eigenvalues). We thus expect that in the limit of large systems,
the overwhelming majority of unstable modes have finite time
scales.

APPENDIX C: FIGURE 3 VALUES

Table II contains the coupling angles used to generate the
Loschmidt echo and rate function spectra in Fig. 3.

[1] A. Burrows and D. Vartanyan, Core-collapse supernova explo-
sion theory, Nature (London) 589, 29 (2021).

[2] B. Müller, Neutrino emission as diagnostics of core-collapse
supernovae, Annu. Rev. Nucl. Part. Sci. 69, 253 (2019).

[3] S. Wanajo, Y. Sekiguchi, N. Nishimura, K. Kiuchi, K. Kyutoku,
and M. Shibata, Production of all the r-process nuclides in the
dynamical ejecta of neutron star mergers, Astrophys. J. Lett.
789, L39 (2014).

[4] R. Hoffman, S. Woosley, and Y.-Z. Qian, Nucleosynthesis in
neutrino-driven winds. II. Implications for heavy element syn-
thesis, Astrophys. J. 482, 951 (1997).

[5] C. Winteler, R. Kaeppeli, A. Perego, A. Arcones, N. Vasset, N.
Nishimura, M. Liebendoerfer, and F.-K. Thielemann, Magne-
torotationally driven supernovae as the origin of early galaxy
r-process elements? Astrophys. J. Lett. 750, L22 (2012).

[6] S. W. Bruenn, A. Mezzacappa, W. R. Hix, J. M. Blondin, P.
Marronetti, O. E. B. Messer, C. J. Dirk, and S. Yoshida, 2D
and 3D core-collapse supernovae simulation results obtained
with the CHIMERA code, J. Phys.: Conf. Ser. 180, 012018
(2009).

[7] S. W. Bruenn, C. J. Dirk, A. Mezzacappa, J. C. Hayes, J. M.
Blondin, W. R. Hix, and O. E. B. Messer, Modeling core col-
lapse supernovae in 2 and 3 dimensions with spectral neutrino
transport, J. Phys.: Conf. Ser. 46, 393 (2006).

[8] F. Foucart, Neutrino transport in general relativistic neutron
star merger simulations, Living Rev. Comput. Astrophys. 9, 1
(2023).

[9] M. Cusinato, F. M. Guercilena, A. Perego, D. Logoteta, D.
Radice, S. Bernuzzi, and S. Ansoldi, Neutrino emission from
binary neutron star mergers: characterising light curves and
mean energies, Eur. Phys. J. A 58, 99 (2022).

[10] V. Vijayan, A. Bauswein, and G. Martinez-Pinedo, Neutrinos
and their impact on the nucleosynthesis in binary neutron star
mergers, PoS FAIRness2022, 061 (2023).

[11] M. George, M.-R. Wu, I. Tamborra, R. Ardevol-Pulpillo, and
H.-T. Janka, Fast neutrino flavor conversion, ejecta properties,
and nucleosynthesis in newly-formed hypermassive remnants
of neutron-star mergers, Phys. Rev. D 102, 103015 (2020).

[12] I. Padilla-Gay, S. Shalgar, and I. Tamborra, Symmetry breaking
due to multi-angle matter-neutrino resonance in neutron star
merger remnants, J. Cosmol. Astropart. Phys. 05 (2024) 037.

[13] L. Johns, H. Nagakura, G. M. Fuller, and A. Burrows, Neutrino
oscillations in supernovae: Angular moments and fast instabili-
ties, Phys. Rev. D 101, 043009 (2020).

[14] P. L. Espino, P. Hammond, D. Radice, S. Bernuzzi, R. Gamba,
F. Zappa, L. F. L. Micchi, and A. Perego, Neutrino trapping
and out-of-equilibrium effects in binary neutron-star merger
remnants, Phys. Rev. Lett. 132, 211001 (2024).

[15] P. L. Espino, D. Radice, F. Zappa, R. Gamba, and S. Bernuzzi,
Impact of moment-based, energy integrated neutrino transport
on microphysics and ejecta in binary neutron star mergers,
Phys. Rev. D 109, 103027 (2024).

[16] A. B. Balantekin, M. J. Cervia, A. V. Patwardhan, R. Surman,
and X. Wang, Collective neutrino oscillations and heavy-
element nucleosynthesis in supernovae: Exploring potential
effects of many-body neutrino correlations, Astrophys. J. 967,
146 (2024).

[17] R. L. Workman et al. (Particle Data Group), Review of particle
physics, Prog. Theor. Exp. Phys. 2022, 083C01 (2022).

[18] S. P. Mikheev and A. Y. Smirnov, Resonance amplification of
oscillations in matter and spectroscopy of solar neutrinos, Sov.
J. Nucl. Phys. 42, 913 (1985).

045801-10

https://doi.org/10.1038/s41586-020-03059-w
https://doi.org/10.1146/annurev-nucl-101918-023434
https://doi.org/10.1088/2041-8205/789/2/L39
https://doi.org/10.1086/304181
https://doi.org/10.1088/2041-8205/750/1/L22
https://doi.org/10.1088/1742-6596/180/1/012018
https://doi.org/10.1088/1742-6596/46/1/054
https://doi.org/10.1007/s41115-023-00016-y
https://doi.org/10.1140/epja/s10050-022-00743-5
https://doi.org/10.22323/1.419.0061
https://doi.org/10.1103/PhysRevD.102.103015
https://doi.org/10.1088/1475-7516/2024/05/037
https://doi.org/10.1103/PhysRevD.101.043009
https://doi.org/10.1103/PhysRevLett.132.211001
https://doi.org/10.1103/PhysRevD.109.103027
https://doi.org/10.3847/1538-4357/ad393d
https://doi.org/10.1093/ptep/ptac097


TIMESCALES IN MANY-BODY FAST-NEUTRINO-FLAVOR … PHYSICAL REVIEW C 110, 045801 (2024)

[19] L. Wolfenstein, Neutrino oscillations in matter, Phys. Rev. D
17, 2369 (1978).

[20] G. M. Fuller, R. W. Mayle, J. R. Wilson, and D. N. Schramm,
Resonant neutrino oscillations and stellar collapse, Astrophys.
J. 322, 795 (1987).

[21] M. J. Savage, R. A. Malaney, and G. M. Fuller, Neutrino os-
cillations and the leptonic charge of the universe, Astrophys. J.
368, 1 (1991).

[22] J. Pantaleone, Neutrino oscillations at high densities, Phys. Lett.
B 287, 128 (1992).

[23] J. Pantaleone, Dirac neutrinos in dense matter, Phys. Rev. D 46,
510 (1992).

[24] S. Samuel, Bimodal coherence in dense self-interacting neu-
trino gases, Phys. Rev. D 53, 5382 (1996).

[25] V. A. Kostelecký and S. Samuel, Self-maintained coherent os-
cillations in dense neutrino gases, Phys. Rev. D 52, 621 (1995).

[26] S. Pastor and G. Raffelt, Flavor oscillations in the supernova hot
bubble region: Nonlinear effects of neutrino background, Phys.
Rev. Lett. 89, 191101 (2002).

[27] H. Duan, G. M. Fuller, and Y.-Z. Qian, Collective neutrino
flavor transformation in supernovae, Phys. Rev. D 74, 123004
(2006).

[28] H. Duan, G. M. Fuller, J. Carlson, and Y.-Z. Qian, Simulation of
coherent nonlinear neutrino flavor transformation in the super-
nova environment: Correlated neutrino trajectories, Phys. Rev.
D 74, 105014 (2006).

[29] H. Duan, G. M. Fuller, and Y.-Z. Qian, Collective neutrino
oscillations, Annu. Rev. Nucl. Part. Sci. 60, 569 (2010).

[30] S. Chakraborty, R. Hansen, I. Izaguirre, and G. Raffelt, Col-
lective neutrino flavor conversion: Recent developments, Nucl.
Phys. B 908, 366 (2016), special issue, Neutrino Oscillations:
Celebrating the Nobel Prize in Physics 2015.

[31] I. Tamborra and S. Shalgar, New developments in flavor evolu-
tion of a dense neutrino gas, Annu. Rev. Nucl. Part. Sci. 71, 165
(2021).

[32] H. Nagakura, A. Burrows, L. Johns, and G. M. Fuller, Where,
when, and why: Occurrence of fast-pairwise collective neutrino
oscillation in three-dimensional core-collapse supernova mod-
els, Phys. Rev. D 104, 083025 (2021).

[33] H. Nagakura, Roles of fast neutrino-flavor conversion on the
neutrino-heating mechanism of core-collapse supernova, Phys.
Rev. Lett. 130, 211401 (2023).

[34] G. Sigl and G. Raffelt, General kinetic description of relativistic
mixed neutrinos, Nucl. Phys. B 406, 423 (1993).

[35] A. Vlasenko, G. M. Fuller, and V. Cirigliano, Neutrino quantum
kinetics, Phys. Rev. D 89, 105004 (2014).

[36] D. N. Blaschke and V. Cirigliano, Neutrino quantum kinetic
equations: The collision term, Phys. Rev. D 94, 033009 (2016).

[37] N. F. Bell, A. A. Rawlinson, and R. Sawyer, Speed-up through
entanglement—many-body effects in neutrino processes, Phys.
Lett. B 573, 86 (2003).

[38] A. Friedland and C. Lunardini, Do many-particle neutrino in-
teractions cause a novel coherent effect? J. High Energy Phys.
10 (2003) 043.

[39] A. Friedland and C. Lunardini, Neutrino flavor conversion in a
neutrino background: Single- versus multi-particle description,
Phys. Rev. D 68, 013007 (2003).

[40] R. F. Sawyer, “Classical” instabilities and “quantum” speed-up
in the evolution of neutrino clouds, arXiv:hep-ph/0408265.

[41] M. J. Cervia, A. V. Patwardhan, A. B. Balantekin, S. N.
Coppersmith, and C. W. Johnson, Entanglement and collective

flavor oscillations in a dense neutrino gas, Phys. Rev. D 100,
083001 (2019).

[42] E. Rrapaj, Exact solution of multiangle quantum many-
body collective neutrino-flavor oscillations, Phys. Rev. C 101,
065805 (2020).

[43] A. V. Patwardhan, M. J. Cervia, and A. B. Balantekin, Spectral
splits and entanglement entropy in collective neutrino oscilla-
tions, Phys. Rev. D 104, 123035 (2021).

[44] A. Roggero, Entanglement and many-body effects in collective
neutrino oscillations, Phys. Rev. D 104, 103016 (2021).

[45] A. Roggero, Dynamical phase transitions in models of col-
lective neutrino oscillations, Phys. Rev. D 104, 123023
(2021).

[46] Z. Xiong, Many-body effects of collective neutrino oscillations,
Phys. Rev. D 105, 103002 (2022).

[47] A. Roggero, E. Rrapaj, and Z. Xiong, Entanglement and corre-
lations in fast collective neutrino flavor oscillations, Phys. Rev.
D 106, 043022 (2022).

[48] M. J. Cervia, P. Siwach, A. V. Patwardhan, A. B. Balantekin,
S. N. Coppersmith, and C. W. Johnson, Collective neutrino
oscillations with tensor networks using a time-dependent varia-
tional principle, Phys. Rev. D 105, 123025 (2022).

[49] J. D. Martin, A. Roggero, H. Duan, J. Carlson, and V.
Cirigliano, Classical and quantum evolution in a simple coher-
ent neutrino problem, Phys. Rev. D 105, 083020 (2022).

[50] D. Lacroix, A. B. Balantekin, M. J. Cervia, A. V. Patwardhan,
and P. Siwach, Role of non-Gaussian quantum fluctuations in
neutrino entanglement, Phys. Rev. D 106, 123006 (2022).

[51] J. D. Martin, A. Roggero, H. Duan, and J. Carlson, Many-
body neutrino flavor entanglement in a simple dynamic model,
arXiv:2301.07049.

[52] P. Siwach, A. M. Suliga, and A. B. Balantekin, Entanglement in
three-flavor collective neutrino oscillations, Phys. Rev. D 107,
023019 (2023).

[53] J. D. Martin, D. Neill, A. Roggero, H. Duan, and J. Carlson,
Equilibration of quantum many-body fast neutrino flavor oscil-
lations, Phys. Rev. D 108, 123010 (2023).

[54] A. V. Patwardhan, M. J. Cervia, E. Rrapaj, P. Siwach, and A. B.
Balantekin, Many-body collective neutrino oscillations: Recent
developments, in Handbook of Nuclear Physics, edited by I.
Tanihata, H. Toki, and T. Kajino (Springer Nature, Singapore,
2020), pp. 1–16.

[55] L. Johns, Neutrino many-body correlations, arXiv:2305.04916.
[56] J. Preskill, Quantum computing in the NISQ era and beyond,

Quantum 2, 79 (2018).
[57] B. Hall, A. Roggero, A. Baroni, and J. Carlson, Simulation of

collective neutrino oscillations on a quantum computer, Phys.
Rev. D 104, 063009 (2021).

[58] M. Illa and M. J. Savage, Basic elements for simulations of
standard-model physics with quantum annealers: Multigrid and
clock states, Phys. Rev. A 106, 052605 (2022).

[59] V. Amitrano, A. Roggero, P. Luchi, F. Turro, L. Vespucci, and
F. Pederiva, Trapped-ion quantum simulation of collective neu-
trino oscillations, Phys. Rev. D 107, 023007 (2023).

[60] M. Illa and M. J. Savage, Multi-neutrino entanglement and
correlations in dense neutrino systems, Phys. Rev. Lett. 130,
221003 (2023).

[61] P. Siwach, K. Harrison, and A. B. Balantekin, Collective
neutrino oscillations on a quantum computer with hybrid
quantum-classical algorithm, Phys. Rev. D 108, 083039
(2023).

045801-11

https://doi.org/10.1103/PhysRevD.17.2369
https://doi.org/10.1086/165772
https://doi.org/10.1086/169665
https://doi.org/10.1016/0370-2693(92)91887-F
https://doi.org/10.1103/PhysRevD.46.510
https://doi.org/10.1103/PhysRevD.53.5382
https://doi.org/10.1103/PhysRevD.52.621
https://doi.org/10.1103/PhysRevLett.89.191101
https://doi.org/10.1103/PhysRevD.74.123004
https://doi.org/10.1103/PhysRevD.74.105014
https://doi.org/10.1146/annurev.nucl.012809.104524
https://doi.org/10.1016/j.nuclphysb.2016.02.012
https://doi.org/10.1146/annurev-nucl-102920-050505
https://doi.org/10.1103/PhysRevD.104.083025
https://doi.org/10.1103/PhysRevLett.130.211401
https://doi.org/10.1016/0550-3213(93)90175-O
https://doi.org/10.1103/PhysRevD.89.105004
https://doi.org/10.1103/PhysRevD.94.033009
https://doi.org/10.1016/j.physletb.2003.08.035
https://doi.org/10.1088/1126-6708/2003/10/043
https://doi.org/10.1103/PhysRevD.68.013007
https://arxiv.org/abs/hep-ph/0408265
https://doi.org/10.1103/PhysRevD.100.083001
https://doi.org/10.1103/PhysRevC.101.065805
https://doi.org/10.1103/PhysRevD.104.123035
https://doi.org/10.1103/PhysRevD.104.103016
https://doi.org/10.1103/PhysRevD.104.123023
https://doi.org/10.1103/PhysRevD.105.103002
https://doi.org/10.1103/PhysRevD.106.043022
https://doi.org/10.1103/PhysRevD.105.123025
https://doi.org/10.1103/PhysRevD.105.083020
https://doi.org/10.1103/PhysRevD.106.123006
https://arxiv.org/abs/2301.07049
https://doi.org/10.1103/PhysRevD.107.023019
https://doi.org/10.1103/PhysRevD.108.123010
https://arxiv.org/abs/2305.04916
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.1103/PhysRevD.104.063009
https://doi.org/10.1103/PhysRevA.106.052605
https://doi.org/10.1103/PhysRevD.107.023007
https://doi.org/10.1103/PhysRevLett.130.221003
https://doi.org/10.1103/PhysRevD.108.083039


BHASKAR, ROGGERO, AND SAVAGE PHYSICAL REVIEW C 110, 045801 (2024)

[62] A. B. Balantekin, M. J. Cervia, A. V. Patwardhan, E. Rrapaj,
and P. Siwach, Quantum information and quantum simulation
of neutrino physics, Eur. Phys. J. A 59, 186 (2023).

[63] N. Klco, A. Roggero, and M. J. Savage, Standard model physics
and the digital quantum revolution: thoughts about the interface,
Rep. Prog. Phys. 85, 064301 (2022).

[64] C. W. Bauer, Z. Davoudi, A. B. Balantekin, T. Bhattacharya, M.
Carena, W. A. de Jong, P. Draper, A. El-Khadra, N. Gemelke,
M. Hanada, D. Kharzeev, H. Lamm, Y.-Y. Li, J. Liu, M.
Lukin, Y. Meurice, C. Monroe, B. Nachman, G. Pagano, J.
Preskill et al., Quantum simulation for high-energy physics,
PRX Quantum 4, 027001 (2023).

[65] D. F. G. Fiorillo and G. G. Raffelt, Slow and fast collective
neutrino oscillations: Invariants and reciprocity, Phys. Rev. D
107, 043024 (2023).

[66] A. Balantekin and Y. Pehlivan, Neutrino–neutrino interactions
and flavour mixing in dense matter, J. Phys. G: Nucl. Part. Phys.
34, 47 (2006).

[67] Y. Pehlivan, A. B. Balantekin, T. Kajino, and T. Yoshida, Invari-
ants of collective neutrino oscillations, Phys. Rev. D 84, 065008
(2011).

[68] I. Padilla-Gay, I. Tamborra, and G. G. Raffelt, Neutrino flavor
pendulum reloaded: The case of fast pairwise conversion, Phys.
Rev. Lett. 128, 121102 (2022).

[69] M. Heyl, A. Polkovnikov, and S. Kehrein, Dynamical quantum
phase transitions in the transverse-field Ising model, Phys. Rev.
Lett. 110, 135704 (2013).

[70] M. Heyl, Dynamical quantum phase transitions: A review, Rep.
Prog. Phys. 81, 054001 (2018).
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