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Abstract. We prove that a Radon measure y on R” can be written as = Y_'  t;, where each of the y; is an i-dimensional
rectifiable measure if and only if for every Lipschitz function f : R” — R and every e > 0 there exists a function g of class C!
such that p({x € R" : g(x) # f(x)}) < e
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1 INTRODUCTION

A fundamental yet simple consequence of Rademacher’s theorem and Whitney’s theorem is the fact that Lipschitz
functions on the Euclidean space admit a Lusin type approximation with C!-functions, namely for every Lipschitz
function f : R” — R and every e > 0 there exists a function g : R” — R of class C! such that

L' ({x e R :g(x) # f(x)}) <e,

where " denotes the Lebesgue measure, see [13, Theorem 5.3]. This fact has a central role in many pivotal results
in Geometric Measure Theory, including the existence of the approximate tangent space to a rectifiable set, see [13,
Lemma 11.1], and the validity of area and coarea formulas, see [13, §12].

On the one hand, this approximation property does not only hold for the Lebesgue measure: for instance it holds
trivially for a Dirac delta. It is not difficult to see that the same property holds for any rectifiable measure and
clearly the class of Radon measures for which the property holds is closed under finite sums.

On the other hand, it is known that there are measures y for which Lipschitz functions do not admit a Lusin
type approximation with respect to u with functions of class C!, see [9]. In this note we completely classify those
measures, proving that the validity of such approximation property characterizes rectifiable measures, in the
following sense.

Theorem 1.1. Let y be a positive Radon measure on R". The measure y can be written as y =Y ', i;, where each of the y;
is an i-dimensional rectifiable measure if and only if for every Lipschitz function f : R" — R and every € > 0 there exists a
function g of class C' such that

p{x e R g(x) # f(x)}) <e (1)

The proof of the "only if" part of Theorem 1.1 is a simple application of Whitney’s theorem. The proof of the "if"
part exploits some tools introduced in [1], including the notion of decomposability bundle of a measure y, see [1, §2.6]:
amap x — V(p, x) which detects the maximal subspaces along which Lipschitz functions are differentiable y-almost
everywhere. For the purposes of this paper, we need to refine the result [1, Theorem 1.1 (ii)] on the existence
of Lipschitz functions which are non-differentiable along directions which do not belong to the decomposability
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NOTATION AND PRELIMINARIES

bundle. In [1], such non-differentiability is proved by finding a Lipschitz function f and for y-almost every point x
a sequence of points y; := x + ;v € R" converging to x along a direction v ¢ V(y, x), such that the corresponding
incremental ratios (f(y;) — f(x))/t; do not converge. Here we need to find a function f such that there exist points
y; as above, with the additional requirement that y; € supp(), see Proposition 3.1. For a non-rectifiable measure y,
the existence of a p-positive set of points x for which there are points y; € supp(u) approaching x along a direction
v & V(u,x) is guaranteed by Lemma 2.1.

We plan to investigate similar questions in Carnot groups, exploiting tools and techniques introduced in [3].
In this setting, similar questions have already attracted some interest. For instance, in [7] the authors proved a
suitable extension of Lusin’s approximation-type theorem for the surface measure of 1-codimensional Cj;-rectifiable
surfaces in the Heisenberg groups IH", n > 2 and where the regular approximation of Lipschitz functions are
found in the class of Cj;-regular functions. The authors also prove that in H! there is a regular surface and a
Lipschitz function that cannot be approximated by Cj;-regular functions. This different behaviour is connected
to the algebraic structure of the tangents to 1-codimensional regular surfaces in the Heisenberg groups IH"” when
n=1lorn>2.

2 NOTATION AND PRELIMINARIES

We denote by U(x,r) the open ball in R" with center x and radius r and by B(x, ) the closed ball. In addition,
for a Borel set E and a § > 0, we denote B(E, ) := Uy,cg B(y, ). The unit sphere is denoted g1,
Given a Radon measure y and a (possibly vector-valued) function f, we denote by fu the measure

fu(A) = / fdu, for every Borel set A.
A

For a measure i and a Borel set E we denote by uL E the restriction of u to E, namely the measure defined by
ULE(A):=u(ANE), forevery Borel set A.

The support of a positive Radon measure y, denoted supp(u), is the intersection of all closed sets C such that
#(R™\ C) = 0. For 0 < k < n, the symbol .#’* denotes the k-dimensional Hausdorff measure on R”.

Definition 2.1 (Rectifiable sets and measures). For 0 < k < n, a set E C R" is k-rectifiable if there are sets E;
(i=1,2,...) such that

(i) E;is a Lipschitz image of R for every i;
(if) 7#*(E\ Uiz Ei) = 0.

A Radon measure is said to be k-rectifiable if it is absolutely continuous with respect to /¥ L E, for some k-rectifiable
set E.

As usual, the symbol Gr(k, n) denotes the Grassmannian of k-planes in R"”, and we define Gr := Uy<x<,, Gr(k, n).
We endow Gr with the topology induced by the distance

d(V,W):=d(Vnu(,1),wnu(o,1)),
where d ,» is the Hausdorff distance. We recall the following definition, see [1, §2.6, §6.1 and Theorem 6.4].

Definition 2.2 (Decomposability bundle). Given a positive Radon measure yu on R" its decomposability bundle is a
map V(y,-) taking values in the set Gr defined as follows. A vector v € R” belongs to V (1, x) if and only if there
exists a vector-valued measure T with divT = 0 such that

lim M((T —ou)LB(x,7))

o (B, ) =0

where M((T —vu)L B(x,r)) denotes the total variation of the vector-valued measure (T — vu)L B(x,r).
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Definition 2.3 (Tangent measures). We define the map Ty (y) = ==, and we denote by Ty, the pushforward of
under Ty,, namely Ty, u(A) := p(x +rA) for every Borel set A. Given a measure y and a point x, the family of
tangent measures Tan(u, x), introduced in [12], consists of all the possible non-zero limits (with respect to the weak*
convergence of measures) of c; Ty 1, for some sequence of positive real numbers ¢; and some sequence of radii

r;i — 0. We know thanks to [12, Theorem 2.5] that Tan(y, x) is non-empty u-almost everywhere.
Definition 2.4 (Cone over a k-plane). Forany k € {1,...,n—1},0< 8¢ <1,x € R" and V € Gr(k, n) we let:
X(x,V,0) :=x+{veR":|py(v)| > 8v|},

where py denotes the orthogonal projection onto V. For notation convenience, for k = 0 and for every 0 < ¢ < 1,
we define X(x,0,9) := {x}.

Definition 2.5 (Fx distance between measures). Given ¢ and ¢ two Radon measures on R”, and given K C R" a
compact set, we define

Fe(@, ) = sup { [ rao- [ fdw‘ fe Lip1+<1<>}, ()

where Lip; (K) denotes the class of 1-Lipschitz nonnegative functions with support contained in K. We also write
Fx,r for PB(x,r)'

Lemma 2.1. Let y be a Radon measure on R" with dim(V (u, x)) = k < n, for p-almost every x. Assume that y(R) = 0 for
every k-rectifiable set R. Then for every 0 < & < 1 and for every e > 0

supp(p) N B(x,€) \ X(x, V(,x),8) # O, (3)
for u-almost every x.

Proof. Assume by contradiction that there exists a Borel set E with p(E) > 0 such that for every x € E there
exists € > 0 such that (3) fails. We claim that this implies that for y-almost every x € E every tangent measure
v € Tan(p, x) satisfies

supp(v) C X(0,V(p,x), 8). 4)
In order to prove (4), fix x € E such that Tan(y, x) is non-empty and consider any open ball U(y,p) C R" \
X(0,V(u, x),®) and notice that since (3) fails, we have Ty, u(U(y,p)) = p(U(x+ry,rp)) = 0 forevery r < e/ (|y|+p)
which concludes in view of [2, Proposition 2.7]. Thanks to [5, Proposition 2.9] we infer that supp(v) C V(p, x) and
in particular v = c#* L V (i, x) for some ¢ > 0. For every W € Gr(k, n) denote

Epw :={x € R": (k4 1)Fo1 (A LV (p,x), 5 LW) < 2074}

By the compactness of the Grassmannian, there exists W € Gr(k, n) such that y(Ey) > 0. On the other hand, by
[12, §4.4(5)] and by the locality of tangent measures, see [12, §2.3(4)], we conclude that y L Eyy is supported on a
k-rectifiable set. This however contradicts the assumption that #(R) = 0 for every k-rectifiable set R. O

Definition 2.6 (Cone-null sets). For any e € S"~! and 6 € (0,1) we let the one-sided cone of axis e and amplitude 6 be
the set
C(e,0) :={veR": (v,e) > 0|v|}.

In the following we denote by T'(e,0) the family of Lipschitz curves 7 : E C R — R" such that 7/(t) € C(e,0) for
L!-almost every t € E. Finally, a Borel set B is said to be C(e, §)-null if /" (im(y) N B) = 0 for any 7 € T(e, ).

Proposition 2.2. Let E be a compact set in R". Let W € Gr(k, n), with k < n and suppose that there exists 6y € (0,1) such
that for any e € W the set E is C(e, 0)-null. Then, for any 6y < 6 < 1 and e > 0 there exists dy > 0 such that

A (im(y) N B(E, %)) <,
forany v € T(e,0). Forany 6y < 0 < 1,0 < & < &y and any e € W, consider the function
Weps(x):= sup (B(E, &) Nim(y)) — Ale|. (5)
y€T(e,0)
y(b)=x+Ae

Then the following properties hold
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(i) 0 < wegs(x) < eforany x € R",

(i1) wWep5(x) < Wegs(x+se) < weps(x)+s|e| for every s > 0 and any x € R". Moreover, if the segment [x, x + se] is
contained in B(E,J), then w,p 5(x 4 se) = w,p5(x) + sle|,

(iii) |wep5(x +0) — weps(x)| < 0(1—0%)"12|0| for every v € V := e,
(iv) wepgsis (1+ (n—1)0(1 — 6%)~1/2)-Lipschitz.

Proof. The first part of the proposition is an immediate consequence of Step 1 in the proof of [1, Lemma 4.12]. On
the other hand, the construction of the function w, g s was performed in the second step of the proof of [1, Lemma
4.12]. O

3 CONSTRUCTION OF NON-DIFFERENTIABLE FUNCTIONS

In this section we prove the existence of some suitable Lipschitz functions which are non-differentiable along
directions that are quantitatively far away from the decomposability bundle. Given a measure y as in Lemma
2.1, we prove that there are many functions which are non-differentiable on a set of positive y-measure with the
additional property that the non-differentiability is “detected” by the points in the support of y, see Proposition 3.1.

Throughout this section we fix k € {0,...,n — 1} and let y be a Radon measure such that dim(V(y, x)) = k for
p-almost every x € R” and that y(R) = 0 for any k-rectifiable set R. Thanks to the strong locality principle, see [1,
Proposition 2.9 (i)], and Lusin’s Theorem we can assume, up to restriction to a compact subset K C supp(y) of
positive y-measure, that V(y, x) is uniformly continuous on K. Up to restricting to a subset where the oscillation of
V is small, we can assume that there are n continuous vector fields ey, ..., e, : R” — 8”1 such that

V(u,x) = span{ei(x),..., ex(x)} and V(p,x)* = span{eq1(x),...,eqn(x)} for every x € K.
The aim of this section is to prove the following

Proposition 3.1. Let y and K be as above. There exists a Lipschitz function f : R" — R and a Borel set E C K of positive
p-measure such that for y-almost every x € E there exists a direction v ¢ V (u, x) and a sequence of points y; = y;(x) € K

such that
Yimr and lim sup flyi) = f(x) liminf fl) = f(x)

lyi — x| i—so0 lyi — x| iweo [y — x|

> 0.

Denoting & = 1/+/n, we apply Lemma 2.1 with the choice @ = v/1 — a2 to find a compact subset K, of K with
positive measure where

supp(u) N B(x,r) \ X(x, V(i,x),V1—a2) #@  forany r > 0 and every x € K,. (6)

Lemma 3.2. Let y and K, be as above. Then, we can find a compact set K C K, of positive y-measure and a continuous
vector field e : R" — S"~! such that e(x) is orthogonal to V (u, x) at y-almost every x € R" and such that:

supp(p) N B(x,r) N C(e(x), (n— k) 'a) \ X(x,V(u,x), V1 —0a2) #@  foranyr > 0and for cvery x € K. (7)
Proof. By the choice of «, the cones
Clegy1(x), (n— k)_loc), ..., Clen(x), (n— k)_lzx), C(—exs1(x), (n— k)_lzx), oo, C(—ep(x), (n— k)_loc),

cover R" \ X(0, V(p, x), V1 — a?) for every x € K,. Hence there exists one vector field, which we denote ¢, among
the exy1,...,6n, —€x11,..., —ey for which the set of those x € K, where (7) holds has positive y-measure. O

Definition 3.1. Throughout the rest of this section we will let ¢y be as in (6) and we fix 0 < & < ap. We also fix the
compact set K and the continuous vector field e : R" — $"~! yielded by Lemma 3.2. We letey, ..., ¢ : R" — §"~1
be continuous orthonormal vector fields spanning V(y, x) at every x € K and we complete {ey, ..., ek, e} to a basis
of R" of orthonormal continuous vector fields that we denote by {ey, ..., e e, ex11,.-.,64-1}-
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Fix a ball B(0,r) such that K C B(0,7 — 1) and for any B € (0, 1) we denote by X the family of Lipschitz functions
f:B(0,r) = R such that

|ID.f(x)| <1  and |De;f(x)| < B foranyj=1,...,n—1, 8)

for £"-almost every x € R". We metrize Xz with the supremum norm and we note that this make X a complete
and separable metric space. Note also that Xp is non-trivial as it contains all the f-Lipschitz functions.

In the following definition we introduce some quantities which measure the incremental ratios “detected”
by points in the support of y, at fixed scales and along directions which are outside a cone whose axis is the
decomposability bundle.

Definition 3.2. For any g > 0 and any 0 < ¢/ < ¢ < 1 we can define on X the maps
flx+0) - f(x)
ol

T‘;ﬂf DX Hmin{inf{f(x—i_z(sz(x) 10 < |v| <oand x+ v € supp(p) \ X(x,V(y,x), V1 —042)},11}.

T} ,f + x = max { sup{ 10’ < |v] <oand x +v € supp(u) \ X(x, V(i x), V1 —az)},—n},

Proposition 3.3. Forany 0 < ¢’ < o < 1 the functionals

U f o= [ T FE)ue)
are Baire class 1 on Xﬁ,

Proof. As a first step we show that the T, : Xz — L'(4LK) are continuous whenever 0 < ¢’ < ¢ < 1. The

functior;ls T;/U f belong to L' (1L K) since K has finite measure and |T;§ﬁ f| < Lip(f) + n. In addition, it is immediate
to see that:

2|l f — glleo
|T0J§’af(x) - T;?’ag(x)| < ”f‘filgn for y-almost every x € R”,

thanks to the fact that if at some x € R” we have (B(x,c) \ B(x,¢”)) N (supp(p) \ X(x, V (i, x), V1 —a2)) = @, then
Ty o f (x) = —n for any f € Xj. Integrating with respect to y, we infer that:

2u(K
1T, £ )~ T3, 8l g < )

1f = 8lleo-

This implies in particular that U}, is a continuous functional on Xg. Following verbatim the argument above, one
can also prove the continuity of the functionals T, ~and of U, .

In order to prove that LISEU is of Baire class 1, thanks to [8, §24.B] we just need to show that for any f € Xz we
have:

: + _17E
]1530 Uz f = U f- )
This is an immediate consequence of the dominated convergence theorem since the sequence (T],jfl o )j converges

pointwise to T(fg f and is dominated by the function constantly equal to 7. O

We are now ready to prove the main result of the section, namely the fact that X contains plenty of Lipschitz
functions whose non-differentiability at some points of K is “detected” by points in the support of y.

Proposition 3.4. Let B < (8n?)~'a. Then for every o > 0 the continuity points of Uoig are contained in the set

Li(0) = {f € Xp: £US,f > %y(K)}.

In particular both L () and L_(c) are residual in Xg.
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Let us briefly explain here the idea of the proof. In our reduction, for every point x € K at any small scale there is
a point y € supp(p) such that y — x is far away from V(y, x), see Lemma 3.2. Hence the point y is not reached by
Lipschitz curves passing through x and lying inside supp(y). By Proposition 2.2, we can find a Lipschitz function
w with small supremum norm which “jumps” with high derivative along the segment [x, y], for any such point y.
Assuming by contradiction that at a continuity point ¢ € Xz the value of Ugf - is below a certain threshold, we reach

a contradiction perturbing g by adding w so that the value of U , increases significantly.

Proof. We prove the result just for U . The argument to prove the analogous statement for U, can be obtained
following verbatim that for U& - while making suitable changes of sign. ’

Assume by contradiction that g is a continuity point for Uy, contained in Xg\ L (c). It is easy to see by
convolution that smooth functions are dense in Xj. Since g is a continuity point for Uat - forany £ € N we can find
a smooth function h, € Xg such that ||g — || <27 and Uy, he < ap(K)/8n and for any x € R" we have

|Dehy(x)| <1 and |De;hy(x)| < p foranyj=1,...,.n—1

Let
A= {y e K: Ty hy(y) < a/8n}.

Thanks to Besicovitch’s covering theorem and [1, Lemma 7.5] we can cover p-almost all A with countably many
closed and disjoint balls {B(y;,7;) } jen such that, for 0 <7, x < (n2106)~1p2

(i) rj <27, p(ANB(yj, 1) = (1= n)u(B(y;, ;) and u(9B(yj, 1)) =0,
(ii) for any z € B(yj, 1)

ho(z) = holy;) hg(z){ zZ -y H <4t

o(2) = eyl + V) = V@) + [ =

(iii) for any j € N we can find 0 < p; < (n2°)~!p? and a compact subset A; of AN B(y;, (1 — 2p;)r;) such that
u(A;j) > (1—2n)u(B(yj,rj)) and A is C(e(yj),Z_logxz)-null.

For any j € N we let ¢; be a smooth 2(p;rj) ~!-Lipschitz function such that 0 < ¢; < 1, ¢; = 1 on B(y;, (1 — p;)r;)
and it is supported on B(y;,7;). Now fix 0 < & < Bx?. Thanks to Proposition 2.2 we can find 6 < Z’jp]-r]- and a
function w; such that:

1. 0 < wj(x) < ePp;jr; for any x € R”,

2. wj(x) < wj(x+se(y;)) < wj(x) +s, for every s > 0 and any x € R". Moreover, if the segment [x, x + se(y;)]
is contained in B(Aj, éj), then wj(x + se(yj)) = wj(x) +s5,

3. |wj(x +v) —wj(x)] < 2-9%2|v|, for every v € e(yj)l,
4. wjis1+ 279 ¥ 2 Lipschitz.

We thus define the function g, as

ei= (=200 (he+ X [=(Tho(y),ey) + 1) (10)
je

First we estimate the supremum distance

g = gelleo <NIg = Prelloo +2x 1 elleo + (1 = 2x) e — (1 = 2x) "' gl

<27 x(lIglleo +270) + (1 — 2X>H 4Z]N(1 - <Vh€(yj)/5(yj)>)Hoo (11)
je

<272+ [Iglleo + (14 (n = 1)B)?) <27 (4 + |Igll),
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where the last inequality follows from the choice of B. The above computation shows that the sequence g, converges
in the supremum distance.

Let us now prove that g, € Xp. If z ¢ U;B(y;, r;) then the functions h; and g, and their gradients coincide at z
and hence g, satisfies (8) on (U;B(y;,7;))¢. If on the other hand z € U;B(y;, 7;), there exists a unique j € IN such
that z € B(y;, r;). In particular, differentiating (10) we get

Vgi(z) = (1-2x) [Vhf(Z)Jr[—<Vhe(]/j)f€(yj)> +1]Ve;(z)wi(z) + [~ (Vhe(y;),e(y;)) + 1]<Pj(z)ij(z)} :
So that, for .Z"-almost every x € R” we have
(V&e(2),e(2)] < (1= 20)[(Vhe(2),¢(2)) + [ (Vhe(y;), e(yy) +11(2)(Vawy(2), e(2)) | +4eB,

where in the estimate above we have used the fact that [—(Vhy(y;),e(y;)) + 1| <2, [[V@|[1o(2n) < 2(p]-1’]-)_1 and
[wjlles < eBpjrj. Now we replace z with y; in the first addendum, by means of the estimate (ii), obtaining

[(Vge(2),e(2))| <3(1—20x* + (1 - ZX))Whe(y]) e(yi)) (1 = ¢i(2)(Vwj(z),e(2))) + gbj(z)(ij(z),e(z»‘ +2¢p.
Finally, substituting z with y; in the argument of the vector field e we deduce thanks to (ii) that
(Vge(2),e(2))] <3(1 = 20)x% +2ep +6(1 = 2x) (1 + 27" )x°
+ (1= 20 [(Vhe(yj), ey))) (1 = 9j(2){Vw;(2),e(y;))) + pj(2)(Vw;(2), e(y)))]
<3(1—2x)x> +2ef+6(1—2x)(1+2 ")+ (1—2x) < 1,

where the the last inequality follows from the choice of x, §,e. Furthermore, for any g = 1,...,n — 1 we infer
similarly that:

180(z + teq(2)) — ge(2)] < (1—2x)|he(z +teg(z)) — he(2)]
+ (1 =20)[[1 = (Vhe(y)), e(y;))](¢j(z + teg(z)) — ¢j(2))wj(z)]
+ (1 =2))I[1 = (Vhe(yj), e(yj))]¢j(z) (wj(z + teg(y))) — wj(2))]
+ (1 =2))|[1 = (Vhe(yj), e(yj)]@j(z) (wj(z + teg(z)) — wj(z + teg(y;)))| + o([t])
<(1=2x)BIE] +4(1 = 2x) (Bepjrj) (o)~ [ +3- 277 (1 = 2x) x| +3(1 = 2x0) (1 + 27 )t + o(|])

<(1=2x)(B+4Be+4-27 2 +4(1+ 27 0) x|t < (1 —2x)(1 4+ 10x2)Blt| + o(|t]) < Blt],

provided [t| is chosen sufficiently small (depending on z) and where the second to last inequality holds thanks to
the choice of y, e and for ¢ sufficiently big, in such a way that 2~/ < B. The above bound implies that in particular

1(Vgi(z),e4(z))| < B for £"-almost every x € R". (12)

This concludes the proof that for £ sufficiently big we have g, € Xg.

The next step in the proof is to show that the functions gy satisfy the inequality U, (Tg; > au(K)/8n for ¢
sufficiently big, and this contradicts the continuity of Uy, at g (recall that we supposed Uj. 008 = ap(K)/16n). In
order to see this, we first estimate from below the partlal derlvatlve of g, along e on the points of A for any j. So,

let us fix for any j € IN a point z € A]-. Then, let 0 < Ag < J; be so small that ¢;(z + Ae(z)) = 1 for any 0 < A < Ag
and note that

(ge(z + Ae(2)) — gu(2),e(2)) = (1= 2x) [(M(Z +Ae(2)) =he(2)) + [1 = (Vhe(y)), e(y))) [ (wj(z + Ae(2)) = wj(z))]
>(1-20)[ = X*A+ M(Viy(2),e(2)) + [1 = (Vhe(y)),e(y)]A] = A(1—2x) (1 - 4x%) = (1-6x)A.
This implies in particular that for any unit vector v € C(e(z), (n — k) ~'a), for any A > 0 we have

8e(z+Av) = 8u(2) 28(z + Av) — gu(z + Ale(2), v)e(2)) + 8e(z + Me(2), v)e(2)) — ge(2)

Sa(n— k) (1 — A — By A > (/201 — kDA — pud > ad/a(n — k), D
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where the last inequality follows from the choice of B. However, thanks to choice of K, see (7), we infer that

To,80(z) > a/4(n—k) for any z € U;jA;.
This allows us to infer that
Uy 80 = / To8edp + / Ty Qedp > / To edp +ap(K\ A)
A K\A A
= / T,gedp+ Y / TooQedp +ap(K\ A)

2= (AN U Aip(e) + (U 4) +an(K\ 4)
jeEN jEN
> —2p(A\ U 4)+ (VA u U 4))

JEN jEN

2 = 4p(K) + o (1= 2m(K) 2 gop(K).

for ¢ sufficiently big.

Since the functional Uy, is of Baire class 1, thanks to [11, Chapter 7] we know that the set of the continuity points

of Uy, is residual. However, since thanks to the above argument £ (¢) contains the continuity points of Uy, we

conclude that £, () is residual in Xp- O

Proof of Proposition 3.1. Let B := (16n?) 'a and let ¢(a) := a/16n note that since the countable intersection of
residual sets is residual, we can find a Lipschitz function f in Xg such that f € Nycqn(o1)(L+(0) N L-(0)). In
particular, for any ¢ > 0 we have

Upyf < —c(a)u(K) < c(a)u(K) < Ug, f-

Letting AT, f(z) := Ty, f(2) — Ty, f(2) and Cy := {z € K : AT;(2) > ¢(«)}, there holds

2¢(a)p(K) < /KATU(Z)dV'—K(Z) < p(K\ Co)e(a) 4+ 2Lip(f)#(Co)-

Thanks to the above computation we infer in particular that u(Cy) > c(a)u(K)/2Lip(f) for any o > 0. Thus,
defined E := Njen U;>j C1/1, Fatou’s Lemma implies that:

c(a)pu(K) . / .
2Mip(f) = 11mp sup (¢ 1/p) < hmp suplcl/pdy u(E),

where 1¢,, denotes the indicator function of the set Cy/,,. Therefore, E is a Borel set of positive y-measure such
that for y-almost every z € E there exists a sequence of natural numbers (depending on z) such that p — co and
ATy, > ¢(a). In particular, for p-almost every z € E we have:

c(a) < Hminf(T, , £(2) = Ty, f(2)) = B (Ty,, f(2) = Ty, f(2)), (14)

p—0

where the last identity comes from the fact that p — T(ir vpf (z) is decreasing and p — Ty |, of (z) is increasing for
any z. However, thanks to the definition of TO+ 1/p fand Ty, p f it is immediate to see that for y-almost every z € E
we can find a sequence y; = y;(z) € supp() N B(z,i~ 1)\ X(0,V(y, x),V1— a2) such that

yi— 2 — v and lim sup fi(yi) —f(2) — liminf flyi) — f(2) > c(oc)'
lyi —z| i |Vi—Z| im0 |y — 2| 2
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4 PROOF OF THEOREM 1.1

Without loss of generality we can restrict our attention to finite measures. Assume that y is a finite sum of
rectifiable measures. For every ¢ > 0 there exist finitely many disjoint, compact submanifolds S; for (j =1,...,N)

of class C! (of any dimension between 0 and 7) such that denoting K := U]-Zil S; it holds u(R" \ K) < &/2. Consider
now any Lipschitz function f : R” — R. By [1, Theorem 1.1 (i)] and Lusin’s theorem, we can find a closed
subset C C K such that §(K'\ C) < &/2 and for every x € C the differential dy(, ,)f(x), see [1, §2.1], exists and is
continuous. Let d : C — R" be obtained extending dy,, . f to be zero in the directions orthogonal to V(y, -). By [z,
Proposition 2.9 (iii)] and since the S;’s have positive mutual distances, we can apply Whitney’s extension theorem,
see [6, Theorem 6.10], deducing that there exists a function g : R” — R of class C! such that g = f and dg = d on C.
Hence Lipschitz functions admit a Lusin type approximation with respect to y with functions of class C.

Assume now that y is not a finite sum of rectifiable measures and write u = Y}, uL E;, where E; := {x € R" :
dim(V(p,x)) = k}. Then there exists k € {0,...,n — 1} such that pL E; is not a k-rectifiable measure: the case
k = n can be excluded by combining [1, Theorem 1.1(i)] and [4, Theorem 1.14], so as to ensure that a measure on R"
whose decomposability bundle has dimension 7 is absolutely continuous with respect to the Lebesgue measure .£".
Let v be the supremum of all k-rectifiable measures ¢ < pL E; and let E be any Borel set such that v = pL (R" \ E).
We claim that L E satisfies the assumptions of Lemma 2.1.

To prove the claim, consider a k-dimensional surface S that is the graph of some function & : W — W+ of class C!,
where W € Gr(k,n). Assume by contradiction that 77 := L (ENS) is non-zero. If G = {y; := #' LEi }se1 € Fy is
a family as in [1, Proposition 2.8 (ii)], then supp(y:) C S for almost every t € I. Since both V (1, x) and Tan(S, x)
are k-dimensional, this implies that V(7,x) = Tan(S, x) for -almost every x. Fix now a point y € supp(y) and
observe that the family {77! L pw (E) }te1 belongs to %, . (@s (pw )zt is absolutely continuous with respect to
A Lpw (Ey) for any t) and that V((pw )7, -) is k-dimensional (pw )77-almost everywhere. By [4, Corollary 1.12],
we infer that (py )7 is absolutely continuous with respect to .77 KL W. Finally, Since pyy is locally bi-Lipschitz from
S to W, this implies that 7 is absolutely continuous with respect to %L S, which contradicts the maximality of ¢.
Hence, yL E satisfies the assumptions of Lemma 2.1.

Let f : R" — R be the Lipschitz function obtained from Proposition 3.1. Clearly there exists no function
¢:R" — R of class C! which coincides with f on a set of positive y L E measure, hence Lipschitz functions do not
admit a Lusin type approximation with respect to y with functions of class C.

Remark 4.1. It is evident from the last lines in the proof of Theorem 1.1 that the condition that g is of class C! can be
replaced by the condition that g is differentiable everywhere.

Remark 4.2. In Theorem 1.1 the condition (1) can be strengthened to

p{x e R": g(x) # f(x) ordyg(x) #dvf(x)}) <e, (15)

where dy denotes the "tangential differential” defined in [1, Theorem 1.1]. This follows immediately from [3,
Proposition 6.2], see also [7, Theorem B]. On the other hand one cannot replace (1) with the condition

p{x e R":dyg(x) #dvf(x)}) <e (16)

since the latter does not force any geometric structure on y. More precisely, for every Radon measure y and every
Lipschitz function f, for every ¢ > 0 one can find a function g of class C! such that (16) holds, see [10, Theorem 2.1].
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