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Abstract

Composite materials consist of two or more constituent phases with distinct geometries and
physical properties. These materials incorporate reinforcements that enhance their over-
all thermo-mechanical performance. At the micro-mechanical scale, a distinct interphase
forms between the constituent materials, characterized by its own unique set of proper-
ties. The thermo-mechanical behavior across this interphase is of critical importance, as
gradients or discontinuities in these properties may lead to localized accumulations of ther-
mal or mechanical energy and the corresponding surface fluxes. Such accumulations can
serve as precursors to the initiation of micro-cracks within the composite. Under repeated
cyclic loading, these micro-cracks can propagate throughout the domain, ultimately leading
to structural failure. Therefore, a comprehensive understanding of the micro-mechanical
behavior within the interphase is essential for optimizing the structural integrity of com-
posite systems. However, due to the extremely small thickness of the interphase, accurately
modeling its behavior and capturing variations across and within it presents a significant
computational challenge. To address these difficulties, the physical interphase in the three-
phase problem is replaced with an equivalent zero-thickness interface that represents the
boundary between the two materials. Numerical models are then formulated across this
interface to replicate the discontinuities (jumps) in thermo-mechanical fields, thereby sub-
stantially reducing the computational cost associated with direct modeling of the thin
interphase domain. This research proposes two novel models that provide an effective
framework for addressing the aforementioned challenges. The models are derived through
asymptotic expansion with respect to the interphase thickness parameter €, while the state
variables within the interphase are expressed using Taylor series expansions about bound-
ary points. The proposed formulations extend and refine the classical models developed
by Benveniste, offering new insights into the influence of various parameters governing
property variations along the normal direction. The robustness of the proposed models
is examined for thermally conductive interphases of different geometries—specifically, flat,
circular, and wavy configurations, as well as for circular interphases in the settings of linear
elasticity and thermo-elasticity. Their accuracy and efficiency are evaluated across a broad
range of thermal and mechanical properties and curvature values. Additionally, the influ-
ence of volumetric heat sources, positioned within the interphase, is analyzed to assess its
effect on model performance. The predictive capability of the proposed models is further
validated by comparing with established models from the literature, and the numerical
model developed in this work is found to have better approximation than the benchmark
solutions.
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Chapter 1

Introduction

Thin layers arise naturally in a wide range of physical systems, including thermal barriers
in composite materials, adhesive films, biological membranes, and interfacial coatings in
micro- and nanoscale devices. These interfaces—often manifested as thin interphases—are
regions of intense mechanical and physical interaction where load transfer, stress localiza-
tion, and damage initiation occur. Although these layers are often orders of magnitude
thinner than the surrounding domains, they can exert a disproportionate influence on
overall system behavior due to sharp gradients in physical fields such as temperature, con-
centration, or mechanical stress. Accurate modeling of such layers is essential for predicting
system performance, but their small thickness poses significant challenges for direct nu-
merical simulation and classical continuum modeling approaches. Interface theories have
therefore emerged as essential tools for understanding and modeling the complex mech-
anisms that control the overall response of composite systems. By providing a rigorous
link between microscale interfacial behavior and macroscale structural performance, such
theories form the foundation for reliable analysis, design, and optimization of advanced
composite materials.

The interphase can be thought of as a distinct region having its own properties and/or
chemical composition, or in terms of Reifsnider, , "the region that is formed as a result
of the bonding between fibre and matrix which has significantly distinct morphology or
chemical composition compared with the bulk fibre or bulk matrix material”, explaining
its origin as ”a diffusion zone, a nucleation zone, a chemical reaction zone, and so forth, or
any combination of the above.” For example, it can exist as a thin layer of glue between
the fiber and the matrix, or formed by the chemical result of two materials brought into
contact, slightly altering their properties near the contact zone with a diagrammatic scheme
presented in Fig.1.1.

From early investigations in the field of Linear Elastic Fracture Mechanics (LEFM),
it was observed that there was "rapid oscillations" in the behaviour of displacements and
stress fields within the interphase, suggesting interpenetration. In order to resolve this,
two models were proposed, Comninou,

e First model was proposed by Atkinson, where he "recognizes that the interface be-
tween two materials is almost never sharp" thus providing a gradual transition from
material 1 to material 2, avoiding the oscillatory behaviour.

e Second by Comninou, which accepts the presence of inequalities, allowing for "partial
closure at the tips"

Since Atkinson’s model provided a more simplified solution to analyze the mechanical
fields with ease, it is therefore more widely used in the studies of interfaces replacing a
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Matrix

Modified matrix

O / h Inclusion
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O O & inclusion/fiber %

Interphase

Fig. 1.1. Right:A representation of the inclusion embedded inside the interphase. Left: zoomed-in view
of the interphase (marked by red boundaries and its interaction with the surrounding materials.

non-homogeneous interphase with a homogeneous or graded non-homogeneous interface,
providing an insight into the stress concentration near the surfaces, as well as the behaviour
inside the interphase domain.

Since the interphase is very thin, the challenge arose of accurately capturing the effects
at the boundary of this interphase as well as the evolution of thermal and mechanical
fields within the layer. Several numerical techniques such as asymptotic modeling provided
an effective approach for addressing this challenge. The asymptotic techniques serves as
the powerful tool which is used to "simplify complex interphase behaviours by consid-
ering small parameters, such as adhesive thickness, to derive effective macroscopic laws
from detailed microscopic phenomena'"Research, . By systematically exploiting the
small thickness of the layer as a perturbation parameter, asymptotic methods enable the
derivation of simplified models that capture the leading-order effects of the layer without
fully resolving its detailed structure. These reduced models often replace the thin region
(perfect interphase or the three-phase problem) with effective transmission or interface
conditions, preserving the accuracy of the original problem while greatly enhancing ana-
lytical and computational efficiency. These asymptotic models treat the thin layer as a
perturbation in the governing equations. This approach, allows for the derivation of ef-
fective interface or transmission conditions that encapsulate the leading-order behavior of
the layer without the need to resolve its full internal structure. A very common feature of
asymptotic models is the appearance of jump conditions across the layer, capturing discon-
tinuities or rapid transitions in field variables like temperature or heat flux. These effective
conditions simplify complex boundary-value problems and offer significant computational
savings, particularly in multiscale simulations. In addition, they provide information on
how the material and geometric properties of the layer influence the surrounding domains.
The development of transmission conditions across an imperfect interface implies isolating
a single inclusion (also known as dilute approximation)(Miloh and Y.Benveniste, )
and study its perturbative effect on the thermo-mechanical properties across the boundary
of the interface. These perturbative method assume that the inclusion, and the interphase
are completely isolated from any neighbouring inclusions, and the remote boundaries are
extremely far away so as to not exert any effect on the behaviour of the transmission
conditions. This allowed to understand the thermal and elastic stress concentrations that
occurred near the boundaries of the interface which would decay as one moved away from
the interphase. Using this technique, Hashin, derived transmission conditions in the
context of potential problems (thermal or electrical, etc) using Taylor series expansion of
the potential term (eg, temperature) and fluxes (eg, heat flux) at a point in the boundary.
The unique feature of his work involved derivation of a simple model that worked perfectly



across a wide range of interphases. This served as a benchmark for many later works, such
as Benveniste,

In case of interphase formations involving temperatures, these thin layers accumulate
temperature or heat flux, thereby creating small regions of thermal barriers or conductive
layers. Thermal conductivity is the key player here, as the lower conductive values create
thermal barriers, known as Interfacial Thermal Resistance or the Kapitza resistance model
(Kapitza, ,Benveniste and Miloh, ), named after Pyotr Kapitza who first observed
this effect in liquid helium and solids at extremely low temperatures. It was observed
through experiments that at the nano-scale, two materials kept in contact showed some
finite jumps in temperature across the interphase boundaries, even though the temperature
flow was continuous, leading the way to recognize thermal resistance Ry at the interface,
given as

AT
Ry, = —
q

(1.1)
The Kapitza model defining interfacial thermal resistance is standard model for low con-
ductive interphases, and can be found in numerous studies, for example, in the development
of solid electrolyte interface (SEI) during lower working temperatures in Lithium ion metal
batteries Weng, , or in the application of silica coated gold nano-particles for use in
cancer thermo-therapy Hatam-Lee et al., . On the other hand, if the interphase has a
high conductivity, then it allows the heat to pass through it without any resistance. Such
materials serve as excellent mediums for heat sinks and heat transfers, especially in high
power electronics, where heat accumulation could lead to component damage. The most
common examples include thermal pastes and thermal pads, more commonly referred to
as Thermal Interface Materials (TIM) that are commonly employed in CPUs, 5G trans-
mission etc to rapidly cool the electronic systems. Further and more detailed information
on the different types of TIMs can be found in Kaur, wherein a detailed study on
different thermal interface materials for use in electronics field has been made.

Several earlier models in the literature primarily rely on the use of Taylor series expan-
sions around the points on the interphase boundaries to approximate field variables in the
normal direction, in the vicinity of the interphase. Miloh and Y.Benveniste, derived
separate conditions for the low and high conductive interphase, where the continuity of
heat flux in case of low conductive interphase and continuity of temperature in case of high
conductive interphase were maintained. For the high conductive interphase conditions, the
resulting model for jumps in heat flux did not account for the curvature of the boundary.
This was addressed in the later work of Hashin, , wherein he devised a simple model
that held true across a wide range of thermal conductivities. Later, different models were
developed by taking into account the expanded thermal and /or mechanical fields from both
sides of the interphase. This greatly improved the accuracy of the models.

Another fundamental parameter in the analysis of thermally conductive interphases
is the wvolumetric heat source, which, within the scope of this study, is assumed to be
distributed throughout the interphase. In general, the heat source can be assumed to be
energy that is given off from the system during any chemical or mechanical process. The
chemical process can include the formation of the interphase layer, SOFC cells, etc. while
the mechanical processes can include the plastic deformation, frictional dissipation the
debonding taking place. In heterogeneous composites, the interphase often exhibits distinct
mechanical and thermal properties. Heat can be generated due to thermo-mechanical
coupling, micro-slip at the interface or due to debonding or cohesive zone dissipation.
These effects are particularly relevant in fiber-reinforced composites and layered materials.
While the accuracy of the benchmark solutions of Hashin (Hashin, ,Hashin, )

3
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Benveniste (Miloh and Y.Benveniste, ,Benveniste, Benveniste, ) methods
have already been proved with appropriate examples, it is clearly seen that the models’
accuracy declines when a heat source is assumed inside the interphase.

An interphase can not only have thermal properties but also mechanical properties
that defines its overall strength and structure, and the ability to transfer loads between
the adjoining materials. Benveniste and Miloh, identified seven types of interphases,
including the more widely identified spring-type interphase. A spring-type interphase is
one where the interphase behaves like an elastic spring, and the jumps in mechanical fields
(displacements and stress vectors) are proportional to the "spring constants", where the
traction forces are

where D,,, D; are the spring constants along the normal and tangential directions, ¢ is the
traction vector, and [u] is the jump of the displacement vector. The D,,, D; are mentioned

in Hashin, as:
t t

N+ 2G; ’ D= G

where t is the thickness of the interphase, and A;, G; are the Lame’s parameters of the
interphase. The capability of the interphase to absorb or transmit loads effectively depends
on its material properties and strength: whether the interphase is soft or stiff. If the
interphase is extremely soft or compliant, it would mean that is has low Young’s modulus,
and/or shear modulus. This allows the interphase to absorb the loads and to deform
greatly or slide-along the tangential direction, without any resistance. Thus, the interphase
deforms easily and exhibits significant displacement changes.

On the contrast, if the materials have a high rigidity, characterized by high Young’s
modulus or shear modulus, the interphase transmits the loads to the neighbouring mate-
rial without undergoing any deformation. However, rigid interphases are more prone to
cracking, as they accumulate more stress without any change in their displacement.

This work is presented as follows: In general case, the shape of the inclusion is arbi-
trary, and hence to generalize the form of transmission conditions developed within this
framework, use of orthogonal curvilinear coordinates has been made. Chapter 2 throws
light on the basic fundamentals involving the curvilinear coordinates, as well as on parallel
coordinates which are a special case of curvilinear coordinates. Chapter 3 sheds light on
the theoretical background serving as the foundation of the models proposed in this work.
Chapter 4 deals with the development of transmission conditions for a thermally conduc-
tive interphase, while Chapter 5 focuses on the development of transmission conditions for
a spring-types elastic interphase. And finally Chapter 6 combines the understand from
the previous two cases to arrive at the interface model for a thin thermoelastic interphase
within the realm of linear thermoelasticity. The final chapter 7 concludes the entire work
presented in this research.

Dy,






Chapter 2

Curvilinear Coordinates

In many physical problems, the geometry of the system plays a central role in simplifying
analysis and interpretation. While Cartesian coordinates (x,y,z) are convenient for de-
scribing flat, rectangular geometries, they are often inefficient for systems involving curved
boundaries or symmetry, such as circular motion, spherical bodies, or flow around curved
surfaces.

To handle such situations more naturally, curvilinear coordinate systems are used. In
these systems, the coordinate lines and surfaces are generally curved, and the coordinates
are defined in terms of smoothly varying scalar functions of position. Examples include
cylindrical and spherical coordinates, which are particularly useful in problems with axial
or radial symmetry.

Curvilinear coordinates allow physical laws to be expressed in a form that reflects
the underlying geometry of the problem. However, this convenience comes at the cost of
additional mathematical structure: the basis vectors are no longer constant, and quantities
such as gradients, divergences, and curls require careful treatment using scale factors and
position-dependent unit vectors.

In this chapter, we develop the general theory of curvilinear coordinates, introduce
the associated base vectors and scale factors, and derive expressions for common vector
operators. These tools provide a powerful framework for analyzing a wide range of problems
in physics, engineering, and applied mathematics. The equations for gradient of scalar,
vectors, and tensors, as well the those representing divergence of vector and tensor terms in
curvilinear coordinates, is utilized in developing the appropriate transmission conditions
for thermal, elastic and thermoelastic case in general curvilinear coordinates. Thus, it
is important to establish a sound theory that explains the terminology involved in the
orthogonal curvilinear coordinates.

2.1 Preliminaries

Consider a Cartesian system of coordinates (x, y, z), having its origin at point O, as shown
in the figure. At any point P, there are three curves intersecting at that point. These curves
are (aq, 9, as3). Consider three surfaces defined as a1 = ¢1, a9 = ¢2,a3 = ¢3. The three
surfaces intersect each other at the three curves. The curve of intersection of the surface
ag = cg and ag = c3 is « curve; similarly, the curve of intersection of the surface ag = c3
and a1 = ¢1 is a9 curve and for the surface oy = ¢1 and ag = ¢9, ag curve is the curve of
intersection. Here, c1, co, c3 are constants, while ay, as, ag are the single valued functions
of positions. The surfaces intersecting at point P are known as "coordinate surfaces",
and «aq, ag, ag are known as "coordinate lines". The lines tangential to the coordinate
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lines are known as "coordinate axes". If the relative position of the coordinate axis
(é1, €2, €3) change from point to point within the coordinate system, then it is known as
"general curvilinear coordinates". However, if any two surfaces intersect at 90°, then
it is known as "orthogonal curvilinear coordinates", ie, all the coordinates axes are
mututally perpendicular to each other.

I g plane |

4
sz plane

..............

Fig. 2.1. Curvilinear Coordinates

It is assumed that at any given point (for example, point P as considered here), there
exists the following set of transformation equations:

r =1 = fl(al,ag,ag) (2.1)
= x9 = folou, a2, a3)
z = x3 = f3(o1, 2,03) (2.3)

Then, in such a case, the inverse of these functions also exists:

a1 = Fl(l’l,ZCQ, x3) (24)
Q2 = FQ(xlvaj?a 113’3) (25)
a3 = Fg(l'l,ﬂfg, $3) (26)

where (a1, a9, a3) are the general curvilinear coordinates and (z1,x2,x3) or (z,y, z) are
the Cartesian coordinates of any point P. The functions f1, fo, f3 and F, Fb, F3 are the
transformation functions which will be defined later.

2.1.1 Unit Base Vectors

For a orthogonal curvilinear coordinates, the tangents to these «a; curves through the
intersection point P are known as unit basis vectors or the unit tangent vectors given
as é; = (€1, é9,é3) These unit vectors are in general not orthogonal, and change their
direction at each point in the space. Let the position vector between point P and A in
terms of curvilinear coordinates is given as:

r=r(a, 0, 03) (2.7)

Thus, the base vector, or the tangent vector is:

_or
N 80[1‘

(2.8)

€
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and the unit vector is simply:

: 1 9
b= =~ (2.9)
el ~ o | 0
Oa;

The curvilinear coordinates , in their general form, are defined in terms of Cartesian
coordinates as:
i =ai(z,y,2) 5w =zi(an, a2, a3) (2.10)

It is assumed that the three functions of «; and x; have continuous C! derivatives:

lx/a|=

‘&c,- £0 (2.11)

8ai

There maybe a singularity at a single point on the curve, but never throughout the entire
volume.
Therefore, a unit vector Fq, normal to the surface oo is defined as:

~ Va1
= 2.12
~ Va2
= = 2.13
2 |Va2\ ( )
~ Va;;
= 2.14
3 |Va3\ ( )
(2.15)
The tangential vectors 3877'1, 8‘97"2, % and the normal vectors Vo, Vas, Vag form a recip-
rocal system.
ar or or
= . = _ . = . =1 2.16
8041 VOq 8042 VOQ 6@3 Vag ( )
and
ar or or ar or or
_— =— - Va=—- = —"- =— Vo = —- =0 (2.17
0041 VOQ 60&2 @ 80&2 VOég 0043 an 6053 @ 80&1 VOég ( )
or Or Or

B Doy 673} and {Vay, Vag, Vas} are known as the Unitary Base Vectors, i.e, basis
from which we can find unit vectors.

Any vector in space can be expressed in terms of its components. Similarly, any com-
ponent in general curvilinear coordinates can be expressed in two ways: Consider a vector
F. If Fy, Fy, F3 are the components of F' in direction of é1, éo, €3, then F' can be written
as:

F = F1é1 + Foés + F3ég (218)

If f1, fo, f3 be the component of F' along El, Eg, Eg, then:

F = fiE) + f2By + f3F3 (2.19)

2.1.2 Metric Tensor

In simple words, as stated in Ville Hirvonen, , "the metric tensor is a mathematical
object that describes the geometry of a coordinate system or manifold. The components
of the metric describe lengths and angles between the basis vectors". The metric tensors
are used to:
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e define dot product for any space
e convert coordinates spaces to distances.

The components of a metric tensor g or g;; are defined as the dot product of any two unit
basis vectors €; and €;. Thus,
gij = €; - € (2.20)

In order to exemplify the first point, let us consider two vectors uw and v where each
component of the vector is given as:

U = u;é; and v = ;€ (2.21)
Then the dot product of the two vectors is given as:
u-v = (’U,Zéz) . (’Ujéj) = uivjéi . éj = Ui V5 Gij (2.22)

If the tensor g;; = O then it means that the two basis vectors represent an orthogonal
coordinate system. In other words, the coefficients of the metric tensor characterize the
relative nature of the coordinate orientation in space. In case of orthogonal coordinates,

gin=h? ; gu=h? ; g3 =hs’ (2.23)

2.1.3 Scale Factors

The scale factors are the non-negative functions (as the unit base vector é; always points
in the positive or the increasing direction of the coordinate) of the position of a point in
a curvilinear coordinate system. While the unit base vectors define the "position" of the
point in the curvilinear geometry, the scale factors define how the coordinates "stretch" to
reach that point.

R 1 Or
e; = 7677' 78041 (2.24)
Oa
1 Or
= —— 2.25
hi an ( )

is the scale factor (or scale velocity) , which is equal to length of the unit

| Or
where h; = ’ BDo;
base vector. Thus,

1 or
p) = ——— 2.2
= “ hl (9041 ( 6>
1 or
by = — —— 2.2
2 hQ 80&2 ( 7)
1 or
by = — —— 2.2
€ = 1 Do (2.28)

To simplify, we can say that the scale factors are the measure of the actual distance moved
by any arbitrary point along the curvilinear coordinate «;. For example, i case of Polar
coordinates (r, ), since the radial coordinate is straight, dr = da, thus, to move a unit
distance along the radial coordinate, the point moves the same distance in curvilinear
coordinate, thus, hy = h, = 1. But when it moves along the §—direction, it covers the
distance (arc-length) which is r dagy in curvilinear coordinates, and hence the scale factor

10
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becomes hy = hg = r. In terms of metric tensor, they are the square root of the diagonal
terms of the tensor, which means,

b = v/ (2.29)

The concept of scale factors will become more clear with the introduction of the next
segment, the arc-length.

2.1.4 Arc-length

The concept of arc-length and volume element is useful when transforming equations of
cartesian, polar and spherical coordinates. Simply defined, arc-length is the measure of
the distance traversed by a point along a curve.
In terms of Cartesian coordinates, the position vector from the origin O to the point
P is expressed as:
r = x10+ 29] + 23k (2.30)

So, from the transformation equations above, we can rewrite the position vector as:
r=r(a,a,as3) (2.31)

Now, any element of displacement is given by :

or or or
dr = —d —d —d 2.32
r oy a1+ Doy o + Do Qs ( )
3 or
dr = do; = d 2.33
—> ar ; 8041» (6] S ( )

where ds is the arc-length of the curve.
According to Fig.2.2, the arc-length ds is the distance between the points P (o, ag, a3)
and @ (a1, a2, a3), given as:

(ds)? = (ds1)* + (ds2)* + (ds3)? (2.34)

where ds; is the distance moved by the point only along the corresponding coordinate curve
Qj, given as:

dsi = hidaq for day >0 ; dag = dag =0, (2.35)
dsg = hadasg for dag >0 ; day = dag =0, (2.36)
dsz = hzdag for dag >0 ; day = das =0, (2.37)

So, the arc-length can be re-written as:

(d8>2 = (hl da1)2 + (hQ da2)2 + (hg da3)2 = (hz da,-)Q = gijd:):idxj (2.38)

Thus, the arc-length is the sum of the distance traveled by the point along the coordi-
nate curve. In Eqn.(2.38), h; is the scale factor that provides information on magnitude of
the distance moved as «a; changes. The scale factor h; relates a coordinate change da; to
the true physical distance ds (arc length) along the corresponding coordinate curve via the
relation described in (2.35). The direction of the displacement is given by the associated
unit basis vector é;

11
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P (aq, g, av3)

Q <(Y17(1’2,(V3)

Fig. 2.2. Arc length ds is the distance between two points P(a1, az, a3) and Q(a1, az, as).

Alternatively, in terms of unit base vectors,

or
aai

= hié; (2.39)

The arc-length of a differential element in orthogonal curvilinear coordinate system is then
given as:

ds®* = 0r - Or = (hiday)? - (61 - é1) + (hadag)? - (62 - é9) + (hadas)? - (é3-é3)  (2.40)
—  ds? = hi2doy® + hodow® + ha?das® (2.41)

which is equivalent to Eqn.2.38.

Another important aspect is to understand how the unit base vectors of the curvilinear
system can be expressed in terms of the unit basis vectors i of the Cartesian system.
This relation is significant because the unit vectors é, of the curvilinear system depend
on the curvature of the coordinate system, and while their magnitude remains the same,
their direction changes as the point moves along the coordinate axes, much like jogging
along a circular track - while your speed remains the same, you keep changing directions
at each point on the track. But the unit basis of the Cartesian system are naturally
orthonormal, fixed in direction and have a constant length of unit vectors. Establishing
a relation between the base vectors of the curvilinear systems to that of the Cartesian
systems provides a simplified path to :

e perform calculations in the curvilinear system.
e casily perform vector calculus with consistency.
e convert seamlessly between coordinate systems.

Thus, it is important to define the é, with respect to %k via:

. dxy - 7%darﬁ 7i67‘ 7i8wk¢
er = ds, lk_aar ds, zk_hr da,  hy oy o

(2.42)

where dzy/ds, is the rectangular component of the unit vector &,, meaning it is the di-
rectional derivative of Cartesian coordinate xj along the curvilinear coordinate «, and
r = 1 1) is the position vector in Cartesian coordinate, defined in (2.30).

12
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2.1.5 Volume element

In orthogonal curvilinear coordinate system, the volume element is given as:

dV =zxyz
= [(h1day é1) x (hadag é2)] - (hs das é3)
= [hy ho day davs (€1 X é2)] - (hs dag é3) (2.43)
= hy ha daq dog €3 - hs dag €3
= hq hg hs daq dag dos

2.1.6 Physical components of a vector

The components of a vector u or a tensor T' can be expressed from Cartesian components
in local coordinate system (given by vy) in terms of curvilinear coordinates, At any given
point in the curvilinear space, the local Cartesian coordinate axes, given as xj, are tangent
to the coordinates curves of the curvilinear coordinate system, such that the unit base
vector of the two systems are equivalent, (’Zr = é,), and thus:

v, = el (2.44)
where 19
m Lm
= 2.45
= Ba, (2.45)

is the transformation coefficient that defines the relation between orthonormal curvilinear
basis €, to the orthonormal Cartesian basis %;. Similarly, for the second-order tensor T,
the components are obtained as:

Tij = e/ e} Tiun (2.46)

Any vectorial or tensorial equation that does not involve the spatial derivative of the vector
v or the tensor T', is invariant of the coordinate system. Consider, for example, the Hooke’s
law in elasticity, given as:

oc=Ce (2.47)

Since there are no derivatives with respect to coordinates in this equation and has only
tensor values at each point, the physical components of the stress tensor will have the same
form in orthogonal curvilinear coordinates, as it does in orthonormal Cartesian coordinates.

2.1.7 Derivatives of base vectors: Christoffel Symbols

However, when the strains are computed as gradients of the displacement vector:
€ = gradu + (gradu)” (2.48)

or Fourier’s law in thermodynamics, which relates the heat flux to the gradient of temper-
ature:
q = —Fk;(gradT) (2.49)

In both these equations, the resulting vector is dependent on the gradient of the vector
(displacement) or the scalar (temperature). In such a scenario, the orthogonal Cartesian
coordinate system is transformed into a curvilinear coordinate system, in which the basis
vectors vary in direction from point to point while retaining unit magnitude. As a result,
the derivatives of these unit base vectors with respect to the curvilinear coordinate is not

13
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zero, and represents how the coordinate system changes from one point in the space to
another.

O(hr &) b

day, | Oap

Ar hr 2 “
06 L ¢, O _ O o (2.50)

da,  day, Do
This term is known as Christoffel Symbol, denoted as I‘ﬁm. In other words,

rk = - €}, (2.51)

mn 80én

This implies that Christoffel symbols measure how the unit basis vector e;, moving along
the coordinate «, changes in the direction of €;. When summation is introduced, the
Christoffel symbols simply illustrate how the basis vectors change throughout a Riemannian
geometry, given as

2 k
1 T rm mn
Z 66 zp  Oz® 1[0gn dg B dg (2.52)

an Oay oy 2 | 0oy, Oay, ooy,
where g;; = hi hj d;; is the metric tensor defined in Sec.2.1.2. An important property of
the Christoffel symbols is the symmetry of their lower indices, that is, ['* =Tk since

by definition, Riemannian geometry does not include torsion effects. Based on the values
of m, n,r the Christoffel symbols can take the following form given in Table 2.1.

m,n,r are all different 0
m =n #r (no sum) —hm %Zm
m =17 =mn (no sum) hm, ggm
n=r#m (no sum) hr G
m =17 #n (no sum) he 332

Table 2.1. Values of Christoffel symbols based on m,n,r.

For orthogonal curvilinear coordinates, the derivates of the unit base vectors simply
boil down to the following compact rule

1 oh,

oe,, | 7 aa, & m#n

P, = U ohy 1 Oy (2.53)
—<hrmer+hsaases>, m=n

Thus, using the Christoffel symbols the derivatives of the unit basis vectors can be rep-
resented in the orthogonal curvilinear form with no explicit reference to the Cartesian
system. This is extremely important when representing the gradient or the divergence of
any vector or tensor in curvilinear coordinates. For example, the partial derivatives of a
vector v = Zm Vems>€m can be written as

ov Mem> 5 0é,,
= ém m 2.54
Oay, Zn: < Oay, tU<m> 5o Oay, ) ( )
87'0 _ Ovem> e +v i%é +o i%é [ Y<n> Ohy, P V<n> Ohy P
day, — day,, <r= hy Oc, <5 hs Oas h, Ocy hs Oas °

(2.55)
where n, s, r are all different.
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2.2 Gradients in Orthogonal Curvilinear Coordinates

The gradient of any function (scalar, vector, or tensor) provides an idea of how the given
function changes in space and in which direction it changes fastest. In terms of vectors and
higher order tensors, it represents how each term of the vector (or tensor) field changes in
space, that is, with respect to each coordinate. For example, the gradient of a scalar field
like temperature only shows the variation of temperature along that particular coordinate,
but the gradient of a vector field like displacement also sheds light on the behaviour of
each term of the displacement field components in every direction, which is why we have
shearing strains, along with normal strains. In the following subsections, we have a look at
the general form of gradient of each type of field (scalar, vector, tensor) in the settings of
orthogonal curvilinear coordinates. These equations would be utilized in areas of thermal
and elastic equations, and thus, it is important to have a good understanding of these
equations.

2.2.1 Gradient of a scalar

Let ¢(av1, g, aig) be a scalar point function in an orthogonal curvilinear coordinate system.
The resultant is a vector such that for the unit vector €, the directional derivative d¢/ds
along the direction of the unit base vector is given by:

do

— =Vo¢-a 2.56

% v (2.56)
Eqn.(2.56) is invariant of the coordinate system. To identify the components of the gradient
vector in any orthogonal coordinate system, we revoke the definition of the unit vector é:

dr or dao, daoy .

qa= — — = hri r 2
@ ds Oa, ds ds € (2.57)
Applying the chain rule to the LHS of (2.56),
do 0 dao,
ds Z Oa, ds (2.58)
Next, for the RHS of (2.56):
Vo-a=Y (Vo) e > h day (2.59)
. . P ds P
For (r =p),é, - é, = 1. Thus,
doy
a— By 2o 2.60
Vo-a Zr}w» o (2:60)
Substituting both sides of the equation gives:
00 | day,
h (V) — —0 2.61
; [ (V¢é) 804,«} ds ( )
Thus,
1 0¢ 1 9¢ .
=t N 2% 2.62
(Vo) <r> I e, or V¢ ZT: W 8%8 (2.62)
1 0 .
V=) el (2.63)
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2.2.2 Gradient of a vector
The gradient of a vector v results in a second-order tensor:

dv

—=@V)-a=a-(Vv) (2.64)

where (vV) is the second-order tensor in Cartesian components, a is the unit base vector,
and vV = (Vv)T. In index notation:

&= Son e 2
do, 1 ov

_ Z < ) <h 8%) (2.66)

_ (Z hmdg—sm ém> : (Z hla‘?:n én> (2.67)

where €,, - €, = gmn. In the definition above, the derivative term EiTvn is given by (2.1.6).

2.2.3 Gradient of a tensor
The gradient of a second order tensor T is given as:

dT

—=(VI)-a=a-(TV) (2.68)

Following the similar procedure as above:

dT oT do,
- 2.
s Z da,. ds (2.69)

1 0T daoy,
_Z<h aar) < d> 270
e
_ (Z . damA ) (Z ;nil:lén> (2.72)

where the precise form of 9T /Jc, is replaced by (2.1.7). From the above equations, a
concise form of the gradient of a tensor is obtained as:

91, (100
TV =T <8ar h e,«) and VT = (eT}l’r‘({—)wf) T (273)

2.3 Divergence in Orthogonal Curvilinear Coordinates

Physically, the divergence of a vector or tensor field illustrates how much the field spreads
out or converges at a point in space. However, the resulting term for a vector and a
tensor field represent different physics occurring at the surface. The divergence of a vector
field, for example, a heat flux through a surface generally results in a scalar quantity that
measures the net outflow at a point, that is, it measures the "strength" or the magnitude
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2.3. DIVERGENCE IN ORTHOGONAL CURVILINEAR COORDINATES

of the vector field at that point. The divergence of a tensor field, on the other hand,
measures how much a vector field changes across a surface, that is the magnitude, as well
as the direction in which it changes. Thus, the divergence of a tensor field gives a vector
output. The divergence of stress, appearing in balance equation, shows how the stress
vector changes in each direction, and across the surface. In the forthcoming subsections,
we understand the general form of these equations in curvilinear space.

2.3.1 Divergence of a vector

The divergence of a vector v results in a scalar function, acting at a point in the coordinate
space. It is defined in the orthogonal curvilinear coordinate system as:

divv=V.-v=v-V (2.74)

The components in any orthogonal coordinate system can be obtained by substituting the
definition of V operator from defined previously.

.1 0
V-v= ( E erhm) - (275)
Z .1 0 Z R
- — emh Oan, ( n U<n>en> (276)

1 8’U<n> N N 1 A 8én
= ; ; (h,,n 8am €y €en + m’l}<n>em . a%n) (277)

where v~ is the component of the vector v in curvilinear coordinates. Since €,,-€,, = dnn,
this simplifies:

1 8U<n> V<m> 8hn
v = il 2.
which can be further simplified to the following well-known form of the divergence of a
vector:
dive = L i(hhv )—i—i(hhv )+i(hhv ) (2.79)
= hyho hz | 0oy 213 V1> day 311 V<2> dais 1712 V<3> :
or

1
divo = =59 <\/§v<n>> (2.80)
where /g = hy hy h3 = det|g;;|.

2.3.2 Divergence of a tensor

Divergence of a second order tensor T results in a vector, whose invariant form is:
divl'=V-T#T-V (2.81)
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The components of this divergence vector can be obtained in terms of curvilinear coordi-
nates by substituting the values of V in the equation.

oT;;
(divT); = J (2.82)
Z 8aj
= Z (T<mn>ém & én) (V<r>é7") (283)
1 0T o 1 /0e, .\ .
= Z h Do, en + Z T<mr> Z T<mn> <80¢T er) Em
(2.84)

where the definition of V = 1/h,0/0c, has been implemented. From 2.1.7, we substitute
the values for the spatial derivatives of the unit base vectors:

oe 0, n=r
L 2.85
G Er =1 10N (285)

aaar’

Thus, the last term in (2.82) can be written as:

Z T<mn> hl

m,n,r r

oe, .\ . 1 1 Oh, |\ .
(8047« . 8r> €m = ; hir §T<mn> h, 80zn €m (2.86)

and

1 [Oep 1 1 Oh, }\ . 1 1 Oh, . 1 Oh, .
ZT<mn> (aar ) ; {hr Z Temr>7— . €r+ET<rr> <_hp(9apep - E@eq

m#r
(2.87)
Substituting (2.86) and (2.87) back into (2.82) gives:

1 8T<mr> T<mn> 8h7’ ~ T<mr> 8hr ~

divT = m .

v Z Z h O, g; Iy hy Dy | | € +ZT: % T
. T<11> < 1 8h1 ~ 1 8h1 ~ ) _ T<22> <1 8h2 ~ 1 3h2 ~ )

o \ B das?  hoas ) T The \nda T By 00

T<gs> (1 Ohs B 1 Ohs .
— — 2.
h3 <h2 80&2 + hl 6 a1 Do ( 88)

Eqn.(2.88) represents the general form of divergence of a tensor in orthogonal curvilinear
coordinate space. It can be used to write, for example, the balance equation in solid
mechanics, defined in 3.76, where stress is the tensor.

m,n
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the divergence is expressed as

Z 1 0 Z . . .
vors r Eaar (m n T<m">em ’ en) - (2.89)
1 0Ty 1 0é,,
- ; I Baem ; Ty e Ba (2.90)
1 /oe, .\ .

2.4 Laplacian Operator in Orthogonal Curvilinear Coordi-
nates

Consider a scalar function ¢, which in orthogonal curvilinear coordinates can be expressed
as (Z) = ¢(061, g, 043)-

Vi =V Vo (2.92)
[0 0 a0 a0 (008 &0 &0
N {hl Oaq + ha Oy + hs 8a3} {hl Oaq + ha Oay + hs Oas

(2.93)

Thus the Laplacian operator in terms of orthogonal curvilinear coordinates can be

defined as:

1 0 (hshsy 0 0 (hihy 0O 0 (hihy 0O
V2= = - - + 2 (2.94)
h1h2h3 6051 h1 8a1 80[2 h2 6042 80[3 hg 8a3
If the curvilinear coordinate «; is taken to be aligned with the normal, then h; = 1 and
the surface Laplacian can be simplified to:

o 1 9 (hs 0 9 (hy 0
vs_hghg Oay \ ho Oag +30¢3 hs Oas (2.95)

which, simply represents the diffusion of the thermo-mechanical properties along the surface
of the curve, ie, along the tangential directions.

2.5 Theory of Parallel Coordinates

Upto this point, the mathematical mapping of the curvilinear geometry has been achieved.
In this section and the preceding subsections, a brief introduction to the underlying prin-
cipals of the "shape" of the curvilinear geometry is presented. This include the curvature
and the related terms, and the parallelism of two surfaces. The mathematical development
in this section paves the way to write the definition of curvatures and surface differentials
of the parametric curves used an example geometry in this work.

2.5.1 Curvature

The first and the foremost concept of the the curvilinear geometry is the idea of curvature.
As the name suggests, curvature is simply the deviation of the geometry (line or a surface)
from the flat one.
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The emergence of calculus in the seventeenth century, most notably through the work
of Newton and Leibniz, enabled the systematic evaluation of curvature for planar curves.
This analytical framework was subsequently extended by Euler to the study of surfaces,
and later fundamentally transformed by Gauss through the introduction of intrinsic curva-
ture—an invariant independent of the manner in which a surface is embedded in Euclidean
space. Riemann further generalized these concepts to spaces of arbitrary dimension. In
the modern differential-geometric formulation, the curvature of a smooth curve is defined
via its osculating circle. Within this framework, Augustin-Louis Cauchy demonstrated
that the center of curvature corresponds to the intersection point of two infinitesimally
neighboring normal lines to the curve (Borovik A, ).

Curvature is a measures of how fast the direction of the curve changes over a small
unit of distance. Faster the changes, "tighter" is the curve. The direction of the curve
is measured by its tangent vector ¢. A small section of the curve is called an "arc", and
its length between any two points is known as "arc-length" ds described for a curvilinear
system in 2.1.4. In planar geometry, curvature describes the relationship between arc
length and the evolution of the curve’s tangent vector (HYDE et al., ).

Consider a parameterized curve in Cartesian coordinates whose position vector is given
as

T(t) = {:U(t),y(t),z(t)} (296)

The tangent vector (also known as the velocity vector) to this curve becomes

r'(t) ={a'(t),y/' (1), 7' (1)} (2.97)

For each value of the parameter t € Z, where 7/(t) # 0, there exists a well defined straight
line called the tangent line to r at t. The study of differential geometry ensures that such
a line exists at every point in the curve. If at any point #/(¢) = 0, then it is known as
the singular point of the curve r(t). The arc-length ds of this parameterized curve is the
length of the curve between any two points ty and ¢:

s(t) :/t P'@)ldt ()= \/(%’(lf/))2 + (' (1)) + (/1) (2.98)

v (t)== (2.99)

the curvature k of the curve is given as

() y"(t) —2"(t)y'(t) b
(p)? ’

The radius of curvature is equal to the reciprocal of the curvature, that is,

k(t) = 2/ ()2 + ¢/ (t)? (2.100)

R= - (2.101)
The intersection of the plane curve with a surface along the normal direction 7 results
in planar curve, whose curvature can be computed as defined above. In terms of surface
curves, this is known as normal curvature, k., and the sign of the curvature is determined
by the orientation of the plane P. The set of normal curvatures having the same tangent
vector on the curve gives the values of maximum and minimum curvatures, known as
principal curvatures, k1 and k9 of the surface at point P, and their directions are called
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2.5. THEORY OF PARALLEL COORDINATES

as principal directions. These principal curvatures are used to determine the Gaussian
curvature (K) and mean curvature H to measure the curvature of the surface.

K1+ K2
2

K = K1 kK9 N H = (2.102)
These definitions of the curvatures (for both curves and surfaces) allows us to define the
parallel surfaces.

2.5.2 Parallel Surfaces

In differential geometry, parallel surfaces are any two surfaces that are maintained at
constant distance from each other, sharing a common normal vector. In other words, two
surfaces are parallel if the normal vector of one surface is the normal vector to the other
surface. Thus, a set of parallel surfaces can be obtained by translating any surface along
its normal direction (Rouse and Appel, , HYDE et al., ).

2.5.3 Parametric Curves: Wavy Interphase

To ensure the verification of the transmission conditions developed in this work, they
are tested in the setting of parametric curves representing a "wavy" interphase with IV
oscillations. The geometry of the parametric curve is given by

R(#) =r;=a+ Acos(N0O) (2.103)

where a is the base radius of the curve (or the inclusion) and A is the amplitude of the
wavelength. The position vector of the curve is given by r(6) = R(#) é; or equivalently in
Cartesian coordinates:

x(6) = R(8) cosb ; y(0) = R(0) sind
The parallel curve at a distance of £ given as
Re=R(O)+&-n (2.104)

where £ is the offset or thickness of the parallel curves in the outward unit normal direction

n.
The scale factors (metric coefficients) of the parametric curve are computed as:

hi=he=1,  hg= = /R2(0) + (R'(6))? (2.105)

The unit tangent vector ¢ is evaluated following the discussion above as

or 1 R/(0) cos (0)—R(0) sin (0)

t = {{,,1 20 R (0)+R(0)

t={ltaty} = ‘gy BREA {'(0), ¥ (0)} = { & (9)\é1n((9)) (9)((305(9) (2.106)
v R (0)%+ 12(0)

and the unit normal vector n is 90 deg counterclockwise to the unit tangent vector

R’/(0) sin (0)+R(0) cos (0)

o))
3

A e Ay R R/(0)2+R?(0)
A= {fg iy} = {~tyte} = B = { ppVincey R’(G)(cos ) (2.107)
00 \/R’ 21 R2(f
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CHAPTER 2. CURVILINEAR COORDINATES

The curvature of this parametrized curve, using (2.100) is

R*(0) +2(R'(9))* — R(O)R'(9)

=T o) + (RO

(2.108)

Therefore, the value of function g (defined later in Chapters 4, 5 and in 6) can be written
as

1 0Ohihy
N hlhg 871

The angular derivative of temperature is the projection of gradient of temperature in
the tangent direction ¢:

g =V-n=k(0) (local curvature term) (2.109)

869 (T(R(6).0)) = ||ag(99) IVT -t (2.110)

and thus D,q (surface Laplacian term) is computed as

Dyq = _h': {59 (hleaé; (T@(R(e), e)))} (2.111)

N 2 ! .
_ h’;% {};;WT(R(@),@) - <Z§) ggT@(R(e),e)} (2.112)

where

/

o Ohy T (rO)+R'©)
"o RO+ (RO

represents the change in angular scale factor when moving along the tangential direction.

The computations of the first and second order gradients of temperature depends on

the smoothness of the curve, which in turn is dependent on the curve approximation and
the density of mesh in the interphase.

(2.113)

2.5.4 Numerical Implementation of the Parametric Curves

The parametric curves are created B-spline, which is computed to approximate the mathe-
matical curve defined by the form in (z,y) (in 2D). The accuracy of the computed solution
depends on the accuracy of the curve, which is improved by introducing more control points
in the curve. This can be understood more easily from the graph below, where the black
curve shows the B-spline, and blue points represent the control points, and red line joining
those points, shows the actual shape of the curve. It can be seen that by including more
points (Fig.2.3b and 2.3¢) the curve becomes more accurate in shape.

(a) (b) (c)

Fig. 2.3. Improving the accuracy of spline.

The effect of this approximation is felt more strongly when computing the second-order
gradient terms, like the surface Laplacian terms (defined above in (2.95)) where accuracy
is lost if the parametric curve has insufficient control points.
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2.6 Problem Setup

Throughout the developement of transmission conditions presented in this work, use of
orthognal curvilinear coordinates has been made extensively. Therefore, it is assumed that
the curvilinear coordinate axis a1 coincides with the normal unit vector, and thus the scale
factor h; = 1. Therefore, the jumps in the properties of the material are taken along the
normal direction as

_of _of

[1] = Sl o (2.114)

and as, ag serve as tangential directions.

Consider a parallel curvilinear coordinate system , within which lies an arbitrarily
shaped interphase, of thickness ¢, situated between two media, "1" and "2". The sand-
wiched interphase is a distinct region having its own thermal and /or mechanical properties
which are different from those of the surrounding material.

The curvilinear system is defined using coordinates (aq, a2, a3). The boundaries S;
and Sy can be thought of as surfaces composed of parametric curves as and ag, which
define the parallel surfaces, and the coordinate a; is chosen to coincide with the common
normal to the surfaces. The domain enclosed by the boundaries S; and S is known as
the interphase. The thickness of this interphase, ¢, is the distance between these two
boundaries, Consider three points Ay, Ao, A3 lying within the interphase. The point A;
lies on the boundary between medium "1" and the interphase, and similarly, point As lies
on the boundary between medium "2" and the interphase. The point Aj lies inside the
interphase, such that the distance between points A3 and points A; and As is 1 and ¢
respectively. For the sake of simplicity, we assume that t; = to = t/2, i.e., the point As lies
exactly in the middle of the interphase, but this is not the only case, and the interphase
can be assumed to be positioned at any arbitrary location £ € [—t/2,t/2].

The corresponding metric coefficients or the scale factors of this orthogonal curvilinear
coordinate system are (hi, he, hg) with hy = 1, as it is along the normal direction. The
unit vectors in the tangential direction of the curvilinear coordinate system are denoted
by (€2, €3) and é; is the unit normal.

Fig.2.4a gives the graphical representation of a perfect 3 phase system, with three
distinct regions marked as material 1, material 2, and the thin interphase in between. The
thermomechanical properties are continuous across the boundaries of the interface.

material 2

Material 2

Material 1

material 1

(a) (b)

Fig. 2.4. (a) Perfect interphase conditions representing thin interphase between materials 1 and 2. (b)
Imperfect transmission condition: zero-thickness interface I' between material 1 and 2.
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If the thickness of this interphase is taken to be zero (limt¢ — 0), then the domain
is replaced by a surface of "zero-thickness", known as the "interface" (') that separates
the two materials, as depicted in Fig. 2.4b. The thermal and/or mechanical properties
are no longer continuous across this surface, and there is an accumulation of temperature/
displacement or surfaces fluxes at the boundary, known as "jump" of the property, and is
denoted as:

[[f]] :f‘Az_f’Al (2'115)

while the average of the thermomechanical properties across the interphase boundaries is

taken as:

+
<f>:f|A12f|A2

where f represents the thermal fields (temperature or heat flux) or the mechanical fields
(displacements or stress). The aim of the present work is to derive the model for the
jumps in thermomechanical field variables (displacements or temperature) and surface
fluxes across the thin interface that mimics the variation within the interphase along the
normal direction, while also reducing the modeling complexities involved when solving the
complete domain having a thin layer.

Lastly, in the development of the transmission conditions across an imperfect interface
in the background of thermal, elastic, and thermoelastic settings, the following identities
have been used extensively. Consider a and b to be any arbitrary functions, then the jumps
and average of the product of these functions can be expressed as follows:

(2.116)

[ab] = (@) [0] + [a](b),  {ab) = (a){b) + i[[aﬂ o], (2.117)

and the parameter 3

haoh
Bt ar, 09) = Ehzhj] —2<p< (2.118)
paramater y
hoh
v(t, a1, ) = <2h;;L|;>3 (2.119)

are the two parameters defined in the proposed schemes that are developed within the
framework of this thesis.
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Chapter 3

Thermo-mechanics of Continuum
Media

The thermomechanics of solids provides a unified theoretical framework for describing the
interaction between thermal and mechanical phenomena in deformable bodies. Many engi-
neering and physical systems operate under conditions where temperature variations and
mechanical deformations occur simultaneously, giving rise to thermal stresses, thermally
induced deformations, and energy exchange between mechanical work and heat. A consis-
tent treatment of such problems requires the integration of thermodynamic principles with
the kinematics and balance laws of continuum mechanics.

This chapter presents the fundamental concepts underlying the thermomechanical be-
havior of solids and establishes the theoretical foundation required for the development of
transmission conditions outlined in the subsequent chapters. Emphasis is placed on formu-
lating governing equations that are both mechanically and thermodynamically consistent,
ensuring adherence to the first and second laws of thermodynamics.

The chapter is organized into three parts. In Part I, the essential principles of thermo-
dynamics are reviewed, including the laws of thermodynamics, entropy production, and
thermodynamic potentials. Particular attention is given to the Clausius—Duhem inequality
and the role of free energy functions in constraining admissible material behavior. These
concepts provide the thermodynamic framework necessary for constitutive modeling.

Part II introduces the fundamentals of continuum mechanics required for thermome-
chanical analysis. This part covers the kinematics of deformation, measures of strain,
stress tensors, and the balance laws of mass, momentum, and energy. The formulation is
presented in a general continuum setting, forming the mechanical backbone of the theory.

Building on the thermodynamic and mechanical foundations established in the first
two parts, Part III focuses on thermoelasticity. Constitutive relations for thermoelastic
solids are derived in a thermodynamically consistent manner using appropriate free en-
ergy functions. Both coupled and uncoupled thermoelastic theories are discussed, with
particular emphasis on linear isotropic thermoelasticity and its governing equations. This
part illustrates how temperature and deformation interact in elastic solids and provides
the basis for analyzing thermal stresses and thermomechanical coupling effects.

Together, these three parts form a coherent and systematic presentation of the ther-
momechanics of solids, progressing from fundamental principles to applied constitutive
theories.
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CHAPTER 3. THERMO-MECHANICS OF CONTINUUM MEDIA

3.1 Part 1: Thermodynamics

Thermo-mechanics of continuum media is concerned with the deformation of continuum

media (solids or fluids) subjected to thermal loads. It combines the principals of ther-

modynamics and solid (or fluid) mechanics, focusing on thermal and mechanical balance

laws - balance of mass, momentum, angular momentum and energy - to describe governing

equations that capture the thermal effects on the solid deformation. A general strain field

is produced due to thermo-mechanical effects (Sadd, ,Barber, , Boley and Weiner,
).

Thermodynamics is the physics of power generated by heat. It defines the relationship
between the system and its surroundings. The subject of thermodynamics is based on four
laws, which are summarized in the sections below. A quick recap of the basic thermal
terminology is presented in the next section.

3.1.1 Basic terminology

Before we proceed to understand the basic laws of thermodynamics, let us have a quick
look at some of the terminology and their meanings, as used in thermodynamics. We begin
by the concept of thermodynamic system, which is the defined domain under study. Within
this system, we have a thermodynamic system, which is separated from its surroundings
by a boundary. When a system is at equilibrium under a given set of conditions, it is
said to be in a definite thermodynamic state. The state of the system can be described
by a number of state quantities that does not depend on the process by which the system
arrived at its state. The properties of the system can be described by an equation of state
which specifies the relationship between these variables. A state may be thought of as
the instantaneous quantitative description of a system with a set number of variables held
constant. If a system has (m + n) state variable, given as B,, where a = (1,2, .....,n +m)
and B, can be n state variables, which may be (Bj, Ba, ...., By,), then the equation:

By = fu(B1, Ba, ..., By) (3.1)

is called equation of state.

Empirical Temperature

The empirical temperature is the value or the temperature at which two or more systems
exist in thermal equilibrium. As per the zeroth law of thermodynamics (3.1.2), two thermal
systems A and B, when brought into perfect contact with each other, can exist in thermal
equilibrium. If another system C' is brought into thermal contact, then if A = B and
B =C, then A = C. At thermal equilibrium, these systems have the same value, which is
the empirical temperature, and is given by 6.

Work

In thermodynamics, work performed by a system is the energy transferred by the system to
its surroundings. Kinetic energy, potential energy and internal energy are forms of energy
that are properties of a system. Work is a form of energy, but it is energy in transit. A
system contains no work, work is a process done by or on a system. In general, work is
defined for mechanical systems as the action of a force on an object through a distance.
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3.1. PART 1: THERMODYNAMICS

Internal Energy

The system’s internal energy is called the total energy that a system contains. This energy
can be modified by exerting work on it or by the transfer of energy. The system’s energy can
change by transferring heat or work (or both) between the system and its surroundings.
If positive work is applied, the system gains energy. The first law of thermodynamics
postulates that the increase in internal energy is equal to the total heat added plus the
work done by the environment. If it is an isolated system, it remains constant. Internal
energy is a state function. Its value depends only on the current state of the system. It
is also an extensive property. The unit of measurement, according to the International
System, is the joule (J).

3.1.2 Laws of Thermodynamics

The laws governing the thermodynamics are the fundamental principals that outline the
most basic identity of thermal flow: the concept of equilibrium stated in Zeroth Law,
the conservation of energy from First Law, the Second Law illuminates the concept of
increasing entropy and irreversibility of thermal processes, stating the direction in which
the processes take place while the Third Law describes the behaviour of thermal systems
near absolute zero (minimum entropy).

Zeroth Law: Thermal Equilibrium

The Zeroth law of thermodynamics simply highlights the tendency of the thermal bodies
to stay in equilibrium. If two bodies A and B (which are at different temperatures T4 and
Tp) are in thermal equilibrium with a third body C, then the bodies A and B are said to
be in thermal equilibrium with each other, T4 = T’g. It can be stated as:

If two systems are in equilibrium with a third system, then they are in thermal
equilibrium with each other.

First Law: Law of Conservation of Energy

The zeroth law provided a basic idea that bodies, or a system that reaches thermal equilib-
rium with its surroundings, continues to stay in that state unless acted upon by an external
force or loadings. This is in agreement with Newton’s first law of motion.

In a closed or isolated system, the change in internal energy U of the system is
the difference between the heat provided to the system @) and the thermody-
namic work done by the system W.

AU =Q+W (3.2)

Second Law: law of irreversibility

The second law of thermodynamics introduces the concept of entropy as physical property
of the thermal system that quantifies disorder, energy dispersion and irreversibility of the
system. For an isolated system in thermal equilibrium, the entropy (5) reaches it maximum
value. Entropy is a measure of how energy is dispersed in a system and determines the
direction and irreversibility of physical processes.

The state of entropy of the entire universe, as an isolated system (no energy or
matter transfer with its surrounding), will always increase in any natural and
spontaneous process.
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For a reversible process, the entropy change dS' is given as:

5Qrev
T

where 6Q, e, is the infinitesimal portion of heat transfer between the system and its sur-
roundings when the system is at temperature 1. Thus, for any cyclic reversible process,

6@7’61}
7{ <0 (3.4)

Because of the tendency of all thermodynamics system to reach thermal equilibrium, at
which point the entropy is maximum, any process that evolves on a time scale insufficient to
maintain thermal equilibrium is intrinsically irreversible. This irreversibility manifests as
positive entropy production and entails a loss in the maximum work that can be extracted
from the process.

s =

(3.3)

Third Law: Law of Absolute Zero

The third law of thermodynamics defines the minimum value of the entropy of the system.
Since entropy is dependent on the state of the system at a current time, then there exists
one state, known as ground state where the energy of the system (or the entropy) is at its
minimum value.

As the temperature of a system approaches absolute zero, all processes cease
and the entropy of the system approaches a minimum value.

3.1.3 Thermodynamics and Heat Transfer

Heat transfer in a continuous media can take place through heat conduction, convection or
through radiation. Convection is the process of heat transfer between a solid and a fluid
medium, while radiation occurs from solid to gaseous medium or between two solids that
are not in contact. Convection and Radiation are the main modes of heat transfer in fluids,
and thus are excluded from the present discussion.

For a thin interphase, the heat transfer takes place through the mechanism of heat
conduction, which is defined in the following section. Since the convection and radiation
are out of the scope of the present work, their detailed explanation has been omitted from
this discussion.

3.1.4 Thermal Conduction

Thermal conduction is the mechanism of heat transfer through adjacent molecule having
higher kinetic energy than its neighbour. Conduction takes place in fluids (liquids and
gases) via the heat transfer by the collision and diffusion of highly energetic molecules in
random motion. It is most commonly and easily observed in solids, where the heat transfer
takes place due to vibration of the molecules in a lattice and the energy transported by the
free electrons Cengel,

The rate of heat conduction through any solid medium depends on the geometry of the
medium, and the temperature difference (AT') that drives the heat conduction process, as
per second law of thermodynamics, from a region of higher temperature to the region of
cold temperature. In the most basic example of one-dimensional heat transfer through a
plane wall, the rate of heat conduction is given as

(Area x Temperature Difference)
Thickness

Rate of heat conduction o
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o AT
deond = —kAST
Qcond I

where k is the Thermal conductivity of the medium.

Thermal Conductivity, &

The thermal conductivity of the material is the physical property that "measures the ability
of a material to conduct heat" (Cengel, ), measured in W/(m.K') Materials with higher
thermal conductivity are known as good conductors of heat (eg, metals like copper, gold,
platinum, etc), as they allow heat to pass through because of the presence of free-moving
electrons in their lattice structure. The most commonly used in heat sinks in electronics,
where rapid heat transfer is required to efficiently cool the system. Conversely, materials
that have low conductivity are known as insulators (eg, rubber, styrofoam, etc), and as
the name suggests, they are commonly employed in areas that require thermal insulation,
to effectively trap the heat. The thermal conductivities of some common materials at
atmospheric pressure and room temperature is provided in the Table 3.1 as taken from
Cengel,

Rigid Foam Air Rubber Wood Iron Aluminum Gold Copper Silver Diamond
0.026 0.026 0.13 0.17  80.2 237 317 401 429 2300

Table 3.1. Thermal conductivities in W/m.K of some common materials in increasing order of conduc-
tivity.

In interphases, the thermal conductivity of the material plays a key role. As the
interphase lies between the two materials, the mismatch of the thermal conductivity at the
boundaries of the interphase determine whether the temperature (in case of lower thermal
conductivity) or the heat flux (in case of higher thermal conductivity) is accumulated at
the boundaries.

Heat Flux, q

The heat flux g, (W/m?) is the rate of heat transfer through a surface area or boundary of a
system which is perpendicular to the heat flow. It can also be defined as the rate of energy
flow per unit area per unit time. Since it defines the direction of the flow of heat (from
higher to lower temperatures) as well as the magnitude of heat, it is a vector quantity. At
any point in space, the heat flux passing through the point is defined by taking the area
of the surface to be infinitesimally small Az — 0. The Law of Heat Conduction or
Fourier’s Law states that

the rate of heat transfer through a material is proportional to the negative
gradient of the temperature and to the area, at right angles to that gradient,
through which the heat flows.

The gradient of a temperature field T' = T'(aq, a9, a3), given as VT is the vector
quantity (following the discussion in 2.2.1) that describes the magnitude as well as the
direction in which heat flows rapidly at a point in space. The negative gradient signifies
the heat transfer from a region at higher temperature to the region at lower temperatures.
In terms of Cartesian coordinates, the temperature gradient is given as

aT OT oT
VT = (ax’ 5 62) (3.5)
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In terms of orthogonal curvilinear coordinates, the gradient is defined in (2.63)

1 9T 1 0T 1 0T

VT = — — —
hl 3041 + h2 0042 + hg 80&3

(3.6)

where {a1, a2, a3} are the curvilinear coordinates, and h, is the scale factor of each coor-
dinate curve.
A higher temperature gradient indicates accumulation of temperature at a point, along
a particular axes, which is usually seen in the case of low conductive interphases (Hashin,
, Benveniste and Miloh, , ete).
The Fourier’s law for a homogeneous, isotropic material can now be defined as

q=—kVT or /q-dS:—k/VT-dS (3.7)
S S

If the material is non-homogeneous or anisotropic, the thermal conductivity k& becomes
symmetric, second-rank tensor known as thermal conductivity tensor, k.

3.1.5 Balance Law: Heat Equation

The heat equation is a parabolic partial differential equation that describes the evolution
of temperature in space and time due to heat conduction.

From the First law of thermodynamics, we know that energy is conserved within a
volume (law of energy conservation - 3.1.2). Thus, for any control volume element V', the
energy that the rate of change of internal energy U in a volume V is equal to the rate of
heat generation (heat source/sinks) and flux q across the boundary dS of the volume with
outward unit normal n (Cengel, )

de
— = Econ Egen .
In the integral form, it is expressed as:
/ %) 4y _ / Eeona dV + / Egen dV (3.9)
v Ot 1% v
The change in internal energy of the system is
T T
9¢ 4y — / ANpeeT) / pen L v (3.10)
v Ot v ot v ot

The change in internal energy of the system is

/8Ec‘mddV:/q~fzdS (3.11)
v Ot s

Applying divergence theorem, we get

—/q~ﬁdS:—/V-qu (3.12)
S 14
And finally, the volumetric heat source term is
/@mW:/QW' (3.13)
1% 1%
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Substituting all these values in the balance equation

/ pca—TdV = —/ V- qu+/ Qd4v (3.14)
or, rearranging the terms, we get
T
/(,ocEa—i-V-q—Q)dV:O (3.15)
v ot

which is the integral form of the thermal balance equation. From the Fourier’s law of heat
conduction (3.7),

/ <,006T — kV2T — Q) dV =0 (3.16)
v\ ot
T
ch%t—kWT—Q:o (3.17)
T
= pcgp %—t =kVT +Q (3.18)

where V2T is the Laplacian operator (defined in 2.4 for orthogonal curvilinear coordinates).
Eqn (3.18) is the classical form of heat equation for any homogeneous, isotropic material.

For steady-state heat transfer, then the time derivative terms 97/Jt becomes zero,
which implies that the heat transfer takes place only along the spatial coordinates, and is
independent of time (T' = T'(z,v, z)), whereas in transient conduction, temperature field
is a function of space and time, and thus, the heat equation describes that the conduction
occurs at a point in space at a particular instance in time.

Eqns.(3.7) and (3.18) form the governing equations for heat transfer through conduction
mechanism across any arbitrary, homogeneous, isotropic material.

3.2 Part II: Continuum Mechanics

Continuum mechanics refers to the study of deformation of a materials, which can be a
solid or a fluid, under the action of an applied force. It key principle lies in the fact that
the material is considered to be a continuous media, rather than a collection of discrete
points. Thus, the forces transmitted through this media are continuous at each point in
the volume. It is the branch of physics that deals with the deformation of the solid or fluid
element by mapping the reference and current configurations, and through the application
of constitutive laws, kinematics and equilibrium equations. It treats the physical properties
of the material as independent property, that is, invariant of the coordinate system. This
provides efficiency in defining the properties at each point within the domain. The concept
of a continuum lies in the mathematical framework that assumes the bulk material, ignoring
the microscopic cracks or the defects, is continuous at each point within a volume V', and
at any local point or infinitesimal volume dV within this volume, the same constitutive
laws can be applied as that to the bulk materials. This is basis of theories of solid and
fluid mechanics. In the oncoming sections, we will cover the basics of the solid mechanics,
starting with the description of the motion of the particle.

3.2.1 Eulerian and Lagrangian Description

A central feature of continuum mechanics is the use of Eulerian (spatial) and Lagrangian
(material) descriptions to characterize motion. These descriptions differ in whether phys-
ical fields are tracked with material particles or observed at fixed spatial locations, and
they form the basis for kinematic, kinetic, and constitutive formulations.
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In Lagrangian description, an individual particle is tracked over a period of time, thus
providing a history of motion in space and time. This means that you fix a particle and
move along with it through each reference frame. In contrast, the Eulerian approach fixes
a point (or a control volume) in space rather than a particle and captures the behaviour
of particles as they pass through that point or control volume. To better understand the
concept, think of two cyclists in a race. If we fix our observation on one cyclist and track its
motion, that is, displacement, velocity, etc throughout the duration of the race, then it is
the Lagrangian approach. However, if we instead focus on the finishing line (which becomes
a fixed reference frame) and observe the cyclist who reaches the finishing mark first, then
it becomes a Fulerian approach. The Lagrangian description naturally lends itself to
solid mechanics, where material identity, reference configurations, and deformation history
play a central role, whereas the Eulerian description is more commonly adopted in fluid
mechanics and problems involving large transport or flow. Nevertheless, both descriptions
coexist within the general framework of continuum mechanics and are connected through
appropriate mappings between reference and current configurations.

3.2.2 Kinematics: Introducing Deformation Gradient

Any change between the reference and current configuration of a continuum body results
in displacement. It has two parts: a rigid body displacement and the deformation. A
rigid body translates and/or rotates without undergoing any change in its original shape
or volume, which means it only changes its position or orientation. A deformed body on
the other hand, refers to a series of changes in shape and volume of a body at each instance
of time.

Let By be the initial state of the undeformed body. This state is also know as reference
state or the material state of the undeformed body. Each point in this body can be
collectively identified by a vector X. When a motion x acts on this body, it deforms the
body to its current state or the spatial state B, where each point in the deformed body
is denoted by the vector . The orthonormal basis vector é; = {€1, €2, €3} is fixed with
respect to both configurations of the body. Thus, each points in the material and spatial
state can be given as X;é; and x;€; respectively. The motion x is the vector function that
transforms each point in the material state to its final position in the spatial state. Thus,

z=x(X) or X =x =) (3.19)

In the equation above, x represents transformation of the points from the material state
(Bo) to the spatial state (B), and x ! represents transformation from the spatial state to
the material state.

Now, consider a point Fy in the body By, occupying a position xg, and another point
Qo in its neighbourhood, at position @y + dxg. The motion x applied on this line element
P(Q in material state is transformed to P(Q in the spatial state, such that:

x(P)=x9=x(X) and x(Q)=xo+dry=x(X+dX) (3.20)

In the spatial state, we use Taylor series expansion about point () to expand x about X:

X(X +dX)=x(X)+ g;((dX +O(dX?) (3.21)

Since dX is infinitesimal, higher order can be neglected.
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The infinitesimal change dxq in the positions of the two points in the reference state is
given as:

dxy = dxg + o — T (322)
— 2(Q) - w(P) (3.23)
— (X +dX) — x(X) (3.24)
Ix
= aiXdX (3.25)
— FdX (3.26)

where F' = Fj; is the deformation gradient, a two-point tensor that acts as a linear map
containing information of local deformation (such as stretch, shear, rotation or volume
change) of the transformation of a point from a reference tangent space to the spatial tan-
gent space. In other words, the deformation gradient arises naturally as the first derivative
of the motion mapping, providing the best linear approximation that maps infinitesimal
material line elements from the reference configuration to the current configuration. Thus,

BwO(X)

F="7x

(3.27)

where xo(X) = x(X).

Let us now return to the reference and spatial states of an arbitrary body. In solid
mechanics, the difference between the reference state of the body (xp) and the current
state of the deformed body (X)) is known as displacement field of a body.

u(z) = Xo(x) —xg  or Xo(X)=u(X)+X (3.28)
From the definition of the displacement gradient in (3.27), we get:
8330(X)
F=2002) 2
X (3.29)
Cou(X)+ X
=T ax (3.30)
ou(X)
= I 31
X + (3.31)
=Vxu+I (3.32)

where I is the identity matrix and V xu is the material gradient of the displacement vector.

Polar Decomposition of the Deformation Gradient

The displacement gradient can be decomposed into products of its symmetric tensor and
rotation tensor, given as

F=VR=RU (3.33)

The decomposition is particularly useful in the analysis of material deformation by separat-
ing the stretch and rotation effects. R is the orthogonal tensor representing Rotation matrix
- transformation matrix that is used for rotation in Euclidean matrix - and R~' = RT.
The tensors U and V are the left and right stretch tensors. From the orthogonality of the
rotation matrix

V =RUR™! (3.34)

This gives a very important result of the polar decomposition of the rotation matrix -
the left and right stretch vectors have the same eigenvalues or the principal stretches, but
different eigenvectors or principal directions.
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3.2.3 Strain Measures

Strain measures are different ways to evaluate the difference between the displacements in
a body from the rigid body deformations locally. A body under pure rotations does not
induce strains in the body. Thus, the following strain measures are commonly employed
in the field of continuum mechanics to quantify the local deformations that occur in the
body.

e Cauchy strain tensor: Also known as right Cauchy-Green deformation tensor is
given as:

C=FT'F=U? (3.35)

e Green strain tensor: Also known as left Cauchy-Green deformation tensor is given
as:
B=FFT =vVv? (3.36)

In physical terms, both represents the local stretch of a length of a body or a line
segment.

Using these definitions of local stretching, the concept of strain can be put to use to
measure the local deformations in the body. The most commonly used finite strain tensors
is the Lagrangian strain tensor or the Green-Lagrangian strain tensor, given as:

E=-(C-1I) (3.37)

N

In terms of displacement gradients, it is written as:

E- % [(Vxw) + Vxu) + Vxu) - Vxu)) (3.38)

3.2.4 Infinitesimal Strain Tensor

For an elastic body, or any material in the elastic zone, the displacement gradient V xu is
the local deformation occurring in the continuum body. These deformations are assumed
to be infinitesimal, that is, less than unity, and for such small deformations, the Lagrangian
(material) and Eulerian (spatial) approaches are indistinguishable. This is also the case
in interphase theories, where the jumps in displacements are usually of the order of 1073
units. Thus, if Vxu < 1, them from (3.32), F = I and Vu” Vu becomes negligible.
Thus, the strain tensor is reduced to the linearized form of the Cauchy-Lagrangian strain
tensor:

1
€=, (Vu + VuT) (3.39)

This forms the basis of the classical linearized theory of elasticity.

3.2.5 Gradient of displacement

In general, the displacement gradient tensor Vu can be further decomposed into its sym-
metric and antisymmetric parts:

Vu=e¢+w (3.40)
where )
gij = 5 (uij + ;) (3.41)
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is the symmetric strain tensor €;; = j;, representing the stretching and shearing of the

material and .

wi]’ = 5

is the skew-symmeteric rotation tensor w;; = —wj; representing the rigid-body rotations of
the body.

For infinitesimal strain theory, w is neglected, as the deformation is purely dependent

on stretching and shearing, and rigid body rotations produce no strains.

(’UJZ'J - iji) (342)

3.2.6 Strains

Strain is the ratio of deformed length to the original length. In terms of orthogonal curvi-
linear coordinates, the strain is defined the ration of displacement (or stretch) of the body
along each direction. The most simple and commonly used example to understand strain
is the deformation of 1D bar or a thin string. If the bar is pulled (or compressed) along its
length, then we observed a small amount of displacement or the stretch along its length.
This produces the normal strain or engineering strain in the bar, occurring along its length,
given by

Y%
=%

This is also known as tensile or longitudinal strain.

€ (3.43)

If the bottom of the bar is fixed, and the force is applied along its top surface, producing
a change in its shape, then this produces a shear strain in the tangential direction. The
deformation occurs due to lateral displacement along the force applied. It is basically the
angular distortion of two initially orthogonal line elements, under the application of force.
Also know an the engineering shear strain, it is defined as:

Gui 3uj
Yij = oz, + o2, (3.44)
Thus, shear strain measures angular distortion between material lines and is given by the
off-diagonal components of the symmetric part of the displacement gradient.

From these definitions, a simple relation between the displacement gradients and the
resulting strains develops, which is an important governing equations in elasticity, known
as Strain-Displacement relation given as:

(Vu + VuT) (3.45)

| =

E =

where € is a symmetric rank 2 tensor. In terms of curvilinear coordinates, using the
definition of gradient of vectors defined in 2.2.2; the strain is defined as:

1 1 0 R A 1 9 . .
€73 > (hmaam (uk €)@ Em + 55—t Em) @ €k> (3.46)

k,m

or

(3.47)

(0) _1 i@ug) +L8u§j) B u,(f) Ohy n u,(fl) Ohm,
km "9\ hy, Qo hum, Qe hon hi, Oty hyy By, O

The equations for all six strains-displacement relations in curvilinear coordinates is given
as:
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1. Strain Displacement Equations:

1 8’&1 ug 8h1 us 8h1

U B By hahy By | hhs Oos (3.48)
0= e Ttz oo T T 349
8 hlggZi * h?ilzg gZi’ hzzg ZZ‘Z (8:50)
€12 = ;{htgg; + hllgzj — h11h2 (mgzz + uz ggj) } (3.51)
€13 = ;{};gzz + hlngj - h11h3 (u1 gz; + us ggj) } (3.52)
€23 = ;{;g;i + hlggzz _ h21h3 <u2 gzz + ug gzz) } (3.53)

For a composite material, the displacements are continuous at each point and across the
interphase boundaries. However, the strain is generally considered to be inhomogeneous
within the interphase. This is because at each point in the interphase undergoes stretching
and shearing at a different rate than its neighbours.

Strain Compatibility

For a linear infinitesimal deformation, the strain displacement relation (3.45) gives six
equations from which strains can be evaluated if the displacement w(aq, a9, a3) is known.
However, if the strain fields are known, then the integration of these strain fields must en-
sure the continuity of the displacement function at all points in the body. This is known as
the Compatibility conditions. However, the integration of the six strain equations overde-
termine the three unknown displacement fields. Thus, in order to ensure the continuity and
single-value functions of displacement, obeying the rules of continuous media, compatibility
equations also known as Saint Venant compatibility equations are required. The procedure
involves eliminating the displacement functions from (3.45). The strain-displacement func-
tion (3.45) is differentiated twice to eliminate the displacement field, giving the following
relation

Eijkl = %(Ui,jk:l + W iki) (3.54)
giving the compatibility equation (Malvern, )
VxexV=0 (3.55)
or (Sadd, )
€ijkl + €klij — €ikjl — Ej1,ik = 0 (3.56)

This provides 81 individual equations, however, from the symmetric nature of the strain
tensor €;; = €j;, (3.55) becomes

(Vxe)x V=V x(e xV) (3.57)
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and the system of 81 equations reduces to only six equations. In Cartesian coordinates,
the compatibility equations are given as

O€ 2y Oeyy 5_ o D?eay

3 2+ =7 92 0y (3.58)
agz% + 852% —2 gzggz (3.59)
Tear = @00
2
st —an (o 5y ) 40
2
o=y (ot ) 36
2
T =3 e et ) (369

Thus, the eqn.(3.55) is the necessary condition and (3.56) is the sufficient condition for
continuous, single-valued displacement field in simply connected domains.

3.2.7 Stress

Up to this point in our discussion, we have investigated only the kinematics of the defor-
mation of the body. Stresses are a result of forces acting on a body. Forces can be classified
into two categories - body forces that act on the entire volume of the body, for example,
gravitational forces. In most of the cases, the body forces are either taken to be negligible
or assumed to be distributed uniformly within the body. The second type are the surface
forces that are subjected to a particular area of a body, for example, traction.

When an elastic material undergoes deformation, the body produces internal forces to
counteract those deformations and restore its original configuration.

Stresses can be further divided into normal and shear stresses that act on a surface in
all directions. In case of surface forces, following Newton’s third law, a force that is equal
and opposite to the surface forces acts on the neighbouring surface. This creates a shearing
stress between the two layers of the material, like a frictional force.

3.2.8 Hooke’s Law

Hooke’s law states that force F' applied to stretch or compress a spring is proportional to
the distance by which is deforms (stretches or compresses).

F=—ka (3.64)

The law is generalized in the theory of linear elasticity to establish the constitutive relation
between the strains and stresses. It states that the strain (deformation) induced in the
elastic body is proportional to the stress (forces) applied to it. The stress o and the strains
e are second-order tensors, containing information regarding the stress and strain at a point
in each direction. Thus, the proportionality factor between these two quantities is a fourth
order tensor that acts as a linear map between the two tensors, known as stiffness tensor
or more commonly as the elasticity tensor.

o =_Ce or Oij = Cijklgkl (3.65)
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where o;; is the Cauchy stress tensor defined above, and ey is the infinitesimal strain
tensor, also defined previously.

In general, C has a total of 81 independent components, but due to its symmetric
nature (following from the symmetry of strain and stress tensors):

Cijkt = Cjikt = Criij = Cliij

This reduces the number of independent components to 21. For an isotropic elastic ma-
terial, where the materials properties remain same in all directions, the independent com-
ponents reduce to 2, which can be a pair of any two elastic moduli. The most commonly
encountered form of Hooke’s law for a homogeneous, linearly isotropic elastic material is
given as:

oc=2ue+Atrel (3.66)

where o is the second-order stress tensor, A, u are the Lame’s parameters, and € is the
second order strain tensor. Here, I is the 2 x 2 identity materix, and tr is the trace function,
representing the sum of the diagonal elements of the strain tensor. Comparing (3.65) and
(3.66), the fourth order elasticity tensor for a linear, isotropic material is given as Malvern,

C = Cijiur = Nijop + 11 (0irdj1 + 0i1dj1) (3.67)

where 0,,,, denote the Kronecker delta. Inversely, the Hooke’s law can be inverted to obtain

strain from the stress terms:
_ 1+v

E
where F is the Young’s modulus and v is the Poisson’s ratio. These two elastic moduli,
along with others are defined in the next section.

€ o — % trol (3.68)

Elastic moduli

An elastic modulus is a quantity that provides a measure of the body’s resistance to elastic
deformation under the application of stress. It is a dimensionless quantity defined as the
slope of the stress-strain curve of a material in its elastic deformation zone. Stiffer the
material, higher the elastic modulus. All elastic moduli are the measure or a ratio of stress
to strain.

e Young’s Modulus, F: also known as elastic modulus, it is the measure of an body to
deform (stretch or compress) when a tensile load is applied along its length. It has
the units of stress, N/m? or Pa.

e Shear Modulus (G, p): also known as modulus of rigidity, this is the measure of shear
stiffness or the deformation along the surface perpendicular to the applied force. It is
simply the ratio of shear stress to shear strain in elastic material. It is also refered to
as Lame’s second parameter and must be positive for all materials. It has the units
of stress, N/m? or Pa.

e Bulk Modulus, K: as the name suggests, it is the measure of the deformation of the
bulk of the body, that is, the volume of the body in all directions under uniform
loading. It has the units of stress, N/m? or Pa.

e Poisson’s ratio v: it is simply the measure of Poisson effect, which is the tendency of
the elastic material to expand (or contract) in the transverse direction of the applied
force. It is the ratio of transverse strain to the axial strain, and is a dimensionless
quantity. Most common materials have Poisson ratio in the range of 0.0 t 0.5, with
rubber having Poisson ratio of 0.5 and is called incompressible.
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e Lame’s First Parameter, A\: Together with the shear modulus p, it forms a pair
of parameters that are most commonly seen in Hooke’s law for the linear isotropic
material. They can be used or derived from the other elastic moduli as shown in the
table below.

Elastic moduli define the material properties and play a key role in composite materials
and interface theory. The mismatch of the these properties at the interface boundary leads
to jumps in displacements or stresses. The relations between the different elastic moduli
is presented in the table 3.2, taken from Sadd,

E v K 7 A
v E v ) ) T
E K E e K e %
B g G e Z =
v, K 3K(1—2v) v K % 8Ky
v 2u(1+7) v S n e
e s
K. oKL Ko K z K —3u
K\ SKK-2) B K 3K —\) by
k¢ %fﬂ) Bovm A I A

Table 3.2. Relations between different elastic moduli. R = v E?2 +9)\2 +2FE\

3.2.9 Balance Equations

All forces, whether internal or acting on a surface, must be balanced within a volume,
which is the basic fundamental ideology of the conservation of momentum.

Consider a volume V with boundary S and outward unit normal n. Let p be the mass
density (kg/m?), v is the velocity (m/s), F is body force per unit mass (e.g., gravity) and
t(n) be traction on the surface.

From Newton’s law of conservation of linear momentum, stated as "the change of
motion of an object is proportional to the force impressed; and is made in the direction of
the straight line in which the force is impressed."

d
A wdv = / pFdV + / t(R)dA (3.69)
dt Jy v s
The LHS of the equation can be expressed in terms of displacement vector u as
d d*u
Zow = p—— = pii 3.70
PV = P = P (3.70)
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From Cauchy’s stress vector, the traction vector is related to stress tensor o as:

t(n) =on

(3.71)

Next, we apply the divergence theorem to the Cauchy stress vector

/aﬁdAz/Vn’dV
S \%4

Substituting all these values in the balance of momentum equation gives the integral form
of the balance equation:

/pudvz/ (pFdV +V - o) dV
1% Vv

Rearranging the equation we get

/pildV—/(pF+V~a)dV
1% 1%

where V - o is the dive
Eqn.(3.75) is the elasticity balance equation.

= pu=pF+V. 0o

(3.72)

(3.73)

(3.74)

(3.75)

For static equilibrium, conservation of linear momentum implies that the forces acting
on this region are balanced and thus the resultant force must vanish (Sadd, ).

dive +pF =0

(3.76)

This is the equilibrium equation of elasticity for a continuous medium.

In terms of curvilinear coordinates, the balance equations can be written in their com-

plete form as

1 8h1h2011 8h1h3021 6h2h3031 +
hihohs | Oaq dag das
oi2 Ohy o013 Ohi 092 Ohy 033 Ohs
— — =0 (3.77
hlhg 80&2 h1h3 60[3 hlhg aOél h1h3 80&1 +p ! ( )
1 8h1h3022 8h2h30‘12 6h2h10’32 +
h1h2h3 (9042 (9041 8a3
o91 Ohy 093 Ohy o011 Oh1 033 Ohs
— — =0 (3.78
Tihs Oy | hohy O hihs O hihy 0as P (8.78)
1 8h1h2033 6h2h3013 6h3h10’23 +
hihaohs Oas Oy Oas
o31 Ohs 032 Ohs o011 Oh1 022 Oho
— — F;=0 (3.79
h1h3 80[1 h2h3 80[2 h1h3 (9043 h2h3 80[3 +,0 3 ( )
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Balance of Angular Momentum

In the eqn above, no information is provided on the symmetric nature of the stress tensor.
The balance of angular momentum acting on an elastic body is derived to establish that
the Cauchy stress tensor must be symmetric.

The angular momentum of a body about its origin is given as

/ 2 % (pv)dV (3.80)
;

The rate of change of angular momentum equals the total moment of external forces:

d

pn Va: X (pv)dV = /V:c x (pF)dV —1—/3:1: x t(n)dA (3.81)

Applying the divergence theorem to the surface integral,

/ 2 x t(R)dA / 2 % (oR)dA /(az X o)idA = / V.(@mxo)dV  (382)
S S S \%4
Employing the tensor identity:

V-(@xo)=xzx (Vo)+ol —0o (3.83)

and substituting into the angular momentum equation gives:

/[wx(pi;—pF—V-a)]dV:/ [z x (pp — pF =V -0)+ (o7 —0)]dV =0 (3.84)
1% 1%

From the linear momentum equation (3.76) we know that the first term goes to zero, thus,

/ (o7 —o)dV =0 (3.85)
.

From the localization principle, the equation must hold at each point in the arbitrary
volume V', therefore

ol =o implying that o = 0 (3.86)
This is the balance of angular momentum in local form. It highlights that the internal
forces cannot generate a net torque.

Therefore, together with the six strain-displacement functions given in (3.45),
and the six compatibility equations given in (3.58) and the three equilibrium
equations (3.76) form a system of 15 equations to solve for 12 unknown functions
(six independent stresses and six independent strains) in a boundary-value
problem involving classical linear elasticity.

3.3 Part III : Thermoelasticity

Thermoelasticity is a fundamental theory within continuum mechanics that addresses the
coupling between thermal and mechanical responses in elastic solids. It provides a rig-
orous framework for describing how temperature variations generate elastic strains and
stresses through thermal expansion, and how mechanical deformation may interact with
the thermal field. Assuming reversible material behavior and the absence of dissipation
due to plasticity or damage, thermoelasticity enables a consistent formulation based on
the principles of energy conservation and thermodynamics. This theory is essential for the
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analysis of thermal stresses and deformation in structures exposed to non-uniform or time-
dependent temperature fields and forms the basis for more advanced thermo-mechanical
models.

The starting point for the development of theory of thermoelasticity is the basic laws
of thermodynamics that are now combined with the elastic balance equations to arrive at
a slightly different form that is known as the balance equation for thermoelastic materials.

3.3.1 First law of Thermomechanical: Conservation of Energy

The first law of thermodynamics stated in 3.1.2 and the Newton’s law of conservation of
momentum, both states that energy, whether it is thermal or mechanical must be conserved
at each point in the volume V. The next part derives this theorem, amalgamating the
thermal (3.18) and the mechanical balance laws (3.75) to arrive at the thermo-mechanical
equilibrium equation.

Consider a Euclidean body B, wherein a portion of the body is exposed to heat flux
g, taken positive outward from the surface of the body 0B,. Similarly, we assume surface
traction forces t,, positive outwards, acting on the surface 9B;, internal heat source @,
body forces b. The Energy balance equation is given as:

8t/ tn~'vdA+/b-vdV—/ qndA+/ QdV:a<1/pv‘vdV+/pedv>
on Jap, B OB, B 0t \2 Jp B
(3.87)

This is the first law of thermodynamics in integral form, where the first and the second
term on the LHS combined represent work done by the external forces on the body, while
the third term is the heat flux across 0B, and the fourth term is the total internal heat.
The first term on the RHS is the total kinetic energy, I, and the second term represents
the total internal energy, U. The term p is the internal energy density. We now proceed to
apply the Gauss-divergence theorem, i.e, transforming all the surface integrals into volume
integrals :

/ tn-v:/ (a'n)'vdA:/ av-ndA:/diV(O'-U)dV (3.88)
0Bt OBy OBy B

Using Leibniz formula:
div(e -v)dA=Vo-v+o- Vv (3.89)

Substituting this value back in (3.88) transforms the surface integral into volume inte-
gral as:

/ tn-vdA:/Va-'vdV%—a'V'vdV (3.90)
oB, B

Similarly, we can convert the third term of (3.87) surface integrals form into volume
integral form as:

/ an dA—/ (qg-m) dA—/ VqdV (3.91)
8Bt 8Bt B

The time derivatives of (3.87) can be re-written as:

0 (1 1
— /pv'vdV—l-/pedV :/pi}-vdV+/pédV (3.92)
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Substituting all these values in (3.87), and rearranging all the terms, we get the follow-
ing form of equation:

:>/(div0'+b—pi2)-vdV+/(O'-Vv—divq+Q—pé) dv =0 (3.93)
B B

In the above equation, the first term denotes the equation of motion, i.e, the linear
momentum equation (3.75) and is null at each point in the body, while the second term of
the equation represents energy balance. At equilibrium, for all points inside B, the sum of
energies is zero, that means,

o-Vv—divg+Q —pe=0 (3.94)

The o is a symmetric tensor, defined in (3.86) From the equation of compatibility, we
have seen that the velocity field (which is the time derivative of the displacement field)
can be decomposed into a symmetric and a skew-symmetric part, as follows:

Vo=¢é+aw (3.95)

where

é= % (Va + va') (3.96)

and w is the Rate of rigid body motion, which for a linear, isotropic thermoelastic ma-
terial is considered to be zero. Substituting all the terms in (3.94)

= o0-€—divg+Q —pée=0 (3.97)

This is the the First Law of Thermodynamics in the differential form with the
thermal and mechanical terms. It emphasizes on the effect of rate of mechanical work
done on the rate of change of internal energy due to heating.

3.3.2 Second Law of Thermodynamics

The second law of thermodynamics establishes the concept of entropy, as a physical
attribute of the thermodynamic system. In the integral form, the law is given as:

o q-n Q
— V> — = —+ = dV .
ot /B pnd /BB 1 4 /B 1 ! (3.98)

where 7 is the specific entropy (per unit mass) of the system, and 7' = T'(x,T) is the
Absolute Temperature of the system and n is the outward unit normal. Applying the
divergence theorem, as above:

0 o _ q-n . . /q
(,%/Bpndv_pn , /BB - dA_/Bdw(T) % (3.99)

Substituting these values in (3.98) and applying the localization theorem we get the local
entropy inequality:
Q

o > — div (%) += (3.100)

Rewriting div (%) by applying product rule of differentiation:

div (q) _Va_ VT (3.101)

)~ T T2
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Substituting these values:
=2 —4 oy T (3.102)

This is the differential form of the Second Law of Thermodynamics for a thermoe-
lastic body. It states that the entropy of the system is always increasing and states the
irreversibility of the thermodynamic process.

3.3.3 Clausius-Duhem Inequality

The Clausius—Duhem inequality is the local (point-wise) expression of the second law of
thermodynamics in continuum mechanics, imposing a non-negative entropy production
constraint that governs the admissibility of constitutive relations.

If we look at the entropy inequality defined above, in (3.102)

Pz = =4yt (3.103)

and substitute the value of div g from the energy balance equation (3.97) (divided by T),
we get the following form:

vT

el (3.104)

P > l(pé—a-é)—q
- T
This is Clausius-Duhem Inequality in terms of specific entropy n and internal energy
(e)of the system.
Since entropy of a system is not a convenient quantity to work with in thermodynamic
systems, we re-parameterize the entire equation in terms of temperature.
We now introduce the term Free energy function, o, also known as Hemholtz Potential,
a thermodynamic state function which is a measure of how the systems change, and how
much useful work they can produce, if the temperature is kept constant. Mathematically,
it is expressed as the Legendre transformation of the internal energy (e) which replaces

entropy (7). From thermodynamics definition, temperature 7" is given as:

_ Oe

T= an (3.105)
This allows us to define a new potential function
¢(e,T) =e(e,n) —Tn (3.106)
Dividing (3.106) with respect to time, to obtain the rate of change of free energy:
p=e—Tn—-Tn = é=¢p+Tn+T0H (3.107)
Substituting (3.107) into (3.104):
p(Tﬁ—gb—FTn%—Tﬁ)—ka-é—q'gZO (3.108)
Rearranging the equation gives
a-s‘—p<¢+T’n)—q-¥zo (3.109)
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This is the free energy form of Clausius-Duhem inequality, which states that the
energy dissipation (which is rate of internal entropy production per unit volume times the
absolute temperature) per unit volume of the system is always increasing. Hence, it is also
called the Dissipation inequality.

Alternatively, (3.109) can rewritten as:

p¢§a-s‘—pT'n—q-¥ (3.110)
which highlights the fact that in an admissible process, the free energy of a system can-
not increase - it is either always decreasing or stays constant. The isolated systems in
equilibrium have the minimum free-energy.

Although ¢ depends only on the six independent components of the symmetric strain
tensor, it is more convenient to think of it as a function of all nine components of the strain
tensor. This then leads to:

dp _ ¢

86@‘ N ani
Revisiting the equation for the free energy (3.106) then the relation between free energy
function and the stress-strain conjugate pair is as follows:

(3.111)

op . Oy,

h=—": —T 3.112
Y=o ST ar (8:112)
which implies that the rate of stored energy comes from changes in strain and temperature.
Substituting this value of ¢ in Eqn. 3.109:

dp . 0P\ - vT .

—p=— ) €— — | T—q-— > 0; Ve, T 3.113
(0 pa€> p<n+aT> q > (3.113)
This equations brings to attention that the € and T are independent state variables, and
can vary arbitrarily in a process. Therefore, the inequality can hold for all processes only
if the coefficients of these rates vanish. This is the Coleman—Noll argument. By using
(3.111), along with the symmetry of stress tensor o, we get:

0 e .
= o= ,0—80 constitutive law for stresses, ie, stress must come from free energy

Oe
(3.114)
and
e

= = ~57 constitutive law for specific entropy (3.115)

Substituting these into (3.113), it is observed that the coefficients of ¢ and T' become zero,
leaving the following form of the equation

T
VT S (3.116)

identifying that heat conduction is the only source of entropy production.
In the next step, starting with the first constitutive law for stresses (3.114) we differ-
entiate it with respect to time:

. o . 3o .
0'—,08886-[5]—1—,08T8€T (3.117)
~——
E M
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The terms E is a fourth order tensor, and is known as Isothermal Elastic Tensor which
measures how stress changes with variations in strain at constant temperature, while M is
a second order tensor known as Stress temperature tensor which provides information on
the thermal sensitivity of stress. Thus the equation can be re-written to obtain Rate of

stress as: .
oc=E:e+ MT (3.118)

where the first term E : € is the "elastic response" - stress change due to deformation, and
the second part is responsible for the "thermal contribution" - stress change due to heating
or cooling.

Naturally, as the next step, we now consider the second constitutive law for entropy
(3.115). The time derivative of this equation provides:

—0%p 0%y .
) = e—p——T 11
PT="Poear "€~ P ar2 (3.119)
— ~
M cg/T

where M is the stress-temperature tensor and cg /T is the specific heat at constant
strain.
Thus, the equation can be re-written to obtain the Rate of entropy as:

piy=—M : é — p%ET' (3.120)

The first term in the equation above is thermoelastic coupling term that illustrates entropy
change induced by elastic deformation in a thermoelastic material, due to coupling between
mechanical strain and temperature in the free energy.

Both Rate of Stress (3.118) and Rate of Entropy (3.120) are linear equations (small
deformations), and together form the thermodynamic conjugate pair.

3.3.4 Energy Equation for an Elastic Solid

We know that from (3.106), the free energy equation is given as:
p=c—Tn; @=¢(T) (3.121)

And the differentiation of free energy with time gives:

p=¢—Tn—Tn (3.122)
Also, from (3.112):
. Op . Op.
= — —T 3.123
YT e ST or (8.123)
From the Constitutive law of stress (3.118) and entropy (3.120)
3} 1 0
EA . d Z -y (3.124)

oe — p7 M ar T
Substituting this value in (3.123) and equating with (3.122), we get:

1 . .
= -—o-e—-nNT=¢—-Tn—Tn (3.125)
p
Rearranging the equation in terms of internal energy:

1
= ¢é=-0-é+Tn (3.126)
P
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Substituting this form of internal energy into the First law of Thermodynamics (3.97):
pe=0-€—-divg+Q =0-€+ pIn
= pIn=—-divg+Q
This is the alternate form of the First Law of Thermodynamics in purely thermal form,
indicating that entropy change arises only from heat flux and sources. But from (3.118)

and (3.120) .
pTn=—-TM -é+ pcgT (3.127)

Substituting these values, and re-arranging the terms gives:
pcpT = —divg+Q+TM -é (3.128)

This is the equation for the Energy of an Elastic Body. From Fourier’s law of heat
conduction 3.7:
qg=-K(z,T)VT (3.129)

where K is the Conductivity tensor. Also, to have linear equations, we assume that the
K is non-dependent on T. Then, substituting the value of g in (3.128):

pepT = div (K () VT) + Q4+ TM - ¢ (3.130)
Again applying the divergence theorem, and re-arranging the equations, we get:
= pcgT = KNV?°T 4+ Q +TM - ¢ (3.131)

where

0? 0? 0?
“ 2 T op a2
is the Laplacian operator defined in 2.4. (3.131) is the Heat Transport Equation for an
elastic body. It shows that for a purely elastic, reversible process, energy change is stored
in the solid accounted for by the thermo-elastic coupling term T'M - €. For an isotropic

material: K = K1I, where I is Identity matrix.

\% (3.132)

3.3.5 Isotropic Linear Thermoelasticity

Isotropic linear thermoelasticity describes the coupled thermal and mechanical behavior of
elastic solids under small deformations and small temperature changes, assuming isotropic
behaviour of the material. The theory employs linear constitutive relations, isotropic
thermal expansion, and Fourier heat conduction, while satisfying the first and second laws
of thermodynamics. The linear thermoelasticity gives the tools to investigate the stresses
produced by the temperature field and to calculate the distribution of the temperature due
to the action of internal forces Ghiba,

It is assumed that the linearised strain tensor, defined in 3.41, can be split into its
thermal and mechanical part, as

€ = Emech t Etherm (3133)

where €,,¢¢h 1S the strain caused due to mechanical loads, and €4y, is the strain produced
in elastic solids due to thermal expansion, written as

Etherm = Oau (3.134)

47



CHAPTER 3. THERMO-MECHANICS OF CONTINUUM MEDIA

where « is the symmetric tensor of second-order known as thermal expansion tensor. The
reference temperature of the system is Ty and its current temperature is given as 7', and
thus, © =T — Ty. For a linearly isotropic material, a = al.

For a simple case of linear isotropic elastic material, the free energy function is defined

as:
A 2 T
pp (e, T) = B (tr(e))” + pe - € —3aKO tr(e) — cgT log o + cg® — Ong (3.135)
0
Strain-energy Function
where
A, = Lame’s elastic constants (3.136)
Ty = Reference Temperature (3.137)
o = coeflicient of thermal expansion (3.138)
K=(3XA+2u1)/3 Bulk Modulus (3.139)
etag = entropy at T' =Ty and € =0 (3.140)

Substituting these values in the stress and entropy constitutive laws (3.118) and (3.120):

dy Otre dtre
= 5 — T 191 — 141
o =Py A(tr(e) 9% +2ue — 3ak O 9% (3.141)

~—— m ——

I I
== o =2pe+ Atr(e)I —mOI (3.142)
and
T-T,
== 77:170+CE< T ) —mtre (3.143)
0

(3.142) is the stress-strain relation for an isotropic linear thermoelastic material
and (3.143) is the entropy equation for an isotropic linear thermoelastic material
where m is the stress-temperature modulus. The stress-temperature tensor, M is
defined as:
0%
=p
0T Oe

= —3aKI =—mI (3.144)

Coupled Linear Thermoelasticity

In coupled thermoelasticity, the thermal effects and the mechanical forces are the driving
factors, as they both are interlinked. Temperature effects bring about deformation in
elastic material, while these deformations in turn increases the temperature (and in turn,
the entropy) of the system.

For such a case, the entropy and stress equations ((3.143) and (3.142)) remain the
same.

The effect of the coupling term is predominant. As we saw in the derivation of Isotropic
linear thermoelastic equations, the thermal subproblem is defined as:

pcgT = —divg+Q — mTytr(e) in B (3.145)
—— ——
thermal inertia coupling term

where € is the rate of volumetric strain. The thermal coupling term —mTj tr(€) can also
be expressed in the following forms:

—mTIptr(e) =TM -¢ = =T (mI) € = —mT tr(¢) (3.146)
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The value of heat flux term q is computed from the Fourier law as: ¢ = —KVT, which
when substituted in the equation above, gives us the equation for the energy of an elastic
solid:

pceT = KV*T +Q +TM - € (3.147)

The thermal subproblem is further supplemented by providing the initial and the boundary
conditions such as:

T(xz,0) = To(x) at t =0 — Initial Conditions
T(x,t) =T(x,t) on OBy — Dirichlet / Essential Boundary Conditions
q(x,t) - n=qu(x,t) on 0By — Neumann / Natural Boundary Conditions
The initial conditions (at ¢ = 0) for the mechanical subproblem (3.142) is given as:
u(z,0) = uo(x)
u(x0) = uo(x)
while the boundary conditions are specified as:
u(x,t) = u(x,t) on 0B, — Dirichlet / Essential Boundary Conditions
o(x,t) - n=t,(x,t) on 0B; — Neumann / Natural Boundary Conditions

Since there is a bi-directional coupling in this case (Temperature < Mechanical), it is
computationally exhaustive process and thus, a simply uncoupled form of linear thermoe-
lasticity is commonly used.

Comment on Effect of Coupling and Inertia We first consider the mechanical cou-
pling term m7Tjtr(€) in the heat conduction equation. This equation shows that the
variations in strain produced within a body, is generally accompanied by changes in tem-
perature distributions within the body, and consequently the heat flow. This gives rise
to an increase in entropy of the system, which is in turn linked with the increase in
energy stored in a mechanically irrecoverable manner. This phenomenon is known as
thermoelastic dissipation, and the mechanical coupling term in the heat transfer equa-
tion describes this dissipative process.

However, if the dissipation does not occur in the process, for instance, deformation due
to external loads produce very little variation in temperature, and thus, these deformations
can be calculated by without taking into account the thermal expansion. Similarly, is
strains are produced in a body due to non-uniform distribution of temperature within the
body, then there is no influence of the strains on the temperature itself.

Uncoupled Linear Thermoelasticity

The equations and laws defined above are of the general form that can be employed in
thermoelastic boundary value problems. If the coupling is only uni-directional, that is, only
temperature variations affect mechanical deformations but not vice-versa, then it is known
as Uncoupled Thermoelasticity. For such a case, the heat equation becomes independent
of the thermoelastic coupling term (—mTytr(€)), as it is very very small. The thermal
subproblem is then totally uncoupled from the € terms and consists of only thermal terms.

pegT = —divg+Q —  fully uncoupled equation, solve it to find T(z,t) (3.148)
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However, for the mechanical subproblem, the thermal change © = (T — Tj) exists and
the effect is significant and the driving force of deformation. Thus, the equation for a
mechanical subproblem is not fully uncoupled, and is solved by employing (3.142).

Such implementations are useful in situations where heat dominates the deformations
in structures or cylic loadings, such as those in refractories. The uncoupled theory provides
an accurate and computationally efficient approximation for many quasi-static engineering
applications. In ABAQUS, it is known as SEQUENTIALLY COUPLED, with the
temperature acting as the prescribed field.

Uncoupled Quasi-static Linear Thermoelasticity

This is a special case of uncoupled thermo-elastic problem, where the inertial term pu is
considered to be very small and is neglected.
From the linear momentum balance equation:

/ (dive +b— pi) - vdV (3.149)
B
Thus, using localization theorem,

divo +b=0 (3.150)

The heat equation (3.131) remains independent of mechanical terms as given by (3.148),
while effects of temperature variations still bring about a change in the stress tensor,
computed according to (3.142).

3.3.6 Weak Form of Thermoelasticity

The weak form of thermoelasticity is the equation in which the order of derivative is lower
than that of the strong form.
Thermal Subproblem:

Grp(T,oT) :/ chTéTdV—i—/ KVT -VéT dVv — / (Q— mTp tr(€) )oT dV
B B B —_——
thermal coupling term
(3.151)
where 07 = Test Function
T = Temperature Field
0T = 0 on 0B,
fan Gn0T dA =0; V6T
Mechanical Subproblem:
Gu(u,du):/ a-dst—/ b-dudV—/ t, - dudA (3.152)
B B OB

where

ou = 0on 9B, V6T
o=E-¢

e =3 (Vu+ Vul)
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Also, we know that the total strain is given as: € = €. + ey, where the term ep is
the thermal strain computed as, e = «ATI. It is the thermal coupling term in the
mechanical subproblem. Thus the elastic strain can be calculated as, e, = € — e7.

This value of elastic strain can then be substituted in the elastic constitutive law:

oc—=E-(e—ep)

E-e. = A\tr(e)I + 2ue.

o1






Chapter 4

Transmission Conditions across a
thin conductive interface

Thermally conductive interphases are formed as a result of a chemical reaction between
two substances or by deposition of a material from one material to another, and the
thermal conductivity mismatch between the materials accounts for the behaviour of this
thin interphase as a thermal barrier or a conductive layer. Its numerous applications were
highlighted in Chapter 1. In this chapter, the focus is placed on the development of two
imperfect interface models derived from the thermal governing equations defined in (3.7)
and (3.18). These transmission conditions aim to accurately capture the effect of a thin
layer via jumps in temperature and heat flux. The novelty of the present method lies in
the fact that both proposed models are based on the modified form of Bovik-Benveniste
methodology to account for continuity of temperature and heat flux at any point inside
the interface, while preserving accuracy at the boundaries. The two approaches presented
in this paper are compared via implementation in different interphase geometries, with
known classical models, to study the effect of geometric and material properties on the
efficacy and validity of the proposed methods across a range of thermal conductivities.
The chapter is divided as follows: Sec.4.1 details the modification of Benveniste’s equa-
tion accounting for continuity inside the interphase, while Sec.4.2 outlines the development
of our proposed transmission conditions. Several classical benchmark models are outlined
in Sec.4.3, and Sec. 4.4 presents the implementation of these methods to different geome-
tries and subsequent analysis of the proposed schemes. The accuracy is also analyzed by
comparison with the models from Sec.4.3, with the conclusions drawn in chapter 7.

4.1 Motivation

In his paper, Benveniste, used Taylor series expansion around point A; and A, to
express the temperature and heat flux at point As, in the normal direction as:

. . (1) 1 9270
@)y () OT 1 2 i<
T (6) TA1 + 871 §+ 2 an2 g ’ 0 = § = t/27
A A
(4.1)
, ) (@) 1 927
Wy - p . 9T ol Y cec
V() =Ty, + an ) (&—1t)+ 5 “on? i (&—1)7, t/2 < ¢ <t,
2 2

It can be easily seen that the temperature values inside the interphase (7% (€)] A,)» obtained
by Taylor series expansion, whether around point A; or point As, is discontinuous, as
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illustrated with orange dashed lines in Fig.4.2. It provides us with a good approximation
of the temperature and heat flux values at the interphase boundaries, but within the
domain itself(i.e, away from the boundaries), the behavior of temperature and heat flux is
seen to be discontinuous. This is in contrast to the intuitive assumption that material is
continuous at all points within the interphase, and thus all the associated state variables
such as temperature, displacement, etc. should be continuous as well inside the domain of
the interphase.

To compute our model, we proceed the similar way by taking Taylor series expansion
around point A7 and As, to express temperature and heat flux at point Ag in the normal
direction:

) ; T
TOEQ =T+ ——| t+ag 0<E<n,
Aq
(4.2)
) ; oT®
7O () = ij) + | (6 1) +ax(6 — 2 H<E<t,
Ao
From the Fourier’s law, the heat flux at point As is given as
. L OT®
(1) () = _p()
dn (E) =—k (43)
on ¢

Substituting (4.2) here gives the following set of equations for the normal component of
heat flux at a point inside the interphase,

. . (i)
gD (&) = =k (¢) (8§n + 2a1£) . 0<e<ty,
Aq

(4.4)

ai(€) =~k () ( S|+ 2aa(6 - t)) . hsEst,

Az

where TXE and TXQ) are the temperature values at the point A; and As taken inside the
interphase, and € is the arbitrary position of the point As within the interphase, and a; and
ag are the internal parameters that refine our model to provide a continuous temperature
profile at all points within the domain. Moreover, computing the values of T(*) (&) and
qﬁf ) (&) at point Az by asymptotic expansion of Taylor series from point A; and Ay ensures
that the accuracy of the temperature and heat flux functions are retained at the boundary
(much like Benveniste’s model) while also preserving the continuity within the region. The

constants a; and ag are computed from the continuity conditions at point As:

a7 3 o7
on (t) = on

As

TO () = T4 (), () (4.5)

As
Assuming the continuity of k() (¢) inside the interphase, the second condition above coin-
cides with the continuity of heat flux.

Solving Eqgs.(4.5) we get this:

2k 1) k:fjl (TXQ) T )) + kAlqn)\AQtz + kA2qn)\A1 (2t —12)

1

a]p =

2k k) 11t 7

T (4.6)
2GR () — ) — ke [t — ka4 (2t — )
2 )

2k K bt
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where there is a clear symmetry by changing TXI) — TXQ) and qy(f )| A= —qfff )| A,. ldeal

interface conditions between the interphase and the adherents exists at point A; and As
for a perfect interphase condition:

(@) _ (1) (l) (2

Ty =Ty Ty =Ty,

(4.7)

%(LZ) |A1 = qul) |A1 Q7(’1jb) |A2: q7(z2) |A2

where for isotropic materials, the normal component of heat flux is computed from Fourier’s
law as: ‘
00 = @70 o T o) )07
on on on
We also can compute the temperature and the flux on the intermediate surface inside the
interphase

(4.8)

N . 1 . .
06) =700 = o (K ants — Kt + T + T
A1 Ag
(4.9)
ki, (0) 1. 0) ) )
) — (2 (2 (2 (2
quz)’As(tl )= Qn)|A3( )= Wk(f)t [ Alqn |A2t2 + kA qn |A1t1 + 2k k (TA2 Ty )}
A1V A2
(4.10)
< terial 1 . terial 2
E‘« materia materia s
I © I
= . =
10 2 %0 4 z/h
N
interphase/ ° heat sources Q(x)
distribution of the
heat sources Q(x)
‘ inside th‘e interphase ‘ ‘ ‘ b
0 10 ’20 30 40 z/

Fig. 4.1. Example of an interphase between two materials with non-uniform heat sources inside the
interphase.

The heat source function: Consider a distributed heat source in the interphase given
by:

:L“‘f‘c_bl_h)a (4_11)

Q) =@ (5

where « is an integer number that represents the "type" of the heat source, i.e., constant
(a = 0), linear (a = 1), quadratic (o = 2) or cubic (o = 3), while |(|< h is the position of
the heat source within the interphase, indicating the distribution of the symmteric ({ = 0)
or non-symmteric (¢ # 0) heat source. In the numerical examples below, ¢ will be taken
as h/2, where h = t/2. Here, t is the total thickness of the interphase. The volumetric
heat source is presented by Qo (W/m?), and z is the position within the interphase.
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Fig. 4.2. Illustrative examples:0 Constant heat source, linear heat source, quadratic heat source and cubic
heat source distribution. Also here we assume ¢1 = to = t/2 = h and we take ( = h/2, while the heat
source Qo = 1.0 x 10~ 4(W/m?)
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4.2. DEVELOPMENT OF TRANSMISSION CONDITIONS

The following graphs represent the temperature and heat source profile across the
planar domain, when 4 different cases of heat source distributions are used.

Fig.4.2 demonstrates the temperature and heat flux behaviour for the exact solution
(shown in blue) and the temperature and heat flux in x-direction inside the interphase using
Benveniste’s assumptions (orange line) and using our assumptions (computed using a; and
ay parameters, shown in green). It can be easily seen that the except for the constant heat
source type, where all approximations are continuous, temperature approximations using
Benveniste’s assumptions are discontinuous inside the interphase, in the presence of a small
heat source value, while our assumptions respects the continuity of the field variables inside
the interphase at all points, for all types of body forces. Moreover, it can be seen that for
quadratic and cubic heat sources, the fluxes inside the interphase are no longer continuous
for Benveniste’s approximations, while our assumptions show good approximation of the
continuity inside the interphase. Hence, it can be said that the approximation of solution
inside the interphase via asymptotic means is improved by taking the fields inside the
interphase into account.

It is important to note here that the example presented here indicates that our approx-
imation (that is continuous inside the interphase) is better than Taylor expansion from
two different sides of the interface, when same order of approximation is used.

4.2 Development of Transmission Conditions

We now proceed to derive our proposed schemes, by making use of two points at the
boundary of the interphase, namely points A; and Ay (for the two points schemes) and a
third point As inside the interphase (for the three-points scheme). We begin by analyzing
Fig.2.4a which gives the graphical representation of a perfect 3 phase system, with three
distinct regions marked as material 1, material 2, and the thin interphase in between. For
such a system, the normal component of heat flux and temperatures are continuous across
the boundaries of the interphase such that,

(1 (4)

= (gjny) (4.12)

Aq

i (giny)

Aq

= (qjn;)" (4.13)

Ao

P (gmy)®
Ao

A2 A2

Across the thin interface I" (lim¢ — 0) the thermal properties are no longer continuous
and there is an accumulation of temperature or heat flux at the boundary, known as "jump"
of the property, and is denoted as:

[6] = ¢l a4, — ¢la, (4.14)

where ¢ is the temperature or heat flux of the material.

Let us consider an isotropic, homogeneous, steady-state heat conduction within the
interphase domain described above. The heat transfer through the arbitrary curvilinear
composite system is obtained by the balance equation:

dlvq - Q(ga a2, a3, T) =0. (415)

where q is the heat flux vector, and Q(&, ae, a3, T') is the heat source function, described
in Eqn.(4.11) above. Since «; is aligned in the normal direction, ¢ = ¢,. In parallel
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curvilinear coordinates, the equation can be expressed as

1 0 - 0 ; 0 i
 (hahgq® hagd™) + = (hagi) b — T) = 0. 416
i { o ahad) 4 5 () + 51 (o)} = Q{6 T) (116
We solve this equation to obtain the derivative of the normal component of heat flux in
the normal direction. This term represents the gradual change in the behaviour of normal
component of heat flux when moving along the normal direction,ie, when one moves from
point A1 to As. This leads to the following two different forms of this equation.

0 :
on = Q& az,03,T) — Dsq — g4, (4.17)
or
%(hzhgqﬁﬁ) = hohsQ(&, a, a3, T) — hohsDyq, (4.18)
where 1 90 (i) 19 (i)
Dyq = %@(hng ) + %@(h2Q3 ) (4.19)

is the surface differential operator known as surface Laplacian Vsq (as denoted in Hashin,
), which denotes the gradient of the heat flux, or the diffusion of the heat flux, along
the surface, that is, in the tangential directions, and

1 Ohahs

represents the effect of geometric curvature on the transmission condition.
On the other hand, using Fourier’s Law, (4.8) can be written in the form:
(2
e _ _ ! V. (4.21)
on k()

This relates the normal derivative of the temperature, ie, the gradual change in the tem-
perature profile from point A; to Ay along the normal direction to the normal component
of heat flux.

Comparison of the models from the literature, especially with Hashin, and Ben-
veniste, model, we can see the following notable points: Firstly, the transmission
conditions in these models do not account for heat sources inside the interphase. Thus, if
the heat sources were considered, then these models would fail to provide accurate solu-
tion, as will be seen later in the results section. In Hashin’s model, the surface differential
term, Dgq, and the geometric curvature term, g, is taken at point A; (or from As) only,
hence we only know the behaviour of the these terms around point A; in the vicinity of the
interphase, but it does not accurately approximate the behaviour inside the interphase.
In Benveniste’s model, the thermal properties at points A; and As are considered, but,
as demonstrated in the previous section, we see the effect of these terms at points near
the interphase, but it does not accurately capture the changes within the interphase, away
from the boundary.

In the transmission conditions, which are derived in detail in the following sections,
we have made use of Trapezoidal rule, between the appropriate intervals. Trapezoidal rule
is numerical technique to compute the definite integral of a function between two given
point (known as the "interval"). It is a simple technique whose accuracy improves with the
increase in the number of intervals (or the sub-intervals) used to compute the solution, as
we will see with the 2 points of integration and 3 points of integrations used in the schemes
below.
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4.2. DEVELOPMENT OF TRANSMISSION CONDITIONS

4.2.1 Transmission conditions for the first integration scheme

For this scheme. we will implement Trapezoidal rule on Eqns (4.17) and (4.21), and obtain
the first set of transmission conditions. The equations are integrated between 2 points
(points A; and Ajy) and between 3 points (between A; and Az and between Az and As).

Two integration points

Integrating (4.17) and (4.21) from 0 to ¢ (from A; to A2) using the trapezoidal rule gives

X : t i i i i
a4, —aP 4= 5 (Q(O, 0z, a3, T§)+Q(t, 2, a3, T)~Dyqla, ~Dagla,—g 4|4, —9 qﬁ)m),
(4)

2
0) @ _ t o
Az

That can be written in a compact form, using the notation given in (2.116):

[0:] = ¢((Q) — (D.a) = (94) ) (4.22)

(@)

1

[1] = —t<:g) > (4.23)

The accuracy of the set of transmission conditions depends on the smoothness of the
functions to be integrated.

Three integration points

The transmission conditions can be improved by a more accurate integration which exploits
the division of the thin interphase into two sub-intervals. It is then natural to integrate
with a two intervals trapezoidal rule

oyt i i
0] = 5 (Q0O.T)) — Deala,—g 414, )
¢ i i ¢ ‘ i
+5(QM TE) — Dedlag=g 7 1a) + 2 QT — Dedlaz—gala.), (4:24)
(4) (4) (4)
IT1= 2 k@) 2 k@) 2 k@) B ’ (425)
1 2

3

where the values of TXS) involved in (4.24) should be taken from the basic approximation

(4.9) that is:

() _
Az

PO INON [ Siqﬁ:”AQtth - k%iqg)Mltth + 2]6%3 k‘gi (Tffl)tg + T,Eé)tl)} , (4.26)
2k Kyt
A A,
while the eq. (4.10) is equivalent to eq. (4.25). The reason for this is very simple. Since
our approximation lead to first order spline for the flux inside the interface, the respective
integration is exact and coincides with the interpolation.
On the other hand, we can integrate each part of the interval separately to obtain:

i i t i i i i
0 a0 la= 5 (QO.TY) = Deala, 94014, +Q(11,TS) — Dealai—9ala )

(4.27)
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(4) ()
(i) 5 _ [ n”
T, —T, = (k;@ PG ) (4.28)
Ay As
or
i i t i i i
0 =0 las= =2 (QO.T) = Doglar=9 |4 +Q(t1. TS)) = Doglai=g 4 a0
(4.29)
(@) (@)
@) G _ t2 [ an”
Ty = Ta, = 5 <k<i) G ) (4.30)
Ao As

Evidently, the sum of Eqns.(4.28) and (4.30) is identical to (4.25) and (4.26).
Subtracting Eqn.(4.27) and (4.29) results in:
¢4y~ 4, = <Q Deq— g4l )!Al (Q Deq — g4l >\A2

t1 +1t2
2

(Q Dyq — gqn)|A3 (4.31)

which is equivalent to (4.24).
Conversely, adding Eqn.(4.27) and (4.29) produces the following equation:

0O las— (gn) = 2 (Q Dyq — gqn)\Al—*@ Dsq — gqn)!A2

t1 —
4

2(Q-Dug—ga )4, (432)

In case t; = ty equations (4.31) and (4.24) are identical, while (4.32) determines q,(f)|A3.
Since Dyq is the surface Laplacian term in the tangential direction, it can be assumed that
it does not change dramatically along the normal direction. Thus,

,Dsq‘Asz <DSQ> . (433)

If we now assume the simplest possible choice for the middle point ¢; = t3 = ¢/2 and we
take into account the continuity of temperature and normal heat flux across the interfaces
defined in (4.12), the transmission conditions take the form

=5 (@ +Q(570) ~200) - ((o4) + Gala) . (a3

(4)
t /[ aqn t 1
(@) _Z hd

[T®] = </<<z>> 240 70| (4.35)

3

where .

0 _ 2@ A, 4. .

kAj =EY(A;, T (4)), j=1,2,3, (4.36)

(@)

and the values of T, and q,(f)| A5 used in the transmission conditions should be computed
from the relationships:

4= an) — 5 (101 - [Pl - [94{'1) (437)
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(4)
@) _ [p@\ L L]
T = (T0) + 2 . ﬂk(i)m, (4.38)

Invoking the identities defined in (2.117) (4.34) can be re-written equivalently as:

{1 § (10 + 5ola,t9)) 161+ § { o+ ol (1+ 1a0) }1af?) =

; {<Q> +e < TA3> - 2<Dsq>} + i;gus (1Q1 - [P.al). (4.39)

and
= (o) — 5 (101 - [Psal — ()41 - Lol(a)) (4.40)

This is equivalent to Eqns. (4.34) and (4.37).
For interphase situated between two plates we have g = 0, and the latter transforms to

W= 5 (@ +Q(570) ~20:0) . dPla=(4) - £ (@1 - [PuaD) . (100

4.2.2 Transmission conditions for the second integration scheme

One can use Trapezoidal rule to integrate equation (4.18) instead of the equivalent equation
(4.17). They are equivalent, but the final result will be slightly different as the same
trapezoidal integration rule provides another approximation.

Here, as we can see from Eqn.(4.18), the geometric curvature term g does not appear
explicitly in the equation, so one may assume that the curvature does not play any role in
the transmission conditions; however, as we will see the upcoming derivations, the curva-
ture is involved, albeit indirectly, and thus, we arrive at a different form of transmission
conditions than the ones seen in the preceding section.

Two integration points

Integrating (4.18) (instead of the equivalent equation (4.17)) and (4.21) from 0 to ¢ using
the trapezoidal rule gives

[hahsq'] =t <h2h3 (Q - DsQ) > (4.42)

Again, implementing the identities defined in (2.117) here, the above equation be rewritten
equivalently as:

IIQn]] + B<Qn> =1 {<Q - DSQ> + i 5 IIQ - DSQH} (4'43)
where 3 is the parameter defined in (2.118) as
B(t, o, az) = Ezzzz]; -2<pB<2 (4.44)

Note that the second transmission condition, that is, [7], defined by Eqn.(4.23) remains
the same.
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Three integration points

Similar to the procedure

‘ + ;
[hahszq V] = -+ hahs| 4, (Q(OvT,S;)) - Dsq’Al)

2
t i t i
+ 5 hahsla (QUt TE)) = Dglay ) + 5 hohalay (QULTE)) ~ Degla,) - (445)

while integrating separately within the two smaller interval we obtain:
. . t )
ho hglquél)‘Aig—hg h3|A1q7(f) ‘Alz 51 {h2 h3|A1 (Q(Ov T,Ele)) - Dsq|A1> } +

% {h2hsl 1, (@1, T) ~ Daalay) | (4.46)

and

. . ¢ ;
ha h3) 430\ | a3 —Po B3| a,q D] 4,= —52 {hzh:a\Az (Q(t, Tf(b)) — Dsqm) }

~ 2 Lhahsla, (. T) ~ Dala,) } - (447)

Subtracting Eqns.(4.47) from (4.46), we obtain Eqn.(4.45). On the other hand, summing
Eqns.(4.47) and (4.46), we have:

hahalag 03] 4= (o a) = 7 hahala, (QUO,TS)) = Dagla, ) -

t i t1—t i
= hohslas (QUTS)) = Dadlay ) + 2% hahsla, (Qt1, TH) — Daalay ) ) (448)

Assuming t; =ty = t/2 we can rewrite (4.48) and (4.45) as

. . " ;
hahs|a, @] a,= (hahs () + 3 hahs| a, (Q(()’ T,Eh)) - Dsqm)

t

(4)
< hohelay QU TH) — Dagla, )

and
i t i t i
lhahs @] = 7 hzhala, (QUO.TY)) = Daala, ) + 5 hahala, (Q(t/2,T5)) — Doglas)
t i
+ ¢ hohalag (Q(TS)) — Diala, )
Using (2.117) and (4.33), we arrive at:

0] = £ [(Q - Dug) + 1 81Q ~ Dual +7 (/2.7 ~ (D.a))] - (e} (4.49)

and

@u= 1 (@ + 5101~ {(3@-Daa) +1Q-Dual) ) (@50
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where we have « defined in (2.119) introduced as:

hahs| a,
(hahs)

Together with the set of Eqns.(4.35) and (4.38) for temperature, Eqns.(4.49) and (4.50)
represent the entire set of transmission conditions when other form, that is, Eqn.(4.18) is
integrated within the interphase.

V(t, a1, a0) = (4.51)

4.2.3 Comparison of the transmission conditions

To compare those two slightly different representations of the transmission conditions, we
need to have a link between the parameters 3, 7, and the values of the function g defined
in (4.20), where

[hahs] (hahs) A, 9 1 Ohahs
= =0(t), =28 — 140, = Lt 1,
’ (h2h3) ®, 7 (hohs) . o) hahs(§)  On
(4.52)
Using a forward and backward second-order approximation of the first derivative:
Ohoh 1
S ::47{4h2h3(t/2)-—-h2h3(t)——3h9h3(0)} +O(#), (4.53)
n le=o t
Ohah 1
283\ 7{3h2h3(t) — dhohs(t/2) + h2h3(0)} +O(t), (4.54)
on ey ¢
This gives
1 hohs(0)  hahs(t) hohs(0) 4+ hahs(t) } 9
=-46 + — 4hohs(t/2 4+ 0O(t°) =
ol =3 { haha() | haha(0) s O e (t) *)
181 52 (4.55)
_* -7 - 2
1 [ hohs(0)  hohs(t) hohs(t) — hahs(0) } 9
= — — + 4hohs(t/2 +O(t°%) =
9) %{mm@ haha(0) T ) O aha) ) (456)
St SO |
ot 4-p2 ’
Using the first order approximation for the derivative we obtain:
2+2(v-1) 2-2(y-1) B
_2 _2 =2 4,
M=y T 0 YTy g 0 T g (4.57)

Note that ga, = g(t,a1,a2)|,,. In turn, this allows us to compute the jump and the
average:

482 +4(y - 1) 48y

- _= , =1 4.58
It is also natural to assume that, for sufficiently smooth surfaces, the thickness is the
dominating small parameter. Then, the following estimate can be posed:

() =1+ yt2 +0th), B{t) =it +0(t), t<1, (4.59)

where
Y2 = v2(2,a3), B1 = Pi(ae, a3).
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This brings us to the following estimate:

o] = ~t(49 + 52 +0(2)),  (g) and glag= +O(#), t<1. (4.60)

Note that the average and the value in the middle point differ at the order of O(¢?) for any
reasonable surfaces. At the midpoint of the interphase, s is equal to zero for most of the
cases. This allows us to suggest for comparison to use the following relationships between
the parameters

(9) = ga, = Bo(t), [g] = —tB2(t), Bo(t) = ﬁit) =B/ +0(t?), t<l (4.61)

where the first estimate is valid with an accuracy of O(#?) as t < 1.

Substituting these estimations into the transmission condition obtained by the first
integration approach, (equations (4.39) and (4.40)), we have

1_ﬁ52 [¢9] + Bit 1_ﬁ5 (g =
161 ) 1 161 dy

t2

l@+a(518) -2} + fg (101 - 12.0]) @62

DO | o+

and
= () - £ (101 - [Doal - Aula) - (—82)()) . (463)

Since t < 1, higher order terms can be neglected in the equation above, to arrive at the
following form:

01+ 506" = 3 {1@ + 0 (5.18) -20.0)| (4.64)
and ; .
i@1a= (o) + P10~ (1@~ pal (1.65)

while the transmission conditions set for Second integration scheme (eqn.(4.49) and (4.50))is
as follows:

)+ 506 = 5 { @+ (5.70) - 200+ 2 (101 - )} 400

and

NI vgt) {<q,g>> + 001 - L (s0)1Q - Daay + 101 - HDsq]])} (4.67)

which, after neglecting the O(t?) terms, can be re-written as

(o] + B(0)a?) = - {<Q> +Q (; Tﬁfﬁ) - 2<Dsq>} (4.68)
and
i1a= @)+ 20001 - L (10 - poa) (4.69)

which is same as Eqns.(4.64) for jump of normal heat flux, while Eqn.(4.65) and (4.69)
would differ slightly for the heat flux value at point Az. Thus, for a thin interphase, the
proposed two schemes (First and Second) using three points of integration are equivalent.
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4.3 Overview of models in literature.

The existing models in literature for thin interphases are redefined below by including the
volumetric heat source term ). A comparison between these models and the approaches
proposed in this paper will be presented in Sec.4.4 using illustrative examples.

e One-Point Schemes: These refer to the approaches based on Taylor series expansion
around one point only, either A; or As on the interface boundary.

— Miloh and Y.Benveniste ( ): In this work, the authors have implemented
Taylor series expansion around point A; only to derive separate transmission
conditions for a low and a high conductive interphase respectively.

x Low-Conductive interface: For a thermally resistive interphase, the heat
flux is continuous across the interface boundary, while the jump in temper-
ature is computed as:

(1) (1) (1) (2) (2)
_ dn . k& oT . k%) oT
[[T“—t{‘m} _t{k(i)an} _t{k(i)an (4.70)
A1 Al Al

[4n] = 0. (4.71)

* High-Conductive interface: For a highly conductive interphase, the temper-
ature is continuous across the interface boundary, while the flux accumula-
tion is given as:

lan] = t{Q — Dsq} 4, = t{Q — Dsq} 4, (4.73)

*x General case: Since the original formulation did not account for the effect
of heat sources present inside the interphase, a more generalized form using
(4.70) and (4.73) has been implemented in this work.

[[T]]zt{—qg)} (4.74)
WS '

[[Qn]] =t {Q - DSQ}Al (4.75)

The validity of this implementation is proved in Fig.4.3 for three different
values of heat source magnitudes.

— Hashin ( ): One of the main highlights of this paper was the simple yet
effective model obtained from the asymptotic Taylor series expansion around
point A; of the temperature field and the normal component of the heat flux
for a wide range of thermal conductivity of interphase, but limited to a thin
interphase. The accuracy of the model decreases with increasing the interphase
thickness. The model is recapped here, with the inclusion of heat source term.
The significance of this model was the modification of the transmission condition
for the normal heat flux component of Miloh and Y.Benveniste, , to include
the curvature term.

(1) 1 g7
B aqn B K\ oT
1 1

lan] =t {Q —Daq - gqﬁf)}Al (4.77)
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e Two-Point Schemes: These refer to the approaches based on Taylor series expansion
around both points A; and A5 on the interface boundary, thus increasing the accuracy
of the transmission conditions by estimating fields from both sides of the interphase.

— Benveniste ( ): Benveniste provided a simplified and a generalized form of

BOvik, method, of using Taylor series expansion around two points situ-
ated on either boundary of the interphase to arrive at the following transmis-
sion conditions for the jumps in temperature and heat flux. Thus, the resulting
equation comprised of approximated field variables, and the surface differentials
along the curve, in the vicinity of the interphase from two points, point A; sit-
uated on the boundary between the interphase and media "1" and from point
Ao which is located on the boundary between the interphase and media "2".
Since the model was derived in anisotropic setting, it is assumed that the ther-
mal conductivities are of the same order as that of the surrounding media, and
for any bounded conductivities of material 1 (k1)) and material 2 (k()), the
thermal conductivity of the interphase ED is k) « (k(l), k(2)), or conversely,
E® > (EMW k),

1 1 1 1
1= {(k@) a k(z‘)) a7 a0+ (W) - k(i)> qg)lAl} (4.78)

)
lan] = t{<Q> - <<1 - ]/Z@))) Dsq>} . j={1,2} (4.79)

— D. Andreeva et al:

* Low-Conductive interface Andreeva, Miszuris, and Zagnetko, (k‘(i) <k

O « ka)): The study focuses on development of transmission conditions

using non-linear material properties, and thus, the jumps in temperature
and heat flux are defined as:

Aa
[a.] =1 ; Qdg, (4.80)

1) [ (o o) o

where k(@) = £® (2,T(2),-), Q@ =Q(z,T(2),), where z is the direction per-
pendicular to the interface, and - indicates a dependence on the tangential
variables.

If, however, conductivity and the source both do not depend on the tem-
perature (k:( D =kW(2,.), @ =Q(z,)), the conditions become linear.

Next using 2 points integration scheme for equations (4.80) and (4.81) we
have

IIQn]] = t(Q - DSQ>7 (4.82)
2
[T] = —t<q§;)><kji)> _ tZ M)H (Q = D.q) (4.83)

Here we have taken into account that the derivation in Mishuris can easy
include the remaining term (to write QQ — D,q instead of @, see for example
(4.17)). Finally, note that the second condition can be rewritten in the form

7] = —¢{q) ><kj)> = iﬂﬂ lan] = <q£§> (4.84)

(1)
A1



4.3. OVERVIEW OF MODELS IN LITERATURE.

* High-Conductive interface Andreeva and Miszuris, : For a highly con-
ductive interphase, the derived conditions have similar form as in the Benveniste-
Miloh Eqn.(4.72), (4.73) but in this case, the approximation is taken from
both boundaries of the interphase. The simplified form of the equations
can be written assuming that the material properties inside the interphase
does not change:

[T] =0, (4.85)

Az
[ga] = ¢ /A (Q - Dag)e, (4.86)

In case of the two point integration coincides with (4.82).

x General case: For the boundary value problems considered in the next
section, the following general case of jump conditions are used following the
same approach as suggested above for the case of Miloh and Y.Benveniste,

(i)
an
[1] = —t< @ > (4.87)

Az
lgn] = t/A (Q — Dsq)de, (4.88)

The validity of this implementation is proved in Fig.4.3 for three different
values of heat source magnitude.

— Han et al., ; Baranova et al., : The work focuses on the Boundary
Element Method (BEM) implementation of transmission conditions that are
modified form of Benveniste, described by second-order differential oper-

ators and utilizing the curvature correction factor F,, where p represents the
materials 1,2 and the interphase 7. The interphase is assumed to be isotropic,
homogeneous with no heat source present inside the interphase.

t 1 1 t 1 1
1= 5 ("~ ) 2ty (o7 ) e (059

l9.] = ;{ (Q.7) + Q. Ti)) }—

t 1 k@ 1 kM
2 pygl (= -2 D,
2{ <J—“2 () )> 1 ,, <f1 w) | Pl

where the term F,, represents the metric coefficient of the curvilinear coordinate
system, responsible for illustrating how curvature in a thin layer affects the
diffusion along the curve (in tangential direction), and is expressed as:

(4.90)

17 D =1
Fr(sg) = .
B0 =9 (-1)?%%(30), p={12} 49

where ko(sg) = 1/Rp(sp) is the local curvature of the curve I' parametrized
by its arc length so. If 7, = 1 (as in the case of flat interphase, 4.4.1), then
conditions 4.89 and (4.90) are the same as those of Benveniste’s, (4.78) and
(4.79).
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Comparison of the two-point schemes with our proposed models highlights the pres-
ence of the geometric curvature term g, in transmission conditions obtained through First
Integration Scheme.

As mentioned by Benveniste, in Appendix B, the Taylor series expansion was
considered in the settings of Fig.2.4b as well to arrive at the final form of the transmission
conditions in his paper, since the imperfect interface was assumed to be extension of
material 1 and 2. This assumption is not valid in the present paper, thus, if the Taylor
series expansion is neglected in the imperfect interface settings, the transmission conditions
then obtained (for both Benveniste, and Han et al., ) are equivalent to (4.23)
and (4.22) of the First Integration Scheme. If the approximations are considered from one
side of the interphase boundaries only (either A; or As), then the conditions outlined in
Hashin, are recovered.

In the cases of Benveniste, ,Benveniste, , and Han et al., ,Baranova et
al., , the transmission conditions are derived based on the underlying assumption that
the perfect interphase is replaced by extending the materials 1 and 2, up to the interface
I', and thus the resulting conditions contain only the material properties of the replaced
interphase, as well as the surrounding media. Because of this assumption, the term

1

PS(Qn)F =—g9g= R

becomes zero. For our proposed methods, we have replaced the interphase with an appro-
priate surface of zero-thickness. Thus, our proposed schemes contain not only the material
properties (Dsq terms), but the geometric data (g) of the interphase (taken at midpoint
As), as well as the material properties of the three domains.

4.4 Results and Discussion

The boundary value problem of perturbative effect of a coated interphase embedded in an
otherwise homogeneous medium is studied in settings of three different geometries of the
interphase:

1. Flat interphase demonstrating the behaviour of transmission conditions in the pres-
ence of heat source only.

2. Coated circular inclusion, emphasizing the impact of the presence of surface differ-
entials on the transmission conditions and

3. A wavy interphase of varying oscillations in radial direction, highlighting the impact
of rapidly varying curvature on the transmission conditions .

It must be noted that for each case:

e The interphase has properties different from that of the surrounding material, its
thermal conductivity is denoted as k; # (ki, k2), where k1 and ko are the thermal
conductivities of the inclusion and surrounding matrix, respectively, and may or may
not be similar. For all the three cases considered below, we take k1 = 10.0 W/m.K an
ko = 1.0 W/m.K, thus taking the inclusion to be more conductive than the matrix.

e The heat source Q(z), as defined in Eqn.(4.11), is taken to be linear (w = 1) and is
positioned asymmetrically toward the inner boundary of the interphase. However,
it is located sufficiently far from the edge to avoid introducing edge effects into the
analysis.
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Each case is discussed with an emphasis on how the geometric variations influence the
outcomes. The findings are compared with the existing literature to highlight the accuracy
of the proposed models. The following subsections present the results for each geometry
case, highlighting the accuracy of the methods with increasing curvature and presence of
the heat source.

The results are presented in terms of dimensionless parameter € < 1, which is defined
as € = t/L (or R in case of circular and non-circular interphase). For the case of flat
interphase and circular coated inclusion, the analytical solutions exists while the non-
circular interphase case is solved by means of numerical methods.

It must also be noted that unless stated otherwise, all the results presented below for
[T] and [g»] in the case of circular and non-circular interphases are presented for § = 0 deg.

For each case, the absolute errors A are presented alongside the jumps in temperature
and heat fluxes, which are computed as:

AT _ [[T]]e:vact - [[T]]imperf A _ [[Qn]]emact - [[QH]]imperf (4 92)
T* o a, '
where 7" and ¢ = —k®@ B represent the temperature value and heat flux at the remote

boundary. The ratio k() / k®) is shown on a logarithmic scale along the x-axis in all the
graphs presented below.

Quick comparison of the general conditions of Miloh & Benevniste, and An-
dreeva, including the heat source term.

Before proceeding with the analysis of the individual geometric cases, a quick validation of
general cases of Miloh and Y.Benveniste, represented by (4.74), (4.75) as well as the
general case of Andreeva, Miszuris, and Zagnetko, , given by Eqns.(4.87) and (4.88)
is made by including the effects of heat source inside the thin interphase. The three-phase
solution, corresponding to jumps in temperature and heat flux across a perfect coated cir-
cular interphase are represented by the light green solid line. The generalized conditions
(4.74), (4.75) are represented by orange dashed lines with star shaped markers, while the
low ((4.70) and (4.71)) and high ((4.72),(4.73)) conductive interface jump conditions of
Miloh and Y.Benveniste, are illustrated with dark green dashed line and solid light
blue colored line respectively. For the conditions proposed by Andreeva et al, the plots of
the original form of the equations are represented by solid magenta colored curve for low
conductive((4.84),(4.82)) and with dashed red curve for high conductive ((4.84),(4.86)),
while Dashed blue line with filled circle markers indicates the values plotted using the gen-
eral case given by Eqns.(4.87) and (4.88). The results are presented for a case of circular
inclusion having a coating whose thickness is characterized by €. The interphase conduc-
tivity varies from {107 to 10%}, and the radius of inclusion is a = 1. The conductivities of
the two materials is k() / k) = 10. The circular geometry is chosen as it takes into account
the curvature and surface differentials along the surface.
The following three different cases of heat sources are considered:

e Qo = 0 W/m?3: This represents the limiting case originally considered by Benveniste
and Miloh. In the absence of volumetric heat sources within a circular coating of
thickness ¢ = 0.05, as illustrated in 4.3a and 4.3b, the generalized transmission
conditions ((4.74) and (4.75)) Miloh and Y.Benveniste, coincide exactly with
the low-conductivity ((4.70), (4.71)) and high-conductivity ((4.72), (4.73)) interface
jump conditions. Likewise, the conditions proposed by Andreeva et al. for low-((4.83)
and (4.82)) and high-conductivity ((4.85) and (4.86)) interphases are fully consistent
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Comparison of jumps conditions given by Benveniste-Miloh and Andreeva et al, for three

increasing heat source magnitude Qo: (4.3a, 4.3b) shows [T and [g] for limiting case of Qo = 0, ie, no
heat source inside the interphase (original formulation), (4.3c, 4.3d) shows [T and [g»] for the case of low
Bgpt source magnitude Qo = 1, and (4.3e, 4.3f and 4.3g, 4.3h) shows [T] and [g.] for higher heat source
consideration inside the interphase Qo = 100. HC' stands for High conductive and LC stands for Low
Conductive interphase and the thickness of the interphase is depicted by e.
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with the general formulation ((4.87) and (4.88)) in this limiting regime. It should
be emphasized that these transmission conditions do not coincide with the solution

corresponding to a perfect interphase when the thickness of the interphase exceeds
0.001.

e Qo =1 W/m?: When a volumetric heat source of a small magnitude, 1.0 W/m? is
present inside the interphase of thickness € = 0.05, as illustrated in 4.3c, 4.3d, the
error for the jumps in temperature between Eqn.(4.70) and general case (4.74) is of
O(e), while in case of of jumps in normal heat flux component the error is less than
O(€?) for Miloh and Benveniste. For the case of Andreeva et al, it is observed that
the jumps in temperature values changes with the introduction of heat source term,
and at higher conductivity, (4.83) and (4.84) are almost similar, with maximum error
between the two being O(e) at k¥ /k?) = k(1) and decreases to O(e?) with increasing
conductivity beyond this point.

e Qo =100 W/m3: When a higher volumetric heat source is considered to be present
inside the interphase, the temperature curves begin to show a slight divergence. For
a thin interphase of thickness ¢ = 0.001, the temperature graph (4.3e) shows di-
vergence between the generalized case and the actual formulation for temperature
jumps in low conductive interphase. The absolute error between these equations is
upto 1072 for k(i)/ k(2 < 0.001, and beyond these conductivity values, the error di-
minishes to < O(e?). Moreover, once can easily see that the jumps in temperature
obtained from the eqns.(4.70),(4.71) are constant for all values of interphase thick-
ness and increasing heat source magnitudes, which contradicts the physics involved.
This discrepancy arises from the fact that Miloh and Benveniste did not account
for a volumetric heat source in their original formulation. Nevertheless, as is clearly
observed, the presence of a heat source influences the temperature jump conditions
and is manifested explicitly in their modified behavior. For jumps in normal compo-
nent of heat flux, (4.3f) the absolute error between our assumed combined case, and
(4.73), (4.72) is less than O(e?) for increasing interphase conductivity values. For
jumps in temperature, the error between (4.83) and (4.84) is always less than O(e).

Thus, it can safely assumed that taking the generalized case of opting (4.74) for tem-
perature jumps and (4.75) for heat flux jumps for Miloh and Y.Benveniste, , and
considering (4.87) and (4.88) for a generalized case of Andreeva, is valid for the above
mentioned interphase thicknesses and heat source magnitudes.

A point of interest is the localized heat flux occurring in Figs.4.3b and 4.3d for 1072 <
k@ /2 < 101, For k@ /k(?) < 1072, the interphase is highly resistive(also known as
Kapitza resistance) and temperature along the normal direction accumulates at the bound-
aries of the interphase. This creates a jumps in temperature across the boundaries of the
interphase, while heat flux is continuous ([g¢,] = 0).

As the thermal conductivity of the interphase increases and approaches that of the
adherents, heat transfer into the interphase becomes progressively more efficient, and the
interphase transitions from a strong thermal barrier to a partially conducting medium. In
this regime, [¢,] increases slightly, although residual resistance still induces temperature
accumulation within the interphase.

The heat flux distribution is further affected by the curvature term g(§, a1, ag) resulting
in unequal fluxes at the interphase boundaries, with higher values at the outer boundary
(r=a+tt). Depending on interphase thickness and internal heat generation (type of heat
source: linear, quadratic, etc), the flux profile may be linear or nonlinear. For very thin
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coatings (e < 0.001), curvature effects are negligible yielding a smooth distribution. In con-
trast, strong heat sources (e.g., Qo = 100) induce nonlinear flux profiles without boundary
localization (Fig. 4.3f).

For k() / k() = 1, the interphase is thermally matched with the matrix, eliminating
its barrier effect at the outer boundary (or point As), while a mild resistance persists at
the inner boundary (at point A;). Under these conditions, the jump in normal heat flux
reaches its maximum, corresponding to peak values of localized heat accumulation within
the interphase. As k() increases further to match the inclusion conductivity, heat transfer
across the inner boundary becomes unhindered and temperature jumps vanish ([7] = 0),
reducing localization effects.

In the high-conductivity limit (k) /k(®) > 10%), the interphase behaves as a highly
conductive medium, allowing nearly unrestricted heat flow across both boundaries, and
lgn] approaches an asymptotic value.

4.4.1 Parallel Interphase

We will first consider a very simple example of a thin interphase, situated between two
parallel plates, with a uni-directional heat flow. The geometry is defined in Cartesian
coordinates, which implies that the geometric curvature g the surface differential terms
Dsq become zero.

The main objective of presenting this example is to provide the estimation and com-
parison of accuracy of transmission conditions when only the heat source term inside the
interphase comes into play, while the effect in the tangential direction and the curvature
remain absent.

Problem Setup

Consider a steady state, one-dimensional geometry, as shown in Fig.4.4a. By steady state,
we mean that the temperature, and thus the heat flux, are constant with time.

Material 1 4 Material 2 . Material 1 Material 2
[ :, ) L
e Il
£ e ] 3 =
- 753. . =5 x/h 10 20 30 40 e/l
o
Interphase————r i“ Distribution of the heat sources Interface >
| e Q) inside the interphase
by t by by by
(a) 3 Phase representation. (b) 2 Phase representation.

Fig. 4.4. Perfect and Imperfect flat interphase between two materials with different thermal
conductivity.

The scale factors for a Cartesian geometry as given as hy = ho = hg = 1. The heat
sources are present only inside the interphase, while the material 1 and material 2 have
steady state heat transfer through them, without any heat source. This is the problem
of heat flow through plane walls, and the analytical solution for heat transfer through
material 1 and 2 is obtained as follows. Consider the Balance equation (4.15) as given in
Sec 4.2:
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divg =0 (4.93)
02T
2
T = = 4.94
v 92 0 (4.94)
where, the heat flux is related to the temperature gradient, through Fourier’s law:
oT
=—k— 4.95
q 5 (4.95)

Equation (4.94) above can be integrated twice to obtain the temperature function.
T(.%) =C1+ Cyx (4.96)

Thus, the temperature profiles in material 1 and 2 are obtained by the following equations:

TW(z) = Ay + Bz (4.97)
T®) (z) = Ay + Box (4.98)

Now, for the temperature flow inside the interphase, we must take into account the heat
source. Thus, the balance equation becomes the following.

div g™ = Q(x) (4.99)
i 9270 Q(z
vt = © = k(@) (4.100)

This is a non-homogeneous equation, which can be solved by implementing Method of
Variations to find the Particular Integral of the equation. Then, the solution, which the
equation of temperature inside the interphase can be given as:

h2Q, 1 z+¢—bl—h\*"?
ki (a+1)(a+2) h
where, A1, By, Ao, Ba, A;, B; are constants. Within each domain - inclusion, interphase and

the matrix - the equilibrium equation is respected. At the extreme ends of the geometry,
remote temperature values are applied as:

TO(z) = A; + Biz — (4.101)

T(x) =-T" ; T(x)

=T (4.102)
r=L
Thus, the values of these constants can be solved for by enforcing the continuity conditions
(4.12) across a perfect interphase. This provides the following temperature distributions
within the domain of each material, in terms of thermal conductivity k), heat source
magnitude () and thickness parameter e.

_ €(1.82-0.015Qqex) + kY [40 — 0.36 2 + 0.045 Qo e w + € (—1 — 1.82Qq )]
B —40k(@) —1.82¢€ + k(e

70 ()
(4.103)

k@ [105.46 + Qo €2 (1.82 — 0.046 2) — 3.64z + € (1 — 72.7Qo + 1.82 Qo 7)]
—40 k() — 1.82 €+ k(e
€[Qoe(0.76 2 — 30.3) — 1.82]
—40 k() —1.82 €+ ke

T (z) =

(4.104)

73



CHAPTER 4. TRANSMISSION CONDITIONS ACROSS A THIN CONDUCTIVE
INTERFACE

| T2.7—3.64x+ Qoe[413.64 +0.26 € + 0.52ex — 2 — 20.68 2] N
N —40k@) —1.82€e+4 k() ¢

Qo€ (5.3—-0.12¢ — 0.27 ) N k@ (32.7 - 0.02 Qoe® + 1.82 Qo €2 — 36.4 Qoe + 0.82¢)
k@ (=40 k0 — 1.82¢ + k(W €) —40k() —1.82¢ + k(¢

T (z)

Qo€ [0.009 € + k) (0.21 — 0.005¢)] [€+4x —80\>
: . : (4.105)
k@ (—40k@) — 1.82¢€ 4 k(W ¢)

€

The jumps in temperature and normal component of heat flux for a three-phase solution
is the difference in the properties across the interphase thickness, that is, at points As and

Aj.

[T] =T +t)| —TO(by) (4.106)
A2 A1
k@ € (—3.64+0.37 Qo € — 14.85 Qo e — 3.64) + 3.7 x 10717 Qg €3
= . : : (4.107)
k@ (—40k@) — 1.82€ 4 k(W ¢)
and
[ = ¢D (b1 +6)] —qP(b1)] =0.05Qqe (4.108)
A2 A1

These jumps in temperature and normal component of heat flux across an imperfect inter-
face is approximated by the transmission conditions proposed by the two-point schemes,
and the three-point schemes. The temperature distributions in material 1 and 2 retain
their form, and thus, the jump conditions are given as

1. One Point Schemes
e Miloh and Y.Benveniste,
€(0.56 Qo €% +22.2Qp e — 4.44)

T = =80k @ + 22¢ 1 kD ¢ (4.109)
[¢z] = —0.5Q0 € (4.110)
e Hashin,
R (a1
[9.] = —0.5Q0¢ (4.112)
2. Two Point Schemes
e Benveniste,
)= ¢ [20 +1.38 Q € z;xglgo) :—13.;14_;(1:)(2 (11 +0.25 Qg €?)] (4.113)
[9:] =0.5Q0 € (4.114)
e Andreeva and Miszuris,
2
1= R 33 R @19
[¢.] =0.5Q0€ (4.116)
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e Han et al.,

€[20+1.38Qpe? +45Qp € — 4.44 — k¥ (11 +0.25 Qo €?)]
220k +10e — k() €

[9:] =0.5Q0 € (4.118)

[T1 =

(4.117)

e For the parallel interphase, the two proposed schemes of First ((4.23),(4.22))
and Second Integration ((4.23),(4.43)) using two-points of integration become
equivalent, and take the following form:

4.4+40.31Qp€e? +10Qo¢)
48.89k() 4 2.2¢ + k() €

[9:] = 0.5Q0 € (4.120)

iy = <4

(4.119)

3. Three Point Schemes

e Similarly, the First ((4.35),(4.34)) and Second ((4.35),(4.49)) Integration Schemes
using three-points of integration are equivalent, and are given as:

444+ 0.43Qo €* + 16.1 Qo €)
48.89 k() +2.2¢+ k(D) ¢

[9:] =0.5Q0€ (4.122)

ry = <!

(4.121)

For simplicity, 7* = 1K and ¢ = t/L,e < 1. The comparison is shown between the
proposed two points scheme (4.119) and the three points scheme (4.121) along with the
classical methods from the literature discussed above. For a flat interphase, the models
proposed by Benveniste, and Han et al., are equivalent, and only Eqns.(4.113)
is presented in the plots illustrated below.

Verification

e Low magnitude of heat source: Fig.4.5a and 4.5b depict the temperature jumps across
a perfect interphase of thickness ¢ = 0.05 with a small volumetric heat source
Qo = 1 W/m3, along with the approximations computed from all the different
methods. For extremely small conductivities (k) /k(®) < 107%), the one point
schemes of Hashin and Miloh & Benveniste, given by Eqns.(4.111) and (4.109) re-
spectively, the absolute error is about Ay = O(1071) for low conductive interphase

(k™ /E®) < 1072). In the region where the interphase conductivity approaches that
of its neighbouring materials (k(l) < k@) / k(2)), the absolute error is less than or equal
to O(e), and goes on to decrease to about O(e®) for increasing conductivity values.
The relative errors for jumps in temperature across the interphase remains ~ 37.8%
of the exact solution. The absolute error of [g,] remains constant for all values of
conductivities, as it is independent of the thermal conductivities of the interphase,
and is O(e) or about 200% relative to the exact solution, which is extremely high.

The two-points schemes representing formulations proposed by Benveniste,
(Eqn(4.113)), Andreeva and Miszuris, (Eqn.(4.115)) and including the method
proposed by us (Eqn. (4.119)) show similar behaviours for lower thermal conductivi-
ties up to (k) /k() < 1073) and report absolute errors of @(10~1) or relative errors of
approximately 7.6%. However, the two-points model proposed by Benveniste,
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(and Han et al., ) show divergence in the region k() /k() > 10~2 and approaches
the finite asymptotic values with increasing conductivity. This behaviour can be ex-
plained by observing the values of ratios of thermal conductivities of the interphase
with that of the adherents. As the thermal conductivity of the interphase approaches
the values of its neighbouring material 2, the ratio (k) /k(®) — ky), the tempera-
ture jump drops, as the thermal properties around point A; become dominant, while
those around point Ay become negligible. Also, with increasing values of k;, the ratio
E® / kW and @ / k®? tend to reduce, becoming negligible. The temperature gradient
in the normal direction becomes less significant as the thermal conductivity of the
interphase k() / k@ > 1. These causes a very slow temperature variation within the
interphase, and thus, the [T] term reaches an asymptotic value of 2.0 x 1073. The
deviation of the jumps in temperatures obtained by (4.115) and (4.119) for thermal
conductivities k) /k(?) > 1 is about O(e?) and decreases with increasing conductiv-
ity. For a superconductive interphase, the absolute error Ay ~ O(€*). The relative
error is approximately 7.8% of the exact solution, for all values of the thermal con-
ductivity. The heat flux values are completely coincident with the exact solution,
and therefore the absolute and relative errors become zero.

As illustrated, our proposed schemes using three-points of integration (4.121) rep-
resented by blue curve with filled circles, shows good approximation of the original
solution for both cases of jumps in temperature and heat flux. The method provides
the lowest absolute error of about O(e) or in terms of relative error which is about
1.86% of the original solution for the highly resistive interphase (k) /k(2) < 1074).
For the highly conductive interphase (k)/k() > 10'), the absolute error of the
method is Ay < O(e3), or dpr) = 2.08% of the exact solution. The jumps in heat
flux values also has good agreement with the exact solution, and the absoute error
is Apg,p < O(€%), or O[ge] = 2.78 % 10~'%, which are extremely small, and thus,
effectively, the deviation of the approximation of our proposed three-points scheme
from the exact solution is zero. Therefore, it can be concluded that the proposed
formulation of using three-points of Integration shows good approximation with the
exact solution.
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Fig. 4.5. Normalized [T] and [g.] for a flat interphase of thickness, ¢ = 0.05 and heat source Qo = 1.0.
The red curve with square markers represent the proposed two points scheme (Eqns,(4.23),(4.22)), and
blue curve with filled circles represents the proposed three-points scheme (Eqns,(4.35),(4.34)).

High magnitude of heat source: The plots of [T and [g,] are illustrated in Fig.4.6
for an interphase of thickness e = 0.001, having a higher volumetric heat source Qg =
100.0 W/m3. It is obviously clear that even for the thin interphase, the evaluated
jumps in temperature from all methods are not consistent with the results of the exact
solution for low conductive interphase (k) /() < 10~3). The relative error between
the exact solution and the models follow the same behaviour as seen previously in the
case of low heat source magnitude. The presence of the higher heat source increases
the absolute error computed for each model.

The jumps in temperature predicted by the one-point schemes (4.111) and (4.109)
show a huge deviation from the exact solution with absolute errors reported to be
approximately O(1071) or less for resistive interphase. With the increasing conduc-
tivity of the interphase, the absolute error becomes O(€) and decreases to O(e?) with
increasing conductivity. For a highly superconductive interphase, the error is O(€?).
The heat flux values reported from these schemes shows huge variation, with absolute
error O(1071) or the relative error of 200% of the exact solution.

The two point schemes given by (4.113) and (4.115) including our proposed model
(4.119) show the absolute error of order O(10~1) for a highly resistive interphase
(™ /E®?) < 1073), and increases to O(e) with increasing thermal conductivity of the
interphase. For higher thermal conductivities, (k) /k(®) > k() the absolute error
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becomes O(e?) and continues to decrease with increasing conductivity. The relative
error for these methods is approximately 13.02% of the exact solution. However,
for the schemes of Benveniste, 2006b and Han et al., 2021, which for the reason
similar to the previous case of low magnitude of heat source increase asymptotically
for k& /k? > k@) and reach a value of 5 x 10~%. As in the previous case, the heat
flux jumps reports values that are in good agreement with the exact solution, and
therefore the errors, both relative and absolute are zero.

The jumps in temperatures obtained from the three-points scheme (4.121) shows bet-
ter approximation of the temperature variations across a perfect interphase, although
it begins to diverge from the solution for a resistive interphase (/£ < 1073). Be-
yond this, with increasing conductivity, the absolute error becomes O(e). At higher
conductivities, the error is approximately less than O(e?). The jumps in heat flux
also shows excellent agreement with the exact solution and the reported absolute
error is Apg, = 0.
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Fig. 4.6. Normalized [T] and [q¢.] for a flat interphase of thickness, t = 0.001 and heat source Qo = 100.0.
The red curve with square markers represent the proposed two points scheme (Eqns.(4.23),(4.22)), and
blue curve with filled circles represents the proposed three-points scheme (Eqns,(4.35),(4.34)).

4.4.2 Circular And Non-circular Interphase

From the examples, we have seen the conduct of the transmission conditions in the case
of flat geometry and a constant curvature. We will now consider a geometry that has
a rapidly changing curvature, or oscillations in the radial direction. Such a geometry is
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characterized by variations in the parameter /N, which induce corresponding changes in the
curvature of the configuration, as illustrated in Fig.4.10. The geometry of these parametric
curves of the interphase is defined by the equations given in Sec.2.5

Circular Interphase: Problem Setup

The first case we will discuss will be that of N = 0 which represents a perfect circle. For this
class of geometry, analytical solutions are available, thereby facilitating direct verification
of the numerical results against the exact solutions.

Let us consider a two-dimensional case of a circular inclusion of radius R(6) = r; = a,
with a coating of thickness £ = ¢. The tangent (2.106) and normal (2.107) unit vectors
simply take the form

. or(0) )

t= 50 = {—sin (0), cos (0)} (4.123)
. or(9) .

n=—y = {cos (0),sin (0)} (4.124)

For a simple circular case, Eqn.(2.105) becomes hy = h, = 1,hg = ho = r and curvature
from (2.108) simplifies to 1/r. The surface Laplacian given by Eqn.(2.111) is simplified to:

kO (92T(r,0)

For such a geometry, the normal direction is aligned in the radial direction, while the
tangential direction is in the §-direction.

The inclusion of thermal conductivity k() = 10 W/m.K is embedded in an uni-
axial flow field having thermal conductivity &2 = 1 W/m.K, as shown in Fig.4.7a and
4.7b. The thermal conductivity of the coating is k) which ranges from super resistive
10~% W/m.K to super conductive 105 W/m.K.

The coated circular interphase, embedded in a homogeneous flow-field is shown in
Fig.4.7.

Matrix - Matrix ?j
* 2
=2 [
' I
L -
- a
L RV /b L
Inclusion Inclusion
Interface:
Interphase: Distribution of the
heat sources Q(x)
inside the interphase
(a) 3 Phase representation. (b) 2 Phase representation.
Fig. 4.7. Geometric representation of the problem.
In polar coordinates, the heat equation takes the following form:
; 0% 10, 102,
V2T (r,0) = Z=TO(r,0) + = =T (r,0) + — =T (r,0 4.126
(7) Or 2 (7) ror (7) 2002 (7) ( )
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whereas, the heat flux is related to the temperature gradient, through Fourier’s law:

0
4 = —ko—T(r,0) ; (o ={r,0}) (4.127)
80£j
Eqn.4.126 is a homogeneous Laplacian equation. It is assumed that the temperature distri-
bution within material 1 (inclusion of radius 'a’) and material 2, which is the surrounding

matrix, exhibits angular dependence, ie, it has asymmetric behaviour.

T(l)(rl, 0)=A;-ri-cosf ; 0<r;<a (4.128)
B

T® (ry,0) = <A2r2 + 2) ccos 5 a+t<ry<oo (4.129)
T2

The temperature inside the interphase is influenced by the presence of symmetrically
distributed heat source, Q(r) which is defined in 4.1. Thus, the balance equation becomes,

divg® = Q(r) (4.130)
VAT (r,0) = Q,EI;)G) (4.131)
70 (r;,0) = <A@'m + ?) cos(f) — Q](;(";)G) (4.132)

where Qg is the magnitude of the volumetric heat source in W/m3, with the parameters:
h = t/2, ( = h/2. The results are presented for a linear heat source, & = 1. The
Eqn.(4.132) is a non-homogeneous equation, which can be solved by implementing Method
of Variations. This will result in two sets of three equations each for temperature and
the heat flux distribution derived from these temperature distributions inside the three
materials. It is seen that these temperature fields satisfy the equilibrium conditions inside
each domain. Therefore the set of six arbitrary constants (A1, By, A;, B, A2, B2) can be
solved by enforcing the continuity of temperature and heat flux across the boundaries of a
perfect interphase, as well as by employing remote boundary conditions:

¢ (r2,0) = ¢*(r2,0)|rys00= —k? x g =1 W/m? (4.133)

where f = —1K/m is a constant temperature gradient at the remote boundary. Therefore,
the temperature field within the respective domains is described in terms of thickness e,
volumetric heat source magnitude Qo and thermal conductivity of the interphase k().

k@ [0.83 €3 + €2 (1.83Qp +4) + € (1.17 Qo + 8) + 4]
T (r,0) = . , A . : r cosf
’ (2 {kO (11 4+ £®) +10} + € {2k® (KO +11) +2 (11 k0 +10) }
1.67Qo€® (14 ¢)
4.134
(@ RO (L1 kO) 410} + e {250 (0 5 11) 42 (1150 3 10)) | "0 (130
@) (. gy — 1
o) [22 KO+ 26 (L+k0) (104 k0) 1 & (11 k0) (10 + k(i))] cosf+
0.04 (1.08 + €)* {—48¢ (10 + k@) (kD —1-0.42Qp€)} | cosb
22k + 26 (1+ kD) (10 + k@) + e (1+ kD) (10+£O) | 7

0.04 (1.08 + €)* {€? (10 + kD) (24 — 24 kD + 8 Qg e) + k™ (24 Qo e — 432)} | cosh
22k +2¢ (14 k0) (104 kO)) + €2 (1+ k@) (10 + k@) r

(4.135)
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—0.25Qp (0.33+ 74 0.83¢) (r—1—0.25€%) | cosf
€ E@

o [ Qoed {115+ kD (459 4045 k) ) + 250 (k) £10) | cosh
{10+ kO (ki +11)} +2ek® (k@ +11) +2 (11O +10€) | kO r

o [ @ (RO (8O +10) + Qo {1.46 + kO (0.98 +9.94Q0)}} | cosh
{104+ kO (ki+11)} +2ek® (kO +11) +2 (11O +10€) | kO r

N k@ e {k® (4+0.5Q0) +5.69Q0 + 40} cos (4.136)
{10+ kO (ki +11)} +2ek® (kO +11) +2 (11k® 4+ 10¢) | kO r '
where
e Qo €® {0.003 + 0.004 k@ (14 0.09%®)} cos 0
{10+ kO (ki + 11)} +2e kO (kO +11) +2 (11k0 +10¢) | kO r
Qo {0.06 +0.064 k) (14 0.00 k1) } | coso

|2 {10+ kO (ki +11)} +2ek® (O +11) +2 (1150 +10€) | kO r

Qoe® {—1.25 — 455k (1 —-0.08 k1)) } cos 0
{104+ kO (ki+11)} +2ek® (kO +11) +2 (11kO) +10€) | kO r

[ {250 (KO —10) + Qo (1.45 — 9.88k (1 - 0.086kD))} | coso
{10+ kO (ki+11)} +2ek® (kO +11) +2 (11£O) +10¢€) | kO 7

k@D e {k® (44 05Q0) — 5.69Qp — 40} + 2k@ (k@ —10) | cosd
{10+ k@ (ki +11)} + 2 k@ (K@ +11) +2 (11£O +10¢) | kO

The jumps in temperature and normal component of heat flux for a three-phase solution
is the difference in the properties across the interphase thickness, that is, at points Ao and
Ay

[T] =T (a+t,60) —T9(a,6)

Az

Aq

€2 (20 + k@ (2 4+ 0.36 Qo) + 12.42Qo) + Qo €3 (3.33 + 0.33 k)
2 [k® (11 + k@) 4+ 10] + € [21.6 + k) (2.16 k) + 23.76) ] + 25.66 k()

] € cosf

46.66 + € (64.8 + 2.16 k) + 9.53 Q)

e [0 (11 + k@) +10] + € [21.6 + k) (2.16 k() 4 23.76) ] + 25.66 k()

] € cosf

(4.137)

and

- Qr(zl) (a7 9)
Ao

[4n] = ¢ (a +t,0)

Aq
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€2 (5Qo +8.67kM Qo) + € [10.8 Q0 + kD (20 — 2.2 k) +20.7 Q)]
e [k (114 k@) + 10] 4 € [21.6 + k) (2.16 k) + 23.76)] + 25.66 k()

€ cosf

kD (43.2 +12.83 Qo — 4.32 k1))

e (K@) (11 4+ k@) +10] + € [21.6 + k) (2.16 k() + 23.76) ] + 25.66 k()

] € cosf

(4.138)

These jumps in temperature and normal component of heat flux across an imperfect inter-
face is approximated by the transmission conditions proposed by the two-point schemes,
and the three-point schemes. The temperature distributions in material 1 and 2 retain
their form, and thus, the jump conditions are given as

1. One Point Schemes

e Miloh and Y.Benveniste,

[ 20— 5Qp ¢
] = 0 0 4.139
= e 5@ (e +11) | < (4.139)
[k (2kD +5.5Q0) —5Qoe
] = et 0 4.140
lar] e+ k0 (k0 411) | < (4.140)
e Hashin,
[ 20 —5Q €
] = . , , 0 4.141
[[ ﬂ 10 ¢ (1 _ k(z)) + k(’b) (11 + k(z) 6)] € COS ( )
250 (10 — kD) — Qo (5.5k) + 5¢)
rl| = - - . 0 4.142
ol = | o) 150 (k0 g | <" (4.142)

2. Two Point Schemes

e Benveniste,

E@ (2k@ —13) +11 —4.5 22 k(1) — 40
71 = Ll )+ 4 Qo} + ecosf  (4.143)
Ple, k@)
E® (31 — 115® +5.50Q,) — 20 — 10Qo] |
[[Qr]] = ‘ [ ( + ,QO) QO] € cos @
Ple, k®)
. ' - (4.144)
D (45© —11Qo — 22)
, € cosf
P(e, k@)
where

Ple, k) = e [kD (K0 —11) + 10] + € [k (22— 250 — 20] — 220

e Andreeva and Miszuris,

€ (0.36 k™ +0.82Qo) + 7.27
T] = : . | . 0 4.145
= a5 4 ek (0.86 K0 + 3.62) + 44500 | < (4.145)
€ (1.82Q0 — 3.64 k™) + kO (2Qp — 0.73 k()
lg.] = €(1.82Qo —3.64k1) + k1D (2Q KO ¢ cost (4.146)
2 k() + ek (0.36 k() 4 3.64) + 4k
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e Han et al.,

3(2¢k) —2Qp —4) + €% (1.45 — 7.271Qp — 16 k¥
IT] = ‘ ( ‘ o )+€ (l @o ) € cosf
Q(e, k)
2.91 k@ (KO — 1) —6.55Qp — 13.09} — 32k —58.18
al ( ) o io(,)) J e cosf (4.147)
€, k\
k® (29.09 — 13.09 ) — 14.55 Qo — 29.09
lar] = At ) o J € cos @
Q(e, k)
ED &3 {e(Qo—2) + 4k} + & {8kD (Qy +2) — 7.27Qo — 14.55} ,
Q(Q ]{:(’)) € COS
kD (582, — 16 Qo — 32
[ ( o k(i))QO ) e cosf (4.148)
67

where
Q(e, k) = €3 [k@) (62 —2e+0.73kD 12) n 7.27} + 82 k()

te [k(i) (16 — 291 k@) _ 29.09} — 3250

e First Integration Schemes (4.23) and (4.22)

0.82 0.36 k@) + 7.27
[T] = , d A Co . )+ ~| € cosf (4.149)
2 k(@ 4 € [k©) (0.36 k() —1.64) + 3.64] + 4k
[ (1.82Q0 — 3.64 k@) + k@ (2 7.3 —0.73 k()
la.] = ( .QO . )+, (2Qo + , ) € cos (4.150)
k@ 4 € [k@ (0.36 k() — 1.64) + 3.64] + 4k

e Second Integration Schemes (4.23) and (4.43)

2 (025 +1.35Q0) + € (0.4kD +0.9Q0 +4)
2+€) [2kD + e (kD (0250 —0.9) + 2) + 2.2k0)]

[T] = ] € cosf

(4.151)

€2 (3Qo—4k") +¢[Qo (2+3.3k0) — kO (44 0.45D)]
2+6) [2kD +e (kD (0250 —0.9) +2) +2.2k0)]

€ cosf

[[QT]] = [

k@ (8 — 0.8k +2.2Q0)
(24 ¢€) [k +e (kO (0.2k0) —0.9) +2) +2.2k0)]

€ cosf

(4.152)

3. Three Point Schemes
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e First Integration Schemes (4.35) and (4.34)

[T =

263 (kO (1+ Qo) =5 (1+Qo)} + € {4k (54 Qo) +47Qo} ;
R(G’ ]{;(7')) € COS

de (29 8 k(1) + 80) + 640
[6( Qo+ +80) + e cosf (4.153)

R(e, k)

{10 (k® — Qo) — k@ (2k® +3.5Q0) }
R(e, k™)

la.] = [ ] € cos b

F {Qo (80 — 7EM) — 4k® (KO 4+ 160) }

R(e,k(i)) ] € cos b

[46 {40Qo + k@ (33Q0 — 8kD)} +16 kD (11Qp — 4k + 40) ;
€ COS

R(e, k™)

(4.154)

where
Rie, k) = ¢t [k(i) (k@ - 6.75) - 5] + 2630 (k:(“ + 23)
1662 [10 + k0 (KD 16) | +32¢ [k (kD +1) +10] - 35210
e Second Integration Schemes (4.35) and (4.49)

268 {Qo (34 + k@) + 8%k (24 Qo) }

7] = T (e, kD)

] € cosf

€ cosf

4€2{Qo (123 + k) + 2™ (18 + Qo) + 80}
T (e, kW)

€ (160 + 29 Qo + 8 k@ + 2560)
T (e, k)

] e cosf (4.155)

—k® 4 (3.5 2 k@) + 2560 k)
la:] = [ < ( Qo + )+ € cos

T (e, k)

468 {Qo (50 — TEW) — 4k (20 + @)}
! T (€, k@)

] € cosf

N [462 {Qo (200 + 81k®) — 20k (18 + £0)}

T(e,k(i)) ] € cos b

N [166 {Qo (40 + 33k0)) + k) (33Qp — 16 k) }

T (e 50 ] € cosf (4.156)
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where

T(e, kD) = e kO (kD + 8 kD 4 66) +40€” [4+ kO (kO 4 11))]
182 [160 + &0 (16 kD 4 63)} + 1408 k)

64e [20 + kD (2 KO 4 13)}

Numerical Verification

The results obtained from the exact solution (which is the three-phase solution) are com-
pared with the approximated values computed from each method as given above. The
behavior of transmission conditions with their absolute errors which is evaluated as per
(4.92) and is illustrated in the following graphs to pinpoint the accuracy of each method.

e Low magnitude of heat source:

Fig.4.8a and 4.8b present the temperature discontinuities across a perfect interphase
of thickness ¢ = 0.05, subjected to a small volumetric heat source Qg = 1W/m3.
These figures also include the corresponding approximations of both the temperature
and heat flux jumps obtained using the various methods under consideration.

For the jumps in normal component of heat flux illustrated in Fig.4.8c, localization
is perceived in the region where 1072 < k() /k(2) < 10, that is, in the regions where
the thermal conductivity of the interphase begins to approach that of its surrounding
materials. Such behavior is consistent with the trends previously identified in 4.3d.
The effect is more pronounced in terms of errors Fig.4.8d.

The effect of thermal conductivity mismatch (k) /k(?) within the interphase < k(1))
causes the interphase boundary to behaves as a "barrier", creating local pocket of
intense heat flux accumulation, illustrated in Fig.4.8d as absolute error in [g,]. The
curves of Benveniste, and Han et al., , provided by Eqns.(4.143) and
(4.147) respectively, show dipping at two points, which mark the conductivities at
which the [¢.] computed from these methods, coincide with the perfect interphase
solution, at points k:(i)/k(z) ~ 1072 and k(i)/k(z) ~ 10'. The effect of the absence of
the term ¢ qg ) on the transmission conditions can be understood by the higher relative
errors of the schemes of Benveniste, , Han et al., with the generalized
scheme of Andreeva et al (Eqn.(4.145)) as well as Miloh & Benveniste (Eqn.(4.139)),
as illustrated in Figs.4.8c, where, in the region of localization, these methods show
higher divergence from the three-phase solution, resulting in higher relative errors
pertaining to this range of thermal conductivities. Although the Hashin’s model given
by (4.141) contains the geometric curvature term for the jump in normal heat flux
component, it still produces higher error because the method focuses on expansion
on one side of the interphase only. This is also the reason why we see the deviation
of Hashin, and Miloh and Y.Benveniste, model within this region.

e High magnitude of heat source: For a thin interphase thickness (e = t/a = 0.001), a
volumetric heat source Q(r,#) of large magnitude Qo = 100.0 W/m3 is considered.
The interphase thickness is chosen such that the assumption of generalized conditions
of Miloh & Beneveniste is valid, as discussed in 4.4.

The comparative graph of jumps of [I] and [g,r] of the three-phase solution with
the solution computed from each models, along with their respective relative errors,
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(a) Qo =1, jumps in temperature (b)
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Fig. 4.8. Plots of normalized temperature jumps and normal component of heat flux jumps, with their
corresponding relative errors for circular interphase of thickness € = 0.05 having heat source of magnitude
Qo = 1.0 W/m?.

is shown in Fig.4.9. For a thin interphase with high volumetric heat source, it seen
that the temperature jumps for the one-point schemes show complete deviance from
the exact (three-phase) solution, while the jumps in normal component of heat flux
deviates for conductivities k(® / k2 ~ 10%. The temperature jumps computed from
the generalized case of Miloh & Benveniste, and Hashin, 2001 show constant relative
error of 4.5% for the thermal conductivities k() / k() < 102, beyond this value, the
error increases steadily to 99.98%. The high relative error is because [17] for Hashin,
2001 and Miloh & Benveniste becomes equal in magnitude to the solution obtained
from exact solution. It can also be observed that our proposed three-points schemes
(4.35) and (4.49), the absolute error is for low conductive interphase is approximately
O(e) while the high conductive interphase has absolute error of O(¢?), and thus show
least relative error values for the entire range of thermal conductivities (0.3 — 0.4%),
while the proposed two point schemes show an absolute error of order 1072 or less
for low conductive interphase, while the absolute error for high conductive interphase
is O(e?). Similar to the case of Qo = 1, the localized heat flux zone is observed in
the case of higher heat source, even though the thickness is small. For our proposed
three-points scheme, the absolute error is of the order O(e?)
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Fig. 4.9. Plots of normalized [T and [g»], with their corresponding relative errors for circular interphase
of thickness € = 0.001 having heat source of magnitude Qo = 100.0 W/m?.

4.4.3 Wavy Interphase

The next case is that of a rapidly varying curvature in the tangential direction and its
impact on the efficiency and accuracy of the proposed schemes. The geometry of such an
inclusion is given by the parametric form of the radius as defined in (2.103).

In the parametric form of the equations above, r; is the radius of the inclusion (the inner
boundary of the interphase) and 7, is the outer boundary of the interphase, as shown in the
Fig.4.11a. N is the number of oscillations or wavelengths in the tangential directions. The
amplitude of these oscillations is represented by A = 0.05, which remains constant for all
values of N. Higher values of N represent complex geometries that have higher variations
in boundary normals and are thus the limiting case for our wavy interphase geometry.

To understand this, we have considered the following six different but increasing values
of N = {0,5,10,20,30,40}. At N = 50, there is overlap of the outer boundaries of the

interphase, which is characteristic of the parallel surfaces.
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Fig. 4.10. Circular and non-circular geometries with varying curvature.
. .. oT™* . . .
For simplicity, 7" = 1K and 8 = G = —1K /m, while the surrounding matrix

is modeled as a square of length L = 30 m. The matrix dimensions L >> ¢, so that the
remote boundary conditions are far-off from the inclusion, where ¢ < 1 is the dimensionless
parameter, ¢ = t/a. The top and bottom of the domain are assumed to be thermally
insulated, so that the flow is uni-directional. The temperature and heat flux values are
affected by local variations in the tangential directions and changing curvature. All the
values are computed at § = 0deg.
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Fig. 4.11. Geometric representation of the wavy interphase.

The commercial finite element software Comsol Multiphysics is used to perform the
simulations for a thermally conductive wavy interphase. The 2D domain as illustrated
in Fig.4.11a, is meshed using unstructured triangular mesh elements having Quadratic
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Lagrange shape functions, and as well as Quadratic Lagrange discretization to maintain
the accuracy of the solution, without increasing the computational load. The triangular
elements are chosen instead of quadrilaterals elements because of their ability to provide
accurate solutions in highly complex geometries. To achieve the accuracy of the solution
within the interphase, very fine mesh having 1422929 elements is used within the interphase
while the matrix and inclusion have coarse mesh away from the interphase boundaries. The
effect of mesh density within the interphase on the solution is negligible when varied from
coarse to fine to very fine mesh within the interphase region.

Numerical Verification

For the first case, that is, N = 0 which represents a perfect circular inclusion, we have
the analytical solution, as seen in the previous example. To verify the accuracy of the
numerical solution presented below, we have compared the jumps in temperature and heat
flux obtained from the analytical solution and the numerical solution and is presented in
Fig.4.12. The corresponding errors are computed as:

1 1
A[[T]] = ﬁmTﬂana - IITﬂnum‘ ) A[[qn]] = ﬁH[Qn]]ana - [[Qnﬂnum‘ (4157>

where T™ represent the values of temperature at the remote boundary, and ¢, = —k@ Bis
the heat flux at the remote boundary. It can be seen that for the [7], the maximum error
is of the order @(1073), for the highly resistive interphase, and similarly, the maximum
error of order O(1071) for the extremely conductive interphase. Since the errors for both
jumps in temperature and jumps in normal component of heat flux is close to zero for
k@ /) = {1072,10%}, for all the numerical results presented below, we will consider the
low conductive interphase to have thermal conductivity of k() = 102 W/m.K and for the
high conductive interphase, the value is taken to be k@ =100 W/m.K
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Fig. 4.12. Verification of the numerical solutions by comparison with known analytical solution, for a
perfect circular inclusion, having low heat source value, Qo = 1W/ m? of volumetric heat source. The results
illustrated in this graph are the [T] and [g»] computed across the boundaries of the perfect interphase
setting.

Next, we will begin our analysis by inspecting the behaviour of parameters g, 5 and ~
with the increasing oscillations, as highlighted in Fig.4.13. These parameters are computed
from Eqns.(4.20), (2.118), (2.119) respectively. The values of « remains constant at 1.0
for all values of N, as it simply represents the ratio of (hy he) at point A3 to the average
values of same taken at points A; and As. Since, we consider point As to lie exactly at the
midpoint of the interphase thickness this ratio naturally becomes 1. From Fig.4.13a it is
also observed that the curvature at the inner boundary of the interphase increases rapidly
as compared to the curvature computed at the outer edge. This is becuase the curvature
is inversely proportional to the tangent vector of the curve (R'(6)), and thus the curvature
increases with increasing values of R(6). From the graph, it is clearly observed that for the
small curvatures N = {0,5, 10}, the variation of g, 8 is very small, and thus the resulting
solutions from the First and Second Integration scheme will be similar, and will diverge
for the higher curvature terms N = {20, 30,40}.

90



4.4. RESULTS AND DISCUSSION

2.0r
0.4}

0.3

¥

T 02

I 0.00

0 5 10 20 30 0 5 10 20 30

N (no. of oscillations) N (no. of oscillations) N (no. of oscillations)
(a) (b) (c)

Fig. 4.13. Variation of parameters g, 3,7 computed from the Eqns.(4.20) (for the First Integration
Scheme) and (2.118), (2.119) for the Second Integration Scheme respectively.

We also take into account the validation of the approximation of surface Laplacian
term Dgq at point Az made in (4.33), with LH S denoting the value at point A3 obtained
directly from the numerical solution, and RHS representing the average of the surface
Laplacian values evaluated via FEM at points A; and A, of the interphase boundaries.
The corresponding relative § error is reported alongside each graph.
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Fig. 4.14. Values of LHS and RHS of Eqn.(4.33), along with corresponding relative error, ¢ for a low
conductive (LC) interphase, k¥ = 0.01 W/m.K and e = 0.01.

Fig.4.14 shows the D,q for a low conductive interphase (k) = 0.01 W/m.K) hav-
ing a low heat source value Qo = 1.0W/m? (Figs.4.14a,4.14b) and a high heat source
Qo = 100.0W/m? (Figs.4.14c,4.14d), whereas Fig.4.15 shows the D,q for a high con-
ductive interphase (k) = 100 W/m.K) having a low heat source value Qo = 1.0 W/m?
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(Figs.4.15a,4.15b) and a high heat source Qg = 100.0 W/m? (Figs.4.15c,4.15d) present in-
side the interphase. From both graphs, it can be clearly understood that the approximation
is valid only for small curvature, up to N = 10, and beyond this, the temperature varia-
tion along the tangential direction is more rapid, leading to increasing deviations between
the LHS and the RHS of (4.33), thus rendering the solutions obtained from our proposed
schemes inaccurate.
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Fig. 4.15. Values of LHS and RHS of Eqn.(4.33), along with corresponding relative error, ¢ for a high
conductive (HC) interphase, k() = 100 W/m.K and e = 0.01.

Another key aspect to consider is the behaviour of the heat flux ¢, at point As, which
is approximated for the First and Second Integration schemes via Eqns.(4.37) and (4.50)
respectively. The value is also obtained numerically at the point A3 via numerical solution,
and the comparative analysis of these three values is made in Figs.4.16 for a low conductive
interphase and 4.17 for a high conductive interphase. It can be gleaned from the presented
figures that the three values coincide for small curvature and deviate considerably for the
increasing oscillations. The deviation is more observable for the high conductive interphase.
These graphs also highlight the comparison made in section 4.2.3 between the First and
Second Integration Schemes. It can be seen that with increasing curvatures the values
of ¢n|a, from the approximations Eqns.(4.37) and (4.50) diverge from each other. For
the low conductive interphase, this deviation is very small (O(1073)) for the extreme
values of oscillations, while for the high conductive interphase, the deviation between
the two approximations is of the order @(10~!). Thus, based on these results, immediate
observations can be made on the behaviour of proposed schemes with increasing curvatures,
and it can be said with confidence, that the proposed schemes would work well for the small
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curvature of N < 10. Beyond this, other accurate approximations are needed to increase
the efficiency of the proposed schemes.
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Fig. 4.16. Normalized heat flux values at point As taken as: exact value from numerical simulation,
represented by blue dashed line, green curve with star markers represents values computed from the
Eqns.(4.37) for FIS (First Integration Scheme) and magenta curve with filled circle markers represents
values computed from (4.50) for SIS (Second Integration Scheme), for a low conductive (LC) type interphase
having thickness ¢ = 0.01.
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Fig. 4.17. Normalized heat flux values at point A3 taken as: exact value from numerical simulation, repre-
sented by blue dashed line, green curve with star markers represents values computed from the Eqns.(4.37)
for FIS (First Integration Scheme) and magenta curve with filled circle markers represents values com-
puted from (4.50) for SIS (Second Integration Scheme), for a high conductive (HC) type interphase having
thickness € = 0.01.

Fig.4.18 represents the normalized values of [T7] and [¢,] in a perfect interphase (orig-
inal solution) having two heat sources: small (Qp = 1) and high (Qo = 100) W/m3, with
respect to increasing curvature of the interphase boundaries. Figs.4.18a and 4.18b illus-
trate the behaviour of [T] and [g,] of a low conductive interphase k) = 0.01 W/m.K
along-with increasing curvature in the tangential direction. It can be seen that for small
curvatures N = {0, 5,10}, the [T] and [g,] are constant, and for higher curvatures, the
jumps in temperatures and in the normal component of the heat flux decrease. This is
because with increasing curvature, the surface area increases, which enables the interphase
to transfer heat across its boundaries more efficiently. The temperature at point As is
higher as the interphase is resistant to the incoming heat flow from the matrix, and thus
the heat flux passing through that point is also small. On the other side of the interphase,
the heat transfer between interphase and the inclusion at point A; is rapid, as the inclu-
sion is more conductive than the interphase, and hence the heat flux at that point is also
along the natural thermal flow. For the case of a perfect circle (N = 0), the curvature
is constant and thus the fluctuation of the heat flux along the normal direction at the
boundaries is only due to the mismatch of the thermal conductivities at the boundaries of
the interphase. With the increasing curvature, the heat flux becomes more localized near
the boundaries of the interphase, in the regions where the normal aligns with the incoming

94



4.4. RESULTS AND DISCUSSION

heat flow. The effect of rapidly varying boundary normals also causes the flux to be more
concentrated in the region near the inner boundaries of the interphase - between inclusion
and the interphase, because of the thermal conductivity mismatch. This causes a drop in
the jumps of temperatures and in the heat flux across the boundaries. A representation of
this is illustrated in Fig.4.28, where the localization of temperatures and heat fluxes can be
clearly observed, as well as the accumulation of temperatures within the interphase, with
increasing curvature. The presence of a higher heat source, represented by red curve with
filled circles in Figs.4.18a,4.18b, in the interphase dominates the temperature and heat
flux profiles, and the phenomenon explained above becomes more significant, as depicted
in Fig.4.29, where higher temperatures and heat fluxes are seen near the boundary between
the interphase and the matrix.
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Fig. 4.18. Normalized jumps of temperature and heat flux across a perfect interphase (three-phase solu-
tion) setting, with respect to increasing curvature for a wavy interphase of thickness € = 0.01, having a low
conductive (k; = 0.01W/m.K Figs.4.18a,4.18b) and high conductive (k; = 100W/m.K Figs.4.18¢,4.18d)
interphase.

In the case of a highly conductive interphase (Figs.4.18¢,4.18d), the interphase is now
more conductive (k(*) = 100WW/m.K) then the surroundings. Thus, the jumps in tempera-
ture and heat flux increases rapidly as the curvature increases, in both cases of heat sources
term, ). Although the increase in [77 is not much, the heat flux graph shows a significant
increase. This can be clearly understood from the temperature and heat flux graphs shown
in Figs.4.30 and 4.31 for both cases of heat sources. The conductivity mismatch at the
boundary between the interphase and the matrix (at point Ay) causes the heat flux to
flow rapidly along the natural flow of the heat, as the interphase is more conductive than
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the matrix. Conversely, at the boundary between the interphase and the inclusion, the
conductivity mismatch hinders the flux flowing across the boundaries, as the inclusion is
now less conductive than the interphase. If the curvature is increased, the flux is more
concentrated in the regions, where the normal of the curvature is aligned with the normal
flow of heat, and the increasing boundary normals at the concave side of the boundary
"trap" the heat flux, and thus, we see higher contours of flux at point As than at A;. With
the presence of the high heat source inside the interphase, the heat source dominates the
temperature and flux inside the interphase, and this hinders the temperature and heat flux
at the boundaries of the interphase. Although the heat flux across the boundaries follows
the same principle as explained above, only the magnitude of the flux at the boundaries is
small.

e Low magnitude of heat source: Fig.4.19 represents jumps in temperature and heat
flux computed numerically using FEM, for a low conductive interphase for each
imperfect interface model discussed earlier. The comparison with temperature jump
across a perfect interphase (solid green line) is shown (Figs.4.19a,4.19¢) along with
their corresponding absolute errors (Figs.4.19b,4.19d). The values of [T] and [g¢,] for
each model is computed by plugging in the values at point Ay of the material 1, and at
point As of material 2, obtained from FEM simulations, into the respective equations.
The absolute error, as defined in 4.157, plotted alongside each graphs. Here [T]ana
replaced by the temperature jump across the perfect interphase (between points A
and A, inside the interphase) and [T],um is the temperature jump approximation
computed from each model, and similarly for the heat flux.

From the illustrated graphs, it is clear that our proposed schemes show good ap-
proximation of the exact solution, up to N = 20 oscillations, and beyond this the
divergence between the schemes and the exact solution increases. In case of [T] the
proposed schemes of three-points for both First and Second Integration (Equs.(4.35)
and (4.49) respectively) show very good approximation of the exact solution as com-
pared to other schemes, and the relative error from these methods is O(e?), and at the
extreme value of N = 40 the methods diverge by O(10~3), which is quite small. The
[T] approximated by general method of (4.84) is exactly same as those of our pro-
posed schemes using two-points of integrations. In case of [g,], depicted in Fig.4.19¢
and the corresponding relative errors graphs 4.19d, the error for small curvatures
(upto N < 10) is approximately O(€?) for all the methods in literature as well as
the proposed First and Second Integration schemes using two points of integration.
However, for the First and second integrations schemes employing three-points, the
error is O(e3), which is lowest than that of the competing methods. With increasing
oscillations, the errors increase to O(e), with Second Integration schemes showing
lower values than the First Integration scheme. The error between the two schemes
is approximately O(1073) for small curvatures and increases to O(e) for highly oscil-
lating curves.
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Fig. 4.19. [T] and [g¢n] for a wavy interphase of thickness ¢ = 0.01, with heat source of Qo = 1.0.
Fig.4.19a and 4.19b show the temperature jumps and relative errors, respectively, and Figs.4.19¢,4.19d
represent jumps in normal component of heat flux for low conductive interphase (k@ / £ = 0.01), against
increasing curvature values, V.

Fig.4.20 represents jumps in normal component of heat flux obtained from each im-
perfect interface model discussed earlier. The comparison with flux jump across a
perfect interphase (solid green line) is shown (Figs.4.20a,4.20c) along with their cor-
responding relative errors (Figs.4.20b,4.20d). For a high conductive type interphase,
the jumps in temperature is negligible. Thus, from Fig.4.20b that the error values
in very small, except for those obtained from Benveniste, 2006b and Han et al.,
2021, which is consistent with the results for the analytical solution of the circular
interphase, in sec.4.4.2. These methods show high deviation from the exact solution,
(O(€)). The errors, reported by all other schemes, including our proposed schemes
is less than O(e?), where it is clear that the First and Second Integration schemes
using three-points of integration are more accurate than those using two points of
integration.

For the case of [¢,], the proposed schemes of three-points integration show the least
deviation from the exact solution, that is, they have least absolute error for N < 20,
beyond which the errors start to grow. It must also be brought to attention that
the methods show similar solutions; the error between the two methods is approx-
imately O(€?) for small curvatures, while it increases from O(1071) to O(10°). It
can also be seen that the First and Second Integration schemes show almost similar
approximations of the exact solution, upto smaller curvatures.
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Fig. 4.20. [T] and [g¢n] for a wavy interphase of thickness e = 0.01, with heat source of Qo = 1.0.
Fig.4.20a and 4.20b show the temperature jumps and relative errors, respectively, and Figs.4.20c,4.20d
represent jumps in normal component of heat flux for high conductive interphase (k(i) / K? = 100), against
increasing curvature values, V.

Fig.4.21 represents the temperatures and heat fluxes at the inner and outer bound-
aries of the interphase, that is, moving along the interphase boundaries, from 0 <
0 < 27, as obtained from the COMSOL solution of three-phase problem. The values
are presented for each case of increasing curvatures, N for a low conductive inter-
phase k) /k(?) = 0.01 having a thickness of € = 0.01 and volumetric heat source of
magnitude Qo = 1 W/m?. Figs.4.21a and 4.21b represent temperatures at the inner
and outer boundaries of the interphase, while Figs.4.21c and 4.21d depict heat flux
values at the inner and outer boundaries of the interphase. The maximum value of
temperatures is obtained at € = 0 rad. As is clear from the graph, the temperatures
at the inner boundary (between the interphase and material 1) is lower than that at
the outer boundary. This can be explained by the thermal conductivity mismatch at
the boundary. At the inner boundary, the inclusion behaves as a conductive mate-
rial, in comparison to the interphase, and thus the heat transfer from the interphase
to the inclusion is rapid, lowering the temperature at this boundary. When curva-
ture is increased, naturally the localization of corresponding boundary normals also
increases. Due to this, the temperature at the concave surface of the interphase in-
creases. Thus, we see slightly higher temperatures for N = 40 than the perfect circle
N=0at0=0.

At the outer boundary of the interphase, the temperature is higher than that at
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the inner boundary. The thermal conductivity mismatch at this boundary causes
localization of temperature at the boundary, for all values of N. This is primarily
because the interphase, which has lower conductivity than that of the surrounding
matrix, thus, creating the barrier or a resistance for the incoming thermal flow.
With increasing curvatures, and consequently increasing surface areas, the rate of
heat transfer becomes slightly more efficient, and thus the temperature at this point
(0 = 0) is lower for the highly oscillating curves, as compared to that of the small
curvatures or the constant curvature, that is, a circle at the same point.

The heat fluxes are illustrated in Figs.4.21c for the inner boundary and in 4.21d
for the outer boundary. It is observed that the heat fluxes at the outer boundary
is lower than than at the inner boundary of a low conductive interphase, and it
decreases further for the high "waviness" of the curve.

(a) Temperature at inner boundary (b) Temperature at outer boundary
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Q 14.00f g
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(c) Heat flux at inner boundary (d) Heat flux at outer boundary
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Fig. 4.21. Variation of temperature and heat flux at the inner and outer boundaries of the interphase,
for different values of oscillations, N, for an interphase of thickness e = 0.01, and thermal conductivity
kW /E® = 0.01, having an internal heat source of magnitude Qo = 1 W/m?.

Fig.4.22 represents the temperatures and heat fluxes at the inner and outer bound-
aries of the interphase, that is, moving along the interphase boundaries, from 0 < 8 <
2r, for a high conductive interphase k() / k() = 100 having a thickness of ¢ = 0.01 and
volumetric heat source of magnitude Qo = 1W/m3. Figs.4.22a and 4.22b represent
temperatures at the inner and outer boundaries of the interphase, while Figs.4.22¢
and 4.22d depict heat flux values at the inner and outer boundaries of the interphase.
Since the interphase has higher conductivity than the bonding media on either side,
the flow of temperature and the heat flux occurs along the natural flow direction at
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the boundaries. However, the flow is more rapid between boundary of material 2 and
the interphase, as k() / k? = 100. With increasing curvatures, the heat transfer is
more rapid, and thus lower values of heat flux is obtained for highly curved boundary.

On the boundary between the inclusion and the interphase, the heat transfer has
some impediment, as material 1 behaves like an insulator, due to lower thermal
conductivity than the interphase k() /k(®) = 0.1. As the curvature is increased, the
flux is more concentrated in the regions, where the normal of the curvature is aligned
with the normal flow of heat, and the increasing boundary normals at the concave
side of the boundary "trap" the heat flux. This "slows" the heat flux flow, and at
the boundary between inclusion and the interphase, the heat flux values are lower,
as seen from the graph.

(a) Temperature at inner boundary (b) Temperature at outer boundary
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14.0f 14.0f
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Fig. 4.22. Variation of temperature and heat flux at the inner and outer boundaries of the interphase,
for different values of oscillations, N, for an interphase of thickness ¢ = 0.01, and thermal conductivity
k“)/k@) = 100, having an internal heat source of magnitude Qo = 1 W/m?.

e Higher Heat Source: Fig.4.23 represents jumps in temperature and heat flux com-
puted numerically using FEM, for a low conductive interphase havinf a higher mag-
nitude of volumetric heat source term Qo = 100W/m3. The figure illustrates
[T] and [g,] for each imperfect interface model discussed earlier. The compari-
son with temperature jump across a perfect interphase (solid green line) is shown
(Figs.4.23a,4.23c) along with their corresponding absolute errors (Figs.4.23b,4.23d).

The presence of a higher heat source inside the interphase dominates the temper-
ature distribution inside the interphase, as seen in Figs.4.18a,4.18b. This in turn
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influences the heat flux profile inside the interphase. With increasing curvatures,
the localization of temperature and heat flux increases at the interphase boundaries.
From the illustrated graphs, it is clear that that while our proposed schemes does
not coincide with the exact solution for [T, Fig.4.23a, the three-points scheme show
least deviation as compared to the two -points scheme or the classical methods. The
[T] approximated by general method of (4.84) is exactly same as those of our pro-
posed schemes using two-points of integrations. In case of [¢,], depicted in Fig.4.23c
and the corresponding relative errors graph 4.23d, it can be seen that the proposed
scheme of First integration method using three-points shows good approximation of
the exact solution, and has the least error of all proposed schemes, approx O(e?)
to O(1073) for small curvatures (upto N < 20). For all the methods in literature
as well as the proposed First and Second Integration schemes using two points of
integration, the error is approximately O(1073), while for the [g,] approximations
from (4.86) has a relative error of O(e) for the First Integration schemes, and the
three-point schemes of Second Integration method.

(a) Temperature jumps (b)
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Fig. 4.23. [T] and [¢n] for a wavy interphase of thickness ¢ = 0.01, with heat source of Qo = 100.0.
Fig.4.23a and 4.23b show the temperature jumps and relative errors, respectively, and Figs.4.23c,4.23d
represent jumps in normal component of heat flux for low conductive interphase (k® / k@ =0.01), against
increasing curvature values, V.

Fig.4.24 represents jumps in temperature and normal component of heat flux for a
conductive type interphase (k) /k() = 100) having a high heat source term (Qg =
100 W/m3) present inside the interphase. The comparison with flux jump across
a perfect interphase (solid green line) is shown (Figs.4.24a,4.24¢) along with their
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corresponding relative errors (Figs.4.24b,4.24d) for jumps in temperature and heat
flux respectively.

For a high conductive type interphase, the jumps in temperature is negligible, as
discussed in Fig.4.20b. Although none of the methods coincide with the exact solu-
tion, but the deviation reported by the proposed methods is very small. Thus, from
Fig.4.24b jumps in temperature and the corresponding absolute errors values is very
small, except for those obtained from Benveniste, 2006b and Han et al., 2021, which
is consistent with the results for the analytical solution of the circular interphase, in
sec.4.4.2. These methods show high deviation from the exact solution, (O(e)). The
errors, reported by all other schemes, including our proposed schemes is less than
O(€?), while those reported by the proposed three-point schemes of the First and
Second Integration schemes are more accurate, with error of O(e3) upto N < 20, and
increasing to O(e?) for the higher oscillations.

The jumps in normal components of heat flux [¢,], the proposed schemes of three-
points integration for the First and Second Method show the least deviation from
the exact solution, that is, they have least absolute error for N < 5, beyond which
the errors start to grow. It must also be brought to attention that the methods show
similar solutions; the error between the two methods is approximately O(1073) for
small curvatures, while it increases to O(107!) at the extreme value of curvature. It
can also be seen that the First and Second Integration schemes show almost similar
approximations of the exact solution, upto smaller curvatures. With increasing cur-
vatures, the Second Integration scheme using two points shows better approximations
than all other methods.

(a) Temperature jumps (b)
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Fig. 4.24. [T] and [g,] for a wavy interphase of thickness ¢ = 0.01, with heat source of Qo = 100.0 W/m?>.
Fig.4.24a and 4.24b show [[T] and relative errors, respectively, and Figs.4.24c,4.24d represent [¢,] for high
conductive interphase (kY /k? = 100), against increasing curvature values, N.
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Fig. 4.25. Variation of parameters g, 8, for a wavy interphase of amplitude A = 0.08m computed from
the Eqns.(4.20) (for the First Integration Scheme) and (2.118), (2.119) for the Second Integration Scheme
respectively.

Effect of amplitude of the oscillatory curve: Increasing the amplitude of the oscil-
latory curve increases the height of the peaks (and the troughs) of the wavy curve. This
causes the outer edge of the curve to create overlapping or self-intersecting geometry, and
thus making it difficult to produce reasonable solutions. For example, increasing the ampli-
tude to 0.08 in appropriate units creates overlapping geometry for N = 40, and increasing
further to 0.1 produces self-intersecting elements for a geometry having N = 30 oscillations
in a period of 0 < 6 < 27, and so on. The Fig.4.25 plotted below illustrate the variations
of parameters g, 8,y with increasing curvature values.

Fig.4.26 portrays approximation of surface Laplacian term Dgq at point A3 made in
(4.33), with LHS denoting the value at point A3 obtained from the numerical solution,
and RHS representing the average of the surface Laplacian values at points A; and As.
The corresponding relative § error is reported alongside each graph.
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Fig. 4.26. Values of LHS and RHS of Eqn.(4.33), along with corresponding relative error, § for an
interphase of thickness e = 0.01, and amplitude A = 0.08.
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The plots of 4.27 gives an idea of the behaviour of the heat flux ¢, at point As,
which is approximated for the First and Second Integration schemes via Eqns.(4.37) and
(4.50) respectively. The value is also obtained numerically at the point Az via numerical
solution, and the comparative analysis of these three values is made in Figs.4.27. It is
observed from the presented figures that the three values coincide for small curvature and
deviate considerably for the increasing oscillations. For a low conductive interphase, the
approximations hold true until N = 20, while for the high conductive interphase, the
deviation can be observed beyonf N = 10.

(a) ki/k2 = 0.01 with Qo = 1 W/m?®. (b)
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Fig. 4.27. Normalized heat flux values at point Az taken as: exact value from numerical simulation,
represented by blue dashed line, green curve with star markers represents values computed from the
Eqns.(4.37) for FIS (First Integration Scheme) and magenta curve with filled circle markers represents
values computed from (4.50) for SIS (Second Integration Scheme), for an interphase having thickness
€ = 0.01 and amplitude of A = 0.08m.

It can be concluded from this section that the proposed transmission conditions would
provide a good approximation of the jumps in temperature and heat fluxes for small cur-
vatures, (up to N < 10) for high amplitudes of the curves, while the high curvatures
demonstrate the invalidity of the parallel surfaces approach.
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4.5 Appendix

Fig. 4.28. Zoomed in view of temperatures (4.28a-4.28d) and heat fluxes (4.28e-4.28h) at 8 = 0deg, for
increasing values of N. The volumetric heat source is small Qo = 1. The plot shows the effect of curvature
geometry on the temperature contours for a low conductive interphase (k;/k2 = 0.01,¢ = 0.01).

(b) N =10 (c) N =20 (d) N =40
|' ,i ’l ’I

(h)

(a) N=0

.

Fig. 4.29. Zoomed in view of temperatures (4.29a-4.29d) and heat fluxes (4.29¢-4.29h) at 8 = Odeg, for
increasing values of N. The volumetric heat source is high Qo = 100. The plot shows the effect of curvature
geometry on the temperature contours for a low conductive interphase (k;/k2 = 0.01,¢ = 0.01).
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Fig. 4.30. Zoomed in view of temperatures (4.30a-4.30d) and heat fluxes (4.30e-4.30h) at § = 0 rad, for
increasing values of N. The volumetric heat source is small Qo = 1. The plot shows the effect of curvature
geometry on the temperature contours for a high conductive interphase (k;/k2 = 100, = 0.01).
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Fig. 4.31. Zoomed in view of temperatures (4.31a-4.31d) and heat fluxes (4.31e-4.31h) at § = 0deg, for
increasing values of N. The volumetric heat source is high Qo = 100. The plot shows the effect of curvature
geometry on the temperature contours for a high conductive interphase (k;/k2 = 100,e = 0.01).

(e)
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Chapter 5

Transmission conditions across a
thin, spring-type elastic interface

5.1 Introduction

The present study focuses on the development of transmission conditions for higher order,
using three point formulation. The transmission conditions are obtained by implementing
Trapezoidal rule at two intervals, between points Ay situated at the boundary S; between
interphase and the media "1" and point Az which is an arbitrary point inside the inter-
phase, while the second interval is between the points Ao, lying on the boundary between
interphase boundary Ss and surrounding media "2", and point Ag inside the interphase.

The chapter is organized as follows. Sec.5.2 presents the governing equations in curvilin-
ear coordinates and introduces the geometric relations required for the asymptotic analysis.
Sec.5.3 to 5.5 details the derivation of the higher-order transmission conditions based on
the three-point trapezoidal formulation. Sec.5.7 assesses the accuracy and applicability of
the proposed methodology through the boundary value problem of a coated fiber embed-
ded in a unidirectional flow field. The chapter concludes with a discussion of the numerical
results and an evaluation of the accuracy and limitations of the developed model.

5.2 Governing Equations in Curvilinear Coordinates

Consider (a1, ag,as) to be the curvilinear coordinates, with the axis of oy aligned with
the normal to the system. The scale factors are hy, ho, hg with Ay = 1. The governing
equations for any linear, isotropic elastic material in curvilinear coordinates are:

1. Strain Displacement Equations:

1
Eij = 2{ (gradu);; + (gradu); } (5.1)
2. Balance Equations:
divoe + pF =0 (5.2)
3. Hooke’s Law:
Oij = Aepklij + 2puei; (5.3)

In terms of strain tensor, this equation can also be rewritten as:

1

gij = 7| Y (okkij — 0ij) (5.4)
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where F is the Young’s modulus, and v is the Poisson’s ratio.

5.3 Motivation

In his paper, Benveniste, used Taylor series expansion around point A; and As to
express the displacement and stress vector (%) at point As as:
) (4) 24, ()
i @) , Ou 1 0“u 9
Ay Ay
. , (4) 1 92u®
() (£) — 4@ 4 O _ Lou — )2 <e<
u' (&) Uy, + o (&—t)+ 5 o2 (E—1t)%, t/2<E<t,
Ag A2
(5.5)
. . (4) 1 92¢@®
(i) ey _ 4) Ot 1 2 £ <t/
t (5) tA1+ an §+2 8712 g? O_S_t/ )
A A
. 4 (@) 1 92t
(@) ey _ 40, Ot oy s )2 <e<
t'" (&) ty, + o ) (& t)+2 2 i (E—1t)7, t/2<E<t,
2 2

It can be easily seen that the displacement values inside the interphase (u(®(€)] Ay)s Ob-
tained by Taylor series expansion whether around the point A; or the point As, are dis-
continuous, as illustrated in Fig.5.2. The expansion above provides us with a good approx-
imation of the displacement and stress values at the interphase boundaries, but within the
domain itself (i.e, away from the boundaries), the behavior of displacement and surface flux
is seen to be discontinuous. This is in contrast to the intuitive assumption that material is
continuous at all points within the interphase, and thus all the associated state variables
such as displacement, stresses, etc. should be continuous as well inside the domain of the
interphase.

To compute our model, we proceed in a similar way as in the thermal case in Sec.4.1
by taking the Taylor series expansion around point A; and As, to express displacement at
point Agz:

4 . (%)
U(Z)(f) — uE4Z)1 + 8“' §+a€2’ 0 S 6 S tl,
30[1
Ay
(5.6)
(i) (4) dul?) 2
u ({):uA2+ -t +b—-1)°, t1 <<,
80&1 A
where @ "
Qu _9uT _ (vuld).h (5.7)

6@1 N a’I’L
since the coordinate a; is aligned with the normal direction. From the constitutive relation
for an isotropic linearly elastic material, the stress is given as:

o) =C-e=C- (Vu), (5.8)
ctoo®=vu® (5.9)

The gradient of displacement vector u? can be decomposed into its normal and tangential
components as: ' ' ‘ '
V- ul = gradu® = grad, u” + gradu” - n (5.10)
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where grad, u(? is the second order tensor that comprises all the tangential components
of the displacement vector, that is, along the as and as directions, and grad u® A is
the normal derivative of the gradient of the displacement vector. It consists of the normal
component and the tangential components of the displacement vector, taken along the
normal direction. Thus,

. du®
du® . = 5.11
gradu' - n o (5.11)
Substituting this value into the constitutive equation, we get:
ct oW = gradu® (5.12)
= grad, u 4+ gradu® - f (5.13)
. (1)
= grad, v + B Ou (5.14)

on
where B = By, = 0110y is a kinematic selector tensor which only allows the By, terms,
and also converts the vector (gradu(® - f2) to the second-order tensor form maintaining
the mathematical equality, near the interface in a local Cartesian coordinate. It simply
identifies the elements of the displacement vector that are aligned or projected along the
unit normal vector. C~! is a second order tensor. Here, in place of u(® for the normal
derivative, we substitute the asymptotic expansion of (5.6), which gives us the following
set of equations. We do not substitute (5.6) into grad, because there is no expansion of
the vector along the tangential direction.

. . ©)
CleW(¢) =grad,u”| + B Ou +2a¢ (5.15)
As day Ay
and
. . ou®
Clo®(¢) = grad,u?| +B +2b(E—1t) (5.16)
A3 30&1 A2

Across a perfect interphase,

WD) =u @) ;5 eDOE) =P ©)t) (5.17)

Thus, we get the following two equations:

A () ‘ (4)
grad,u”| +B Ou +2a¢| =grad,u”| +B Ou +2b(£—1t)] (5.18)
Az a1 |4, As Ao | 4,
and from (5.6)
. (4) , ou®
(@ , Ou 2 ) Ou B e
uy, + e, ) §+al” =uy, + o ) (E—t)+bE—1) (5.19)
1 2

Solving these two sets of equations (5.18) and (5.19), we get a general form of the internal
parameter vectors a and b:

2 (u®] 4, ~u]1,) ~ b2 (%:zf? i ) — 20 50
A A A
o e 1 L (520)
2 (u®| 4, —u®|4,) + t1 (85;? — G ) +2t0u”
A A A
b— o : (52
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where V,u(? is the surface gradient of the displacement vector, and & = ¢1, and (&—t)=
—t5. The normal components of the displacement vector can be replaced by substituting
the stress-strain relationship defined in terms of curvilinear coordinates as given in (3.46)

S0 % (vu@ " (Wm)T) (5.22)
1 1 0 (i) » . 1 0 . .
Ekm = 5 zﬂ; <hmaam(uk €r) @ ém + H@(um €m) ® €k> (5.23)

The complete equation is as given in (3.47):

@ _ 1 [1 c")ugﬁ) 1 8u§:) _( “1(:) Ohy, u,(fl) 8hm>]

_ B 24
Sem = 3 | By Do | o Do \ B B D0 | o g Do (5.24)

To obtain components along the normal direction, we fix k = 1, while m = {1,2,3}. This
means the normal and tangential components of the displacement vector with respect to
the normal direction are: duj/daq, Qua/dan, Qus/day, represented by the first term on the
RHS and since a; is aligned with the normal, h; = 1. Therefore, the equation presented
above can be re-written in the following form:

8%&? PO < 1 8u§i) ug,? 8hm>
=2 — | —

(5.25)

daq o Octp, B E dag

isolating the derivative of the displacement vector along the normal direction. From the
constitutive Hooke’s Law, the strain term can also be replaced with the corresponding term
of stress tensor. However, since only terms along the normal direction are considered, this
gives the traction vector () written as

t(i) = U@

m m

i = o) (5.26)

where a,(f}n is the traction vector. Thus, from Hooke’s Law

e =gl ol (5.27)

1j1m 9n;

The normal derivative of the displacement in (5.25) can then be given as

3u,(j1) . 0 1 8ugi) ug,i) Ohm, 1 ) 0

dar 2C1j1mon; = T Oty B 0oy ) 2C1j1m 7ny = P (5.28)
where P, is the vector operator that represents:
_ L Ou i O
" hy Oy, han Oan
We can now substitute (5.28) into (5.20) to get a different form of the internal parameters

a and b in terms of the surface gradients components of the displacement vector and the
traction vector. Upon rearranging the terms, we get the following form for a

Prn (5.29)

2 (u%) ‘Az _U”(”Zl) ’A1) — 2ty Cl_Jllm <U7("lj) ‘AQ —07%) ‘Al)

— a =
m 2ty

+it2 (Pm’Ag - Pm’Al) -2t (2 Cl_JllngJ) _ 7%)
2tt

) o (5.30)
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And similarly, for the second parameter b, we get the following form

2ttty

e bm:

—t1 (Pula, = Ponla,) +2¢ (20 10t) = PR) |,
2ty

(5.31)

Eqns.(5.30) and (5.31) are symmetric in nature (Ay,¢;) > (Ag,t2). Thus, the internal
parameters a,b depend on the normal component of the displacement and stress vector.
Ideal interphase conditions exists between the interphase and the surrounding materials
at points A; and Ag, and displacement and stress vector (traction) for each material is
continuous across the interphase boundaries.

u(i)|A1 = u(1)|A1 ) u(i)|A2: u(Z)‘AQ ( )
5.32
0'7(1i)|A1 = Ur(zl)|A1 ) Uv(zi)’Azz 0-7(12)|A2

This allows us to compute the displacements and stress vectors at the intermediate surface
(at point As) inside the interphase, expressed as

t1to <7375?|A2— 1(1?|A1) + 21t (C_lafﬁ —-c U(i)|A2)
2t

u(i)’Ag, (t7) = U(i)‘Ag (t;) =

2 (tl ’U,(Z) |A2 +io ’U,(Z) |A1)
2t

(5.33)

To compute the stress vector at the intermediate surface, we make use of Hooke’s law
again,

. . . AT 1 { ou® .
B —C.e® =C. (@) (@) —Cc.{:= (4)
o,/ =C-g/=C (gradu + (gradu ) > C {2 <8a1 +P )} (5.34)

At point A3 which forms the intermediate surface, the normal derivative of the displacement
term becomes

(i) (i) (i) (i)
ou ou ) <8u by, Ou |A3> (5.35)

Dot a,  On Ay oty oty

Substituting these values into the stress vector equations provides us with the following
equation

C-PO[g, t1 +C-PD| g, tg —2 <U’(1i)|“1 tt o, t2)
2t

—4C (w94, —uD|4,) + PD| 4,
2t

oD a,(t7) = o4, (t) =

(5.36)
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material 1 1', material 2 .
o . E
| ’ I
10 201 = o z/h
0
“~
>
interphase/ ® Body force F(z)
Distribution of the
body forces F(z)
inside the interphase
z/h

0 10 ZP 30 40

Fig. 5.1. Example of an interphase between two materials with uniformly distributed body forces inside
the interphase.

Body Force Function: Consider a uniformly distributed body force function in the
interphase given as:

(5.37)

Flz) = Fy <x+§—b1—h>a

h

where « is an integer number, representing the "type" of heat source, ie, constant (a = 0),
linear (o = 1), quadratic (a = 2) or cubic (a = 3), while |{|< h is the position of the
heat source within the interphase, denoting the symmteric (( = 0) or the unsymmteric
(¢ # 0) heat source distribution within the interphase. In the numerical examples below,
¢ will be taken as h/2, where h = t/2. Here, t is the total thickness of the interphase.
The volumetric heat source is presented by Qo (W/m?), and x is the position or the point
within the interphase where the heat source will be computed.

Fig.5.2 demonstrates the displacement and the stress behaviour for the exact solution
(shown in blue) and the displacement and stress in x-direction inside the interphase using
Benveniste’s assumptions (orange line) and using our assumptions (computed using aq
and ag parameters, shown in green). It can be easily seen that the except for the constant
body force type (Fig.5.2a,5.2b), where all approximations are continuous, displacement
approximations using Benveniste’s assumptions are discontinuous inside the interphase, in
the presence of a small body force value, while our assumptions respects the continuity of
the field variables inside the interphase at all points, for all types of body forces. Moreover,
it can be seen that for quadratic (Fig.5.2e,5.2f) and cubic body forces (Fig.5.2g,5.2h), the
stresses inside the interphase are no longer continuous for Benveniste’s approximations,
while our assumptions shows good approximation of the continuity.

It is important to note here that the example presented here indicates that our approx-
imation (that is, continuous inside the interphase) is better than Taylor expansion from
two different sides of the interface when the same order of approximation is used.
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(a) a = 0, displacement distribution
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(¢) @ =1, displacement distribution
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(e) a = 2, displacement distribution
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(g) a = 3, displacement distribution
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(b) a = 0, surface flux distribution
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(d) a =1, surface flux distribution
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(f) o = 2, surface flux distribution

0./ (Fo*h)

0.0
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(h) a = 3, surface flux distribution
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Fig. 5.2. Illustrative example for a constant, linear, quadratic and cubic body force distributed unifortil5
inside the interphase. Here we have assumed ¢t; = t2 = t/2 = h and ¢ = h/2, while the body force

Qo = 1.0 x 1074(N/m?)
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5.4 Modified Transmission Conditions

Fig.2.4a gives the graphical representation of a perfect 3 phase system, with three distinct
regions marked as material 1, material 2, and the thin interphase in between. For such a
system, the surface fluxes and displacements are continuous across the boundaries of the
interphase such that,

= (04 n;)® across Sp (5.38)

;o)

A1 Al

u(2) = u(l) ; (O-U nj)(2) = (Uzj nj)(z) aCross SQ (539)

As Az Az Az

Across the thin interface I' the elastic properties are no longer continuous and there
is an accumulation of displacement or tractions at the boundary, known as "jump" of the
property, and is denoted as:

[¢] = ¢

—¢

Ag Aq
where ¢ is the elastic function (displacement or surface flux) of the material.

Let us consider a homogeneous, isotropic elastic material as the interphase domain
described above. The arbitrary curvilinear composite system is governed by the following
equations:

dive+ F() =0 (5.40)
where o is the surface flux tensor, and where F(§) = {F}, F», F3} is the internal body
force, distributed within the interphase.

For each equation, the derivative of the surface flux in the normal direction represents
the gradual change in the surface fluxes when moving along the normal direction, that is,
when one moves from point Ay to As. This leads to the following two different forms of
this equation.

a;y - (A ~ F(¢) - Do — gaﬁj) (5.41)
or
aan(hghga(i)) - <h2h3A — hohs F(€, az, a3,u) + hgthsa) (5.42)
where ‘ )
Dyor = — Olhao,y) 1t O(ha0,3) k= (1,2,3) (5.43)

a hohs 80[2 hohs 8@3
is the surface differential operator, which denotes the stress gradient or the diffusion of the
surface flux, along the surface, in the tangential directions, and
9(§, az,a3) = h;}ﬂ@i;ﬂhg.
represents the effect of geometric curvature on the transmission condition.
The term A contains all the directional derivatives of the scale factors in curvilinear
coordinates, expressed explicitly as:

092 Ohy 033 Oh3
Ap==2=2—"4+ 2= 5.45
1 <h2 Oay + hs 8041) ( )

091 Ohy 023 Ohy 033 Oh3

(5.44)

A = — - 5.46

12 hg 6041 + h2h3 80&3 h3 8042 ( )
031 Oh3 1 Ohs Ohs

A3 = — — 5.47

13 h3 aal + h2h3 <U32 8@2 722 80[3 ( )
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These terms can be further simplified and written as:

v; 2GW
Al = - 4
n=1,90m T 0 B(az, a3, u) (5.48)
091 Ohy 023 Ohy 033 Oh3
Ay — 221 222 5.49
12 hg Ooq + h2h3 80&3 hg 00&2 ( )
o031 Ohs 1 Ohs Oho
Ay = 981 _ 5.50
13 h3 6041 + h2h3 <032 (9042 722 6043 ( )
where B(ag, a3, u) is defined as:
1 8h2 ah?:
B =— [ hg=— i ho—— i 5.51
(a2, a3,u) Talis ( 39, (€22 + vi€33) + 250 (€33 + V. 622)) (5.51)

while for the normal derivatives of the displacement term is obtained from the (5.28).

8USL) - i i
L 3 i o)~ P (552

The derivatives of the normal component ugi) of the displacement vector along the normal

direction can be written as
Bugz) _ 1-2 v; O'(z) _ 1%
on 2,[1,2(1 _Vi) u 1 —V;

(€22 + €33) (5.53)

in the normal direction.
The derivative of the tangential component of the displacement vector along the normal
direction is expressed as:

i (%) (4)
ouy) oy, 1 (od) . on,
— _ — ) 2 . = (2 5.54

where p; is the shear modulus, and v; is the Poisson’s ratio for the interphase.

It is interesting to note here that in comparison of the models from the literature,
especially with Hashin’s and Benveniste’s models, we can see the following notable points:
Firstly, the transmission conditions in these models do not account for body forces inside
the interphase, thus, if the body forces were considered, then these models would fail to
provide accurate solution, as will be seen later in the results section. In Hashin’s model,
the surface differential term, Dso, and the geometric curvature term, g, is taken at point
A; (or from As) only, thus we only know the behaviour of the surface differential terms
around point A; in the vicinity of the interphase, but it does not accurately approximate
the behaviour inside the interphase. In Benveniste’s model, the thermal properties at
points A; and Ao are considered, but again, and as has been illustrated in the previous
section, we see the effect of surface differential terms again at points near the interphase,but
it does not accurately capture the changes within the interphase, away from the boundary.

As in the previous case of thermally conductive interphase, the transmission conditions
are derived in detail in the following sections by employing the Trapezoidal rule between
the appropriate intervals.
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5.5 Development of Transmission conditions for a thin inter-
phase.

Now, that we have obtained our necessary forms of derivatives of stresses (Eqn.(5.41)
and (5.42)), we will make use of either form in the forthcoming sections, by integrating
them along the thickness of the interphase, to arrive at two different schemes of transmis-
sion conditions across an imperfect interface. It must be noted that the accuracy of the
transmission conditions depends on the smoothness of the displacement functions to be
integrated.

5.5.1 First Integration Scheme

For the first scheme, we integrate Eqn.(5.41) along the thickness of the interphase, approx-
imating it by implementing the trapezoidal rule at the points on the boundaries of the
interphase.

Two Integration Points

The jump of the elastic field variables are defined as the difference in the values at the
points A; and As lying on the the boundary of the interphase:

t O (D) t { ) } <8u(i) >
=t
Ay on

@7 = _

u = =

[w™] o

and similarly, for the jumps in surface fluxes, we can integrate between the two points,

0 87’& 2
. t g (1) (@) (3)
[o0] = oo _t oo _y oo
o On 2| on Ay on
Thus, the jump of the displacement vector along the normal direction is:
[u®] = ¢ {2 c <a,<j>> - <73<"')>} (5.55)

Explicitly, the jumps in each component of displacement and stress are obtained by sub-
stituting the values of normal derivatives of each component from Eqn.(5.53)

ou®
A on

o)
A on

[ua] =t {2;(_12_122)<0Y1)> - 1L (€22 + 833>} (5.56)

7

and the from Eqn.(5.54) for jumps in tangential components of displacement in the normal

direction: @ @
- Ot t oy -
@O —¢f Z2m N _ 2 Zlm \ (4) . _
[un/] t< o > 5 {< o > <73m >} ;. om={2,3} (5.57)

The jumps in stress vector along the normal direction can also be expressed by substituting
the normal derivative values from (5.41), giving

[0 =t {(F) + (4) = (Do) = (9o} } (5.58)

The explicit form of these equations can be obtained by substituting the corresponding
values of the differential operators A, Ds;o and ¢ in the equations. For jumps in the
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011, substituting the value of Ay from Eqn.(5.45) gives the following form of the jump
condition:

ol = ¢ {(F) + 25 Blan. 0, ) — (Do) - Loy | 659)
and of the tangential component is:
[ov2] = ¢ { (F2) + (Aiz) = (Door) = (9013) | (5.60)
and
[o1s] = ¢ {(Fy) + (Ais) — (Do) — (gol) } (5.61)

Together the jumps in displacements (5.56),(5.57) and the jumps in tractions (5.59),
(5.60), (5.61) represent the entire set of transmission conditions for the First Integration
scheme using two points.

Three Integration Points

To improve the accuracy of the transmission conditions, trapezoidal rule can be imple-
mented using three points lying within the interphase. The domain can be split into two
sub-domains, and the variation of displacements and the tractions can be approximated
by integration between these three points of integration, ie, between points A; and As (0
to t1), and between Ag and Ay (t1 to t). The generalized form is given as:

. t B’U,(Z) t1 8u(z) t au(z)
(O =
[w™] o On /0 on + ¢, On (5.62)
_t1/0u ta / Ou t /s o0u _ B
[[u]]_ 2 (8()(1) + 2 (60&1) +2<6041) ’ t_tlthz (563)
Ay Ao As
and for the stresses:
. t 9o () 1 90 t 9o ()
@A) = =
[o] . on /0 ot | o (5.64)
_t1/ 0o to / OO t /0o _ B
[[U]]_ 2 (8041) + 2 <8041) +2(80€1) ’ t_t1+t2 (565)
A Az As
Integrating each part of the interval in (5.62),(5.64) separately, we get:
. : (@) ou®
(,L) _ (l) _ _tﬁ a’U, u
u |A3 Uy, |A2 9 { on 4y on ” (566)
and
A A (4) ASu®
O] —qg], = 1) O u
w4y —ut gy = 5 { on |, " on |, (5.67)

for the displacements. In terms of the stresses, we get the following set of equations:

, 4 to | 9@
@O, —g), —_2
o4~ 4, 2{ o AQ} (5.68)
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and
oo™
As on

i i t1 [ oo™
R T

} (5.69)
Ay

Subtracting the Eqns.(5.67) from (5.66) (and (5.69) from (5.68)), results in the form of
equation which is equivalent to (5.63) for the displacement vector (and to (5.63) for the
traction vector)

B to 8’11,(1) t1 + to 8’11,(1) t 8’11(2)
ula,—ula, = 2 ( on |y, + 2 on As + 2\ on A, (5.70)
to (90'(1) t1 + to (90'(1) t1 80'(1)
_ - £ — 71
7la.—ola 2 ( on |y, + 2 on A3+ 2\ On |4, (5.71)

On the other hand, adding Equs.(5.66),(5.67) and (5.68),(5.69), gives the displacement and
stress components at point As:

, , to [ Ou® t1 —to [ Ou® t1 { oul®
@O, _(@®\ _ 2 1~ t2 A 5.72
w4 <u > 4 ( on A2> + 4 ( on A3+ 4 on Ay ( )
. . to [ 0@ t1 —ty [ @ t; [ Bo@
@), (g®\_ _t2 1t t
o4 <U > 4 < on AQ) + 4 ( on A3+ 4 on Ay (5.73)

If we take the simple case of t; = to = t/2, then jumps in displacements and tractions

simplify to:
(5.74)
As }

where it is assumed that at point A3 the derivatives of the displacement vector along the
tangential direction does not vary much along the normal direction, then

[u®] = % {<2 c! a,(j)> —9 <7D<">> +2C e

P la= (P) (5.75)

} (5.76)
A3

where the same assumption has been made for the tangential derivatives. The values at
point Ag are computed from the following:

[c®] = t {<F+A—gan> —2(Dso) + (F+ A—goy)

2

w4, = (u) — é { [[2 Clold) - P(")]] } (5.77)
o0l4,= (o0) = {IF + A~ Do — g o]} (5.78)

where the continuity of displacement and stress across the boundaries of the interphase
(from (5.38)) is invoked.

The Eqns.(5.74),(5.76) along with (5.77).(5.78) give a general form of the jumps of
displacements and stresses across the interphase boundaries. Substitution of the normal
derivatives of the displacement from Eqn.(5.53) gives the explicit form of jumps in dis-
placement components across an imperfect interphase.

t 1-2y; i i v;
[] =5 {QG(I_) (1) + 0ty ) = 12 (oo ) + e + 533>|A3>} (5.79)
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where Jﬁ)| Ag 1s the normal component of the stress at point As defined in (5.88), and

ugz)\ A 1s the displacement component u; at point Az given as:

() t 1—-2y; [[ (i)ﬂ v;
U = (Uu) — = —— — € € 5.80
Olua= ) = §{ g [o80] - T2 T + el (580
For a thin interphase, it can assumed that the gradients of the displacement vector and the
stresses, for a sufficiently smooth displacement field, do not vary much along the surface
of the interphase (in tangential direction), and thus, for a linearly varying gradient in the
normal direction, the following assumption can be made:

Assumption 1: (e22 + €33) [ 4, = (€22 + €33) (5.81)

So, the jump of the normal component of the displacement vector can be re-written as:

ol = 5 {5y (O +ollla) - {2 @lntan) ) G2

Similarly, [ug] is obtained as:

Md——;{<?f+i%/%>—(KP9>+¢ﬁ)&)} (5.83)

where ug)] A, is the displacement component u; at point A3z given as:

o=t - {12+ [PO]} 5 k=2 (584

()

i%)
hk 804k

Assumption 2: (

The tangential derivative of the u; that appears in the expression for Gy, given in (5.29)
can be expressed at the point A3 as the average of the tangential derivative at points A;
and As:
:<1&“> (5.85)
As hk 80%
where k = (2, 3) represents the tangential directions.
Thus, the expression for [ux] can be re-written as:
(4)
. t O1k Ok |A3 1 Ouq Ohy, 1 Ohy,
sl =5 {< i > T <2 hi 304k> i <<uk5041)> " el <uk|A3 dan A3)
(5.86)
where J&)\AS is taken from the expression (5.88) and wuy|4, is taken from (5.84).

To obtain expressions of jumps in normal and shearing components of stresses across
an imperfect interface, we will begin by substituting the normal derivatives of the stresses
from Eqn.(5.41) which gives the explicit form of jumps in stress components across an
imperfect interface.

[l = ; {Fk + (A1 = Do — g0} ) ) + (Fe+ Au = Do — o)) | } (5.87)
3

where Uﬁ?\ A, 1s the stress at point A3 given as:

t

- {Fk + HAlk —Dyo — go—f)ﬂ } (5.88)

oD 4y = (o18)
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The term Dyo represents the surface gradient of the stress tensor, that is, the sum of the
gradients of the stresses in the tangential direction, while A1; depicts the derivatives of scale
factor of curvilinear coordinate system in the tangential direction. For a thin interphase,
it can assumed that these terms do not exhibit huge variations along the surface of the
interphase (in tangential direction), and thus,

Assumption 3: Dso|,, = (Dso) ; Assumption 4: A§2|A3: <A§lk)> (5.89)

So, the jump of the normal component of the stress can be re-written as:

} (5.90)
Az

The explicit form of each term for normal and shear stress is defined in the preceding
sections in Eqns.(5.44),(5.48) and (5.43), and can be substituted here to get the explicit
form of each jump equation.

[ol = ; {<Fk> + Filay 42 () — 2(Deo) — (gol)) — g o))

foul = § { () + Filay b1 (Blag,aa,w)) = 2D} = Tt (g0 + a0l ) |
— U 1-— vy
(5.91)
where the Bz, a3, u) is defined in(5.51).
Eqn.(5.88) and subsequently (5.90) can be written in an alternate form using the iden-
tities defined in (2.117). The equation for stress vector at point A3 can then be written
as

- P +1A-Dio] - (9)0] - ol(of) } (592

while the jump in stress vector [o,] from (5.90) can be expressed equivalently as

0-7(5)|A3: <Un>

t

[o] {1 + g ([[g]] + %g\A3 <g>>} + 5 (on) {(g> +g\A3+§g1A3 [[g]]} _

2
S (UF) + Fla,~2(A = D,o)} + 1= gla, [F ~ A~ Dyo] (5.99)

5.5.2 Second Integration Scheme

To develop transmission conditions for this scheme, we make use of Eqn 5.42. Although
Eqns.(5.41) and (5.42) are equivalent, but the final result will be slightly different, as the
same trapezoidal integration rule provides another approximation.

Here, as we can see from Eqn (5.42), the geometric curvature term g does not come into
the picture, and thus one can mistakenly assume that the derived conditions do not involve
the geometric curvature. However, as we will see, the curvature enters the equations in a
form different from the one seen so far.

It must also be noted that the transmission conditions for the jumps in the nor-
mal and tangential components of the displacement vector remain the same, given by
Eqns.(5.56),(5.57) for the two-point scheme and Eqns.(5.82),(5.83) for the three-points
scheme.

Two integration points

Here, as in the case of First Integration Scheme (Sec. 5.5.1), we will simply integrate
(5.42) (instead of the equivalent equation (5.41)) and (5.53), (5.54) from 0 to t using the
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trapezoidal rule gives
[[hghgd'(i)]] =1 <h2h3 (F +A— DSO')> (5.94)
Applying the following identities:
1
[ab] = (a@)[b] + [al(b), (ab) = (a){b) + 7 [al[t], (5.95)
Then the above equation be rewritten as
1
[o] + Blo) =t {<F+A—Dsa) + 4BHF+A—DSJH>} (5.96)

where the parameter, (3 is introduced and defined in (2.118).

It must be noted that the second transmission condition for [u] remains the same, as
defined in (5.56) and (5.57). Together with (5.96), they form a complete set of transmission
conditions for Second Integration Scheme using two points of integration.

Three Points

The transmission conditions derived above can be improved further by a more accurate
integration with a two intervals trapezoidal rule:

. t
[ho hso®] = 5] hahs| a, (F!A1+A|A1—DSU|A1>
t to
+ 5 hahslag (Flag+ALag=Dcrlay ) + 2 hahslag (Fla+Alay—Dorla,)  (5.97)
As in the previous section, we can integrate the equation above with two separate intervals:

. . ¢
ha h3’A3 U(I)|A3_h2 h3|A1 a(z)‘Alz 21{h2 h3|A1 <F|A1 +A|A1 _D80'|A1) }+

t
;{hg h3|A3 <F|A3+.A|A3 —D50'|A3) } (5.98)

and

, . t
ha hs|a, 0@ |4, —ho ha|a, 0@ |4, = _;{hz h3| a, (FA2+«4!A2—Ds0|A2}

t
—22{hzh3|A3<F|A3+A\A3—Dsa]A3>> (5.99)

Again, adding Eqns.(5.98) and (5.99), provides us with an expression of stress terms at
point Ag within the interphase.

. , t
ho h3’A3 U(l)|A3_<h2h3 U(l)> = Zlh2h3‘z41 (F‘A1+A’A1 _DSU’A1)

— 19
4

t t
— Zhaha|a, (Flay+Ala,—Dacrlay ) + = hzhalay (Fla+ AL, —Decrlay ) ) (5.100)
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Assuming t; = to = t/2, we can rewrite the equation above as:

hahs|a, 0@ 4= (hahs o®) — é { [{hghg (F +A- DSU)]] } (5.101)

while subtracting Eqns.(5.98) and (5.99) gives us the jump across the interface, which is
equivalent to Eqn.(5.97)

[hohso @] = % {<h2h3 (F A Dsa)> + hohsl 4, (F\A3—A|A3—DSG|A3> } (5.102)

Invoking the identities defined in Eqn.(5.95), we get

[o@] :t{(F—i—A—DSUH—ﬁﬂF—irA—Dsa]]—i—’y(F—FA—Dsa)
2 4 s

} —Ble)

(5.103)
Aa defined in the previous section, at point As, employing (5.89) gives the following form
of jump condition:

(o = § { (P + A= Do) 4 {5IF + A= DuoT 4 (Flag+{A - D)) | - 8(0)

2

(5.104)

while the stress at point Ag is expressed as:

) 1 t
0'7(11)|A3 = ~ {(a) + gﬂa]] ~3 ([F+A—Dso] + p(F + A— D50'>)} (5.105)
where 7 is a new parameter introduced as:
hahs| A,

t, o, = 5.106
3t on.00) = A (5.106)

The second transmission condition for jumps in displacement vector is obtained from (5.82)
and (5.86). Together with (5.104), it forms a complete set of transmission conditions for
the Second Integration Scheme employing three-points of integration.

5.5.3 Comparison of the transmission conditions

Similar to the comparison made in Sec.4.2.3 for a thermally conductive interphase, the
equivalence of the two schemes using three-points of integration is presented as follows.
Substituting the estimations from (4.61) into the transmission condition obtained by the
first integration approach, (equations (5.93) and (5.92)), we have

<1 - iﬁ%) [e] + But <1 - f;&) (o) =
% {<F> +F (; u§;> —2(A- Dsa)} + iﬁl (IF ~ A-D.o]) (5107
and
ola= (o))~ < (IF — A= Dyo] - Billol] - (~153) (o)) (5.108)

Since t < 1, higher order terms can be neglected in the equation above, to arrive at the
following form:

[[0-7(:)]] + ﬁ(t)(ag)) — % {<F> + F <;,u%) —2(A— D80'>} (5.109)
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and
: : t : t
o\ 45= <a§f)> + ﬂé)wﬁm — g {IF + A-Dyq]} (5.110)
while the transmission conditions set for Second integration scheme (eqn.(5.104) and (5.105))is
as follows:

Lot

o1+ 8000 = 5 { P+ (50 4214 - D)+

T([[F+A —Dsa]])}

(5.111)
and

7= i { (o) + B o0 - (50 (F + A~ Duo) + [F + A~ DioT) }

~(t) 4 8
(5.112)
which, after neglecting the O(t?) terms, can be re-written as
() (iy - ! O
[o] + B(t)(o ) = 5 4 (F) + F (5,0 ) +2(4 - Do) (5.113)
and
ot a,= (o) + "oty - L 1F+ 4~ D01 (5,110

which is same as Eqns.(5.109) for jump of normal heat flux, and Eqn.(5.112) for the heat
flux value at point As. Thus, for a thin interphase, the proposed two schemes (First and
Second) using three points of integration are equivalent.

5.6 Overview of models in literature.

A comparison between these models and the approaches proposed in this paper will be
presented in Sec.5.7 using illustrative examples.

e One-Point Schemes: These refer to the approaches based on Taylor series expan-
sion around one point only, either A; or As on the interface boundary.

— Hashin ( ): One of the main highlights of this paper was the simple yet
effective model obtained from the asymptotic Taylor series expansion around
point A; of the elastic fields of interphase, but limited to a thin interphase. The
accuracy of the model decreased with the increase in interphase thickness.

1-200 4 0
Il =1 5qo @ =)t~ 10 2 T em) n (5.115)
1
KTt
[l =t o — P’ - k={23} (5.116)
- 1
[ 1-2,0
[on] =1t |B~Dig— —— ail)] (5.117)
- 1
[ow] =t | Ak — Dsg - gaY)]Al (5.118)
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5.7 Results and Discussion

The transmission conditions developed up to this point will now be tested against the
analytical solution of a perfect circular interphase in plane strain setting subjected to
remote shear strain. The inclusion has a radius a, and a coating of thickness € = t/a,e < 1.
No body forces are assumed to be present inside the interphase. Let us consider a two-
dimensional case of a circular inclusion of radius R(f) = r; = a, with a coating of thickness
& =t. The tangent (2.106) and normal (2.107) unit vectors simply take the form

N 0 .

t= %R(Q) = {—sin(0),cos (0)} (5.119)
.0 :

n = %R(H) = {cos (0),sin (0)} (5.120)

For a simple circular case, Eqn.(2.105) becomes hy = h, = 1, hy = hg = r and (2.108) sim-
plifies to 1/r. For such a geometry, the normal direction is aligned in the radial direction,
while the tangential direction is in the 6-direction.

The main objective of presenting this example is to provide the estimation and compar-
ison of accuracy of transmission conditions obtained from the different methods proposed,
in the effect of surface Laplacian and geometric curvature.

The properties of the materials is provided in Table 5.1.

u, =By uw, =Py
Matri Matrix ) .
atrix u*:;g‘l atrix 7 :Ajl/
m
_\2 B - ; r/h ‘_\2““_““ M ““2\‘ r/h
Inclusion Inclusion
Interface:
Interphase
(a) 3 Phase representation. (b) 2 Phase representation.

Fig. 5.3. Geometric representation of the problem.

The absolute error (A) of each method given in the following sections is non-dimensionalized

as

Au7 _ [[ur]] |e:cact_ [[UT]]JQ Phase solution (5 121)

Uy
Aur _ HUBH |exact_ [[UQ]] |2 Phase solution (5 122)

uy.
Aur _ [[O’rr]] ‘egjact - IIO-T:;]] |2 Phase solution (5. 123)

Orr
Au,,, _ [[0'7"0]] ’ezact_ [[Uri]] ’2 Phase solution (5 124)

Org

Circular Interphase: Problem Setup

Consider a circular interphase of radius a and a coating of thickness ¢ embedded in an

infinite elastic matrix subjected to shear strain agy = [3 at the remote ends. This is the
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5.7. RESULTS AND DISCUSSION

classical problem of a circular hole in an shear strain medium, and the analytical solution
for such classical problem exists. Let us consider that the displacement vector in polar
coordinates is give nas u = {u,(r,0),ug(r,0)}.

GV2u+A\+G)V (V-u)=0 (5.125)

Substituting the values of w in the equation above leads to the following two forms of
PDEs: Using separation of variables method

ur(r,0) = R(r) sin (n ) ; up(r,0) = O(r) cos (nb) (5.126)

The problem is subjected to a uniform remote shear strain, which possesses quadrupolar
symmetry. Consequently, the displacement field is sought in separable form using the
second angular harmonic (n = 2). Thus,

up(r,0) = R(r) sin (26) ; ug(r,0) = O(r) cos (26) (5.127)
which can be solved to obtain the following

D

C
R(r)=Ar*+Br+—+ = 5.128
(r) r°+ Br+ . + 3 ( )
3—2v 1-2vC D
= Ar*+B - — = 12
o(r) 5, AT +Br+ 5, 5 3 (5.129)
Thus, the displacement field are given as
. 3 ¢ DY .
up(r,0) = R(r) sin (20) = { Ar® + Br+ — + — | sin(20) (5.130)
ror
_ _(3—2v 4 1-2vC D
ug(r,0) = O(r) cos (20) = ( ” Ar’+ Br+ - 73> cos (26) (5.131)

Plugging these values into strain-strain relation fives the following expressions for strain

3D C .
(B C 31-v)  , 3D\ .
€00 = <V + o) » Ar® — 1 ) sin (20) (5.133)
1 C 34r? 6D
=-(2B — 2 134
ero 2( +7“2(1—V)+ v +r4>COS( ) (5.134)

and from the Hooke’s law for isotropic elastic solids, we can obtain the expression for the
stress fields

3D 1 C\ .
3D 3, 3D\ |
C 34r* 6D
org G( +r2(1—y)+ ” +r4>cos( 6) (5.137)
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For a exact solution, that is the perfect interphase problem, the displacement fields (5.130)
exists for all the three materials as v, u(®, u?, where w is the displacement vector and
1,2 refers to inclusion and matrix respectively, while the superscript ¢ indicates the field
inside the interphase. Consequently, we have 3 strain fields and 3 stress fields for the three
different materials. For the inclusion, as r — 0, in order to avoid singularity the terms C
and D in (5.130) become zero.

Ci=D;=0 (5.138)

At the remote boundary, as r — oo, in order to avoid singularity the terms A becomes
zero and B in (5.130) takes the remote shear strain value.

Ay=0 , By=p (5.139)

This simplifies our set of unknown values, and the system of equations can be solved to
obtain the value of the constants - {A1, By, A, B;, Ci, D;,Ca, D2}. The elastic material
properties of the three domains are given in the Table 5.1.

Therefore, the jumps in the elastic fields is given as:

[ur] = [R(a+t) — R(a)] sin26 (5.140)
= Ait3 +3aAZ-t2 + (3(],2141' +Bi)t+CZ‘ <(11+t - i) +Di <(a—|—1t)3 — i)] sin 20
(5.141)
[ug] = [©(a +t) — O(a)] cos26 (5.142)
= [3 ;3VZ Ai ((a+1)3 —a®) + Bi((a +1t) — a)+

1-2y 1 1 1 1
2(1—1y) Ci (a—i—t - a) +D; (((1—1—75)3 - a3>] cos20 (5.143)
lovr] = [0 (a +t) — 0yr(a)] sin 20

1 1 1 1 1 .

=2G% (2a+1)

[or6] = [070(a + 1) — ovg(a)] cos26

el

3t A ((a+t)+a) + — cz-<( ! 12>+

tVi 1-— v;

cos20 (5.145)
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E v G
Material 1 (inclusion) 24 0.20 10G®
Material 2 (matrix) 2.7 0.35 1
Material 3 (interphase) 2.5G0) 0.25 {1078 to 10%}

Table 5.1. Elastic properties of the material in perfect interphase setting.

Numerical Verification

The results presented here refer to a circular inclusion with an imperfect interface compared
to results from the exact solution (the perfect interphase setting). The results are presented
at § = 22.5 deg and radius of inclusion a = 1.

Fig.5.4 illustrates the jumps in radial and angular component of the displacement
vector along the normal direction for interphase thickness of € = 0.01. For jumps in radial
direction Fig.5.4a presents the comparison of the results with respect to the three-phase
solution, while Fig.5.4b demonstrates the absolute error computed for each method. From
the graphs it is observed that the jump in radial component of displacement is ...

For the jumps of the angular component, Fig.5.4c highlights the plots of each method
compared against the three-phase solution, while Fig.5.4d illustrates the absolute errors.
It can be clearly seen that while Hashin, method shows good approximation of the
jumps for soft interphases, it begins to deviate slightly with increasing rigidity. The method
proposed by Hashin, and the two-point schemes proposed by us begin to deviate at
around G / G® = 105, while the three-point scheme proposed by us shows good results
for G /G®?) = 108. This highlights the efficiency of the proposed schemes for computing
jumps of the radial and tangential displacement components.

The values of the jumps of the radial component [u,] and the angular component [ug]
of the displacement vector of the circular interphase which is computed via classical models
from literature as well as our proposed schemes, the comparison of their absolute values
is tabulated in Table.5.2 for a soft G /G®) = 0.001 and a rigid interphase G(*)/G?) =
1000. From the values below, it can be concurred that our proposed schemes provide good
approximation of the exact solution, with absolute error being less than O(e).
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Fig. 5.4. Plots of normalized displacement jumps with their corresponding absolute errors for circular
interphase of thickness ¢ = 0.01.

Fig.5.5 highlights the plots of the jumps in normal components of the stress vector o,
and the shear component o,9 across a wide range of elastic shear modulus of the inter-
phase. Fig.5.5a compares the jumps in the normal component of the stress vector, and
Fig.5.5b illustrates the absolute errors computed as defined in (5.121) for each method.
It is clearly seen that our proposed schemes show good approximation of the exact solu-
tion. The one-point scheme of Hashin, along with our proposed two point scheme show
good approximation upto G /G(z) ~ 10°, and beyond this value, the error increases.
However, the proposed three-point scheme show good approximation, and error of O(e) at
G®/G®? =105. Also, for higher thickness of € = 0.05, while Hashin’s results are no longer
accurate (as mentioned by himself in Hashin, ) we see that the three point schemes
show error of O(e) for shear values of G /G®? a 10* which is quite a good approxima-
tion. For the jumps of the tangential components of the stress vector .9 Fig.5.5¢ plots
the values obtained from the perfect solution, and from the imperfect interface solution
via the scheme of Hashin and our proposed methods. It is observed that the methods
deviate from the exact solution somewhere around 10° < G®)/G®? < 10% except for our
proposed three-points methods show good approximation of the solution with error being
approximately < O(e). Again for e = 0.05, while the other methods deviate largely, it is
seen that our proposed scheme shows least error, about O(e) for G / G? ~ 10® which
demonstrates the robustness of the proposed transmission conditions.
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Absolute Error A with FF =0

[, ] G /G =103 GW /G = 10°
t=0.01 t=005 t=0.1]| t=0.01 t=10.05 t=0.1

Hashin, 0.013  0.085  0.176 || 1.33x 1075 9.96x107% 3.4 x107°
FIS - 2 points (Eqn.(5.56))  0.013  0.086  0.177 | 1.4x 1077 65x1077 12x107°
FIS - 3 points (Eqn.(5.82))  0.013 0.086  0.177 || 1.55x 1077 1.39x 1077 6.31 x 107°
SIS - 2 points (Eqn.(5.56))  0.013 0.085  0.177 || 462x107° 7.6x107° 12x107*
SIS - 3 points (Eqn.(5.82))  0.013 0.086  0.177 || 1.51x 1077 6.79x 1077 1.3 x107°

[uo]
Hashin, 0.013  0.085  0.176 | 2.03x 107  0.0005 0.003
FIS - 2 points (Eqn.(5.57))  0.014 0.087  0.179 || 8.48 x107° 0.0003 0.002
FIS - 3 points (Eqn.(5.86))  0.014 0.087  0.179 || 9.99 x 107° 0.0003 0.001
SIS - 2 points (Eqn.(5.57))  0.014  0.087  0.179 || 827 x 10"  0.0003 0.002
SIS - 3 points (Eqn.(5.86))  0.014 0.087  0.179 || 9.93 x 107° 0.0002 0.001

Table 5.2.

Relative errors (§) values computed for displacement vectors from all models for a soft

(G /G® =107?) and rigid interphase (G /G® = 10%). Here, FIS refers to the proposed methods in
First Integration Scheme and SIS stands for Second Integration scheme.

The values of the jumps of the radial component [o,,] and the angular component [o,¢]
of the displacement vector of the circular interphase which is computed via classical models
from literature as well as our proposed schemes, the comparison of their absolute values
is tabulated in Table.5.3 for a soft G(®) /G2 = 0.001 and a rigid interphase G /G =
1000. From the values below, it can be concurred that our proposed schemes provide good
approximation of the exact solution, with absolute error being less than O(e).

The absolute error for the interphase of thickness € = 0.01 is of the order of O(e) and
confirms that employing three points of integration inside the interphase would provide very
good approximation of the jumps of displacements and surface fluxes across an imperfect
interface, and would be in good agreement with those obtained from the exact solution.
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Fig. 5.5. Plots of normalized displacement jumps with their corresponding absolute errors for circular
interphase of thickness e = 0.01.

Absolute Error A with FF =0

[ovr] Soft G /G®?) = 0.001 Rigid G /G = 1000
t=10.01 t=0.05 t=01 | t=001 t=005 t=0.1
t=0.01 t=0.05 t=01 |[t=001 t=005 t=01

Hashin, 2002 27x107%  1.02x107° 3.17x 107" || 0.0188 0.1313  0.3887
FIS - 2 points (Eqn.(5.59)) 1.13x107% 574 x 1076 2.71x 107 || 0.0017 0.0286 0.1688
FIS - 3 points (Eqn.(5.91)) 1.55x107% 248 x 1075 1.6 x107° || 0.0015 0.0107 0.0404
SIS - 2 points (Eqn.(5.96)) 0.002 0.0025 0.0024 || 0.0745 0.0537  0.2524
SIS - 3 points (Eqn.(5.96)) 9.82x 1075 6.32x 107>  0.00013 | 0.0014 0.0085  0.0325
[ovol

Hashin, 2002 175 % 107° 4.4 x107° 0.0001 || 0.02 0.0972 0.145
FIS - 2 points (Eqn.(5.57)) 2.2x 107> 0.0001 0.0003 || 0.0028 7.78x107°  0.05

FIS - 3 points (Eqn.(5.86)) 3.04 x 107> 0.0002 0.0004 || 0.0028 0.0042 0.008
SIS - 2 points (Eqn.(5.57))  0.0024 0.0028 0.0029 || 0.1754 0.0743 0.126
SIS - 3 points (Eqn.(5.86)) 3.4x107°  0.0002 0.0004 || 0.0028 0.0042 0.008

Table 5.3. Relative errors (6) values computed for displacement vectors from all models for a soft
(G /G® =107%) and rigid interphase (G /G® = 10°). Here, FIS refers to the proposed methods in
First Integration Scheme and SIS stands for Second Integration scheme.
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Chapter 6

Transmission conditions across a thin
thermoelastic interface

6.1 Introduction

Composite materials are a common part in the industries, due to their high performance
and better endurance to structural and thermal loading. The ceramics are subjected to
cyclic thermal shock loading, leading to development of thermal stresses within the mate-
rial, which progresses to the ultimate failure of the material. The presence of inclusions
although contributes to the increased performance of the material, at the boundary of the
matrix and inclusion, however, there exists an tmperfect interface, across which there is a
finite jump in the properties of the material due to mismatch of the thermal or mechanical
material properties (thermal conductivities, shear modulus, Poisson ration, CTEs, etc).
These accumulations, or "jumps" across the interphase boundaries creates hotspots which
initiate microcracks which propagate on cyclic loading.

The work presented in this chapter is devoted to the development of transmission
conditions for a thin thermoelastic interphase, making use of models developed in the
previous chapters dealing with thermal and spring type interphase. The constitutive model
is derived from the governing equations, and numerically validated via an appropriate
example, and concluded with discussion on the results obtained.

6.2 Motivation

As in the previous cases of thermal (sec.4.1) and elastic interface (sec.5.3), tempera-
ture ©@, and displacement vector u(® are expanded asymptotically inside the interphase
around point Ay and As, to express temperature and heat flux at point Ag in the normal
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direction using Taylor series.

. ; 90
00 =ef +

§+a1€27 Ogggtlu

on
Ay
(%) (4) 001 2
@ (S)ZTAQ—i_ 8TL (f—t)+(12(€—t), t1§§§t7
Az
(6.1)
(@)
wO(©) =ul + 2 5 ere 0<e<h,
6051
Ay
(i) (@) du® 2
Az

Here a1, as are the scalar internal parameters in the expansion of the temperature field
inside the interphase ©(") as given in (4.2), and ¢,d are the vector quantities of the
internal parameters, when the displacement vector w(¥ inside the interphase, is expanded.
From the thermoelastic constitutive laws, given in 3.3.5, and re-written here for the sake
of brevity,

, N le 10
Fourier’s Law: ¢\ = —k(® 09 (6.2)
on
Hooke’s Law: o) = Cg%kl(el(jl) —m©6,,,00) . CeSym (6.3)

where m = (3 + 2u)a is the coupling factor and © = T — Tj is the variation of the
temperature. Thus, from Hooke’s law, no thermoelastic effect exists for the the temperature
field. Substituting the temperature expansion around points A; and Ay (6.1) into the
Hooke’s law, we get the heat flux approximation as

. 4 ()
gD (€) = =k (¢) <a§)n + 2a1£> . 0<E<ty,
A

(6.4)

) . (@)

Ao

The first two equations of (6.1) along with (6.4) can be solved to obtain internal parameters
ay,az for the temperature field, which have the same form as obtained in (4.6), as the
temperature and heat flux are not affected by the thermoelastic coupling term. Thus,

_ 2k (Ol — ) + Kian Laste + Kija |4, (2t — )

a

2k k) 11t
o ‘ . . (6.5)
a4y = 2":&2 kxi(@% - 95@) - kgiqg)hltl - kﬁzqr(f)lAg(Qt — 1)

() 1.(2) ’
2k y ko, tat
where there is a clear symmetry by changing TXI) — TXZ) and qr(f )| A= —qg )] Ay, @S seen
previously in the thermal case. Next, the Hooke’s law can be re-written as

i =l = m 03,60 ©9
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and the symmetric tensor €x; can be further decomposed into the tangential and normal
components, as seen as earlier in the elastic interphase case (5.14). Thus, the modified
form of Hooke’s law is then written as:

C o =grad, u') — B : (gradu® - 7)) —mWeOr (6.7)

The coordinate «q is aligned with the outward normal 7, this means that the normal
component of the displacement vector becomes:

. ou®  Hu®
@) .5 = -
gradu'’ - n n Do,

(6.8)

The equations for the expansion of the displacement vector field w(® from (6.1) is substi-
tuted in the modified Hooke’s law above:

ou® . (i)
_ (&) n_

+265> mlI (@ la, — 0|,

1 1

80[1 A

(Cilo'(l)(g) - VS’U/(Z)|A3+B < 5—’_ al §2> ) 0 S 5 S tl?

(6.9)

. . Ou®
Clo(¢) = Vau|4,+B ( °

5or |, +2d(£—t)>

2

(i) qg)
mlI | W], 2]
112

The last two equations of (6.1) (6.9) and (6.10), the system of equations obtained can
be solved for, and the internal parameters ¢,d can be solved for. The parameters aq, ao
are the internal parameters in the expansion of ©() and their values are obtained above.
Alternatively, the value of @) |45 can be plugged in here. But since the parameters a; and
ag are symmetric in nature then the coupling factor (m©®I)|4, will cancel each other,
and (6.9) and (6.10) will reduce to the same form as that of elastic case Sec5.3. Thus,
with internal parameters a1, as, ¢ and d known the temperature O and the heat flux qg)
values at the intermediate surface along with the displacement fields w(? and stress vector
U,(f ) can also be determined. It must be notes that this values of stress vector is not the
same as that obtained in the purely elastic case (5.36) previously as the coupling factor
now exists. Therefore

(€ —1)+ a2 (é—t)2> , t1 <E<t, (6.10)

1

@) 1=y — 0@ (44 _
@Ag (tl ) - @Ag (tl ) - Qk(l)k(z)t
A1V Ag

[’f%qg)lfxgtltz A )49 4, 1t +2k(’)k(l)(@(j)t +9() )}

(6.11)

, . t1t2 (777()?|A2— T(ri)|A1) + 2ty (C_IUEQ —c U(i)|A2)
u(z)’A:s (ti_) - u(l)‘Ag (t1_> -

2t
2 (£ u® to u(®
4 20 u0ltteulla)
2t
while the fluxes are computed as
< < ki, 010 (o) _ o
qg)’A:a(tl_) = qul)’As(tT) ) (f) Alqn |A2t2 + kA qn |A1t1 + 2k, k (@Ag - @Al)}
kAlkAQ

(6.13)
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C-PO|g, t1 +C-PO|y, ty —2 (‘77(:)|A1 t+on |, t2)
2t

2t

+ CPD|4,—mOD| 4, T (6.14)
where the value of ©()| 4, is the same as in (6.11). Thus,

(C-'P(i)|A1 t1 -I-C‘P(i)‘AQtz -2 (UT(;')|A1 t1 -f-0'7(1i)|A2 tg)

0'7(zi)’A3 (t;) = Uv(zi)|z43 (t;r) =

2t
_ D], —q®
4C (¥4, —uBla,) +CPO| 4,
2t
T, [kﬁxzqﬁ)mtlh - kixiqMAltlt? + 2k23 kii(@)(fx)ﬁ? + Ggltl)} I (6.15)
AR A,

M(i)’Al i1+ M(i)‘A2 tp—4A (u(i)’Az_u(i”Al)

T

US)’A3 (tl_) - US)‘A3 (tii—) =

3

1, . A _ ;
e (O'S) ’A1 t1 + O'S) |A2 tg) + M |A3 —m@(A) I (6.16)

where

A=CKY KD M=up® (6.17)

6.3 Problem Statement

Let us consider a homogeneous, isotropic thermoelastic material as the interphase domain.
The arbitrary curvilinear composite system is governed by the following equations:

For the material 1, 2, and i, the corresponding components of displacements are
v, 4@ and u®, and the temperature is 7MW, 7@ and TW. The governing equations
for a coupled thermoelastic body is given as:

045 = )\(5” 6kk+2u€i]’ —m(;l'j@ (618)
ET;; = chT—l—mTo €LE (6.19)
where m = (3\ + 2u)a is the coupling factor and © = T — Tj is the variation of the

temperature with 7Ty being the volumetric reference temperature.

The mechanical strain terms are computed from the linear isotropic strain-displacement
relations:

emech — % {Vu + (Vu)T} (6.20)

and the thermal strain is presented by the term €¢"™ = m © I, where I is the identity
matrix.
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6.4 Development of Transmission Conditions

The proposed transmission conditions to model the jumps in thermoelastic fields across
the thin interphase are now developed, starting from the governing equations described in
the previous section.

As in the previous cases of thermal and elastic interphase, the thermoelastic fields are
defined at two points A; and Ay which are situated on the boundaries of the interphase in
Fig.2.4a, and a third point A3 lying inside the interphase domain. The temperature and
displacement, along with the fluxes, are continuous across the boundaries of interphase.
These usual classical (perfect/ideal) interface conditions are:

[u] =0, [O] =0
[o-n]=0, [g-n]=0

Across the thin interface I' (lim¢ — 0) that separates the two materials, as depicted in
Fig. 2.4b the elastic and thermal properties are no longer continuous across this surface,
and there is an accumulation of state variables or surface fluxes at the boundary, known
as "jump" of the property.

The jumps in relative temperature © is expressed using Fourier’s Law and is indepen-
dent of the mechanical effects, as it is an independent state variable:

00 90 ¥
ooy on k@

(6.21)

From the elastic case, we know that the components of the displacement vector u( along
the normal direction «; is given by (5.28) as

ou® 1 G ,
_ foc1gl) _ pl)
o {2c71a) - P} (6.22)

where G = P is the term that contains all surface gradients of u() as defined in (5.29).
The governing balance equations are:

1. Thermal Equilibrium:
div g™ — Q(¢, a0, a3, T) = chT'(i) + mé,(;,z (6.23)
2. Mechanical Equilibrium:
pir = dive? = div ()\(i) tre@ 1 +2,0el) — m@(i)I> (6.24)
where m = M = —3akK is the stress-temperature modulus, defined in (3.144).
From the development of transmission conditions for a thermally conductive interphase,

we know that the term div g in (6.23) can be re-written in terms of curvilinear coordinates
as:

. (’L) — . (z) s 7,) o (’L)
divg™ =~ {8n<h2 hs@i’) + 5o, P d2") 5 (ha a3 )} (6.25)
= - () g @, 9 )
hahs {(971 (h2 hs qn, )} + by hs {8042 (hS D} ) + Dors (hQ q3 )} (6.26)
1 0 , .
" hohs {871<h2 hs qff))} +Dyq? (6.27)
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where Dyq(® is the surface differential term defined in (4.19). Following the same process
as in the thermal interphase case outlined in Sec 4.2, we have the following two forms of
equations obtained from the first term on the LHS

1 (8 . gtV ,
(1) “An (%) 2
Teaha {an(h haqy )} or -+ (6.28)

where ¢ is the curvature term defined in (4.20). This leads to the following two forms of
the normal derivative of the normal component of the heat flux term:

gt

o = Q(6,02,08,T) = Dsg" — g + pep T + mtret (6.29)
and
%(hzhsqq(f)) = hyhs (Q(€ 02,05, T) = Dyq® + peg TV + mOD 1) (6.30)

where the mechanical presence can be seen via presence of coupling term m tr ™ and
Q(&, ag, ag, T) is the heat source term distributed within the interphase. If the heat transfer
is assumed to be steady state, and free of mechanical coupling effects, then the transmission
conditions for heat flux (4.17) and (4.18) can be retrieved from the above equations.

The next step is to define the derivative of the normal component of the stress vector
aﬁf) along normal direction. In parallel curvilinear coordinates, the balance equations
(6.24) can be expanded as:

ivol = < e 9 0 Gy, 9 o @ (@)
dive healia {an(h2h30'n )+ Dy (hgoy’) + s (haory )} T A (6.31)
i ‘ L [0 w0, |
= — (@) I N T () 0
hohs {871 (hohszo,, )} + hahs {8042 (hsoy’) + Bars (hoog )} + A (6.32)
! 0 (4) (i) (i)
= by \ o 12aen’) g + Dol A (6.33)

where DSUS ) are the surface gradients of the normal stress vector 0'7(3 ) defined in (5.43)
and A is the tensor comprising of all the terms involving derivatives of scale factors given
in (5.48). Thus, the evolution of the surface fluxes along the normal direction are obtained

from Eqn.(6.24), and are expressed below explicitly as:

(i) ‘ . . .
8aa'n =pi — Do) — gol) — AV (6.34)
aq
or 3
o (hzhao!)) = ha hy (p a® — A Dsa,(j)) (6.35)
1
Following the definition of tensor A from (5.48),
092 Ohy 033 Oh3
A (o2 o33 6.36
1 <h2 Oay + hs 8041) ( )
091 Ohy 023 Ohy 033 Oh3
A, = 02 _ 933003 6.37
12 hg 6041 + h2h3 80&3 h3 8042 ( )
031 Oh3 1 Ohs Ohs
Az = — — 6.38
13 h3 aal + h2h3 <U32 8@2 722 80[3) ( )

140



6.5. FIRST INTEGRATION SCHEME

The term Aj; corresponding to aﬁ) is redefined as follows for the linear isotropic thermoe-

lastic case,

1-2y .
A11=B+g{ 1_; Ullm@(z)} (6.39)
where
1 2G; Ohsa Ohs
B Teaha { T <h3 Do (€22 + vi€es3) + ho Doy (€33 + v 622)) } (6.40)

while the terms Ajs and Aj3 remain the same, as the thermo-elastic coupling effect does
not come into play in the tangential stress components.

In the schemes proposed in the following sections, we will make use of either Eqns.
((6.29),(6.34)) or Eqns.((6.30),(6.35)) to arrive at more explicit expressions of the trans-
mission conditions across the interface boundaries.

The effect of the thermal coupling term is represented by the thermal strain term in
the normal component of the displacement (6.22), via the term m®, while the jumps in
tangential components show the same behaviour as that of linear elasticity as we shall see
in the transmission conditions in the next section.

6.5 First Integration Scheme

For this scheme, we make use of the first set of eqns, (6.29) and (6.34), by integrating
them between two or three points within the interphase. The solution for the integrated
solution is obtained by employing Trapezoidal rule between these points (intervals), and
thus, arriving at the required transmission conditions.

6.5.1 Two points Integration scheme

The eqns are integrated between two points, from 0 to ¢ that is between points A; and A,

using the trapezoidal rule. This gives:

taf® ¢ [9f® of®
Al (90(1

[F91=

8061 N 2 8041

) (6.41)
Az

This gives the following transmission conditions

Jump of Temperature

The equation (6.21) defining the variation of temperature 0 along the normal direction
is integrated along the thickness, and using the trapezoidal rule gives

[e] = —t <kqg) > (6.42)

The equation above is same as that obtained for the jump in temperature across the

thermally conductive interphase (4.23).

Jump of Displacement vector

The jump in displacement vector across the imperfect interface is obtained by integrating
the derivative of the displacement vector along the normal direction (6.22). Due to the
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presence of thermal strain, the jumps in the normal component ugi) of the displacement

vector is modified to

(i) () @) A , ,
_ o m B 0,
) =1 <)\(i) Lo N o 2 (o ) (6.43)

and tangential u;, component of w(?), where k = {2, 3}

(@) (4)
o 1 {0u oh
— ¢ 2k _ L gy 44

This is the same as (5.57).

Jump of Heat flux

The jump in the thermal flux across the interface is given as

. N 50
lan] =t <Q ~Dig — g4 ~mOOO] + per — > (04
Here, we see that the effect of mechanical coupling term m®O(®¢ in the resulting transmis-
sion conditions. If no coupling exists due to the mechanical deformation, and the thermal
deformation occurs under steady state conditions, then (4.22) is retrieved.

Jump of Thermoelastic Stress

The jumps in stress vector U,(Zi) obtained by integrating (6.34) between the two points.
the Normal component o1; of stress vector reflects the thermal effect on the mechanical

deformation via the presence of the coupling term m©®

foua] = ¢ {<pu'a>> (50— (Do) - L2200 <gm@<i>>} (6.46)

where B is the operator defined in (6.40), while the tangential component of stress vector
o1k (where k = {2,3}) is identical to (5.60) and (5.61)

o] = ¢ { (A} = (Dood) — (9ot} (6.47)

6.5.2 Three points Integration scheme

The accuracy of the derived transmission conditions is improved by introducing another
point of integration within the thickness of the interphase. The thickness ¢ of the interphase
is divided into two intervals ¢; and ¢y and the trapezoidal rule is applied from 0 to ¢; between
points A; and As, and from t; to to between points Az and As, as in Fig.2.4a and 2.4b.

Therefore,
70 b gr) 29r@ ¢ [9f® af to (0@ of®
g = — — _|_ i
[[ ]] 0 (9041 t1 (9041 2 8041 Ay 3@1 As 2 8041 As (9041 Ay
(6.48)
. (4) (@) (%)
(pog = 227 t2 0f tof (6.49)
2 80[1 Al 2 aal A3 2 60&1 A2

Using this, the transmission conditions are defined as for jumps in temperature, heat flux,
displacement vector, and normal component of stress as follows.
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Jump of Heat flux

Eqn.(6.29) is integrated between the three points, between points A; and Az as:

4 . t [ 0a? 9at
@), _g®, =2 [ in
dy ’As dn |A1 2 ( on " on s (650)
and between points A3 and Ay as
(i) (i)
), g = 2 (O O 1
dn |A3 an |A2 9 ( on 4 on 4y (6'5 )
if we add (6.50) and (6.51), we get
' ' ' ¢ 8q(i) 8q(i) to 8q(i) aq(i)
2001, — (¢ (1) o n n _ 2 n n
0’4 <q” 41 +4n ‘A2> + 2\ On |4 on |, 2\ On |y, On |y,
(6.52)
' ' O () o (4) to O (4)
— (@ (i) "1 9n _ an _ 2%
(q” [4:+4r |A2> + 2 On |y, i —te) on |4 2 0On |y, (6:53)
3 2
- 4 : t, g t—t2\ Ogy ty 9ql)
@, = (g® (i) "1 94n 1~ %) Yn _ 2% 4
a4 <q" 41+ ’A2> + 4 0n |y, +( 2 ) on |, 4 0n |, (6:54)
3 2
and if we subtract (6.50) and (6.51) we get
(i) (1) (1)
@y _ 1 9 t2 Ogn ti+t2\ Ogn
lax"] 2 0n [y, 2 On |y, + 2 on |y, (6.55)
Assuming the simplest possible case where t; = to = t/2, (6.52) and (6.55) simplify to
- - . t, oql) t—t2\ OgY ty 0ql)
@), — (g® (i) "1 9n 1—%) %n | _ 290
an’ s <qn |41 +an ‘A2> + 4 On |y, * < 2 > on |y, 4 0On |y,
(6.56)

; Oar
- (1))

; t . NG 90 @)
= ‘L(f)|A3 = (gn) — 3 <|lQ — Dsq —gq,(f) —mOWtre® 4+ pep En ﬂ) (6.58)
and (i) (9)
, t / Oqy t\ Oqn
O t
[a:] 2< B >+ <2> on |, (6.59)
(i = ¢ 0 ) 7 &0 00"
= [0:'] = 5( @ -2Dsq —gay) —mO e +pep —
t 0 ) ¢ 200 90"
tg |@—9m’ —mOYtre +pcp—, (6.60)
As

Therefore, (6.58) provides the normal component of heat flux values at point As inside
the interphase, and (6.60) is the jump of the normal component of the heat flux across an
imperfect interface.
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Jump of Temperature

Eqn.(6.21) is integrated between the three points, between points A; and Az as:

. : t1 [ 96® 90 4 aq(i) aq(i)
o, e, - S e a 6.61
43 o 2\ on [y, On |y, 2 \OkW |, ~ 0kO|,, (6.61)

and between points A3 and As as

. . to (000 90 to [ AgY agtd
00|, _eW, — 12 =2 ™ 6.62
40" = =5 (5, W on |, ) T2 \ae|,, T |, (6.62)

If we add (6.61) and (6.62), we get

; » ‘ t {000 00 ty {000 90
2004, = (004, +0D[,,) + = _ 2
3 ( ! 2) 2\ On |y, on |y, 2\ On |y, on |4,
(6.63)
: , t, 000 000 ty 90
— (e® (1) o _ _ 2
(@ |4, +0 ’A2> + 5 5, ) +(t—t2) =5 L2 e, (6.64)
1 3 2
- : t; 000 t —ty\ 900 ty 9O
@O, =({e®\ L 1712 _ b2
O 4 <6 >+ 4 0n |y i < 2 > on |u, 4 0n |y, (6.65)
and if we subtract (6.61) and (6.62) we get
, (@) 00 t + 1\ 000
(iyy _ t1 9O to 1+t
[0%1=5 5, el P o |, (6.66)

Assuming the simplest possible case where t; = to = t/2, (6.63) and (6.66) simplify to

: : t; 600 t —ty\ 900
W, = (e®\ L 1 -t
O s <9 > + 4 0n |, * ( 2 > on As
~ (%) - t (oY (6.68)
N 8 on '

: t ([a
— @<”|A3=<@>+g 0 (6.69)

_ 2 08
4, 4 on

(6.67)

and
, t /o0l t\ 960
Oy — = -
CRIES < - > + (2) o |, (6.70)

(4) (4)

i t [ qn t gn

(O} I _ 2 an

3

where qy(f)| A 1s given by (6.58) derived above. Therefore, (6.69) provides temperature
values at point As inside the interphase, and (6.71) is the jump of the temperature field
across an imperfect interface. These equations are similar to (4.38) and (4.35) obtained
for the thermally conductive interface.
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Jump of Displacement vector

Following the same procedure as above, we integrate (6.22) between points A; and As,
and from Az to As. This gives the following set of equations

, . t1 [ oul® du(d
@D, _g@, 1 2
w4, —u'| 4, 5 ( an |0 " on |y, (6.72)
_h (2 Cle® — P(i)) + (2 Clol® — P(i)> (6.73)
2 Ay As
and between points A3 and Ay as
. _ (i) ou®
QIR0 _ 12 (Ou u
w®|y —ud|,, = (6.74)
3 2 2 ( an A2 (97”0 A3
_ (2c710f) —PO) |+ (207 0f) — PO) (6.75)
2 Ay As

Adding (6.72) and (6.74) provides the values of displacement vector u(?) at point Az inside
the interphase.

, , t1 Ould t —to\ Oul® ty Oul®
D), = (@ i 17 %2 _2
w4y <u >+4 on A1+< 2 ) on |y, 4 0n |y, (6.76)
and
t; Ou® ty Oul® t+ 12 Oul®
(i) = L 2 172
] 2 0On |, T2 Ton A +< 2 > on |, (6.77)
1 2 3

Assuming t; = ty = t/2, the equations can be written in their final form as

= ()= [ = uy- [eeat-p)] o

and
. (@) to Oul®
@ _ L [/ou\ 12 Ou
[ 2< on >+2 on N (6.79)
3
_t ~1_(i) _ () t2 ~1_(i) _ ()
_2<<2<c o P )>+2 (2c7tel) - P )A (6.80)
3

P is the surface gradient of the displacement vector defined in (5.29). Along the normal
direction, it can be assumed that this gradient along the tangential direction does not vary
much, and thus,

POy, = <7’§£)> (6.81)
Therefore,
[0 = 3 ((2¢76f) —220)) 4+ £ (2¢70(0],,) (6.82)
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For the normal component of the displacement vector

t Uﬁ) m® e ggil) m® o)
[us] = = : R )+ | ~ 4 — :
2 @D 4240 \@ 42 4 (0) MO 42,0 XG4 240 )
3

A i i

and for the tangential u;, component of ("), where k = {2, 3}
() (4) (1)
t o1k o1k 1 (0w Ohy
= - : . —2( — — Up——— .84
3

Jump of Thermoelastic Stress

Similarly, following the same procedure and under the assumption that t; = to = t/2, we
get the following equations for stress vector at point As and for the jump in the normal
stress vector by integrating (6.34) between points A; and Az and between Az and As.

o0la= (o) — L {1pi®] - [P0l - [y 0] - [AV]} (6.85)

[o0)] = % [{(pi) ~2(Dio)) ~ (4o} - (4}

o {pi® — 9ol — a0 (636)
Az
The jump in normal component o1 of o is given as
Z A ) 1-2 (%)
t W _po_1-2 ) (43)
+§ p U —811 —m 0'11 —I—gm@ (687)
As
while at point As:
‘711 |A3 = <‘7§1)> 3 |lpu(z) —BY — Do — mg 051) +gm@( )]] (6.88)

The tangential component of the stress vector o1 (where k = {2,3}) can be obtained at
point Ag from the following equation

oilag = (o) - ; { [ = A1 - Do — gol] } (6.89)

while the jump in the tangential component across an imperfect interface is given by:

1= (a0 o)} (w0 rw )| o0

Az
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6.6 Second Integration Scheme

For this scheme, we make use of the first set of equs, (6.30) and (6.35), instead of (6.29)
and (6.34), by integrating them between two or three points within the interphase, as in
the previous case. The solution for the integrated solution is obtained by employing the
Trapezoidal rule between these points (intervals), and thus arriving at the different form
of transmission conditions. The transmission conditions for temperature and displacement
vector pertaining to two- and three-points of integration schemes remain the same as
derived for the First Integration Scheme.

6.6.1 Two points Integration scheme

Similar to 5.5.1, the flux equations (6.30) and (6.35) are integrated between two points A;
and As.

Jump of Heat flux
[[hg h3 qnﬂ = t<h2 hg (Q(f, a9, 3, T) - Dsq(i) +pcE T(l) +m @(l) tr E(Z))> (691)

Making use of identities defined in (2.117) eqn(6.91) can be re-written as

. . . . » o0 @)
(hg h3) [[%(f)]] +[h2 h3ﬂ<q7(f)> =1 {(hz h3><Q ~Dsq—gq) —mOWtre® + pep 5 >}

¢ : N 00
+t7 {[[hg hs] NQ —Dyq—gq —mOWtre® 4 pep T ]] } (6.92)

which can be rearranged to give

. . . N 901
2] + 8(a) =1 { <Q ~Dig—gq)) =m0 tre® +pep— >}
000

t . ) .
+ Zﬁ { ﬁ@ — Dsq — gqff) —mOWtreld 4 pep i N } (6.93)

where 3 is the parameter given in (2.118).

Jump of Thermoelastic Stress

Similarly, the jump in stress for the two-point scheme is obtained by integrating (6.35)
between the two points A; and As.

[ho hs oD] = t<h2 hs (p ad — A Dsa}j))> (6.94)
which after implementing the identities in (2.117) and re-arranging gives:
0 0 = 20— A—D.o®) £ P i — A Dol
[[O'n ]] +6<0n > t{<pu A — Do), >—i— 1 [[pu A - Do, ]]} (6.95)
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from (6.95), we can get the expression for the jumps in the normal component o7 of the
stress vector (¥ as:

. 4 () ,
o] =t {<pu(1) — B4 —DSO'(Z) -1 v ()gdﬁ) —l—gm@(l)>}

. . () ~ A
+ g { Npu(l) —BY —Dp,el) — ; i y(i)goﬁ) + gm@(z)]] } (6.96)

and tangential oy}, component of o), where k = {2,3}
—tlpi® — Ay —De® 1 B ,a — A, — Do
[[a ﬂ t<,ou A — Dso) >+ 1 {[{pu Ay — Dso,) J]} (6.97)

6.6.2 Three points Integration scheme

Similar to three-points method given in First Integration Scheme in 6.5.2, Eqns.(6.30) and
(6.35) are inetgrated between three points - from A; to A3 and then from Asz to As.

Jump of Heat flux
Integrating (6.30) between the points A; and As provides us with the following:

(h2 h3 q'r(zi))

- (hQ h3 %(zi))

As A

t . .
> {h2 hal a, <Q(f,a2,a3,T) —DyqD + pep T +m O tret ) La, }
t . ..
+ 5 {2 hala, (Q€ 02,03, 7) = Dog® 4+ pep T +m @D tre®) [ 1 (6.98)

and integrating from Ay to Ag gives

(h2 h3 q'r(zi))

- (hQ h3 %(zi))

As Az

_ % {h2 hl a, (Q(g, as, a3, T) — Deq® + pep T® +m e trs'“)) |A3}
; %2 {h2 hs|a, (Q(fa az,a3,T) = Dsq + pep TV +m OV tr é(i)) ’A2} (6.99)
Adding (6.98) and (6.99)
(a3 @) 14, = (hahaal) =
Zl {hz R3] 4, ( (& a,a3,T) — DygW + pepTW + me® tré(i)) ‘Al}

—f{h2h3|A2 (Q({,ag,ag,T)—D a? +pep TV +moeW trel ) }

t1 — 19
4

{hghg]Al (Q(f,ag,ag,T)—Dsq(i)+chT()—|—m€) trel > } (6.100)
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while subtracting the two gives us
[ha hsq'] = 51/12 hs 4, (Q(& az,a3,T) — Dsq + peg T + m O tr & )) |4,

t , o NG
+ Zha s, (Q(€ 02,05, T) — Deg® + pep O +m OO e |,

t+1 i . o
T < : B) 2) ha hs| 4, <Q(§,a27a3,T)—Dsq()+chT()+m@()tr€()) s

(6.101)

Assuming ¢; =ty = t/2, Eqns.(6.100) and (6.101) can be rewritten as

(h2 h3 q,@) |4y = <h2 h3 qSZ)>—§ [[hz hs (Q(& ag,03,T) — DeqW + peg TW + m e tr é(i))ﬂ
(6.102)

and
[ho hs q{'] = §<h2 hsla, (Q(f,az,a?),T) —Dsq" + pep T +m O trel )>>

t , i N
+ §h2 hs| 4, (Q(f7a2,043,T) ~Dsq + pepT® +me el )) |4, (6.103)

Again, implementing the identities (2.117), we get

, 1 , 4 t
CINE W) @] _ L
alay = {<qn )+8[a] - 5 (M +[3<M>)} (6.104)
where ‘ N | .
M = Q(& a2,03,T) — Dsq® + pep TV +mOW trel (6.105)

This is the equation for the normal component of heat flux qq(f )| Ay at point Ajg inside the
interphase. Next, employing the same identities and rearranging the terms, we get

[o0] = 5 { a0+ Zomranat,, - o(a?) (6.106)

where

Mly, = (Q€ 02,05, T) + pen O+ m O 1)

T <Dsq(i>> (6.107)

Eqn.(6.106) is the jump of the normal component of the heat flux across an imperfect

interface reflecting the effect of mechanical coupling via the coupling term m ©@ tre(@),

Jump of Thermoelastic Stress

Similarly, the procedure can be repeated to obtain the expression for the jumps in stress
vector across an imperfect interface and the value of the stress vector at point As inside
the interphase, by inetgrating (6.35) between the three points - A; to As and Ag to As.
This will result in

ofla, = {{o0) 4 5[o] - S aRT+ 5 R)} (6.108
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and

—
q
S
=
[—
Il
DO |

{<R> DR+ 7R|A3} ~ (o) (6.109)

where

R=pi —A-Dyold ; R|, = (pa@ - A)

o <Dsa,(j>> (6.110)

Thus, the normal component o1 of the stress vector can be expressed as

[[Ugl)]] =3 {<pu() — B—Dyo® — 1_V(i)ga§1) —gm@()>}

A : (@) , A
+ il |lp11(’) —B—-D,o — v )gaﬁ) — gm@(’)ﬂ

1— 0

14 i i i
_V(i)ga§1) —gm@“) —5< 51)> (6.111)

A3

i 1 i i t . ; (@) ; i
0—51) As N ; {<0—§1)> +l8 [[Ugl)}] B é |l'OU() —B- DSU() B 1-— y(i)go—gl) N gm(—)( )]] }
+ e pir) — B — (D,a®) — i go'(i) — gm0} (6.112)
8y ° 1—p®7 71 '

while the tangential components can be obtained simply by substituting the appropriate
values of R in (6.108) and (6.109).

6.7 Numerical Verification

Similar to the previous cases of thermal and elastic interphase, the perturbative effect of
a coated circular inclusion of embedded in a matrix is considered. Remote thermal and
mechanical loadings are applied. The thickness of the coating is represented by the non-
dimensional parameters € = t/a < 1, where a is the radius of the inclusion. The geometry
is considered to be deforming under plane strain setting.

A simple example of uncoupled, quasi-static case is presented here. Therefore, the ther-
mal subproblem is uncoupled from the mechanical problem, while mechanical deformation
takes places due to applied forces and the constrained thermal stress.

The problem is setup in COMSOL Multiphysics, by modeling a square of length L =
30m, and a circular inclusion of radius a = 1m. The coating thickness for the perfect
interphase problem is taken to be € = 0.01. The geometry is constrained from the right
u, = 0 (roller boundary). It can slide along the y-axis, but is constrained to move in the
x-direction. The bottom-left point is fully fixed constrained (u = 0) while the top left
point is partially constrained to move along the tangential direction. This suppresses the
rigid body motion and rotation of the geometry. The top, right and the bottom surfaces
are subjected to shear surface traction of aj;y =2xG@ « Bel, where B, = 1 is the constant
shear strain at the remote boundary. This provides three Degrees of Freedom (DoFs) at
each node needed to solve the mechanical problem.
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6.7. NUMERICAL VERIFICATION

o2
K

The geometry is meshed with triangular elements producing very fine mesh inside the

For the thermal case, the right side of the domain is kept at 7™, o0

—k® By, where Ty, = —1(K/m) is the constant temperature gradient at the remote

boundaries. This produces a temperature gradient across the domain, providing 1 thermal
interphase domain, as shown in Fig.6.1 The interphase is composed of 522502 triangular

DoF. Therefore, in total, 4 DoFs are defined at each node to solve the thermoelastic
mesh elements with average element quality of 0.94.

problem.

—Tp = —1, while the left hand side is subjected to uniform heat flux given by ¢*|, 00

(x107%m)
10.0
1.0
{0.1,5,25}
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The interphase has material properties where it is more compliant or

rigid to mechanical deformation and resistive or conductive to the heat conduction.
0.1 : CTE of interphase is lower than that of the adherents, and thus it

5.0 : CTE of interphase is lower than that of the inclusion, but higher

inclusion

i

Fig. 6.1. Mesh distribution across a thermoelastic circular interphase of thickness e = 0.01.
Table 6.1. Thermoelastic properties of the material in perfect interphase setting.

expands less than the surrounding materials.

o ol /o

The material properties are taken as provided in Table.6.1. The material properties
than the surrounding matrix.

are chosen such that the inclusion has higher rigidity as compared to the matrix, as well as

Three different cases of coefficient of thermal expansion :

.« o /a®

highly conductive. It also has the highest expansion coefficient as compared to the matrix,
and thus, the matrix will undergo less expansion when subjected to the thermal strain and

mechanical loads.
Material 2 (matrix)
Material 3 (interphase)

Material 1
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° a(i)/a(z) = 25.0 : CTE of interphase is higher than that of the adherents, and thus
it expands most than the surrounding materials.

6.8 Results and Discussion

We begin by considering the case where tensile mechanical loads are applied on top surface
of the geometry. This causes the material to stretch along the y-axis.

Since the thermal effects are independent of the mechanical deformation, the thermal
problem becomes equivalent to the thermally conductive problem explored in Chapter 4,
and is solved using Segregated Solver in Comsol. The temperature field is first solved,
which then serves as the input to the mechanical fields. Fig.6.2 represents the convergence
plots for an interphase of CTE a(i)/a(z) = 0.1, and the solution converges to error of
10719 for both cases of thermally resistive k() /k(2) = 0.001 and conductive interphase
k@ /) = 1000 with soft G /G®) = 0.001 or rigid G /G?) = 1000 shear modulus, and
is thus acceptable.

(a) (b)
Segregated solver ° Segregated solver °
10% 10
= ~
‘\\ 100 b <
10° N ) .
\\\\ 10" \\
107 —— 107 R
107 — 107 R
E 10 ~ 5 10° NN
107 RN 1078 \\\
-7 N
10° 10 AN
10°®
107%:|— Temperature, T 107 — Temperature, T
107 — Displacement Field, u 10710} —Displacement Field, u
1 1.5 1 1.5 2 2.5

Iteration number

Iteration number

Fig. 6.2. Convergence plots for the temperature 7" and displacement fields,u, for both cases of: 6.2a
represents thermally resistive km/k’@) = 0.001, soft interphase G<i)/G(2> = 0.001. 6.2b represents con-
vergence plots for highly conductive k@ /k® = 1000 and rigid interphase GV /G = 1000, for an inter-
phase of t(hi)ckness € = 0.01 and volumetric heat source of magnitude Qo = 100 W/m?® and shear load of
ony =2G% By

The following graphs highlight the distribution of thermal and mechanical fields and
corresponding fluxes across the interphase boundaries, for CTE of o) /a(® = 0.1, for
an interphase of thickness ¢ = 0.01, accomodating a heat source of Qo = 1.0 W/m? and
computed as per (4.11), rewritten as:

Q(r,0) = Qo <T+C_ha_h>a cos 0

where a < r < a+ € is the position within the interphase, ( = h/2, h = t/2. Here, a must
not be confused with CTE of the materials, that have been represented with appropriate
superscript to identify as material properties; a represents the type of heat source which
is taken to be linear in this case.

Fig.6.3 illustrates the distribution of temperature and heat flux across the three do-
mains. Since the conductivity of the interphase is low the temperature gradients accumu-
late within the interphase (6.3a for low conductive k) /k(2) = 0.001 and soft interphase
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G®/G® = 0.001, and 6.3c for high conductive k) /k(®) = 1000 and rigid interphase
G / G®@ = 1000) represented by the black contour lines. The given fig presents the dis-
tribution (and accumulation) of © which computed as the temperature difference between
the temperature T'(r,0) at a point in the domain and the volume reference temperature
Tyef, which is the temperature beyond which thermal stresses begin to develop. The ther-
mal effects are same as those observed in the previous chapter 4. For the low conductive
interphase, the temperature gradients accumulate at the interphase, as is clearly observed
in Fig.6.3a, while for a high conductive interphase the temperature is continuous across the
domain, as demonstrated by the continuity of the gradients across the domain boundaries.

Fig.6.3b and 6.3d demonstrate the magnitude of the heat flux ¢ in W/m? computed
for low conductive and soft interphase and rigid, highly conductive interphase respectively,

for a thickness of € = 0.01.
q=/4i +q

The magnitude of the heat flux highlights the thermal hot spots and the low gradient areas.

Similar to the behaviour observed in Chapter 4, it is seen that the heat flux is continuous
across the boundaries for a thermally insulating interphase, As is observable from Fig.6.3b.
Higher gradients are observed at # = 90deg where temperature accumulates inside the
interphase, as depicted in 6.3a. On the contrast, for a high conductive interphase, the heat
flux accumulates at the interphase boundaries. From Fig.6.3d, the gradient accumulation
is evident at € = 0deg. Near the boundaries of the interphase, the heat flux accumulation
is higher, due to mismatch of the conductivities at the boundaries of the interphase.
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(a) k9 /E® =0.001 and G /G® = 0.001 (b)
Temperature © distribution m Heat flux distribution
m
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1 1
0.5 0.5
0 0
-0.5 -0.5
-1 -1
-1.5 -1.5
-2 -2
2 -1 0 1 2m 2 -1 0 1 2m
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Temperature © distribution m Heat flux distribution
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Fig. 6.3. Distribution of temperature ® = T — Tj..s (volume reference temperature) and heat flux

magnitude ¢ across a thermoelastic circular interphase of thickness e = 0.01, with volumetric heat source
Qo = 100 W/m? and tensile loads of 0* = 1 M Pa/. Figs.6.3a and 6.3b illustrate © and ¢ for insulating,
soft interphase while Figs.6.3c and 6.3d illustrate © and ¢ for conductive, rigid interphase.

This resulting temperature field then serves as the input to the mechanical subprob-
lem. The distribution of the displacement vectors is represented by the magnitude of the
displacement vector, computed as:

U=+Vu?+v?

where (u,v) are the components of the displacement vector. From Fig.6.4 it is seen that
for a soft, conductive interphase, the displacement gradient is higher, with maximum dis-
placement across the interphase being less than 0.5 mm. This displacement is the result
of deformation that occurs due to the presence of thermal strain that develops in the
body due to constraints, along with the tensile forces acting at the top surface. There-
fore, the mechanical deformation is slightly skewed to the right side, where the heat flux
is maximum. The contour lines (in black) represent the accumulation of displacement U
across the boundaries of a thermoelastic interphase. However, for a rigid interphase having
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high conductivity, the displacement is continuous across the interphase boundaries, as is
illustrated by the continuity of the contour lines across the domain.

(a) k9 /E® =0.001 and GV /G® = 0.001 (b) £ /k® = 1000 and G /G® = 1000

Displacement magnitude Displacement magnitude

m m
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' 80
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0.5
60
50
0.5
40
30
20
10
2.5
0
2 -1 0 1 2 m

Fig. 6.4. Distribution of displacement magnitude U across a thermoelastic circular interphase of thickness
e = 0.01.

m

1.5

0.5

-0.5

-1.5

Shear stresses arise from the interaction between thermally induced expansion and ex-
ternally applied mechanical loading. In this configuration, the temperature gradient gen-
erates predominantly horizontal thermal expansion, while the applied tensile load acts in
the vertical direction. The resulting incompatibility between these orthogonal deformation
modes produces shear strains along the inclusion—interphase interface. As a consequence,
the maximum shear stresses occur at angular locations of approximately +45deg with
respect to the principal loading direction, where the combined thermo-mechanical effects
lead to peak shear stress concentration. From Figs.6.5¢c and 6.5f it is seen that the peak
stress accumulation are inclined at 45 deg as expected.
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(a) k9 /E® =0.001 ;
G /G? =0.001 (b)

g, distribution g, distribution a,, distribution
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G /G = 1000 (e)
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Fig. 6.5. Distribution of normal component of stresses 04,0y, and the shear stress o4, in MPa across a
thermoelastic circular interphase of thickness ¢ = 0.01.

Perhaps, the more interesting case is the stress distributions for a highly conductive
but rigid interphase, due to thermal and mechanical properties mismatch. The highly
conductive interphase allows the heat to be conducted efficiently across the interphase
boundaries, but the rigidity of the interphase constrains it from deforming, thus leading
to accumulation of stress inside the domain. Coupled with the development of thermal
strain due to applied constant heat flux at the remote boundary, the stress profile is
intensified near the boundaries of the interphase. In the following graphs, we look at the
stress distributions for such an interphase, but for three different values of CTE of the
interphase, given as a(® /a(z). The values considered are: 0.1 least expansion than the
surrounding media, 5.0: interphase is more expandable than the matrix but less than the
inclusion and lastly, 25.0: interphase is most expandable than the surrounding adherents.

The distribution of stress along the x-direction is presented in Fig.6.6. As the interphase
is highly resistive to the expansion as is the case in Fig.6.6a, it is seen that a small peak
representing stress accumulation occurs at the boundary between the interphase and the
surrounding matrix. This is becuase the matrix expands due to the mismatch of the
properties at the boundary, while interphase resists it, developing tensile stress at the
boundary, However, at r = a which is the boundary between the interphase and the
inclusion, the stress accumulation will be higher, as the inclusion has higher CTE than both
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matrix and interphase, and thus, will expand more than the two materials, which becomes
constrained, leading to higher stress concentrations. In the second case where (%) / al? =
5.0 illustrated in Fig.6.6b, the interphase has a slightly higher expansion coefficient than
the surrounding matrix, and thus, small peaks of stress accumulations are observed at the
boundary r = (a+e€). However, since the interphase still expands less than the inclusion, the
stress accumulation will be higher at the inner boundary r = a, between the inclusion and
the interphase. For both these cases, the contraction of the inclusion due to compressive
stress development is observed. For the last case, where the coating (interphase) has the
highest expansion coefficient than the surrounding media, high concentrations of stress is
observed at the boundaries. The interphase now expands more than the inclusion, and
this deforms or stretches the inclusion, while at the outer boundary the matrix has least
expansion than the two enclosing materials, and causes the stress to be more accumulated
at the boundaries of the interphase, as it observed from the plots.

(a) aW/a® = 0.1 (b) D /a® = 5.0 (c) a'?/a® =25.0

a,, distribution

Fig. 6.6. Distribution of stress along x-direction 0., in GPa across a thermoelastic circular interphase
with three different coefficients of thermal expansions (a'?/a® of thickness ¢ = 0.01, with volumetric
heat source Qo = 1W/m? and remote shear stress of 04y = 2GPa for conductive kW /k® = 1000 and
rigid interphase G /G® = 1000.

The distribution of stress along the y-direction is presented in Fig.6.7, which is along
the direction of the applied shear loads at the remote boundary. For the first case where
the interphase is highly resistive to the expansion demonstrated in Fig.6.7a, it is seen that
stress accumulation occurs at the boundary between the interphase and the surrounding
matrix. As the matrix undergoes deformation, it stretches along the y-direction, but the
coating does not deform much due to high rigidity and low expansion coefficient. This
causes tensile stresses to accumulate at the outer boundary of the interphase. At the inner
boundary r = a which is the boundary between the interphase and the inclusion, inclusion
should deform more due to lower rigidity than the coating and higher expansion coeffi-
cient. This is constrained by the resistive interphase, creating pockets of the compressive
stress accumulation. In the second case where a(¥/a(?) = 5.0 illustrated in Fig.6.6b, the
interphase has a slightly higher expansion coefficient than the surrounding matrix, and
thus, small peaks of stress accumulations are observed at the boundary r = (a + €). How-
ever, since the interphase still expands less than the inclusion, the stress accumulation
will be higher at the inner boundary r» = a, between the inclusion and the interphase.
The inclusion undergoes deformation by compressing along the applied tensile loads. For
both these cases, the contraction of the inclusion is observed. For the last case, where
the coating (interphase) has the highest expansion coefficient than the surrounding media,
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high concentrations of stress is observed at the boundaries. The interphase now expands
more than the inclusion, and this deforms or stretches the inclusion, while at the outer
boundary the matrix has least expansion than the two enclosing materials, and causes the
stress to be more accumulated at the boundaries of the interphase, as it observed from the
distinct color of the interphase from the plot. The stress distribution with localization is
also observed inside the inclusion, which contracts and expands along with the inclusion,
therefore lower gradients are present towards the inner boundary r = a than the outer
boundary r = (a + €).

(a) W /a® =0.1 (b) aV/a® =5.0 (c) a9 /a® =250

‘‘‘‘‘‘‘‘‘‘‘‘

25t

Fig. 6.7. Distribution of stress along y-direction oy, in GPa across a thermoelastic circular interphase
with three different coefficients of thermal expansions (a9 /a® of thickness ¢ = 0.01, with volumetric
heat source Qo = 1 W/m? and remote shear stress of o3, = 2GPa for conductive k) /k® = 1000 and
rigid interphase G /G® = 1000.

The shear stress distribution around a coated inclusion is presented in Fig.6.8. In the
first case, the interphase is highly resistive to the expansion as illustrated in Fig. 6.8a. It is
seen that peak stress accumulation occurs at the boundary between the interphase and the
surrounding matrix at an angle of +45deg. The shear loading induces a "stretch" of the
matrix along the y-direction, but the thermal gradient due to heat flux at the right side of
the geometry creates an additional thermal stress that also brings about the deformation
of the geometry. It must also be noted that the peak stress concentrations are strongest
towards the right side (applied thermal loads) and along the direction of the applied loads.
However, at 7 = a which is the boundary between the interphase and the inclusion, the
accumulation of the stress will be higher, as the inclusion has higher CTE than both
matrix and interphase, and thus, will expand more than the two materials, which becomes
constrained, leading to higher stress concentrations inside the interphase. In the second
case where a(?) / a® = 5.0 illustrated in Fig.6.6b, the interphase has a higher expansion
coefficient than the surrounding matrix, and thus, small peaks of stress accumulations are
observed at the boundary r = (a+¢). However, since the interphase still expands less than
the inclusion, the stress accumulation will be higher at the inner boundary r = a, between
the inclusion and the interphase. For both these cases, the contraction of the inclusion
is observed. For the last case, where the coating (interphase) has the highest expansion
coefficient than the surrounding media, high concentrations of stress is observed at the
boundaries. But it can be gleaned from the illustrated figure that the stress concentrations
are now more skewed towards the direction of the applied thermomechanical loads as the
interphase now expands more than the inclusion along the direction of the applied loads,
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and this deforms or stretches the inclusion, while at the outer boundary the matrix has least
expansion than the two enclosing materials, and causes the stress to be more accumulated
at the boundaries of the interphase, as it observed from the plots.

(a) o /a® =0.1 (b) a?/a® =5.0 (¢) a®/a? =25.0

g, distribution 0, distribution

g, distribution
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Fig. 6.8. Distribution of shear stresses 04, in GPa across a thermoelastic circular interphase with three
different coefficients of thermal expansions (o /a® of thickness e = 0.01, with volumetric heat source
Qo = 1W/m? and remote shear load of 04y = 2GPa for conductive k@ / k@ = 1000 and rigid interphase
GW/G® =1000.

Table 6.2 provides the values of jumps in temperature [©] computed at § = 22.5deg
for the interphase of thickness ¢ = 0.01 and for the two cases demonstrated above. The
table also compares the values of jumps for three different cases of o(?) / a? | as previously
mentioned. Thus, it can be seen that since the thermal effects are uncoupled from the
mechanical effects, the coefficient of thermal expansion has no effect on the jumps in tem-
perature or the heat flux, [¢,] presented in Table 6.3. Here, the exact solution refers to
the jumps in © or ¢, computed as the difference between the values obtained at points Ao
and A; inside the interphase. The comparison is made against the approximations com-
puted from First Integrations Schemes (FIS) using two-points (2P) (given by (6.42),(6.45))
or three-points (3P) given by ((6.71),(6.60)) as well as Second Integration Scheme (SIS)
using two-points (2P) (given by (6.42),(6.93)) or three-points (3P) of integration, given by
((6.71),(6.106)).
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Jump in Temperature, ©

O] Case A Case B, (x1075)
0.1 5.0 25.0 || 0.1 5.0 25.0
Exact Solution 1.69 1.69 1.69 | 1.3 1.3 1.3
FIS 2P 1.67 1.67 167 | 13 1.3 1.3
FIS 3P 1.68 1.685 1685 || 1.3 1.3 1.3
SIS 2P 1.67 1.67 1.3 | 13 1.3 1.3
SIS 3P 1.68 1.685 1685 || 1.3 1.3 1.3

Table 6.2. [O] for an uncoupled quasistatic thermoelastic interphase of thickness e = 0.01. with volu-
metric heat source Qo = 1.0 W/m?, computed for three different value of interphase CTE: a(“/a@) =
{0.1, 5.0, 25.0} . Here, Case A refers to thermally resistive and soft interphase: kw/k@) = 0.001
and G® / G® = 0.001 while Case B represents thermally conductive and elastically rigid interphase
kW /E® = 1000 and GV /G® = 1000.

From the values provided in the table, it is clear that the three points scheme provides
a good estimate of the jumps in temperature and heat flux for high and low conductive
interphases.

Jump in Heat Flux, ¢,

lgn] Case A Case B
0.1 5.0 250 | 0.1 5.0 25.0
Exact Solution 0.006 0.006 0.006 || —0.863 —0.673 —0.673
FIS 2P 0.006 0.006 0.006 || —0.867 —0.867 —0.867
FIS 3P 0.006 00.006 0.006 || —0.867 —0.867 —0.867
SIS 2P 0.006 0.006 0.006 || —0.867 —0.867 —0.867
SIS 3P 0.006 0.006 0.006 || —0.867 —0.867 —0.867

Table 6.3. [g,] for an uncoupled quasistatic thermoelastic interphase of thickness ¢ = 0.01. with volu-
metric heat source Qo = 1.0 W/m?, computed for three different value of interphase CTE: 04(“/04(2> =
{0.1, 5.0, 25.0} . Here, Case A refers to thermally resistive and soft interphase: k(”/k@) = 0.001
and G / G® = 0.001 while Case B represents thermally conductive and elastically rigid interphase
ED /@ =1000 and GV /G® = 1000.

The plot below, Fig.6.9 illustrates the heat flux obtained at point As inside the inter-
phase, represented by the exact solution (blue dashed line) obtained from the COMSOL
solution. The approximation of this value computed for the First Integration Scheme us-
ing (6.58) is represented by the green solid line with star markings, and the approximation
obtained by (6.104) for the Second Integration Scheme is given by magenta solid line with
circle markers. The values are plotted for the three different values of CTEs. It is clear
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from the graphs that the values of g,|4, from the two equations are in good agreement
with the three-phase solution, with the absolute error being O(€?).

(a) (b)
~0.169666[» - - 4.10x107F
& -0.169667f 4.05x107}
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o~ b o
-2 < .
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Fig. 6.9. Heat flux values ¢, at point As inside the interphase, computed for First Integration and
Second Integration Scheme and compared with the exact solution, for a thermoelastic circular interphase
of thickness € = 0.01 for low conductive ¥ /£®) = 0.001 and a soft interphase G*/G® = 0.001.

Further, Fig.6.10 illustrates the comparison and absolute error of the stress along the
radial direction o, at point As as computed from the FEM solution (shown in dashed blue
lines) and the approximated value computed from (6.88) for the First Integration Scheme
is represented by the green solid line with star markings, and the approximation obtained
by (6.112) for the Second Integration Scheme is given by magenta solid line with circle
markers. The values are plotted for the three different values of CTEs. It is clear from the
graphs that the values of o,,|4, from the two equations are in good agreement with the
three-phase solution, with the absolute error being less than O(€?).

(a) (b)
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Fig. 6.10. Radial stress values ¢, at point As inside the interphase, computed for First Integration and
Second Integration Scheme and compared ‘With the exact solution, for a thermoela}stic circular interphase
of thickness e = 0.01 for low conductive k@ /k® = 0.001 and a soft interphase G¥ /G® = 0.001.

And similarly, Fig.6.11 illustrates the comparison and absolute error of the stress along
the tangential direction 0.9 at point A3 as computed from the FEM solution (shown
in dashed blue lines) and the approximated value computed from (6.89) for the First
Integration Scheme is represented by the green solid line with star markings, and the
approximation obtained by (6.108) for the Second Integration Scheme is given by magenta
solid line with circle markers. The values are plotted for the three different values of CTEs.
It is clear from the graphs that the values of o,,|4, from the two equations are in good
agreement with the three-phase solution, with the absolute error being less than O(e).
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Fig. 6.11. Tangential stress values ¢,, at point As inside the interphase, computed for First Integration and
Second Integration Scheme and compared ‘with the exact solution, for a thermoelastic circular interphase
of thickness e = 0.01 for low conductive k@ /k®) = 0.001 and a soft interphase G¥/G® = 0.001.

The example of a quasistatic coated circular inclusion embedded in a matrix subjected
to remote shear and boundray loads is examined here. Different values of coefficients of
thermal expansions are observed, and their impact on the expansion and contraction of the
interphase is observed, with localizations of stress observed at an angle of +£45 deg to the
flow field. The model proposed here gives a good approximation of the exact solution for
the temperature and the displacements fields, as well as the approximations of the surface
fluxes inside the interphase.

Although both the schemes have shown good results with respect to exact solution, the
First Integration scheme shows better approximation than the Second integration scheme.
Thus, it can be concluded that the three-points method using First or Second Integration
Scheme provides much better approximation of the jumps across a thermoelastic interface,
and the corresponding errors are of the order O(e) or less.
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Chapter 7

Conclusions

In this study, two models Namely First and Second Integration Schemes, have been pro-
posed to study the behaviour of the thermal and elastic transmission conditions across
an interphase of arbitrary shape, characterized by conditions and material properties of
its neighbours, computed from both sides of the interphase. Each material has a different
thermal and mechanical properties, thus providing a sharp contrast to the interphase prop-
erties. Two different models, First Integration and Second Integration schemes have been
defined, which employ Trapezoidal rule, using two- or three-points of integrations within
the interphase thickness to accurately capture the accumulation of temperature and dis-
placements and the fluxes at the boundaries of the interphase along the normal direction
of an imperfect interface. The derived conditions respect the continuity of thermal and
elastic properties within the interphase, while maintaining the accuracy at the boundaries
of the interphase. The derived conditions have the accuracy of O(e?), where € = t/R is
the non-dimensional thickness of the interphase. The proposed conditions are tested in the
settings of - firstly, a thermal conduction across three different coated interphase geome-
tries - flat, circular and wavy interphase, embedded in a uniaxial flow field, and secondly
in the elastic case for a circular geometry, with remote shear strain loading. The heat
source inside the interphase can be linear, quadratic, cubic or constant source, where the
continuity is maintained for all types of heat sources. The effect of different parameters,
such as heat source magnitude, curvature and surface differential term, on the proposed
conditions are also analyzed. The three-points models of the First and Second Integration
scheme demonstrates better performance for every case in consideration, and works well
for the approximations of interphases from k;/ks = {1073,103}, and beyond this range the
error grows by O(2¢) in case of thermally conductive interphase settings. For a rapidly
changing curvature, like a wavy interphase, the aforementioned three-points scheme shows
good approximation of the jumps in temperature and heat flux for a low conductive in-
terphase and high conductive interphase having a low magnitude of the heat source term
(Qo = 1.0 W/m3), for small curvatures, that is, up to N = 10 oscillations. For higher cur-
vatures, the boundary normals rapidly change, and the approximations related to second
order surface Laplacian D,q defined by Eqn.(4.33) as well as the heat flux at point As for
the First and Second Integration Scheme, given by Eqns.(4.37) and (4.50) respectively, do
not hold true, and thus the results obtained from the corresponding solutions would not
be accurate.

In the case of elastic interphase, the proposed models were tested in the setting of
a coated circular inclusion subjected to far field shear strain loading in the plain strain
setting. The proposed schemes show good approximation of the displacement and the
stress fields, even for highly rigid interphase and the reported errors are of the order O(¢?)
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which is major achievement.

Again, in the setting of quasistatic linear thermoelastic interphase, the First and Second
Integration schemes have provided a good approximation of the exact solution, with error
of O(e) or less.

Thus, it can be concluded that the First and Second Integration scheme utilizing in-
formation from 3 points perform better than the two-points schemes proposed by us as
well as those from the literature. In case of temperature and displacement vectors, more
accurate schemes are required to approximate the exact solution to increase the accuracy
of the corresponding transmission conditions.
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