Calc. Var. (2024) 63:192

https://doi.org/10.1007/500526-024-02786-6 Calculus of Variations
()

Check for
updates

Convergence of critical points for a phase-field
approximation of 1D cohesive fracture energies

1

Marco Bonacini'® - Flaviana lurlano?

Received: 3 October 2023 / Accepted: 25 June 2024
© The Author(s) 2024

Abstract

Variational models for cohesive fracture are based on the idea that the fracture energy is
released gradually as the crack opening grows. Recently, [21] proposed a variational approx-
imation via I'-convergence of a class of cohesive fracture energies by phase-field energies
of Ambrosio-Tortorelli type, which may be also used as regularization for numerical simu-
lations. In this paper we address the question of the asymptotic behaviour of critical points
of the phase-field energies in the one-dimensional setting: we show that they converge to a
selected class of critical points of the limit functional. Conversely, each critical point in this
class can be approximated by a family of critical points of the phase-field functionals.

Mathematics Subject Classification 35B38 - 49J45 - 45K05 - 74R99

1 Introduction

Fracture models describe the evolution of surface cracks in elastic materials subjected to
external loads or boundary conditions. The literature distinguishes between brittle models
and cohesive models (also known as Griffith and Barenblatt models respectively). The former
treat fracture as an instantaneous phenomenon: the body deforms elastically until a crack
surface appears; the crack energy is instantaneously released and there is no transmission of
force across the crack surface. The latter treat fracture as a gradual phenomenon: the bonds
between the lips progressively weaken; the crack energy is released with the growth of the
crack opening and the force transmitted across the crack surface gradually reduces to zero.
Thanks to these features, cohesive models are better suited than brittle models for describing
crack nucleation. We refer the interested reader to the book [16] and references therein for a
comprehensive comparison between brittle and cohesive, and we work from now on in the
cohesive setting.
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The variational study of cohesive fracture started in the late 1990s and has been earning
interest ever since [4, 8, 12, 13, 17-20, 23, 24, 26-29, 36, 41, 42, 44, 46—48]. The appropriate
variational setting to model a cohesive fracture process was shown to be the space of functions
of bounded variation or bounded deformation, allowing to describe the crack as the jump
set of a discontinuous displacement, and the total energy as a competition between bulk
and surface contributions [31]. The presence of free discontinuities, making the numerical
treatment highly complex, lead to the development of regularized phase-field theories [2, 3,
12, 21, 22, 25], in the spirit of the classical Allen-Cahn (or Modica-Mortola) approximation
for phase transitions [40], and the Ambrosio-Tortorelli approximation of the Mumford-Shah
functional for image segmentation or brittle fracture [6, 7, 33]. The general approach of these
works is to construct sequences of purely bulk energies, whose variables are forced to engage
transitions in thin concentration sets, and to show the convergence of corresponding global
minimizers to a global minimizer of the given energy as the thickness of the concentration
sets vanishes.

Although this kind of results usually marks decisive enhancements in the mathematical
comprehension of the corresponding phenomena, its energy-based formulation and its global
minimization focus may be not completely satisfactory from the mechanical point of view.
Indeed, fracture evolution might realistically occur along critical states rather than following
global minimizers. In addition, numerical schemes based on alternate minimization for the
regularized energies typically converge to critical points of the limit energy; hence, the sole
convergence of global minimizers does not provide a complete theoretical justification of the
adoption of the phase-field models for numerical simulations, see for example [1, 15, 16, 32,
35,51, 52].

This motivated the investigation of better converging properties of the proposed regular
functionals. On the one side, it lead to the study of the convergence of the corresponding
gradient flows, see [5, 9] for brittle fracture. On the other side, it lead to the study of the
convergence of critical points, see in particular [34, 38, 39, 43, 45, 49, 50] for the Allen-Cahn
functionals, and [10, 11, 30, 37] for the Ambrosio-Tortorelli functionals.

In this paper we address the latter question in the context of one-dimensional cohesive
fracture: we study the asymptotic behaviour of the critical points of the regularized functionals
proposed in [21]. Thanks to its nature, the cohesive case allows for a deeper and more complete
analysis with respect to the brittle case. Our approach heavily relies on one-dimensional
arguments and the analysis is at the moment limited to this setting; its possible extension
to the higher-dimensional case, in the spirit of the recent work [11] in the context of brittle
fracture, poses significant challenges.

The rest of this Introduction is organized as follows: in Sect. 1.1 we provide notation and
properties of the sharp cohesive model and of its critical points; in Sect. 1.2 we introduce
our regularized models, which are slight modifications of those proposed in [12, 21]. A few
additional technical assumptions will be needed. Our main results will be stated in Sect. 1.3.

1.1 The cohesive fracture energy and its critical points

We first introduce a one-dimensional cohesive fracture energy for a bar of total length L > 0
(at rest), and total elongation a > 0.

The deformation of the bar is described by a function of bounded variation u € BV(0, L),
whose distributional derivative is a bounded Radon measure on (0, L) that can be written as

Du=u'dx + Du+ Y [u](x)sy,

xXeJy
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where u’ € L'(0, L) denotes the density of the absolutely continuous part (with respect to
the Lebesgue measure), D¢u is the Cantor part, [u](x):=u(x") — u(x~), where u(x™) and
u(x~) are the approximate limits from the right and from the left of u at x respectively,
and J,:={x € (0, L) : [u](x) # 0} is the set of essential discontinuities. Since we want to
include in the energy the boundary conditions, we set #(07) = 0, u(L*) = a, we extend
the definition of [u](x):=u(x™) — u(x™) also at the endpoints x = 0, x = L, and we let
J&={x €[0, L] : [u](x) # 0}.
The cohesive energy of the bar is defined as

L
CD(u)::/ o) dx + Z g([ul(x)]) + oc|Du|(0, L)  foru € BV(0, L). (1.1)
0

xeJg

Here o, € (0, +00) and the elastic energy density ¢ : R — [0, 4-00) is given by

2 1 C
3 if |§] < 5,

o2 h (1.2)
oclgl = 5 if[§1 > 5.

¢(%‘)2=!

For the cohesive energy density we assume that g : [0, +00) — [0, 4-00) is a nondecreasing
function of class C! with g(0) =0, ¢’(0) = o.. We further assume that {g’ > 0} = [0, Sfrac)
for some sgrc € (0, +00], and that g’ is strictly decreasing in [0, Sfrac).

It is convenient to include in the energy also the non-interpenetration constraint that the
singular part D*u:=D + Y _ .. Jg [u](x)8y of Du is a nonnegative measure: we therefore
define 5)(u):=cl>(u) if u € BV(0, L) with D’u > 0 (so that in particular u(07) > 0,
u(L™) < a),and 513(14) = +o00 otherwise.

Critical points of the functional ® are functions u such that 5(14) < 400 and

liminf S#F )~ @

t—0F t

0 forallv e BV(0, L).

These are studied in details in [17] (see also [28]). We stress that nonnegativity of the unilateral
lower limitas t — 07 is required in place of the usual vanishing of the first variation. This is a
standard way to give a meaningful notion of critical point in presence of a noninterpenetration
constraint. Mechanically, such condition provides a critical stress to nucleation, in the sense
that nucleation of a crack point is only possible when the stress reaches the critical value.

By [17, Theorem 6.3] one has that a function u € BV(0, L) with D*u > 0 is a critical
point of ® if and only if there exists a constant o € R such that

(i) o <o,

(i1) ¢'(u') = o ae.in (0, L),
(iii) g'([u]) = o on J,
(iv) Du =0ifo < oc.

As observed in [17, Remark 6.6], in the model described by the energy ® the quantity ¢’ (u")
represents the stress in the elastic part of the bar due to the deformation gradient u”; g’ ([u](x))
represents the stress transmitted through the points of J of the reference configuration (where
there is concentration of the strain); Du can be seen as a singular, not concentrated strain
which transmits a stress o, and can be present only if ¢ = o, whereas if 0 < o, a critical
point is necessarily in SBV(0, L). The constant o, is the maximum possible stress for an
equilibrium configuration.

In view of the previous conditions, we can give an explicit description of all critical points
belonging to SBV (0, L) corresponding to a prescribed elongation a > 0 (see Fig. 1):
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Fig. 1 Critical points in SBV(0, L) of the cohesive energy (1.1). Left: elastic state u(x) = %x. Center:
pre-fractured state with o € (0, o¢). Right: fractured state with o = 0

(a) (elastic states) u(x) = ¢x in (0, L);

(b) (pre-fractured states) o € (0,0.), #J¢ =k, 1 < k < 4o0, u’' = % a.e.in (0, L),
[u](x) = so for all x € J¢ where 59 € (0, Sfrac) Obeys g'(so) = o, and $L + kso = a;

(c) (fractured states) o = 0,#J¢ =k, 1 < k < +oo,u’ = 0ae. in (0, L), and [u](x) >

Sfrac for all x € J¢, with ZXEJu“ [u](x) = a.

Notice that in the first case o = ZL—” A o € [0, o.] and all the possible slopes u’' = % are
allowed; if 2¢ T 2 oc then o = oc. In the second case u is piecewise affine with constant slope
7 and with a finite number of jumps of the same amplitude. In the third case o = 0, u is
piecewise constant with a finite number of jumps with amplitude larger than sf,c, and this
case can only occur if Sfac < +00 and @ 2> Sfrac-

Remark 1.1 By the results in [14] the functional @ is the lower semicontinuous envelope
with respect to the L!-convergence of the energy

uké/a|u|dx+-§:gﬂ 1)) foru e SBV(O, L) with [u] >0.  (1.3)

xeJg

As it is observed in [17, Remark 6.5], every critical point of this functional is also a critical
point of ®, and every critical point of ® witho < o, is a critical point of (1.3). For o = o,
there are critical points of @ which are not critical for (1.3): in particular, elastic states
u(x) = %x with ZT" > o, and critical points with Du # 0. Such configurations, however,
are not local minimizers of ®: in particular, ® and (1.3) have the same (local) minimizers,
see [17, Theorem 7.2].

Remark 1.2 1t is instructive to consider a quasistatic evolution for the cohesive model (1.3),
corresponding to a time-dependent elongation a > 0, monotone increasing in time: at each
time we assume that the deformation u, of the bar is a critical state satisfying the boundary
conditions u,(0) = 0, u,(L) = a (in the weak sense, as specified above). Initially, for small
values of a, the response of the bar is purely elastic and the evolution follows the elastic
critical points u, (x) = 7x, until the critical stress is reached (¢ = %). At this point, that
is fora = %OCL, it is expected that the state of the bar switches to a pre-fractured state, a
pre-fracture point appears, and the amplitude of the crack continuously increases from O to
Sfrac AS @ increases from %O‘CL to Sfrac. In this case the displacement u, has constant slope %,
with o € (0, o), and jump amplitude 59 € (0O, sfrac), Which should satisfy the compatibility
conditions

g'(s0) =0, %L+m=w (1.4)

The limit case a = sy corresponds to the complete fracture state, characterized by jump
amplitude exactly equal to the boundary datum sy = sfac = a and vanishing stress o = 0.
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Concerning the compatibility conditions above, we remark that the existence of a solution
(0, 50) € (0,0¢) x (0, Sgrac) to (1.4) for values a > %O’CL, with the property that so — 0T
and o — o; asa — (%UCL)"', is not a priori guaranteed. In case of nonexistence, then,
once the critical stress is reached, the evolution creates instantaneously a jump of strictly
positive amplitude, possibly even brittle without cohesive effects (see [19, Section 9] for an
explicit example in two dimensions).

The behaviour of the function g at the origin determines whether for elongations a —
(%O’CL)+ there are solutions of (1.4) such that sy — 0. Assuming that g satisfies the
expansion

g(s) = oes —s? +o(sP)  ass — 0

for some ¢ > 0 and p > 1, then it can be checked by elementary arguments that existence
of solutions as above is guaranteed if p > 2, whereas it fails if p < 2. The case p = 2 is
critical, the existence of solutions depends on the length L of the bar and fails for sufficiently
large L; this is an instance of the well-known size effects in fracture. A suitable choice of
our regularized models will produce in the limit a density g with the previous asymptotic
expansion, see Proposition 3.9. We refer to [27] for a more detailed discussion of the content
of this remark.

1.2 Phase-field approximation

Following [21], we now introduce a family of functionals F; : LY0,L) x LY, L) —
[0, 400], depending on a real parameter ¢ > 0, which approximate the cohesive energy
density (1.1) in the sense of I'-convergence. We let f satisfy the following conditions, that
will be assumed throughout the paper unless explicitly stated:

(f1) f € C([0, 1); [0, +00)), f~1(0) = {0};
(f2) Tim (1= 5)£(5) = 0, with 0¢ € (0, +00);

(f3) %[(1 —5)f(s)] > Oforalls € (0, 1);

d 1=/ .

f4 E[T} < Oforalls € (0, 1);
5) tim —— 9101 = 5)£(5)] = +oo:
f s—1- (1 —s)3 ds - ’

(f6) the map s = /s f(1 — 4/s) is convex.

The previous conditions look very technical and a few comments are required: firstly, they
are satisfied by a large class of functions, as Remark 1.3 below shows. Secondly, the I'-
convergence result in [21] holds under weaker assumptions, but the analysis of the model
was further improved in [12] where conditions (f'1), (f2), (f3), (f6) were assumed in order
to obtain more detailed properties of the limit functional, that we will recall in Sect. 3. Here,
we also include the conditions (f4)—(f5) whose role is crucial for the analysis in Sect. 2.
We believe that the optimal set of assumptions is (f1)—(f5), but dropping the convexity
condition ( f6) would require a much finer analysis that goes beyond the scopes of this paper
(see Remark 3.5).

Remark 1.3 Prototype functions with the properties above are the maps
(0c + p(1 —5))s*

— (1 —s)4
M and f(p)(s)::— (15)
1—s I—s

f(q)(s)3:
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foro. > 0,9 € (0,2], and p € (—oc, 20¢). (Notice that for g € (2, 4) the function f,
satisfies (f1)—(f5) but not (f6).)

We next need to truncate the function f in a neighbourhood of 1 in a smooth way. To this
aim we fix points

s¢ €(0,1) suchthat s, 11 and /ef(se) — 1 (1.6)
as & — 0. By (f2) and /¢ f (s¢) — 1 we easily deduce that
s 0 (1.7)
— 0 ase — 0. .
ﬁ C

We then define the function f; : [0, 1] — R by

VEf(s) if0<s

<s
Ye(s)  ifse <5 <

’ (1.8)

fe(s):= 1.

where ¥, : [0, 1] — [0, 1] is any function satisfying the following conditions:

(1) ¥, € C%([0, 1]) is monotone nondecreasing, V(1) = 1;

(Y2) Ye(se) = \/gf(/sg), 1//5/‘(56) — ﬁf/(sg);
(¥3) the map s — ‘/ig_(i)

is monotone nonincreasing.

Notice that the condition (13) forces /(1) = 0. The function f; in (1.8) is of class clo, 1),
and can be easily extended to a globally C'-function on R by setting f.(s) = V€ f/(0)s for
s <0, fe(s) =1fors > 1.

Remark 1.4 An explicit family of functions with the properties above are the exponentials

. £ ' — ’
Ye(s):=1 — 01567%, api=(1 — \/gf(s‘s))el%’ ﬂe::ﬁ{fsj/)g(;(seis) '

The choice of the coefficients o and S, guarantees that (12) holds. Moreover, it can be
checked by an elementary computation that also (y3) holds for ¢ small. See Fig.2 for a
numerical plot of the resulting function f;.

We next introduce a cohesive energy density g : [0, +00) — [0, +00), depending on f,
by solving the following auxiliary optimal profile problem:

g(s):= (ajsr;ius G(a, B), (1.9)
where
+o00 1— 2
G, 5):=/ <f2(ﬁ)|a’|2+ L2 |ﬂ’|2> ar, (1.10)
+00
L{S:={(a, B) € HL.(R) x H. .(R) : o' € L'(R), / o (1) dt| =,
0<B<1, lim ,B(t)zl} 1.11)
[t|—>+o00

(where _)‘2(;‘3)::(f(/3))2 and we adopt the convention f(B8)|a’| = 0if B = 1 and o’ = 0).
The properties of the function g are discussed in Sect.3. Here we just note that g satisfies
the conditions we required in Subsection 1.1 for a cohesive surface energy density, see in
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Fig. 2 Numerical plot of the function f; defined in (1.8), obtained by choosing the prototype function f4)
(with ¢ = 1) as in Remark 1.3 and the exponential junction ¢ as in Remark 1.4

particular Proposition 3.1. A more operational formula for g is provided in Proposition 3.3.
This may be used to obtain the explicit expression of g in the spirit of Remark 3.4, which treats
the prototype case f(t) = t/(1—t),t € [0, 1). The threshold of complete fracture s¢ac (Which
is possibly infinite) is explicitly determined in terms of f, see (3.1) and Proposition 3.7.

With the previous definitions, we are now ready to introduce the approximating functionals
and to state the main I"-convergence result from [21]. We let F; : LYo, L) x Ll(O, L) —
[0, +o0] be defined by

L 1 —v)? if HY(0, L
/ (ff(u)|u’|2+7( v +5|v’|2) dx LU E (1 D
Fe(u,v):=1Jo de 0<v<1Llae in(0,L),

+00 otherwise.
(1.12)

The following I'-convergence result is proved in [21], see in particular Theorem 3.1,
Remark 3.2 and Theorem 3.3.1. Although we state the theorem in dimension one, the result
in [21] is actually proved in any dimension and under more general assumptions on f.

Theorem 1.5 (Conti-Focardi-Turlano) The functionals F. defined in (1.12) T'-converge as
e — 0% in L'(0, L) x L'(0, L) to the functional

. _ 1 .
P v [dD(u) ifu e BV(O, L), v=1L'"ae. in (0, L), 013

+o00  otherwise,
where ® is the cohesive fracture energy given by (1.1) (with elastic energy density ¢ as in
(1.2) and surface energy density g as in (1.9)). Moreover, if (ug, ve) satisfies the uniform
bound

sup(]-}(ug, ve) + ||u£||L1(0’L)) < 400, (1.14)
&
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then there exists a subsequence (ug,, Vg, )keN and a function u € BV(0, L) such that
ug, — u almost everywhere in (0, L) and v;, — 1 in LY, L).

Remark 1.6 We collect here for later use a few properties that follow immediately from the
assumptions (f1)-(f5). Firstly, we observe that the function f is strictly increasing with
f'(s) > Ofors € (0, 1), by (f3). By de I’'Hopital ’s theorem, using ( f2) and ( f4), one also
has that

lim (1 —5)%f'(s) = oc. (1.15)
s—>1-
Finally, by the monotonicity property (f4) one has that the function LG has a limit as

1)
s — 0T, and since f(0) = 0 it is easily seen that it must be

I _ oo

1m =
50+ £(s)

(1.16)

1.3 Main results

We consider a family of critical points (u., ve) of the approximating functionals (1.12), i.e.
ug, ve € H'(0, L) satisfy the Euler-Lagrange equations (in the weak sense)

—ev] + fo(ve) fl(ve) ) + 2 =0 in(O.L), (1.17a)
(frweul) =0 in (O,L), (1.17b)
ug(0) = 0, ue (L) = ae, (1.17¢)
ve(0) = ve (L) =1, (1.17d)

where for the Dirichlet boundary condition for u, we also require that
a. —>a >0 ase— 0. (1.18)

In our first main result we show that any such a family of critical points with equibounded
energies is precompact and that any limit point is necessarily a critical point of the cohesive
energy (1.1). Moreover the I"-convergence acts as a selection criterion, since the limit critical
point has at most one crack point, located at the midpoint of the bar.

Theorem 1.7 Assume that (u., ve) are critical points of the functionals F, satisfying (1.18)
and

sup Fe(ug, ve) < +00. (1.19)
&

Then there exists a subsequence g — 0 such that (ug,, ve,) — (u, 1) in (LY(0, L))?, for

some u € SBV(0, L) such that |Du|(0, L) = a. Moreover, letting mo:= lim min v, we
k—o00[0,L]

have that:
() Ifmo =1, then u(x) = 7x.
(i) Ifmg € (0, 1), then u(x) = cox + (a — CoL)X(IZ;,L)(X) with ¢y = %f(mo)(l —my) €

0, %), a—coL = [ul(%) € (0, sfrac), and g'([ul(%)) = 2co.
(iil) Ifmg = 0, then sgac € R and u(x) = ax(%,L)(x) with a = [u](%) = Sfrac-
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Finally if mo < 1, orif mo = 1 and ¢ < %, the convergence of the energies holds:

Felig,ve) > F(u,1) ase — 0. (1.20)

If instead mo = 1 and 7 > %, the convergence of the energies (1.20) does not hold.

Our second result is an existence counterpart of Theorem 1.7: we show that, for any
critical point u of the cohesive energy (1.1) that might appear as limit of critical points of the
functionals F; (that is, those that can be obtained as limits in Theorem 1.7), we can actually
construct a family (u,, v.) of critical points of F;, with equibounded energy, approximating
uase — 0.

Theorem 1.8 Let u € SBV(0, L) be either:

(i) u(x) = {x for some a > 0, or
(ii) u(x) = cox + (a — COL)X(%VL)(X) with cg € (0, &) and g'(a — coL) = 2cy, or

(iii) u(x) = ax(%’L)(x) with a = Sgrac (if Strac 1S finite).

Then for every ¢ > O sufficiently small there exists a critical point (ug, ve) solution to
(1.17a)—(1.17d) with a, — a and uniformly bounded energy, such that u; — u in L', L)
ase — 0.

Let us discuss briefly our strategy of proof. Compared with the brittle case [10, 11, 30,
37], the main difficulty in our problem is that the behaviours of u, and v, are deeply related,
meaning that their transitions happen in the same regions with the same scale. With this idea in
mind, we start the proof of Theorem 1.7 and the study of system (1.17a)-(1.17d) by computing
ul, from (1.17b) and inserting it into (1.17a), so obtaining a second order ODE for v, (equation
(4.6)). Analysis of the ODE (4.6) (performed in Sect.2) shows that v, is a symmetric well
with minimum m, = v,(%) € (0, 1] and that the interval { f. (v¢) = &'/? f (v,)} shrinks to 0
ase — 0(Sect.4). Also, by definition of such interval, we find v. — 1 uniformly on compact
sets not containing % . Now, we argue differently depending on the value of mg := limg_,o m,,
that is, on the fact we are in the elastic (mo = 1), pre-fractured (mqy € (0, 1)) or fractured
(mg = 0) regime. The richest regime is the pre-fractured one, addressed in Sect. 5.1. Defining
ce = f2(veul and co = lim,_oce, we get u, — co uniformly on compact sets not
containing % This in particular implies u € SBV(0, L), J,, C {%}, u' = ¢y a.e. We consider
the blow-up of u, and v, around the minimum point % setting it (1) = ug(% + et) and
Ve (1) = vg(% + et). Passing to the limit, we get (i, V.) — (a5, B5) optimal profile for
g(5), for some s > 0. The most delicate point is to prove that [u]( %) = §. This is obtained
by studying the bijective continuous map s € (0, Sgac) — mg € (0, 1), where my is the
minimum of B with (o, By) optimal profile for g(s). Its inverse can be written in integral
form, see (3.7) in Proposition 3.3. Proofs in the elastic and fractured regimes, respectively
performed in Sects.5.3 and 5.2, are not based on blow-up arguments, but rather on energy
estimates. However, they also require fine ad hoc computations involving formula (3.7):
indeed, in the elastic case we need to show that [u](%) = 0 and in the fractured case that
(%) = Strac.

The proof of the second main Theorem 1.8 is addressed in Sect. 6. The elastic case is trivial,
since we can define u.(x) = %x, ve(x) = 1in (0, L). The pre-fractured and fractured cases
are again ODE-based. Take ¢, € (0, %) and set ¢ := lim,_, c.. Then, we show that for all
& > 0 we can choose m, > 0 such that the unique solution v, to the second order ODE (4.6)
with initial conditions vg(%) = myg, v;(%) = 0, satisfies in addition v, (0) = v.(L) = 1.
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This strongly uses the analysis of the ODE in Sect. 2 and a continuous dependence argument
on the initial value. Finally, u, is easily computed from (1.17b).

Structure of the paper Sect. 2 contains a detailed analysis of the ODE that is solved by a critical
profile v.. In Sect. 3 we discuss the properties of the cohesive energy density g appearing in
the I"'-limit of the functionals F;. In Sects. 4 and 5 we give the proof of Theorem 1.7, whereas
Sect. 6 contains the proof of Theorem 1.8.

2 Analysis of the ODE satisfied by critical points

In this section we discuss the properties of the solution to the Cauchy problem

s L=y[ Q)*f(y) }
= —1 2.1
Y= [(1 o) 1)
y0)=m (2.1b)
y(0)=0 (2.1¢c)

for fixed parameters o € (0, &) and m € (0, 1). As it will be clear in the following of the
paper, this equation is satisfied by an optimal profile B, for the minimum problem defining
g (see (1.9) and Sect. 3) and also corresponds to the blow-up of the critical points equation
(1.17a) around a stationary point of v,.

In the whole of this section we always assume that the function f appearing in (2.1a)
satisfies the conditions (f1)—(f5); in particular, the analysis of the Cauchy problem does
not make use of (f6).

It is convenient to introduce the functions

L0
f(s)-—i(1 I (2.2)
and
=5 Qa)?f'(s) l—s 2;
hs)=— [(1—s)f3(s)_1]_T[(2“) f&=1] forse©n, @3

extended by continuity by setting (1) = 0. With this notation, the equation (2.1a) takes the
form y” = h(y). The constant function y = 1 is always a stationary solution of the equation
(2.1a); in the next proposition we show in particular that the function % has a unique zero
Zo € (0, 1), which corresponds to a second stationary solution y = z,.

Proposition 2.1 (Properties of f) The function f defined in (2.2) is of class C'(0,1) and
strictly decreasing, with f'(s) < 0 forall s € (0, 1). Moreover

PO

im —— +o00, lim /)l
50t f(s)

s—1- (1 — S)3

_ _ 1
lim f(s) =400, lim f(s)= =, =400
s—0t s—1- [efs

24

In particular, it follows that for every o € (0, %) there exists a unique 7o € (0, 1) such that
(2.5)

and moreover (1 — z4) f (zo) > 2a.
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Proof The regularity of f follows by (f1). By computing explicitly the derivative appearing
in assumption ( f4), one easily obtains the inequality

(A=) f($) [ () = [ f'(9) = (1 =9)(f'(5)* < 0.
Then using this inequality we get for all s € (0, 1)

(1L =5)f ) f"(s) 4+ f()f'(s) = 3(1 —5)(f'(5))?
(1 =5)2f4(s)
21/ ) f () = (1 =s5)f'(s)] 2@l =) f©]
(I =5)2f4(s) B (I =5)2f4(s)

where the last inequality follows by (f3) (see also Remark 1.6); this proves the strict mono-
tonicity of f. The first limit in (2.4) follows from (1.16); the second limit in (2.4) is a
consequence of (f2) and (1.15); for the third limit, one has, arguing as before and using
(1.16),

)=

<0,

7@l 2/ @A =916 = f©] (1=91)
F(s) (1 —5)2f4(s) f'(s)

21(s) 2

T i) 1—s

Similarly for the fourth limit in (2.4) we use assumption ( f'5), together with ( f2) and (1.15):

/@ _ 2 ©0=9f©] _[0=9f®] 20-9f6)
(1—s)? A=91f4) A=9% A=94f0)
Existence and uniqueness of z, are immediate consequences of the strict monotonicity of

f and of (2.4). To show that (1 —z¢) f (za) > 2a, we observe that (2.5) and the monotonicity
assumption ( f4) give

— 400 ass — 0T,

— 400 ass — 1.

(1 —2) f'(za) 20)? > lim (L=5)f"(s)
f(za) s=1= f(s)
where we used (f2) and (1.15) in the last inequality. O

(1 —2)* f(za) = Q)% = Qa)?,

By Cauchy-Lipschitz theorem, for every value of the initial datum m € (0, 1) the Cauchy
problem (2.1a)—(2.1c) has a unique solution j of class C2, which can be continued as long
as y(t) € (0, 1) and is defined in a maximal interval (=7, T) for some T € (0, +oc]. By
uniqueness the solution is symmetric with respect to the origin, that is y(¢) = y(—t), and
therefore we study the equation only on the positive real axis. In the following theorem we
characterize the behaviour of the solution to (2.1a)—(2.1¢) in terms on the relation between
the parameters m and «. We focus on the case m € (0, zy); for the case m € (z4, 1), see
Remark 2.4.

Theorem 2.2 Let a € (0, &) and m € (0, zo) be given, let f satisfy (f1)—(f53), and let
y be the solution to the Cauchy problem (2.1a)—(2.1c). Then there exists to > O such that
Y(ty) = zg and m < y(t) < zo fort € (0, ty). Moreover:

1) if 1 —m) f(m) < 2a, then there exists t; € (tg, +00) such that y(t1) = 1, and y is
strictly increasing in (0, t1);

@G) if (1 —m)f(m) =2, then y(t) < 1 forallt € (0, +00), y is stricly increasing, and
y(@) — last — 4o0;
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Fig. 3 Left: numerical plots of the solution to the Cauchy problem (2.1a)—(2.1c) for different initial values
m, for the prototype function f(s) = ﬁ (see (1.5) with o = ¢ = 1) and o = 0.2. The two dashed lines
correspond to the stationary solutions y = 1 and y = z4. The green, red and blue curves correspond to cases
(i), (ii) and (iii) in Theorem 2.2 respectively. Right: phase diagram of the solutions to (2.1a)—(2.1c¢) in the plane
S

(i) if (1 — m) f(m) > 2«, then y oscillates periodically between its minimum m and a
maximum M € (zy, 1): more precisely, there exists t € (ty, +00) such that y(t2) =
M = maxy and y is strictly increasing in (0, t2). For t € (tp,2t) one has y(t) =
y(2ty — t), and y is periodic with period 2t,.

The values of ty, t1, ta, M in the previous statements depend on m and «.

Proof Notice that, since (1 —z4) f (z4) > 2« by Proposition 2.1 and the map s > (1—s) f(s)
is strictly increasing by assumption (f3), for m € (0, z,) all the three cases may occur. We
also observe that, in view of Proposition 2.1, one has that i(s) > 0 for s € (0, z,) and
h(s) <Ofors € (zy, 1).

The solution y satisfies y'(0) = 0 and y”(0) = h(m) > 0, therefore y/ > 0 and y is
strictly increasing and convex in a right neighbourhood of the origin. Since y remains convex
as long as y(#) < zq, there exists fo > 0 such that y(#p) = z4, and y is convex and strictly
increasing in (0, #p).

At the point 7y we have y'(tp) > 0 (otherwise § = z4) and y”(f9) = 0, and therefore
y(t) > z4 and 3”(t) = h(¥(r)) < O for ¢ in a right neighbourhood of 7y, so that y becomes
concave after 7y. We let

fi:=supf{t > 0: y(s) < 1 foralls € (0,1}

and we observe that #; > 9. We can then identify three possible types of solutions.
Case 1. If t; € R, then y reaches the value 1 in finite time: indeed it must be y(¢;) = 1, and
¥'(t1) > 0 (it cannot be y'(;) = 0, or else the solution would coincide with the stationary
solution constantly equal to 1).

If 11 = 400, then the solution is defined in the whole positive real line and y(t) < 1 for
all t > 0. We let

n:=sup{r > 0: y'(s) > Oforalls € (0,1)}

and we observe that 1, > 19, as y'(t) > 0 forall ¢t € (0, 1p).

Case II. If ry = +00, then 3'(r) > 0 for all t > 0. Then the solution is strictly increasing in
(0, 400), is convex in (0, ty), concave in (fy, 00), and y(t) — 1 ast — +o00.

Case III. If 1, € R, then y'(tz) = 0, M:=3(t2) € (24, 1) and y"(t2) = h(M) < 0. Then
tr is a local maximum of y. The function z(z):=y(2t; — t), for t € (2, 212), solves the
equation (2.1a) in (f3, 212), with z(f;) = M = y(t;) and z'(12) = 0 = y/(12), and therefore
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by uniqueness of the solution of the Cauchy problem it must be y(¢) = z(t) = y(2t, — 1),
fort € (12, 212). At the point 2t we have 3(2t,) = m, y'(2t;) = 0, and again by uniqueness
we can conclude that y(¢) = y(t — 21p) for all t > 215, that is, y is periodic with period 21;.
These are the only three possible behaviours of solutions to (2.1a)—(2.1c), form € (0, z,).
See Fig. 3 for numerical plots of the three types of solutions. To conclude the proof, we only
need to determine the form of the solution in terms of the value of the initial datum. We let
I8 in Case I,
f:=1{ 400 inCasell,
153 in Case III.

Since ¥’ > 01in (0, ) in all cases, we can multiply the equation (2.1a) by y and integrate in
(0, 1), for t < f: we obtain by a change of variables

, p ()
/O V(0 (x)dr = /0 h(F()y (1) dr = f h(s)ds,

m

and, recalling that y'(0) = 0,

1, ., 2 [7© PO =T Q) fl(s)
5(y (1) _/m h(s)ds_/m 2 |:(1—s)f3(s) —1} ds

_ L 5 )

1 ( (a)? a)?

T4

. 1, 1
“2Go) T YO Ty tm o gm )

Therefore for all t € (0, f)
') = 3[(2@2(# - L) CU—mP 41— y)z] 2.6)
4 f2my  f23)
If we are in Case I, then as t — 7 = | we have y(tf) — 1 and y'(t) — y'(t;) > 0.
Therefore, by letting  — #; in (2.6) we obtain

3 2_1 (20[)2_ o _(1—m)2 Qa0 2_
0< @) _4|:f2(m) a m)}_ 4 [((l—m)f(m)> 1}

and hence (1 — m) f(m) < 2a.
If we are in Case II, by letting  — +00 in (2.6) we obtain, since y(r) — 1and y'(t) — 0,

BRSO
0= lim (1) = [(1—m)f(m) 1

and hence (1 — m) f(m) = 2a.
Finally, if we are in Case III, by letting t — f = 1, in (2.6) we have, since y'(t) = 0 and
y(©2) =M € (24, 1),

0= l[(2@)2( L _ #) —(1-m*+ —M)Z]
4 f2m)  f2(M) ’

from which we get

(1—m)*— (1 —M)?
20)% = (
¢ F2M) = f2(m)

)fz(m)fz(M)
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B (fz(M)(l —m)? = fAM)(1 — M)?

B (1= m)2(f2(M) — f2(m))
(fz(M)(l —m)? — f2(m)(1 — m)?

(1 —m)2(f2(M) — f*(m))
where we used the fact that f2(M)(1 — M)?* > f2(m)(1 — m)? since M > m and the

function s — f(s)(1 — s) is strictly increasing by ( f3). Therefore (1 —m) f(m) > 2a«.
Since these are the only possible cases, the characterization of y in the statement holds. O

)(f(m)(l —m)’

)(f(m)(l —m))* = (fm)(1 —m))?,

Remark 2.3 Let my, € (0, zy) be the unique value such that (1 — mgy) f(mg) = 2a. The
three cases (i), (ii) and (iii) in Theorem 2.2 correspond to m € (0, my), m = mg, and
m € (my, 24) respectively. If m € (my, zo) (case (iii)) the solution has a maximum value
M € (z4, 1) which is uniquely determined by « and m by the equation

20)? 2
(1—M)>? - (2“) —(1=—m?— (2“) , 2.7
(M) f=(m)
which is obtained by evaluating (2.6) at the maximum point #,. We observe that the function
2 2
xis (1—x)? = 2
o)

vanishes at x = m, and at x = 1, has a maximum point at x = z,, is increasing in (ny, Z¢)
and decreasing in (z4, 1), as can be easily checked by noting that its derivative is given by
2(1 = x)(QRa)* f(x) — 1.

It follows that M takes all the values in the interval (z,, 1) when m € (mgy, zo), With
M — lasm — mg,and M — z, asm — zq4.

Remark 2.4 Inthe case m € (z4, 1), the solution y is a translation of one of the periodic orbits
obtained in Theorem 2.2(iii). Indeed, by Remark 2.3 every value of m € (z4, 1) corresponds
to the maximum value of one of the solutions with initial datum in (m,, z4), so that by
uniqueness y is a translation of that solution.

In the next proposition we obtain uniform estimates on the point #,, at which the solution
to the Cauchy problem (2.1a)—(2.1c) reaches a value n arbitrarily close to 1 (or the maximum
M for the periodic solutions). In the following, we will denote by w(-) a generic modulus
of continuity (that is, w : [0, 1] — R is a bounded, monotone increasing function such that
w(t) — 0ast — 0T), which is independent of @ € (0, %) and m € (0, z,), but depends
ultimately only on f. The function @ might change from line to line.

Proposition 2.5 Under the assumptions of Theorem 2.2, let y be the solution to (2.1a)—(2.1c).
Let n € (zq, 1) be fixed; in the case (1 — m) f(m) > 2«, assume further that n € (24, M),
where M € (24, 1) is the maximum of y. Denote by t, > O the first point such that y(t,) = 1.

Then there exists a constant Cy > 0, depending only on a € (0, &), and a modulus of
continuity w independent of @ and m, such that the following estimates hold:

C
ty < —— with sup  Cq < +00 forall§ >0, (2.8)
1= @e(0,% —8)
w(l —m)
< (2.9
T (1 —n)?
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Furthermore, we have the estimate from below

1— C 2 2
t, > log “—tatlam ,  where Cypi=|1— v
I =7+ Coum ' (I —m)f(m)

2

(2.10)

Proof We first obtain a uniform estimate of the point #y where there is a change of convexity
of the solution y, as in the statement of Theorem 2.2: recall that for ¢ € (0, #p) the solution
is strictly increasing with m < y(t) < z,.

From the proof of Theorem 2.2, see in particular (2.6), we have that

P ) | (e
W= YA 4 A—mym) |7

@2.11)

By a straightforward computation and recalling the definition (2.2) of f and (2.5) we find
1 _ _
W(s) = 5(201)2(1 —=$)(f(s) — f(za)) (2.12)

and in particular W/ (s) > Ofors € (m, zy) since fis strictly decreasing (see Proposition 2.1).
By repeatedly applying the mean value theorem we have for all s € (m, z) (using also
W(m) =0)

W(s) = W(m)+ V() (s —m) for some & € (m, s)

= 5271~ HF© ~ Fe)s —m)
_ 1
2/ ()
. (- 7@
2V f©
where we used in particular (2.5) in the third equality, and the monotonicity of the function f

in the last i_neqliality. Observe now that, being f_ " < 0 and continuous in (0, 1), and by (2.4),
the ratio | f’|/ f is uniformly bounded from below by a positive constant in (0, %), whereas

if ¢ € (4, 1) one has, by the fourth limit in (2.4), that | f/(O)|/£(©) > |f(OI/f(2) >
(1 = ¢)3/w (1 — m), for a uniform modulus of continuity w. Therefore we can write
PR M)
n = > .
cemz) F(£) ~ w(l —m)
Hence combining (2.11), (2.13), and (2.14) we find

(1 =& (=€) (za — E)(s —m) for some ¢ € (&, za)

)0 = 2)(za = )5 = m), 2.13)

(2.14)

0oy /Z“ ds w(l—m)/Z” ds
= [ ——=dr= < 2.15
’ /0 o0 Tl e S d-w? )y Vasdsom G
which eventually yields
w(l —m)
T—.
(1 — z4)?

We next fix n > z, as in the statement. By the properties of the solution, there exists a
point t;, > o such that y(#,) = n; in the interval (¢, ;) the solution satisfies z, < y(t) < 7,

o < (2.16)
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v'(t) > 0. As before we have from (2.11)

oYW s
NATCI0) R N TON

and therefore we need to estimate from below W(s) for s € (z4, n). Notice that by (2.12)
and monotonicity of f, W is decreasing in (z4, 1). For all s € (z4, n) we have by the mean
value theorem, using also W (n) > 0, (2.5), and (2.12),

W(s) = W) + W' E) (s —n)
1 _ _
> 5(2@)2(1 — &) (fza) — FEN —5)

> %(l—n)(n—s)M (2.18)
f(za)

for some & € (s, n). We next bound from below the quotient on the right-hand side of (2.18),
and we consider first the case o uniformly bounded away from % 5 (which will prove (2.3)),
and then the case « in a small neighbourhood of ““ (which will prove (2.9)). It is important
to recall from Proposition 2.1 that z, depends continuously and monotonically on «, and that
g — lasa — %
Notice first that

f(E) fGa)— fE) f(E)
then Z =1
f(ZDI) f(Za) f(Zo()

Let § > 0 be such thata < % — 8. Then z4 < 1 — ¢; for some ¢5 > 0 depending only on é.
We have that

ty— 1o = 2.17)

1
72 5E 2. 219)

then 7][(%) AC) 1- fa-3 —:Ca1 > Cy (& — 24),

if §>1-— >
f(za) f(l—cs)

(2.20)

with C g > 0 depending only on 8, by the properties of f. If instead ff ((E)) = é and & <

N\é}

we obtain

f(zco—f(s) fa) = f&) §- o). £ —
f(za) s 2f($) 2f(%‘)

If(;“)l . [f']
2f(;) (S—m)?( inf )2f>(é‘—za)—C5(?;‘—za)

where again C(S2 > 0 by the properties of f in Proposition 2.1. Hence

and ggl—c—‘s then M>C§(S—za)-

/@ 1
f(za) 2 2 fza)

for some ¢ € (24, &)

(2.21)
Therefore by inserting (2.19), (2.20), and (2.21) into (2.18) we find that for all « < % )
V(s) 2 G —m(—9)(E —z2) 2 Cs(1 =) —$)(s —2o)  foralls € (zo, 1)
for a uniform constant Cs > 0 depending only on §. In turn by (2.17) we conclude that
o < 1 n ds _ b4
VCJT =0z V=55 =2« JCs/T—1

ty —
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which combined with (2.16) proves the estimate (2.8) in the statement.

We next show (2.9). If % > % then by using the last condition in (2.4) and arguing

f(za)
similarly to (2.14) we have

Fea) = FE) _ Faa) = FE E—za o E—za
Z > . = = — . = fi s
Fea) Y Ry orsome £ € (e &)
1) a-n
2 2f(é') (g Zot) 2 a)(l — Za) (é ZO{)

for a uniform modulus of continuity . Therefore combining this estimate with (2.19) and
inserting them into (2.18) we can write

_ 4 _ 4
W) > 2T E—z) > 9 (s —za)  foralls € (za, )
ol — 2q) ol — 24)

and in turn by (2.17) we conclude that

o(l —z4) _mo(d -z

n ds
ty —1to < /
! A=m? Joy V=55 =24  (1—=n)?
By combining this estimate with (2.16) we obtain (2.9).

We eventually prove the estimate from below (2.10). By the assumptions ( f2)—(f3) we
have that (1 — s) f(s) < o forall s € (0, 1), so that we can bound the function W in (2.11)

by
(1—s)> 20\21 (1 —m)? 2a 2
YO s [1 B <7> ]+ ' ((1 —m)f(m))

oc 4
and in turn we obtain the rough estimate /W (s) < (1 —s) 4 Cq, ., Where Cy y, 1s the constant
defined in (2.10). By inserting this inequality into (2.17) and integrating we deduce (2.10)
by an elementary computation. O

We conclude this section by discussing the behaviour of solutions to (2.1a)—(2.1c) in the
case a > 5.

Proposition 2.6 Leta > 5 andm € (0, 1) be given, let f satisfy (f1)—(f5), and let y be the
solution to the Cauchy problem (2.1a)—(2.1c). Then there exists t; > 0 such that y(t;) = 1
and y(t) is monotone increasing in (0, t{). Moreover, denoting for n € (m, 1) by t;, € (0, t1)
the point such that y(t,) = n, the estimate (2.9) holds.

Proof By the properties of f in Proposition 2.1 and since o > %, the function % in (2.3) is
strictly positive in (0, 1). Therefore, since initially we have 3’ (0) = 0 and y”(0) = h(m) > 0,
the solution is strictly increasing and convex for ¢+ > 0 as long as y € (0, 1). The existence
of a point #; > 0 such that y(#;) = 1 follows easily.

Fix now & € (0, %) such that m € (0, zz) and (1 — m) f(m) < 2&, and let ¥ be the
solution to the Cauchy problem (2.1a)~(2.1c) with « replaced by &. Since @ > % > @, by
comparison we have y < y.

We can apply to y the qualitative analysis in Theorem 2.2 and Proposition 2.5 to deduce,
in particular, that for all n € (m, 1) there exists 7, such that 3(5,,) = 7, and 7,, obeys the
estimate (2.9). Then by comparison #, < 7, obeys the same estimate, as desired. O
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3 Properties of the cohesive energy density, old and new

We discuss in this section the main properties of the cohesive energy density g defined by (1.9),
appearing in the I"-limit of the phase-field functionals (1.12). Most of the properties of g have
been studiedin [12, 21], but we also include here some new results: in Proposition 3.6 we prove
thatg € C 1([0, +00)) and a characterization of the derivative of g, and in Proposition 3.7 we
determine explicitly the value of the threshold of complete fracture sg,c (see (3.1)). Eventually
we determine the asymptotic expansion of g near the origin in terms of the behaviour of f(s)
ass — 1, see Proposition 3.9: this is only relevant in connection with the existence of critical
points of pre-fractured type, see Remark 1.2.
The following properties are proved in [21, Proposition 4.1].

Proposition 3.1 Assume that f satisfies the assumptions (f1), (f2), (f3). The function g
defined in (1.9) enjoys the following properties:

(1) g(0) =0, and g is subadditive;
(ii) g is nondecreasing, g(s) < min{l, ocs}, and g is Lipschitz continuous with Lipschitz
constant o,
(i) limg 400 g(s) = 1;
@iv) limg_, o+ Q = o..

We studied in [12] the existence and properties of optimal pairs for the minimum problem
(1.9) which defines g, which we collect in the following two propositions. Notice that the first
part of the statement of Proposition 3.2 does not make use of the convexity assumption ( f6),
whereas this condition is crucial to deduce uniqueness of the optimal pair and the properties
of the function i in Proposition 3.3 (compare with Remark 3.5).

Proposition 3.2 Assume that f satisfies the assumptions (1), (f2), (f3). Let g be defined
by (1.9) and let

Strac:=sup{s : g(s) < 1} € (0, +o0]. 3.1
Let s € (0, Sfrac), so that g(s) < 1. Then:

(1) There exists an optimal pair (o, Bs) € Us such that g(s) = G(ay, Bs).

(1) If (as, Bs) is an optimal pair for g(s), then there exist —0o < T < T, < Ty < +00
such that {B; < 1} = (T_, T}), Bs € CIW(T_, Ty), By is symmetric with respect to T,
and nonincreasing in (—oo, Ty), ag € C'(R) is nondecreasing.

(iii) Any optimal pair («s, Bs) solves the Euler-Lagrange equations

1_ s
Bl = F(Bs)f (Bs) (@) — 4’3

fZ(ﬂS)a; =o; pointwise on {Bs < 1}, for a constant o5 € R. 3.3)

weakly in {Bs < 1}, 3.2)

(iv) Any optimal pair (o, Bs) satisfies pointwise on {Bs < 1}

(1-B)
4

(v) Assuming in addition that f satisfies (f6), the optimal pair is unique up to translations,
in the sense that if (ay, Bs) and (&, Bs) are minimizers then there are ay, t| € R such
that ag(t) = a1 + @ (t — 1), Bs(t) = Bs(t — 11).

FEBONL* + 181> — 0. (3.4)
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Ifinstead s > Sgrac, one has g(s) = 1. Inparticular g(s) = G(0, By), where Bs(t) = l—e_%,
that is, one can interpret the value g(s) = 1 as the energy of a configuration (o, Bs) ¢ Us
where ay is piecewise constant.

Proof See the proof of [12, Proposition 8.1], which only uses (f1)-(f3), and [12, Propo-
sition 8.3] for the uniqueness part (v). We only sketch here the proof of (i), since some
details were missing in [12, Proposition 8.1(ii)]. The existence of an optimal pair (o, Ss)
can be obtained in two steps: in the first, we fix § with (1 — g8) € H'(R),0 < B < 1,and
lim;| 400 B(t) = 1, and we minimize G(-, B) with respect to the first variable; in the second
step, we minimize G(«, B) with respect to B, where o has been obtained in the first step and
depends on .

To prove the existence of a minimizing profile « (for fixed ) in the first step, we can
assume that inf,cg B(f) > 0, since otherwise G(«, B) > 1 for all «. Then, we check that
the crucial property 1/ f 2 (8) € LY(R) holds. Indeed, by (f?2) there exists K > 0 such that
fBa—-as = "—2“ in R\[—-K, K], where we adopt the convention f(8)(1 — B8) = o, if
B = 1. Then

/7“ </ _dr +if (1= B2 dr < +00
R f2B@®)  Ji—k.xy F2B@) T 02 Jry—k.k] '

We define
! dr 1 -1
a(t)::c/ YT Wherec:=s(/ Tdr) .
o fo(B(1) r f2(B)

In this way (o, B) € U and & minimizes G (-, B) for fixed B, by convexity of the energy. The
second step with the minimization in g is fully detailed in the preprint version of this paper,
available on arXiv. O

Proposition 3.3 Assume that f satisfies the assumptions (f1)—(f6). For s € (0, Sgrac) let
(s, Bs) be the optimal pair for g(s) given by Proposition 3.2, translated so that B attains

its minimum at the origin; for s = St let Bs(t) =1 — e‘% Define
mg:=min B (1) = Bs(0) (3.5)
teR

(uniquely determined by s). The map s — my is continuous, strictly decreasing in [0, Sfrac),
withmg = 1 and mg = 0 for s > Sgrac.
Moreover, one has that {; < 1} = R, and the constant oy in (3.3) is given by

1
= 5 (L= o) f (). 3.6)
Denoting by m — s(m) the inverse of the map s — mg, one has for allm € (0, 1)
1
s(m) = 2(1 — m)f(m)/ dr, (3.7
FOU =02 f2(0) = (1 = m)2 f2m)) '

1 (1 =02f(1)
(s )>=2f :
s m (1= 02f2(0) — (1 —m)2 f2(m))'?

(3.8)

Proof The first part of the statement concerning the properties of the map 7 is proved in
[12, Proposition 8.3] without the hypotheses ( f4)-(f5). By substituting (3.3) into (3.4) and
evaluating the resulting equation at the origin, recalling that B, (0) = m, and B,(0) = 0, we
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= m
o 05 10 5 20 25 30 S

Fig.4 Left: plots of the functions s(m) and g(s(m)) in (3.7)—(3.8), in the prototype case f () =t/(1 —1), see
Remark 3.4. Right: plot of the function g(s) obtained by using the expressions in Remark 3.4 and inverting
numerically the function s(m)

find (3.6). Inserting (3.3) into (3.2) we find that S, solves in the set {8; < 1} the Cauchy
problem (2.1a)—(2.1c) for the values of the parameters @ = o5 and m = my. By (3.6) we can
apply case (ii) in Theorem 2.2 to deduce that 8; < 1in R and B, > 0 in (0, 4+00).

Finally, we prove (3.7) and (3.8). We have by a change of variable

o0 00 ’ . 2 b -1
s = / O‘é dt(3=3) 2/+ dt(3_4) 20 f+ ﬂs ((1 ﬂg) B Us ) dr
R 0 fz(,Bs 0 F2(By) 4 £2(Bs)

1 N2 2 \—1 1
:2%/ 21 ((1 n* Zs ) zdt:‘m/ dr -
iy () 4 1@ g f(O[(1 =02 f2(t) — 402]

from which we obtain (3.7) thanks to (3.6). Similarly

+oo (1 = r2 +00
g(s) = g(as,ﬂs)(f‘)Zf P = f (1= o) dr

—0o0

G4y [T ) ,< — B5)? )
= 1— s 5
/o (1= A7, 4 fz(ﬂs
/1 2(1 =) f(1)

(022 2y,
iy 4 R0) [(1 =02 f2() — 402]"?

from which we obtain (3.8) thanks to (3.6). ]

dt

Remark 3.4 In the prototype case f(r) = t/(1 —t),t € [0, 1), equations (3.7)-(3.8) give
explicit formulas for the maps m € (0, 1) — s(m) € (0, sgac) and m € (0, 1) — g(s(m)) €
(0, 1) (notice that in this case sfac = 7 by Proposition 3.9 below):

(57) ~amee (),

m
— )+ V1 —m2
\/1—m2+l)

See also Fig. 4 for numeric plots obtained using these expressions.

s(m) = 2 arctan

g(s(m) = m*log (

Remark 3.5 If we drop the assumption (f6), there is numerical evidence (using the func-
tion f(4 in (1.5) for ¢ > 2) that the conclusions of Proposition 3.3 are no longer true in
general. However, it seems that it is still possible to define a one-to-one correspondence
s € (0, Sfrac) > My € (Mipgc, 1), for some mg,e > 0.
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We next show that g is differentiable and characterize its derivative in terms of the mini-
mum value m; (see (3.5)) of the optimal profile S;.

Proposition 3.6 Under the assumptions ( f 1)—(f6), the function g defined in (1.9) satisfies
g (s) = (1 —my) f(mg) foralls > 0. (3.9)

Proof We first observe that the identity (3.9) is valid for s = 0 since g’(0) = o, by Proposi-
tion 3.1, mo = 1 by Proposition 3.3, and lim,_, ; (1 — ¢) f(t) = o, by assumption (f2). It is
also valid for s > sgqc, since g(s) = 1 and mg; = 0 for s € [Sgrac, +00).

We then consider the case s € (0, sfac). Let (o, Bs) € U, be an optimal pair for g(s),
according to Proposition 3.2. Let s, s” € (0, sgrac) be two arbitrary points. Since ( %as/, Bs') €
Uy is an admissible competitor for the minimum problem (1.9) defining g(s), we have

+00 — B.)2
e <0z av.p) = [ ((5) Pl + L g2 ) a

2 400
=g<asf,ﬂs/>+<(§) —1> / FABo e P dr

33 s+ too
(:) g(sl)-f—(s—s/)'(ﬁ 'US’/ a;/dt
s") —00

3.6 s+ _ _
S e+ s =5 S (=) f Ry
whence
!
g(s)<g<s’)+<s—s’)~sz+ S —iag) fy)  foralls,s’ € (0, spc). (3.10)
)

If s’ < s, by dividing both sides in (3.10) by (s — s’) we get

g(s) —g(s") _ s+ _ ,

< (L) f g,

s =8 2s

and letting s — (s")* ors’ — (s), using the continuity of s — 1, we obtain the following
inequalities for the right and left derivatives of g:

gr6N <A —my) flmg),  gL(s) < (1 —my) f(mny).

By arguing similarly for s > s in (3.10), we obtain the opposite inequalities, so that (3.9)
follows for all s € (0, Sfrac).

To conclude the proof, it only remains to show that g is differentiable also at sg,c and
&' (srac) = 0. This is easily obtained since lims_}sf—_ g'(s) = 0 by the first part of the proof
and g = 1 for s > sfrac. e m]

A condition for the finiteness of the threshold sg,c is given in [12, Proposition 6.3]. In the
following proposition we improve that result by determining explicitly the value of s, in
terms of the derivative of f at the origin.

Proposition 3.7 Under the assumptions (f1)—(f6), the threshold sgac defined in (3.1) is
given by

(3.11)

Sfrac =

T
£
(with sfrac = +00 if f'(0) = 0).
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Proof For any fixed § € (0, 1) we have by (3.7)

1 dr
Sfrac = lim 2(1 — ”’_/ls)f(n_’ls)
5= S e FO[(1 = D2 f2() — (1 = g2 f26my)]
8 dr
= lim 2(1 —my) f () ,
=S s fO[ = D2 £2() — (1 — )2 f26,)]"?

where in the last equality we have used that the denominator of the integrand is uniformly
far from O in (8, 1) and that mg; — 0. Denoting by ¢(¢) = (1 — t) f(¢), which is strictly
increasing by assumption ( f3), we can write the previous identity as

s , -
Strac = lim 2¢) () @'(1) . (1/ 1)
s_)sf;ac ng ¢(t) ¢2(1‘) — ¢2(ms) ¢ (Z)

_ ) /
Tim 2¢(n’15)( sp & 0)/ A0
5= Srac reing.8) PO ) Jiiy ¢()y/ 2 (1) — $2 ()

i ( (1- t)) ( $%(8) — ¢2(n'13)) _ (1-1
im 2( sup arctan( ————————= ) =7 sup
5= \reGig,8) @0 ¢ (my) re©.5) ¢'(0)

N

since my — 0 as s — sg, . Arguing similarly we find

1—1t 1 —1t
m inf (/7)<Sfm<7t sup ( ; ).
1€(0.8) @' (1) e, ¢'@)
The conclusion follows by letting § — 0. o
Remark 3.8 For the prototype examples in Remark 1.3 one has Sfac = q% € R for the

functions f,), and sfrac = +00 for the functions f 28

We conclude this section by determining the asymptotic expansion of the cohesive energy
density g at the origin.

Proposition 3.9 Assume that f satisfies the assumptions (f 1)—( f6), and assume further that

A1=5)f@s)=0.—LA—5)4+0((1—5)9) ass—> 1" 3.12)
for some £ > 0 and q € (0, 2], where o(t) denotes any quantity such that lim;_, @ =0.
Then the function g defined in (1.9) satisfies, for p::i%g and for some 70,

g(s) = ocs — Is? +o(s?)  ass— 0. (3.13)

Proof The proof is a straightforward adaptation of [12, Proposition 8.5], which deals with
the case ¢ = 1. The details are left to the reader. O

Remark 3.10 The function f,) for ¢ € (0, 4) in Remark 1.3 satisfies the condition (3.12).

4 Preliminary properties of critical points

We assume along this section that (1., ve) € (H Lo, L))2 is a family of critical points of the
energies Fg, i.e. they are weak solutions to the system of equations (1.17a)—(1.17d). We also
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suppose that the Dirichlet boundary condition satisfies (1.18), and that the equiboundedness
of the energy (1.19) holds. We first remark that by (1.17b) there exist constants ¢, € R such
that

fPueul =ce  ae.in (0, L). (4.1)

Notice that from (4.1) it follows that u/, has constant sign a.e. in (0, L) and therefore, in view

of the boundary conditions, it must be ¢, > 0, so that u, is monotone nondecreasing in

(0, L). Moreover it cannot be ¢, = 0, or otherwise the second term in (1.17a) would vanish

and v, would be a weak solution to —ev + ”54;1 = 0, with v, (0) = v.(L) = 1; however,

this would imply that v, = 1 and in turn, by (4.1), u, = 0 almost everywhere in (0, L),

which is not possible in view of the boundary conditions (1.17c). Therefore ¢, > 0 for all e.
We also have

L L
Felttg, ve) = / F2e)lul|? dx = cg/ ul dx = cqaq,
0 0

so that by (1.18) and (1.19) we obtain that sup, ¢, < +00 and, up to subsequences,
ce >co=>0 ase— 0. 4.2)

Similarly to [30, Lemma 3.1] and to [10, Lemma 2.3], we show that v, obeys a maximum
principle.

Lemma 4.1 We have that 0 < ve < 1in [0, L].

Proof By testing (1.17a) with the function ¢,:=max{—v,, 0}, which is admissible since
Qs € HO1 (0, L) in view of the boundary conditions (1.17d), we have

L(ps‘l'l
4e

L L
—/ e(g))? dx +/ Fe(e) fl(e) (u}) e dx —/ e dx =0,
0 0 0
and since all the terms are nonpositive (recall that f;(s):=+/¢ f'(0)s for s < 0) we deduce

that fOL ‘pigl @e dx = 0, and therefore v, > 0. Similarly, by testing the equation with the

function ¢, :=max{0, v, — 1} € HO1 (0, L) we prove that v, < 1. m]

We next show that the solutions to the equations (1.17a)—(1.17d) satisfy a conservation
law, which can also be seen as a consequence of the vanishing of the first variation of the
functional F, with respect to inner variations.

Proposition 4.2 There exist constants d, € R such that

A=) o e =de  in(O.L 43
e Se )T —e)"=d. in(0.L), (4.3)
with sup, |dg| < 400 and, up to subsequences, dg — dy as € — 0.

Furthermore, us, ve € C2(0, L) with v, > 0in [0, L), and the equations (1.17a)—(1.17d)

hold in the classical sense.

Proof We first remark that, as v, is a weak solution to (1.17a), we have vg’ € LI(O, L) and

therefore v, € C'([0, L). By (4.1) we have u], = fzc(l ) almost everywhere in the open set

{ve > 0}, that is, u., is (almost everywhere equal to) a C'-function in {v; > 0}. In particular
u, is of class C2 in {v, > 0}. In turn, by (1.17a) the same holds for v, and equation (1.17a)
holds in the classical sense in {v, > 0}.
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We can thus differentiate the left-hand side of (4.3) in {v, > 0}:

_ 2 4
%(% — P2 l)? — s(v;)2>

1

Ve

= vé(—evé’ — feve) fl(ve) (u)* + > — f2(ve)ulu!

(117a)

4e
20) fo(We) fLwe) (Ul)? — £2(ve)ulu

" (1.17b)
= —u(f2wou;) =0,
hence (4.3) holds in {v, > 0}, for a constant d. possibly changing with the connected
components of {v, > 0}.

We next show that v, > 0 everywhere in [0, L]. Consider any connected component (a, b)
of the open set {v; > 0}. By combining (4.3) and (4.1) we have

(1-v)* ¢

4 f2(ve)

Assume by contradiction that v, vanishes at one of the endpoints, say v.(a) = 0. The point
a must be in the interior (0, L) by (1.17d); since a is a minimum point of v, by Lemma 4.1
and v, is of class C' ([0, L]), we have v} (a) = 0. We can pass to the limit in (4.4) as x — a
from the interior of (a, b):

—ew)?=d. in(a,b). (4.4

2
d

— —d; = lim —%—
4e x=a f2(ve(x))
and since f; (ve(x)) — f:(0) = 0, we conclude that it must be ¢, = 0. However, we already
observed that ¢, > 0 (see the discussion after (4.1)), which is a contradiction proving that
(a,b) = (0, L), and since v, cannot vanish at the endpoints we obtain {v, > 0} = [0, L].
Finally, by integrating (4.3) on (0, L) we also have

1 (L1 —v)? 1
el = [ | = 2R — e dx < L we,
L Jy L
and therefore sup, |d;| < 400 by (1.19). O

4e

Notice that, by using (4.1), we can rewrite (4.3) in the form

N2 2
a 4;8) - f;(gv [ e@)=d. in(O.L). 4.5)

Similarly, we can rewrite (1.17a) as an equation for the function v, alone:

2 ¢/
Vi Csfg(vé‘) Ve — 1 .
e 4 + -0 0,L). 4.6
&V, fg3(v£) e in ( ) (4.6)

From this equation we can deduce the symmetry properties of the function v, similarly to
[30, Lemma 4.1 and Proposition 4.2] and to [10, Proposition 2.1].

Lemma 4.3 The graph of ve in [0, L] is a symmetric “well”: it is symmetric with respect to
the point %, which is a global minimum, and v, is decreasing in (0, %).
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Proof By (4.6), v, is a solution to an equation of the form v, = h.(v,), where the function
he is Lipschitz continuous in (0, +00) by definition (1.8) of f; and by assumption (f1).
Notice that v, takes values in (0, 1] by Lemma 4.1, and therefore Cauchy-Lipschitz theorem
guarantees uniqueness.

If v, is not identically equal to 1, by Rolle’s Theorem there exists at least one critical point
in (0, L). Given any critical point xg € (0, L) of v,, we can symmetrize the graph of v, about
the vertical line through x¢: more precisely, if xo € (0, %] then we define v, : (0, 2x9) —> R
by ve(x) = ve(x) for x € (0, xp), Ve (x) = ve(2x9 — x) for x € (xg, 2xp). Then v, is also
a solution of 3! = h.(,) in (0, 2xp), with T,(x0) = ve(x0), U, (x0) = v.(x9) = 0, and
Cauchy-Lipschitz theorem yields that v, = v, in (xg, 2x¢). In particular the critical point xq
is either a maximum or a minimum point. A symmetric argument can be repeated in the case
of a critical point in the interval (%, L).

Therefore the graph of v, is symmetric with respect to all the vertical lines passing through
its critical points, which are either absolute maximum or absolute minimum points. If there
is an interior maximum point at xo € (0, L), since v (0) = v,(L) = 1 it must be v, (xp) = 1,
v (x9) = 0. Then by uniqueness we conclude that v, = 1, since the constant function 1
is also a solution of (4.6). Hence, if v, is not identically equal to 1, there are no interior
maximum points and therefore there is a unique interior critical (minimum) point, located
ad % The symmetric structure described in the statement follows. O

Remark 4.4 The symmetry property of v, proved in the previous lemma is in accordance with
the result in [10] for the Ambrosio-Tortorelli functional, where it is shown that, imposing
the Dirichlet boundary conditions on v, a much stronger symmetry property is obtained
than in the Neumann case considered in [30], namely that v, has a unique critical point
located at the midpoint % We expect that, also in our setting, imposing Neumann conditions
v,(0) = v.(L) = 0 we would obtain a weaker symmetry property, namely that there exists
ne € Nsuch that the graph of v, in (0, L) is made of n, repeated identical subgraphs, each of
which is a symmetric “well” (with a unique interior critical point, which is a global minimum,
and two maxima at the endpoints), or a symmetric “bell” (with a unique interior critical point,
which is a global maximum, and two minima at the endpoints).

We conclude this section by collecting in the following lemma the compactness properties
of the family (u,, v,), together with a uniform bound of v.

Lemma 4.5 We have that ve — 1in L'(0, L) and, up to extracting a subsequence gy — 0,
ug — uin L'(0, L) for some u € BV(0, L) with |Du|(0, L) < a. Moreover ellvllloo <1
for all ¢ sufficiently small.

Proof In view of the bound (1.19) we have that sup, %fOL(l — v.)2dx < +oo, which

immediately implies the convergence of v.. Since u, is monotone increasing by (4.1), we

have [Du.|(0, L) = ag, llugllz~,.) = a.. Hence (ug)e is bounded in BV and the second

convergence follows by the compact embedding of BV into L!. By semicontinuity of the

total variation |Du|(0, L) < liminf, |Du.|(0, L) = liminf, a. = a. Finally by (4.5)
(I-v )2

1
e2())? < g Feldl < g +esupldel.

with sup, |d;| < 400 by Proposition 4.2. O

As a consequence of Lemma 4.5 we remark for later use that the constant cg (see (4.2))
satisfies the bound

" dx 2 im L sz()/d ctim L [“ware? 4.7)
1mc8x E})Lo Evguex\sg%Lousx—L. .
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5 Proof of the convergence of critical points

This section is entirely devoted to the proof of Theorem 1.7. We assume along all this section
that (u,, ve) is a family of critical points of F, satisfying the assumptions of Theorem 1.7.
We recall that (u, v.) enjoys the regularity properties discussed in the previous section and
that v, (x) € (0, 1], see in particular Lemma 4.1 and Proposition 4.2.

We denote

mg:=min v, € (0, 1]. 5.1)
[0.L]

In view of the symmetry properties of the critical points observed in Lemma 4.3, we have
that v, has a single-well shape, that is, its global minimum m, is achieved at the midpoint L
the graph of v, is symmetric with respect to %, and v is decreasing in (0, %) and increasing
in (%, L), achieving its maximum at the endpoints v (0) = v (L) = 1.

We further assume that we have extracted a subsequence (not relabeled) such that u, — u
and v, — 1in L1(0, L) asin Lemma4.5, ¢, — cg (see (4.2)),d, — dy (see Proposition 4.2),
and also

me — mgy € [0,1] ase — 0. 5.2)
For later use it is convenient to introduce the discrepancy

1 — vs(x))? ,
£, ()= L @) Z(x)) — s (UL (x))
£

245 Cg
f2 (e (x))

By the second expression of & in (5.3) and monotonicity of v., the minimum of the function
& is attained at the maximum point of v, that is min§, = &(0) = —e(v, (0)2 <€ 0, and

2
similarly the maximum of &, is attained at the midpoint, that is max &, = &, (%) = % >

0. Hence there exists y, € [0, %] suchthat&, (y.) = 0,& < 0in[0, y.]and &, > Oin [y, %].

Up to subsequences we can assume y, — Yo € [0, %]. Notice that by evaluating (5.3) at the
point y, we find

+d. (5.3)

2

do=——S2 . 54
F2e(e) G4

In the following lemma we show an explicit relation between the limit values ¢ and m.

Lemma 5.1 Assume that fs(m;) — 0. Then

1
co = 51 =mo) f(mo), (5.5)

where co and mq are the limits in (4.2) and (5.2) respectively, and the right-hand side of
(5.5) must be interpreted as % ifmo =1, in view of (f2).

Proof By evaluating (4.5) at a minimum point of v, we have

(1 —mg)? c? _
" — P de. (5.6)

Since by assumption f;(m.) — 0 andrecalling the definition (1.8) of f;,itmustbe f; (m;) =
/& f (me) for & small. Then

. o1 1
g = lim ¢ = lim — (1 — me)* f2(me) — de f2(me) = ~ (1 — mg)? £ (mo),
e—0 e—0 4¢e 4

@ Springer



Convergence of critical points for a phase-field approximation... Page 27 of 47 192

where we used the uniform bound on d; in Proposition 4.2. O

In the following lemma, which is a consequence of the qualitative study of the equation
(4.6) for v, contained in Sect. 2, we deduce some general properties of the sequence (u, ve).

Lemma 5.2 Assume that mg < sg, where s is as in (1.8). Let
Ag:={x € (0, L) : ve(x) < s¢}.

Then A, = (% — Xg, % + x¢) with limg_,0 x; = 0. If mg < 1, then lim; ¢ 7= = +o00.
Finally, u € SBV(0, L) with J,, C {%} and u’ = ¢y almost everywhere in (0, L).

Proof Since v, has a single-well shape, vg(%) = mg < Sg, and v, = 1 at the endpoints of
(0, L), we have A, = (% — Xg, % + x.) for some x. € (0, %). Notice that for x € A, we
have fe(ve(x)) = /& f (Ve (x)). The rescaled function . (t) = vg(é + et) satisfies
1= 66[ Qo) f'(@e) 1}
‘ 4 L1 =10 f3(0e)
U (0) = myg, ﬁé(O) =0,

Xe Xg

fort € (——, —)::(—ta, te),
g ¢

(5.7)

that is, v is a solution in (—f¢, t;) of the Cauchy problem (2.1a)—(2.1c) studied in Sect. 2,
for the values of the parameters m:=m, € (0, 1) and a:=c, > 0.

We first consider the case ¢, < %, which is the assumption in Theorem 2.2 and Propo-
sition 2.5. Notice that necessarily m, < z.., where z., € (0, 1) is defined by the equation
(2.5): indeed, if it were m, > z., then by the qualitative analysis of the ODE (5.7) (see in
particular Remark 2.4) the solution v, would have a local maximum at the origin, which is
incompatible with the single-well structure; if m, = z., then v, would be constant, which is
again not possible.

Hence in the case ¢ < % we have m, € (0,z.,) and we are in position to apply
Proposition 2.5 with 1:=s, in order to estimate the time 7, such that v.(f;) = s.. Notice
that, in the case (1 — mg) f (m¢) > 2c,, the additional assumption n < M (where M is the
maximum of the solution and then depends on ¢) is certainly satisfied, or else the function
Uz would reach a maximum point before 7, and then decrease, which is incompatible with its
single-well shape. Hence #; obeys the bounds (2.8)—(2.9). In particular, if m; — mg € [0, 1)
then ¢, — ¢p € [0, ) by Lemma 5.1 and therefore the estimate (2.8) holds with a constant
which is uniformly bounded with respect to €, namely

Co
1 =5

If, instead, m; — mo = 1, then we can apply (2.9) to deduce

te < if mg € [0, 1). (5.8)

ol —myg)
(1 —s5¢)?
where w(+) is a modulus of continuity independent of ¢. Hence if mq € [0, 1) we find

ifmo = 1, (5.9)

& X

Coe 170 Cpe
X = &ty < 0 ~ 0

= 1
V1= g%, /o

— 0 ase—0,

whereas if mo=1
ew(l —mg) (1.7 w(l —myg)

(1- Ss)z 002

Xe = &ty < —> 0 ase— 0,
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proving that x, — 0 in any case.

Consider now the case ¢, > 0—2‘ Notice that in this case it must be m, — 1, or otherwise
by LemmaS5.1 ¢, — cp = %(1 —my) f (mg) < %, which is not possible. We can then apply
Proposition 2.6 to deduce that the estimate (5.9) continues to hold, and therefore x, — 0, as
before.

Assume now that mo < 1 and let us show that 3= — +o00. As already observed it must

be c. < %, and we can apply again Proposition 2.5 with 1 = s, to deduce by (2.10) that

1— k 2 2|z
e _ te > 10g(£> ks;:‘] _ <$>
3 1 —s¢ + ke (I —mg) f(me)

By (5.5) we have k; — 0 as ¢ — 0. Moreover z., — z¢,, Where ¢y = %(1 —my) f(mp) by
(5.5). Since mp < 1, we then have ¢o € [0, %) and in turn z., € [0, 1) by the properties of f
in Proposition 2.1. Therefore by passing to the limit as ¢ — 0 in (5.10) we obtain 3= — +o00
as ¢ — 0, which completes the proof of the first part of the statement.

For every fixed § > 0 it holds A, C (% -4, % + §) for all e sufficiently small. In
particular for all x € (% -4, % + 8)¢:=(0, L)\(% — 4, % + §) we have v, > s, and, in
turn, fe(ve(x)) = fe(se) — 1, thatis, fy(ve) converges uniformly to 1 on compact sets not
containing % Hence by (4.1)

(5.10)

/

u, = ;78 —> ¢p  uniformly on (% -8, L+ 5)6, for all 6 > 0. (5.11)
fg (Us)

2

We also have

Felite, ve) = ff(se)/ L lul)? dx,
(5-8.5+)

so that from the uniform bound on the energies (1.19) and the convergence f.(s;) — 1, we
have that u, is uniformly bounded in H'(( % -3, % + S)C) forall § > 0. We can conclude that

ue H'((5 —8,%+6)°) forall § > 0. The properties in the statement are then immediate
consequences of the previous facts. O

5.1 Case I: pre-fractured regime

We show that if my € (0, 1) then the limit function u is a piecewise affine critical point of
the cohesive energy (1.1) with a single jump at % and constant slope. This is summarized in
the following proposition, which is the main result of this subsection.

Proposition 5.3 Assume that mg € (0,1). Then u € SBV(0, L), u’ = ¢y € (0, &) almost
everywhere in (0, L), J, = {4}, [ul(%) € (0, sfrac), and

' (u1(5)) = 2co. (5.12)

Moreover u attains the limit boundary conditions, that is, |Du|(0, L) = coL + [u](%) =a.

Finally, the convergence of the energies (1.20) holds.
Notice that, under the assumptions of the proposition, we can apply Lemma 5.2 since

mg < s, for & small enough, as mg € (0, 1) and s, — 1. We premise a lemma to the proof
of the proposition.
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Lemma 5.4 Under the assumptions of Proposition 5.3, let A be as in Lemma 5.2. Then we

have as ¢ — 0
. ACY. 2 72 (I_U8)2 72 L 72
Fe(ue, ve; Ag)i= Jee)lug|” + e +elv |7 ) dx — lu'|” dx.
0

(0,L)\A¢

Moreover c(z) +do = 0.

Proof By multiplying (4.6) by the function v, — 1 and integrating in (0, % — x¢) we have,
after integration by parts,

S (=) , 5 e fl(we)
/0 <8|US|Z+T> dx=£(s£—1)v£(%—x5)+/0 W(1 — ve)dx
eyl

Ve vE&) _ 2
TR ICN N

< el = so)l[vlloo + c?/

0

where in the second equality we used the fact that f,(v;,) = V¥ (ve) in (O, % — Xg) since

Ve > S, in this interval. In view of the monotonicity properties of v, in assumptions (1)
and (¥3), the previous estimate yields

L L
L (1—ve)? AN e
72 € l g Ve\ve 2
——— ) dx <e(l — sz 1— dx.
/0 <8'”8' T > el t e Jo o TE
Now recalling (f2), (1.7), and that ¢y < % (by (5.5) and the assumption mg € (0, 1))

decii(se) . AevEe (L=’ f'se) _ 4

0 (1 — 5)Y3(se)  e20 (1 — 50)° 73(s2) o2

hence we have that there exists a constant C > 0, independent of &, such that for all ¢
sufficiently small

1 @iy C
46 (1—s)¥d(se) ~ de

In turn we find

L
7% C(1 — v,)?
/0 <s|v;|2+%> dx <e(l —s)||villoc >0 ase — 0

in view of the bound ¢||v. || < 1 for & small in Lemma 4.5. By symmetry of v, with respect
to the midpoint % we can conclude that

1— 2
Tim <a|v;|2 n ﬂ) dx = 0. (5.13)
e—0 (0,L)\Ag de
In turn using (5.11)
L
l1m Felue, ve; Ap) = lim fa (va)lu | dx = Co f IL/I2 dx
e—0 (0,L)\Ag 0

proving the first part of the statement.
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To show that cg +dp = 0, fix any xo € (0, %) and notice that (0, xg) C A for & small,
since x; — 0 by Lemma 5.2. Then, using the uniform convergence of u/, to o (see (5.11))
we find

(1 —v,)?
4e

X0 X0
|c(2) +dolxg = limf }cgu; +d.| dx @ lim/
e—=0Jo 0

e—0

5.13)

— () dx =" 0,

which completes the proof of the lemma. O
We are now ready to give the proof of Proposition 5.3.

Proof of Proposition 5.3 We first prove that the limit function u satisfies | Du|(0, L) = a. Fix
8 > 0 such that u. (5 £ 8) — u(5 +8) and denote by I5:=(0, L)\(5 — 8, 5 +8). We have
Is C A¢ for £ small enough, since x, — 0 by Lemma 5.2; hence by (5.13)

1— 2
0 = lim (w—swgz) dx
4e

e=>0 /4

= lim (cgufg + de) dx

e—0 Is

= co lim (ue(L) = ue(5 +8) +uc(5 = 8) = uc(0) + do(L —26)
=co(a—u5+8+us—8)—cjL -2,

where the second equality follows by (4.3) and (4.1), and the last one by Lemma 5.4. Hence
by letting 8 — 0 we find a = coL + [u](5) = OL u'dx + [ul(%) = |Dul(0, L).

To conclude the proof, it remains to show the criticality identity (5.12) and the convergence
of the energies (1.20). We consider a blow-up of the functions u, and v, around the midpoint:
let i (t):=u, (% +et), Ve (1):=v, (% +e¢t) fort € (—%, 21‘—8). The idea of the proof is to show
that the pair (¢, U¢) converges to an optimal pair (e, , Bs,) for the minimum problem (1.9)
which defines g(sg), with sp = [u](%). We refer to Sect. 3, and in particular to Proposition 3.2
and Proposition 3.3, for the existence and the main properties of optimal pairs for g.

We first remark that for all 7 > 0 and all ¢ sufficiently small

T /(1 —1.)2 F+eT /(] — y,)?
/ w_i_'ﬁéz dl=/ wﬁ_g'])gz d_x g C‘7 (514)
_r 4 Loer 4e

2

for a constant C > 0 independent of ¢ and T, by the uniform bound (1.19). Therefore, up to
extracting a subsequence, we have that v,—v weakly in Hll)c (R), for some function v with
1 — o € H'(R), and the convergence is also uniform on compact sets.

Furthermore, the function v, solves the initial value problem (5.7) in (—)‘;—E, "S—S), where
te:="% — 400 ase — 0 by Lemma 5.2. For every T > 0 and every test function ¢ €
C(—T,T),since (=T,T) C (—xg—s, );—S) for all & small enough we can pass to the limit in
the weak formulation of (5.7):

T (G @) T T df@ v—1
0—/_T(vs<p+ f3(17g)¢+ 1 ¢>dr—>/_T(v<p—|— f3(1~))(p+ 1 (p)dt

where the convergence is justified since 9,—9 weakly in H!(—7, T) and uniformly on
[-T,T],and v > v(0) = mg > 0. In conclusion, we obtained that the limit function v is a
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weak solution to the equation

2 ple ~
o cf'w) v—1 .
Y=hm T ik, (5.15)
5(0) = mo, ¥'(0) = 0.

Notice that the right-hand side of (5.15) is a continuous function, and therefore v € C2(R) and
the equation holds in the classical sense; moreover ¢’(0) = 0 since the origin is a minimum
point of v.

Consider now the map s +— m; defined in Proposition 3.3, which associates to every
s € [0, +00) the minimum value of the optimal profile B, for g(s). This map is a continuous
bijection between (0, sfac) and (0, 1): in particular, since mqo € (0, 1), we have that there
exists 5o € (0, Sfrac) such that mg = my,. By (3.2) and (3.3) the optimal profile By, for g(so)
solves

02 f'(Bsy) By — 1

o 780 S0 .

Pw = 3(Bsy) R n§, (5.16)
Biy(0) = iy, Bl (0) =0,

where by (3.6) and (5.5) the constant oy, is given by

1 _ - 1
s0 = 5 (= 1g) f(sy) = 5 (1 = mo) f mo) = co. (5.17)
Therefore by comparing (5.15) and (5.16) we conclude, by uniqueness, that it must be
U= By (5.18)

In order to obtain the criticality condition (5.12), it is now sufficient to show that so =
[u](%): indeed in this case we would have by Proposition 3.6

gl =¢'Go)=(1- mso)f(mm)“_”)

Therefore we now prove that so = [u](%).
By using the properties of the optimal pair (e, Bs,) in Proposition 3.2, we have

’ (3.3) Osp (5.18) o
50 = o, dtr = / dr = / _ dr
/R ¥ R f2(Bso) ® f2(D)

T T LieT
= sup / —5, = dt = sup lim / —5 = dt = sup lim / ——dx
r>0J-1 f (U) 750 =0 )1 f (Us) 70 e=>0JL o7 €f7(ve)

7+6T

=" sup lim ul, dx = sup lim ue (L +eT) —u (L —eT)
T>0 >0 JL T T>0 €~ 0( £r2 EAY) )

<u(7+5)—u(§—5)

for every § > 0 such that ug(% +6) — u(% =+ §), since u, is monotone nondecreasing. By
letting 6 — 0 we obtain 5o < [u](é)
We next show the opposite inequality so > [u]( ). For § > 0 as above we have

L
) ) §+5
u(s +8) —u(5 -5 = Elgr})(ua(% +8) —us(5—98) = glir})/L ul dx
5 =38
2
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7+5 c j+xs c
. e . B
= llm/ YRR dx < lim / 5 dx + 28¢g
e—~>0 %—5 fg (US) e—0 %—x; fg (va)

. G Ce
:hm2/ ———dt + 25¢g
0 fz(vs)

e—0

Se ds
= lim 260/ ——=+2éco
e—0 me FH)V Ve (s)

1 ds
<2 [ B
o P2V T

where in the second line we have used (4.1) and f, (ve) > fe(se) in (% — Xe, % + x¢)¢, with
fe(se) = 1 and x; — 0 by Lemma 5.2; in the third line we have used

+25c0 2 50 + 28c0. (5.19)

()% = W (D)

with
wn:ﬁ (1 =52 f2(s) — (1= me)? f2(me) + delde | (f2(s) — f2(mp))),
s € (mg, 1),

which comes from (4.5), (5.6), and (5.4); and in the fourth line we have set

Wy (s):= (1 =97 f2(s) — (1 =mo)> f2(mo))) . 5 € (mo, 1).

1
7w |
As § — 0, we get [u](%) < 80

Hence sg = [u](%) which in turn yields, as we have seen before, that (5.12) holds. The
only missing point to complete the proof of Proposition 5.3 is the convergence of the energies
(1.20). However, this follows immediately by combining Lemma 5.4 with the computation
below, which is based on the same arguments used in (5.19):

. (1 —v)? 43) . (1 —v)?
,SIEI}J/AF (fgz(va)|ué|2 + TS +5|v;|2 dx(:) SIER) 2 " ngx - /5 de dx
. T - )2 . / (1 —s)? /‘ (1—5)?
= lim 2/ ———df = lim ds = ds
£=0 - 4 £=0 Jim, ~/Wels) mo v Wo(s)
3.8
D o (s0) = g[ul(%)),

where in the fourth equality we have used dominated convergence. This is allowed since,
setting f(s):=(1 — ) f(s), which is monotone increasing by assumption ( f3), we have

(-5 _ 2f®0-5 _ 2f ()1 —5)
VIS R - P 2fmey P60 s —me)

for all s € (mg, s;) and some ¢ (s) € (mg, s). Since {.(s) > m, and inf, m; > 0, in view
of assumptions ( £3) and ( £5) we have that f/(Z:(s)) > C(1 — £ (s))3 = C(1 — s) for
all s € (mg, s¢) and for a constant C > 0 independent of ¢. Therefore we find for another
constant C1 > 0 independent of ¢

(1—s)? < Cy
VY(5) NS —ss—m;
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which allows to apply the (generalized) dominated convergence theorem, as required. This
concludes the proof. O

5.2 Case ll: complete fracture

We next show that if mo = 0 then the limit function u is a critical point of the cohesive
energy (1.1) describing a completely fractured state, namely u has a single jump at % and is
constant elsewhere.

Proposition 5.5 Assume that moy = 0. Then necessarily sgac € R and a = Sgrae, and u(x) =
ax(k.r) (x). Furthermore the convergence of the energies (1.20) holds.

Proof The proof is in part similar to that of Proposition 5.3. By Lemma 5.1 we have ¢ = 0.
We can also apply Lemma 5.2 to deduce that A.:={v, < s¢} = (% —Xe, % +x¢) withx, — 0
and % — +-00. Moreover, by the same lemma we have u € SBV(0, L) with J, C {%} and
u" = ¢o = 0 almost everywhere in (0, L), with uniform convergence u, — 0 on compact
sets not containing % by (5.11). We can also repeat word by word the proof of Lemma 5.4,
so that

lim Fe(ue, ve; AS) =0, ¢ +do=0 (5.20)
e—0

(hence dy = 0).
For any x € (0, %) we have u.(x) = fox u,dt — cox = 0, whereas for x € (%, L)

we have ug(x) = u (L) — /XL u,dt — a — c¢o(L — x) = a. Therefore the limit function is

ulx) = ax(%.L)(x) with a jump at the midpoint of amplitude [u](%) =a.

‘We now claim that

lim F, (ug, ve) = 1. (5.21)
e—0

We first observe that by (4.1) and the Dirichlet boundary condition (1.17c¢)

L L
lim / F2(ve)(l)? dx = lim ¢, f ul dx = lim cea, = 0. (5.22)
e—0 Jo e—0 0 e—0

By (4.3) we have

Ba = we)?

4e

L
lim —e(v)? dx = lim / |ceu + de| dx < lim (ceae + |dg|L) =0
e—0 Jo e—0Jo e—0

(where we used in particular that ¢ = 0, dyp = 0), and in turn it follows that

L/= 2 L/1— 2
lim (ﬂ e — (1 - u8)|v;|> dx = 111%/ < - JE|U;|) dx
0 £=0Jo

e—0 4de Zﬁ
L 1 — 2
<iim [ |92 oy ax =o.
e—=0Jo 4e
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Therefore, combining this equation and (5.22), we find

(1 —v,)?

L L
tm o = i [ 2ot + 7 (55

+ e(vé)2> dx

L
L =
2
= lim/ (1 — ve)|ve| dx = lim 2/ (1 — ve)(—vp) dx
e—0Jo e—0 0
— 1i _ L\\2 _ q; _ 2 _
—slg})(l Ve (7)) —Elgr}](l me)- =1,

which proves the claim (5.21).
To conclude the proof, we need to show that

[1]1(5) = Strac (5.23)

(and, in particular, that sg,c is finite). Indeed, recalling that u is piecewise constant, in this
case we have F(u, 1) = g([u](%)) = 1, and therefore (5.21) gives also the convergence of
the energy. The rest of the proof is therefore devoted to showing (5.23).

Let iig(t):=u. (5 + et), De(0):=ve(5 + e1), for t € (=%, %) We first check that
Te(t)—1—el11/2 weakly in Hlfm (R) and uniformly on compact sets. Indeed, as in (5.14) we
have that (1 — ;) is uniformly bounded in HY (=T, T) for all fixed T > 0, so that 7, con-
verges weakly in Hll)c (R) and uniformly on compact sets to some function v as ¢ — 0, with
1—79 € HY(R). Also, #(0) = lim, 7, (0) = lim, m, = 0. We now check that {# = 0} = {0}.
By the properties of v., we have {v = 0} = [—X, x], for some X > 0. Recalling (5.21) and
that % — 400 by Lemma 5.2, we have

% 1—7 2 T 1—7 2
1 = lim Fe(ue, ve) > lim inf/ (w + (ﬁ;)2> dr > / <( D (5’)2> dr
e—0 e—0 — 4 -T 4

forall T > 0, so that

2 - 2 -
1>/ (“ 2l +(f/)2>dr>f+f ((l 2 +(6’)2>dt>f+1.
R 4 2 JR\(=£5) 4

This implies X = 0 and in turn {v = 0} = {0}.
By writing in weak form the equation (5.7) satisfied by v, and passing to the limit as
e — 0 we get for all ¢ € C°(R\{0})

2 1o~ ~ =
- c: 1 (ve) ve — 1 - v—1
0:/ (v/go’—i— Lo+ <p> dr — / (v’w’—i-i(p) dr,
supp(g) \ F3(@e) 4 supp(¢) 4

where we used the weak L2-convergence of v}, for the first term and the uniform convergence
for the second and the third term. Together with v(0) = 0 and v(+o00) = 1, this implies
0(t) =1 —e 112,

We further recall that by changing variables in (4.5), using (5.6) and since d; < 0 by (5.4),

we have in (—%&, 2

[\

”2—# =220~ 42 2,
R YATER <(1 50)° f2(B) — dc] — ded. f (va))

- %(“ = 0220 = (1= o) f20me) + 4eld | (£ (5e) - f2<mg>>>
= e o). (5.24)
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Let us now compute [u](%). We have

L
[M](%) =a= 1irr6/0 ul dx &) hm 2/

e—>

5 +Xe Ce
= lim 2/ -5 dx
fg (Ue) =0 L S (e)
Xe ~7
Ce (5.24)
dr lim 2¢ / ———dr
5—>0 / fZ(UF) e=0 " 0 fz(ﬁa)\/ W, (Vg)
Se 1
= lim 2¢ / ——————ds,
e=0" " Ju. f2(5)V/ Ve (s)
where in the fourth equality we have used that f;(ve) > fe(ve(L/2 4 x¢)) — 1 in A¢ and

that ¢, — 0, and the last passage follows by a change of variables. Fix now any é € (0, 1).
Since m, < § < s, for ¢ small enough, we have by the definition of W, that

(5.25)

0<

Se ds
1 2ce Ce
= C/ f2<s>~/W /a FOVA —92F2(5) — (1 —me)2 f2(me)
<1 4C£(Ss 5)
S O =02 /20) — (L —mo)? fome)

where we used the monotonicity of the map s — (1 — ) f(s) given by assumption (f3).
Therefore by (5.25) we see that for all § € (0, 1)

s 1
L = = 1i B
w](3) =a 5111}) 2¢e POV ds. (5.26)

By inserting the definition of W,, we find

ds

8
(%) = lim 465/
=0 fOV A= 5)2f2(5) = (1= me)2 f2(me) + delde | (f2(s) — f2(me)

. 4dc, 8 d
> lim /
=0 /(1 —me)2 +delde| Jm. f()VF2(s) — f2(me)
) /
> lim 2f(mg) inf ( ! )/ fs) ds
e—>0 se(me,8) \ f'(s) me f(s) fZ(S) _ fZ(ma)

1 UAC) dr
= lim 2 o) inf I S —
e fm )SGEES,S) <f/(s)) /fmg) t/12 — f2(my)
=1lim2 inf ( )arctan <M> = inf ( ! )
e—0 se(me.8) \_f'(s) f(mg) 5€(0,8) \ f'(s)

Similarly, again by (5.26) and using the definition of W, and denoting by f (s):=(1—s5)f(s),
we have

8
[ul(%) = lim 4cg/ ds
e=0 me [V (1= 9)2f2(s) = (1 — me)? f2(me) + 4elde |(f2(s) — f2(me))

)
< lim 4c, f ds
e>0 i, )V (1= 9)2f2(s) — (1 —mp)2 f2(m,)
ﬁ () -9

me F P26 — Pomey S ©

= lim 4c,
e—0
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1—s\ (f®
< lim 4¢,  sup < )/
620 seme.) \f'() /) I fime) 4 /,z F2(my)

, <1—s> 1 <\/f2(6)—f2(mg)> (1—s>
= lim 4¢c, sup —arctan | ————— | =7 su =
e—~>0 ve(mg H NS (s)/ f(me) S me) 5€(0,8) \ f(s)

where we used the fact that f‘(“f

conclude that for all § € (0, 1)

1—s
<[ul(5) < =
d se(O 8) (f (s)) l(z) < = xesz)r,)a) (J”(s))

so that by letting 6 — 0 and recalling Proposition 3.7, we get [u](%) = % = Sfrac. With a

e 2 by (5.6). By collecting the previous inequalities we

small abuse of notation, the previous computation says that if f'(0) = 0, then [u](%) = 400,

which is a contradiction with [u](%) = a < +o00. Hence, necessarily g is finite and (5.23)
holds. =

5.3 Case lll: elastic regime

We eventually consider the case mg = 1. The limit behaviour of the family (u,, v.) is an
elastic critical point, as described by the following proposition.

Proposition 5.6 Assume that mg = 1. Then u(x) = %x and co = % Moreover the conver-
gence of the energies (1.20) holds if and only if T < %

Proof We distinguish three cases, depending on whether the minimum value m, of v, is
above or below the threshold s, (see (1.8)) and whether f,(m.) converges to zero or not.
Step 1: my > s¢. In this case fz(ve(x)) = fe(me) = Yo (m,) — 1, thatis, f.(v;) converges
to 1 uniformly in [0, L]. In turn u, — ¢p uniformly in [0, L] by (4.1) and u’ = ¢p. In view
of the boundary conditions (1.17c)

L
a= hm a, = lim u; dx = ¢oL,
—0 e—0Jo
therefore ¢y = % and u(x) = %x. To complete the proof in this case, it only remains to show
that the convergence of the energy holds if and only if ¢y < 5.

If co > ‘;‘ , then

L 2
e—0 (o}
Feug,ve) = fgz(vs)|u;|2 dx — C(%L > (UCCO - 7C>L
0

4
L o2
=/0 ((rcu’— f) dx = F(u, 1).

Conversely, assume that co < . Recalling the definition of the discrepancy & in (5.3) and
evaluating it at the point y, where &:(ye) = 0, by the uniform convergence f;(v,) — 1 we
have

2

¢} +do = lim (5 — +d, ) = lim & (2) =0,
fg (Us()’s)) e—0
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and therefore cg + dp = 0. Moreover, we compute

[

|t~

I- U£)2

—¢ /N2
4¢ (ve)

L
dx 22/2 |6 (x)|dx = —Z/yvés(x)dx+2/ & (x) dx
0 0 Ye

L
Ye 7
= —2/ (ceul, +dg)dx +2 (ceup, +dg) dx
0 Ve

= 2de (5 — 2ye) + 2¢e (e (5) — 2us (ve))
Ye
=d.L+ ZCgug(%) — 4(d8y€ + ¢ / u, dx),
0
so that by passing to the limit, and assuming up to subsequences y. — yo € [0, L],

L 1 — UE)Z
4e

lim

dx = doL + coa — 4(doyo + cgyo) =0, (5.27)
e—=0Jo

—e(v))?

where the last equality follows by the identities c(z) +dy =0and cp = 7. We deduce that

Lo —ve)? s , A
[ - [ (-

L
< / ey
0

dx — 0,

and in turn

L _ 2 L L
. (1 —vg) ’\2 . ’ . 2 /
lim —— +¢e(v,)” Jdx = lim (1 —ve)|ve| dx = lim —2 (1 — ve)v, dx
0 e—=0Jo e—0 0 }

e—0 4e
= 1lim(1 — ve(5))? = lim(1 — m,)* = 0. (5.28)
e—=0 £—0

In view of (5.28), we conclude that the convergence of the energy holds:

L
11m Fuute, ve) 2 / FR)lul?dx = 3L = / W) dx = F(u, 1),
0

where we used the uniform convergences fz(ve) — 1 and u}, — co, and u’ = ¢ < %
Step 2: my; < sc. In this case we can apply Lemma 5.2 to deduce that |A.| — 0, where
A = {ve < s.}, and that u, — co uniformly on compact subsets of [0, L] not containing
%, see in particular (5.11). For any x € (0, %) we have u.(x) = f(;c u, dt — cox, whereas
forx € (%, L) we have u.(x) = u.(L) — fXL u,dt — a — co(L — x). Therefore the limit
function is

if 0, L
u(ry = {°° fre® 3. (5.29)
cox +a—col ifx € (3, L),

with a possible jump at 5 L with amplitude [u]( ) = a — coL. Notice that ¢y < 4 7 by (4.7).
We next distinguish two further subcases dependmg on the limit value of f(m 5)

Step 2a: f;(mg) — 0. In this case by Lemma 5.1 we have ¢y = % Let us first show that
[u] (%) = 0. We consider once more the blow-up v (1):=v. (5 L 4 er), which obeys the equation
(5.24)in (=%, X—S) Denote by f (s):=(1 —s) f(s) and recall that f is strictly increasing by

&
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assumption (f3). By monotonicity of f and f, the function W, defined in (5.24) satisfies
f26) = f2me)  f(s) = fme) f) = fime)
O E0) 212(s)

for s € (mg, 1). Then by arguing as in (5.25) we have, recalling that ¢, — %, ﬁg(%) =S¢,
and (3)% = W, (;) by (5.24),

W, (s) > - f(me)

(f) + fime) =

L
L . Ce
=)=a —colL = lim 2 dx L= l 2 + coLl — coL
Lel¢ 2) T 8% /L fgz(va) — lm c / fz(vs) 0 0

= Se ds
= lim o, lim o, _
611’%)0’ /0 fz(vs),/\ll (Ug 5%0 me )V Ve (s)
. \/EO'C Se ds
< lf}) ~ 172 / ~ x 1/2
=0 (fme)) " Ime f()(f(5) = f(me))
_ lim <30, /“Vs i ~(l —s)fis > < lim 1/20.: e ] ( —f) ds -
=0 e F)(Fo) = fom)P 20 fome) S (F(s) = Fme)
. 2 [ (1—s)ds
= lim | — — = 2
e=>0\ oc S, (f(v) — f(mg))

We can now write, for s € (mg, s¢), f(s) - f(ma) = f’(g‘g(s))(s — m) for some point
Le(s) € (mg,s). Since {:(s) = m, — 1 and in view of assumption ( f5), given any M > 0
we have that for all ¢ small enough

Fge() =M1 = &:(s))* = M(1 —s)*  foralls € (m, se),

(] ] 2 1 [ (1 —s)ds
u() im OC.M/mS —

<1 2 1 [% ds 2 n
S0\ oo M) s —mevse—s Noe M
Since M is arbitrarily large, we conclude that [u](%) = 0, as claimed. In turn u(x) = %x by
(5.29). In particular we also have % =cy= %
To conclude the proof in this case, we need to show that the convergence of the energy
holds. We preliminary show that

hence

L
limO/ é:(v;(x))2 dx =0. (5.30)
&— 0

To this aim, we multiply (4.6) by the function v, — 1 and integrate in (0, L): we have, after
integration by parts,

L L 2 L (] —p)2
/ elv[*dx = 7‘5{6("8)(1 —ve)dx —/ Qv g,
0 0o JP(e) 0 4e

/L( dec f1(ve) ) (1 —v,)?
= —1 d
0 11— vs)fg3(vs) de
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Now, for x € A, we have v.(x) < s, and by definition of f; (see (1.8)) and f (see (2.2))

4sc§ fi(ve)

A=) 2 1= Q2c)* fve) — 1 < (2ce)* f(me) — 1,

where we used the monotonicity of f (see Proposition 2.1). Similarly, if x € A¢ we have
ve(x) = s, and by the monotonicity properties of 1, in assumptions (¢ 1) and (¢ 3)

decflve) | Qeevi) | _ Qe evi(s)
=P =¥ (A—sopd(so)

Hence

—1=Q2c)*f(se) — 1.

L L1 2
/ el P dx < ((208)2f(m5) - 1)/ A=v) 4 Lo
0 0 48

since the integral on the right-hand side is uniformly bounded by (1.19), and (2c;)? f (m,) —
(20%’)2 = 1 again by Proposition 2.1. Hence (5.30) follows.
‘We next show c(z) + dyp = 0. By evaluating (4.5) at x = 0 we have

g +doy = lim (c? +d¢) = lim —&(v}(0))*> <0
e—0 e—>0

hence cé + do < 0. On the other hand, for every fixed xo € (0, %) we have that f.(v,) — 1
uniformly in (0, xp), and therefore

X0 1 — . 2 ,
(c + do)o = lim / ( I (v£)+dg) = lim /0 (%—e(vg)z)dx

X0
>—1im/ ew)?dx 200,

e—0 0

which combined with the inequality obtained before gives Co +dy = 0 as desired.
By using (4.3), (4.1), (5.30), and the identities Co +dyp =0, cop = %, we have

im [ g im L(s(v’)2+cu’)dx+dL
e>0)y  de Ty Ve et 0 (5.31)
=coa +dyL = cola — coL) =0,

and similarly

. L (1 - U£)2 2 /N2 s L 7\2 2
lim / — — i) ()" ) dx = lmz)/ e(y) dx +doL = —cyL. (5.32)
e—0Jo

e—0 Jo 4e

Therefore combining (5.30), (5.31), and (5.32) we find

(1 _U8)2
_— x

L
lim 7 (ue, ve) = gL +2 lim / = / W)*dx = Fu, 1), (5.33)
0

that is, the convergence of the energy holds.
Step 2b: f.(mg) — o > 0. By monotonicity of f;

L 5 5 (X2 L 5
fs(ue,va)>/0 1 (ue)lul | dx>7/0 |uy|* dx
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for all ¢ sufficiently small; by the uniform bound (1.19) we then deduce that [uc |l 1 1) is
uniformly bounded, and therefore that the limit « belongs to H'(0, L). In particular u cannot
jump at % and by (5.29) we conclude that u(x) = $x and ¢p = ¢.

To conclude the proof, we have to show that also in this case the convergence of the energy
holds if and only if ¢y < ‘7—2“ Assume first that ¢g > % then for every § > 0, by the uniform
convergences u,, — co and fe(ve) — lin (% -4, % + 8)¢ we find

lim inf F, (ue, ve) > lim inf/ F2e)ul > dx = (L — 26),
e—0 e—0 (%_57%_’_5)(»
so that by letting § — 0 we find

2 L 2
.. 2 O¢ _ r_ % _
liminf F¢ (ue, ve) 2 cgL > (0cco — — | L = o — — )dx = F(u, 1),
e—>0 4 0 4

that is, the convergence of the energy does not hold. If, instead, co < %, then one can prove
that the convergence of the energy holds just by repeating the argument in Step 2a leading
to (5.33). O

Proof of Theorem 1.7 The result follows by combining Proposition 5.3, Proposition 5.5 and
Proposition 5.6. O

6 Proof of the approximation of critical points

In this section we give the proof of Theorem 1.8. We premise a technical lemma to the proof,
which shows that it is possible to construct a solution v, to the ODE (4.6) which attains the
boundary conditions v, (0) = v.(L) = 1.

Lemma6.1 Let c. € (0, %) be such that sup, c. < 5. Then there exists eg > 0 with the
following property: for every ¢ € (0, o) there exists me € (0, z¢,), with (1 —mg) f(m,) <
2cy, such that the unique solution to the initial value problem

" o__ cgfg{(vé?) Us_l

eV, = 13 (ve) de 6.1
Us(%) = mg @1
v(5) =0

satisfies v, (0) = ve (L) = 1. Moreover:

e ifinf, c, > O then inf, m; > 0;

e ifc, — 0thenm, — 0and f%frfg)

— 1.

Proof Recall that the value z., € (0, 1) appearing in the statement is defined by the relation
(2.5). Since sup, ¢, < % we have that sup, z., < 1 and therefore by choosing ¢ small
enough we can guarantee that z., < s, forall ¢ € (0, &9).

For all m € (0, z.,) we consider the solution v (-; m) of the initial value problem (6.1)
with vg(%; m) = m, which exists and is unique by Cauchy-Lipschitz Theorem. The solution
is also symmetric with respect to the point % The proof of the lemma amounts to show that
we can choose a value m, such that v, (L; m,) = 1.

Fix any m € (0, z,) such that (1 —m) f(m) < 2c,. We first observe that, in the region
{ve < s¢} (which contains an interval centered at the point %, since m < s, and the solution
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is symmetric), the rescaled function v, (t)::vg(% + et; m) solves the initial value problem
(2.1a)—(2.1c) studied in Sect. 2, for « = c,. In view of Theorem 2.2, since we are assuming
(1 —m) f(m) < 2cg, the solution reaches the value s, in finite time, namely

Vm € (0, z¢,) with (1 —m) f(m) <2¢, Jx; =x1(m, &) > % such that vg (x1; m) = s,.

Furthermore, we can estimate x; by applying Proposition 2.5 with n = s,: after a rescaling
we find

L Ce
xi(m,e) < = +

2 JT—s,
where the constant C > 0 is independent of ¢ and m, since sup, ¢, < % (see (2.8)). By
(1.7), up to reducing the value of g if necessary, we can therefore guarantee that

L vime <3t (6.2)
— s xXm,e) & — .
o 1 4

forall € € (0, &p) and for all m € (0, z,,) such that (1 —m) f(m) < 2c.

In the following argument we work with a fixed ¢ € (0, g9) and we study the family of
solutions {vg(-; m)} depending on the parameter m. By Theorem 2.2 it also follows that v,
is strictly increasing in (%, x1) with v (x1; m) > 0. We let

x2 = xp(m, &):=sup{x > x1(m, &) : v;(-;m) < 1and v,(;m) > 0in (x1,x)}

so that v, is strictly increasing in (%, x2). By multiplying (6.1) by v, and integrating in
(%, x), for x < xp, we find with a change of variables

€ 2 o * sz/(vs) ve — 1
E(vg(x)) :/L VAT dt:/é < ;;(Ue) + v, dt

2 5 )
_ (TGSl s
_/m < f3s) * 4e )ds
— Cg 1 1 1 , )
B 2(f3<m> - fﬁ(w(x))) + g (1= = A =m)?),
whence
o LU =w)* e )_((1_m)2_ &2 )}_ |
(V)" = 2 [( 4 F2(ve) 4 2(m) =:H(ve;m,e) (6.3)

in (5, x20m, €)). Let

N R
’(8)'15351)( Z _f3<s>>

and notice for later use that
2

ec; . 2
— <i(e) < —ecs < 0. 6.4
72050) () p 6.4

(1—m)? c?
The map m +—> ~—— — D)

tends to —oo as m — 07 and vanishes if (1 — m) f (m) = 2c,. Hence there exists a unique
m = m(e) € (0, z.,) such that (1 — m) f (m) < 2c, and

. (d—m@? &\ _
’(8)_< 4 _fz(rms)))_o

is strictly increasing for m € (0, z.,) (by Proposition 2.1),
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By the definition (6.3) of the function H it follows that

inf  H(s;m(g),e) =0, inf H(s;m,e) >0 forallm e (0, m(e)).

se(se, 1) se(se, 1)

In turn, since vg (x; m) € (sg, 1) for x € (x1(m, €), x2(m, €)), by (6.3) we have that

i vi(x;m) = inf JH(s;m,¢e) >0 for all m € (0, m(g)). (6.5)
xe(xy(m,e),x2(m,e)) se(se,1)
Then for m € (0, m(¢g)) the solution v, (-; m) reaches the value 1 at the finite point x; (m, €) €
(x1(m, &), +00).

Summing up, we have proved so far that for all m € (0, 7 (e)) there exist two points
x1(m,¢) € (%, %L) and xp(m, ) € (x1(m, €), +00) such that

ve(x1(m, &);m) =5,  ve(xp(m,&);m) =1.

The goal is now to show the existence of a value m, € (0, i (¢)) such that x,(m(¢), &) = L.
By the continuous dependence of the solution to (6.1) on the initial value m, the point x»
is a continuous function of m. We can write by (6.3)

x2(m,¢e)

(m. &) (m. &) +/ v} (x; m) d
xo(m, &) = x1(m, X
xi(m,e) ~H@e(x;m);m, )

1 ds
=x1(m,8)+/s; 7@ (6.6)

1
3 -2
<-L+(1- sa)( inf H(s;m, s))
4 SE(se,1)
and since lim,,,_, o+ infye(s, 1) H(s; m, €) = +00, we see that xo(m, &) < L for all m suffi-
ciently small. On the other hand, for m = m(g) we have

v, (x; m(e)) = vei(lzfl) VH(s:m(e),e) =0

and therefore x; (#11(¢), £) = 400, which implies lim,,, _, 4, )~ x2(m, &) = 4-00. By continu-
ity of m + x(m, €), we conclude that there exists m, € (0, m(¢)) such that xp(mg, &) = L
and therefore v (L; m.) = 1, as claimed.

We eventually prove the second part of the statement. By (6.6) it also follows that

1 1_ . 2 52 . 16 1_ & 2
o= (55 )] = s < B

By elementary manipulations in the previous inequality, and recalling that by construction
(1 —myg) f(mg) < 2ce, we find

mn
x€(x1 (M (e),6),x2(1M (€),€))

(1 —mg)? c? 16e2(1 —s5)> | (1 —mg)?
< IZeS < B —i@)+ 6.7)

Suppose that inf, ¢, > 0. If by contradiction m, — 0, then by passing to the limit as ¢ — 0
in (6.7) we would have that the middle term would tend to 400, whereas the right-hand side
would tend to % (since i(¢) — 0 by (6.4)). This contradiction proves that if inf, ¢, > 0 then
infom, > 0.

Similarly, if ¢, — O then by (1 — m,) f(m:) < 2c, we must have m; — 0. Again by

passing to the limit as ¢ — 0 in (6.7) we easily deduce that f%;fp) — 1. O
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Proof of Theorem 1.8 We divide the proof into three cases according to the form of the critical

point i, as in the statement of the theorem.

Case (). Assume u(x) = %x for some a > 0. In this case it is sufficient to take u. (x) = %x

and vg(x) = 1. Since f/(1) = ¥/(1) = 0, it is immediately checked that the pair (i, v¢) is

indeed a solution to (1.17a)—(1.17d).

Case (i1). Assume u(x) = cox—i—(a—coL)X(%’L) (x)withcg € (0, Z)and g’'(a—coL) = 2cp.
We apply Lemma 6.1 with ¢, = ¢q for all ¢, to find values m, and functions v, solving

(6.1) such that v, (0) = v, (L) = 1. Notice also that my:=inf, m, > 0. We define

X CO
Ug(x):= / TR, dx
0 Ji(ue(x))
and we obtain that (u, v.) is a family of critical points for F, i.e. they solve the system of
equations (1.17a)—(1.17d) for a.:= fOL % dx. To conclude, we need to show that a, — a

and that u, — i in L'([0, L]).

To this aim, we first show that the equiboundedness of the energy (1.19) holds for the
family (u¢, ve). By the construction in Lemma 6.1 the function v, obeys the equation (6.3)
(with ¢, = ¢op and m = m,). Denoting by H.(s):=H (s; mg, €) the function appearing in
(6.3), we have for all s € (m,, 1) after some elementary manipulations

1
Hy(s) = W[(l — 92 f2(5) — (1 —me)? f2(m,)]
f2(s) — f2me) ; 4cd )
TG (72— @ = me?)
1

2 22 2 2
> 1o (=92 260 = A =m 76)
where we used the monotonicity of the map f. and the fact that (1 — m,) f(m,) < 2co
by the construction in Lemma 6.1. Then, denoting by f(s).—(l — ) f(s) (which is strictly
increasing by assumption (f3)), we have

/sz(v )(u/)de:CZ/L X 2/ |v | dx +CO|{US>S5}|
o TEEE OJo 20 0 Jics f2(0e)He (0s) f2(se)

<o [T L 6.8)
me f2)VHe(s)  f2(se)

< 46(% /Sf & LCO
me f(s)(f2(s) — f%mg))”2 f2(se)

For s € (mg, s;) we write f(s) f(mg) f’(;’s(s))(s — m) for some point {.(s) €
(mg, s). Since . (s) = m, > mgy > 0, in view of assumptions (f3) and (f5) we have that
flce(s)) = C(l —Q(s))3 > C(1—s)3foralls € (m, s.) and for a constant C independent
of e. Therefore

/ " o) < — / ds Leg
0 ¢ ¢ /2cf(m6) me f(s)«/s_ms(l _S)3/2 fg (SF) (6 9)
4c0 1 Se ds Lc0 , '

/2Cf(m )f(ma) me /S —mg/1—s fs (58)
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for another constant C’ uniform in ¢. By multiplying (6.1) by (ve — 1) and integrating, after
integration by parts we have

L _ ) L B )
| (m@uw) aro e [F AL
0

4 3(ve
¢ 0 1f8 @ ), . (6.10)
< sup <7( _S)fE(S))/ F2(ue)l)?dx < C”
se(me,1) Se(s) 0

for a constant C” independent of &, where the last estimate follows by (6.9) and from the
assumptions (f4), (¥1), (¥2), (¥3) and by (1.7) (recalling that m, > mg > 0).

Combining (6.9) and (6.10) we obtain that sup, F¢(ug, v¢) < +00. The critical points
(ug, ve) then satisfy the assumption of Theorem 1.7. Since lim,_.om, € (0, 1), we are in
case (ii) and we can conclude that up to extraction of a subsequence u;, — ug in L'([0, L),
where ug(x) = cox +(ap— COL)X(%,L) (x),ap = limg a,, and g’ (ap —coL) = 2c¢y. Since we
also have g’(a — coL) = 2c¢o and g’ is injective in (0, sfac) by Proposition 3.6, we conclude
that ap = @ and ug = u. Hence, as the limit of any subsequence of u, converges to iz, we
conclude that u, — i in L1([0, L]).
Case (iii). Assume that sgc is finite (i.e. f'(0) > 0 by Proposition 3.7) and that i(x) =
ax(%’L)(x) with a = Sfrac.

Take any sequence ¢, — 0, with ¢, > 0, and apply Lemma 6.1 to find values m, and
functions v, solving (6.1) such that v.(0) = v.(L) = 1. Notice also that m; — 0 and

f%fnfs) — 1. We define

X Ce
ug(X).=/0 7][52(”8()()) dx

and we obtain that (u, v.) is a family of critical points for 7, i.e. they solve the system of
equations (1.17a)—(1.17d) for a.:= fOL % dx. To conclude, we need to show that a, —

Sfrac and that u, — i in L1([0, L]).
As in the previous step, we first show that the equiboundedness of the energy (1.19) holds
for the family (u,, v:). We indeed have, similarly to (6.8), for § > 0,

L
dg =/ ———dx
0 fgz(US)
< /3 ds N deg (1 —6) N Les
T e 6(F20s) = P2me)) P £ @) (F26) — F2me))' P fRGe)

<4 (1 — S)
<dc, sup | —=
 seme.d) f(s)

/3 f'(s)ds Lo
me & (726) — Py

f© dr
/ —1/2 + CﬁCe

=4c, sup (]~ s) -
seme )\ F'() ) S fome) 1(e2 — F2(my))

. _ N N) 1/2
= ~4CE sup (1~ S)arctan<(f © Nf (mS)) >+C(gcg,
Jme) seime,s)\ f'(s) S (me)

where C; is a constant depending on §, for ¢ is small enough. Now, using the fact thatc, — 0,

me — 0, f/(0) > 0 and that f%;fg) — 1, one can see that the right-hand side in the previous
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chain of inequalities is uniformly bounded. Therefore
L
supa; < +oo,  lim / F2(ve)(ul)? dx = lim ceae = 0. (6.11)
B e—0 Jo e—0

Coming to the energy of ve, we fix § € (0, 1) and as in (6.10) we have

L 2
L (=) / (= fiw)
/0 (8(”8) R ) e F2we)

Ce e
d
f(ms) <S€§m36)f s )/{Ugga} fez(vg) X
M)/ P(ve)(u;)* d
< Se(s) {ve>6} Jé (0e) (up)” dx.

Againby (6.11), by — 1,and by all the assumptions on f¢, itis possible to check that the
previous quantities are unlformly bounded with respect to e. Hence sup, F (ug, vg) < +00.

The critical points (u., ve) then satisfy the assumption of Theorem 1.7. Since lim,_, g m, =
0, we are in case (iii) and, as at the end of the previous step, we can conclude that u, — u
in L'([0, L]) and @ = Sgrac. o

+ sup
se@,1)
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