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Abstract

Quantum computing holds the promise of tackling problems that are intractable for clas-
sical machines, yet the path from current noisy intermediate-scale quantum (NISQ) devices
to fault-tolerant processors demands both better algorithms and a deeper understanding
of how to exploit the full structure of quantum hardware. A key direction in this effort
is the move beyond qubits: exploiting higher-dimensional local Hilbert spaces — qudits —
to encode information, enforce constraints, and simulate complex physical systems more
naturally and efficiently.

This thesis investigates two interconnected research fronts in which the qudit frame-
work provides concrete benefits: quantum optimization and the quantum simulation of lat-
tice gauge theories (LGTs). On the optimization side, we show how a single ancilla qudit
can enforce inequality constraints in the Quantum Approximate Optimization Algorithm
(QAOA) without inflating the solution space, and how counterdiabatic driving, enhanced
by symmetry reduction, improves variational performance for qudit-based algorithms. We
additionally study the noise robustness of variational algorithms on real hardware, and in-
vestigate how nonstabilizerness builds up and relates to optimization performance across
both qubit and qutrit protocols. On the simulation side, we analyze the ground-state struc-
ture and phase transitions of non-Abelian lattice gauge theories with dihedral symmetry,
characterizing confinement and string breaking in DN models, and probing the quantum
complexity of ground states across ZN , D3, and SU(2) gauge theories.

Together, these results clarify where and how the qudit framework provides algorithmic
and representational advantages over the standard qubit paradigm, and contribute to the
broader effort of developing practical quantum simulation and optimization tools for near-
term hardware.
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Introduction

Starting from Feynman’s revolutionary idea [1], quantum mechanics has introduced a radi-
cally different computational paradigm that has drastically evolved in the last two decades.

Since the early proposals by Feynman and Deutsch [2] and the discovery of exponentially
fast algorithms for structured problems [3, 4], the prospect of a quantum advantage —
the ability of quantum processors to solve problems that are intractable for any classical
computer — has driven an entire field of research. Today, programmable quantum devices
based on superconducting circuits [5], trapped ions [6, 7], Rydberg atoms [8], and photonic
platforms [9] have demonstrated coherent control over tens to hundreds of quantum degrees
of freedom, placing us in the noisy intermediate-scale quantum (NISQ) era [10]. In this
regime, hardware is too noisy for deep fault-tolerant circuits yet too large for exact classical
simulation, creating a unique opportunity to explore quantum algorithms on real devices and
to identify which features of quantum mechanics are most valuable for practical computation.

The standard unit of quantum information — the qubit — is by definition a two-level
system. However, many physical platforms natively provide access to local Hilbert spaces
of dimension d > 2. Trapped-ion processors, for instance, can coherently control up to eight
internal levels of a single ion, implementing universal single- and two-qudit gates with high
fidelity [6, 11]. Extending the computational framework from qubits to qudits is not merely a
matter of hardware capability: it provides genuine algorithmic advantages. A d-dimensional
local degree of freedom can encode more information per physical subsystem, naturally repre-
sent finite groups without truncation overhead, and implement certain constraint structures
without expanding the solution space. These features make qudits particularly attractive
for two application domains that form the core of this thesis: quantum optimization and the
quantum simulation of lattice gauge theories.

Quantum optimization aims to use quantum hardware to solve combinatorial problems
that are hard for classical computers [12, 13, 14]. The Quantum Approximate Optimiza-
tion Algorithm (QAOA) [12] is a leading candidate for near-term applications: it prepares
a parametrised quantum state by alternating between a cost Hamiltonian and a mixing
Hamiltonian, and a classical outer loop tunes the variational parameters to minimise the
expected cost. Despite its appeal, QAOA faces significant practical challenges: real-world
problems are often subject to inequality constraints that are costly to encode in the stan-
dard binary framework; the onset of Barren Plateaus (BPs) — the exponential vanishing of
cost-function gradients with system size [15, 16] — can make classical optimization of the
variational parameters intractable; and the impact of hardware noise on the trainability of
these algorithms remains an active area of investigation.

Lattice gauge theories (LGTs) are among the most important models in theoretical
physics, underpinning our understanding of the fundamental forces and of strongly correlated
quantum matter, from quantum chromodynamics (QCD) to topological phases [17, 18].
Classical simulation of non-Abelian LGTs is severely limited by the sign problem and the
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INTRODUCTION

exponential growth of the Hilbert space, making quantum simulation a highly sought-after
alternative [19, 20, 21, 22]. Qudits are natural building blocks for LGT simulators: the gauge
degrees of freedom living on lattice links transform under finite-dimensional representations
of group algebras, and qudits can encode these representations more compactly than binary
encodings [23]. Beyond the encoding question, understanding the ground-state structure of
discrete non-Abelian gauge theories — confinement, string breaking, phase transitions — is
a problem of intrinsic physical interest and a necessary step toward quantum simulations of
more complex theories such as QCD.

Together, these two directions illustrate how expanding the native dimensionality of
quantum hardware can simultaneously broaden the class of tractable problems and deepen
our physical understanding of complex quantum systems, placing qudits at the frontier of
both near-term and long-term quantum computing research

This thesis is organised as follows.
Ch.1 provides the theoretical background. It introduces the qubit and qudit formalisms,

including generalized Pauli operators, the Clifford group, and trapped-ion qudit hardware. It
then reviews classical and quantum optimization, covering variational quantum eigensolvers,
QAOA, and the problem of Barren Plateaus. Finally, it introduces lattice gauge theories,
from the Kogut–Susskind Hamiltonian and its symmetries to the specific models studied in
the rest of the thesis.

Ch.2 addresses the problem of enforcing inequality constraints in QAOA using qudits,
based on [24]. Two complementary strategies are developed and benchmarked: a qudit
generalization of slack variables, and a direct penalty approach that uses a single ancilla
qudit to imprint phases on infeasible states without enlarging the solution space. The
direct penalty approach is shown to be particularly advantageous when many constraints
are present simultaneously, as it keeps the fraction of feasible solutions constant regardless
of the number of constraints.

Ch.3 develops a symmetry-enhanced counterdiabatic approach for qudit QAOA, based
on [25]. Counterdiabatic driving suppresses non-adiabatic transitions during the variational
evolution; exploiting the symmetries of the problem reduces the parameter count of the vari-
ational ansatz from O(N2) to a problem-specific symmetry-constrained subspace, yielding
improved convergence on both qubit and qudit instances.

Ch.4 presents results from collaborations in which the author contributed in a support-
ing role. The first part, based on [26], provides an experimental demonstration on IBM
superconducting processors that noise-induced barren plateaus are absent under amplitude-
damping (T1) noise, confirming theoretical predictions that non-unital noise preserves a finite
gradient signal even at large system sizes. The second part, based on [27], investigates the
internal structure of QAOA runs on the Sherrington–Kirkpatrick spin-glass model, finding
a universal transient build-up of nonstabilizerness — a magic barrier — that scales with
circuit depth and correlates with the algorithm’s success fidelity.

Ch.5 reports preliminary results on a D3 lattice gauge theory in 1+1 dimensions, analyz-
ing the ground-state phase structure and the interplay between the electric-field energy, the
hopping term, and gauge invariance. The D3 model constitutes the minimal non-Abelian
LGT in which string breaking can be observed without truncating the gauge group, making
it an ideal testbed for non-Abelian confinement dynamics.

Ch.6 presents results from two further collaborations. The first, based on [28], studies
confinement in pureDN lattice gauge theories, showing that the structure of the group center
determines whether static charges are confined or screened: for even N , the non-trivial Z2

center produces stable flux strings and confinement; for oddN , the trivial center allows string
breaking even without dynamical matter. The second, based on [29], probes the quantum
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complexity of ground states by comparing nonstabilizerness, multipartite entanglement, and
fermionic non-Gaussianity across ZN , D3, and SU(2) gauge theories on a plaquette ladder,
finding that the simulation complexity depends non-trivially on the interplay between group
structure, superselection sector, and encoding strategy.

Except Ch 5, all the results are based on the following published works

• Bottarelli, Alberto, Sebastian Schmitt, and Philipp Hauke. ”Inequality constraints
in variational quantum circuits with qudits.” Physical Review Research 7.3 (2025):
033202.https://journals.aps.org/prresearch/abstract/10.1103/3l96-41xf

• Santra, Gopal Chandra, et al. ”Quantum Resources in Non-Abelian Lattice Gauge
Theories: Nonstabilizerness, Multipartite Entanglement, and Fermionic Non-Gaussianity.”
arXiv preprint arXiv:2510.07385 (2025). https://arxiv.org/abs/2510.07385

• Bottarelli, Alberto, et al. ”Symmetry-enhanced counterdiabatic quantum algorithm
for qudits.” Physical Review Research 7.4 (2025): 043030. https://journals.aps.

org/prresearch/abstract/10.1103/6ldg-3w1f

• Capecci, Chiara, et al. ”Role of Nonstabilizerness in Quantum Optimization.” arXiv
preprint arXiv:2505.17185 (2025). https://arxiv.org/abs/2505.17185

• Popov, Pavel P., et al. ”When the center matters: color screening and gluelumps
in dihedral lattice gauge theories.” arXiv preprint arXiv:2512.00152 (2025). https:

//arxiv.org/abs/2512.00152

• Schmitt, Sebastian, et al. ”Experimental demonstration of the absence of noise-
induced barren plateaus using information content landscape analysis.” arXiv preprint
arXiv:2602.22851 (2026). https://arxiv.org/abs/2602.22851
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Chapter 1

Motivation and background

1.1 Quantum information with qubits and qudits

In this section, we briefly review the qubit and qudit formalism that underlies the rest of
this thesis. The treatment is intentionally self-contained and introductory, with emphasis on
the concepts most directly relevant for variational quantum algorithms and their extension
to constrained optimisation and lattice gauge theories.

1.1.1 Qubit States and the Bloch Sphere

The fundamental unit of quantum information [30] is the qubit : a two-level quantum system
whose state is a normalised vector in a two-dimensional complex Hilbert space H ≃ C2. A
convenient computational basis is provided by the orthonormal pair

|0⟩ =
(
1
0

)
, |1⟩ =

(
0
1

)
. (1.1)

An arbitrary pure qubit state is a linear superposition

|ψ⟩ = α |0⟩+ β |1⟩ , α, β ∈ C, |α|2 + |β|2 = 1. (1.2)

Because a global phase carries no physical content, the state space is effectively two-dimensional
over the reals. A standard choice of coordinates is

|ψ(θ, ϕ)⟩ = cos
(
θ
2

)
|0⟩+ eiϕ sin

(
θ
2

)
|1⟩ , θ ∈ [0, π], ϕ ∈ [0, 2π), (1.3)

which admits a clean geometric interpretation. Each pure state of Eq. (1.3) corresponds
uniquely to a point on the surface of the unit sphere in R3 via the Cartesian coordinates

r⃗ =
(
sin θ cosϕ, sin θ sinϕ, cos θ

)
. (1.4)

This object is the Bloch sphere, shown in Figure 1.1. The north and south poles correspond
to |0⟩ and |1⟩, respectively, while the equator contains the equal-weight superpositions.
Mixed states of a single qubit are described by density matrices ρ (introduced below) and
correspond to points inside the sphere; the completely mixed state ρ = I/2 lies at the origin.

When a physical observable is measured on a qubit in state |ψ⟩, the outcome is governed
by the Born rule: a measurement in the computational basis yields outcome 0 with prob-
ability p0 = |α|2 = | ⟨0|ψ⟩ |2 and outcome 1 with probability p1 = |β|2 = | ⟨1|ψ⟩ |2. More
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CHAPTER 1. MOTIVATION AND BACKGROUND

generally, a quantum observable is represented by a Hermitian operator Ô = Ô† acting on
H. Its expectation value in the state |ψ⟩ is

⟨Ô⟩ = ⟨ψ|Ô|ψ⟩ =
∑
k

ok | ⟨ok|ψ⟩ |2 , (1.5)

where ok and |ok⟩ are the eigenvalues and eigenstates of Ô, respectively, and the second
equality follows directly from the Born rule applied to each projector |ok⟩⟨ok|. The expec-
tation value represents the average outcome of many identical measurements, and is the
primary quantity accessed in quantum algorithms and quantum simulations.

y

x

z

|0⟩

|1⟩

|+⟩

|−⟩

|+i⟩

|ψ⟩θ

ϕ

Figure 1.1: The Bloch sphere. Every pure single-qubit state |ψ(θ, ϕ)⟩ of Eq. (1.3) corresponds
to a point on the unit sphere parameterized by polar angle θ ∈ [0, π] (measured from |0⟩ at the
north pole) and azimuthal angle ϕ ∈ [0, 2π). The computational basis states |0⟩ and |1⟩ sit at
the poles; the X-eigenstates |±⟩ = (|0⟩±|1⟩)/

√
2 and the Y -eigenstate |+i⟩ = (|0⟩+i |1⟩)/

√
2

lie on the equator. Mixed states correspond to points inside the sphere.

1.1.2 Density Matrices and Mixed States

The state-vector description is sufficient for isolated pure states, but a more general frame-
work is needed when dealing with statistical mixtures or subsystems of a larger entangled
system. This is provided by the density matrix formalism.

A density matrix is a positive-semidefinite, unit-trace, Hermitian operator of the form

ρ =
∑
i

pi |ψi⟩ ⟨ψi| , pi ≥ 0,
∑
i

pi = 1, (1.6)

where {pi} are classical probabilities and {|ψi⟩} are pure states. When the ensemble contains
only a single term, ρ = |ψ⟩ ⟨ψ|, the state is pure; otherwise it is mixed.

For any operator ρ to represent a valid physical state it must satisfy three conditions:
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1.1. QUANTUM INFORMATION WITH QUBITS AND QUDITS

• Hermiticity: ρ† = ρ,

• Positivity: ⟨ϕ| ρ |ϕ⟩ ≥ 0 for all |ϕ⟩ ∈ H,

• Unit trace: Tr(ρ) = 1.

The expectation value of any observable O is then compactly written as

⟨O⟩ρ = Tr[ρO], (1.7)

which reproduces the standard Born-rule result for pure states and defines the measurement
postulate for general mixed states.

1.1.3 Composite Systems and the Partial Trace

When two subsystems A and B are combined, their joint Hilbert space is the tensor product

HAB = HA ⊗HB . (1.8)

The joint state is described by a density matrix ρAB acting on HAB . The reduced state of
subsystem A, containing all information accessible to measurements on A alone, is obtained
by tracing out subsystem B:

ρA = TrB(ρAB). (1.9)

This operation is uniquely characterised by the requirement that

Tr(ρAO) = Tr(ρAB (O ⊗ IB)) ∀O acting on HA. (1.10)

Geometrically, taking the partial trace corresponds to marginalising over the degrees of
freedom of B. If ρAB describes an entangled state, ρA will in general be a mixed state
even when the global state is pure—a hallmark of quantum correlations with no classical
analogue.

1.1.4 Operators on Qubits

Physical operations on qubits are represented by linear operators on H. Of particular
importance are unitary operators, which describe reversible quantum evolution. A central
role is played by the three Pauli matrices

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, (1.11)

which generate rotations of the Bloch vector about the corresponding Cartesian axes via

Rα(θ) = e−i
θ
2σα = cos θ2 I− i sin θ2 σα, α ∈ {x, y, z}. (1.12)

Any single-qubit unitary U ∈ SU(2) can be decomposed as [30]

U = eiαRz(β)Ry(θ)Rz(δ), (1.13)

for real parameters α, β, θ, δ.
For an N -qubit system, the N -qubit Pauli group is generated by all tensor products of

single-qubit Paulis,

PN =
{N−1⊗
i=0

Pi

∣∣∣ Pi ∈ {I,X, Y, Z}
}
. (1.14)
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|q0⟩ Rz(θ)
|q0⟩

|q1⟩

|q0⟩

|q1⟩ Z

Figure 1.2: Representative quantum gates in circuit notation. Left: single-qubit Z-rotation
Rz(θ). Centre: controlled-NOT (CNOT) gate. Right: controlled-Z (CZ) gate.

Pauli strings from PN form a complete operator basis for N -qubit Hamiltonians and appear
directly as the elementary observables measured in variational quantum algorithms. In
particular, cost functions for the constrained optimisation problems studied in this thesis are
expressed as linear combinations of Pauli-string expectation values. Hamiltonians of lattice
gauge theories, once mapped to finite-dimensional local Hilbert spaces, likewise decompose
naturally into Pauli strings or their higher-dimensional (qudit) analogues.

For multi-qubit systems, local operators are constructed by tensoring single-qubit opera-
tors with identities on the remaining qubits. Entangling operations, which act non-trivially
on more than one qubit, are essential for generating the non-classical correlations required
for quantum advantage.

1.1.5 Quantum Circuit Representation

Quantum algorithms are most naturally described in the quantum circuit model. A compu-
tation begins in the fiducial state |0⟩⊗N and proceeds as a sequence of unitary gates whose
ordered product implements the desired transformation.

Graphically, circuits are drawn as a set of horizontal wires representing qubits, with
time flowing left to right. Single-qubit gates appear as labelled boxes on individual wires;
multi-qubit gates, such as controlled operations, are connected across multiple wires. Three
standard examples are shown in Figure 1.2, with matrix representations

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , CZ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 , iSWAP =


1 0 0 0
0 0 i 0
0 i 0 0
0 0 0 1

 .

(1.15)

The circuit model provides a natural language for quantifying resource requirements such
as circuit depth and gate count—both critical figures of merit in the noisy intermediate-
scale quantum (NISQ) regime. These considerations are directly relevant for the variational
algorithms and lattice gauge theory simulations developed in the following chapters, where
the circuit architecture affects both physical fidelity and computational cost.

1.1.6 Qudits: Definition and Gatesets

While qubits are the most common platform for quantum information processing, many
physical systems naturally provide access to local Hilbert spaces of dimension d > 2. Such
systems are called qudits, and they play a central role in this thesis: both for formulating
lattice gauge theories with finite-dimensional local degrees of freedom [qudits, 23], and for
designing variational quantum algorithms with enhanced expressive power [31, 32, 33].

A qudit is a quantum system with a d-dimensional Hilbert space Hd ≃ Cd, spanned by
the orthonormal computational basis {|0⟩ , |1⟩ , . . . , |d− 1⟩}. An arbitrary pure state takes

8



1.1. QUANTUM INFORMATION WITH QUBITS AND QUDITS

the form

|ψ⟩ =
d−1∑
k=0

αk |k⟩ , αk ∈ C,
d−1∑
k=0

|αk|2 = 1. (1.16)

Relative to qubits, the local state space grows rapidly with d, enabling more compact encod-
ings of information and symmetries. From an algorithmic perspective, enlarging the local
Hilbert space can reduce the number of physical subsystems required to represent a given
problem, potentially lowering circuit depth and relaxing hardware constraints. In lattice
gauge theories, qudits arise naturally when truncating infinite-dimensional gauge degrees of
freedom to finite-dimensional representations while preserving the essential algebraic struc-
ture.

For N qudits, the joint Hilbert space is H⊗N
d , with dimension dN . As in the qubit

case, entanglement between subsystems is a key computational resource, generated through
multi-qudit interactions.

In the recent years, several research groups have put their effort into realizing qudit-based
universal quantum computing with various technologies [34, 34, 35, 11]. Sec. 1.1.7 briefly
describes trapped ion qudits, but other realizations include for example optical qudits [34],
and superconducting qudits [35, 11].

Generalized Pauli operators. A natural generalization of the qubit Pauli matrices to
dimension d is provided by the Weyl–Heisenberg operators [36]. Setting ω = e2πi/d, the shift
and clock operators act on the computational basis as

X |k⟩ = |k + 1 mod d⟩ , Z |k⟩ = ωk |k⟩ , k = 0, . . . , d− 1, (1.17)

and satisfy the Weyl commutation relation ZX = ωXZ. The d2 unitaries {XaZb | a, b =
0, . . . , d − 1} form an orthogonal operator basis with respect to the Hilbert–Schmidt inner
product, and play the same structural role for qudits that Pauli strings play for qubits: they
constitute the building blocks of qudit Hamiltonians, observables, and error models, and are
particularly convenient for expressing truncated gauge-field operators.

Angular momentum operators. A physically motivated alternative arises when the
qudit Hilbert space is identified with a spin-j representation of SU(2), so that d = 2j + 1.
The local operators are then the angular momentum generators Jx, Jy, Jz, satisfying

[Jα, Jβ ] = i ϵαβγ Jγ , α, β, γ ∈ {x, y, z}, (1.18)

where ϵαβγ is the completely antisimmetryc Levi-Civita symbol. The eigenstates of Jz then
provide the computational basis. Polynomial combinations of these operators span the full
operator algebra on Hd. This basis is especially relevant for lattice gauge theories, where
local degrees of freedom transform under finite-dimensional representations of continuous
groups and where gauge generators and Casimir operators admit a direct angular-momentum
interpretation.

Unitary Bases and Gatesets for Qudits

Arbitrary single-qudit unitaries belong to SU(d), whose Lie algebra su(d) is spanned by the
d2 − 1 traceless Hermitian generalized Gell-Mann matrices {Λa}. Any single-qudit unitary
can be written as

U = exp

−i
d2−1∑
a=1

θa Λa

 , θa ∈ R. (1.19)

9
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In practice, quantum circuits are built from a finite gateset that approximates such unitaries,
typically using parametrized rotations generated by a subset of the Λa. Universal quantum
computation on N qudits is then achieved by combining arbitrary single-qudit unitaries with
at least one entangling two-qudit gate, such as a generalized controlled-shift or an interaction
generated by a product of Weyl–Heisenberg operators.

The choice of gateset is strongly platform-dependent and directly influences circuit depth,
expressivity, and the efficient implementation of symmetries. Experimental progress on qudit
platforms has been reported in several recent works [6, 11, 9]; in the following chapters we
focus specifically on trapped-ion qudit architectures, which offer high-fidelity control over
d > 2 levels and natural access to the angular-momentum operator basis discussed above.

The Clifford Group for Qubits and Qudits

As will be shown later, the Clifford group plays a central role in both entanglement and
nonstabilizerness resource theories [37, 38, 39]. In order to define it, we start form the Pauli
group. These definitions are given for general qudits of dimension d, and the corresponding
qubit version can be obtained by setting d = 2. The generalized Pauli group for a single
qudit is defined as the set

P = {XaZb|a, b = 0, ..., d− 1}. (1.20)

For a system of N qudits, the Pauli group Pn is defined by the tensor products of all
the elements of the single qudit Pauli operators. The Clifford group CN is defined as the
normalizer 1 of the Pauli group in the unitary group, i.e.

CN = {U |UPU† ∈ PN for all P ∈ PN}. (1.21)

For qubits, canonical examples of Clifford gates include the Hadamard, phase, and
controlled-NOT gates, while an example of non-Clifford gate is the T−gate.

The Clifford group maps stabilizer states to stabilizer states and preserves the structure
of Pauli operators under conjugation. Starting from this, Clifford circuits can be efficiently
simulated classically using the Gottesman–Knill theorem [40]. Moreover, non Clifford gates
(such as the T-gate) are required in order to achieve universal quantum computation.

1.1.7 Trapped-ion qudits

Ringbauer et al. [6] demonstrated a universal quantum processor using trapped 40Ca+ ions
operating as qudits with local Hilbert-space dimensions up to seven. Unlike conventional
qubit-based quantum computers that restrict physical systems to two levels, this approach
exploits the native multilevel structure of trapped ions to enable more efficient quantum
computation for certain applications.

The quantum information is encoded in the S1/2 electronic ground state and the metastable
D5/2 excited state of 40Ca+ ions (lifetime τ ≈ 1.1 s). A magnetic field of approximately 4.2 G
splits these states into Zeeman sublevels: two for the ground state (m = ±1/2) and six for
the excited state manifold (m = ±5/2,±3/2,±1/2). A graphical representation is shown in
Fig 1.3. This creates ten allowed transitions governed by selection rules (∆m = 0,±1,±2),
forming a highly connected eight-level system per ion.

1In general, given H a subgroup of G, the normalizer of H with respect to G is defined as NG(H) =
{g ∈ G|g−1hg ∈ H ∀ h ∈ H}. In contrast, the centralizer requires a more specific commutation relation:
CG(H) = {g ∈ G|g−1hg = h ∀ h ∈ H}
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1.1. QUANTUM INFORMATION WITH QUBITS AND QUDITS

Figure 1.3: Quantum information is encoded in the S 1
2
and D 5

2
states, where each transition

between S and D is accessible using a single narrowband laser at 729nm. Picture credits to
Ringbauer et. al. [6]

The system implements single-qudit gates through equatorial rotations on any S–D tran-
sition:

Ri,j(θ, φ) = exp
(
−iθσφi,j/2

)
(1.22)

where θ is the rotation angle and i, j label the addressed transition. These rotations enable
arbitrary SU(d) operations through decomposition into at most O(d2) two-level rotations.

Two-qudit entangling gates are realized via the Mølmer–Sørensen interaction:

MSi,j(θ, φ) = exp

(
−iθ

4

(
σφi,j ⊗ I+ I⊗ σφi,j

)2)
(1.23)

This couples the internal states to the common motional mode using bichromatic laser fields.
The implemented universal two qudit gates controlled-exchange (CEX) and controlled-
increment (CINC), which act as the following:

CEXc,t1,t2 :

{
|c, t1⟩ ↔ |c, t2⟩
|j, k⟩ → |j, k⟩for j ̸= c, k ̸= t1, t2.

(1.24)

CINC :

{
|j, k⟩ → |j, k⟩, if j < d− 1,

|j, k⟩ → |j, k ⊕ 1⟩, if j = d− 1,
(1.25)

Full qudit state discrimination is achieved through sequential electron shelving. The
system alternates between fluorescence detection (distinguishing S and D manifolds) and
reordering pulses that map different qudit states into the S manifold for measurement.
Polarization-gradient cooling between detection steps mitigates scattering-induced heating.
For qutrits, this yields a readout error of approximately 3× 10−3, compared to 5× 10−4 for
qubits [6], with readout time scaling linearly with qudit dimension.

This qudit approach offers significant benefits for applications naturally formulated in
high-dimensional Hilbert spaces, including quantum simulation of lattice gauge theories,
quantum chemistry calculations, and higher-spin models. While individual gate fidelities
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are slightly lower than optimized qubit systems, the reduction in required quantum op-
erations for these applications provides substantial overall efficiency gains. The system
maintains coherence times exceeding 100 ms—three orders of magnitude longer than typical
gate times—across all transitions. This platform has found use already in simulating lattice
gauge theories [41], study toplogical phases of matter [7] and non ergodic processes [42].

1.1.8 Resource Theories in Quantum Mechanics

The notion of a resource theory provides a unifying framework for identifying, quantifying,
and manipulating features of quantum systems that are useful for information-processing
tasks [43]. The central observation is that not all quantum states and operations are equally
powerful: some states carry properties that enable tasks impossible with others, and some
operations are harder to implement than others. Resource theories formalize this asymmetry
by partitioning states and operations into those that are free—easy to prepare or implement
within given constraints—and those that are resourceful, i.e. not achievable for free.

A well-defined resource theory is specified by three ingredients:

1. a convex set F of free states, which are states preparable without consuming any
resource;

2. a class O of free operations, which map F to itself and define what manipulations are
allowed at no cost;

3. one or more resource monotones R: real-valued functions on the state space that are
non-increasing under O, and vanish on F .

The monotonicity condition ensures that free operations cannot create a resource from noth-
ing, and that R provides a meaningful ordering of states by their resourcefulness. When R
admits an operational interpretation—such as the maximum probability of success in some
task—it also establishes quantitative bounds on what can be achieved with a given state.

Well-known examples of resource theories include entanglement (free states: separable
states; free operations: local operations and classical cummunications-LOCC), coherence
(free states: diagonal states in a fixed basis; free operations: incoherent operations [44]),
and nonstabilizerness (free states: stabilizer states; free operations: Clifford unitaries [45]).
Each captures a distinct physical constraint and gives rise to a different notion of what
makes a quantum state useful.

Quantifying resources serves both theoretical and practical purposes. Theoretically, re-
source monotones enable rigorous comparison of quantum states and protocols, and establish
limits on interconversion: a state with lower resource content cannot be converted into one
with higher content by free operations alone. They also connect to classical simulation
hardness, since states with low resource content are often efficiently simulable classically.

Practically, resource measures guide the design of algorithms and experiments by iden-
tifying which features must be actively generated and carefully preserved in the presence
of noise and hardware constraints. In the context of variational quantum algorithms, re-
source quantification helps balance expressivity against implementability: an ansatz must
be sufficiently resourceful to represent the target state, yet not so deep or entangled as to
be overwhelmed by noise in the NISQ regime. Monitoring resource measures throughout a
computation therefore provides diagnostics for both performance and classical simulability.

In the remainder of this section we discuss the two resources most directly relevant to
this thesis: entanglement and nonstabilizerness.
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Entanglement

Entanglement is one of the most fundamental resources in quantum mechanics, playing a
central role in quantum communication, computation, and simulation [46]. In a bipartite
system AB, a state ρAB is called separable if it can be written as a convex mixture of product
states,

ρAB =
∑
k

pk ρ
(k)
A ⊗ ρ

(k)
B , pk ≥ 0,

∑
k

pk = 1; (1.26)

states not of this form are entangled. The resource theory of entanglement takes separable
states as free and LOCC as free operations.

For pure bipartite states, the structure of entanglement is fully characterised by the
Schmidt decomposition: any |ψAB⟩ ∈ HA ⊗HB can be written as

|ψAB⟩ =
r∑

k=1

λk |ak⟩ ⊗ |bk⟩ , λk > 0,
∑
k

λ2k = 1, (1.27)

where {|ak⟩} and {|bk⟩} are orthonormal bases of HA and HB respectively, and r ≤
min(dimHA, dimHB) is the Schmidt rank. The state is a product state if and only if r = 1;
otherwise it is entangled. The Schmidt coefficients {λ2k} coincide with the eigenvalues of the
reduced density matrix ρA = TrB [|ψAB⟩ ⟨ψAB |], and entanglement is uniquely quantified
(up to monotonic transformations) by the entanglement entropy

E(|ψAB⟩) = S(ρA) = −
∑
k

λ2k log2 λ
2
k = −Tr(ρA log2 ρA) , (1.28)

which vanishes for product states and reaches its maximum of log2(r)for maximally entangled
states.

In variational quantum algorithms and lattice gauge theory simulations, entanglement is
both a resource and a challenge: sufficient entanglement is necessary to represent complex
many-body correlations, yet excessive or poorly structured entanglement increases circuit
depth and sensitivity to noise [47]. Monitoring entanglement entropy across bipartitions
therefore serves as a diagnostic tool for assessing both the expressivity of variational ansätze
and the complexity of the simulated states.

Nonstabilizerness (Magic)

Entanglement alone does not suffice for universal quantum computation. Operations con-
fined to the stabilizer formalism—stabilizer states, Clifford unitaries, and Pauli measurements—
can be efficiently simulated classically due to the Gottesman–Knill theorem [48]. As men-
tioned previously, Clifford unitaries are defined as those that map the Pauli group to itself
under conjugation,

U ∈ C ⇐⇒ UPU† ∈ PN ∀P ∈ PN . (1.29)

Prominent single-qubit examples are the Hadamard gate and the phase gate,

H =
1√
2

(
1 1
1 −1

)
, S =

(
1 0
0 i

)
, (1.30)

together with the two-qubit CNOT gate in Eq. (1.15). While Clifford circuits can generate
highly entangled states, they are not universal for quantum computation: any circuit com-
posed solely of Clifford gates can be efficiently simulated on a classical computer, regardless
of the number of qubits.
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The missing ingredient is provided by non-Clifford gates, of which the single-qubit T
gate is the canonical example,

T =

(
1 0
0 eiπ/4

)
. (1.31)

Adding T to the Clifford gate set achieves universality. The resource that quantifies the
departure from the efficiently simulable stabilizer regime is called nonstabilizerness, ormagic.
The corresponding resource theory takes as free states those reachable from |0⟩⊗N by Clifford
circuits alone—the stabilizer states, examples of which include the Bell state

|Φ+⟩ = 1√
2


1
0
0
1

 , (1.32)

and takes Clifford operations as free operations. Non-stabilizer states carry magic and enable
universal quantum computation when supplemented with Clifford gates. A paradigmatic
example is the magic state

|T ⟩ = 1√
2

(
1

eiπ/4

)
, (1.33)

which is the output of the T gate acting on |+⟩ and serves as the key resource in magic-state
distillation [37].

Wigner negativity. A computable witness of nonstabilizerness that can be easily trans-
lated to the qudit formalism is provided by the discrete Wigner function [45]. Its construc-
tion proceeds in two steps.

Given a point v⃗ = v1+ iv2 in the discretised local phase space Z⊗2
d , the local Heisenberg–

Weyl operators are defined as

Tv⃗ = τ−v1v2Xv1Zv2 , τ = ei(D+1)π/D, (1.34)

and extended to N -qudit systems by

TV⃗ = Tv⃗(1) ⊗ · · · ⊗ Tv⃗(N) , V⃗ ≡ v⃗(1) ⊕ · · · ⊕ v⃗(N) ∈ Z⊗2N
D . (1.35)

From these, one constructs the phase-space point operators

A0⃗ =
1

DN

∑
V⃗

TV⃗ , AV⃗ = TV⃗ A0⃗ T
†
V⃗
, (1.36)

which define the discrete Wigner function of a state ρ as

Wρ(V⃗ ) :=
1

DN
Tr
[
AV⃗ ρ

]
. (1.37)

For stabilizer states, Wρ is non-negative at every phase-space point [49]; negativity of Wρ

therefore certifies the presence of magic. This is quantified by the mana [45],

M(ρ) = log2

∑
V⃗

|Wρ(V⃗ )|

 , (1.38)

which is a monotone under free (Clifford) operations and vanishes exactly on stabilizer states.
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Stabilizer Rényi entropies. A versatile family of nonstabilizerness measures is provided
by the Stabilizer Rényi Entropies (SRE) [50, 51]. For a pure N -qudit state |ψ⟩ and order
n ̸= 1, the SRE is defined as

Mn(|ψ⟩) =
1

1− n
log2

[ ∑
P∈PN

⟨ψ|P |ψ⟩2n
dN

]
, (1.39)

where PN is the N -qudit Pauli group defined in Eq. (1.14) and dN is the dimension of
the Hilbert space (we assume all the qudits have the same local dimension). The SRE is
non-increasing under Clifford operations, always positive and vanishes for stabilizer states,
i.e. it satisfies all the criteria [51, 52] to be a valid measure. It is considered to be the
most relevant measure for nonstabilizerness due to the fact that is can be experimentally
computed [53].

A direct evaluation of Eq. (1.39) requires computing d2N Pauli expectation values, which
is prohibitive for all but small systems. Efficient approximation schemes based on Monte
Carlo sampling of the Pauli spectrum [54] and fast Hadamard transform [55] bring the SRE
within reach of medium-sized systems and are employed in the numerical studies of this
thesis.
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1.2 Quantum optimization

A main focus of application of qudits in this thesis will be to use their increased dimensional-
ity to enhance quantum optimization algorithms. This section covers a general background
on classical and quantum optimization, with the description of the typical problems handled
and the quantum algorithms typically used to tackle them.

1.2.1 Classical and Quantum Perspectives on Combinatorial Opti-
mization

A large class of optimization problems of practical and theoretical interest involves decision
variables that take discrete, often binary or integer, values. Such problems arise naturally in
scheduling, routing, resource allocation, and graph-theoretic applications, and are commonly
formulated as integer optimization problems. In their most general form, these problems
can be written as

min
x∈Zn

C(x) subject to x ∈ S, (1.40)

where x denotes a vector of n integer or binary decision variables, S represents a set of
feasible solutions, and C(x) is a real-valued objective function [56]. The number of possible
solutions grows exponentially with n, and many such problems are NP-hard.

Constraints restrict the admissible configurations of variables and may encode physi-
cal limitations, logical conditions, or combinatorial rules. They are typically expressed as
equalities or inequalities which have to be fulfilled for a solution to be feasible

gk(x) ≤ 0, hℓ(x) = 0. (1.41)

In classical optimization, constraints are either enforced explicitly during the search or in-
corporated into the objective function through penalty terms, yielding an effective uncon-
strained problem.

A widely used unconstrained formulation is quadratic unconstrained binary optimization
(QUBO), in which all variables are binary, xi ∈ {0, 1}, and the cost function is at most
quadratic:

C(x) =
∑
i

hixi +
∑
i<j

Jijxixj . (1.42)

In order to ensure that the solutiuon satisfies the constraints, the cost function is enriched
with penalty terms for the unfeasible solutions. These terms are chosen such that constraint-
violating configurations are energetically suppressed. Many paradigmatic combinatorial op-
timization problems, including Max-Cut, graph coloring, and the knapsack problem, admit
natural QUBO representations [57].

The QUBO structure provides a direct bridge to quantum optimization. Binary variables
can be mapped to qubits via

xi →
1− σiz

2
, (1.43)

where σiz is the Pauli-Z operator acting on qubit i. Under this mapping, the classical cost
function becomes a diagonal quantum Hamiltonian

HC =
∑
i

hi
1− σiz

2
+
∑
i<j

Jij
(1− σiz)(1− σjz)

4
, (1.44)
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Figure 1.4: Top: Algorithm flow for a generic VQE: after preparing an initial state set
θ0 the quantum computer applies a set of parametrized unitaries U(θ). The state is then
measured and from the results the cost function C(θ) is computed and processed through a
classical optimizer. The procedure is then iterated until convergence.
Bottom:Generic ansatz (structured in layers) for a VQA on n = 4 qubits. Each layer
consists of single-qubit Ry rotations with trainable parameters θi, followed by a ladder of
CNOT gates to entangle neighbouring qubits. The circuit prepares the parametrized state
|ψ(θ)⟩ = U(θ) |ψ0⟩, where |ψ0⟩ = |+⟩⊗n after the initial Hadamard layer.

whose ground state encodes the optimal solution of the original problem. This formulation
allows combinatorial optimization to be interpreted as a ground-state preparation problem
and forms the basis of quantum optimization algorithms.

1.2.2 Variational Quantum Algorithms

Variational Quantum Algorithms (VQAs) are hybrid quantum–classical algorithms designed
to address computational problems using near-term quantum hardware [13, 58, 59]. In this
framework, a target problem is formulated as the optimization of a cost function defined
over a family of parametrized quantum states, while parameter updates are performed on a
classical processor.

At the core of a VQA lies a parametrized quantum circuit, or ansatz, which prepares
states of the form

|ψ(θ)⟩ = U(θ) |ψ0⟩ , (1.45)

where |ψ0⟩ is a fixed reference state and U(θ) is a unitary operator depending on real
parameters θ = (θ1, . . . , θp).

A problem-specific cost function is defined as the expectation value of a Hermitian op-
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erator H,
C(θ) = ⟨ψ(θ)|H |ψ(θ)⟩ , (1.46)

which may represent the energy of a physical system or a classical objective function mapped
to a quantum Hamiltonian. The optimization proceeds by iteratively evaluating C(θ) on a
quantum device and updating the parameters using a classical optimization routine.

The hybrid structure of VQAs makes them well suited for the noisy intermediate-scale
quantum (NISQ) era, as circuit depth can be traded for repeated state preparation and
measurement. When the cost Hamiltonian is expressed as a sum of local operators,

H =
∑
j

cjHj , (1.47)

the expectation value is reconstructed from measurements of the individual terms. The finite
number of measurements required to estimate these expectation values introduces statistical
noise, which must be taken into account by the classical optimizer.

Variational quantum algorithms provide a flexible framework encompassing applications
ranging from quantum chemistry to combinatorial optimization. In optimization-oriented
VQAs, constraints and problem structure can be incorporated either directly into the cost
Hamiltonian or through the design of the variational circuit. This perspective sets the stage
for the Quantum Approximate Optimization Algorithm, which is tailored specifically to
combinatorial optimization problems.

1.2.3 Focus: Quantum Approximate Optimization Algorithm

The Quantum Approximate Optimization Algorithm (QAOA) [60, 12, 61] is a hybrid varia-
tional quantum algorithm designed to solve combinatorial optimization problems. Its design
is inspired by quantum annealing [62, 63, 64] where one considers a time-dependent Hamil-
tonian

Ha(t) = (1− λ(t))HM + λ(t)HC , t ∈ [0, T ], λ(0) = 0λ(T ) = 1 (1.48)

which interpolates between a simple mixing Hamiltonian HM , whose ground state |ψ0⟩ is
easy to prepare, and the cost Hamiltonian HC encoding the optimization problem. If the
system is initialized in |ψ0⟩ and evolved sufficiently slowly, the adiabatic theorem guarantees
that it remains in the instantaneous ground state of H(t), reaching the ground state of HC

at t = T . However, the required evolution time scales as

T = O
(

1

∆2
min

)
, (1.49)

where ∆min = mint∈[0,T ] ∆(t) is the minimum spectral gap along the path, which can be
exponentially small or even vanishing for hard problem instances, making the approach
generally intractable.

QAOA [12] can be understood as a Trotterized discretization of this adiabatic evolu-
tion. Applying a first-order Trotter decomposition to the time-ordered evolution operator

T exp
(
−i
∫ T
0
H(t) dt

)
and dividing the total time T into p steps yields

T e−i
∫ T
0
H(t) dt ≈

p∏
l=1

e−iαlHCe−iβlHM , (1.50)

where αl and βl are determined by the annealing schedule. Rather than fixing these angles
to a particular schedule, QAOA treats them as free variational parameters (α,β) ∈ R2p to
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Figure 1.5: High-level circuit representation of the QAOA ansatz at depth p. Each of
the p layers consists of a cost unitary e−iαℓHC (red) and a mixer unitary e−iβℓHM (blue),
applied alternately to the initial state |+⟩⊗n. The circuit prepares the parametrized state
|ψ(α,β)⟩, whose expectation value ⟨HC⟩ is measured and returned to the classical optimizer
for parameter updates.

be optimized classically, trading the adiabatic guarantee for a flexible, hardware-amenable
ansatz. Its schematics is represented in Fig. 1.5.

Given a cost function C(x) of N classical variables x = (x1, . . . , xN ), QAOA aims at
finding the solution to

min
x∈{0,1}N

C(x), (1.51)

yielding the optimal configuration xmin.
An important class of problems addressed by QAOA consists of quadratic unconstrained

binary optimization (QUBO) problems [57], whose cost function can be written as

C(x) = 4xTJx = 4

N∑
i,j=1

Jijxixj , (1.52)

where J is a real symmetric cost matrix. Many paradigmatic optimization problems can be
mapped to this form [65, 66], and QUBOs are equivalent to Ising Hamiltonians.

To implement the optimization on a quantum device, the classical variables are promoted

to operators acting on the Hilbert space HC = C2N according to

xi →
1− σiz

2
, (1.53)

where σiz is the Pauli-Z operator acting on qubit i. The cost function is thus mapped to a
diagonal Hamiltonian HC whose eigenvalues correspond to classical costs,

HC |x⟩ = C(x) |x⟩ . (1.54)

The solution of the optimization problem is encoded in the ground state of the Ising Hamil-
tonian

HC =
∑
i,j

Jijσ
z
i σ

z
j +

∑
i

hiσ
z
i , (1.55)
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with hi = 2
∑N
j=1 Jij .

The QAOA ansatz prepares a parametrized trial state

|ψ(α,β)⟩ = U(α,β) |ψ0⟩ , (1.56)

where the unitary is constructed from alternating applications of the cost Hamiltonian and
a mixing Hamiltonian HM ,

U(α,β) =

p∏
l=1

eiβlHM eiαlHC . (1.57)

The mixer induces transitions between computational basis states and must not commute
with HC . A common choice is

HM =
∑
i

σxi . (1.58)

The expectation value of the cost Hamiltonian,

E(α,β) = ⟨ψ(α,β)|HC |ψ(α,β)⟩ , (1.59)

is minimized over the variational parameters (α,β) using a classical optimizer. By the
variational principle, this provides an upper bound to the ground-state energy of HC .

QAOA can be generalized to problems involving d-ary variables xi ∈ {0, . . . , d − 1} by
representing them with qudits of local Hilbert space dimension Cd. In this case, Pauli
operators are replaced by angular momentum operators {Lx, Ly, Lz} with representation
index ℓ = (d− 1)/2, and classical variables are mapped as

xi → Liz +
d− 1

2
. (1.60)

To generate universal dynamics in the qudit space, the mixer is augmented to include
quadratic terms,

HM =
∑
i

(
βLix + γ(Liz)

2
)
, (1.61)

which allows the generation of arbitrary SU(d) unitaries [67, 68]. Once the cost Hamiltonian
and mixer are defined, the algorithm proceeds analogously to the qubit case.
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1.3 Lattice gauge theories

A second field in which qudits are expected to enhance the performance of quantum algo-
rithms is the quantum simulation of lattice gauge theories (LGTs), a formulation of quantum
field theories on a discrete spacetime lattice.

Gauge-invariant quantum field theories [69, 70] form the foundation of modern theoreti-
cal physics, providing the framework for all known fundamental interactions except gravity.
The Standard Model of particle physics[71] is entirely formulated in terms of gauge theo-
ries, with quantum electrodynamics, the electroweak theory, and quantum chromodynamics
(QCD) describing electromagnetic, weak, and strong interactions, respectively. Despite their
remarkable success, gauge theories formulated in the continuum generically suffer from ultra-
violet divergences arising from fluctuations at arbitrarily short length scales. The consistent
definition of physical observables therefore requires the introduction of regularization and
renormalization procedures.

Lattice gauge theories [72] offer a conceptually transparent and fully non-perturbative
regularization of gauge theories by discretizing space (or spacetime) onto a lattice while
preserving exact local gauge invariance. The finite lattice spacing provides a natural ultra-
violet cutoff, rendering all quantities finite at intermediate stages of the calculation. In the
context of QCD, the lattice formulation has played a crucial role in establishing genuinely
non-perturbative phenomena such as confinement and the emergence of a mass gap [73, 74],
which are inaccessible to standard perturbative techniques. The continuum theory is recov-
ered by taking the lattice spacing to zero while appropriately renormalizing the parameters
of the theory, making LGTs both a mathematically well-defined regulator and a powerful
computational framework for exploring strongly coupled gauge dynamics.

Originally introduced within high-energy physics, lattice gauge theories have since be-
come a central tool for the study of strongly interacting quantum many-body systems and,
more recently, a prominent target for quantum simulation and variational quantum algo-
rithms [75, 76, 21, 77]. Their local structure, exact gauge constraints, and finite-dimensional
truncations make them particularly well suited for implementation on near-term quantum
devices.

In this section, we introduce the basic concepts of lattice gauge theories and present the
Hamiltonian formulation due to Kogut and Susskind. The discussion is kept general and
group-agnostic, as specific realizations—including SU(2), ZN , and DN gauge theories—will
be addressed in detail in subsequent sections.

1.3.1 What Is a Lattice Gauge Theory

A gauge theory is defined by the invariance of its dynamics under local transformations
belonging to a symmetry group G, referred to as the gauge group. In the continuum, gauge
fields are defined at every point in space or spacetime, and gauge invariance leads to the
introduction of covariant derivatives and gauge connections.

A central role in lattice gauge theories is played by the representation theory of the
gauge group G. A (unitary) representation [78] of G is a homomorphism that assigns to
each group element g ∈ G a linear operator DJ(g) acting on a vector space V, such that
group multiplication is preserved,

DJ(g1g2) = DJ(g1)D
J(g2) . (1.62)

A representation is said to be irreducible if the vector space V admits no nontrivial invariant
subspaces under the action of allDJ(g). For compact groups, such as Lie groups and discrete
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Figure 1.6: Description of LGT

groups, any unitary representation can be decomposed into a direct sum of irreducible
representations (irreps), which therefore constitute the fundamental building blocks of the
theory.

In a lattice gauge theory, space is discretized into a lattice composed of sites (vertices)
and links (edges)[19]. Each vertex x and link ℓ is endowed respectively with local fields
ψx and Uℓ, describing the (usually fermionic) matter and the (bosonic) gauge degrees of
freedom. In an LGT framework, the field Uℓ takes values in the group G and represents the
parallel transporter between the two sites connected by the link.

The Hilbert space of the theory is defined through the tensor product of all the local
Hilbert spaces defined singularly on the links and on the vertices of the lattice. The Hilbert
space of the links is defined by the span of two possible basis: the group element basis and
the representation basis.

The group element basis is defined as the set of orthonormal states {|g⟩ , g ∈ G}, which
we take to be the eigenstates of a link operator UJℓ with eigenvalues the matrix elements of
DJ(g) in the irrep J :

UJmn,ℓ |g⟩ = DJ
mn(g) |g⟩ . (1.63)

For the rest of the thesis we will drop the internal indices m,n if not specifically needed and
write UJℓ .

The group representation basis is taken to be conjugate to the group element basis
through the group’s quantum Fourier transform QFTG:

⟨g|Jmn⟩ =
√
dim(J)

|G| DJ
nm(g). (1.64)

States are then labelled with a representation index J and sub-indices n,m that distinguishes
the projections on J of the left and right components of the gauge field.
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Local gauge transformations act independently at each lattice site. Given a group element
g ∈ G, the corresponding gauge transformations acting on matter and gauge fields are
defined through unitary operators Θψg ,Θ

L
g ,Θ

R
g . For the gauge field transformations we have

in general that ΘLg ̸= ΘRg , since for non-abelian groups the left and right multiplication
results in a different element of the group: gh ̸= hg, h, g ∈ G. This is reflected on the
action of the left and right transformations on group element states:

ΘLg |h⟩ = |gh⟩ ΘRg |h⟩ = |hg−1⟩ (1.65)

The action of these transformation on the link operators is the following [19]

ΘLg U
J
mnΘ

L
g
† = Dmk(g

−1)UJkn ΘRg U
J
mnΘ

R
g
† = UJmkDkn(g) (1.66)

wher the implicit summation rund over the sub indices of the irrep J .
Given a directed 2-d rectangular lattice, ingoing links are defined as the one that follow

the direction of the lattice, while the opposite ones are referred to as the outgoing ones.
When defining a local gauge transformation on a vertex x according to a group element

g ∈ G, we associate left transformations ΘLg with ingoing links and right transformations

ΘRg with outgoing links.
The overall transformation acting on a vertex x is then

Θx
g = Θψ,xg

∏
i(x)

ΘL,i(x)g

∏
o(x)

ΘR,o(x)g , (1.67)

where i(x) and o(x) label all the ingoing and outgoing links of x and must leave all physical
quantities invariant, starting from the Hamiltonian of the system. In particular, physical
states are the one that are gauge invariant under the action of (1.67), i.e.

Θx
g |ψ⟩ = |ψ⟩ ∀x (1.68)

This is the most general form of the gauss law for LGTs.
These features render LGTs particularly attractive for numerical simulations and for

implementation on quantum devices with finite-dimensional local Hilbert spaces [6].
While Abelian lattice gauge theories, such as those based on ZN or U(1) groups, already

display rich physical behavior, non-Abelian LGTs play a fundamental role in the description
of nature [71]. In particular, non-Abelian gauge theories underlie the Standard Model of
particle physics, with quantum chromodynamics (QCD) being formulated as an SU(3) gauge
theory [71].

Non-Abelian LGTs are characterized by non-abelian gauge groups and can describe
phenomena such as confinement, asymptotic freedom, and the emergence of complex phase
structures [79, 80, 74]. These features make classical simulation extremely challenging,
especially in regimes of real-time dynamics or finite density [81, 82, 83].

From the perspective of quantum simulation and variational quantum algorithms, non-
Abelian LGTs represent a particularly compelling application. Their local gauge constraints
impose strong structural requirements on admissible quantum states, motivating the devel-
opment of symmetry-preserving encodings and constrained variational Ansätze.

1.3.2 Kogut-Susskind Hamiltonian for LGTs

A widely used formulation of lattice gauge theories in the context of quantum simulation is
the Hamiltonian approach introduced by Kogut and Susskind [84]. In this framework, time
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remains continuous while space is discretized, and the dynamics is governed by a gauge-
invariant Hamiltonian acting on the Hilbert space of link and matter degrees of freedom.

For a general gauge group G, the Kogut–Susskind Hamiltonian can be written as

H = HE +HB +HM +Hhop, (1.69)

where HE is the electric term, HB is the magnetic (plaquette) term, HM the matter contri-
butions and Hhop is the kinetic term (hopping).

The electric term is a sum over lattice links and depends on the generators of the gauge
group,

HE =
g20
2

∑
ℓ

(Eℓ)
2
, (1.70)

where g20 is the coupling constant and Eℓ are the electric field operators associated with link
ℓ. In particular, the electric field operator is diagonal on the representation basis and can
be written as [19]

E2 =
∑
J

α(J)ΠJ (1.71)

where ΠJ is a projection over the subspace labelled by the representation J . The group
structure can determine the coefficients αj , as will be shown later.

The magnetic term encodes the dynamics of the gauge field through elementary plaque-
ttes p of the lattice,

HB = − 1

2g20

∑
p

Tr (Up) +H.C., Up = U1U2U
†
3U

†
4 (1.72)

Where U1, U2, U3, U4 are respectively the gauge operators acting on the links of the plaquette,
counted clockwise starting from the lower left vertex. This term favors configurations with
minimal flux and reduces to the familiar field-strength contribution in the continuum limit.

In order to define the mass and hopping terms of the Hamiltonian, we need to specify
over which representation the mass fields are defined. We say that matter fields ψJ lives in
a specific representation J of the gauge group, if

Θψg ψ
JΘψ :M†

g = DJ(g−1)mnψn, (1.73)

i.e. the field transforms according to J with a left group transformation (label J is dropped
for the rest of the thesis unless required). This implies that the number of colors of the
matter field is going to be equal to dim(ψJ) = dim(J). It is worth mentionign that it is
possible to choose the matter to transorm with right transformations and redefine everything
to be consistent. Since all irreducible representations of abelian groups are one-dimensional2

it is necessary to consider a non abelian gauge group in order to introduce nontrivial color
dynamics in the theory. The mass term is defined through staggered fermions [84]

HM =
∑
x

(−1)x+yMψ†
xψx. (1.74)

The kinetic term is defined by combining the matter fields and the parallel transport in
the following way

Hhop = J
∑
x,µ̂

ψ†
xUx,x+µ̂ψx+µ̂ +H.C. (1.75)

2Shur’s lemma
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where µ̂ ∈ {x̂, ŷ} are the unitary vectors of the lattice and J is the coupling between matter
and fields (the label J label on the fields ψ,U has been dropped).

The Hamiltonian written in this way, considering the transformations of matter (1.73)
and field operators (1.66) is explicitly gauge invariant:

Θg,xHΘ†
g,x = H ⇒ [H,Θg,x] = 0 ∀g,x. (1.76)

The general structure outlined above applies to both Abelian and non-Abelian gauge
groups. In the following sections, we will specialize this framework to specific choices of G,
highlighting how different group structures lead to distinct local Hilbert spaces and operator
algebras [6].

The following sections contain explicit realizations of the Kogut-Susskind Hamiltonian
and gauge transformations for specific groups. The gauge group ZN and SU(2) are intro-
duced in order to present a parallel between abelian and nonabelian groups. The group D3

is analyzed in detail, as it will be the center of all the results of Chapter 5.

1.3.3 General Models: ZN and SU(2)

In this subsection we introduce two broad classes of gauge groups that will serve as reference
models throughout this thesis: discrete Abelian groups of the form ZN and the continuous
non-Abelian group SU(2). These groups capture complementary aspects of lattice gauge
theories, ranging from minimal realizations of gauge invariance to genuinely non-Abelian
dynamics, and provide a natural bridge between theoretical models and quantum simulation
with qubits and qudits [6].

The choice of ZN and SU(2) gauge groups is motivated by both theoretical significance
and practical considerations related to quantum simulation. Discrete Abelian gauge theories
of the form ZN represent some of the simplest nontrivial realizations of local gauge invari-
ance on a lattice. Despite their apparent simplicity, these models already capture essential
features of gauge theories, such as Gauss’s law constraints, confinement–deconfinement tran-
sitions, and the emergence of topological sectors [18, 85]. As such, ZN gauge theories serve
as minimal testbeds for studying fundamental mechanisms of lattice gauge dynamics while
remaining analytically and numerically tractable.

From the perspective of quantum simulation, ZN models are particularly attractive be-
cause their finite-dimensional local Hilbert spaces can be naturally encoded using qubits
or low-dimensional qudits. This makes them well suited for near-term quantum hardware,
where limitations on coherence times and gate fidelities favor compact local degrees of free-
dom. ZN gauge theories can often be viewed as controlled approximations to continuous
Abelian theories (U(1) for example), providing a systematic route toward more realistic
models while maintaining experimental feasibility. This is contrapposed to other methods
based for example on truncations of the local basis [86, 87].

In contrast, SU(2) represents the simplest non-Abelian Lie group and plays a central
role in high-energy physics, most notably as the gauge group of the weak interaction and
as a building block for more general SU(N) Yang–Mills theories. Lattice gauge theories
based on SU(2) exhibit genuinely non-Abelian phenomena, including self-interacting gauge
fields, nontrivial representation theory. Studying SU(2) therefore allows one to address
qualitative features that are entirely absent in Abelian or discrete models, making it an
essential stepping stone toward the simulation of realistic non-Abelian gauge theories.

At the same time, SU(2) is the perfect example of how even simple non-abelian groups
can provide many layers of complexity to a gauge theory. This group has been studied
with explicit constructions of lattice Hamiltonians, gauge constraints, and truncated Hilbert
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spaces that are amenable to numerical methods and quantum simulation schemes [silvi,
23, 88, 89]. In this sense, SU(2) serves as a benchmark non-Abelian model for exploring
how concepts such as gauge invariance, symmetry protection, and continuum limits can be
implemented and tested in quantum simulators [90, 81, 23].

Taken together, ZN and SU(2) gauge theories span a broad spectrum of lattice gauge
dynamics—from discrete to continuous and from Abelian to non-Abelian. This comple-
mentary character makes them ideal reference models for systematically investigating both
foundational aspects of gauge theories and their concrete realization in quantum simulation
platforms.

Properties and definitions for ZN

The cyclic group ZN is the simplest example of a finite Abelian gauge group. It consists of
N elements,

ZN = {0, 1, . . . , N − 1}, (1.77)

with group operation given by addition modulo N . Despite its simplicity, ZN gauge theory
retains the essential structural features of local gauge invariance and serves as an important
testing ground for both classical and quantum simulation methods.

All irreducible representations of ZN are one-dimensional and labeled by an integer
k = 0, . . . , N − 1 [6]:

ρk(•) : ZN → C ρk(g) = e
i2πkg

N (1.78)

In a lattice formulation, link degrees of freedom are naturally represented by anN -dimensional
local Hilbert space spanned by group element states |m⟩, with m ∈ ZN . We can use the
generalized Pauli operators introduced earlier in order to define

UJ |m⟩ = ZJ |m⟩ = ωJm |m⟩ , ω = e2πi/N . (1.79)

By defining the representation basis states |k⟩ through Fourier transform (we have no internal
labels since all representations are one dimensional)

|k⟩ =
∑
g∈G

1√
N
e−i

2πkg
N |g⟩ (1.80)

it’s also possible to check that

X |k⟩ = e−i
2πk
N |k⟩ , (1.81)

which implies that the generalizedX operator for qudits is a proper candidate for the electric
field of the ZN pure gauge LGT. We can then write

HE =
g2

2

∑
ℓ

(
1− 1

2
(Xℓ +X†

ℓ )

)
, (1.82)

while the magnetic term couples links around elementary plaquettes,

HB = − 1

2g2

∑
p

(
Zp + Z†

p

)
, (1.83)

where Zp denotes the ordered product of Z operators around plaquette p as in (1.72).
Notice how the trace operation introduced in (1.72) is not present, since the group is

abelian.
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The special case N = 2 corresponds to a Z2 lattice gauge theory, where the local Hilbert
space on each link is two-dimensional and can be represented by a qubit [6]. In this case,
the generalized Pauli operators reduce to the standard Pauli matrices,

X → σx, Z → σz, (1.84)

and the Hamiltonian becomes equivalent to an Ising-type gauge theory. Owing to its minimal
local dimension and direct qubit encoding, Z2 gauge theory is widely used as a benchmark
model for quantum simulation and variational algorithms [91, 92].

Properties and definitions for SU(2)

The group SU(2) is the simplest non-Abelian Lie group and plays a central role in both
high-energy and condensed-matter physics [6]. It consists of all 2× 2 unitary matrices with
unit determinant:

SU(2) = {U ∈ GL2(C)s.t.UU† = 1,det(U) = 1}. (1.85)

Being a continuous Lie group, its elements can be written using the generators of the su(2)
Lie algebra as

g ∈ SU(2), g = eiαaT
a

, [T a, T b] = ifabcT c (1.86)

where fabc is the completely antisymmetric group structure constant.
Irreducible representations of SU(2) are labeled by a half-integers j ∈ {0, 12 , 1, 32 , . . . }

and have dimension 2j + 1 [6]. The corresponding representation spaces can be interpreted
as spin-j systems, with basis states |j,mn⟩, where m,n = −j, . . . , j are eigenvalues of the
Jz generator. Since the transformations are elements of the group we can write

Θψg = eiaiT
i

ΘLg = eiaL,iT
i
L ΘRg = eiaR,iT

i
R (1.87)

where T iR, T
i
L are the sets of left and right generators of the gauge transformations that

satisfy (1.86) and
[T iR, T

i
L] = 0∀i = 1, 2, 3 (1.88)

From this, it’s possible to write the infinitesimal generator of the Gauss law:

Gn =
∑
i

Ti,n
R +

∑
o

Ti,n
L +Tn = 0 Gn |ψ⟩ = 0 ∀n (1.89)

On a lattice, SU(2) gauge fields are associated with link variables taking values in the group,
while the electric field operators correspond to left- and right-invariant generators acting on
each link.[6]. In particular, we have that the local electric field can be written in terms of
the Casimir operators E2 = T2

R = T2
L with eigenvalue j(j + 1)

E2 |j, nm⟩ = j(j + 1) |j, nm⟩ . (1.90)

A particularly relevant representation for SU(2) is the fundamental representation, i.e.
the representation with j = 1

2 and dimension 2 that maps every element g ∈ SU(2) to itself:

ρ
1
2 (•) : SU(2) → SU(2) ρ

1
2 (g) = g ∀g ∈ SU(2) (1.91)

Matter is usually taken to be in the fundamental representation, i.e. the parallel transport
UJ = U

1
2 carries internal sub-indices s, s′ ∈ (r, g), such that

U
1
2

s,s′ |g⟩ = gs,s′ |g⟩ . (1.92)
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In the quantum simulation context, the infinite-dimensional local Hilbert space of SU(2)
gauge fields is typically truncated to a finite set of representations, leading naturally to qudit
realizations consistent with the framework introduced earlier [6]. In particular, the Hilbert
space is often truncated in the representation basis to the values j = 0, 12 , which leads to
only 5 possible states for each link. By labeling r, g (red,green) the sub-indices of the j = 1

2
representation, the states are the following

|0⟩ , |rr⟩ , |rg⟩ , |gr⟩ , |gg⟩ (1.93)

where we omitted the j = 1
2 label for the colored states.

The non-Abelian nature of SU(2) gives rise to intrinsically richer dynamics compared to
Abelian models, including nontrivial commutation relations between electric field compo-
nents and genuinely interacting plaquette terms.

1.3.4 Dihedral LGTs

Dihedral lattice gauge theories are based on the dihedral groups DN , which are discrete non-
Abelian groups describing the symmetries ofregular N -sided polygons, including rotations
and reflections [67]. Dihedral LGTs provide a natural intermediate step between Abelian ZN
gauge theories and continuous non-Abelian theories such as SU(2), making them particularly
useful for testing constrained variational quantum algorithms and qudit encodings.

The dihedral group DN consists of 2N elements:

DN = {rk, rks | k = 0, . . . , N − 1}, (1.94)

where r represents a rotation by an angle 2π/N and s represents a reflection. The group
multiplication rules are

rN = e, s2 = e, rirj = ri+j , (1.95)

with e being the identity element [67]. These relations encode the non-Abelian nature of
DN for N > 2, since the rotation and reflection operations do not commute.

In the following we specifically talk about the case N = 3, which is the most studied for
the rest of the chapter, and will mention the case N = 4 briefly in the last section.

Following what stated previously, we have D3 = {e, r, r2, s, sr, sr2} i.e. the group is
composed of three rotations and three reflections. These elements are graphically represented
in 1.7. In particular, considering that r3 = e, each element can be constructed from (r, s)
only.

The group is divided in three conjugacy classes: 3

D3 = {e} ∪ {r, r2} ∪ {s, sr, sr2}. (1.96)

From representation theory of finite groups, we know that given a finite group G we have

|G| =
∑
j

dim(j)2. (1.97)

The only solution of this equation for |G| = |D3| = 6 is to have two trivial (1− d) represen-
tations a single two-dimensional irrep.

These are:

• Trivial representation I(g) = DI(g) = 1 ∀g, dim(I) = 1

3given a group G, a conjugacy class is given by C = {a|g−1ag ∈ C ∀ g ∈ G }
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Figure 1.7: Graphical representation of the elements of the symmetry group D3. On top,
three rotations of respectively 0, 2π3 ,

4π
3 . On the bottom, three reflections across three axes.

• Parity representation p(g) = Dp(g) = (−1)s, dim(p) = 1

• Faithful representation τ(g) = Dτ (g), dim(τ) = 2

where Dτ (r) =

(
ζ+ 0
0 ζ−

)
and Dτ (s) =

(
0 1
1 0

)
, ζ+ = ei

2π
3 ζ− = (ζ+)∗and the other

matrices can be constructed through group composition.
As mentioned before, states on the links represent the degrees of freedom of the gauge

fields. In general, they can be expressed either in the group element basis {|g⟩}|G|
g=1 or in the

representation basis {|Jlm⟩} [19].
For this group, we can explicitly write the matrix form of the Fourier transform:

Q ≡ QFTD3
=

1√
3



1√
2

1√
2

1√
2

1√
2

1√
2

1√
2

1√
2

1√
2

1√
2

− 1√
2

− 1√
2

− 1√
2

1 ζ+ ζ− 0 0 0
0 0 0 1 ζ+ ζ−

0 0 0 1 ζ− ζ+

1 ζ− ζ+ 0 0 0

 (1.98)

We consider fermions living in the faithful representation, i.e.

ψ =

(
ψr
ψg

)
Θψg ψΘ

ψ,†
g = Dτ (g)ψ U =

∑
g∈G

Dτ (g) |g⟩⟨g| . (1.99)
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CHAPTER 1. MOTIVATION AND BACKGROUND

Now that we have explicitly chosen a representation for the matter fields, we can explain
better why we are interested specifically in this group.

We have two colors of Fermions and considering that each fermionic field ψr(g) has
dimension two, we have that the matter field is represented by a four dimensional vector. The
matter fields can thus be represented with a qudit of dimension four. The local dimension
of the link sites is equal to the cardinality of the group, thus the link variables(fields) are
represented by a six element vector which corresponds a to a qudit of dimension six. For a
D3 LGT with fermionic matter in the faithful representation, the composite Hilbert space
is then

H = (C4)⊗Nv ⊗ (C6)⊗Nl dim(H) = 4Nv6Nl (1.100)

where v and l are respectively the number of vertices and links in the lattice. This system
can be efficiently represented in the degrees of freedom of the Ca+40 trapped ion machine
described in Sec. 1.1.7 , without requiring costly encodings of the theory’s degrees of freedom
into many qubits.

Relevant operators and states for D3 theories

We have mentioned before that we take the matter to be in the faithful representation. This
means that the mass field describes two colorful fermions, each with dimension two (the
internal degrees of freedom of each color can be thought of as labeling if a fermion is present
or not in a given state). The density operator for a an even (matter) site is then defined as

neven =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2

 . (1.101)

Due to the staggering of the mass , the density operator on an odd (antimatter) site is
defined as n̄ = 2− n.

Given matter in the faithful representation, we define four orthogonal mass states based
on occupation numbers such that ⟨i|n|i⟩ = i:

|0⟩ =


1
0
0
0

 |r⟩ =


0
1
0
0

 (1.102)

|g⟩ =


0
0
1
0

 |rg⟩ =


0
0
0
1

 (1.103)

These states transform in the following way under the generators of the group (r, s):

θ(r) |0⟩ = |0⟩ θ(s) |0⟩ = |0⟩ (1.104)

θ(r) |r⟩ = ζ+ |r⟩ θ(s) |r⟩ = |g⟩ (1.105)

θ(r) |g⟩ = ζ− |g⟩ θ(s) |g⟩ = |r⟩ (1.106)

θ(r) |rg⟩ = |gr⟩ θ(s) |rg⟩ = − |rg⟩ (1.107)
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1.3. LATTICE GAUGE THEORIES

Given the staggered nature of the mass, we identify the void and double occupied states in
the following way:

|ø⟩M = |0⟩ |ø⟩AM = |rg⟩ (1.108)

|2⟩M = |rg⟩ |2⟩AM = |0⟩ (1.109)

(1.110)

We can work similarly with the field states. We explicitly define the group element basis
as the following set of states:

|e⟩ =


1
0
0
0
0
0

 |r⟩ =


0
1
0
0
0
0

 (1.111)

|r2⟩ =


0
0
1
0
0
0

 |s⟩ =


0
0
0
1
0
0

 (1.112)

|sr⟩ =


0
0
0
0
1
0

 |sr2⟩ =


0
0
0
0
0
1

 (1.113)

With this definition, the representation basis corresponds to the rows of the Quantum Fourier
transofrm Q:

|e⟩ = 1√
6


1
1
1
1
1
1

 |p⟩ = 1√
6


1
1
1
−1
−1
−1



|τ, rr⟩ = 1√
3


1
ξ+

ξ−

0
0
0

 |τ, rg⟩ = 1√
3


1
ξ−

ξ+

0
0
0



|τ, gr⟩ = 1√
3


0
0
0
1
ξ−

ξ+

 |τ, gg⟩ = 1√
3


0
0
0
1
ξ+

ξ−


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CHAPTER 1. MOTIVATION AND BACKGROUND

These states transform (under left transformations) as follows:

θL(r) |e⟩ = |e⟩ θL(s) |e⟩ = |e⟩ (1.114)

θL(r) |p⟩ = |p⟩ θL(s) |p⟩ = − |p⟩ (1.115)

θL(r) |τ, rr⟩ = ζ+ |τ, rr⟩ θL(s) |τ, rr⟩ = |τ, rr⟩ (1.116)

θL(r) |τ, rg⟩ = ζ− |τ, gr⟩ θL(s) |τ, rg⟩ = − |τ, gr⟩ (1.117)

θL(r) |τ, gr⟩ = ζ+ |τ, rg⟩ θL(s) |τ, gr⟩ = |τ, rg⟩ (1.118)

θL(r) |τ, gg⟩ = ζ− |τ, gg⟩ θL(s) |τ, gg⟩ = − |τ, gg⟩ (1.119)

Notice how the representation states all transform according to the left internal sub-index
on the representation. Similarly, in order to understand how the right transformation act
on these basis states it’s enough to have the state transform as the right internal label of
the representation (on trivial and parity representation, the action is the same).

Having defined this basis, it’s possible to give some explicit examples of gauge invariant
states for a single link in position n on a 1-D lattice, along with their graphical representation.
A complete list s given in App. D

|e0e⟩ = |e2p⟩ =
|p0p⟩ = |p2e⟩ =
|e⟩ ⊗ (|r, rg⟩+ |g, gr⟩) = |p⟩ ⊗ (|r, rg⟩ − |g, gr⟩) =
|rr, 2, gg⟩ − |gg, 2, rr⟩ =

where we omitted the τ label for the link representation states and only label them with sub
indices. In general, the label |τ1τ⟩ will be used to indicate a gauge invariant superposition
of states with links in the fundamental representation and single occupation on the vertices
of the lattice.

Kogut–Susskind Hamiltonian for a D3 LGT

We now specialize the Kogut–Susskind Hamiltonian to the case of a lattice gauge theory
with gauge group D3 and matter transforming in the fundamental representation. Since the
general form of the Hamiltonian has already been introduced in the previous section, here
we explicitly write the magnetic and electric contributions for this specific discrete group.

For a plaquette composed of four links with group elements g1, g2, g3, g4 ∈ G, the mag-
netic contribution depends on the group flux through the plaquette, given by the ordered
product

gp = g1g2g
−1
3 g−1

4 . (1.120)

The magnetic term of the Hamiltonian can therefore be written as

2g2HB =
∑

g1,g2,g3,g4∈G
Tr
[
D(g1g2g

−1
3 g−1

4 )
] ∣∣g1g2g−1

3 g−1
4

〉〈
g1g2g

−1
3 g−1

4

∣∣+H.C. (1.121)

=
∑

g1,g2,g3,g4∈G
χ(g1g2g

−1
3 g−1

4 )
∣∣g1g2g−1

3 g−1
4

〉〈
g1g2g

−1
3 g−1

4

∣∣+H.C., (1.122)

where D(g) denotes the fundamental representation of the group element g and χ(g) =
Tr[D(g)] is the corresponding character.
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1.3. LATTICE GAUGE THEORIES

This expression shows that, in the group element basis, the plaquette operator is diag-
onal and its eigenvalues are given by the character of the resulting plaquette flux in the
fundamental representation.

For the group D3, the characters evaluated on the three conjugacy classes in the funda-
mental representation are

χ(e) = 2 χ({r, r2}) = 2 cos

(
2π

3

)
χ({s, sr, sr2}) = 0 (1.123)

For discrete groups, it is convenient to express the electric contribution in terms of
projectors onto irreducible representations. The projector onto the representation J can be
written as [93]

ΠJ =
∑
g∈G

dim(J)

|G| χJ(g)ΘLg . (1.124)

The electric energy operator can then be written as a weighted sum of these projectors,

E2 =
∑
J

α(J)
∑
g∈G

dim(J)

|G| χJ(g)ΘLg . (1.125)

Since D3 (and more generally DN ) is a discrete group, there is no underlying Lie alge-
bra structure fixing the spectrum of the electric field. Consequently, the coefficients α(J)
appearing in Eq. (1.71) are not determined by the group structure and can be chosen freely.

This freedom will play an important role in Chapter 5.3, where different choices of α(J)
will be exploited to explore the phase diagram of the model.

The mass term is given by the staggered local densities

HM =
∑
x

(−1)xnx (1.126)

which counts he number of fermions or antifermions for each site.
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Chapter 2

Inequality constraints in QAOA
with qudits

As mentioned in the introduction, many optimization problems are subject to constraints.
Some of these are particularly difficult to include in optimisation algorithms, and qudits can
help with the required gates decompositions.

This chapter addresses the problem of utilizing qudits to enforce inequality constraints in
quantum optimisation algorithms, specifically QAOA. The material presented here is largely
based on [24]. Two main strategies are explored: first, a generalization of the concept of slack
variables [56]; second, a direct energy penalty applied to unfeasible states, which requires
no ad-hoc auxiliary variables but only a single ancilla qudit.

2.1 Theoretical Description

The standard approach for introducing inequality constraints into quantum optimisation is
via slack variables [94, 66].

Consider a problem defined through a set of R inequality constraints of the form

Pr(x) ≤ 0 ∀ r = 1, . . . , R. (2.1)

The function Pr(x) is assumed to take Nr possible values, i.e., Pr(x) ∈ {p1, . . . , pNr} for all
x. Of these values, the first N feas

r are non-positive (feasible solutions) and the remaining
Nr −N feas

r are strictly positive (unfeasible solutions).
Equality constraints can be incorporated directly as quadratic penalty terms in the cost

function [95], preserving the QUBO form when the constraints are linear. Inequality con-
straints, however, cannot be treated in this way directly. The standard remedy is to trans-
form each inequality constraint into an equality constraint through the introduction of a
slack variable sr,

Pr(x) ≤ 0 ⇔ Pr(x) + sr = 0 . (2.2)

The slack variables are restricted to non-negative values (sr ≥ 0), and their range is de-
termined by the values attained by the constraint function for feasible configurations: a
valid sr satisfying Eq. (2.2) exists if and only if the constraint is fulfilled. Technically,
sr ∈ {−Pr(x) : x feasible}, so each sr can assume N feas

r distinct values.
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CHAPTER 2. INEQUALITY CONSTRAINTS IN QAOA WITH QUDITS

The transformed equality constraints of Eq. (2.2) are then added as quadratic penalty
terms to the cost function, yielding the penalised cost function

Cslack(x) = C(x) +

R∑
r=1

λr
(
Pr(x) + sr

)2
, (2.3)

where λr > 0 is the penalty factor for the r-th constraint. In the standard QUBO formula-
tion each slack variable must be encoded using multiple binary variables, requiring at least∑
r log2N

feas
r auxiliary binary variables [94, 56]. Since N feas

r is typically larger than two, the
associated spatial resource overhead is considerable, particularly on current NISQ devices.

This overhead can be reduced by representing the slack variables with qudits. When the
qudit dimension d matches N feas

r , the computational basis is extended by one qudit state
per constraint (i.e. per slack variable),

|x⟩ ⇒ |x, {s1, . . . , sR}⟩ ≡ |x, s⟩ . (2.4)

In the quantum formulation the constraint function and the slack variable are represented
by operators with the appropriate eigenvalues,(

P̂r + Ŝr
)
|x, s⟩ =

(
Pr(x) + sr

)
|x, s⟩ . (2.5)

A feasible configuration of the search variables x is identified by locating the basis state in
which the qudit slack variable takes the value that yields a zero eigenvalue, i.e. Pr(x)+sr = 0.

It is worth noting that the number of additional dimensions introduced by the auxiliary
qudits is proportional to N feas

r : the more feasible configurations exist, the larger the required
auxiliary Hilbert space. The dimension of the full Hilbert space including the slack qudits
grows as

dim(Hslack) = 2N
R∏
r=1

N feas
r , Hslack = HC ⊗

R∏
r=1

CN
feas
r . (2.6)

For a given feasible configuration |x⟩, however, only one state of the extended Hilbert
space, |x, s⟩, is feasible (the one with eigenvalue sr = −Pr(x)), while the majority of the
added quantum states are unfeasible. Consequently, for lightly constrained problems (large
N feas
r ), the effective optimisation problem is harder because the fraction of feasible solutions

decreases by a factor 1/N feas
r for each slack variable included.

The final constrained Hamiltonian takes the form

Hslack = HC +

R∑
r=1

λr
(
P̂r + Ŝr

)2
. (2.7)

The quadratic form of the penalty terms guarantees that they vanish for all feasible config-
urations.

The inclusion of qudit slack variables requires a modification of the QAOA mixer. Ex-
plicitly, the mixer adopted here is

HM = β

(
N∑
i=1

σix +

R∑
r=1

Lsrx

)
+ γ

R∑
r=1

(
Lsz
)2
, (2.8)

where β and γ are variational parameters associated with the x- and z-components of the
mixer, respectively. The second term is necessary because of the higher dimensionality of
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the qudit slack variables: as explained in Eq. (1.61), the additional (Lsz)
2 term ensures

universality, i.e. the ability to reach all qudit states. Beyond this modification to the mixing
operator, the QAOA procedure follows the description of Sec. 1.2.3 with the cost Hamiltonian
given by Eq. (2.7).

An alternative formulation that avoids the drawbacks of slack variables is a penalised
Hamiltonian of the form

Hpenal = HC +

R∑
r=1

λrĜr , (2.9)

where λr > 0 are penalty factors and the operators Ĝr have eigenvalues determined by the
corresponding constraint function (Eq. (2.1)),

Ĝr |x⟩ = g
(
Pr(x)

)
|x⟩ . (2.10)

An explicit construction of Ĝ is given below. The function g(·) is a penalty function in the
classical-optimisation sense: it increases the energy of unfeasible solutions while leaving the
energy of feasible solutions unchanged. Formally, g(Pr(x)) = 0 when Pr(x) ≤ 0 (feasible)
and g(Pr(x)) > 0 when Pr(x) > 0 (unfeasible). In order to facilitate a gradient toward the
feasible subspace, g(·) is moreover required to be non-decreasing for positive arguments. A
typical choice satisfying these requirements is [96]

g(y) = yaΘ(y) , (2.11)

where Θ(y) is the Heaviside step function and a ≥ 0 is a freely chosen exponent. Examples
of such penalty functions are illustrated in Fig. 2.1.

Including these penalties, the unitary operator generating the trial wave function becomes

U(α,β) =

p∏
l=1

eiβlHM eiαlHpenal , (2.12)

eiαlHpenal = eiαl

(
HC+

∑R
r=1 λrĜr

)
. (2.13)

The rotation generated by the penalising Hamiltonian imprints phases of order αlλr onto
the unfeasible states, enabling the QAOA procedure to suppress them.

Since the constraint terms are diagonal in the computational basis, efficient constructions

for implementing eiαl

∑R
r=1 λrĜr exist via Fourier analysis or ancilla registers [97, 98]. These

methods operate purely within qubit systems, and their efficiency depends on the problem
type and instance as well as on the target hardware platform.

Here, an efficient implementation of diagonal unitaries of the form of Eqs. (2.12)–(2.13)
is proposed for constraint functions Pr(x) that depend only on the Hamming weight, i.e.
the magnetisation mr of a subset Ir of problem qubits,

Pr(x) = Pr
(
mr(x)

)
, (2.14)

mr(x) =
∑
xi∈Ir

xi , (2.15)

where Ir denotes a subset of the N qubits. Generalisation to summations of xi and xi is
straightforward.

In contrast to the slack-variable approach, the ancilla qudit does not enter the cost
function but serves solely to imprint appropriate phases according to Eq. (2.13) onto the
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Figure 2.1: Penalty functions g(y) = yaΘ(y) for the three choices of exponent considered
in this work: (a) flat penalty (a = 0), (b) linear penalty (a = 1), and (c) quadratic penalty
(a = 2). Here Θ(y) denotes the Heaviside step function and y ≡ Pr(x) is the constraint
function evaluated at a candidate solution x. The shaded region (y > 0) identifies unfeasible
configurations, for which g(y) > 0 and an energy penalty is applied. In the feasible region
(y ≤ 0) the penalty vanishes identically, leaving the cost function unaffected. All three forms
are non-decreasing for positive arguments, which ensures a gradient toward the feasible
subspace during the QAOA optimisation. The open and filled circles in panel (a) indicate
the jump discontinuity of the flat penalty at y = 0.

trial wave function. A key advantage of this method is that the dimension of the Hilbert
space in which solutions are searched does not increase. In particular, the fraction of feasible
solutions remains constant regardless of the number of constraints — a sharp contrast to the
slack-variable approach, where each constraint inflates the Hilbert space by a factor N feas

r

and, more critically, increases the number of infeasible solutions by a factor (N feas
r −1), since

only one configuration of the slack variable per constraint is feasible. This constitutes the
main bottleneck of the slack-variable approach.

The bottleneck of the proposed procedure is the dimensionality of the ancilla qudit,
which must be at least N + 1 for a constraint on the magnetisation of N qubits. Since
the same ancilla qudit can be reused for multiple constraints, the method is expected to be
particularly advantageous when many constraints are present simultaneously, each involving
only a restricted number of problem qubits and a small-to-intermediate set of possible values
Pr.

For concreteness, consider a single constraint of the form of Eq. (2.14) depending on the
total Hamming weight (magnetisation),

Pr(x) ≡ Pr
(
m(x)

)
, m(x) =

N∑
i=1

xi , (2.16)

of an N -qubit basis state |x⟩ = |x1, x2, . . . , xN ⟩ with xi ∈ {0, 1}. The constraint label r is
dropped for notational convenience; the generalisation to multiple constraints, each acting
on a subset of qubits, is straightforward. The penalty function P (m) specifies which values
of m are feasible (P (m) ≤ 0) and which are unfeasible (P (m) > 0). The set of unfeasible
values is denoted I = {m : P (m) > 0} and its cardinality NI = |I|.
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|x1⟩ • •
|x2⟩ • •
... · · · · · ·

|xN ⟩ • •
|0⟩a SUM SUM SUM Ug SUM† SUM† SUM†

Figure 2.2: Circuit showing how an arbitrary phase g(m) as function of the magnetization
m(x) =

∑
i xi can be applied on the qubit register using one ancilla qudit |y⟩a.

For anN -qubit state the Hamming weight takes theN+1 integer valuesm ∈ {0, 1, . . . , N},
fixing the ancilla qudit dimension to N + 1,

|y⟩a , y ∈ {0, 1, . . . , N} . (2.17)

The corresponding circuit is depicted in Fig. 2.2.
The procedure begins from a product state of the problem qubits (in an arbitrary super-

position) and the ancilla qudit initialised to |0⟩a,

|ψ⟩ |0⟩a =
∑
x

cx |x⟩ |0⟩a . (2.18)

A SUM gate is then applied, adding the Boolean value of each qubit sequentially onto the
ancilla, so that after all N applications the ancilla holds the value m = m(x) =

∑
i xi,∏

i

SUMi→a |ψ⟩ |0⟩a =
∑
x

cx |x⟩ |m⟩a . (2.19)

A phase-shift unitary Ug is then applied to the ancilla qudit, adding a phase only to unfeasible
states according to the penalty function g(·) of Eq. (2.11): Ug |m⟩a = eig(P (m)) |m⟩a. This
operation is straightforwardly realised on quantum devices, as it requires only the ability to
apply a different phase selectively to each level of a single qudit. The state becomes∑

x

cx |x⟩Ug |m⟩a =
∑
x

m(x)/∈I

cx |x⟩ |m⟩a +
∑
x

m(x)∈I

cxe
ig(P (m)) |x⟩ |m⟩a . (2.20)

After undoing the SUM gates the final state is( ∑
x

m(x)/∈I

cx |x⟩+
∑
x

m(x)∈I

cxe
ig(P (m)) |x⟩

)
|0⟩a , (2.21)

which realises the desired unitary: a phase shift parameterised by g(·) is applied exclusively
to the infeasible basis states, as indicated by P (m).

As a concrete example, consider the constraint that the magnetisation must not exceed
a given value m0, i.e. P (m) = m −m0 ≤ 0. With the penalty function of Eq. (2.11), the
conditional phases are

g(P (m)) = Θ(m−m0) (m−m0)
a , (2.22)
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and the final state becomes( ∑
x

m(x)/∈I

cx |x⟩+
∑
x

m(x)∈I

cxe
i(m(x)−m0)

a |x⟩
)
|0⟩a , (2.23)

adding a phase to all states with m ∈ I = {m0 + 1,m0 + 2, . . . , N}.
The entire procedure for arbitrary g(P (m)) requires only 2N qudit-controlled SUM gates

and a single qudit phase-shift unitary Ug. The sole hardware requirement is the availability of
qudits with at least N+1 levels, where N is the number of qubits involved in the constraint.

The procedure becomes particularly advantageous when many constraints must be im-
plemented simultaneously . Each constraint is handled sequentially by running the circuit
above on the relevant subset of qubits with the corresponding constraint function. A single
ancilla qudit suffices, as it can be reused across all constraints; employing multiple ancillas
allows parallelisation.

The approach can also be generalised to penalties depending on functions of the form

m∗(x) =
∑
i∈N

xi +
∑
i∈N̄

x̄i , (2.24)

where N and N̄ are two distinct subsets of the system qubits and x̄i is the Boolean comple-
ment of xi. This requires only the insertion of a π-rotation (σx) for each qubit in N̄ before
(and after) the SUM-gate (SUM†-gate).

2.2 Numerical Tests

In this section, numerical results for QAOA are presented for several scenarios in which
inequality constraints play a role. First, the ability of QAOA to obtain feasible solutions for
a generic random spin model [99] is analysed. Subsequently, the construction of a constrained
initial state for warm-starting the QAOA procedure is examined. Finally, the performance
on the industrially relevant problem of electric vehicle (EV) charging [100], which is subject
to multiple constraints, is evaluated. In all cases, the constraint-handling methods described
in the previous section are compared.

The quantum part of the QAOA procedure is simulated using exact state-vector simu-
lations. The variational parameters defining the trial wave functions are updated using the
Powell classical optimiser from the scipy library [101] with default options, which runs until
the predefined convergence criteria are met. For each problem instance, Nruns = 50 execu-
tions of QAOA are performed as described in Sec. 1.2.3, each with initial parameters drawn
uniformly from [0, 2π]. A single execution of QAOA for a given setup and initial parameter
set is referred to as a run. During the optimisation loop, the cost function is evaluated as
the expectation value of the cost Hamiltonian over the parametrised state. For each run,
classical solutions are extracted by sampling NS = 64 solutions (measurement shots) from
the final optimised quantum state |ψ(α∗, β∗)⟩.

A finite number of shots was also examined for estimating the cost function expectation
value during optimisation. The results are quantitatively equivalent to those obtained with
exact expectation values (see, e.g., Fig. 2.3); however, since the associated simulation run-
times are substantially longer, exact expectation values are used throughout the numerical
experiments reported here.
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2.2.1 Metrics

Several figures of merit are employed to assess the performance of the QAOA protocols
under different constraint-handling techniques.

The first metric is the approximation ratio,

R = min
samples s

Es − E0

|E0|
, (2.25)

where Es (s = 1, . . . , NS) is the energy of a state sampled from the final quantum state and
E0 is the energy of the optimal (constrained) solution. This metric is relevant for industrial
optimisation, where the goal is the lowest-energy single configuration that can be obtained.

The second metric is the success rate,

r =

∑Nruns

i=1 Xi

Nruns
, (2.26)

where Xi = 1 if at least one of the (possibly degenerate) optimal states is sampled among
the NS samples of run i, and Xi = 0 otherwise.

The third metric is the total weight of feasible solutions in the final state,

W =
∑

x∈feasible

∣∣cx(α∗, β∗)
∣∣2 , (2.27)

where cx(α
∗, β∗) are the amplitudes in the final QAOA state |ψ(α∗, β∗)⟩ =∑x cx(α

∗, β∗) |x⟩.
This metric indicates the efficiency of the algorithm in concentrating probability weight on
feasible solutions.

2.2.2 Random Spin Hamiltonian

The first benchmark consists of finding the ground state of a model of randomly interacting
spin- 12 particles in a random longitudinal field, comparing the qudit slack-variable approach
with the direct penalty approach. The cost Hamiltonian is

HC =

N∑
i=1

hiσ
z
i +

∑
ij

Jijσ
z
i σ

z
j , (2.28)

with independent Gaussian-distributed parameters Jij , hi ∼ N (0, 1).
A single constraint acting on all spins is considered,

P (σz) =

N∑
i=1

σzi −m0 ≡ Sztot −m0 ≤ 0 , (2.29)

which selects all states with total spin Sztot =
∑N
i=1 σ

z
i below a target valuem0 ∈ {−N

2 , . . . ,
N
2 }.

Three choices of the exponent a are considered for the direct penalty approach, giving

Ha=0 = λΘ(Sztot −m0) , (2.30a)

Ha=1 = λΘ(Sztot −m0) (S
z
tot −m0) , (2.30b)

Ha=2 = λΘ(Sztot −m0) (S
z
tot −m0)

2 . (2.30c)
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Figure 2.3: Convergence of the optimised cost ⟨HC⟩ (left column) and feasible weight W
(right column) over optimisation steps for a three-layer QAOA with m0 = −1.5 and N = 9
qubits. Top row: exact state-vector evaluation of the cost function. Bottom row: noisy cost
estimation with a finite number ofNshots = 128 samples per iteration. Red curves correspond
to the direct penalty implementation with a = 1; blue curves use slack variables. Results
are obtained from Nruns = 20 optimisations for one specific cost Hamiltonian. Thick lines
indicate the median; shaded regions denote the 25th–75th percentiles. The dashed black
line indicates the baseline probability of feasible states, i.e. the fraction of feasible over total
states.

For the slack-variable approach, the complete cost Hamiltonian is

HC,slack = HC + λ (Sztot −m0 + Ŝ)2 , (2.31)

where Ŝ acts on a qudit of dimension d = N
2 + 1 +m0.

The analysis begins with a single instance of the Hamiltonian of Eq. (2.28) for N = 9
qubits, examining the convergence of the optimiser for different setups..

Figure 2.3 compares the convergence obtained with exact state-vector evaluation of the
cost function (upper row) against estimation from Nshots = 128 samples per iteration (lower
row). Even with a relatively low shot count, the optimiser converges within the same
number of iterations for both evaluation methods. The same behaviour was observed for all
problems considered in this work; consequently, the remaining simulations are restricted to
exact state-vector evaluations.

Figure 2.3 also juxtaposes the proposed direct penalty method (red) with the standard
slack-variable approach (blue). Both approaches reach convergence within the displayed
iterations; however, the slack-variable approach yields cost-function values an order of mag-
nitude larger than the proposed approach, indicating a failure to identify good low-energy
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(a) (b)

Figure 2.4: Success rate r (top row) and approximation ratio R (bottom row) for constrained
QAOA with a single layer (p = 1) and N = 9 qubits. The box plots show statistics
averaged over 20 different instances of the random Hamiltonian of Eq. (2.28) and 50 runs
per instance, as a function of the maximum allowed total spin m0. (a) Results for the
proposed approach implementing the penalty functions of Eqs. (2.30a)–(2.30c). The linear
form (a = 1) consistently achieves the highest success rate r, while the flat penalty yields
the best approximation ratio R. The differences between penalty forms diminish as m0

increases, since the problem becomes progressively less constrained. (b) Results for the
slack-variable approach. The direct penalty approaches in (a) clearly outperform the slack-
variable approach, achieving markedly higher success rates and lower approximation ratios.

solutions. Correspondingly, the feasible-state weight for the proposed approach converges
above 90%, whereas the slack-variable approach converges at only around 10%. These re-
sults provide a first, clear indication that the proposed approach produces far more feasible
solutions with significantly lower cost values.

The behavior is further analysed for a system of N = 9 qubits by studying the metrics
defined in Sec. 2.2.1 for a p = 1 layer QAOA as a function ofm0. Twenty random realisations
of the cost Hamiltonian are generated andNruns = 50 simulations are performed for each. All
results shown are obtained with a penalty factor λ = 4; higher values of λ yield qualitatively
similar results.

The metrics of Eqs. (2.25), (2.26), and (2.27) are reported in Figs. 2.4 and 2.5 for in-
creasing feasible subspace dimension. Across all metrics, the proposed approach consistently
outperforms the slack-variable implementation. For example, the success rate r for the di-
rect penalty functions is always significantly higher; as m0 approaches its maximum value,
the proposed methods converge to r ≳ 0.5, whereas the slack-variable approach converges
to r ≈ 0.1. Similarly, the approximation ratio R for the slack-variable approach fluctuates
near 0.3 for m0 ≳ −2.5, while for direct penalisation R rapidly approaches 0 as the problem
becomes less constrained.

Among the different penalty forms, the linear penalty (a = 1) delivers the best success
rate r. For highly constrained problems (m0 ≲ −1.5), the flat penalty (a = 0) achieves the
best approximation ratio R. This latter observation is a direct consequence of the penalty
terms themselves: for highly constrained problems, some sampled low-energy states are
unfeasible, and linear or quadratic penalties naturally assign these states higher energies,
thereby worsening the raw approximation ratio metric.

Figure 2.5 shows the total weight of the feasible states as a function of m0. Solid lines
indicate the baseline weight for a uniformly distributed quantum state, equal to the ratio
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Figure 2.5: Total weight W of all feasible states for single-layer QAOA with the constrained
cost functions of Eqs. (2.30a)–(2.30c) (left) and the slack-variable approach of Eq. (2.31)
(right), for the same setup as Fig. 2.4. Solid lines show the baseline probability of finding
a feasible state from an equal superposition of all basis states. The slack-variable approach
consistently yields a lower probability of sampling a feasible configuration from the final
state; even when almost all qubit configurations are feasible (large m0), it saturates around
25%, while the direct penalty method reaches 100%. This trend mirrors Fig. 2.4 and serves as
a further indicator of the limitations of the slack-variable approach for inequality-constrained
optimisation.

of feasible to total states. For the proposed approach, the baseline increases monotonically
from 1/2N at m0 = −N

2 toward 1 for the unconstrained problem at m0 = N
2 . For the slack-

variable approach, the baseline does not approach unity with increasingm0; instead, it peaks
at an intermediate value m0 ≈ 1.5 and slightly decreases for larger m0, due to the growing
dimension of the slack variable with m0. All methods tested increase the probability of
sampling a feasible state above the baseline; however, the proposed direct penalty methods
offer substantially larger improvements, particularly for the linear penalty and at larger m0.

2.2.3 Constrained State Preparation and Sampling of Feasible States

In certain scenarios the goal of the algorithm is to sample from the feasible subspace without
preference among the states within that subspace. Relevant examples include topological
models and lattice gauge theories (LGTs) [102], spin ice [103], and the sampling of polymer
melts [104, 105]. A related scenario arises when a superposition of all (or many) feasible
states is required as the initial state for approaches that employ constraint-preserving mixing
operators [106, 107, 108].

Motivated by these considerations, a QAOA is examined in which the cost function con-
sists solely of the penalty terms encoding the constraint of Eq. (2.29). The cost Hamiltonian
then takes the form of Eqs. (2.30a)–(2.30c) for the proposed approach and of Eq. (2.31) for
the slack-variable approach. The QAOA is run for up to p = 5 layers with Nruns = 50 per
setup (penalty type, number of layers, and constraint value m0).

Figure 2.6 shows the total weight of feasible configurations in the final quantum state
for p = 1, 3, and 5 layers. The linear penalty term substantially outperforms both the
slack-variable approach and the other penalty forms, reaching close to W = 1 already after
a single layer for nearly all values of m0. As in the preceding example, all approaches
improve over the baseline given by the weight of the feasible states in the initial equal-
superposition state (dashed line). The proposed direct penalty approach, however, offers

44



2.2. NUMERICAL TESTS

Figure 2.6: Probability W of sampling a feasible state from the final QAOA state with
a constraint-only cost function, for the direct penalty approach (top row) and the slack-
variable approach (bottom row), for p = 1, 3, and 5 QAOA layers (left to right panels).
Solid lines show median values; shaded areas indicate the 20th–80th percentiles over 50
runs. Dashed red lines labelled ‘Base’ denote the baseline probabilities from the equal-
superposition state. The direct penalty functions substantially outperform the slack-variable
approach. In particular, the penalty with a = 1 achieves close to 100% probability for all
constraint values already at p = 1.

far larger improvements over the baseline than the slack-variable approach. Furthermore,
increasing the number of layers p consistently improves the performance of the direct penalty
approach, a trend not observed for the slack-variable method.

2.2.4 EV Charging Problem

To connect the proposed approach to QAOA applied to industrially relevant combinatorial
problems and to test its behaviour under multiple constraints, its performance is evaluated
on an electric vehicle (EV) charging problem (schematically illustrated in Fig. 2.7 [100]. The
objective is to find the optimal charging schedule for a fleet of EVs, i.e. the charging power
assigned to each vehicle at each time step. The problem is naturally formulated in terms
of qudit variables [109] when more than two charging levels are considered. Crucially, it
involves many inequality constraints: each EV has a minimum energy requirement, and at
each time step the total charging power must not exceed the fuse limit. This makes it a
useful benchmark for studying the behaviour of different constraint-handling methods under
multiple simultaneous constraints.

The cost function is

C(x) =

T∑
t=1

ct

NEV∑
n=1

xn,t , (2.32)

where xn,t ∈ {xmin, . . . , xmax} is the amount of energy charged (or discharged, if xmin < 0)
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Figure 2.7: Schematic of the electric vehicle (EV) charging optimisation problem. (a) The
decision variables xn,t are arranged in an NEV×T matrix, where rows correspond to vehicles
n = 1, . . . , NEV and columns to time steps t = 1, . . . , T . Each entry xn,t encodes the
charging power delivered to vehicle n at time step t. The orange boxes highlight the two
types of constraints: the per-column fuse limit Et, which caps the total power drawn at
each time step, and the per-row energy requirement En, which enforces a minimum total
energy delivered to each vehicle. (b) Formal statement of the optimisation problem. The
objective is to minimise the total charging cost C(x) =

∑
t

∑
n ctxn,t, subject to the energy-

requirement constraint Erequired
n −∑T

t=1 xn,t ≤ 0 for all n and the fuse-limit constraint

Emax −∑NEV

n=1 xn,t ≥ 0 for all t.

to EV n at time step t, and ct are time-dependent energy cost coefficients. The two types
of constraints considered are

Erequired
n −

T∑
t=1

xn,t ≤ 0 ∀n , (2.33)

NEV∑
n=1

xn,t − Emax ≤ 0 ∀ t , (2.34)

representing, respectively, the minimum energy requirement for each vehicle and the fuse
limit at each time step. These constitute NEV+T linear constraints in total, each couplingc
a specific subset of variables; collectively they couple all variables.

For demonstration purposes, a simple instance is considered: two binary charging levels
xn,t ∈ {0, 1}, two vehicles (NEV = 2), and four time steps (T = 4), with Emax = 1

and Erequired
0 = Erequired

1 = 2. The feasible configurations are those in which each vehicle is
charged during exactly two (not necessarily consecutive) time steps, subject to the restriction
that the two vehicles are never charged simultaneously. The problem Hilbert space has
dimension dim(H) = 2T ·NEV = 28 = 256, of which only 12 basis states are feasible; by
symmetry between the two vehicles, the optimal solution is always doubly degenerate.

Incorporating the constraints via slack variables requires six auxiliary variables in total:
two qudits of dimension d = 3 for the energy constraints of Eq. (2.33) and four qubits
(d = 2) for the fuse constraints of Eq. (2.34). The Hilbert space dimension then becomes
dim(Hslack) = 28 · 32 · 24 = 36 864, which is two orders of magnitude larger than the original
Hilbert space.
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Figure 2.8: Results for the EV charging problem of Eqs. (2.32)–(2.34) with NEV = 2, T = 4,
Emax = 1, and Erequired

n = 2, for direct penalties (left) and slack variables (right) as a
function of the number of QAOA layers p. The direct penalty approach vastly outperforms
the slack-variable approach (note the different scales on the y-axes). Among the direct
penalty approaches, the linear case a = 1 performs best: for p ≥ 3, both the median and
the 20th–80th quantiles of the approximation ratio R vanish, indicating that an optimal
solution is found in every run.

Performance is studied as a function of the number of layers for different random re-
alisations of the Hamiltonian of Eq. (2.32), where the prices are drawn from a uniform
distribution ct ∼ U(0, 1). Nruns = 50 runs are performed per instance. For the direct
penalty approach, p = 1, . . . , 5 layers are considered; for the slack-variable approach, simu-
lations are limited to p ≤ 3 layers owing to the substantially larger Hilbert-space dimension
and the correspondingly longer runtimes.

The results, summarised in Fig. 2.8, corroborate and extend the findings of the previous
benchmarks. The direct penalty approach achieves success rates of the order of 30% already
at p = 1, rising to 60%–90% for p = 5. The approximation ratio rapidly approaches zero
with increasing p, particularly for the best-performing case a = 1.

By contrast, the slack-variable results indicate a fundamental failure of the method in this
multi-constraint regime. Although the success rate does increase slightly with the number
of layers, it remains at the scale of 10−3. The approximation ratio is an order of magnitude
worse than for the direct penalty approach, indicating that the algorithm never approaches
the ground-state energy.

The origin of this failure is the dramatic increase in Hilbert-space dimension required
to encode all constraints via slack variables. For each slack variable only one configuration
represents a feasible state, so the majority of the added states are unfeasible. In the example
above, the fraction of feasible solutions falls from 2/28 ≈ 4× 10−3 (without slack variables)
to 2/(28 ·32 ·24) ≈ 5×10−5 (with slack variables), making the corresponding search problem
prohibitively harder for QAOA.

2.3 Conclusions

This chapter has presented and benchmarked two strategies for incorporating inequality
constraints into QAOA via the use of qudits: the qudit slack-variable approach and the
direct penalty approach.

The main finding is that the direct penalty approach consistently and substantially out-
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performs the slack-variable approach across all problem instances and metrics considered —
success rate, approximation ratio, and feasible-state weight. The root cause of the slack-
variable approach’s limitations is structural: each slack variable inflates the total Hilbert
space by a factor equal to the number of feasible values for the corresponding constraint,
while only one of those additional states per constraint is actually feasible. The resulting
dilution of the feasible subspace grows exponentially with the number of constraints, render-
ing the approach impractical for problems with many simultaneous inequality constraints,
as illustrated by the EV charging benchmark.

The direct penalty approach avoids this problem entirely. By using a single ancilla qudit
only to imprint conditional phases onto unfeasible basis states, the dimension of the solution
space is left unchanged and the fraction of feasible solutions remains constant regardless of
the number of constraints. The circuit implementation requires only 2N qudit-controlled
SUM gates and a single qudit phase-shift unitary per constraint, and a single ancilla qudit
suffices for arbitrarily many constraints applied sequentially. These properties make the
method particularly well suited to problems where many constraints act simultaneously on
restricted subsets of qubits.

Among the penalty forms examined (flat a = 0, linear a = 1, quadratic a = 2), the
linear penalty consistently achieves the best success rate across all benchmarks and QAOA
depths. For strongly constrained problems the flat penalty can offer a marginal advantage
in the approximation ratio, an artefact of how energy is assigned to unfeasible states rather
than a reflection of superior convergence. These observations suggest that a = 1 is the
default choice of practical interest.

A secondary finding concerns constrained state preparation: even in the absence of a
cost Hamiltonian, the direct penalty approach concentrates almost all quantum weight on
the feasible subspace within a single QAOA layer, providing an efficient route to initialise
constraint-preserving algorithms or to sample feasible configurations for applications in lat-
tice gauge theories, topological models, and combinatorial sampling.

Looking forward, the bottleneck of the direct penalty method — the requirement for a
qudit with at least N+1 levels for a constraint on N qubits — is relevant but not prohibitive
given rapid experimental progress on qudit-based quantum hardware. Furthermore, the abil-
ity to parallelise constraint implementation by using multiple ancilla qudits offers a natural
path to scaling the approach to larger problem instances. Overall, the results demonstrate
that qudit-assisted direct penalisation is a practically viable and resource-efficient strategy
for constrained quantum optimisation, and motivate its adoption as an alternative to slack
variables in future QAOA implementations on near-term devices.
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Chapter 3

Digitalized Counter Diabatic
Optimization with qudits

This chapter presents the results obtained by adapting the counterdiabatic approach for
adiabatic optimization to variational quantum algorithms for qudits. The material presented
here is largely based on [25].

3.1 Digitalised Counterdiabatic Protocols for QAOA

As discussed in the Introduction, QAOA takes inspiration from quantum annealing. A
key challenge in adiabatic quantum algorithms for ground-state search is the avoidance of
diabatic transitions to higher excited states. One established strategy to mitigate this is
counterdiabatic (CD) driving [110, 111], in which the Hamiltonian Ha(t) of Eq. (1.48) is
augmented to H(t),

H(t) = Ha(t) + λ̇(t)A
(ℓ)
λ , (3.1)

where A
(ℓ)
λ = i

∑ℓ
k=1 αk(t)Q2k−1 is the auxiliary CD term, with Qk = [Ha(t), Qk−1], Q0 =

∂λHa(t), and ℓ denoting the order of approximation. The term λ̇(t)A
(ℓ)
λ introduces the CD

correction that suppresses non-adiabatic transitions.

The coefficients αk(t) can be determined in several ways, including action minimisa-
tion [112, 111], variational optimisation [113], machine learning [114, 115], and Krylov sub-
space methods [116]. Throughout this work the action minimisation approach is adopted,
requiring

min
αk

Tr(G2
ℓ) , (3.2)

with Gℓ = Q0− i[Ha(t), A
(ℓ)
λ ]. The structure of Gℓ contains a term ∂λH0 independent of the

CD weights, together with a sum of terms that depend on those weights. This allows Gℓ to
be rewritten as Gℓ = B0 +

∑
k αkBk. For first-order CD terms (ℓ = 1), the operators Bk

contain at most two-body terms when HP is two-local and H0 is local, enabling simulation
of the evolution under the CD Hamiltonian using the single- and two-body native gate set
described in Sec. 1.1. This setup is adopted throughout.

Once the optimal CD terms are determined, the evolution is discretised using a first-order
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Trotter decomposition,

UTrott(0, T ) =

n∏
j=1

M∏
m=1

exp
[
−i∆t Cm(j∆t)H(m)

]
+O(∆t2) , (3.3)

where n is the total number of Trotter steps (T = n∆t), H(m) are the individual terms
of H(t), Cm(t) are their corresponding variational parameters, and M is the total number
of terms in H(t). A hybrid quantum-classical variant, known as digitised counterdiabatic
QAOA (DCQAOA), is also considered: the coefficients of each term in Eq. (3.1) are treated
as trainable parameters optimised classically [117]. An additional unitary UCD = e−i

∑
k θkPk

corresponding to the CD term is included in each layer, where Pk denotes the k-th term

in the linear combination of Pauli operator tensor products corresponding to A
(ℓ)
λ . The

resulting parameterised evolution takes the form

U(θ) =
∏
p

e−iθ1,pH0 e−iθ2,pHP e−i
∑

k=1 θ2+k,pPk . (3.4)

In the impulse regime, where |αk(t)λ̇(t)| ≫ |λ(t)|, the adiabatic Hamiltonian Ha(t)
can be neglected and only the CD terms need to be implemented [118, 119]. The unitary
evolution for this CD-inspired ansatz is then

U(θ) =
∏
p

e−i
∑

k=1 θk,p Pk . (3.5)

Both DCQAOA and CD-inspired ansätze share a parameter scaling of O(N2). For
many optimisers the number of circuit evaluations per iteration depends on the number
of parameters. To address this challenge, symmetries of the problem are exploited in the
following section to reduce the number of trainable parameters in a problem-specific manner.

3.2 Symmetry-Enhanced Ansatz

This section introduces the use of symmetries to reduce the number of variational parameters
in the DCQAOA algorithm.

The symmetries acting on the system — and in particular on the operator Gℓ — are
considered. The focus is restricted to spatial symmetries [120], i.e. permutations π that act
on a Hermitian operator O by relabelling the qudit positions such that πOπ−1 = O: the
symmetry changes the labels of the qudits but leaves the operator invariant.

The set of symmetries of HP is denoted SP = {πq}, where q labels the elements. Since
H0 is symmetric under the full permutation group Sn, it is also symmetric under SP ⊆ Sn.
It follows that the adiabatic Hamiltonian shares the same symmetries as HP . The CD
Hamiltonian inherits these symmetries as well, since ∂λH(t) preserves them: ∂λH(t) =
πq ∂λH(t)π−1

q = ∂λ(πqH(t)π−1
q ).

Denoting the CD terms by {Ak}, the action of any symmetry πq ∈ SP merely relabels
the indices (k → πq(k) = kq),

A
(ℓ)
λ =

∑
k

αkAk = πq

(∑
k

αkAk

)
π−1
q =

∑
kq

αkqAkq . (3.6)
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1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

Figure 3.1: Left: Number of unique parameters in the CD ansatz after exploiting spatial
permutation symmetries versus the total number of unique parameters without symmetry
reduction. All ZZ-Ising Hamiltonians of the form of Eq. (3.9) with connected graph structure
up to 8 nodes from the database of Ref. [121] are included. Labels indicate the system size.
Right: Example graphs and their symmetries. From top to bottom: G, G with vertex and
edge orbits, H, and H with vertex and arc orbits. Colours indicate the distinct elements of
each vertex/arc orbit, which determine the parameter groupings.

Identifying each term, one sees that the only effect of applying a symmetry is a relabelling
of the parameter indices. Consequently, for any πq,

A
(ℓ)
λ = πqA

(ℓ)
λ π−1

q =
∑
k

αkqAk . (3.7)

This observation leads to the central property that underpins the parameter reduction.
Informally, a set of parameters {αk}g can be grouped (i.e. constrained to share the same
value) if their labels k form a closed set under the action of all symmetries in SP . Formally,
{αk}g is a grouped set if πq(αk ∈ {αk}g) ∈ {αk}g for all πq ∈ SP .

In the context of the action minimisation problem, the operators Bk in Gℓ can be iden-
tified with the CD terms Ak. Since Bk ∼ [H0, Ak] and both H0 and Ak share the same
symmetries, the operators Bk inherit them as well. Grouping parameters therefore reduces
the number of unknowns in the action minimisation by |{αk}g| − 1 for each group.

To quantify the reduction numerically, the ZZ-Ising Hamiltonian

HP =
∑
i

σzi +
∑
i,j∈G

σzi σ
z
j (3.8)

with local mixer H0 =
∑
i σ

x
i is considered as a test case. The number of parameters after

applying the reduction technique is computed for all non-trivial graph instances up to 8
qubits from a reference database [121]. As shown in Fig. 3.1, the average reduction of
parameters over the considered setof graphs amounts to 59± 19% of the original number.

After computing the optimized CD parameters for both the standard and symmetry-
enhanced methods, the results converge to the optimal CD coefficients, confirming that the
reduction does not degrade the quality of the approximation. This reduction can therefore
be extended to CD-inspired VQAs as well. Detailed derivations are provided in App. A.1.

To illustrate the parameter reduction procedure concretely, consider an N = 4 qudit
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Algorithm 1 Algorithm for obtaining the arc orbits of the directed graph H
Obtain the undirected graph G from H
Compute vertex and edge orbits of G
Define arc orbits as tuples (arcs, tail vertex orbit, head vertex orbit, edge orbit)
for each edge orbit do

Identify arcs (h, t) of H such that (h, t) = (i, j) or (h, t) = (j, i), where (i, j) are edges
of G

for each arc do
Identify the vertex orbit of the tail and head
Add the arc to the arc orbit with matching tail vertex, head vertex, and edge

orbits
end for

end for

system with the problem Hamiltonian

HP =

4∑
i=1

Lzi +

3∑
i=1

LziLzi+1 , (3.9)

corresponding to a linear-path connectivity graph G = (VG , EG) with VG = [1, 2, 3, 4] and

EG = [(1, 2), (2, 3), (3, 4)]. With the mixer H0 =
∑4
i=1 Lxi, the first-order CD Hamiltonian

is

A
(1)
λ =

∑
i∈VG

αi Lyi +
∑

{i,j}∈EG

(
αi,j LyiLzj + αj,i LyjLzi

)
. (3.10)

Notably, even though the interactions in the problem Hamiltonian are undirected, the CD
Hamiltonian has directionality: LyjLzi and LyiLzj are distinct terms with different param-
eters. The CD terms are therefore naturally associated with a directed graph H in which
each undirected edge of G corresponds to two directed arcs, one in each direction (Fig. 3.1):

A
(1)
λ =

∑
i∈VH

αi Lyi +
∑

{i,j}∈AH

αi,j LyiLzj . (3.11)

To reduce the number of parameters, the parameter groups must be identified. The
grouping defined above coincides with the notion of graph orbits [122, 123]. For directed
graphs, the edge-orbit concept is extended to arc orbits following Ref. [124]. The procedure
for computing arc orbits is detailed in Alg. 1.

For the linear-path graph considered here, the vertex orbits of G are [1, 4] and [2, 3],
and the edge orbits are [(1, 2), (3, 4)] and [(2, 3)]. Applying Alg. 1 yields the arc orbits
[(1, 2), (4, 3)], [(2, 1), (3, 4)], and [(2, 3), (3, 2)]. The total number of variational parameters
is thereby reduced from 10 to 5, since the symmetries enforce α1 = α4, α2 = α3, α12 = α43,
α21 = α34, α23 = α32.

In summary, the procedure for generating a symmetry-enhanced CD-inspired ansatz

proceeds as follows. First, the CD terms A
(ℓ)
λ are obtained from HP and H0. Next, the arc

and vertex orbits of the associated graph are computed. Finally, when parameterising the
ansatz, the resulting parameter groups are imposed as equality constraints on the variational
parameters. It is worth noting that while symmetry exploitation can sometimes hinder
convergence in tensor networks and DMRG [125, 126], in quantum systems it consistently
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reduces the number of required measurements — an important practical advantage for near-
term devices. The following section illustrates with numerical examples that this reduction
translates into concrete improvements in key figures of merit of quantum optimisation.

3.3 Numerical Results

To test the validity of the proposed techniques for practical quantum optimisation, problem
encodings that are efficient in terms of qudit count, naturally map onto single- and two-body
interaction Hamiltonians, and exhibit non-trivial symmetries are required. These properties
are satisfied by several combinatorial problems defined over lattices or graphs, which are
adopted as benchmarks in the following.

3.3.1 Max-3-Cut

As a paradigmatic combinatorial optimisation benchmark, the Max-k-Cut problem [127] is
considered, focusing on instances for which no trivial or greedy solution exists. The objective
is to partition the vertices of a graph into k colour classes such that the number of edges
connecting vertices of different colours is maximised,

max
c

∑
{i,j}∈E

{
1 if ci ̸= cj ,

0 otherwise ,
(3.12)

where c = {ci}N assigns each vertex i to a colour 1 ≤ ci ≤ k and N denotes the number
of vertices. Since each instance is uniquely defined by a graph, the graph’s symmetries are
used directly to reduce the number of variational parameters. The quantum encoding for
the Max-3-Cut problem reads

HP =
∑

{i,j}∈E
LziLzj − 2(Lz

2
i + Lz

2
j ) + 3Lz

2
iLz

2
j . (3.13)

Although the numerical tests are limited to Max-3-Cut, the approach is immediately ex-
tensible to arbitrary k: the Hamiltonian for Max-k-Cut is obtained by solving a linear
system of O(k2) equations, as detailed in App. A.2.

The performance of the proposed techniques is assessed using four p = 1 layered ansätze:
the first-order DCQAOA ansatz of Ref. [117], a symmetry-enhanced (grouped) variant of the
same, a CD-inspired ansatz [118], and its symmetry-enhanced counterpart. As a baseline,
the standard qudit-QAOA [12, 109] is employed. Using qudits for all algorithms ensures
that comparisons are made within the same Hilbert space of dimension dN .

Six instances of the smallest non-trivial size are considered: N = 6 qutrits (d = 3),
with graphs selected from the database of Ref. [121] (HoG IDs 728, 220, 730, 758, 752, and
748). The selection criterion is that graphs have 6 nodes, are fully connected, and are non-
planar [128]. Up to 500 iterations of the COBYLA optimiser [129] are performed for each
classical update loop, as this algorithm does not require the computation of costly gradients.
Multiple random initialisations are used for each problem instance.

The results for the expected energy on the first graph instance are shown in Fig. 3.2;
the full comparison across all instances is provided in App. A.2. Approximation ratios
R = ⟨HP ⟩ /E0 (with E0 the ground-state energy) are reported in Tab. 3.1.

All four CD-based algorithms reach lower energies than qudit-QAOA within far fewer
iterations. The symmetry-enhanced ansatz converges rapidly to near-optimal energies, while
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Figure 3.2: Expected energy at each iteration of the variational procedure for a Max-3-Cut
instance, shown for all ansätze at a single layer (p = 1). The first 30 iterations are omitted
to suppress initial fluctuations. The symmetry-enhanced (grouped) CD ansatz exhibits
faster convergence than the fully parameterised CD ansatz. After many iterations, the fully
parameterised ansatz achieves lower final energies owing to its higher expressivity. The
same qualitative behaviour holds for the DCQAOA variants. Qudit-QAOA fails to solve the
problem within the given circuit depth due to its limited expressivity.

the fully parameterised ansatz achieves marginally better final results at the cost of a harder
optimisation landscape. For both grouped and ungrouped variants, the DCQAOA ansatz
requires more iterations to converge — a counter-intuitive finding given that setting the
QAOA parameters to zero reduces it to the CD ansatz. This slower convergence is likely
attributable to barren plateaus [130] and over-parameterisation effects [131]. It is also note-
worthy that, although the grouped ansatz performs slightly below the ungrouped one on
average, competitive approximation ratios are achieved with a substantially reduced param-
eter count. Across all four problem instances examined, the grouping method consistently
improves convergence speed, and the primary practical benefit of the approach is the reduc-
tion in the number of required circuit evaluations.

3.3.2 W State Preparation

As a second benchmark, the ability of the symmetry-enhanced CD ansatz to prepare the W
state of a system of N qutrits is examined. The target state is

|W ⟩ = 1√
N

N∑
i=1

Pi

(
|2⟩⊗N−1 |0⟩

)
, (3.14)

where Pi indicates a permutation of the local basis labels. The W state is equivalently a
qutrit Dicke state DN

k with k = 1, as shown in App. A.3. It constitutes an equal superposi-
tion of all possible ground states of the Hamiltonian

HP =

(
N

2
− 1

) N∑
i=1

Lzi +
1

2

∑
j<i

LziLzj , (3.15)
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Table 3.1: Mean approximation ratios and standard deviations at the final iteration for
all algorithms and problem instances. Bold values indicate results exceeding the classical
approximation ratio of 0.800217 [132]. Underlined values mark the best mean approximation
ratio R for each problem. Qudit-QAOA converged to the same energy for each graph up to
machine precision.
Problem
graph Id

728 220 730 758 752 748

CD all 0.90 ± 0.04 0.96 ± 0.01 0.85 ± 0.03 0.91 ± 0.03 0.92 ± 0.02 0.83 ± 0.01
CD
grouped

0.90 ± 0.05 0.95 ± 0.03 0.92 ± 0.06 0.92 ± 0.03 0.93 ± 0.03 0.85 ± 0.03

DCQAOA
all

0.76 ± 0.03 0.91 ± 0.04 0.74 ± 0.04 0.81 ± 0.01 0.87 ± 0.03 0.81 ± 0.01

DCQAOA
grouped

0.81 ± 0.06 0.90 ± 0.04 0.81 ± 0.04 0.87 ± 0.06 0.85 ± 0.02 0.87 ± 0.06

qudit-
QAOA

0.63 0.76 0.63 0.69 0.75 0.68

which corresponds to a fully connected graph with a local potential on each vertex. For
this fully connected structure, the parameter grouping is trivial: the CD Hamiltonian of
Eq. (3.10) reduces to the case αi = α and αi,j = α̃ for all i, j, yielding only two independent
parameters. Crucially, this grouping enforces the symmetry of the unitary transformation
on the system — a symmetry that would be broken if all parameters were left independent.
Since theW state is an equal superposition of the N degenerate ground states, the symmetry
enforcement is essential to guide the evolution toward this specific target rather than a
generic superposition of ground states.

The efficiency of the state preparation is measured by the fidelity of the final state with
the target state of Eq. (3.14). For pure states, the fidelity reduces to

F =
∣∣⟨W |U(θ)|ψ0⟩

∣∣2 , (3.16)

where the initial state is chosen as

|ψ0⟩ =
1√
d

N⊗
j=1

d−1∑
ij=0

|ij⟩ . (3.17)

The cost function minimised during the algorithm is the expectation value of HP , which
drives the state towards lower energies and, consequently, towards the feasible subspace.
Results obtained by directly maximising the fidelity are provided in App. A.3 for comparison.

The algorithm is executed from p = 1 to p = 5 layers for N = 3 qutrits, and the results
are displayed in Fig. 3.4.

The symmetry-enhanced CD ansatz outperforms qudit-QAOA for a small number of
layers; however, this advantage diminishes as p increases. This behaviour is consistent with
the transition from the impulse regime (low p) to the adiabatic regime (large p). At the same
time, the fully parameterised ansätze approximate the ground-state energy more rapidly but
achieve lower fidelity with the target W state. Already for p = 2, the symmetry-enhanced
ansatz achieves a fidelity F ∼ 71% with the W state.

3.3.3 A consideration on the usefulness of Symmetries in CD Ansatze

The preceding two examples demonstrate that the use of symmetries can be beneficial for
quantum optimisation, particularly by improving the convergence speed of the classical
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1 2 3 4 5 6

1 2 3 4 5 6

Figure 3.3: Top: Interaction scheme for Hamiltonian (3.18). Bottom: Parameter reduction
for the symmetrised DC ansatz. Each line represents a CD term in the Hamiltonian; lines
of the same colour share the same variational parameter. This grouping reduces the number
of optimised parameters from 18 to 9.

optimisation loop while maintaining competitive performance. This improvement originates
from the reduction in the number of variational parameters, which simplifies the optimisation
landscape. A remaining question concerns the expressivity of the symmetry-constrained
circuits.

In theMax-3-Cut example, the symmetry-enhanced ansatz converges significantly faster,
indicating an easier optimisation landscape. At the same time, the fully parameterised CD
ansatz reaches better final solutions, reflecting higher expressivity at the cost of a harder
landscape.

An intuitive explanation is the following. When the problem Hamiltonian contains both
single- and two-body terms, the leading order of the nested commutator expansion (3.1)
generates both single- and two-body contributions. Including these in the approximated
ansatz of Eq. (3.4) provides sufficient flexibility to compensate for higher-order diabatic
contributions, even with a small number of layers. For problem Hamiltonians containing
only two-body terms, however, the leading-order commutator with the driver Hamiltonian
generates only two-body contributions. Restricting the ansatz to these terms reduces its
ability to compensate for higher-order effects. As demonstrated below, supplementing the
ansatz with additional single-body terms significantly improves performance in this regime.

In terms of optimisation hardness, reducing the number of parameters is most beneficial
for single- and two-body Hamiltonians, where the landscape simplification outweighs the
loss of expressivity. For Hamiltonians containing only two-body terms, both the symmetry-
enhanced and the fully parameterised ansätze have a low parameter count to begin with,
so the additional restriction imposed by the symmetries can further degrade expressivity
without a commensurate improvement in convergence.

As a practical guideline: for Hamiltonians with single- and two-body terms, there is a
trade-off between expressivity and optimisation hardness, and the symmetry reduction can
be chosen depending on which property is prioritised. For purely two-body Hamiltonians, the
marginal gain in convergence speed from symmetry reduction does not justify the associated
loss of expressivity.
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Figure 3.4: Fidelity defined in Eq. (3.16) (top row) and expectation value of the Hamiltonian
of Eq. (3.15) (bottom row) as a function of optimizer iteration, for N = 3 and (a) p = 2,
(b) p = 3, and (c) p = 5 layers (left to right). The first 30 iterations are omitted to suppress
initial fluctuations. The symmetry-enhanced grouped CD ansatz outperforms the other
ansätze at low layer counts, as expected from the symmetry argument.

To verify this intuition, the following subsection examines an antiferromagnetic Ising
Hamiltonian with only two-body interactions, supplemented by artificial single-body terms
to test the role of expressivity.

3.3.4 Antiferromagnetic Second-Neighbour Ising Hamiltonian

The trade-off described above is further examined by studying the ability of the symmetry-
enhanced CD ansatz to optimise a next-to-nearest-neighbour Ising model of N qutrits with
open boundary conditions,

HAF =
∑
⟨⟨ij⟩⟩

LziLzj +
∑
⟨ij⟩

LziLzj . (3.18)

The Hamiltonian is symmetric under the index permutation i→ N−i, and the corresponding
parameter grouping is illustrated in Fig. 3.3.

The cost function minimised during the optimisation is the expectation value of HAF

over the parametrised state,

C = ⟨ψ0|U†(θ)HAF U(θ) |ψ0⟩ . (3.19)

The results in Fig. 3.5 confirm the expected behaviour. When single-body terms are not
included, a substantial performance gap exists between the grouped and fully parameterised
ansätze, particularly at lower layer counts (p = 2, 3). The introduction of an additional layer

of single-body rotations U =
∏N−1
i=0 eiαiLyi substantially narrows this gap for the grouped

ansätze, while the performance at p = 4 becomes comparable across all variants. These
observations are consistent with the intuition developed in the previous section and confirm
that single-body terms play an important role in enhancing expressivity for purely two-body
Hamiltonians.
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Figure 3.5: Top: Expectation value of Hamiltonian (3.18) over optimiser iterations for all
ansätze without artificial single-body terms, for p = 2, 3, 4 layers (left to right). Bottom:
Same figure of merit for the grouped ansätze supplemented with an additional single-body
layer U =

∏N−1
i=0 eiαiLyi . The fully parameterised CD-inspired ansatz converges to a value

closer to the ground state in fewer iterations compared to the grouped CD and grouped
DCQAOA ansätze. This difference is reduced when the grouped ansätze are enriched with
single-body terms, although the fully parameterised ansatz still converges faster.

3.4 Conclusions

This chapter has introduced and benchmarked a symmetry-enhanced framework for CD-
inspired variational quantum algorithms operating on qudit systems. The central contribu-
tion is the identification of a systematic procedure that exploits the spatial symmetries of
the problem Hamiltonian to reduce the number of trainable parameters in the DCQAOA
and CD-inspired ansätze, without requiring modifications to the circuit structure itself.

The parameter reduction is achieved by identifying groups of CD terms whose indices
form orbits under the symmetry group of the problem Hamiltonian. Terms belonging to the
same orbit are constrained to share a single variational parameter. For the ZZ-Ising Hamil-
tonian benchmarked across a set of non-trivial graphs with up to 8 qubits, this procedure
yields a reduction to 59±19% of the original parameter count, with no loss in the quality of
the CD approximation. The reduction is directly reflected in the number of circuit evalua-
tions required per optimisation iteration, which is the dominant cost on near-term quantum
hardware.

Three numerical benchmarks are used to characterise the benefits and limitations of the
approach. For the Max-3-Cut problem on qutrit systems, the symmetry-enhanced CD
ansatz consistently outperforms qudit-QAOA and converges significantly faster than the
fully parameterised CD ansatz, achieving approximation ratios that exceed the best known
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classical bound of 0.800217 across all tested instances. For theW state preparation task, the
symmetry enforcement is not merely beneficial but necessary: without it, the ansatz does
not preserve the permutation symmetry of the target state, and the optimisation drives
the system toward a generic superposition of ground states rather than the equal-weight
W state. Already at p = 2 layers, a fidelity of approximately 71% is achieved. For the
antiferromagnetic next-to-nearest-neighbour Ising model — a purely two-body Hamiltonian
— the results reveal the limitations of the approach: the reduction in parameter count
imposes an expressivity cost that is not offset by the improvement in optimisation landscape
when no single-body terms are present in the CD expansion. Supplementing the grouped
ansatz with additional single-body rotation layers substantially narrows the performance
gap, confirming that single-body terms are a key ingredient for expressivity in this regime.

A practical guideline emerges from these findings. For Hamiltonians containing both
single- and two-body terms, symmetry-enhanced ansätze offer an attractive balance between
convergence speed and approximation quality, and are recommended as the default choice.
For purely two-body Hamiltonians, the symmetry reduction should be complemented by the
inclusion of additional single-body layers to retain sufficient expressivity. In both cases, the
reduction in the number of circuit evaluations constitutes a concrete and hardware-relevant
advantage for near-term quantum devices.

Looking ahead, the framework presented here is directly extensible to higher-order CD
terms, larger system sizes, and other combinatorial problems defined on graphs. The com-
bination of qudit encoding — which provides a compact Hilbert space representation —
with symmetry-informed parameter reduction and CD-inspired circuit design represents a
promising direction for scaling quantum optimisation beyond the capabilities of qubit-based
approaches.
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Figure 3.6: Results for all algorithms and instances of the Max-3-Cut problem. Solid lines
correspond to mean values; coloured areas indicate the interquartile range. Upper panels:
energy at each iteration. Middle panels: probability of measuring any state corresponding
to the correct solution. Inset graphs depict the connectivity graph for each instance. The
numbers of runs are 20, 12, 12, 10, 11, and 9, respectively, each using uniformly random
initial parameters.
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Chapter 4

Barren plateaus and resources
in quantum optimization

This chapter is focused on describing results obtained in collaborations in which the author
of this thesis was not the principal investigator. Both of the works presented here focus on
the feasibility of executing quantum optimization algorithms on real quantum hardware.

The first work focuses on noise induced barren plateaus, or rather their absence, in
variational quantum algorithms run on real hardware. These results help understanding the
impact of different types of noise when executing variational quantum algorithms.

The second work focuses on quantifying the nonstabilizerness generated in quantum
optimization protocols, in order to understand if those are easily classically simulatable or
if the present genuine quantum complexity.

For both of the sections of this chapter, the author helped develop the the theory and
provided numerical support. In the specific, for section 4.1 the author helped frame the
theory of non unital noise in the context of the hardware computation and performed the
density matrix simulations mentioned in the main text and in App B.4. For the analysis of
resources in quantum optimization, the author proveded numerical simulations of QAOA,
along with explicit computations of analytical values of nonstabilizerness for specific states
described in the main text and in App. C.8

4.1 Absence of Noise Induced Barren Plateaus In Hard-
ware

This section presents an experimental study of Noise-Induced Barren Plateaus (NIBP) on
IBM quantum hardware, demonstrating their absence under amplitude-damping noise char-
acterised by the qubit T1 coherence time, based on [26].

Variational Quantum Algorithms (VQAs) [59, 13, 14] are among the most promising near-
term quantum computing approaches, yet are fundamentally limited by Barren Plateaus
(BPs) — the exponential vanishing of cost-function gradients with system size [15, 16]. Of
particular practical relevance are Noise-Induced Barren Plateaus (NIBPs) [133], which arise
independently of circuit structure or observable, depending solely on gate error accumu-
lation. The original NIBP theory assumes depolarising noise, under which deep circuits
converge to the maximally mixed state, making all gradient estimates exponentially small.
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However, recent work has shown that non-unital noise — specifically amplitude damping
via T1 relaxation — does not produce NIBPs [134, 135, 136]: the output state instead
converges to a noise-induced limit set that retains parameter dependence, preserving a finite
gradient signal. Since amplitude damping is unavoidable in physical hardware, NIBPs may
never be observable in practice.

This chapter provides the first experimental confirmation of this prediction. Running
circuits with up to N = 102 qubits on IBM superconducting processors and estimating
gradient norms via Information Content Landscape Analysis (ICLA) [137], we find that
the gradient signal saturates at a constant value rather than decaying exponentially. An
extracted effective coherence time T eff

1 falls well below the mean device T1, suggesting that
the worst-performing qubits dominate the onset of amplitude-damping effects.

4.1.1 Information Content Landscape Analysis

As described in Section 1.2.3, the cost function of a VQA is the expectation value of an
observable Ô over a parametrised state ρ(θ⃗) = U(θ⃗)ρ0U(θ⃗)†:

C(θ⃗) = Tr[Ô ρ(θ⃗)] . (4.1)

BP are a property of the gradient ∇C, defined as the exponential decay of its variance with
system size N [15]:

Varθ⃗[∂C(θ⃗)] ∈ O
(

1

bN

)
, b > 1 . (4.2)

Estimating the gradient norm directly on hardware requires many circuit evaluations.
Information Content Landscape Analysis (ICLA) [137, 138] provides an efficient alternative:
it is analytically proven to estimate the average normalised gradient norm ∥∇C∥/C0 using
only M = O(m) parameter samples, where m is the number of variational parameters.

The procedure is summarised in Algorithm 2. A discrete cost-function landscape Ω =
{CR(θ⃗1), . . . , CR(θ⃗M )} is obtained by measuring the cost function for each sampled param-
eter vector. A random walk over Ω is used to compute finite-difference gradient approxima-
tions ∆Ci, which are then symbolised into a ternary sequence ϕ(ϵ) ∈ {−,⊙,+} according
to a threshold ϵ. The empirical information content (IC) is computed from the transition
probabilities between consecutive symbols:

H(ϵ) =
∑
a̸=b

−pab log6 pab . (4.3)

The threshold ϵM = argmaxϵH(ϵ) signals maximal landscape information content, and the
gradient norm estimate is:

∥∇C∥/C0 ≃ ϵM
√
m. (4.4)
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Algorithm 2 Information Content Landscape Analysis (ICLA)

1: Input: number of parameters m, oversampling factor F , cost function C
2: Sample M = F ·m points Θ = {θ⃗1, . . . , θ⃗M} ∈ [0, 2π)m

3: Measure C(θ⃗i) on a quantum computer for each θ⃗i ∈ Θ

4: Store the landscape Ω = {C(θ⃗1), . . . , C(θ⃗M )}
5: Generate a random walk W of S + 1 < M steps over Θ

6: Compute the finite-difference gradient at each step i: ∆Ci =
C(θ⃗i+1)− C(θ⃗i)

∥θ⃗i+1 − θ⃗i∥
7: for each value of ϵ do
8: Map each ∆Ci to a symbol in {−,⊙,+}:

ϕi(ϵ) =


− if ∆Ci < −ϵ
⊙ if |∆Ci| ≤ ϵ

+ if ∆Ci > ϵ

9: Compute transition probabilities pab between consecutive symbols
10: Compute the information content H(ϵ) =

∑
a̸=b−pab log6 pab

11: end for
12: Find ϵM = argmaxϵ H(ϵ)
13: Output: ∥∇C∥/C0 = ϵM

√
m

4.1.2 Noise-Induced Barren Plateaus and Their Absence

As introduced in Section 4.1, the T1 coherence time parametrises the decay of a qubit from
the excited state |1⟩ to the ground state |0⟩:

pA(t) = 1− e−t/T1 . (4.5)

This amplitude-damping channel is non-unital: its fixed point is the pure state |0⟩⟨0|, not
the maximally mixed state.

The original NIBP analysis of Ref. [133] assumes a depolarising error model. Under
depolarising noise, for a circuit of depth L with single-qubit error probability p, the output
state approaches the maximally mixed state exponentially:

Edep(ρ) = (1− p)ρ+
p

3

∑
P∈{X,Y,Z}

PρP . (4.6)

Once the maximally mixed state is reached, all cost-function values concentrate around a
single constant, and any gradient estimator returns a value exponentially close to zero —
the NIBP.

Recent theoretical results [134, 135, 136] show that non-unital channels such as amplitude
damping prevent this concentration. Instead, the dynamics converge to a noise-induced
limit set — a structured sub-manifold of state space whose elements retain dependence
on the variational parameters, thereby preserving a finite gradient. Specifically, Ref. [134]
proves that NIBP are absent once the amplitude-damping probability per qubit reaches
pnon−unital = 3/4.
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4.1.3 Experimental Setup

To probe the impact of amplitude damping on NIBP experimentally, the nearest-neighbour
Ising chain is used as the model Hamiltonian:

HC =

N−2∑
i=0

Ji,i+1

2
σizσ

i+1
z +

N−1∑
i=0

hi
2
σiz , (4.7)

with parameters drawn randomly from fixed sets Ji,i+1 ∼ U({±2,±1.2,±0.8,±0.4}) and
hi ∼ U({0.8,±0.4,±0.24,±0.16,−0.08}). This Hamiltonian is chosen because it is 2-local
(avoiding cost-function BP) and its coupling topology is compatible with the IBM heavy-hex
hardware layout (no additional two-qubit gate overhead).

A QAOA ansatz [12, 60] is adopted, as described in Section 1.2.3, with a number L of
alternating layers:

U(θ⃗) =

L∏
l=1

e−iθ
(1)
l HM e−iθ

(2)
l HC , HM =

N−1∑
i=0

Xi , (4.8)

giving m = 2L variational parameters. The initial state is the equal superposition ρ0 =
|+ · · ·+⟩⟨+ · · ·+|.

For a given parameter set θ⃗, all qubits are measured in the computational basis R times.
Since HC contains only commuting σiz and σizσ

i+1
z terms, a single measurement setting

suffices. The energy of a single shot z(r) is

E(z(r)) =

N−2∑
i=0

Ji,i+1

2
s
(r)
i s

(r)
i+1 +

N−1∑
i=0

hi
2
s
(r)
i , (4.9)

where s
(r)
i = 2z

(r)
i − 1 ∈ {−1, 1}.

ICLA is applied to estimate ∥∇C∥/C0 for N ∈ {8, 20, 45, 65, 102} qubits and up to
L = 120 layers. The landscape size is capped at M = min(10m, 200); robustness of this
truncation is verified in App. B.2. R = 16384 measurement shots are used per parameter
set, with R = 32768 or R = 65536 for cases requiring lower shot-noise floors (see App. B.3).

Standard error mitigation techniques (Pauli twirling, dynamical decoupling, zero-noise
extrapolation) are explicitly confirmed to be ineffective against non-unital amplitude-damping
errors and are not applied.

Experiments are run on IBM 127-qubit Falcon processors ibm brisbane, ibm kyiv, and
ibm sherbrooke, and the 156-qubit Heron processor ibm fez. Calibration data — T1, T2,
ECR-gate error, and readout error — are recorded for each experimental run. Details on
circuit structure, gate counts, depth, and runtime scaling, as well as full calibration tables,
are provided in App. B.1.

4.1.4 Results

Figure 4.1 shows the normalized gradient norm ∥∇C∥/C0 as a function of circuit runtime
tcir for all experimental configurations and for classical density-matrix simulations at N = 8.

The normalization factor C0 =
√∑

i(J
2
i,i+1 + h2i ) ∼

√
N accounts for the scaling of HC with

qubit number.
Classical simulations (N = 8). The noiseless simulation (dark purple) shows ∥∇C∥/C0

levelling off around 0.05 for runtimes above ∼ 150µs, consistent with the use of a local ob-
servable. Under depolarising noise (p = 0.025, light green), ∥∇C∥/C0 decays exponentially
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Figure 4.1: Left:Average normalized gradient norm ∥∇C∥/C0 versus circuit runtime tcir.
Solid lines with markers: experimental data from IBM quantum hardware for various qubit
numbers N . Dashed lines: 8-qubit density-matrix simulations under noiseless, depolarising
(label ‘dep.’), and amplitude-damping-plus-dephasing (label ‘A+D’) noise models. Depo-
larising simulations show clear NIBP (exponential decay); all hardware experiments and
amplitude-damping simulations instead show the gradient saturating at a constant value for
large tcir.
Right: Normalised gradient norm ∥∇C∥/C0 as a function of circuit runtime tcir for various
hardware setups. ‘short’ refers to a parallel compilation of the same logical circuit; ‘heavy
hex’ denotes a Hamiltonian with the native hardware coupling topology. The flattening
behaviour is consistent across all platforms and setups.

from 1 to 10−4 within tcir ≲ 150µs, confirming the NIBP prediction of Ref. [133]. Under
the realistic T1/T2 noise model

ρA(t) =

(
ρ00 + (1− e−

t
T1 )ρ11 e−

t
2T1 ρ10

e−
t

2T1 ρ01 e−
t

T1 ρ11

)
. (4.10)

withT1 ∼ N (244µs, 74µs) and T2 ∼ N (159µs, 93µs) (light blue), the gradient initially
decreases similarly to the depolarising case, then changes behaviour around tcir ∼ 170µs
and fully flattens at ∥∇C∥/C0 ≈ 0.002 for tcir ≳ 230µs. This confirms that amplitude
damping prevents NIBP on the timescale of tcir ∼ T1.

A spectral analysis of the simulated density matrices (App. B.4) corroborates this picture:
depolarising noise drives the spectrum toward a uniform distribution (maximally mixed
state), while amplitude damping produces a structured, non-uniform spectrum consistent
with convergence to a noise-induced limit set.

Hardware experiments. All experimental curves show the same qualitative behaviour:
∥∇C∥/C0 decreases initially, then levels off at a constant value. The N = 8 case (blue) shows
remarkable quantitative agreement with the realistic simulation, both flattening around
tcir ≈ 230µs at ∥∇C∥/C0 ≈ 0.002. For N = 20 and N = 45, the gradient levels off around
tcir ≈ 180–185µs, reaching ∥∇C∥/C0 ≈ 0.004–0.01. For N = 65 and N = 102, flattening
occurs around tcir ≈ 220–270µs, with ∥∇C∥/C0 ≈ 0.025. The absence of NIBP is robustly
confirmed up to tcir = 630µs for the N = 102 case.

Small upward trends observed for N = 20 and N = 45 at long runtimes are attributed to
different physical qubits being used for different circuit lengths, leading to slightly different
mean T1 values that introduce additional landscape structure.

The same experiments are repeated on ibm kyiv, ibm sherbrooke, and ibm fez, and
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Table 4.1: Mean T1 and effective T eff
1 for all experimental configurations on ibm brisbane,

together with the fraction of qubits below each threshold and the extracted flattening times
tflatcir .

N ⟨T1⟩ [µs] % qubits tflatcir [µs] T eff
1 [µs] % qubits

8 216± 39 32 230± 20 166± 33 13
20 256± 65 52 180± 20 130± 36 2.8
45 240± 76 50 185± 15 134± 44 7.4
65 247± 77 56 220± 15 166± 51 11
102 236± 68 51 260± 30 188± 58 24

with a more efficient parallel circuit compilation (labelled ‘short’) and a heavy-hex-native
Hamiltonian coupling topology. As shown in Fig. 4.1, all configurations exhibit the same
qualitative flattening behaviour, confirming the robustness of the result across hardware
platforms, circuit types, and Hamiltonian topologies.

4.1.5 Effective T1 from the Absence of NIBP

The theoretical result of Ref. [134] predicts that NIBP are absent once the amplitude-
damping probability per qubit reaches pnon−unital = 3/4. Assuming that the flattening of
the gradient signal marks the onset of this regime, the flattening time tflatcir can be related to
an effective coherence time via Eq. (4.5):

T eff
1 =

−tflatcir

ln[1− pnon−unital]
≈ 0.72 tflatcir . (4.11)

Table 4.1 reports the extracted values alongside the mean device T1. The effective T
eff
1 is

substantially smaller than the mean T1 in all cases. As shown in Fig. 4.2, the T eff
1 corresponds

to only 3%–25% of the qubits having a coherence time at or below this value, indicating
that it is the ∼ 20% of qubits with the shortest T1 that determine the onset of the gradient
flattening.

Figure 4.2 confirms this finding across all platforms and setups: all extracted T eff
1 lie in

the range 0.4 ≲ T eff
1 /⟨T1⟩ ≲ 0.9, well below the mean coherence time.

4.1.6 Conclusions

This chapter has presented the first experimental demonstration of the absence of Noise-
Induced Barren Plateaus (NIBP) on real quantum hardware, corroborating recent theoretical
predictions [134, 135].

The central finding is that the normalised gradient norm ∥∇C∥/C0 does not decay expo-
nentially with circuit depth, as NIBP theory would predict under depolarising noise. Instead,
∥∇C∥/C0 saturates at a constant positive value for circuit runtimes beyond a characteristic
timescale determined by the T1 coherence time. This behaviour is observed robustly across
circuit sizes from N = 8 to N = 102 qubits, multiple IBM hardware platforms, different
circuit compilations, and different Hamiltonian topologies.

The ICLA method is used throughout as an efficient gradient estimator, requiring only
M = O(m) circuit evaluations — a substantial reduction compared to direct gradient esti-
mation — and is shown to be robust even when capped at M = 200 samples.
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Figure 4.2: (Left)Cumulative distribution function (CDF) of T1 values from ibm brisbane

against the percentage of qubits below each value. Solid (dashed) vertical and horizontal
lines indicate the mean (effective) T1 for each circuit size. Gray (green) shaded areas mark
the mean (T eff

1 ) regions. The effective coherence time corresponds to only 3%–25% of qubits,
indicating that the worst-performing qubits dominate the onset of amplitude-damping ef-
fects. (Right) T eff

1 relative to ⟨T1⟩ as a function of qubit number N for all experimental
setups. Colors denote different IBM devices; ‘short’ and ‘heavy hex’ indicate different cir-
cuit compilation and Hamiltonian topology, respectively. All T eff

1 are significantly below
⟨T1⟩.

An effective coherence time T eff
1 ≈ 0.72 tflatcir is extracted from the flattening point of the

gradient signal. In all experiments, T eff
1 is found to be substantially smaller than the mean

device T1, with only ∼ 3%–25% of qubits having coherence times at or below T eff
1 . This

implies that the worst-performing qubits in the circuit dominate the onset of amplitude-
damping effects, and that standard calibration metrics based on mean T1 values systemati-
cally overestimate the useful circuit runtime.

These findings have important practical implications. First, NIBP are not a realistic
concern for quantum hardware with any non-trivial amount of T1 relaxation — which en-
compasses all existing physical platforms. Second, the emergence of a noise-induced limit
set under amplitude damping imposes a finite effective circuit depth peff : circuits deeper
than this depth are effectively equivalent to shallower ones, limiting expressiveness. This
calls for re-evaluating warm-starting and parameter-transfer schemes in QAOA and related
algorithms. Third, the methodology introduced here — combining ICLA with the analytical
lower bound from Ref. [134] — provides a practical diagnostic for estimating the effective
T1 of a device under realistic computational conditions, complementing standard calibration
protocols.
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4.2 Resources in quantum optimization

This section investigates the resource requirements of QAOA through the lens of the resource
theory of nonstabilizerness, also known as magic. The material presented here is based
on [27].

As discussed in Sec. 1.1, entanglement has been extensively studied as a quantum resource
in the context of QAOA and quantum annealing [139, 140, 141, 142, 143, 144, 145, 146,
147, 47]. However, entanglement alone does not ensure a quantum advantage. Stabilizer
states can exhibit large entanglement yet remain efficiently simulable classically via Clifford
circuits, as guaranteed by the Gottesman–Knill theorem [40, 48, 148].

As introduced in Section 1.1, nonstabilizerness — the degree to which a quantum state
deviates from the set of stabilizer states — is a crucial ingredient for computational quantum
advantage [149, 150, 151, 152, 153]. Despite this, its role in variational quantum optimisation
remains largely unexplored.

This chapter addresses this gap by analysing nonstabilizerness in QAOA applied to the
paradigmatic Sherrington–Kirkpatrick (SK) spin-glass model [154]. The main findings are:

• the existence of a magic barrier — a transient build-up of nonstabilizerness during the
QAOA run, akin to previously observed entanglement barriers [140, 155, 47];

• a universal scaling collapse of the magic curves across different circuit depths;

• a characteristic and analytically explicable relationship between the final nonstabiliz-
erness and the success fidelity;

• the presence of an analogous magic barrier in adiabatic quantum annealing.

Both qubit and qutrit versions of the algorithm are studied, using both the Stabilizer Rényi
Entropy (SRE) and Mana as measures of nonstabilizerness.

The results have practical relevance: measurements of nonstabilizerness can serve as a
figure of merit for estimating the performance of variational algorithms on concrete quantum
hardware, including superconducting qubits [156], trapped ions [53], and Rydberg atoms [8].

4.2.1 QAOA on the Sherrington–Kirkpatrick Model

As described in Section 1.2.3, QAOA prepares a trial state |ψ(β,γ)⟩ by applying p lay-

ers of alternating unitaries U = exp
(
−iβpĤM

)
exp
(
−iγpĤC

)
, starting from the ground

state of the mixer Hamiltonian ĤM . For ĤM = −∑i X̂i, the initial state is |+⟩⊗N . A

classical optimiser then minimises ⟨ψ|ĤC |ψ⟩ by tuning the variational parameters. QAOA
can be generalised to qudit systems with any local dimension d [109], as also described in
Section 1.2.3.

Since the initial state |+⟩⊗N is a stabilizer state (M(|+⟩) = 0) and the solution state
of a classical problem with a unique optimum is also non-magical, QAOA offers a natural
setting to probe the build-up and role of nonstabilizerness during quantum optimisation.

The model of interest is the SK model, a variant of the Ising model with all-to-all
interactions drawn from independent Gaussian distributions, introduced as a solvable mean-
field model for the spin-glass phase [157, 154] and serving as a prototype for real-world
optimisation problems [158, 159]. The SK Hamiltonian generalised to qudits reads

ĤSK =
∑
i̸=j

Jij(ZiZ
†
j + Z†

i Zj) + Ĥbias , (4.12)
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‘Demagication’

Figure 4.3: (a) QAOA scheme and a pictorial representation of the magic barrier: initially,
nonstabilizerness rises to a maximum, after which it decreases — an effect referred to as
“demagication.” (b) SRE density as a function of the layer index during a QAOA protocol,
for a system of 6 qubits and different depths (i.e. total number of layers). Inset: using a
simple scaling function, the magic barrier collapses onto a universal curve. (c,d) Same as
panel (b) for a system of 4 qutrits, showing SRE density (c) and Mana (d) as a function
of the layer index. The universal collapses in the insets of (b–d) use the scaling function
M = d−µf [(λ− ξ · dν) · dη], with (µ, ξ, ν, η) equal to (5.11 · 10−3, 1.28,−0.34, 0.60), (−8.20 ·
10−2, 1.19 · 10−5, 3.49, 0.46), (−2.86 · 10−2, 3.69 · 10−8, 5.50, 0.34), respectively.

where the coefficients Jij are drawn from a normal distribution with unit variance, Zi is the
generalised phase operator, and the Hermitian conjugate term ensures Hermiticity in the
qutrit case. Bias magnetic-field terms Ĥbias are included to remove ground-state degenera-
cies; their explicit construction is detailed in App. C.2.

For each random realisation of the SK model, QAOA is simulated using exact numerics.
The best result from 20 independent runs initialised using Trotterised quantum anneal-
ing [160] is selected, and the results are averaged over 50 realisations.

4.2.2 The Magic Barrier

When targeting the non-degenerate ground state of the SK model, QAOA starts — and
ideally ends — in stabilizer states with zero magic. The relevant performance metrics
— relative energy (EQAOA(p) − Eexact)/Eexact and fidelity with the ground state F(p) =
| ⟨ψexact|ψQAOA(p)⟩ |2 — improve monotonically with the number of QAOA layers p (see
App. C.5).

In contrast, the evolution of nonstabilizerness follows a non-monotonic pattern: it ini-
tially rises rapidly as the first layers are applied, reaches a maximum, and then decreases as
the algorithm converges. This structure is defined as the magic barrier.

A pictorial representation of the magic barrier is shown in Fig. 4.3(a). This phenomenon
is observed consistently across different systems and for both SRE and Mana. Figure 4.3(b)
depicts the evolution of the SRE density M2/N for a 6-qubit system at varying QAOA
depths. A distinct peak emerges at approximately half the total depth, indicating the point
of maximal nonstabilizerness. A comparable scenario arises in the 4-qutrit system, for both
SRE and Mana [Fig. 4.3(c,d)].

Two notable properties of the magic barrier deserve attention. First, for a fixed system
size, the maximum value of nonstabilizerness remains approximately constant across differ-
ent QAOA circuit depths, suggesting that the magic peak is independent of circuit depth.
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Second, even at its peak, the generated magic remains below that of a Haar-random state

in the corresponding Hilbert space — MHaar
2 = − log2

(
4

2N+3

)
for qubits and − log2

(
3

3N+2

)
for qutrits [161, 162] — suggesting that a device running QAOA needs to build up only a
limited amount of magic.

4.2.3 Universal Scaling of the Magic Barrier

The systematic and consistent presence of the magic barrier motivates the search for a
scaling law capturing the universal features of magic evolution in QAOA. As shown in the
insets of Fig. 4.3(b–d), the data for different depths collapse onto a single curve under the
rescaling

M
(
|ψQAOAd

(p)⟩
)

N
= d−µ f [(λ− ξ · dν) · dη] , µ, ξ, ν, η ∈ R, λ =

p

d
. (4.13)

For qubit systems, the scaling exponent µ is close to zero, suggesting that the peak SRE
is independent of both circuit depth and system size. For qutrit systems, µ is slightly larger,
potentially indicating a mild dependence on circuit depth. The coefficients ξ and ν appear
to be inversely correlated. For the qubit case, the scaling simplifies by replacing ξ ·dν with a
constant critical point λc, yielding d

−µf [(λ− λc) · dη]. The critical point λc ≈ 0.2 is robust
across different system sizes (see App. C.3). The exponent η, governing the width rescaling,
lies within a narrow range and increases with system size, suggesting a sharper magic barrier
in larger systems. Detailed scaling tables for N = 4, 6, 8 qubits are provided in App. C.3.

4.2.4 Final Nonstabilizerness and Fidelity

The ultimate measure of QAOA success is the fidelity of the final state with the target
solution. As the algorithm approaches the final layer, successful instances reach high overlap
with a classical state, implying — in the absence of degenerate solutions — low magic. This
behavior is indeed observed in randomly sampled instances for different system sizes and
depths, shown in Fig. 4.4. The converse, however, does not hold: a QAOA sweep can end
in a stabilizer state distinct from the solution and thus reach low fidelity with low magic.

Focusing on instances with F ≥ 0.5 [Fig. 4.4(b)], a void region at the lower axis is
apparent. At the end of a rather successful QAOA run, the state is expected to consist of
the solution |ϕ0⟩ plus a small contamination, typically from the first excited state |ϕ1⟩. The
following two-state ansatz is therefore considered:

|ψII⟩ =
√
F |ϕ0⟩+ eiθ

√
1−F |ϕ1⟩ , θ ∈ [0, 2π] , (4.14)

where
√
F is the probability amplitude to reach the desired solution and eiθ is a relative

phase. Using the additivity of M2 and permutational invariance, it can be shown that for
any number of qubits (see App. C.4),

M2(|ψII⟩) = − log2
[
1− 4F(1−F) + 2F2(1−F)2(7 + cos 4θ)

]
. (4.15)

This result is symmetric around F = 0.5. The minima (θ = 0) and maxima (θ = π/4)
define a bounded region in the fidelity–magic plane that is independent of qubit number
and circuit depth, within which all instances matching this ansatz must lie.

A refined ansatz with three computational basis states,

|ψIII⟩ =
√
F |ϕ0⟩+ eiθ1

√
p |ϕ1⟩+ eiθ2

√
1−F − p |ϕ2⟩ ,

p ∈ [0, 1−F ], θ1/2 ∈ [0, 2π] , (4.16)
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N: 4 - d: 1,2,4,6,8
N: 6 - d: 1,2,4,6,8,10,12
N: 8 - d: 8,10,12,14

(a)

Figure 4.4: Nonstabilizerness of the final QAOA state as a function of final fidelity. (a)
Randomly sampled data for varying numbers of qubits and QAOA depths. (b) Zoom into
the region F ≥ 0.5. The red shaded region delimits the SRE of any n-qubit system described
by a superposition of two computational basis states. The grey regions collect the possible
SRE values for a wavefunction spanning three basis states. The empty region at the bottom
is analytically forbidden, as explained in the text.

for which M2 is also computed analytically (App. C.4), further fills the accessible region.
Since ansätze with more basis states generate higher magic, these considerations explain the
numerically observed empty region at the bottom of Fig. 4.4(b), and further suggest that
obtaining a medium-to-high fidelity state F ∼ 0.6–0.9 with low magic is unlikely, reinforcing
the conclusion that QAOA must traverse high-magic states to reach good solutions.

4.2.5 Demagication and Success Probability

A natural question is whether the demagication — the drop in SRE after the barrier, ∆M =
Mmax

2 −Mfinal
2 — is correlated with the success fidelity. To address this, the conditional

probability of obtaining fidelity above a threshold fth, given a minimum demagication ∆M >
ϵ, is computed:

Pcond

[
F > fth

∣∣∆M > ϵ
]
=

P[(F > fth) ∩ (∆M > ϵ)]

P[∆M > ϵ]
. (4.17)

As shown in Fig. 4.6, a larger demagication (larger ϵ) results in a higher probability
of solving the QAOA with high fidelity. The probability of reaching or surpassing a given
fidelity also increases with depth, as expected. Analogous results for the qutrit case are
reported in App. C.8.
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Figure 4.5: (a) Scheme of the quantum annealing protocol: as λ increases, the cost Hamil-
tonian HSK gains strength while the mixer HM weakens. Pictorially, quantum annealing
reaches the solution by tunnelling between local minima. (b) SRE density computed on the
ground state of the instantaneous Hamiltonian — corresponding to ideal adiabatic quantum
annealing — as a function of the normalised annealing time λ ∈ [0, 1]. A magic barrier is
evident around λ ∼ 0.35. The near-overlapping curves for N = 16, 32, 64 indicate that the
SRE density traces a barrier largely independent of system size, consistent with the QAOA
observations.

4.2.6 Magic Barrier in Quantum Annealing

To assess the generality of the magic barrier beyond QAOA, its emergence is examined in
continuous-time quantum annealing protocols [163, 164]. Quantum annealing initializes the
system in the ground state of the transverse-field mixer HM and gradually transforms the
Hamiltonian into the problem-specific cost Hamiltonian HC , whose ground state encodes
the solution [163, 165]:

H(λ) = (1− λ)HM + λHC , (4.18)

where λ ∈ [0, 1] parameterizes progress along the annealing path. In the adiabatic limit, the
system remains in the instantaneous ground state of H(λ) throughout.

The stationary regime is simulated using matrix product state (MPS) methods [166,
167, 168, 169], which allow numerically exact computation of the ground state |ψ(λ)⟩ of
the instantaneous Hamiltonian at arbitrary points along the interpolation (bond dimension
χ = 60). SRE is computed efficiently using the Pauli Matrix Product State (Pauli MPS)
formalism [170], with bond dimension up to χP = 1024. The fully connected spin-glass
interactions are truncated to fifth-neighbour couplings; this truncation does not qualitatively
affect the key features of the observed magic dynamics.

The resulting SRE profile, shown in Fig. 4.5, reveals a clear magic barrier: nonstabiliz-
erness rises during the early sweep, peaks at intermediate λ, and decreases as the system
approaches the classical solution. This behaviour closely mirrors the magic evolution in
QAOA. Moreover, based on earlier studies of entanglement growth in non-adiabatic proto-
cols [140], deviation from perfect adiabaticity would generally enhance the amount of magic
generated during the sweep.

4.2.7 Conclusions

This chapter has analysed the role of nonstabilizerness in quantum optimisation, focusing
on QAOA applied to the SK spin-glass model and extended to continuous-time quantum
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Figure 4.6: Conditional probability of reaching a high final fidelity ≥ fth given a demag-
ication ∆M larger than a fixed value ϵ, for various system sizes and QAOA depths. (a)
ϵ = 0.01; (b) ϵ = 0.3. The rightward shift from panel (a) to (b) indicates that stronger
demagication leads to a higher probability of achieving high fidelity. Darker shades denote
higher depths.

annealing.
The central finding is the existence of a magic barrier : irrespective of the circuit depth,

nonstabilizerness rises to a peak near the middle of the QAOA protocol and, in well-
performing runs, falls towards the end. This barrier is consistently observed for both SRE
and Mana, in qubit and qutrit systems alike. Upon rescaling, the average magic collapses
onto a universal curve across different depths, described by the scaling form of Eq. (4.13).
For qubit systems, a robust critical point λc ≈ 0.2 is found, consistent across system sizes.

The relationship between final nonstabilizerness and fidelity is non-trivial: while high
fidelity implies low final magic, low magic does not guarantee high fidelity. An analytically
tractable ansatz based on superpositions of two or three computational basis states explains
the characteristic structure of the fidelity–magic plane and the existence of a forbidden
region at low magic and high fidelity. The conditional probability analysis further reveals
that larger demagication is associated with higher probability of achieving high fidelity,
providing a practical figure of merit for assessing algorithmic performance.

The magic barrier is not specific to QAOA: an analogous barrier is observed in ideal
adiabatic quantum annealing, with a peak around λ ∼ 0.35 that is largely independent of
system size.

These findings have direct practical implications. In early fault-tolerant devices, where
non-Clifford gates represent a major resource bottleneck [149, 171, 39, 172], the magic barrier
constitutes an unavoidable extra resource cost. This motivates the question of whether
QAOA can be parameterised to minimise magic generation while still reaching the solution.
Measurements of nonstabilizerness on hardware — accessible, e.g., on trapped ions [53] —
can provide a concrete diagnostic for algorithmic performance, complementing energy-based
figures of merit.
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Chapter 5

First order phase transition in a
discrete nonabelian LGT

In this chapter, we report the findings obtained by analyzing the ground state properties of a
LGT with symmetry group D3. After introducing the model, we identify the possible ground
states across different parameter regimes perform a numerical analysis of the ground state,
from which we extract the relevant quantities needed to characterize the phase transition.
All the results presented in this chapter are preliminary. Discussion on how to complement
and expand them is presented in the conclusions of the chapter.

The D3 gauge theory is motivated by two key physical reasons. First, it constitutes the
minimal lattice gauge theory model in which non-Abelian string breaking can be observed
without truncating the gauge group, making it an ideal testbed for studying confinement
phenomena beyond the Abelian setting. Second, the tuning of the representation content
of the model allows one to investigate false vacuum decay, confinement and string breaking
dynamics in a genuinely non-Abelian context, generalizing the framework already developed
for abelian groups [173] to the non-Abelian case. Together, these features make the D3

model a natural step towards a broader understanding of non-Abelian confinement dynamics
in low-dimensional quantum field theories.

5.1 Model

In this section, we focus on a 1+1D LGT with gauge group D3. We take matter to be in
the faithful representation, which we label as τ , with dim(τ) = 2. The system is governed
by a Kogut-Susskind Hamiltonian given in Eq. (1.69), with the exception that the plaquette
term is not present given the 1D spatial nature of the problem

H =M
∑
i

(−1)iψ†
iψi + J

∑
i

ψiUi,i+1ψ
†
i+1 +

∑
i

E2
i . (5.1)

Let us focus on the electric field term. We have seen that it is uniquely defined by
the coefficients α(j) present in (??). In particular, these values represent the eigenvalues
of the states in the different representations and can be tuned in order to set a specific
representation as the one with the lowest energy. For the case J = 0, we can find the exact
ground state of the theory based on the ordering of the different representations.
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We consider two specific orderings:

α(e) < α(τ) ≪ α(p) (5.2)

α(τ) < α(e) ≪ α(p) (5.3)

In the first case, the field favors the trivial representation and thus the state that minimizes
the energy is

|ψe⟩ = |0 + 2⟩⊗N
2 , H |ψe⟩ = ((N − 1)α(e)−NM) |ψe⟩ ≡ Ee |ψe⟩ . (5.4)

This situation is rather trivial, as the matter states are empty and the field always transforms
trivially. A more interesting case is the one corresponding to the second ordering. In this
case, the field favors the fundamental representation, but due to gauge invariance we have
two candidates for the ground state. Depending on the specific values of α(e) and α(τ), the
possible choice for the ground state is between the two following states:

|ψe⟩ = |0 + 2⟩⊗N
2 (5.5)

|ψτ ⟩ = |1τ2⟩ ⊗ |τ0τ2⟩⊗
N−4

2 |τ0τ1⟩ (5.6)

where the second state has energy Eτ = (N − 1)α(e) − (N − 4)M . This state has all the
fields polarized along the faithful representation and is empty on all the mass sites of the
bulk and due to gauge invariance is single occupied on the edges. For |ψτ ⟩ to be the ground
state of the theory, we require Eτ < Ee or

α(e)− α(τ) >
4M

N − 1
. (5.7)

In the following, we parametrize α(e) and α(τ) and study the transition of the ground
state for J ̸= 0. We consider α(e) = −α(τ) = −α, αp = 5, which transforms (5.7) into

α < − 2M

N − 1
≡ α∗. (5.8)

5.2 Numerical analysis

Hamiltonian (6.11) was implemented using the ITensors package [174] in the Julia program-
ming language, which provides a high-level interface for tensor network construction and
manipulation. Ground state simulations were then carried out using the density matrix
renormalization group (DMRG) algorithm, as implemented in the built-in dmrg function
of the ITensors library. The interplay between the different ground states was studied by
varying the parameter α over a chosen set, once a fixed value of J was fixed. In systems
undergoing a first-order phase transition, the free energy landscape generically develops two
distinct local minima separated by a potential barrier of higher energy. The coexistence of
such metastable configurations implies that the ground state reached by the algorithm may
depend on the history of the sweep rather than being uniquely determined by the instanta-
neous value of α. This sensitivity to the adiabatic path is a hallmark of first-order transitions
and necessitates probing the parameter space in both directions in order to detect metastable
branches and to delineate the hysteresis region within which the two sweep directions yield
inequivalent ground states. Two complementary sweeping sequences over the parameter set
{αmin, . . . , αmax} were therefore performed. In the first sequence, α was initialized at its
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Figure 5.1: Hysteresis of the edge occupation and symmetry-sector projections for a chain
of n = 32 sites with fixed parity, as a function of the parameter α. The top row shows
results obtained by sweeping α upward (forward sweep), while the bottom row corresponds
to the reverse sweep (α decreasing). Each panel displays a different observable: the average
edge-site occupation ⟨n0⟩ (left), the projection onto the identity sector ⟨P̂I⟩ (center), and
the projection onto the τ -parity sector ⟨P̂τ ⟩ (right). Colors encode the coupling strength J
as indicated in the legend. The persistence of distinct values between the two sweeps signals
hysteretic behavior and the coexistence of competing phases in the region of parameter space
explored.

maximum value αmax and decreased monotonically to its minimum αmin; in the second, the
procedure was reversed, starting from αmin and increasing it to αmax. In both cases, the
converged ground state wavefunction obtained at each value of α was used as the initial state
— that is, as the initial matrix product state (MPS) ansatz — for the subsequent DMRG
run at the next value of α. This adiabatic-continuation-like strategy improves convergence
and helps track the ground state continuously across the parameter space, reducing the risk
of the algorithm converging to excited states or undesired metastable configurations.

The DMRG calculations were performed with a maximum bond dimension of χ = 200.
Convergence was assessed by monitoring the truncation error and the energy variance across
a minimum of 20 sweeps; convergence threshold for the energy was set to 10−6. Simulations
were performed with maximum DMRG noise equal to 10−3.

The procedure was repeated for three different sizes: N = 16, 32, 64 and for various
values of J .

Once DMRG finds the ground state, we compute three observables: the local density on
the first and last site (which we expect to change at the transition, differently than the one
in the bulk) and the mean projection of the link states over the different representations. In
terms of on-site operators, they are defined as
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Figure 5.2: Top: Key observables as a function of α for several values of J . From left to
right: occupation number on the leftmost site; mean electric field projected onto the trivial
representation; mean electric field projected onto the faithful representation.
Bottom: Numerical derivatives of the corresponding curves above, in the same order. The
plots refer to system size N = 32.
The figure shows how the transition point is decreased as the strength of the hopping J is
increased. Moreover, the increase in J also reduces the jump in the observables, indicating
a suppression of the transition towards J → +∞.

n =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2

 Pe = Q


1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

Q† (5.9)

Pτ = Q


0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Q† Pp = Q


0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

Q† (5.10)

Fig. 5.1 reports the ground state expectation values of the observables as a function of
the sweeping parameter α, for both directions of the sweep and N = 32. We note that the
two sweeps (forward and reverse) over the same parameter set provide different curves for
the expectation values of the observables mentioned in the previous section. In particular
we see that even if the state is supposed to have crossed the transition point, it remains
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stuck in a local minima corresponding to the ground state of the previous phase. This can
be easily explained by considering that the there is a region of the α, J parameter space
where the candidates ground states correspond to local minima also after the transition.
Once this regime is exited, the two curves collapse.

It is possible to merge the two curves by selecting the state of lowest free energy for each
combination of α and J , thereby identifying the true thermodynamic transition point. The
resulting phase boundary is shown in Fig. 5.2, which illustrates how the transition point
shifts from α∗ given by (5.8) as a function of the coupling strength J .

The extent of the metastable region depends on both the system size N and the coupling
parameter J , as shown in Fig. 5.3. For small values of N , the metastable region is narrow
and the two branches of the transition curve converge rapidly, indicating that the free-energy
barriers separating the competing minima remain shallow. As N increases, the metastable
region broadens progressively, reflecting the deepening of the respective free-energy wells
and the consequent increase in the value of J at which the two minima become degenerate.
Furthermore, the value of α∗ at which the merged curve asymptotically stabilizes is observed
to scale as O(1/N), consistent with the typical scaling given by finite-size corrections. An
exception is noted forN = 16, where deviations from this scaling are more pronounced, likely
attributable to boundary effects that are disproportionately significant at small system sizes.

In order to identify the phase transition and study its scaling with the system size,
we compare the first and second derivatives of the energy as a function of the sweeping
parameter α for the three system sizes considered. Results are reported in Fig. 5.4 and
explained below.

N = 16

For the smallest system size considered, N = 16, the first derivative of the ground-state
energy per site dH/dα /N already reveals a clear signature of the transition. Across all
coupling strengths J , the derivative exhibits a pronounced step-like drop as α increases
toward α∗, transitioning from a plateau near unity to a lower plateau whose value depends
on J . Weaker couplings (small J) show a smoother and more gradual descent occurring at
more negative values of α, while stronger couplings drive the transition closer to α = α∗

and with greater steepness. The second derivative d2H/dα2 /N corroborates this picture,
displaying sharp negative peaks localised at the transition point. At this system size the
peaks, though pronounced, remain finite and somewhat broadened, reflecting the rounding
of the singularity due to finite-size effects.

N = 32

Increasing the system size to N = 32 sharpens the signatures observed at N = 16. The
step in the first derivative becomes more abrupt and the transition point shifts noticeably
closer to α = α∗ for all values of J , consistent with the expected finite-size drift toward
the thermodynamic critical point. The plateaux on either side of the transition are better
resolved, and the dependence on J remains systematic: larger couplings push the critical α
toward α∗ and deepen the post-transition plateau. In the second derivative, the negative
peaks grow significantly in magnitude compared to N = 16 and become more localised,
indicating that the underlying singularity is becoming better resolved as the system size
increases.
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Figure 5.3: Top: Phase transition boundary for system sizes N = 16 (left), N = 32 (center),
and N = 64 (right), plotted as a function of the parameter set {α}. The red (blue) curve
represents the transition point obtained via a forward (reverse) sweep in parameter space.
The two curves differ due to the presence of metastable local minima distinct from the global
minimum, causing the system to become trapped in a local potential well during the sweep.
The gray line is instead obtained by considering both of the curves and selecting only the
points for which the energy of the system was lower (i.e. always considering the true ground
state). The star in each plot indicates the value of α∗ for a the given size.
Bottom: Schematic illustration of the putative effective potential landscape of the theory.
At large values of J (leftmost and rightmost panels), the secondary minimum is suppressed
and the system exhibits no hysteresis. At intermediate values of J , the potential develops
two competing minima corresponding to the states |ψe⟩ and |ψτ ⟩. In this regime, the DMRG
algorithm becomes trapped in one of the two minima, and the transition is only triggered
once the potential barrier becomes sufficiently large that the metastable minimum is desta-
bilized.

N = 64

At N = 64 the finite-size rounding is further suppressed and the derivatives approach the
behaviour expected in the thermodynamic limit. The first derivative displays an increas-
ingly discontinuous drop, with the transition concentrated in a very narrow window of α
near α∗. The second derivative develops sharp, deeply negative peaks whose magnitude is
substantially larger than at smaller system sizes, consistent with a divergence in the ther-
modynamic limit that is characteristic of a quantum phase transition. The systematic trend
across N = 16, 32, and 64 — shrinking transition width, growing peak magnitude, and drift
of the critical point toward α = α∗ — provides strong numerical evidence that the observed
features are genuine critical signatures rather than finite-size artefacts.
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Figure 5.4: First and second derivatives of the ground-state energy per site with respect
to the detuning parameter α, computed from the lowest-energy state obtained by merging
forward and reverse hysteresis sweeps. Results are shown for system sizes n = 16, 32, and
64 (columns) and coupling strengths J = 0.2, 0.5, 1.5, 3, 4, 5 (colours, viridis palette).
Top row: dH/dα /N ; The first derivative exhibits a sharp step-like drop whose position
shifts toward α = α∗ with increasing n, indicating a transition that sharpens with system
size.
Bottom row: d2H/dα2 /N . The second derivative develops pronounced negative peaks
at the same locations, whose magnitude grows with both n and J , consistent with the
divergence expected at a phase transition in the thermodynamic limit.

5.3 Conclusions and Outlook

In this chapter we have studied the ground state properties of a 1+ 1D lattice gauge theory
with non-Abelian gauge group D3, with matter in the faithful two-dimensional represen-
tation τ . Starting from the exact solution at J = 0, we identified two competing ground
states, |ψe⟩ and |ψτ ⟩, whose relative stability is controlled by the electric field parameter
α through the condition (5.7). The parametrisation α(e) = −α(τ) = −α reduces this to a
simple criterion involving the system size N , providing a clean handle on the transition.

For J ̸= 0, the transition was studied numerically using DMRG across three system
sizes N = 16, 32, 64 and a range of coupling strengths J . The use of bidirectional sweeps
in α revealed a pronounced hysteretic response, whereby the ground state found by the
algorithm depends on the history of the sweep rather than the instantaneous value of α
alone. This behaviour is consistent with a first-order quantum phase transition, in which
the free energy landscape develops two competing local minima separated by a barrier. The
metastable region widens with increasing N and varies non-monotonically with J , reflecting
the interplay between hopping-induced fluctuations and the electric field energy scale.

By merging the two sweep branches and retaining the lowest-energy state at each (α, J)
point, we reconstructed the true ground-state energy and computed its first and second
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derivatives with respect to α. The first derivative exhibits a sharp step whose position
drifts toward the analytically predicted α∗ as N increases, while the second derivative de-
velops increasingly large and localised negative peaks at the same location. The systematic
sharpening of these signatures across N = 16, 32, and 64 is consistent with the divergence
expected at a first-order transition in the thermodynamic limit, and provides strong numeri-
cal evidence that the observed features are genuine critical phenomena rather than finite-size
artefacts.

Several directions remain open. A finite-size scaling analysis of the peak positions and
magnitudes in d2H/dα2 would allow a quantitative extrapolation of the critical point αc(J)
to the thermodynamic limit and a more precise characterisation of the transition. The depen-
dence of the metastable region on J deserves further investigation, in particular to determine
whether the transition is suppressed entirely at large J or whether a residual discontinuity
persists. On the operator side, computing string order parameters and entanglement en-
tropy across the transition would help to characterise the nature of the two phases in terms
of confinement and string breaking, connecting the present results to the broader context
of non-Abelian confinement dynamics that motivates the D3 model. Finally, extending the
analysis to larger system sizes and higher bond dimensions would strengthen the finite-size
scaling conclusions and test the robustness of the DMRG results against truncation errors.
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Chapter 6

Confinement and resources in
nonabelian LGTs

This chapter presents an analysis of static confinement and the quantification of quantum
resources in the preparation of ground states of Lattice Gauge Theories (LGTs), stemming
from collaborations in which the author contributed in a supporting role. The results are
largely based on [28] and [29].

On the topic of confinement, the author’s contributions include the development of the
theoretical framework for dihedral LGTs, encompassing field formulations in both the rep-
resentation and group bases, as well as their decomposition in terms of rishon operators.

Concerning quantum resources, the author contributed the theoretical background on
the symmetry groups under consideration, the dual models, and the mappings relevant to
the SU(2) case. Additional contributions include numerical computations of ZN ground
states and the corresponding resource quantifiers.

6.1 Confinement

This chapter studies the confinement properties of pure DN lattice gauge theories in the
strong-coupling regime, focusing on the role of the group center and fusion rules in deter-
mining whether static charges are confined or screened. The material is based on [28].

Among the central goals of high-energy theoretical physics is the understanding of the
Standard Model of particle physics from first principles. In this context, the solution of
non-Abelian gauge theories with SU(3) symmetry — the gauge group of quantum chromo-
dynamics (QCD) — represents a long-standing challenge. In particular, the derivation of
color confinement, namely the absence of isolated color-charged particles such as quarks,
remains one of the major open problems in the field [73].

The non-perturbative nature of confinement has motivated the development of powerful
classical numerical approaches, most notably Monte Carlo simulations of lattice gauge theo-
ries (LGTs) [175, 17, 176, 177, 178]. While these methods have provided invaluable insights
into the equilibrium properties of gauge theories, they are subject to intrinsic limitations.
In particular, they face severe difficulties in addressing real-time dynamics and regimes of
large fermionic density, where the sign problem renders simulations impractical. Alternative
non-perturbative approaches based on Hamiltonian formulations of LGTs have accordingly
gained increasing attention, including quantum simulation platforms and tensor-network
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methods, which are free from the sign problem and well suited to the study of real-time
dynamics [19, 20, 179, 180, 181, 182, 21, 22, 89].

As introduced in Section 1.3, Hamiltonian approaches require suitable approximations
that encode the continuous degrees of freedom of the gauge group into a finite-dimensional
Hilbert space. Common strategies include truncations in representation space [183, 184, 185,
186, 100] or formulations in dual variables [187, 188, 189, 86, 87]. An alternative approach
consists in replacing continuous gauge symmetries with discrete ones, giving rise to gauge
theories based on finite groups that approximate their continuous counterparts [190, 191,
192, 193, 194, 195].

Discrete non-Abelian gauge theories share close connections with topologically ordered
systems in two dimensions [18, 196, 197, 198, 199] and have recently enabled the first quan-
tum simulations of dynamical string breaking in two spatial dimensions [200, 201, 202].
Among these models, gauge theories based on dihedral groups DN provide one of the sim-
plest non-Abelian settings, making them particularly attractive for both numerical and
experimental investigations [19, 203, 204, 205, 206].

This chapter addresses the question of how deeply non-perturbative phenomena — such
as confinement and string breaking —manifest inDN gauge theories, and how these phenom-
ena relate to the phenomenology of more complex theories such as QCD. The confinement
properties of pure DN LGTs in the strong-coupling regime are examined and it is shown
that confinement is intimately connected to the structure of the group center. For even N ,
the dihedral group DN possesses a non-trivial Z2 center, leading to the formation of stable
non-Abelian electric flux strings that confine static charges over arbitrary distances. For
odd N , the center is trivial and the electric string breaks even in the absence of dynamical
matter: static charges are screened by gluonic excitations, forming bound states known as
gluelumps in the context of QCD [73].

The minimal geometry required to observe this qualitative distinction is provided by a
ladder lattice [93, 207, 208, 209] , which retains both electric and magnetic contributions
while remaining amenable to quasi-one-dimensional numerical simulations. Tensor-network
results are presented for D3 and D4 in the strong-coupling limit, supplemented by a scal-
ing analysis of D3 gluelumps that characterises their spatial extent and continuum-limit
behaviour.

6.1.1 Fusion Rules and Center Symmetry

The mathematical foundation of the results presented in this chapter lies in the structure of
the fusion rules of the dihedral groups DN , which differ qualitatively depending on the parity
of N . For finite groups, Clebsch–Gordan (CG) coefficients — and therefore fusion rules —
are computed exactly from the characters of the group representations (see App. E.1).

The central object is the screening fusion rule, which holds exclusively for odd values of
N :

∃ irrep j | j ⊗ τ ∋ j , (6.1)

where j is a non-Abelian irreducible representation (dim(j) > 1) and τ denotes the funda-
mental representation. This rule implies that the gauge-field irrep j is left invariant when
fused with a fundamental charge τ , so the corresponding electric flux can pass through the
charge without being altered. For dihedral groups, Eq. (6.1) is satisfied by the faithful anti-
fundamental irrep j = τ̃ (see App. E.1). The associated CG coefficients are determined by
the structure of the group center.1 For odd N , the center of DN is trivial, Z = {I}, and the

1The center Z of a group G is the Abelian subgroup of elements commuting with all elements of G:
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Figure 6.1: (a) GS at strong coupling of DNodd
LGTs on a ladder with static color charges

on the corners. The string breaks when the charge separation R, in lattice units, is greater
than 8, making the anti-fundamental τ̃−glueballs energetically favorable. This si allowed
thnks to the screening fusion rule of Eq. (6.1). (b) GS at strong coupling for a DNeven

LGT.
No strng is formed due to the absence of the screening fusion rule. (c) Ordering of links in
a plaquette operator

relevant CG coefficient equals one. For even N , the center is Z2 and the same coefficient
vanishes, rendering the screening fusion rule invalid.

This distinction has direct and far-reaching consequences for the physics of dihedral
LGTs. For static probe charges in the fundamental representation τ , the screening fusion
rule in DNodd

allows such charges to act simultaneously as sources and sinks of electric
flux lines in the anti-fundamental representation τ̃ . Consequently, at strong coupling and
large separations, static charges are individually screened by localised gluonic excitations
— forming composite, gauge-invariant objects interpretable as glueball-dressed charges. For
DNeven groups, the screening fusion rule does not hold: gauge invariance requires any pair
of static fundamental charges to be connected by an electric flux string in representation
τ , and confinement persists at arbitrarily large distances. These two qualitatively different
configurations are illustrated in Fig. 6.1(a–b).

6.1.2 Models and Numerical Method

To investigate these phenomena quantitatively, the ground-state properties of D3 and D4

lattice gauge theories are studied using density matrix renormalization group (DMRG) simu-
lations. Both groups possess a single two-dimensional fundamental representation, implying
τ̃ = τ in both cases. Two sectors are considered: the neutral sector without static charges
(q = 0), and a charged sector (q = 1) where two static charges occupy the upper corners
of the ladder geometry. All simulations employ the ITensor Julia library [174, 210], with a
maximum MPS bond dimension η = 200 and a truncation cutoff ϵ = 10−11.

The Hamiltonian formulation follows the Kogut–Susskind construction introduced in
Section 1.3, with the electric and magnetic contributions described in App. E.3. For the
electric Casimir energies, the values α0 = 0, ατ = 1, αp = 10 are adopted throughout.

6.1.3 Phase Diagram and Crossover

In fully two-dimensional geometries, discrete LGTs are expected to undergo a phase tran-
sition between a confined phase at strong coupling and a topologically ordered deconfined

Z = {h ∈ G : ∀g ∈ G, hg = gh}. It is also a normal subgroup, satisfying ghg−1 ∈ Z for all g ∈ G and
h ∈ Z.
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Figure 6.2: Magnetic energy density ⟨Bp⟩ for D3 and D4 lattice gauge theories on a ladder.
Continuous lines with filled markers: sector with two static charges at the upper corners
(q = 1). Dashed lines with empty markers: neutral sector (q = 0). Different shades
correspond to different numbers of rungs Nr ∈ [4, 60], with darker colours indicating larger
systems. The value ⟨Bp⟩ ∼ 2 in the limit g2 → 0 corresponds to a flux-free configuration.

phase at weak coupling [211, 18, 212, 199, 213]. On a ladder geometry, however, boundaries
induce an effective electric field that suppresses a true phase transition at finite coupling [207,
209]. Instead, the system exhibits a smooth crossover between regimes dominated by electric
or magnetic energy contributions.

This crossover is characterised by the plaquette expectation valueBp = R[Tr(U jp1U
j
p2U

j†
p3U

j†
p4 )],

which measures the magnetic energy density. As shown in Fig. 6.2, both D3 and D4 models
display the same qualitative behaviour: ⟨Bp⟩ vanishes at strong coupling and approaches
the character of the identity in the fundamental representation, χτ (I) = 2, as g2 → 0. This
limiting value signals the deconfined, flux-free regime — restricted to g2 = 0 on the ladder
geometry. The presence of static charges only weakly perturbs the magnetic sector.

6.1.4 String Tension and Gluelump Formation

The qualitative distinction between the two groups becomes clear through the string tension,

σ(g,R) =
Eq=1(g,R)− Eq=0(g,R)

R
, (6.2)

where Eq=1 (Eq=0) is the ground-state energy in the presence (absence) of static charges
separated by a distance R.

At strong coupling, the dominant contribution to the energy difference is linear in R,
giving σ ∝ g2(ατ − αe). This is clearly observed in the D4 case, where the string tension
shows no appreciable R-dependence (Fig. 6.3). For D3, by contrast, the string tension
decreases linearly with increasing separation at strong coupling, rendering the total energy
difference Eq=1 − Eq=0 = σR independent of R (inset of Fig. 6.3). The asymptotic value

Eq=1(g,R→ ∞)− Eq=0(g,R→ ∞) = 2M(g) (6.3)
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Figure 6.3: String tension σ(g,R) as a function of the coupling g2 for different charge
separations R (colour shading) in D3 (warm colours, circles) and D4 (cold colours, squares).
At weak coupling (g2 ≲ 0.2), both models exhibit weak confinement with σ ∝ g6. For
D4, the string tension is R-independent, consistent with a stable flux string. For D3, the
string tension decreases with increasing R at strong coupling, signalling string breaking.
Inset: total energy difference σ(g,R)R, highlighting its saturation to 2M0(g) in the strong-
coupling regime.

is interpreted as twice the renormalized mass of a single gluelump.2 Since ατ = 1 and
αe = 0, this gives M(g) ≃M0(g) = 4g2 for g2 > 1.

At weak coupling and short distances, both groups exhibit weak confinement due to the
background electric field, similarly to ZN gauge theories [207] (see App. E.4). Second-order
perturbation theory predicts σ(g,R) ∝ g6, in agreement with the numerical results for both
D3 and D4. The scaling behaviours in both coupling regimes are summarised in Table 6.1.

6.1.5 Gluelump Scaling and Continuum Limit

The R-dependent crossover between the g2 and g6 regimes in D3 is attributed to the growing
spatial extent of the dressed quasiparticles as the coupling is reduced. Enhanced electric-
field fluctuations at smaller g2 spread the gluelump wavefunctions along the ladder, affecting
their interaction range. This is quantified through the interaction potential between two
gluelumps:

V (g,R) = Eq=1(g,R)− Eq=0(g,R)− 2M(g) . (6.4)

2In practice, the rapid convergence of the gluelump mass allows M(g) to be extracted from simulations
at a fixed large separation accessible to DMRG (here R = 59).
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Strong coupling Weak coupling
D3 min(8, R) g2 Rg6

D4 Rg2 Rg6

Table 6.1: Scaling of the string energy Rσ(g,R) in the two coupling regimes for D3 and D4.
Distances are measured in lattice units a.

DMRG data at different coupling strengths collapse onto a universal curve for the rescaled
potential V (g,Rgκ)/M(g), as shown in Fig. 6.4. The best collapse is obtained for κ =
2.5(1) ≃ 5/2, indicating a finite screening length Rs ∼ g−5/2 at any nonzero coupling. The
gluelump mass follows the scaling M(g) ≃ γg−υ −M0(g), with υ = 5.99(5) ≃ 6 (inset of
Fig. 6.4).

These results provide insight into the scaling behaviour of the theory towards the contin-
uum limit. Requiring that the physical interaction range rphys remains finite as the lattice
spacing a→ 0 yields

g ≃
(
ζ

a

rphys

)1/κ

, a≪ rphys , (6.5)

where ζ = 21.2(4) is the crossover scale extracted from Fig. 6.4. Since κ > 0, the contin-
uum limit is reached at small g, consistent with the growing gluelump extent as magnetic
fluctuations become dominant.

A second condition requires the physical gluelump excitation energy Ephys to remain
finite in the continuum limit. Neglecting the subleading strong-coupling term M0(g), this
fixes the scaling of lattice energies as M(g) ∝ a−υ/κ. Writing the dimensionless lattice mass
as

M(g(a)) ≃ ξ
Ephys rphys

cℏ

(rphys
a

)υ/κ
, (6.6)

and using M(g) ≃ γg−υ together with Eq. (6.5), one finds

ξ =

(
cℏ

Ephys rphys

)
γ

ζυ/κ
, (6.7)

providing a consistent conversion between lattice and physical units in the continuum limit,
in close analogy with running-coupling analyses [214, 215].

Remarkably, the amplitude of the interaction potential V exhibits the same emergent
scaling with g — and therefore with a — as the gluelump mass M(g). This implies that
the interaction between the quasiparticles remains finite in the continuum limit, leading to
well-defined elastic scattering amplitudes in the effective field theory.

6.1.6 Comparison with SU(N) Gauge Theories

A comparison between dihedral gauge theories and continuous non-Abelian gauge theories
such as SU(N) is instructive. In SU(N), the non-trivial center forbids the screening fusion
rule for the fundamental representation, but allows it for representations with zero N -ality.3

A prominent example is the adjoint representation of SU(3), which permits the formation of
color-neutral gluelumps [73, 216, 217]. While these excitations are theoretically well defined,
their masses are difficult to determine unambiguously since only energy splittings are scheme
independent [216, 218].

3N -ality characterises the representation of the center subgroup ZN in a given SU(N) representation.
Zero N -ality corresponds to a trivial action of the center.
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Figure 6.4: Rescaled interaction potential V (g,Rgκ) with κ = 5/2. The collapse of data
from different coupling strengths onto a single curve indicates a screening length scaling as
Rs ∼ g−5/2. Inset: deviation of the renormalised gluelump mass M(g) from the strong-
coupling behaviour M0(g) = 4g2, fitted with M(g) ≃ γg−υ, υ ≃ 6.

A similar situation arises in DNeven
gauge theories with Neven ≥ 6, where non-faithful

two-dimensional representations with zero N -ality exist. However, important differences
emerge once the gauge field is coupled to dynamical matter. In QCD, adjoint charges are
composite objects, typically realised as quark–antiquark pairs, and gluelumps can be created
and annihilated via vacuum fluctuations. In the D3 gauge theory with staggered fermions in
the fundamental representation τ , by contrast, the charge component of a gluelump carries
a conserved global U(1) quantum number, preventing the absorption of gluelumps into the
vacuum and rendering them stable quasiparticles.

6.1.7 Conclusions

This chapter has investigated confinement and color screening in pure DN lattice gauge
theories on a ladder geometry, focusing on the qualitative distinction between D3 (odd N ,
trivial center) and D4 (even N , Z2 center).

The central finding is that the group center determines whether static fundamental
charges are confined or screened. For D4, the screening fusion rule does not hold and
the string tension is R-independent at strong coupling, indicating permanent confinement
via a stable electric flux string. For D3, the trivial center permits the screening fusion rule,
and the string breaks at large separations even without dynamical matter: static charges
are screened by localised gluonic excitations forming gluelumps.
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At weak coupling, both groups exhibit geometric confinement with string tension σ ∝ g6,
a perturbative effect arising from the ladder geometry (see App. E.4). The scaling of the D3

gluelump mass and interaction range with the coupling admits a consistent continuum limit,
with the screening length Rs ∼ g−5/2 remaining finite for any nonzero coupling. The same
power-law scaling governs both the gluelump mass and the interaction amplitude, ensuring
well-defined physical scattering amplitudes in the continuum.

These results demonstrate that discrete non-Abelian gauge theories — even for groups of
small order — constitute a controlled and tractable framework for investigating the interplay
between confinement, center symmetry, and fusion rules. The close analogy with QCD
gluelumps, and the qualitative differences that emerge when dynamical matter is introduced,
suggest that DN LGTs offer a valuable laboratory for understanding the non-perturbative
physics of more complex gauge theories.

6.2 Quantum resources in nonabelian lattice gauge the-
ories

This section investigates the connection between the symmetry group of a lattice gauge the-
ory (LGT) and the quantum resources encoded in its ground state. Three complementary
resource measures are studied: nonstabilizerness (stabilizer Rényi entropy), multipartite
entanglement (generalised geometric measure), and fermionic non-Gaussianity (fermionic
anti-flatness). The material presented here is based on [27]. The intricate structure of non-
Abelian symmetries suggests that computational complexity in these systems may unfold
differently from their Abelian counterparts. Yet it remains unknown whether this translates
into systematically larger quantum resources. As discussed in Section 6.2.2, nonstabiliz-
erness is a crucial ingredient for computational quantum advantage beyond what Clifford
circuits can achieve [48, 219]. In classical stabilizer-tableau simulations and fault-tolerant
quantum computation [37, 220], entanglement is no longer the scarce resource — magic
states are. Complementing this, fermionic non-Gaussianity characterises the resource for
achieving exponential hardness in matchgate-circuit simulations [221, 222].

These quantum resources have been employed to study many-body physics [223, 224, 225,
226, 227], Abelian scattering processes [228, 229], and quantum computation [47, 162, 27],
providing a natural framework for probing ground-state complexity in LGTs. Reference [226]
illustrates the subtle connection between nonstabilizerness and critical phenomena in an
Abelian U(1) LGT, but leaves open how the group structure relates to simulation complexity.

This section addresses this question by comparing three paradigmatic quantum resources
across pure-gauge theories on a ladder geometry, with Abelian ZN as well as non-Abelian
D3 and SU(2) gauge symmetries. The main findings are the following:

• non-Abelian symmetries do not necessarily generate more ground-state complexity
than Abelian ones;

• the required quantum resources depend non-trivially on the interplay between group
structure, superselection sector, and encoding strategy;

• both Abelian and non-Abelian LGTs display resource-demanding regimes relevant to
NISQ and fault-tolerant scenarios.
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Figure 6.5: (a) Extract of the 2D LGT flux ladder and the three different mappings to
one-dimensional chains, depending on the underlying gauge symmetry: (b) ZN , (c) D3, (d)
SU(2). For D3, Ẽ represents the non-local electric string after gauge-fixing, see Eq. (6.11).
(e) Sketch of the maximum values of the resources across the phase diagrams: multipartite
entanglement G2, stabilizer Rényi entropy M2, and fermionic antiflatness F2 densities. All
values except the maximal GGM for D3 remain below those of Haar random states.

6.2.1 Models

To probe the connection between quantum resources and different gauge symmetry groups,
pure-gauge theories in the quasi-2D geometry of a plaquette (flux) ladder are studied, as
depicted in Fig. 6.5(a). This is the simplest scenario to observe the competition between
electric and magnetic fields — a key ingredient for quantum simulations of LGTs [230, 231,
232, 233, 234, 86].

As introduced in Section 6.2.1, the Kogut–Susskind Hamiltonian [84] for a generic gauge
group G reads

H =
g20
2

∑
links

E2
l −

2

g20

∑
plaquettes

Bp , (6.8)

where g0 is the dimensionless coupling constant, E2
l =

∑
J α

J P̂ Jl is the weighted sum

of projectors P̂J onto the irreducible representations (irreps) J of the group, and αJ is
the associated energy (e.g. αJ = J(J + 1) for SU(2)). The plaquette operator is Bp =
Tr(Up1Up2U

†
p3U

†
p4 + H.c.), where Upi is the parallel transporter in the faithful irrep acting

on the pi-th link of plaquette p. At each vertex v, the local gauge transformation associated
with group element h ∈ G is Θv(h) =

∏
i θ
R
i (h)

∏
o θ

L
o (h), where i (o) labels ingoing (out-

going) links. Physical states satisfy Θv(h) |ψ⟩phys = |ψ⟩phys for all h ∈ G and all vertices v
(Gauss’s law, see Section 6.2.1).

At strong coupling g2 ≫ 1, the system is in a confined phase and the ground state is well
approximated by a product state with the identity irrep on every link. At weak coupling
g2 ≪ 1, the ground state minimises magnetic vortices, generating complex entangled struc-
tures whose specific character depends on the symmetry group. In this regime, phenomena
such as deconfinement, topological order, spin-liquid phases, and anyonic excitations can
appear [235, 85, 196, 197, 199].

Three gauge groups are compared: SU(2), D3, and ZN .
SU(2) with its smallest nontrivial truncation to irreps J = 0 and J = 1/2 — the

hardcore-gluon approximation [81] — is adopted, yielding a spin- 12 Hamiltonian (see App. F.1).
D3 is the smallest discrete non-Abelian group (symmetries of an equilateral triangle),

offering the prospect of exact implementation on qudit platforms [193, 192, 236]. It is
associated with non-Abelian topological order and universal anyons [18, 199].

ZN models are well-studied Abelian workhorses that interpolate between Z2 (relevant
for the toric code [237]) and U(1) (the gauge symmetry of QED) [190, 238, 195].
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Using local gauge symmetries, each model is mapped onto an effective one-dimensional
Hamiltonian. For SU(2) and ZN , this follows the dual-lattice mapping of Refs. [239, 240,
209]. For D3, gauge-fixing on the ladder legs eliminates redundant degrees of freedom,
yielding a 1D chain with dynamical variables on the rungs only [93]. The mappings are
sketched in Fig. 6.5(a–c) and detailed in App. F.1. The effective Hamiltonians are:

HSU(2) = g2
∑
i

[
− 3

2ZiZi+1 + 3Zi
]
− 1

g2

∑
i

(1−3Zi−1)Xi(1−3Zi+1) , (6.9)

HZN
=− g2

2

∑
i

[
Z†
i−1Zi + (1 + ωk)Zi +H.c.

]
+ 1

2g2

∑
i

(
Xi +X†

i

)
, (6.10)

HD3 =− g2
∑
i

∑
J

αJ

[
P̂ Ji + 2

∏
i′<i

P̂ Ji′

]
− 1

2g2

∑
i

(
Tr[U†

i Ui+1] + H.c.
)
. (6.11)

For SU(2) and Z2, qubit Pauli matrices are used. For ZN , qudits of local dimension d = N
with clock operators satisfying ZX = ωXZ (ω = e2πi/N ) are employed, and k labels the
superselection sector corresponding to background field ωk. For D3, qudits with d = 6 are
required.

6.2.2 Quantum Resource Measures

Three complementary measures of quantum resources are employed.

Generalised Geometric Measure of Entanglement

The Generalised Geometric Measure (GGM) extends the geometric measure of entanglement
to quantify genuine multipartite entanglement [241, 242, 243, 244, 245]. It measures the
minimal distance between a quantum state |ψ⟩ and the set S2 of 2-separable product states,
and is computable for pure states as

G2(|ψ⟩) = 1− max
|π⟩∈S2

| ⟨π|ψ⟩ |2 = 1−max
A:B

(λmax
A:B )

2 , (6.12)

where λmax
A:B is the largest Schmidt coefficient across the bipartition A : B, and the maximi-

sation runs over all nontrivial bipartitions. The maximum possible value is Gmax
2 = 1− 1/d,

where d is the local Hilbert space dimension.4

Stabilizer Rényi Entropy

The SRE measures nonstabilizerness as described in Section 6.2.2. For the present setting
of N qudits of local dimension d, the SRE is

Mk(|ψ⟩) =
1

1− k
log

[ ∑
P∈PN

| ⟨ψ|P |ψ⟩ |2k
dN

]
, (6.13)

where PN is the N -qudit Pauli group defined in Section 1.1. Mk is non-negative, vanishes if
and only if |ψ⟩ is a stabilizer state [51, 52], and is experimentally accessible [53]. Throughout
this chapter, M2 is used.

4Stabilizer states are restricted to G2(|ψSTAB⟩) ∈ {0, 1− 1/d} [246].
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Figure 6.6: (a) Expectation value of the plaquette operator, (b) GGM, (c) SRE density, and
(d) FAF density, for the ground states of SU(2), Z2, and D3 pure LGTs. Results converge
rapidly with increasing system size. The derivative of G2 (inset of panel b) peaks at the same
position as M2. SU(2) displays sizable values of all resources at small coupling. Discrete
groups display mixed regimes — easy in one resource, hard in another. FAF is computed
only for SU(2) and Z2; the inset of panel (d) shows the FAF itself (not its density) for Z2.

Fermionic Anti-Flatness

Matchgate circuits are classically simulable [222] but become classically intractable when
combined with fermionic non-Gaussian states [221]. The fermionic anti-flatness (FAF) [227]
quantifies this resource:

Fk(|ψ⟩) = N − 1
2 tr[(M

TM)k] , Mmn = − i
2 ⟨ψ|[γm, γn]|ψ⟩ , (6.14)

where M is the covariance matrix of the 2N Majorana operators {γn}. The FAF vanishes
if and only if |ψ⟩ is a fermionic Gaussian state, is invariant under Gaussian unitaries, and
is efficiently computable [225, 227] and experimentally accessible [227]. Haar random states
achieve nearly maximal values of all three measures [247, 161, 227].

6.2.3 Resources and Group Structure

All models display a crossover between strong-coupling (electric ordering) and weak-coupling
(magnetic ordering) regimes, identifiable via the plaquette expectation value ⟨Bp⟩, shown
in Fig. 6.6(a). In the ladder geometry, no appreciable finite-size dependence is expected in
either the order parameter or the minimum energy gap (see App. F.2), since the boundaries
induce an effective longitudinal field connecting the two regimes adiabatically. The resulting
fast convergence makes the relevant physics accessible at numerically tractable system sizes.5

The behavior of all three resource measures across the crossover is shown in Fig. 6.6.
Multipartite entanglement (GGM) vanishes in the electric limit for all three models

— both SU(2) and Z2 approach an Ising model with a longitudinal field whose ground state
is a product state, and the D3 ground state at strong coupling is likewise a product of
trivial-irrep states. In the magnetic regime, entanglement vanishes only for Z2, where all
links become polarised by the local X field. In both non-Abelian theories, the plaquette
terms correlate different sites, leading to maximal entanglement at weak coupling.

Nonstabilizerness (SRE), shown in Fig. 6.6(c), tells a different story. For the discrete
gauge groups, nonvanishing SRE appears only in the crossover regime: deep in the magnetic
region, the ZN LGT maps to a ZN paramagnet and the D3 ground state takes the form of
a generalised GHZ state — both stabilizer states. Deep in the electric region, the separable
product state also has vanishing SRE. The SRE peak in the crossover regime qualitatively

5In extended 2D systems, the crossover becomes a continuous phase transition, at least for ZN LGTs
mappable to Potts models.
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resembles the derivative of GGM [inset of Fig. 6.6(b)]. For SU(2), by contrast, SRE remains
finite throughout the magnetic regime: at g → 0, the SU(2) dual Hamiltonian is close to a
cluster Ising model [248] — which has a stabilizer ground state — but further terms destroy
this structure. This hints that continuous Lie groups may be harder to simulate than discrete
ones.

Fermionic non-Gaussianity (FAF), shown in Fig. 6.6(d), is computed for SU(2) and
Z2, which both admit a natural Jordan–Wigner mapping to qubit registers. In both cases,
the FAF shows qualitative similarity to ⟨Bp⟩, plateauing in the magnetic regime and decreas-
ing into the crossover. A crucial difference emerges: in SU(2), the FAF density converges
rapidly with system size; in Z2, the FAF density plateau decreases as 1/N (i.e., the FAF
itself is system-size independent). In the magnetic regime, the Z2 Hamiltonian maps to
nearly free fermions, while the SU(2) plaquette term is not quadratic in fermionic operators,
generating substantially larger non-Gaussianity.

6.2.4 Group Order and Superselection Sectors

To probe how sensitive the above findings are to details beyond the gauge symmetry group,
ZN LGTs with varying N and superselection sector k are examined. The parameter k
labels the background charge on the ladder boundaries, inducing a uniform ZN electric field
ωk = ei2πk/N .

Without background charges (k = 0), the ground state is fully polarised in both lim-
its, leading to vanishing SRE and entanglement independently of N . Around the crossover,
both quantities display a peak whose magnitude increases monotonically with N , as shown
in Fig. 6.7(a0, b0).

With background charges (k > 0), the physics changes qualitatively. At weak cou-
pling, the electric fluctuations screen the background field and the ground-state resources are
independent of k. At strong coupling, specific combinations of N and k induce degeneracies
associated with regions of extensive SRE and GGM.

For k = N/2, the longitudinal field vanishes [209], restoring a global Z2 symmetry. The
strong-coupling ground state is a ZN GHZ state with G2 = 1 − 1/N but vanishing SRE.
This is illustrated for Z2 (k = 1) and Z4 (k = 2) in Fig. 6.7(a1–b2).

Beyond this special case, the electric Hamiltonian has degenerate pairs of eigenvalues at
angles 2πa/N and 2πb/N with a + b = N − k. When such a pair minimises the electric

energy, the strong-coupling ground state takes the form |ψ⟩ = (|a⟩⊗N + |b⟩⊗N )/
√
2, which

(except for N = 2) is not a GHZ state and carries both finite entanglement (G2 = 1/2) and
finite nonstabilizerness (M2 = 0.32, computed analytically in App. F.3). Figure 6.7(a1–b2)
clearly illustrates this: at k = 1, all ZN models except Z2 display finite nonstabilizerness
and entanglement at strong coupling, consistent with the analytical prediction.

6.2.5 Remarks on Extended 2D LGTs

The analysis focused on two-leg ladders, as extended 2D systems pose a significant numerical
challenge. Several statements can nonetheless be made in limiting cases.

At g → ∞, independently of G and without background charges, the ground state is a
product of polarised links with vanishing resources.

At g → 0, the ground state for discrete groups is related to the associated surface
code [237]. For Abelian ZN , the set of stabilizers (plaquette and vertex operators) uniquely
defines each eigenstate. Analogously to the Z2 case, these states have large entanglement
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Figure 6.7: Impact of superselection sector k and group order N on quantum resources, for
a ZN LGT with N = 2, 3, 4, 5, 6 and k = 0, 1, 2, at fixed N = 4. (a) SRE peaks whenever
electric and magnetic terms compete. (b) GGM has a significant crossover peak only at
k = 0. Both quantities may reach a strong-coupling plateau whose height depends critically
on the combination of k and N .

in the full Hilbert space but vanishing SRE, since nonlocal transformations between rep-
resentations map Pauli strings to Pauli strings. Non-Abelian topological order breaks this
picture [199], potentially leading to larger quantum resources independently of the chosen
representation. On the ladder, this is already hinted at by SU(2), which maintains large
M2 at weak coupling even after the dual mapping. Its complexity is expected to increase
in a full 2D geometry.

6.2.6 Conclusions

This chapter has investigated the connection between gauge symmetry group and ground-
state complexity through three complementary quantum resource measures — nonstabiliz-
erness, multipartite entanglement, and fermionic non-Gaussianity — in pure-gauge LGTs
on a ladder geometry.

An intricate picture emerges. Quantum resources depend simultaneously on the gauge
group, the background charge (superselection sector), and the strategy used to project the
Hamiltonian onto independent degrees of freedom.
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Perhaps counterintuitively, non-Abelian symmetries are not necessarily associated with
larger nonstabilizerness. In the discrete groups ZN and D3, nonstabilizerness is confined
to the crossover regime and vanishes in both limiting phases. For SU(2), by contrast,
nonstabilizerness remains finite throughout the magnetic phase, suggesting that continuous
Lie groups may be inherently harder to simulate than discrete ones in the fault-tolerant sense.
Non-Abelian groups do, however, consistently induce larger multipartite entanglement than
Abelian ones in the magnetic phase.

In ZN LGTs, the combination of background charge k and group order N plays a decisive
role in determining ground-state complexity. Specific combinations of k and N can restore
degeneracies at strong coupling, generating a finite plateau of both SRE and GGM that
would not be present in the zero-charge sector. The analytical expression derived for the
SRE of the resulting two-component superposition state confirms this picture quantitatively.

From a practical perspective, the results indicate that quantum simulations of LGTs will
face resource-demanding regimes for both NISQ and fault-tolerant implementations, asso-
ciated with large entanglement (CNOT gate count) and nonstabilizerness (T-gate count),
respectively. Future experiments and simulation protocols will need to carefully account for
the chosen superselection sector, group order, and coupling regime.

Several open questions follow naturally from this work, including the role of dynamical
matter, the truncation of continuous groups, and the effect of spatial dimensionality. The
comparison between qubit and qudit encodings also deserves further attention: the results
show that both SRE and GGM increase with group order in ZN LGTs, suggesting that
qudit encodings may be advantageous — or disadvantageous — depending on the specific
resource bottleneck of interest.
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Conclusions

This thesis has explored the role of qudits in two complementary research programmes:
quantum optimization and the quantum simulation of lattice gauge theories.

In the domain of quantum optimization, the central contributions concern the use of
qudit ancillae to handle constrained problems and the improvement of variational algo-
rithms through counterdiabatic driving. The direct penalty approach developed in Chapter 2
demonstrates that a single ancilla qudit of dimension N + 1 suffices to enforce Hamming-
weight constraints in QAOA without expanding the solution space — a concrete advantage
over binary slack-variable encodings, which inflate the infeasible sector with each additional
constraint. Chapter 3 showed that symmetry-enhanced counterdiabatic driving reduces
the number of variational parameters to a symmetry-constrained subspace, improving both
convergence speed and solution quality on qudit instances. These results suggest that in-
corporating the algebraic structure of both the problem and the hardware into the ansatz
design is a productive direction for NISQ-era algorithms.

Chapter 4 addressed two further aspects of variational algorithm performance. The
experimental confirmation that amplitude-damping noise does not induce barren plateaus is
an encouraging result for near-term hardware, as it implies that the dominant noise model of
superconducting processors does not suppress trainability. The analysis of the Sherrington–
Kirkpatrick spin-glass model revealed a universal transient structure in QAOA runs — a
build-up and partial relaxation of nonstabilizerness — that tracks the algorithm’s progress
toward the solution and is present in both qubit and qutrit versions of the protocol. While
nonstabilizerness is not the primary object of study in this work, its behaviour provides a
useful diagnostic for understanding what happens inside a variational circuit at a structural
level.

On the lattice gauge theory side, the analysis of DN models illustrates how discrete non-
Abelian symmetries give rise to qualitatively different physical phenomena depending on the
group structure. The connection between the group center and confinement established in
Chapter 6 — confinement for even N , gluon-induced screening for odd N — provides a clear
organizing principle for the phenomenology of dihedral LGTs and contributes to the broader
effort of understanding non-Abelian confinement in tractable low-dimensional models. The
D3 ground-state analysis in Chapter 5, while preliminary, identifies parameter regimes with
distinct phase structure and lays the groundwork for studying string-breaking dynamics in
a genuinely non-Abelian setting that is accessible to both current tensor-network methods
and near-term quantum hardware.

The comparison of ground-state complexity across ZN , D3, and SU(2) gauge theories in
Chapter 6 yields a counterintuitive finding: non-Abelian symmetry does not automatically
make ground states harder to simulate. The simulation cost depends instead on the interplay
between group structure, superselection sector, and the choice of encoding — a result with
practical implications for the design of quantum simulation experiments and the assessment
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of their classical hardness.
Taken together, these results point to qudits as a useful extension of the qubit paradigm

for specific tasks — constraint handling, group encoding, and symmetry exploitation —
rather than a universal replacement. Several directions remain open. The D3 results of
Chapter 5 call for a systematic finite-size scaling analysis and an extension to dynamical
observables such as real-time string-breaking rates, which would connect directly to ongo-
ing trapped-ion and Rydberg experiments. The universality of the magic barrier in QAOA
invites analytical treatment, in particular whether a closed-form expression for its peak
and scaling can be derived in the large-N limit. More broadly, the question of how group
structure shapes the classical simulability of LGT ground states — beyond the specific re-
source measures studied here — remains an open and physically important problem. These
questions place qudit-based quantum information at the intersection of quantum algorithms,
quantum simulation, and many-body physics, a territory that current and near-future quan-
tum hardware is well positioned to explore.

From a broader perspective, the results obtained in this thesis can be situated within
the current state of the art in both quantum optimization and quantum simulation. In
quantum optimization, significant effort has recently focused on improving the trainability
and expressivity of variational algorithms under realistic hardware constraints. Within this
context, the use of qudit ancillae for constraint enforcement provides an alternative to stan-
dard qubit-based encodings that aligns with ongoing attempts to reduce circuit overhead
and mitigate barren plateau phenomena. Similarly, the symmetry-informed reduction of
variational parameters connects with a growing body of work emphasizing problem-inspired
ansätze and hardware-efficient implementations. On the simulation side, the study of lat-
tice gauge theories with finite groups contributes to a well-established programme aimed
at identifying minimal models that capture essential features of non-Abelian physics while
remaining accessible to both tensor-network and quantum hardware approaches. In partic-
ular, the identification of the role of the group center in determining confinement properties
complements existing analytical and numerical studies, offering a unifying viewpoint that
bridges discrete and continuous gauge theories.

Looking ahead, several promising research directions emerge from this work. First, the
integration of qudit-based encodings with error-mitigation and error-correction strategies
represents a natural next step, especially in light of recent progress in noise-resilient quan-
tum algorithms. Understanding whether the structural advantages of qudits persist in the
presence of realistic error models will be crucial for their practical adoption. Second, the
extension of symmetry-enhanced variational principles to dynamical settings — for instance,
in variational quantum simulation of real-time evolution — could provide new tools for prob-
ing out-of-equilibrium phenomena in many-body systems. On the lattice gauge theory side,
a systematic exploration of larger non-Abelian discrete groups and higher-dimensional lat-
tices would clarify the extent to which the observed interplay between group structure and
genuine non-perturbative phenomena generalizes. More ambitiously, combining qudit-based
hardware platforms with analog-digital hybrid approaches may enable the study of regimes
that are currently beyond typical quantum strategies (e.g. truncations of Hilbert spaces),
thereby strengthening the role of qudit quantum simulators in the context of non abelian
LGTs.
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Appendix A

Appendix CD

This appendix collects supplementary material for Chapter 3, which develops the symmetry-
enhanced counterdiabatic approach for qudit QAOA. Section A.1 provides the formal proof
that the counterdiabatic terms inherit the symmetries of the problem Hamiltonian, to-
gether with an explicit example of how those symmetries reduce the number of independent
variational parameters. Section A.2 gives the explicit qudit encodings of the Max-k-Cut
Hamiltonian for k = 2, 3, 4, along with the corresponding first-order counterdiabatic opera-
tor pools and numerical results for six-vertex Max-3-Cut instances. Section A.3 presents
a complementary benchmark in which the variational ansätze are trained by directly max-
imising the fidelity with the target W state, rather than minimising the energy, confirming
the superiority of counterdiabatic circuits over standard qudit-QAOA at low circuit depth

A.1 Theory of Symmetry-Grouped Counterdiabatic Terms

Consider a problem Hamiltonian HP that is invariant under a set of symmetries S = {πk}
drawn from the permutation group:

HP = πkHPπ
−1
k ∀ k . (A.1)

It follows directly that the adiabatic Hamiltonian Ha(t) inherits these symmetries,

Ha(t) = πkHa(t)π
−1
k . (A.2)

The CD term at first order is Q1(t) = [Ha(t), ∂tHa(t)]. The symmetries of HP are
inherited by the CD Hamiltonian exactly, as can be seen from

πkQ1(t)π
−1
k = πk[Ha(t), ∂tHa(t)]π

−1
k

= [πkHa(t)π
−1
k , πk∂tHa(t)π

−1
k ]

= [πkHa(t)π
−1
k , ∂t(πkHa(t)π

−1
k )]

= [Ha(t), ∂tHa(t)] = Q1(t) .

(A.3)

The only effect of applying a permutation symmetry is therefore a relabelling of the CD
terms. Parameters whose labels form a closed set under the action of all symmetries in
S can be grouped, i.e. constrained to share a single value, reducing the total number of
independent variational parameters.
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Example. Consider a CD Hamiltonian with seven distinct terms and a single symmetry
π. The first-order CD operator reads

Q1 = α1B1 + α2B2 + α3B3 + α4B4 + α5B5 + α6B6 + α7B7 . (A.4)

Applying the symmetry and using Q1 = πQ1π
−1 gives

πQ1π
−1 = α3B1 + α2B2 + α1B3 + α7B4 + α6B5 + α5B6 + α4B7 . (A.5)

Matching terms between the two expressions yields the identifications α1 = α3, α4 = α7,
and α5 = α6, reducing the number of independent parameters from seven to four.

A.2 Formulation of Max-k-Cut on Qudits and Results
for k = 3

The Max-k-Cut problem seeks to partition the vertices of a graph into k colour classes so
as to maximise the number of edges connecting vertices of different colours. The quantum
encoding is obtained by expressing the per-edge contribution to the cost Hamiltonian in
terms of angular-momentum operators for qudits of local dimension d = k.

For Max-2-Cut (d = 2 qudits), the per-edge term is

Hi,j = 4Lz,iLz,j , (A.6)

and the first-order CD pool is Q1 = {Ly,iLz,j}.
For Max-3-Cut (d = 3 qutrits):

Hi,j = Lz,iLz,j − 2(L2
z,i + L2

z,j) + 3L2
z,iL

2
z,j , (A.7)

Q1 =
{
Ly,iLz,j , Lz,iLy,j + Ly,iLz,j , Lz,iLy,j + Ly,jLz,i, L

2
z

}
. (A.8)

For Max-4-Cut (d = 4 ququarts):

Hi,j =
365

72
Lz,iLz,j −

5

8
(L2

z,i + L2
z,j) +

1

2
L2
z,iL

2
z,j

− 41

18
(L3

z,iLz,j + Lz,iL
3
z,j) +

10

9
L3
z,iL

3
z,j . (A.9)

All terms in these problem Hamiltonians contain an even number of Lz operators per
qudit, with the maximum power of Lz on a single site equal to k − 1. The Hamiltonian
coefficients for general k are obtained by solving a linear system of

∑k
d=1⌈d/2⌉−1 equations,

which scales as O(k2).
Figure 3.6 presents the numerical results for the Max-3-Cut problem on six instances

defined by non-planar graphs with six vertices. Results are shown in terms of the cost
function value (expected energy) at each optimisation iteration, which is the quantity min-
imised in the classical loop, as well as the probability of sampling an optimal solution. In
all instances, the success probability is at least one order of magnitude above random guess-
ing. This behaviour is consistent with the use of the energy, rather than the fidelity, as the
cost function: energy minimisation does not directly penalise weight on non-optimal states
of equal or near-equal energy, yet the CD-enhanced ansätze still achieve a substantially
elevated probability of finding the correct solution.
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A.3. DICKE STATES AND FIDELITY MAXIMISATION FOR W STATE
PREPARATION

a) b) c)

Figure A.1: Fidelity with the W state as a function of optimiser iteration, obtained by
directly maximising F for N = 3 qutrits. CD-based ansätze outperform standard qudit-
QAOA for low layer counts (p ≤ 4), achieving a best-case fidelity of F ∼ 85%.

A.3 Dicke States and Fidelity Maximisation for W State
Preparation

Dicke states are important metrological states with connections to quantum communication
and multipartite entanglement [249]. For a system of N qudits of local dimension d, the
Dicke state with excitation number κ is defined as

DN
κ =

(
N

κ

)−1/2∑
i

Pi

(
|d− 1⟩⊗N−κ |0⟩⊗κ

)
, (A.10)

where Pi runs over all distinct permutations of the local basis labels. This state is the ground
state of the Hamiltonian

HN
κ =

(
N

2
− κ

) N∑
i=1

Lzi +
1

2

∑
j<i

LziLzj . (A.11)

For κ = 1 and qutrits (d = 3), this reduces to the Hamiltonian of Eq. (3.15), and the
corresponding Dicke state is

DN
1 =

1√
N

∑
i

Pi

(
|2⟩⊗N−1 |0⟩

)
, (A.12)

which is precisely the W state of Eq. (3.14).
In Section 3.3, the variational algorithms are trained by minimising the expectation value

of the energy of Eq. (3.15). Here, a complementary approach is tested by instead directly
maximising the fidelity of Eq. (3.16) with the target W state, using the same variational
ansätze. The cost function takes the form F = Tr[U(θ) |ψ0⟩⟨ψ0|U(θ)† |W ⟩⟨W |]. Since the
W state is a ground state of Eq. (3.15), maximising the fidelity is consistent with minimising
the energy, and both objectives guide the optimisation toward the same target subspace.
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As shown in Fig. A.1, direct fidelity maximisation yields better approximation to the
W state than energy minimisation in the main text, reaching F ∼ 85% in the best case.
The results further confirm that CD-based ansätze consistently outperform standard qudit-
QAOA for a small number of layers (p ≤ 4), in line with the findings reported in Section 3.3.
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Appendix B

Experimental Demonstration of
the Absence of NIBP

This appendix provides supplementary material for Sec. 4.1, which experimentally demon-
strates the absence of noise-induced barren plateaus under amplitude-damping noise on IBM
superconducting processors. Sec. B.1 describes the two circuit compilation strategies used
(ladder and parallel), details the resulting two-qubit gate counts, circuit depths, and run-
times as a function of system size and number of layers, and discusses the effective coherence
time extracted from the hardware data. Further details on the Information Content Land-
scape Analysis (ICLA) procedure and the statistical analysis of the gradient norm estimates
are also reported.

B.1 Details on Hardware Experiments

B.1.1 Circuit Structure

Figure B.1 shows examples of the two circuit types used on IBM hardware, differing only
in gate scheduling. In the ladder implementation (left), two-qubit terms are executed se-
quentially, resulting in larger circuit depth. In the parallel (‘short’) implementation (right),
commuting two-qubit terms are executed simultaneously.

After transpilation, both circuit types have exactly the same number of two-qubit gates,
2(N − 1)L, where the factor of 2 accounts for the realisation of each Rzz gate with two ECR

gates on the Falcon platform. The number of single-qubit gates scales approximately as
13.5NL for both implementations.

B.1.2 Circuit Depth and Runtimes

The circuit depth follows the linear relation

d(N,L) = aN + bL+ c , (B.1)

with (a, b, c) = (11.1, 24.0, −29.6) for the ladder architecture, (0, 24.0, −6.0) for the short
circuits on Falcon devices, and (7.3, 18.5, 1.0) for ibm fez.
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Figure B.1: Examples of the same logical L = 1 single-layer circuit with N = 20 qubits
transpiled in two different ways. Left: ladder structure (default compilation used throughout
the experiments). Right: parallel execution (‘short’ compilation), where commuting two-
qubit terms are grouped and executed simultaneously to minimise circuit depth.

The net circuit runtime (excluding the 250µs reset time between shots) as a function of
N and L is:

tFalconcir (N,L) = 1.8µsN + 3.3µsL+ 45µs , (B.2)

tFalcon,shortcir (N,L) = 2.8µsL+ 61µs , (B.3)

tfezcir (N,L) = 0.24µsN + 0.61µsL+ 130µs . (B.4)

The parallel circuit runtime is independent of N , as expected. These relations are used to
compute all circuit runtimes reported in the main chapter.

B.2 Robustness of ICLA

To reduce the number of required hardware evaluations, the cost-function landscape is
capped at M = min(10m, 200) sample points rather than the full M = O(m) prescrip-
tion of Ref. [137]. Figure B.4 shows ICLA results for various values of M for N = 8 and
N = 102 qubit circuits. All results are within their respective error bars for M ≥ 100, con-
firming that the truncation does not affect the conclusions. The only exception is M = 50
at N = 102, where larger variations appear. For deep circuits (large L), this truncation
reduces the number of required circuit evaluations from M = 20L = 1200 to 200 for L = 60,
representing a substantial saving.
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Device ⟨T1⟩ [µs] ⟨T2⟩ [µs] ⟨readout error⟩ [%] ⟨ECR error⟩ [%]
ibm brisbane 236± 67 156± 93 3.0± 3.0 1.2± 1.4
ibm kyiv 302± 91 155± 113 2.2± 2.7 1.4± 1.4
ibm sherbrooke 310± 90 181± 136 3.3± 3.4 1.2± 1.4
ibm fez 146± 46 88± 54 2.0± 3.2 0.7± 0.9

Table B.1: Summary of calibration statistics across all hardware platforms used. Errors are
standard deviations. Note that the distributions are highly non-Gaussian; the stated values
indicate the order of magnitude of variation only.

B.3 Experimental Details on Cost Functions and Noise

B.3.1 Estimating Cost Function Values

Figure B.5 shows the sorted cost values obtained from Eq. (??) for N = 20 and N = 102
qubits at several circuit depths. The distributions display a characteristic S-shape, with
most cost values near zero and some outliers reaching the scale of the Hamiltonian energies.

The typical width of the distributions is set by C0 =
√

⟨H2
C⟩ =

√
N
2

√
N−1
N J2 + h2 ∼

√
N ,

where J2 and h2 are the mean squared Hamiltonian parameters. Despite this width, the
circuit parameters have a pronounced effect by shifting the centre of the distribution —
confirming that the gradient signal reflects genuine variational structure rather than random
noise.

For N = 20, the absolute cost values diminish with increasing L, consistent with NIBP
onset. For N = 102, the cost values retain their S-shape structure across all depths, consis-
tent with the observed gradient saturation.

B.3.2 Shot-Noise Floor

The shot-noise floor is estimated by replacing the actual cost-function landscape with ran-
dom samples from the Hamiltonian spectrum and computing the ICLA from this surrogate
landscape. As shown in Fig. B.6, the shot-noise floor is substantially below the observed gra-
dient signal in all cases, confirming that the finite gradient is not an artefact of measurement
noise.

B.3.3 Reproducibility Across Calibrations

To assess the influence of calibration drift, the same 600-parameter landscape is measured
twice on ibm brisbane for N = 102, L = 30, with four days between the two runs. The
same physical qubits and logical-to-physical mapping are used throughout; calibration data
for both runs are reported in Table B.2.

As shown in Fig. B.7, the cost function values from the two experiments are highly
correlated, confirming that the observed gradient signal is reproducible and not an artefact
of random calibration fluctuations. The inter-experiment variation exceeds the shot-noise
error bars but is clearly structured, consistent with a deterministic influence of the variational
parameters.
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⟨T1⟩ ⟨T2⟩ ⟨readout error⟩ ⟨ECR error⟩ Num. circs
exp 1, calib 1 237µs 157µs 2.88% 3.18% 502
exp 1, calib 2 237µs 157µs 3.02% 3.26% 81
exp 1, calib 3 237µs 157µs 3.02% 3.18% 17
exp 2, calib 1 236µs 157µs 3.08% 3.06% 600

Table B.2: Calibration statistics for the two reproducibility experiments on ibm brisbane

(N = 102, L = 30). All values are computed from the actual physical qubits used, which
are the same for all circuits.

B.4 Density Matrix Analysis

Classical density-matrix simulations are performed for N = 8 qubits using Qiskit, consider-
ing (i) amplitude-damping noise emulating T1 relaxation and (ii) single-qubit depolarising
noise, applied after transpilation to the native IBM gate set.

Under depolarising noise, the eigenvalue spectrum of the output density matrix con-
verges to a uniform distribution concentrated at 1/2N , consistent with convergence to the
maximally mixed state and the emergence of NIBP.

Under amplitude damping, the spectrum remains structured with a small number of
dominant eigenvalues, even at large circuit depth. This is consistent with the noise-induced
limit set picture of Ref. [134]: the output state contracts to a specific sub-manifold deter-
mined by the noise channel, which retains dependence on the variational parameters and
thereby preserves finite gradient information.

The essential features of this spectral structure can be understood through a simple
analytical model. For an initial state ρ0 = |1⟩⟨1|⊗N decayed under amplitude damping with
per-qubit probability p, the output eigenvalues and their multiplicities are:

ρn = pn(1− p)N−n , (B.5)

S(ρn) =

(
N

n

)
, n = 0, 1, . . . , N . (B.6)

This reproduces the qualitative form of the amplitude-damping spectrum in Fig. B.8 (top
right panel), providing an intuitive explanation for why non-unital noise preserves spectral
structure even at large L.
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Figure B.2: Circuit depth (top) and circuit runtimes (bottom panels) as a function of layers L
for different qubit numbers N , from ibm brisbane unless otherwise indicated in the legend.
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Figure B.3: Distributions of hardware properties for ibm brisbane (top) and ibm fez (bot-
tom) for the N = 102 qubit circuits. From left to right, top to bottom: T1, T2, ECR-gate
error, and readout error. Green vertical lines indicate mean values (reported in Table B.1).
All distributions are highly asymmetric and far from Gaussian.
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cost-function landscape, for N = 8 and N = 102 qubit circuits on ibm brisbane. Results
are consistent across all values of M tested, with larger variations only for M = 50 at
N = 102.
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Figure B.5: Sorted cost values for N = 20 (top) and N = 102 (bottom) from ibm brisbane

experiments. Error bars indicate shot-noise variation for R = 16384 shots. Insets: cost
spectra for parameters producing minimal (orange) and maximal (green) cost values at
small and large layer numbers. The blue curve shows the Hamiltonian eigenvalue spectrum.
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Figure B.7: Mean cost function values for N = 102 and L = 30 measured twice on
ibm brisbane with four days between experiments (experiment 1 and experiment 2, each
with 600 parameter vectors and R = 16384 shots). The strong correlation between the two
runs confirms that the observed signal is reproducible and reflects the deterministic influence
of the variational parameters.
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Figure B.8: Eigenvalue distributions of simulated density matrices for N = 8 qubits at
L = 10 (left) and L = 50 (right) layers. Top row: amplitude-damping noise (p1 = 0.05).
The persistence of dominant eigenvalues indicates convergence to a noise-induced limit set.
Bottom row: depolarising noise (p2 = 0.05). The spectrum concentrates near 1/2N , consis-
tent with convergence to the maximally mixed state and the onset of NIBP.
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Extra information on Resources
in Quantum optimization

This appendix collects additional details for Section 4.2, which investigates the build-up of
nonstabilizerness in QAOA applied to the Sherrington–Kirkpatrick spin-glass model. Sec-
tion C.1 specifies the classical optimiser settings and parameter initialisation strategy used
in all simulations, and discusses the computational cost of evaluating the Stabilizer Rényi
Entropy exactly. The remaining sections provide supplementary numerical results, includ-
ing the degeneracy-breaking procedure for the SK Hamiltonian and additional data for the
qutrit version of the protocol, supporting the scaling and universality claims made in the
main text.

C.1 QAOA Optimisation Details

All QAOA simulations are executed using a custom implementation. The optimal pa-
rameters {β,γ} are found using the Constrained Optimisation BY Linear Approximation
(COBYLA) algorithm [250], a gradient-free method that solves the problem by linearly ap-
proximating the cost function. Parameters are initialised using the Trotterised Quantum
Annealing (TQA) strategy [160]. The classical optimiser stops when the trust-region radius
decreases below the tolerance 10−4. The SRE is computed exactly, with computational cost
scaling as D2N due to the exponential growth in the number of Pauli strings, where D is
the qudit dimension and N is the number of qudits.

C.2 Degeneracy Breaking in the SK Model

The SK Hamiltonian of Eq. (4.12) possesses symmetries that lead to degenerate ground
states, which could introduce magic through superpositions of equally valid solutions rather
than through the QAOA dynamics itself. The base Hamiltonian (without bias) reads

Ĥ =
∑
i̸=j

Jij(ZiZ
†
j + Z†

i Zj) , (C.1)

which is symmetric under reflection Zi ↔ −Zi, creating two degenerate states. This degen-
eracy is lifted by a longitudinal field Ĥbias,2 =

∑
i hi(Zi + Z†

i ), which reduces to
∑
i 2hiZi

for qubits.
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For qutrits, the Hamiltonian is additionally symmetric under Zi → cZi with c ∈ {±1,±ω,±ω2},
introducing four further symmetries and resulting in six degenerate eigenstates (correspond-
ing to the 3! = 6 permutations of the local qutrit basis). The field Ĥbias,2 removes the
degeneracy between |0⟩ and {|1⟩ , |2⟩} — since (Z+Z†) = diag(2,−1,−1) — but retains the

degeneracy between |1⟩ and |2⟩. To lift this residual degeneracy, the term
∑
i ih

′
i(Zi − Z†

i )

is added, since i(Z −Z†) = diag(0,−
√
3,+

√
3). In all numerical experiments, hi and h

′
i are

drawn from a normal distribution with variance 0.3.

C.3 Scaling of Nonstabilizerness

Although the states generated by QAOA strongly depend on circuit depth, optimisation
parameters, and system size, a qualitatively uniform behaviour of the magic barrier is ob-
served. For fixed N , the barrier height remains nearly constant while the curve stretches
horizontally with increasing depth, motivating a scaling collapse.

Table C.1 reports the fitted parameters µ, ξ, ν, and η in Eq. (4.13) for N = 4, 6, 8 qubit
systems.

N µ ξ ν η
4 −6.47 · 10−2 1.64 · 10−2 0.76 0.23
6 5.11 · 10−3 1.28 −0.34 0.60
8 −6.83 · 10−2 1.38 · 10−2 0.95 0.86

Table C.1: Scaling parameters µ, ξ, ν, and η for the data collapse at fixed system size N ,
fitted from QAOA magic curves for N = 4, 6, 8 qubits.

For systems exhibiting universality, the critical scaling point becomes a constant, moti-
vating the simplified form

M
(
|ψQAOAd

(p)⟩
)

N
= d−µ f [(λ− λc) · dη] , µ, λc, η ∈ R, λ =

p

d
. (C.2)

Table C.2 reports the corresponding fitted parameters. Remarkably, the extracted λc values
are consistent across system sizes for qubits, suggesting a universal critical point. This
universality is not observed in the qutrit case.

N µ λc η
4 −6.51 · 10−2 0.27 0.23
6 6.50 · 10−3 0.27 0.59
8 −9.99 · 10−2 0.29 0.92

Table C.2: Fitted scaling parameters µ, λc, and η using the critical-point form of Eq. (C.2),
for N = 4, 6, 8 qubits.

C.4 Analytical Relation Between Nonstabilizerness and
Fidelity

This section provides the full derivation of the analytical expressions for the SRE of the
ansatz states discussed in Section 4.2.4.
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Qubit case

The derivation of Eq. (4.15) begins with a single qubit and the state of Eq. (4.14). The four
Pauli expectation values are:

⟨ψ|I|ψ⟩ = 1, (C.3)

⟨ψ|Z|ψ⟩ = 2F − 1, (C.4)

⟨ψ|X|ψ⟩ = 2
√
F(1−F) cos θ, (C.5)

⟨ψ|Y |ψ⟩ = 2i
√

F(1−F) sin θ . (C.6)

Summing and simplifying yields∑
P

| ⟨ψ|P |ψ⟩ |4 = 2
(
1− 4F(1−F) + 14F2(1−F)2 + 2F2(1−F)2 cos 4θ

)
. (C.7)

The result generalises to any number of qubits n as follows. Since |ϕ0⟩ and |ϕ1⟩ are
in the computational basis with Hamming distance h < n, the state factorises as |ψII⟩ =
|ψ′

II⟩h⊗|d⟩n−h, where |d⟩ is a computational basis state. By additivity of SRE, the non-trivial
contribution comes solely from the h-qubit factor. Using the invariance of the Pauli group
under X-conjugation, one can reduce the calculation to the case

√
F |0⟩⊗n+eiθ

√
1−F |1⟩⊗n

without loss of generality. The contributions from {I, Z}-type Paulis and from {X,Y }-type
Paulis are then:

n∑
k=0

(
n

k

)∣∣F + (−1)k(1−F)
∣∣4 = 2n−1

[
1 + (2F − 1)4

]
, (C.8)

n∑
k=0

(
n

k

)
F2(1−F)2|eiθ(−i)k + e−iθ(+i)k|4 = 2n−1F2(1−F)2 · 16[cos4 θ + sin4 θ] . (C.9)

Combining gives the n-independent result:

M2(|ψII⟩) = − log2
[
1− 4F(1−F) + 2F2(1−F)2(7 + cos 4θ)

]
. (C.10)

The n-independence holds because the magic depends on the number of states in the super-
position, not on the system dimension or the specific basis states.

For the three-state ansatz of Eq. (4.16), an analogous calculation yields theN -independent
expression:

M2 = − log2

[
1 + 14f4 + 28f3(p− 1) + 2(p− 1)p

(
2 + 7p(p− 1)

)
+ 6f2

(
3 + p(7p− 6)

)
+ 4f(p− 1)

(
1 + p(7p− 6)

)
+ 2f2(f + p− 1)2 cos 4ϕ

+ 4p2f2 cos 2ϕ cos(2ϕ− 4θ) + 2p2(p− 1)(2f + p− 1) cos(4ϕ− 4θ)
]
.

(C.11)
The validity of both expressions is verified numerically in Fig. C.1.

Qutrit case

For qutrits, the Pauli group is {XrZj | r, j ∈ {0, 1, 2}}. Repeating the calculation for the
state |ψ⟩ =

√
F |a⟩+ eiθ

√
1−F |b⟩ gives contributions from Z-type and XZ-type Paulis:

e−M2 = 1 + |ωaF + (1−F)ωb|4 + |ω2aF + (1−F)ω2b|4

+ F2(1−F)2
∑

r=1,2; j=0,1,2

|eiθωjbδa,b⊕r + e−iθωjaδb,a⊕r|4 . (C.12)
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Figure C.1: SRE vs. fidelity for superpositions of two (a) and three (b,c,d) states at different
values of p. Continuous lines represent the analytic bounds of Eqs. (C.10) and (C.11). Dots
are numerically computed SRE values for random states of the form |ψII⟩ (a) and |ψIII⟩
(b,c,d). All points lie within the analytic bounds, confirming the validity of the expressions.

(a1)

(b1)

(a2)

(b2)

Figure C.2: (a1) Mean fidelity over 50 different realisations, with relative standard deviation,
as a function of layer index for different depths of the 6-qubit system. The violin plot for
depth 12 highlights the high fidelity achieved by some realisations. (b1) Mean relative
energy under the same conditions. (a2) and (b2) show the corresponding results for a 4-
qutrit system.

For qutrits, a = b ⊕ r and b = a ⊕ r cannot be satisfied simultaneously, removing any
dependence on the relative phase θ. For a = 0, b = 1:

e−M2 = 1 + |F + (1−F)ω|4 + |F + (1−F)ω2|4 + 3F2(1−F)2 . (C.13)

C.5 Energy and Fidelity as a Function of Layer Index

For completeness, the evolution of the approximation ratio (E − E0)/E0 and fidelity F of
the optimised QAOA state with the problem solution are shown in Fig. C.2. Both quantities
improve monotonically with the layer index, despite the non-monotonic behaviour of nonsta-
bilizerness. This confirms that the magic barrier is a genuine feature of the QAOA dynamics
and not an artefact of suboptimal convergence. It also implies that the quantum computa-
tional resources required during the intermediate steps of QAOA exceed those needed for
direct simulation of the final target state — an important consideration for fault-tolerant
device benchmarking.
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(a1)

(b1)

(a2)

(b2)

Figure C.3: Energy and nonstabilizerness during the optimisation loop. Black curves show
mean values over 50 realisations. (a1), (a2) Energy ratio as a function of optimisation steps
for 6-qubit and 4-qutrit systems, respectively. (b1) SRE as a function of optimisation steps
for the 6-qubit system. (b2) SRE (upper) and Mana (lower) for the 4-qutrit system.

C.6 Nonstabilizerness During the Variational Optimi-
sation Loop

To characterise the nonstabilizerness cost during the classical optimisation loop, its evolution
over the course of parameter updates is analysed. 50 problem instances are considered, with
50 QAOA runs per instance initialised with annealing-inspired parameters (decreasing γ,
increasing β) [160]. For each instance, the run achieving the lowest energy is selected.

Figure C.3 shows energy and nonstabilizerness as a function of optimisation steps for
the best run of each of the 50 realisations, for a 6-qubit system at depth 12 and a 4-qutrit
system at depth 14. During optimisation, the energy initially increases, crosses a barrier, and
converges close to E0. This energy barrier is accompanied by a peak in nonstabilizerness,
suggesting that crossing a high-magic region is required for convergence. A similar pattern
is observed for Mana in the 4-qutrit case.

The final magic values remain widely spread across instances, even as the energy ap-
proximation ratio consistently approaches zero. This highlights a key distinction: energy
convergence does not imply convergence to the exact solution. Even near the ground-state
energy, QAOA may converge to a superposition of low-lying eigenstates when energy level
splittings are small — an effect explored further in the fidelity analysis of Section 4.2.4.

C.7 Final Results as a Function of QAOA Depth

Figure C.4 presents final energy, fidelity, and nonstabilizerness as a function of circuit depth
for 6-qubit and 4-qutrit systems. The energy converges to near-ground-state values for
sufficiently high depth. Fidelity is low for shallow circuits and increases with depth, though
never reaching unity. SRE (and Mana) rises rapidly at small depths, reaches a maximum,
and then decreases without reaching zero — a consequence of the algorithm converging to
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(a1)

(b1)

(c1)

(a2)

(b2)

(c2)

Figure C.4: Final results from the optimised QAOA state as a function of circuit depth, for
a 6-qubit system and a 4-qutrit system across 50 random SK realisations. (a1), (b1), (c1):
energy ratio (orange), fidelity (green), and SRE density (blue) for the qubit system. (a2),
(b2), (c2): energy ratio (orange), fidelity (green), SRE density (blue), and Mana (violet) for
the qutrit system. Coloured dots: individual realisations; black triangles: averages; shaded
regions: standard deviation.

superpositions of low-lying eigenstates rather than the exact ground state.
Figure C.5 further illustrates that many optimised states reach near-ground-state en-

ergy while retaining nonzero nonstabilizerness, confirming that energy convergence does not
guarantee collapse onto the true solution state.

C.8 Additional Results for Qutrit Systems

This section presents complementary results for the 4-qutrit system, paralleling the qubit
results in the main chapter.

Final Nonstabilizerness and Fidelity

Figure C.6 shows the nonstabilizerness versus fidelity for the 4-qutrit system. The qualitative
structure is analogous to the qubit case of Fig. 4.4: high fidelity is associated with low final
nonstabilizerness, while low nonstabilizerness does not guarantee high fidelity.

Demagication and Success Probability

Figure C.7 shows the conditional probability analysis of Eq. (4.17) for the 4-qutrit system.
The results are consistent with the qubit case: larger demagication is associated with higher
probability of achieving high fidelity, confirming that the connection between demagication
and algorithmic success is independent of the local Hilbert space dimension.
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(a) (b) (c)

Figure C.5: Final SRE (and Mana) as a function of the final approximation ratio, for all
data collected across different system sizes and circuit depths. (a) Qubit systems. (b,c)
4-qutrit system. Many solutions achieve near-ground-state energy while retaining nonzero
nonstabilizerness.

(a) (b)

Figure C.6: SRE (a) and Mana (b) as a function of fidelity for a system of four qutrits.
Different shades represent different QAOA depths. The qualitative structure mirrors the
qubit case shown in Fig. 4.4.
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Figure C.7: Conditional probability of achieving fidelity above a given threshold, given a
minimum demagication, for a 4-qutrit system at QAOA depths 6–14. (a) ϵ = 0.01; (b)
ϵ = 0.03. As in the qubit case (Fig. 4.6), higher demagication thresholds correspond to
higher success probabilities.
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Appendix D

Further details on D3 lattice
gauge theory

This appendix provides technical details complementing Chapter 5, which analyses the
ground-state structure and phase transitions of the D3 lattice gauge theory in 1+1 di-
mensions. Section D.1 lists the explicit 6 × 6 matrix form of the left and right gauge
transformation operators for the generators r and s of D3 in the group-element basis. Sec-
tion D.2 gives the corresponding transformation matrices for the fermionic matter fields in
the faithful representation τ . Section D.3 reports the full parallel-transporter matrix Uτ in
the representation basis, from which the hopping term of the Kogut–Susskind Hamiltonian
is constructed.

D.1 Explicit form of the gauge tranformaions

Here we list the explicit form of the left and right transformation operators in the group
element basis for the electric fields. The matrices shows are only for the generators r and s
elements of the group, and the others can be obtained by usual matrix multiplications via
Θ(gh) = Θ(g)Θ(h)

ΘL(r) =


0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0

 ΘL(s) =


0 0 0 1 0 0
0 0 0 0 0 1
0 0 0 0 1 0
1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0



ΘR(r) =


0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0

 ΘR(s) =


0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0


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D.2 Fermion transformations

Θψ(rj) =


1 0 0 0

0 ei
2jπ
3 0 0

0 0 e−i
2jπ
3 0

0 0 0 1

 Θψ(srj) =


1 0 0 0

0 0 e−i
2jπ
3 0

0 ei
2jπ
3 0 0

0 0 0 −1

 (D.1)

D.3 Explicit form of the parallel transporter

Here we list all the components of Uτ in the representation basis (the order of the columns
is e, p, rr, rg, gr, gg)

Uab =



0 0 1√
2
drr

1√
2
drg

1√
2
dgr

1√
2
dgg

0 0 1√
2
drr

−1√
2
drg

−1√
2
dgr

1√
2
dgg

1√
2
dgg

1√
2
dgg 0 0 0 drr

1√
2
dgr

−1√
2
dgr 0 0 drg 0

1√
2
drg

−1√
2
drg 0 dgr 0 0

1√
2
drr

1√
2
drr dgg 0 0 0


, (D.2)

where dαβ = δaαδbβ .
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Appendix E

Confinement in Dihedral Lattice
Gauge Theories

This appendix contains the analytical derivations supporting Section 6.1, which studies con-
finement and color screening in pure DN lattice gauge theories and relates these phenomena
to the structure of the group center. Section E.1 provides a rigorous proof, based on the
character theory of dihedral groups, that the screening fusion rule holds for odd N — al-
lowing gluonic excitations to break the electric string — while it fails for even N , where
the non-trivial Z2 center enforces confinement over arbitrary distances. The proof covers
the general case of l-fold tensor products of the highest-dimensional irreducible representa-
tion τh, unifying the even- and odd-N phenomenology within a single character-theoretic
framework.

E.1 Fusion Rules of Dihedral Groups

This section provides a proof that the screening fusion rule of Eq. (6.1) holds for odd N but
not for even N , as claimed in Section 6.1.1. The argument is based on the character theory
of the dihedral groups DN .

By the great orthogonality theorem for finite groups, any representation J of G decom-
poses as a direct sum over irreducible representations:

J =
⊕
j irrep

j⊗aj , (E.1)

where aj is the multiplicity of the j-th irrep. The multiplicities are computed via the inner
product of characters,

aj = (χj , χJ) :=
1

|G|
∑
g∈G

χj(g)χJ(g) =
1

|G|
∑
C

|C|χj(C)χJ(C) , (E.2)

where χJ(g) is the character of element g in representation J , the bar denotes complex con-
jugation, and the second equality exploits the fact that characters are constant on conjugacy
classes C. When aj = 0, the irrep j does not appear in the decomposition of J .

The aim is to show that the decomposition of J = τh⊗τh contains the fundamental irrep
τ — i.e. aτ = 1 — for odd N , while aτ = 0 for even N . Since the DN characters are real,
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the fusion rule can be rewritten as τh ⊗ τh ∋ τ . The more general case J = τ⊗lh with l even
is considered, requiring the evaluation of

(χτ , χτ⊗l
h
) =

1

|DN |
∑
C

|C|χτh(C)
l
χτ (C) , (E.3)

where the identity χτ⊗l
h

= χlτh has been used.

For N even, the sum over conjugacy classes gives

|DN |(χτ , χτ⊗l
h
) = χτ (⊮)χlτh(⊮) + χτ (r

N/2)χlτh(r
N/2)

+ 2

N/2−1∑
k=1

χτ (r
k)χlτh(r

k) +
N

2
χτ (s)χ

l
τh
(s) +

N

2
χτ (sr)χ

l
τh
(sr) . (E.4)

Substituting the DN character values (Eq. (??)):

|DN |(χτ , χτ⊗l
h
) = 2l+1 + 2l+1(−1)hl+1 + 2l+2

N/2−1∑
k=1

cosl
(
2πhk

N

)
cos

(
2πk

N

)
. (E.5)

The second term carries an overall negative sign (since l is even) and cancels exactly the first
term. Both contributions arise from the conjugacy classes of the Z2 center Z = {⊮, rN/2},
and their cancellation is a direct consequence of the non-trivial center.

The remaining sum is identically zero for all allowed h, by the following case analysis:

• If N/2− 1 is even, the summands cancel pairwise.

• If N/2 − 1 is odd, all but the k = N/4 summand cancel pairwise, and the surviving
term vanishes since cos(π/2) = 0.

Therefore, aτ = 0 for all even N .
For N odd, the element rN/2 is not in the group, so the Z2 center is absent and the

cancellation no longer occurs. The inner product reduces to

|DN |(χτ , χτ⊗l
h
) = χτ (⊮)χlτh(⊮) + 2

(N−1)/2∑
k=1

χτ (r
k)χlτh(r

k) +Nχτ (s)χ
l
τh
(s) , (E.6)

which, after substituting character values, gives

|DN |(χτ , χτ⊗l
h
) = 2l+1 + 2l+2

(N−1)/2∑
k=1

cosl
(
2πhk

N

)
cos

(
2πk

N

)
. (E.7)

The uncancelled 2l+1 term shows that the inner product can be non-zero.

Case N = 3. For N = 3, l = 2, and h = 1 (the unique two-dimensional irrep τh=1 ≡ τ):

|D3|(χτ , χτ⊗2) = 23 + 24
(
−1

8

)
= 6 , (E.8)

giving aτ = 1.
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τ

e p

τ

e p1

p2p3

1

Figure E.1: Comparison of the fusion rules of D3 (left) and D4 (right). Arrows indicate
non-vanishing Clebsch–Gordan coefficients. For D3, the fundamental representation τ has a
non-vanishing CG coefficient with itself, permitting the screening fusion rule. For D4, only
terms connecting τ with the one-dimensional representations are non-zero, and the rule is
forbidden by the Z2 center.

General odd N > 3. For N > 3, the fundamental representation τ ≡ τh=1 does not
satisfy the screening fusion rule — (χτ , χτ⊗2) = 0 — but the faithful representation with
the largest index h = (N − 1)/2, the anti-fundamental representation τ̃ , does. Setting
h = (N − 1)/2 and l = 2 in Eq. (E.7) yields

(χτ , χτ̃⊗2) = 1 (E.9)

for all odd N . This means that a vertex state with two semilinks in the τ̃ representation is
gauge invariant, satisfying the screening fusion rule of Eq. (6.1).

For N even, τh ⊗ τh ̸∋ τ , and the screening fusion rule does not hold. For N odd,
τh ⊗ τh = · · · ⊕ τ when h = (N − 1)/2, and the rule is satisfied by the anti-fundamental
representation τ̃ . The fusion rules of D3 and D4 are compared graphically in Fig. E.1.

The τ̃ -gluelumps are dynamically connected to the τ -flux string connecting the two static
charges. This is established by evaluating

|DN |(χτ⊗l+1 , χτ̃ ) = 2l+2 + 2l+3

(N−1)/2∑
k=1

cos

(
πk(N − 1)

N

)
cosl+1

(
2πk

N

)
. (E.10)

The smallest integer l for which the inner product (χτ , χτ̃⊗2) = 1 is

l =

0 N = 3 ,

N − 3

2
N > 3 .

(E.11)

This has a direct physical interpretation: the transition from the fundamental flux string
to the τ̃ loops requires the application of the group connection Uτ (as part of plaquette
operators) exactly l(N) times. String breaking therefore becomes a higher-order process as
N increases, rendering it non-perturbative in the limit of odd N → ∞.
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E.2 Gauge Transformations, Static Charges, and Fusion
Rules

The decomposition J =
⊕

j irrep j
⊗aj of general representations into irreducible representa-

tions has direct implications for the description of the ladder in the presence of static charges
at its corners.

Consider the top-left corner of Fig. 1(a) of the main text (the static charge at the opposite
corner has analogous behaviour). In the presence of a static charge τ , there is a multiplet
of physical states |Ψphys,m⟩ (m = 1, . . . ,dim(τ)) transforming as the τ irreducible represen-
tation under the local gauge transformation Θh,vτ , where vτ labels the top-left corner:

θRh,rθ
L
h,l |Ψphys,m⟩ =

∑
n

Dτ
n,m(h) |Ψphys,n⟩ , (E.12)

where r labels the first rung, l is the first link in the upper leg, and Dτ
n,m(h) is the 2 × 2

matrix representing the group element h in the fundamental representation τ . Expanding
|Ψphys,m⟩ in terms of the link states |ji,mi, ni⟩ (i = r, l) and the static-charge state |τ,m⟩:

|Ψphys,m⟩ =
∑

jr,jl,nr,ml

Ajr,jlnr,nl
|jr,mr, nr⟩ |jl,ml, nl⟩ |τ,m⟩ . (E.13)

Applying the gauge transformation to the left-hand side of Eq. (E.12) and using the Clebsch–
Gordan series relation [251],

Djr
n′
r,nr

(h−1)Dτ
m′,m(h−1) =

∑
I,n,n′

⟨jrn′r τm′|In′⟩⟨In|jrnr τm⟩DI
n′n(h

−1) , (E.14)

the gauge-invariance condition is satisfied if and only if the coefficients A take the form [185]

Ajr,jlnr,nl
= α(jr, jl) ⟨jrnr τm | jlml⟩ , (E.15)

where α depends only on the irreps jl, jr and the angle bracket denotes the conjugate of a
CG coefficient. This establishes the fusion rule τ ⊗ jr ∋ jl: the ingoing representations jr
and τ must fuse into jl.

To realise the gluelump state, both links must be in the same irreducible representation
and combine with the charge into a group singlet, which is verified for jr = jl = τ̃ and gives
rise to Eq. (4) of the companion paper. An analogous construction applies at vertices with
three links in the bulk of the ladder, where τ is replaced by the irrep of the additional link
(see Ref. [185] for the 2D case).

E.3 Rishons and Gauge-Invariant Basis

This appendix describes in detail the local gauge-invariant basis used for the numerical
calculations and its relation to gauge transformations and the Hamiltonian.

E.3.1 Local Dressed Basis in the Rishon Formalism

The DN LGT is reformulated in a local dressed-site basis, enabling efficient tensor-network
implementation [185, 186, 252, 89, 23]. The non-Abelian Gauss’s law on each vertex is solved
by splitting each link into two halves (semilinks), each attached to its adjacent vertex. The
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(a)

(b) (c)

(d)

(e)

Figure E.2: (a) Sketch of the ladder geometry, highlighting the plaquette operator HB . The
shaded path indicates the ordering of semilinks used to define the fermionic rishon parity
in Sec. E.3.3. (b) Splitting of a gauge field on a link into two rishon operators. (c) Dressed
sites of the ladder, each consisting of three semilinks. Sites on the upper legs have two
ingoing R- and one outgoing L-semilink; sites on the lower legs have the opposite. (d) The
upper corners where static charges are inserted to probe confinement. (e) Comparison of
the fusion rules of D3 (left) and D4 (right). Arrows indicate non-vanishing CG coefficients.
For D3, the fundamental representation τ has a non-vanishing CG coefficient with itself; for
D4, only terms connecting τ with the one-dimensional representations are non-zero.

split is reversed once the selection rules are imposed on semilinks corresponding to the same
link.

In the electric basis, the parallel transporter Uab in the fundamental representation τ
can be expressed as [Zohar˙PRD2015]

⟨j1;m1, n1|Uab |j2;m2, n2⟩ =
√

dim(j2)

dim(j1)
⟨j2,m2; τ, a⟩ j1,m1

∗ ⟨j2, n2; τ, b⟩ j1, n1

= ⟨τ, a; j̄1, m̄1⟩ j̄2, m̄2
∗ ⟨j2, n2; τ, b⟩ j1, n1 ,

(E.16)

expressed via CG coefficients (or 3J-symbols). The fusion rules factorize over the two indices
of multi-dimensional representations. Each link is therefore split into left and right semilinks,
|j,mL,mR⟩ = |j1,mL⟩⊗|j2,mR⟩ δj1,j2δj,j1 , and the parallel transporter factorises into rishon
operators acting separately on each semilink Hilbert space [Fig. E.2(b)]:

Uab;n,n+eµ =
∑
i

ζ(i)a;n,µ ζ
(i)†
b̄;n+eµ,−µ , (E.17)

where i labels the rishon modes and ±µ indicates the position of the semilink relative to
site n.

The left and right multiplication operators in the group-element basis are

θLh |g⟩ = |hg⟩ , θRh |g⟩ = |gh−1⟩ , (E.18)

and on the rishon spaces they act as

θLg = ΛLg ⊗ ⊮d , θRg = ⊮d ⊗ ΛRg . (E.19)
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Upper dressed sites are constructed from two right (R) and one left (L) semilink, and lower
dressed sites from one right and two left semilinks [Fig. E.2(c)].

D3 representation basis and rishon operators. The representation basis for D3 is
labelled {|0⟩ , |p⟩ , |rr⟩ , |rg⟩ , |gr⟩ , |gg⟩}, where |0⟩ is the trivial irrep, |p⟩ the parity irrep, and
|τab⟩ the fundamental irrep with colour indices ‘red’ and ‘green’. The parallel transporter
is

Uab =



0 1√
2
drr

1√
2
drg

1√
2
dgr

1√
2
dgg

0 1√
2
drr

−1√
2
drg

−1√
2
dgr

1√
2
dgg

1√
2
dgg

1√
2
dgg drr

1√
2
dgr

−1√
2
dgr drg

1√
2
drg

−1√
2
drg dgr

1√
2
drr

1√
2
drr dgg


, (E.20)

where dαβ = δaαδbβ . Notably, Uab is not block-off-diagonal: acting with the parallel trans-
porter on a link in the fundamental representation τ can still result in the same irrep,
reflecting the screening fusion rule. Since D3 has three distinct flux channels, three rishon
modes are required:

ζ(1)a = 2−1/4


0 δar δag

0 0 0
δag 0 0
δar 0 0

 , ζ(2)a = 2−1/4


0 0 0

0 δar −δag
0 δag 0
0 −δar 0

 ,

ζ(3)a =


0 0 0

0 0 0
0 0 0 δar
0 0 δag 0

 . (E.21)

Gauge transformations in the rishon basis. All DN transformations are generated

by powers of r and s. In the full 6-dimensional basis, the transformations θ
L(R)
r and θ

L(R)
s

are

θLr = diag(1, 1, ω, ω, ω−1, ω−1), ω = e2πi/3, (E.22)

θLs : |rr⟩ ↔ |gr⟩ , |rg⟩ ↔ |gg⟩ , |p⟩ → − |p⟩ ,

with θRr and θRs defined analogously (see the companion paper for the full matrices). In the
4-dimensional rishon basis {|0⟩ , |p⟩ , |r⟩ , |g⟩}, the reduced transformation operators are:

ΛLr = diag(1, 1, ω, ω−1), ΛRr = diag(1, 1, ω−1, ω), ΛLs = ΛRs =


1

−1
0 1
1 0

 .

(E.23)

The dressed-site transformations are

Λup
r/s = ΛRr/s ⊗ ΛRr/s ⊗ ΛLr/s ,

Λdown
r/s = ΛRr/s ⊗ ΛLr/s ⊗ ΛLr/s , (E.24)
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and for the four corners:

Λup,left
r/s = ΛRr/s ⊗ ΛLr/s, Λup,right

r/s = ΛRr/s ⊗ ΛRr/s,

Λdown,left
r/s = ΛLr/s ⊗ ΛLr/s, Λdown,right

r/s = ΛRr/s ⊗ ΛLr/s. (E.25)

Gauge-invariant dressed basis. The physical states in the neutral sector are projected
onto the eigenspace of Eqs. (E.24)–(E.25) with eigenvalue 1:

ΛrΛs |ψphys⟩ = |ψphys⟩ . (E.26)

In D3, the resulting gauge-invariant dressed basis for any bulk vertex on the upper leg
(semilinks ordered as left, below, right) is 11-dimensional:

|1⟩ = |0, 0, 0⟩ , |2⟩ = 1√
2
(|r, 0, r⟩+ |g, 0, g⟩),

|3⟩ = 1√
2
(|0, r, r⟩+ |0, g, g⟩), |4⟩ = 1√

2
(|r, g, 0⟩+ |g, r, 0⟩),

|5⟩ = 1√
2
(|r, r, g⟩+ |g, g, r⟩), |6⟩ = 1√

2
(|r, p, r⟩ − |g, p, g⟩), (E.27)

|7⟩ = 1√
2
(|p, r, r⟩ − |p, g, g⟩), |8⟩ = 1√

2
(|r, g, p⟩ − |g, r, p⟩),

|9⟩ = |p, p, 0⟩ , |10⟩ = |p, 0, p⟩ , |11⟩ = |0, p, p⟩ .

For dressed sites on the lower leg, the basis is obtained by conjugating the colour indices
r ↔ g in Eq. (E.27).

In the presence of static charges (fundamental representation), the physical condition is
modified to

Λrθ
ψ
r Λsθ

ψ
s |ψphys⟩ = |ψphys⟩ , (E.28)

where the matter transformation laws coincide with those of the right rishons. The gauge-
invariant local dimension is 5 (with static charges) or 3 (without) for theD3 corners, and 8 or
5 forD4. The fullD4 dressed basis follows the same construction and yields a 11-dimensional
bulk dressed-site space, increasing to 28 dimensions per site.

E.3.2 Hamiltonian in the Rishon Basis

The Hamiltonian is projected onto the gauge-invariant dressed basis constructed above.
Each semilink contributes half the electric-field energy. The electric Hamiltonian HE =
cℏ
a g

2
∑
l∈links

∑
j αjΠ

j
l therefore becomes

HE =
cℏ
a
g2

∑
sl∈semilinks

∑
j

αj
2
Πjsl =

∑
n

H
(1)
E,n , (E.29)

whereH
(1)
E is the single-site electric Hamiltonian. In the 11-dimensionalD3 basis of Eq. (E.27):

H
(1)
E =

cℏ
a

g2

2
diag(3α0, 2ατ + α0, 2ατ + α0, 2ατ + α0, 3ατ ,

2ατ + αp, 2ατ + αp, 2ατ + αp, 2αp + α0,

2αp + α0, 2αp + α0) . (E.30)

The numerical values α0 = 0, ατ = 1, αp = 10 are adopted throughout, consistent with the
group Laplacian construction of Ref. [194].
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The plaquette operator is expressed in terms of gauge-invariant corner operators,

Cijn,µ1,µ2
≡
∑
a

ζ(i)a;n,µ1
ζ(j)†a;n,µ2

(a→ ā when µ = −x,−y) , (E.31)

giving the magnetic Hamiltonian in the dressed-site basis:

HB = − 1

ag2

∑
n;i,j,k,l

Clin,x,y C
ij
n+ex,y,−x C

jk
n+ex+ey,−x,−y C

kl
n+ey,−y,x . (E.32)

The non-Abelian Gauss’s law is automatically satisfied within each dressed site. The ad-
ditional Abelian selection rules — enforcing that the left and right semilinks of each physical
link are in the same irrep — are imposed as penalty terms in the effective Hamiltonian:

(D̂R
n D̂

L
n+ex

− 1) |ψphys⟩ = 0 ∀n ,
(D̂C

n D̂
C′

n+ey
− 1) |ψphys⟩ = 0 ∀n . (E.33)

The diagonal operators D̂L,R,C,C′
are defined in the dressed basis such that Eqs. (E.33) are

satisfied only when the two matched semilinks are in the same irrep:

D̂L = diag(1, 2, 2, 1, 2, 2, 2,−1, 1,−1,−1) ,

D̂R = diag(1, 12 , 1,
1
2 ,

1
2 ,

1
2 ,−1, 12 ,−1,−1, 1) , (E.34)

D̂C = diag(1, 1, 2, 2, 2,−1, 2, 2,−1, 1,−1) ,

D̂C′
= diag(1, 1, 12 ,

1
2 ,

1
2 ,−1, 12 ,

1
2 ,−1, 1,−1) ,

where the values (1,−1, 2) are assigned to the trivial, parity, and fundamental representa-
tions in D̂L and D̂C , respectively.

E.3.3 Fermionic Parity of the Rishons

An important consequence of the absence of a group center in DNodd
is that the gauge group

does not preserve local Z2 parity. This implies that, when coupled to fermionic matter,
DNodd

LGTs cannot be defermionised: no local Hamiltonian without fermionic degrees of
freedom can be obtained, independently of the dimensionality. In DNeven

, by contrast, the
rishons are fermions and can be combined with fermionic matter to form singlets behaving
as effective bosons.

In the DNeven
case, the parity operator on a semilink is

P = diag(1, 1, . . . ,−⊮2) , (E.35)

where all one-dimensional representations carry even parity and all two-dimensional repre-
sentations carry odd parity.
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For D4, four rishon modes are required (see Fig. E.2(e)), with operators:

ζ(1)a = 2−1/4


0 δar δag

0
0

0
δag 0
δar 0

 , ζ(2)a = 2−1/4


0

0 δar −δag
0

0
δag 0
−δar 0

 ,

ζ(3)a = 2−1/4


0

0
0 δag −δar

0
δar 0
−δag 0

 , ζ(4)a = 2−1/4


0

0
0

0 δag δar
δar 0
δag 0

 .

(E.36)

These rishons anti-commute with P on the same semilink and commute on different semilinks.
Fermionic rishon operators are defined by attaching a Jordan–Wigner-like parity string:

ζ
(i)
F,a;n,µ =

 ⊗
(n′,µ′)∈path

Pn′,µ′

⊗ ζ̃(i)a;n,µ ⊗ ⊮ , (E.37)

where

ζ̃(i)a;n,µ =

{
ζ
(i)
a;n,µPn,µ on left semilinks,

ζ
(i)
a;n,µ on right semilinks,

(E.38)

and the path follows the ordering illustrated in Fig. E.2(a). The fermionic rishons satisfy

{ζ̃(i)F,a;n,µ, ζ̃
(i)
F,a;n′,µ′} = 0 for (n, µ) ̸= (n′, µ′), confirming their fermionic nature. They can

directly replace the local rishons in Eq. (E.17):

Uab;n,n+eµ
=
∑
i

ζ
(i)
F,a;n,µ ζ

(i)†
F,b̄;n+eµ,−µ . (E.39)

With dynamical fermionic matter, the hopping term becomes

ψ†
a,nUab;n,n+eµ

ψb,n+eµ
+ h.c. =

∑
i

ψ†
a,nζ

(i)
F,a;n,µζ

(i)†
F,b̄;n+eµ,−µψb,n+eµ

+H.c. (E.40)

The right-hand side commutes with the fermionic parity on each dressed site and can there-
fore be defermionised.

In DNodd
, the screening fusion rule prevents assigning odd parity to the fundamental

representation. Regardless of the parity assignment to τ̃ , the product on the left-hand side
of j ⊗ τ ∋ j is of even parity, forcing the fundamental representation to carry even parity
and rendering some rishons bosonic. Full defermionisation as in the DNeven case is therefore
not possible.

E.4 Weak Confinement in the Z2 Ladder

To demonstrate that the quasi-1D ladder geometry induces weak confinement even in the
weak-coupling regime, the case of a Z2 LGT ladder is analysed [Nyhegn2021, Pradhan˙PRB2024].
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The full Hamiltonian is

HZ2 = −g2
∑
l

∑
s=↑,↓,r

Zl,s −
1

g2

∑
l

Xl,↓Xl+1,rXl,↑Xl,r , (E.41)

where l labels plaquettes, ↑ / ↓ the upper/lower legs, and r the left rung. On the dual lattice,
gauge symmetry with background field Zbg = +1 imposes Zl,r = Zl−1Zl (with Zl = Zl,↑)
and Zl,↓ = ±Zl depending on whether static charges are present (q = 1) or absent (q = 0).
The plaquette operator acts as a Pauli Xl on the dual lattice, giving

H̃Z2
= −g2

R−1∑
l=1

ZlZl+1 − 2g2 · 2(1− q)

R−1∑
l=1

Zl + g2(1− q)(Z1 + ZR)−
1

g2

∑
l

Xl , (E.42)

where R is the number of plaquettes.
In the weak-coupling regime, the ground-state energy is computed in perturbation theory

over the polarised state
⊗

l |+⟩l:

Eq=0 = −R

g2
− g6

9R+ 19

4
+ o(g6) , (E.43)

Eq=1 = −R

g2
− g6

R+ 3

4
+ o(g6) . (E.44)

The energy difference is therefore Eq=1 − Eq=0 = 2g6(R + 2), proportional to the charge
separation R, indicating weak confinement in the magnetic regime. This contrasts the fully
2D scenario, where ZN LGTs undergo a deconfinement phase transition at finite coupling gc,
with the string tension vanishing exponentially for g < gc [253]. The weak confinement on
the ladder is therefore of purely geometric origin, arising from the effective longitudinal field
induced by the boundaries. The fact that the dihedral groups D3 and D4 display exactly
the same g6 scaling of the string tension at weak coupling (see Section 6.1.4) confirms that
this behaviour is a perturbative, geometry-induced effect common to all models studied.
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Appendix F

Quantum Resources in
Non-Abelian Lattice Gauge
Theories

This appendix supplements Section 6.2, which compares nonstabilizerness, multipartite en-
tanglement, and fermionic non-Gaussianity across ZN , D3, and SU(2) pure-gauge theories on
a plaquette ladder. Section F.1 gives a detailed account of the Kogut–Susskind Hamiltonian
in the electric and magnetic limits, explaining how the strong- and weak-coupling ground
states are constructed for each gauge group and how the plaquette operator generates en-
tanglement through the group’s Clebsch–Gordan coefficients. The remaining sections report
the definitions and computational details of the three resource measures used, additional nu-
merical data for the SU(2) and ZN cases, and further discussion of the encoding-dependence
of the results.

F.1 Details on the Pure-Gauge Flux Ladders

The Kogut–Susskind Hamiltonian of Eq. (6.8) contains two competing terms that favour
states with opposite properties. The electric contribution E2

l =
∑
J α

JP Jl is a single-body
term diagonal in the irrep basis. The energies αJ are typically derived from the group
Laplacian — a natural construction for Lie groups but less immediate for discrete ones [194].
The lowest-energy irrep is always the identity J = e, which completely fixes the strong-
coupling ground state:

|GS(g → ∞)⟩ =
⊗
links

|e⟩l . (F.1)

In the group-element basis, this reads

|GS(g → ∞)⟩ =
⊗
links

1√
|G|

∑
g∈G

|g⟩l , (F.2)

a product state with vanishing entanglement and vanishing SRE (it is an eigenstate of a
generalized clock operator, hence a stabilizer state).

The plaquette operator Bp = Tr(U1U2U
†
3U

†
4 )+H.c. is diagonal in the group-element basis

and acts on the irrep basis according to the Clebsch–Gordan coefficients of the group. It
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ℤ2

𝑍 = −1 𝑍 = +1

↑ 0 ↓ − ↓ 0 ↑

mapping

SU(2)
J= 1/2 J = 0

ℤ𝑁
𝑍 = 𝜔2

𝑍 = 𝜔

𝑍 = 𝜔−2

D3

J = 𝜏
J = 𝑝J = 𝑒

Figure F.1: Examples of gauge-invariant configurations in the representation (electric) basis
for the different models. The local basis for Z2 and SU(2) is {|↑⟩ , |↓⟩} (eigenstates of
Pauli-Z). For ZN , the eigenstates of the generalized phase operator Z are shown as Nth
roots of unity on the unit circle. For D3, circles identify the combinations of irreps —
identity e, parity p, fundamental τ — that form group singlets; the internal structure of 2D
representations is not depicted.

is responsible for four-body interactions and generates complex entanglement in the ground
state. Plaquette excitations correspond to magnetic vortices; the magnetic ground state is
associated with vanishing flux. The resulting electric excitations must form group singlets at
every vertex, constrained by the gauge symmetry — this generates the large entanglement
at weak coupling. The celebrated example is Z2, whose g → 0 ground state on a square
lattice is the toric code, a uniform superposition of all Wilson loops:

|GS(g → 0)⟩ = 1√
N
∑
Γ

WΓ |GS(g → ∞)⟩ , (F.3)

where N is the number of closed paths Γ and WΓ =
⊗

l∈ΓXl is the corresponding Wilson
loop. Analogous constructions hold for other LGTs; the structure becomes richer as it
reflects the more complex fusion rules of the group. Figure F.1 illustrates examples of
gauge-invariant states for all models studied.

F.1.1 SU(2)

The pure-gauge Kogut–Susskind Hamiltonian for SU(2), with colour index a summed im-
plicitly, reads [84]

H =
g2

2

∑
links

(Eal )
2 − 2

g2

∑
plaquettes

Bp , (F.4)

where Bp = Tr(U1U2U
†
3U

†
4 + H.c.) and Ul is the parallel transporter in the J = 1/2 repre-

sentation. The gauge-field operators fulfil

[Lal , U
αβ
l′ ] = −δl,l′

σaαβ
2
Uβγl ,

[Ral , U
αβ
l′ ] = δl,l′U

αβ
l

σaβγ
2

, (F.5)
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F.1. DETAILS ON THE PURE-GAUGE FLUX LADDERS

k,N 2 3 4 5 6
0 {|1⟩ , |2⟩} {|1⟩ , |3⟩} {|1⟩ , |4⟩}, {|2⟩ , |3⟩} {|1⟩ , |5⟩}, {|2⟩ , |4⟩}
1 {|0⟩ , |1⟩} {|0⟩ , |2⟩} {|1⟩ , |2⟩}, {|0⟩ , |3⟩} {|0⟩ , |4⟩}, {|1⟩ , |3⟩} {|1⟩ , |4⟩}, {|2⟩ , |3⟩}
2 {|0⟩ , |1⟩} {|0⟩ , |1⟩ , |2⟩ , |3⟩} {|1⟩ , |2⟩}, {|0⟩ , |3⟩} {|0⟩ , |4⟩}, {|1⟩ , |3⟩}

Table F.1: Degenerate states for each pair (N, k). Red entries mark pairs that dominantly
contribute to the ground state at strong coupling.

with Ll and Rl the left and right generators of SU(2) gauge transformations, entering
the electric field as |El|2 = |Rl|2 = |Ll|2. Gauss’s law reads [H,Gv] = 0 with Gv =∑
i Li +

∑
oRo.

Truncating the irreps at J = 0 and J = 1/2 and following the mapping of Refs. [239,
240], the Hamiltonian reduces to the interacting spin- 12 chain:

HSU(2) =

N−1∑
i=0

[hzzZiZi+1 + hzZi + hx(1−3Zi−1)Xi(1−3Zi+1)] , (F.6)

where Zi counts the electric energy in the hardcore-gluon approximation and Xi is the
plaquette operator switching between J = 0 and J = 1/2. The prefactors (1−3Zi±1) recover
the correct SU(2) Clebsch–Gordan coefficients [19, 240]. The couplings are hzz = −3g2/16,
hz = −2hzz, and hx = −1/(8g2).

F.1.2 ZN
ZN LGTs on the plaquette ladder with periodic boundary conditions map onto one-dimensional
clock models [209]. Labelling the upper, lower, and left-rung links of the i-th plaquette as

1, 2, and 0, the plaquette operator reads Bi = Ui,2Ui+1,0U
†
i,1U

†
i,0, with Ul |ek,l⟩ = |ek+1,l⟩

and El |ek,l⟩ = ωk |ek,l⟩. The commutation relations

BiEi,2 = ω−1Ei,2Bi, BiEi,1 = ωEi,1Bi,

Ei,0Bi = ω−1BiEi,0, Ei,0Bi−1 = ωBi−1Ei,0 (F.7)

are preserved by the mapping Bi → Xi, Ei,0 → Zi−1Z
†
i . Enforcing the Gauss constraints

then yields Ei,1 → Z†
i , Ei,2 → ωkZi, giving the 1D Hamiltonian of Eq. (6.10).

In the magnetic limit (g → 0), the plaquette operators reduce to a local transverse field,
giving a ZN paramagnet polarised in the X direction — a stabilizer state. In the electric
limit (g → ∞), degeneracies can appear depending on N and k. The longitudinal term has
eigenvalue

Ea = −4 cos
(
πk
N

)
cos
(
2π
N

(
k
2 + a

))
. (F.8)

Degenerate pairs {a, b} satisfy a+b = N−k and may constitute the ground state. Table F.1
lists all degeneracies for N = 2, . . . , 6 and k = 0, 1, 2.

F.1.3 D3

D3 is the smallest non-Abelian group (the six symmetries of an equilateral triangle). Fol-
lowing Ref. [93], the plaquette ladder is mapped to a 1D chain where each site represents
one rung. A gauge transformation at each vertex fixes the left-leg links to the identity in the
group-element basis. After gauge-fixing, the plaquette term is simplified from a four-body
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to a two-body interaction. The electric energy splits into a rung term and a non-local leg
term arising from the gauge fixing:

Hrungs
E = −g2

∑
i

∑
J

αJ P̂ Ji , (F.9)

P̂ Ji =
dim(J)

|G|
∑
h

χJ(h) θLi (h) , (F.10)

where χJ(h) is the character of h in irrep J . Using the local symmetries, the leg contributions
can be rewritten in terms of rung operators, giving:

HD3
= −g2

∑
i

∑
J

αJ P̂ Ji − 2g2
∑
i

∑
J

αJ
∑
h

dim(J)

|G| χJ(h)
∏
i′<i

θLi′ (h)

− 1

2g2

∑
i

(
Tr[U†

i Ui+1] + H.c.
)
. (F.11)

Using
∏
i′<i

dim(J)
|G|

∑
h χ

J(h)θLi′ (h) =
∏
i′<i P̂

J
i′ , this reduces to Eq. (6.11) of the main chap-

ter. The results shown use αJ = (1, 0, 0) for the trivial, parity, and fundamental represen-
tations, respectively.

F.2 Energy Gaps for Different LGTs

Figure F.2(a) displays the energy gap for the Z2 and SU(2) models as a function of coupling
strength. No significant scaling with system size L is observed in either case, consistent with
the absence of a phase transition in the ladder geometry.

Figure F.2(b) shows the gap for the D3 theory. The system retains a global D3 gauge
symmetry, inducing a |D3| = 6-fold degeneracy in the ground state at g2 = 0. At finite
coupling, the ground state transforms trivially under the global symmetry, and the relevant
gap is E6 −E0 (between the ground state and the first excited state in the same symmetry
sector). This gap decreases with system size in the crossover regime but converges to a finite
minimum, which occurs around a level crossing between different symmetry sectors. This
behavior confirms the smooth crossover between electric and magnetic regimes, without a
phase transition in the thermodynamic limit.

F.3 Analytical Computation of SRE for ZN LGTs at
Strong Coupling

As discussed in Section 6.2.4, specific combinations of N and k induce a degenerate two-
component ground state at strong coupling (see Table F.1). In this case, the strong-coupling
ground state for L qudits is

|ψ(g → ∞)⟩ = |a⟩⊗L + |b⟩⊗L√
2

. (F.12)

The SRE of this state is computed analytically by evaluating
∑
Pi

| ⟨ψ|Pi|ψ⟩ |4. For a
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single Pauli string Pi =
⊗L

j=1X
rj
j Z

sj
j , the expectation value is

⟨ψ|Pi|ψ⟩ =
1

2

[ L∏
j=1

δ0,rj

(
ωa

∑
sj + ωb

∑
sj
)

+

L∏
j=1

δb,rj⊕a ω
a
∑
sj +

L∏
j=1

δa,rj⊕b ω
b
∑
sj

]
, (F.13)

where Zs |a⟩ = ωas |a⟩, ⟨b|Xr|a⟩ = δb,r⊕a, and ⊕ denotes addition modulo N . Since a = b⊕r
and b = a⊕r cannot both hold unless 2r ≡ 0 (mod N) (which would require the degenerate
pair to differ by N/2, a configuration that does not correspond to the ground state), the
two off-diagonal terms contribute independently.

Introducing the auxiliary variable x =
∑L
j=1 sj and its multiplicity cx =

∑x/d
k=0(−1)k

(
L
k

)(
x−kd+L−1

L−1

)
with d = b− a, the sum over Pauli strings reduces to:

∑
Pi

∣∣⟨ψ|Pi|ψ⟩∣∣4 =

L(N−1)∑
x=0

cx
[
cos4

(
πdx
N

)
+ 1
]
. (F.14)

Inserting Eq. (F.14) into the definition of M2 gives, for all pairs (N, k) listed in red in
Table F.1 (i.e., N = 2, . . . , 6 with k = 1):

M2 = 0.32 . (F.15)

This value is independent of N and L for the dominant degenerate pairs, confirming the
analytical prediction discussed in Section 6.2.4.

137



APPENDIX F. QUANTUM RESOURCES IN NON-ABELIAN LATTICE GAUGE
THEORIES

0

5

10

15

20

�
1
−
�

0

(a)
/2 SU(2)

L=6
L=8
L=10

L=6
L=8
L=10

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
62

0

5

10

15

20

�
8
−
�

0

�3

(b)

(�1 − �0) (�6 − �0)
L=2
L=3
L=4
L=5
L=6

L=2
L=3
L=4
L=5
L=6

Figure F.2: Energy gaps vs. coupling g2 for Z2 and SU(2) (a), and D3 (b). Neither displays
significant finite-size scaling, confirming the absence of a phase transition in the ladder
geometry. Panel (b) highlights the level crossing between different symmetry sectors of the
global D3 gauge transformation. Solid lines: gap to the first excited state in the same
symmetry sector as the ground state. Dashed lines: gap to the manifold that transforms
nontrivially under the global D3 symmetry and becomes degenerate at g2 = 0.
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[168] Román Orús. “Tensor networks for complex quantum systems”. In: Nature Reviews
Physics 1.9 (2019), pp. 538–550. url: https://www.nature.com/articles/s42254-
019-0086-7.

[169] Shi-Ju Ran et al. Tensor network contractions: methods and applications to quantum
many-body systems. Springer Nature, 2020. url: https://link.springer.com/
book/10.1007/978-3-030-34489-4.

[170] Poetri Sonya Tarabunga et al. “Nonstabilizerness via matrix product states in the
pauli basis”. In: Physical Review Letters 133.1 (2024), p. 010601. url: https://
journals.aps.org/prl/abstract/10.1103/PhysRevLett.131.180401.

[171] Joe O’Gorman and Earl T. Campbell. “Quantum computation with realistic magic-
state factories”. In: Phys. Rev. A 95 (3 Mar. 2017), p. 032338. doi: 10 . 1103 /

PhysRevA.95.032338. url: https://link.aps.org/doi/10.1103/PhysRevA.
95.032338.

[172] Earl T Campbell. “Early fault-tolerant simulations of the Hubbard model”. In: Quan-
tum Science and Technology 7.1 (2021), p. 015007. url: https://iopscience.iop.
org/article/10.1088/2058-9565/ac3110/meta.

[173] Federica Maria Surace et al. “String-breaking dynamics in quantum adiabatic and
diabatic processes”. In: arXiv preprint arXiv:2411.10652 (2024).

151

https://quantum-journal.org/papers/q-2021-07-01-491/
https://quantum-journal.org/papers/q-2021-07-01-491/
https://doi.org/10.1103/PhysRevB.111.054301
https://link.aps.org/doi/10.1103/PhysRevB.111.054301
https://link.aps.org/doi/10.1103/PhysRevB.111.054301
https://www.nature.com/articles/s41467-025-57704-x
https://www.nature.com/articles/s41467-025-57704-x
https://doi.org/10.1126/science.1068774
https://www.science.org/doi/abs/10.1126/science.1068774
https://pubs.aip.org/aip/jmp/article/49/12/125210/231148
https://pubs.aip.org/aip/jmp/article/49/12/125210/231148
https://royalsocietypublishing.org/doi/10.1098/rsta.2021.0417
https://royalsocietypublishing.org/doi/10.1098/rsta.2021.0417
https://www.sciencedirect.com/science/article/pii/S0003491610001752
https://www.sciencedirect.com/science/article/pii/S0003491610001752
https://www.sciencedirect.com/science/article/pii/S0003491614001596
https://www.nature.com/articles/s42254-019-0086-7
https://www.nature.com/articles/s42254-019-0086-7
https://link.springer.com/book/10.1007/978-3-030-34489-4
https://link.springer.com/book/10.1007/978-3-030-34489-4
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.131.180401
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.131.180401
https://doi.org/10.1103/PhysRevA.95.032338
https://doi.org/10.1103/PhysRevA.95.032338
https://link.aps.org/doi/10.1103/PhysRevA.95.032338
https://link.aps.org/doi/10.1103/PhysRevA.95.032338
https://iopscience.iop.org/article/10.1088/2058-9565/ac3110/meta
https://iopscience.iop.org/article/10.1088/2058-9565/ac3110/meta


BIBLIOGRAPHY

[174] Matthew Fishman, Steven R. White, and E. Miles Stoudenmire. “The ITensor Soft-
ware Library for Tensor Network Calculations”. In: SciPost Phys. Codebases (2022),
p. 4. doi: 10.21468/SciPostPhysCodeb.4. url: https://scipost.org/10.21468/
SciPostPhysCodeb.4.

[175] Claudio Rebbi. Lattice gauge theories and Monte Carlo simulations. World scientific,
1983.

[176] Michael Creutz, Laurence Jacobs, and Claudio Rebbi. “Monte Carlo computations
in lattice gauge theories”. In: Physics Reports 95.4 (1983), pp. 201–282. issn: 0370-
1573. doi: https://doi.org/10.1016/0370- 1573(83)90016- 9. url: https:
//www.sciencedirect.com/science/article/pii/0370157383900169.

[177] N. Brambilla et al. “QCD and strongly coupled gauge theories: challenges and per-
spectives”. In: The European Physical Journal C 74.10 (Oct. 2014), p. 2981. issn:
1434-6052. doi: 10.1140/epjc/s10052-014-2981-5. url: https://doi.org/10.
1140/epjc/s10052-014-2981-5.

[178] Gert Aarts et al. “Phase Transitions in Particle Physics: Results and Perspectives
from Lattice Quantum Chromo-Dynamics”. In: Progress in Particle and Nuclear
Physics 133 (2023), p. 104070. issn: 0146-6410. doi: https://doi.org/10.1016/
j.ppnp.2023.104070. url: https://www.sciencedirect.com/science/article/
pii/S0146641023000510.

[179] Henry Lamm, Scott Lawrence, and Yukari Yamauchi. “General methods for digital
quantum simulation of gauge theories”. In: Phys. Rev. D 100 (3 Aug. 2019), p. 034518.
doi: 10.1103/PhysRevD.100.034518. url: https://link.aps.org/doi/10.1103/
PhysRevD.100.034518.
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